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Abstract 

Towards Optimal Microparticle Manipulation Using 

Acoustofluidics 

By Amir Tahmasebipour 

 

Acoustophoresis is generation of force fields by using sound waves. In 

microfluidics, micro-scale fluid cavities are used to handle fluids and particle 

suspensions. The sub-millimeter wavelength of ultrasound waves is suitable for 

exciting resonant acoustic fields in microfluidic devices. Combining 

acoustophoresis with microfluidics has resulted in emergence of the rapidly growing 

field of acoustofluidics. Acoustophoretic particle manipulation is an active, contact 

and label free method for handling microparticles that is easily integrated into 

microfluidic systems. Due to gentle and robust manipulation and excellent cell 

viability, acoustofluidic devices are attractive tools for miniaturization in life science 

fields. These applications include cell handling, sorting, washing and patterning 

toward bio-3D-printing. In addition, acoustic particle manipulation has gained 

popularity for creating microstructures and particle assemblies. This is aimed 
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towards improved additive manufacturing and 3D printing of functionalized 

composite materials. 

The underlying physics of acoustofluidics is not intuitively understood because 

of complex interplays between various solid, piezoelectric and fluid components. 

Theoretical framework gives a general understanding of fundamental acoustic 

principles limited to simple physics and geometries. It is extremely cumbersome to 

modify analytical methods to fit the engineering needs of modern acoustofluidics. 

Experimental research provides specific insight at a high cost while limited by 

characterization techniques. Numerical modeling is useful for gaining in-depth 

understanding of acoustophoresis. Finite Elements Method simulations are 

developed from first principles to solve governing equations of acoustofluidic 

systems. This provides a detailed understanding of acoustic effects beyond simple 

assumptions and geometries. In this thesis, numerical modeling and validating 

experimental methods are used to contribute to detailed understanding of 

acoustofluidics. Informed by this, engineering solutions are proposed to improve 

acoustofluidics where limitations constrain applications. 

Acoustofluidics rely on resonances to concentrate acoustic energy in the desired 

manipulation regions. Simulations show that geometrically asymmetric architecture 

increases the acoustic resonance amplitude by almost two orders of magnitude. This 

is achieved in Bulk Acoustic Wave devices using a half-wave standing pressure field. 
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Experiments with silicon-glass devices show a significant improvement in 

acoustophoresis of 20-micron silica beads in water when asymmetric devices are 

used. 

The so-called acoustic radiation force is a result of scatter-incident acoustic 

interference. Finite Element Method is used to find resonant modes, damping 

factors and acoustic forces of an elastic sphere subject to a standing acoustic wave. 

Under fundamental spheroidal modes, the radiation force fluctuates significantly 

around analytical values due to constructive or destructive scatter-incident wave 

interference. This suggests that for certain materials, relevant to acoustofluidic 

applications, particle resonances are an important scattering mechanism and design 

parameter. These findings offer the potential to manipulate and separate 

microparticles based on their resonance frequency. 

Particle translation is a result of acoustic radiation force which is defied by the 

viscous drag on the particle surface. Additionally, non-spherical suspended objects 

experience acoustic radiation and viscous torques that induce rotation. Numerical 

simulations of acoustic radiation force and torque on these particles show that they 

rotate to reach a single preferred orientation. Controlling particle orientation adds 

a degree of freedom to acoustophoretic manipulation. This also informs assembly 

patterns of non-spherical microparticles. 
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ChapterⅠ: Preface 

Acoustofluidics is a growing field of scientific research and technology1. It 

combines acoustics with microfluidics to use the energy of sound for applications 

in small fluidic cavities. Acoustophoresis is creating a force field using sound 

waves2. The acoustic fields in a fluid are time-harmonic, but over time they give rise 

to second order effects that have a non-zero effect on the fluid field and any 

suspended particles. This stems from the non-linear nature of the fluid momentum 

physics and creates two mechanisms: (1) acoustic radiation force3 is due to the non-

zero time averaged pressure and convective momentum flux on the surface of a 

suspended particle, (2) acoustic streaming4,5 is a result of second order acoustic 

velocity that creates vortices in an acoustofluidic cavity. Both phenomena are used 

to apply forces to suspended particles either directly (radiation) or by inducing 

viscous drag (streaming). These effects can be explained and characterized by linear 

acoustic equations in fluids, solids and the fluid-solid interaction. They follow the 

fundamental principles in acoustics: generation, propagation and scattering of 

sound waves. The interactions of generated incident fields with the scattered fields 

define acoustic radiation pressure on suspended particles. Acoustic streaming is a 

non-linear effect that arises from absorption of high amplitude oscillation near a 

vibrating surface and the time-averaged Reynolds stress. The source of acoustic 
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generation in acoustofluidic devices is usually a piezo-electric transducer that 

transmits the vibrations to the fluid cavity through fluid-solid interactions of a 

microfluidic chip. 

Acoustofluidic devices can use traveling or standing acoustic waves and based 

on their acoustic field they can be categorized into: (1) Bulk Acoustic Wave (BAW) 

devices and (2) Surface Acoustic Wave (SAW) devices. In BAW devices, the 

resonance frequency of the cavity is excited to set up standing waves that form as 

a result of the buildup of reflected acoustic waves in the fluid channel. This is 

dependent on the structural vibration modes as well as actuation frequencies6. 

Typically, low MHz ultrasound frequencies are used due to their favorable 

wavelength regarding microfluidic submillimeter length scales. In SAW devices, a 

surface wave (Rayleigh wave) is sent through a piezo-electric substrate at 

frequencies around 10MHz creating acoustic fields at the surface of a PDMS 

microfluidic device.  

Fundamental acoustophoresis is based on observations and analytical work that 

date back to nearly 200 years ago7,8. The theoretical framework for modern 

acoustofluidic research is summarized efficiently in an informative tutorial series 

published over the past decade1. For the sake of concision, we avoid diving any 

deeper into the history of broad contributing fields to acoustofluidics at this point. 
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Brief history of seminal theoretical and experimental research is given in each of 

the next four chapters. 

There are microparticle manipulation techniques other than acoustophoresis 

that can be used with microfluidics. Each method has advantages and limitations. 

Choice of manipulation method depends on factors that define the application, 

such as parameters and properties of the flow, particle characteristics, expected 

precision, laboratory conditions, and budget. These methods vary in manipulation 

scale, integrability, precision and complexity. 

Well-established methods, like centrifugation9 and mechanical filtration10, work 

reliably for large-scale applications where control on the particle scale is not 

important.  

Inertial methods11,12 are realized by simple, purely microfluidic setups that are 

very attractive for applications that require high velocities and flow rates. The 

drawback here is the lack of temporal and spatial control that stems from the 

passive nature of these techniques. 

Magnetic and electrostatic fields are robust sources for manipulation of particles 

in systems that utilize magnetophoresis13 and Dielectrophoresis14, respectively. 

These methods are similar to acoustophoresis in strength, control and integrability. 

The difference is that they rely on magnetic and electrostatic properties of fluids 
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and particles, while acoustophoresis is a purely mechanical technique. 

Functionalization and labeling of particles in magnetic and electrostatic methods is 

another limitation. in many cases sensitive bio-particles can be harmed using these 

methods. 

Trading strength for precision, optical tweezers15 have a range of applications in 

single particle manipulation16. Complex and expensive setups are required to get 

laser beams working for optical particle manipulation which is not suitable for 

handling living cells. 

Acoustophoresis for particle manipulation in acoustofluidics has its own list of 

advantages and limitations. Label-free, contactless handling of particles makes 

acoustophoresis a prime candidate for applications that involve sensitive and fragile 

particles (e. g. living cells). Small organisms can be manipulated with this technique 

without being harmed by high shear rates, optical and thermal intensities or high 

electrical and magnetic fields. Gentle manipulation is a central quality of 

acoustophoresis that is validated by excellent cell viability. Acoustofluidic devices 

have few components making their fabrication inexpensive and straightforward. 

Acoustic manipulation is possible in relatively large scales17 (e. g. parallel particle 

arrays with thousands of microparticles) or on a single particle18,19 (e. g. acoustic 

tweezers and single cell patterning). Furthermore, acoustic manipulation is an active 
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effect that can be integrated into many microfluidic systems with minimal 

interference20. 

Acoustofluidic devices are limited by their low efficiency in generating forces 

since acoustophoresis is inherently a second order effect. This results in over-

heating if high voltage is applied to the actuators for generating stronger acoustic 

fields. The reliance on high amplitude acoustic fields makes standing wave 

resonance a necessary operating condition in BAW devices. The attainable 

resonance amplitudes are a direct result of acoustofluidic architecture and actuation, 

which is not a straightforward process due to complex, interdependent physics of 

the problem.  

Mechanical properties of the particle-fluid duo in an acoustofluidic setup 

determine acoustic scattering which gives rise to acoustic radiation force. The so-

called acoustic contrast factor is assumed to be a function of contrast in density and 

compressibility between particles and the fluid. This notion limits acoustophoresis 

of neutrally buoyant particles that are suspended in a fluid with similar 

compressibility. 

Most of the theoretical body of work is developed for a single small spherical 

particle in ideal fluids due to the mathematically favorable symmetry and simplicity 
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of linear acoustics. There is a gap in knowledge on non-spherical particle 

acoustophoresis, alignment and packing.  

Numerical methods are established as a powerful tool for design of 

acoustofluidic devices and filling the gaps in theoretical understanding of 

acoustofluidi21–23. The number of peer reviewed publications and patents involving 

acoustofluidics has been growing steadily over the past decade24. The number of 

commercial products25 and technology companies26 that employ acoustophoresis 

has grown exponentially in the past five years. Many of proposed designs and 

applications of acoustophoresis have passed the proof-of-concept stage and are 

established as standard laboratory procedure. Examples of these applications are 

abundant with a few including cell and particle sorting, washing, patterning, 

trapping and 3D printing27–29. 

In this thesis, the overriding research question is to address limitations of 

acoustofluidics as a particle manipulation method. Here, we develop and use 3D 

numerical simulations as the main tool for understanding acoustofluidics where 

analytical methods are too simplified in scope and too cumbersome and limited in 

application. We employ experimental analyses as a validating step for numerical 

results. This circumvents the lack of temporal and spatial resolution associated with 
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experimental research while keeping the time and money expenditure to a 

minimum. The scientific hypotheses analyzed in this work include: 

Acoustofluidic devices can produce resonances with higher energy amplitudes 

through effective design of vibrating microfluidic structures. Reliable 3D Finite 

Element models are essential for gaining in-depth insight into complex physical 

effects that create the much-needed acoustic resonances. Numerical simulations 

characterize optimal device design by exploiting asymmetry as a design parameter. 

The goal here is to use creative engineering principles to develop BAW 

acoustofluidics that generate stronger resonant fields of desired mode shapes. 

Experimental methods offer no alternative but serve as validation for concepts 

developed through numerical modeling. 

On the particle level acoustic contrast factor is not definitive of 

acoustophoresis of resonating particles. Acoustic scattering needs to be studied 

beyond the common monopole and dipole mechanisms. Resonant multipole 

vibrations of a spherical particle can be analyzed as a contributing element to 

acoustic radiation force on a particle with small contrast factor. Effects of different 

types of spheroidal resonances on acoustophoresis need to be studied for 

expanding the understanding of acoustophoresis behaviors. 
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Non-spherical particles highlight the effect of particle geometry on 

acoustofluidic force. Due to anisotropic geometry, an additional layer of complexity 

is added to acoustic manipulation that is particle orientation. The acoustic torque 

needs to be studied to develop a functional understanding of alignment and 

aggregation of non-spherical particle in acoustofluidic devices. Numerical 

simulations are fit to tackle this problem since they can be modified to deliver 

results for any number of particles with complex geometries, in a desired defined 

dynamic acoustic field. 

The structure of this thesis is meant to serve as a collective dissertation including 

a collection of first authored papers of the Ph.D. Chapter synopses are given in the 

following paragraphs.  

Chapter Ⅱ is an introduction to acoustofluidics. Here we give an overview of 

the governing equations and the assumptions that lead to acoustofluidic models 

using perturbation theory. Numerical methods are explained briefly along with their 

development for treatment of acoustic fluid-solid interaction. Various mechanisms 

of acoustophoresis are introduced and explained in the context of numerical 

simulations. Each subsequent section provides a brief description of theoretical 

framework and numerical implementation used to address the chapter’s main 

research question. 
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Chapter Ⅲ presents asymmetric acoustofluidic device design as a principle for 

improved acoustophoretic resonances in acoustofluidics. This chapter is in part 

reprint of a 2020 paper entitled Toward Optimal Acoustophoretic Microparticle 

Manipulation by Exploiting Asymmetry that was published in The Journal of Acoustical 

Society of America in collaboration with Henrik Bruus (DTU). In the numerical 

section, 3D models of various design concepts are studied, and a signal processing 

method is developed to characterize complex resonance modes of acoustofluidics. 

In the experimental section, the guidance provided by the theoretical predictions is 

examined. The validity of asymmetry as an effective design rule for boosting 

acoustic resonances is decided. 

Chapter Ⅳ is a pre-print of a paper entitled Acoustophoresis of a Resonant Elastic 

Microparticle in a Viscous Fluid Medium which is currently under review. In this article, 

numerical studies of spheroidal harmonics are combined with acoustic scattering to 

study acoustophoresis beyond the point-particle assumptions. Resonant vibrations 

are examined as a mechanism to induce acoustic radiation pressure which is 

essential for manipulation of particles with small acoustic contrast. 

Chapter Ⅴ presents a study of acoustophoretic manipulation of non-spherical 

particles. The effects of shape and orientation are analyzed through numerical 

simulations and conclusions are drawn for stability and alignment of rods and disks 
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in acoustic fields. Time-dependent simulations are used to assess aggregation and 

packing qualities of these particles. The multi-body dynamics of acoustic 

manipulation are resolved to get a better understanding of engineered devices and 

particles for assembly of microstructures. 

Chapter Ⅵ is a summary of what the author has learned by attempting to answer 

the research questions. These deductions are a high-level take-away of what is 

discussed and concluded in chapters Ⅲ-Ⅴ. New research questions that have 

emerged during the course of this are raised. Further research is motivated to 

continue the progress made in this work and stimulate the emergent field of 

numerical acoustofluidics. 
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Chapter Ⅱ: Theoretical Background 

In microfluidics, fluids and suspensions flow through channels that typically 

have a cross section of sub-millimeter size. Relatively small length scales, flow rates 

and velocities are signature characteristics of laminar microfluidic flows where 

inertial effects are dominated by viscosity of the working fluid. Combination of the 

simple and predictable laminar flow with well-characterized and controlled external 

forces is suitable for applications where handling and manipulation of suspended 

particles are of interest. Developing systems to couple microfluidics with particle 

handling methods based on physical mechanism is of interest to many scientific 

fields including analytical chemistry, biology and material science.  

Acoustofluidcs, being the combination of acoustophoresis and microfluidics, is 

a method that has the advantage of label-free, gentle, active and fully mechanical 

particle manipulation in the micro-scale. These qualities have attracted many 

researchers in science and technology to using ultrasound as an external force field 

in microchannels. However, the complex nature of generation, propagation and 

scattering of acoustics necessitates a robust theoretical framework. Understanding 

fundamentals of acoustics in terms of energy, frequency and vibration enables 

informed and robust design of acoustofluidic devices and applications. 
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In this chapter, we go over governing equations of microfluidics and acoustics 

in fluids and solids derived from first principles. We briefly show the perturbation 

expansion approach of simplifying these equations for time-harmonic cases. The 

time-averaged acoustophoretic effects are explained and we summarize common 

analytical approaches to calculate them. Attenuation factors and various damping 

mechanisms are discussed along with methods to obtain them in acoustofluidic 

systems. Since the analytical solutions are limited in solving complex geometries 

and Multiphysics, a Finite Elements Model approach is developed. We give a 

detailed explanation of how governing equations are implemented in numerical 

simulations. This is the basis for design and development of acoustofluidic devices 

and studies into complex interplay of multiple physics in acoustophoretic systems.  

 

A. Governing equations in acoustic fluids 

In this section, we explain the perturbation theory expansion of the acoustic 

fields in fluids. We demonstrate how the theory is used to study resonant modes in 

microfluidic channels. 

Low MHz frequency acoustic waves have a wavelength 𝜆!" ≤ 1	mm in water at 

room temperature (25℃) with a speed of sound 𝑐#!" ≈ 1500	ms$%. This quality of 

ultrasound makes it fit to create standing wave resonances in water-filled cavities 
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with sub-millimeter cross sections, such as microfluidic devices. Generation of 

resonant acoustic modes are important in design of acoustofluidic devices to 

accumulate energy in confined spaces of microfluidic scales. Reproducibility, 

stability, and controllability of resonant patterns are useful characteristics of 

standing waves that depend on device architecture and actuation frequency. Strong 

acoustic forces on particles30 and effective streaming flow31 in the fluid are 

dependent on delivery of maximum power from the source of actuation. In 

acoustofluidics, the ultrasound is typically generated by applying an ac voltage to 

piezo-electric transducers6. Bulk Acoustic Waves32 (BAW) are generated by an 

external plate piezo transducer and Surface Acoustic Waves (SAW) use a series of 

interdigitated (IDT) electrodes deposited on a piezo-electric substrate33. 

Here we use regular first-order perturbation theory to derive linear wave 

equation in fluids. This theory is developed extensively in the textbooks by 

Lighthill34, Pierce35 and Landau & Lifshitz36. The derivations are based on (1) the 

isentropic thermodynamic equation of state where pressure 𝑝 is dependent on fluid 

density 𝜌!", (2) the continuity equation on fluid density and (3) the Navier-Stokes 

momentum equation with a velocity field 𝐯, 

𝑝 = 𝑝0𝜌!"1, and 𝑐#!" = 34
&'
&(
5
)
, (2.1a) 
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&(!"

&*
= −𝛁 ⋅ (𝜌!"𝐯), (2.1b) 

𝜌!" &𝐯
&*
+ 𝜌!"(𝐯 ⋅ 𝛁)𝐯 = −𝛁𝑝 + 𝜂!"𝛁,𝐯 + 𝛽𝜂!"𝛁(𝛁 ⋅ 𝐯). (2.1c) 

Here we have considered a simple case of an isothermal domain without external 

effects, e. g. gravity and electromagnetism. Analytically solving the given set of 

partial differential equations for a Newtonian fluid with viscosity 𝜂!" and viscosity 

ratio 𝛽  is extremely difficult. That’s the motivation behind using perturbation 

theory to find solution approximations. 

Imagine an isothermal quiescent fluid with pressure 𝑝# and density 𝜌#. When 

perturbed by and acoustic wave, the density, pressure and velocity of said fluid are 

going to change by a small amount we denote with a subscript 1, 

𝜌 = 𝜌# + 𝜌%, (2.2a) 

𝑝 = 𝑝# + 4
&'
&(
5
)
𝜌%, (2.2b) 

𝐯 = 𝐯%. (2.2c) 

The isentropic assumption leads to incorporation of equation of state in 2.2b. 

Therefore, the first-order pressure can be represented in terms of density 

perturbation and fluid speed of sound 𝑝(𝜌) = 𝑝# + 0𝑐#!"1
,
𝜌% . Inserting the 

perturbed fields (Eq.2) into the governing equations (Eq.1) and disregarding the 
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products of first-order terms, we find the first-order continuity and Navier-Stokes 

equations, 

&(#!"

&*
= −𝜌#!"𝛁 ⋅ (𝐯%), (2.3a) 

𝜌#!"
&𝐯#
&*
= −0𝑐#!"1

,
𝛁𝜌%!" + 𝜂!"𝛁,𝐯% + 𝛽𝜂!"𝛁(𝛁 ⋅ 𝐯%), (2.3b) 

By taking the time derivative of equation 2.3a and inserting 2.3b in the right 

hand side we have, 

𝜕,𝜌%!"

𝜕𝑡,
= −𝛁 ⋅ @𝜌#!"

𝜕𝐯%
𝜕𝑡
A 

																																																= 0𝑐#!"1
,
𝛁𝟐𝜌%!" − (1 + 𝛽)𝜂!"𝛁,(𝛁 ⋅ 𝐯%) 

																														= 0𝑐#!"1
, B1 + (%/0)2!"

($!"34$!"5
%
&
&*
C 𝛁𝟐𝜌%!". 

(2.4) 

The derived equation for first-order density is correct even under fluid flow, 

assuming 𝐯$
4$!"
≤ 10$6 which is valid in most microfluidic settings. Acoustic fields 

are time-harmonic, meaning we can express their time dependence by a complex 

phase, 

𝜌%(𝐫, 𝑡) = 𝜌%(𝐫)𝑒$78*, (2.5a) 

𝑝%(𝐫, 𝑡) = 0𝑐#!"1
,
𝜌%(𝐫)𝑒$78*, (2.5b) 
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𝐯%(𝐫, 𝑡) = 𝐯%(𝐫)𝑒$78*. (2.5c) 

where 𝜔 = 2𝜋𝑓  is the angular frequency of the acoustic field actuated with 

frequency 𝑓. The physical fields are given by the real part of time-harmonic fields. 

The time derivatives of the governing equations now can be represented with a 

multiplication of −iω and the equation for density can be manipulated to extract 

solve for the first-order pressure field 𝑝% = 0𝑐#!"1
,
𝜌%, 

−𝜔,𝜌%!" = 0𝑐#!"1
, B1 + (%/0)2!"

($!"34$!"5
%
&
&*
C 𝛁𝟐𝜌%!". (2.6a) 

𝛁,𝑝% = −𝑘,𝑝% (2.6b) 

𝑘 = M1 + i
(1 + 𝛽)𝜂!"𝜔

2𝜌#!"0𝑐#!"1
, N𝑘# (2.6c) 

where 𝑘# =
8
4$!"

 is the wavenumber and 𝑘 is the complex wavenumber including 

the viscous damping factor (%/0)2
!"8

,($!"34$!"5
% ≈ 10$9  for water-based acoustofluidic 

systems. To find the pressure field we solve the Helmholtz equation 2.6b using the 

wavenumber 𝑘# as the viscous damping can be neglected in the bulk of the fluid. 

This indeed shows that by perturbation theory we have reduced momentum and 

continuity equations to a wave equation. Therefore, in the inviscid limit the velocity 

field can now be represented in terms of pressure, 
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𝐯% = − :
8	(!"

𝛁𝑝%. (2.7) 

So far, we have described how density 𝜌% and velocity 𝐯% are calculated from 

the solution to the Helmholtz equation of acoustic pressure 𝑝%. The momentum 

equation is not linear and first-order linearization is by no means an exact solution. 

Therefore, a second-order perturbation expansion may be obtained to obtain a 

more accurate approximation of the governing equations where, 

𝜌 = 𝜌# + 𝜌% + 𝜌,, (2.8a) 

𝑝 = 𝑝# + 𝑝% + 𝑝,, (2.8b) 

𝐯 = 𝐯% + 𝐯𝟐. (2.8c) 

At this stage the background and first-order terms are known. We can now re-

derive the second-order equations of state, continuity and Navier-stokes, 

𝑝, = 0𝑐#!"1
,
𝜌,!" +

%
,
O&34$

!"5
%

&(
P 0𝜌%!"1

,
, (2.9a) 

&(%!"

&*
= −𝜌#!"𝛁 ⋅ (𝐯,) − 𝛁 ⋅ 0𝜌%!"	𝐯%1, (2.9b) 

𝜌!"#
$𝐯!
$&
= −𝛁𝜌'"# + 𝜂"#𝛁'𝐯' + 𝛽𝜂"#𝛁(𝛁 ⋅ 𝐯') − 𝜌("#

$𝐯"
$&
− 𝜌!"#(𝐯( ⋅ 𝛁)𝐯(. (2.9c) 

Second-order fields are, by definition, negligible compared to their first-order 

counterparts. However, in acoustofluidics the time averaged effects are sought 
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after. We already defined the first order fields to be time-harmonic, therefore, they 

will have no contribution regarding the time-averaged effects. Time average of a 

quantity Υ(𝑡) over a period of oscillation Τ is defined as, 

 ⟨𝛶⟩ = %
< ∫ d𝑡	𝛶(𝑡)<
# . (2.10) 

Clearly, the time-average of the first-order fields are zero. On the other hand, 

the product of first order fields has a non-zero time average. Let’s re-write second 

order continuity and Navier-Stokes equations only with non-zero time-averaged 

fields, 

𝜌#!"𝛁 ⋅ ⟨𝐯,⟩ = −𝛁 ⋅ X𝜌%!"	𝐯%Y, (2.11a) 

𝜂"#𝛁'⟨𝐯'⟩ + 𝛽𝜂"#𝛁(𝛁 ⋅ ⟨𝐯'⟩) − 𝛁⟨𝑝'⟩ = /𝜌("#
$𝐯"
$&
0 + 𝜌!"#⟨(𝐯( ⋅ 𝛁)𝐯(⟩. (2.11b) 

Second order fields as shown above have source terms in the form of products 

of first-order fields and have a non-zero time-average. There will be a net velocity 

field in the bulk of the fluid ⟨𝐯,⟩ that comes from the acoustic wave and conform 

acoustic streaming vortices. The non-zero pressure ⟨𝑝,⟩  acts as a source of 

momentum on suspended particle and generates the so-called acoustic radiation 

force that is used for particle manipulation. The magnitude of acoustic streaming 

and radiation are significant if the first order acoustic fields have high amplitudes. 
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Actuating the fluid in a manner that excites resonant fields is very important in 

reaching high pressures and facilitating effective manipulation. 

To show the basis of such resonances, we give an example of a simple 1D 

acoustic field in figure 2.1. Imagine the side walls are actuated with a velocity 

𝐯% 4
=
,
, 𝑡5 = −𝐯% 4−

=
,
, 𝑡5 = 𝜔𝜖𝑒$78*, where 𝜖 is a sub-nanometer oscillation. The 

resonance builds up in the fluid until the supplied power is dissipated due to viscous 

losses in each oscillation. Solving the wave equation, we have 𝐯% =

𝜔𝜖 >7?(@A)
>7?(&'% )

	𝑒$78*. The particular case of acoustic resonance leads to large acoustic 

amplitudes under the condition that sin 4@=
,
5 = 0 or 𝑘𝐿 = 2𝑛𝜋. 

In effect, tuning to the natural frequency of the system leads to resonances, 

 𝜔? = n
𝜋𝑐#!"

𝐿
 (2.12) 

Where the quality factor 𝑄 can be estimated using the damping factor 𝜙, such 

that, Q = %
,B

. This is an overestimate as the bulk damping is the only mechanism 

considered for losses. 
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Figure 2.1: A 1D liquid domain with a contour of first order acoustic pressure. The arrows 

show the 1D actuation of the side walls in anti-phase with small amplitude 𝝐 ≪ 𝑳.  

 

The acoustofluidic chamber is more complex than the 1D example and the 

resonances are highly dependent on the boundaries of the microfluidic chamber. 

The details of wall displacement and materials need to be resolved through a set of 

carefully defined boundary conditions. The most common types of boundaries in 

acoustofluidics are the soft wall, hard boundary and the lossy interface. 

The soft boundary is appropriate for interfaces where the fluid has much higher 

acoustic impedance and sustains higher pressure. Examples of this are water-air or 

water- membrane-air interfaces. The soft-wall condition is mathematically 

formulated as, 
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 𝑝% = 0. (2.13) 

In contrast, the hard wall condition applies to liquid interfacing with rigid 

material with high impedance, leading to zero normal fluid velocity at the wall. 

Therefore, the normal gradient of the pressure is zero to satisfy the hard wall 

condition, 

 𝐧b ⋅ 𝛁𝑝% = 0. (2.14a) 

Lossy wall is the most suitable boundary condition to capture acoustic scattering 

and radiation effects. In this case, the pressure wave transmits through the wall in 

a material with density 𝜌>" and speed of sound 𝑐>". By matching the velocity and 

pressure at the interface we may write the lossy boundary condition, 

 𝐧b ⋅ 𝛁𝑝% = i 8(
!"

(("4("
𝑝%. (2.14b) 

For wall materials with values of acoustic impedance 𝑍>" = 𝜌>"𝑐>" much larger 

than the fluid, the hard wall boundary condition is a good first approximation. 

In theory, the eigenmodes of pressure in a channel are tied to the natural 

frequency of the fluid-filled cavity. For example, for a hard-walled rectangular 

channel of dimensions 𝐿A, 𝐿C, 𝐿D the pressure eigenmodes are, 

 𝑝%(𝑥, 𝑦, 𝑧) = 𝑝E cos(𝑘A𝑥)	cos0𝑘C𝑦1	cos(𝑘D𝑧) (2.15) 
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where 𝑝E  is the amplitude and the wavenumbers are 𝑘: = 𝑛 F
=)

 and 𝑛  is the 

number of half-waves. The resonance frequency then can be estimated for a 

complex mode, 

 𝑓G*,G+,G, =
4!"

,
3G*

%

=*%
+

G+%

=+%
+ G,%

=,%
. (2.16) 

These analytical approximations are a great first step towards designing 

acoustofluidic devices. However, complex interplay between multiple layers and 

materials with various mechanical properties create disruptions to clean and well-

defined resonant pressure fields. We can inch closer to quantitative agreement 

between simulation and experiment by including modeling of the elastic walls and 

the coupling to the liquid in the microchannels. This challenge may be addressed 

by using numerical simulations and inclusion of acoustic scattering beyond the first 

order approximation.  

B. Governing equations in acoustic solids 

Acoustofluidic fields are generated through interaction of the fluid with a solid 

body. In case of manipulation of solid particles, the scattering from a microparticle 

is in fact result of a fluid-solid interaction. This makes solid mechanics an important 

part of acoustofluidics and a robust framework for modeling elasticity and 

deformations is at the core of this work.  
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Unlike the fluid, a homogeneous solid domain of density 𝜌>", has a well-defined 

configuration. Therefore, the displacement field 𝐮 may be found with respect to a 

reference frame. The stress tensor 𝛔>"  is connected to the strain tensor 𝛜 =

%
,
	 [∇𝐮 + (∇𝐮)I], through the linear constitutive law and the stiffness tensor 𝐂. 

