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Abstract

Resonant Interactions of Surface and Internal Waves with Seabed Topography

by

Louis-Alexandre Couston

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Mohammad-Reza Alam, Chair

This dissertation provides a fundamental understanding of water-wave transformations
over seabed corrugations in the homogeneous as well as in the stratified ocean. Contrary to
a flat or mildly sloped seabed, over which water waves can travel long distances undisturbed,
a seabed with small periodic variations can strongly affect the propagation of water waves
due to resonant wave-seabed interactions–a phenomenon with many potential applications.

Here, we investigate theoretically and with direct simulations several new types of wave
transformations within the context of inviscid fluid theory, which are different than the
classical wave Bragg reflection. Specifically, we show that surface waves traveling over seabed
corrugations can become trapped and amplified, or deflected at a large angle (∼ 90◦) relative
to the incident direction of propagation. Wave trapping is obtained between two sets of
parallel corrugations, and we demonstrate that the amplification mechanism is akin to the
Fabry-Perot resonance of light waves in optics. Wave deflection requires three-dimensional
and bi-chromatic corrugations and is obtained when the surface and corrugation wavenumber
vectors satisfy a newly found class I2 Bragg resonance condition. Internal waves propagating
over seabed topography in a stratified fluid can exhibit similar wave trapping and deflection
behaviors, but more surprising and intricate internal wave dynamics can also be obtained.
Unlike surface waves, internal waves interacting with monochromatic seabed corrugations
can simultaneously generate many new waves with different wavenumbers and directions
of propagation–a phenomenon which we call chain resonance. Here, we demonstrate that
the chain resonance leads to significant energy transfer from long internal waves to short
internal waves for almost all angles of the incident waves relative to the orientation of the
oblique seabed corrugations. Since short internal waves are prone to breaking, the resonance
mechanism, therefore, may have important consequences on the spatial variability of ocean
mixing and energy dissipation. Potential applications of the theory of resonant wave-seabed
interactions for wave energy extraction and coastal protection are also discussed.
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Chapter 1

Introduction

1.1 Introductory remarks

Apart from the general large-scale circulations of water across the oceans, including the
meridional overturning circulation, which together sustain a whooping 20 1024 Joules of
energy, the internal waves, mesoscale eddies and surface waves share almost equally the
rest of the lions’ share, carrying an estimated 14 1018, 13 1018 and 11 1018 Joules of energy,
respectively [6]. All three forms of fluid motion, i.e. surface and internal waves and mesoscale
eddies, contribute to the current state of the ocean in ways that, if understood, could help
improve predictions of the future state of the oceans. Fluxes to and from these reservoirs of
energy have therefore received considerable attention, in particular due to their connection
with climate change [7].

Of all fluid motions, water waves at the surface of the ocean are most obvious to society
and have been extensively studied [8]. Ocean waves have inspired generations of philosophers,
seafarers and society leaders, who imprinted their thoughts in writing, and which can today
be found in literary magazines [9]. The fascination for the sea comes from the powerful
roaring of breaking waves on beaches, from the roll and pitch motions it can impinge on boats,
and from the large amount of energy it contains. For instance, the available wave energy
along the outer continental U.S. shelf is estimated by the Electric Power Research Institute to
be at about 2,640 TWh/yr, which is roughly two thirds of the total U.S. energy consumption
[10]. But water waves have elusive properties, especially in the natural oceanic environment,
which makes them difficult to understand and harness. Except for activities such as surfing,
or the old art of wave piloting, which was once mastered by seafarers of Oceania who knew
their way across the ocean without having to resort to navigational instruments, and which
is now vanishing [11, 12], humans have mostly focused on attempting to shelter themselves
against the power of the sea. Such efforts have not always paid off, as experienced by both
ancient and modern societies, for the largest ocean waves originating from natural hazards
such as storms, volcanic eruptions, landslides or earthquakes have wrecked havoc across the
globe [13].

In the scientific literature, the first attempt to describe the propagation of water waves
mathematically was completed by Isaac Newton in his treatise Principia (1687), later fol-
lowed in the 18th century by the likes of Leonhard Euler, Jean d’Alembert, Pierre-Simon
Laplace and Joseph-Louis Lagrange, who derived the first equations of hydrodynamics and
laid the groundwork for the theory of wave propagation [14]. It was soon realized that wa-
ter waves are far from trivial forms of motion, and that the general theory based on the
well-known Navier-Stokes equation, originally derived by Henri Navier in 1822, is complex
(§1.2, see [15, 16]). The motivation to understand and predict the transformation of water
waves from their generation sites to the coast where they interfere with human activities yet
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led to the development of simplified theories from which formulas or predictive tools could
be used for practical applications. The linear theory of water waves in intermediate water
depth, of which we attempt to give a concise overview (§1.3), yielded in particular significant
progresses on our understanding of wave transformations over variable seabed topography
near the shore.

The prediction of seabed topography effects on the propagation of surface waves is of in-
terest because it can help design protective infrastructures that can sustain the power of the
waves, as well as coastal habitats which can shield people from sea-level rise and storms [17].
The design of breakwaters take serious considerations of the wave environment, including
frequency content, amplitude and direction, with the latter two characteristics being closely
connected to the seabed topography. Similarly, although they serve different purposes, ex-
tracting wave energy devices are always designed based on the local characteristics of the
flow field, to which they are tuned in order to extract the most possible energy.

Investigations of water-wave propagation over variable water depth led in the 80s to
the understanding that wave-seabed interactions can be resonant, such that small periodic
variations of the water depth can result in significant scattering of the incident energy flux
[18, 19]. This phenomenon, called Bragg resonance or Bragg scattering, arises in many
branches of physics and has raised questions on the possible manipulation of water waves
using small man-made structures installed on the coastal seafloor. Specifically, can water
waves be manipulated arbitrarily using small seabed corrugations? What types of wave
manipulation techniques can be used for practical engineering applications? The goal of this
dissertation is to first demonstrate that resonant wave-bottom interactions can be used to the
benefit of society, by providing detailed analyses of two novel applications of Bragg resonance
in the homogeneous ocean that have practical significance (Chapter II and Chapter III).
The second goal then is to give new insights on such resonant interactions in the stratified
ocean, not only because the ocean is indeed stratified, but also because the stratification
unlocks possibilities for wave transformations that are inaccessible in a homogeneous fluid
(Chapter IV). Although influential treatises on the mathematical formulation of water waves
are available (see e.g. [20, 21]), which will be referred to where appropriate, it is our intent in
the rest of this introductory chapter to place the theory of resonant wave-bottom interactions
in the broader context of the water-wave theory (§1.3), and then in the context of the
linear wave scattering theory in intermediate water depth (§1.4). A detailed outline of the
dissertation is finally given in §1.5.

1.2 Theory of water-wave propagation

The propagation of water waves is a complex phenomenon, yet of perpetual as well as
renewed interest, as evidenced by the recent surge for energy extraction from the moving
ocean, which was spurred in the 80s in part by a publication on the Salter’s duck designed
to convert wave power into electricity [22, 23]. While water waves can be easily observed
along the beach or offshore aboard a ship, their propagation remains nonetheless difficult to
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predict because of the multiplicity of physical behaviors that they can exhibit at any given
time. Water waves are dispersive, that is they propagate at a speed dependent upon their
length, they are nonlinear, i.e. the superposition principle of solutions is inapplicable, and
lose energy through friction. These phenomena arise in addition to the boundary effects
of the medium in which water waves propagate, which can be solid or permeable, fixed or
moving.

The most celebrated deterministic equation used for water-wave modeling is the Navier-
Stokes equation, which, under the assumption of a newtonian (constant dynamic viscosity
µ) and incompressible homogeneous (constant density ρ) fluid, reads

ρ
∂

∂t
~u+ ρ (~u · ∇) ~u = −∇p+ ρ~g + µ∇2~u, ~x ∈ V , (1.2.1a)

∇ · ~u = 0, ~x ∈ V , (1.2.1b)

where ~u is the flow velocity vector, p the pressure, ~g the gravity constant, and V the fluid
domain. Note that ∂/∂t and ∇ are the classical time derivative and three-dimensional gra-
dient. We will take the (x, y, z) Cartesian coordinates system aligned with calm free surface
z = 0 and use (x, y) as horizontal coordinates. The Navier-Stokes equation (1.2.1), derived
from momentum (1.2.1a) and mass (1.2.1b) conservation principles, also comes with bound-
ary conditions such as the free-surface kinematic (1.2.2a) and dynamic (1.2.2b) conditions
at the sea-air interface

∂

∂t
η = ~u · ∇(z − η), ~x ∈ F , (1.2.2a)

p = pair, ~x ∈ F , (1.2.2b)

where η is the free-surface elevation variable from water at rest (represented by the surface
boundary F) and pair the uniform air pressure, as well as no-slip type boundary conditions
at solid fixed surfaces, i.e.

~u = ~0, ~x ∈ B, (1.2.3)

where B represents the union of the domain boundaries. Consistent with the plethora of
physical behaviors that characterize water waves, the Navier-Stokes equations have elusive
analytical properties and their numerical treatment remains computationally intensive in
many practical situations.

In spite of the many theoretical and numerical challenges akin to the Navier-Stokes equa-
tions (1.2.1), the theory of water waves has a long-standing history of problems of practical
interests solved analytically, or by simulations [24]. The tractability of some practical situ-
ations of water-wave propagation lies in the fact that the original equations (1.2.1) can be
reduced to a simpler form when some aspects or properties of the flow are expected to be
small. One effect typically neglected in the prediction of water-water propagation is that of
viscosity. In the absence of bodies (see e.g. [25] for a treatment of wave-structure hydro-
dynamics problems) and with side boundaries far from the domain of interest, the viscosity
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term within the bulk of the fluid brings about a correction to the fluid motion on the order
of the inverse of the Reynolds number Re, where

Re =
UL

ν
(1.2.4)

with U and L the characteristic flow velocity and length scales. For fluid motions due to
waves, i.e. such that L ∼ O(10)m and U ∼ O(1)m/s, this correction term is on the order of
Re−1 ∼ O(10−7) and can be neglected. Near the seabed, the effect of viscosity is stronger
because the velocity drops rapidly close to the solid boundary, and is similar to that of a
friction term which can slow down the waves. Equating the time derivative of fluid motion
with the viscous term (see (1.2.1a)), a dimensional analysis can be invoked to prove that
bottom friction is limited to a boundary layer with thickness O(

√
Tν). For typical ocean

waves with period T = 2 − 30s, the viscous layer thickness is on the order of 1.4 to 5.5
mm, which suggests that bottom friction can be neglected wherever the water depth is on
the order of a few tens of centimeters or higher [26]. It should be noted, however, that for
tsunami waves with period on the order of the hour, the boundary layer grows up to about
10 cm, such that it may have a non-negligible effect on the wave dynamics in shallow water
and on the run-up [27].

Another simplification which often arises in the analysis of ocean waves sufficiently far
from the shore is the assumption that surface waves are of small amplitudes. The restriction
to small wave amplitudes results, as follows from the neglect of viscosity (which reduces
(1.2.1) to Euler’s equation), in much simpler forms of the governing equations. Contrary to
viscosity, which has a well-known value (i.e. µ ∼ 10−3ms−2), the assumption of small motions
is however more dubious and brings up the question of how small should small motions be.
Mathematical analysis requires fluid motions small enough that the governing equations can
be linearized. Using asymptotic expansions of the flow variables, it can be shown that the
equations can be linearized at leading order when the amplitude to water depth ratio is
small, and when the amplitude to wavelength ratio is small [26]. The two conditions can
be written as a/h � 1 and ka � 1 with a and k the characteristic wave amplitude and
inverse wavelength (wavenumber), and with h the water depth. In the earliest attempts
at a nonlinear theory of water waves, only the latter condition was considered in the long-
wave limit, with consequence that waves were believed to always steepen over a flat seabed
[28]. There emerged a paradox for waves of permanent form in intermediate water depth
later resolved by Ursell [29]: the two conditions are independent and different regimes are
obtained depending on the Ursell number (a/h)3/(ka)2, which is a measure of the strength
of nonlinear effects compared to dispersive effects. The weakly nonlinear Korteweg-de-Vries
equation and Boussinesq equation capture these two regimes as well as support permanent-
form wave solutions when nonlinearity balances dispersion effects (see e.g. [30]).

The limitations of a theory of water waves to small motions is obviously salient when
considering the many observations and analyses of nonlinear waves in the ocean. With only
small amplitude waves we forgo the dynamics of Russel’s solitary wave, fluvial bores, and
breaking waves, as well as proper statistics of rogue wave occurrence [31]. The hope of the
linear theory, however, is to provide a detailed analysis of the effect of the seabed on water-
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wave propagation just outside the beach zone, with applications in offshore and onshore
structure protection, as well as wave energy extraction. Ocean waves appealing to surfers
in the San Francisco area are typically on the order of 1 meter or so in about 3 meter deep
water with a peak period of 10 seconds. Such waves are very nonlinear in the surf zone
as a/h ∼ 0.33 and ka ∼ 0.12; however, where the water is 10 meters deep and more, the
wavelength increases up to about 100 meters (doubled) while the amplitude approximately
decreases to 0.7 meters due to shoaling effect. Nonlinear parameters then drop to a/h ∼ 0.07
and ka ∼ 0.05 for most of the near shore environment where the linear theory then becomes
applicable.

1.3 Linear wave theory in intermediate water depth

Small wave motions in intermediate water depth are governed to a good approximation by
the linear inviscid wave equations, i.e.

ρ
∂

∂t
~u = −∇p+ ρ~g, ~x ∈ V , (1.3.5a)

∇ · ~u = 0, ~x ∈ V , (1.3.5b)

∂

∂t
η = w, z = 0, (1.3.5c)

p = pair, z = 0, (1.3.5d)

~u · ∇(z + h) = 0, z = −h, (1.3.5e)

where (1.3.5a)-(1.3.5b) is the linear Euler equation, (1.3.5c)-(1.3.5d) the free-surface bound-
ary conditions, and (1.3.5e) the no-flux penetration condition on the seabed.

The difficulty of predicting wave transformations based on equation (1.3.5) in interme-
diate water depth lies in that the linear theory still involves four variables (~u, p) in a four-
dimensional space (x, y, z and t) despite the neglect of nonlinear and viscosity effects, and
because the seabed can be of any shape. In homogeneous water, the number of dependent
variables can yet be reduced to just one scalar, the velocity potential φ(x, y, z, t), which is
related to the velocity vector through ∇φ = ~u, when irrotationality of the flow is assumed,
i.e. ∇ × ~u = 0. The neglect of the rotational part of the flow is proper when the domain
boundaries are sufficiently smooth (such that the fluid motion is also relatively smooth) and
when there is no vorticity to start with. According to Kelvin’s circulation theorem, the
amount of vorticity is conserved in an inviscid fluid such that it remains zero if it is initially
zero [32]. In many situations of practical interest, the potential-flow formulation of the linear
wave theory can then be used, which results in the reduced set of equations

∇2φ = 0, ~x ∈ V , (1.3.6a)

φtt + gφz, z = 0, (1.3.6b)

∇φ · ∇(z + h) = 0, z = −h. (1.3.6c)
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Equation (1.3.6) is often referred to as the “exact linear water-wave equation because
[its] analytical difficulty is still too formidable for most purposes” [33]. The difficulty comes
from the no-flux penetration condition (1.3.6c) on the non-uniform seabed, which implies
that wave solutions are a priori fully three-dimensional, i.e. such that the vertical structure
cannot be described by a generic function f(z) for all bottom shapes. One important aspect
that is often overlooked is indeed the fact that equation (1.3.6c) is linear with respect to
the flow variables, but nonlinear with respect to the water depth function h. If two vertical
profiles for the wave solution are found, i.e. such that φ = φ(x, y)f1(z) and φ = φ(x, y)f2(z)
for h = h1 and h = h2, the solution for h = h1 +h2 is not φ1 +φ2. A significant simplification
of the analysis thus consists in restricting the water depth function to a form that can lead to
an approximate formulation of the boundary condition (1.3.6c), allowing for a reduction of
the three-dimensional wave equation (1.3.6) to a two-dimensional equation on the horizontal
plane.

The simplest wave motion in intermediate water depth is obtained when considering the
wave propagation in the open ocean and over a flat seabed, i.e. such that h is a constant.
The solution at steady state then consists of a superposition of propagating wave modes
which can be represented in complex notations as

φ = −gA
ω

cosh k(z + h)

cosh kh
eiS(x,y)e−iωt, (1.3.7)

where S(x, y) = kxx + kyy is the wave phase, and in which the wavenumber k =
√
k2
x + k2

y

and frequency ω satisfy the dispersion relation

ω2 = gk tanh kh. (1.3.8)

The potential φ in (1.3.7) is given such that A is the wave amplitude; indeed, we obtain from
(1.3.5a) that the up and down motion of the free surface is given by η = AeiS(x,y)e−iωt + cc.
The flat-seabed wave modes all have the same vertical structure, such that fluid motions de-
cay exponentially with the depth. Surface waves with short wavelength λ = 2π/k compared
to the waterdepth therefore produces no fluid motions near the seabed, which is why short
waves are not affected by underwater topography. For surface waves with long wavelength,
on the other hand, the vertical structure of the fluid motion is better represented as a lin-
ear function, i.e. φ ∼ A(z + h)eiS(x,y)e−iωt, such that long waves are significantly affected
by variable water depth. The dynamics of short surface waves is well represented by the
two-dimensional Helmholtz equation, obtained from the potential-flow equation (1.3.6) in
the deep-water limit for wavenumbers kh� 1. For long waves with normalized wavenumber
kh � 1, on the other hand, fluid motions are governed to a good approximation by the
shallow-water equation, which is also two-dimensional and as a result much easier to solve
than the exact linear equation (1.3.6) [20].

Because typical wind waves have a peak period around 10 seconds, most water waves
propagate in what is referred to as intermediate water depth, i.e. where the depth is about
250 meters (such that kh ∼ 10) and less, and stay in it up until the beach break where
the water is very shallow (less than 1 meter). The intermediate water depth zone thus
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Chapter 1: Introduction

corresponds to the continental shelf which can extend up to 1000 km out to sea. The two-
dimensional Helmholtz or shallow-water equations are therefore not applicable over large
parts of the coastal environment, such that one should submit to use the three-dimensional
exact linear equation (1.3.6) for accurate predictions.

The understanding and prediction of wave transformation in intermediate water depth
can fortunately be simplified in many practical situations because the bathymetry is generally
sufficiently smooth due to its sedimentary nature, i.e. such that the bottom slope and
curvature can be considered small, i.e.

εs ∼
∇Hh

kh
� O(1), (1.3.9a)

εc ∼
∇2
Hh

k2h
� O(1). (1.3.9b)

where ∇H is the two-dimensional horizontal gradient. The common ansatz then is that the
vertical structure of the flow field is largely taken into account when expanding the potential
in the form

φ(x, y, z, t) ∼ φ0(x, y, t) cosh k(x, y)[z + h(x, y)], (1.3.10)

where k is again given by (1.3.8), although h is now a function of x and y, such that φ0 is
a good approximation to the true solution and yet independent of the depth variable. The
gentle bottom-slope assumption (1.3.9) led to the development of a series of approximate
theories of wave motions in intermediate water depth. Some of the then leading theories are
listed in table 1.1 in quasi-chronological order.

One of the earliest attempt at predicting the effect of a slowly-varying seabed on dispersive
water waves considered the analogy with electromagnetic waves propagating in a material
with varying refractive index [34]. The idea was to use the geometrical optics approximation
to predict how wave rays bend due to varying topography; a phenomenon known as wave
refraction and investigated long ago in the long-wave limit by Airy in his treatise on tidal
motions [28]. The assumption behind the ray theory is that the wave amplitude varies slowly
in the horizontal plane, i.e. such that its variations (A(x, y, t)) can be decoupled from those
of the more rapid wave phases S(x, y) by re-writing the potential as φ0 ∼ A(x, y, t)eiS(x,y)/εs .
The ray theory considers the eiconal equation

|∇HS|2 = k2, (1.3.11)

for ray tracing, and the transport equation

∇H ·
(
A2CgC∇HS

)
= 0, (1.3.12)

as the energy conservation law for the wave amplitude. Here C = ω/k is the phase velocity
and Cg is the group velocity, where

Cg =
∂

∂k
C =

C

2

(
1 +

2kh

sinh 2kh

)
. (1.3.13)
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Chapter 1: Introduction

The ray equations were derived from the exact linear equations through a formal asymptotic
expansion [35], and subsequently improved in order to handle wave transformation effects
near caustics, and unsteady wave motions; a review is given in [33]. It is to be noted that
the derivation of the ray equations lowers the order of the governing equations, such that the
flow variables need only satisfy a first-order partial different equation (1.3.12). As a result,
the boundary condition is only specified at one location, most often offshore, such that the
ray theory cannot a priori account for waves that are reflected. This limitation can yet be
resolved by considering reflected waves explicitly in the decomposition of the wave solution,
which originate at reflecting boundaries and are related to the incoming waves through, for
instance, a seawall boundary condition.

A severe limitation of the ray theory comes from the assumption of slow variations of the
wave amplitude A, which implicitly rules out diffraction effects. A theory accounting for the
combined effect of wave refraction and diffraction was thus put forth in the 70s [37], leading
to an elliptic equation for harmonic wave motions, i.e. φ0 → φ0e

−iωt with φ0 satisfying

∇H · (CCg∇Hφ0) + ω2Cg
C
φ0 = 0. (1.3.14)

Equation (1.3.14) is known as the mild-slope equation and is consistent with earlier theories
of wave motions. It reduces to the diffraction equation for constant water depth, to the
linear shallow-water equations in the limit of long waves, and to the Helmholtz equation in
the limit of deep-water waves [36]. The mild-slope equations can be modified to account for
unsteady wave motions, in which case the term −φtt − ω2φ is added to the left-hand side
of (1.3.14), making the equation hyperbolic [39]. The mild-slope equation (1.3.14) is clearly
computationally more demanding than the ray equations because it is second-order and
elliptic. A parabolic wave approximation can yet be invoked provided that the amplitude
variations along the principal direction of propagation are small [38], in which case the
equation becomes parabolic and can be solved using a forward-marching scheme [45, 46].

In the 80s, it was realized that small corrugations on an otherwise gently sloped seabed
could have large effects on the propagation of water waves, a phenomenon then attributed
to a resonant mechanism of wave interference that could not be captured by the mild-
slope equation [39]. The inadequacy of the mild-slope theory was then that it assumed the
seabed curvature to be second order, which is not the case for seabed corrugations for which
curvature effects are important, i.e. such that εc ∼ εs (c.f. equation (1.3.9)). The mild-slope
equation would then be modified to consider higher-order topographic effects while still
assuming wave solutions of the form (1.3.10) [39, 3]. Further improvements of the mild-slope
theory followed, in particular with the consideration of evanescent modes [2, 40, 47], which
was motivated by several laboratory observations of wave-seabed interactions showing that
they can be of importance [48, 49]. Considering evanescent modes as well as appropriate
jump conditions at slope discontinuities demonstrated that the mild-slope theory was in
good agreement with a simple experiment of a 1:3 slope connecting two flat seabed segments
[50, 40]. The development of a consistent coupled-mode theory [41, 42], which considered a
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Chapter 1: Introduction

modal expansion of the potential solution of the form

φ =

[
φ0f0(z)ei(kxx+kyy) +

∞∑
n=1

φnfn(z)e−(kn,x|x|+kn,y |y|) + φ−1f−1(z)

]
e−iωt (1.3.15)

with

f0(z) = cosh k(z + h), fn(z) = cos kn(z + h), (1.3.16a)

where kn =
√
k2
nx + k2

ny is the wavenumber vector solution of the dispersion relation for
evanescent waves, i.e.

ω2 = gkn tan knh, (1.3.17)

demonstrated an extended range of applicability of the convergent series (1.3.15) to 1:1
bottom slopes. Interestingly, the impetuous for developing the coupled-mode theory and
considering the additional bottom slope mode φ−1f−1 came from the idea that the con-
vergence of the expanded series (1.3.15) would be much faster provided that the no-flux
penetration condition (1.3.6c) can be satisfied exactly. A complementary mild-slope equa-
tion derived using a variational principle and a streamfunction formulation, however, later
showed that the seabed boundary condition can be satisfied exactly with a single propagat-
ing mode and that it may be superior to the coupled-mode or extended mild-slope equation
[43]. The method was recast into a scalar form for three-dimensional problems using a
pseudo-potential formulation [44].

As the prediction of water-wave propagation over steep topography cannot rely on asymp-
totic expansions, a number of alternative theories, still devised with the hope to reduce the
complexity of the exact linear equations by considering rapidly convergent modal series, have
been proposed using conformal mapping with a slowly varying mapping function [51], and
conformal mapping with Floquet theory for harmonic motions over quasi-sinusoidal corru-
gations of a wave tank [52], in an open domain [53], and over arbitrary periodic water depth
[54]. For seabeds of arbitrary shapes or with discontinuities, numerical solutions of the exact
linear equations have been sought using matrix matched boundary conditions for discretized
bed steps with flat seabed propagating and evanescent wave modes [48, 55, 56], boundary
integral equations [57], or Green functions [58].

1.4 Resonant wave–seabed interactions

Unlike diffraction effects which occur abruptly at large depth variations and which destroy
the incoming wave pattern, significant wave transformation effects that retain the organized
wave-like structure of the incident waves can take place in just a few wavelengths when
small corrugations are superimposed on the mean seabed. The transformation mechanism
occurs as a result of resonant wave-seabed interactions and is due to constructive interference
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between the incident and scattered wave field at resonance frequency, which can only be
captured by wave theories including bottom curvature effects [59, 39]. Resonant wave-seabed
interactions attracted significant attention early on due to the possibility to use small man-
made submerged breakwaters as an alternative to the more massive single sea wall structure
[60]. The first investigations of idealized sinusoidal seabed corrugations were relevant for
practical applications because the theory is linear with respect to the water depth function
in the limit of small-amplitude bars. The performance characteristics of man-made bars
can be deduced by the contribution of each seabed Fourrier component of the bar shape to
the wave scattering [61]. The analysis of Bragg resonance can be to a good approximation
obtained from a modified ray theory which takes the curvature of seabed corrugations into
account. The predictions of Bragg resonance can thus be obtained from a type of transport
equations for the wave envelopes which couples the dynamics of free waves which together
with the seabed wave form a triad resonance [59]. Theoretical studies of Bragg reflection
have now considered nonlinear effects and higher-order topographic effects, and equilibrium
states have been sought using exact theories [62, 63, 64].

A caveat of the Bragg reflection mechanism soon became apparent, besides difficulties of
field installations and maintenance [65], due to the fact that the resonant interaction could
in fact result in bigger waves at the shore than without the man-made corrugations [1] (see
introduction of Chapter §3). The Bragg reflection mechanism was therefore shown to be
unreliable for shore protection, which ultimately impeded further applied investigations of
Bragg resonance. Few recent laboratory and numerical studies of Bragg reflection yet keep
being reported [66, 67], suggesting that the collective reflective power of small submerged
bars has not been fully discarded.

The resonant wave-seabed interaction has been coined as Bragg resonance in homoge-
neous water [18] and in a two-layer fluid [68], owing to its similarity with the strong reflection
of select X-rays by crystals discovered by William Lawrence Bragg and his father Sir William
Henry Bragg [69]. Interestingly, however, resonant wave-seabed interactions in continuously
stratified fluids have not been related to the Bragg mechanism, although they have received
considerable attention (see introduction in Chapter §4). One reason may be that internal
waves considered in an infinitely unbounded fluid do not see the seabed as a property of
the medium, but rather as a side boundary at which they reflect just one time. The Bragg
resonance mechanism, on the other hand, occurs in the bulk of the fluid, i.e. is experienced
by waves over time as they propagate within the medium. Nonetheless, as will be shown in
Chapter §4 the Bragg resonance mechanism in a stratified fluid occurs similarly when the
ocean is of finite depth, i.e. such that wave modes are standing in the z direction, hence
propagating in the horizontal plane only.

1.5 Dissertation outline

The bulk of this dissertation consists of three chapters that investigate in details three novel
and independent applications of resonant wave-seabed interactions. Chapter II and III con-
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sider the Bragg resonance of surface waves in a homogeneous fluid, and provide detailed
investigations of water-wave manipulation by seabed corrugations for ocean engineering ap-
plications in wave energy extraction and coastal protection. Chapter IV extends the concept
of Bragg resonance to a linearly stratified fluid in three dimensions, which had not yet been
attempted at the time of writing. Our results are obtained analytically but also supported
by direct numerical simulations.

In Chapter II, we study the equilibrium states for propagating waves trapped inside
an oceanic resonator made of two distinct sets of seabed corrugations. We show that the
distance between the two sets controls whether the reflected waves experience constructive
or destructive interference inside the resonator, which can as a result be devised to either
improve wave energy extraction devices by enhancing wave activity, or to protect offshore
structures by diminishing it. We make a close connection with the Fabry-Perot resonance
discovered in optics at the end of the 19th century.

In Chapter III, we propose to revamp the Bragg resonance mechanism as a means of
coastal protection by considering oblique seabed bars that divert, rather than reflect, shore-
normal incident waves to the shore-parallel direction. The proposed shore protection scheme
relies on the principle of Bragg deflection, a resonant oblique wave-seabed interaction in two
horizontal dimensions, which, unlike the one-dimensional Bragg reflection mechanism, is not
affected by the reflections of leaked waves at the coast. A detailed study of the protection
efficiency is provided that shows that reliable coastal protection may in fact be achieved with
small seabed bars near the shoreline.

In Chapter IV, we investigate the effect of density stratification on Bragg resonance.
The initial motivation for this work was to extend the cloaking mechanism of [70] based on
seabed corrugations that transfer the incident energy of surface waves to interfacial waves in
a two-layer fluid, to the case of continuous density stratification. The resonant wave-bottom
interactions in a finite-depth linearly stratified ocean, however, proved to be significantly
richer than in the homogeneous or two-layer fluid and therefore requires a detailed analysis
which we now provide. Here we elaborate on the re-distribution of the incident wave energy
across the internal-wave spectrum for arbitrary orientations of the seabed bars with respect
to the incident wave direction of propagation. We show that a chain resonance occurs at
almost all incidence angles, i.e. whereby the incident wave energy keeps on flowing to higher
and higher wavenumber internal waves. Therefore, the Bragg resonance mechanism in the
stratified ocean appears to be an efficient pathways for the steepening of internal waves,
which has important consequences on the spatial variability of ocean mixing and energy
dissipation.

In Chapter V, we summarize the main findings of this dissertation, discuss how they
relate to the emergence of water-wave manipulation concepts, and offer some guidelines for
future studies and perspectives in the field.
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Chapter 2

Fabry-Perot resonance of water waves

We show that significant water wave amplification is obtained in a water resonator consisting
of two spatially separated patches of small-amplitude sinusoidal corrugations on an otherwise
flat seabed. The corrugations reflect the incident waves according to the so-called Bragg
reflection mechanism, and the distance between the two sets controls whether the trapped
reflected waves experience constructive or destructive interference within the resonator. The
resulting amplification or suppression is enhanced with increasing number of ripples, and is
most effective for specific resonator lengths and at the Bragg frequency, which is determined
by the corrugation period. Our analysis draws on the analogous mechanism that occurs
between two partially reflecting mirrors in optics, a phenomenon named after its discoverers
Charles Fabry and Alfred Perot.

2.1 Introduction

Fabry-Perot cavities are standing-wave resonators commonly used in optics, quantum physics,
and astronomy [71, 72, 73]. In its simplest form, an optical Fabry-Perot cavity consists of
two partially reflecting mirrors surrounding a dielectric medium. Light waves entering the
cavity undergo multiple partial reflections between the two mirrors which constructively in-
terfere at resonance frequencies determined by the round trip propagation delay and the
phase shifts incurred at the mirrors [74]. The Fabry-Perot device was originally applied in
interferometry, but is now also used in laser resonators due to its ability in amplifying the
radiation field within the cavity [75].

Seafloor variations in the ocean can, much like mirrors and lenses in optics, significantly
affect the propagation of incident waves. While seabed inhomogeneities generally lead to
water wave scattering due to the absence of coherence between the multiple scattered waves,
instances of constructive interference due to periodic undulations of the seabed have been
observed in nature, such as in the Rotterdam waterway [76, 77], Cape Cod Bay in Mas-
sachusetts [78], and near numerous shorelines [79]. The strong reflection of surface waves
by bottom corrugations, which has also been demonstrated in the laboratory [19, 80, 81],
relies on the well-known Bragg mechanism discovered in solid-state physics [69] and first
reported in the context of water waves by Davies [18]: surface waves with wavelengths twice
the wavelength of seabed corrugations experience coherent reflections. Interestingly, Bragg
resonance between surface waves and seabed corrugations is also the reason why natural
sandbars, which can be seen parallel to shore in many coastal areas [79], are sinusoidal with
wavelength equal to half that of the local surface waves [82, 83]. The same Bragg reflection is
found in optics when light waves encounter multilayer dieletric coatings that offer significant
advantages over single-layer mirrors [75].
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Chapter 2: Fabry-Perot resonance of water waves

Figure 2.1: Schematic of a water wave Fabry-Perot resonator. Surface waves interact with two
patches of ripples (wavelength λb) on an otherwise flat seabed. l is the resonator length and
L1,2 = N1,2λb, N1,2 ∈ N.

Even though seabed corrugations act like partially reflective mirrors, the Bragg reflection
of water waves does not always lead to decreased wave activity downstream of the corruga-
tions. Indeed, Yu & Mei [1] confirmed the earlier conjecture [84] that the presence of a bar
patch upstream of a reflective beach could result in shoreward wave amplification, rather
than attenuation, for specific patch-to-shore distances. Their result has now been extended
to the normal modes of oscillation of a corrugated wave tank [52, 85] and will be related to
the resonance studied in this work.

Here we show that significant wave amplification or suppression can be achieved in a re-
gion of constant water depth bounded by two sets of small-amplitude corrugations (see Fig.
2.1). We thus demonstrate the analogy between the underlying water wave trapping mech-
anism and the Fabry-Perot resonance in optics based on distributed Bragg mirrors [86, 87].
We obtain the resonance condition for water wave amplification and suppression close to the
Bragg frequency using multiple-scale analysis, and we investigate the effect of the reflectivity
of the patches as well as resonator length between the two mirrors on the field enhancement
and transmission spectra. Our results are obtained within the framework of the linear po-
tential flow theory, and are then extended in the conclusion by discussing and providing
suggestions on how to consider the effects of wave directionality, bottom irregularity, and
viscosity.

