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Abstract. Skew shaped positroids (or skew shaped positroid varieties) are certain Richard-
son varieties in the flag variety that admit a realization as explicit subvarieties of the Grass-
mannian Gr(k, n). They are parametrized by a pair of Young diagrams p C A fitting inside
a k x (n — k)-rectangle. For every a = 1,...,n — k, we define an explicit open set U,
inside the skew shaped positroid SY I and show that U, is isomorphic to the product of
two smaller skew shaped positroids. Moreover, U, admits a natural cluster structure and
the aforementioned isomorphism is quasi-cluster isomorphism in the sense of Fraser. Our
methods depend on realizing the skew shaped positroid as an explicit braid variety, and gen-
eralize the work of the first and third authors for open positroid cells in the Grassmannian.
Keywords. Cluster algebras, positroid varieties

Mathematics Subject Classifications. 13F60, 14M15

1. Introduction

In this paper, we study cutting and gluing operations for skew shaped positroid varieties, extend-
ing the constructions in [GS26] for the maximal positroid cell.
1.1. Main results

Let 1 C A be partitions fitting inside a k x (n — k) rectangle. The skew diagram \/p defines the
skew shaped positroid (or skew shaped positroid variety) S /,, Which can be thought of as the
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intersection of a Schubert cell in the complete flag variety F/¢(n) labeled by p and an opposite
Schubert cell labeled by A, see Definition 3.16. Skew shaped positroids can be thought of as
special cases of open Richardson [KL79] or positroid varieties [KLLS13]. Crucially, even though
the skew shaped positroid is a Richardson variety in the full flag variety, it can also be defined
inside the Grassmannian Gr(k,n). Thus we can, and for the most part will, think of S /u A8
being a subvariety of the Grassmannian Gr(k,n). When pu = & the skew shaped positroid is an
open Schubert variety, considered in [SSBW19].

Remark 1.1. While the skew shaped positroid Sf /18 defined in a similar way to the skew Schu-
bert varieties of [SSBW19], when 11 # @ the variety S§ /18 generally not a skew Schubert vari-
ety. The variety SY Ju 18 closely related to Grassmannian Richardson varieties, see Remark 3.18.

Skew shaped positroids admit a cluster structure coming from source labels of plabic graphs,
established in work of Galashin—Lam [GL23] following earlier work of Leclerc [Lec16] and
Serhiyenko—Sherman-Bennett—Williams [SSBW19]; see Section 4 for more details.

Using the lattice path labeling of a skew Young diagram described in Section 3.3, we ex-
plicitly define the Grassmann necklace of .S} I based on the boundary ribbon of the skew dia-
gram \ /g in Section 3.4.

The main construction of the paper concerns cutting the skew diagram A/ into two. Choose
an integer a such that 1 < a < n — k. Let A%% be the partition obtained by considering only
the first @ — 1 columns (from the right) of ), and define % similarly. Note that p®% C \&£
are partitions fitting inside a £ x (a — 1)-rectangle, so we can consider the skew shaped posi-
troid Sia_yR/ua,R C Gr(k,k+a—1).

Now let A*L be the partition obtained by considering the a, ...,n — k-columns (from the
right) of )\, and similarly for u%. Note that u®* C \! fitinside a k x (n—k —a+1)-rectangle,
so we can consider the skew shaped positroid S%, , Sk C Gr(k,n —a+ 1). We are ready to
state the main result of the paper.

Theorem 1.2. Letn > 0 and 0 < k < n. Let 1 C X be partitions fitting inside a k x (n — k)-
rectangle. Choose 1 < a < n—Fk, and let U, be the principal open setin S5 Iu defined by the non-
vanishing of the cluster variables in the a-th column of A/ (from the right), see Definition 5.1.
Then, we have an isomorphism

~ o o
o, U, — S)\Q,L/MQ,L X S)\a,R/ua,R-
Furthermore, @, is a quasi-cluster isomorphism.

Let us clarify the last sentence in the statement of Theorem 1.2. The open subvarie-
ty U, C 5§ Ju admits a natural cluster structure obtained from that on S§ Ju by freezing the
variables appearing in the a-th column of \/u, see Proposition 5.7. On the other hand,
the product S;a, Lpat X S;a, R yaR has a natural cluster structure induced from the cluster
structure on each of its factors. The term quasi-cluster isomorphism means that the
map ®; : C[S, . Jpat X SSar /WR] — ClU,] sends cluster variables to cluster variables, up
to nicely behaved monomials in frozen variables, see Section 4.1. In particular, ®} preserves
cluster monomials, and the map ¢, sends cluster tori to cluster tori.
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In [Mull3], Muller defines a cluster chart of a cluster variety to be the open set obtained
by localizing some cluster variables in a single cluster, provided some technical conditions are
satisfied, see e.g. [Mull3, Lemma 3.2]. Theorem 1.2, then, provides examples of cluster charts
in skew shaped positroids that are themselves isomorphic to products of skew shaped positroids.
We expect that this will allow for inductive methods to, for example, compute the cohomol-
ogy [Scr25] or deep locus [CGSS26] of skew shaped positroids. We remark, however, that
outside of some special cases, the open sets U, do not cover the skew shaped positroid S I
Nevertheless, from the cluster structure on U, one may obtain the cluster structure on S} Ju by
un-freezing the cluster variables in the a-th column. Thus, while U, is in general only a proper
open set in S§ I the cluster structure on U, already has enough information to recover the en-
tire variety SY I Note, however, that one cannot obtain the cluster structure on S3 Ju from that
on S;’\a, Ljpar X Sia, Ry R because, in general, the quiver defining the cluster structure
on S;m Lyt X S;a, Ry contains less arrows than that of U,, see [GKSS25, Example 6.3].
In order to obtain SY Iu from S%, ; Jpat X SSar Jpaies ONE needs to add more frozen variables
to S;aﬁ R yoR and use the process of amalgamation, see [FG06, SW21]. We will not pursue this
direction.

We describe the construction of the map ®, and prove Theorem 1.2 in Section 5. Instead of
going into details in the introduction, we chose to illustrate the complexity of ®, in an example.

Example 1.3. Let n = 12, £ = 5 so that n — k = 7. For the Young diagrams A = (7,7,5,3,1)
and . = (3, 1) the corresponding skew diagram is shown in Figure 1.1. Points in the skew shaped

Figure 1.1: On the left is the diagram for A\/p with corresponding matrix (vy, ..., v12),
where A = (7,7,5,3,1) and p = (3,1). Performing the cut at a = 6 is equivalent to cut-
ting the diagram along the boundary of the 5-th and 6-th column from the right, as indicated
by the blue dotted line. The resulting skew diagrams under the map ¥4 are shown on the

right, corresponding to the diagrams for A%% /u%% with matrix (wy, . .., wy) and \&%/u5% with
matrix (uq, ..., u), respectively.
positroid S, C Gr(5, 12) can be represented by 5 x 12 matrices with columns (vy, . .., v12).