With the stress tensor, we can formulate the linear local momentum equation for a 

solid body, also known as, the Cauchy momentum equation, 

𝜌>" &
%𝐮
&*%

− 𝛁 ⋅ 𝛔>" = 0, (2.17a) 

𝛔>" = 𝐂 ∶ 𝛜, (2.17b) 

𝐂 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝜆
>" + 2𝜇>" 𝜆>" 𝜆>" 0 0 0
𝜆>" 𝜆>" + 2𝜇>" 𝜆>" 0 0 0
𝜆>" 𝜆>" 𝜆>" + 2𝜇>" 0 0 0
0 0 0 𝜇>" 0 0
0 0 0 0 𝜇>" 0
0 0 0 0 0 𝜇>"⎦

⎥
⎥
⎥
⎥
⎥
⎤

, (2.17c) 

𝛔>" = 2𝜇>" + 𝜆>"	tr(𝛜)𝐼, (2.17d) 

where 𝜆>" and 𝜇>" are the first and second Lamé parameters, respectively. The 

trace function tr()  and the Identity matrix 𝐼 , present the constitutive relation 

elegantly for parameterization of elastic moduli for homogeneous isotropic media. 

The Lamé parameters are related to other elastic moduli; for instance, the Young’s 

modulus 𝐸>" and Poisson’s ratio 𝜈>", 
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𝜇>" = 𝐺>" = K("

,3%/L("5
, (2.18a) 

𝜆>" = L("	K("

3%/L("53%$,L("5
= 2𝐺>" L("

%$,L("
, (2.18b) 

where 𝐺>"  is the shear modulus. In a time-harmonic system with angular 

frequency 𝜔, the Helmholtz form of the governing equation for solids can be used 

to circumvent time-dependence, 

𝜌>"𝜔,𝐮 + 𝛁 ⋅ 𝛔>" = 0. (2.19) 

At the boundary of the solid domain there are certain conditions that need to 

be satisfied. The normal displacement in the solid and fluid must be equal and the 

stress on the solid must match the pressure and viscous shear in the fluid, 

𝐮>" = 𝐮!" (2.19a) 

𝐧b ⋅ 4 %
(!"
𝛁𝑝5 = 𝐧b ⋅ 𝜔,𝐮. (2.19b) 

This leads to generation of a viscous boundary layer which heavily affects 

acoustic scattering and damping in acoustofluidic devices. The thickness of this 

viscous boundary layer 𝛿M = 3,2!"

(!"8
~0.5	µm is usually very small compared to a 

microchannel actuated at the MHz range. However, this thickness is in some cases 

comparable to particle radii, and it affects acoustic radiation heavily37,38. 
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Limited physical insight can be gained by studying simple analytical systems, but 

numerical tools like FEM are needed for a practical analysis of acoustofluidic 

devices. It has been shown that for systems where the fluid used is a fluid with 

water like properties, simple models for wall interaction are not realistic. It is 

extremely difficult to design based on intuition with the presence of physical 

phenomena such as (1) the impedance mismatch, (2) complex interplay of fluid and 

solid domains, (3) resonant mode shapes and (4) the resulting motion of the whole 

system (and not just the acoustic cavity). Acoustofluidic device design seeks 

resonance frequencies to generate much stronger fields, which helps in the 

manipulation efficiency. These resonance frequencies and modes are influenced by 

all the components of the system. For the absolute value of the pressure maxima in 

the cavity also the damping of the resonance mode is important, which is normally 

difficult to model on first principles. 

 

 

C. Time-averaged fields in acoustofluidics 

Acoustic fields have a time-harmonic nature with a very short time scale. In the 

case of MHz frequency ultrasound, the variables of the domain oscillate millions of 

times every second. When a fluid-particle mixture is exposed to an ultrasound field, 
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the particles will be affected by acoustic forces. The so-called radiation force arises 

from the scattering of acoustic waves from the particles. This force has a net time-

averaged magnitude and direction; therefore, it is not subject to the oscillatory 

behavior of the acoustic field. The net force on particles leads to their motion in 

the fluid which follows a much larger time-scale compared to the acoustic wave. 

Acoustic radiation force plays an important role in handling and manipulation of 

particles for lab-on-chip applications. 

At the limit of particles much smaller than the acoustic wavelength, theoretical 

study of acoustic radiation goes back to King 39 who derived formulations for 

acoustophoresis of an incompressible solid in an ideal, inviscid fluid. Yosioka and 

Kawasima 40 considered acoustic force on a compressible solid and Gor’kov 3 

presented a generalized theory for acoustic radiation force. 

In the past few decades, with interest and advancements in microfluidics and 

microparticle manipulation, there have been many insightful analytical studies on 

the effects of acoustic boundary layers and thermoviscous effects on ultrasound 

acoustophoresis. Doinkov 41–43 developed generalized theoretical methods 

including viscous and thermoviscous effects on acoustic radiation which was 

complemented by Danilov and Mironov 44. Definitive, inclusive theoretical models 

for microparticles in acoustofluidic devices were derived by Settens and Bruus 37, 
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addressing viscous effects, while Karlsen and Bruus 38 included thermoviscous 

effects as well. Hasegawa and Yosioka 45  presented their analytical and experimental 

research as a substitute for King’s, which included normal resonances of elastic 

solid spheres. 

The theory of radiation force follows the perturbation expansion of the acoustic 

fields. To establish a starting point for the scattering theory, we introduce a potential 

field 𝜑 that fulfils the wave equation, and its gradient is the velocity potential field, 

𝐯%(𝐫) = 𝛁𝜑%(𝐫) (2.20a) 

𝛁,𝜑% =
%

34$!"5
%
&%N#
&*%

= − 8%

34$!"5
%𝜑%. (2.20b) 

As discussed earlier, the radiation force is a time-averaged effect that is 

dependent on the second order perturbed acoustic fields. From equation set 2.11, 

we can derive an expression for the time-averaged second order pressure, 

𝛁⟨𝑝,⟩ = − �𝑝%
𝜕𝐯%
𝜕𝑡
� − 𝜌#!"⟨(𝐯% ⋅ 𝛁)𝐯%⟩ (2.21a) 

⟨𝑝,⟩ =
%
,
𝜅!"⟨𝑝%,⟩ −

%
,
𝜌#!"⟨𝐯% ⋅ 𝐯%⟩, (2.21b) 

where 𝜅!" = %

(!"34$!"5
%  is the compressibility of the fluid. Let’s recall that the 

physical, real-valued time-average of two time-harmonic fields ⟨𝐹𝐺⟩ is given by the 

following expression for fields with complex representation, 
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⟨𝐹𝐺⟩ = %
,
Re[𝐹(𝐫)𝐺∗(𝐫)], (2.21) 

Where the asterisk represents complex conjugate field. To calculate the acoustic 

radiation force 𝐅PQR, we integrate the time-averaged second order pressure ⟨𝑝,⟩ 

and the convective momentum flux tensor 𝜌#!"⟨(𝐧b ⋅ 𝐯%)𝐯%⟩  at the unperturbed 

surface 𝜕Ω of an arbitrary-shaped particle, 

𝐅PQR = −� d𝐴�〈𝑝,,〉𝐧b + 𝜌#!"〈(𝐧b ⋅ 𝐯%)𝐯%〉�&S
. (2.22) 

This would be convenient if the second order fields were available, however, 

solving the governing equations are not as trivial when the perturbation expansion 

is applied twice. The alternative is using the identity of equation 2.21b to replace 

the second order pressure with the first order fields. This results in, 

𝐅PQR = −� d𝐴 �4T
!"

,
〈𝑝%,〉 −

(!"

,
〈𝐯% ⋅ 𝐯%〉5 𝐧b + 𝜌#!"〈(𝐧b ⋅ 𝐯%)𝐯%〉�

&S
, (2.23) 

where the integration may be performed on a finite-sized particle surface if the 

first order pressure includes the scattering from the particle. The background 

acoustic field can be used to calculate the scattered field from a spherical particle 

with radius 𝑎 ≪ 𝜆!"  that is bigger than the viscous and thermo-viscous δU =

3
,V-.

(!"W/8	
 acoustic boundary layers. 
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In this simple case, we assume a microsphere in an ideal fluid that is small 

compared to the background acoustic wave and big relative to the boundary layers. 

There is a range of actuation frequencies, as shown in figure 2.2, where these 

conditions are satisfied. This small particle with density 𝜌>" and compressibility 𝜅>" 

can now be treated as a point-source of acoustic scatter, which is resolved by first 

order scattering theory. The incident background acoustic wave is given by some 

velocity potential 𝜑7?  and the corresponding scatter 𝜑>W . The total first order 

acoustic field can therefore be represented by the sum, 

𝜑% = 𝜑7? + 𝜑>W, (2.24a) 

𝐯% = 𝛁𝜑% = 𝛁𝜑7? + 𝛁𝜑>W, (2.24b) 

𝑝% = i𝜌!"𝜔𝜑% = i𝜌!"𝜔𝜑7? + i𝜌!"𝜔𝜑>W. (2.24c) 
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Figure 2.2: (a) Frequency variation of relative viscous and thermo-viscous boundary 

layers 𝜹5 = 𝜹𝒂)𝟏 with respect to radius a on the left and relative particle size 𝒂7 = 𝟐𝒂𝝀)𝟏 

to wavelength on the right. (b) Change in qualitative standing wavelength and BL with 

respect to a constant size particle as the frequency increases from left to right. 
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In scattering theory, we use a time-retarded multipole expansion to find the 

scattered field from a point at the origin. In the far-field, the monopole and dipole 

components dominate such that 𝜑>W ≅ 𝜑XY + 𝜑RY. Therefore, we can express the 

scattering at far-field 𝑟 ≫ 𝜆!" based on the density and velocity at the point particle 

position, 

𝜑>W(𝐫, 𝑡) = −𝑓#
E0

Z(!"

1234
15 [*$

6
7$
!"	\

]
− 𝑓%

E0

,
𝛁 ⋅ �

𝐯34	[*$
6
7$
!"\

]
�, (2.25) 

where 𝑓# and 𝑓% are the essential monopole and dipole scattering coefficients, 

respectively. Now that we have an expression for the scattered field, we may 

integrate the momentum flux over a closed surface in the far-field which 

theoretically represents the acoustic force on a single spherical particle in an ideal 

fluid. The integral form of 𝐅PQR  contains terms proportional to 𝜑%, = (𝜑7? +

𝜑>W),, which in turn leaves us with three types of contributing terms: (1) 𝜑7?,  where 

no scattering information is present. (2) 𝜑>W,  that scales with the square of particle 

and therefore negligible compared to the (3) product 𝜑7? × 𝜑>W proportional to the 

particle volume. Including only the mixed terms, the equation for the radiation 

force becomes, 

𝐅PQR = −𝛁𝑈PQR, (2.26a) 
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𝑈PQR = 6
Z
𝜋𝑎Z �Re[𝑓#] 	

T!"

,
	〈𝑝7?, 〉 − Re[𝑓%]

Z(!"

6
〈𝐯7?, 〉�, (2.26b) 

where 𝑈PQR  is the so-called Gor’kov potential. The monopole coefficient is 

derived from mass scattering due to mismatch in compressibility between the 

particle and the medium and it’s tied closely to the breathing vibrations of a sphere. 

The dipole coefficient is related to the translational movements of the particle due 

to a density difference and inertial mismatch at the particle-fluid level. The ideal 

case of particle-fluid interaction suggests the following form for the scattering 

coefficients, 

Re�𝑓#:� = 1 − �̃�, with	�̃� = T("

T!"
, (2.27a) 

Re�𝑓%:� =
(̂$%
(̂/#%

, with	𝜌¡ = (("

(!"
, (2.27b) 

Φ(�̃�, 𝜌¡) = _`ab$)c
Z

+ _`ab#)c
,

= %
Z
�d(̂$,
,(̂/%

− �̃��, (2.27b) 

where Φ is the acoustic contrast factor that is defined for any particle-medium 

duo. This defines acoustophoretic manipulation such that, for Φ > 0 , 

microparticles are attracted to pressure nodes in a standing wave field and if Φ < 0 

they are attracted to the anti-node. In a viscous fluid, the effects of boundary layer 

are important. Especially, when the particle size is comparable to the viscous 
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boundary layer thickness δU. The analysis in Ref. 37 suggests a correction to the 

dipole scattering coefficient, 

Re[𝑓#e] = Re�𝑓#:� = 1 − �̃�, (2.28a) 

𝑓%e =
,(%$f)((̂$%)
,(̂/%$Zf

, (2.28b) 

𝛾0𝛿¦M1 = − Z
,
�1 + 𝑖(1 + 𝛿¦M)�𝛿¦M. (2.28c) 

 

The thermo-viscous effects are important for very small particles compared to 

the boundary layers. This case is out of the scope of this thesis but the reader is 

encouraged to read the work presented by Karlsen and Bruus38 for a deep dive into 

thermo-viscous acoustics.  

To examine a simple case, let’s take the 1D standing half-wave where the 

pressure field along the 𝑥 axis is given by 𝑝%(𝑥) = 𝑝E cos(𝑘𝑥), where the channel 

width is half the wavelength 𝑤W =
g!"

,
. This basic example is fundamental to 

understanding acoustophoresis and the first order incident acoustic field is given 

by, 

𝑝7?(𝑥, 𝑡) = 𝑝E cos(𝑘𝑥) sin(𝜔𝑡), (2.29a) 

𝜌7?!" (𝑥, 𝑡) =
'8

34$!"5
% cos(𝑘𝑥) sin(𝜔𝑡), (2.29b) 
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𝐯7?!" (𝑥, 𝑡) =
'8

($!"×4$!"
cos(𝑘𝑥) sin(𝜔𝑡)	𝑥©	. (2.29c) 

And we calculate the radiation potential as, 

𝑈PQR = 𝜋𝑎Z𝜅!"𝑝E, × �
_`[b$]
Z

cos,(𝑘𝑥) − _`[b#]
,

sin,(𝑘𝑥)�. (2.30) 

Therefore, the force is found by taking the gradient, 

𝐅%kPQR(𝑥) = 4𝜋	Φ	𝑎Z	𝑘	𝐸%k!" sin(2𝑘𝑥)	𝑥©, (2.31a) 

𝐸%k!" =
%
6
𝜅!"𝑃Q,, (2.31b) 

where 𝐸%k!"  is the acoustic energy density of the 1D wave. The radiation force 

compared to the background pressure has a phase-shifted spatial distribution with 

double the periodicity. 

So far, we have dealt with a single particle in an acoustic field. Usually, there are 

more particles in an acoustofluidic cavity, and the incident field is scattered from 

each and every one of them. This inevitably leads to particle-particle interactions 

and creation of the so-called secondary radiation force. This phenomenon plays an 

important role in packing and agglomeration of particles. The often called Bjerknes 

force (or König force) is not as easily formulated, but, for the case of a small particle 

in close proximity to another, 

𝐅+ = 4𝜋𝑎, >
?𝜌-# − 𝜌"#@'(3 cos' 𝜃 − 1)

6𝜌"#𝑑.
I
𝛁𝑝
𝜌"#𝜔

K
'

−
𝜔'𝜌"#?𝜅-# − 𝜅"#@'

9𝑑' 𝑝'	O , (2.32) 
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where 𝑑  is the center-to-center distance of spherical particles. Here 𝜃  is the 

angle between the line connecting the particles and the axis of the wave. The 

Bjerknes force is calculated based on local acoustic pressure and the relative 

location of the particles, therefore any closed-form analytical solution to the 

secondary radiation force field would involve the solution to the three-body 

problem. The Bjerknes force between two particles is attractive when 𝐅l < 0 and 

repulsive for 𝐅l > 0. This force is negligible when particles are spread-out, and it 

becomes important as the particle-particle or particle-wall distances become 

smaller. 

Another time-averaged effect in acoustofluidics is the development of acoustic 

streaming rolls in the cavity. In figure 2.3 we have shown the Rayleigh streaming 

vortices that are fairly common in bulk acoustic wave devices. These vortices are 

static and affect the particles through viscous drag that is calculated using the 

Stokes’ formula, 

𝐅RPQm = 6𝜋𝑎𝜂!"(𝐯!" − 𝐯Y) (2.33) 

where 𝐯!" − 𝐯Y is the relative velocity of the particle with respect to the fluid 

medium. This force is proportional to the radius of the particle, and the acoustic 

radiation is proportional to the volume. Therefore, we see that for larger particles 

radiation dominates while for smaller particles the Stokes’ drag will dominate. The 
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particle size limit where this happens depends on the geometry of the resonating 

channel, which has a large influence on the amount of streaming. The critical 

diameter is generally less than 1μm for solid particles in water-like media which are 

systems that are discussed in this thesis. 
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Figure 2.3: Schematic summary of the forces acting on suspended particles (solid red) 

subject to standing half-wave acoustic resonance. The Rayleigh streaming 𝝀
𝐟𝐥

𝟒
 rolls (blue) 

are demonstrated as they induce drag. The monopole acoustic scattering from particles 

is shown (red dotted circles) as it gives rise to particle-particle interactions. The particle-

medium are assumed to have positive contrast factor 𝚽, so the radiation force moves the 

particles towards the pressure node (center). 

 

D. Attenuation and loss mechanisms in acoustofluidics 

The simplified governing equations for the fluid and solid domains of an 

acoustofluidic device are treated with perturbation theory to facilitate feasible 

modeling and solutions. The viscous and thermal effects in the fluid may be 

included in the simulations, but this makes the solver load extremely heavy. The 

main contribution of thermo-viscous effects in acoustofluidic device simulations is 

tied to acoustic attenuation in the bulk of the fluid. If the dissipation associated with 

both viscous and thermal effects are included, the applicability of the numerical 

models remains intact. To bring mostly qualitative mathematical models closer to 

the quantitative realm, we need to accurately calculate and apply the attenuation 

factors. 

Acoustofluidic devices operate at resonance frequencies that is a result of 

constructive interference of ultrasonic reflections in the microfluidic cavity. The 

amplitudes associated with acoustic time-harmonic fields are subject to damping 
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due to energy loss mechanisms in the device. The losses determine important device 

performance parameters such as: (1) time to reach stable resonance, (2) the total 

attainable amplitude, (3) the resonance frequency and quality factor. 

In a basic device, the governing equations of solid and fluid mechanics are 

applied to the chip and channel, respectively. The formulation allows for 

modifications to include damping in the form of an isotropic loss factor. This 

results in a complex speed of sound in the fluid and a complex constitutive law for 

the solids.  

𝑐!" = 𝑐#!"	01 + 𝑖𝜙!"1, (2.34a) 

𝐂 = 𝐂n + 	𝑖𝐂nn, (2.34b) 

where 𝜙!" is the total damping factor in a fluid and for solids the stiffness tensor 

is split into storage 𝐂n and loss 𝐂nn tensors. 

To quantify the loss factor in fluids, we define the rate at which energy is stored 

in the solid and bulk of the fluid as volume integrals, 

𝐸>U>" = ∫ Re�𝛔>": �̇�∗�d𝑉, (2.35a) 

𝐸>U!" = 𝜅!"∫ ⟨𝑝,⟩d𝑉, (2.35b) 



Chapter Ⅱ: Theoretical Background 

 39 

Where in the solids, strain energy is calculated and for fluids the potential energy 

is obtained from the acoustic pressure. In both cases, the bulk dissipation per cycle 

is connected to the stored energy via the non-dimensional loss factor. 

𝐸"o>>
>" = 2𝜋𝜙>"𝐸>U>", (2.35a) 

𝐸"o>>!" = 2𝜋𝜙!"𝐸>U!" . (2.35b) 

Therefore, the quality factor 𝑄 = ,F
B

 should be predictable for most viscous 

fluids in an acoustic chamber, yet that is not the case. The damping factor 𝜙 is 

dependent on the quantity of energy lost in the cavity and in the case of viscous 

fluids, tangential vibrations of the cavity wall lead to large shear losses. This effect 

is heavily dependent on the resonant mode of fluid-solid interaction and it can be 

calculated only using numerical methods. The effect of viscous dissipation at fluid-

solid interface outweighs the damping factors in the bulk and results in non-trivial 

quality factor and resonance peaks of an acoustofluidic device. In the following we 

go through major damping mechanism in an acoustofluidic cavity. We calculate the 

total loss factor as the sum of all these mechanisms, 

𝜙!"(𝑓) = %
8K(-!"

∑𝜓:!", (2.36) 
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Where 𝜓:!"  is the dissipation calculated due to the 𝑖Up  damping mechanism. 

Losses can be categorized into bulk and surface effects and we include both viscous 

and thermal mechanisms.  

The first mechanism is already discussed briefly by applying perturbation theory 

to the Navier-stokes equation in section 2.A. Viscous damping in the bulk of fluid 

is derived as, 

𝜙M!" = 𝜔𝜅!" 4𝜂!"(1 + 𝛽)5, (2.37) 

The loss can be linked to the shear relaxation time corresponding to the dynamic 

viscosity and to the structural relaxation time of the fluid substance, associated with 

the bulk viscosity.  

Thermoacoustic coupling induces a fluctuating thermal field. Heat conduction 

in the bulk of the fluid leads to thermoelastic damping, 

𝜙U!" = 𝜔𝜅!" @3f
!"$%5V-.
W/

A, (2.38) 

Where 𝛾!" is the ratio of specific heats, cY is the isobaric heat capacity and kUp 

denotes conduction coefficient. To put into perspective the effectiveness of thermal 

damping versus viscous attenuation in the bulk, take the case of an unperturbed 

body of water at room temperature, 
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B-!"

B9!"
=

:;!"<#=>-.
?/

2!"(%/0)
, (2.39) 

Where 
B-,A
!"

B9,A
!" = 4.18 × 10$6, meaning that for most acoustofluidic applications, 

thermal damping effects may be ignored.  

Viscous damping becomes very important and highly dependent on frequency 

when dealing with the losses at the fluid-solid interfaces. The acoustic viscous 

boundary layer (also known as Stokes layer) is the transition region connecting the 

no-slip solid boundary to the bulk of the fluid. The relative tangential velocity of 

the fluid and solid across this layer gives rise to shear stress and viscous dissipation 

that is dependent on solid vibrations. The solid velocity changes with frequency and 

it’s amplified with each resonance mode. The boundary layer thickness in water at 

room temperature is 𝛿M = 3,2!"

(!"8
~0.5	µm and it’s not affected by resonances. We 

can assume a linear velocity distribution across this region if the geometry of the 

interface has length scales much larger than that of the boundary layer. Solving the 

governing equations for solids and fluid components, we find the tangential velocity 

difference across the boundary layer 𝝃R7! = 𝝃!" − 𝝃>". The dissipated energy in the 

boundary layer can now be derived as a product of shear force 𝜏M and the relative 
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velocity 𝝃R7!. The first order tangential velocity distribution, resulting shear stress 

and loss factor are modeled as, 

𝝃 = 𝝃R7!	𝑒
$(#C3),E9 , (2.40a) 

𝜏M(𝑧 = 0) = −𝜂!" &𝝃
&D
=	𝜂!"𝝃R7! 	

%/7
r9

, (2.40b) 

𝜙M,>!" =
s9,(!"

8K(-!"
=

(!"8r9 ∫ RuvwF3!
% xG

68K(-!"
=

(!"r9 ∫ RuvwF3!
% xG

6T!"∫ ⟨'%⟩R{
, (2.40c) 

where V is the acoustically actuated fluid volume and S is the wetted volume of 

the interface.  
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Figure 2.4: Schematic of the qualitative fluid and solid tangential velocity vector 𝝃 across 

the acoustic viscous boundary layer. The no-slip condition at the wall surface (black solid 

line) dictates fluid velocity based on solid velocity 𝝃𝐬𝐥. Away from the boundary layer, in 

the bulk of the fluid, the velocity reaches 𝝃𝐟𝐥  tangential value calculated for the fluid 

acoustic field. 
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Similar to the acoustic radiation force, the viscous damping at fluid-solid 

interface is a time-averaged effect and it’s unique to the solid vibrational velocity 

field. Like viscous effects in the boundary layer, we can calculate dissipation due to 

thermoacoustic coupling in the thermal boundary layer as, 

𝜙U,>!" =
r-
6
f!"$%
%/|("

	∫
Ruv'%xG

∫ ⟨'%⟩R{
, (2.41a) 

𝛾>" ≈ (!"W/r-
(("W/("r-("

, (2.41b) 

where 𝛾>" is the approximate heat capacity ratio at the interface. The thermal 

effects are negligible in the bulk and the surface compared to the viscous effects.  

There exists a boundary layer at the surface of the particle that gives rise to 

viscous dissipation at the particle-fluid interface. Hahn and Dual46 provide an 

approximation for this damping factor where the solution is assumed to be dilute. 

At constant volumetric particle concentration 𝜍  the viscous damping factor is 

calculated as, 

𝜙Y!" =
Z}~
6FE0

%
8T!"

	∫ v𝐯
%xR{

∫ ⟨'%⟩R{
, (2.42a) 

Α = 6�EH(E/r9)2!"F($%/(̂)%

r9a%9,E%r9%/%9,Er90/�%r9I/6EI(%/,(̂)%/Z9E0(r9/,r9(̂)c
, (2.42b) 

where Α  is the predictor coefficient of particle vibration velocity. Although 

lengthy, this formula is simple to implement and accurate in case of simple particle 
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motion disregarding resonant vibrations. The particle-particle interactions are 

neglected here due to low-concentration assumption which in turn leads to validity 

of constant speed of sound in the fluid.  

 

Figure 2.5: Frequency response of non-dimensional loss factor of a simple acoustofluidic 

device. The contribution of each damping mechanism is included in a semi-logarithmic 

space. The frequency-based nature of damping factor is highlighted by resonance peaks 

in integrated components of the total damping factor 𝝓𝐟𝐥. The viscous dissipation on the 

channel walls has the biggest effect on damping acoustofluidic resonances and the 

thermal damping has the least contribution. 

 

We expect damping due to thermal effects at particle surfaces too but it can be 

reasonably predicted that these effects are minute, following the trend set in the 

bulk and channel wall surfaces. 
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In an experimental setting, the energy of the transducer is mostly leaked into the 

fixtures. Dissipation due to this loss mechanism is variable depending on the 

experiment setup. One method that helps minimize these losses is placing the chip-

transducer assembly on a soft bed made of tissues or other soft material. Another 

major source of energy loss is the matching layer between transducer and chip. It is 

crucial to keep the impedance-matching layer free of any air pockets. In setups that 

use glue or other adhesives to connect the chip to transducer, it’s important to use 

a thin layer and avoid air bubbles. The effects of damping in the solid are fairly 

linear as the equation of motion is damped with an isotropic loss factor in all 

domains. 

It is important to include a step in numerical simulations to calculate damping 

factors in an acoustofluidic device. The properly damped system is able to predict 

acoustophoretic fields with higher accuracy. This facilitates efficient device 

simulation and design while providing important information on acoustic 

resonances such as natural frequencies, quality factor and acoustic amplitudes. 
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E. Numerical implementation of theoretical acoustofluidics 

So far, we have introduced the general theoretical framework required for 

studying acoustofluidic devices and acoustophoresis of microparticles. Analytical 

methods provide a general understanding of generation, propagation and scattering 

of acoustic waves. However, the modern acoustofluidic technology needs methods 

that characterize performance of particle manipulation devices with complex 

geometries. Multiple coupled physics need to be resolved in domains with non-

trivial shapes, this calls for a robust numerical method that can be used efficiently 

on a reasonably “fast” computer. 

Finite Elements Method (FEM) is a general and versatile modeling technique 

used in this work to simulate acoustic fields. Acoustofluidic simulations can be quite 

complex and involve a large range of various governing equations that are coupled 

through interfaces and boundary conditions. This requires a versatile numerical 

modeling software.  

The weak form of governing equations is implemented in COMSOL 

Multiphysics software47 to solve wave equations and other continuum field 

equations. In FEM analysis, the solution satisfies the governing equations on 

average in small regions defined by the grid. Therefore, it is extremely important to 

generate a suitable grid to resolve the physics of the problem in the overall 
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geometry. The high frequency and complexity of acoustic propagation in 

acoustofluidic devices calls for extra care given to grid-independence. To make sure 

our solution is independent of the grid and accurate, we perform grid convergence 

studies on every model by refining the grid until the solutions match well-studied 

benchmark problems. In absence of relevant benchmark problems, a very fine grid 

is used as reference. Then, starting from a coarse grid, refinements are conducted 

until results show little change due to further refinements (within 1% of the 

reference grid). 

With this method we can calculate acoustic scattering and resonances in cavities 

with complex geometries with any boundary condition. Numerical methods can 

calculate acoustophoretic forces and torques on finite-sized particles beyond the 

monopole and dipole limit. This involves numerical integration of acoustic 

momentum fluxes on particles of arbitrary size and shape, 

𝐅?�XPQR = −� d𝐴 �4T
!"

,
〈𝑝,〉 − (!"

,
〈𝐯 ⋅ 𝐯〉5 𝐧b + 𝜌!"〈(𝐧b ⋅ 𝐯)𝐯〉�

&S
, (2.43a) 

𝐓?�XPQR = − »d𝐴 ¼𝐫 × ½O
𝜅!"

2
〈𝑝,〉 −

𝜌!"

2
〈𝐯,〉P 𝐧b + 𝜌!"〈(𝐧b ⋅ 𝐯)𝐯〉¾¿

&S

, (2.43b) 

where 𝐓?�XPQR  is the numerically calculated acoustic torque by integration on the 

unperturbed surface 𝜕Ω of the particle.  
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In the following chapters we give more detail about numerical methods used for 

solving acoustophoresis of microparticles in acoustofluidic devices. The most 

frequently used method involves solving acoustic fluid-solid interactions in 

frequency domain. We avoid any time-dependent simulation of time-harmonic 

effects. Resolving the fine time resolution of ultrasound fields is extremely 

demanding with limited added benefit to non-transient acoustics of standing waves. 