2.2 Bragg mirrors for water waves

Consider the propagation of surface gravity waves on an incompressible, homogeneous, and
inviscid fluid. The flow is assumed irrotational such that the velocity field u can be expressed
in terms of a velocity potential φ as u = ∇φ. In a Cartesian coordinate system with x, y
axis on the mean free surface and z axis positive upward, the linear form of the governing
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Chapter 2: Fabry-Perot resonance of water waves

equations for φ reads

∇2φ = 0, −h < z < 0 (2.2.1a)

φtt + gφz = 0, z = 0, (2.2.1b)

φz = ∇Hζ · ∇Hφ, z = −h+ ζ(x, y), (2.2.1c)

in which ∇H = (∂x, ∂y) is the horizontal gradient operator, z = −h describes the position of
the mean seabed, and ζ represents the small seabed undulations. The free surface elevation
η(x, y, t) is related to the velocity potential through η = −φt/g.

Here, we assume that the problem is two-dimensional, i.e., ∂/∂y ≡ 0. On a flat seabed
(i.e. ζ = 0), the left- and right-propagating wave solutions of Eqs. (2.2.1) have constant
amplitudes and the free-surface elevation reads

η(x, t) =
(
Ae−ikx + Beikx

)
eiωt + c.c. (2.2.2)

with c.c. denoting the complex conjugate. The surface wavenumber k and the wave frequency
ω are related through the dispersion relation

ω2 = gk tanh kh. (2.2.3)

Above a region with corrugated seafloor (e.g., no. 1 or no. 2 in Fig. 2.1), the waves have
varying amplitudes due to wave-seabed interactions, and the general solution becomes

η(x, t) =
[
A(x, t)e−ikx + B(x, t)eikx

]
eiωt + c.c. (2.2.4)

The classical case of a single patch with corrugations of the form

ζ(x) =

 d sin [kb(x− xs)− θ] ,

0,

x ∈ [xs, xe],

elsewhere,
(2.2.5)

where d is the amplitude of the ripples, θ the corrugations’ phase, and xs and xe the start and
end of the patch, is known to strongly reflect surface waves with wavenumber k = kb/2 + κ,
κ/kb � 1. For waves coming from x = −∞ and small corrugation amplitude kbd � 1, Mei
[59] showed that the steady-state solution for the wave envelope amplitudes leads to the
so-called Bragg reflection and transmission coefficients here rewritten as

RB =
B(xs)

A(xs)
=

e−iθ sinhSw

w coshSw + i$ sinhSw
, (2.2.6a)

T B =
A(xe)

A(xs)
=

w

w coshSw + i$ sinhSw
, (2.2.6b)

where

$ = Ω/Ωc, w =
√

1−$2, Ωc =
ωbkbd

4 sinh kbh
, (2.2.7a)
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Chapter 2: Fabry-Perot resonance of water waves

Figure 2.2: Effect of detuning $ on the normalized reflected wave amplitude RB = |RB| and
phase αB = arg(RB) off a water Bragg reflector with θ = 0 [cf. Eq. (2.2.6a)]. RB and αB are
shown for S = 0.75 (solid), 1.5 (dotted), 4 (solid) while keeping the cutoff frequency Ωc fixed [cf.
Eq. (2.2.7a)]. The reflection strength RB is strongest and almost constant within the primary
resonance tongue, unlike αB.

S =
ΩcL

Cg
=

Nπkbd

2(sinh kbh+ kbh)
. (2.2.7b)

The reflection and transmission coefficients (2.2.6) are valid for wave frequencies in the
vicinity of the Bragg frequency, i.e., for ω = ωb + Ω where ωb = ω(k = kb/2) and Ω = Cgκ�
ωb with Cg = dω/ dk the wave group velocity [cf. Eq. (2.2.3)]. In Eqs. (2.2.7), N is the
number of corrugations, and the parameter Ωc used to normalize the dimensional detuning
frequency Ω is called the cut-off frequency since for Ω < Ωc the envelope modulations are
exponential over the corrugations whereas they are oscillatory for Ω > Ωc. The variable S,
which can be rewritten as tanhS = |RB($ = 0)| = RB

0 , is a measure of the reflected wave
amplitude at the Bragg frequency.

The effect of detuning on the reflected wave amplitude RB = |RB| and phase shift
αB = arg(RB) off a single patch of corrugations is shown in Fig. 2.2 for various values of
the parameter S. As expected, RB

0 increases with S, i.e., with an increase in the number of
ripples N or ripple amplitude d/h, as well as with a decrease in the normalized water depth
kbh. While increasing d/h is analogous to increasing the refractive index contrast in mirrors
made of alternating dielectrics in optics [75], here we remark that the effect of decreasing
kbh on the reflection coefficient has no direct equivalent in optical systems. This is of course
due to the fact that water waves are surface waves, which experience stronger seabed effects
with smaller normalized water depth kh. Water-wave dispersion by the fluid medium yet
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Chapter 2: Fabry-Perot resonance of water waves

vanishes in the long-wave regime, i.e., when kh� 1, in which case RB becomes independent
of kbh and reaches a maximum value. The primary resonance tongue, i.e., where RB is the
strongest and only mildly varying, typically extends to |$| ≤ 1. At the Bragg frequency,
αB = −θ such that a set of ripples acts like a partially reflecting wall when θ = 0, with
a free-surface anti-node formed at the beginning of the patch. Unlike RB, the phase shift
αB changes significantly within the primary resonance tongue (see Fig. 2.2). Indeed, αB

increases for longer wavelengths (i.e., $ < 0), which corresponds to a downstream displace-
ment of the anti-node upwave of the leading seabed crests. The phase shift due to detuning
extends up to ±π/2 at the edges of the primary resonance tongue when S →∞.

2.3 Fabry-Perot resonance

Let us now construct the water wave analog of an optical Fabry-Perot cavity using two
patches of seabed corrugations as water wave mirrors. We consider the seafloor variations

ζ(x) =


d sin [kb(x− xs1)− θ1] ,

d sin [kb(x− xs2)− θ2] ,

0,

x ∈ [xs1, x
e
1],

x ∈ [xs2, x
e
2],

elsewhere,

(2.3.8)

where xs1 = 0, xs2 = xe1 + l, xe1,2 − xs1,2 = N1,2λb (see Fig. 2.1). Subscripts 1 and 2 apply to
variables for the upstream and downstream patch respectively. We refer to the parameter
l separating the two patches as the resonator length. Similarly to the Bragg reflection and
transmission strength coefficients obtained for each one of the two patches taken individually,
noted RB

1,2 and TB1,2, we define a Fabry-Perot reflection and transmission strength coefficient as
RFP = |B(xs1)/A(xs1)| and T FP = |A(xe2)/A(xs1)|. The derivation (provided in the Appendix
A) yields

RFP =

[
(RB

1 )2 + (RB
2 )2 − 2RB

1 R
B
2 cos γ

1 + (RB
1 R

B
2 )2 − 2RB

1 R
B
2 cos γ

]1/2

, (2.3.9a)

T FP =

{ [
1− (RB

1 )2
] [

1− (RB
2 )2
]

1 + (RB
1 R

B
2 )2 − 2RB

1 R
B
2 cos γ

}1/2

, (2.3.9b)

where

γ = π − 2θ1 + 2kl − α1 − α2 (2.3.10)

is the round trip phase shift. In Eq. (2.3.10), 2kl is the propagation phase accumulation
and α1,2 are the phase shifts incurred upon reflection at the Bragg mirrors. When γ = 2mπ
(m ∈ N), the partially reflected waves in the interior region constructively interfere, and
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Chapter 2: Fabry-Perot resonance of water waves

the Fabry-Perot resonance condition is satisfied. The resonant wavenumbers obtained for a
given resonator length l and corrugation wavenumber kb therefore become

k =
(2m+ 1)π + 2θ1 + α1 + α2

2l
, m ∈ N. (2.3.11)

It should be noted that (RFP )2 + (T FP )2 = 1, which is in agreement with the principle of
energy conservation. The maximum normalized free-surface elevation within the resonator
is given by the so-called field enhancement parameter, i.e. (cf. the Appendix A),

Ξ =
|A(xe1)|+ |B(xe1)|

|A(xs1)|
=
(
1 +RB

2

) T FP
TB2

. (2.3.12)

The highest achievable field enhancement Ξ occurs when one of the Fabry-Perot resonant
wavenumbers is k = kb/2. Substituting k = kb/2 into Eq. (2.3.11) we thus obtain the
condition on the resonator length, i.e.,

l ≡ lBm =
(2m+ 1)π + θ1 + θ2

kb
, m ∈ N, (2.3.13)

leading to the highest possible Ξ. Interestingly, we find that Eq. (2.3.13) reduces to the
classical Fabry-Perot in-phase resonance condition, that is l = mπ/k, when θ1 + θ2 = π.
This fact can be explained in terms of effective resonator length. In the case of positive
corrugation slope next to the interior region for both Bragg reflectors, i.e., when θ1 = π and
θ2 = 0, there is no phase shift incurred at the mirrors for waves coming from the inside at
the Bragg frequency, and the effective resonator length is simply the distance l between the
two reflectors. The effective resonator length is instead l + λb/2 when θ1 = θ2 = 0 as the
upstream patch reflects waves in the interior with a π phase shift.

The wavelength separation ∆λ between adjacent transmission peaks, also called the free-
spectral range (FSR) in optics [88], can be obtained from the Fabry-Perot condition (2.3.11)
as ∆λ = λm+1−λm. Similar to k, ∆λ cannot in general be explicitly expressed as a function
of l because α1,2 are nonlinear functions of k = 2π/λ through $ [cf. Eq. (2.2.6a)]. Close
to the Bragg frequency we may yet approximate it as ∆λ ≈ 2λ2

b/l (since α1,2 = −θ1,2 at
$ = 0), showing that, as in optics, the FSR is inversely proportional to the length of the
interior region. The transmission and field enhancement spectra are shown in Fig. 2.3 for
two different Bragg reflection coefficients (assuming RB

1 = RB
2 ) and resonator lengths l = lBm.

Comparing the two solid lines, obtained for a long interior region l = lB30 (2.3.13), it is clear
that large Bragg reflection coefficients result in higher transmission extinction and higher
field enhancement between the two mirrors. In addition, we see that increasing RB

1,2 modifies
the FSR by changing the locations of the resonance frequencies. The FSR significantly in-
creases when the resonator is smaller, such that the secondary Fabry-Perot resonant modes
are pushed outside the Bragg reflection bandwidth (cf. dashed line in Fig. 2.3).

As opposed to being enhanced, incident waves whose frequencies lie within the Bragg
reflection bandwidth can be suppressed between the two mirrors by detuning the resonator
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Chapter 2: Fabry-Perot resonance of water waves

Figure 2.3: Transmission and field enhancement spectra for |$| ≤ 1. The number of resonant
modes increases with increasing resonator length l (2.3.13) (l = lB5 : dashed line, l = lB30: solid
lines), while the maximum field enhancement values max Ξ (2.3.12) increase with increasing mirror
reflectivities RB0 = RB1,2($ = 0). The cutoff frequency Ωc (2.2.7a) is the same for all three curves.

from the Fabry-Perot resonance condition (2.3.13). To make this apparent, we rewrite the
resonator length as

l = lBm + δπ/kb, (2.3.14)

where lBm satisfies Eq. (2.3.13), m ∈ N and δ ∈ [0, 2]. The partially reflected waves in
the interior region are in phase at the Bragg frequency, thus enhanced, when l = lBm. We
show the effect of the offset parameter δ 6= 0 on the field enhancement experienced by a
very small resonator (m = 0) in Fig. 2.4. When δ = 1/4 > 0 the primary Fabry-Perot
resonant mode is shifted to smaller frequencies, i.e., longer waves, because of the increased
resonator length. At the critical offset δ = 1, the Fabry-Perot transmission peaks all lie
outside the Bragg frequency bandwidth, which is therefore centered on a region with small
field enhancement. The suppression strength, i.e., Ξ−1, increases with the mirrors’ reflection
coefficient (cf. dashed line in Fig. 2.4). We note that while a Bragg reflection coefficient of
about 80% is needed to achieve an amplification Ξ(l = lBm) = 3 at $ = 0 (m arbitrary), an
equivalent field suppression of Ξ(l = lBm+π/kb) = 1/3 would require |RB

1,2| = 95%, i.e., higher
reflectivity mirrors. This result can be generalized analytically in the limit where |RB

1,2| → 1
for which Ξ(l = lBm)× Ξ(l = lBm + π/kb)→ 4.

When waves come from all directions, the highest averaged wave amplification is achieved
by setting RB

1 = RB
2 , or equivalently by fixing N1 = N2 = N tot/2 where N tot is the total

number of ripples. In the case where incident waves come primarily from one direction (say,
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Figure 2.4: Field enhancement spectrum in a very short resonator of length l = lB0 + δπ/kb [cf.
Eq. (2.3.13)] for RB0 = RB1,2($ = 0) = 0.8, 0.95 (solid, dashed lines). Ξ is maximum at the
Bragg frequency when the resonator length is chosen to produce constructive interference at $ = 0
(δ = 0), whereas the resonant peak is shifted to lower frequencies when the interior region becomes
longer (δ = 1/4). When δ = 1, the resonant modes fall outside the Bragg frequency bandwidth
such that destructive interference dominate for |$| ≤ 1. The cutoff frequency Ωc (2.2.7a) is the
same for all 4 curves.

upstream of patch no. 1), however, the field enhancement within the interior region can be
optimized by finding the appropriate distribution of ripples N1,2 such that Ξ is maximum
for a fixed N tot. The effect of N1 on Ξ is shown in Fig. 2.5 for perfectly tuned surface waves
($ = 0), an optimal spacing [cf. Eq. (2.3.13)], and for various total number of ripples N tot.
The maximum field enhancement Ξ is always obtained for N opt

1 < N tot/2, i.e., RB
1 < RB

2 ,
with the difference (N tot/2 − N opt

1 )/(N tot/2) being the greatest for low reflectivity mirrors.
The optimal N opt

1 is unique and can be obtained by maximizing Ξ as a function of N1 for
fixed N tot. We find

N opt
1 =

1

2s
arctanh

[
1− 2 tanhN tots

tanh sN tot − 2

]
, (2.3.15)

where s = Ωcλb/Cg [cf. Eqs. (2.2.7)]. The growth of maximum wave amplitude between the
two patches is exponential with the number of corrugations since Ξ(N opt

1 ) ∼ 2 exp sN tot/2
when sN tot → ∞. Interestingly, we note that while choosing N1 6= N2 results in a differ-
ent field enhancement Ξ for left-going and right-going waves, the Fabry-Perot reflection and
transmission coefficients remain the same for both incident wave directions. This symmetry
can be clearly seen from the formulas (2.3.9) for RFP and TFP , which are unchanged under
RB

1 ↔ RB
2 swaps.

The transient build up of wave trapping within a Fabry-Perot resonator is finally shown
in Fig. 2.6 for perfectly tuned waves coming from x = −∞. The interior region is designed
to amplify almost optimally right-going Bragg frequency waves with kbh = 1.64, kbd = 0.164,
N1 = 11, and N2 = 15, such that RB

1 = 60% and RB
2 = 73% at $ = 0. Assuming a peak

wave period of 7 s, it follows that the resonator is designed to trap 52 m long waves in 6.7
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Figure 2.5: Significance of the ripples distributions (N1 and N2) on Ξ for perfectly tuned waves
coming from x = −∞ and for various N tot = N1 +N2 (cf. Fig. 2.1). The amplification reached at
optimal distribution [cf. Eq. (2.3.15)] is shown by the dashed line, and is less than that obtained
with a wall substituted for the second patch (i.e., for N1 = N tot and N2 → ∞; see dash-dotted
curve); kbh = 1.64, kbd = 0.164.

m water depth. The numerical results are obtained utilizing the high-order-spectral (HOS)
method [89, 90]. Trapping occurs very rapidly as shown by the beginning of increased wave
envelope amplitude in the interior region for t/T = 25. The steady state is reached after
∼ 100 peak wave periods, which corresponds to ∼ 1.6 times the round trip propagation time
between the two most distant corrugations.

2.4 Conclusions

In summary, we showed that water wave trapping occurs within a water resonator made
of two distinct sets of seabed corrugations, and we demonstrated the analogy with the
Fabry-Perot resonance in optics. We found that the highest possible wave amplification or
suppression takes place at the Bragg frequency, and we obtained the corresponding reso-
nance condition for the resonator length (2.3.13). Neglecting viscosity, we found that the
field enhancement (2.3.12) increases infinitely with increasing mirrors’ reflectivity within the
validity of the linear potential flow theory. As for the Bragg reflection coefficient (2.2.6a),
the field enhancement or suppression becomes independent of the normalized wavelength kbh
in the long-wave regime, in which case the water resonator becomes fully analogous to the
classical optical Fabry-Perot cavity due to the absence of dispersion by the fluid medium.

Fabry-Perot resonance of water waves may be utilized, through engineered seabed bars,
to enhance wave energy extraction efficiency or to protect offshore structures. While investi-
gation of the possibility of occurrence and the role of such effects in the dynamics of oceans
is beyond the scope of this paper, we would like to comment that the assumption of simi-
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Figure 2.6: Transient build up of Fabry-Perot resonance for perfectly tuned water waves coming
from x = −∞. The resonator length is l = l∗5 (2.3.13). The normalized wave envelope η∗ =
(|A| + |B|)/a0, with a0 = 10−5h the incident wave amplitude, is shown at six different successive
times. The physical parameters are kbh = 1.64, kbd = 0.164; N1 = 11, N2 = 15. Note that the
amplitude of the ripples has been exaggerated in this figure. The spatial resolution of the HOS
numerical simulation is NX = 212, and NT = 64 time steps were used per wave period simulated.

lar ripple wavelengths for the two patches is not unrealistic for naturally occurring ripples
since the periodicity of, e.g., sandbars is directly dependent on the local wave conditions,
which do not change much on distances of the order of a few hundreds surface wavelengths.
Furthermore, the special case of a single patch of ripples adjacent to a reflecting wall can
be treated similarly to a two-patch system (cf. Fig. 2.5, dash-dotted line corresponding to
N tot = ∞), and may be easily realized in real oceans, e.g., in the area between nearshore
sandbars and the shoreline [1]. The localized amplifications of water waves excited from
within a closed-ends tank with one patch of ripples [85] can also be discussed based on our
analysis of the Fabry-Perot resonance and is in fact reminiscent of the working principle
behind laser resonators.

In either case of engineered or natural seabed bars, the Fabry-Perot resonance is expected
to be important only in relatively shallow waters since the reflectivity (2.2.6a) of Bragg mir-
rors decreases with increasing kbh. As the water depth decreases and due to refraction, wave
rays asymptotically become parallel to each other. Hence the effect of the spreading angle
or multidirectionality of waves is usually neglected in such analyses (e.g., Ref. [18]) and is
not pursued here. Nevertheless, we would like to comment that effects of multidirectional
waves can be easily taken into account invoking the same formulation presented here and
by considering an effective wavelength, which is the surface wavelength component perpen-
dicular to the corrugation crests [91]. Real seabeds, particularly near shorelines, may also
have a mean slope [79]. In such a case and if the slope is mild, water-wave trapping is
optimized by considering a slowly varying ripple wavelength, i.e., kb = kb(εx) (ε� 1), such
that ωb = kbg tanh kbh remains constant everywhere [91, 92].

The Fabry-Perot resonance of water waves is a leading order phenomenon. Therefore,

22



Chapter 2: Fabry-Perot resonance of water waves

even if the seabed undulations, whether engineered or natural, are not perfectly sinusoidal
(due to, e.g., erosion over time or biofouling), a strong amplification or damping is achieved
as long as the dominant Fourier component of the seabed satisfies the resonance condition
[93, 94, 79]. In such cases, the results presented here can therefore be expected to obtain
with quantitative changes proportional to the amplitudes of the non-dominant secondary
topographic modes [48, 49]. Clearly a purely random topography does not lead to any
resonance but rather result in localized waves damped because of wave energy spreading in
all spatial directions [95]. For arbitrary corrugation shapes, large ripple amplitudes, and
away from the Bragg frequency, i.e., |ω − ωb|/ωb ∼ O(1), the use of Floquet theory [53, 54]
or numerical simulations of higher-order equations [96, 62] becomes necessary to carefully
asses the degradation of the quality of the resonator [49, 97].

Viscous dissipation in water, except for very short waves such as capillary-gravity waves,
is generally confined near the seabed. Due to the no-slip boundary condition at the bottom, a
viscous boundary layer forms, allowing for sediment transport while dissipating wave energy.
Bottom friction affects both the wave amplitude and phase [98]. Following earlier studies
on Bragg scattering [99], we can infer that the water viscosity ν ≈ 10−6 m2s−1 within a
laminar boundary layer on a flat seabed results in a phase shift accumulation and amplitude
attenuation rate given by exp[−x(1− i)σ/(2Cg)] where σ = gk2

√
ν/(2ω)/(ω cosh2 kh). For

the parameters of the numerical simulation presented in Fig. 2.6 and T = 7 s, we find that
σ ≈ 6.6 10−5 s−1, which corresponds to a phase shift accumulation and wave attenuation
rate of 0.03% per wavelength. Implementing these viscous effects into our formulation we
find that the field enhancement obtained in Fig. 2.6 is decreased by 0.6% for l = lB5 and by
3.7% for l = lB100. Viscosity can therefore be safely neglected for a rigid smooth seabed and
a resonator with an interior region of length l ≤ lB100 since the wave field remains strongly
enhanced. Indeed, for such small interior regions, the viscous phase shift is much smaller than
the full-width half maximum of the field enhancement spectrum peaks. A more thorough
analysis of bottom friction may, however, be necessary for erodible beds made of, e.g., sand
grains since these typically exhibit stronger, though still small, viscous effects [80, 82].

While outside the scope of the present work, we finally note that nonlinear effects, which
have been shown to produce soliton-like structures over seabed corrugations [63], could be-
come of significance for the Fabry-Perot resonance of finite-amplitude water waves as they
would most certainly limit the maximum achievable field enhancement.
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Chapter 3

Shore protection by oblique seabed bars

Shore protection by small seabed bars was once considered possible because seafloor undula-
tions strongly reflect surface waves of twice the wavelength by the so-called Bragg resonance
mechanism. The idea, however, proved “unreliable” when it was realized that a patch of
longshore seabed bars adjacent to a reflective shore could result in larger waves at the shore-
line than for the case of a flat seabed. Here we propose to revamp the Bragg resonance
mechanism as a means of coastal protection by considering oblique seabed bars that divert,
rather than reflect, shore-normal incident waves to the shore-parallel direction. We show,
via multiple-scale analysis supported by direct numerical simulations, that the creation of a
large protected wake near the shoreline requires a bi-chromatic patch to deflect the incident
waves to the shore-parallel direction. With two superposed sets of oblique seabed bars, the
incident wave energy becomes efficiently deflected far to the sides, leaving a wake of de-
creased wave activity downstream of the patch. We demonstrate that the shore protection
efficiency provided by this novel arrangement is not affected by reflection of leaked waves at
the shoreline, and that it is relatively robust against small frequency detuning.

3.1 Introduction

Coastal erosion, a threat to coastal communities and life, is accelerating because climate
change has resulted in more frequent and stronger storms [100, 101]. The Outer Banks of
North Carolina are just one example of the areas that are very sensitive to storm conditions
and that have sustained extensive property damage [102]. The use of massive breakwaters
as a means to mitigate storms of increasing severity remains the most common option de-
spite well known imperfections: breakwaters adversely alter the coastal environment, require
strong and costly foundations, need frequent maintenance due to cyclic load of the waves as
well as liquefaction of the top part, and cause seabed soil subsidence at their foot besides
potentially interfering with navigation.

In the 1980s, a promising alternative for coastal protection was put forward using a
series of small man-made seabed-mounted corrugations to reflect the incident waves. The
idea originated from the work of [18] who first studied the resonant interaction between free
propagating surface waves and seabed undulations whose wavelengths are in a 2:1 ratio. The
phenomenon is sometimes referred to as Bragg reflection or resonance due to its similarity
with the selected reflection of X-rays from the surface of a crystal in solid state physics
[103]. The strong reflection of water waves by seabed bars was shortly after investigated
experimentally [19, 104] as well as theoretically [105, 59, 39], and was observed in Cape
Code Bay (MA) where shore-parallel sandbars form naturally [78].

The idea of using longshore seabed-mounted bars for shore protection has been extensively

25



Chapter 3: Shore protection by oblique seabed bars

s
h

o
re

lin
e

leaked waves
become trapped

(a) (b)

all waves are
transmitted

s
h

o
re

lin
e

ki

kr kt

k
r

t
k
t

t

ki

kt

k
t

t

k
t

t

ktkt

k
r

t
k
t

t

kr

shore-parallel bars oblique bars

Figure 3.1: Schematics of shore protection by (a) Bragg reflection and (b) Bragg deflection. The
gray-shaded area downstream of the corrugations represents the protected wake. (a) Most of the
energy of an incident wave ki, that arrives normal to a patch of longshore seabed bars, is reflected
back (kr). Nevertheless, a small part of the incident energy is still transmitted through the patch
(kt). The waves kt, after reflecting back from the shoreline (dotted arrows), get reflected strongly
by the patch (krt ) with a small part transmitted back to the open ocean (ktt). The process repeats
as the krt wave reflected by the shoreline arrives again at the bars. Significant wave amplification
can result from constructive wave interference between the trapped waves (i.e. kt, k

r
t , k

rr
t , ...)

depending on the distance between the patch and the shoreline [1]. (b) With oblique seabed bars,
the incident wave ki is fully transmitted but also deflected to the sides in the downstream (kt).
The kt wave is then reflected by the shoreline and crosses back over the corrugated patch toward
the open ocean.

studied theoretically, computationally, and experimentally to understand its effectiveness
and limitations [60]. A number of issues, including for instance the formation of scours,
was apparent during field experiments [65], but it was an analytical investigation of the
effect of beach reflection on the partially-standing wave pattern atop the corrugations which
finally discredited the idea. Indeed, in agreement with earlier investigations of [84] and
[106], [1] demonstrated that constructive interference of leaked waves trapped between the
patch and a reflective shoreline could result in significant wave amplification (and not the
expected reduction) at the coast, depending on the distance between the shoreline and the
patch of seabed bars (c.f. figure 3.1a). The erosion of both natural sandbars and beaches
being inevitable, shore protection by Bragg reflection was subsequently deemed unreliable.
The effect of reflective boundaries on Bragg resonance is now known to be of significant
importance and interest in engineering applications: it can lead to exponentially-varying
standing-wave patterns in wave tanks [52, 85] and is at the basis of the Fabry-Perot resonance
mechanism recently reported in the context of water waves [107].

The resonance condition discovered by [18] for one horizontal dimension is in fact a special
case of the complete set of Bragg resonance conditions that can be obtained by regular
perturbation of the three-dimensional potential flow equations for small corrugations [108].
At each order of the perturbation expansion, a set of resonated waves are obtained from the
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bottom boundary condition in which the seabed harmonics interact with the lower order wave
solutions. The first-order variations of the incident waves at or near resonance can then be
obtained using the method of multiple scales [61]. For wave frequencies significantly different
from the Bragg frequency, or in the presence of large-amplitude bottom corrugations, higher-
order or exact theories such as Floquet theory are necessary to accurately predict solutions far
from resonance, and to include evanescent modes and higher-order wave-bottom interactions
(c.f. e.g. exact linear theory of [53] and references therein).

In cases where closed-form solutions cannot be obtained, a wide range of numerical mod-
els are available to study water wave scattering by seabed topographies. These include the
extended versions of the mild slope equations [39, 40], the coupled mode approach [41, 42],
the integral matching/discretized bottom method [55, 56], the fully nonlinear Boussinesq
equation adjusted for rapid bottom undulations [109], and the high-order spectral method
[90]. Numerical investigations of Bragg scattering have helped explain several discrepan-
cies between theory and experiments, including: the difference between the observed and
predicted class II Bragg resonance frequency being due to evanescent modes [49], and the
resonant frequency downshift/upshift for the subharmonic/superharmonic class III Bragg
condition due to high-order nonlinearity [109].

Here we consider an arrangement of corrugations that can deflect, rather than reflect,
shore-normal incident waves to the shore-parallel direction. We call this resonance mecha-
nism Bragg deflection, to emphasize the contrast with Bragg reflection (since for the former
the angle between the incident and resonated waves is less than or equal to 90◦). The pro-
posed patch of corrugations, designed to be potentially useful for shore protection, has a
plane of symmetry, aligned with the direction of incident wave propagation, such that the
incident wave energy gets diverted in the downstream to the sides of a protected wake (see
figure 3.1b). One key advantage of the protection offered in the wake of such topography is
that the protection efficiency is unaffected by coastal reflections. Waves reflected from the
shoreline (either curved or straight) may be deflected by the patch but ultimately propagate
back to the open ocean (ktt waves in figure 3.1b).

This manuscript considers the analysis of the Bragg deflection mechanism as a means
of shore protection, and is organized as follows. The formulation of the problem, governing
equations, and Bragg resonance conditions are presented in §3.2. In §3.3, we investigate the
protection provided by a monochromatic patch and show its limitations for cases where the
deflection angle is large. The advantages of a bi-chromatic patch are then demonstrated
analytically in §3.4, using multiple-scale analysis. In §3.5, we validate the multiple-scale
results by direct simulation, and analyze the effect of detuning and perpendicular deflection.
Concluding remarks are finally drawn in §3.6.

3.2 Problem formulation

Consider the propagation of small amplitude waves on the surface of an incompressible,
homogeneous and inviscid fluid of mean water depth h. We assume that the flow field is
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irrotational such that the velocity vector ~v can be written as ~v = ∇Φ, where Φ is the velocity
potential. We define a Cartesian coordinate system (x, y, z) with the x and y axes lying on
the mean free surface (x̂ and ŷ being the corresponding unit vector) and z axis positive
upward. Governing equations and boundary conditions read

∇2Φ = 0, −h+ ζ(x, y) ≤ z ≤ η(x, y, t), (3.2.1a)

Φtt + gΦz + 2∇Φ · ∇Φt +
1

2
∇Φ · ∇(∇Φ · ∇Φ) = 0, z = η(x, y, t), (3.2.1b)

Φz = (−∇hh+∇hζ) · ∇hΦ, z = −h+ ζ(x, y), (3.2.1c)

where η(x, y, t) is the free-surface elevation, g is the gravitational acceleration, ∇h = (∂x, ∂y)
is the horizontal gradient operator, and ζ(x, y) is the height of the small bottom corrugations
measured from the mean seabed depth (z = −h) such that the seabed is at z = −h + ζ.
Equation (3.2.1a) expresses mass conservation, (3.2.1b) is the combined free-surface bound-
ary condition, and (3.2.1c) is the impermeable seabed kinematic boundary condition. The
free-surface elevation η(x, y, t) is obtained from the unsteady Bernoulli’s equation written on
the free surface, i.e.,

η = −1

g
(Φt +

1

2
∇Φ · ∇Φ), z = η(x, y, t). (3.2.2)

Under the assumption of small surface slopes and small seabed corrugation slopes, i.e. ∇hη ∼
O(ε) and ∇hζ ∼ O(ε), where ε � 1 is a small parameter, a perturbation solution can be
sought by expanding the velocity potential and free-surface elevation in a perturbation series,
i.e.,

Φ = φ(1) + φ(2) + φ(3) + ..., (3.2.3a)

η = η(1) + η(2) + η(3) + ..., (3.2.3b)

where (φ(m), η(m)) = O(εm). Substituting from (3.2.3) into (3.2.1) and collecting terms of
the same order, we obtain the following recursive set of equations [110]

∇2φ(m) = 0, in − h ≤ z ≤ 0, (3.2.4a)

φ
(m)
tt + gφ(m)

z = F (m)(φ(1), ..., φ(m−1); η(1), ..., η(m−1)), on z = 0, (3.2.4b)

φ(m)
z = B(m)(φ(1), ..., φ(m−1); ζ), on z = −h. (3.2.4c)

At each order m, (3.2.4) is a linear partial differential equation for φ(m) with the right-hand-
side being a nonlinear function of the solutions to the lower order problems. As a result,
(3.2.4) can be solved sequentially starting from the leading order, i.e. the linear problem.
The leading-order problem is unaffected by the bottom corrugations and has propagating
wave solutions of the general form

φ(1) =
A(1)

2

g

ω

cosh[k(z + h)]

cosh(kh)
ei(k·x−ωt) + cc, (3.2.5a)
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η(1) = i
A(1)

2
ei(k·x−ωt) + cc, (3.2.5b)

where A(1) is the wave amplitude and cc stands for complex conjugate. The wave frequency
ω and wavenumber vector k are related through the dispersion relation

D(ω; k = |k|) ≡ ω2 − gk tanh(kh) = 0. (3.2.6)

At higher order m > 1, according to Fredholm alternative, if at least one of the forcing
terms is secular, i.e. either F (m) or B(m) has a harmonic equal to one of the eigenvalues of
the homogeneous problem, then no bounded solution can be found. At the second order, it
is well known that F (2) can never satisfy such a condition [111]. However, if the seabed has
a component with the wavenumber vector kb such that

D(ω, |kr|) = 0, kr = k± kb, (3.2.7)

then B(2) is secular and a wave with wavenumber kr will be resonated (the condition (3.2.7)
means in other words |kr| = |k|). When equation (3.2.7) is satisfied, the second-order wave
grows linearly in time, until it invalidates the expansion in (3.2.3).

A similar scenario happens also at the third order and B(3) becomes secular if the seabed
is bi-chromatic with wavenumbers kb1 and kb2 such that

D(ω, |kr|) = 0, kr = k± kb1 ± kb2. (3.2.8)

The resonance arising at the second order is called class I Bragg resonance, and the resonance
arising at the third order (assuming no class I Bragg resonance between k and kb1 or kb2) is
called class II Bragg resonance [110].

