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ABSTRACT OF THE DISSERTATION

Developing highly e�cient electronic structure theory methods for large scale

simulations

by

Wenfei Li

Doctor of Philosophy in Chemistry

University of California, Los Angeles, 2021

Professor Daniel Neuhauser, Chair

Electronic structure theory has become a powerful predictive tool in chemistry.

Results from calculations provide insights into understanding a variety of mate-

rial properties, as well as chemical and biological processes. A central challenge

in the �eld is to develop methods with better e�ciency, such that simulations

can be carried out on larger scale and realistic systems. Di�erent strategies

are employed to address this problem, including the development of composite

methods, incorporation of novel numerical schemes, as well as search for better

e�ective Hamiltonians. In this dissertation, we present three projects that we

carried out in the quest for highly e�cient electronic structure theory methods.

In Chapter 2, we give an introduction to our stochastic quantum chemsitry

(sQC) framework. Central to the framework is a numerical technique called

stochastic resolution of identity (sRI). It allows us to replace the expensive sum

of states by an average over much fewer stochastic samples. In this way the
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computational cost of calculations is drastically reduced. We then discuss two

methods under the sQC framework, where we separately combined sRI with

density functional theory (DFT) and the GW method. The resulting stochastic

DFT and stochastic GW methods produce results that are in good agreement

with traditional deterministic implementations, but at a much lower computa-

tional cost.

Chapter 3 presents the stochastic embedding DFTmethod, which is an extention

of the stochastic DFT method. It is designed to selectively reduce the stochasic

error of results for a speci�c subsystem. We applied it to study a p-nitroaniline

molecule in water, and indeed it managed to reduce the stochastic error of

calculated forces on the p-nitroaniline molecule by 10-fold, without increasing

the computational time required in the simulation.

Chapter 4 presents the stochastic GW/RSH method, aiming at �nding an opti-

mal DFT starting point for stochastic GW calculations. We applied the method

to study a few solids, and results were in good agreement with those obtained

from self-consistent GW calculations.

We will also introduce another project, where we developed a novel formulation

of the projector augmented wave (PAW) method. The PAW method improves

the e�ciency of the calculations by eliminating explicit treatment of core elec-

trons. However, traditional implementations of PAW destroys the orthogonality

of wavefunctions. In our orthogonal PAW (OPAW) method, we set to restore

this orthogonality. Chapter 5 provides a short introduction to pseudopotentials

and PAW, and Chapter 6 gives a detailed account of OPAW. We applied OPAW

in a DFT code and succesfully reproduced results from existing non-orthogonal

PAW calculations from the ABINIT package.
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eV/Å. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Fundamental band gaps with OT-GW/RSH using VASP and

sGW, in eV. Results from self-consistent GW (scGW) as well

as experiments (Exp.) are also reported. References: a) [1]b) [2] 44

4 Optimally tuned γ in Bohr−1, obtained from OT-GW/RSH with

VASP and sGW. We also report values �tted from dielectric con-

stant using the empirical formula from the work of Baer et al. [3]

References: a) [4]b) [3]c) [5]d) [6] . . . . . . . . . . . . . . . . . . 45

5 Calculated band gaps of SiO2 at di�erent grid spacings. The

Si atom PAW wavefuncton input data set based on GGA cal-

culations has originally o1 = −1.005, which was modi�ed to

o1 = −1 + δ; di�erent choices of δ give essentially the same re-

sults (or slightly di�erent for the largest δ) as does an analogous

input �le built based on LDA calculations where o1 > −1. Note

of course that with both data sets we did the same overall GGA

(i.e., PBE) calculation; the di�erence was only in the PAW input

functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

ix



6 Calculated fundamental band gaps (in eV) of selected solids. The

values are reported along with the planewave cuto� (in Hartree)

required for for a 0.05eV gap convergence. The reference calcu-

lations use PAW in VASP. [7] . . . . . . . . . . . . . . . . . . . . 62

x



ACKNOWLEDGEMENTS

I would like to acknowledge my committee chair, Daniel Neuhauser. He

was always very supportive through my studies, and without his guidance it

would have been much more di�cult to complete all the projects. He also

provided the stochastic quantum chemistry framework, which I use throughout

three of my chapters. I also want to acknowledge Vojtech Vlcek, who helped

me out through my initial years, and from whom I learned a lot. I'll like to

acknowledge members of the Neuhauser group, for making my graduate study

a lot more enjoyable than otherwise. I'll also give special thanks to Ran He

and Chenchen Zhou, for all the fun time and nice food we had together, and

the movies we watched. Finally, I like to thank my friends and family, and my

parents who supported me throughout the years.

xi



VITA

9/2012-6/2016 BSc in chemistry and statistics

Faculty of Science

University of Hong Kong

9/2016- Ph.D. Candidate in theoretical chemistry

Department of Chemistry and Biochemistry

University of California, Los Angeles

PUBLICATIONS

1. Li, W., & Neuhauser, D. (2020). Real space norm-conserving projector-

augmented-wave method, Physical Review B, 102, 195118.

2. Lee, A. J., Chen, M., Li, W., Neuhauser, D., Baer, R., & Rabani, E. (2020).

Dopant levels in large nanocrystals using stochastic optimally tuned range-

separated hybrid density functional theory, Physical Review B, 102, 035112.

3. Li, W., Chen, M., Rabani, E., Baer, R., & Neuhauser, D. (2019). Stochastic

embedding DFT: Theory and application to p-nitroaniline in water. The Journal

of Chemical Physics, 151(17), 174115.

4. Vl£ek, V., Li, W., Baer, R., Rabani, E., & Neuhauser, D. (2018). Swift GW

beyond 10,000 electrons using sparse stochastic compression. Physical Review

B, 98(7), 075107.

5. He, J., Chen, Z., Li, W., Low, K. H., & Chiu, P. (2018). Intramolecular

(4+ 3) Cycloadditions of Pyrroles and Application to the Synthesis of the Core

of Class II Galbulimima Alkaloids. Angewandte Chemie International Edition,

xii



57(19), 5253-5256.

6. Ramirez, M., Li, W., Lam, Y. H., Ghosez, L., & Houk, K. N. (2020). Mecha-

nisms and conformational control of (4+ 2) and (2+ 2) cycloadditions of dienes

to keteniminium cations. The Journal of Organic Chemistry.

xiii



1 Introduction

1.1 Electronic structure theory calculations for large sys-

tems

The last three decades have witnessed major advancements in electronic struc-

ture theory. Higher accuracy was achieved for small-molecule calculations. [8,9]

At the same time, new approximations and better algorithms allow us to perform

simulations on larger systems that were previously considered inaccessible. [9,10]

As a result, electronic structure simulations are now becoming an indispensable

tool in chemistry research. Results from computational simulations are used to

rationalize experimental results, test physical models, and understand system

properties. [11�13]

Despite the rapid progress, there are still many challenges in the �eld. One of

the major concerns in developing electronic structure theory methods is the huge

computational cost required to accurately solve the electronic Hamiltonian. [10]

The steep scaling of many high level methods prevents their applications to

simulations of large systems. However, in many applications in chemistry, ma-

terials science and biology, it is required to treat systems with many thousands

of atoms or more. For example, in twisted bilayer materials, where a single layer

of a 2D material is stacked on top of another one, the resulting structure will

involve incommensurate moiré patterns. At small twist angles, the moiré length

scale is on the order of 100 nm, corresponding to hundreds or even thousands of

atoms. [14] Other large scale systems include molecular clusters, [15�17] biolog-

ical molecules, [18] and interfacial systems. [19] For simulating such systems, it

is thus necessary to have electronic structure theory codes with low scaling.
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1.2 A brief account of recent developments

The central task in electronic structure theory is solving the electronic Hamil-

tonian:

Ĥ =
∑
i

−∇
2
i

2
+ vext +

∑
i<j

1

|ri − rj |
, (1)

where i and j run over all electrons in the system. The �rst term is the kinetic

energy of the electrons, and the second term describes the external potential

arising from interaction between electrons and nuclei as well as possible addi-

tional electric �elds. The last term represents interactions between electrons,

and due to its existence, an analytic solution of the electronic Hamiltonian is

impossible in most cases. As a result, approximations must be made. In gen-

eral, higher level approximations that produce more accurate results are also

computationally more expensive. Di�erent strategies are employed to reduce

the computational cost of quantum chemical simulations. It is not the intention

here to give a comprehensive overview of all the recent developments. However,

several major lines of work will be mentioned.

The �rst is composite quantum chemical approach. Here I will use it in

a broad sense to refer to any computational method where the results of sev-

eral computations are assembled to produce the quantity of interest on a sin-

gle system. [20] One family of composite methods aims at predicting chemical

properties of small molecules that exceed chemical accuracy (1 kJ/mol). Such

methods consist of performing a series of higher level computations with smaller

basis sets, often accompanied by basis set extrapolation. This avoids using very

large basis sets along with higher level computational methods, which can be

prohibitive even for small molecules with several atoms. [10,20,21] Examples of

such methods include the widely known Gn methods, that are mainly designed

to obtain high quality thermochemistry data for small molecules. The latest G4

2



family of methods produced a mean absolute deviation from experiment of 0.83

kcal/mol for the 454 molecules in the G3/05 test set. [22]

For larger molecules, on the other hand, it is a common practice to carry

out fragmentation of the entire system into smaller and computationally e�cient

subparts. Calculations are performed on the subparts individually, and the re-

sults are then combined to provide information on the entire system. Di�erent

fragmentation schemes have been proposed, with varying ways of treating the

interaction between fragments. [20, 23�26] In one particular type of fragmenta-

tion scheme which has drawn much attention, the entire system is divided into

a subsystem of special importance, as well as the �background� which consists

of the rest of the system. The small subsystem will then be subject to a higher

level of treatment, while the background is treated with lower level theories.

This type of fragmentation is often referred to as embedding methods. [26] The

embedding methods are especially useful when the phenomena of interest are

con�ned within a small part of the entire system. Examples include optical

properties of chromophores in solvents, as well as binding at the active sites of

proteins.

The second major line of work in developing e�cient electronic structure

methods is to incorporate novel numerical algorithms to reduce the scaling of

key steps in the simulation. For example, the evaluation of four-index elec-

tron repulsion integrals is central to many wavefunction based methods. And

various methods are available for expressing such computationally expensive in-

tegrals as products of cheaper three-index intermediates. [10] These approaches

include resolution of identity, and Cholesky decomposition techniques. [27, 28]

The techniques often lead to signi�cant speed up of the calculations, and new

developments are continuing to push them into new territories. We are espe-

cially interested in methods that reduce the scaling with system size, since they
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allow calculations to be carried out on larger systems.

Last but not least, there are e�orts aiming at developing e�ective Hamil-

tonians, where part of the original electronic Hamiltonian is replaced by an

e�ective interaction that can be handled with less computational e�ort. For

instance, it is a common practice to replace the complicated motion of the core

electrons with e�ective potentials (typically referred to as an atomic pseudopo-

tential [29�32]), since they are in general inert in chemical reactions. Another

widely used approach along this line of work is the DFT+U [33�35] family of

computational methods, where an arti�cial Hubbard repulsion term is used to

describe d electron interactions in transition metals.

Overall, the quest for e�cient electronic structure theory methods is an

ongoing and active �eld of research and there is still plenty of room for future

developments.

1.3 Outline of dissertation content

This dissertation includes several projects aimed at developing highly e�cient

implementations of electronic structure theory methods. The e�orts will be

along two broad directions.

The �rst is within the framework of stochastic quantum chemistry, which

is introduced in Chapter 2. It utilizes a numerical scheme called stochastic

resolution of identity (sRI), and hence falls within the second line of work in

Chapter 1.2. Two projects under the stochastic quantum chemistry framework

are introduced in Chapters 3 and 4. The �rst is the stochastic embedding

DFT method along with its application to calculating forces on a p-nitroaniline

molecule in aqueous environment. It combines the idea of stochastic quantum

chemistry with embedding theory, as also mentioned in Section 1.2. The second

project is the stochastic GW/BNL method, and its application in calculating

4



the fundamental band gaps of several solids.

Another direction is the development of an orthogonal projector augmented

wave method, to be introduced in Chapter 5. The projector augmented wave

(PAW) method is a natrual extention of the atomic pseudopotential approach.

Hence, it is along the third line of work mentioned in Chapter 1.2. In many

applications, PAW o�ers further reduction in computational cost compared to

conventional norm-conserving pseudopotentials. However, this comes at the

expense of the orthogonality of wavefunctions, which is necessary for many

electronic structure codes. In Chapter 6 of this dissertation I introduce a novel

formulation of the PAW method where the orthogonality is restored. This is

the �rst implementation of PAW to achieve orthogonality.

1.4 Reprint of published articles and manuscripts

Chapter 3 is reprinted with permission from: W. Li, M. Chen, E. Rabani, R.

Baer, and D. Neuhauser, �Stochastic embedding DFT: Theory and application

to p-nitroaniline in water,� J. Chem. Phys. 151, 174115 (2019).

Chapter 4 is a version of the manuscript: W. Li, V. Vlcek, H. Eisenberg, E.

Rabani, R. Baer, and D. Neuhauser, �Tuning the range separation parameter in

periodic systems.�

Chapter 6 is reprinted with permission from: W. Li, and D. Neuhauser,

�Real-space orthogonal projector-augmented-wave method,� Phys. Rev. B. 102,

195118 (2020).
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2 Stochastic Quantum Chemistry

The stochastic quantum chemistry framework developed in our group drasti-

cally reduces the scaling of electronic structure theory calculations. Central to

stochastic quantum chemistry is the concept of stochastic resolution of iden-

tity (sRI). [36] It is a numerical scheme which replaces the summation over

thousands of deterministic orbitals by an average over a much smaller number

of stochastic orbitals. In this way the computational costs of simulations are

greatly decreased, especially for large systems.