We choose a = 6 and cut the skew diagram as shown in Figure 1.1. We get two skew
diagrams
Nt =1(2,2,2,2,1)/(2,1), X7/ = (5,5,3,1)/(1)
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and the corresponding skew shaped positroids
S§6,L/HG,L C GI‘(E), 7), SiG’R/#G’R C Gr(5, 10)

We denote the corresponding matrices by V¥ = (wy, ..., w;) and VE = (uy, ..., u19). The
open subset U C S5 /18 defined by the inequalities

Asz101112 0, Asz81112 # 0, As780912 7 0.

Now the map ®¢ : Us — S3.1 Jpor X SSe.r /SR is defined by the following equations:

W1 = Vs, W2 = V7, W3 = U, W4 = Vg, W5 = V10, We = V11, W7 = V12,

while
Uy = V1, Uz = Vg2, U3 = V3, Ug = V4, Us = Vs, Us = Vg,

ur € (vs,v7) N (vs, V19, V11, V12), Us € (Us, U7, Us) N (V10, V11, V12),
ug € (vs, v7, Vs, Vo) N (V11, V12), U1p = V12,

We prove that all intersections in question are one-dimensional, and provide explicit formulas
for the vectors u7, ug, ug, see Section 5.5 for all details.

In general, the construction of the map ®, has a similar flavor. The vectors (w1, ..., Wy_q41)
corresponding to S;a, L/ya.r AT€ chosen as a specific subset of vectors (vy,...,v,) described
in Section 5.3. The vectors (uq,. .., Uq 1) corresponding to S;’\a, Ryyar ATE instead obtained
by a rather intricate procedure that involves intersecting certain subspaces spanned by v;, see
Section 5.4.

Sometimes, the cluster variables in the a-th column of the skew diagram A/ will all be
frozen, and we obtain the following result.

Corollary 1.4. Assume that all boxes in the a-th column from the right in \/u belong to the
boundary ribbon R(\/ 1) (see Definition 3.19). Then U, coincides with the whole skew shaped
positroid S5 I and we have the isomorphism

(o] ~ (o] (o]
Mp = PxaR/yaR X S/\a,L/'ua,L-

Remark 1.5. One can define and study the compositions of the splicing maps ®, as follows.
Suppose that 1 < a < b < n — k and \/pu is a skew diagram, then we can draw two verti-
cal cuts, one between a-th and (a — 1)-th columns, and another between b-th and (b — 1)-th
columns. After performing these cuts we obtain three pieces: left A% /L, middle A /@M,
and right \“2 /p® %,
Now, we can make an initial cut at a, then follow with a cut at b to get the following maps:
@, 1 L xId

b—a o

-1
[e] o o o o
S)\/M —— S)\a,L/lua,Luka,]W/‘ua,]\/l X S)\a,R/Ha,R — AL /yal X S)\a,kl/#a,lw X S)\a,R/#a,R-
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On the other hand, if we make the initial cut at b, then follow with a cut at a we then get the
maps:
-

b

! Tdx®g !
(o] o (0] a
)‘//'L — SAQ,L/ME,L X S)\a,l\l/'u‘a,Muka,R/Ma,R

ia,L/Ma,L X S;a,l\/l/ua,lw X Sia,R/'ua,R-
The image for both maps is the principal open subset Uy, C S5, & Sy defined by non-vanishing
of all cluster variables in a-th and b-th columns of A\/u. However, we expect that the maps do
not coincide but differ by some explicit monomials in frozen cluster variables on U, .

See [Scr25, Section 4] for detailed computations for £ = 2. We plan to study the general
case in future work.'

1.2. Braid varieties

The key insight for the construction of the map ®, comes from the construction of braid va-
rieties [CGGS26, CGGS24]. A braid variety X () is an affine algebraic variety which can be
associated to a positive braid 3 on k strands. It parametrizes sequences of complete flags in C*
with relative positions governed by the crossings in (3, see Definition 2.1 for more details. Braid
varieties have a cluster structure constructed in [CGG25b, GLSBS22, GLSB26].

Given a skew diagram A/, we define a k-strand braid 35, see Section 3.5. The crossings
in 3/, are in bijection with the boxes in A/, except for the top boxes in each column.

Example 1.6. For A = (7,7,5,3,1), u = (3, 1) we get the braid
Brjp = (0403)(0302)(0302)(0201) (0201) (1) (01).

The braid is shown in blue and the crossed out boxes are not part of it.

Remark 1.7. Note that all boxes in the k-th (topmost) row of A/u are crossed out and not used
in the braid 3, /,,. In fact, the topmost strand of 3, goes right below the topmost row of \/p.

We construct an explicit isomorphism between the skew shaped positroid and a certain braid
variety. This is inspired by the constructions of [CGGS26, CLSBW23, STWZ19] but we do not
check if our isomorphism coincides with either of these.

I'There is a slight discrepancy for the notation of the splicing map between [Scr25] and our paper. In [Scr25],

the splicing (or cutting) map is denoted ‘bfjl, whereas in our paper it is denoted ®,,.
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Theorem 1.8. We have an isomorphism of algebraic varieties

S = X (wobhyu) x (CF)*. (1.1)

Here wy is the half-twist braid on k strands and s is the number of crossed out boxes. Moreover,
(1.1) is a quasi-cluster isomorphism.

We can visualize Theorem 1.8 by the diagram

wo

op ﬁ 13
V) = [FW 5 Fer 2 ol (1.2)

where 7 and F"™ are a specific pair of opposite flags, and dotted arrows encode sequences
of flags in C*. All the subspaces in all these flags can be defined as spans of some explicit
subsets of columns of V, see Figure 3.5 for an example. Our construction of both the iso-
morphism (2 and its inverse uses only elementary linear algebra, avoiding the use of microlocal
sheaves [STWZ19] or the Chekanov—Eliashberg DGA [CGGS26], or marking points in the braid
closure of wyf3),, [CLSBW23].

Next, we can describe the analogue of the map ®,, for braid varieties. We factor the braid 3y,
as By, = BrBr where B, and g are two braids corresponding to A% /p®% and A\# /2R,
respectively. This allows us to expand (1.2) to the diagram

QV) = [FW 2 ey e O pol (13)

where F* is a specific flag on the boundary between 5, and (g, refer to (5.2) for further details.

The key observation (Lemma 5.5) is that the open subset U, C S7 I corresponds under
the isomorphism (1.1) to the set of sequences of complete flags (1.3) such that the flag F¢ is
transversal to &, This allows us to define a map

QL. U, - X (@5}%) x X (@BL)

given by
QL) = [F7 5 Fee f‘l} . Of(V) = {fw Sl s

By using (1.1) again and taking into account the C* factors, we arrive at our construction
of the map ®,. This argument shows that ®, is indeed well defined, and is an isomorphism of
algebraic varieties. In Section 5, we prove that this construction of @, is consistent with the
linear algebra construction of VX = (wy, ..., wy_q41) and VE = (uy, ..., teip_1), alluded to
in Example 1.3, and provide a precise definition of the latter.