There are cases where time-dependent simulation of acoustophoresis is 

desirable. One problem is multi-body acoustophoretic dynamics of microparticles 

in acoustofluidic devices. COMSOL simulations can be developed to study 

migration, aggregation and assembly of arbitrary-shaped particles. These models are 

a mix of frequency domain and time domain simulations of fluid-solid interactions. 

In the first step, the acoustic pressure scatter is resolved on any number of 

suspended particles. Using equation 43 we can calculate acoustic radiation force and 

torque on each particle. At each time step we can assume a constant acoustic field 

given that inertial effects happen on a much slower time scale. Therefore, motion 

of solid particles in a fluid medium can be solved numerically subject to external 

force fields including acoustophoresis. 
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 (2.43b) 

where 𝐅 is an amalgam of forces on the particle including acoustic radiation and 

viscous drag. The time harmonic acoustic-structure, and transient fluid-solid 

interaction are well defined in COMSOL. Packing and assembly of particles can be 

simulated by combining these equations where the acoustic momentum fluxes are 

applied to the transient particles as a boundary load. This problem is inherently stiff 

from a numerical standpoint. However, by solving the time harmonic fields using 

the perturbation theory method we may reduce the stiffness enough that simulating 

particle aggregation becomes feasible.  

Numerical methods are growing and becoming more efficient every day. 

Simultaneously, every year there is a leap in computation power and efficiency of 

computer hardware. There are many numerical methods that may be suitable for 

simulating different aspects of acoustofluidics. Boundary Element Method48 (BEM) 
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is a promising approach to bridge the gap between analytical solutions and 

numerical simulations resulting in increased efficiency49. The Finite Volume 

Method50 (FVM) is very popular for large scale fluid dynamics problems on an 

unstructured grid with a high level of accuracy. However, it is not implemented as 

efficiently as FEM for solution of acoustofluidic problems51. 

Novel methods are developed using Artificial Intelligence52 (AI) and deep 

learning53 that are suited for parallel computing and high efficiency computations. 

Unfortunately, new algorithms bear the tedious burden of validation, and it is out 

of the scope of this work to establish numerical methods. We find the features of 

FEM to provide a fitting answer to our research questions regarding the sound 

science of acoustofluidic technology. 
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Chapter Ⅲ: Toward optimal acoustophoretic 

microparticle manipulation by exploiting asymmetry 

 

The performance of an acoustofluidic device designed for microparticle trapping is simulated 

using a 3D numerical model. Simulations show that geometrically asymmetric architecture 

and actuation can increase the acoustic radiation forces in a liquid-filled cavity by almost two 

orders of magnitude, when setting up a standing pressure half wave in a microfluidic chamber. 

Similarly, experiments with silicon-glass devices show a noticeable improvement in 

acoustophoresis of 20-micron silica beads in water when asymmetric devices are used. 

Microparticle acoustophoresis has an extensive array of applications in applied science fields 

ranging from life sciences to 3D printing. A more efficient and powerful particle manipulation 

system can boost the overall effectiveness of an acoustofluidic device. By monitoring the 

modes and magnitudes of simulated acoustophoretic fields in a relatively wide range of 

ultrasonic frequencies, a map of device performance is obtained. Three dimensional resonant 

acoustophoretic fields are identified to quantify the improved performance of the chips with 

an asymmetric layout. Four different device designs are analyzed experimentally, and particle 

tracking experimental data qualitatively support the numerical results. 
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A. Introduction 

Acoustophoresis offers active manipulation of microparticles in a fluid, 

independent of the flow field and over the past decade it has attracted a large array 

of applied fields from life sciences 54,55 to 3D printing 27,29,56 and material science 

28,57. Natural length scale of ultrasound waves in water, the millimeter sized 

wavelength at low MHz frequencies, makes this method a prime candidate for 

microfluidic and lab-on-chip applications 58–61. High frequency nature of 

acoustophoretic force fields makes for robust yet gentle cell handling 62–64 which is 

ideal for biological applications like cell sorting 65,66, cytometry 67,68 trapping 69–71 and 

patterning 19,72–74. Precise manipulation of microparticles is made possible with 

development of acoustic tweezers 73,75 and complex transducer arrangements 76. 

The acoustic forces required for these applications rely on mechanical properties 

of the working fluid and particles 77 as well as the ability to set up strong 

acoustofluidic fields in the device. Good acoustophoresis is possible through 

resonant actuation of the ultrasound waves while forming the desired mode for the 

purpose in mind 78. Most popular device designs are based on either bulk acoustic 

waves (BAW) 79 or surface acoustic waves (SAW) 80,81 where BAW type devices 

have higher throughput. Efficient performance of the device is heavily impacted by 

design parameters such as geometry 78,82 and acoustic behavior of materials 83.  
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Acoustofluidic devices can be fabricated from a variety of materials depending 

on the preferred excitation method, intricacy of geometry, required force fields, 

sensitivity to heat and budget. BAW type devices can be made from affordable 

materials such as Aluminum 84, glass capillary tubes 85,86 or easily fabricated polymers 

87,88. On the other hand, highly efficient bonded Silicon-Glass chips offer higher 

resonance amplitudes because of lower acoustic losses and high acoustic impedance 

compared to water, with the drawback of being more expensive and challenging to 

fabricate due to the required bonding process89. 

There are numerous successful attempts at using acoustophoresis for particle 

handling and many experimental techniques that achieve satisfactory results, yet the 

design and development process of acoustofluidic devices can be improved. Backed 

by a strong theoretical framework, our understanding of this phenomenon can 

grow to utilize the complex interplay between various physics at play to make more 

effective, well characterized and overall better devices 90,91.  

In this work, numerical simulation tools are used to calculate damped 3D 

acoustic fields in a BAW type silicon-glass device designed for particle 

manipulation. We process these results to characterize the frequency response of 

the device and identify good acoustophoresis based on established criteria. We then 

apply this method to analyze the effects of breaking geometric symmetry 92 on 
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acoustophoretic behavior of our system. Finally, to compare particle manipulation 

in different devices as a function of geometric asymmetry, we perform a series of 

experiments and analyze particle aggregation properties through image processing 

techniques. 

B. Acoustofluidic device simulation 

1. Device geometry and materials 

A typical BAW acoustofluidic device is made up of a microfluidic chip on top 

of a piezo transducer. The general layout of devices used in this paper for numerical 

and experimental study of acoustophoresis is presented in figure 1. The 

microchannel consists of a square chamber, where the goal here is to collect 

particles as shown in Fig. 1(a). 

Devices with similar geometries have been used in previous experimental 93–95 

and theoretical studies 46,78,96. The rectangular fluid channel extends along the x axis 

and the entire cavity has a uniform height. Figure 1(b) presents a y-z cross section 

of the device passing through the origin of the right-handed coordinate system that 

we assume to be placed at the center of the chamber for the rest of this paper. We 

introduce parameters 𝑙)  and 𝛼  to define asymmetry of the device based on the 

shifted transducer placement and asymmetric chip design, as sketched in Figs. 1(a) 

and 1(b). The chip is considered to be symmetric only when the asymmetry factor 
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𝛼=1 since this means that channel side walls are equally distanced from the outer 

walls. We also express symmetric placement of the piezo when the transducer shift 

𝑙) = 0 mm. 



Chapter Ⅲ: Toward optimal acoustofluidics by exploiting asymmetry 

 57 

 

Figure 3.1: (a) Sketch of the acoustofluidic device with an exploded view of all 

components and a qualitative illustration of microparticle manipulation. (b) Cross section 

of the device taken at the center of the chamber to clearly show geometrical parameters. 

The electrode configuration facilitates actuation of the left and right side of piezo 

transducer in phase or antiphase. 
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Table 3.1 lists all geometric parameters and their values. Additionally, asymmetry 

can be introduced by driving the left and right side of the piezo in antiphase. This 

can be realized by using a split top electrode as studied in Ref. 83 to allow for anti-

symmetric excitation of the devices. 

Table 3.1: Geometry parameters for solid and fluid domains of the device studied in this 

chapter. 

Parameter Symbol Value 

Channel length 𝑙; 20 mm 

Channel width 𝑤; 350 µm 

Channel height ℎ< 150 µm 

Glass height ℎ=> 500 µm 

Silicon height ℎ?@ 525 µm 

Piezo height ℎABC 1 mm 

Piezo radius 𝑟ABC 5 mm 

Chip size L 4 mm 

Chamber width 𝑤;D 800 µm 

 

The microfluidic chip is made out of silicon, for its low acoustic attenuation 97,98 

and high specific impedance compared to water 99,100 are suitable for creating hard 

walls 21,32 around the water-filled cavity. A glass (Pyrex) reflector layer 101–103 is 
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employed to facilitate imaging of the acoustophoresis inside the chamber. The 

transducer material, lead zirconate titanate (PZT), is a low permittivity and fine-

grained piezoelectric ceramic that is ideal for high frequency resonance applications 

offering high mechanical quality factor and low dielectric loss 104.  

 

2. Governing equations  

The 3D model of the acoustofluidic device consists of an elastic solid chip that 

is actuated by a piezoelectric material while fluid-structure interactions at the walls 

of the embedded channel produce acoustic fields within the fluid-filled cavity. 

Therefore, linear elastodynamics equations need to be solved in all solid domains 

105 and coupled with Gauss’s law through constitutive relations applied to the piezo 

domain 6. 

Physics of the fluid is governed by the continuity and Navier-Stokes equations 

106. In this work, transient response 107 and thermoviscous effects 38,108 are 

disregarded so only isentropic, time harmonic fields need to be resolved at ambient 

temperature. We formulate the relevant equations in frequency domain by using the 

Fourier representation of time domains 𝐴(𝐫, 𝑡) = 𝐴(𝐫, 𝜔)	𝑒$:8* , where r and t 

denote space and time and 𝜔 = 2𝜋𝑓 is the angular frequency corresponding to the 
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actuation frequency 𝑓. The real part of this field, Re�𝐴(𝐫, 𝜔)	𝑒$:8*�, corresponds 

to the physical values. 

To model the dynamics of the homogeneous solids we solve the Cauchy 

equation of motion in frequency domain, 

 

𝜌>"𝜔,𝐮 + 𝛁 ⋅ 𝛔>" = 0, (3.1) 

where 𝜌>" is the density, u is the displacement field and 𝛔>" represents the stress 

tensor in the solid. Stress and displacement are related by Hooke’s law expressed in 

terms of elasticity and strain, 

𝛔>" = 𝐂 ∶ 𝝐,	 (3.2) 

where 𝐂  is the stiffness or elasticity tensor and the strain tensor  𝛜 =

%
,
	 [∇𝐮 + (∇𝐮)I] is derived from the displacement field.  

In order to solve for the displacement field of piezoelectric solids, the equation 

of motion should be coupled with Gauss’s law because the stress and electric charge 

are mutually dependent. The coupled constitutive equations in addition to Eq. 3.1 

are given by, 

𝛁 ⋅ 𝐃 = 0, (3.3a) 

𝛔>" = 𝐂 ∶ 𝝐 + 𝒅I ⋅ 𝛁𝑉, (3.3b) 
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𝐃 = 𝒅 ∶ 𝝐 −	𝜀�𝜺𝐫𝐬 ⋅ 𝛁𝑉, (3.3c) 

where 𝐃 is the electric displacement field, 𝑉 is the electrostatic potential and 𝒅 is 

the piezo coupling tensor. Relative permittivity of free space is denoted by 𝜀� while 

𝜺𝐫𝐬 is relative permittivity tensor under constant strain. 

In the cavity filled with a fluid of density 𝜌!"  and speed of sound 𝑐!" , the 

governing equations can be simplified by applying perturbation theory 109,110 to find 

the first order time harmonic acoustic pressure 𝑝  and velocity 𝐯  fields for an 

inviscid fluid in frequency domain, 

 𝛁,𝑝	 +
𝜔,

(𝑐!"),
𝑝	 = 	0, (3.4a) 

 𝐯	 = 	−
𝑖

𝜔	𝜌!"
𝛁𝑝. (3.4b) 

 

3. Material properties and attenuation factors 

In solid domains the elastic behavior is defined by the stiffness tensor shown in 

Voigt notation, 

 𝐂 = 	

⎣
⎢
⎢
⎢
⎢
⎡
𝐶(( 𝐶(' 𝐶(' 0 0 0
𝐶(' 𝐶(( 𝐶(' 0 0 0
𝐶(' 𝐶(' 𝐶(( 0 0 0
0 0 0 𝐶.. 0 0
0 0 0 0 𝐶.. 0
0 0 0 0 0 𝐶..⎦

⎥
⎥
⎥
⎥
⎤

, (3.5) 
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where for an isotropic solid like Pyrex, the elastic moduli are not dependent on such that 

𝐶.. = (𝐶(( − 𝐶(')/2 and the stiffness matrix can be expressed in terms of Young’s modulus 

𝐸-# and Poisson’s ratio 𝜈-# as, 

 𝐶%% =
K("	3%$L("5

3%/L("5	3%$,L("5
	, (3.6a) 

 𝐶%, =
K("	L

3%/L("5	3%$,L("5
. (3.6b) 

For the piezoelectric material the coupling and permittivity matrices are given in 

addition to the non-symmetric stiffness tensor, 

 𝐂Y�U =	

⎣
⎢
⎢
⎢
⎢
⎡
𝐶%% 𝐶,, 𝐶%Z 0 0 0
𝐶,% 𝐶,, 𝐶,Z 0 0 0
𝐶Z% 𝐶Z, 𝐶ZZ 0 0 0
0 0 0 𝐶66 0 0
0 0 0 0 𝐶dd 0
0 0 0 0 0 𝐶99⎦

⎥
⎥
⎥
⎥
⎤

, (3.7a) 

 

 𝒅Y�U =	 È
0 0 0 0 𝑑%d 0
0 0 0 𝑑%d 0 0
𝑑Z% 𝑑Z% 𝑑ZZ 0 0 0

É, (3.7b) 

 

 𝜺Y�U =	 È
𝜀%% 0 0
0 𝜀%% 0
0 0 𝜀ZZ

É, (3.7c) 

completing the required material properties to solve equations (3.1) through (3.3) 

for obtaining the displacement and potential fields. 
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Figure 3.2: Sketch of the acoustofluidic domains with a summary of their respective 

governing equations. In the piezoelectric domain the stress tensor takes the form 𝝈𝐞𝐦. 

 

The damping of acoustic waves in the lossy linear elastic materials is taken into 

account by splitting the fourth-order stiffness tensor 𝐂 into storage and loss tensors 

𝐂′ and 𝐂′′ 46 as, 

 𝐂 = 𝐂n + 	𝑖𝐂nn. (3.8) 

Material properties required for constructing these tensors for linear solids as well 

as damping factors for the piezo are listed in Table 3.2. 

In the fluid, one needs to know density and speed of sound to solve the governing 

equations. To calculate attenuation factors and efficiently damp the acoustic 
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resonances in our model, we use a two-step method described extensively in Ref. 46 

as the acoustic modes play an important role in determining loss coefficients. We 

apply the total acoustofluidic loss factor as, 

 𝑐!" = 𝑐#!"	(1	 + 	𝑖
B!"

,
), (3.9) 

where the frequency dependent total acoustofluidic loss factor 𝜙!"(𝑓) ≪ 1 is 

assumed to be due to viscosity in the bulk of the fluid in addition to the viscous 

boundary layer at the cavity walls. We only include these two loss mechanisms 

because they contribute a dominant majority to the total loss factor in the fluid 46. 

As the first step we choose the estimated loss factor in the viscous boundary 

layer  𝜙Ë !"(𝑓) = ru!"

,{!"
, where 𝑆!"  and 𝑉!"  denote wetted area and fluid volume, 

respectively while boundary layer thickness 𝛿M = 3,2!"

(!"8
 changes with actuation 

frequency. Values for the viscous loss factors in the bulk 𝜑2, and the boundary layer 

𝜑r , for a fluid with dynamic viscosity 𝜂!", and bulk viscosity 𝜂�!", are calculated in 

the first step as, 

 𝜑2 =
8

(!"	(4$!")%
	46
Z
	𝜂!" + 𝜂�!"5, (3.10a) 

 𝜑r =
(!"	r9
6	K(-!"

	∫ ∑(𝜉:)(𝜉:)∗	d𝑆!"u!" , (3.10b) 
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where 𝐸>U!" = ∫ T!"

,
	〈𝑝,〉	d𝑉!"{!" , is the stored energy in the fluid and 𝜉: = 𝑣: −	�̇�:, 

is the relative velocity of fluid and solid domain at the walls. The total fluid domain 

damping factor used in the second step then becomes 𝜑!" =	𝜑2 +	𝜑r . 
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TABLE 3.2: List of material properties and damping factors at 25℃ and frequency of 1 

MHz. 

Parameter Symbol and value Unit 
Water parameters: 78,108 
Speed of sound 𝑐!" = 1500 m s-1 
Density 𝜌!" = 998 kg m-3 
Dynamic viscosity 𝜂!" = 0.89 mPa	s 
Bulk viscosity 𝜂�!" = 2.485 mPa	s 
Estimate loss factor 𝜑¡!" = 0.005  
Pyrex parameters: 46,111 
Density 𝜌Y� = 2240 kg m-3 
Young’s Modulus 𝐸Y� =(1 + 𝑖 0.0004) 60 GPa 
Poisson’s ratio 𝜈Y� = 0.245  
Silicon parameters: 112 
 
Density 𝜌>7	= 2330 kg m-3 
Stiffness matrix C>7 = (1 + 𝑖 0) 𝐶??, with  
 𝐶!! = 166, 𝐶!" = 64, 𝐶## = 	80 GPa 
Pz26 parameters: 78,82,104 
Density 𝜌Y�U = 7700 kg m-3 
Stiffness matrix CY�U = (1 + 𝑖 0.01) 𝐶??, with  
 𝐶!! = 	𝐶"" = 168 GPa 
 𝐶!" = 110, 𝐶!$ = 𝐶"$ = 99.9 GPa 
 𝐶$$ = 123, 𝐶## = 𝐶%% = 30.1 GPa 
 𝐶&& = 29 GPa 
Permittivity tensor 𝜺Y�U= (1 − 𝑖 0.003) 𝜀??,	with  
 𝜀%% = 𝜀,, = 828, 𝜀ZZ = 700  
Coupling matrix 𝑑Y�U= (1 + 𝑖 0.035) 𝑑nn , with  
 𝑑%d = 9.86, 𝑑Z% = −2.8 C m-2 
 𝑑ZZ = 14.7 C m-2 
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4. Boundary conditions 

In the following, we summarize the boundary conditions applied across material 

domains mentioned above. The outer boundaries of the solid domains are free to 

vibrate and the stresses and displacements are continuous in solid-solid interfaces. 

solid - air 𝛔>" ⋅ 𝐧b = 0, (3.11a) 

solid - solid 𝐮)% = 𝐮),	and	0𝛔>%>" − 𝛔>,>" 1 ⋅ 𝐧b = 0.	 (3.11b) 

The applied electrostatic potential to the piezo transducer boundaries is such 

that the piezo is grounded at the bottom and a potential of 𝑉' is applied to the top 

electrodes. We assume zero charge on the sides. 

piezo bottom  𝑉 = 0, (3.12a) 

piezo top (in phase) 𝑉� = 𝑉] = 𝑉', (3.12b) 

piezo top (anti 

phase) 
𝑉� = −𝑉] = 𝑉', (3.12c) 

piezo side 𝐃 ⋅ 𝐧b = 0, (3.12d) 

Where equation (3.12b) is applied to the entire top surface of the transducer for 

in phase actuation. Equation (3.12c) applies to the anti-symmetric excitation 

scenario when the left and right side of the piezo are actuated in antiphase. 
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Figure 3.3: Exploded view of acoustofluidic device showing a summary of boundary 

conditions on the interfaces: piezoelectric solid with simple actuation, Silicon-glass chip 

and fluid-solid interaction at the channel walls. 

 

The next set of boundary conditions defines the acoustic fluid-structure 

interactions that produce the scattered acoustofluidic fields inside the cavity. This 

fluid-solid coupling at the boundary can be modeled by imposing the same 

acceleration at the fluid-solid interface and applying the pressure in the fluid as a 

boundary load to the solid domain, 

normal stress 𝛔>" ⋅ 𝐧b = −𝑝,  (3.13a) 

acceleration  𝛁'
(!"
⋅ 𝐧b = −𝜔,	𝐮 ⋅ 𝐧b, (3.13b) 
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and at the inlet and outlet a zero-pressure condition is dictated, 

air-fluid 𝑝 = 0. (3.13c) 

5. Time-averaged fields and acoustophoresis of microparticles 

In this work we aim to characterize the performance of acoustofluidic devices 

and properly find resonance frequencies resulting in strong acoustic fields. The 

average energy density is a good measure of these resonant fields. In the solid 

domain the combined elastic and kinetic energy densities are used to find, 

 𝐸E4>" =
%
,
	0𝜌>"𝜔,	〈𝑢:𝑢:〉 + 〈𝜖:�𝜎:�〉1, (3.14a) 

where 〈𝐴𝐵〉 = %
,
Re(𝐴∗𝐵) is the time average of time harmonic fields A and B 

over one period and parameters are summed over the repeated indices i, j = x, y, z. 

By taking the average of the energy density over the solid domains we calculate 𝐸ÖE4>" , 

the volume-averaged energy density. Similarly, in the fluid domain the volume 

average of energy density 𝐸ÖE4!"  is calculated from, 

 𝐸E4!" =
%
,
	0𝜌!"	〈𝑣:𝑣:〉 + 𝜅!"〈𝑝,〉1, (3.14b) 

where 𝜅"# = ?𝜌"#	𝑐"#'@
)( is the compressibility of the fluid. 

Acoustic fields with a wavelength 𝜆 apply forces on a particle with radius 𝑎 ≪

𝜆 that can be classified into three groups: the acoustic radiation force, the secondary 

acoustic radiation force and the streaming induced drag force. In this paper we use 
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20-micron silica microbeads with material properties similar to Pyrex. For these 

particles the radiation force becomes the dominant mode of acoustophoresis as the 

radius is well above the critical value of 𝑎4 ≈ 0.75	µm 21,113, therefore, we do not 

expect significant interference from acoustic streaming rolls. On the other hand, 

the secondary radiation or Bjerknes force 114–116 that arises from the interaction 

between particles can become significant compared to the acoustic radiation force 

when particles are close to one another 117,118 or the radiation force is locally small. 

The acoustic radiation force is given by the negative gradient of the radiation 

potential 3,37, 

 𝐅PQR = −𝛁𝑈PQR, (3.15a) 

 𝑈PQR = 6
Z
𝜋𝑎Z �𝑓#

T!"

,
	 〈𝑝,〉 − 𝑓%

Z(!"

6
〈𝑣:𝑣:〉�, (3.15b) 

where 𝑓# = 1 − T/

T!"
= 0.94  is the monopole and 𝑓% =

,(/$,(!"

,(//(!"
= 0.45  is the 

dipole acoustic scattering coefficient for silica particles with radius 𝑎 suspended in 

water. The Stokes’ drag 106 on the particle is given by, 

 𝐅RPQm = 6𝜋𝑎𝜂!"(𝐯!" − 𝐯Y), (3.16) 

And the secondary radiation force 𝑭l  from the particle interactions can be 

formulated 117 as, 
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𝐅+ = 4𝜋𝑎, >
?𝜌T − 𝜌"#@'(3 cos' 𝜃 − 1)

6𝜌"#𝑑.
I
𝛁𝑝
𝜌"#𝜔

K
'

−
𝜔'𝜌"#?𝜅T − 𝜅"#@'

9𝑑' 𝑝'	O , (3.17) 

where 𝑑 is the distance between two particles and 𝜃 is the angle between the 

line connecting the particles and the axis of the standing wave. 

Equations 3.15 through 3.17 summarize forces that particles experience while 

inside an acoustofluidic device. Particle manipulation inside the cavity is a result of 

these force fields. Therefore, device performance can be defined by calculating the 

dominant force field inside the chamber. 

6. Numerical implementation 

We implement the governing equations (1) through (4) subject to boundary 

conditions shown by Eqs. (11) through (13)  in the finite element solver COMSOL 

MULTIPHYSICS® 5.4a 47. We solve for pressure, displacement and electric 

potential field in relevant domains on a grid made up of second order elements with 

more than 109 degrees of freedom. We perform a grid study with a procedure 

similar to Ref. 119 results of which are included in Figure 3.4 showing convergence 

to the FEM order of accuracy. To ensure that we capture the multi-physics 

phenomena reliably in our finite elements model it is important to create an efficient 

mesh that reduces numerical error as much as possible. We start by creating a coarse 

grid in fluid and solid domains with a minimum of 7 second order elements per 
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wavelength in each medium and a very fine grid that contains more than 4×106 

elements. Table 3.3 shows mesh refinement process with respect to resolution 

factor n��)�. 
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TABLE 3.3: Mesh generation criteria and guide in acoustofluidic simulations. 

Domain Maximum element size Number of swept layers 

Fluidic trap 
𝜆fl

4 × 𝑛X`>p
 3 + Ù

𝑛X`>p
3

Ú 

Solids surrounding trap 
𝜆Si

4 × 𝑛X`>p
 3 + Ù

𝑛X`>p
3

Ú 

Swept solid in x-direction 
𝜆Si

4 × 𝑛X`>p
 15 +	𝑛X`>p × 2 

Piezo transducer 
𝜆pzt

4 × 𝑛X`>p
 6 + Ù

𝑛X`>p
3

Ú 

 

We use the fine mesh as a reference and calculate error for each grid refinement 

such that	𝛤(𝑔) = Ý∫ ��$�6JK�
%	R{L

∫ ��6JK�
%	R{L

, where 𝑔  is an arbitrary acoustic field that is 

integrated over the relevant domain. Figure 3.4 summarizes the grid generation and 

grid convergence analysis. 
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Figure 3.4: (a) Showing an example of a mesh generated with 𝒏𝒎𝒆𝒔𝒉 = 15  for D1 

geometry. In the trapping area a fine triangular mesh is generated and it is swept through 

all components of the chip. The piezo transducer is meshed separately with a similar 

technique. (b) The acoustic energy density (blue squares) and total displacement (black 

diamonds) are plotted against 𝒏𝒎𝒆𝒔𝒉 and number of elements to test mesh convergence 

in solid parts. Pressure (green circles) and total fluidic loss factor (red triangles) are used 

to show grid independence of calculated acoustic fields in the fluid domain. Dashed black 

lines serve as reference slopes corresponding to 𝒏𝒎𝒆𝒔𝒉)𝟐 . The vertical dotted line shows 

error values for 𝒏𝒎𝒆𝒔𝒉 = 15 which is the mesh resolution used for most simulations. 

 

We sweep the actuation frequency as well as the geometrical parameters to 

obtain frequency response for six distinctive devices listed in Table Ⅳ. We use 

equations (3.14) and (3.15) in order to characterize the devices and measure the 

quality of acoustophoresis. 
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Table 3.4: List of geometry parameters for simulated acoustofluidic devices. Non-

dimensional chip asymmetry factor 𝜶 and shifted piezo placement 𝒍𝒔 are chosen such 

that the distance travelled by the acoustic wave to the solid-air, sound hard boundaries, 

is altered by 𝝀�𝟏 + 𝟏
𝟒
� in each case. Schematics show device layout and piezo actuation. 

Devices D1a and D4a are actuated by a split top anti-symmetric transducer. 

Device 𝛼 𝑙)  schematic 

D1 1 0 mm 
 

D2 1 2 mm 
 

D3 0.5 2 mm 
 

D4 0.5 0 mm 
 

D1a 1 0 mm 
 

D4a 0.5 0 mm 
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C. Experimental setup, procedure and analysis 

1. Chip and experimental setup 

Glass-on-silicon microfluidic chips were fabricated as described in 120. Inlets 

were attached to the silicon side of the chip to enable viewing on an inverted light 

microscope. A piezoelectric actuator (10 mm x 1 mm thick PZT-Navy I material, 

American Piezo) was coupled to the device using a thin layer of ultrasonic gel and 

held in place with an insulated paperclip. The chip and piezo assembly was gently 

fastened to the stage and placed on soft tissues to minimize anchor losses 46. To 

ensure consistency and accuracy of piezo placement, the distance between the 

lateral edges of the chip and transducer were monitored throughout the experiment 

by analyzing the microscope images. During the device testing period, no signs of 

overheating or evaporation of the liquid gel were observed. The piezo was driven 

using an amplifier (Mini-Circuits LZY-22+) connected to a signal generator (HP 

33120A). Sinusoidal signals were generated at a peak-to-peak voltage of 40 𝑉YY. 

Silica microspheres (Corpuscular C-SIO-20.0) with 20µm diameter were diluted 

to 5 wt% in deionized water and driven through the devices manually using a 

syringe. Videos were collected under non-flowing conditions using an inverted light 

microscope (Nikon TI-U Eclipse) and a PointGrey Grasshopper camera (GS3-U3-

2356C-C). 
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2. Experimental procedure 

The experiments are designed to capture the acoustophoretic motion of the 

particles under a standing halfwave pressure field in the fluidic chamber. To set up 

a half wave resonance with 𝜆 = 2	𝑤4� , the frequency is tuned around the 

theoretically expected resonant frequency 121, 

 𝑓%,# =
4!"

,�7M
= 0.9375	MHz, (3.18) 

And after finding a strong resonance, the particles are focused at a distance �7M
6

 

from the center of the chamber by tuning the frequency to 𝑓 = 2𝑓%,#. Afterwards, 

we switch to the previously identified half wave resonance frequency and capture 

the transverse and axial paths of the particles. 