2.1 Stochastic resolution of identity

To demonstrate the idea of stochastic resolution of identity, consider a discrete

one-dimensional spatial grid. The identity operator Î in position basis is then

given by a Kronecker delta. For example, on a one-dimentional grid,

〈xi|Î|xj〉 = δxi,xj
.

Now de�ne a stochastic orbital χ on the grid, which takes the values ±1

with a probability 1/2 independently at each grid point. (I.e., for each grid

point xi, we �ip a coin and the value of the stochastic orbital χ(xi) is 1 if we

get head, and −1 if we get tail.) Then multiply the random value by a constant

normalization factor, dV −1/2, where dV is the grid volume element.

It follows that for all i:

{〈xi|χ〉〈χ|xi〉}χ = {(±1)2}χ = 1,

where if not speci�ed otherwise, the expression { }χ is adopted in this disser-

tation to represent stochastic averaging over in�nitely many realizations of the

stochastic orbital χ. Similarly for all i 6= j:
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{〈xi|χ〉〈χ|xj〉}χ = {χ(xi)}χ{χ(xj)}χ = 0. (2)

In Eq. (2), the �rst equaliy holds because the values at di�erent grid points

are taken independently from each other.

The identity operator is thus resolved as the auto-correlation of a set of

stochastic orbitals:

Î = {|χ〉〈χ|}χ.

In practice, we average over only a �nite number of samples. As a result, a

stochastic error proportional to 1/
√
Ns is introduced, with Ns being the number

of stochastic orbitals. In realistic applications, a su�ciently small stochastic

error is typically achieved with N being in the range of tens to a few hundreds.

We compare this with the deterministic resolution of identity, where the iden-

tity operator is spanned in the basis of a complete set of orthonormal functions

{ηi}:

Î =
∑
i

|ηi〉〈ηi|.

For large systems, the size of this basis will be thousands or more. As a

result, the stochastic resolution of identity provides a cheaper alternative for

such systems.

2.2 Stochastic DFT and stochastic embedding DFT

Given the stochastic resolution of identity, we then combine it with di�erent

electronic structure theory methods to develop highly e�cient electronic struc-

ture theory approaches. Of all electronic structure theory methods, the density

functional theory (DFT) has become one of the most popular options in chem-

7



ical, biological and material science applications, and we therefore start with a

stochastic version of DFT. [37�41]

2.2.1 Kohn-Sham DFT

Most practical implementations of DFT rely on the Kohm-Sham formulation,

[42,43] where one involves self-consistently solve the eigenproblem:

ĥKSφi = εiφi,

where ĥKS is the one-electron Kohn-Sham Hamiltonian:

ĥKS = −∇
2

2
+ vext + vH [ρ] + vxc[ρ].

The kinetic energy and external potential terms are the same as in the orig-

inal electronic Hamiltonian given in Eq. (1), while the complicated electron-

electron interactions are replaced by the sum of two terms: the Hartree term

vH gives the static Coulomb potential generated by the electron density ρ of

the system, and any remaining e�ects are contained in the exchange-correlation

potential vxc. DFT is formally exact, but the explicit form of the exchange-

correlation potential is unknown. Approximations must be made, and di�erent

DFT methods are classi�ed according to the forms of the exchange-correlation

potentials. In the simplest local density approximation (LDA), the value of vxc

at any point r in space is a simple function of the electron density ρ(r) at that

point. In the general gradient approximation (GGA), the gradient of he density

∇ρ is also taken into account.

The central quantity here is thus the electron density ρ, obtained as a sum

over occupied states:

8



ρ =
∑

i<Nocc

|φi|2.

As the Hartree and exchange-correlation potentials both depend on ρ, an

iterative scheme is adopted, where the electron densities are updated in each

iteration to generate the Kohn-Sham potential for the next iteration. To solve

the eigenproblem, the Kohn-Sham Hamiltonian ĥKS is diagonalized in a given

basis set. This diagonalization step then gave rise to a nominal scaling of N2−

N3 for most implementations of Kohn-Sham DFT.

2.2.2 Stochastic DFT and stochastic embbedding DFT

The aim of stochastic DFT is to develop a linear-scaling implementation of DFT,

allowing it to be applied in large scale simulations. Several routes for achieveing

this goal were proposed, including orbital-free DFT, which does not rely on the

Kohn-Sham formulation. However, in orbital-free DFT, the representation of

the kinetic energy is a major challenge, and much work has been devoted to

developing more accurate kinetic energy functionals. [44] On the other hand,

stochastic DFT o�ers an accurate bridge between orbital-free DFT and Kohn-

Sham DFT. The central idea is to replace the Kohn-Sham orbitals by �ltered

stochastic orbitals, thus circumventing the need to diagonalize the Kohn-Sham

Hamiltonian. [45,46]

In the limit of in�nite sample size, results from stochastic DFT converge to

those obtained from traditional deterministic calculations. In practice, stochas-

tic errors are introduced into the results due to �nite sample sizes. We have

proposed di�erent strategies for reducing the stochastic errors at a �xed com-

putational cost. Among them is stochastic embedding DFT, where instead

of uniformly reducing the stochastic errors, we seek to selectively reduce the

stochastic errors associated with a certain sub-system. A detailed account of
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stochastic DFT and stochastic embedding DFT will be given in Chapter 3.

2.3 Stochastic GW/RSH

Despite the success of DFT, there are well-known cases where it fails to produce

reliable results. Speci�cally, although Kohn-Sham orbital energies are often

interpreted as excitation energies, this practice lacks theoretical justi�cation, as

DFT is a ground state method. [47] In practice, DFT, especially LDA or GGA,

tends to severely under-estimate the fundamental band gap. [47�50]

There has been various e�orts aiming at designing better functionals for ex-

cited state calculations, such as the hybrid functionals where a certain fraction

of Fock exchange is included. [51�53] An alternative way of systematically im-

proving upon the short-comings of DFT and providing accurate single particle

excitation spectra is the GW approximation. [47,50,54]

2.3.1 The GW approximation

The GW approximation is an excited state method which calculates the quasi-

particle energies εQP , which has exact correspondence with physical one-particle

excitation energies. Typically, the GW approximation comes at the form of the

so-called G0W0 method, [47,50] where it is applied as a perturbative correction

to DFT eigenvalues:

εQP = εKS + 〈φKS |Σ̂P + X̂ − Vxc|φKS〉.

Here εKS and φKS are the DFT orbital energies and wavefunctions, X̂ is

the Fock exchange, and Vxc is the DFT exchange-correlation potential. Σ̂P

is the non-local dynamical self-energy. It describes the fact that the motion

of electrons creates a polarization of the surrounding medium, which in turn

a�ects the electrons themselves, hence it is referred to as the �self� energy. In
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GW, Σ̂P is approximated as the product between the Green's function G and

the screened Coulomb potential WP :

ΣP (r, r′, t) ≈ iG(r, r′, t)WP (r, r′, t).

When applied in realistic simulations, the G0W0 approximation was shown

to greatly improve the accuracy of calculated band gaps. [47, 50, 55] However,

this improvement comes at the cost of computational e�ciency. The evaluation

of the screened Coulomb potential is especially demanding, and traditional de-

terministic implementations of the method typically scale as N4 with a large

prefactor. [56] This prohibits the application of GW approximation to large-scale

simulations of realistic systems.

In searching for a more e�cient implementation, we combined the stochastic

quantum chemistry framework with GW. The resulting stochastic GW method

[57�59] has an overall linear scaling, and has been applied to study systems of

more than 10,000 electrons.

2.3.2 Stochastic GW

In stochastic GW, as discussed in detail below, by inserting a stochastic repre-

sentation of the identity operator, the Green's function is replaced by a corre-

lation function between a random function at time zero and its evolved coun-

terpart at a later time.

For the screened Coulomb potential WP , on the other hand, the stochastic

quantum chemistry framework works in a di�erent manner. It is known that the

action of the retarded screened potential WR
P can be evaluated by perturbing

the occupied orbitals and carrying out a time-dependent Hartree propagation

of the system. For large systems, the propagation becomes cumbersome since it

requries to propagate a huge number of occupied orbitals. But in stochatsicGW,
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we only need to propagate a few random combinations of the occupied states,

thus greatly reducing the computational cost. In fact, the number of samples

required in the propagation is in general independent of system size, thus leading

to the overall linear scaling. [58]

The Kohn-Sham Green's function is given by the operator:

iG(t) = e−iĥt[(Î − P̂ )θ(t) + P̂ θ(−t)],

where θ is the Heaveside step function, and P̂ = θ(µ− ĥ) is the projecting oper-

ator to the occupied states. To evaluate the Green's function in position space,

we insert a stochastic representation of the identity operator Î = {|χ〉〈χ|}χ, so

that:

iG(r, r′, t) = {〈r|e−iĥt[(1− P )θ(t) + Pθ(−t)]|χ〉〈χ|r′〉}χ

= {χµ(r, t)χ(r′)}χ.

To obtain χµ, we �rst start with the original stochastic orbital χ, and project

it onto the occupied subspace through Chebyshev �ltering to obtain: χo = P̂χ,

as well as χu = (Î − P̂ ) = χ − χo. Then, χo is propagated backward in time

to obtain χµ(t < 0) = −e−iĥtχo. Similarly, χu is propagated forward in time to

obtain χµ(t > 0) = e−iĥtχu.

With the separation of the Green's function G, the self energy is then eval-

uated as:

〈φKS |Σ̂|φKS〉 = {
∫
φKS(r)χµ(r, t)u(r, t)dr}χ,

where u(r, t) is the responce potential at position r and time t due to a pertur-

bation of the pseudo charge density χ(r′)φ(r′) at time t = 0:
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u(r, t) =

∫
WP (r, r′, t)χ(r′)φ(r′)dr′.

The evaluation of u(r, t) is done in two steps.

First, it is known that the action of the retarded potential WR
P can be cal-

culated through time-dependent Hartree propagation, where the system is �rst

perturbed with f(r′) = χ(r′)φ(r′), and propagated in time. In determinis-

tic calculations, this amounts to perturbing all the occupied states to obtain:

φλi (t = 0) = e−iλfφi, then propagating them simulatneously to obtain φλi (t).

The retarded response is then given by the di�erence between the Hartree po-

tentials of the perturbed and unperturbed systems:

uR(r, t) =

∫
WR(r, r′, t)χ(r′)φ(r′)dr′

=
1

λ
[vH(r;nλ(t))− vH(r;nλ=0(t))],

where

nλ(t) =
∑

i≤Nocc

|φλi (t)|2.

Deterministic time-dependent Hartree is thus very expensive for large sys-

tem, where the number of occupied orbitals Nocc could be thousands or more.

In stochastic GW, on the contrary, we make a few random orbitals η and project

them onto occupied states:

ηµ(r) = θ(µ− ĥ)η(r).

These projected orbitals ηµ are linear combinations of the occupied states:
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ηµ(r) =
∑

i≤Nocc

ηiφi(r).

The coe�cients ηi = 〈φi|η〉 are thus random with the following property:

{η∗i ηj}η = {〈φj |η〉〈η|φi〉}η

= 〈φi|φj〉 = δij .

Then, instead of propagating all the φi individually, we only need to prop-

agate the few random orbitals, and the �nal response potential is obtained

similar to the deterministic case, with the only di�erence being how we obtain

the electron densities:

nλ(t) = {|ηµ(r, t)|2}η.

The second step is then to convert the retarded response uR to the original

u. This is achieved in Fourier space, where they are related in a simple fashion:

u(r, ω) =

 uR(r, ω) ω ≥ 0

uR(r, ω)∗ ω < 0
.

With the above procedures we now have a completely stochastic formulation

of the GW method. We showed that the stochasticGW method reproduces well

the results of deterministic calculations for a wide variety of molecules and solids,

while having linear or even sub-linear scaling. [56,60�62]
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2.3.3 Starting point dependence of GW approximation and range

separated functionals

Since G0W0 is formulated as a perturbative correction of DFT calculations,

the qualities of the underlying DFT starting points have great impact on the

accuracy of the GW results. Indeed, benchmark studies on both solids and

molecules showed that an accurate starting density functional greatly improves

the accuracy of the G0W0 results. [63, 64] Furthremore, since G0W0 does not

modify the orbitals, it will not produce reliable results if the DFT orbital den-

sities are problematic. For example, LDA or GGA functionals are known to

produce erroreous densities for charge transfer complexes or systems containing

transition metals. This problem is related to the so-called self-interaction error

(SIE), namely the spurious interaction of an electron with itself. SIE will lead to

over-delocalization of the orbital densities, resulting in arti�cial charge transfer,

as well as an over-estimation of the energies of d orbitals. One way to counter

SIE is to incorporate certain amount of Fock exchange in DFT. The class of

functionals which contains Fock exchange is referred to as hybrid functionals.

In fact, the best starting points are found to be hybrid functionals with the

largest fraction of Fock exchange. [63,64]

As a result, we are speci�cally interested in using the range-separated hybrid

(RSH) functionals [65, 66] as the DFT starting point. In RSH, the Coulomb

interaction between electrons is separated into short-range and long-range parts:

1

r
=

1− erf(γr)

r
+

erf(γr)

r

where erf is the error function and γ is the range-separated parameter. The

short range part will be approximated using LDA or GGA , while the long range

part is calculated using 100% Fock exchange to o�set the self-interaction error.

The only issue left is then to determine the range-separation parameter γ.
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From Eq. (??) it is clear that γ−1 roughly marks the transition between short

range and long range, and it can be viewed as the e�ective screening length

of the system. It is thus expected to be highly system-independent. Practical

applications also proved that there is no �xed γ that works universally well for

all types of systems. [67�69]

Therefore, we are interested in developing a scheme that allows us to obtain

γ without consulting any empirical data. For molecules, a tuning procedure is

widely used, where γ is chosen to ensure that the orbital energy of the highest

occupied orbital (HOMO) matches the ionization potential. [3,70,71] However,

as this method involves calculation of the total energy of charged systems, it

becomes problematic for periodic systems, where the overall charge becomes

in�nite due to repetition of periodic images. In Chapter 4 of this dissertation,

I will describe a way of obtaining γ for solids. The basic idea is to �nd γ such

that the DFT fundamental band gap agrees with the GW gap. We show that γ

produced this way is consistent with an empirical formula developed previously.