To prove that @, is a quasi-cluster isomorphsim of cluster structures, we use the triangularity
of u; with respect to v; and compare the corresponding minors in Lemma 5.21. The computa-
tion of exchange ratios is then fairly straightforward (yet tedious), and is done in Lemmas 5.22
and 5.23. This step does not require braid varieties.



COMBINATORIAL THEORY 6 (3) (2026), #9 7

To summarize, the most technically challenging part of the paper is to construct the ele-
ment V® = (uy, ..., uprq—1) and verify that it indeed represents an element in the skew shaped
positroid S¥, r SRt

In the forthcoming paper [GKSS26], we use the cluster structure on braid varieties
[CGG™25b, GLSBS22, SW21] to study more general splicing maps for braid varieties and to
prove that these are quasi-cluster isomorphism. This would give an alternative proof that ®,, is
a quasi-cluster isomorphism.

2. Background

2.1. Flags and framed flags

We will work with the variety F/(k) of complete flags in the k-dimensional space C*. Given a
matrix M = (my, ma, -+ ,my) € GL(k) with columns my, ..., my, its associated flag is

F(M) = ({O} C (my) C(my,mg) C--- C(my,...,my) = (Ck) .
Note that F (M) = F(MU) for any upper triangular matrix U, so that we have an identification
FU(k) = GL(k)/B(K),

where B(k) C GL(k) is the Borel subgroup of upper triangular matrices.
Let U(k) C B(k) be the subgroup of upper triangular matrices with 1’s on the diagonal. The
variety of framed flags is the space

FU"(k) := GL(k)/U(k).

An element of F¢" (k) is known as a framed flag — it is the data of a flag F € F/(k), together
with a choice of a nonzero element in F;/F;_ for all i = 1,...  k (referred to as a framing).
Forgetting the framing gives rise to a natural map 7 : F¢"(k) — F{(k). As above, every
element M € GL(k) gives rise to a framed flag, that we will denote by F (M),

2.2. Relative position

Let w € Si. Abusing the notation, we denote by w € GL(k) the corresponding permutation
matrix, that has a 1 in the (w(i), ) position for i = 1,...,n and zeros elsewhere. In particular,
we have the flag (resp. framed flag) F(w) (resp. F*(w)). The standard flag F** is the flag F (e),
where e € Sy, is the identity, and the antistandard flag F** is the flag F (wy), where wq € Sy, is
the longest element. The standard and antistandard framed flags are defined analogously.

Note that we have an action of the group GL(k) both on F¢(k) and F¢* (k). We say that two
flags 71, F* € F((k) are in relative position w € Sy, if there exists an element g € GL(k) such
that

gF' =F* gF* = F(w).

We will write ' — F? to express that F' and F? are in relative position w. It is easy to
verify that F* —% F?2 if and only if for every 4, j = 1, ..., k we have

dim(F' N F7) = [{1,....i} n{w(1),...,w(j)}|
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In particular, for a simple reflection s; € Sy, we have that F* —% F?2 if and only if F; # F7
but F} = F? for every i # j.

The notion of relative position for framed flags is slightly more complicated. We say that
two framed flags (F™)! and (FT)? are in strong relative position w if there exists g € GL(k)
such that

g(}"fr)l _ (J,-_-fr)std’ g(]—“fr)Z — ./T"fr(’LU).

As before, we write (F)! - (F)? if the framed flags (F)! and (F™)? are in strong relative
position w.

In particular, consider two framed flags F, (F&) with underlying flags F = = (F™),
F' = n((FT)). Then F* 2% (F&)"if and only if F -+ F’ and the framing on (F™)’
is determined by the framing on F™ as follows. Let £; = F;/F,_y and L} = F;/F;_,
for j = 1,...,n. Then we have canonical isomorphisms

Li~Li ., Liy1>~L, Ejzﬁg- (j #i,i+1). 2.1
Indeed, the following composition is an isomorphism whenever F —- F':
Li=Fi|Fiox = Fipr/Fior = Hﬂ/ﬂ—l - '7:{+1/]:i/ = £;+1'

The other isomorphisms are constructed similarly. The framing on (F™)’ is then determined by
the framing on F™ using these isomorphisms.

We also say that the framed flags (F7)! and (F7)? are in weak relative position w if there
exists g € GL(k) and a diagonal matrix ¢ such that

g(]_—fr)l — (J_—fr)std7 g(]_—fr)2 — t./—"fr(w).

w

We write (F&)! == (F™)2 to express this relationship. Note that (F&)! — (FT)2
implies (FT)' == (F™)2 but the converse is not true. Also, note that (F™)! == (F&)? if
and only if the corresponding flags 7((F™)') and 7 ((F™)?) are in relative position w.

2.3. Transversality

We say that two flags F' and F? are transversal, and write F' h F2, if F* =% F2. Note that
this is the case if and only if

]:il N ]-“]3%. = {0}, equivalently .7:3 + F 134 =C*

for every i = 1,..., k. By definition, if 7' rh F? then there exists a matrix g € GL(k) such
that gF' = F*4 and gF? = F?, and this matrix is unique up to left multiplication by an
element of B(k) NwoB(k)wy, i.e., a diagonal matrix. Equivalently, one can say that there exists a
basis uy, . . ., u;, of C* such that

Fl=((ur) C {u,up) C---CC"  and  F?= ((wy) C (up,up—1) C--- C C"),

such a basis is unique up to scalar multiplication.
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For framed flags, we say that (F7)! and (F™)? are transversal, and again write (F™)* i (F)2
if (F&)! =% (F™)2 (note that we are using weak relative position here). In this case,
there exists a matrix ¢ € GL(k) and a diagonal matrix ¢ such that g(FT)! = (Fi)std
and g(F™)? = ¢(FT)™ Since U(k) N woB(k)wy = {1}, such a matrix g is unique. If we
have framed flags (F™)! and (F™)? that are in strong relative position wy, we say that (F)?
and (F™)? are strongly transversal.

2.4. Braid varieties

Now we are ready to define braid varieties.

Definition 2.1. Let 8 = o;, - - 0;, € Br; be a positive braid word. The braid variety X (3) is
defined as the space of configurations of flags

ANy - NN 58 (2.2)

such that F° is standard and F" is antistandard. We will often abbreviate (2.2) as F° —i Fr.

Following [CGGS24, CZ22] we will often use the following equivalent version of Defini-
tion 2.1. Given the braid diagram of [ drawn horizontally, we encode a point in the braid vari-
ety X () by labeling all regions by subspaces of C* as follows:

(a) The unbounded region below [ is labeled by 0, and the unbounded region above (3 is
labeled by C*.

(b) If a subspace W labels a region directly above one labeled by a subspace V', then V. C W
and dim W = dim V + 1.

(c) Ata crossing in 3, we have a configuration of subspaces
D
Yo
A

where AC BC D, ACC C Dand B #C.

(d) On the left boundary of 3 we get the flag 7° = F** and on the right boundary of 3 we
get the flag F" = F2nt,

See Figure 3.5 for an example of such labeling. The conditions (a) and (b) imply that every
vertical cross-section of the diagram corresponds to a complete flag in C*, and the condition (c)
ensures that the neighboring flags are in a correct relative position.