3. Analysis of experimental data 

Neglecting the inertial effects and axial particle migration, we can use a 

theoretical relation for the particle path as a function of time given by Ref. 121. By 

balancing the acoustic radiation force (Eq. (15)) and Stokes’ drag (Eq. (16)) the 

expression for transverse position y with respect to time t is obtained as, 

 𝑦(𝑡) = Z
<%&

tan)( �tan �<%&
Z
𝑦(0)� exp � .[

\]'(
�<%&
Z
𝑎�

'
𝐸^; 	𝑡��	, (3.19a) 

 Φ =
(/	/	%0	((

/$(!")

,(/	/	(!"
− %

Z
(!"	
(/	
44

!"

4/
5
,
 , (3.19b) 
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where Φ is the acoustic contrast factor 122. This function should accurately fit the 

particle paths in locations where the radiation force 𝑭PQR is considerably larger than 

the streaming drag and secondary radiation force 𝑭l. Knowing that in a standing 

half wave acoustic field, the radiation force decreases as particles migrate towards 

the center and inter-particle interaction forces increase as the particles aggregate we 

can write a scaling relationship 123 for these acoustophoretic effects as the particles 

approach the middle of the chamber, 

 𝑭)

𝑭*+,
= 𝑎�\ �

à-
bc.
(3 cos' 𝜃 − 1)	cos' 𝜋𝑦� − à/

bc!
sin' 𝜋𝑦��, (3.20) 

where 𝑎¡ , 𝑑¦ and 𝑦¡ are non-dimensional particle radius, inter-particle distance and 

location with respect to chamber width. Pre-factors 𝛼¡( =
%

ZF�
4(

/

(!"
− 15

,
 and 

𝛼¡T =
�F
��
4T

/

T!"
− 15

,
 are used for brevity. For our experiments, Using Eq. (20) while 

assuming a symmetric transverse approach of particles where 𝜃 = 0 and 𝑑¦ = 2𝑦¡, 

the repulsive 𝑭l exceeds 15% of the attractive 𝑭PQR when particles have cleared 80 

percent of their transverse path. Therefore, due to close packing, the interference 

from the Bjerknes forces becomes considerable and Eq. (3.19a) cannot represent 

paths of particles beyond this point in space. 
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D. Results  

The main goal of the device we study in this work is creating an acoustophoretic 

force field inside the microfluidic chamber to trap microbeads, as shown in Fig. 3.1. 

In order to establish criteria for good trapping acoustophoresis, we begin by 

analyzing the characteristics of a device that successfully fulfills this goal. Second, 

we examine preliminary simulations to determine effects of asymmetric architecture 

and actuation on acoustic resonances in the cross section of the channel. 

Subsequently, we compare the results obtained from 3D models of six devices with 

different designs and actuation methods to show the effects of breaking symmetry 

on the quality of microparticle trapping. Finally, we present experimental results to 

demonstrate effective acoustic manipulation of silica microspheres. 

1. Acoustofluidic device characterization 

We use the numerical simulation method explained in Sec. II to solve for time 

harmonic acoustic fields in the piezo transducer, silicon-glass chip and the water-

filled cavity. Using the displacement field 𝐮 in solid parts as well as the first order 

pressure field 𝑝%  in the fluid domain we aim to characterize the device’s 

performance and especially look for circumstances where acoustic radiation force 

field in the micro-chamber is suitable for trapping the particles. Such results are 
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illustrated in Figure 3.5 where we consider device D4, a chip with asymmetry factor 

𝛼 = 0.5 and transducer shift 𝑙) = 0	𝑚𝑚, as an example. 

As expected, at frequencies around 𝑓%,# a resonant standing pressure half wave 

(Figure 3.5(b)) forms across the chamber, indicating a strong force field which is 

very desirable for effective particle manipulation. It is observed that this pressure 

distribution is accompanied by an antisymmetric translation of the side walls of the 

chamber while a ripple forms on the top and bottom walls of our micro-cavity 

(Figure 3.5(e)). The combination of these two displacement patterns resembles a 

bulge and pinch deforming the surroundings of the trapping area harmonically. 

As discussed earlier in section B, the modes and magnitudes of pressure, velocity 

and displacement fields play an important role in determining damping factors and 

acoustic radiation force fields at any frequency. However, since our objective is to 

study trapping force fields, it is more fruitful to focus on acoustic radiation force 

potential 𝑈]E�  in the interest of simplicity and efficiency of our device 

characterization. This potential field can be practically represented by a slice in the 

𝑥 − 𝑦 plane since its variations in 𝑧-direction are negligible in the bulk part of the 

fluid (Figure 3.5(a)). 

 



Chapter Ⅲ: Toward optimal acoustofluidics by exploiting asymmetry 

 81 

 

Figure 3.5: Numerical results for resonant frequency 𝒇𝒓 = 𝟎. 𝟗𝟓  MHz actuation in a 

silicon-glass device with asymmetry factor 𝜶 = 𝟎. 𝟓 and transducer shift 𝒍𝒔 = 𝟎 mm. The 

device is filled with water and 𝟐𝟎	𝝁𝒎 silica microspheres and an electric potential of 

𝑽𝒑 = 𝟐𝟓	(V)  is applied to the transducer. (a) Normalized radiation force potential 

𝑼𝒓𝒂𝒅
𝑼𝒏𝒐𝒓𝒎𝒓𝒂𝒅£  with 𝑼𝒏𝒐𝒓𝒎𝒓𝒂𝒅 	= 57.7 pJ and logarithmic arrow plot of 𝑭𝒓𝒂𝒅 . (b) Color and 

contour plots of the normalized acoustic pressure field 𝑷 𝑷𝒏𝒐𝒓𝒎	¦  with 𝑷𝒏𝒐𝒓𝒎	= 8.5 MPa 

and 3D deformation of the cavity walls around the chamber, the displacement field u is 

scaled by a factor of 2500 to be observable. (c)-(d) Show numerically calculated acoustic 

radiation potential and force field in y-z and x-z slices through the center of the chamber, 

respectively. (e) Color and vector plots of the displacement field u in a x-y cut plane 

passing through the center of the chamber, depicting the deformation of the solid parts. 

The whole device is stretched in z by a factor of 4, to get a clearer view of the chamber 

walls and the deformation of the solid domain is scaled by a factor of 3000 for visibility 

purposes. 
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Figure 3.5(c) shows that the virtually perfect standing pressure half wave in 𝑦-

direction produces a 𝑈PQR distribution that resembles an inverted Gaussian along 

the 𝑦-axis. The 𝑦-component of the radiation force field in the chamber 𝐅CPQR , 

derived from 𝑈PQR using equation (3.15), is responsible for focusing the particles at 

the center of the chamber by inducing migration in a direction perpendicular to the 

natural flow stream in the channel, so we will call this component the focusing force. 

Meanwhile, a similar distribution of 𝑈PQR emerges along the 𝑥 axis and the resulting 

force component 𝐅APQR (Figure 3.5(d)) is the reason why particles are forced to stay 

in the chamber, therefore, it is the trapping force. The simultaneous presence of the 

focusing and trapping forces result in aggregation of particles at the center of the 

chamber. 

A strong focusing and trapping force field is required to collect the particles in 

the chamber effectively, so, driving the device at a resonance frequency is necessary 

to create a substantial acoustophoretic force field. The standing half wave resonance 

is expected to happen at  𝑓%,#. However, the complex interplay between the various 

solids, the fluid-structure interaction at the cavity walls and the non-uniform 

geometry of the microchannel leads us to sweep the frequencies from 0.5 to 2.15 

MHz with more than 300 probes to study the frequency response from our 3D 

simulations. Previously, methods have been proposed to quantitatively describe 
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acoustic traps by calculating its stiffness (in x and y directions) 74,124. To identify 

actuation frequencies for aggregating particles in the center of the chamber, we use 

the ideal distribution of radiation force potential, derived from a perfect half wave 

resonance, to establish a correlative relationship between the simulation results and 

the best-case scenario. The ideal radiation potential along 𝑠 = 𝑥	or	𝑦 is defined as 

30, 

𝑈:PQR(𝑠) = 	 �
b#
Z
cos,(𝑘)𝑠) −

b%
,
sin,(𝑘)𝑠)� 	× 𝜋𝑎Z𝜅!"𝑃#,. (3.21) 

In order to generate a correlation coefficient between two arbitrary functions 

𝑓(𝑠) and 𝑔(𝑠) we normalize the functions such that, 

	∫ 𝑓(𝑠)	d𝑠%
$% =	∫ 𝑔(𝑠)	d𝑠%

$% = 0, (3.22a) 

∫ 𝑓,(𝑠)	d𝑠%
$% =	∫ 𝑔,(𝑠)	d𝑠%

$% = 1, (3.22b) 

and introduce the correlation coefficient as, 

𝑟) = ∫ 𝑓(𝑠)	𝑔(𝑠)	d𝑠%
$% 	. (3.23) 

The correlation coefficient factors 𝑟A  and 𝑟C  calculated using 𝑓(𝑠) = 	𝑈)PQR 

from simulations and 𝑔(𝑠) = 	𝑈:]E� of Eq. (21) show the quality of trapping and 

focusing acoustophoresis. Furthermore, to measure the intensity of the force field, 

we use the magnitude of the radiation potential inside the chamber defined by 
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𝛥𝑈)PQR 	= 	Max0𝑈)PQR1 	− 	Min0𝑈)PQR1. (3.24) 

Now we can set up a two-step process through which we can analyze the 

frequency response of our device with regard to effectiveness and intensity of 

particle focusing and trapping in the center of the fluid filled chamber. The first 

step is to calculate correlation coefficients and identify frequencies that result in 

combined focusing and trapping with a relatively high quality. The second step is 

to measure force potential magnitudes at these frequencies to find resonances, 

where focusing and trapping forces are maximized. 

Two dimensional simulations of the acoustofluidic device are performed to 

obtain an approximation of device resonances. Strong excitation of the halfwave 

resonance mode is due to antisymmetric horizontal vibrations of the channel walls. 

In conventional BAW devices starts with a capacitor-plate ac-voltage on applied to 

the transducer the lateral symmetry of the device D1 is broken by aligning the 

narrow chip with the edge of the PZT transducer as in D2. We suggest the 

asymmetry be further applied through displacing the channel inside the chip as in 

D3 or by maintaining the channel-transducer symmetry but displacing the chip as 

in D4. These designs have the benefit of a simple and easily integrated piezo 

transducer configuration without dependence on alignment or complex actuation. 
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Split-top transducers are used combined with configurations D1-D4, as studied 

by Moiseyenko and Bruus 83, to produce asymmetrically actuated devices D1a-D4a. 

Figure 3.6 summarizes the 2D simulation domains of these devices. In the 

numerical model, the split is made by a 100μm filleted cut in the transducer. In 

experiments it is made by milling a groove in the top surface splitting the thin 

electrode. 

The radiation force potential is calculated across a range of frequencies around 

the half-wave resonance in the 2D channel. The magnitude of acoustophoresis is 

qualitatively tracked as 𝛥𝑈PQR. 
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Figure 3.6: On the left column: 2D cross section of acoustofluidic device designs. The 

elastic solid domains are Pyrex glass (yellow), The PZT transducer is Pz26 (green) and 

the liquid is water (blue). The ac voltage 𝑽 = 𝑽𝟎𝐜𝐨𝐬	(𝝎𝒕)  is applied to the piezo 

transducer on the top surface (red) and it is grounded at the bottom 𝑽 = 𝟎 (black). D1 is 

fully symmetric, while D2-D4 exploit various types of asymmetry. On the right column: 

similar to the left column, except the top surface of the piezo is split and the applied 

voltage to the right and left electrodes are in anti-phase (anti-symmetric). 
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Numerical simulation results for the acoustic radiation potential spectra are 

presented in Figure 3.7. Note that the anti-symmetric voltage excitations at 

resonance in devices D1a-D4a leads to maximum acoustophoresis amplitudes up 

to one order of magnitude larger than the resonances for the symmetric voltage 

excitation in devices D1-D4. 2D simulations suggest that the largest amplitude is 

obtained for the symmetric chip D1a with anti-symmetric excitation voltage. 

The 2D results of acoustic pressure 𝑝 , solid displacement 𝐮 , and electric 

potential 𝑉  are presented in Figure 3.8. Each plot depicts deformations at the 

strongest half-wave resonance in asymmetric devices. The fully symmetric device 

D1 does not exhibit a half-wave-like acoustic resonance. 

The geometry and treatment of the split-top transducer is examined in Figure 

3.9. Neither the acoustic fields in the fluid and solid, nor the resonance frequency 

seem to be sensitive to the thin gap’s specifications. The device resonance 

characteristics are independent of the distance between the electrodes and whether 

there is an air pocket in the gap or not. Here we present a series of studies on effects 

of gap simulation on device D1a at resonance frequency. 
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Figure 3.7: The amplitude of acoustic radiation force potential 𝜟𝑼𝐫𝐚𝐝 versus normalized 

frequency  𝒇 = 𝒇
𝒇𝟏,𝟎

 for the devices shown in figure 3.6. The maximum amplitude in each 

device is printed on the plot along with its corresponding frequency, denoting standing 

half-wave-like resonance. 
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Figure 3.8: simulations of the acoustic pressure 𝒑	(𝐌𝐏𝐚), The exaggerated displacement 

field 𝐮	(𝐧𝐦) and the electric potential 𝑽(𝐕) in devices shown in Figure 3.6. Note the side 

to side displacement field of devices with asymmetric chip design D3 and D4. 
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Figure 3.9: Simulated 2D cross section of the device D1a. The acoustic pressure, solid 

displacement and voltage field are shown for electrode split distances of 100, 200, 400 and 

800 microns: (left column) split electrode assumed to include a 200μm air gap. (right 

column) No air gap in the split electrode. 

 



Chapter Ⅲ: Toward optimal acoustofluidics by exploiting asymmetry 

 91 

2. Effects of device asymmetry on particle trapping acoustophoresis 

Here we use the two-step process to characterize six devices with identical 

micro-cavity designs but different chip asymmetry and piezo placement. In devices 

D1-D4 the transducer is simply actuated by a single electrode on the top surface of 

the piezo. In contrast, in devices D1a and D4a the chip-transducer interface is 

spatially split and actuated in antiphase to better generate the conventional anti-

symmetric standing pressure half wave across the chamber 83. 

We begin by analysis of a symmetric transversal resonator 100 device D1 with 

asymmetry factor 𝛼 = 1  and piezo shift 𝑙) = 0  mm. Results of device 

characterization in Figure 3.10(D1.a) show the average acoustic energy densities in 

fluid and solid domains, where these values show fluid and solid resonances. 

However, high energies do not necessarily mean good acoustophoresis resulting in 

particle aggregation.  Although resonant acoustic fields are a necessary condition 

for creating a strong force field, they do not serve as a sufficient condition since we 

need the energy to be higher in the chamber to result in local manipulation. Also, 

the force field must be oriented such that trapping and focusing forces are present 

at the same time. 
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Figure 3.10: Plots of relevant acoustophoretic time averaged fields versus normalized 

frequency 𝒇 	= 	𝒇 𝒇𝟏,𝟎£  for frequencies between 0.5 to 2.15 MHz in devices D1 through D4. 

(a) Blue and red lines show average acoustic energy density in fluid and solid domains, 
respectively. The solid black line shows combined focusing and trapping correlation 
coefficient values. Green regions show frequencies with well oriented forces for 
aggregating particles in the middle of the chamber. (b) Magnitude of acoustic radiation 
potential field is shown for focusing (black) and trapping (magenta) with well oriented 
forces. (c)-(e) In each device three peaks are chosen to be presented with further detail. 
Normalized radiation potential fields represent the focusing and trapping 
acoustophoresis inside the chamber while the magnitudes of these fields are listed in 
Table Ⅴ. 
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To visualize results from the first step of our device characterization process, 

frequencies where 𝑟A  and 𝑟C  are greater than a threshold value 𝑟* = 0.9  are 

highlighted by a series of yellow and blue bars, respectively. Green bands are 

generated when yellow and blue bars coalesce, meaning the requirement for 

combined trapping and focusing is satisfied. Figure 3.10(D1.b) summarizes the 

ability of the symmetric device to gather particles at the center of the chamber while 

showing the takeaway from the second step of the characterization process. We 

choose three peaks for comparison of device performance in different green bands 

within the frequency range. Peak number 1 is the only resonance around 

 𝑓 = b
b$
= 1, where we expect to see a half wave, also, it shows weaker force fields 

compared to peaks 2 and 3.  

Analyzing device D2 where the silicon-glass chip has an asymmetry factor  

𝛼 = 1 (symmetric chip) and transducer is placed asymmetrically with 𝑙) = 2	mm. 

Figure 3.10 (D2.a) shows that the maximum acoustic energy density in the whole 

device has increased compared to the previous case and a much wider green band 

has formed around 𝑓 = 1, this event has been shown for devices with a straight 

channel before 82. We observe the highest values of acoustic energy density are in 

the fluid domain around 𝑓 = 2 and they do not provide the desirable particle 

trapping as higher modes are in resonance in those frequencies. It is also 
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noteworthy that a significant amount of energy is stored in the cavity at the 

resonance around 𝑓 = 1, while the solid parts are not in resonance. 

In Fig. 3.10 (D2.b) we see multiple strong peaks at approximately 𝑓 = 1 with 

desired trapping and focusing behavior inside the chamber where the strongest peak 

has roughly 300 times more focusing radiation potential compared to its 

counterpart in D1 while the trapping potential is increased by a factor of 100. 

However, this device has a much weaker trapping potential at frequencies around 

𝑓 = 1.4 in comparison to the previous case. 

Next, we study D3 where the asymmetric chip with 𝛼 = 0.5 is placed on a piezo 

shifted by 𝑙) = 2	mm . Figure 3.10 (D3.a) shows that acoustic energy density 

resonances across the frequency range do not change significantly in comparison 

to D2. However, a noticeable difference between this case and the previous one 

would be that particle manipulation forces around 𝑓 = 1.4 are stronger for peak 3 

in this device compared to the same resonance in D2. It is interesting that the 

resonance around 𝑓 = 1 remains relatively as strong as the one in D2 while a weak 

peak forms at 𝑓 = 0.875. As mentioned earlier, in peak 2 the acoustic energy 

resonance in the fluid domain is much stronger than in the solid parts, while the 
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opposite can be said for peak 1. Therefore, we can use the concept of solid and 

fluid resonance 83 to characterize peaks 1 and 2, respectively. 

Lastly, we show results from characterization of device D4 that consists of an 

asymmetric chip with 𝛼 = 0.5 and a piezo transducer that is placed symmetrically 

with respect to the chamber, so 𝑙) = 0	mm. We can clearly see from Figure 3.10 

that D3 and D4 are very similar when it comes to acoustophoresis quality, yet the 

latter achieves force fields stronger by 50 percent at frequencies around 𝑓 = 1. It 

should be noted that the green band around 𝑓 = 1.4 is wider than in D2 and D3 

and peak 3 shows much stronger focusing and trapping potential in comparison to 

the two previous cases. Energy densities are in resonance for both solid and fluid 

parts at this frequency. 

In summary, under simple actuation, all asymmetric devices (D2, D3, D4) have 

their strongest acoustophoretic resonance very close to the predicted frequency for 

the standing half wave to form, while this resonance is the weakest in the symmetric 

device D1. Asymmetric chips excite noticeable fluid resonances as well as whole 

system resonances. However, symmetric chips produce fluid resonances only when 

the transducer is placed asymmetrically. 

In the case of anti-symmetric actuation of devices D1a and D4a, the standing 

pressure half wave resonance is promoted conceivably in our acoustofluidic 
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chamber. Figure 3.11 shows that strong fluid and whole system resonances around 

𝑓 = 1 are attainable in D1a. This device has the same layout as D1 except that the 

transducer is excited in antiphase. Acoustic focusing and trapping forces are, much 

like in D4, increased by more than two orders of magnitude compared to the 

symmetric case. It is noteworthy that the harmonic motion of the walls of the 

chamber are dominated by the top and bottom surfaces which has led to a wide 

green band in D1a. 

The strongest fluid resonance and trapping force fields are observed around 

𝑓 = 1 when the asymmetric chip is actuated by an anti-symmetric transducer as in 

D4a. In this device the fluid-solid interaction resembles the one shown for D4 in 

Figure 3.5(e). By comparison to the first four devices, in anti-symmetrically actuated 

devices the acoustophoretic resonance around 𝑓 = 1.4 is not excited at all. 
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Figure 3.11: Plots of relevant acoustophoretic time averaged fields versus normalized 

frequency 𝒇 	= 	𝒇 𝒇𝟎¦  for frequencies between 0.5 to 2.15 MHz in devices D1a and D4a. 
(a) Average acoustic energy density in fluid and solid domains are shown by blue and red 
lines, respectively. The solid black line shows combined focusing and trapping 
correlation coefficient values. Green bands signify frequencies with well oriented forces 
to trap particles in the center of the chamber. (b) Magnitude of acoustic radiation force 
potential field is shown for focusing (black) and trapping (magenta) with well oriented 
forces. (c)-(e) In each device three peaks are chosen to be presented with further detail. 
Normalized radiation potential fields represent quality of acoustophoresis in the chamber 
and the magnitudes of these fields are listed in Table Ⅴ. (f) Color and vector plots of the 
displacement field u in a x-y cut plane passing through the center of the chamber, 
showing the deforming solids. The whole device is stretched in z by a factor of 4, to get a 
clearer view of the chamber walls and the deformation of the solid domain is scaled by a 
factor of 3000 for visibility purposes. 
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TABLE 3.5: Normalized frequency 𝒇 and magnitude of acoustic radiation potential 
fields to focus (𝜟𝑼𝒚𝒓𝒂𝒅) and trap (𝜟𝑼𝒚𝒓𝒂𝒅) microparticles. These values are presented for 
three marked resonances in devices D1-D4, D1a and D4a as shown in Figures 3.10 and 
3.11. 

Device Peak 𝑓 
𝛥𝑈C]E� 

(pJ) 

𝛥𝑈A]E� 

(pJ) 

D1 

1 1.1173 0.15 0.12 

2 1.312 0.85 0.42 

3 1.4213 13.38 4.67 

D2 

1 1.008 47 12.8 

2 1.072 5.73 1.62 

3 1.4267 1.88 1.55 

D3 

1 0.875 1.36 0.33 

2 1.0187 40 11.71 

3 1.448 2.65 1.32 

D4 

1 0.864 1.63 0.43 

2 1.0133 57.7 16.28 

3 1.4293 12.45 3.56 

D1a 

1 0.9707 43.1 12.9 

2 1.0133 65.8 19.5 

3 1.352 3.8 1.3 

D4a 

1 0.96 13.7 5.8 

2 1.0027 94.8 27.2 

3 1.1787 4.3 1.6 

 

 



Chapter Ⅲ: Toward optimal acoustofluidics by exploiting asymmetry 

 99 

3. Experimental results and analysis 

In the following, we process experimental data from video recordings to extract 

the transverse path of particles 𝑦(𝑡). We use image processing techniques to track 

the vertical distance of particles from the center of our fluidic chamber while they 

migrate towards the pressure node. Devices used for experiments are analogous to 

the ones we simulated earlier and the experiment is repeated 10 times on each 

device to create a reliable data set supporting repeatability of the tests. In the 

experiments, particles start from the positions highlighted in Figure 3.12(a) by light 

yellow, which correspond to trapping regions at 𝑓 = 2. This force field is generally 

stronger than the single node field we are investigating in this work and it 

consistently holds particles in their initial positions across all devices. Immediately 

after switching to the predetermined resonant frequency around 𝑓%,# , particles 

migrate to the center due to the acoustic radiation field shown in Figure 3.12(b). 

The average distance traveled by particles under this scenario is roughly equal to g
�
 

or a quarter of the chamber’s width. The average vertical location of particles 𝑦(𝑡) 

is used to calculate the non-dimensional transverse path, 𝑦©(𝑡) defined as, 

 𝑦©(𝑡) = 	
𝑦(𝑡) −	𝑦(𝑡�)
𝑦(𝑡#) −	𝑦(𝑡�)

, (3.25) 
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which helps us compare particle aggregation times in devices D1-D4 more reliably 

by eliminating the effect of aggregate thickness on the final position of particles. 

The mean transverse path of particles is presented in Figure 3.12(c) for our array of 

devices and it’s clear that there is a difference between how particles are being 

manipulated in asymmetric devices versus the symmetric device. 

In order to test this hypothesis, we use an unequal variances t-test also known as Welch’s 

test 125,126 that is suitable for showing independence of datasets in our case 127,128. The 𝑡p 

statistic, showing whether the population means are different, is calculated as 

 
𝑡) =

C)$	CN

�O)
%

P)
	/	

ON
%

PN

, 
(3.26) 

where 𝑦:, 𝑠:
, and 𝑁: are the mean, variance and size of the ith sample. Evidently, the 

t-test shows that means are similar at times before the migration starts, because the 

microspheres are held at roughly the same distance from the center in all devices. 

Figures 3.12(d) and 3.12(g) show an example of initial particle placement in devices 

D1 and D4, respectively. In Figures 3.12(d)-(i), raw images have been sharpened 

and edges are highlighted using ImageJ 129 software for clarity and visibility only. 
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Figure 3.12. (a) Simulated acoustophoretic potential field for trapping particles in their 
initial position, at roughly 𝒘𝒄𝒉

𝟒
=  200 μm  away from the center. (b) Simulated 

acoustophoretic potential field leading particles to their final positions in the middle of 
the chamber. (c) Summary of the experimental results showing non-dimensional mean 
particle paths 𝒚f(𝒕) (circles), bounded by the standard error of the mean. Solid lines show 
the fitted curves given by Eq. (19) where the transverse wavelength and the acoustic 
energy density are the fitting parameters. Colors blue, red, green and black correspond 
to devices D1 though D4, respectively. Vertical dashed lines surround the portion of 
experimental data where the two-sample t-tests show significant difference (Eq. 26) 
between the means of independent groups of experiments. The horizontal dashed line 
marks the vertical distance where interference from secondary radiation force is 
considerable compared to primary acoustic radiation force. (d)-(f) Video frames from an 
experiment on D4 showing positions of particles at t = 0 s, the beginning (d), followed 
by t = 0.5 s, marking an intermediate time (e) and final position of particles when t = 2 s 
(f). (g)-(i) Show frames from an experiment on D1 at times equal to that of (d)-(f). 
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After the piezo is set to focusing resonance frequency, we can make a distinction 

with 99 percent confidence between the average transverse paths of particles in 

symmetric and asymmetric device data sets. Start of this event is marked by the 

dotted line on the left in Figure 3.12(c) and qualitatively shown in Figures 3.12(e) 

and 3.12(h). It should be noted that all devices create particle aggregates. Therefore, 

after a period of time the mean particle locations become similar enough that we 

cannot draw a confident distinction between data sets once more; the dotted line 

on the right in Figure 12(c) shows this limit. 

In the following we use the curve fitting routine of section (C.3) with acoustic 

energy density 𝐸E4  and wavenumber 𝑘C  as the fitting parameters for Eq. (3.19). 

The non-linear least squares method in MATLAB 130 is used to fit this function to 

experimental data points and we get a relatively good fit in the region where 

particles are mainly driven by primary acoustic radiation force and Stokes’ drag. 

Extracted fit parameters are listed in Table Ⅵ, along with the resonant actuation 

frequencies in experiments and predicted resonances from simulations. The 

estimated values of chamber width obtained by the fit closely represent the actual 

value and the disparity may be due to inter-particle forces and that the pressure 

node in the experiments do not necessarily form exactly in the center of the 

chamber. The relationship between energies in different devices shows a good 
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qualitative agreement with simulation results where D4 has the strongest force field 

and D1 shows a weak resonance at frequencies around 1 MHz Therefore, we expect 

to see particle aggregates forming faster in an asymmetric device compared to a 

symmetric one. This is shown in Figs 3.12(f) and 3.12(i) where after the same 

amount of time particles in D4 have already formed a tight group while in D1 they 

have not assumed their final position yet. 

TABLE 3.6: Fitted parameters 𝑬𝒂𝒄	 and 𝒘𝒄𝒉  to experimental data. Predicted non-

dimensional resonance frequency from simulations 𝒇sim  and frequency range for all 

experimental resonances 𝒇exp used in each device. 

Device 
𝐸"# 

(J/m3) 

𝑤#$ 

(μm) 
𝑓exp 𝑓sim 

D1 0.71 750 1.04-1.14 1.12 

D2 2.22 742 1.02-1.04 1.01 

D3 2.38 796 1.03-1.04 1.02 

D4 5.09 756 1.02-1.03 1.01 
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E. Discussion 

In this study, we use COMSOL Multiphysics 5.4a to simulate microparticle 

acoustophoresis by acoustic radiation in BAW devices. The 3D numerical model 

that is developed based on well-defined previous theoretical work 46,109,110,119, 

includes the piezoelectric transducer, the silicon chip, the glass reflector layer and 

the water filled cavity. Such simulations are used to characterize device performance 

and design micro-acousto-fluidic systems for strong and effective acoustophoresis. 

We use frequency-dependent time averaged acoustophoretic fields to analyze the 

strength and quality of acoustophoresis with regard to a desired force field. By using 

this method, the process of finding resonances will be streamlined in an 

experimental setup and device design and testing process will become more 

efficient. 

The three-dimensional features of the device we study and the importance of 

determining the mode shapes of acoustic fields obligate developing a 3D simulation 

for analyzing performance of such acoustic traps. Our model can predict resonant 

frequencies for strong trapping acoustophoresis that are in good agreement with 

experimental results. 

In BAW devices with rigid walls, the solid components run the fluid for the 

most part and the scattered pressure waves are predominantly dependent on the 
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movement of cavity walls. We find that anti-symmetric translational displacement 

of solid walls is required for setting up an ultrasonic standing half wave across the 

chamber 79,131. However, the vertical actuation mode of the piezo used in this work 

does not excite the desired transverse motion 82. We show that acoustophoresis for 

particle aggregation can be improved by either shifting piezo placement or 

designing the chip asymmetrically when the transducer is actuated by a single 

electrode. The asymmetric chip provides improved acoustophoresis regardless of 

piezo placement as the asymmetry becomes a characteristic of the coupled fluid-

solid domain. By comparing the acoustophoresis results from devices D4, D1a and 

D4a we have showed that asymmetric chip design can improve the device 

performance as much as the method of “anti-symmetric piezo actuation” proposed 

in Ref. 83. 