Furthermore, the band gaps calculated this way are in good agreement with

self-consistent GW.
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3 Stochastic embedding DFT: theory and appli-

cation to p-nitroaniline in water

DFT (Density Functional Theory) traditionally follows the Kohn-Sham scheme

where a set of one-particle equations is solved self-consistently. For large systems

the solution of these equations scales as O(N2
e ) − O(N3

e ) with the number of

electrons Ne, so there is a lot of interest in variants that scale linearly with

system size. Such methods include orbital-free DFT with density-dependent

kinetic energy functionals, [72,73]; linear-scaling approaches where the system is

split into parts that are woven together via constraints [74]; as well as embedding

techniques where an inner part is treated by DFT and an outer part by orbital-

free DFT [75�77].

Previously, we developed stochastic DFT (sDFT), a method that can be

viewed as a bridge between Kohn-Sham DFT and orbital-free DFT [46]. Instead

of computing Kohn-Sham orbitals for all occupied states, we apply a Chebyshev

�lter to a few stochastic orbitals [46], and extract the density from these �ltered

orbitals, circumventing the time-consuming diagonalization step. In the limit of

in�nitely many stochastic samples, the stochastic errors approach zero and the

results agree exactly with deterministic calculations.

In practice, the sample size will be �nite, and there will be stochastic noises

associated with the results. There is no problem with noisy results per se. Peo-

ple use noise to simulate temperature e�ects. For example the noisy forces of

sDFT have been used to determine the structure of nanocrystals at �nite tem-

peratures by sample the Boltzmann distribution through the technique known

as Langevin dynamics [78]. When the noisy forces have a large standard devi-

ation the friction coe�cient in the Langevin equation must be large and this

deteriorates the sampling e�ciency. Thus, there is a great advantage in reduc-
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tion of the �uctuations in the noise. Hence our aim in the Chapter is to discover

a way to reduce the force in the noise in a signi�cant factor than in our previous

applications.

In follow-up work [78�80] we have shown how to reduce the standard devi-

ation in sDFT (and therefore accelerate the convergence), using a method we

label stochastic-fragment DFT (sf-DFT). Here, instead of sampling stochasti-

cally the full density, we sample stochastically only the di�erence between the

full density and a zero-order density which is easy to calculate. The di�erence

is generally small, thereby reducing the �uctuations.

Here, we develop an alternate method whereby a given sub-region is em-

bedded. Essentially, this sub-region is treated deterministically while the rest

of the system is treated stochastically (this is a simplifying view and the more

precise methodology is described later). The motivation for this method is that,

for many realistic systems, only a subsystem is of particular importance. The

idea of embedding was widely adopted to treat such systems. In most embed-

ding methods, the sub-system of interest is calculated at higher level theories,

while the rest is treated with less accurate but more e�cient methods to reduce

computational cost [75, 76, 81�92]. Our stochastic density functional theory

embedding method adopts an analogous strategy, except that here the larger

stochastic region embeds the smaller deterministic part.

An attractive feature of the stochastic embedding method is that the errors

due to the embedding are numerically controlled, since in the limit of in�nitely

many stochastic samplings the method is exact. As such, there is no residual

arbitrariness due to the choice of an embedding potential.

This Chapter is organized as follows. Section 3.1 presents the theory, and

the practical algorithm is reviewed in Section 3.2. In Sections 3.3 and 3.4 a

practical system is studied, embedding of a dye (p-nitroaniline) in 216 water
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molecules. Discussions and possible extensions follow in Section 3.5.

3.1 Theory

3.1.1 Stochastic DFT

We �rst review stochastic DFT as developed in our previous works [46,79�81].

In DFT, the key component is the electron density ρ(r), which we express

as the trace of a Heaviside step function:

ρ(r)

2
= 〈r|Θ(µ−H)|r〉 (3)

where we assume spin-unpolarized DFT. Here, µ is the electron chemical

potential, determined by ensuring the correct total number of electrons:

Ne =

∫
ρ(r)dr, (4)

and the one-body Hamiltonian is H = − 1
2∇

2 +v(r), where we introduced the is

the e�ective one-electron potential due to the the nuclear (vN ) electron-electron

Coulomb interaction (vH) and exchange-correlation (vXC) parts. We assume

for simplicity that the exchange-correlation (and therefore the total e�ective)

potential depends on the local density, v = v [ρ].

In the usual deterministic formulations of Kohn-Sham DFT, the electron

density is expressed as the sum over one-electron states, and the total number

of electrons is determined by the occupation number of each state. Thus, the

Heaviside �lter becomes a projection to the occupied subspace:
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Θ(µ−H) =
∑

i≤Nocc

|ψi〉〈ψi|. (5)

where we introduced the number of occupied orbitals (Nocc = Ne/2). The one-

electron orbitals ψi are obtained by diagonalization of the e�ective one-electron

Hamiltonian matrix, resulting in a nominal N3
e scaling of Kohn-Sham DFT.

Expectation values of one-electron operators are obtained from the occupied

states:

〈A〉 =
∑

i≤Nocc

〈ψi|A|ψi〉. (6)

In stochastic Kohn-Sham DFT, on the other hand, we use a set of stochastic

orbitals, ξ(r), with the property that:

{|ξ〉〈ξ|}ξ = I, (7)

where the curly brackets stand for averaging over all stochastic orbitals. Insert-

ing the identity operator in the expression for ρ(r), the electron density is thus

expressible as:

ρ(r) =
{
〈r|Θ 1

2 |ξ〉〈ξ|Θ 1
2 |r〉

}
ξ

=
{
|ξµ(r)|2

}
ξ
, (8)

where we abbreviate Θ
1
2 ≡ Θ

1
2 (µ−H), and ξµ ≡ Θ

1
2 ξ.
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The �ltered stochastic orbitals are linear combinations of all occupied states

with random coe�cients:

ξµ(r) =
∑

i≤Nocc

ciφi(r) (9)

where ci = 〈φi|ξ〉, so

{c∗i cj} = δij . (10)

Similarly, the expectation values of any one-particle operator D is:

〈D〉 = {〈ξµ|D|ξµ〉}ξ ≈
1

Ns

∑
ξ

〈ξµ|D|ξµ〉. (11)

Here Ns is the number of stochastic orbitals used in practice. As in any stochas-

tic method, the expectation value, obtained as the average of a �nite number of

samples, will have an associated stochastic error which is proportional to 1/
√
Ns.

The actual number of stochastic orbitals is chosen based on the required level

of precision.

In practice the method relies on the fact that the calculation of each stochas-

tic vector scales only linearly with system size. Speci�cally, we use a smooth

Heaviside function, Θ(µ − H) = 1
2erfc (β (µ−H)) where β needs to be much

larger than the inverse band gap. The smooth theta function is then expressed

as a �nite sum of Chebyshev polynomials, Θ
1
2 =

∑
n an(µ)Tn(Hscaled), where

Hscaled is a scaled Hamiltonian with eigenvalues in the range [−1, 1] and an(µ)
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are the Chebyshev coe�cients of
(

1
2erfc (β (µ−H))

) 1
2 . Therefore

|ξµ〉 =
∑
n

an(µ)|ξn〉, (12)

where the Chebyshev vectors are obtained recursively, |ξn〉 = 2Hscaled|ξn−1〉 −

|ξn−2〉, and |ξn=0〉 ≡ |ξ〉.

The Chebyshev expansion makes it possible to analytically determine the

chemical potential. Speci�cally, expand Θ =
∑
n bn(µ)Tn(Hscaled), where bn(µ)

are the Chebyshev coe�cients of 1
2erfc (β (µ−H)). Then, using Eq. (4) gives:

Ne
2

=
1

Ns

∑
ξ

〈ξµ|Θ(µ−H)|ξµ〉 =
∑
n

bn(µ)Rn (13)

where Rn = N−1
s

∑
ξ〈ξ|Tn (Hscaled) |ξ〉. Therefore, µ is varied until Eq. (13) is

ful�lled.

Next we turn to embedding, �rst traditional and then stochastic.

3.1.2 DFT Embedding

As in other embedding methods, the motivation for stochastic DFT embedding

is that in many practical applications the properties of a system depend on

much smaller sub-system(s), such as defects in semiconductors or active sites

of proteins. Often, we do not even care for the rest of the system except the

embedded part. Even when a quantum-mechanical treatment of the rest of the

system (the environment) is necessary, the level of precision required is usually

not as high as that of the sub-system(s) of interest.

A key component in all types of embedding methods is the speci�c quan-

tity through which the properties of the environment is conveyed to the sub-

system(s). In DFT embedding, the quantity is the electron density of the entire

system [87]. Speci�cally, subset A denotes the sub-system of interest, and sub-
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set B is associated with the environment (the precise meaning of these two

subsets would be �exible). The total electron density is therefore partitioned

ρ = ρA + ρB .

In traditional deterministic DFT embedding one then derives an approxi-

mate functional for the two regions that captures the energy of the environment

as well as its interaction with the sub-system(s) of interest. Solving this equation

for orbitals in subset A is equivalent to solving an ordinary Kohn-Sham equation

with an extra external potential due to the embedding. Following Kohn Sham

formulation, the external potential can be written as:

vA = δ
δρA

(Ts[ρ]− Ts[ρA]) + VH [ρB ] + δ
δρA

(Exc[ρ]− Exc[ρA])

Of all the three terms to the right, the �rst term is referred to as the nonad-

ditive kinetic potential, which usually has the cominating contribution. Heuris-

tically, the term can be thought of arising from the requirement that the orbitals

of the sub-systems(s) should be orthogonal to the orbitals of the environment.

In practice, this term can either be derived from its functional form [75,87], or

the orthogonality can be imposed [81�84,93,94].

In our stochastic embedding DFT, there is the same loose overall goal as in

deterministic embedding, i.e., the di�erent treatment of a smaller system and

the environment. However, the methods are quite di�erent. In our approach,

the embedded space is treated determinstically and the other (environment) is

treated stochastically but at the same level of computational methods. There-

fore, the only sense in which embedding is approximate here is numerical, i.e., if

we use enough stochastic orbitals the results will agree exactly with fully deter-

ministic calculations. The two spaces (system and environment) see the same

overall Hamiltonian, and there is no uncontrolled ansatz.

Specifcially, using the same language of partitioning space to parts, we sep-

arate the total electron density into two parts, abbreviating
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ρ(r)

2
= 〈r|Θ 1

2 Θ
1
2 |r〉

= 〈r|Θ 1
2PΘ

1
2 |r〉+ 〈r|Θ 1

2QΘ
1
2 ||r〉

≡ ρA(r)

2
+
ρB(r)

2
. (14)

The �rst term in the splitting projects onto the �A� subspace, de�ned by its

basis

P̂ =
∑
i∈A
|χi〉〈χi|, 〈χi|χj〉 = δij . (15)

Therefore,

1

2
ρA(r) =

∑
i∈A
〈r|Θ 1

2 |χi〉〈χi|Θ
1
2 |r〉 =

∑
i∈A
|χi,µ(r)|2, (16)

where χi,µ = Θ
1
2 (µ − H)χi. Note that the χi(r) basis does not have to be

related directly to the molecular orbitals but would typically be a made from a

set of atomic orbitals in a given region, although there is a lot of freedom in the

de�nition. For example, in the example studied later we choose a set of local

Gaussian atomic orbitals on each atom in the embedded subsystem (labeled as

φi(r), i ∈ A) and then orthogonalize them, to produce χi(r) =
∑
j(S
− 1

2 )ijφj(r)

where Sij = 〈φi|φj〉 is the overlap matrix of the embedded-part atomic orbitals.

The second term in the splitting is associated with Q ≡ I−P , the orthogonal

projection to the other (�B�) subspace. Since Q2 = Q and inserting the identity

operator I = {|ξ〉〈ξ|}ξ we get
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1

2
ρB(r) = 〈r|Θ 1

2QQΘ
1
2 |r〉 =

{
〈r|Θ 1

2Q|ξ〉〈ξ|QΘ
1
2 |r〉

}
ξ

=
{[
|ξ̄µ(r)|2

}
ξ

(17)

where

|ξ̄µ〉 ≡ Θ
1
2 (µ−H)Q|ξ〉 (18)

is obtained by two consecutive projections: �rst a random orbital is projected to

the space orthogonal to the embedded P part, and the result is then projected

to the occupied space of the full system.

Thus we reach the main embedding expression, the separation of the density

into two parts,

1

2
ρ(r) =

∑
i∈A
|χi,µ(r)|2 +

1

Ns

∑
ξ

|ξ̄µ(r)|2, (19)

one associated with the deterministic subspace and one with an orthogonal

stochastic part. The two parts are connected through the application of the

density matrix operator, Θ (µ−H), since the potential in the Hamiltonian de-

pends on the density, v = v[ρ], and the density is a mixture of stochastic and

deterministic parts.

An important feature of the algorithm is that the deterministic and stochas-

tic orbitals, χiµ and ξ̄µ, that make up the density (Eq. (19)), are not orthogonal

� neither among themselves nor to each other. The orthogonality of the P and

Q spaces re�ects in the orthogonality of the original χi and Qξ functions, but

that orthogonality is lost when we act on χi and on Qξ with Θ
1
2 (µ−H) in Eqs.

(16),(18). Further note that, as mentioned, the same overall Hamiltonian (and
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therefore the same Θ
1
2 (µ − H) ) is used in preparing both the stochastic and

deterministic orbitals, i.e., they are treated on equal footing.

The procedure described above serves to introduce a general and novel

paradigm of embedding deterministic and stochastic descriptions together. The

paradigm is not limited to DFT, and would be generally applicable to other

techniques. For example, TDDFT, so that the inner region would be described

by deterministically propagated orbitals, or other methods.