Furthermore, we can think of elements of X (/) as configurations of framed flags

(FI)0 25 (L 22 S (Fhy (2.3)



10 Eugene Gorsky et al.

such that (F™)? is transversal to (F¥)", modulo simultaneous left action of GL(k). Indeed,
if (F™)% is transversal to (F¥)" then there exists a unique matrix g € GL(k) such that g(F™)° is
the standard framed flag and g(F™)" projects to the antistandard flag. See [CGG'25a, GLSB26,
GLSBS22].

Lemma 2.2. Let w be the positive braid lift of wo. The braid variety X (wo[3) can be equivalently
described as the space of following data, up to simultaneous left action of GL(k):

B
-—>

(a) Configuration of framed flags (F')° = (Firyt (F™)2 such that (F™)° is transversal

to (Fr)2,

(b) Configuration of framed flags (F™)* s, (F™)2 and a framed flag (F™)° which is strongly
transversal to (F™)' and weakly transversal to (F™)2.

(c) Configuration of flags F* 25 72 and a choice of basis w1, . . ., u, such that
F' = {(u), (ur, ug), ... (uy, us, ..., up)}
and F? is transversal to the framed flag

{{ug), (g, ug—1), -+ C (ug, - ., u1) )

Proof. Part (a) follows from the definition. Part (b) follows from (a) since (F)° = (Firyt
is equivalent to strong transversality of (F)? and (F™)!. Part (c) follows from (b) since for
strongly transversal (F7)? and (F™) there is a unique basis u;, . . ., uy, such that

F = (), (s uahs Gt 0}

and

FO = {lun), (wg, up—n), - - (g, upy, o)}

where we denote by F° and F! the standard projections of the framed flags (F™)°, (F™)!, re-
spectively. Finally, if we are given the data as in (c) then the basis 1, . . . , u;, naturally endows F*

with a framing, that we extend through the configuration F* 25 F? 1o obtaina framing on F2,
and we recover the data of (b). [

Remark 2.3. In what follows, we only record the framing on (F™)° and treat all other flags as
unframed. As above, the strong relative position requirement induces a framing on all other flags
using (2.1).
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3. Skew shaped positroid varieties

3.1. Positroid varieties

First, we recall equivalent ways of describing positroid varieties in the Grassmannian: Grass-
mann necklaces and bounded affine permutations.

Definition 3.1. A (k, n)-source Grassmann necklace T = (I, 1, ..., 1,) is an n-tuple of k-
element subsets I; C [n] where

* if € [; then there exists j € [n] such that [;_; = ([; \ {i}) U {j}, and
e if g g ]z then Iz = ]z'—l-
We denote by GN(k, n) the set of (k, n)-Grassmann necklaces.

Remark 3.2. Note that if ¢ € I; then it may be that [,y = I; = (; \ {i¢}) U {4}. Finally, note
that 7; ;1 \ I; is either empty or a singleton.

Remark 3.3. Grassmann necklaces were first defined in [Pos06]. Our definition is slightly dif-
ferent, as we use I;_; instead of /4, this difference is indicated by the word source in the name.

Definition 3.4 ([KLS13]). A bijection f : Z — Zis called a (k, n)-bounded affine permutation
if it satisfies the following conditions:

1. f(i+n)= f(i) + nforevery i € Z.
2. Foreveryi € Z,i < f(i) <1i+n.

3. We have:

Note that, by (1), f is uniquely determined by the values f(1),..., f(n), which are pairwise
distinct modulo n. We often simply denote f = [f(1),..., f(n)]. Note also that, upon the
presence of (1) and (2), (3) is equivalent to |[{i € [n| : f(i) > n}| = k. We denote the
set of (k,n)-bounded affine permutations by BA(k,n). We say that f is a bounded n-affine
permutation if there exists k such that f is a (k, n)-bounded affine permutation.

Lemma 3.5. The sets GN(k,n) and BA(k,n) are in natural bijection.
In the proof, we will need the following definition.

Definition 3.6. We define the cyclic order <; on the set [n]:

1<; 1+ 1<;i4+2<;---<;m<l< <1 — 1.
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Proof of Lemma 3.5. This is essentially a combination of [KLS13, Corollary 3.13]
and [MS17, Remark 2.4]. For the reader’s convenience and to fix notation, we provide the
bijection ¢ : GN(k,n) — BA(k,n). Let us first describe fr := »(Z) (mod n) through its
inverse f;': we have f;'(i) = iif I, ; = I, and f;'(i) = jif ., \ I, = {j}. To
lift this to a bounded affine permutation, we set fz(i) = i + nif [, ; = I, and i € I,
and fz(i) = i if ¢ € I;. On the other hand, if f : Z — Z is a k-bounded affine permuta-
tion, let [ = {i € [n] | f(i) =i +n},and f = f (mod n). Then I; consists of I together with
the elements {a € [n] | a <; f(a)}. The collection Z; = (I4,. .., I,) is a Grassmann necklace,
and f — Zy, 7 — fr are inverse bijections. ]

Now, we associate a Grassmann necklace and a bounded affine permutation to an element V'
in the Grassmannian Gr(k, n) following [KLS13, Pos06]. We represent V' by a k x n matrix of
rank k, up to row operations, and denote by vq,...,v, € CF the columns of V. Furthermore,
we define v; for all 7 € Z by setting v;1,, := (—1)’“*1%. Given an (ordered) k-element sub-
set J = {j1,...,Jk} C{1,...,n}, we denote by A; = A;(V) = vj A---Awvj, the maximal
minor of V" in the columns of .J.

Definition 3.7. ([IMS17]) Note that the order <; naturally extends to a partial order on the set
of k-element subsets of [n]:

{jl<ij2<i"'<ijk}<i{£1<z’£2<i"'<i€k} if jsgiﬁsforeverys:l,...,k.

Given this ordering, the source Grassmann necklace associated to V' is a collection of k-element
sets Zy, = (I, Iy ..., I,) where I; is defined as

I; == maxc,,, {J € ([Z]) | Ay (V) o} .

In other words, /; is the maximal element, with respect to the <;; ordering, among all k-element
subsets .J such that A ; (V') # 0.

Remark 3.8. Note that the order <;;; is the cyclic ordering where ¢ is the largest element
and 7 + 1 is the smallest.

Remark 3.9. Here we have used the source Grassmann necklace. Other works in the literature
use target Grassmann necklaces, see e.g. [MS17, FSB22]. These are related to source and target
labelings for plabic graphs, see Section 4.