Looking at results of Figs 3.11 and 3.12 and table V, we can see that a symmetric 

chip and piezo arrangement (D1) is suited to trap particles by producing an even 

(1-1) mode around 𝑓=√2.  Additionally, this chip design produces strong half wave 

resonances if actuation on the split electrode is changed from in-phase to anti-phase 

(D1a). While the combination of an asymmetric chip and anti-symmetric transducer 

(D4a) produces the strongest half wave resonance, device D4 can excite the even 

mode and the half wave resonances to relatively high amplitudes. In-phase actuation 
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of the asymmetric chip results in the ability to excite various strong acoustophoretic 

resonances in the same device (D4). This feature has various advantages from an 

applications point of view. 

Acoustic energy densities in fluid and solid parts are a useful indicator of 

resonant frequencies and the domain in resonance. Although the solids make up a 

much larger portion of the device, the fluid can hold an incredible amount of energy 

when in resonance and our observations show that these decoupled resonances 

deliver stronger acoustophoresis and are only available in asymmetric devices. On 

the other hand, strong acoustophoresis in a symmetric device is only observed when 

fluid and solids are in simultaneous resonance. 

Comparing energy densities of devices at resonance does not truly reflect the 

difference in strength of acoustophoretic field in the chamber even if the correlation 

factors guarantee high-quality manipulation. This is demonstrated by looking at 

peak 1 in devices D1 and D2 where acoustic energies are higher by a factor of 4 in 

the latter and radiation forces are larger by 2 orders of magnitude. An explanation 

for this disparity is that energy may be high in the areas outside the chamber creating 

strong acoustophoresis in the channel, also energy dense regions around the corners 

increase the total density, while they don’t contribute to particle manipulation in the 

main part of the cavity. To avoid these errors, the trapping and focusing field within 
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the target manipulation region must be used to reasonably compare device 

performances. 

Experimental results show a statistically significant reduction in particle 

aggregation time as a result of using asymmetric device design. We established a 

trend showing improvement of particle manipulation with breaking device 

symmetry in simulations and a similar development is observed in an array of 

experiments, in spite of the fact that the model neglects some damping sources and 

effects such as particle-particle interactions and streaming-induced drag.  

It is noteworthy that while symmetric devices with compression/extension 

mode of actuation are not optimal for setting up half wave resonances, they are 

quite suitable for creating the so-called (1-1) resonant mode 132 at frequencies 

around 𝑓=√2, when a standing pressure wave forms along the diagonals of the 

square chamber. This can be explained by relating the required displacement of the 

cavity walls and the main deformation mode of the transducer. Vertical motion of 

the top and bottom walls give rise to this pressure distribution and intuitively 

aligning the center of the device with the center of the piezo results in high 

amplitude pressure fields. The effect of aligning the piezo with the chamber can 

also be seen in D4 where symmetric placement of an asymmetric device has 

strengthened the (1-1) resonance. In devices D1a and D4a this resonance vanishes 
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and the half wave mode becomes dominant in a large range of frequencies since the 

anti-symmetric actuation of the transducer dictates an asymmetric motion of the 

channel walls. 

This work focuses on a device produced for particle trapping; however, the 

simulations and device characterizations methods can be tailored to any BAW 

device with a well-defined target force field as long as the theoretical framework is 

applicable to the materials used for fabrication and relative length scales of the 

acoustic fields, the device and particles. 

 

F. Conclusion 

We investigate effects of asymmetric device design on improving 

acoustophoresis in a microfluidic chamber. Simulation results demonstrate that 

geometrical asymmetry of the device can result in substantially stronger particle 

trapping fields through exciting naturally anti-symmetric solid displacement modes 

in frequencies around 𝑓=1 where the goal is to excite a standing half wave. A series 

of experiments are conducted to inspect simulated results. Image processing 

analyses of experimental observations reveal a meaningful improvement in particle 

aggregation time by using asymmetric devices. We present these experimental 

results as a proof of concept. 
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Based on the examples presented in this paper, we believe that asymmetric chip 

structure has the potential of being used as a general design element. The increased 

acoustic force fields in the devices have a major impact on manipulating particles 

with low acoustic contrast factor 122, high throughput 3D printing 29, lab-on-a-chip 

applications 94 and potentially chemical detection in microfluidic devices 133. It 

would be interesting to develop complete models of asymmetric devices with 

acoustic streaming and take into account thermo-viscous effects 108 to capture 

acoustophoretic behavior of particles smaller than the critical size 21. This 

information can be used to create reliable time dependent simulations 22,134 of 

particle motion and obtain valuable information about particle assembly patterns. 
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Appendix 3.A: Welch’s test and statistical analysis 

Results from the test used for determining independence of the means are 

presented in more detail here. Figure 3.A1 shows results of a Welch’s test on 

experimental results from D1 and D4. The degrees of freedom 𝜁 associated with 

the pooled variance estimate is approximated by Welch-Satterthwaite equation 135, 

 𝜁 =
[
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%
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%
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I
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%	RN

,	 (3.A10) 

Where 𝜁: = 𝑁: − 1  is the degrees of freedom associated with the ith variance 

estimate. The t value determining 99 percent confident independence of the means 

with respect to lowest number of degrees of freedom is marked with a horizontal 

dashed line in Figure 3.A1. 
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Figure 3.A1: Results of Welch’s test on experimental data from devices D1 and D4. For 

times bounded by the vertical dotted lines, the sample means are independent with 99 

percent confidence marked by t value (two tailed) equal to 4. 

 

Appendix 3.B: Image processing and particle tracking 

Propper particle tracking is essential to effective analysis of experimental data. 

We manipulate the intensity distribution in each frame to make particles more 

visible and ready for image processing tools such as the imfindcircles function 

in MATLAB® 130. Figures 3.B1(a), (c) and (e) show the process of using ImageJ 129 

software to find and highlight edges of the particles which cannot identify stationary 

particles and the background noise can lead to erroneous detection of circles.  
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In an attempt to only follow moving particles and eliminate background noise 

we calculate and subtract the average frame from all time steps in the video such 

that, 

 Ι	̅(𝑥, 𝑦) = %
�
∑ Ι:�
:�% , (3.B1) 

 Ι¦:	(𝑥, 𝑦) = Ι:	(𝑥, 𝑦) − Ι	̅(𝑥, 𝑦), (3.B2) 

where Ι	̅(𝑥, 𝑦) is the ensemble average and Ι¦:	(𝑥, 𝑦) is made up of the moving 

elements in the ith time step. We can now use the range of the set in each frame 

such that all the moving objects have a normalized intensity of 1 and everything 

else is zero. 

 Ιê:	(𝑥, 𝑦) = 	− ë
Ι¦:	(𝑥, 𝑦) + 𝐶:

ìΙ¦:
XQ�(𝑥, 𝑦) − Ι¦:X7?(𝑥, 𝑦)ì

í (11.B3) 

where ∫ (Ι¦:	(𝑥, 𝑦) + 𝐶:)� 	dxdy = 0  and Ιê:	(𝑥, 𝑦)  is the normalized intensity. 

Average particle position Υ: and its variance σ:, are extracted by simply integrating 

the intensity over the domain A. 

 Υ: =
%
�∫ 𝑦 × Ιê:	(𝑥, 𝑦)� 	dxdy, (3.B4) 

 σ:, =
%
�∫ (𝑦 − Υ:)

, × Ιê:	(𝑥, 𝑦)� 	dxdy. (3.B5) 
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These steps can be used either as a preparation sequence for enhanced use of 

image processing tools. Also as shown in Eqs. (3.B4) and (3.B5) we can directly 

extract particle paths from image sequence data.  
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Figure 2.B1: A summary of image processing. (a) Raw image taken from the CCD 

camera. One of the particles (surrounded by the dotted circle) is stationary throughout 

the image sequence. (b) Colormap of intensities as Image is read by MATLAB®. (c) 

ImageJ software is used to manipulate the image so that particle edges are highlighted. 

(d) Normalized intensities using image data shown in (b). The stationary particle is 

eliminated from the sequence after subtracting the average and normalization. (e) and (f) 

Show the quality of circle identification using imfindcircles function.
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Chapter Ⅳ: acoustophoresis of a Resonant Elastic 

Microparticle in a Viscous Fluid Medium 

This chapter presents 3D numerical analysis of acoustic radiation force on an elastic 

microsphere suspended in a viscous fluid. Acoustophoresis of finite-sized, neutrally-

buoyant, nearly incompressible soft particles may improve by orders of magnitude and 

change directions when going through resonant vibrations. These findings offer the 

potential to manipulate and separate microparticles based on their resonance frequency. 

This concept has profound implications in cell and microparticle handling, 3D printing, 

and enrichment in lab-on-chip applications. Existing analytical body of work can 

predict spheroidal harmonics of an elastic sphere and acoustic radiation force based 

on monopole and dipole scatter in an ideal fluid. However, little attention is given to 

complex interplay of resonant fluid and solid bodies that generate acoustic radiation. 

Finite Element Method is used to find resonant modes, damping factors and acoustic 

forces of an elastic sphere subject to a standing acoustic wave. Under fundamental 

spheroidal modes, the radiation force fluctuates significantly around analytical values 

due to constructive or destructive scatter-incident wave interference. This suggests that 

for certain materials, relevant to acoustofluidic applications, particle resonances are an 

important scattering mechanism and design parameter. The 3D model may be applied 

to any number of particles regardless of geometry or background acoustic field. 
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A. Introduction 

Acoustophoresis is the use of sound waves to create force fields. For a solid 

particle suspended in a fluid, the interaction between the structure and acoustical 

fluid field leads to generation of time averaged acoustic radiation force. At the limit 

of particles much smaller than the acoustic wavelength, theoretical study of acoustic 

radiation goes back to King 39 who derived formulae for acoustophoresis of an 

incompressible solid in an ideal, inviscid fluid. Yosioka and Kawasima 40 considered 

acoustic force on a compressible solid and Gor’kov 3 presented a generalized theory 

for acoustic radiation force. 

In the recent years, with interest and advancements in microfluidics and 

microparticle manipulation, there have been many insightful analytical studies on 

the effects of acoustic boundary layers and thermoviscous effects on ultrasound 

acoustophoresis. Doinkov 41–43 developed generalized theoretical methods 

including viscous and thermoviscous effects on acoustic radiation which was 

complemented by Danilov and Mironov 44. Definitive, inclusive theoretical models 

for microparticles in acoustofluidic devices were derived by Settens and Bruus 37, 

addressing viscous effects, while Karlsen and Bruus 38 included thermoviscous 

effects as well. These studies do not include harmonic vibrational resonances of the 

elastic particle. Hasegawa and Yosioka 45  presented their analytical and 



Chapter Ⅳ: Acoustophoresis of a resonant microparticle 

 117 

experimental research as a substitute for King’s, which included normal resonances 

of elastic solid spheres. Theoretical studies on acoustophoresis under particle 

resonances typically involve particles of sizes larger or comparable to the acoustic 

wavelength as sources of scattering136,137.  

Harmonic vibrational modes of a free sphere were first studied analytically by 

Lamb 138 long before Kheisin 139 explored oscillations of a suspended sphere in an 

inviscid compressible Newtonian fluid. Saviot et al.140,141 qualitatively categorized 

spheroidal harmonics of free and submerged spheres into longitudinal and 

transverse modes, while providing a simple set of approximations for calculating 

the natural frequencies. The breathing mode of elastic spheres is studied analytically 

by Galstyan and Stone 142 in Newtonian and complex fluids. There is very limited 

overlap between these insightful studies and the field of acoustophoresis as they 

have been developed mostly aimed at nanoparticles, non-destructive testing and 

designing sensors (Raman spectroscopy, Biological applications, etc.) with minimal 

generalization of effects of spheroidal harmonic vibrations on the fluid media.143–

146 

In this work, we use a well-established 3D numerical method based on 

perturbation expansion of first principle governing equations of solid and fluid 

mechanics.30,147 First, we search for natural frequencies of free and submerged 
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microspheres to study and characterize breathing and spheroidal resonances 

relevant to acoustophoresis in viscous media. Second, we calculate damped acoustic 

scattering and acoustic radiation force on a single microsphere embedded in a fluid 

with an incident pressure standing wave. The acoustic radiation force on the particle 

may be calculated numerically to investigate the effects of resonant particle 

deformations. We compare our results to existing theories and validate our model 

using well-studied cases in the literature. Finally, we analyze effects of fundamental 

spheroidal modes on acoustic forces and damping of nearly incompressible, soft, 

neutrally-buoyant particles. This provides a map for tuning acoustofluidic 

instruments to exploit particle vibrations as a means of amplified scattering and 

improved acoustic radiation. 

The changes in scattered pressure field caused by particle’s resonant vibrations 

proves to have meaningful effects on acoustic radiation force. these results 

contribute to the body of knowledge required for designing lab-on-chip 

technologies. The premise of numerical simulations in this work is not limited by 

the number of particles, geometry or the incident field, therefore, our method may 

be extended to various applications including non-spherical particles148,149, particle 

assembly120 and acoustophoretic arrays134. These findings are of significant value to 

fields that are focused on manipulating soft elastic particles in acoustofluidic 
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devices, such as, material characterization, life sciences, bio 3D printing and cell 

sorting. 

B. Methods 

Resonant fields in an acoustofluidic device are typically generated due to a first 

order constructive buildup of reflected waves in a microfluidic cavity.150 This 

background field propagates through a fluid medium and scatters upon incidence 

on a suspended particle. The nonlinear fluid-particle interactions give rise to the 

acoustic radiation force 151 associated with the time-harmonic fields formulated as 

Γ(𝐫, 𝑡) = Γ(𝐫, 𝜔)	𝑒5678  with 𝐫  and 𝑡  denoting space and time, while 𝜔  is the angular 

frequency. Numerical methods used in this paper are developed to capture the 

acoustic fluid-solid interactions in frequency domain beyond simple scatter 

geometries and acoustic fields on any number of particles. The foundation of these 

simulations is based on a perturbation expansion of governing equations derived 

from first principles.30,51,105,109 

 

1. Theory of solid mechanics 

In a homogeneous elastic solid of density 𝜌9: the time harmonic displacement 

field 𝐮 is found by solving the Cauchy equation of motion in Helmholtz form, 

𝜌>"𝜔,𝐮 + 𝛁 ⋅ 𝛔>" = 0, (4.1a) 
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𝛔>" = 𝐂 ∶ 𝝐, (4.1b) 

𝐂 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝜆
-# + 2𝜇-# 𝜆-# 𝜆-# 0 0 0
𝜆-# 𝜆-# + 2𝜇-# 𝜆-# 0 0 0
𝜆-# 𝜆-# 𝜆-# + 2𝜇-# 0 0 0
0 0 0 𝜇-# 0 0
0 0 0 0 𝜇-# 0
0 0 0 0 0 𝜇-#⎦

⎥
⎥
⎥
⎥
⎥
⎤

, (4.1c) 

where 𝛔>" is the stress tensor in the solid and it is related to the displacement via 

Hooke’s law expressed in terms of elasticity tensor 𝐂 and 𝛜 = %
,
	[∇𝐮 + (∇𝐮)I] 

denoting the strain tensor. Material properties of the isotropic solid are defined in 

terms of 𝜆>" and 𝜇>" which are the first and second Lamé parameters. 

 

2. Theory of fluid mechanics 

For simplicity, consider a compressible Newtonian fluid governed by the Navier-Stokes 

and continuity equations, 

𝜌!" &𝐯
&*
+ 𝜌!"(𝐯 ⋅ 𝛁)𝐯 = −𝛁𝑝 + 𝜂!"𝛁,𝐯 + 𝛽𝜂!"𝛁(𝛁 ⋅ 𝐯), (4.2a) 

&'
&*
= −𝛁 ⋅ (𝜌!"𝐯), (4.2b) 

𝑝 = 𝑝0𝜌!"1, and 𝑐#!" = 34
&'
&(
5
)
, (4.2c) 

where 𝑝 and 𝐯 are pressure and velocity fields in a fluid of density 𝜌!", viscosity 𝜂!" 

and viscosity ratio 𝛽. Isentropic speed of sound 𝑐#!" is derived from equation of 
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state. Through perturbation linearization, a simplified equation is derived to obtain 

time harmonic acoustic pressure and velocity fields, 

 𝛁 ⋅ 4− %
(!"
𝛁𝑝5 − @%

(!"
𝑝 = 0, (4.3a) 

 𝐯 = − :
8	(!"

𝛁𝑝, (4.3b) 

where 𝑘 = 𝜔0𝑐!"1
$%

 is the wavenumber in the fluid with complex speed of sound 

𝑐!" . On fluid-solid interface, there exists a viscous boundary layer 𝛿M  which 

facilitates transition of velocity between solid and fluid. Similarly, a thermal 

boundary layer 𝛿U  is created around the particle due to thermal boundary 

interaction. Boundary layer thickness is characterized as, 

 δM = 3 ,2!"

(!"8	
, (4.4a) 

 δU = 3
,V-.

(!"W/8	
, (4.4b) 

where kUp and cY are thermal conductivity and isobaric specific heat. Commonly, 

an ideal fluid approximation for calculating acoustophoretic fields stands when the 

particle radius 𝑎 is relatively larger than these boundary layers ( 𝛿¦ = 𝛿𝑎$% ≪ 1). 

For example, in water at room temperature and a frequency of 1 MHz, we calculate 

δM = 0.4	µm  and δU = 0.2	µm  which are negligible when handling 10	µm 

particles. 
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Figure 4.1: Non-dimensional Logarithmic acoustic length scales with respect to spherical 

particle with radius 𝒂 = 𝟏𝟎	𝝁𝒎. The left axis corresponds to the black lines, showing 

dimensionless acoustic boundary layers. On the right axis, the solid red line represents 

the relative particle diameter to acoustic wavelength ratio. Frequencies in between the 

dashed lines represent the range where the small particle and ideal fluid criteria are 

satisfied. 

 

3. Theory of fluid-solid interaction 

The incident background acoustic standing wave in the fluid transmits through 

and reflects from the surface of a solid particle. The interplay between the deformed 

solid boundary and the displaced fluid medium gives rise to scattered pressure field 

in the fluid domain. To simulate the acoustic-structure interface, the fluid loads the 

surface of the solid domain and acceleration of the finite solid boundary is balanced 

with the acoustic pressure, 
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 𝐧b ⋅ 4 %
(!"
𝛁𝑝5 = 𝐧b ⋅ 𝜔,𝐮, (4.5) 

where 𝐧b is the vector normal to the particle surface. The physical mechanisms 

responsible for acoustic scattering from a small particle ( 𝑎¡ = 2𝑎0𝜆!"1
$%
≪ 1) 

perturbed by an acoustic wave are usually categorized into monopole and dipole 

fields. 

To understand the importance of multipole scattering from a solid domain, it’s 

helpful to think of acoustic scattering in terms of vibrations of the particle within 

the fluid where the displacement is in anti-phase with the sound pressure, while the 

acceleration is in-phase. In simple terms, a negative sound pressure develops as the 

solid boundary pushes into the fluid and positive pressure builds up as the fluid 

displaces the particle. One interesting consequence of this is that the pressure on 

one side of the particle can be out of phase with that of the opposite side, as shown 

in Fig. 2, due to density contrast with the fluid or surface vibrations of the solid. 

In the absence of compressibility contrast with the medium, neutrally buoyant 

particles such as bioparticles, hydrogels and soft polymers can generate scattered 

fields from resonant modes of vibration leading to multipole acoustic scattering. 

 



Chapter Ⅳ: Acoustophoresis of a resonant microparticle 

 124 

 

Figure 4.2: Schematic representation of scattering mechanisms. The undisturbed particle 

surface is shown in red, while the black lines display exaggerated deformations of the 

current phase and the white lines represent the opposite phase. (a) Monopole radiation 

due to difference in compressibility between the particle and the medium (breathing 

mode). (b) Dipole radiation caused by relative particle-fluid oscillations due to difference 

in density and inertia. (c) Multipole radiation due to particle surface vibrations 

(spheroidal modes). 

 

4. Resonant modes of particle-medium interaction 

Vibrational modes of an elastic, homogeneous sphere and their eigenfrequencies 

have been analytically studied since 1881.138 Here we analyze distinct vibrational 

modes of a free sphere before studying the case of a suspended particle in a viscous 

fluid and acoustic propagation.  

Free spherical harmonic displacements can be categorized into three classes. 

First, torsional modes for which the displacement is purely azimuthal, so the surface 



Chapter Ⅳ: Acoustophoresis of a resonant microparticle 

 125 

of the particle remains unperturbed by the vibration.140 This mode is of little impact 

to this work since it does not affect the surrounding fluid.  

Second, we study purely radial displacements of a sphere known as the breathing 

mode. A simple analytical expression138 determines eigenfrequency 𝜔?  of these 

modes for a sphere of radius 𝑎, 

tan0𝑘?>"𝑎1 − 4
@4("E
,
5
,
	@4"

("

4-("
A
,
tan0𝑘?>"𝑎1 − 𝑘?>"𝑎 = 0, (4.6a) 

𝑘?>" =
84
4"
(" , (4.6b) 

where 𝑐U>" = 0𝜇>"1
#
%0𝜌>"1

$#%  and 𝑐"
>" = 0𝜆>" + 2𝜇>"1

#
%0𝜌>"1

$#%  are the longitudinal 

and transverse speeds of sound in an elastic material. For simplicity, we only 

consider the first breathing mode and refrain from repeated mention of n = 1 in 

the rest of the paper. 

When the particle is surrounded by a viscous fluid, loading effects of the 

surrounding medium give rise to the complex natural frequencies corresponding to 

breathing modes calculated by coupling elastohydrodynamic equations (1)-(3) 

according to Galstyan 142, 

?𝑘-#𝑎@	_ s'(

s;((()@u'(^)
+ I u;(^

w84xu;(^y
− 1K

)(
g + 𝑖 .]

'(	u;(

s;(	;(
;( + 4I

;<
;(

;(
;(K

'
= 0, (4.7a) 
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𝑘!" = 8

4!"�%$:8	S
!"(TC#)
2!"

	34!"5%	

 . 
(4.7b) 

 

Third, spheroidal vibrating modes have a displacement field with non-zero curl 

and divergence that stretches along radial and azimuthal directions perturbing the 

surface of the sphere along with surrounding medium. Saviot et al.141 offer an 

insightful analysis of the so called primarily transverse modes. 

Influence of damping mechanisms on resonant behavior of suspended spheres 

in viscous and complex fluid is considerable.140,142 The complex interplay between 

the solid and fluid not only shifts the resonance frequencies from theoretical 

predictions but it also has a profound effect on quality factor of damped acoustic 

fields. 

5. Time averaged acoustic parameters 

We aim to simulate acoustic scattering from a resonating particle. Volume average of 

acoustic energy density 𝐸8z"#  in the fluid and 𝐸8z-#  in solid domains are good indicators of 

resonant behavior. In solids, the sum of kinetic and elastic strain energies are calculated and 

in fluids, combined kinetic and compressional energy make up the acoustic energy: 

 𝐸QW>" =
%
,
	0𝜌>"𝜔,	〈𝐮 ⋅ 𝐮〉 + 〈𝛔>" ∶ 𝝐〉1, (4.8a) 
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 𝐸QW!" =
%
,
0𝜌!"〈𝐯 ⋅ 𝐯〉 + 𝜅!"〈𝑝,〉1, (4.8b) 

where 𝜅!" = 0𝜌!"	(𝑐!"),1
$%
	is the fluid’s compressibility. Acoustic radiation force 

arises from non-linearities in fluid momentum equation. This time averaged effect 

is best understood by a perturbation expansion of the fluid mechanics equations 

beyond the first order. The second order acoustic pressure, unlike its first order 

counterpart, has a non-zero time average that is quantifiable using only first order 

fields, 

 ⟨𝑝,⟩ = 0.50𝜅!"⟨𝑝%,⟩ − 𝜌!"⟨𝐯% ⋅ 𝐯%⟩1, (4.9a) 

 𝜅!" = %
(!"	(4!")%	

, (4.9b) 

where the first order field is simply the combination of incident waves and scattered 

waves from the particle. Therefore, acoustophoretic force is found by integrating 

the stress and convective flux on the surface 𝜕Ω encompassing the particle, 

𝐅?�XPQR = −� d𝐴 �4T
!"

,
〈𝑝,〉 − (!"

,
〈𝐯 ⋅ 𝐯〉5 𝐧b + 𝜌!"〈(𝐧b ⋅ 𝐯)𝐯〉�

&S
, (4.10) 

where the time averaged squared first order total acoustic pressure and velocity are  

〈𝑝,〉 and 〈𝐯 ⋅ 𝐯〉, respectively. Analytical solutions have the benefit of simplicity that 

knowing the incident acoustic field suffices for calculating the radiation force based 

on the radiation potential 𝑈PQR, 
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𝐅PQR = −𝛁𝑈PQR, (4.11a) 

𝑈PQR = 6
Z
𝜋𝑎Z �Re[𝑓#] 	

T!"

,
	 〈𝑝7?, 〉 − Re[𝑓%]

Z(!"

6
〈𝐯7?, 〉�, (4.11b) 

where 𝑓#  and 𝑓%  are the monopole and dipole scattering coefficients. For a 1D 

standing wave along the 𝑥  axis with incident pressure 𝑃7? = 𝑃Q sin(𝑘𝑥) , the 

radiation force can be simplified based on the acoustic energy density 𝐸%k!"  and wave 

number 𝑘 in the fluid, 

𝐅%kPQR(𝑥) = 4𝜋	Φ	𝑎Z	𝑘	𝐸QW sin(2𝑘𝑥)	𝑥©, (4.12a) 

Φ = %
Z
Re[𝑓#] +

%
,
Re[𝑓%]	, (4.12b) 

𝐸%k!" =
%
6
𝜅!"𝑃Q,, (4.12c) 

where Φ is the acoustic contrast factor. Scattering coefficients have been derived 

analytically for ideal, viscous and thermoviscous cases.3,37,38 For brevity, we only list 

the equations for scattering from a compressible solid sphere in an ideal fluid, 

 Re�𝑓#:� = 1 − �̃�, with	�̃� = T("

T!"
 , (4.13a) 

 Re�𝑓%:� =
(̂$%
(̂/#%

, with	𝜌¡ = (("

(!"
 , (4.13b) 
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Where 𝜅>" = 303𝜆>" + 2𝜇>"1
$%

 is the compressibility of the solid. Throughout this 

paper we present our findings regarding radiation force within a standing wave field 

in terms of numerical acoustic contrast factor Φ?�X, 

Φ?�X =
� d𝐴 B@𝜅

!"

2 〈𝑝,〉 − 𝜌
!"

2 〈𝐯 ⋅ 𝐯〉A 𝐧b + 𝜌!"〈(𝐧b ⋅ 𝐯)𝐯〉C
&S

4𝜋	𝑎Z	𝑘	𝐸%k!" sin(4𝜋	𝑥¡	)
 

(4.14) 

where 𝑥¡ is the location of the particle’s center of mass nondimensionalized by the 

acoustic wavelength 𝜆!" in the fluid. 

There are damping mechanisms related to the time harmonic background 

standing wave and vibrations of the particle that determine acoustic energy losses, 

time to reach resonance and its amplitude and quality factor. We model dissipation 

in the solid using an isotropic loss factor 𝜙>" and by taking advantage of a complex 

speed of sound in the fluid, 

 𝑐!" = 𝑐#!"	01 + 𝑖𝜙!"1, (4.15) 

where 𝑐#!" is the real value of the speed of sound in the fluid and 𝜙!" is a non-

dimensional loss factor defining the ultrasonic wave attenuation. In this work, we 

use viscous damping factors in the bulk of the fluid 𝜙M!" = 𝜔𝜅!" 	4𝜂!"(1 + 𝛽)5 and 

at the surface of the particle, 
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 𝜙Y!" =
(!"8r9!"

6
∫ R�	(〈(𝐯$�̇�)⋅(𝐯$�̇�)〉)1U

∫ R{	3KV?!" 5L
	, (4.16) 

denotes the frequency dependent viscous losses divided by the acoustic energy in 

the fluid volume. We choose not to include thermal loss factors due to 

thermoviscous coupling as they are negligible compared to relevant viscous losses.46 

So, we define the total damping factor 𝜙!" = 𝜙M!" + 𝜙Y!" which is calculated through 

a two-step process similar to our recent work.147 The attenuation factor is directly 

related to vibration modes which makes this method crucial for calculating proper 

damping in the particle’s vicinity. 

 

6. Numerical implementation 

Numerical simulations in this work are developed using the finite element solver 

COMSOL Multiphysics® 5.6 (COMSOL AB, Stockholm, Sweden). We solve the 

coupled governing equations of fluid and solid domains subject to the boundary 

condition at the interface shown by equation (5) to find the acoustic pressure and 

solid displacement fields. The 3D model consists of a particle placed in a cubic fluid 

domain with a background standing pressure field and surrounded by a perfectly 

matched layer to absorb outgoing radiation as shown in Fig. 4.3.  
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Figure 4.3: Schematic of the 3D FEM model showing the fluid domain subject to the 

incident standing wave field, particle placed at the position with maximum radiation 

force and the perfectly matched layer. The custom mesh is shown here for a model 

with  𝒉5 = 𝟏𝟎. 
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Material properties used for eigenfrequency studies and acoustophoresis 

simulations are listed in Table Ⅰ. In case of neutrally buoyant particles, the density 

of medium is matched to that of the particle. 

The custom grid is a mix of structured and unstructured elements designed to 

resolve the fluid-solid interaction effectively without losing solver efficiency. 