We also note that the approximation in this approach, i.e., the stochas-

tic part, is numerically controllable. With more stochastic orbitals, the er-

ror decreases. It does present a fully-quantum alternative to other embedding

methods, where one needs to increase the size of the embedded part to ensure

convergence. Further, the method scales well for large method. The main cost

is proportional to NstochNembed
2, so it is very manageable even for very large

regions with thousands of basis set functions in the embedded region. Like all

stochastic methods, the aim is giant systems, where the gentle scaling of the

method enables a calculation.

3.2 Algorithm

The overall stochastic embedding DFT method is then quite similar to the

stochastic DFT algorithm:

1. Generate Ns stochastic orbitals: ξ(r) = ±1/
√
d3r where d3r is the volume

element associated with the grid. Also create a reasonable initial density

ρ(r) which integrates to the correct number of valence electrons.

2. Determine the one-particle e�ective potential and Hamiltonian H = T +

v[ρ]

3. For each stochastic orbital, project out the components along the atomic

basis functions, i.e., prepare ξ̄ = Qξ:
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ξ̄(r) = ξ(r)−
∑
i ciχi(k)

where

ci =
∫
χi(r)ξ(r)dr.

1. Determine the correct chemical potential µ as the one that integrates

correctly the total density, i.e., from Eq. (13) where now

Rn =
∑
i∈A
〈χi|Tn (Hscaled) |χi〉+

1

Ns

∑
ξ

〈ξ̄|Tn (Hscaled) |ξ̄〉, (20)

i.e., the residues and therefore the constraint on the integrated density

include both the deterministic and stochastic parts.

2. Chebyshev �lter the orthogonalized atomic basis functions as well as the

projected stochastic functions:

|χi,µ〉 = Θ
1
2 (µ−H)|χi〉

|ξ̄µ〉 = Θ
1
2 (µ−H)|ξ̄〉,

1. Calculate the charge densities for this µ from Eq. (19).

2. Reiterate steps 2−6 until the density does not vary, i.e., SCF convergence

is reached.

With the �ltered atomic basis functions and �ltered stochastic orbitals , the

expectation value of any one-particle operator D is:

〈D〉 =
∑
i

〈χi,µ|D|χi,µ〉+
1

Ns
〈ξ̄µ|D|ξ̄µ〉. (21)
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The algorithm is therefore very similar to the original stochastic DFT ap-

proach. The only di�erences are that (i) in addition to the stochastic functions

one also needs to project the density matrix (or more precisely Θ
1
2 (µ−H)) on

the deterministic basis making the embedded part, and (ii) for the stochastic

part, we now project out the deterministic part (i.e., apply Q) before �ltering

with the Chebyshev expansion of Θ
1
2 (µ−H) .

3.3 Computational details

We applied the stochastic density functional embedding method to study a

realistic case of embedding, i.e., a dye in water. The dye was a p-nitroaniline

molecule, and it was embedded in 216 water molecules.

3.3.1 Structure preparation

The con�guration of the system was obtained from snapshots of molecular dy-

namic simulations with Gromacs 5 [95]. The dynamics simulations used a gen-

eralized amber force �eld with charges from AM1-BCC for p-nitroaniline [96]

and TIP4P with allowed �exibility of bond/bend for water [97].

The simulation steps for the preparation of the con�guration were standard,

involving �rst a high temperature equilibrations of the p-nitroaniline, followed

by NVT simulations at room temperature, and then NPT equilibration at room

temperature and pressure. We then ran the MD sampled a speci�c con�g-

urations after several nsec. The con�guration was used for subsequent DFT

calculations and is shown in Figure 1.

We note that in a comprehensive study of the solvent e�ect, the molecular

properties should be averaged over multiple con�gurations. However, as the

purpose of the current study is to demonstrate the capacity of the stochastic

embedding DFT method, we used single con�guration instead. The restriction
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Figure 1: Con�guration of the p-nitroaniline/water system used in DFT calcu-
lation. The p-nitroaniline molecule is represented by ball and sticks, and water
molecules are represented by wire-frames.

also allows us to focus on the di�erence in results obtained from embedding

method and purely stochastic method.

3.3.2 Stochastic embedding DFT details

For the DFT calculation, we imposed periodic boundary conditions. A plane

wave expansion was used, with atomic norm-conserving Troullier-Martins pseu-

dopotentials replacing the core-valence interaction. An LDA functional was

used. An 883 grid with a spacing of 0.402 atomic units was used, while the plane

wave kinetic-energy cuto� was 15 Hartree. The inverse-temperature-like param-

eter β in the Heaviside function erfc (β (µ−H)) was set at β =0.03 Hartree−1,

requiring 1173 Chebyshev propagations in acting with Θ
1
2 (µ−H).

For the basis functions {|χi〉} we used a Gaussian double-zeta basis optimized

for pseudopotentials, as given in the Quickstep [98] data set. 1

1We speci�cally used the DZVP-GTH-PADE basis for all atoms, in
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Three sets of calculations were carried out. The �rst used Ns = 96 stochastic

orbitals, without embedding. The second used the same Ns = 96 stochastic

functions, but supplemented them with the double zeta atomic basis set for

all 16 atoms belonging to the p-nitroaniline molecule. This deterministic basis

set for the dye contained 160 functions (an average of 10 functions per atom).

The atomic functions were orthogonalized, giving rise to 160 orthogonal χi(r)

functions. Therefore a total of 256 functions was employed (160 deterministic

and 96 stochastic).

Since the number of deterministic functions in the second, embedded, set of

calculations was quite large, we also compared the second set with a third set

where all functions were stochastic, and where 256 functions were used, i.e., the

same overall number as in the second set. Thus, the numerical e�ort, mostly

associated with the Chebyshev application of Θ
1
2 , is similar in the second and

third sets.

Each set of calculations was repeated ten times, with di�erent random seeds

for generating the stochastic orbitals, to obtain the standard deviation of the

stochastic approaches.

To benchmark our results, we also performed a conventional deterministic

Kohn-Sham DFT calculation which matches the results of Quantum-Espresso.

[99]

3.4 Results

The most time-consuming step in the stochastic DFT formulation is the appli-

cation of the Chebyshev �lter. Therefore, as mentioned, the time required to

perform calculation with embedding and Ns = 96 (second set) is comparable

to that with no embedding and Ns = 256 (third set), and is about 2.5 times

the CONFINED variant where available. The basis-set is available from
https://github.com/SINGROUP/pycp2k/blob/master/examples/BASIS_SET
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the time required to perform calculation with no embedding and Ns = 96 (�rst

set). Indeed, in practice about 14 core hours per SCF iteration (on a cluster with

2.5 GHZ nodes) were needed for the second and third sets, with about 6 core

hours for the �rst set. The deterministic set required about 11 core hours per

iterations. In all cases, 30 DIIS iterations were used for full SCF convergence.

Next, we compared the total energy per electron obtained from the three sets

of calculations with that obtained from the deterministic calculation, as well

as the individual contribution from Hartree and exchange-correlation energies.

The comparison is shown in Table 1. The results show good overall agreement

between the stochastic and deterministic calculations. In the table, we also

included standard deviations of the various results. The �rst observation is

that results obtained from stochastic embedding calculations are consistent with

purely stochastic calculations of the same NS . This observation is expected

becayse the various terms contributing to total energies are dominated by the

216 water molecules. Another observation is that the standard deviation can be

made smaller by increasing NS . In fact, the standard deviation is expected to

be proportional to 1/
√
NS .

The e�ect of embedding comes to play in quantities relating to the embedded

region, and the main such quantity is the force on each atom. Figure 2 shows the

overall forces and their standard deviations for 60 out of the 644 atoms in the

sample; the �rst 16 are the embedded dye, and the other 44 are from the water

molecules. The �gure clearly shows that, with embedding, the forces on the

embedded atoms have much higher accuracy (much smaller standard deviation)

than the forces on the water molecule.

As a side remark note that the forces on the non-embedded atoms have

the same overall statistical �uctuations as without embedding. We know from

previous studies that for large systems like the present one the stochastic errors
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Ns = 96
without

embedding

Ns = 96
with

embedding

Ns = 256
without

embedding

Determini-
stic

Total energy
per electron

-2.115±0.0015 -2.115±0.0016 -2.117
±0.0008

-2.117

Hartree
energy per
electron

1.098±0.0023 1.098±0.0025 1.100±0.0016 1.103

Exchange-
correlation
energy per
electron

-0.521±0.0004 -0.521±0.0004 -0.521±0.0002 -0.522

Table 1: DFT energies per electron, in Hartree. For the stochastic calculations,
the energies were obtained as average of ten calculations, and the standard
deviation is included. As seen in the table, results obtained from stochastic
embedding calculations agree well with stochastic calculations of the same NS .

Ns = 96
without
embedding

Ns = 96
with
embedding

Ns = 256
without

embedding
Average over
embedded
atoms

1.92 0.20 1.54

Average over
other atoms

2.23 2.22 1.47

Table 2: Average standard deviations of the atomic force magnitudes, in eV/Å.

are independent of size, and depend only on the number of stochastic samples.

Thus, the approach presented here would not deteriorate with the overall size

of the full system.

Coming back to the embedded system (the dye), the higher accuracy on

the dye forces is shown more quantitatively in Table 2, where the standard

deviations of the forces on the dye is an order of magnitude smaller than for

water molecules.

The results show that embedding signi�cantly reduces the stochastic error

of the accelerations for the selected (i.e., embedded) atoms. As expected, when
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(a) Ns = 96, without embedding

(b) Ns = 96, with embedding

(c) Ns = 256, without embedding

Figure 2: Forces and their standard deviations for 60 (out of the 664 overall)
atoms, in eV/Å. The �rst 16 atoms in the plot are the p-nitroaniline molecule,
and the other 44 are from water molecules. In the second set, the atoms of the
p-nitroaniline are embedded, and in the �rst and third set they are not. The
blue circles denote the forces calculated by deterministic DFT, while the center
of each bar refers to the average stochastic force. Red error bars are associated
with the atoms of the p-nitroaniline molecule, and green bars are used for the
standard deviation of the forces on the water atoms.
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the same number of stochastic orbitals is used, the standard deviation averaged

over the non-embedded atoms remains the same. Meanwhile, due to the good

description of the embedded atoms by the deterministic atomic basis, the stan-

dard deviations of the forces for those atoms decrease by one order of magnitude

relative to the no-embedding case. To achieve without embedding the same level

of accuracy in the forces , we will need 10,000 stochastic orbitals, which would

be very time consuming.

3.5 Summary and prospects

In summary, we presented a stochastic embedding DFT method (se-DFT) that

signi�cantly reduces the statistical errors in the forces for the selected subgroup

of atoms (i.e., the embedded atoms). Combined with the favorable linear scaling

of stochastic DFT, the method can be applied to large systems of practical

interests. Of course, as it stands the method is not e�cient for overall MD of

the full system, due to the large stochastic errors on the environment (i.e., non-

embedded) atoms; rather it is suitable for applications where information on a

selected region is desired. Results showed that the stochastic embedding method

can indeed selectively reduce the stochastic errors associated with quantities on

a sepeci�c sub-system. In current work, we focused on the forces on embedded

atoms, and we expect the same to hold for other quantities as well.

The embedding approach presented here is very general and can be extended

in several directions. First, here we used an embedded space made from low-

level atomic basis functions; we can replace it by a more general higher level

basis. Further, we could economize and choose in the P basis only occupied

eigenfunctions of the embedded part in, e.g., a dielectric medium. There will

be occasions where the best basis would be energy selective, i.e., a few energy-

selective molecular eigenfunctions or a few energy selective eigenfunctions from
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a large cluster would be best used.

A second direction is a combination of embedding with our previous over-

lapping fragment technique (sf-DFT). That method reduces the statistical error

of stochastic DFT calculations [78,79] for all atoms, typically by up to an order

of magnitude; speci�cally, instead of stochastically sampling the full density,

we sample the di�erence between the full density and a zeroth-order density,

ρ(r) which is a solution of a simple zeroth-order Hamiltonian H0 (e.g., that of

overlapping fragments). Speci�cally:

ρ(r) = ρ0(r) +
{
|〈r|Θ 1

2 |ξ〉|2 − |〈r|Θ
1
2
0 |ξ〉|2

}
ξ
, (22)

where Θ0 ≡ Θ(µ0 − H0) and µ0 is arbitrary. It is clear that this overlapping-

fragment de�nition can be further extended by inserting projection operators

as done earlier in the chapter for the original stochastic DFT method. In a

future paper we will examine whether a combination of overlapping fragments

with embedding (i.e., combining se-DFT with sf-DFT) reduces the errors in the

forces of the embedded part even further than either method alone.