Since the class I Bragg resonance mechanism is more efficient at altering the incident
wave-field than the high-order ones, in an attempt to protect the shore by diverting the
incident waves away from a protected area, we will first consider the oblique class I Bragg
resonance (c.f. figure 3.2a). It is, nevertheless, known that class I resonance is very weak
for large deflection angles (i.e. for θ2 → π/2 in figure 3.2a), and is degenerate at θ2 = π/2.
As we will show in this manuscript, it is therefore advantageous, in order to divert normally
incident waves along the shoreline, to consider a superposition of two sets of oblique seabed
bars (figure 3.2b). In order for the transfer of energy from the incident k1 wave to the target
k2 wave to be efficiently mediated by the transitional kt wave, we will consider that k1 and
kb1 satisfy a class I Bragg resonance condition, i.e. (3.2.7). The proposed superposition
of corrugations thus involves two corrugation modes, but all interactions happen mainly
at the second-order (in contrast to Class II Bragg resonance that happens at the third
order). Extending the nomenclature of [110], we will refer to this scenario as a class I2 Bragg
resonance condition.

In the next two sections, we derive using multiple scales the slow evolution of the wave
amplitudes near resonance for both the monochromatic (§3) and bi-chromatic patch (§4).
The method of multiple scales is appropriate here because we only seek the leading-order
solution for water waves propagating over small corrugations. The problem is linear with
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Figure 3.2: Schematics and Bragg resonance conditions for the deflection of k1 = k1x̂ waves (with
frequency ω) into k2 (=kr) waves by (a) a monochromatic patch through class I Bragg resonance,
i.e. when D(ω, |k2|) = 0 where k2 = k1 + kb (c.f. equation (3.2.7)), and (b) a bi-chromatic patch
through class I2 Bragg resonance, i.e. when D(ω, |kt|) = D(ω, |k2|) = 0 where kt = k1 + kb1
and k2 = kt + kb2 (c.f. equations (3.2.7) and (3.2.8)). The oblique parallel solid lines in the left
figures represent the seabed bar crests whose corresponding wavenumbers are denoted by kb for the
monochromatic patch, and by kb1 and kb2 for the bi-chromatic patch. The problem is symmetric
with respect to the y = 0 plane such that significant wave energy reduction is expected in the
shaded wake downstream of each patch. Note that all wavenumbers correspond to leading-order
wave modes and therefore the superscripts (1) in (3.2.5) have been dropped.
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respect to the flow variables, and therefore the superscripts (1),(2) , ...(m) in (3.2.3) can be
dropped. The theory is applicable to waves with slopes comparable to the bottom slope, or
smaller. Since our focus here is in nearshore areas where the waterdepth is typically smaller
than the surface wavelength, the effect of the directional spreading of incident waves will be
neglected. This is justified up to the first order on the ground of wave refraction in shallow
water.

3.3 Class I Bragg deflection for shore protection

Let us first consider a monochromatic patch with a plane of symmetry at y = 0, such that
shore-normal incident waves get deflected to the sides of the x axis by a set of oblique seabed
bars (figure 3.2a). The bottom corrugations are taken as ζ(x, y) for y > 0 and ζ(x,−y) for
y < 0, where

ζ(x, y) =

 d
2
(eikb·x + e−ikb·x), 0 < x < w,

0, otherwise,
(3.3.9)

with d being the (real) positive corrugation amplitude. Under class I Bragg resonance,
i.e. when D(ω, |k2|) = 0 where k2 = k1 + kb (c.f. equation (3.2.7)), the incident and
resonated wave amplitudes are of the same order, but their evolution is slow for small bottom
corrugations, such that it can be decoupled from the fast variations of the carrier waves.
Therefore, we consider a first-order velocity potential of the form

φ(1) =
g

ω

cosh[k1(z + h)]

cosh(k1h)

[
A1(x̄, ȳ, t̄)

2
ei(k1·x−ωt) +

A2(x̄, ȳ, t̄)

2
ei(k2·x−ωt)

]
+ cc, (3.3.10)

where the incident (A1) and resonated (A2) wave amplitudes are functions of the slow space
and time coordinates (x̄, ȳ, t̄) ∼ ε(x, y, t) with ε � 1, and are governed by the so-called
envelope equation [59]

ε
∂

∂t̄
A1 + εCg1 · ∇̄A1 + ε(∇̄ ·Cg1)

A1

2
= iA2Ωc, (3.3.11a)

ε
∂

∂t̄
A2 + εCg2 · ∇̄A2 + ε(∇̄ ·Cg2)

A2

2
= iA1Ωc, (3.3.11b)

with ∇̄ = (∂/∂x̄, ∂/∂ȳ) and

Ωc =
ωdk1 · k2

2k1 sinh(2k1h)
, Cgj =

kjω

2k2
1

[
1 +

2k1h

sinh(2k1h)

]
=

kj
k1

Cg. (3.3.12)

Note that ε appears in front of all terms on the left-hand-side of equation (3.3.11), but
it is absent from the right-hand-side. This is because the ripple amplitude is small, i.e.
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k1d � O(1). The evolution of the incident and resonated waves can be shown based on
(3.3.11) to be constrained by the energy-preserving equation

∂

∂t̄

(
|A1|2

2
+
|A2|2

2

)
+ ∇̄ ·

(
Cg1

|A1|2

2
+ Cg2

|A2|2

2

)
= 0, (3.3.13)

also known as the wave action equation. When appropriate, we will make use of the nor-
malized amplitude variables

a∗1 = |A1|/a0, a∗2 = |A2|
√

cos θ2/a0, (3.3.14)

with which we can express the conservation of wave action more simply. Indeed, equation
(3.3.13) reduces to a∗

2

1 + a∗
2

2 = 1 for a patch infinitely long in the y direction and at the
steady-state.

The system of equations (3.3.11) reduced under the assumption of steady-state and with-
out detuning is typically not amenable to simple analytical treatment with variations in two
horizontal dimensions (c.f. the solution derived for a corner patch of parallel seabed bars in
Ref. [91]). Therefore, we numerically solve equation (3.3.11) in a steady state (i.e. ∂/∂t̄ ≡ 0)
using an explicit finite-difference scheme. We use the Runge-Kutta fourth-order method for
integration along the x axis (spacing δx between nodes), and a second-order central finite-
difference scheme in y (δy). For the problem of shore protection, the incident wave has
wavenumber k1 = k1x̂ such that the boundary condition at the beginning of the patch
(x = 0) reads A1 = a0. For the resonated wave, which is a transmitted wave that cannot
propagate to the seaward side due to the particular type of Bragg deflection, the boundary
condition in x is also enforced at x = 0 such that A2 = 0. The problem is solved in the upper
half-plane, i.e. for x ≥ 0 and y ≥ 0. The boundary condition is A2 = 0 at y = 0 due to the
fact that the resonated wave amplitude is necessarily zero along the patch’s plane of sym-
metry (see figure 3.2b). Consequently, we also have A1 = a0 at y = 0 upon straightforward
manipulations of the envelope equation (3.3.11). We note that the problem is well-posed in
the sense that we have two coupled advection equations with characteristic lines supported
by the group velocity vectors Cg1 and Cg2 going into the R+ × R+ domain. The boundary
conditions at x = 0 and y = 0 are therefore necessary and sufficient to obtain a solution,
which would be the same over any arbitrary finite domain (say, e.g. (x, y) ∈ [0, xe]× [0, ye]),
for a patch of either the same size or larger. This is also understood from the fact that there
can be no downstream influence (i.e. from x → ∞) on waves propagating in the positive x
direction.

The variations of the wave amplitudes over a semi-infinite monochromatic patch (x ≥ 0)
are shown in figure 3.3, with θ2 = π/4. Note that we solve a semi-infinite patch problem, since
as previously discussed, the solution for a finite-size patch is the same over the corrugations,
i.e. for x ≤ xe where xe is the end point of the finite-size patch. While the behavior of
the wave amplitudes is relatively complex near the patch’s plane of symmetry, the evolution
for y/λ1 � 1 becomes one-dimensional and periodic. Assuming ∂/∂ȳ ≡ 0, the solution
far from the patch’s plane of symmetry can thus be approximated by the solution of the
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Figure 3.3: Normalized envelope amplitudes (a) a∗1 and (b) a∗2 (c.f. equation (3.3.14)) as obtained
from equation (3.3.11) with ∂/∂t̄ ≡ 0. The patch is semi-infinite, starting from x = 0, and the
bottom corrugations are given by ζ(x, y) for y > 0 and by ζ(x,−y) for y < 0 (c.f. equation (3.3.9)
with w = +∞). The amplitude modulations far from the plane of symmetry (highlighted in the
rectangles) are clearly the same as for the one-dimensional solution (shown by the solid lines in the
top figures). We only show the amplitudes for y > 0 since the problem is symmetric with respect
to the y = 0 axis. The small vertical arrows show the location of the critical patch width wcr1 (such
that a∗1(x = wcr1) = 0 far from y = 0), and the oblique arrows starting from the origin of each
axis show the direction of propagation of the k2 waves. The physical parameters are θ2 = π/4,
k1h = 0.2, d/h = 0.1. The simulation parameters are δx/λ1 = 0.05 and δy/λ1 = 0.2.
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one-dimensional problem, whose closed-form solution becomes A1

A2

 = a0

 cosKcx

−i√
cos θ2

sinKcx

 , (3.3.15)

where

Kc = Ωc/(Cg
√

cos θ2). (3.3.16)

Because the y-invariant solution (3.3.15) is oscillatory with period 2π/Kc, as can be seen in
figure 3.3, the incident wave energy far from the plane of symmetry is fully transferred to the
deflected wave mode (i.e. A1 = a∗1 = 0) at x = wcr1 = π/(2Kc). Therefore, wcr1 is the critical
monochromatic patch width since it is the shortest width that minimizes the amplitude of
the incident waves in the downstream and away from the patch’s plane of symmetry. At
the end of a patch truncated at x = wcr1 , most of the incident wave energy is deflected
sideways in the form of waves that make the angle θ2 with respect to the x axis. Significant
shore protection can thus be expected downstream of the patch, in a wake that looks like an
isosceles triangle, with a vertex angle twice the angle θ2 of the Bragg resonated wave (see
figure 3.2). It is remarked that class I Bragg resonance is degenerate at θ2 = π/2. It can be
shown that wcr1 → ∞ when θ2 → π/2, i.e., a monochromatic bar patch must be infinitely
wide for large deflection angles. The decreased efficiency of energy transfer between the
incident and deflected waves for deflection angles θ2 ∼ π/2 implies that a monochromatic
patch cannot be used to protect large regions of a coast. This limitation is lifted in the next
section as we show that a bi-chromatic patch, with the same total ripple amplitude as for
the monochromatic patch, is very efficient at deflecting incident waves for all θ2 angles.

3.4 Class I2 Bragg deflection for shore protection

Here we consider the case of a bi-chromatic patch for which the transfer of k1 wave energy
to the k2 wave is mediated by a transitional Bragg resonated kt wave (c.f. figure 3.2b). The
key result of this section is that the critical bi-chromatic patch width wcr2 is much smaller
than the critical monochromatic patch width wcr1 for large deflection angles θ2. Based on
the results for the monochromatic patch and to derive the critical patch width wcr2 , we first
study the behavior of the envelope amplitudes far from the patch’s plane of symmetry. We
then solve the multiple-scale equations for the case of a patch with a plane of symmetry
using the finite-difference scheme presented in §3.3.

3.4.1 Closed-form solution far from the patch’s plane of symmetry

Here we derive the envelope equations for wave propagation over a bi-chromatic patch, i.e.
with bottom corrugations of the form

ζ =
d1

2
(eikb1·x + e−ikb1·x) +

d2

2
(eikb2·x + e−ikb2·x), (3.4.17)
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with d1 and d2 the (real) positive corrugation amplitudes. We assume that the incident wave
number k1 satisfies both the class I and class II Bragg resonance conditions (which we refer
to as class I2), i.e. D(ω, |kt|) = D(ω, |k2|) = 0 (c.f. equations (3.2.7) and (3.2.8)), such that
kt = k1 + kb1 and k2 = kt + kb2 are free propagating waves. Since the wave kt is the first
wave resonated, it can be shown using a regular perturbation method that initially the kt
wave amplitude increases linearly in time while the k2-wave growth is quadratic.

To obtain the multiple-scale equations for the bi-modal corrugation problem under the
assumption of small bottom steepness, we consider a leading-order velocity potential of the
form

φ(1) =
g

ω

cosh[k1(z + h)]

cosh(k1h)

(
A1

2
eik1·x +

At
2

eikt·x +
A2

2
eik2·x

)
e−iωt + cc, (3.4.18)

where the envelope amplitudes A1, At and A2 are functions of the small variables (x̄, ȳ, t̄) ∼
ε(x, y, t). Similar to the monochromatic problem, we derive the evolutionary equations for
the slowly-varying amplitudes from the so-called compatibility condition, obtained upon the
inspection of the second-order problem in terms of the bottom steepness. The derivation is
provided in Appendix B, and the final equations read

ε
∂

∂t̄
A1 + Cg1 · ε∇̄A1 +

A1

2
ε∇̄ ·Cg1 = iAtΩ1, (3.4.19a)

ε
∂

∂t̄
At + Cgt · ε∇̄At +

At
2
ε∇̄ ·Cgt = iA1Ω1 + iA2Ω2, (3.4.19b)

ε
∂

∂t̄
A2 + Cg2 · ε∇̄A2 +

A2

2
ε∇̄ ·Cg2 = iAtΩ2, (3.4.19c)

where Cgj (j = 1, t, 2) is given in (3.3.12), and

Ω1 =
ωd1k1 · kt

2k1 sinh 2k1h
, Ω2 =

ωd2kt · k2

2k1 sinh 2k1h
. (3.4.20)

The governing equations (3.4.19) are valid for slow mean bottom variations, but for mathe-
matical expediency, we will now assume that h is constant (i.e. such that ∇̄·Cg1 = ∇̄·Cgt =
∇̄·Cg2 = 0 in equation (3.4.19)). The case of a slowly-varying mean water depth, of particu-
lar interest near the coast where the beach is usually gently sloped [79], does not change the
qualitative behavior of Bragg resonance and can be in fact estimated relatively simply. The
wave–bottom interactions indeed remain resonant even when the mean depth is changing as
long as the Bragg condition, which changes as the depth increases or decreases, is satisfied
everywhere locally. As a result, the Bragg resonance can be maintained by adjusting the
corrugation wavelength to the local surface wavelength, which is what occurs naturally for
sandbar formation on sloped beaches [112]. Doing this, it is expected that the efficiency of
the Bragg reflection (or here deflection) of the total corrugated patch over the varying mean
depth (say hs < h < hd) is less than the efficiency obtained in the constant shallow water
case (h = hs), but more than in the constant deep water case (h = hd) [70].
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The conservation of the wave action equation

∂

∂t̄

(
|A1|2

2
+
|At|2

2
+
|A2|2

2

)
+ ∇̄ ·

(
Cg1

|A1|2

2
+ Cgt

|At|2

2
+ Cg2

|A2|2

2

)
= 0, (3.4.21)

derived from (3.4.19), is the natural extension of (3.3.13) to the three-wave interaction prob-
lem. By defining the normalized transitional wave amplitude a∗t = |At|

√
cos θt/a0, (3.4.21)

reduces to a∗
2

1 + a∗
2

t + a∗
2

2 = 1 when ∂/∂t̄ ≡ ∂/∂ȳ ≡ 0 (c.f. (3.3.14) for a∗1,2).
In the case of perfectly tuned waves far from the patch’s plane of symmetry, a closed-

form solution can be derived at the steady-state. Specifically, assuming ∂/∂t̄ ≡ ∂/∂ȳ ≡ 0
and enforcing the boundary conditions for the incident wave A1 = a0, and resonated waves
At = A2 = 0 (which all propagate in the +x direction) at x = 0, we obtain the solution

A1

At

A2

 =
a0K1K2

K12


K2/K1 +K1/K2 cosK12x

iK12/K2 sinK12x

−1 + cosK12x

 , (3.4.22)

where

K1 = Ω1/(Cg
√

cos θt), K2 = Ω2/(Cg
√

cos θt cos θ2), K12 =
√
K2

1 +K2
2 . (3.4.23)

The envelope amplitudes (3.4.22) are oscillatory over the patch, but the initial k1 wave
does not necessarily cede all its energy to the kt or k2 waves. For d2 6= 0, the k1 wave
amplitude reaches a minimum of A1 = a0(K2

2 −K2
1)/K12 at x = π/K12, which is zero if and

only if

K2 = K1 ⇔ d2/d1 =
√

cos θ2
cos θt

cos(θ2 − θt)
, (3.4.24)

in which case K12 reduces to

K12 =
√

2K1. (3.4.25)

Equation (3.4.24) describes the necessary balance between the efficiency of the k1↔kt and
kt↔k2 Bragg interactions to achieve a synchronous energy transfer from k1 to k2: if one
of the deflection angles increases relative to the other, which diminishes the corresponding
interaction efficiency, then the associated ripple amplitude should also increase in order to
balance the effect. The condition (3.4.24) is illustrated in figure 3.4a where we show the ratio
d2/d1 as a function of θ2 for four different transitional angles. Clearly d2/d1 decreases when θt
increases since the kt↔k2 Bragg interaction becomes more effective with decreasing θ2− θt.
The ratio d2/d1 also decreases almost monotonically with increasing θ2 since the k2 wave’s
time spent over the patch, or, in other words, the number of wave-seabed interactions, scales
with

√
1 + tan2 θ2. For instance, when k1 waves travel one unit distance in the x direction,

k2 waves only move by cos θ2 in x.
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When equation (3.4.24) is satisfied, the energy carried by the k1 waves transfers to the
k2 waves after traveling the distance wcr2 = π/K12, which we shall refer to as the critical
bi-chromatic patch width. For a fixed θ2 and a fixed normalized total ripple amplitude
(d1 + d2)/h, the critical bi-chromatic patch width has a unique minimum at θt = θoptt , such
that θoptt maximizes K12 as given by (3.4.25). Figure 3.4b shows the variations of θoptt as a
function of θ2.

In practice, θoptt can be approximated by θ2/2 because the corresponding critical patch
widths are nearly the same. This can be understood from the overlap of the wcr2 curve
obtained for θoptt with the dashed curve obtained for θt = θ2/2 in figure 3.4c. Figure 3.4c also
shows the critical patch width wcr1 for a monochromatic patch. Interestingly, wcr2 is greater
than wcr1 for relatively small deflection angles because we have assumed d2 6= 0 in deriving
(3.4.24). By setting d2 = 0, we would get wcr2 = wcr1 since both patches would involve
only one Bragg interaction. Since wcr1 = wcr2 at θ2 ∼ 11π/25 for θt = π/2, as depicted
in figure 3.4c (c.f. the intersection of dash-dash line with 1-corr. curve), the bi-chromatic
patch becomes significantly more efficient for shore protection when deflection angles satisfy
θ2 > 11π/25.

While the values predicted by the method of multiple scales for d2/d1 (see figure 3.4a),
θoptt (figure 3.4b), and wcr2 (figure 3.4c) are valid for most θ2, the trends in the limit of θ2 → 0
or θ2 → π/2 may be inaccurate. Indeed, θ2 ∼ 0 implies seabed bar crests almost parallel to
k1, which invalidates the multiple scales assumption of a rapidly varying waterdepth in x.
The configuration θt ∼ θ2 also violates the multiple scales assumption because some of the
seabed bar crests become almost parallel to kt. The case of θ2 = π/2 also requires special
care, mainly because the incident wave energy cannot be transferred to the target k2 waves
in a steady state by assuming y invariance. Shore protection by perpendicular deflection, for
which θ2 = π/2, will be discussed in details in §3.5 using direct simulations.

3.4.2 Effect of the patch’s plane of symmetry

We now take into account the patch’s plane of symmetry, that is, we consider bottom cor-
rugations given by ζ(x, y) in (3.4.17) for y > 0, and by ζ(x,−y) for y < 0. We solve the
system of equations (3.4.19) with the same finite-difference scheme used for the case of a
monochromatic patch in §3, and we enforce the synchronization condition (3.4.24), such
that full energy transfer from the k1 waves to the k2 waves is achieved far from the plane
of symmetry. The incident wave has wavenumber k1 = k1x̂ and the boundary conditions
are A1 = a0 and At = A2 = 0 at x = 0. Similar to the case of a monochromatic patch,
the symmetry of the problem with respect to the y axis results in the boundary condition
A1 = a0 and At = A2 = 0 at y = 0. These boundary conditions provide us with a well-posed
problem, as discussed in §3.3. We shall emphasize the fact that the solution obtained for
a semi-infinite patch (i.e. with seabed bars in x ≥ 0) is the most general and informative
solution (and therefore it is the problem we investigate here), since any smaller finite-size
patch would result in envelope amplitudes equal to the semi-infinite solution over the patch,
and constant envelope amplitudes outside of it.

We show the normalized envelope amplitudes a∗1, a∗t and a∗2 obtained for a semi-infinite
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Figure 3.4: (a) Ratio of the corrugation amplitudes d2/d1 as a function of θ2, such that full
energy transfer is achieved between the k1 wave and the k2 wave at the end of a patch of width
w = wcr2 = π/K12 (c.f (3.4.24)). The four different curves correspond to different transitional
angles θt. (b) The unique optimal transitional angle θoptt , as a function of θ2, which minimizes the
critical patch width wcr2 , for a fixed total ripple amplitude (d1 +d2)/h = 0.12 and normalized water
depth k1h = 0.2, and provided that (3.4.24) is satisfied. (c) Plot of the critical patch width wcr2
for bi-modal corrugations (2-corr. patch) for various transitional angles (same line-style notation
as in figure 3.4a). We also plot the critical patch width for a monochromatic patch wcr1 = π/(2Kc)
(1-corr. patch) for which the corrugation amplitude is d/h = 0.12 (c.f. (3.3.16)). The critical
monochromatic patch width becomes rapidly much larger than the critical bi-chromatic patch
width when θ2 → π/2.
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Figure 3.5: Normalized envelope amplitudes (a) a∗1, (b) a∗t and (c) a∗2, over a bi-chromatic patch,
as obtained from equation (3.4.19) with ∂/∂t̄ = 0. The patch is semi-infinite, starting from x = 0
onward, and the bottom corrugations are given by ζ(x, y) for y > 0 and by ζ(x,−y) for y < 0 (c.f.
equation (3.4.17)). The amplitude modulations far from the plane of symmetry (i.e. highlighted in
the rectangles) are clearly similar to the y-invariant solutions (shown in the top figures). We only
show the amplitudes for y > 0 since the problem is symmetric with respect to the y = 0 plane. The
small vertical arrows show the critical patch width wcr2 . The physical parameters are θ2 = 7π/15,
θt = θ2/2, k1h = 0.2, (d1 + d2)/h = 0.12, with (3.4.24) satisfied. The simulation parameters are
δx/λ1 = 0.05 and δy/λ1 = 0.2.
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Figure 3.6: Normalized envelope amplitudes a∗1, a∗t , a
∗
2 at the end of a patch truncated at the

critical patch width x = wcr2 (indicated by a small vertical arrow in figure 3.5) for θ2 = 11π/25
(plots (a), (b), (c)) and θ2 = 7π/15 (plots (d), (e), (f)). The x axis is on a logarithmic scale so
as to show details near the plane of symmetry. Solid, dashed, and dotted lines represent results
obtained for θt = 0.2θ2, 0.5θ2, 0.8θ2 respectively. The dash-dotted lines show the k1-wave and k2-
wave amplitudes at the end of a monochromatic patch of width wcr1 . Physical and simulation
parameters are the same as those in figure 3.5.
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patch in x direction with θ2 = 7π/15 and θt = θ2/2 in figure 3.5. We have marked in figure
3.5 the directions of the kt and k2 waves by oblique arrows starting from the origin of each
axis. Far from y = 0, the problem becomes one-dimensional and the separation wavelength
between each successive crest and trough of the k1 or k2 wave envelope is wcr2 = π/K12

as predicted by (3.4.22) (see the figures on top of each frame that show the y-invariant
solutions).

The wave patterns near y = 0 show the remarkable complexity of the three-wave interac-
tion process near the y = 0 plane of symmetry. Generally, wave amplitudes near y = 0 are
smaller further down the patch due to the deflection. The qualitative behavior of waves in
each one of the three distinguishable regions (i.e. y/x > tan θ2, tan θ2 > y/x > tan θt, and
y/x < tan θt), changes with a change in θt or θ2. It is to be noted that once we introduce
a plane of symmetry at y = 0, neither a∗1 nor a∗t become uniformly zero in y at x = wcr2
(c.f. the near field y ∼ 0 and x = wcr2 in figure 3.6a). Therefore, even though the critical
patch width minimizes wave energy in the protected wake, there will always be leaked waves
emanating near y = 0 at the end of the patch and propagating to the downstream.

Figure 3.6 shows the variations of the normalized wave amplitudes a∗1,t,2 as functions of
y at the end of a bi-chromatic patch truncated at x = wcr2 for θ2 = 11π/25 (a,b,c) and
θ2 = 7π/15 (d,e,f). For comparison, we also plot a∗1 and a∗2 for a monochromatic patch
ending at x = wcr1 (dash-dotted line). Clearly, the bi-chromatic patch achieves a much
better reduction in the incident wave amplitude everywhere (c.f. figures 3.6a,d). The k1

wave amplitude drops much more quickly in y for the bi-chromatic patch, because some
of its energy is stored in the hump of kt wave energy seen in figures 3.6b,e (note that the
horizontal axis is on a logarithmic scale truncated at 10−1). Using two corrugation modes
instead of one, thus not only decreases the critical patch width for large θ2, but also spreads
out a fraction of the energy leaked near y = 0 further to the sides in the form of kt waves.
Interestingly, the location of the second hump of k1 wave energy (figures 3.6a,d) scales with
1/
√

cos θt, which suggests that the k1↔kt wave energy exchange is partially oscillatory in y
with a period similar to the period of oscillation in the x direction (c.f. K12 in (3.4.25)).

Because the wave amplitudes are shown at the end of the mono- and bi-chromatic patches
with width w = wcr1 and w = wcr2 , we obtain a∗1 ∼ 0 and a∗2 ∼ 1 for y/λ1 � 1 in figures
3.6c,f. In both cases we also observe that the k2 wave gains energy more rapidly for the
smaller θ2 angle: for instance, considering the case of θt = θ2/2 (solid lines), we find that
a∗2 = 0.9 at y/λ1 = 80, 134 for θ2 = 11π/25, 7π/15. This suggests that there might be a
compromise to be found between deflecting at a very large angle and minimizing the energy
content of the transmitted wave beams. The effect of the transitional angle on the amount
of energy captured by the k2 wave is relatively minor, as can be seen from the overlap of the
a∗2 curves obtained for θt = 0.2θ2, 0.5θ2, 0.8θ2 in figures 3.6c,f.

As a note of caution, we would like to note that the variations of the k1 wave amplitude
are relatively fast close to y = 0, where a∗1 drops from 1 to about 0 in just five wavelengths
in figure 3.5a (see also figure 3.3a). Similarly, a∗t shows relatively rapid variations in figure
3.5b along the line y = x cos θt, as does a∗2 in figure 3.3b along the line y = x cos θ2. The
multiple-scale assumption becomes violated when the modulations of the wave envelopes
are fast, but here we expect the analytical predictions to remain reasonably valid because
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the most rapid variations are still five times slower than the carrier wave oscillations. The
comparison between theory and direct numerical simulation in the next section will further
support this claim as we will demonstrate a very good agreement between the two methods.

3.5 Direct simulation

A realistic consideration of a patch of seabed bars for coastal protection must take into
account all resonance and near-resonance interactions as well as the effect of bottom dis-
continuities and boundaries. As a general approach to address these, here we use a direct
simulation scheme of high-order spectral method. The high-order spectral scheme solves the
potential flow equation (3.2.1) assuming that the solution can be expressed in terms of a
convergent series [113]. It can take up to an arbitrary order of nonlinearity M (i.e. number
of terms in the perturbation expansion, typically M ∼ O(10)) and a high number of wave
modes N (typically N ∼ O(10, 000). The method was first formulated by [90] and [114] to
model nonlinear wave-wave interactions in deep water. It was then extended to the problems
of wave-topography interactions in finite depth [110, 115, 116], two-layer density stratified
fluids [89, 117], and wave-viscoelastic-seabed interactions [70]. The scheme has already un-
dergone extensive convergence tests as well as validations against experimental and other
numerical results [118, 119].

In §3.5.1, we first demonstrate that the multiple-scale results are in very good agreement
with direct numerical simulations for an illustrative case study of water-wave deflection by
a patch with a plane of symmetry. In §3.5.2, we elaborate on the effect of detuning on the
performance of the proposed shoreline protection scheme, both numerically and analytically.
In §3.5.3, we finally investigate the special case of perpendicular deflection, i.e. such that
the k2 waves propagate exactly along the patch.

3.5.1 Cross-validation

We compare the direct simulation and multiple-scale results of a normal-to-shore monochro-
matic wavetrain impinging on a bi-chromatic patch with a y = 0 plane of symmetry. The
numerical domain is a square of size L0 × L0 and we select the dimensionless wavenumber
k1 = 110× (2π)/L0, such that 110 waves of wavelength λ1 can fit in the computational space
in both x and y (note in practice that we set L0 = 2π for the simplicity of calculations
in Fourier space). We use the same parameters as in figures 3.5 and 3.6(d,e,f) such that
θ2 = 7π/15, θt = θ2/2, k1h = 0.2, a0/h = 10−3, and (d1 + d2)/h = 0.12 with (3.4.24) satis-
fied. The seabed bars are laid out from x/λ1 = 0 to x/λ1 = wcr2/λ1 = 18.3 and therefore the
patch width is critical. The incident wave amplitude is taken as a0/h = 10−3, i.e. two orders
of magnitude smaller than the combined seabed bar amplitudes (d1 + d2)/h = 0.12, in order
to minimize nonlinear wave-wave effects. It is to be noted that we still obtained very similar
results for larger wave amplitudes (i.e. such as a0/h = 0.02), which is expected because the
theory is applicable for wave steepness smaller or of same order as the bottom slope. The
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generation of the initial waves coming from x = −∞, and the radiation conditions for waves
leaving the domain (at x = +∞ or y = ±∞) are enforced using a numerical wavemaker and
damping layers. This procedure significantly attenuates the additional water-wave scattering
at the lateral boundaries of the patch (which is finite in the numerical simulation), such that
a good agreement can be expected between theory and direct simulation. For an account of
the effect of a patch’s finite transverse length, here in y, we refer the reader to [120].

Figure 3.7a shows the normalized wave elevation η/a0 when steady state is reached. The
plot is split into two parts, with the lower part (y < 0) obtained from the semi-analytical
solution (c.f. §4), and with the upper part (y > 0) obtained from direct simulation. As can
be seen, analytical and computational results endorse each other, with the same features
already described in §4 standing out: (i) the incident waves arrive unaffected upstream of
the patch from x = −∞, (ii) the complex pattern due to the three-wave interactions over
the patch becomes y-invariant away from the centerline (i.e. |y| � λ1), (iii) two beams of k1

wave energy propagate near y = 0 downstream of the patch (one near the center at y ∼ 0,
and the other at y ∼ 15λ1), (iv) a beam of kt wave energy emanates from the end of the
patch at y ∼ ±19λ1.

The protection provided by the bi-chromatic patch can be further highlighted by looking
at the time-averaged energy (c.f. figure 3.7b), i.e.

Ē(x, y) =
1

a2
0/2

∫ tf

t0

η2(x, y, t)
dt

tf − t0
, (3.5.26)

where the pre-factor in (3.5.26) is inversely proportional to the averaged wave energy that
would be obtained without the seabed bars. It should be noted that (3.5.26) is the first-
order normalized wave energy, and that it includes contributions from both the kinetic and
potential wave energy, which are equal. The time integration is performed when the system
reaches steady-state with t0/T1 = 140 and tf/T1 = 170. A good agreement is obtained for
Ē in figure 3.7b between the direct simulation (lower half) and the multiple-scale results
(upper half). The features described for figure 3.7a also appear in figure 3.7b and are in fact
strongly enhanced (e.g. k1 and kt wave beams). The rapid variations of wave energy are due
to the formation of a standing wave pattern downstream of the patch (e.g. along the kt wave
beam direction) resulting from the superposition of k1 and kt waves. The strongest energy
reduction is about 99% (for both direct simulation and multiple-scale) and is achieved within
the stripe of width 2λ1 centered on y = ±5λ1.

3.5.2 Effect of detuning and protection efficiency

To quantify the effect of frequency detuning on the Bragg deflection mechanism, we calculate
the maximum free-surface elevation η∗ = max |η|/a0 (in time) with and without detuning
along the y axis at a virtual shoreline (no reflection considered) that is assumed ∆x =
26λ1 downstream of the patch (i.e along the dashed lines in figure 3.7). The incident wave
frequency is ω = ω1 +$ where ω1 is the perfectly tuned wave frequency and $ � ω1 is the
detuning parameter. The corresponding wavenumber detuning κ, such that k = k1 + κ, is
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Figure 3.7: (a) Free-surface elevation η/a0 and (b) time-averaged energy (c.f. (3.5.26)) at the
steady-state obtained from direct simulation (upper plots y > 0) and multiple-scale analysis (lower
plots y < 0; c.f. equations (3.4.19)). A monochromatic wave-train incident from x = −∞ impinges
on a bi-chromatic patch with parameters θ2 = 7π/15, θt = θ2/2, k1 = 110 (dimensionless), k1h =
0.2, (d1 + d2)/h = 0.12 (with d2/d1 given by (3.4.24)), a0/h = 10−3 (c.f. figure 3.2b). The seabed
bars occupy the space between x = 0 and x/λ1 = wcr2/λ1 = 18.3 such that all the incident k1

wave energy transfers to the target k2 wave away from the patch’s plane of symmetry y = 0. The
direct simulation parameters are δx/λ1 = δy/λ1 = 1/9 and δt/T1 = 1/32, and the resolution of the
multiple-scale solution is the same as in figure 3.5. The vertical dashed lines show the transects
where we plot the maximum free-surface elevation in figure 3.8.
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Figure 3.8: Effect of detuning on the normalized maximum free-surface elevation η∗ = max |η|/a0

at a distance ∆x/λ1 = 26 downstream of the patch (i.e. along the dashed lines in figure 3.7). The
wavenumber for which the patch is designed is k1 = 70 and the detuning parameter is $/ω1 = 0 for
the lower two curves and $/ω1 = 0.1 (or $/Ω12 = 3.7) for the upper two curves. Other physical
parameters are as in figure 3.7. The direct simulation (HOS) parameters are δx/λ1 = δy/λ1 = 1/7.3
and δt/T1 = 1/32, and the resolution of the multiple-scale solution (MS) is the same as in figure
3.5. Detuning clearly results in a larger maximum wave amplitude downstream of the patch.

obtained from $ = Cgκ. Similar to the case of class I Bragg reflection [59], we normalize
the detuning frequency by the characteristic long time scale of the system Ω12 = CgK12 (c.f.
(3.4.23)). The normalized detuning $/Ω12 therefore represents the strength of detuning,
which suggests that shorter waves are more strongly affected by detuning than longer waves
(a detailed analysis of detuning for a bi-chromatic patch infinitely long in y direction is
provided in Appendix C).