Grid-independence study in Fig. 4 shows methodical error reduction as the mesh 

is isotropically refined using mesh number ℎË = 𝑎0ℎ>"1
$%
= ℎ!"0𝜆!"1

$%
, where ℎ>" 

and ℎ!" are the largest element sizes in the solid and fluid domains respectively. 

Relative error is calculated as, 

 𝜖(𝑔) = 3∫
R{	|�$�WX!|%	L
∫ R{	|�WX!|%L

, (4.17) 

where 𝑔 is an arbitrary acoustic field integrated over the relevant domain and the 

finest mesh is chosen as reference. Throughout this study, we use a mesh quality of 

ℎË = 15 or higher with a relative error of one percent or less. 



Chapter Ⅳ: Acoustophoresis of a resonant microparticle 

 133 

 

Figure 4.4: The grid study for the finite element model showing error reduction in relevant 

variables in the fluid and solid domain (left). The number of degrees of freedom increases 

in the fluid and particle domains with increasing mesh number (right). 
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Table 4.1: List of parameters and material properties used in the simulations. All values 

taken from references are assumed at 25℃. 

Parameter Symbol and value Unit 

Water parameters:46 

Speed of sound 𝑐!" = 1497	 m s-1 

Density 𝜌!" = 997 kg m-3 

Dynamic viscosity 𝜂!" = 0.89 mPa	s 

Viscosity ratio 𝛽 = 3.8  

Incident pressure 

amplitude 
𝑃Q = 1 MPa 

Domain size 𝐿� = 𝐿� = 𝐿� = 2𝜆!" μm 

polymethyl methacrylate (PMMA) parameters:83,152 

Density 𝜌>" = 1190 kg m-3 

First Lamé parameter 𝜆>" = 4.29 GPa 

Second Lamé parameter 𝜇>" = 1.07 GPa 

Damping factor 𝜙>" = 0.009  

Particle radius 𝑎 = 10 μm 
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Figure 4.5: Simulated deformation (exaggerated) of a 10μm free solid sphere outlined by 

the wireframe. (a) the first purely radial breathing mode 𝑩𝟏𝑳. (b-d) spheroidal modes 𝑺𝟏𝑻, 

𝑺𝟐𝑻 and 𝑺𝟑𝑻 all shown in zero phase at maximum deformation. 
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C. RESULTS 

To better understand the fundamentals of spheroidal harmonic vibrations and 

their effect on acoustophoresis, we present our results in terms of energy, frequency 

and vibration. In the following sections, we first show the vibration modes of a free 

solid sphere and use existing analytical methods to validate our numerical method’s 

accuracy and applicability to a range of materials used in acoustofluidics. 

Next, we add a viscous fluid encompassing the resonant sphere to study acoustic 

scattering and forces on the particle before comparing our results to commonly 

used formulae for calculating acoustophoresis. Finally, we investigate acoustic 

contrast factor of small, neutrally buoyant, soft, resonating particles and 

characterize their acoustophoresis excited by higher order scattering mechanisms. 

1. Harmonic oscillations of a spherical microparticle 

In this paper, resonant vibration modes of interest for a sphere are of the 

breathing or spheroidal nature and become more complex as the excitation 

frequency increases. Figure 5 shows the mode shapes affecting acoustic scattering 

and radiation force in our studies. 
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Figure 4.6: Numerically and analytically calculated natural frequencies of a free spherical 

PMMA particle under breathing and spheroidal modes. (a) under constant density 

assumption, 𝝎𝒏 ∝ 𝒂)𝟏. (b) for a 10μm sphere, 𝝎𝒏 ∝ ?𝝆𝒔𝒍@
)𝟎.𝟓. 
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Figure 4.7: Numerical results for eigenfrequency contour plots with respect to the 

transverse and longitudinal speeds of sound in the particle material. (a) The first 

breathing mode 𝑩𝟏𝑳. (b-d) Respectively show the spheroidal modes 𝑺𝟏𝑻, 𝑺𝟐𝑻 and 𝑺𝟑𝑻. 
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Under the assumption of constant Lamé parameters, resonance frequencies of 

the free sphere are inversely related to the radius 𝑎 and square root of density ñ𝜌>". 

Figure 6 shows the validity of our FEM model in determining the resonant 

eigenmodes when compared to classical solutions.138,141 

Natural frequencies corresponding to modes shown in fig. 5 depend on 

mechanical properties of the particle material namely the transverse and 

longitudinal speeds of sound. By keeping the density of the 10μm sphere similar to 

that of PMMA, figure 7.a shows a pattern visibly suggesting the dependency of 

breathing mode resonance on the longitudinal speed of sound 𝑐"
>", especially for 

less compressible materials. On the other hand, spheroidal modes follow the 

transverse speed of sound 𝑐U>" and the more complex vibrational modes occur at 

higher frequencies. 

2. Effects of elastohydrodynamic resonances on acoustophoresis 

The vibrating PMMA particle in water is affected by inertial and viscous loads 

imposed by the fluid. This results in a drastic change in natural frequencies and 

generation of acoustic waves from the fluid-solid interaction. In figure 8, we present 

non-dimensional eigenfrequencies for breathing  �̂�: = 𝜔𝑎3𝜋𝑐:9:5
5= and spheroidal �̂�> =

𝜔𝑎3𝜋𝑐>9:5
5= modes of the fluid-particle system. Here, particle size is varied in the range 
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relevant to acoustofluidic applications. Numerical results emphasize decreased 

natural frequencies due to presence of the viscous fluid. 

We mentioned acoustic scattering and the key role it plays in acoustophoresis. 

By keeping the particle radius fixed at 10μm, we explore the effects of size to 

wavelength ratio  𝑎® on acoustic radiation force over a range of frequencies. This 

keeps the length scale above the critical value to avoid domination of streaming 

induced drag.21 The numerical contrast factor in figure 9 shows distinct deviations 

from the analytical formulae as the particle size becomes comparable to the 

wavelength, because higher order vibrations are included in the numerical model. 

These deviations, that in some cases lead to a sign change of the acoustic force, are 

attributed to the resonances of a sphere.45,74,153  

Numerical results for dimensionless energy densities in solid and fluid clearly 

show that this is true for PMMA particle undergoing spheroidal resonances. There 

are simple phase-shift expansion based theories that predict the first sign change 

and deviation from the small particle approximation assuming inviscid acoustic 

standing waves.154 

Since the vibrations of the particle surface become larger in magnitude in a high 

frequency, an increase in viscous damping in the acoustic boundary layer is expected 

to affect the quality factor of the resonance. 
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Figure 4.8: Plot of dimensionless natural frequencies versus PMMA particle radius a. (a) 

breathing mode: solid line represents free vibrations and the dotted line shows analytical 

solution for a submerged particle matching the scatter plot showing numerical results. 

(b) spheroidal modes: lines represent free particle vibration and the scatter shows FEM 

results obtained for a solid sphere in water. 
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Figure 4.9: Plots of acoustic contrast factor 𝜱, damping factor 𝝓 and normalized energy 

density  𝑬5 versus normalized particle size 𝒂7. Each vibrational resonance is shown by a 

peak in  𝑬5𝒔𝒍 = 𝑬À𝒂𝒄𝒔𝒍 × ?𝒎𝒂𝒙?𝑬À𝒂𝒄𝒔𝒍 @@
)𝟏

 and 𝑬5𝒇𝒍 = 𝑬À𝒂𝒄
𝒇𝒍 × �𝑬𝟏𝑫

𝒇𝒍 �
)𝟏

. 
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3. Resonance-induced acoustic contrast factor of soft particles 

So far, we have analyzed resonances of a solid sphere and their effect on PMMA 

particles that classically are known to have a positive acoustic contrast factor. In the 

case of a neutrally buoyant particle 𝜌>" = 𝜌!", the dipolar scattering is inhibited. If 

we assume our 10μm particle is virtually incompressible155,156 and has equal 

compressibility 𝜅>" = 𝜅!"  to water, the acoustic contrast factor from commonly 

used Gor’kov formula is zero. However, by tuning the frequency to the first 

spheroidal resonant mode of particle S%I we show in figure 10 that the scattered 

fields from particle vibrations promote acoustophoresis on a relatively small particle 

with  𝑎¡ ≅ 0.03. 

This effect is not dependent on the geometrical placement of the particle along 

the wave axis and is rather a result of resonant vibration of the particle exciting the 

multipole mode of scattering. The sign of acoustic contrast factor and the overall 

force field changes as the excitation frequency passes the natural frequency of the 

sphere.  
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Figure 4.10: Colormaps of (a) acoustic radiation force field and (b) numerical contrast 

factor of a 10μm, virtually incompressible particle undergoing resonant vibrations along 

the wave axis. The particle is relatively smaller compared to the wavelength 𝒂 ≪ 𝝀𝒇𝒍. 
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Figure 4.11: Effects of spheroidal vibrations on acoustophoresis. (a)Logarithmic 

colormap of average acoustic energy density in the particle with respect to dimensionless 

compressibility 𝜿7 and size 𝒂7. The resonance bands signify spheroidal resonances. (b) 

logarithm of average energy density in the solid and numerical contrast factor plots versus 

𝜿7 for six values of 𝒂7. Relevant biological particles are listed on the top axis based on their 

compressibility. 
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We now can use the acoustic energy density in the solid to visualize spheroidal 

resonances on an array of generally soft materials with minimal compressibility. The 

colormap in Fig. 11 shows resonance bands for three separate spheroidal modes 

shown in Fig. 5. The particle size is fixed throughout this part of the study, 

therefore, larger 𝑎¡  represents higher actuation frequency and smaller acoustic 

wavelength 𝜆!" . The dimensionless compressibility �̃�  is a good measure for 

distinguishing neutrally buoyant particle-medium pairs. The resonance bands get 

weaker for higher order resonance modes and lower frequencies. Six equally spaced 

horizontal slices from the colormap are presented in Fig. 11(b) for closer inspection 

of acoustophoresis. 

The numerical contrast factor in each slice shows a fluctuation that is in sync 

with the particle energy resonances. 

Furthermore, there is a change in the sign of acoustophoretic force when the 

sphere hits the S%I  mode and the fluctuation grows in magnitude as the 

dimensionless particle size  𝑎¡  increases. The effect of higher order resonant 

vibrations S,I  and SZI  are not as noticeable when the particle is quite small 

compared to the wavelength. To emphasize the relevance of this effect on 

acoustofluidic systems, we include a list of biological materials with properties 

obtained from recent experimental research. 157–159 
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D. DISCUSSION 

We present a 3D numerical method (Fig. 3) as a tool for visualization, analysis 

and understanding of acoustophoresis beyond the monopole and dipole scattering 

(Fig. 2) and the point particle assumption. Our model captures the essence of fluid-

solid interaction including the viscous and elastic damping effects. This approach is 

not limited to simple geometries or acoustic fields and it serves as a basis for design 

of acoustofluidic systems and engineered multi-particle assemblies that want to 

exploit resonant particle vibrations on top of device resonances.74,152,160  

Distinction between spheroidal and breathing vibrational modes (Fig. 5), based 

on transverse and longitudinal speeds of sound (Fig. 7), is essential in material 

selection and defining target frequency ranges. Particles used in acoustofluidics are 

commonly more rigid and their resonances do not coincide with that of the Bulk 

Acoustic Wave (BAW) devices.83,147 However, recent studies have shown that 

Surface Acoustic Wave (SAW) devices that operate at higher frequencies are 

reasonably able to use particle resonances to manipulate and separate particles of 

identical size and similar material properties.161,162  

To benefit from low MHz, strong resonances and simplicity of BAW devices 

for handling resonant particles, we have chosen to study soft, neutrally-buoyant 

particles with a low transverse-longitudinal sound speed ratio. Breathing mode 
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resonances happen at larger frequencies for virtually incompressible materials 

because of large values of longitudinal speed of sound. On the other hand, soft 

particles with smaller transverse wave speed are more likely to experience 

spheroidal resonances within the optimal frequency range of BAW acoustofluidics 

(Fig. 1).157,163,164 The manipulation range across standing waves is no more than a 

quarter of a wavelength. Therefore, we focus on developing design rules for 

particles with  𝑎® < 0.25  that undergo spheroidal resonances. Also, presence of 

viscous fluid and frequency-based damping in the boundary layer significantly 

reduce the natural frequencies, leading us to use numerical methods guided by the 

naïve scaling argument  𝑎®?~𝑐>9:3𝑐@A:5
5=. The results indicate the significance of particle-

resonance induced acoustic scattering on acoustophoresis when density and 

compressibility contrast are negligible (Fig. 10) between the fluid and particle. This 

is of great importance to cell and hydrogel manipulation and sorting 

applications.165,166 

The high amplitude of acoustic scattering from resonant particles is the reason 

behind significant fluctuations of numerical contrast factor (Figs. 9-11), especially 

when higher order multipole radiation is the only scattering mechanism. Figure 11 

shows that scattered fields get stronger as the wavelength of background field 
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decreases, which is a property of Rayleigh scattering167 and it’s more pronounced in 

the simplest spheroidal mode S=B. 

 The acoustophoresis sign change is due to the phase shift of scatter with respect 

to the incident field when passing resonance. In simpler terms, incident-scatter 

wave interaction changes from a destructive to a constructive one, or vice versa, 

when crossing resonance.168 This property is suitable for boosting the contrast 

factor and differentiating particles of identical size when difference in their material 

properties is incremental. Our approach lays the foundation for upgrading efficient 

numerical methods51 to study eigenfrequencies of particle suspensions. We may find 

resonant acoustic scattering frequencies and fine-tune acoustofluidic devices to 

apply amplified acoustophoresis due to particle vibrations. 

Establishing particle resonance as a design parameter in acoustofluidics is a first 

step towards using engineered particle resonances in conjunction with fluid, solid 

or whole device resonances.169–171 It is important to calculate viscous damping 

factors with 3D numerical methods, for predicting the attainable forces, quality 

factor and the time to reach resonance. These are crucial parameters for design of 

cell and particle manipulation in acoustofluidic devices. Given the fine nature of 

particle resonance frequency bands, their effect on acoustophoresis is a suitable 

alternative for manipulation172, filtering173 and separating174 of equally sized soft 
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particles through label-free, fully mechanical methods in simple devices. For 

example, there are a subset of cancerous cells that show a slight change in stiffness 

compared to their healthy counterpart.158,175,176 This allows them to migrate more 

efficiently177,178 and changes their natural vibrational frequency. In this case, 

resonance frequency is a mechanical factor that amplifies the difference in 

acoustophoresis of healthy versus cancerous cells. Designing and tuning 

acoustofluidic devices to exploit this effect has great potential in developing fine 

filters for particle separation and precise instruments for material characterization.  

 

E. CONCLUSION 

Spheroidal vibrations are an important acoustic scattering mechanism for a 

resonant particle45 and 3D numerical simulations are capable of resolving this 

complex interaction. Breathing and spheroidal resonances are categorized primarily 

by the longitudinal and transverse speed of sound of the particle material. 

Simulations match previously reported seminal work140,142  showing that natural 

frequencies of submerged particle versus free particle are reduced by more than 25 

percent, due to loading and viscous damping of the fluid. These resonant modes 

increase damping factors by orders of magnitude and affect acoustophoresis of the 

microsphere when the acoustofluidic excitation matches the particle’s resonance 
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frequency. The optimal frequency of BAW acoustofluidics is in the low MHz range, 

where a 10μm particle is relatively small compared to the acoustic wavelength. 

Spheroidal modes may be excited in this acoustofluidic frequency range and length 

scale for neutrally-buoyant, nearly incompressible microspheres in water-based 

buffers. 

Key insight of this work is that acoustic scattering from a particle is amplified 

when the following conditions are met; (1) excitation of the first fundamental 

spheroidal mode S=B in (2) soft, neutrally-buoyant particles, (3) with a low transverse 

to longitudinal sound speed ratio. This amplification leads to a potential boost in 

radiation force by orders of magnitude. The effect of particle resonance on 

acoustophoresis is determined by constructive or destructive interference patterns 

of incident and scattered acoustic fields. This results in fluctuation of acoustic 

contrast factor around predictions of ideal-fluid theory. These findings highlight 

the importance of particle resonances as a contributing design variable and 

complementing parameter in engineering of acoustofluidics. This result is 

particularly relevant for 3D bio-printing and lab-on-chip applications with interests 

in gentle and precise handling of biological particles or hydrogels. 

State of the art acoustofluidic instruments can be tuned to examine this 

spheroidal resonance effect on soft, neutrally-buoyant particles.179 Numerical 



Chapter Ⅳ: Acoustophoresis of a resonant microparticle 

 152 

methods are commonly used to design resonant wave generation in acoustofluidic 

devices.78 It is advantageous to consider device and particle resonances 

simultaneously as design parameters for resonant acoustic wave scattering. This 

design concept enables resonating particles to be engineered and exploited for 

acoustofluidic applications with higher levels of control and precision. 
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Chapter Ⅴ: Numerical study of acoustic radiation 

force and torque on non-spherical microparticles 

Ultrasonic acoustophoresis is used to manipulate microparticles in 

acoustofluidic devices. Particle translation is a result of acoustic radiation force 

which is defied by the viscous drag on the particle surface. Additionally, non-

spherical suspended objects experience acoustic radiation and viscous torques that 

induce rotation. Micro-disks and rods experience up to forty percent higher acoustic 

radiation compared to microspheres of similar volume. Numerical simulations of 

acoustic radiation force and torque on these non-spherical particles show that they 

rotate to reach a single preferred orientation. Controlling particle orientation adds 

a degree of freedom to acoustophoretic manipulation. This also informs assembly 

patterns of non-spherical microparticles. The demand for alignment and control of 

non-spherical particles is high in fields like 3D printing, bio-particle patterning, as 

well as development of valves, micro-motors, stirrers and other lab-on-chip 

applications. Analytical solutions of acoustic radiation force and torque cover 

simple geometries with assumptions for acoustic scattering limited to monopole 

and dipole fields. Experimental body of work on acoustophoresis of non-spherical 

objects is often aimed at development of specific composite materials and less 

focused on fundamentals of acoustic manipulation. By using Finite Element 
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Method to solve for acoustic fields, simulations go beyond these limitations. This 

work uses numerical simulations to determine effects of particle shape and 

orientation on acoustophoretic force and torque. These results are used to 

characterize alignment of non-spherical microparticles and assembly of 

microstructures. 
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A. Introduction 

Ultrasonic standing waves apply a torque in addition to forces on non-spherical 

particles. This so-called acoustic radiation torque was studied analytically by 

Maidanik180 (1958) and it has been developed for various scatter shapes and sound 

fields through mathematical and numerical studies149,181–186. Acoustic radiation 

torque plays an important role in acoustophoresis, which could induce the spinning 

rotation of particles on their own axes.  

Affecting a small number of particles, acoustical tweezers have been widely 

applied in physics, biology, and biomedical and medical fields4,187–190. On a larger 

scale, acoustic manipulation and assembly has a wide range of applications life 

sciences, 3D printing and development of composite materials by using ultrasonic 

standing waves57,191–196. Applying acoustic force is a label-free method for 

controlling the location of a large number of particles contingent upon proper 

design of acoustofluidic devices147197. The ability to control particle orientation and 

alignment creates an added layer of complexity to acoustically assembled 

microstructures.  

The lack of an inclusive theoretical model for the acoustic radiation torque 

exerted by an arbitrary wave upon an object of arbitrary size and shape provides 

the impetus to tackle this problem with numerical methods. Numerical models are 
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suitable to be applied to any number of particles, regardless of shape or wave form. 

Therefore, a time-dependent model can be informed by the time harmonic 

acoustophoretic force and torque fields. Development of a complex microstructure 

is predictable by using the numerically calculated location and orientation of 

microparticles over time.  

In this chapter, we give a brief explanation of the setup of our well-established 

numerical method. We calculate acoustic force and torque on particles with a large 

range of anisotropic shapes. We compare results of our model with existing models 

for predicting particle orientation and provide explanation for any discrepancy198. 

Finally, the effect of particle shape and orientation are combined to study the 

assembly of micro-disks and micro-rods in a standing acoustic wave field. 

 

B. Methods 

The theoretical and numerical methods used in this chapter are similar to the 

ones in the previous one. The notable addition is that the particles are assumed to 

be geometrically anisotropic. In addition, their motion in a viscous fluid (water) is 

resolved numerically by using fluid-solid interaction equations in a time-dependent 

solver. 
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The acoustic radiation force stems from the non-linear nature of the Navier-

Stokes equation which governs the physics of fluids. Generation, propagation and 

scattering of standing acoustic fields are simulated using a perturbation expansion 

of the continuity and Navier-Stokes equations. Small (relative to the wavelength) 

suspended solid particles in a fluid scatter the incident acoustic wave as the fluid-

solid interaction takes place at the acoustic-structure boundary. 

The analytical calculations of time averaged acoustic radiation forces and 

torques, although very efficient, are bound by simple particle geometries and 

background pressure fields. These calculations often miss the necessary flexural 

vibrations that are especially important when working with high aspect ratio 

particles. By developing numerical simulations of the acoustic scattering from a 

solid body, we may calculate the acoustic radiation force, 𝐅PQR and torque, 𝐓PQR on 

a particle of arbitrary geometry in any pressure field. This is done by integrating the 

time-averaged total pressure and momentum flux on the particle surface 𝜕	𝛺, 

𝐅?�XPQR = −� d𝐴 �4T
!"

,
〈𝑝,〉 − (!"

,
〈𝐯 ⋅ 𝐯〉5 𝐧b + 𝜌!"〈(𝐧b ⋅ 𝐯)𝐯〉�
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In the numerical model, radiation force and torque are calculated from the 

momentum flux on each surface element. We compare results of this method to a 

rough estimation previously used by Yamahira et al.(2000)198, where the particle is 

represented as a clump of small spheres and the expression of the acoustic radiation 

pressure on a small sphere from Yosioka and Kawasima45 was applied. In this case, 

the total torque is the sum of torques applied by individual spheres with respect to 

the center of gravity. 

𝐓`>U,CPQR =ô4𝑧: − 𝑧µY5 𝐅A)
PQR − 4𝑥: − 𝑥µY5 𝐅D)

PQR
G

:�%

.	 (5.2) 
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Figure 5.1: FEM numerical approach (left): the resolved incident and scattered acoustic 

fields acting on the arbitrary-shaped particle’s surface 𝝏𝛀 . The vector 𝐫  denotes the 

distance from the particle’s center of gravity 𝐂𝐠 to the surface. The rough estimate model 

(right): shows the particle approximated as a clump of small spherical particles. The 

distance from the collective center of mass to each particle is shown as 𝐫𝒊. 

 
The general behavior of a non-spherical particle in a standing wave node can be 

roughly estimated with these simple approximations but the accurate calculation of 

the torque is not possible149. The applied Gor’kov theory is only valid at the long 

wavelength limit for a single spherical particle in an ideal fluid. The interaction 

between neighboring spheres is not considered and the complex vibrations of the 

particle will result in a non-trivial scattering field compared to a single sphere. 
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We solve the damped governing equations subject to boundary conditions 

presented above using the finite element solver COMSOL Multiphysics 5.6 

(“COMSOL Multiphysics Modeling Software,” U. S. A.). Calculating the pressure 

and displacement fields in the relevant domains on a three-dimensional grid made 

up of second order elements with more than a million degrees of freedom. Grid 

independence was established using a series of simulations similar to Ref.147. 

The non-spherical particles are placed within a 3D background standing wave 

field to produce acoustic scattering and facilitate the calculation of radiation force 

and torque. The outer boundaries of fluid are Perfectly Matched Layers, avoiding 

any unwanted reflections back into the acoustic domain. With this method we 

capture the acoustic radiation from any incident pressure field on any number of 

particles regardless of position, geometry and material properties, including the 

interparticle interactions that arise from scattered fields and boundary layers. The 

material properties used for simulating silica particles in 25℃ water are listed in 

Table 5.1.  
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Table 5.1: List of parameters and material properties used in the simulations. All values 

taken from references are assumed at 25℃. 

Parameter Symbol and value Unit 

Water parameters: 78,108 

Speed of sound 𝑐!" = 1500 m s-1 

Density 𝜌!" = 998 kg m-3 

Dynamic viscosity 𝜂!" = 0.89 mPa	s 

Bulk viscosity 𝜂�!" = 2.485 mPa	s 

Estimate loss factor 𝜑¡!" = 0.005  

Pyrex parameters: 46,111 

Density 𝜌Y� = 2240 kg m-3 

Young’s Modulus 𝐸Y� =(1 + 𝑖 0.0004) 60 GPa 

Poisson’s ratio 𝜈Y� = 0.245  

 

To analyze the effect of non-spherical particle’s shape, the volume of all particles 

is assumed to be equivalent to that of a 10μm diameter sphere. As a result of this 

normalization, the geometry of the particle can now be summarized by its aspect 

ratio. The aspect ratio is defined as the ratio between the cylindrical particle’s length 

to its diameter �
�
. From this point on, the particles with �

�
> 1 are simply referred 
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to as micro-rods and for micro-disks �
�
< 1.  The orientation of the particle is 

defined by the angle 𝜃  between the particle axis of symmetry and the wave 

propagation axis. 
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Figure 5.2: Sketch of the numerical domain surrounded by a PML to avoid acoustic 

reflections into the domain. The background pressure field is a standing half-wave with 

pressure amplitude 𝒑𝐚 = 𝟏𝟎𝟎	𝐤𝐏𝐚 and the node in the middle. The two types of particles 

are presented as disk/flake on top and rod/fiber on the bottom. The angle 𝜽 is shown 

increasing between the particle’s axis of symmetry  𝝌f and the wave axis. 
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4. Results and discussion 

In this section, the results of numerical simulations for acoustic radiation force 

and torque are presented for non-spherical particles. Contour plots are the method 

of choice for inclusion of particle orientation and location in one colormap that 

represents acoustophoretic values.  

We begin by examining the case of a thin micro-disk with aspect ratio �
�
= 0.1 

and a long micro-rod of aspect ratio �
�
= 10. Non-spherical particles are compared 

to a 10μm sphere with  𝑎¡ ≪ 1 in a standing wave with 𝜆!" = 1600µm. Figure 5.3 

shows that the anisotropic particles experience higher acoustic radiation force 

compared to sphere. In addition, this increased force is non-uniform depending on 

the orientation of the particle with respect to the wave axis. 

Micro-disks experience maximum acoustophoresis when 𝜃 = 0  while 

microrods reach peak acoustophoresis with 𝜃 = ± F
,
. This result correlates with 

increased scattering due to maximized exposed surface to the wave in these 

orientations. Scattering from a sphere is not affected by the orientation as a result 

of azimuthal symmetry. Therefore, unlike anisotropic particles, acoustic radiation 

on a sphere is only dependent on particle’s placement along the wave axis.  
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Due to conservation of sinusoidal behavior of acoustic radiation force for all 

three types of particles, we reduce the order of Figure 5.4 by extracting the 

numerical acoustic contrast factor. This is done by dividing the numerical radiation 

force by the local acoustic energy, wave number and equivalent spherical particle 

volume, 

Φ?�X =
� d𝐴 B@𝜅

!"

2 〈𝑝,〉 − 𝜌
!"

2 〈𝐯 ⋅ 𝐯〉A 𝐧b + 𝜌!"〈(𝐧b ⋅ 𝐯)𝐯〉C
&S

4𝜋	𝑎Z	𝑘	𝐸%k!" sin(4𝜋	𝑥¡	)
 

(5.3) 

 

We continue by presenting simulations of an array of micro-disks and micro-

rods in a quiescent fluid with acoustic background pressure. Figure 5.4 shows non-

dimensionalized acoustic contrast factor  Φö = �4Z[
�

 . Examining the trends in 

acoustic radiation force, a clear deviation from spherical case is observed due to 

particle geometry. This trend correlates with the surface area of the scattering body. 

It’s notable that the non-dimensional contrast factor converges to Φö = 1 for all 

anisotropic particles with aspect ratio �
�
= 1, regardless of the orientation. This 

shows that there is virtually no difference in acoustophoresis of microspheres or 

low aspect ratio non-spherical particles. In Figure 5.4 angles between 𝜃 = 0 − F
,
 

are included and the rest can be extrapolated by symmetry. 
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Figure 5.3: Colormap of radiation force along the x axis for (a) a thin micro-disk 𝒍
𝒅
= 𝟎. 𝟏, 

(b) a 10μm sphere and (c) a long micro-rod 𝒍
𝒅
= 𝟏𝟎. The vertical axis represents the 

orientation of particles and the particle’s location is presented on the horizontal axis. 
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Results of Figure 5.4 show the dependency of acoustic radiation force on the 

shape and orientation of the particle. The values of Φö  define the force field 

throughout the pressure field. The radiation force contributes to the translation of 

the particle in the fluid. The orientation of the particle proves to increase the 

acoustophoresis of micr-rods by up to 10% and 40% for micro-disks. This 

information is important for design of precise acoustic patterning and particle 

handling. 

In addition to acoustic radiation, the viscous drag on the particle is affected by 

the moving particle’s shape and orientation. In a dynamic analysis of 

acoustophoretic manipulation, the torques on the particle play a crucial role in 

determining particle orientation. Similar to acoustic radiation, the values of viscous 

drag are higher on a particle with larger cross sectional area in the plane normal to 

the acoustophoresis axis (x axis in Figure 5.2).  
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Figure 5.4: Influence on the acoustic radiation force of a 3D glass non-spherical particle 

depending on the shape and orientation 𝜽; Non-dimensional acoustic contrast factor  𝚽5  

versus particle aspect ratio 𝒍
𝒅
 for a series of orientation angles 𝜽 of non-spherical particles. 

Each point on the plot represents the contrast factor of a particle in a standing wave. 