A third direction is for methods other than DFT. For example embedding is

applicable for the sub-linear scaling stochastic TDDFT method developed by us

[100]. It is straightforward to see that the main embedding equation, Eq. (19),

follows straightforwardly to TDDFT except that now all quantities (the density

and the deterministic and stochastic orbitals) are time dependent. Such a time-

dependent method has the desired property that the same Hamiltonian guides

both the deterministic and stochastic function. An embedding-TDDFT method

would be applicable to study the change in optical properties of chromophores

due the the presence of solvent molecules, where we can use only a few stochastic

orbitals to sample the solvent molecules, while the chromophore will be treated

with embedding. This direction would be explored in a future paper.
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Appendix

Here we give a simple demonstration of why embedding should improve the

statistics. Say that the overall problem has two spaces that are essentially

separate, so each eigenstate φi belongs to either the A or B subspaces. we

choose the P subspace spanned by {χi : i ∈ A} such that it is close to the

subspace spanned by states in A:

P |φi〉 ' coi |φi〉, (23)

where

coi ≈

 1 i ∈ A

0 i ∈ B
. (24)
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The projected �ltered stochastic orbital ξ̄µ(r) is then given by a linear com-

bination:

ξ̄µ(r) =
∑

i≤NOcc

(ci − coi )φi(r). (25)

For states belonging to A, instead of sampling ci we are sampling (ci − coi )

with average (1− coi ) ≈ 0 and a much smaller standard deviation.
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4 Tuning the range separation parameter in pe-

riodic systems

Due to its high accuracy and low computational cost, Kohn-Sham DFT (KS-

DFT) is one of the most prevalent tools for probing the electronic structure

of both molecular and periodic systems. [68] However, KS-DFT with local and

semilocal (LDA and GGA) functionals often severely underestimate the fun-

damental band gap. [55, 102, 103] Several alternative frameworks have been

developed to tackle the problem. One is the GW approximation, where the

quasiparticle excitation energies are obtained by solving a Dyson equation. In

practice, calculations are typically carried out with the G0W0 approximation,

where the self energy is applied as a perturbative correction to KS-DFT orbital

energies. For many systems this approach provides quasiparticle gaps that are

in good agreement with experimental band gaps. [50,55,104�106]

Another route is the generalized Kohn-Sham DFT (GKS-DFT) method

where instead of a local exchange-correlation potential, the e�ective Hamilto-

nian is non-local. DFT with hybrid functionals, in either the original fractional

exchange (e.g., B3LYP [107, 108]) or range-separated �avor, are all part of the

GKS framework. [3, 66,102]

In hybrid functionals, certain fraction of Fock exchange is incorporated, and

this choice can be justi�ed by considering two facts. First, in semilocal ap-

proximations, due to the existence of self interaction the exchange-correlation

functional does not have the correct asymptotic form, while in Hartree-Fock the-

ory the one-particle self interaction is eliminated through the balance between

the Hartree and Fock exchange terms. Therefore, inclusion of Fock exchange

helps achieving the desired asymptotic behavior of exchange-correlation func-

tionals. [66, 109]
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A second, related, aspect of the self-interaction problem is that for the exact

exchange-correlation functional the total energy curve, as a function of parti-

cle number, should be composed of line segments joining the energies at inte-

ger electron numbers. [102, 110�113] However, DFT with local and semilocal

approximations is convex at fractional charge, while Hartree-Fock is concave.

Therefore, by incorporating Fock exchange, hybrid functionals provide a way of

enforcing piecewise linearity. In fact, studies have shown that optimally tuned

range separated hybrid (OT-RSH) functionals produce total energy curves that

are almost piecewise linear. [67, 69,114]

4.1 Theory

In OT-RSH the Coulomb interaction between electrons is separated into short-

range and long-range parts: [66]

1

r
=

1− erf(γr)

r
+

erf(γr)

r
.

The short range part is then approximated using local or semilocal approx-

imations, which preseve the cancellation of errors between the exchange and

the correlation functional. In long-range exchange functionals, the long-range

part is calculated with Fock exchange to o�set the self-interaction error and en-

force the correct long-range asymptotice behavior of the functional. The range-

separation parameter γ is chosen to maintain a balance between the long-range

and short-range exchange, and γ−1 is an e�ective screening length.

With this partition, the overall exchange-correlation energy becomes EXC =

EC +ElFX
+EsX , where E

l
FX

, EsX are the long range Fock exchange and short-

range local/semilocal exchange, and the superscripts "l" and "s" refer to long-

range and short-range respectively. The action of the exchange-correlation part

of the Hamiltonian is then:
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V̂XCψ(r) = K̂lψ(r) + [vC(r) + vsX(r)]ψ(r)

= −
∫
dr′ul(|r − r′|)ρ(r, r′)ψ(r′) + vsXC(r)ψ(r) (26)

where ρ(r, r′) is the density matrix of the system, ul(r) = erf(γ|r|)
|r| is the long-

range part of the Coulomb interaction, while vsXC is the short range exchange-

correlation potential.

The one unknown is then the range-separation parameter. For �nite sized

systems, a self-consistent optimal tuning procedure chooses γ to ensure that

Koopman's theorem is obeyed [66,67,69,70,114,115], i.e., to minimize the target

function:

J(γ) = |εγH + IP γ |, (27)

where εγH is the HOMO energy of the electron system, and the ionization po-

tential is given by IP γ ≡ [Eγ(N) − Eγ(N − δ)]/δ, where N is the number of

electrons in the neutral system, and δ is a small fractional charge. Optimally

tuned RSH (OT-RSH) functionals have been applied to study various molecular

systems and nanocrystals, [116] yielding band gaps in good agreements with GW

and/or experimental results. [70, 114, 117�120] However, this procedure is not

applicable to periodic solids, where total energy calculations of charged systems

are problematic.

There are several ways of obtaining γ for solids. For molecular solids, sat-

isfactory results can be obtained with γ tuned for isolated molecules. [121] For

solids in general, various attempts were made to connect γ with the optical

dielectric constant ε∞. [3, 122�125]

Here we devise instead an approach for systematically tuning the range-
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separation parameter for periodic systems solely based on �rst principle calcula-

tions. The idea is to perform RSH calculations as well as G0W0 [54] calculations

with RSH as starting points. Two sets of band gaps will then be obtained, each

being functions of the parameter γ. The optimal γ is determined such that the

two gaps agree with each other.

We note that such tuning procedure has been applied previously in other

context. For example, in �nding the fraction of Fock exchange in hybrid func-

tionals [126, 127], and the parameter U in DFT+U calculations. [128, 129] Fur-

thermore, this proposed techinque is not just a modi�ed G0W0, but is closely

related to the eigenvalue self-consistent GW (evGW) method. In previous

work, [105, 130] we have shown that perhaps the simplest self-consistent GW

method is evGW with a scissor operator; namely, self-consistently, updating

the G operator through a scissors shift of the occupied vs. virtuals states; this

amounts to repeatedly writing:

Σ̂(t) ∝ Σ̂(t)e−i∆θ(t)t,

where we introduce the time domain self-energy Σ̂(t), ∆ is the di�erence between

the quasiparticle band gap and the DFT band gap, and θ(t) is the Heaveside

step function. We demonstrated that such a self-cosistent procedure can open

up the fundamental band gap and improve the accuracy of calculated gaps over

one-shot G0W0. [130,131] The current approach for �nding γ gives ∆ = 0, and

thus amounts to �nding a stationary point for this self-consistent procedure.

In the following discussions, we will refer to this tuning procedure as OT-

GW/RSH.
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4.2 Implementation

OT-GW/RSH can be implemented with any conventional GW code, such as

VASP. [132�135] Since many of the OT-GW/RSH applications are envisioned

to eventually take place for large (potentially disordered) systems, we have also

studied here the use of the method with our recent linear-scaling stochastic

GW (sGW) approach, which has been succesfully applied to systems of 10, 000

electrons and more. [56, 60�62] To carry out sGW calculations with RSH, we

also applied here a stochastic method for applying and propagating long-range

Fock exchange. [117,136]

In sGW, the quasiparticle energy in G0W0 formulation is obtained as �rst-

order perturbation to the Kohn-Sham orbital energies:

εQP = εKS + 〈φF |Σ̂P (εQP ) + K̂ − V̂XC |φF 〉 (28)

where φF (r) is typically the HOMO or LUMO, Σ̂P is the dynamical polarization

self energy, K̂ is the full Fock exchange operator, and V̂XC is the exchange-

correlation part of the GKS-Hamiltonian as in Eq. (26). In sGW, we calculate

the matrix elements of Σ̂P in the time domain. Detailed accounts of the sGW

method are found in previous works. [56, 60�62]

One important issue is that the Generalized Kohn-Sham Hamiltonian ĥ con-

tains the long-range exchange potential, which depends on the density matrix:

ρ(r, r′) =
∑
i,occ φi(r)φ

∗
i (r
′). For large systems, the number of occupied or-

bitals is large, making the application of long-range exchange computationally

demanding. To solve this problem, we implemented stochastic long-range Fock

exchange in the sGW code, as done recently. [137] Detailed explanation of the

method can be found in references. [117, 136, 137] In short, we use for the pur-

pose of stochastic exchange a total number of Nζ stochastic orbitals, each being

a linear combination of occupied states that are obtained by a low-band-pass
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�ter of a white-noise function, |ζ〉 =

√
Θ(µ− ĥ)|ζ0〉. Here, we introduced the

chemical potential µ, the white noise function is chosen as ζ0(r) ∝ ±1, and the

application of Θ operator is carried out by a Chebyshev expansion. The density

matrix is then approximated by:

ρ(r, r′) ≈ [ζ(r)ζ∗(r′)]. (29)

Further, the long-range Coulomb potential is approximated as ul(|r− r′|) =

[χ(r)χ∗(r′)], where χ(r) is constructed by Fourier transforming a stochastic

combination of the square root of the Fourier components of the long-range

potential,
√
ũl(k). [117] These two random representations make the long range

exchange operator a sum of separable terms. Then, the action of the long-range

exchange operator becomes:

K̂lψ = −[ζ(r)χ(r)

∫
dr′ζ∗(r′)χ∗(r′)ψ(r′)] (30)

= − 1

Nζ

∑
ζ

ζ(r)χ(r)

∫
dr′ζ∗(r′)χ∗(r′)ψ(r′) (31)

We note that a part of the GW calculation, the action of the short-time

e−iK̂
ldt is required; a one-term Taylor expansion is used, in conjunction with re-

normalization of the orbitals after the short-time propagator is applied. Finally,

in calculating the �nal quaiparticle energy according to equation (28), we note

that the di�erence K̂ − V̂XC involves the term K̂s = K̂ − K̂l. In our code,

this term is calculated in a similar manner to K̂l, but now using the Fourier

transofrm of the short range potential.
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Figure 3: Fundamental band gaps (in eV) as functions of γ for a LiF 5× 5× 5
supercell.

OT-GW/RSH scGW Exp.
VASP sGW

ZnO 3.7 3.8a 3.44a

Si 1.24 1.24 1.41a 1.17a

LiF 15.9 15.8 15.9a 14.2a

CdO 0.99 0.98b 0.84b

Table 3: Fundamental band gaps with OT-GW/RSH using VASP and sGW, in
eV. Results from self-consistent GW (scGW) as well as experiments (Exp.) are
also reported. References: a) [1]b) [2]

4.3 Results and discussions

We assessed the tuning procedure for several solids using VASP. For two of

the systems, we additionally performed sGW calculations. As an illustration of

the tuning procedure, we plot the fundamental gaps calculated from sGW/RSH

and RSH, as functions of the range-separation parameter γ for a LiF 5× 5× 5

supercell.

It is evident from Fig. 1 that the RSH DFT results are more sensitive to γ

than the GW gaps. This is expected, as γ a�ects the GW gap only indirectly

by changing the DFT starting point. A summary of the calculated fundamental

band gaps are given in Table 1.

With the exception of Si, results obtained using OT-GW/RSH are in good
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γ(VASP) γ(sGW) γ(Fitted) ε∞

ZnO 0.12 0.09 3.14a

Si 0.029 0.029 0.019 11.68b

LiF 0.286 0.297 0.2 1.92c

CdO 0.1 0.15 2.3d

Table 4: Optimally tuned γ in Bohr−1, obtained from OT-GW/RSH with VASP
and sGW. We also report values �tted from dielectric constant using the empir-
ical formula from the work of Baer et al. [3] References: a) [4]b) [3]c) [5]d) [6]

agreement with that of self-consistent GW (scGW). This is consistent with

our notion that OT-GW/RSH is equivalent to �nding a stationary point in

scGW. We also note that both OT-GW/RSH and scGW tend to over-estimate

the experimental value. In fact, this over-estimation has been reported in the

literature, and this performance has been ascribed to an under-estimation of

the dielectric screening in random-phase approximation (RPA) adopted in GW

calculations. [138,139] Possible ways to �x the situation were proposed, [1,140]

and this will be explored in our future work.

As for the present work, we emphasize that OT-GW/RSH provides a way

of tuning the range-separation parameter for periodic systems, and it produces

good results. To see this, the �tted optimal γ are reported in Table 2. For refer-

ence, we compare the optimal γ obtained from OT-GW/RSH to that calculated

using the empirical formula of Baer et al. [3] The two methods give results that

are overall consistent though not identical. This indicates that OT-GW/RSH

is an e�ective method for obtaining the range-separation parameter in periodic

systems from �rst principles only.
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5 Projector augmented wave

Apart from stochastic quantum chemistry, we also incorporate other technique

to speed up our electronic structure simulations. Recently we developed an or-

thogonal implementation of the projector augmented wave (PAW) method and

combined it with Chebyshev-�ltered subspace iteration (CheFSI) DFT. PAW

aims at reducing the computational e�ort by �nding an alternative representa-

tion for the e�ects of core electrons, thus eliminating their explicit treatment.

We also showed that PAW improves the e�ciency of simulations compared to

norm-conserving pseudopotentials.

In this chapter, I give a brief account of the development of pseudopotentials.

Section 5.1 start from an introduction of the plane wave basis set, and discusses

the necessity for using pseudopotentials in calculations. Three methods are

then mentioned, namely the norm-conserving pseudopotentials, ultrasoft pseu-

dopotentials and PAW. Section 5.2 then mainly focuses on PAW. This chapter

is intended as a preliminary introduction to Chapter 6, where the orthogonal

PAW method is presented in detail.

5.1 Plane wave basis set and pseudopotentials

It is a common practice to use plane wave basis sets (eiGr) in simulations of

periodic systems, since the periodicity of plane waves �ts naturaly in such appli-

cations. Consider a periodic lattice with lattice vector L, then the Hamiltonian

of the system satis�es the priodicity condition: Ĥ(r + L) = Ĥ(L). Bloch's

theorem [141,142] states that the eigenstates of this Hamiltonian have the form:

ψmk(r) = eikrumk(r),
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where k is the crystal momentum and serves as a quantum number for the

electronic wavefunctions, while the quantum number m is used to label the

bands. The functions umk(r) satisfy crystal periodicity:

umk(r + L) = umk(r).