Definition 3.10. ([KLS13]) Let V' = (v1|---|v,) € Gr(k,n). The bounded affine permuta-
tion fy is defined as

fv(i) == min{j > i|v; € span(vit1, iz, ..., v;)}

Definition 3.11. ([KLS13, Theorem 5.1]) Given a bounded affine permutation f (or, equiva-
lently, the corresponding Grassmann necklace Z = ¢~ 1(f)) we define the open positroid variety
by

G =17 :={V € Gr(k,n) : fy = f} ={V € Gr(k,n) : Zy = T}.
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3.2. Skew shaped positroids

We fix 0 < k < n and consider a partition A whose Young diagram fits inside the (n — k) x k-
rectangle, that is, A = (\q,..., \x) with \; < n — k. We draw partitions using the French
convention, i.e., the boxes are lower left justified. Given partitions A and p with p; < \; for
all 1 < i < k, the skew diagram )\ /i denotes the set-theoretic difference of the Young diagrams
of X and i We also define

— . ,,t O\ ¢
Mg = Mn—k—&-l—a? /\a T )‘n—k—‘rl—a'

In other words, )\, is the height of the a-th column of ), reading from right-to-left.
Recall that w € S, is a k-Grassmannian permutation if w(l) < --- < w(k)
andw(k +1) <--- <w(n).

Definition 3.12. Given a partition A C (n — k)* we define the k-Grassmannian permutation
wy=Mm—k+1=X,....,n— X\, L+ X, b+ N 3.1

Remark 3.13. Note that the permutation w) as defined by (3.1) differs from its namesake element
in [CGGS26, (2.1)], that here we call w,. In fact, the two elements w, and w, are related as
follows. For A C (n — k), consider the complementary partition

N=n—k—=Xp....,n—k—=X\)C (n— k)"

Then, Wy = Wy

Let us now obtain reduced decompositions for wy and w,,. For this, we use [CGGS26, (2.2)],
together with Remark 3.13. Note that if ) is as defined in Remark 3.13 then
Nl = (k=M _,, k=X _, |,....,k—A}). Thus,

n—Fk’

w>\ —= EA/ = (S’I’L—()\/ :l_k o .. S’I’L—l) o .. (Sk‘-‘rl—()\/)tl “ .. Sk‘)

3.2
= (Snopint Sact) o (Sipa oo sk (3.2)

More precisely, we can write wy = C ,,—, - - - C 1, Where
Cng = (Sjaxt_ o Skagm1)-

If some )\2- = k, we just skip these factors so Cy ; = 1.

We can picture the permutation w), as follows. Starting on the southeast corner of the rectan-
gle, label the vertical steps on the east side of the rectangle by 1, ..., k, and the horizontal steps
on the north side of the rectangle by £ + 1, ..., n. Similarly, starting on the southeast corner of
the rectangle move towards the northwest corner following the shape of the partition A, labeling
these steps consecutively — this is referred to as a A-labeling. The permutation w) then starts at
the rectangle labels and moves west or south to the A labels. See Figure 3.1.

Remark 3.14. Note that (3.2) is a reduced decomposition of w,, that has length
k(n —k) — | = |N|.
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12 11 10 9 8 7 6

12 } »77}””‘7”7“”?”»7
f—4————t——1——F—1—5
R e
8 ; ‘ : 4
T T
L3
2|2
11

Figure 3.1: The permutation w for A\ = (7,7, 5, 3, 1) considered inside the rectangle (7°). The
factors C) ; correspond to the columns of the complement of ) inside the rectangle.

Lemma 3.15. If n C A then there is a length-additive decomposition
Wy = Wx/p W,

where
Wx/p = (Sn—k+ut1 e 3n—k+A§—1) T (S1+u;_k T SA;_k)

is a reduced decomposition. In particular, w,, > wy in Bruhat order.

See Figure 3.2 for a pictorial interpretation of Lemma 3.15. The permutation w , starts at
the X labels and moves west or south to the p labels.

Definition 3.16. Recall that B(n) is the Borel subgroup of upper triangular matrices
in GL(n), and B_(n) the opposite Borel subgroup of lower triangular matrices. Given two parti-
tions u C X C (n — k)*, we define the skew shaped positroid as the intersection
of B(n)w,B(n)/B(n) and B_(n)w,B(n)/B(n). This is a subvariety of F¢(n) = GL(n)/B(n)
which will be denoted by S5, .

Since wy < w, and w, is k-Grassmannian, we have that the function f),, = wAtkwljl isa
(k,n)-bounded affine permutation, where ¢, = [1 +n,...,k+n,k+1,...,n]. We denote the
corresponding positroid variety by II

o
wk,w#‘

Remark 3.17. The skew shaped positroid S§ Ju 18, by definition, the open Richardson varie-
ty R;, C F{(n). It is known [KLS13] that under the projection map F¢(n) — Gr(k,n),

W, Wy
the open Richardson variety R , is isomorphic to the open positroid variety 11

o)
w),Ww

o
wk,w#'

Remark 3.18. The skew shaped positroid S7 I differs from the skew Schubert varieties studied
in [SSBW19]. The variety S Iu is closely related to Grassmannian Richardson varieties [ES23]
as follows. Let P = P(k,n) C GL(n) be the parabolic subgroup of block-upper triangular
matrices, with diagonal blocks of sizes £ and n — k. It is known and easy to show that

Gr(k,n) = GL(n)/P.
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Figure 3.2: The length-additive decomposition w,, = wy,w,.

For an element w € S,,, the Grassmannian Schubert cell (resp. opposite Grassmannian Schubert
cell) is the subvariety

B(n)wP/P C Gr(k,n) (resp. B_(n)wP/P).

These depend only on the coset w(Sy X S,_) and not on w itself. In particular, we can take
minimal-length coset representatives, which are precisely the k-Grassmannian permutations.
If wy, w,, are k-Grassmannian permutations, the Grassmannian Richardson variety is

GR; = (B_(n)w,\P/P) N (B(n)w,P/P) C Gr(k,n).

WH, Wy

The variety GROwau is nonempty if and only if wy < w, in Bruhat order, in which case it is
an affine, smooth algebraic variety of dimension ¢(w,) — ¢(w,). In fact, wy < w, if and only
if ¢ C A, and in this case ((w,,) — {(wy) = |A/p|. We will denote GRS, := GR;, .

The skew shaped positroid S /. 18 a dense subvariety of the Grassmannian Richardson va-
riety GRS /- Moreover, the Grassmannian Richardson variety GRS /,, may be expressed as the
union of positroids

GR?/H - U HZ”“’#
WKWy,

W(Sk X Gn—)=wx(Sk X Sn—t)
and dim(Il;, , ) < dim(GR5,,), with equality if and only if w = w,. Indeed,
if w(Sr x Sp_x) = wa(Sk X Snp_k), then the opposite Schubert cell in the flag
variety B_(n)wB(n)/B(n) projects to the opposite Schubert cell B_ (n)w,P /P in the Grassman-
nian, while the Schubert cell B(n)w,B(n)/B(n) projects to B(n)w,P/P so II;, , € GRS .
We also have {(w,) < ¢(w), with equality if and only if w = w,. We thank Melissa Sherman-
Bennett for discussions pertaining to this remark.

3.3. Lattice path labeling of a skew Young diagram

Given 1 < a <n —k, 1 < i < k we define the square [, ; as the ¢-th box from the bottom in
a-th column from the right. It is clear that

Oai € M1, <i < A
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We denote
di=n—k+1-X\ 3.3)

so that [y, ; is the rightmost box in the 7-th row of .