The result of our numerical experiments on the effect of detuning is presented in figure
3.8. In the absence of detuning, i.e. $ = 0, a global minimum of η∗ for both direct simulation
and multiple-scale is observed: this minimum in η∗ corresponds to the minimum of incident
wave amplitude a∗1 at the end of the patch as seen in figure 3.6d (dotted line at y/λ1 ∼ 6).
The large standing-wave oscillations seen for y/λ1 > 25 are, as mentioned previously, due to
the superposition of the leaked k1 and kt waves and predicted by both methods. Of course,
the superposition would not occur if we were to observe η∗ further downstream of the patch
since the kt beams of energy propagate progressively away from the y = 0 plane of symmetry
to which the k1 beams of energy are confined.
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The effect of detuning on the maximum free-surface elevation is strongest away from the
y = 0 plane of symmetry. There is still a global minimum near y = 0 for $/Ω12 = 3.7
but η∗ reaches a unitary value (which corresponds to no wave amplitude reduction) near
y = 15λ1 with oscillations farther out to the sides again due to the superposition of k1 and
kt waves. The wave-field away from y = 0 changes radically because the second interaction
of the two-steps Bragg resonance mechanism, which is key to reducing the incident wave
mode energy far from the plane of symmetry, is more strongly impacted than the first Bragg
interaction. The fact that detuning affects the successive Bragg interactions cumulatively is
further discussed in Appendix C for the case of an infinitely long patch (see figures C.1,C.2).

Quantitative differences between direct simulation and multiple-scale results are in gen-
eral expected and obtained here (as is seen in figure 3.8). The discrepancies are due to the
fact that first-order multiple-scale methods neglect wave-wave nonlinearities, higher-order
wave-bottom interactions, and the effect of discontinuity in the seabed topography at the
beginning and end of the patch. This latter item is known to result in, among other effects,
evanescent mode waves near boundaries. In the absence of detuning (c.f. lower two curves in
figure 3.8), the maximum free-surface elevation obtained from the direct simulation matches
well with the multiple-scale solution except for a small local peak near y = 0 and for the
small oscillations from y = 0 to y = 25λ1. The discrepancy at y = 0 can be expected, even
though the bottom variations are continuous there, because as discussed before the varia-
tions of the wave amplitudes near the patch’s plane of symmetry predicted by the theory
are relatively rapid (η∗ drops to 0 in about 5 wavelengths, c.f. figure 3.8, and discussion
at the end of §3.4). These relatively fast variations, which are not as rapid in direct sim-
ulation, potentially contribute to the phase shift observed between theory and experiment
for the location of the superposed k1 and kt waves. Similar discrepancies between the two
methods are observed for the detuned case (upper two curves in figure 3.8), and are higher
(in particular far from the patch’s plane of symmetry), which is consistent with the fact
that multiple-scale performs best at perfect resonance, i.e. in the absence of detuning. De-
spite the simplifying assumptions of multiple-scale analysis, the comparison in figure 3.8 is
however still good almost everywhere in the domain, with or without detuning.

To further assess the efficiency of the Bragg deflection mechanism, as well as how it is
affected by detuning, we now define a protection efficiency variable P , where

P(x, y) = 1− 1

y

∫ y

0

Ē(x, τ)dτ. (3.5.27)

The protection efficiency P measures the y-average wave energy reduction (with Ē obtained
at steady-state and given in (3.5.26)) on a line parallel and downstream of the patch’s trailing
edge. Figure 3.9a shows P over a relatively large domain, i.e. from y = 0 to y = 350λ1, with
Ē evaluated at the distance ∆x = 26λ1 downstream of the patch. Figures 3.9b is a close-up
with direct simulation results (dashed lines), to show that the multiple-scale predictions are
reasonably accurate, even with 10% detuning.

The protection efficiency P for perfectly tuned waves (i.e. $ = 0) is as high as 88% at
y = 270λ1, meaning that only 12% of the incident wave energy makes it inside the protected
wake behind the patch. From y ∼ 270λ1 farther out to the sides, P starts decreasing
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Figure 3.9: (a) Protection efficiency P (3.5.27) with and without detuning ($/ω1 =
0, 0.01, 0.03, 0.05, 0.1 which corresponds to $/Ω12 = 0, 0.37, 1.1, 1.8, 3.7) at a distance ∆x = 26λ1

downstream of the patch (i.e. at x = wcr2 + 26λ1, which is along the dashed line in figure 3.7).
The results are obtained from multiple-scale analysis. (b) Close-up with direct simulation results
added for $/ω1 = 0, 0.1 (dashed lines). The physical and simulation parameters other than $ are
the same as those in figure 3.8.
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because the deflected k2 waves, which captured most of the incident wave energy, propagate
within the semi-infinite space y > x/ cos θ2 outside of the protected wake, which includes
the half line y > 270λ1 > 26λ1/ cos(7π/15). As already discussed, the protection efficiency
decreases rapidly with an increase in $ away from y = 0 since the two-step Bragg deflection
mechanism is quite sensitive to detuning. Detuning affects transmitted waves (as in Bragg
deflection) more strongly than reflected waves, because transmitted waves have an oscillatory
behavior over the corrugations: detuning not only diminishes wave-bottom interactions but
also changes the critical patch width where the incident wave amplitude reaches a minimum.
Nonetheless, we can see that significant wave amplitude reduction is still achieved over a
large domain with some small detuning.

3.5.3 Perpendicular deflection

In this section we investigate with direct simulation the special case of shore-normal inci-
dent waves (with wavenumber k1 = k1x̂) being deflected by 90 degrees into shore-parallel
resonated waves (k2 = ±k2ŷ, c.f. figure 3.2b). Assuming perfectly tuned incident waves,
we first show in figure 3.10 that the averaged wave energy (3.5.26) is again significantly de-
creased in the wake of the patch for y < x cos θt. A bi-chromatic patch can therefore deflect
incident waves to the shore-parallel direction, and offer shore protection near the patch’s
plane of symmetry. It is to be noted that the physical parameters in figure 3.10 are the
same as those in 3.7 (except for θ2 = π/2 in figure 3.10), such that the patch width in figure
3.10 is not critical. Wave reduction is thus obtained in the wake near the patch’s plane of
symmetry regardless of its width.

Far from the plane of symmetry where the solution is expected to be y-invariant, the
synchronization condition (3.4.24) suggests that the bi-chromatic patch should be turned into
a monochromatic patch since we get d2/d1 → 0 when θ2 → 0. However, as was mentioned
earlier, the degeneracy of the Bragg resonance condition prevents a monochromatic patch
from deflecting incident waves by a θ2 = π/2 angle. Therefore the solution (3.4.20) is not
valid for perpendicular deflection and we should still consider a bi-chromatic patch (with
d1, d2 6= 0). Let us now suppose that the envelope amplitude A2 need not be continuous at
the patch boundaries, i.e. at x = 0 or x = w. Then, the steady-state (∂/∂t̄ ≡ 0) y-invariant
solution (∂/∂ȳ ≡ 0) of equations (3.4.19) with θ2 = π/2 is obtained as

A1 = a0, At = 0, A2 =
d1 cos θt

d2 cos(θ2 − θt)
a0. (3.5.28)

The incident wave amplitude in (3.5.28) is found to remain unchanged over the patch, which
is in agreement with the conservation of wave action (3.4.21). If (3.5.28) is correct, then,
a bi-chromatic patch set to deflect waves by a 90◦ angle cannot be expected to protect the
shore far from the patch’s plane of symmetry. This result is now validated in figure 3.11 as
we show the evolution in time of the envelope amplitudes over a patch infinitely long in the y
direction (and therefore the solution is independent of y) and for which θ2 = π/2. We provide
three different cases of ripple amplitudes, i.e. d1/d2 = 0.5, 1, 2 (see figures 3.11(a,b,c)), in
order to verify the linear relationship predicted in (3.5.28) between the amplitude of the
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Figure 3.10: Time-averaged energy Ē (c.f. (3.5.26), t0/T1 = 140, tf/T1 = 170) obtained from
direct simulation for a patch with a plane of symmetry at y = 0. The physical and simulation
parameters are identical to those in figure 3.7 except for the deflection angle which is now set to
θ2 = π/2. The energy distribution is symmetric with respect to the y = 0 axis which is why we
only show the upper half plane y > 0. The red lines show the extent of the corrugated patch in the
x direction.

deflected waves |A2| and the ratio d1/d2. The incident and resonated envelope amplitudes
are obtained from direct simulation and are extracted from the overall free-surface solution
by fast Fourier transform in y direction. We then also average in time over the carrier wave
period (i.e. T1) in order to remove the fast oscillations of the carrier wave phases. It should
be noted that the wave amplitude is 0 for all three modes for t < k1(x−xw)/ω in figure 3.11
since the incident waves start propagating into the domain through the wavemaker on the
left-hand-side (at x = xw) only at t = 0.

In all cases, we see that the k1↔kt Bragg interaction is strongest at the initial time: |At|
increases very rapidly to the detriment of |A1| (figures 3.11a,b in the left and middle columns).
The duration and significance of energy transfer from the k1 to the kt waves increases with
increasing d1/d2 (i.e. from figure 3.11a to 3.11c), which is expected because the strength of
the k1↔kt Bragg interaction is proportional to d1 cos θt. Energy exchanges still occur at later
times, as seen from the small oscillations of |At|, but the incident wave energy eventually
becomes fully transmitted such that |A1| is as large downstream and upstream of the patch
(i.e. |A1|/a0 ∼ 1 at the end of the patch). The k2 wave amplitude |A2| also only increases
early on, with some energy redistribution clearly seen across the patch at later times for the
smaller d1/d2 (figure 3.11a to 3.11c in the right column). In particular, we find that the
plateau reached by the x averaged |A2| amplitude grows approximately linearly with d1/d2,
which means that (3.5.28) is a good first-order approximation to the y-invariant problem.
That the initial net energy flow from |A1| to |A2| increases linearly with d1/d2 (note that
the color map scales change between figures) is somewhat surprising since larger d1 imply
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smaller d2, hence weaker kt↔k2 Bragg interactions. However, since k2 waves are trapped
by the patch for θ2 = π/2, they experience an infinite number of Bragg interactions for an
infinitely long patch in y direction. The second Bragg interaction is therefore intrinsically
much more efficient than the first k1↔ kt Bragg interaction, which becomes the limiting
mechanism in the overall transfer of k1 wave energy to the k2 waves.

To summarize our results on perpendicular deflection, we found that the case of θ2 =
π/2 offers significant wave energy reduction in the downstream near the patch’s plane of
symmetry. However, no protection can be obtained when θ2 = π/2 far from the patch’s
plane of symmetry, because the conservation of wave action requires waves in the downstream
propagating with a non-zero velocity in the x direction. How much far away from y = 0 we
get the y-invariant behavior is therefore of significance importance and can be estimated, to
a good first-order approximation, by inspection of the steady-state solution (3.5.28). Indeed,
the far-field is expected to start where the deflected wave amplitude |A2| obtained for a
patch with a plane of symmetry becomes as large as the y-invariant solution (3.5.28), i.e. at
a distance |y| > 0 such that |A2(y)|/a0 = (d1 cos θt)/[d2 cos(θ2− θt)]. For the results of figure
3.10, we find that |A2| increases approximately linearly with |y|. We estimated the growth
slope to be ∼ 0.02 per wavelength λ1, such that the maximum value predicted by (3.5.28),
i.e. |A2|/a0 = 3.4, is reached at y/λ1 = 160 in this case.

3.6 Conclusions

We investigated the deflection of water waves incident on a patch of oblique seabed bars
via multiple-scale analysis and direct numerical simulation. Unlike the Bragg reflection
mechanism in which waves may get trapped and hence amplified in the area between the
coastline and a patch of seabed bars, the Bragg deflection mechanism can be reliable for
protecting natural coastlines because all waves are transmitted such that any form of trapping
is completely ruled out. The proposed patch of seabed corrugations for shore protection has
a plane of symmetry at y = 0 (the y axis is parallel to the incident wave crests, see figure
3.2), such that incident waves propagating in the upper half plane y > 0 (resp. y < 0)
are deflected toward y = +∞ (resp. y = −∞). At resonance frequency, the deflection
of the incident waves to the sides of the patch’s plane of symmetry results in a wake of
decreased wave activity, i.e. where the water is calm. The extent of the protected wake
in the y direction grows further to the downstream (in x), and can be theoretically infinite
provided that the patch is likewise infinite in the y direction. For the case study of §3.5, the
corrugated patch provides an average 88% energy reduction against perfectly tuned waves
in the protected wake, with the 12% remaining wave energy in the downstream being leaked
in the form of beams of energy emanating near the patch’s plane of symmetry.

We showed that achieving a large protected wake (which requires the deflection of incident
waves at a large angle), requires the use of a bi-chromatic patch instead of a monochromatic
patch. The deflection of waves at or close to a 90◦ angle is in fact impossible using mono-
modal corrugations because the Bragg resonance condition is degenerate in this case. With
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Figure 3.11: Evolution of the envelope amplitudes |A1|/a0, |At|/a0 and |A2|/a0 in x and t for
waves incident from x = −∞ and propagating over an infinitely long patch in the y direction with
θ2 = 2θt = π/2. We consider three different distributions of ripple amplitudes: (a) d1/d2 = 0.5,
(b) d1/d2 = 1, (c) d1/d2 = 2, and keep (d1 + d2)/h = 0.12 fixed. The results in the right column
demonstrate that |A2| increases approximately linearly with d1/d2. The patch width is w/λ1 = 17.5
and the other physical parameters are k1h = 0.2, a0/h = 10−3. The direct simulation parameters
are δx/λ1 = δy/λ1 = 1/7.31 and δt/T1 = 1/32.

51



Chapter 3: Shore protection by oblique seabed bars

bi-modal corrugations, however, we demonstrated that the deflection at a large angle is
achievable provided that a transitional wave mediates the energy transfer from the incident
wave mode to the target deflected wave. The corresponding resonance mechanism was re-
ferred to as a class I2 Bragg resonance since it is a first-order two-step Bragg interaction
which requires bi-modal corrugations.

We demonstrated that the (critical) patch width which provides the best protection can
be obtained analytically assuming that the patch is infinitely long in y direction, and that
it is equal to about 20 incident wave wavelengths when the total ripple amplitude is 0.12
the waterdepth (c.f. figure 3.4c). With a wave period of 10s and a water depth of 5m (such
that the incident wavelength is about 67m), the corrugated patch investigated in §3.5 (see
e.g. caption of figure 3.7) covers a zone 1.3km long that includes four (kb1) bar crests and
twelve (kb2) bar crests in x direction.

We showed that the protection efficiency of the class I2 Bragg deflection mechanism is
relatively robust to small frequency detuning, i.e. such that significant protection (> 50%)
is obtained for ∼ 2% detuning. The protection efficiency however diminishes significantly
with further detuned waves (i.e. with 10% detuning), in which case a good protection
against a broadband incident wave spectrum can still be obtained using a superposition of
corrugated patches [119]. The protection also decreases for incident waves that are oblique
with respect to the patch, i.e. such that the incident wavenumber vector can be written
as k1 + κ(x̂ cos β + ŷ sin β) where k1 is the Bragg resonant wavenumber. The effect of the
incidence angle should yet remain small nearshore due to the effect of refraction on sloping
beaches which tends to align the wave crests parallel to the shore. For κ � k1 the effect
of oblique incidence is in fact similar to the effect of frequency detuning [99], such that
significant protection is still achieved for small incidence angle.

In the case of perpendicular deflection, when the incident and final resonated waves
are perpendicular, we found that the incident wave energy stops flowing to the deflected
waves far from the patch’s plane of symmetry after relatively short transients. As a result,
the protection offered by a patch set to deflect waves at a 90◦ angle is of limited extent
in the y direction, and restricted to the neighborhood of the patch’s plane of symmetry.
Perpendicular deflection also results in leaked waves, which, once reflected by a shoreline,
can excite waves propagating along the patch in a way that water-wave trapping becomes
again possible. This is, of course, an undesirable feature as explained by [1] for the case of
shore-parallel seabed bars. The formation of waves that propagate parallel to the patch may
be, however, relevant to the analysis of topographically-trapped waves, aka Bloch waves, as
the excitation of such waves by free modes remains of contemporary interests [121].

The application of the class I2 Bragg deflection of water waves for shore protection has
been shown to be reliable in the sense that the achievement of a calm buffer zone downstream
of the patch is robust against reflections from a reflecting shoreline either straight or curved.
Several improvements can be done regarding the theory, in particular with respect to the
effect of viscosity (which is expected to be small, see e.g. [107]), higher-order wave-bottom
terms and finite-amplitude waves. Practical issues related to the realization of man-made
small breakwaters or to their stability in sandy/muddy areas are also important challenges
[65, 122], and while beyond the scope of the current manuscript, they must be considered
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thoroughly. For instance, scouring around submerged seabed bars may affect the effectiveness
of the protection scheme, as well as put the man-made structure at risk of sinking [123, 124].
The effect of seabed bars on local sediment transports is also of general interest for the
dynamics of coastal processes, in particular because seabed bars can decrease beach erosion
[60]. The details of shoreline response to submerged structures are however complex and far
from fully resolved [125]. We finally note that laboratory experiments of Bragg resonance
have already been successfully conducted in both two-dimensional [85] and three-dimensional
settings [126], and that an experimental demonstration of class I2 Bragg resonance should
be conceivable within existing technology.
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Chapter 4

Oblique chain resonance of internal waves over three-

dimensional seabed corrugations

Here we show that the interaction of a low-mode internal wave with small oblique seabed
corrugations can trigger the formation of many other internal waves with a broad range of
wavenumbers and directions of propagation. We show that the wave-seabed resonance in a
continuously stratified fluid, in contrast to homogeneous and two-layer fluids, is not limited
to only one new resonant wave but that it can lead to a chain resonance of many freely
propagating waves. The development of chain resonance results in a complex internal wave
dynamics over the corrugated seabed that can lead to significant re-distribution of energy
across the internal-wave spectrum. In order to obtain a quantitative understanding of the
energy transfer rates between the incident and resonated waves over the seabed topography,
here we derive an equation for the evolution of the wave envelopes using multiple-scale
analysis in the limit of small-amplitude corrugations. Strong energy transfers from the
incident internal wave toward shorter internal waves are demonstrated for a broad range of
incidence angles, and the theoretical predictions are compared favorably to direct simulations
of the full Euler’s equation. The key results show that: (i) a large number of distinct internal
waves can be simultaneously resonated for almost all angles of the seabed corrugations, (ii)
near-resonance waves may play a major role in the overall dynamics and hence cannot be
ignored, and (iii) near-resonance waves can even sometimes dominate the internal wave field–
a phenomenon known as enhanced detuned resonance. The chain resonance of internal waves
with topography occurs for a wide range of physical conditions including those representative
of the continental shelf or the abyss. The chain resonance of internal waves via single seabed
harmonic may therefore be one of the select pathways toward efficient enhanced dyapicnal
mixing and energy dissipation in the real ocean.

4.1 Introduction

The evolution and fate of internal waves in the ocean is of significant contemporary interest
because the current and future state of the climate is believed to be intimately related to
the ocean internal-wave dynamics and to their role in turbulent processes [7, 127, 128].
Internal waves that are sufficiently steep or in the act of breaking indeed contribute to the
mixing and energy dissipation of the ocean, hence to the overall energy balance [6, 129]. A
significant fraction of the internal waves at their generation site often have long wavelengths
[130, 131]. A steepening mechanism must therefore take place during the propagation of
internal waves to explain the observed high levels of turbulence and ocean mixing [6]. The
process of steepening comes from energy transfers across the internal-wave spectrum. It can
result from a number of processes including nonlinear wave-wave interactions, wave-mean
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flow interactions, and bottom scattering [132, 133]. The effect of the variable seabed, which
is the focus of this study, is elaborated on in the next sections.

The interaction of oceanic flows with variable bottom topography on the continental shelf
and in the open ocean is known to be at the origin of enhanced mixing and to be responsible
for maintaining the global oceanic circulation [134, 127]. Numerical experiments and field
measurements have shown that large internal waves interacting at topography can contribute
as a source of turbulent kinetic energy in shallow water [76, 135, 136, 77, 137], but also in
the abyss, where intense vertical mixing (by orders of magnitude) over rough topographies
have been observed [138, 139], with attribution to internal wave breaking [140]. In the deep
ocean, an important source of internal wave energy comes from the interaction of topographic
features with barotropic tides and geostrophic flows [141, 131]. Internal waves generated at
topography in the deep ocean typically have long wavelengths (low-mode) when they are
first generated, and are able to propagate over long distances within the ocean basin [142],
as observed for instance northeast of Hawaii [143]. The subsequent steepening of these waves
interacting nonlinearly or with other seabed topography is of significant interest in order to
understand how the energy available for ocean mixing can be re-distributed far from the
abyssal generation sites [142, 144].

The seafloor topography includes both relatively large deterministic features, as well as
rough patches of small corrugations [142, 141]. Large seafloor topography are usually well
resolved by bathymetry measurements [145, 146], and the process by which they can lead
to significant mixing, due to e.g. wave breaking at critical slopes, can be analyzed in details
[147]. Extended patches of small seabed variations, on the other hand, are typically repre-
sented as continuous bathymetry spectra [148, 149], with some uncertainty on length scales
of O(10km) and smaller due to lack of resolution [150, 151]. These are often studied statis-
tically or as random processes. Nonetheless, they similarly contribute to the wave scattering
particularly in the abyss [134]. For instance, in two dimensions, the occurrence of internal-
wave attractors toward which waves are geometrically focused has been demonstrated over
random seabed variations, which suggests that zones with locally intense mixing can take
place over small-scale seabed topography [152]. In three dimensions, similar results indica-
tive of wave steepening were obtained for rough patches of small corrugations, which were
shown to re-distribute the energy of incident internal-wave spectra toward higher wavenum-
bers [153]. Investigations of wave scattering using continuous topography spectra have been
successful in explaining field observations of enhanced mixing [154]. However, the statis-
tical approach usually assumes horizontal homogeneity and overlooks the details of energy
transfers since it focuses on the collective effect of topography. The contribution from each
seabed harmonic (with wavenumber vector kb), which interacts resonantly with an internal
wave with wavenumber k provided that the sum or difference wavenumber k ± kb is the
wavenumber of a free wave, cannot be disentangled from the overall effect. Yet, as will be
shown here, even one single bottom harmonic can resonate many triads in a stratified fluid,
with potentially significant consequences on the internal-wave dynamics.

In a relatively recent investigation of wave focusing in one horizontal dimension, [155],
in agreement with earlier analyses of tidal conversion [156, 141], demonstrated that the
interaction of an incident internal tide (wavenumber k1) with a single bottom harmonic can
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resonate a series of shorter internal waves, provided that kb/k1 is an integer. Under rigid-lid
assumption and in a linearly-stratified fluid, all internal-wave wavenumbers are indeed integer
multiples of k1 such that each successively resonated wave kj, starting with k2 = k1+kb = 2k1

for kb = k1, can resonate other new higher-wavenumber internal waves kj+1 = kj + kb. The
number of resonated waves is infinite, and the successive resonance are shown to result in a
monotonous decay of the incident internal tide energy over the corrugations [155]. The effect
of a single bottom harmonic in a continuously stratified fluid is clearly much more complex
than in a homogeneous or two-layer fluid. There, the resonant wave-bottom interactions,
which are commonly known as Bragg reflection or resonance because they involve two freely
propagating wave and one medium wave (i.e. the seabed undulations here), produce only
one isolated resonant triad with well explored properties of energy transfers [18, 59, 89].
Internal waves in a continuously stratified fluid over seabed topography, on the other hand,
can exhibit more intricate dynamics of potentially new physical interest because of the large
number of triads that may be coupled through the same bottom harmonic.

Here we are concerned with the problem of internal-wave scattering by monochromatic
seabed corrugations in a finite-depth ocean, and in three dimensions. The occurrence of
chain resonance in a linearly-stratified ocean is the central theme of the present paper, with
the emphasis laid for the first time on incident internal waves impinging on oblique cor-
rugations. The problem is motivated by the one-dimensional chain resonance discussed in
[155], as well as by recent field observations which showed that wave-bottom interactions
can differ substantially in one and two horizontal dimensions [157]. We consider perfectly
resonant wave-bottom interactions, but also wave-bottom interactions that are only near res-
onance, i.e. such that the forced wavenumber is not exactly an internal-wave wavenumber.
Near-resonance interactions (also known as detuned resonance) are of increasing interest in
nonlinear wave science [158], and will be shown to be essential in the present analysis. Be-
cause the demonstration of one-dimensional chain resonance in [155] relies on the method
of characteristics and a streamfunction formulation, which is not applicable in three dimen-
sions, another approach is required. Therefore, here, to predict how strongly the incident
and resonated waves interact, we derive an evolution equation for the envelope amplitudes
using the method of multiple scales in the weak-topography limit. The method has been
successfully applied for many investigations of Bragg resonance in homogeneous water [59],
including shore protection [1], sandbar formation [83], wave lensing [126], and in two-layer
density stratified fluids [68] with applications in the attenuation of long interfacial waves by
random bathymetry [95] and broadband cloaking [92].

The outline of the paper is as follows. In §4.2, we characterize the different waves involved
in chain resonance for oblique corrugations, and we define a detuning parameter for each of
the near-resonance interactions. In §4.3, we provide the derivation details for the multiple-
scale equation and give the solution method for the boundary-value problem. In §4.4, we
discuss the variations of the incident and resonated wave amplitudes over the corrugations
for a wide range of corrugation angles. In §4.5, we summarize the key results and conclude.
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4.2 Problem formulation

4.2.1 Governing equation and the dispersion relation

Consider the propagation of waves in an inviscid, incompressible, adiabatic and stably strat-
ified fluid of density ρ(x, y, z, t), bounded by a free surface on the top and a solid seafloor
with a mean depth h at the bottom. We take a Cartesian coordinate system with x and
y axes on the mean free surface and z axis positive upward (x̂, ŷ, ẑ the unit vectors). The
equations governing the evolution of the velocity vector u = {u, v, w}, density ρ, pressure p
and surface elevation η under Boussinesq and f -plane approximations read

ρ0Dtu = −ρ0f ẑ × u−∇p− ρg∇z, − h+ b < z < η (4.2.1a)

Dtρ = 0, − h+ b < z < η (4.2.1b)

∇ · u = 0, − h+ b < z < η (4.2.1c)

ηt = u · ∇(z − η), z = η (4.2.1d)

Dtp = 0, z = η (4.2.1e)

u · ∇(z + h− b) = 0, z = −h+ b (4.2.1f)

where g is the gravitational acceleration and f the Coriolis frequency. The seafloor position,
given by z = −h + b(x, y), is written as a superposition of small bottom irregularities b
on the mean slowly-varying seabed h. The total density is ρ = ρ̄(z) + ρ′(x, y, z, t) with
ρ̄(z) the background (unperturbed) density and ρ0 = ρ̄(z = η) the density on the free
surface. The material derivative operator is denoted by Dt and ∇ is the three-dimensional
gradient. Equation (4.2.1a) is the momentum equation (Euler’s equations), (4.2.1b) is an
energy equation [159], and (4.2.1c) is the continuity equation. The problem is a well-posed
initial-boundary-value problem in the sense that we have five field equations for five unknown
variables (u, p and ρ) with appropriate boundary conditions (4.2.1d)-(4.2.1f) on the free
surface and seabed.

Here we are concerned with small perturbations of the quiescent state, i.e. ∇~u ∼ ∇ρ′ �
O(1), such that we consider the linearized form of the governing equations (4.2.1), i.e.[

(∂2
t + f 2)∇2 + (N2 − f 2)∇2

H

]
w = 0, − h ≤ z ≤ 0, (4.2.2a)[

(∂2
t + f 2)∂z − g∇2

H

]
w = 0, z = 0, (4.2.2b)

w = u∂x(b− h) + v∂y(b− h), z = −h+ b, (4.2.2c)

which is derived from (4.2.1) in Appendix I. We note ∇H the two-dimensional horizontal gra-
dient and N =

√
−g/ρ0[ dρ̄(z)/ dz] the buoyancy frequency (aka Brunt-Väisälä frequency).

Let us consider seabed corrugations of the form

b =
d

2

[
ei(kb·x+ϕb) + e−i(kb·x+ϕb)

]
, (4.2.3)

where kb = kb(cos θb, sin θb) is the corrugation wavenumber with θb the corrugation angle,
d > 0 the corrugation amplitude, and ϕb a phase parameter. For small corrugation amplitude
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Figure 4.1: Dimensionless frequency ω/N versus dimensionless wavenumber kh of free waves in
a linearly stratified fluid with density ρ(z) = ρ0(1 − az), where ah = 0.01 and f/N = 0.025
(c.f. (4.2.9)). There is a single surface wave solution at all frequencies ω > f (solid lines close
to y axis) and an infinite number of internal waves (all others) at wave frequencies larger than
the Coriolis frequency f and smaller than the Brunt-Väisälä frequency N (i.e. between the dash-
dotted cutoff frequency lines). The internal-wave wavenumbers are almost uniformly spaced such
that (kj+1 − kj) ∼ k1 for all j ≥ 1 at fixed frequency, as highglighted for ω/N = 0.2.

d/h ∼ O(ε) where ε � 1 is the smallness parameter, the solution w of equation (4.2.2) can
be sought as a perturbation series of the form

w = w(1) + w(2) + ... (4.2.4)

where the perturbation terms w(j) ∼ O(1) satisfy the same field equation (4.2.2a) and top
free-surface boundary condition (4.2.2b). The bottom boundary condition (4.2.2c), on the
other hand, can be rewritten at successive orders in ε such that we have at leading order

w(1) = 0, z = −h, (4.2.5)

and at second order

w(2) = u(1)∂xb+ v(1)∂yb− b∂zw(1), z = −h, (4.2.6)

provided that (i) dkb � µ (the corrugation slope dkb is sub-critical, c.f. equation (4.2.8)),
and (ii) dγ � 1 (i.e. the internal waves have a vertical wavelength 2π/γ much greater than
the corrugation amplitude d).

Let us first consider the properties of the leading-order problem (i.e. eigenmodes and dis-
persion relation), by assuming a propagating wave solution of the form w(1) = W (z)ei(k·x−ωt),
where k = (kx, ky) is the horizontal wavenumber (k = |k|) and ω is the frequency. Upon
substitution in (4.2.2) with b = 0 we obtain the general Sturm-Liouville eigenvalue problem
[160] [

(ω2 − f 2)d2
z + (N2(z)− ω2)k2

]
W (z) = 0, − h ≤ z ≤ 0, (4.2.7a)
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(ω2 − f 2)dz − gk2

]
W (z) = 0, z = 0, (4.2.7b)

W (z) = 0, z = −h, (4.2.7c)

which can be solved analytically in terms of elementary (e.g. trigonometric, hyperbolic) or
special functions (e.g. Airy, Bessel) for special density profiles N(z), or numerically as a
boundary value problem.

For a linearly varying mean density profile, i.e. such that ρ̄(z) = ρ0(1 − az) [161], the
Brunt-Väisälä frequency is N =

√
ga = constant. The vertical mode structure solution

of (4.2.7) for f < ω < N becomes W (z) = sin γ(z + h) with γ = k/µ(ω) the vertical
wavenumber and

µ(ω) =

√
ω2 − f 2

N2 − ω2
(4.2.8)

the internal-wave slope. For ω < f or N > ω the solution reads W (z) = sinh γ(z + h) with
γ = k

√
(ω2 −N2)/(ω2 − f 2). The dispersion relation is readily obtained in both cases upon

substitution of W (z) in (4.2.7b), i.e.

D(ω, k) ≡ 0, where

 D(ω, k) = ω2 − f 2 − gk2

γ
tan γh, f < ω < N,

D(ω, k) = ω2 − f 2 − gk2

γ
tanh γh, otherwise.

(4.2.9)

The solutions (k, ω) to the dispersion relation (4.2.9) are three-dimensional surfaces in
(kxh, kyh, ω/N) space, but since these surfaces are axisymmetric with respect to the ω/N
axis we show them in figure 4.1 as two-dimensional curves in (ω/N, kh) space. We fix the
stratification parameter as ha = 0.01, which corresponds to a 1% relative density increase
between the free-surface and the bottom, and the Coriolis parameter is chosen f/N = 0.025.
For ω < f , the only solutions are Poincaré waves that decay exponentially in one horizontal
dimension [159], and we do not consider them. For ω ≥ N only one solution k0 exists in
the first quadrant (with its mirrors in the other quadrants), whose associated fluid particle
motion is maximum near the free surface and decreases as the depth increases (γ0 ∈ iR).
Therefore this is basically a surface wave which is a little perturbed because of stratifica-
tion. For f < ω < N there is an infinite number of solutions kj (j ∈ N) to (4.2.9). The
first member of this set (k0) is the continuation of the surface wave branch (shown close to
the y axis in figure 4.1). All other waves (kj, j = 1, 2, · · · ) have a sinusoidal vertical mode
structure (γj ∈ R) with fluid particle motions minimum near the free surface and seabed,
and therefore these branches show internal waves.