Particles with aspect ratios larger than one are rods and aspect ratio smaller than one 

denotes disk-shaped particles. In all simulations, the volume of the particle is equal to a 

10μm sphere placed in a 𝝀𝐟𝐥 = 𝟏𝟔𝟎𝟎𝛍𝐦 standing wave. 
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The acoustic radiation torque needs to be calculated to determine the orientation 

of a particle under acoustophoresis. For the development of rotational acoustic 

manipulation, it is of interest to know the equilibrium position and positions of 

maximum torque. The approximate method of Eq. (5.2) is very simple to 

implement. It can be applied to non-spherical particles with little need for 

computational power. On the other hand, we can produce accurate results for 

acoustic scattering using the numerical method of resolving fluid-solid interaction. 

However, numerical methods can be computationally expensive and depend heavily 

on the discretization and the setup. Deep understanding of the physics and 

mathematical limitations of numerical methods is necessary for reliable 

development of these analyses. 

The numerically calculated acoustic radiation torque of Eq. (5.1) is derived from 

first principles and can be applied to any particle shape. This includes particle 

vibrations beyond monopole and dipole scatter. Complex 3D flexural modes of 

vibration are especially important in scattering fields on non-spherical particles.  

We cannot predict the dependency of acoustic radiation force on particle shape 

(Figure 5.4) by the “particle clump” method (Figure 5.1). This is because we have 

assumed the volume to remain unchanged between spherical and non-spherical 

case. Therefore, taking the sum of forces of small spheres will yield acoustic 
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radiation force on a sphere of designated volume. Figures 5.3 and 5.4 clearly show 

that this result is not accurate for non-spherical particles.  

To examine the value of Finite Element model, we compare results of acoustic 

radiation torque calculated by the approximate methods versus the numerical 

simulations. These results are presented in Figure 5.5, showing that the approximate 

models predict much smaller values for acoustophoretic torque compared to the 

numerically calculated values. The sign convention for the torque follows the right-

hand rule according to the coordinate system shown in Figure 5.2. 

The sign change around g
�

 is the important discrepancy between the FEM 

calculations for acoustic radiation torque and the approximations. As a 

consequence, the stable orientation of non-spherical particles are not accurately 

calculated without numerical simulations. However, at the pressure node 𝑥 = 0, 

the approximate method predicts similar preferred orientation. It is noted that 

particles with positive contrast factor are attracted and accumulated at the pressure 

nodes. This finding is important in designing acoustophoretic particle assemblies 

using non-spherical particles. 
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Figure 5.5: Colormap of numerical results of acoustic radiation torque on non-spherical 

pyrex particles. The various orientations are identified on the vertical axes by the angle 𝜽 

and the particle’s position along the x axis represented on the horizontal axes. On the left 

column: for a micro-disk with aspect ratio 𝒍
𝒅
= 𝟏

𝟐𝟎
, 3D FEM results are shown on top and 

the results from the approximate method are shown on the bottom. On the right column: 

same as the left column but for a micro-rod with aspect ratio 𝒍
𝒅
= 𝟏𝟎. The stable position 

and orientation for disk are shown by a white dot. The preferred orientations for the rod 

are highlighted by the black dots. 	

 

Figure 5.6 shows preferred orientations of a disk shaped micro-particle under 

acoustophoretic torque. These orientations are determined when the acoustic 

torque is near zero and the sign change is such that the particle is at stable 
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equilibrium. For example, for a disk at the pressure node, when the angle 𝜃 = 0 

counter-clockwise rotation of the particle (increasing 𝜃) is met by a positive acoustic 

torque rotating the particle back to its preferred orientation. Similarly decreasing 𝜃 

leads to a negative torque pushing the particle back in the counter-clockwise 

direction. This makes 𝜃 = 0  a stable orientation for disks while 𝜃 = ± F
,

 are 

unstable since the acoustic radiation torque pushes the back to the stable 

orientation. For rods a similar explanation may be given to designate 𝜃 = ± F
,
 as 

stable preferred orientations. Figure 5.6 gives an overview of stable and unstable 

particle orientations of a micro-rod under acoustophoresis. In both cases, the stable 

orientation coincides with the largest cross-sectional area of the particle exposed to 

the 1D wave propagation axis. The unstable orientations of minimal acoustic 

radiation torque are correlated with the smallest projected area of scatter on the y-z 

plane. 
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Figure 5.6: Equilibrium positions of a micro-disk with 𝒍
𝒅
= 𝟏

𝟐𝟎
 in a 1D acoustic field. The 

dotted black line shows the stable preferred orientation at 𝜽 = 𝟎 . The beige liens 
represent orientations of unstable equilibrium. Schematic of particle is given on the left 
for clarifying the geometry with respect to the wave propagation axis x. The projected 
area on the y-z plane divided is plotted on the left side as the ratio between a non-spherical 
particle and a 10μm sphere. The magenta vertical line denotes values equal to one.  

 

Figure 5.7: Same as Figure 5.6 but for a micro-rod with 𝒍
𝒅
= 𝟏𝟎. 
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Patterning microparticles in acoustofluidic devices relies on aggregation of 

particles and assembly of microstructures. The translational motion of non-

spherical microparticles combined with rotation causes a viscous drag when moving 

through a fluid. To study the generation of these structures, we use time-dependent 

numerical simulations of two particles in a viscous acoustic field. One particle is 

fixed at the node in the stable preferred orientation while another identical particle 

moves towards the nodal microparticle. The effects of shape and initial position 

and orientation of the particle are presented in Figure 5.8. 

Analyzing Figures 5.4 and 5.5 shows that thin micro-disks experience higher 

acoustic radiation force and torque compared to spheres and fibers. This is 

contingent on the particle being at its preferred angular position. The balance of 

opposing radiation and drag forces and torques creates a dynamic situation that can 

be observed in figure 5.8. The time to align to the preferred orientation in a moving 

particle is dependent on the radiation torque and the viscous torque. The flow 

around the particle acts in the negative direction of acoustophoresis and this leads 

to delays in particle rotation. For a micro-disk, the time it takes for a moving particle 

to reach the close vicinity of the fixed particle is shorter than the time required for 

the particle to reach its preferred orientation. Intuitively, this is a hurdle to 

alignment of thin disks when a large number of particles are subject to 
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acoustophoresis. Here the effects of viscous drag overcome the radiation torque 

mainly due to the large projected surface of micro-disks. The radiation torque also 

scales with the increase in the scatter area, but so does the radiation force. Increased 

radiation force results in faster movement through the fluid and therefore higher 

viscous drag torque on the particle. This reduces the time of particle aggregation 

while it increases the factors that hurdle particle rotation and increases the 

alignment time.  
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Figure 5.8: Simulated time of alignment and aggregation of (a) micro-disks with 𝒍
𝒅
= 𝟏

𝟐𝟎
 

and (b) micro-rods 𝒍
𝒅
= 𝟏𝟎  from initial positions 𝒙𝐢  and initial orientation 𝜽𝐢 . The 

particles are aggregated when the distance to the nodal line is 𝒙𝐟 =
𝝀
𝟐𝟓

 and the alignment 

is achieved when 𝜽𝐟 = 𝟎. 𝟗𝟗	𝜽𝐬𝐭𝐚𝐛𝐥𝐞 for micro-disk or micro-rod. 
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Long rods in Figure 5.8 are subject to less acoustic radiation force and torque 

compared to the thin disks. However, the projected area of micro-rod is 66% 

smaller than a micro-disk in their acoustophoretic preferred orientation. This results 

in much lower viscous torque and drag on the particle which in turn leads to the 

alignment of rods to precede their aggregation. This is a very desirable quality in 

particle packing and assembly, especially for 3D printing and creation of 

functionalized composite materials.  

The aggregation is heavily affected by the particle-particle interaction acoustic 

radiation (Bjerknes force). Following the scaling of chapter 3, we assume particle to 

be aggregated when they reach a distance of g
,d

 from the nodal line. This is an 

arbitrary threshold where the inter-particle repulsive forces have a significant 

contribution to the acoustophoretic field. This effect is dependent on many 

geometrical factors and the study of secondary forces are out of the scope of this 

work. We define good particle packing as close aggregation of stably and uniformly 

aligned particles along the nodal plane. These are the qualities that are satisfied by 

micro-rods of Figure 5.8. It is noteworthy that the viscous drag scales with the 

length of micro-rod and it slows down the alignment for longer rods. Therefore, 

there is an optimal size and geometry for non-spherical particles that guarantees 

good alignment and packing. 
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C. Conclusions 

The acoustophoresis of non-spherical particles with identical volume proves to 

be dependent on shape and orientation with respect to the wave propagation axis. 

Additionally, acoustic radiation torque rotates particles to a stable equilibrium 

orientation with maximum radiation force and the largest projected scatter area. 

This is accurately captured by FEM simulations while approximate methods198 do 

not capture the nature of acoustic rotation of particles. The analytical solutions for 

the acoustic radiation torque on a non-spherical object are limited to simple cases 

such as a rigid ellipsoid199. Numerical methods are well-suited to calculate acoustic 

radiation force and torque on particles of arbitrary shape in any acoustic pressure 

field. 

Non-spherical particles with dimensions much smaller than the acoustic 

wavelength (𝑙	and	𝑑 ≪ 𝜆!") experience up to 40% higher radiation force depending 

on their aspect ratio. These particles are used for development of microparticle 

patterning and assembly systems. Acoustic manipulation follows a 𝜏QW~1µs time 

scale which is much smaller than the microfluidic inertial time scale 𝜏7? =

(!"E%

2!"
~1ms. Numerical time-dependent simulations show the complex interplay 

between the opposite forces and torques caused by acoustic and viscous effects. 

Packing of non-spherical particles is a result of acoustophoretic translation and 
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rotation both of which are boosted by shapes deviating from a spherical particle. It 

is shown that good, densified particle packing is achieved if the time to align to the 

stable position is shorter than the time it takes for particles to reach the nodal plane.  

In future studies, it would be interesting to examine particles’ vibrational 

resonances and their effects on acoustic radiation force and torque. Manipulation 

of soft biological material would be of interest to fields such as organ-on-chip and 

bio-3D-printing. Here, organized assembly of collagen fibers200,201 or 

cardiomyocytes202,203 are crucial for high-fidelity creation of living structures.  
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Chapter Ⅵ: Conclusions and Outlook 

The fundamental objective of this study was to gain a clearer view and more in-

depth understanding of underlying physics of acoustophoresis in the context of 

acoustofluidics. Microparticle manipulation using ultrasound was studied to 

develop validated design concepts for asymmetric devices. In addition, spheroidal 

resonances were characterized and their significance as an acoustic scattering 

mechanism was demonstrated in terms of acoustophoresis. Lastly, non-spherical 

particles were studied to show the effects of particle shape on acoustophoretic 

manipulation and assembly of microstructures. 

Numerical simulation provides easy access to physical acoustic fields making it 

a suitable method for gaining detailed understanding of physical effects in 

acoustofluidic particle manipulation. In comparison, analytical methods are limited 

by the geometry and physical complexity of many problems relevant to real life 

applications. On the other hand, experimental methods suffer from lack of 

characterization, spatial resolution and visualization of key elements. Furthermore, 

the heavy effort and expenses required by experimental research may be avoided 

by taking a numerical approach to design, development and characterization of 

acoustofluidics. By taking this approach, experiments can serve as a validation 
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technique to be used more effectively in time of need rather than a regular step in 

the analysis process. 

The numerical models used throughout this thesis have been established based 

on the acoustic fluid-structure interaction which is at the core of acoustofluidic 

wave generation, propagation and scattering. This concept is applied to develop 

robust simulations from first principles to study multi-component devices and 

single particles regardless of geometry. In most cases, the acoustofluidic effects 

prove to be difficult to explain and counterintuitive, yet they appear simple at a first 

glance. The biggest contributor to this difficulty is the complex interplay between 

various solid and fluid components in acoustofluidics. The resonance-based nature 

of acoustofluidics operation adds to the sensitivity of this highly interdependent 

system. Effective acoustophoretic manipulation techniques are characterized and 

designed by thinking in terms of energy, frequency and vibration. 

Design of highly effective and efficient asymmetric devices leads to orders of 

magnitude higher forces and control in microparticle acoustophoresis. This is the 

topic of chapter 3, where numerical simulations are used combined with efficient, 

targeted experiments to prove this concept. This emphasizes the importance of 

vibrations on creating high energy acoustic resonances. This is directly linked to 

scattering from single particles. Similar to scattered pressure waves from the walls 
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of a microchannel, acoustic scattering from a single particle has the potential to be 

the dominant source of acoustophoresis. In particular, for neutrally buoyant 

particles made of soft materials, spheroidal resonances create acoustic contrast 

factors orders of magnitude larger than what is predicted based on monopole and 

dipole scattering. 

Given the strong, controlled acoustic fields of asymmetric devices, the capacity 

of acoustofluidic devices for particle manipulation is increased. This means that 

denser particle solutions may be manipulated to form microstructures. Alignment 

and packing of non-spherical is an important feature of acoustofluidic manipulation 

for applications in additive manufacturing and particle patterning. Numerical 

studies show that non-spherical particles may experience higher acoustic radiation 

forces. The viscous drag and acoustic radiation apply forces and torques on these 

particles during the manipulation process. This affects the quality of alignment and 

microstructures made by acoustofluidics. Numerical simulations are suitable for 

predicting the (1) multi-body dynamics of acoustophoretic particle manipulation 

and (2) microstructure assembly. 

The developed simulations are an integral result of this work and they provide 

a useful Multiphysics framework for development of innovations and ideas in the 

field of acoustofluidics. The models can be modified to include new geometries, 
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inter-particle interactions and various cases of resonant fluid-solid interaction. 

Individual conclusions are included at the end of chapters 3, 4 and 5 for the 

asymmetric devices, resonant particles and non-spherical particle acoustophoresis. 

In the following, an overall conclusion is provided based on what the author has 

learned. 

Numerical Simulations are only as good as their developer. Especially, in 

fields like acoustofluidics where the problem is composed of many stiff components 

with multiple time and length scales. Knowledge of numerical science and 

limitations of computational schemes is required to create suitable grids for efficient 

solution of the fully coupled governing equations. The micro-second time scale of 

ultrasound makes these solutions numerically expensive, especially on irregular 3D 

geometries. Currently, the perturbation theory approach is the most promising to 

solve acoustic fields and the radiation force. Caution is required when making 

assumptions and simplifications to a model such that the important underlying 

physics do not get omitted from the simulation. It is best to keep the simulations 

“as simple as possible, but not simpler.”-Einstein. A good example of 

oversimplifying is using symmetry or axisymmetric models; when these 

assumptions are extremely effective in reducing the computational load, they would 

fall short in cases where asymmetry is an inherent part of the physics. In many 
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aspects of acoustofluidic research, there is merit in including as many details as 

possible in the numerical simulations, because there might be an overlooked 

physical effect that comes to light which stimulates further discoveries. A good 

example of this is the effect of spheroidal vibrations on acoustic scattering and 

improved acoustophoresis of microspheres. 

Asymmetric devices have proven to be efficient and better suited to excite the 

so-called “odd modes” in acoustofluidic devices. The resonances that have an odd 

number of half-waves require a complex, yet anti-symmetric, motion of the cavity 

walls. Many different solutions were proposed to generate asymmetry in 

acoustofluidic chips. They all improve generation of standing half-waves by orders 

of magnitude compared to a symmetric device. The simplest and one of the most 

effective ways of including asymmetry in acoustofluidic devices is by placing the 

channel asymmetrically with respect to the outer walls of the chip. With this 

method, strong focusing and trapping potential is generated in the device without 

losing the ability to switch to strong “even” modes. This is an important 

characteristic for mode modulation and particle patterning which will be lost if the 

chip is excited with an antisymmetric slit-top electrode. In general, there are many 

configurations of transducer, chip and reflector that can be assessed.  
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But, keeping it simple is important in reproducibility and ease of execution when 

dealing with a variety of complex acoustofluidic effects. 

Acoustofluidic manipulation experiments prove the qualitative trends 

predicted by numerical simulations of asymmetric devices. However, multiple 

factors remain as sources of quantitative discrepancy. Frequency tuning to the 

resonance peaks in a lab setting is affected by environmental loss mechanisms 

mixed with imperfections in the fabrication and presence of an irregular matching 

layer. It is essential to calculate the viscous damping in the channel which is the 

biggest contributor to energy loss in acoustofluidics. Moreover, the inter-particle 

forces disrupt the trajectories of manipulated particles which decreases the accuracy 

of experimental energy estimation. It is important to consider the mode shape and 

magnitudes of acoustic fields over a range of frequencies to fully characterize 

resonances. 

Resonating particles have been overlooked and avoided for the most part in 

acoustofluidics. The effect of a resonant elastic sphere on acoustic scattering is 

calculated through cumbersome analytical methods for simplified conditions. The 

resonant mode shapes and their characteristics are defined clearly here with a clear 

message: Resonant multipole vibrations increase scattering and therefore acoustic 

radiation force on particles that have a small transverse to longitudinal sound speed 
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ratio. This is a concept that is gaining popularity in the experimental domain for 

sorting and separation applications. It gains important insight from numerical 

simulations that include viscosity, acoustic boundary layers and direct solutions of 

the acoustic-structure interactions. 

Acoustophoresis of non-spherical particle simulations show that preferred 

orientation is a characteristic of these particles. This has important implications 

when (1) packing is desired for a large number of particles or (2) control over 

rotation is required for creating delicate patterns. The effects of acoustic force and 

torque combined with viscous drag determine particle trajectories which are 

simulated in a time-dependent model. The results show that aggregation and 

alignment of particles are dependent on their shape and favorable packing is 

possible for particles that align before they aggregate. 

 

This work has used numerical methods to investigate acoustophoresis in 

acoustofluidic devices, resonant spherical particles and non-spherical particles. The 

following topics and ideas are worth considering as further investigations based on 

the principles developed in this thesis: 

Topology optimization combined with the current device simulation 

framework has the potential to tackle the complex fluid-solid interaction modes 
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required to create desired pressure fields. This is especially desirable in creating chip 

geometries that are realizable through 3D printing of polymers like PMMA. The 

concept of Whole-System Ultrasonic Resonance can be applied to asymmetric 

devices with optimized topology to generate resonant vibrating plates at the channel 

walls to address problems in acoustofluidics that currently constrain high fidelity, 

high resolution and high throughput acoustophoresis. 

Resonant inter-particle acoustophoresis would be interesting to study to see 

how secondary radiation force reacts to multipole scattering from resonating 

particles. Also, large resonant particles can be used as a source of acoustic 

generation for creating a hierarchical system of acoustophoresis for filtering and 

functionalizing small particles that are not affected by the current acoustofluidic 

techniques. 

Advanced non-spherical particle packing is a major problem to solve 

regarding 3D printing of functionalized material. Currently, the biggest hurdle is the 

computational cost and the fact that inclusion of effects like streaming can make 

the simulation very complex. The non-trivial time dependent nature of particle 

packing necessitates a numerical approach since there is no analytical solution to 

the multi-body problem. The investigation of packing and alignment of micro-

fibers and flakes leads to advancements in rapid production of functionalized 
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material that have a wide range of applications in 3D printing, bio-3D-printing, lab-

on-chip and organ-on-chip.  

At last, this thesis has to end here with the hope of leaving the reader with new-

found insight and stimulating growth. Afterall, “the concept of progress acts as a 

protective mechanism to shield us from the terrors of the future”. 

 



 189 

Bibliography 

1. Bruus, H. et al. Forthcoming lab on a chip tutorial series on acoustofluidics: 
Acoustofluidics - Exploiting ultrasonic standing wave forces and acoustic 
streaming in microfluidic systems for cell and particle manipulation. Lab on a 
Chip vol. 11 3579–3580 (2011). 

2. Lenshof, A. & Laurell, T. Acoustophoresis. doi:10.1007/978-94-007-6178-
0_423-2. 

3. Gor’kov, L. P. On the Forces Acting on a Small Particle in an Acoustical Field 
in an Ideal Fluid. Sov. Phys. Dokl. 6, 773 (1962). 

4. Wu, J. Acoustic Streaming and Its Applications. Fluids 3, 108 (2018). 
5. Suh, Y. K. & Kang, S. Acoustic Streaming. in Encyclopedia of Microfluidics and 

Nanofluidics 25–33 (Springer US, 2008). doi:10.1007/978-0-387-48998-8_12. 
6. Dual, J. & Möller, D. Acoustofluidics 4: Piezoelectricity and application in the 

excitation of acoustic fields for ultrasonic particle manipulation. Lab Chip 12, 
506 (2012). 

7. Kundt, A. Ueber eine neue Art akustischer Staubfiguren und über die 
Anwendung derselben zur Bestimmung der Schallgeschwindigkeit in festen 
Körpern und Gasen. Ann. der Phys. und Chemie 203, 497–523 (1866). 

8. Strutt, J. W. On the circulation of air observed in Kundt’s tubes, and on some 
allied acoustical problems. Philos. Trans. R. Soc. London 175, 1–21 (1884). 

9. Gorkin, R. et al. Centrifugal microfluidics for biomedical applications. Lab on 
a Chip vol. 10 1758–1773 (2010). 

10. Chen, G. D., Fachin, F., Fernandez-Suarez, M., Wardle, B. L. & Toner, M. 
Nanoporous Elements in Microfluidics for Multiscale Manipulation of 
Bioparticles. Small 7, 1061–1067 (2011). 

11. Mach, A. J. & Di Carlo, D. Continuous scalable blood filtration device using 
inertial microfluidics. Biotechnol. Bioeng. 107, 302–311 (2010). 

12. Di Carlo, D. Inertial microfluidics. Lab on a Chip vol. 9 3038–3046 (2009). 

13. Alnaimat, F., Dagher, S., Mathew, B., Hilal‐Alnqbi, A. & Khashan, S. 
Microfluidics Based Magnetophoresis: A Review. Chem. Rec. 18, 1596–1612 
(2018). 

14. Çetin, B. & Li, D. Dielectrophoresis in microfluidics technology. 



Chapter Ⅵ: Conclusions and outlook 

 190 

Electrophoresis 32, 2410–2427 (2011). 
15. Wang, X. et al. Enhanced cell sorting and manipulation with combined optical 

tweezer and microfluidic chip technologies. Lab Chip 11, 3656–3662 (2011). 
16. Yun, H., Kim, K. & Lee, W. G. Cell manipulation in microfluidics. 

Biofabrication vol. 5 022001 (2013). 

17. Dubay, R. et al. Scalable high-throughput acoustophoresis in arrayed plastic 
microchannels. Biomicrofluidics 13, 034105 (2019). 

18. Lin, S. C. S., Mao, X. & Huang, T. J. Surface acoustic wave (SAW) 
acoustophoresis: Now and beyond. Lab Chip 12, 2766–2770 (2012). 

19. Collins, D. J. et al. Two-dimensional single-cell patterning with one cell per 
well driven by surface acoustic waves. Nat. Commun. 6, (2015). 

20. Nordin, M. & Laurell, T. Two-hundredfold volume concentration of dilute 
cell and particle suspensions using chip integrated multistage 
acoustophoresis. Lab Chip 12, 4610–4616 (2012). 

21. Muller, P. B., Barnkob, R., Jensen, M. J. H. & Bruus, H. A numerical study of 
microparticle acoustophoresis driven by acoustic radiation forces and 
streaming-induced drag forces. Lab Chip 12, 4617 (2012). 

22. Hahn, P., Leibacher, I., Baasch, T. & Dual, J. Numerical simulation of 
acoustofluidic manipulation by radiation forces and acoustic streaming for 
complex particles. Lab Chip 15, 4302–4313 (2015). 

23. Schwarz, T., Petit-Pierre, G. & Dual, J. Rotation of non-spherical micro-
particles by amplitude modulation of superimposed orthogonal ultrasonic 
modes. J. Acoust. Soc. Am. 133, 1260–1268 (2013). 

24. acoustofluidics in Publications - Dimensions. https://app.dimensions.ai. 
25. Ward, M. D. & Kaduchak, G. Fundamentals of Acoustic Cytometry. Curr. 

Protoc. Cytom. 84, (2018). 
26. US9656263B2 - System and method to separate cells and/or particles - 

Google Patents. https://patents.google.com/patent/US9656263B2/en. 
27. Foresti, D. et al. Acoustophoretic printing. Sci. Adv. 4, eaat1659 (2018). 
28. Melchert, D. S. et al. Flexible Conductive Composites with Programmed 

Electrical Anisotropy Using Acoustophoresis. Adv. Mater. Technol. 4, 1900586 
(2019). 



Chapter Ⅵ: Conclusions and outlook 

 191 

29. Friedrich, L., Collino, R., Ray, T. & Begley, M. Acoustic control of 
microstructures during direct ink writing of two-phase materials. Sensors 
Actuators A Phys. 268, 213–221 (2017). 

30. Bruus, H. Acoustofluidics 7: The acoustic radiation force on small particles. 
Lab Chip 12, 1014 (2012). 

31. Sadhal, S. S. Acoustofluidics 13: Analysis of acoustic streaming by 
perturbation methods. Lab Chip 12, 2292–2300 (2012). 

32. Leibacher, I., Reichert, P. & Dual, J. Microfluidic droplet handling by bulk 
acoustic wave (BAW) acoustophoresis. Lab Chip 15, 2896–2905 (2015). 

33. Yeo, L. Y. & Friend, J. R. Surface Acoustic Wave Microfluidics. Annu. Rev. 
Fluid Mech. 46, 379–406 (2014). 

34. Lighthill, M. J. The Bakerian Lecture, 1961 Sound generated aerodynamically. 
Proc. R. Soc. London. Ser. A. Math. Phys. Sci. 267, 147–182 (1962). 

35. Pierce, A. D. Acoustics. Acoustics (Springer International Publishing, 2019). 
doi:10.1007/978-3-030-11214-1. 

36. Landau, L. d & Lifshitz, E. M. Fluid mechanics. vol. 6 (Oxford, 1987). 
37. Settnes, M. & Bruus, H. Forces acting on a small particle in an acoustical field 

in a viscous fluid. Phys. Rev. E 85, 016327 (2012). 
38. Karlsen, J. T. & Bruus, H. Forces acting on a small particle in an acoustical 

field in a thermoviscous fluid. Phys. Rev. E 92, 043010 (2015). 
39. King, L. V. On the acoustic radiation pressure on spheres. Proc. R. Soc. London. 

Ser. A - Math. Phys. Sci. 147, 212–240 (1934). 
40. Yosioka, K. & Kawasima, Y. Acoustic Radiation Pressure on a Compressible 

Sphere. Acta Acust. United with Acust. 5, 167–173 (1955). 

41. Doinikov, A. A. Acoustic radiation force on a spherical particle in a viscous 
heat-conducting fluid. I. General formula. J. Acoust. Soc. Am. 101, 713–721 
(1997). 

42. Doinikov, A. A. Acoustic radiation force on a spherical particle in a viscous 
heat-conducting fluid. II. Force on a rigid sphere. J. Acoust. Soc. Am. 101, 722–
730 (1997). 

43. Doinikov, A. A. Acoustic radiation force on a spherical particle in a viscous 
heat-conducting fluid. III. Force on a liquid drop. J. Acoust. Soc. Am. 101, 731–
740 (1997). 



Chapter Ⅵ: Conclusions and outlook 

 192 

44. Danilov, S. D. & Mironov, M. A. Mean force on a small sphere in a sound 
field in a viscous fluid. J. Acoust. Soc. Am. 107, 143–153 (2000). 

45. Hasegawa, T. & Yosioka, K. Acoustic‐Radiation Force on a Solid Elastic 
Sphere. J. Acoust. Soc. Am. 46, 1139–1143 (1969). 

46. Hahn, P. & Dual, J. A numerically efficient damping model for acoustic 
resonances in microfluidic cavities. Phys. Fluids 27, 062005 (2015). 

47. COMSOL Multiphysics® Modeling Software. https://www.comsol.com/. 
48. Hall, W. S. Boundary Element Method. in 61–83 (Springer, Dordrecht, 1994). 

doi:10.1007/978-94-011-0784-6_3. 
49. Wijaya, F. B., Mohapatra, A. R., Sepehrirahnama, S. & Lim, K. M. Coupled 

acoustic-shell model for experimental study of cell stiffness under 
acoustophoresis. Microfluid. Nanofluidics 20, 1–15 (2016). 

50. Zhou, Y. Comparison of numerical models for bulk and surface acoustic 
wave-induced acoustophoresis in a microchannel. Eur. Phys. J. Plus 135, 696 
(2020). 

51. Glynne-Jones, P., Mishra, P. P., Boltryk, R. J. & Hill, M. Efficient finite 
element modeling of radiation forces on elastic particles of arbitrary size and 
geometry. J. Acoust. Soc. Am. 133, 1885–1893 (2013). 

52. Cai, H. et al. Intelligent acoustofluidics enabled mini-bioreactors for human 
brain organoids. Lab Chip 21, 2194–2205 (2021). 

53. Yiannacou, K. & Sariola, V. Controlled Manipulation and Active Sorting of 
Particles Inside Microfluidic Chips Using Bulk Acoustic Waves and Machine 
Learning. Langmuir 37, 4192–4199 (2021). 

54. Adams, J. D. et al. High-throughput, temperature-controlled microchannel 
acoustophoresis device made with rapid prototyping. J. Micromechanics 
Microengineering 22, 075017 (2012). 

55. Petersson, F., Åberg, L., Swärd-Nilsson, A. M. & Laurell, T. Free flow 
acoustophoresis: Microfluidic-based mode of particle and cell separation. 
Anal. Chem. 79, 5117–5123 (2007). 

56. Collino, R. R. et al. Deposition of ordered two-phase materials using 
microfluidic print nozzles with acoustic focusing. Extrem. Mech. Lett. 8, 96–
106 (2016). 

57. Begley, M. R., Gianola, D. S. & Ray, T. R. Bridging functional 



Chapter Ⅵ: Conclusions and outlook 

 193 

nanocomposites to robust macroscale devices. Science 364, (2019). 
58. Antfolk, M. & Laurell, T. Continuous flow microfluidic separation and 

processing of rare cells and bioparticles found in blood – A review. Anal. 
Chim. Acta 965, 9–35 (2017). 