Definition 3.19. The boundary ribbon R(\) of the diagram \ consists of those boxes in A such
that the box immediately northeast of it does not belong to A\. More precisely, R(\) consists
of the boxes U,; for d; < a < d;;1 which correspond to the horizontal steps, and of
boxes L, ; for A1 < i < )\, which correspond to the vertical steps. The ribbon R(\) has
exactly Ay + A\,_ — 1 boxes in total.

Given . C A\, we decompose

R(X\) = R(Mp) UR(N p),

where
R(A\/p) = RN\ N (M p), RA/p) =R\ Np

Example 3.20. Throughout the paper, we consider the running example with A = (7,7,5,3,1)
and n = (3,3,2). Heren — k= 7and k = 5,son = 12.

The boundary ribbon R(\) = R(\/p) is marked in pink, R(\/ju) is empty and the box [, 5 is
labeled by .

Example 3.21. Forn =9, k =4, A = (5,5,2,2) and 1 = (3, 3) we get the following picture:

The boundary ribbon R(\/y) is marked in pink and R(\/p) is marked in dark gray. Note
that R(\/pu) is disconnected.
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Definition 3.22. Given a square (], ; € (n — k)¥, we define f1,; as the minimal Young diagram
such that ;o C p,,; and O, ; € p,,;. Note that i, ; = pif and only if O, ; € p, and if O, ; € A/ p
then p,; € A. We will identify p,,; with its boundary path P, ; from the southeast to the
northwest corner of the (n — k) x k-rectangle.

Remark 3.23. In [RW24, eq. (13.1)] Rietsch and Williams define ‘“shapes”
sh(a,?) = Rect(a,i) U u

where Rect(a, i) is the rectangle with northeast corner at [J, ; and southwest corner at [J,,_, ;.
Clearly, the boundary of sh(a, 7) is our path P, ;, so that sh(a, i) = 4.

Definition 3.24. Given a square [J,; € A\/u, we define its label I'(a,i) C {1,...,n} as follows.
Label all the steps of the path F, ; with numbers from 1 to n, starting at the southeast corner and
increasing as we go west and north. The labels of the vertical steps in P, ; are the elements
of I'(a,1). Identifying j (resp. \) with its boundary path P, (resp. P,), we define the label I,
(resp. 1) to be the set consisting of the labels of the vertical steps of P, (resp. Py).

Example 3.25. In our running example for (a,7) = (4, 2) we show the path P, ; as follows:

12
11
10 | 9
8
7 1 6 15
* |5 x |4
4 13
3 12 11

Therefore, I'(4,2) = {4,5,8,11, 12} which is labeled by *. We also draw an another path P; 5
for O3 » with I'(3,2) = {3, 4,8, 11,12}, labeled by *. We can see that P, » and P; 5 are the same
except for the purple rectangle region. We also note that 7, = {5,6,8, 11, 12}.

It should be noted that I'(a, ) is a k-element subset of {1,...,n}. A nice way to describe
this k-element set is given by starting with the k-element set [, = {b; < by < --- < by} and
expressing the ordered subset I(a, i) as

I(a,7) = (a,a+1,...,a+7—1,biy1,...,bk), (3.4)

where 1 < a < n — kand 1 < i < k. From this set /(a, ), we describe an ordered set

I’(a,z’) = {al,...,ai,biﬂ,...,bk}, (35)
where a; = min{a + j — 1, b,}. Then we label (J, ; with I’(a, ¢), and the diagram p with I,,.
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Example 3.26. In Example 3.20 we label all squares [, ; € \/u by I'(a,i). We also put the

label 1, inside .

5,6,8,10,11

5,6,8,10,12

5,6,8,9,12

5,6,7,8,12

5,6,7,11,12

4,5,6,11,12

3,4,5,11,12

5,6,8,11,12

4,5,8,11,12

3,4,8,11,12

2,3,8,11,12

1,2,8,11,12

4,6,8,11,12

3,6,8,11,12

2,6,8,11,12

1,6,8,11,12

It will be convenient to shorten the labeling I'(a, i) as follows.

Definition 3.27. Given a square [J,; € \/u, we define its short path ﬁa,i as the part of P, ;
which stops after reaching the northeast corner of L, ; (but, in particular, includes the eastern
boundary of [, ;). We define the short label J(a, i) by reading the numbers at the vertical steps

of Fa,i~

Clearly, we have |J(a,i)| = i. Furthermore, the following result is clear from definitions
and allows us to go back and forth between the short labels .J(a, ¢) and longer labels I’(a, 7).

Proposition 3.28. The short label J(a, i) consists of the first i elements in I'(a,1). The remain-
ing (k — i) elements of I'(a, 1) are the same as the last (k — i) elements of the fixed subset 1,,.

Example 3.29. In our running example we can label all squares (], ; € A\/u by J(a,):

5,6,8,10,11

5,6,8,10

5,6,8,9

5,6,7,8

5,6,7

4,5,6

3,4,5

3,4

2,3

1,2

The following gives us a recursive description of J(a, ).
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Lemma 3.30.

(a) Assume that the boxes O, ; and O, ; are both in the diagram \/p. Then J(a + 1,1) is
obtained from J(a,i) by swapping a + fi, by a + i.

(b) Assume that the boxes [, ; and O, ;11 are both in the diagram \/p. Then J(a,i + 1) is
obtained from J(a, 1) by adding the element a + 1.

(¢) In the above assumptions, J(a,i) C J(a,i+ 1) and J(a +1,i) C J(a,i+ 1).

Proof. Part (a) follows from the fact that J(a,i) \ I(a,i) = {a+T1,,a+1+70,,...,a+i—1}
and J(a+1,9)\1(a,i) = {a+1+7M,, a+2+7,+- - ,a+i} (see Example 3.25). Part (b) follows
from the observation that the short path ﬁa,iﬂ is obtained from FM by adding an additional
vertical step at the end. Thus, we must include the label of this vertical step, which equals the
length of P,; +1 = (a+i— 1) + 1. The first claim of part (c) follows from (b), and the second
claim of (c) follows from (a). ]

Corollary 3.31. We have J(a,i) C J(a, \,).

We will also need the analogues of the labeling J(a, i) for the rightmost boxes in each row
of p.

Definition 3.32. Suppose that (,; € pbut O,_;,; € A\/pu. We define J(a,i) = {by,...,b;}
where I, = {by, ..., by} as above.

Lemma 3.33. Suppose that 0,1, € pbut O,,; € N/ pi. Then:

(a) Assume that(l,;, O, ;11 are bothin the diagram \/j1. Then J(a,i+1)=J(a,i)UJ (aH, 0).

(b) J(a+ 1,i) is obtained from J(a, i) by swapping (a + fi,) for (a + ).

Proof. This is completely analogous to Lemma 3.30. [

3.4. Grassmann necklace for a skew shaped positroid

We have seen in Remark 3.17 that the skew shaped positroid is in fact a positroid variety. In
this subsection, we use the combinatorics from the previous subsection to explicitly describe
the corresponding Grassmann necklace. We define a Grassmann necklace associated to a skew
diagram )/ using the boundary ribbon R()\) = R(\/u) UR()\/u) from Definition 3.19. Recall
the definition of labels I’(a, i) and ,, from Definition 3.24.