4.2.2 Chain resonance conditions

The quadratic interaction term on the right-hand-side of (4.2.6) between an incident wave
(wavenumber k) and the bottom corrugations (wavenumber kb) indicates that the second-
order velocity w(2) is forced by a term with wavenumber kr = k ± kb. Interestingly, the
amplitude of the forced wave grows linearly in time unbounded when D(ω,kr) = 0 (c.f.
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equation (4.2.9)), i.e. when kr is the wavenumber of a free wave [110]. The condition that
kr satisfies the dispersion relation is known as the (wave-wave) resonance condition, or more
specifically as the Bragg resonance condition in the case that one of the waves (here the
bottom wave) is frozen (i.e. the amplitude is fixed, see [18]). When the resonance condition
is satisfied, the perturbation expansion in (4.2.4) is not valid, and other methods (such as
multiple scales) are necessary to obtain the growth rate of the resonant wave beyond the
initial time. It is to be noted that strong energy exchanges can also be obtained when the
resonance condition is only nearly satisfied, i.e. when D(ω,k± kb + δ) = 0 with δ/kr � 1.
Nearly resonant interactions, i.e. for which the detuning wavenumber δ 6= 0, will be shown
to be of significant importance in the present analysis.

Contrary to in a homogeneous fluid, a single seabed harmonic kb in a stratified fluid can
resonate a large number of distinct triads, because the dispersion relation (4.2.9) admits an
infinite number of wavenumber solutions. We can thus find two resonant triads (k1,k2,kb)
and (k3,k4,kb), for different wavenumbers of the free waves. Importantly, different triads can
exchange energy when they are interconnected, thus forming a resonance cluster, a concept
used in turbulence wave theory [162, 163, 158]. Here, two triads resonated through the same
bottom wavenumber kb are interconnected when they share the same wavenumber of a free
wave. An example of two such interconnected triads is shown in figure 4.2a: the wavenumber
k2 is shared by both the lower and upper triad such that energy can be exchanged between
the two triads through k2. Interestingly, larger resonance clusters can arise in a stratified
fluid, i.e. including more than two triads (hence more than three waves), as described in the
following section.

In a linearly-stratified fluid, the wavenumber (kx, ky) solutions of the dispersion relation
can be represented by an infinite number of circles with radii kj, as shown in figure 4.2b. For

a given incident wavenumber k(0) ( ~OI in figure 4.2b) and bottom wavenumber kb, a series of
forced waves is generated, owing to the successive quadratic wave-bottom interactions. The
first forced waves have the wavenumbers k(0) ± kb, which are perfectly resonant for the case
shown in figure 4.2b, i.e. such that

k(0) ± kb = k±(1) (4.2.10)

is the wavenumber of a free wave. The resonated waves with wavenumber k±(1) then also

interact with the corrugations, forcing new waves with wavenumber k±(1) ± kb. In figure

4.2b, the forced wavenumber k−(1) − kb = k−(2) is perfectly resonant but k+
(1) + kb isn’t. The

detuning wavenumber between the forced wavenumber k+
(1) +kb and the closest (in L2-norm)

wavenumber of a free wave k+
(2) is non-zero, i.e. such that

k+
(1) + kb = k+

(2) − δ
+
2 , (4.2.11)

with δ+
2 6= 0 (c.f. blow-up in figure 4.2b). In figure 4.2b, the forced waves (k+

(1),k
−
(1),k

−
(2)) are

perfectly resonant, and the (k+
(2),k

+
(3),k

−
(3),k

−
(4)) waves are near resonance. Near-resonance

waves are important and considered in the present analysis because they can have a relatively
large influence on the energy transfers between the perfectly tuned waves. Indeed, while the
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Figure 4.2: (a) Schematic representation of interconnected resonance. The wave k1, through the
bottom component kb, generates (or resonates) wave k2. The resonant wave k2, through the same
bottom component, generates k3. Energy can be modulated between the three waves. (b) In a
linearly stratified ocean, associated with each frequency, there is an infinite number of natural
wavenumbers, which can be represented by circles Cj of increasing radii kj (c.f. equation (4.2.9))
with j ∈ [0,∞] (although note that C0 cannot be seen because the surface wavenumber is too
small, i.e. k0h � k1h). An incident wave with wavenumber k(0) interacting with a single bottom
wavenumber kb, can therefore lead to a series of forced wavenumbers that are almost natural, hence
resonant. The number of interconnected triads in this case grows as long as the sequentially forced
wavenumbers k±(m) ± kb are near-resonance. In this example, up to three interconnected triads

(gray shaded) are perfectly resonant. All resonated waves in other triads experience some detuning
(marked by overlaying thick solid lines), as can be best seen for k+

(2) in the blow-up figure (δ+
2 the

detuning wavenumber).
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assumption that detuning weakens wave-wave interactions prevails, there are cases, as will be
shown in §4.4.4, for which detuning can result in enhanced resonance (by order of magnitude).

For clarity of the formulation, let us briefly elaborate on the notations of the sequence of
resonated wavenumbers, i.e.

k+
(m−1) + kb = k+

(m) − δ
+
m, (4.2.12a)

k−(m−1) − kb = k−(m) − δ
−
m, (4.2.12b)

for m ≥ 1, with k±(0) = k(0) the incident wavenumber. The superscripts + (-) denote waves

that are positively (negatively) generated, i.e. corresponding to what we call the positive
(negative) branch of the chain resonance (4.2.12). The subscript m is the interaction number,
i.e. such that e.g. k−(2) is the resonated wave obtained from the second series of wave-bottom
interactions. It should be noted that the subscript m is put in between parenthesis because
the mth resonated wavenumber (with magnitude k±(m)) is not a priori an mth wavenumber

mode (i.e. k±(m) 6= km); for instance, in figure 4.2b, the k+
(1) wave is a mode-two internal wave,

not a mode one.
The resonated wavenumbers k±(m) are obtained such that the detuning ‖δ±m‖2 = δ±m is

minimum (i.e. using the L2-norm). As previously mentioned, the chain resonance can only
include wavenumbers close to resonance, i.e. with small associated detuning. Here it is the
cumulative detuning that needs to be small (as will be shown later), such that the condition
for the k±(j) wave to be part of the resonance cluster reads

∆±m =
δ±1 + . . .+ δ±m

k±(m)

� 1, (4.2.13)

for all m ≤ j. Note that the condition (4.2.13) implies that if the k±(M±) wave is the first

wave not included in the chain resonance, then neither are the k±(m) waves (m ≥M±).

4.3 Three-dimensional multiple-scale analysis

4.3.1 Derivation of the envelope equations

For bottom corrugations of small amplitudes, the evolution of the wave envelopes is slow
compared to the variations of the carrier waves, such that we can use two different separated
scales to describe the dynamics of the carrier waves and wave envelopes. The leading-order
solution to the governing equation (4.2.2) can then be sought in the form

w(1) = A0(x̄, ȳ, t̄)W0(z)E0(x, y, t)+
∞∑
m=1

A+
m(x̄, ȳ, t̄)W+

m(z)E+
m(x, y, t)

+
∞∑
m=1

A−m(x̄, ȳ, t̄)W−
m(z)E−m(x, y, t) + c.c., (4.3.14)
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where A0 and A±m are the amplitudes of the the incident and resonated waves, which are
functions of the slow variables (x̄, ȳ, t̄) ∼ ε(x, y, t). The wavenumbers of the different waves
involved in chain resonance are denoted by k±(m) (c.f. (4.2.12)), W±

m = sin γ±(m)(z + h) is the

vertical mode structure with γ±(m) = k±(m)/µ(ω) (c.f. equation (4.2.8)), E±m = exp[i(k±(m) · x−
ωt)], and c.c. denotes the complex conjugate. Denoting by θ±m the angle of the horizontal
wavenumber k±(m) with the x axis, we then find from the momentum and continuity equations

(4.2.7a)-(4.2.7b), using straightforward algebra, that

u(1) =A0∂zW0
iE0 cos θ0

k(0)

(1 + i
f

ω
tan θ0) +

∞∑
m=1

A+
m∂zW

+
m

iE+
m cos θ+

m

k±(m)

(1 + i
f

ω
tan θ+

m)

+
∞∑
m=1

A−m∂zW
−
m

iE−m cos θ−m
k−(m)

(1 + i
f

ω
tan θ−m) + c.c., (4.3.15a)

v(1) =A0∂zW0
iE0 sin θ0

k(0)

(1− i f
ω

cotan θ0) +
∞∑
m=1

A+
m∂zW

+
m

iE+
m sin θ+

m

k±(m)

(1− i f
ω

cotan θ+
m)

+
∞∑
m=1

A−m∂zW
−
m

iE−m sin θ−m
k−(m)

(1− i f
ω

cotan θ−m) + c.c.. (4.3.15b)

The variations of the leading-order wave amplitudes A±m as functions of the slow space
and time variables can be obtained from the so-called solvability condition, which ensures
that the second-order solution is bounded in time and space [59]. The equations for the
wave amplitudes A±m is thus derived upon inspection of the second-order problem for w(2)

(i.e. (4.2.2a)-(4.2.2b) and (4.2.6)), which, with the consideration of the bottom corrugations
and slow variations of the leading-order solution w(1), reads

[(∂2
t + f 2)∇2 + (N2 − f 2)∇2

H ]w(2) = −2∂t∇2∂t̄w
(1)

− ∂2
t (∇ · ∇̄+ ∇̄ · ∇)w(1) −N2(∇H · ∇̄H + ∇̄H · ∇H)w(1), − h ≤ z ≤ 0 (4.3.16a)

[(∂2
t + f 2)∂z − g∇2

H ]w(2) = −2∂t∂z∂t̄w
(1) + g(∇H · ∇̄H + ∇̄H · ∇H)w(1), z = 0, (4.3.16b)

εw(2) = u(1)∂xb+ v(1)∂yb− b∂zw(1), z = −h. (4.3.16c)

Let us seek a second-order solution of the form

w(2) = B0(z)E0 +
∞∑
m=1

B+
m(z)E+

m +
∞∑
m=1

B−m(z)E−m + non-resonant terms + c.c. (4.3.17)

where non-resonant terms denotes second-order terms that are not resonant, hence that do
not affect the leading-order solution. Due to the fact that (4.3.16) is linear with respect
to the flow variables, an equation can be obtained for each eigenmode E±m independently,
upon substitution from (4.3.17), (4.3.14), (4.3.15a), and (4.3.15b) for w(2), w(1), u(1) and v(1).
The right-hand-side of equation (4.3.16c) is proportional to mode E±m (i.e. with resonance
wavenumber k±(m)) when kb interacts with wavenumber k±(m−1) or k±(m+1) (c.f. equations
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(4.2.12)). After standard algebraic manipulations, the equation for mode E±m is thus obtained
as [

∂2
z + (γ±(m))

2
]
B±m = 2iW±

m

(k±(m))
2 + (γ±(m))

2

ω2 − f 2
ω∂t̄A

±
m

+
2i

µ2
W±
m

[
k±(m) · ∇̄HA

±
m + (A±m/2)∇̄H · k±(m)

]
, − h ≤ z ≤ 0, (4.3.18a)

(∂z −
γ±(m)

tan γ±(m)h
)B±m = −2i

ωγ±(m)

ω2 − f 2
cos γ±(m)h∂t̄A

±
m

− 2i
g

ω2 − f 2
sin γ±(m)h

[
k±(m) · ∇̄HA

±
m + (A±m/2)∇̄H · k±(m)

]
, z = 0, (4.3.18b)

εB±m = −
Dγ±(m)

2

[
A±m−1P±m−1e

±iϕbe−iδ
±
m·x + A±m+1N±m+1e

∓iϕbeiδ
±
j(m+1)

·x
]
, z = −h, (4.3.18c)

where

P±m−1 =
1

k±(m)k
±
(m−1)

[
k±(m) · k

±
(m−1) + i

f

ω
k±(m) × k±(m−1)

]
+O(δ±m/k

±
(m)), (4.3.19a)

N±m+1 =
1

k±(m)k
±
(m+1)

[
k±(m) · k

±
(m+1) + i

f

ω
k±(m) × k±(m+1)

]
+O(δ±m/k

±
(m)). (4.3.19b)

The inhomogeneous equation (4.3.18) for B±m has a unique solution if and only if the forcing
terms on the right-hand-side satisfy the solvability condition [164, 165]. The solvability
condition is obtained by doing the integration in z as follows∫ 0

z=−h
dz
{
W±
m [∂2

z + (γ±(m))
2]B±m −B±m(∂2

z + γ2
j )W

±
m

}
=

∫ 0

z=−h
dz
{
W±
m [∂2

z + (γ±(m))
2]B±m

}
, (4.3.20)

which, upon integration by parts, gives

[W±
m∂zB

±
m]0−h − [B±m∂zW

±
m ]0−h. (4.3.21)

Substituting the boundary conditions (4.3.18b)-(4.3.18c) at z = 0,−h for B±m in (4.3.21), and
directly integrating (4.3.20) using (4.3.18a), we then get after tedious but straightforward
algebra the final equation

∂tA
±
m + C±gm · ∇HA

±
m +

A±m
2
∇H ·C±gm =

iΩ±m

[
A±m−1P±m−1e

±iϕbe−iδ
±
m·x + A±m+1N±m+1e

∓iϕbeiδ
±
m+1·x

]
. (4.3.22)

In (4.3.22), C±gm = {C±gmx, C±gmy} is the horizontal wave group speed such that

C±gm =

{
∂ω

∂kx
,
∂ω

∂ky

}
=

ωk±(m)

(k±(m))
2

(ω2 − f 2)

ω2

2γ±(m)h+ sin 2γ±(m)h[
(1− µ2) sin 2γ±(m)h+ (1 + µ2)2γ±(m)h

] , (4.3.23)
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and

Ω±m = ω
d

2h

(ω2 − f 2)

ω2

2γ±(m)h[
(1− µ2) sin 2γ±(m)h+ (1 + µ2)2γ±(m)h

] (4.3.24)

is a characteristic slow frequency. Note that equation (4.3.22) applies for each of the positively
A+
m and negatively A−m resonated waves independently. A similar equation is also obtained

for the incident wave, i.e.

∂tA0 + Cg0 · ∇HA0 +
A0

2
∇H ·Cg0 = iΩ0

[
A−1N−1 eiϕbeiδ

−
1 ·x + A+

1N+
1 e
−iϕbeiδ

+
1 ·x
]
. (4.3.25)

The coupled internal-wave envelope equations (4.3.22) can be shown to be constrained
by an energy-type preserving equation. Multiplying each equation in (4.3.22) and (4.3.25)
by (A±m)∗/Ω±m (where superscript ∗ denotes the complex conjugate), and summing them over
m along with their complex conjugate we obtain[

∂t

(
|A0|2

Ω0

)
+∇H ·

(
Cg0
|A0|2

Ω0

)]
+
∞∑
m=1

[
∂t

(
|A±m|2

Ω±m

)
+∇H ·

(
C±gm
|A±m|2

Ω±m

)]
= 0.

(4.3.26)

For a problem spatially uniform, i.e. such that ∇H ≡ 0, equation (4.3.26) shows that the
so-called total wave action A = A0 +

∑∞
m=1(A+

m +A−m) remains constant over time, where

A±m = |A±m|2/Ω+
m. (4.3.27)

For a problem that is not uniform in space but at the steady-state (i.e. ∂t ≡ 0), on the other
hand, it is the total energy flux F = F0 +

∑∞
m=1(F+

m + F−m) that is conserved, with

F±m = C±gm|A±m|2/Ω+
m. (4.3.28)

The wave action A±m is proportional to the internal wave energy density KE±m+PE±m, where

KE±m =

∫
dx

∫ 0

−h
dz
ρ0

2

[
(u±m)2 + (v±m)2 + (w±m)2

]
,

PE±m =

∫
dx

∫ 0

−h
dz
ρ′±m

2
g2

2ρ0N2
+

∫
dx

∫ η±m

0

dzρ0gz.

It is important to note that the total wave action and energy flux are conserved quantities
only because we assume that the normalized detuning terms are small, i.e. δ±m/k

±
(m) � 1,

such that they can be dropped from the expression for P±m−1 and N±m+1 in (4.3.19). This
implies that forced waves with too large of a detuning cannot be included in the multiple-scale
solution, as will be further discussed in §4.3.2.

It should be noted that ∇̄ and ∇ in (4.3.16a)-(4.3.16b) do not commute because we
allow the mean waterdepth to be a slowly varying function of the horizontal variables, i.e.
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h = h(x̄, ȳ). Interestingly, we also note that two waves that are perpendicular, i.e. such that
k(m) ·k±(m+1) = 0, cannot exchange energy when the Coriolis effect is neglected (f = 0), since

the coupling coefficients P±m−1 or N±m become zero in this case (c.f. equation (4.3.19)). This
phenomenon is known as Bragg degenerate resonance in homogeneous water and is shown
to hold here for a stratified fluid without rotation [166]. For completeness, we shall point
out that (4.3.22) also applies under rigid-lid assumption upon consideration of the group
velocities and (unique) coupling slow frequency

C±,riggm =
ωk±,rig(m)

(k±,rig(m) )2

(ω2 − f 2)

ω2(1 + µ2)
, Ωc,rig = ω

d

2h

(ω2 − f 2)

ω2(1 + µ2)
. (4.3.30)

It should be finally noted that there is no contradiction between the horizontal wave group
speed C±gm being parallel to the internal-wave wavenumber k±(m) in the horizontal plane

(c.f. (4.3.23)), and with the general fact that the three-dimensional wave group velocity
vector ∂ω/∂(kx, ky, kz) of an elementary wave mode exp[i(kxx+ kyy+ kzz− ωt)] of the field
equation (4.2.2a) should be perpendicular to its wavenumber (kx, ky, kz). Indeed, here, the
full boundary-value problem (4.2.2) has eigenmodes that are standing in the z direction, such
that the upward (resp. downward) motion of positive (resp. negative) kz modes is canceled
out by its negative (resp. positive) counterpart. The group and phase velocities of interests
are thus those in the horizontal plane, which are aligned.

4.3.2 Solution method at the steady state

Here we consider constant mean waterdepth h, i.e. such that the term ∇H ·C±gm in (4.3.22)
can be dropped, and we take sinusoidal corrugations for which ϕb = −π/2 (c.f. (4.2.3)).
Using the scaled amplitude variables A±m = Ā±m exp(−i∆±m · x) where

∆±m = δ±1 + ...+ δ±m (4.3.31)

is the cumulative detuning wavenumber, the envelope equations (4.3.22) can then be rewrit-
ten as(

∂t + C±gm · ∇H

)
Ā±m − i

(
C±gm ·∆±m

)
Ā±m = Ω±m

(
±Ā±m−1P±m−1 ∓ Ā±m+1N±m+1

)
, (4.3.32)

where the additional term on the left-hand-side comes from the re-scaling of the amplitude
variables and is due to the fact that some of the interactions are not perfectly resonant.

The system of envelope equations (4.3.32) has constant coefficients and is amenable to
simple analytical treatment using an eigenmode decomposition. For a patch of corrugations
of finite extent in x but infinitely long in y, the steady-state problem is independent of both
y and t such that the solution{

Ā±m
}

= (...Ā−m, ...Ā
−
1 , Ā0, Ā

+
1 , ...Ā

+
m, ...), (4.3.33)

written in vector form, is to be found as a solution of the matrix equation

∂x
{
Ā±m
}

= [E] ([S] + i[F ] + i[D])
{
Ā±m
}
. (4.3.34)
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The matrix [E], [D], [S] and [F ] are real and given by

[E] =



. . .

Ω−
1

C−
g1x

(0)

Ω0

Cg0x

(0)
Ω+

1

C+
g1x

. . .


, [D] =



. . .

C−
g1·∆

−
1

Ω−
1

(0)

0

(0)
C+

g1·∆
+
1

Ω+
1

. . .


,

with [S] + i[F ] a skew-Hermitian matrix written as

. . . . . . . . .

N−m+1 0 −P−m−1 (0)
. . . . . . . . .

N−2 0 −P−0
N−1 0 −N+

1

P+
0 0 −N+

2

. . . . . . . . .

(0) P+
m−1 0 −N+

m+1

. . . . . . . . .



.

In practice the infinite system of equations is truncated to a finite number of positively (M+)
and negatively resonated wave modes (M−), such that we can instead solve the truncated
system

∂x
{
Ā±m
}N

= [E]N
(
[S]N + i[F ]N + i[D]N

) {
Ā±m
}N

. (4.3.35)

The matrices and vectors with superscripts N have finite size, such that e.g.
{
Ā±m
}N

=
(Ā−M− , ...Ā

−
1 , Ā0, Ā

+
1 , ...Ā

+
M+) has been truncated to N = M+ + M− + 1 degrees of freedom.

The truncation arises as a simplification of the solution because (i) a finite patch cannot
resonate waves with infinite wavenumbers (the chain resonance being sequential), and (ii)
waves far from resonance do not capture much energy and therefore do not contribute signif-
icantly to the system’s dynamics. The choice of M+ and M− thus must satisfy two types of
requirements, that are: (i) waves with large normalized cumulative detuning are discarded,
i.e. for which ∆±m/k

±
(m) > τ , where τ � 1 is a small threshold parameter (here we will use

τ = 10%), and (ii) a large enough number of near-resonance waves is considered such that
the solution is converged. Importantly, the first condition also ensures that a separation of
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scales truly exists between the variations of the carrier waves and wave envelopes, such that
the multiple-scale results remain valid at leading order. Here the cumulative detuning ∆±m
is the most informative measure of detuning because it is ∆±m that appears in matrix [D]N

in the system of equations (4.3.35). It is for this reason that the chain resonance condition
(4.2.13) involves ∆±m, rather than δ±m.

The solution to the matrix equation (4.3.35) is sought as a superposition of eigenmodes,
i.e. such that {

Ā±m
}N

=
N∑
i=0

ci {a}Ni e
αix/λ1 , (4.3.36)

where λ1 = 2π/k1 is the wavelength of the incident wave. The eigenvectors {aj}Ni are found
by solving the eigenvalue problem

αi {a}Ni = λ1[E]N
(
[S]N + i[F ]N + i[D]N

)
{a}Ni , (4.3.37)

while the coefficients ci are obtained from enforcing the boundary conditions. The boundary
conditions are applied at the beginning of the patch (x = 0) for waves that are transmitted,
i.e. such that C±gm · x̂ > 0, and at the end of the patch (x = l) for waves that are reflected,
i.e. such that C±gm · x̂ < 0.

The presence of reflected waves can have a significant effect on the system dynamics.
Indeed, with only transmitted waves, the eigenvalues αi of (4.3.37) are all pure imaginary
because the system’s matrix is the product of ([S]N + i[F ]N + i[D]N), which is a skew-
Hermitian matrix (because P±m−1 = (N±m)∗, see equation (4.3.19)), with [E], which is a
positive definite matrix. The solution behavior is therefore oscillatory as can be expected for
waves propagating in the same direction. With reflected waves, however, [E] is not positive
definite such that the eigenvalues, or at least some of them, have a non zero real part. This is
in agreement with a net decaying behavior of some of the incident and transmitted waves to
the downstream of the patch, versus a net growing behavior to the upstream for the reflected
waves.

4.4 Results and discussion

We solve in this section the boundary-value problem (4.3.35) as a function of the corrugation
angle θb (c.f. equation (4.2.3)), for a patch of finite extent in the x direction starting at
x = 0. The corrugation wavenumber is of the same order as the mode-one internal-wave
wavenumber, i.e. kb/k1 ∼ O(1), and is taken such that the incident wave and bottom
corrugations perfectly resonate the k+

(1) wave (see figure 4.2b). We focus our attention
on incident waves propagating in +x direction that are mode-one internal waves. This is
motivated by the fact that most of the internal-wave energy is stored in low mode number
waves [132], and because such long waves can propagate over long distances and interact
with topographies [142, 143]. The number of seabed corrugations is chosen in order to
highlight the different physics of chain resonance, hence varies depending on the different
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cases investigated, but we keep it to a minimum (i.e. few tens of corrugations) such that
the results may be applicable for practical situations. Our analysis in §4.4.1-§4.4.4 assumes
constant physical parameters ha, ω/N and f/N , and considers that there are no reflective
boundaries, i.e. such that internal waves leaving the corrugated patch are radiated away.
In §4.4.5, the analysis is generalized as we discuss how the results are affected by changing
these physical parameters.

4.4.1 Oblique chain resonance with three perfect resonances

Let us first present a case study of oblique chain resonance with corrugation wavenumber kb
and angle θb selected such that

θb = θ∗b = arccos

(√
k2

2 − k2
1

8k2
1

)
, kb = 2k1 cos θb, (4.4.38)

which is the case shown in figure 4.2b. The three generated waves k+
(1), k−(1) and k−(2) are

perfectly resonant and have zero detuning, i.e. δ+
1 = δ−1 = δ−2 = 0 (highlighted by a dashed

circle in figure 4.3a). Other successively generated waves experience some detuning (e.g.
k+

(2), see figure 4.2b), which increases with the interaction number m, as shown in figure

4.3a. As discussed §4.3.2 (c.f. equation (4.3.35)), here we limit the multiple-scale analysis to
resonant waves with less than 10% detuning. As a result, we consider eight resonant waves
in the chain resonance (c.f. figure 4.3a).

We show in figure 4.3b the evolution of the wave amplitudes |A±m| over the corrugated
patch (corrugations in 0 ≤ x/λ1 ≤ 20), with bottom amplitude d/h = 0.02. We solve equa-
tion (4.3.35) with boundary conditions enforced at x = 0 for the incident and transmitted
waves, i.e. such that A0 = 1, A+

m = 0 (m = 1, 2, 3), and A−1 = 0, and at x = l (i.e. the end
of the patch) for the reflected waves, i.e. such that A−m = 0 for m = 2, 3, 4. An example of
reflected wave can be clearly seen in figure 4.3b as the wave A−2 grows from the downstream
toward the beginning of the patch. The wave A−1 , on the other hand, is transmitted, i.e.
it propagates in the +x direction, and thus shows a different behavior. This is a three-
dimensional effect, since with θb = 0 A−1 would be necessarily reflected. The exchanges of
energy are dominated by the interaction of the pair of A0 and A+

1 waves, which propagate
in the same +x direction. The variations of the wave amplitudes are mostly modulated
(i.e. oscillatory), such that the incident wave amplitude would grow again for a longer patch
(not shown). An estimate for the maximum of A+

1 over the patch can be obtained from the
conservation of wave action (4.3.26), which, assuming ∂t ≡ ∂y ≡ 0, reduces to

x̂ ·

[
F0 +

M+∑
m=1

F+
m +

M−∑
m=1

F−m

]
= x̂ · F0(x = 0), (4.4.39)

i.e. the energy flux in x direction is conserved (c.f. equation (4.3.28)). Neglecting waves
other than A0 and A+

1 and assuming that A0 = 0 when A+
1 is maximum, equation (4.4.39)
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Figure 4.3: (a) Detuning ∆±m/k
±
(m) of the successively resonated waves A+

m (solid line) and A−m
(dash-dotted line) as a function of the interaction number m. The bottom wavenumber and angles
are given by equation (4.4.38), i.e. such that A+

1 , A−1 and A−2 have zero detuning (highlighted in
dashed circle). Eight waves are considered in the chain resonance with a 10% cutoff detuning. (b)
Evolution of the envelope amplitudes of the resonated waves as predicted by equation (4.3.35) (with
M+ = 3, M− = 4) for a patch of length l = 20λ1. The chain resonance results in significant energy
transfers from the incident to the transmitted A+

1 and A+
2 waves, as well as to the reflected wave

A−2 (marked as 2−). The physical parameters are d/h = 0.02, f/N = 0.025, N2g/h = ha = 0.01
and ω/N = 0.1.
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then yields

max
x
|A1| =

√
Ω+

1 Cg0x
Ω0C

+
g1x

. (4.4.40)

For the physical parameters of figure 4.3b, (4.4.40) gives maxx |A1| ∼ 1.51, i.e. a value
slightly larger than the actual maximum reached by A+

1 (i.e. 1.47).
From figure 4.3b, we see that the A+

2 wave grows up to about 25% of the incident wave
amplitude over the corrugated patch, while detuned by more than 5%. Detunings on the
order of a few percents thus do not always prevent waves from growing relatively large, which
demonstrates that near-resonance waves cannot be always neglected. The evolution of the
wave amplitudes A0, A+

m (m = 1, 2, 3), and A−m (m = 1, 2, 3, 4) as shown in figure 4.3b,
however, does not change substantially when including more waves in the chain resonance,
i.e. waves with detuning greater than 10%. Solving equation (4.3.35) for 10 positively and
negatively forced waves (i.e. M+ = M− = 10 such that the largest detuning is about 17%),
for instance, we find that the variations of the incident wave differ by only 0.01% from what
we obtained with M+ = 3 and M− = 4 (shown in figure 4.3b). This suggests that waves
with relatively large detuning (but still small) do not affect the system dynamics, such that
the 10% threshold ensures the validity of the multiple-scale assumption without impacting
the solution accuracy.

4.4.2 Chain resonance at all corrugation angles

In order to assess whether a chain resonance as shown in §4.4.1 can occur for other relative
angles between the incident wave and the seabed undulations, we must first check that the
detuning of the successively forced waves remains small as the orientation of the seabed bars
changes from being parallel to being perpendicular with respect to the incident waves k(0)

(see figure 4.2b). We restrict our analysis to the case where the first wave A+
1 is perfectly

resonant, i.e. we select kb such that k(0) +kb = k+
(1) with k+

(1) the wavenumber of a free wave.
Therefore, the corrugation wavenumber changes when the bottom angle is varied.

We show in figure 4.4 the normalized detuning ∆±m/k
±
(m) of the first ten resonated waves

(m = 1, ..10, c.f. equation (4.2.13)), as a function of the corrugation angle θb ∈ [0, π/2], with
k+

(1) = k2. The upper half of the plot shows the detuning of the k+
(m) waves (i.e. the positive

branch of the chain resonance, c.f. (4.2.12a)), while the lower plot shows the detuning of
the k−(m) waves (the negative branch, c.f. (4.2.12b)). The long thick black line running along

the x axis of the upper plot shows the detuning wavenumber for the k+
(1) waves (which is

∆+
1 = δ+

1 = 0 by construction), and has been colored in black for clarity. The detuning of
other quasi-perfect resonant waves, i.e. with ∆±m/k

±
(m) < 0.01%, has also been colored in

black, as can be seen for small θb (highlighted by the arrow i in figure 4.4). White regions of
the figure show waves that are not considered in a chain resonance due to detuning ∆±m/k

±
(m)

exceeding the 10% threshold, which was decided based on the fact that this threshold satisfies
the multiple-scale assumption while retaining a good solution accuracy (see §4.4.1).
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Figure 4.4: Normalized detuning wavenumber ∆+
m/k

+
(m) (upper half of the plot) and ∆−m/k

−
(m)

(lower half) given by equation (4.2.13), shown for the first 10 resonated waves (y axis) as a function
of the corrugation angle θb (x axis). The color scheme indicates the strength of detuning, which
is shown in black when ∆±m/k

±
(m) < 0.01% (perfect or almost perfect resonance). The detuning

for waves ∆±m/k
±
(m) in a chain resonance experiencing large detuning, i.e. for which ∃j such that

∆±j /k
±
(j) > 10%, has been whited out for all m ≥ j. Large resonance clusters are obtained for a

broad range of angles when keeping waves with up to 10% detuning. The roman numerals highlight
some of the key chain resonance that are further discussed in the text. The bottom wavenumber
kb is chosen such that k+

(1) = k2, and the other physical parameters are the same as those of figure
4.3.
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The special case of two-dimensional problem with a rigid-lid assumption is known to lead
to a perfect chain resonance that is also called geometric focusing [155, 167]. Here, we obtain
the perfect chain resonance counterpart with free surface for a small oblique incidence (i.e.
θb ∼ 0.05, see i in figure 4.4), due to the fact that the spacing between two successive internal-
wave wavenumbers decreases with the mode number. Importantly, the detuning ∆+

m/k
±
(m)

is small for almost all θb, such that the occurrence of chain resonance (i.e. with a number
N ≥ 2 of generated waves) is not limited to quasi co-directional waves and corrugations
crests. For θb as large as π/8, for instance, we find that ∆+

10 ∼ 3%, such that at least 10
different internal waves enter the chain resonance.

The negatively generated waves k−(1) have detuning ∆−1 /k
−
(1) > 10% for almost all θb,

as shown by the predominantly white lower half of figure 4.4, such that they are typically
neglected from the chain resonance. For θb . π/4, there is a narrow range of corrugation
angles that results in small enough detuning, i.e. ∆−1 /k

−
(1) < 10% (c.f. ii in figure 4.4), due to

the fact that the forced wavenumber k(0)−kb is close to the surface-wave wavenumber k0. The
surface wave does not yet capture a significant fraction of the incident wave energy in this case
(i.e. ii in figure 4.4) because k−(1) is perpendicular to k(0), such that the coupling coefficient

is 0 between the two waves (c.f. equation (4.3.22)). For θb greater but close to π/4, however,
the detuning ∆−1 /k

−
(1) decreases significantly because the forced wavenumber k(0)−kb is close

to the mode-one internal wavenumber, i.e. ‖k(0)−kb‖2 ∼ k1. The chain resonance marked by
iii in figure 4.4 is such an example of chain resonance including negatively generated waves
k−(m), which is in fact the case investigated in 4.4.1. The detuning ∆−1 /k

−
(1) < 10% becomes

also relatively small as θb → π/2, i.e. when the corrugation crests are perpendicular to the
incident waves (iv in figure 4.4).

Similar plots for the detuning are shown in figure 4.5a-b for shorter bottom corrugations,
i.e. such that k+

(1) = k3 and k+
(1) = k4 (compared to k+

(1) = k2 in figure 4.4). The successively
resonated waves have higher wavenumbers, and result in overall in smaller normalized detun-
ing wavenumbers ∆±m/k

±
(m). For θb ∼ 0, this is due to the fact that the forced wavenumber

k(0)−kb ∼ (k1−kb)x̂ ∼ −k1x̂ in figure 4.5a, which is the wavenumber of a mode-one internal
wave propagating in the −x direction (i.e. reflected), hence resonant. For figure 4.5b, we
have instead k(0)−kb ∼ (k1−kb)x̂ ∼ −k2x̂, which is the wavenumber of a reflected mode-two
internal wave, hence again resonant.