59. Augustsson, P., Persson, J., Ekström, S., Ohlin, M. & Laurell, T. 
Decomplexing biofluids using microchip based acoustophoresis. Lab Chip 9, 
810–818 (2009). 

60. Lin, S.-C. S., Mao, X. & Huang, T. J. Surface acoustic wave (SAW) 
acoustophoresis: now and beyond. Lab Chip 12, 2766 (2012). 

61. Ohlsson, P. et al. Integrated Acoustic Separation, Enrichment, and Microchip 
Polymerase Chain Reaction Detection of Bacteria from Blood for Rapid 
Sepsis Diagnostics. Anal. Chem. 88, 9403–9411 (2016). 

62. Burguillos, M. A. et al. Microchannel Acoustophoresis does not Impact 
Survival or Function of Microglia, Leukocytes or Tumor Cells. PLoS One 8, 
e64233 (2013). 

63. Augustsson, P., Magnusson, C., Nordin, M., Lilja, H. & Laurell, T. 
Microfluidic, Label-Free Enrichment of Prostate Cancer Cells in Blood Based 
on Acoustophoresis. Anal. Chem. 84, 7954–7962 (2012). 

64. Zalis, M. C. et al. Label-free concentration of viable neurons, hESCs and 
cancer cells by means of acoustophoresis. Integr. Biol. 8, 332–340 (2016). 

65. Yang, A. H. J. & Soh, H. T. Acoustophoretic Sorting of Viable Mammalian 
Cells in a Microfluidic Device. Anal. Chem. 84, 10756–10762 (2012). 

66. Thévoz, P., Adams, J. D., Shea, H., Bruus, H. & Soh, H. T. Acoustophoretic 
Synchronization of Mammalian Cells in Microchannels. Anal. Chem. 82, 
3094–3098 (2010). 

67. Zmijan, R. et al. High throughput imaging cytometer with acoustic focussing. 
RSC Adv. 5, 83206–83216 (2015). 

68. Grenvall, C., Folkenberg, J. R., Augustsson, P. & Laurell, T. Label-free 
somatic cell cytometry in raw milk using acoustophoresis. Cytom. Part A 81A, 
1076–1083 (2012). 

69. Evander, M., Gidlöf, O., Olde, B., Erlinge, D. & Laurell, T. Non-contact 
acoustic capture of microparticles from small plasma volumes. Lab Chip 15, 
2588–2596 (2015). 



Chapter Ⅵ: Conclusions and outlook 

 194 

70. Evander, M. et al. Noninvasive Acoustic Cell Trapping in a Microfluidic 
Perfusion System for Online Bioassays. (2007) doi:10.1021/AC061576V. 

71. Hammarström, B. et al. Non-contact acoustic cell trapping in disposable glass 
capillaries. Lab Chip 10, 2251 (2010). 

72. Shi, J. et al. Acoustic tweezers: patterning cells and microparticles using 
standing surface acoustic waves (SSAW). Lab Chip 9, 2890 (2009). 

73. Collins, D. J. et al. Acoustic tweezers via sub–time-of-flight regime surface 
acoustic waves. Sci. Adv. 2, e1600089 (2016). 

74. Silva, G. T., Lopes, J. H., Leão-Neto, J. P., Nichols, M. K. & Drinkwater, B. 
W. Particle Patterning by Ultrasonic Standing Waves in a Rectangular Cavity. 
Phys. Rev. Appl. (2019) doi:10.1103/PhysRevApplied.11.054044. 

75. Baresch, D., Thomas, J.-L. & Marchiano, R. Observation of a Single-Beam 
Gradient Force Acoustical Trap for Elastic Particles: Acoustical Tweezers. 
Phys. Rev. Lett. 116, 024301 (2016). 

76. Drinkwater, B. W. Dynamic-field devices for the ultrasonic manipulation of 
microparticles. Lab Chip 16, 2360–2375 (2016). 

77. Antfolk, M., Muller, P. B., Augustsson, P., Bruus, H. & Laurell, T. Focusing 
of sub-micrometer particles and bacteria enabled by two-dimensional 
acoustophoresis. Lab Chip 14, 2791–2799 (2014). 

78. Hahn, P., Schwab, O. & Dual, J. Modeling and optimization of acoustofluidic 
micro-devices. Lab Chip 14, 3937–3948 (2014). 

79. Reichert, P., Deshmukh, D., Lebovitz, L. & Dual, J. Thin film piezoelectrics 
for bulk acoustic wave (BAW) acoustophoresis. Lab Chip 18, 3655–3667 
(2018). 

80. Skov, N. R., Sehgal, P., Kirby, B. J. & Bruus, H. Three-Dimensional 
Numerical Modeling of Surface-Acoustic-Wave Devices: Acoustophoresis of 
Micro- and Nanoparticles Including Streaming. Phys. Rev. Appl. 12, 044028 
(2019). 

81. Guo, J., Kang, Y. & Ai, Y. Radiation dominated acoustophoresis driven by 
surface acoustic waves. J. Colloid Interface Sci. 455, 203–211 (2015). 

82. Garofalo, F., Laurell, T. & Bruus, H. Performance Study of Acoustophoretic 
Microfluidic Silicon-Glass Devices by Characterization of Material- and 
Geometry-Dependent Frequency Spectra. Phys. Rev. Appl. 7, 054026 (2017). 



Chapter Ⅵ: Conclusions and outlook 

 195 

83. Moiseyenko, R. P. & Bruus, H. Whole-System Ultrasound Resonances as the 
Basis for Acoustophoresis in All-Polymer Microfluidic Devices. Phys. Rev. 
Appl. 11, 014014 (2019). 

84. Gautam, G. P. et al. Simple and inexpensive micromachined aluminum 
microfluidic devices for acoustic focusing of particles and cells. Anal. Bioanal. 
Chem. 410, 3385–3394 (2018). 

85. Hammarström, B., Evander, M., Wahlström, J. & Nilsson, J. Frequency 
tracking in acoustic trapping for improved performance stability and system 
surveillance. Lab Chip 14, 1005–1013 (2014). 

86. Hammarström, B., Laurell, T. & Nilsson, J. Seed particle-enabled acoustic 
trapping of bacteria and nanoparticles in continuous flow systems. Lab Chip 
12, 4296 (2012). 

87. Lissandrello, C., Dubay, R., Kotz, K. T. & Fiering, J. Purification of 
Lymphocytes by Acoustic Separation in Plastic Microchannels. SLAS Technol. 
Transl. Life Sci. Innov. 23, 352–363 (2018). 

88. González, I. et al. Optimizing Polymer Lab-on-Chip Platforms for Ultrasonic 
Manipulation: Influence of the Substrate. Micromachines 6, 574–591 (2015). 

89. Samarasekera, C. & Yeow, J. T. W. Facile microfluidic channels for 
acoustophoresis on a budget. Biomed. Microdevices 17, 99 (2015). 

90. Iranmanesh, I., Barnkob, R., Bruus, H. & Wiklund, M. Tunable-angle wedge 
transducer for improved acoustophoretic control in a microfluidic chip. J. 
Micromechanics Microengineering 23, 105002 (2013). 

91. Karthick, S. & Sen, A. K. Improved Understanding of Acoustophoresis and 
Development of an Acoustofluidic Device for Blood Plasma Separation. Phys. 
Rev. Appl. 10, 034037 (2018). 

92. Microscale Acoustofluidics. (Royal Society of Chemistry, 2014). 
doi:10.1039/9781849737067. 

93. Manneberg, O. et al. A three-dimensional ultrasonic cage for characterization 
of individual cells. Appl. Phys. Lett. 93, 063901 (2008). 

94. Ohlin, M., Iranmanesh, I., Christakou, A. E. & Wiklund, M. Temperature-
controlled MPa-pressure ultrasonic cell manipulation in a microfluidic chip. 
Lab Chip 15, 3341–3349 (2015). 

95. Hagsäter, S. M., Jensen, T. G., Bruus, H. & Kutter, J. P. Acoustic resonances 
in microfluidic chips: full-image micro-PIV experiments and numerical 



Chapter Ⅵ: Conclusions and outlook 

 196 

simulations. Lab Chip 7, 1336 (2007). 
96. R. Skov, N., S. Bach, J., G. Winckelmann, B. & Bruus, H. 3D modeling of 

acoustofluidics in a liquid-filled cavity including streaming, viscous boundary 
layers, surrounding solids, and a piezoelectric transducer. AIMS Math. 4, 99–
111 (2019). 

97. Nama, N. et al. Numerical study of acoustophoretic motion of particles in a 
PDMS microchannel driven by surface acoustic waves. Lab Chip 15, 2700–
2709 (2015). 

98. Evander, M., Lenshof, A., Laurell, T. & Nilsson, J. Acoustophoresis in Wet-
Etched Glass Chips. Anal. Chem. 80, 5178–5185 (2008). 

99. Leibacher, I., Schatzer, S. & Dual, J. Impedance matched channel walls in 
acoustofluidic systems. Lab Chip 14, 463–470 (2014). 

100. Lenshof, A., Evander, M., Laurell, T. & Nilsson, J. Acoustofluidics 5: Building 
microfluidic acoustic resonators. Lab Chip 12, 684 (2012). 

101. Augustsson, P., Barnkob, R., Wereley, S. T., Bruus, H. & Laurell, T. 
Automated and temperature-controlled micro-PIV measurements enabling 
long-term-stable microchannel acoustophoresis characterization. Lab Chip 11, 
4152 (2011). 

102. Barnkob, R., Augustsson, P., Laurell, T. & Bruus, H. Acoustic radiation- and 
streaming-induced microparticle velocities determined by microparticle 
image velocimetry in an ultrasound symmetry plane. Phys. Rev. E 86, 056307 
(2012). 

103. Muller, P. B. et al. Ultrasound-induced acoustophoretic motion of 
microparticles in three dimensions. Phys. Rev. E 88, 023006 (2013). 

104. Meggitt A/S | Ferroperm |. https://www.meggittferroperm.com/. 
105. Dual, J. & Schwarz, T. Acoustofluidics 3: Continuum mechanics for 

ultrasonic particle manipulation. Lab Chip 12, 244–252 (2012). 
106. Bruus, H. Acoustofluidics 1: Governing equations in microfluidics. Lab Chip 

11, 3742 (2011). 

107. Muller, P. B. & Bruus, H. Theoretical study of time-dependent, ultrasound-
induced acoustic streaming in microchannels. Phys. Rev. E 92, 063018 (2015). 

108. Muller, P. B. & Bruus, H. Numerical study of thermoviscous effects in 
ultrasound-induced acoustic streaming in microchannels. Phys. Rev. E 90, 



Chapter Ⅵ: Conclusions and outlook 

 197 

043016 (2014). 
109. Bruus, H. Acoustofluidics 2: Perturbation theory and ultrasound resonance 

modes. Lab Chip 12, 20–28 (2012). 
110. Bach, J. S. & Bruus, H. Theory of pressure acoustics with viscous boundary 

layers and streaming in curved elastic cavities. J. Acoust. Soc. Am. 144, 766–784 
(2018). 

111. Glass Manufacturers | Glass Processing | SCHOTT North America | 
SCHOTT North America. https://www.us.schott.com/english/index.html. 

112. Hopcroft, M. A., Hopcroft, M. A., Nix, W. D. & Kenny, T. W. What is the 
young’s modulus of silicon. J. MICROELECTROMECH. SYST 229--238 
(2010). 

113. Bruus, H. Acoustofluidics 10: Scaling laws in acoustophoresis. Lab Chip 12, 
1578 (2012). 

114. Bjerknes, V. Fields of force: supplementary lectures, applications to meteorology; a course 
of lectures in mathematical physics delivered December 1 to 23, 1905. (The Columbia 
university press, 1906). 

115. Doinikov, A. A. Bjerknes forces between two bubbles in a viscous fluid. J. 
Acoust. Soc. Am. 106, 3305–3312 (1999). 

116. Doinikov, A. A. & Zavtrak, S. T. On the mutual interaction of two gas 
bubbles in a sound field. Phys. Fluids 7, 1923–1930 (1995). 

117. Silva, G. T. & Bruus, H. Acoustic interaction forces between small particles 
in an ideal fluid. Phys. Rev. E 90, 063007 (2014). 

118. Lopes, J. H., Azarpeyvand, M. & Silva, G. T. Acoustic Interaction Forces and 
Torques Acting on Suspended Spheres in an Ideal Fluid. IEEE Trans. 
Ultrason. Ferroelectr. Freq. Control 63, 186–197 (2016). 

119. Ley, M. W. H. & Bruus, H. Three-Dimensional Numerical Modeling of 
Acoustic Trapping in Glass Capillaries. Phys. Rev. Appl. 8, 024020 (2017). 

120. Collino, R. R. et al. Acoustic field controlled patterning and assembly of 
anisotropic particles. Extrem. Mech. Lett. 5, 37–46 (2015). 

121. Barnkob, R., Augustsson, P., Laurell, T. & Bruus, H. Measuring the local 
pressure amplitude in microchannel acoustophoresis. Lab Chip 10, 563 (2010). 

122. Augustsson, P., Barnkob, R. & … C. G. Measuring the acoustophoretic 
contrast factor of living cells in microchannels. in proceedings of the 14th 



Chapter Ⅵ: Conclusions and outlook 

 198 

International Conference on Miniaturized Systems for Chemistry and Life Sciences 
Groningen, The Netherlands 1337–1339 (2010). 

123. Collino, R. R. et al. Scaling relationships for acoustic control of two-phase 
microstructures during direct-write printing. Mater. Res. Lett. 6, 191–198 
(2018). 

124. Barmatz, M. & Collas, P. Acoustic radiation potential on a sphere in plane, 
cylindrical, and spherical standing wave fields. Cit. J. Acoust. Soc. Am. 77, 928 
(1985). 

125. WELCH, B. L. THE GENERALIZATION OF ‘STUDENT’S’ PROBLEM 
WHEN SEVERAL DIFFERENT POPULATION VARLANCES ARE 
INVOLVED. Biometrika 34, 28–35 (1947). 

126. Welch, B. L. On the Comparison of Several Mean Values: An Alternative 
Approach. Biometrika 38, 330 (1951). 

127. Ruxton, G. D. The unequal variance t-test is an underused alternative to 
Student’s t-test and the Mann–Whitney U test. Behav. Ecol. 17, 688–690 
(2006). 

128. Derrick, B. & White, P. Why Welch’s test is Type I error robust. Quant. 
Methods Psychol. 12, 30–38 (2016). 

129. Schneider, C. A., Rasband, W. S. & Eliceiri, K. W. NIH Image to ImageJ: 25 
years of image analysis. Nat. Methods 9, 671–675 (2012). 

130. MathWorks - Makers of MATLAB and Simulink - MATLAB &amp; 
Simulink. https://www.mathworks.com/. 

131. Bora, M. & Shusteff, M. Efficient coupling of acoustic modes in microfluidic 
channel devices. Lab Chip 15, 3192–3202 (2015). 

132. Leibacher, I. et al. Acoustophoresis of hollow and core-shell particles in two-
dimensional resonance modes. Microfluid. Nanofluidics 16, 513–524 (2014). 

133. Piorek, B. D. et al. Free-surface microfluidic control of surface-enhanced 
Raman spectroscopy for the optimized detection of airborne molecules. Proc. 
Natl. Acad. Sci. U. S. A. 104, 18898–901 (2007). 

134. Baasch, T., Leibacher, I. & Dual, J. Multibody dynamics in acoustophoresis. 
J. Acoust. Soc. Am. 141, 1664–1674 (2017). 

135. Satterthwaite, F. E. An Approximate Distribution of Estimates of Variance 
Components. Biometrics Bull. 2, 110 (1946). 



Chapter Ⅵ: Conclusions and outlook 

 199 

136. Marston, P. L. Synthesis of backscattering from an elastic sphere using the 
sommerfeld-watson transformation and giving a fabry-perot analysis of 
resonances. J. Acoust. Soc. Am. 79, 1702–1708 (1986). 

137. Hefner, B. T. & Marston, P. L. Backscattering enhancements associated with 
subsonic Rayleigh waves on polymer spheres in water: Observation and 
modeling for acrylic spheres. J. Acoust. Soc. Am. 107, 1930–1936 (2000). 

138. Lamb, H. On the vibrations of an elastic sphere. Proc. London Math. Soc. s1-13, 
189–212 (1881). 

139. Kheisin, D. E. Radial oscillations of an elastic sphere in a compressible fluid. 
Fluid Dyn. 2, 53–55 (1967). 

140. Saviot, L., Netting, C. H. & Murray, D. B. Damping by bulk and shear 
viscosity of confined acoustic phonons for nanostructures in aqueous 
solution. J. Phys. Chem. B 111, 7457–7461 (2007). 

141. Saviot, L. & Murray, D. B. Longitudinal versus transverse spheroidal 
vibrational modes of an elastic sphere. Phys. Rev. B - Condens. Matter Mater. 
Phys. 72, 205433 (2005). 

142. Galstyan, V., Pak, O. S. & Stone, H. A. A note on the breathing mode of an 
elastic sphere in Newtonian and complex fluids. Phys. Fluids 27, 032001 
(2015). 

143. Arlett, J. L., Myers, E. B. & Roukes, M. L. Comparative advantages of 
mechanical biosensors. Nature Nanotechnology vol. 6 203–215 (2011). 

144. Mirsafavi, R., Moskovits, M. & Meinhart, C. Detection and classification of 
fentanyl and its precursors by surface-enhanced Raman spectroscopy. Analyst 
145, 3440–3446 (2020). 

145. Jensen, K., Kim, K. & Zettl, A. An atomic-resolution nanomechanical mass 
sensor. Nat. Nanotechnol. 3, 533–537 (2008). 

146. Salemmilani, R., Moskovits, M. & Meinhart, C. D. Microfluidic analysis of 
fentanyl-laced heroin samples by surface-enhanced Raman spectroscopy in a 
hydrophobic medium. Analyst 144, 3080–3087 (2019). 

147. Tahmasebipour, A., Friedrich, L., Begley, M., Bruus, H. & Meinhart, C. 
Toward optimal acoustophoretic microparticle manipulation by exploiting 
asymmetry. J. Acoust. Soc. Am. 148, 359–373 (2020). 

148. Garbin, A. et al. Acoustophoresis of disk-shaped microparticles: A numerical 
and experimental study of acoustic radiation forces and torques. J. Acoust. Soc. 



Chapter Ⅵ: Conclusions and outlook 

 200 

Am. 138, 2759–2769 (2015). 
149. Schwarz, T., Hahn, P., Petit-Pierre, G. & Dual, J. Rotation of fibers and other 

non-spherical particles by the acoustic radiation torque. Microfluid. Nanofluidics 
18, 65–79 (2015). 

150. Humberto Campanella. Acoustic Wave and Electromechanical Resonators: Concept to 
Key Applications. (Artech House, 2010). 

151. Baudoin, M. & Thomas, J.-L. L. Acoustic Tweezers for Particle and Fluid 
Micromanipulation. Annual Review of Fluid Mechanics vol. 52 205–234 (Annual 
Reviews Inc.). 

152. Habibi, R., Devendran, C. & Neild, A. Trapping and patterning of large 
particles and cells in a 1D ultrasonic standing wave. Lab Chip 17, 3279–3290 
(2017). 

153. Ran, W. & Saylor, J. R. The directional sensitivity of the acoustic radiation 
force to particle diameter. J. Acoust. Soc. Am. 137, 3288–3298 (2015). 

154. Marston, P. L. Phase-shift expansions for approximate radiation forces on 
solid spheres in inviscid-acoustic standing waves. J. Acoust. Soc. Am. 142, 
3358–3361 (2017). 

155. Smith, A. E., Moxham, K. E. & Middelberg, A. P. J. On uniquely determining 
cell-wall material properties with the compression experiment. Chem. Eng. Sci. 
53, 3913–3922 (1998). 

156. Boudou, T. et al. An extended modeling of the micropipette aspiration 
experiment for the characterization of the Young’s modulus and Poisson’s 
ratio of adherent thin biological samples: Numerical and experimental studies. 
J. Biomech. 39, 1677–1685 (2006). 

157. Hartono, D. et al. On-chip measurements of cell compressibility via acoustic 
radiation. Lab Chip 11, 4072–4080 (2011). 

158. Quan, F.-S. & Kim, K. S. Medical applications of the intrinsic mechanical 
properties of single cells. Acta Biochim. Biophys. Sin. (Shanghai). 48, 865–871 
(2016). 

159. Cushing, K. W. et al. Ultrasound Characterization of Microbead and Cell 
Suspensions by Speed of Sound Measurements of Neutrally Buoyant 
Samples. Anal. Chem. 89, 8917–8923 (2017). 

160. Fornell, A., Cushing, K., Nilsson, J. & Tenje, M. Binary particle separation in 
droplet microfluidics using acoustophoresis. Appl. Phys. Lett. 112, 063701 



Chapter Ⅵ: Conclusions and outlook 

 201 

(2018). 
161. Li, P. et al. Physical properties-based microparticle sorting at submicron 

resolution using a tunable acoustofluidic device. Sensors Actuators, B Chem. 344, 
130203 (2021). 

162. Ma, Z., Collins, D. J., Guo, J. & Ai, Y. Mechanical properties based particle 
separation via traveling surface acoustic wave. Anal. Chem. 88, 11844–11851 
(2016). 

163. Chippada, U., Yurke, B. & Langrana, N. A. Simultaneous determination of 
Young’s modulus, shear modulus, and Poisson’s ratio of soft hydrogels. J. 
Mater. Res. 25, 545–555 (2010). 

164. Wang, J., Gao, C., Zhang, Y. & Wan, Y. Preparation and in vitro 
characterization of BC/PVA hydrogel composite for its potential use as 
artificial cornea biomaterial. Mater. Sci. Eng. C 30, 214–218 (2010). 

165. Dubay, R., Fiering, J. & Darling, E. M. Effect of elastic modulus on inertial 
displacement of cell-like particles in microchannels. Biomicrofluidics 14, 044110 
(2020). 

166. Augustsson, P., Karlsen, J. T., Su, H. W., Bruus, H. & Voldman, J. Iso-
acoustic focusing of cells for size-insensitive acousto-mechanical 
phenotyping. Nat. Commun. 7, 1–9 (2016). 

167. Shi, J., Li, S., Zhang, G. & Zhang, X. Exploring the underlying mechanism of 
acoustic radiation force on a sphere in a fluid-filled rigid tube. AIP Adv. 11, 
075228 (2021). 

168. Hasegawa, T., Kido, T., Min, C. W., Iizuka, T. & Matsuoka, C. Frequency 
dependence of the acoustic radiation pressure on a solid sphere in water. 
Acoust. Sci. Technol. 22, 273–281 (2001). 

169. Lickert, F., Ohlin, M., Bruus, H. & Ohlsson, P. Acoustophoresis in polymer-
based microfluidic devices: Modeling and experimental validation. J. Acoust. 
Soc. Am. 149, 4281–4291 (2021). 

170. Steckel, A. G. & Bruus, H. Numerical study of bulk acoustofluidic devices 
driven by thin-film transducers and whole-system resonance modes. J. Acoust. 
Soc. Am. 150, 634–645 (2021). 

171. Hammarström, B., Skov, N. R., Olofsson, K., Bruus, H. & Wiklund, M. 
Acoustic trapping based on surface displacement of resonance modes. J. 
Acoust. Soc. Am. 149, 1445–1453 (2021). 



Chapter Ⅵ: Conclusions and outlook 

 202 

172. Qiu, Y. et al. Acoustic Devices for Particle and Cell Manipulation and Sensing. 
Sensors 14, 14806–14838 (2014). 

173. Shields, C. W., Johnson, L. M., Gao, L. & López, G. P. Elastomeric negative 
acoustic contrast particles for capture, acoustophoretic transport, and 
confinement of cells in microfluidic systems. Langmuir 30, 3923–3927 (2014). 

174. Dao, M. et al. Acoustic separation of circulating tumor cells. Proc. Natl. Acad. 
Sci. U. S. A. 112, 4970–4975 (2015). 

175. Cross, S. E., Jin, Y. S., Rao, J. & Gimzewski, J. K. Nanomechanical analysis 
of cells from cancer patients. Nat. Nanotechnol. 2, 780–783 (2007). 

176. Lekka, M. Discrimination Between Normal and Cancerous Cells Using AFM. 
Bionanoscience 6, 65–80 (2016). 

177. Kashani, A. S. & Packirisamy, M. Cancer cells optimize elasticity for efficient 
migration: Migratory index. R. Soc. Open Sci. 7, (2020). 

178. Kwon, S., Yang, W., Moon, D. & Kim, K. S. Comparison of cancer cell 
elasticity by cell type. J. Cancer 11, 5403–5412 (2020). 

179. Qiao, Y. et al. Acoustic radiation force on a free elastic sphere in a viscous 
fluid: Theory and experiments. Phys. Fluids 33, 047107 (2021). 

180. Maidanik, G. Torques Due to Acoustical Radiation Pressure. J. Acoust. Soc. 
Am. 30, 620–623 (1958). 

181. Fan, Z., Mei, D., Yang, K. & Chen, Z. Acoustic radiation torque on an 
irregularly shaped scatterer in an arbitrary sound field. J. Acoust. Soc. Am. 124, 
2727–2732 (2008). 

182. Gong, Z., Marston, P. L. & Li, W. Reversals of Acoustic Radiation Torque in 
Bessel Beams Using Theoretical and Numerical Implementations in Three 
Dimensions. Phys. Rev. Appl. 11, 064022 (2019). 

183. Zhang, L. & Marston, P. L. Acoustic radiation torque on small objects in 
viscous fluids and connection with viscous dissipation. J. Acoust. Soc. Am. 136, 
2917–2921 (2014). 

184. Leão-Neto, J. P., Lopes, J. H. & Silva, G. T. Acoustic radiation torque exerted 
on a subwavelength spheroidal particle by a traveling and standing plane 
wave. J. Acoust. Soc. Am. 147, 2177–2183 (2020). 

185. Toftul, I. D., Bliokh, K. Y., Petrov, M. I. & Nori, F. Acoustic Radiation Force 
and Torque on Small Particles as Measures of the Canonical Momentum and 



Chapter Ⅵ: Conclusions and outlook 

 203 

Spin Densities. Phys. Rev. Lett. 123, 183901 (2019). 
186. Mitri, F. G., Lobo, T. P. & Silva, G. T. Axial acoustic radiation torque of a 

Bessel vortex beam on spherical shells. Phys. Rev. E - Stat. Nonlinear, Soft Matter 
Phys. 85, 026602 (2012). 

187. Li, W. et al. Rotational manipulation by acoustic radiation torque of high-
order vortex beams generated by an artificial structured plate. Appl. Phys. Lett. 
113, 051902 (2018). 

188. Ashkin, A. Acceleration and Trapping of Particles by Radiation Pressure. Phys. 
Rev. Lett. 24, 156–159 (1970). 

189. Chu, S. The manipulation of neutral particles*. (1998). 
190. Ashkin, A. & Dziedzic, J. M. Stability of optical levitation by radiation 

pressure. Appl. Phys. Lett. 24, 586–588 (1974). 
191. Choi, J. H. et al. Exploiting the colloidal nanocrystal library to construct 

electronic devices. Science (80-. ). 352, 205–208 (2016). 
192. O’Brien, M. N., Jones, M. R. & Mirkin, C. A. The nature and implications of 

uniformity in the hierarchical organization of nanomaterials. Proceedings of the 
National Academy of Sciences of the United States of America vol. 113 11717–11725 
(2016). 

193. Wang, C., Wang, C., Huang, Z. & Xu, S. Materials and Structures toward Soft 
Electronics. Advanced Materials vol. 30 1801368 (2018). 

194. Kovalenko, M. V. et al. Prospects of nanoscience with nanocrystals. ACS 
Nano 9, 1012–1057 (2015). 

195. Lincoln, R. L., Scarpa, F., Ting, V. P. & Trask, R. S. Multifunctional 
composites: A metamaterial perspective. Multifunctional Materials vol. 2 043001 
(2019). 

196. Novotny, J., Lenshof, A. & Laurell, T. Acoustofluidic platforms for particle 
manipulation. Electrophoresis (2021) doi:10.1002/elps.202100291. 

197. Collino, R. R. et al. Acoustic field controlled patterning and assembly of 
anisotropic particles. Extrem. Mech. Lett. 5, 37–46 (2015). 

198. Yamahira, S., Hatanaka, S. I., Kuwabara, M. & Asai, S. Orientation of fibers 
in liquid by ultrasonic standing waves. Japanese J. Appl. Physics, Part 1 Regul. 
Pap. Short Notes Rev. Pap. 39, 3683–3687 (2000). 

199. Silva, G. T. & Drinkwater, B. W. Acoustic radiation force exerted on a small 



Chapter Ⅵ: Conclusions and outlook 

 204 

spheroidal rigid particle by a beam of arbitrary wavefront: Examples of 
traveling and standing plane waves. J. Acoust. Soc. Am. 144, EL453–EL459 
(2018). 

200. Garvin, K. A., VanderBurgh, J., Hocking, D. C. & Dalecki, D. Controlling 
collagen fiber microstructure in three-dimensional hydrogels using 
ultrasound. J. Acoust. Soc. Am. 134, 1491–1502 (2013). 

201. Norris, E. G., Dalecki, D. & Hocking, D. C. Acoustic modification of 
collagen hydrogels facilitates cellular remodeling. Mater. Today Bio 3, 100018 
(2019). 

202. Ouyang, L., Armstrong, J. P. K., Salmeron‐Sanchez, M. & Stevens, M. M. 
Assembling Living Building Blocks to Engineer Complex Tissues. Adv. Funct. 
Mater. 30, 1909009 (2020). 

203. Zhu, Y. et al. Tissue engineering of 3D organotypic microtissues by acoustic 
assembly. in Methods in Molecular Biology vol. 1576 301–312 (Humana Press 
Inc., 2019). 

 