Definition 3.34. Given a skew diagram \/u, we define the corresponding Grassmann neck-
lace 7/, as follows:

s If N\ <n—k,wedefineZ,,,1 = =Ly /yun-r-r = 1.
* Forabox O,; € R(A/u), we define 7/, o4i—1 = I'(a, ).
* Forabox O,; € R(\/u) we define T, ,, 41i-1 = 1.
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« If \y < k,wedefineZ, . 15, = = Dajpnt1 = L
e Finally, 7, /., = 1,..

Lemma 3.35. The collection of subsets Iy, is in fact a Grassmann necklace.

Proof. We firstnotice that I’ (a, 7) and /,, all have the same cardinality k. For the steps between /,,
and [, no additional verification is required. We now consider several cases:

Case 1a: Horizontal step where both Uy ;, a1, are in R(N\/ /i)' Here i = \,, and by
Lemma 3.30 we have I'(a + 1, \,) = I'(a, \o) \ {a + 71, } U {a + A\.}. Therefore

I)\/ma-i-xa = I)\/u,a—i-xa—l \ {CZ + ﬁa} U {CZ + Xa}' (36)

Case 1b:  Horizontal step where (I, ; € R(A/p) but Oup1; € R(A/p). In this case, we simi-
larly get I, = I'(a, \,) \ {a + i, } U {a + A, } and (3.6) holds.

Case 1c:  From I'(n — k, Ay ) t0 I I i,y < Ay thenZ,,  po5 = I'(n— k,k)
and (similarly to Case 1) we get

I/\/,u,nkaan,k = IM = I/\/,u,nkaan,kfl \ {n —k+ ﬁn—k} U {n —k+ Xn*k} (37)
Case 2a: Vertical step where both [J,, ;, J,, ;1 are in R(A/p). In this case by Lemma 3.30 we
have I'(a,i+ 1) = I'(a,i) \ {bjs1} U {a + i} and
Drjpati = Dyjpari-1 \ {biv1} U {a + i} (3.8)
Case 2b: Vertical step where [, ; € R(\/u) but O, ;.1 € R(\/u). In this case I'(a,i+1) =
I\ {bis+1} U {a+ i} and (3.8) holds.

Case 2c: From [, to I'(n — k — Ay, 1). If gy < Mg, then O, 4x,111 € R(A/p)
and I'n—k—X\+1,1)={n—k— X +1,by,...,by}. Therefore

Djpn—k-x+1 = Dajun—i—x \ 101} U{n —k =X\ +1}. (3.9)

O

Let us denote f)/, to be the bounded affine permutation corresponding to 7, via the bijec-

tion from Lemma 3.5.

Lemma 3.36. The bounded affine permutation fy, satisfies

Pyl +Te) =a+A, 1<a<n—k (3.10)
Pyub)) = hyuln—k—pi+i)=mn—-k—=XN+i)+n, 1<i<k (3.11)

Proof. 1t is easy to see that
bi=n—k—p; +1.

Furthermore, in (3.8) we have ;.1 = (n — k — piy1) +i+landa = n —k — N\jyq + 1,
s0 b;+1 > a-+1i. Now the statement mostly follows from the proof of Lemma 3.35 and Lemma 3.5,
with cases 1c and 2c corresponding to a = n — k and ¢ = 1 respectively. It remains to consider
the steps in 7, , from I, to I,, which split into several cases:
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Casel: Ifpu; <A\ <n—~k;thenby =n—k—pu; + 1. Thereforefor1 < j<n—Fk— X\
we have j ¢ I,,s0 f(j) = j.

Case2: If\,_,<kandn—k+ N\, <j<n,thenjc I, sof(j)=j+n.

Case 3: If we have a horizontal step with both [, ;, 0,11 € R(\/u) theni = 7, = A while
Ty/pati-1 = Drjpati = 1, Since a +1 = a + 7, ¢ 1, weget fla+,) =a+, =a+ A,
in agreement with (3.10).

Case 4: If we have a vertical step with both O, ;, 0,11 € R(\/p) thena+i—1=1b; € I,
so f(b;) = b; + n. On the other hand, in this case b; = n —k — pu; +i =n—k — \; + 4, in
agreement with (3.11). 0

Example 3.37. In our running example we have

{1,6,8,11,12},{1,2,8,11,12},{2,3,8,11,12}, {3,4,8,11,12},
Thp = 4 {34,511,12}, {4,5,6,11,12}, {5,6,7,11,12}, {5,6,7,8,12},
{5,6,8,9,12}, {5,6,8,10,12}, {5,6,8,10,11}, {5,6,8,11,12}

Therefore the affine permutation f = f, ,, has the following values:
f() =3, f(2) =4, f(3) =6, f(4) =7, f(T) =9, f(9) =10, f(10)=12  (3.12)
and
F6)=2412, f8) =5+12, f(11) =8+12, f(12) =11 +12, f(5) = 1 +12. (3.13)

Note that the equations (3.12) correspond to the horizontal steps in R(A/u) and (3.13) corre-
spond to the vertical steps in it. Also, (3.13) describes the values f(b;) fori =1,... k.

Example 3.38. In Example 3.21 we get

3,4,7,8 3,4,6,7

3,4,7,9 3,4,6,9

2,3,8,9 1,2,8,9

3,4,8,9 2,4,8,9 1,4,8,9
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The Grassmann necklace is

7 [{1,4,8,9},{1,2,8,9},{2,3,8,9},{3,4,8,9},{3,4,8,9},
M= {3,4,6,9},{3,4,6,7},{3,4,7,8},{3,4,8,9}} '

The bounded affine permutation is given by

f(1) =3, f(2) =4, f(5) =5, f(6) =8, f(T) =9,

and
fB)=149, f(4)=2+9, f(8 =6+9, f(9)=T7+9.

Let us define a wiring diagram for the bounded affine permutation fy/,,.

Given partitions ¢ C A, draw both the A and p-labeling in the same picture. For each
horizontal step of y, labeled by ¢ in the p-labeling, draw a vertical arrow going up until reaching
the boundary of A, with A\-label j. Then, f(i) = j. If on the other hand i labels a vertical
step of u, draw a horizontal arrow going right until reaching the boundary of A with label j,
and f(i) = j + n.

12

12

11 9 7

10 9 5

4 3 2 1 2 1

Figure 3.3: The wiring diagram associated to the bounded affine permutation f),. For horizon-
tal arrows, we have to add n to the value of the target. Note that 5 is a fixed point of f)/, for the
right-hand figure.

Lemma 3.39. We have f),, = w,\tkwgl, wherety = [14+n,....k+nk+1,... n].

Proof. Wehave wy (i) =n—k— X\ +iforl <i<kandwy(k+a) =a+) forl <a<n—k.
Therefore _
w,\tkwljl(a + ﬁa) = w,\tk(k + G) = U))\Uf + Cl) =a-+ )\a

and
watgw, ' (n —k — pi +1) = watp (i) = wa(i +n) =n —k — X + 0.