4.4.3 Spatial dynamics of chain resonance

The analysis of the occurrence of chain resonance of figure 4.4-4.5 indicates how many waves
are forced when the incident wave propagates over the corrugations, but not how strongly
they interact with each other. Consequently, in this section we elaborate on the dynamics
of chain resonance for the two extreme cases of oblique chain resonance, i.e. when θb ∼ 0 is
small (figure 4.6) and when θb = π/2 is large (figure 4.7).

The variations of the wave amplitudes over the corrugated patch are shown in figure
4.6 for small bottom angles θb = 0 (left figures) and θb = π/9 (right figures), and for
wavenumbers k+

(1) = k2 (top figures) and k+
(1) = k4 (bottom figures). For the two cases of
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small wavenumber k+
(1) = k2 (i.e. figures 4.6a,b), the detuning for the first resonated wave

A−1 is so large, i.e. ∆−1 /k
−
(1) > 10% (c.f. figure 4.4), that all A−m waves are neglected. The

chain resonance remains nonetheless infinite for θb = 0 (figure 4.6a), because all A+
m waves

are very close to resonance. As a result, the incident wave decreases monotonically over the
patch. For θb = π/9 (figure 4.6b), the picture becomes significantly different over relatively
long distances (we show this case over a larger corrugated domain to see this), because
the cumulative detuning grows relatively rapidly such that it exceeds 2% for m > 8. This
increase in detuning results in high-wavenumber internal waves that are unable to capture
the incident wave energy, which increases again from x/λ1 = 40 onward. In the case where
k+

(1) = k4 (figure 4.6c,d), the detuning of A−m waves is small, i.e. ∆−m/k
−
(m) < 10%, such

that a relatively large number of reflected waves can be seen to grow from the downstream
toward the upstream (solid-dotted lines). The detuning ∆−m/k

−
(m) is however non-negligible

for θb = π/9 (figure 4.6d), such that the fraction of incident wave energy going to the A−m
waves is substantially less than in the case of θb = 0. It is to be noted that the patch length in
figures 4.6c,d was truncated to just half of figure 4.6a, because the generation of the resonated
waves is much faster when the corrugations are short (see how A+

1 increases faster in figure
4.6c than in figure 4.6a). The very high-wavenumber internal waves (typically greater than
mode 10) shown in figure 4.6 may not be accurately captured by the theory because they do
not satisfy the long vertical wavelength condition Dγ � 1 (see §4.2.2 and equation (4.2.6)).
Nonetheless, the chain resonance is still expected to occur, such that only the details of the
energy exchanges should differ using a higher-order theory or direct simulation.

Another particularly interesting case occurs when the corrugation crests are perpendicular
to the incident wave crests, i.e. such that θb = π/2 (iv in figure 4.4). In a homogeneous
fluid, such an orientation of the seabed bars with respect to the incident waves does not
lead to any type of Bragg resonance interaction because the solutions (k, ω) of the dispersion
relation all fall on a unique circle. In a stratified fluid, however, there are infinite wavenumber
solutions of the dispersion relation such that an incident mode-one internal wave can resonate
higher-mode internal waves via perpendicular bottom corrugations. We show in figure 4.7
the variations of the wave envelopes along the x axis when the k+

(1) wave is a mode-two

(figure 4.7a) or mode-four internal wave (figure 4.7b). The resonance conditions for the k+
(m)

and k−(m) waves are similar in this case (i.e. the only difference is θ+
m = −θ−m), such that

the wave amplitudes A+
m and A−m overlap. For k+

(1) = k2, the detuning is ∆±m/k
±
(m) > 10%

for m > 2, such that we consider only four (1+, 2+, 1−, 2−) resonated waves in the chain
resonance (see figure 4.7a). The exchange of energy between the incident wave and the two
pairs of resonated waves is clearly oscillatory. This is because (i) all waves propagate in
the +x direction, and (ii) there is only a finite number of waves that are resonated. The
oscillatory behavior is also obtained in figure 4.7b, for k+

(1) = k4, but this time the detuning
decreases such that more waves enter the chain resonance. Interestingly, we see that the
larger number of resonated waves in figure 4.7b leads to a smaller minimum of the incident
wave amplitude. This is a direct result of the conservation of wave action (4.3.26), which
requires the energy flux to be conserved. In figure 4.7b, the resonated waves carry a much
smaller energy flux x̂ ·F±m in x direction (c.f. (4.3.28)), compared to the waves in figure 4.7a,
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Figure 4.6: Evolution of the envelope amplitudes of the k+
(m) waves (dash-dash line) and k−(m) waves

(solid-dotted line), for corrugation angle θb = 0 (a,c) and θb = π/9 (b,d). The bottom wavenumber
is selected such that k+

(1) = k2 for the top two figures (a,b), in which case there are no k−(m) waves

because the detuning ∆−1 /k
−
(1) > 10% (c.f. figure 4.4). For the bottom two figures (c,d), k+

(1) = k4,

such that reflected k−(m) waves with smaller detuning ∆−m/k
−
(m) < 10% can be seen. In figures (c)

and (d) we select a normalized patch length of l/λ1 = 10, i.e. half the patch length in figure (a),
because the generation of the resonated waves is much fast in figures (c) and (d). In figure (b),
on the other hand, we select a longer domain, i.e. l/λ1 = 60, to show that the wave modulation
is quasi periodic. In (a) we show the first 20 waves, but convergence requires M+ = 50. In (b),
we show the first 15 waves and convergence is secured with M+ = 15. In (c) and (d) we show the
first 50 k+

(m) and 20 k−(m) waves but we need M+ = 100 and M− = 40 to achieve convergence. The
physical parameters are the same as those of figure 4.3.
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Figure 4.7: Evolution of the envelope amplitude of the k+
(m) waves (dash-dash line) and k−(m) waves

(solid-dotted line) over a patch of length l = 40λ1. The corrugation angle is θb = π/2 such that
the wave amplitudes overlap, i.e. A+

m = A−m. The bottom wavenumber is selected such that (a)
k+

(1) = k2 and (b) k+
(1) = k4. In (a) we show the first two pairs of resonated waves only, because

all other waves have detuning greater than 10%. In (b), we show the first 10 waves for which
convergence is secured; for m = 5, ∆±m/k

±
(m) > 3% such that any further (m ≥ 5) resonated wave

does not capture much energy. The physical parameters are the same as those of figure 4.3.

because of their higher wavenumbers and larger angle with respect to the x axis. As a result,
much less energy is needed from the incident wave to maintain the equilibrium between the
resonated waves in figure 4.7b than in figure 4.7a.

In order to provide an independent cross-validation of the occurrence of chain resonance,
we now show in figure 4.8 the evolution of the envelope amplitudes of the incident wave
and first four resonated waves as predicted by multiple-scale theory and direct simulation.
We solve the full Euler’s equation under Boussinesq approximation with MITgcm [168], an
open source non-hydrostatic hydrodynamic solver (finite volume) widely used for modeling
waves in stratified fluids [169, 170, 171, 172, 173]. Our main interest lies in verifying that
the waves that are predicted to resonate by the theory become also resonated when using
MITgcm, and that the strength of the interaction is similar for the two methods. Therefore,
we solve the initial-value problem (i.e. ∂x̄ ≡ ∂ȳ ≡ 0) rather than the boundary-value problem
for the ease of computation. With internal waves of different wavelengths and directions of
propagation, the implementation of radiation boundary conditions or sponge layers remains
challenging. An alternative based on a numerical domain large enough that reflections from
boundaries do not matter could be more easily set up, but this is unfortunately not practical
computationally. We consider a mode-one internal wave propagating without change of form
in +x direction for t < 0, until bottom corrugations suddenly appear at t = 0, subsequently
scattering the incident mode-one wave energy for t > 0. The bottom corrugation angle is
selected such that the corrugation crests are perpendicular to the incident wave crests, i.e.
θb = π/2, and we pick kb such that k+

(1) = k3. The multiple-scale solution for the initial-value

78



Chapter 4: Oblique chain resonance of internal waves

problem is readily obtained from the solution method described for the boundary-value prob-
lem, provided that the diagonal elements of matrix [E] are substituted with Ω±m (c.f. equation
(4.3.35)). The boundary conditions are A0 = 1 at t = 0, and A±m = 0 (∀m > 0) at t = 0. In
the numerical setup, we use a free-surface and a free-slip bottom boundary condition, and
we turn off viscosity. The envelope amplitudes are extracted from the free-surface elevation
data using discrete Fourier transform in both x and y at successive time steps. Figure 4.8
shows that the multiple-scale predictions compare well with the converged direct simulation
results for the first five resonated modes that are shown, endorsing the discussed trend of
energy flowing to higher-wavenumber internal waves as time progresses. We do not, however,
have a physical explanation for the rapid oscillations of the first resonated internal waves A±1
at the very beginning of the simulation. This feature is not predicted by multiple scales and
therefore we speculate that it is a non-physical and transient artifact of the direct simulation
scheme. This large discrepancy at t ∼ 0 may be at the origin of the differences with the
multiple-scale results observed at later times. Other effects, however, due to higher wave-
bottom interactions and wave-wave nonlinearities considered in the direct simulation, may
also explain the small deviations from the theory. Importantly, the good agreement between
the two methods proves that the condition Dγ � 1 on the vertical wavelength of the internal
waves can be relaxed (see §4.2.2 and equation (4.2.6)), at least in this case. Indeed, here we
show a good agreement up to the k±(5) waves, which are mode-fifteen internal waves. These

waves have small vertical wavelengths, i.e. γ±(5) = γ15 ∼ 15π/h such that Dγ ∼ 2.5. They are
therefore beyond the validity range of the assumption, but nonetheless well predicted by the
theory. We would like to note that discrepancies other than those due to nonlinear effects
could be obtained when solving the boundary-value problem. Indeed, with oblique seabed
corrugations, the water depth is discontinuous at the beginning and end of the corrugated
patch, such that waves reflected by abrupt seabed steps can be obtained in the numerical
experiments. However, with seabed steps less than 5% the height of the water column, such
reflections should stay small, hence dominated by the leading-order phenomenon of chain
resonance.

4.4.4 Energy flux re-distribution

In this section, we further investigate the effect of the corrugation angle on the dynamics
of chain resonance by showing the decay of the incident wave energy over the patch, and
by evaluating the maximum amount of energy captured by the resonated waves for different
corrugation angles.

We first show in figure 4.9 the variations of the normalized energy flux of the incident
wave, i.e. F0(x)/F0(x = 0) where F0 = ‖F0‖2 (see equation (4.3.28)) over the corrugated
patch, obtained for 100 different corrugation angles θb taken uniformly in [0, π/2] (dark
to bright solid lines). To highlight the importance of chain resonance, we show the naive
results, i.e. obtained with only one resonated wave (A+

1 ) considered in the chain resonance
such that M+ = 1, M− = 0 (see equation (4.3.35)), for k+

(1) = k2 in figure 4.9a and for

k+
(1) = k4 in figure 4.9c. The energy flux simply oscillates in these two cases with a period
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Figure 4.8: Evolution of the envelope amplitudes for the incident wave and for the first five
resonated waves as predicted by multiple-scale theory (dotted lines), and by direct numerical simu-
lation using MITgcm (solid lines). We solve the initial-value problem such that A0 = 1 and A±m = 0
(m > 0) at t = 0. The corrugation angle is θb = π/2 such that A+

m = A−m ∀m, and the bottom
wavenumber is chosen such that the first resonated wave is a mode-three internal wave (k+

(1) = k3).
The numerical domain contains 400× 400 grid points for a domain size 2λ1× 2λ1 in x, y direction,
and we use 100 layers along the fluid depth which we take equal to 100 meters. The time step is
0.1 s. The physical parameters are chosen such that ω/N = 0.2, ha = 0.05, D/h = 0.05, and the
Coriolis parameter is set to zero. The initial mode-one wave amplitude in MITgcm is 1 meter.
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increasing with the corrugation angle θb. This is because the resonated wave A+
1 encounters

fewer corrugation crests along the length of the patch in x direction when θ+
1 (and θb) is

increased.
The effect of the other higher-wavenumber resonated waves on the decay of the incident

energy flux can be seen in figure 4.9(b,d), which show the same results as in (a,c) except
that this time we consider all resonated waves. The incident energy flux does not simply
oscillates anymore, but shows a relatively complex behavior that is sensitive to whether the
corrugations are long (figure 4.9b) or short (figure 4.9d). In figure 4.9b, the energy flux
decreases monotonically over the patch for small corrugation angle (shown by dark lines),
because the incident wave energy keeps going to higher and higher-wavenumber resonated
waves (as already discussed in figure 4.6). As the corrugation angle increases and becomes
larger than about π/9, however, the incident energy flux becomes oscillatory again due to the
fact that the chain resonance only includes a finite number of near-resonance waves (which
corresponds to the situation shown in figure 4.6b). The variations of the incident energy
flux are thus relatively similar for large angle θb in both figures 4.9a,b (shown by bright-
colored lines). In figure 4.9d, similar features can be observed as for figure 4.9b, although
the differences with the naive results (shown in figure 4.9c) are even more emphasized. For
large corrugation angle θb ∼ π/2 (bright-colored lines), for instance, the incident energy flux
oscillates but in the case of figure 4.9d the minimum reached remains large, i.e. close to 1
(contrary to figure 4.9b in which the minimum is close to 0). This is due to the fact that
the resonated waves included in the chain resonance propagate at a large angle with respect
to the x axis when the corrugations are relatively shorter, as discussed in figure 4.7b, thus
carrying less energy in x direction.

In order to estimate how the incident wave energy is redistributed across the internal-
wave spectrum for the different corrugation parameters used in figure 4.9, we now show in
figure 4.10 the maximum normalized energy flux F±m(x)/F0(x = 0) reached over the patch
by the resonated waves. For each corrugation angle, a unique chain resonance is obtained
that is represented as a trajectory in wavenumber space (kxh, kyh) starting from the incident
wavenumber k(0)h = (k1h, 0); each trajectory is color coded by the intensity of the energy
flux of the resonated waves k±(m)h in the chain resonance. In figure 4.10a,c we consider only

one resonated wave (A+
1 ) in the chain resonance, such that each trajectory consists of one

segment connecting the incident wavenumber k(0)h to the resonated wavenumber k+
(1)h. The

intensity of the energy flux maxxF+
1 (x)/F0(x = 0) is clearly seen to smoothly increase as

θb increases in this case (as the trajectory goes from being parallel to the x axis to being
perpendicular), which is due to the fact that the total energy flux needs to be conserved in x
direction and that the incident energy flux becomes 0 somewhere along the patch (see figure
4.9a,c), i.e. such that maxxF+

1 (x) cos θ+
1 = 1 where θ+

1 increases with θb. Figure 4.10a and
4.10c differ only in that the corrugation wavenumber is larger in the later figure, such that
the resonated wave has a higher wavenumber k+

(1) = k4 for the case of figure 4.10c compared

to k+
(1) = k2 for the case of figure 4.10a.

When all resonated waves are considered (figure 4.10b,d), the trajectories consist of many
segments connecting each successively resonated waves. The trajectories can include posi-
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Figure 4.9: Variations of the normalized incident wave energy flux F0(x)/F0(x = 0) over the patch
for 100 different corrugation angles θb ∈ [0, π/2] (shown by solid lines from dark to bright). The
corrugation wavenumber kb is chosen such that (a,b) k+

(1) = k2, and (c,d) k+
(1) = k4. The plots on

the left show the naive results obtained with only one resonated wave (A+
1 ) included in the chain

resonance (M+ = 1, M− = 0), whereas the plots on the right are obtained with all resonated waves
considered [M+ = M− = 40 for (b), M+ = M− = 80 for (d)]. The physical parameters are the
same as those of figure 4.3.
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Figure 4.10: Normalized maximum wave energy flux F±m/F0(x = 0) of the resonated waves in
chain resonance with (a,b) k+

(1) = k2, and (c,d) k+
(1) = k4, for 100 different corrugation angles

θb ∈ [0, π/2] (i.e. same as in figure 4.10). The chain resonance trajectories are plotted in (kxh, kyh)
space and colorcoded with the intensity of the maximum normalized energy flux. In (a,c), where
only one resonated wave (A+

1 ) is considered in the chain resonance, the trajectory emanates from
the incident wavenumber k(0)h = (k1h, 0) and reaches out to k+

(1)h with the colorcode given by

maxxF+
1 /F0(x = 0). In (b,d), the trajectories include all successively generated waves at and

near resonance. The maximum normalized energy flux does not increase monotonically with the
corrugation angle θb in this case, and can be relatively large even for some of the higher-wavenumber
waves (i.e. k±(m), m > 1). The roman numerals in (b) refer to the same features shown in figure 4.5
that are further discussed in the text. The dotted circles represent the internal wavenumber kjh
solutions of the dispersion relation (4.2.9). The patch length and the physical parameters are the
same as in figure 4.9.
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tively generated waves k+
(m) (shown by branches in the upper right quadrant), but also nega-

tively generated waves k−(m) (shown by branches in the lower left quadrant). In figure 4.10b,

the positive branches of the trajectories are very long (i.e. including more than 10 resonated
waves) for a wide range of corrugation angle (θb . 3π/8) because the detuning ∆+

m/k
+
(m) is

small in this case (see figure 4.4). As the corrugation angle is increased (θb & 3π/8), how-
ever, the detuning also increases such that some of the higher-wavenumber generated waves
become neglected, resulting in truncated positive branches (as seen by the stair-case shape
in the upper right quadrant of figure 4.10b). For a narrow range of corrugation angles near
θb ∼ 0, the trajectories also have a negative branch (shown as ii in figure 4.10b), with a frac-
tion of the incident wave energy transferred toward reflected internal waves via the surface
wave mode k0. The maximum energy flux of the surface wave is substantial (about 0.3) in
this case, despite the fact that the surface-wave amplitude grows only by about 1/100th of
the incident wave amplitude; this is a result of the much higher group velocity of the surface
mode (see related discussion in §4.4.2). A negative branch of the trajectories is also obtained
when θb ∼ π/2 (iv in figure 4.10b; see also discussion of figure 4.7), and when θb is given
by equation (4.4.38) (iii in figure 4.10b), which is the somewhat special case that includes
three perfect resonant waves discussed in §4.4.1. For θb = θ∗b (c.f. equation (4.4.38)), the
two perfectly resonant waves k−(1), k

−
(2) reach a small maximum normalized energy flux (about

0.07), which can readily be inferred from the plot of the wave amplitudes in figure 4.3b. For
θb slightly less than θ∗b (i.e. decreased by about 1%), the same two waves are slightly detuned,
but remarkably reach a very large maximum energy flux of maxxF−m(x)/F0(x = 0) ∼ 3.1, 2.6
for m = 1, 2 (shown by the bright negative branch near iii in figure 4.10b), i.e. amplified by
about two orders of magnitude. The resonance dynamics is thus significantly enhanced with
small detuning, which is a behavior that can be also obtained in nonlinear wave-wave systems
[174]. In order to further characterize the effect of a small change of the corrugation angle on
the dynamics of the cluster resonance, we show the evolution of the wave amplitudes for the
case shown in figure 4.3b (i.e. θb = θ∗b = 0.9125, c.f. (4.4.38)) and for θb = 0.9055 in figure
4.11. The order of magnitude increase of the two resonated waves (A−1 and A−2 ) between the
two cases, which differ by less than 1% relative change in θb, can be clearly seen (c.f. figure
4.11a and b). We would like to remark that the conservation of energy flux in x direction is
not violated in the case of enhanced detuned resonance even though the energy flux of the
two amplified waves exceeds the incident energy flux (maxxF−m(x)/F0(x = 0) ∼ 8.4, 6.6 for
m = 1, 2 in figure 4.11b); the two waves A−1 and A−2 propagate in opposite x direction such
that they cancel each other.

Figure 4.10c,d show results similar to figure 4.10a,b for shorter corrugations, i.e. such
that k+

(1) = k4. As already discussed in figure 4.5b, the detuning is smaller in this case such
that many more resonated waves are included in the chain resonance. Figure 4.10d thus
shows longer trajectories than in figure 4.10b, in particular for the negative branches in the
lower left quadrant, which consists mostly of reflected internal waves. An enhanced detuned
resonance can also be observed, as shown by the bright-colored trajectory in the lower left
quadrant of figure 4.10d.
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Figure 4.11: Evolution of the envelope amplitudes of the k+
(m) waves (dash-dash line) and k−(m)

waves (solid-dotted line), for corrugation angle (a) θb = θ∗b (c.f. (4.4.38)), and (b) θb = 0.9928θ∗b .
The small decrease (< 1%) of the corrugation angle from figure (a) to figure (b) results in detuned
k−(1) and k−(2) waves (they are perfectly tuned for θb = θ∗b in (a)), which yet grow by one order of

magnitude larger than in figure (a). The patch length is l = 40λ1 and all other parameters are the
same as in figure 4.3.

4.4.5 Generalization of the results to arbitrary physical parame-
ters

As mentioned at the beginning of §4.4, the results presented in this paper were obtained for
fixed physical parameters while varying the angle and wavelength of the bottom corrugations.
The effect of the corrugation amplitude d/h is well known in the weak-topography limit, i.e.
the energy transfer rate scales linearly with d/h, and therefore we could fix d/h without
loss of generality. How the results might change with the internal-wave frequency, buoyancy
frequency, or water depth is however of significant interest since the oceans experience very
different physical conditions.

The effect of varying physical parameters can be understood by looking at the interaction
coefficients between the incident and resonated waves, which are given by the diagonal
elements of matrix [E] (c.f. (4.3.34)):

r±m = λ1Ω±m/C
±
gmx =

d

2h

2π

cos θ±m

γ±(m)h

γ1h

1

1 +
sin 2γ±

(m)
h

2γ±
(m)

h

. (4.4.41)

The coefficient r±m in (4.4.41) is non-dimensionalized by λ1, and represents the growth (or
decay) rate of wave A±m per unit incident wavelength. As can be seen in figure 4.12 where
we plot r±m as a function of γ±(m)h (θ±m = 0), r±m is asymptotically proportional to γ±(m)h,
with small oscillations apparent due to the consideration of a free-surface. The interaction
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Figure 4.12: Rate of change of the interaction coefficient r±m (c.f. equation (4.4.41)) with the nor-
malized vertical wavenumber γ±mh for θ±m = 0. As shown by the dash-dotted line (which represents
r±m obtained under rigid-lid assumption, c.f. (4.4.42)), r±m is asymptotically proportional to γ±mh,
which implies that the free-surface results are similar to the rigid-lid results, and that the energy
exchanges are faster for higher-wavenumber internal waves.

coefficient r±m indeed reduces to

r±m = 2π
d

2h

γ±(m)h

γ1h
, (4.4.42)

under rigid-lid assumption (as shown by the dash-dotted line in figure 4.12), which, given
that γ±(m)/γ1 is an integer number (with rigid-lid), is independent of the physical parameters

[155]. Here, the variations of r±m with the physical parameters are due to the effect of the
free-surface and are strongest for the first few interactions. However, for practical physical
conditions, i.e. ω/N ∈ [f/N, 1] and ha ∈ [0, 0.05], we find that the relative variations of
r±m are on the order of only 1%, hence negligible. It is to be noted that the quasi-linear
increase of r±m with the normalized vertical wavenumber γ±(m)/γ1 is consistent with the rapid
generation of high-wavenumber internal waves over the corrugations, as was clearly seen for
small θb in figure 4.6a,c.

The above analysis demonstrates that the rapidity of the energy exchanges are basically
proportional to (1/λ1) ∝ µ/h, hence increases with decreasing water depth and increasing
wave frequency. The results presented in §4.4.1-§4.4.4 holds for a broad range of physical
parameters, and therefore could be in theory applicable for internal waves on the continental
shelf or in the abyss. It is to be noted that the main variations of the energy transfer rates
are affected by the complex effect of detuning, oblique interactions and the Coriolis force,
which are represented by matrix [D], [S], and [F ] in equation (4.3.34). In brief, the effect of
detuning results in faster but weaker modulations of the energy transfers, whereas the effect
of the Coriolis force and oblique interactions, which similarly result in modified modulation
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patterns, are only important for relatively large angles between the incident wave and bottom
corrugations.

We would like to finally point out that the the spatial dynamics of chain resonance is
dependent on the length of the corrugated patch when some of the resonated waves are
reflected. The effect of a varying patch length can change the modulation of the wave am-
plitudes, especially when the parameters are chosen close to a case of enhanced detuned
resonance. For physical parameters as in figure 4.11b, but for a patch half as long, for in-
stance, i.e. ending at x/λ1 = 20, A−1 and A−2 reach a maximum of 2.1 and 1.6 respectively,
both approximately 40% smaller than what is obtained in figure 4.11b, such that the dy-
namics is significantly sensitive to the length of the patch. This is however not the general
case since the reflected waves do not play a major role for most of the corrugation angles
θb, in particular when the corrugations are long, i.e. such that k+

(1) = k2 (see figure 4.10b).
Effects due to the patch length as well as due to other types of reflective boundaries may
yet display new interference patterns which could be interesting [167].

4.5 Concluding remarks

In this work, we showed that an incident internal wave propagating over oblique bottom
corrugations can resonate a large number of other freely propagating waves for a wide range
of physical conditions. We explained that this behavior results from the occurrence of chain
resonance, whereby a single seabed harmonic can resonate many different interconnected
wave triads. The concept of chain resonance has its roots in the broader context of nonlinear
wave science and resonance cluster [158], to which it is a special case as one wave in each
triad is a frozen (medium) wave whose amplitude is fixed. We demonstrated that the chain
resonance occurs for incident internal-wave and corrugation crests that are either aligned or
perpendicular, as well as for all other angles of the bottom corrugations. The chain resonance
mechanism can efficiently re-distribute the internal-wave energy in the two-dimensional hor-
izontal wavenumber spectrum, thus potentially contributing to enhanced mixing and energy
dissipation. We showed that near-resonance waves cannot be neglected, and that the solu-
tions to the boundary-value problem can be significantly sensitive to the corrugation angle.
With changes of the corrugation angle as small as 0.01◦, we found that the system can ex-
perience an enhanced detuned resonance, i.e. such that waves that become slightly detuned
experience order of magnitude amplification and dominate the internal wave field. Waves
with relatively large detuning, but that can still be predicted by the multiple-scale method,
on the other hand, are not predicted to play a major role in the internal wave dynamics.
This suggests that the multiple-scale model captures the most important features of the
chain resonance.

The shortcoming of uniform density stratification that was assumed in this paper has
been addressed in a number of earlier studies on internal-wave scattering by bottom corru-
gations [155], which, based on the results of [175], argued that the fundamental ways in which
the interactions occur do not change for depth-dependent stratification. Although realistic
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density profiles deserve attention, here we believe that the chain resonance is also relevant to
other density profiles, in particular because the successively forced waves are never perfectly
resonant. In fact it is not unreasonable to speculate that an ocean with a variable stratifica-
tion, and therefore non-uniformly spaced wavenumbers, could have stronger energy transfers
toward high-wavenumber waves for oblique incidence than in the constant stratification case
due to better tuned resonance.

Even though our results were presented for a single seabed harmonic, the theory can
be easily extended to multiple corrugation wavenumbers, in which case one can expect a
ramification of the chain resonance across the two-dimensional wavenumber space. The
number of resonant branches may in fact become infinite with just two seabed harmonics and
may exhibit interesting different wave dynamics. To extend the range of applicability of the
theory to more general cases, finite-amplitude bottom corrugations should be considered and
are worth independent investigation. However, large seabed variations require higher-order
or exact linear wave theories, such as Green functions approach or Floquet theory, making
the problem much less tractable analytically (see e.g. in homogeneous water [53]). Numerical
simulations could obviously be used but we shall recall that the problem investigated here
is three-dimensional and therefore computationally intensive.

The re-distribution of energy across the internal-wave spectrum is of significant impor-
tance in order to predict enhanced mixing efficiency and wave breaking near topography.
Therefore, it will be essential to include the effect of finite-amplitude internal waves in fu-
ture studies. Nonlinear wave-wave effects will be most likely increased by and coupled to
the internal-wave dynamics of chain resonance over seabed corrugations.
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Conclusion

5.1 Key results

In this dissertation, we first investigated two new applications of Bragg resonance in ho-
mogeneous water using small seabed corrugations to allow control over the wave climate in
near shore environments. We derived our results using an analytical method based on mul-
tiple scales expansion and we compared the theoretical predictions with high-order spectral
simulations.

In Chapter II, we demonstrated that the amplitude of water waves trapped inside an
oceanic resonator made of two distinct sets of seabed corrugations can be amplified or at-
tenuated, depending on the length of the resonator. The amplifying mechanism relies on
the Fabry-Perot resonance which is widely used in lasers and interferometers, as well as for
other optical applications. We reported it in the context of water waves for the first time in
this dissertation.

In Chapter III, we showed that water waves arriving near the shore can be deflected to the
sides of a buffer zone using two sets of superposed seabed corrugations. A wake of decreased
wave activity was obtained in the downstream of the corrugations, where potential coastal
infrastructures become shielded from the powerful energy flux of incident ocean waves. The
deflection mechanism relies on Bragg resonance but assumes waves that are transmitted
rather than reflected, such that no wave can be trapped between the potentially reflective
shoreline and the protective patch of seabed bars. Water-wave trapping between longshore
seabed bars and the coast was shown previously to lead to unreliable and uncontrollable wave
interference pattern near the shoreline, which motivated the present analysis and design of
an alternative protection scheme.

In the second part of this dissertation, i.e. Chapter IV, we considered the effect of density
stratification on the Bragg resonance mechanism for internal waves over seabed topography.
This research was originally motivated by the cloaking mechanism proposed in a two-layer
fluid using seabed corrugations [70], which we had planned to extend to continuous strat-
ification. However, resonant wave-bottom interactions in a stratified fluid lead to intricate
wave dynamics, because a single seabed harmonic can resonate many internal waves with
different wavenumbers and directions of propagation. Instead of single isolated resonant tri-
ads (which is what is obtained in homogeneous and two-layer fluids), we demonstrated that
a chain resonance of connected triads is obtained, which potentially lead to the generation
of internal waves with very short wavelengths. Short internal waves are prone to breaking
and therefore are susceptible to contribute to enhanced ocean mixing at seabed topography.
The analysis presented in Chapter IV may therefore be of significant interest to the oceano-
graphic community. The cloaking mechanism proposed in a two-layer fluid [70], however,
does not seem to be directly applicable to the case of linear stratification.
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5.2 Future work

Several extensions of the results presented in this dissertation may be worth further inde-
pendent investigations because they could be of significant interest to ocean engineers and
oceanographers. We briefly discuss a number of them in the list below.

1. Field demonstration of the Fabry-Perot resonance. Before moving to a field experiment
of the Fabry-Perot resonance, several effects such as viscosity and nonlinearity will have
to be investigated in a laboratory to estimate whether they can significantly change
the resonator length for which wave amplification is maximum. Then, the first step
toward the installment of a Fabry-Perot resonator in the ocean will first require a
dedicated feasibility and wave climate assessment study in order to estimate how much
wave amplification or attenuation can be expected. It is required to know the wave
energy spectrum as well as the directionality of the waves since for each incidence angle
the amplification frequency band is relatively narrow. A broadening of the frequency
band can be achieved using several resonators of seabed corrugations with different
harmonics that are superposed. The optimization of this procedure will yet require
a detailed understanding of the wave environment. The installment of a Fabry-Perot
resonator is obviously justified if it is coupled with a wave energy extraction device,
which we further discuss in point no. 4.

2. Two-dimensional Fabry-Perot resonator in multi-directional wave environment. In
cases where waves come from many different directions, a circular Fabry-Perot res-
onator can be designed to maximize the wave focusing in just one central region,
rather than along a line. A circular Fabry-Perot would be made of concentric seabed
bars surrounding an interior region where waves can be amplified or attenuated. The
radius of the circular seabed bar closest to the central region would determine the
resonator regime, i.e. whether it is an attenuator of amplifier.

3. Single-point focusing in mono-directional wave environment. In cases where waves
come primarily from one direction, but a strong wave amplification is desired at a
single point rather than along a line, a circular Fabry-Perot can be coupled with a
convex or concave lens [126]. The later device designed with a large capture width
would reflect the incident waves toward the smaller resonator installed at the lens focal
point, which would amplify the lens-reflected waves coming from all different directions.

4. Fabry-Perot resonance of ambient and radiated wave field. The Fabry-Perot resonator
can be coupled advantageously with a wave energy extraction device that would benefit
from the enhanced wave activity. The two questions of fundamental interest then are:
(i) does the presence of a structure inside the resonator affect the wave phases, in which
case the resonator size to achieve amplification may change, and (ii) can the radiated
waves due to the moving device remain trapped and in phase with the ambient waves
inside the resonator? These two questions should be relatively easy to answer; the
wave modulation over the seabed bars can be solved readily using the same approach
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adopted in this dissertation, while the structure inside the resonator results in a pure
diffraction effect in constant finite-depth water.

5. Active oceanic medium. Another analogy with a fundamental extension of the Fabry-
Perot resonance in optics may be attempted; namely, could we mimic active laser
medium with floating or submerged structures inside the oceanic resonator? To the
best of our knowledge, there have been no investigations of this, and therefore this
seems to be a challenging problem. However, the benefits may be significant, as an
active oceanic medium could help focus the broadband incident wave energy to a single
narrow frequency band, which could be then be easily harvested by a wave energy
extraction device.

6. Fabry-Perot resonance in a two-layer fluid and cloaking. The cloaking mechanism of
[70] appears as a special case of the more general problem of the Fabry-Perot resonance
in a two-layer fluid. As a result, some of the investigations discussed above may be
extended to the case of a two-layer fluid. The motion of a body inside the cavity due
to interfacial waves deserves most attention, as it may generate surface waves trapped
between the two sets of corrugations, which may then negate the benefit of cloaking.
To fully understand the advantages of the cloaking mechanism in practical situations,
it thus seems necessary to perform a dedicated study of the coupled fluid-structure-
seabed system. In a two-layer fluid, such investigations could build upon the original
wave-seabed interaction results of [70], as well as on hydrodynamics studies of floating
bodies [176] and general point sources [177, 178] in a two-layer fluid.