Therefore, umk can be decomposed in terms of plane waves:

umk(r) =
∑
G

eiGrūmk(G). (32)

In practice, the summation in Eq. (32) is truncated to a �nite size. Normally

this is done by only allowing G such that:

|k + G|2 < Ecut,

that is, a kinetic energy cuto� Ecut is imposed. The higher Ecut, the more

plane wave basis functions are involved, hence the higher the computational

cost. Roughly speaking, a faithful representation is realized when the inverse

norm of the largest wave vector: 1/|G|max is smaller than the length scale of

variation in umk.

There are many advantages of using plane wave basis sets. For example,

the size of such set is controlled by a single parameter Ecut, thus o�ering a

simplistic way of achieving basis set convergence. Furthermore, parts of the

electronic Hamiltonian, such as the kinetic energy, have a simple representation

in a plane wave basis set:

−∇
2

2
eiGr =

G2

2
eiGr.

However, it is di�cult to use such sets for all-electron calculations. The
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reason is that the core states are typically localized in space, thus a huge number

of plane waves is required to expand them. Similarly, since the valence states

must be orthogonal to core states, they often show fast oscillations in the core

region, hence also requiring many plane waves. In all-electron calculations, in

order to achieve the same level of computational accuracy, the size of the plane

wave basis set is often several orders of magnitude larger than Gaussian basis

sets. As a result, it is necessary to develop alternative representations of the core

electrons if we want to carry out practical simulations using plane waves. [142]

One of the most widely adopted method is norm-conserving pseudopotentials

(NCPP) [30, 32, 143�145], where the core electrons are replaced by a smoothed

e�ective potential. When applied to single atoms, the pseudopotentials produce

smoothed valence electron wavefunctions ψ̃ that are identical with all-electron

calculations ψ outside a certain 'core radius' rc. Furthermore, the pseudo valence

states have the same norm as the all-electron valence states, thus giving rise to

the name of norm-conserving pseudopotentials.

In practice, two important criteria are used to evaluate the utility of a given

pseudopotential. The �rst is softness, where a pseudopotential is considered soft

if it can be represented by a small number of plane waves, and hard otherwise. A

soft pseudopotential is thus preferred, since it gives a more signi�cant reduction

of the computational cost. The second property is transferability, which roughly

describes the range of applicability of the pseudopotential. It is desirable to

have pseudopotentials that are transferable, meaning they can produce reliable

results on di�erent types of systems.

Norm-conserving pseudopotentials are mathematically simple and easy to

use. Calculations with NCPP showed good agreement with experiments for a

variety of properties. However, the use of norm-conserving pseudopotentials for

�rst row and transition metals is pretty di�cult. This is because the 2p and
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3d orbitals are localized in space, and therefore they generally require very high

Ecut. Increasing rc helps make softer potentials, yet it impairs the transferabil-

ity of the pseudopotentials as well as the accuracy of the calculations. [32, 146]

As a result, several strategies have been proposed as alternative representations

of the core electrons. One of the most successful attempts was the ultrasoft

pseudopotentials (USPP) developed by Vanderbilt. [147] In ultrasoft pseudopo-

tentials, the norm-conserving condition is dropped, thus granting greater �ex-

ibility in the parametrization. It allows the construction of pseudopotentials

requiring much less plane waves. For di�cult elements such as copper or car-

bon, USPP pseudopotentials more than halved the converged Ecut compared to

NCPP, which corresponds to about three times reduction in basis set size. [146]

A similar improvement was also found in other transition metals. [148]

Blochel [149] further combined the idea of USPP with that of linearized

augmented plane waves (LAPW) and developed the projector augmented wave

(PAW) method. The formal relationship between USPP and PAW has been

derived. Compared to USPP, PAW has the additional advantage that the con-

struction of PAW datasets is easier, as it works directly on the map from pseudo

wavefunctions to all-electron wavefunctions. [146]

5.2 Projector augmented wave method

Instead of focusing on developing an e�ective potential, the PAW method seeks

to �nd a linear operator directly connecting the pseudo wavefunctions to the

all-electron wavefunctions: [146,149�151]

ψ = T̂ ψ̃.

The action of the operator T̂ is localized within the core region (r < rc),

hence the pseudo wavefunctions and all-electron wavefunctions coincide outside
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rc. T̂ is written as:

T̂ = Î +
∑
a

T̂ (a),

where the index a runs over all the atoms in the system. For each atom, the

localized operator T̂ (a) is de�ned by specifying a transformation from pseudo

atomic wavefunctions φ̃(a)
i to all-electron atomic wavefunctions φ(a)

i :

T̂ (a) =
∑
i

(|φ(a)
i 〉 − |φ̃

(a)
i 〉)〈p̃

(a)
i |.

Similar to ultrasoft pseudopotentials, PAW also releases the norm-conserving

contraint. As a result, the pseudo wavefunctions are no longer orthogonal,

leading to a general eigenvalue problem:

H̃ψ̃ = εŜψ̃,

where H̃ is the e�ective Hamiltonian, and Ŝ = T̂ †T̂ is the overlap operator

satisfying:

〈ψ̃i|Ŝ|ψ̃j〉 = δij .

Furthermore, as the norm-conserving constraint is dropped, there will be

an electron density de�cit between pseudo wavefunctions and all-electron wave-

functions. Hence, a compensation charge in the core region is required.

The PAW method has been applied in many electronic structure theory

codes, and compared to NCPP, indeed shows much faster convergence with Ecut

for a wide variety of systems. [150] Another advantage of the PAW method is

that it provides a way of recovering all-electron wavefunctions. This is important

in calculations of core-related properties, such as the NMR shift. [152]
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Despite its success, the loss of orthogonality in PAW become problematic for

certain electronic structure theory codes. For example, the Chebyshev-�ltered

subspace iteration (CheFSI) formulation of DFT [153] as well as our stochastic

DFT [46] both require the wavefunctions to be orthogonal. To address this

problem, we have developed an orthogonal implementation of the PAW method.

The project will be described in detail in Chapter 6.
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6 Real Space Orthogonal Projector-Augmented-

Wave Method

6.1 Introduction

A plane wave basis set is natural when studying periodic systems with DFT and

post-DFT methods. Convergence with basis set is simply veri�ed by increasing

a single parameter, the kinetic energy cuto�. However, due to the fast oscil-

lation of atomic core states, a direct all-electron treatment is prohibitive. One

way to circumvent this problem is to replace the e�ect of the chemically inert

core states by an e�ective pseudo-potential, and the resulting pseudo valence

states are non-oscillatory. [143, 144] DFT using pseudo-potentials and a plane

wave basis set has therefore become one of the most popular choices in compu-

tational chemistry and materials science. However, despite the formal simplicity

of norm-conserving pseudo-potentials (NCPP), treatment of �rst-row elements

and transition metals is still computationally demanding, due to the localized

nature of 2p and 3d orbitals. [30, 32,154]

The projector-augmented wave (PAW) method proposed by Blöchl [146,

149, 150, 155] seeks to make softer pseudo wavefunctions by relaxing the norm-

conserving condition. There are several di�erent implementations of the PAW

method (e.g., [156�159]) with many successful applications.

In addition to the reduced kinetic energy cuto�, an advantage of the PAW

method is that it provides means for recovering the all-electron orbitals, and

these orbitals possess the right nodal structures in the core region. Therefore,

PAW enables the calculation of quantities such as hyper�ne parameters, core-

level spectra, electric-�eld gradients, and the NMR chemical shifts, which rely

on a correct description of all-electron wavefunctions in the core region. [152]

The PAW method is based on a map between the smoothed pseudo wave-
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functions {ψ̃m} and the all electron wavefunctions {ψm}. Unlike NCPP where

the wavefunctions retain their orthogonality, the pseudo wavefunctions in PAW

satisfy a generalized orthogonality condition:

〈ψ̃m|Ŝ|ψ̃n〉 = δmn, (33)

which leads to a generalized eigenproblem: H̃ψ̃m = εmŜψ̃m where we introduced

the 1-body Hamiltonian H̃ and overlap operator Ŝ (both detailed later).

The fact that the pseudo-orbitals are not orthogonal complicates, however,

the use of PAW for applications that rely on the orthogonality of molecular

orbitals. These include some post-DFT methods, as well as several lower-scaling

DFT methods, including the modi�ed deterministic Chebyshev approach (see,

e.g., [153]) or stochastic DFT methods, [160, 161] which are able to handle a

large number of electrons (potentially hundreds of thousands for the stochastic

approach) by �ltering a function of an orthogonal Hamiltonian.

Here we solve the non-orthogonality problem by an e�cient numerical trans-

formation of the PAW problem to an orthogonal one,

(
Ŝ−

1
2 H̃Ŝ−

1
2

)
ψ̄m = εmψ̄m (34)

with ψ̄m = Ŝ1/2ψ̃m forming an orthogonal set, with the same norm as the

all-electron orbitals (to be proved later). The key is that we show how to

numerically apply the Ŝ−1/2 (or Ŝ−1) operator e�ciently, without signi�cantly

raising the cost of applying the Hamiltonian.

The resulting approach retains one of the desirable features of NCPP, or-

thogonality of molecular orbitals, and we therefore label it Orthogonal PAW

(OPAW). In addition to orthogonality, OPAW is also e�cient because it is im-

plemented in real space, exploiting the localization of atomic projector functions
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and partial waves. [158,159]

OPAW provides a general framework, and can be combined with di�erent

electronic structure methods. Here we apply the method with the Chebyshev-

�ltered subspace iteration (CheFS) DFT approach, concentrating on the fun-

damental band gap of solids. We show below excellent agreement with PAW

calculations from the ABINIT package. [157,162] We also demonstrate that for

many systems, PAW and OPAW band gaps converge with energy cuto� faster

than NCPP.

Section 6.2 presents the OPAW theory. Results are presented in Section

6.3, and conclusions follow in Section 6.4. Technical details are deferred to

appendices.

6.2 Theory

6.2.1 Orthogonal projector augmented wave

The basic relation in PAW is a map T̂ yielding the true molecular eigenstates,

ψm, from the smoother pseudo-orbitals

|ψm〉 = T̂ |ψ̃m〉 ≡ |ψ̃m〉+
∑
a,i

(
|φ(a)
i 〉 − |φ̃

(a)
i 〉
)
〈p(a)
i |ψ̃m〉, (35)

where a is the atom index and i runs over all the partial wave channels (a combi-

nation of principal, angular momentum and magnetic quantum numbers) asso-

ciated with each atom; φ(a)
i and φ̃(a)

i are a true atomic orbital and a smoothed

version which matches φ(a)
i outside a small sphere around the atom (labeled

the augmentation region). The atomic projectors {p(a)
i } are localized in the

augmentation region, and are built to span the space within each augmentation

sphere, i.e.,
∑
i |φ̃

(a)
i 〉〈p

(a)
i | ' 1 in the sphere.

With some derivations, one arrives at the working equation of PAW, the
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generalized eigenproblem H̃ψ̃m = εmŜψ̃m where

Ŝ ≡ T̂ †T = I +
∑
ij,a

|p(a)
i 〉s

(a)
ij 〈p

(a)
j |, (36)

with s(a)
ij ≡

〈
φ

(a)
i |φ

(a)
j

〉
−
〈
φ̃

(a)
i |φ̃

(a)
j

〉
, and

H̃ = −∇
2

2
+ νKS(r) +

∑
ij,a

|p(a)
i 〉D

(a)
ij 〈p

(a)
j |. (37)

The expressions for the Kohn-Sham e�ective potential νKS(r) and for D(a)
ij

are found in various references. [149, 157] While s(a)
ij are only atom-dependent,

νKS(r) and D
(a)
ij both depend on the on-site PAW atomic density matrices:

ρ
(a)
ij =

∑
m〈p

(a)
j |ψ̃m〉〈ψ̃m|p

(a)
i 〉, as well as the smooth density ñ(r) =

∑
m

∣∣∣ψ̃m (r)
∣∣∣2

and the sum extends over the occupied states. The on-site atomic density ma-

trices and the smooth density are the key components in PAW and together

with the atomic information govern the updated quantities in each SCF cycle.

In many applications, however, it is desirable to work with an orthonor-

mal collection of wavefunctions. As mentioned in the introduction, this can be

achieved by the transformation:

ψ̄m = Ŝ1/2ψ̃m (38)

resulting in

H̄ψ̄m = εmψ̄m, (39)

where H̄ = Ŝ−
1
2 H̃Ŝ−

1
2 .

As an example, in Fig. 5 we show 3D isosurfaces of ψ, ψ̄ and ψ̃ for the

2pz orbital from a calculation of a single oxygen atom, as well as the associated

1D radial part obtained by projecting the 3D orbital to 1D. The three orbitals
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Figure 4: Isosurfaces (top) and radial parts (bottom) of ψ, ψ̄ and ψ̃ for the
2pz orbital of a single oxygen atom. In the isosurface plot, blue color indicates
positive value, and yellow indicates negative value.

di�er only in the core region; ψ clearly has more structure in the core, while

the oscillatory features are attenuated or absent in ψ̄ and ψ̃. Furthermore, the

magnitude of ψ̄ and ψ̃ are smaller than that of ψ.

Obtaining Ŝ−1/2 An e�cient implementation of OPAW thus requires fast

application of Ŝ−1/2. For simplicity, we �rst consider the case where the aug-

mentation spheres from di�erent atoms do not overlap, so: 〈p(a)
i |p

(a′)
j 〉 = 0 if

a 6= a′. Therefore, we can separately rotate the {p(a)
i } projectors around each

atoms, so that Ŝ is transformed into:

Ŝ = I +
∑
i,a

|η(a)
i 〉o

(a)
i 〈η

(a)
i |, (40)

where the rotated projectors {η(a)
i } are orthogonal and satisfy 〈η(a)

i |η
(a′)
j 〉 =

δijδa,a′ (see Appendix A). With this transformation, any power of Ŝ is easily

expressed; e.g.,
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Ŝ−
1
2 = I +

∑
j,a

|η(a)
j 〉

((
1 + o

(a)
j

)− 1
2 − 1

)
〈η(a)
j |. (41)

Since each |η(a)
j 〉〈η

(a)
j | is a projection operator (and all such operators are or-

thogonal) the proof of Eq. (41) becomes a trivial QM exercise emanating from

the simple equation (I + (a − 1)P )m = I + (am − 1)P when P is a projection

opeator.

Next, note that the transformation operator between the orthogonal smooth

molecular orbitals and the true ones is unitary

|ψ(a)
i 〉 = Û |ψ̄(a)

i 〉, Û = T̂ Ŝ−
1
2 , (42)

so Û†Û = I. Due to the unitarity, the norm of the true molecular orbitals and

the orthogonal smooth ones is identical, as mentioned.

Overall, we note that except for the automatic orthogonality, the algorithm

is identical to the usual PAW. I.e., in an SCF cycle, with a given one-body

Hamiltonian the orthogonal molecular orbitals (the solutions of Eq. (39)) are

�rst found; then, we transform to the non-orthogonal orbitals, ψ̃i = Ŝ−1/2ψ̄i

using Eq. (41), and use the usual prescription of the PAW algorithm to update

vKS(r), D
(a)
ij in the PAW Hamiltonian.

Finally, note that the assumption of non-overlapping augmentation spheres

is quite accurate, as shown in a latter section by the agreement between our

results and ABINIT. Nevertheless, it is not exact; we could go beyond it by

viewing our expression for Ŝ−
1
2 as a pre-conditioner, as shown in Appendix B,

and this would be pursured in further publications.

Avoiding singularities The one caveat in Eq. (41) is the formal singular-

ity when any of the o(a)
i is close to or below −1. Fundamentally, a value of
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o
(a)
i = −1 indicates that the Ŝ operator projects out the subspace spanned by

|η(a)
i 〉o

(a)
i 〈η

(a)
i |.

For a start, note that negative values of o(a)
i between -1 and 0 do not pose

mathematical di�culties in our formulation, but could indicate problems in

the construction of the PAW parameters and in the eventual implementation,

depending on the PAW code used (although they work �ne in the ABINIT code

used by us); see Ref. [163] for details.

In practice, for most atoms we tested, o(a)
i were well above −1. We did

encounter one case where oi is very close to −1 � the GGA PAW parametrization

of silicon taken from the website of the ABINIT PAW code, [164]2 where o(Si)
1 =

−1.005. Fortunately the problem is trivially circumvented by replacing o(a)
1 by

max(o
(a)
1 ,−1+δ) where δ is a small positive number. The results are insensitive

to δ. For example, for SiO2 we tested (see Table 5) three di�erent choices,

δ = 0.003, 0.01 and 0.05. The two lower values of δ gave results that agree

completely with those using the LDA PAW �le taken from the ABINIT website,

[164]3 where o1 was higher than −1. Even the large shift parameter, δ = 0.05,

led to only a slight deviation.

We also note that numerical problems could also arise from the compensation

charge being negative. A solution to this problem is discussed in the literature.

[151,163]

6.2.2 Application of OPAW in DFT and technical details

The OPAW algorithm is general, and can be applied with any technique re-

quiring an orthogonal Hamiltonian. Before talking about implementation of

OPAW in DFT, note that a real space implementation of OPAW will require

the inner product between atomic projectors and wavefunctions: 〈p(a)
i |ψ̄〉. Such

2https://www.abinit.org/ATOMICDATA/014-si/Si.LDA_PW-JTH.xml
3https://www.abinit.org/ATOMICDATA/014-si/Si.GGA_PBE-JTH.xml
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Grid spacing (Bohr) 0.34 0.37 0.40 0.46
Gap (eV), LDA PAW 5.97 5.97 5.94 5.85

Gap (eV), GGA PAW
δ = 0.003 5.97 5.97 5.94 5.85
δ = 0.01 5.97 5.97 5.94 5.85
δ = 0.05 5.95 5.95 5.92 5.83

Table 5: Calculated band gaps of SiO2 at di�erent grid spacings. The Si atom
PAW wavefuncton input data set based on GGA calculations has originally
o1 = −1.005, which was modi�ed to o1 = −1 + δ; di�erent choices of δ give
essentially the same results (or slightly di�erent for the largest δ) as does an
analogous input �le built based on LDA calculations where o1 > −1. Note
of course that with both data sets we did the same overall GGA (i.e., PBE)
calculation; the di�erence was only in the PAW input functions

inner products are involved in determining the density matrices ρ(a)
ij , as well as

applying the operators H̃ and Ŝ. In a real space formalism, the smooth wave-

functions ψ̄ are de�ned on a 3D grid. For computational e�ciency, as long as

the accuracy of the results is not a�ected the grid spacing for ψ̄ should be made

as large as possible. On the other hand, the projector functions are short-ranged

and in general show larger variation than the wavefunctions, so that evaluating

the inner product directly on a coarse 3D grid would lead to large numerical

errors.

To solve this problem, we adopted the method of Ono and Hirose, [165] which

connects the grid of the system with a set of �ner grid points around each atom.

Technical details regarding the Ono-Hirose method are given in Appendix C.

With a real-space implementation of OPAW in hand, we applied it along with

the Chebyshev-�ltered subspace iteration (CheFS) technique, [153] resulting in

an e�cient DFT program (OPAW-DFT). The idea of CheFS is described in

Appendix D, along with a summary of the algorighm in Appendix E.

Furthermore, since we are working with periodic systems, we did k-point

sampling. A brief account of using k-point sampling with OPAW is supplied in

Appendix F.
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6.3 Results and discussion

6.3.1 Computational details

We did a set of calculations for periodic solids and report the calculated fun-

damental band gap. The geometries are taken from the ICSD database.4 A

4× 4× 4 k-point mesh was used for each system.

We used the PBE GGA functional in all calculations.

For all calculations, the cuto� energy for the plane wave basis set, Ecutoff

is related to the density cuto�-energy by Edensity
cutoff = 4Ecutoff , as is typical in

plane-wave calculations. Note that the latter is related to the grid spacing for

the density by Edensity
cutoff = 1

2

(
π
dx

)2
. Thus, as usual, the grid used for the density

is twice as dense (in each direction) then the spatial-grid for the plane waves.

As mentioned, to assist the SCF convergence we applied a DIIS proce-

dure [166, 167] when updating νKS(r). At times, we have also applied a DIIS

procedure for the Hamiltonian Dij terms to assist SCF convergence.

For PAW calculations, we used the recommended atomic datasets from the

ABINIT website. [164] There are two exceptions: the Sc atom, where the Dij

terms were large, more than 40 Hartree, and the Sr atom, where the Dij terms

exceed 1000 Hartree. In both cases this is due to a mismatch of the shape of

the smooth and true atomic orbitals in the second, outer, d-shell. To simplify,

we therefore generated new PAW potentials for Sc and Sr from the AtomPAW

package, [151] using only one d-shell. For NCPP calculations, we used the

recommended pseudo-potentials from the ABINIT website5.

6.3.2 Results

Overall, DFT calculations produce two types of information. The �rst is forces

and total energy, important for binding and molecular dynamics. Here, we
4https://icsd.�z-karlsruhe.de/
5https://www.abinit.org/psps_abinit
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Figure 5: Band gap vs. energy cuto� for NaCl, with three methods: OPAW-
DFT, ABINIT-PAW, and ABINIT-NCPP. For all the shown cuto� energies,
except the lowest one, the OPAW-DFT and ABINIT-PAW results completely
overlap on the scale of this graph.

concentrate on the second type of output from DFT: orbital energies and states,

and here speci�cally the DFT HOMO-LUMO gap. The DFT gap often serves

as preliminary approximation to the actual fundamental band gap, [168] and

the Kohn-Sham orbitals and their energies are the basic ingredients for most

beyond-DFT methods. Future papers will also examine the total energy and

forces with OPAW, as well as the shape of the band structure.

We �rst examine the band-gap convergence with energy cuto� for an NaCl

solid. We compared OPAW-DFT with ABINIT simulations using PAW or

NCPP. The results are shown in Figure 5. For NaCl, our OPAW-DFT success-

fully reproduced the ABINIT results. Furthermore, the two PAW-based meth-

ods show better convergence with grid spacing than the NCPP-based method.

Secondly, we report the calculated fundamental band gap of a series of solids.

A comparison of the converged results from ABINIT-PAW and OPAW-DFT is

shown in Table 6. We also present the reference value from the work of Borlido

et al. [7] The results indicate that OPAW-DFT reproduces ABINIT-PAW for a

wide variety of systems, using generally the energy cuto� in ABINIT (with the
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OPAW-DFT ABINIT-
PAW

ABINIT-
NCPP

Refe-
rence
[7]

System Gap Ecut Gap Ecut Gap Ecut Gap
NaCl 5.09 11 5.10 11 5.07 25 5.10
CaO 3.65 13 3.64 13 3.66 19 3.63
PbS 0.31 9 0.29 9 0.34 16 0.30
InP 0.68 10 0.65 10 0.69 23 0.71
Si 0.63 7 0.63 7 0.61 7 0.62

SiO2 5.99 15 5.97 15 6.00 29 6.02
ScNiSb 0.28 17 0.25 15 0.29 34 0.30
NiScY 0.31 14 0.28 14 0.31 20 0.30
LiH 2.97 10 2.97 12 2.99 19 3.00
KBr 4.33 8 4.33 7 4.34 18 4.36
K3Sb 0.75 8 0.74 5 0.75 6 0.77
CaCl2 5.41 10 5.42 13 5.40 20 5.43
BN 4.46 18 4.45 24 4.53 34 4.45

BaCl2 5.04 8 5.04 8 5.05 10 5.03
Ar 8.70 9 8.69 11 8.70 10 8.71
AlP 1.58 9 1.57 9 1.58 12 1.58
SrO 3.30 13 3.30 13 3.32 13 3.26

Table 6: Calculated fundamental band gaps (in eV) of selected solids. The
values are reported along with the planewave cuto� (in Hartree) required for
for a 0.05eV gap convergence. The reference calculations use PAW in VASP. [7]

advantage that in real-space we use the localization of the projector functions,

so the cost of appying the Hamiltonian on a single function scales linearly with

the size of the system.)

The table shows that for most solids both OPAW and ABINIT-PAW outper-

form NCPP, sometimes dramatically; e.g., for SiO2, the energy cuto� required

for converging the band gap is 15 Hartree for the two PAW based methods, and

29 Hartree for ABINIT-NCPP calculation; for InP te di�erence is even more

dramatic.

To visualize the improvement in cuto� energy required for converging the

fundamental band gap of solids to less than 0.05 eV, we use histograms in Figure

6. The �gure shows that PAW gives excellent results with cuto� energies that
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Figure 6: Histogram of converged planewave cuto� for the solids in Table 6,
from a) ABINIT-PAW; b) OPAW-DFT; and c) ABINIT-NCPP calculations

can be as low as 7 Hartree, and are generally (in the examples we studied) below

20 Hartree.

Finally, we note that in some approaches, for example stochastic methods

for DFT, TDDFT, GW and Bethe-Salpeter [57, 58, 100, 160, 161, 169, 170], the

numerical cost is related directly to the number of spatial grid points rather than

the number of plane waves; in those cases a choice of Edensity
cutoff = Ecutoff (rather

than 4Ecutoff) is better. On average the E
density
cutoff required when Edensity

cutoff = Ecutoff

is much smaller than that required when using Edensity
cutoff = 4Ecutoff (as done

above), i.e. setting Edensity
cutoff = Ecutoff allows a much sparser real space grid.

6.4 Conclusions

The results in the previous section show that our e�cient OPAW reproduces

traditional PAW. The OPAW algorithm is easy to implement and combines the

best of both worlds: the lower cuto� energy typically enabled by PAW and the

orthogonality of norm-conserving pseudopotential approaches.

With the e�cient methodology for acting with the Hamiltonian and over-

lap/inverse overlap, i.e., the simple application (on any function f) of Ŝf , Ĥf

Ŝ−1f , Ŝ−
1
2 f and Ŝ−

1
2 H̃Ŝ−

1
2 f , we can combine PAW with other electronic struc-
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ture theory methods, including our linear scaling stochastic TDDFT and GW

methods, [57,58,100] opening the door to signi�cant (in some cases an order of

magnitude) improvements in overall grid size and the reduction of the spectral

range, and potentially even larger improvements in the cost of beyond-DFT

approaches.

Finally, we note that an example where some of the developments here

were applied is our recent large scale stochastic long-range exchange method

for TDDFT using PAW. [169]
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Appendix A: Transformation through Ŝ

We start by a proof of Eq. (33). Since the molecular orbitals are orthogonal,

〈ψi|ψj〉 = δij , and since |ψi〉 = T̂ |ψ̃i〉, it follows that
〈
ψ̃i|T̂ †T̂ |ψ̃i

〉
= δij , which

given the de�niton Ŝ ≡ T̂ †T yields Eq. (33).

In the remainder we discuss the technical details of the transformation.

Given the initial operator:

Ŝ = I +
∑
ij,a

|p(a)
i 〉sij〈p

(a)
j |, (A.1)

the �rst step is to orthonormalize the projectors. For each atom, de�ne a projec-

tor overlap matrix L(a)
ij = 〈p(a)

i |p
(a)
j 〉, and diagonalize it: L(a) = U (a)λ(a)U (a)†,
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with U (a) unitary. Then, de�ne a new set of projectors {ξ(a)
i }:

|ξ(a)
i 〉 =

1√
λ

(a)
i

∑
j

U
(a)
ji |p

(a)
j 〉 (A.2)

that will be orthogonal, 〈ξ(a)
i |ξ

(a)
j 〉 = δij . Inverting Eq. (A.2) and substituting

into Eq. (A.1) then gives:

Ŝ = I +
∑
kl,a

|ξ(a)
k 〉O

(a)
kl 〈ξ

(a)
l | (A.3)

where O(a) =
√
λ(a)U (a)s(a)U (a)†

√
λ(a).