7. Bragg deflector in series. Besides the necessity to validate with laboratory and field
experiments the merits of the Bragg deflection mechanism for shore protection, a ques-
tion of fundamental interest still has to be answered. Indeed, here we proposed a
bi-modal patch of superposed corrugations, i.e. two sets arranged in parallel, but we
did not prove that it is the best configuration. The arrangement of the two sets in
series, i.e. one after each other, for instance, is worth attention. In fact, although
the arrangement in parallel offers the minimum patch length requirement, the arrange-
ment in series provides the opportunity to optimize the shape of each patch in order to
improve the protection efficiency [179]. Preliminary studies have also shown that the
arrangement in series can mimic relatively closely the behavior of a diode, i.e. such
that waves propagating in one direction experience significant transformation (e.g.
blocked), while in the other direction they propagate unaffected.

8. Nonlinear effects in chain resonance of internal waves. Because an incident internal
wave in resonance with bottom corrugations can transfer its energy to much shorter
internal waves, which may grow relatively large in amplitude and break, nonlinear
effects can be significant and deserve attention. Investigations of nonlinear effects can
be pursued using an asymptotic expansion of the flow variables with respect to a small
wave steepness parameter. This is a kind of regular perturbation which can be done
when there is no wave-wave resonance. If wave-wave resonance occurs, however, the
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resonated waves must be included in the leading-order solution and the multiple-scale
analysis must be re-derived to account for wave-bottom and wave-wave resonance.

9. Chain resonance with arbitrary variation in density. As discussed in the conclusion
of Chapter IV, real oceans may have a density stratification that departs significantly
from the constant stratification case, such that the chain resonance analysis should be
explored for other density profiles. The challenge then is to find the modal structure in
vertical direction of the propagating internal waves as well as the wavenumber solutions
of the dispersion relation. Few cases other than constant stratification have been
investigated for which the wave modes are known. The general case, however, remains
challenging and awaits proper studies.

10. Internal-wave generation from surface wave-seabed resonant interactions. Here, we
derived the envelope equations of internal waves including the free surface mode, but
we did not present results showing a significant contribution from free surface waves.
This is due in part because we considered the incident mode to be an internal wave in
all cases. With an incident wave that is a surface mode, there could be indeed a strong
interplay with internal waves. Surface-generated internal waves can be expected to
grow substantially large mostly because the energy density of internal waves is much
smaller than that of surface waves. The generation of internal waves by surface waves
could therefore lead to large enhanced mixing at seabed topography over which surface
waves propagate. The relevance of this mechanism with respect to real life conditions
yet requires careful investigations of whether surface waves with period smaller than
the Brunt-Väisälä frequency can be found in the ocean interacting with corrugated
seabed topography. Infragravity, storm and tsunami waves are surface waves with long
enough period, i.e. on the order of tens of seconds to tens of minutes, which may
contribute to transient enhanced ocean mixing over topography.

5.3 Perspectives on the manipulation of ocean waves

In Chapter II and III we proposed two new applications of resonant water-wave reflection
by seabed corrugations to: (i) trap and focus water waves inside a resonator, and (ii) deflect
water waves to the outside of a protected buffer zone. Our efforts thus join the broader
goal of providing new means to control the propagation of surface waves, a relatively new
exciting field of study, by engineering the water medium (a term used to designate the
bottom geometry of the fluid domain) in which surface waves propagate. It should be noted
that some of the practical challenges (such as the stability of the bottom corrugations) and
limitations of the theory were discussed in §2.4 and §3.6.

The transformation of surface waves propagating over a gradually varying water depth
has been known and referred to as wave refraction for several decades (see the Introduction
Chapter §1). As a result, the idea of using gradual wave refraction by properly shaped sea
beds in order to control the incident wave pattern is also well-known and has a history that
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spans many decades (see e.g. [180]). The inspiration and motivation for wave control comes
mostly from the optics community, which has led the way in the field of wave manipulation.
In optics, materials with special properties for light-wave propagation are of great interests
in the industry as well as in academia, which have spurred many advances in new materi-
als design and manufacturing. In the context of water waves, on the other hand, the idea
of changing the propagation medium is typically met with skepticism and largely remains a
mathematical exercise. Until recent years, the lack of incentives for water-wave manipulation
studies and implementations was understandable. Wave manipulation by gradual modifica-
tion of the water depth typically requires engineering the sea bed on horizontal and vertical
scales of a few hundred meters and a few meters respectively, which is far from practical.
Pushed by continuous advances in opto-electronics and the relatively recent discovery boom
of metamaterials since the year 2000s, new ideas are yet emerging for water-wave manipu-
lation that may turn applicable (see list in table 5.1). Indeed, different working principles
for water-wave manipulation are now available that await laboratory scales experiments and
field trials, provided that they can support or fit a particular need of the ocean engineering
community, which is concerned with the protection of coastal habitats and infrastructures
and with the extraction of ocean wave energy.

In table 5.1, five different ways to manipulate surface waves by proper engineering of
the water medium are identified. First, there is the resonant reflection of surface waves
by periodic seabed corrugations (with length scales similar to the surface wavelength), as
demonstrated in this dissertation, which can lead to wave focusing, trapping and bending
[126, 107, 166]. A similar Bragg-type resonant mechanism is obtained when looking at wave
scattering by multiple bottom steps [181], cylinders [182] or drilled holes [183], which has
been shown to lead to wave blocking, directional emission (DEM) and collimation. Here
Bragg reflection is distinguished from crystal scattering, although the medium periodicity
is on the same length scale as the surface wavelength in both cases, because in the latter
the medium architecture implies larger depth variations. The well-known gradual refraction
of surface waves by smooth non-uniform water depth is listed as the third mechanism (see
table 5.1), and can lead to wave focusing again (the first mention of water-wave focusing
dates back to 1978, see [184]), directional emission and bending [184, 185, 186]. A recent
experimental demonstration of wave focusing by an abrupt variation of the water depth is
listed in fourth, which we refer to as abrupt wave refraction [5]. This experiment is rather
simple (see [5]), i.e. it that can be explained by a single wave refraction event (obtained from
Snell’s law), which yet demonstrates interestingly the analogy with the use of ε-near-zero
materials in optics. Last but not least, there is the anisotropic refraction of surface waves
provided by rapid variations of the medium (at sub wavelength scales), which can lead
to object cloaking, wave shifting, rotation, focusing, superlensing, directional emission and
wave blocking [187, 188, 189, 190, 191, 192, 193, 194]. The physics of anistroptic refraction
relies on coordinates transformation media and homogeneization techniques, which are being
consistently improved due to the rise of metamaterials in many fields of physics, including
optics, solid-state physics, nano technologies, thermal materials and acoustics. Engineering
an effectively anisotropic water medium can be designed with surface-piercing cylinders,
drilled holes, or seabed steps.
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The number of new techniques to manipulate water waves will probably keep increasing
in the upcoming years, in part due to the fact that table-top experiments can be easily set
up to demonstrate the desired wave control (see for instance [181, 186]), which is in fact a
significant advantage of the water medium over light-wave experiments. Ideally, water-wave
manipulation studies should be pursued with the hope to benefit practical ocean applica-
tions, such as coastal protection and energy extraction. This requires ocean engineers and
practitioners to step into the discussion on water-wave manipulation, which is now mostly
controlled by physicists and applied mathematicians, in order to give guidelines on the kind
of applications that can be practical as well as on engineering constraints. One obvious con-
straint is that changes to the water medium should be kept to a minimum. Letting aside the
necessity to respect marine habitats, it is indeed unpractical to try to re-arrange the seabed
by moving large volume of material, which probably rules out gradual refraction methods.
Abrupt refraction is also not practical in most cases, also it may on small horizontal length
scales be applicable near shore where the water depth is still relatively large. Bragg reflection
(or more generally crystal scattering) and effectively anisotropic refraction require further
investigations. They may require fewer changes to the water medium than the other two
methods, but the frequency band and incidence angle over which they can work has not
been thoroughly studied such that their range of applicability remains uncertain. It is the
belief of the present author that crystal scattering may be superior to anisotropic refraction
as far as the relevance to practical applications in the fluid environment is concerned. It is
indeed probable that Bragg reflection requires the simplest changes of the water medium,
considering that it requires relatively small volume changes spread out over relatively large
distances. In fact, rapid variations of the water depth may produce circulatory cells between
bottom steps or be hidden by a viscous boundary layer in the fluid environment, thereby
adversely affecting anisotropic refraction techniques. The greater frequency range for wave
manipulation offered by metamaterials is however attractive, a gap which will be hopefully
overcome by the scientific community, thanks to new ingenious design principles of crystal
scattering.

94



Chapter 5: Conclusion
P

h
y
si

cs
M

ed
iu

m
V

ar
ia

ti
on

s
W

av
e

M
an

ip
u

la
ti

on
D

es
ig

n
M

et
h

o
d

A
n

al
y
si

s
C

om
m

en
ts

B
ra

gg
re

fl
ec

ti
on

S
m

al
l

w
at

er
d

ep
th

u
n

d
u

la
ti

on
s

F
o
cu

si
n

g[
12

6]
T

ra
p

p
in

g[
10

7]
B

en
d

in
g[

16
6]

C
on

ca
ve

m
ir

ro
r

F
ab

ry
-P

er
ot

F
ro

n
t

sp
li

tt
er

N
u

m
.+

E
x
p

.
T

h
eo

.+
N

u
m

.
T

h
eo

.+
N

u
m

.

IW
,

B
ra

gg
M

F
B

IW
,

F
P

M
F

B
IW

,
B

ra
gg

M
F

B

C
ry

st
al

sc
at

te
ri

n
g

D
ep

th
st

ep
ar

ra
y
s

C
y
li

n
d

er
ar

ra
y
s

H
ol

e
ar

ra
y
s

B
lo

ck
in

g[
18

1]
D

E
M

[1
82

]
C

ol
li

m
at

io
n

[1
83

]

1D
la

tt
ic

e
M

S
T

M
S

T

N
u

m
.

N
u

m
.+

E
x
p

.
E

x
p

.

IW
,

n
ar

ro
w

M
F

B
IW

,
n

ar
ro

w
M

F
B

IW
,

n
ar

ro
w

M
F

B

R
ef

ra
ct

io
n

(g
ra

d
u

al
)

G
ra

d
u

al
d

ep
th

va
ri

at
io

n
s

F
o
cu

si
n

g[
18

4]
F

o
cu

si
n

g[
18

5]
D

E
M

,
b

en
d

in
g[

18
6]

E
ll

ip
ti

ca
l

le
n

s[
18

4]
L

u
n

eb
er

g
le

n
s

C
on

fo
rm

al
T

M

T
h

eo
.+

N
u

m
.

E
x
p

.
N

u
m

.+
E

x
p

.

IW
,

b
ro

ad
M

F
B

S
W

,
b

ro
ad

M
F

B
S

W
,

b
ro

ad
M

F
B

R
ef

ra
ct

io
n

(a
b

ru
p

t)
A

b
ru

p
t

d
ep

th
va

ri
at

io
n

s
F

o
cu

si
n

g[
5]

E
N

Z
fr

on
t

sh
ap

in
g

E
x
p

.
S

W
,

b
ro

ad
M

F
B

,
N

L
fo

cu
si

n
g

R
ef

ra
ct

io
n

(e
ff

ec
ti

ve
ly

an
is

ot
ro

p
ic

)

D
ep

th
st

ep
ar

ra
y
s

C
y
li

n
d

er
ar

ra
y
s

S
p

li
t

tu
b

e
ar

ra
y
s

C
lo

ak
in

g[
18

7]
S

h
if

ti
n

g[
18

8]
R

ot
at

in
g[

18
9]

F
o
cu

si
n

g[
19

0,
19

1]
F

o
cu

si
n

g[
19

2]
S

u
p

er
le

n
si

n
g[

19
3]

B
lo

ck
in

g[
19

4]

N
L

in
.

T
M

V
P

T
M

L
in

.
T

M
B

i-
co

n
ve

x
le

n
s

G
R

IN
le

n
s

R
ec

ta
n

gu
la

r
sl

ab
R

ec
ta

n
gu

la
r

sl
ab

N
u

m
.

E
x
p

.
N

u
m

.+
E

x
p

.
N

u
m

.+
E

x
p

.
N

u
m

.+
E

x
p

.
N

u
m

.+
E

x
p

.
T

h
eo

.+
N

u
m

.

S
W

,
b

ro
ad

M
F

B
S

W
,

b
ro

ad
M

F
B

S
W

,
b

ro
ad

M
F

B
IW

,
b

ro
ad

M
F

B
S

W
,

b
ro

ad
M

F
B

IW
,

m
ed

M
F

B
IW

,
b

ro
ad

M
F

B

T
ab

le
5.

1:
E

x
am

p
le

s
of

w
av

e
m

a
n

ip
u

la
ti

on
te

ch
n

iq
u

es
p

ro
p

os
ed

p
os

t
ye

ar
20

00
.

A
cr

on
y
m

s
IW

an
d

S
W

d
en

ot
e

in
te

rm
ed

ia
te

w
at

er
an

d
sh

al
lo

w
w

at
er

a
n

d
in

d
ic

a
te

th
e

w
av

e
re

gi
m

e
fo

r
w

h
ic

h
th

e
m

an
ip

u
la

ti
on

te
ch

n
iq

u
e

is
d

ev
is

ed
.

M
F

B
d

en
ot

es
m

an
ip

u
la

ti
on

fr
eq

u
en

cy
b

a
n

d
,

w
h

ic
h

is
th

e
fr

eq
u

en
cy

ra
n

ge
ov

er
w

h
ic

h
w

av
e

m
an

ip
u

la
ti

on
u

si
n

g
th

e
p

ro
p

os
ed

te
ch

n
iq

u
e

m
ay

b
e

ex
p

ec
te

d
to

w
o
rk

w
el

l.
N

o
te

th
at

th
e

B
ra

g
g

M
F

B
is

n
ar

ro
w

/m
ed

iu
m

w
h

il
e

F
P

is
n

ar
ro

w
;

th
e

si
ze

of
th

e
M

F
B

(n
ar

ro
w

,
m

ed
iu

m
or

b
ro

ad
)

is
p

u
re

ly
q
u

a
li

ta
ti

ve
a
n

d
sh

ou
ld

b
e

re
fi

n
ed

b
y

d
et

ai
le

d
an

al
y
si

s.
M

S
T

is
fo

r
M

u
lt

ip
le

S
ca

tt
er

in
g

T
h

eo
ry

w
h

ic
h

al
lo

w
s

to
co

m
p

u
te

th
e

ei
ge

n
m

o
d

es
o
f

a
cr

y
st

al
as

w
el

l
as

it
s

fr
eq

u
en

cy
b

an
d

st
ru

ct
u

re
.

E
N

Z
is

sh
or

t
fo

r
ε-

n
ea

r-
ze

ro
,

w
h

ic
h

is
a

p
ro

p
er

ty
of

so
m

e
m

at
er

ia
ls

u
se

d
to

ta
y
lo

r
w

av
e

p
a
tt

er
n

s
[4

].
T

M
d

en
o
te

s
tr

an
sf

or
m

at
io

n
m

ed
ia

,
w

h
ic

h
is

a
co

or
d

in
at

e
tr

an
sf

or
m

at
io

n
te

ch
n
iq

u
e

th
at

ca
n

b
e

ei
th

er
co

n
fo

rm
al

,
vo

lu
m

e
p

re
se

rv
in

g
(V

P
),

li
n

ea
r

(L
in

.)
or

n
on

-l
in

ea
r

(N
L

in
.)

,
u

se
d

to
fi

n
d

th
e

st
ru

ct
u

re
of

th
e

m
ed

iu
m

al
lo

w
in

g
th

e
d

es
ir

ed
co

n
tr

o
l

ov
er

w
av

e
p

ro
p

ag
a
ti

o
n

.
F

P
is

sh
or

t
fo

r
F

ab
ry

-P
er

ot
.

D
E

M
is

sh
or

t
fo

r
d

ir
ec

ti
on

al
em

is
si

on
.

N
L

fo
cu

si
n

g
m

ea
n

s
th

at
n

o
n

li
n
ea

r
w

av
e

h
a
rm

o
n

ic
s

w
er

e
sh

ow
n

to
b

e
fo

cu
se

d
in

[5
].

G
R

IN
le

n
se

s
ar

e
gr

ad
ie

n
t-

in
d

ex
le

n
se

s
fo

r
w

h
ic

h
th

e
re

fr
ac

ti
on

co
effi

ci
en

t
va

ri
es

co
n
ti

n
u

o
u

sl
y

in
ad

d
it

io
n

to
b

ei
n

g
an

is
ot

ro
p

ic
.

95



Chapter 5: Conclusion

96



References

[1] J. Yu and C. Mei, “Do longshore bars shelter the shore?” Journal of Fluid Mechanics,
vol. 404, pp. 251–268, 2000.

[2] S. R. Massel, “Extended refraction-diffraction equation for surface waves,” Coastal
Engineering, vol. 19, pp. 97–126, 1993.

[3] P. G. Chamberlain and D. Porter, “The modified mild-slope equation,” Journal of
Fluid Mechanics, vol. 291, pp. 393–407, 1995.

[4] A. Alu, M. G. Silveirinha, A. Salandrino, and N. Engheta, “Epsilon-near-zero metama-
terials and electromagnetic sources: Tailoring the radiation phase pattern,” Physical
Review B - Condensed Matter and Materials Physics, vol. 75, no. 15, pp. 1–13, 2007.

[5] T. Bobinski, A. Eddi, P. Petitjeans, A. Maurel, and V. Pagneux, “Experimental demon-
stration of epsilon-near-zero water waves focusing,” Applied Physics Letters, vol. 107,
no. 1, pp. 1–5, 2015.

[6] C. Wunsch and R. Ferrari, “Vertical Mixing, Energy, and the General Circulation of
the Oceans,” Annual Review of Fluid Mechanics, vol. 36, no. 1, pp. 281–314, 2004.

[7] Q. Schiermeier, “Churn, churn, churn,” Nature, vol. 447, no. May, pp. 522–524, 2007.

[8] J. V. Wehausen and E. V. Laitone, Surface waves. Springer Berlin Heidelberg, 1960.

[9] L. H. Lapham, “The Sea,” Lapham’s Quarterly, vol. VI, no. 3, pp. 1–221, 2013.

[10] EPRI, “Mapping and Assessment of the United States Ocean Wave Energy Resource,”
Electric Power Research Institute, Tech. Rep., 2011.

[11] G. P. Van Vledder, “Swell-Wave Island Interaction and Piloting in the Southern Pacific
Ocean,” in 36th IAHR World Congress, no. 36, 2015, pp. 1–5.

[12] K. Tingley, “The Secrets of the Wave Pilots,” The New York Times Magazine, 2016.

[13] E. Bryant, Tsunami: The Underrated Hazard, 3rd ed. Springer International Pub-
lishing, 2014.

[14] A. D. Craik, “The Origins of Water Wave Theory,” Annual Review of Fluid Mechanics,
vol. 36, no. 1, pp. 1–28, 2004.

[15] O. Darrigol, “The First Five Births of the Navier-Stokes Equation,” Archive for History
of Exact Sciences, vol. 56, pp. 95–150, 2002.

[16] A. D. Craik, “George Gabriel Stokes on Water Wave Theory,” Annual Review of Fluid
Mechanics, vol. 37, no. 1, pp. 23–42, 2005.

97



References

[17] K. K. Arkema, G. Guannel, G. Verutes, S. A. Wood, A. Guerry, M. Ruckelshaus,
P. Kareiva, M. Lacayo, and J. M. Silver, “Coastal habitats shield people and property
from sea-level rise and storms,” Nature Climate Change, vol. 3, no. 10, pp. 913–918,
2013.

[18] A. G. Davies, “The reflection of wave energy by undulations on the seabed,” Dynamics
of Atmospheres and Oceans, vol. 6, pp. 207–232, 1982.

[19] A. D. Heathershaw, “Seabed-wave resonance and sand bar growth,” Nature, vol. 296,
no. 25, pp. 343–345, 1982.

[20] J. J. Stoker, Water Waves. The Mathematical Theory with Applications. John Wiley
& Sons Ltd., 1958.

[21] G. B. Whitham, Linear and nonlinear waves. John Wiley & Sons Ltd., 2011.

[22] S. H. Salter, “Wave power,” Nature, vol. 249, pp. 721–724, June 1974.

[23] D. V. Evans, “Power from water waves,” Annual Review of Fluid Mechanics, vol. 13,
pp. 157–187, 1981.

[24] C. C. Mei, M. Stiassnie, and D. K.-P. Yue, Theory and Applications of Ocean Surface
Waves. World Scientific, 2005.

[25] J. V. Wehausen, W. C. Webster, and R. W. Yeung, Hydrodynamics of Ships and Ocean
Systems. Lecture Notes for Course ME241. Regents of the University of California,
1988–2013.

[26] P. Lin, Numerical Modeling of Water Waves. Taylor and Francis Group, 2008.

[27] E. P. Myers and A. M. Baptista, “Analysis of factors influencing simulations of the
1993 Hokkaido Nansei-Oki and 1964 Alaska Tsunamis,” Natural Hazards, vol. 23, no. 1,
pp. 1–28, 2001.

[28] G. B. Airy, “Tides and Waves,” in Encyclopedia Metropolitana (1817-1845), 1841.

[29] F. Ursell, “The long-wave paradox in the theory of gravity waves,” Mathematical Pro-
ceedings of the Cambridge Philosophical Society, vol. 49, no. 04, p. 685, oct 1953.

[30] R. K. Bullough and P. J. Caudrey, “Solitons and the Korteweg-Devries Equation -
Integrable Systems in 1834-1995,” Acta Applicandae Mathematicae, vol. 39, no. 1-3,
pp. 193–228, 1995.

[31] K. Dysthe, H. E. Krogstad, and P. Müller, “Oceanic Rogue Waves,” Annual Review of
Fluid Mechanics, vol. 40, no. 1, pp. 287–310, 2008.

[32] P. Kundu and I. Cohen, Fluid mechanics, 4th ed. Academic Press, 2008.

98



References

[33] R. E. Meyer, “Theory of Water-Wave Refraction,” Advances in applied mechanics,
vol. 19, pp. 53–141, 1979.

[34] W. Munk and M. A. Traylor, “Refraction of Ocean Waves: A Process Linking Under-
water Topography to Beach Erosion,” The Journal of Geology, vol. 55, no. 1, pp. 1–26,
1947.

[35] J. B. Keller, “Surface waves on water of non-uniform depth,” Journal of Fluid Me-
chanics, vol. 4, no. 06, p. 607, 1958.

[36] J. C. W. Berkhoff, “Mathematical Models for Simple Harmonic Linear Water Waves,”
Ph.D. dissertation, TU Delft, 1976.

[37] ——, “Computation of combined refraction-diffraction,” Coastal Engineering Proceed-
ings, vol. 1, no. 13, pp. 230–234, 1972.

[38] A. C. Radder, “On the parabolic equation method for water wave propagation,” Jour-
nal of Fluid Mechanics, vol. 95, pp. 159–176, 1979.

[39] J. T. Kirby, “A general wave equation for waves over rippled beds,” Journal of Fluid
Mechanics, vol. 162, pp. 171–186, 1986.

[40] D. Porter and D. J. Staziker, “Extensions of the mild-slope equation,” Journal of Fluid
Mechanics, vol. 300, pp. 367–382, 1995.

[41] G. A. Athanassoulis and K. A. Belibassakis, “A consistent coupled-mode theory for
the propagation of small-amplitude water waves over variable bathymetry regions,”
Journal of Fluid Mechanics, vol. 389, pp. 275–301, 1999.

[42] K. A. Belibassakis, G. A. Athanassoulis, and T. P. Gerostathis, “A coupled-mode
model for the refraction-diffraction of linear waves over steep three-dimensional
bathymetry,” Applied Ocean Research, vol. 23, no. 6, pp. 319–336, 2001.

[43] J. W. Kim and K. J. Bai, “A new complementary mild-slope equation,” Journal of
Fluid Mechanics, vol. 511, pp. 25–40, 2004.

[44] Y. Toledo and Y. Agnon, “A scalar form of the complementary mild-slope equation,”
Journal of Fluid Mechanics, vol. 656, pp. 407–416, 2010.

[45] P. L.-F. Liu and T.-K. Tsay, “On weak reflection of water waves,” Journal of Fluid
Mechanics, vol. 131, pp. 59–71, 1983.

[46] P. A. Martin, R. A. Dalrymple, and J. T. Kirby, “Parabolic modelling of water waves,”
Gravity Waves in Water of Finite Depth, pp. 169–213, 1997.

[47] D. Porter, “The mild-slope equations,” Journal of Fluid Mechanics, vol. 494, pp. 51–63,
2003.

99



References

[48] F. Mattioli, “Resonant reflection of surface waves by non-sinusoidal bottom undula-
tions,” Applied Ocean Research, vol. 13, no. 1, pp. 49–53, 1991.

[49] E. Guazzelli, V. Rey, and M. Belzons, “Higher-order Bragg reflection of gravity surface
waves by periodic beds,” Journal of Fluid Mechanics, vol. 245, p. 301, 1992.

[50] N. Booij, “A note on the accuracy of the mild-slope approximation,” Coastal Engi-
neering, vol. 7, pp. 191–203, 1983.

[51] R. Porter and D. Porter, “Approximations to the scattering of water waves by steep
topography,” Journal of Fluid Mechanics, vol. 562, p. 279, 2006.

[52] L. N. Howard and J. Yu, “Normal modes of a rectangular tank with corrugated bot-
tom,” Journal of Fluid Mechanics, vol. 593, pp. 209–234, 2007.

[53] J. Yu and L. N. Howard, “Exact Floquet theory for waves over arbitrary periodic
topographies,” Journal of Fluid Mechanics, vol. 712, pp. 451–470, 2012.

[54] J. Yu and G. Zheng, “Exact solutions for wave propagation over a patch of large
bottom corrugations,” Journal of Fluid Mechanics, vol. 713, pp. 362–375, 2012.

[55] T. J. O’Hare and A. G. Davies, “A new model for surface wave propagation over
undulating topography,” Coastal Engineering, vol. 18, no. 3-4, pp. 251–266, 1992.

[56] S. N. Seo, “Transfer matrix of linear water wave scattering over a stepwise bottom,”
Coastal Engineering, vol. 88, pp. 33–42, 2014.

[57] R. A. Dalrymple and J. T. Kirby, “Water waves over ripples,” Journal of Waterway,
Port, Coastal, and Ocean Engineering, vol. 112, no. 2, pp. 309–319, 1986.

[58] D. J. Staziker, D. Porter, and D. S. G. Stirling, “The scattering of surface waves by
local bed elevations,” Applied Ocean Research, vol. 18, no. 5, pp. 283–291, 1996.

[59] C. C. Mei, “Resonant reflection of surface water waves by periodic sandbars,” Journal
of Fluid Mechanics, vol. 152, pp. 315–335, 1985.

[60] J. A. Bailard, J. W. Devries, and J. T. Kirby, “Considerations in using Bragg reflec-
tion for storm erosion protection,” Journal of Waterway, Port, Coastal, and Ocean
Engineering, vol. 118, no. 1, pp. 62–74, 1992.

[61] M. Naciri and C. C. Mei, “Bragg scattering of water waves by a doubly periodic
seabed,” Journal of Fluid Mechanics, vol. 192, pp. 51–74, 1988.

[62] V. P. Ruban, “Water waves over a strongly undulating bottom,” Physical Review E,
vol. 70, no. 6 2, pp. 1–11, 2004.

[63] ——, “Highly nonlinear Bragg quasisolitons in the dynamics of water waves,” Physical
Review E, vol. 77, no. 5, pp. 1–4, 2008.

100



References

[64] D. Xu, Z. Lin, and S. Liao, “Equilibrium states of class-I Bragg resonant wave system,”
European Journal of Mechanics, B/Fluids, vol. 50, pp. 38–51, 2015.

[65] J. A. Bailard, J. W. DeVries, J. T. Kirby, and R. T. Guza, “Bragg Reflection Break-
water: A New Shore Protection Method?” in Coastal Engineering Proceedings, 1990,
pp. 1702–1715.

[66] H.-W. Liu, H. Luo, and H.-D. Zeng, “Optimal Collocation of Three Kinds of Bragg
Breakwaters for Bragg Resonant Re fl ection by Long Waves,” Journal of Waterway,
Port, Coastal, and Ocean Engineering, vol. 141, no. 3, pp. 1–17, 2014.

[67] R. Shih and W. Weng, “Experimental determination of the performance characteristics
of an undulating submerged obstacle,” Ships and Offshore Structures, vol. 11, no. 2,
pp. 129–141, 2016.

[68] M.-R. Alam, Y. Liu, and D. K. P. Yue, “Bragg resonance of waves in a two-layer
fluid propagating over bottom ripples. Part I. Perturbation analysis,” Journal of Fluid
Mechanics, vol. 624, pp. 191–224, Mar. 2009.

[69] W. H. Bragg and W. L. Bragg, “The Reflection of X-rays by Crystals,” Proceedings
of the Royal Society of London A: Mathematical, Physical and Engineering Sciences,
vol. 88, no. 605, pp. 428–438, Jul. 1913.

[70] M.-R. Alam, “Broadband Cloaking in Stratified Seas,” Physical Review Letters, vol.
108, no. 8, p. 084502, 2012.

[71] C. Fabry and A. Perot, “Sur les franges des lames minces argentees et leur application
a la mesure de petites epaisseurs d’air,” Ann. de Chim. et de Phys., vol. 7, pp. 459–501,
1897.

[72] J. Bland and R. B. Tully, “The Hawaii imaging Fabry-Perot interferometer (HIFI),”
The Astronomical Journal, vol. 98, no. 2, pp. 723–735, 1989.

[73] K. J. Vahala, “Optical Microcavities,” Nature, vol. 424, no. August, pp. 839–846, 2003.

[74] J. M. Vaughan, The Fabry-Perot Interferometer: History, Theory, Practice and Ap-
plications. Taylor & Francis Group, New York, 1989.

[75] G. Hernandez, Fabry-Perot Interferometers. Cambridge University Press, Cambridge,
1988.

[76] C. Kranenburg, J. D. Pietrzak, and G. Abraham, “Trapped internal waves over undular
topography,” Journal of Fluid Mechanics, vol. 226, pp. 205–217, 1991.

[77] J. Pietrzak and R. J. Labeur, “Trapped internal waves over undular topography in a
partially mixed estuary,” Ocean Dynamics, vol. 54, no. 3-4, pp. 315–323, 2004.

101



References

[78] S. Elgar, B. Raubenheimer, and T. H. C. Herbers, “Bragg reflection of ocean waves
from sandbars,” Geophysical Research Letters, vol. 30, no. 1, pp. 3–6, 2003.

[79] C. C. Mei, T. Hara, and J. Yu, “Longshore Bars and Bragg Resonance,” in Geomor-
phological Fluid Mechanics. Springer, Berlin, 2001, pp. 500–527.

[80] T. B. Benjamin, B. Boczar-Karakiewicz, and W. G. Pritchard, “Reflection of water
waves in a channel with corrugated bed,” Journal of Fluid Mechanics, vol. 185, no. -1,
p. 249, 1987.

[81] T. Hara and C. C. Mei, “Bragg scattering of surface waves by periodic bars: theory
and experiment,” Journal of Fluid Mechanics, vol. 178, no. -1, pp. 221–241, Apr. 1987.

[82] V. Rey, A. G. Davies, and M. Belzons, “On the formation of bars by the action of
waves on an erodible bed: a laboratory study,” Journal of Coastal Research, vol. 11,
no. 4, pp. 1180–1194, 1995.

[83] J. Yu and C. C. Mei, “Formation of sand bars under surface waves,” Journal of Fluid
Mechanics, vol. 416, pp. 315–348, 2000.

[84] J. T. Kirby and J. P. Anton, “Bragg reflection of waves by artificial bars,” in Coastal
Engineering Proceedings, vol. 1, no. 1. ASCE, New York, 1990, pp. 757–768.

[85] P. D. Weidman, A. Herczynski, J. Yu, and L. N. Howard, “Experiments on standing
waves in a rectangular tank with a corrugated bed,” Journal of Fluid Mechanics, vol.
777, pp. 122–150, 2015.

[86] D. Mangaiyarkarasi, M. B. H. Breese, O. Y. Sheng, K. Ansari, C. Vijila, and D. Black-
wood, “Porous silicon based Bragg reflectors and Fabry-Perot interference filters for
photonic applications,” Proceedings of SPIE: Silicon Photonics, vol. 6125, pp. 61 250X–
61 250X–8, 2006.

[87] T. Numai, Fundamentals of Semiconductor Lasers, springer series in optical sciences ed.
Springer Japan, Tokyo, 2015.

[88] P. Yeh, Optical Waves in Layered Media. Wiley, New York, 1988.

[89] M.-R. Alam, Y. Liu, and D. K. P. Yue, “Bragg resonance of waves in a two-layer fluid
propagating over bottom ripples. Part II. Numerical simulation,” Journal of Fluid
Mechanics, vol. 624, p. 225, mar 2009.

[90] D. G. Dommermuth and D. K. P. Yue, “A high-order spectral method for the study
of nonlinear gravity waves,” Journal of Fluid Mechanics, vol. 184, pp. 267–288, Apr.
1987.

[91] C. C. Mei, T. Hara, and M. Naciri, “Note on Bragg scattering of water waves by
parallel bars on the seabed,” Journal of Fluid Mechanics, vol. 186, pp. 147–162, 1988.

102



References

[92] M.-R. Alam, “A new triad resonance between co-propagating surface and interfacial
waves,” Journal of Fluid Mechanics, vol. 691, pp. 267–278, 2012.

[93] J. H. Saylor and E. B. Hands, “Properties of longshore bars in the great lakes,” in
Coastal Engineering Proceedings, vol. 1, 1970, pp. 839–854.

[94] A. D. Short, “Multiple offshore bars and standing waves,” Journal of Geophysical
Research, vol. 80, no. 27, pp. 3838–3840, 1975.

[95] M.-R. Alam and C. C. Mei, “Attenuation of long interfacial waves over a randomly
rough seabed,” Journal of Fluid Mechanics, vol. 587, pp. 73–96, 2007.

[96] Y. Agnon, “Linear and nonlinear refraction and Bragg scattering of water waves,”
Physical Review E, vol. 59, no. 2, pp. 1–4, 1999.