The next step involves diagonalization of the matrixO(a), asO(a) = Q(a)o(a)Q(a)†,

with Q(a) unitary. It then readily follows that:

Ŝ = I +
∑
i,a

|η(a)
i 〉o

(a)
i 〈η

(a)
i |, (A.4)

where |η(a)
i 〉 =

∑
lQ

(a)
li |ξ

(a)
l 〉 are also orthogonal due to the unitarity of Q(a).

(Note that a diagonal representation of projectors is also done in NCPP, where

diagonal projectors are used in representing the non-local potential. [154])

Finally, when we apply the Ono-Hirose procedure, the bare η(a)
i are replaced

by the processed ones, η̄(a)
i as in Eq. (C.3), i.e.,

Ŝ = I +
∑
i,a

|η̄(a)
i 〉o

(a)
i 〈η̄

(a)
i |. (A.5)

These are not orthogonal on the rough-grid surrounding each molecule. We

therefore repeat the orthogonalization procedure, Eqs. (A.1)-(A.4), with the

overlap matrix L(a) now being replaced by L̄(a)
ij = dv

∑
r η̄

(a)
i (r)η̄

(a)
j (r), leading
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eventually to

Ŝ = I +
∑
i,a

|ζ̄(a)
i 〉ō

(a)
i 〈ζ̄

(a)
i |, (A.6)

where ζ̄(a)
i are orthogonal on the rough grid, 〈ζ̄(a)

i |ζ̄
(a)
j 〉 = δij .

Appendix B: Going beyond the non-overlapping augmentation spheres

assumption

In this appendix we show how one could go beyond the non-overlapping aug-

mentation sphere assumption. Let's consider for simplicity exprssions using Ŝ−1

rather than Ŝ−
1
2 . Then, the generic relation Ŝψ = Hξ (the inversion of which

is the crucial step in a Chebyshev propagation that iterates Ŝ−1H ) can be

rewritten as

(I + B̂)ψ = ξ′ (B.1)

where ξ′ ≡ Ŝ−1
NOHξ, and

B̂ ≡ Ŝ−1
NOŜ − I, (B.2)

while Ŝ−1
NO is a non-ovelapping (NO) expression for Ŝ−1, as in Section II.A

Ŝ−1
NO = I +

∑
J

(
(oJ + 1)−1 − 1

)
PJ , (B.3)

and we use the abbreviated notation from there (but without assuming that

di�erent PJ are orthorgonal). Note that this appendix is the only place in the

chapter where we give an explicit subscipt (NO) to expressions obtained under

the non-overlapping assumption.

Eq. (B.1) could be solved by a Taylor expression in B,which measures the

deviation from the non-overlapping spheres assumption. Recall that our results,
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obtained essetnially by assuming that B = 0, are all quite accurate. Therefore,

even a single Taylor term should be extremely accurate, i.e.,

ψ = (I− B̂)ξ′ = (2I− Ŝ−1
NOŜ)Ŝ−1

NOHξ, (B.4)

and as a reminder the de�nitons of the terms here come from Eqs. (36),(37)

and (B.3). This expression would not be much more expensive than the B = 0

expression we used throughout the rest of the Chapter (ψ = Ŝ−1
NOHξ), since it

only di�ers in the use of further overlaps.

Appendix C: The Ono-Hirose transformation with a spline method

and its implications in OPAW

The method of Ono and Hirose [165] is used to connect, for each atom, two

sets of local grids. (The grids are speci�c to each atom, but for brevity we

omit the atomic label in the following derivations.) One is a 'rough grid' Xr,

consisting of a small cubic region of the 3D wavefunction grid, which encloses

the augmentation sphere for the speci�c atom. The second is a '�ne grid' Xf ,

spanning the same volume but with more grid points and smaller grid spacing.

The overlap of the waveunctions and projectors should formally be performed

on the �ne grid. This requires, formally, interpolating the wavefunction from

the rough grid (i.e., ψ(r), r ∈ Xr) to the �ne grid, as

ψ(rf ) =
∑
r∈Xr

B (rf , r)ψ(r), (C.1)

where B (rf , r) is a linear projection matrix. Earlier applications of the Ono-

Hirose approach usually used cubic �tting, [158, 159, 165] but here we used a

spline �t.

The key observation of the Ono-Hinose approach is then that the �ne-grid
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overlap of the atomic projectors and the wavefunctions,

〈p(a)
i |ψ〉 ≡

∑
rf∈Xf

p
(a)
i (rf )ψ(rf )dvf ,

can be written as a rough-grid overlap

〈p(a)
i |ψ̄〉 =

∑
r∈Xr

p̄
(a)
i (r)ψ̄(r)dv, (C.2)

where dvf and dv are the �ne-grid and rough-grid volume elements, and

p̄
(a)
i (r) =

dvf
dv

∑
rf∈Xf

p
(a)
i (rf )B(rf , r). (C.3)

The key practical aspect in the Ono-Hirose transformation is the smoothing

matrix, B(rf , r), connecting the �ne and rough grids (Eq. (C.1)). Typically

a cubic-�t approach is used; here we opted instead to use a spline �t matrix,

which is separable.

B(rf , r) = β(xf , x)β(yf , y)β(zf , z), (C.4)

where the β matrices are obtained as explained below, and depend on the ele-

ment only, not the speci�c atoms (the derivation is done for the case of equal

grid spacings, dx = dy = dz, and is trivially extended in the general case).

For each di�erent element a small padding region is added around the aug-

mented region (typically of size rpad =0.5 or 1Bohr, the results do not change

if either value is used). Then the set of all x points within a distance ±r̄ from

the nucleus, where r̄ = raug + rpad, is labeled as {xi}i=1,...,n1d
. Here, n1d ' 2 r̄

dx ,

and will be typically 6-14 for our grid parameters. The set {xi}i=1,...,n1d
will be

denoted as the rough-1d grid in the x direction.
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We de�ne then a �ne 1D grid of size nf = 1 + (n1d − 1)mf , where mf is

adjusted so that the �ne grid spacing, dxf = dx
mf

is quite small, about 0.1 −

0.15Bohr (thus typically nf ∼ 20−50). Further, we relabel β(xf , x) as a matrix,

β(if , i),with 1 ≤ i ≤ n1d, 1 ≤ if ≤ nf .

The β(if , i) matrix is formally de�ned as the spline �t coe�cient matrix, i.e.,

given a 1-d function g(xi) on a rough grid, then the �ne-grid spline interpolation

is

g(xif ) =
∑
i

β(if , i)g(xi). (C.5)

While it is possible to derive β(if , i) formally, the simplest approach is to

use a set of delta-functions. For example, to obtain β(if , i = 1) use a spline �t

subroutine with a g(xi) = δ1,i input vector, feed it to a spline-�t interpolation

program, and the resulting g(xif ) �ne-grid vector will be exactly β(if , i) for

i = 1.

Given the β(if , i) matrix (now again relabeled as β(xf , x)), the next stage

is to rotate each �ne-grid function to the rough grid, Eq. (C.3). This is easily

done in stages due to the separability of Eq. (C.4), so that the total cost to

transform each function is only about n3
fn1d, which works out to be about a

one-time cost of 3,000-100,000 operations for each atom and for each projector,

i.e., an overall negligibly small cost.

A side note: as it stands Eq. (C.4) and therefore the remainder of our

derivation only applies to orthogonal cells; however, it is trivially generalized to

other cyrstallographic cells, by replacing x, y, z by non-orthogonal coordinates

that are parrallel to the unit cell directions.

Finally, we note that there are alternatives to the Ono-Hirose technique, pri-

marily the Mask Function Technique, where the radial functions are smoothed.

[171]
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Appendix D: Chebyshev-�ltered subspace iteration

The OPAW algorithm is general, and can be applied with any technique requir-

ing an orthogonal Hamiltonian. Here we combined our OPAW approach with

the Chebyshev-�ltered subspace iteration (CheFS) technique [153] resulting in

an e�cient DFT program (OPAW-DFT).

In CheFS, with each iteration a more re�ned subspace is obtained, spanned

by the lower energy orbitals. The Chebyshev �lter

FJ(H̄) = CJ

[
H̄ − c+b

2 I
c−b

2

]

selectively enhances the occupied orbitals. Here CJ is a Chebyshev polynomial

of degree J (typically taken as J ≈ 20) and its argument is a shifted Hamilto-

nian, where b is set to be a little bit higher than LUMO energy and c is set to

be higher than the maximum eigenvalue of H̄. The �lter magni�es the weight of

the lower end of the spectrum (energies below b). The number of states that the

�lter is operated on, labeled M , needs to be somewhat larger than the number

of occupied molecular orbitals.

Obtaining the action of FJ(H̄) on a function involves repeated applications

of H̄. In practice, we could either apply FJ(H̄) directly, or note that this

is equivalent to S1/2FJ(Ŝ−1H̃)S−1/2. The latter is numerically slightly more

e�cient, since it involves only one application of an S-type projector; practically,

to obtain Ŝ−1 one simply need to replace the − 1
2 powers in Eq. (41) by −1. We

veri�ed that the two techniques give numerically the same results.

A summary of the structure of the OPAW-DFT algorithm is given next.

Appendix E: Summary of algorithm

For a given system, �rst,
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� At this stage a refers to each element in the system. From a given data set

of atomic φ(a)
i , φ

(a)
i , p

(a)
i (typically contained in an �XML� �le) construct

the s(a)
ij matrix, as well as several small-atom matrices needed for the

PAW algorithm. Construct a new set of orthogonal orbitals, η(a)
i , that are

a linear combination of p(a)
i , and extract the o(a)

i coe�cients (Appendix

A). Shift o(a)
i to be above -1 if necessary.

� Starting at this next stage, a refers to each atom separately. Use the

Ono-Hirose transformation (Appendix C) to form p̄
(a)
i (r), each on a small

rough-grid around each atom. Similarly form η̄
(a)
i , and orthogonalize them

(Appendix C) to form ζ̄
(a)
i (r) that are orthogonal on the grid. A new set

of ō(a)
i is then produced; again shift each ō(a)

i to be above -1 if necessary.

Then start the SCF algorithm, presented �rst in terms of the orthogonal Hamil-

tonian, H̄. All expressions now refer to the sparse 3D grid.

Pick a set of M random plane-wave orbitals, ψ̄mk(q). (See Appendix F for

details of the k-point sampling.) Orthogonalize them, and then do the following

loop till convergence:

� Fourier transform the orbitals to the equivalent density-based spatial grid,

ψmk(r). Form ψ̃mk(r) = 〈r|S 1
2 |ψmk〉.

� From ψ̃mk(r), calculate the atomic density-type matrices, ρ(a)
ij and con-

struct the smooth density, DFT potential, and theD(a)
ij terms. We adopted

the routines of ABINIT for this stage.

� Starting at the 2nd iteration, we apply at this stage a DIIS iteration on

the DFT potential, vKS(r), and potentially also on the Dij terms.

� Apply the J-th degree Chebyshev operator; symbolically assign ψ̄mk ←

FJ
(
H̄k
)
ψ̄mk. This could be done either totally at the spatial grid level,

ψ̄mk(r), or alternately, one could at each stage (i.e., after each application
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of H̄k) transfer back to the plane-wave grid, ψ̄mk(q) keeping only values

of q with energies below Ecutoff and then convert back to ψ̄mk(r). There

is no di�erence in the accuracy using either approach.

� At the end of the Chebyshev iteration, transfer to the plane-wave grid,

orthogonalize the resulting functions ψ̄mk(q), rotate back to r space, di-

agonalize the M ×M matrix hkmm′ =
〈
ψ̄mk

∣∣H̄k
∣∣ ψ̄m′k

〉
in the resulting

basis of M vectors, and rotate ψ̄mk(q) accordingly (with the resulting

vectors again labeled ψ̄mk(q)).

� Based on the resulting orbital energies, assign occupation numbers. Re-

peat the cycle till SCF convergence (typically 10-20 times).

The algorithm is only slightly modi�ed if we choose to replace the orthogonal

H̄k by
(
Ŝk
)−1

H̃k. In that case the only modi�cations are that we directly

iterate ψ̃mk ← FJ

((
Ŝk
)−1

H̃k

)
ψ̃mk, and at the end of each Chebyshev series

we need to use general orthogonalization, so
〈
ψ̃mk

∣∣∣Ŝk
∣∣∣ ψ̃m′k

〉
= δmm′ .

Appendix F: k-point sampling

For periodic systems, the plane-wave wavefunctions are given by Bloch waves,

eik·rψ̄mk(r) where k samples the �rst Brillouin zone, and ψ̄mk(r) are periodic.

The modi�cations are therefore straightforward, exactly analogous to PAW and

NCPP: Given a periodic Bloch state ψ̄mk(r) on a 3D unit cell grid, de�ne a

k-dependent Hamiltonian as H̄k =
(
Ŝk
)− 1

2

H̃k
(
Ŝk
)− 1

2

, with (in the spatial

basis):

(
Ŝk
)− 1

2 |ψ̄mk〉 = |ψ̄mk〉+ e−ik·r
∑
i,a

|ζ̄(a)
i 〉ō

(a)
i 〈ζ̄

(a)
i |e

ik·rψ̄mk〉. (F.1)

I.e., in each application the ψ̄mk molecular orbital is multiplied once by eik·r,

the projection performed for all atoms, and the resulting orbital is multiplied
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again by e−ik·r.

Within the H̃k operator, the Dij terms are similarly calculated, and the

kinetic energy with the kinetic energy operator obtained as usual by passing to

Fourier space (i.e., producing ψ̄jk(G)), multiplying by 1
2 (k + G)2, and trans-

forming back.
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