[97] J. Yu and L. N. Howard, “On higher order Bragg resonance of water waves by bottom
corrugations,” Journal of Fluid Mechanics, vol. 659, pp. 484–504, 2010.

[98] P. L.-F. Liu, “Viscous Effects on Evolution of Stokes Waves,” Journal of Waterway,
Port, Coastal, Ocean Engineering, vol. 112, no. 1, pp. 55–63, 1986.

[99] J. T. Kirby, “A note on Bragg scattering of surface waves by sinusoidal bars,” Physics
of Fluids A: Fluid dynamics, vol. 5, pp. 380–386, 1993.

[100] P. J. Webster, G. J. Holland, J. A. Curry, and H.-R. Chang, “Changes in tropical
cyclone number, duration, and intensity in a warming environment.” Science, vol. 309,
no. 5742, pp. 1844–6, sep 2005.

[101] K. Emanuel, “Increasing destructiveness of tropical cyclones over the past 30 years.”
Nature, vol. 436, no. 7051, pp. 686–688, aug 2005.

[102] D. L. Inman and R. Dolan, “The outer banks of north carolina: Budget of sediment
and inlet dynamics along a migrating barrier system,” Journal of Coastal Research,
pp. 193–237, 1989.

[103] Z. G. Pinsker, Dynamical Scattering of X-rays in Crystals. Springer-Verlag Berlin,
1978, vol. 3.

[104] A. G. Davies and A. D. Heathershaw, “Surface-wave propagation over sinusoidally
varying topography,” Journal of Fluid Mechanics, vol. 144, pp. 419–443, 1984.

[105] A. Mitra and M. D. Greenberg, “Slow Interactions of Gravity Waves and a Corrugated
Sea Bed,” Journal of Applied Mechanics, vol. 51, no. 251, pp. 5–9, 1984.

[106] T. O’Hare and A. Davies, “Sand bar evolution beneath partially-standing waves: labo-
ratory experiments and model simulations,” Continental Shelf Research, vol. 13, no. 11,
pp. 1149–1181, nov 1993.

103



References

[107] L.-A. Couston, Q. Guo, M. Chamanzar, and M.-R. Alam, “Fabry-Perot resonance of
water waves,” Physical Review E, vol. 92, pp. 1–7, 2015.

[108] Y. Liu and D. K. P. Yue, “On generalized Bragg scattering of surface waves by bottom
ripples,” Journal of Fluid Mechanics, vol. 356, pp. 297–326, 1998.

[109] P. A. Madsen, D. R. Fuhrman, and B. Wang, “A Boussinesq-type method for fully
nonlinear waves interacting with a rapidly varying bathymetry,” Coastal Engineering,
vol. 53, pp. 487–504, 2006.

[110] P. L.-F. Liu, H. Yeh, P. Lin, K.-T. Chang, and Y.-S. Cho, “Generation and evolution
of edge-wave packets,” Physics of Fluids, vol. 10, no. 7, p. 1635, 1998.

[111] O. M. Phillips, “On the dynamics of unsteady gravity waves of finite amplitude Part 1.
The elementary interactions,” Journal of Fluid Mechanics, vol. 9, no. 02, pp. 193–217,
mar 1960.

[112] C. Dulou, M. Belzons, and V. Rey, “Laboratory study of wave bottom interaction
in the bar formation on an erodible sloping bed,” Journal of Geophysical Research:
Oceans, vol. 105, no. C8, pp. 19 745–19 762, 2000.

[113] V. E. Zakharov, “Stability of Periodic Waves of Finite Amplitude on the Surface of
Deep Fluid,” J. Appl. Mech. Tech. Phys., vol. 9, no. 2, pp. 190–194, 1968.

[114] B. J. West, K. A. Brueckner, R. S. Janda, D. M. Milder, and R. L. Milton, “A new nu-
merical method for surface hydrodynamics,” Journal of Geophysical Research, vol. 92,
no. C11, pp. 11 803–11 824, 1987.

[115] M.-R. Alam, Y. Liu, and D. K. P. Yue, “Oblique sub- and super-harmonic Bragg
resonance of surface waves by bottom ripples,” Journal of Fluid Mechanics, vol. 643,
p. 437, jan 2010.

[116] ——, “Attenuation of short surface waves by the sea floor via nonlinear sub-harmonic
interaction,” Journal of Fluid Mechanics, vol. 689, pp. 529–540, nov 2011.

[117] ——, “Waves due to an oscillating and translating disturbance in a two-layer density-
stratified fluid,” Journal of Engineering Mathematics, vol. 65, no. 2, pp. 179–200, jun
2009.

[118] A. Toffoli, O. Gramstad, K. Trulsen, J. Monbaliu, E. Bitner-Gregersen, and M. Ono-
rato, “Evolution of weakly nonlinear random directional waves: laboratory experiments
and numerical simulations,” Journal of Fluid Mechanics, vol. 664, pp. 313–336, Oct.
2010.

[119] M.-R. Alam, “A flexible seafloor carpet for high-performance wave energy extraction,”
in ASME 2012 31st International Conference on Ocean, Offshore and Arctic Engineer-
ing. American Society of Mechanical Engineers, 2012, pp. 839–846.

104



References

[120] R. Magne, V. Rey, and F. Ardhuin, “Measurement of wave scattering by topography
in the presence of currents,” Physics of Fluids, vol. 17, no. 12, 2005.

[121] R. Porter and D. Porter, “Interaction of water waves with three-dimensional periodic
topography,” Journal of Fluid Mechanics, vol. 434, pp. 301–335, Jun. 2001.

[122] H. F. Burcharth, M. Kramer, A. Lamberti, and B. Zanuttigh, “Structural stability of
detached low crested breakwaters,” Coastal Engineering, vol. 53, no. 4, pp. 381 – 394,
2006.

[123] M. Kramer, B. Zanuttigh, J. van der Meer, C. Vidal, and F. Gironella, “Laboratory
experiments on low-crested breakwaters,” Coastal Engineering, vol. 52, no. 1011, pp.
867 – 885, 2005.

[124] A. B. M. Khan-Mozahedy, J. J. Muoz-Perez, M. G. Neves, F. Sancho, and R. Cavique,
“Mechanics of the scouring and sinking of submerged structures in a mobile bed: A
physical model study,” Coastal Engineering, vol. 110, pp. 50 – 63, 2016.

[125] R. Ranasinghe and I. L. Turner, “Shoreline response to submerged structures: A re-
view,” Coastal Engineering, vol. 53, no. 1, pp. 65 – 79, 2006.

[126] R. B. Elandt, M. Shakeri, and M. R. Alam, “Surface gravity-wave lensing,” Physical
Review E, vol. 89, no. 2, pp. 1–6, 2014.

[127] J. Mackinnon, “Mountain waves in the deep ocean,” Nature Oceanography, vol. 501,
pp. 5–6, 2013.

[128] T. M. DeCarlo, K. B. Karnauskas, K. A. Davis, and G. T. F. Wong, “Climate mod-
ulates internal wave activity in the northern south china sea,” Geophysical Research
Letters, vol. 42, no. 3, pp. 831–838, 2015.

[129] M. Nikurashin and R. Ferrari, “Overturning circulation driven by breaking internal
waves in the deep ocean,” Geophysical Research Letters, vol. 40, no. May, pp. 3133–
3137, 2013.

[130] C. Garrett and L. St Laurent, “Aspects of Deep Ocean Mixing,” Journal of Oceanog-
raphy, vol. 58, pp. 11–24, 2002.

[131] M. H. Alford, J. A. MacKinnon, H. L. Simmons, and J. D. Nash, “Near-Inertial Internal
Gravity Waves in the Ocean,” Annual Review of Marine Science, vol. 8, no. 1, pp. 95–
123, 2016.

[132] C. Garrett and W. Munk, “Internal waves in the ocean,” Annual Review of Fluid
Mechanics, vol. 11, pp. 339–69, 1979.

[133] C. Staquet and J. Sommeria, “Internal gravity waves : from instabilities to turbulence,”
Annual Review of Fluid Mechanics, vol. 34, pp. 559–593, 2002.

105



References

[134] W. Munk and C. Wunsch, “Abyssal recipes II: energetics of tidal and wind mixing,”
Deep-Sea Research: Part I, vol. I, no. 45, pp. 1977–2010, 1998.

[135] J. D. Pietrzak, C. Kranenburg, G. Abraham, B. Kranenborg, and A. V. D. Wekken,
“Internal Wave Activity in Rotterdam Waterway,” Journal of Hydraulic Engineering,
vol. 117, no. 6, pp. 738–757, 1991.

[136] P. G. Baines, Topographic effects in stratified flows. Cambridge University Press,
1997.

[137] R. J. Labeur and J. D. Pietrzak, “Computation of non-hydrostatic internal waves over
undular topography,” Shallow Flows, vol. 7, pp. 187–194, 2004.

[138] K. L. Polzin, J. M. Toole, J. R. Ledwell, and R. W. Schmitt, “Spatial variability of
turbulent mixing in the abyssal ocean,” Science, vol. 276, no. 5309, pp. 93–96, 1997.

[139] A. C. N. Garabato, K. L. Polzin, B. A. King, K. J. Heywood, and M. Visbeck,
“Widespread intense turbulent mixing in the southern ocean,” Science, vol. 303, pp.
210–213, 2004.

[140] J. R. Ledwell, E. T. Montgomery, K. L. Polzin, L. C. St. Laurent, R. W. Schmitt,
and J. M. Toole, “Evidence for enhanced mixing over rough topography in the abyssal
ocean,” Nature, vol. 403, pp. 179–182, 2000.

[141] C. Garrett and E. Kunze, “Internal Tide Generation in the Deep Ocean,” Annual
Review of Fluid Mechanics, vol. 39, no. 1, pp. 57–87, 2007.

[142] L. St Laurent and C. Garrett, “The Role of Internal Tides in Mixing the Deep Ocean,”
Journal of Physical Oceanography, vol. 32, pp. 2882–2899, 2002.

[143] Z. Zhao, M. H. Alford, J. A. MacKinnon, and R. Pinkel, “Long-Range Propagation of
the Semidiurnal Internal Tide from the Hawaiian Ridge,” Journal of Physical Oceanog-
raphy, vol. 40, pp. 713–736, 2010.

[144] M. H. Alford, “Redistribution of energy available for ocean mixing by long-range prop-
agation of internal waves,” Nature, vol. 21, no. March, pp. 159–163, 2003.

[145] M. Mathur, G. S. Carter, and T. Peacock, “Topographic scattering of the low-mode
internal tide in the deep ocean,” Journal of Geophysical Research: Oceans, vol. 119,
no. 4, pp. 2165–2182, 2014.

[146] S. Legg, “Scattering of Low-Mode Internal Waves at Finite Isolated Topography,”
Journal of Physical Oceanography, vol. 44, pp. 359–383, 2014.

[147] K. G. Lamb, “Internal Wave Breaking and Dissipation Mechanisms on the Continental
Slope/Shelf,” Annual Review of Fluid Mechanics, vol. 46, pp. 231–256, 2014.

106



References

[148] T. H. Bell, “Topographically generated internal waves in the open ocean,” Journal of
Geophysical Research, vol. 80, no. 3, pp. 320–327, Jan. 1975.

[149] J. A. Goff and T. H. Jordan, “Stochastic Modeling of Seafloor Morphology: Inversion of
Sea Beam Data for Second-Order Statistics,” Journal of Geophysical Research, vol. 93,
no. B11, p. 13589, 1988.

[150] A. Melet, M. Nikurashin, C. Muller, S. Falahat, J. Nycander, P. G. Timko, B. K. Arbic,
and J. A. Goff, “Internal tide generation by abyssal hills using analytical theory,”
Journal of Geophysical Research: Oceans, vol. 118, no. 11, pp. 6303–6318, nov 2013.

[151] A. Lefauve, C. Muller, and A. Melet, “A three-dimensional map of tidal dissipation
over abyssal hills,” Journal of Geophysical Research: Oceans, vol. 120, no. 7, pp. 4760–
4777, jul 2015.

[152] Y. Guo and M. Holmes-Cerfon, “Internal wave attractors over random, small-
amplitude topography,” Journal of Fluid Mechanics, vol. 787, pp. 148–174, 2016.

[153] P. Müller and N. Xu, “Scattering of Oceanic Internal Gravity Waves off Random
Bottom Topography,” Journal of Physical Oceanography, vol. 22, no. 5, pp. 474–488,
mar 1992.

[154] K. Polzin, “Idealized solutions for the energy balance of the finescale internal wave
field,” Journal of Physical Oceanography, vol. 34, no. 1, pp. 231–246, 2004.

[155] O. Buhler and M. Holmes-Cerfon, “Decay of an internal tide due to random topography
in the ocean,” Journal of Fluid Mechanics, vol. 678, pp. 271–293, 2011.

[156] N. J. Balmforth, G. R. Ierley, and W. R. Young, “Tidal Conversion by Subcritical
Topography,” Journal of Physical Oceanography, vol. 32, no. 10, pp. 2900–2914, Oct.
2002.

[157] M. C. Buijsman, J. M. Klymak, S. Legg, M. H. Alford, D. Farmer, J. A. MacKinnon,
J. D. Nash, J.-H. Park, A. Pickering, and H. Simmons, “Three-Dimensional Double-
Ridge Internal Tide Resonance in Luzon Strait,” Journal of Physical Oceanography,
vol. 44, no. 3, pp. 850–869, 2014.

[158] E. Tobisch, New Approaches to Nonlinear Waves. Springer Heidelberg, 2016.

[159] A. E. Gill, Atmosphere-ocean dynamics. Academic press, 1982, vol. 30.

[160] S. A. Thorpe, “On wave interactions in a stratified fluid,” Journal of Fluid Mechanics,
vol. 24, pp. 737–751, Mar. 1966.

[161] S. Martin, W. Simmons, and C. Wunsch, “The excitation of resonant triads by single
internal waves,” Journal of Fluid Mechanics, vol. 53, pp. 17–44, Mar. 1972.

107



References

[162] V. S. L’vov, A. Pomyalov, I. Procaccia, and O. Rudenko, “Finite-dimensional turbu-
lence of planetary waves,” Physical Review E, vol. 80, p. 066319, Dec 2009.

[163] M. D. Bustamante, B. Quinn, and D. Lucas, “Robust energy transfer mechanism via
precession resonance in nonlinear turbulent wave systems,” Physical Review Letters,
vol. 113, p. 084502, Aug 2014.

[164] I. Fredholm, “Sur une classe d’équations fonctionnelles,” Acta Mathematica, vol. 27,
no. 1, pp. 365–390, 1903.

[165] A. H. Nayfeh and O. A. Kandil, “Propagation of waves in cylindrical hard-walled ducts
with generally weak undulations,” AIAA Journal, vol. 16, no. 10, pp. 1041–1045, 1978.

[166] L.-A. Couston, M.-A. Jalali, and M.-R. Alam, “Shore protection by oblique seabed
bars (submitted),” Journal of Fluid Mechanics, 2016.

[167] F. Karimpour, A. Zareei, and M.-R. Alam, “Sensitivity of Internal Wave Energy Dis-
tribution over Seabed Corrugations to Adjacent Seabed Features,” arXiv preprint, pp.
1–10, 2016.

[168] J. Marshall, A. Adcroft, C. Hill, L. Perelman, and C. Heisey, “A finite-volume, incom-
pressible Navier Stokes model for studies of the ocean on parallel computers,” Journal
of Geophysical Research, vol. 102, pp. 5753–5766, 1997.

[169] A. Engqvist and A. M. Hogg, “Unidirectional stratified flow through a non-rectangular
channel,” Journal of Fluid Mechanics, vol. 509, pp. 83–92, 2004.

[170] J. M. Klymak, S. M. Legg, and R. Pinkel, “High-mode stationary waves in stratified
flow over large obstacles,” Journal of Fluid Mechanics, vol. 644, pp. 321–336, 2010.

[171] K. Lim, G. N. Ivey, and N. L. Jones, “Experiments on the generation of internal waves
over continental shelf topography,” Journal of Fluid Mechanics, vol. 663, pp. 385–400,
2010.

[172] E. N. Churaev, S. V. Semin, and Y. A. Stepanyants, “Transformation of internal waves
passing over a bottom step,” Journal of Fluid Mechanics, vol. 768, pp. 1–11, 2015.

[173] M. H. e. a. Alford, “The formation and fate of internal waves in the South China Sea,”
Nature, vol. 521, no. 7550, pp. 65–69, 2015.

[174] D. Dutykh and E. Tobisch, “Resonance enhancement by suitably chosen frequency
detuning,” arXiv preprint, vol. 118, pp. 1–13, 2014.

[175] R. Grimshaw, E. Pelinovsky, and T. Talipova, “Nonreflecting Internal Wave Beam
Propagation in the Deep Ocean,” Journal of Physical Oceanography, vol. 40, no. 4, pp.
802–813, 2010.

108



References

[176] R. W. Yeung and T. C. Nguyen, “Radiation and Diffraction of Waves in a Two-Layer
Fluid,” in 22nd Symposium on Naval Hydrodynamics, Washington D.C., 1999, pp.
875–891.

[177] ——, “Waves generated by a moving source in a two-layer ocean of finite depth,”
Journal of engineering mathematics, pp. 85–107, 1999.

[178] T. C. Nguyen and R. W. Yeung, “Unsteady three-dimensional sources for a two-layer
fluid of finite depth and their applications,” Journal of Engineering Mathematics,
vol. 70, no. 1-3, pp. 67–91, 2011.

[179] L.-A. Couston and M.-R. Alam, “A seabed-mounted diode for unidirectional water-
wave propagation,” in American Physical Society, DFD meeting, 2015.

[180] J. J. Stamnes, O. Lovhaugen, B. Spjelkavik, C. Mei, E. Lo, and D. K. P. Yue, “Non-
linear focusing of surface waves by a lens-theory and experiment,” Journal of Fluid
Mechanics, vol. 135, no. 1083, pp. 71–94, 1983.

[181] Y. Tang, Y. Shen, J. Yang, X. Liu, J. Zi, and X. Hu, “Omnidirectional total reflec-
tion for liquid surface waves propagating over a bottom with one-dimensional periodic
undulations,” Physical Review E, vol. 73, no. 3, pp. 1–4, 2006.

[182] M. Chekroun, A. Maurel, V. Pagneux, and P. Petitjeans, “Directional source of water
waves by a crystal of surface-piercing cylinders,” Comptes Rendus - Mecanique, vol.
343, no. 12, pp. 689–699, 2015.

[183] Y. Shen, K. Chen, Y. Chen, X. Liu, and J. Zi, “Self-collimation in liquid surface waves
propagating over a bottom with periodically drilled holes,” Physical Review E, vol. 71,
no. 3, pp. 1–4, 2005.

[184] L. S. Griffiths and R. Porter, “Focusing of surface waves by variable bathymetry,”
Applied Ocean Research, vol. 34, pp. 150–163, 2012.

[185] H. Prichard, A. Maurel, P. Petitjeans, P. Martin, and V. Pagneux, “Luneburg modified
lens for surface water waves,” in American Physical Society, DFD meeting, 2015.

[186] Z. Wang, P. Zhang, X. Nie, and Y. Zhang, “Manipulating Water Wave Propagation
via Gradient Index Media.” Scientific reports, vol. 5, p. 16846, 2015.

[187] A. Zareei and M.-R. Alam, “Cloaking in shallow-water waves via nonlinear medium
transformation,” Journal of Fluid Mechanics, vol. 778, pp. 273–287, 2015.

[188] C. P. Berraquero, A. Maurel, P. Petitjeans, and V. Pagneux, “Experimental realization
of a water-wave metamaterial shifter,” Physical Review E, vol. 88, no. 5, pp. 1–5, 2013.

[189] H. Chen, J. Yang, J. Zi, and C. T. Chan, “Transformation media for linear liquid
surface waves,” Europhysics Letters, vol. 85, no. 2, p. 24004, 2009.

109



References

[190] X. Hu and C. T. Chan, “Refraction of water waves by periodic cylinder arrays,” Phys-
ical Review Letters, vol. 95, no. 15, pp. 1–4, 2005.

[191] J. Yang, Y. F. Tang, C. F. Ouyang, X. H. Liu, X. H. Hu, and J. Zi, “Observation of
the focusing of liquid surface waves,” Applied Physics Letters, vol. 95, no. 9, pp. 8–11,
2009.

[192] Z. Wang, P. Zhang, X. Nie, and Y. Zhang, “Focusing of liquid surface waves by gradient
index lens,” Europhysics Letters, vol. 108, p. 24003, 2014.

[193] X. Hu, Y. Shen, X. Liu, R. Fu, and J. Zi, “Superlensing effect in liquid surface waves,”
Physical Review E, vol. 69, no. 3 1, pp. 4–7, 2004.

[194] X. Hu, C. T. Chan, K. M. Ho, and J. Zi, “Negative effective gravity in water waves by
periodic resonator arrays,” Physical Review Letters, vol. 106, no. 17, pp. 1–4, 2011.

110



Appendices

111





Appendix A

Derivation of the Fabry-Perot coefficients

Here we derive the Fabry-Perot reflection, transmission, and field enhancement coefficients
as given in Eqs. (2.3.9) and (2.3.12). Consider a pair of water Bragg reflectors with seafloor
corrugations given by Eq. (2.3.8). Mei [59] showed that the equations governing the evolution
of the wave envelopes A and B [cf. Eq. (2.2.4)] over each patch of ripples at the steady-state
read

iΩAj + Cg
∂Aj
∂x

= −ΩceiθjBj, (A.0.1a)

iΩBj − Cg
∂Bj
∂x

= Ωce−iθjAj, (A.0.1b)

in the vicinity of the Bragg frequency, i.e., ω = ωb + Ω ∼ ωb = ω(kb/2), with Ωc =
(ωkbd)/(4 sinh 2kh) the cutoff frequency, and where j = 1 or 2 depending on whether we
consider the envelope variations over region 1 or 2 (see Fig. (1)). We recall that kb and θ1,2

are the wavenumber and phases of the seabed corrugations, Cg is the group velocity, and Ω
is the detuning parameter. The time variations of the wave envelopes being sinusoidal at the
steady state, we expand them out of the envelope solution by rewriting Aj(x, t) and Bj(x, t)
as Aj(x)eiΩt and Bj(x)eiΩt. The general solution to Eqs. (A.0.1) over either one of the two
patches (i.e., j = 1 or 2) can be written as (e.g., Ref. [1])

Aj(x) = Aj(x
s
j)Pj(x), (A.0.2a)

Bj(x) = Aj(x
s
j)Qj(x), (A.0.2b)

where

Pj(x) = [iqCg cosh qyj − Ω sinh qyj

+ieiθjΩcUj sinh qyj
]
/Ij, (A.0.3a)

Qj(x) = {[iqCg cosh qyj + Ω sinh qyj]Uj

+iΩce−iθj sinh qyj
}
/Ij, (A.0.3b)

with yj = xej − x and

qCg =
√

(Ωc)2 − Ω2, Uj =
Bj(xj)

Aj(xj)
,

Ij = iqCg cosh qLj − Ω sinh qLj + ieiθjΩcUj sinh qLj.

The envelope solution (A.0.3) provides the reflection and transmission ratiosQj(x) and Pj(x)
for the wave amplitude over the upstream and downstream patch (j = 1, 2). In the middle
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Appendix A: Derivation of the Fabry-Perot coefficients

region “m”, the envelope amplitudes are constants, and therefore free-surface continuity
requires

U1 =
B1(xe1)

A1(xe1)
=
B2(xs2)

A2(xs2)
e−2ikl = RB

2 e−2ikl. (A.0.4)

Assuming U2 = 0, i.e., waves come only from the upstream side, and enforcing the condition
(A.0.4), we then obtain the Fabry-Perot reflection and transmission coefficients RFP =
B1(xs1)/A1(xs1) and T FP = A2(xe2)/A1(xs1) as

RFP = eiα1
|RB

1 |+RB
2 e2iθ1e−2ikleiα1

1 +RB
1 RB

2 e2iθ1e−2ikl
, (A.0.5a)

T FP = eikleiθ1eiθ2
√

1− |RB
1 |2
√

1− |RB
2 |2

1 +RB
1 RB

2 e2iθ1e−2ikl
, (A.0.5b)

where we used the fact that [cf. Eq. (2.2.6)]

RB
j = Pj(xsj), when Uj = 0, (A.0.6)

along with αj = arg(RB
j ). From Eq. (A.0.5) and the definition of the round trip phase shift

γ (2.3.10), we then obtain T FP = |T FP | and RFP = |RFP | as given in Eq. (2.3.9).
The field enhancement, defined as

Ξ =
|A(xe1)|+ |B(xe1)|

|A(xs1)|
, . (A.0.7)

and given in Eq. (2.3.12), is also readily obtained considering that

Ξ =
|A(xs2)|
|A(xs1)|

+
|B(xs2)|
|A(xs1)|

=

[
1 +
|B(xs2)|
|A(xs2)|

]
|A(xe2)|
|A(xs1)|

|A(xs2)|
|A(xe2)|

=
(
1 +RB

2

) T FP
TB2

. (A.0.8)
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Appendix B

Derivation of the multiple-scale equations for Bragg

I2 resonance

The evolution of the incident and resonated wave amplitudes (A1, At and A2) over a bichro-
matic patch with corrugations ζ given by (3.4.17) can be found using multiple scales by
considering a first-order potential φ(1) of the form

φ(1) = α1(z)ei(k1·x−ωt) + αt(z)ei(kt·x−ωt) + α2(z)ei(k2·x−ωt) + cc, (B.0.1)

where

αj(z; x̄, ȳ, t̄) =
Aj(x̄, ȳ, t̄)

2

g

ω

cosh[k1(z + h)]

cosh(k1h)
, j = 1, t, 2. (B.0.2)

The governing equation for A1, At and A2 can then be obtained from the solvability condition,
which ensures that a bounded second-order potential of the form

φ(2) = ψ1(z)ei(k1·x−ωt) + ψt(z)ei(kt·x−ωt) + ψ2(z)ei(k2·x−ωt) + locked waves + cc, (B.0.3)

satisfies the second-order problem. In (B.0.3), the slow variations of the amplitudes ψ1,
ψt and ψ2 only affect the third-order solution and, as a result, they can be neglected in
the present derivation. The expression locked waves designates non-resonant terms of the
second-order solution which do not play any role in obtaining the evolutionary equations
for A1, At and A2. At the second order in bottom steepness O(ε2), the governing equations
obtained neglecting wave-wave interactions read

∇2φ(2) + (∇h · ∇̄+ ∇̄ · ∇h)φ
(1) = 0, in − h ≤ z ≤ 0, (B.0.4a)

φ
(2)
tt + gφ(2)

z + 2φ
(1)
tt̄ = 0, on z = 0, (B.0.4b)

εφ(2)
z = −ε∇̄h · ∇hφ

(1) +∇h · (ζ∇hφ
(1)), on z = −h, (B.0.4c)

where ∇̄ = (∂x̄, ∂ȳ). In (B.0.4a), we note that ∇̄ and ∇h do not commute because of the
simultaneous fast and slow spatial variations of the wave phases. Substituting (B.0.1) and
(B.0.3) in (B.0.4) we have for each wave mode, i.e. for j = 1, t, 2,

ψj,zz − k2
1ψj = −i

[
∇̄ · (kjαj) + kj · ∇̄αj

]
, in − h ≤ z ≤ 0, (B.0.5a)

− ω2ψj + gψj,z = 2iωαj,t̄, on z = 0, (B.0.5b)

εψj,z = γjmαm − iε(∇̄h) · (kjαj), on z = −h, (B.0.5c)

where Einstein summation is implied for repeated indices and with γ11 = γ12 = γtt = γ21 =
γ22 = 0, and γ1t = γt1 = −(d1/2) k1 · kt, γt2 = γ2t = −(d2/2) kt · k2. Since the αj are
the homogeneous solutions of (B.0.5), the forced system (B.0.5) admits non-trivial solutions
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Appendix B: Derivation of the multiple-scale equations for Bragg I2 resonance

ψj if and only if a so-called compatibility condition is satisfied [164, 59]. Applying Green’s
second identity, with asterisks denoting complex conjugates, the solvability condition can be
cast into∫ 0

−h
dz
[
α∗j (ψj,zz − k2

1ψj)− ψj(α∗j,zz − k2
1α
∗
j )
]

=

[
α∗j
∂ψj
∂z
− ψj

∂α∗j
∂z

]0

−h
, (B.0.6)

which, after some manipulations, reduces to a system of coupled partial-differential equations
for the slowly varying wave envelopes, i.e.,

A∗jε
∂

∂t̄
Aj +

1

2
A∗jε∇̄ · (CgjAj) +

1

2
A∗jCgj · ε∇̄Aj = iA∗j


AtΩ1, j = 1

A1Ω1 + A2Ω2, j = t

AtΩ2, j = 2

(B.0.7)

with Cgj, and Ω1 and Ω2 given in (3.3.12) and (3.4.20). Summing all three partial-differential
equations (B.0.7) together with their complex conjugate counterparts yields the well-known
conservation law of wave action, i.e. equation (3.4.21). Equation (B.0.7) can then be readily
simplified into equation (3.4.19) by dividing by A∗j . Equation (B.0.7) (or (3.4.19)) further
reduces to equations (2.33)-(2.34) of [59] for a single bottom corrugation (d2 = 0⇒ Ω2 = 0)
and upon substitution of (A1, At) with (A+,−A−).
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Appendix C

Effect of detuning on Bragg I2 resonance

The effect of detuning on the modulation of the envelope amplitudes is here investigated for
an infinitely long patch in the y direction. We solve the multiple-scale system of equations
(3.4.19) analytically assuming ∂/∂ȳ ≡ 0 and replacing ∂/∂t̄ by −i$ where ω = ω1 +$ is the
incident wave frequency and $ is the detuning frequency. Figure C.1 shows the normalized
wave amplitudes for different detuning parameters. With no detuning (solid lines), we see
that the k1 wave energy is fully transferred to the k2 wave mode at xn = (2n+1)wcr2 for every
n ∈ N (c.f. (3.4.22) with (3.4.24) satisfied). With detuning, however, full energy transfer
cannot be achieved because (3.4.24) is no longer satisfied, the critical patch width changes,
and the Bragg interactions are weaker. Interestingly, detuning first results in an increase of
energy flowing to the transitional mode kt. Indeed, detuning affects more importantly the
second interaction of the 2-step Bragg mechanism, such that more energy can be stored into
the kt waves. For larger detuning, however, both the first and second interactions weaken
such that the incident wave amplitude becomes barely affected by the corrugations. Figure
C.2 finally shows the minimum of a∗1, as well as the maximum of a∗t and a∗2, as a function of
$/ω1 for different parameters k1h. Clearly, as mentioned in §5.2, the parameter $/ω1 has
a stronger effect on short waves than on long waves, and the second resonated mode a∗2 is
more affected than the transitional mode a∗t .
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Figure C.1: Normalized envelope amplitudes of the (a) incident, (b) transitional and (c)
target modes over a bi-chromatic patch infinitely long in the y direction with no detuning
($ = 0, solid lines), some detuning ($ = 0.01ω1 or $ = 0.66Ω12, dash-dash lines), large
detuning ($ = 0.1ω1 or $ = 6.6Ω12, dash-dot lines). The physical parameters are k1 = 70,
θ2 = 7π/15, θt = θ2/2, k1h = 1, a0/h = 10−3, (d1 + d2)/h = 0.12, with (3.4.24) satisfied.
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Figure C.2: Minimum of the normalized incident wave amplitude a∗1 and maximum of the
normalized resonated wave amplitudes, i.e. a∗t and a∗2, as a function of detuning $/ω1 where
ω1 is the perfectly tuned wave frequency, for a patch semi-infinitely wide in the x direction
and infinitely long in the y direction. The results are shown for both relatively long (i.e.
k1h = 0.2, solid lines) and short (i.e. k1h = 1.5, dash-dash lines) waves. The effect of
detuning is clearly stronger for the shorter waves. Other physical parameters are as in figure
C.1.
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Appendix D

Derivation of the linear internal wave equation

Here we derive the linear wave equation (4.2.2) for the vertical velocity starting from the
Boussinesq equation (4.2.1). Similar to the density perturbation ρ′, we define a pressure
perturbation p′ via p = p̄(z) + p′(x, y, z, t) such that dp̄(z)/dz = −ρ̄(z)g. The calculation
∂z∂x[(∂t+f)(4.2.1a)1]+∂z∂y[(∂t+f)(4.2.1a)2]−∂t∇2

H(4.2.1a)3, where (4.2.1a)1,2,3 denote the
x, y, z components of (4.2.1a) and where ∇2

H = ∂2
x + ∂2

y is the horizontal Laplacian, yields

∂t∇2w + f 2∂zzw +
g

ρ0

∂t∇2
Hρ
′ = 0. (D.0.1)

The density term ρ′ can be readily substituted from the linear form of (4.2.1b), i.e.,

∂tρ
′ + w

dρ̄(z)

dz
= 0, (D.0.2)

such that, denoting by N2 = −g/ρ0 dρ̄(z)/ dz the Brunt-Väisälä frequency, (D.0.1) becomes

∂t∇2w + f 2∂zzw +N2∇2
Hw = 0, (D.0.3)

which is the linearized field equation (4.2.2a). To obtain the free-surface boundary condition
for w, i.e. (4.2.2b), we consider the linear form of (4.2.1e), i.e.

∂tp
′ − wρ0g + η∂tzp

′ − ρ0gη∂zw + ηwρ0N
2 = 0, at z = 0. (D.0.4)

A second expression including p′ can be derived by taking the x derivative of ∂t(4.2.1a)1 +
f(4.2.1a)2 added to the y derivative of ∂t(4.2.1a)2 − f(4.2.1a)1, such that

−∂2
t ∂zw − f 2∂zw +∇2

H∂tp
′/ρ0 = 0. (D.0.5)

Substituting ∂tp
′ in (D.0.5) evaluated at z = 0 with its expression in (D.0.4) then yields

∂2
t ∂zw − g∇2

Hw + f 2∂zw = 0, at z = 0, (D.0.6)

which is the same as equation (4.2.2b). Finally, equation (4.2.2c) is the same as equation
(4.2.1f).
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