This agrees with f)/, by Lemma 3.36. ]

Corollary 3.40. Given a skew diagram \/p, we have that fy;, (mod n) = w;/lu.
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Proof. Indeed, we have that f/, = wktkwgl, while wy/, = w,tw;1 and t;, (mod n) is the
identity. [

The following statement can be easily deduced from the results of [KLS13].
Theorem 3.41. The skew shaped positroid S5, I 1S isomorphic to the open positroid variety H%A/,/

Proof. By definition, the skew shaped positroid SY I 18 the open Richardson variety 1}, ., .
Since the permutation w), is k-Grassmannian, the natural projection from the flag variety F/(n)
to Gr(k,n) identifies Ry, w, With its image, cf. [KLS13]. By [KLS13], this projection identi-
fies R, with the positroid 1} where f = w,\tkw;1 which agrees with f,, by Lemma 3.39.

Wy, Wy
L]

Remark 3.42. Let V be a (k x n)-matrix representing a point in the positroid H%A/H. Since I, is

an element of the corresponding Grassmann necklace, we have that A7, (V') # 0. By rescaling,
we may and will assume that A; (V') = 1 for every element V' € H%A/u.

3.5. Skew shaped positroid as a braid variety

Following [CGGS26, Lemma 2.5] we define a k-strand braid 3/, associated to a skew dia-
gram A/ via the following procedure.

1. Cross out the top box of every column of .

2. For each column of (n — k), put strands starting on the lower left corner of each box in
this column, so that there are precisely £k strands. We join the strands to corners in the
right border of this column, as follows:

(a) Join the strand starting in the lower left corner of the crossed box belonging to A/u
(from Step 1) in this column to the lower right corner of the lowest box in the same
column belonging to A/ . If the crossed box also belongs to 1, then simply join the
strand, in a straight line, to the lower right corner of the same box.

(b) If a strand starts in the lower left corner of a non-crossed box in A/, join it to the
upper right corner of the same box.

(c) If a strand starts on the lower left corner of any box which is not of the above type,
join it (in a straight line) to the lower right corner of the same box.

3. The braid 3,,, is defined to be the concatenation of the (n — k)-braids from Step 2. In
formulas,
ﬁx/u =10y Cpy, Cj = U>\§.710>\§72 T 0M§+1a (3.14)

where Cj is the empty braid if z§ +1 > A — 1.
See Example 1.6 and Figure 3.4 for examples of the braid 3, ,,.

Definition 3.43. We say that a box O € A/ is a braid box if it is not the top row of its column.
By definition, the braid boxes of A/ are in bijection with the crossings of 3, ,,.



24 Eugene Gorsky et al.

Figure 3.4: The braid (), (in blue) for A\ = (7,7,5,3,1) and . = (3, 3,2).

Next, we define a family of subspaces of C* labeled by the braid boxes of /1 or, equivalently,
by the regions of (3 /,,.

Definition 3.44. Let I be a (k x n)-matrix with columns vy, ..., v, representing an element
of the open positroid variety II7 .  For a braid box (a,7) of A/u, we define the

subspace V (a, 1) = span{v; : j € J(a,i)} C C".
Lemma 3.45. We have dim V' (a, i) = i.

Proof. We have J(a,i) C J(a,\,) C I'(a, \,) by Corollary 3.31, and Apzn(V) # 0by
definition of the Grassmann necklace Z,,,. Therefore the vectors {v; : j € I'(a,\,)} are
linearly independent, and the vectors {v; : j € J(a,)} are linearly independent as well. O

Lemma 3.46. We have containment
V(a,i) C V(a,i+ 1), V(a+1,i) C V(a,i+1).
Proof. This follows from Lemma 3.30. ]

Lemma 3.47. Suppose that U, ; and U, ; are any two adjacent squares chosen from the i-th
row of R(A/p). Then V(a,i) = V(a + 1,4).

Proof. Assume that (J,,; and [J, 1 ; are both in R(\/u). Lemma 3.30 implies that J(a + 1, 1)
is obtained from .J(a, i) by swapping a + 7i, by a + \,. By Lemma 3.36, we have that (O
is contained in the span of vy, +1,...,0,,%,- By the definition of the Grassmann necklace
(cf. Definition 3.7), the span of Va4 41, - -, Uy, 1 iS Precisely V' (a, i), so we have a contain-
ment V' (a + 1,7) C V(a,1). Since V(a,i) and V' (a + 1,7) have the same dimension i, we can
conclude that V' (a,7) = V(a + 1,4). O

Example 3.48. In Example 3.29 we have J(5,4) = {5,6,7,8} and J(6,4) = {5,6,8,9}.
Since f(7) =9, we have v; € (vs, vg), so V' (5,4) = (vs, vg, v7, vs) C (v5, Vg, Vs, V) = V(6,4).
On the other hand, dim V'(5,4) = dim V'(6,4) = 4, so V'(5,4) = V(6,4).

Lemma 3.49. Suppose that O, ; is not in R(\/p) and Oq11; € N/ p. Then
Va,i) # V(a+1,1).
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Proof. By Lemma 3.30 we get J(a,i) U J(a+ 1,i) = J(a,i+1),s0 V(a,i) + V(a+1,i) =
V(a,i+1). fV(a,i) = V(a+1,i) then V(a,i+1) = V(a, i) which contradicts Lemma 3.45.
[

Definition 3.50. Let [, = {0y, ..., b} as above, we define
W; = <Ubk—i+1’ . ,vbk>, WP = (vpyy oy 0p,) -
Lemma 3.51. The subspaces W;* have the following properties:
(a) dim WP =,

(b) Suppose that O,; € p but Ou1; € AN u. Then W C V(e — 1,i + 1)
and W #V(a —1,1).

Proof. Part (a) follows from A;, # 0. For part (b), we first observe that

WP = span{vj cj € j(a,z')} :
so by Lemma 3.33 we get W;*+V (a—1,i) = V(a—1,i+1), in particular W* C V(a—1,i+1).
If WP =V(a—1,i) thendim V(a — 1,7 + 1) = i, contradiction. O

It is easy to see that the vector v, 5, vanishes if and only if 7z, = g, that is, the a-th column
of the skew diagram \/j is empty (this includes the case 7z, = A, = 0). Indeed, by Lemma 3.36
f(a+T7,) = a+ A, and by definition of the bounded affine permutation f the vector v; vanishes
if and only if f(j) = j. Below we will mostly focus on the case fi, < )\, where Vatp, 7 0.

Lemma 3.52. For all a, if p, < A, then the space
V(a/“l_,ta + ].) N <Ua+ﬁa+1, Ce ,Ua+xa>
is one-dimensional and spanned by v,y .

Proof. We have a+7i, € J(a,fi, + 1), 50 voyp, € V(a,Ti, + 1). Furthermore, by Lemma 3.36
we have f(a + Ji,) = a + g, 5O

Ua+ﬁa c <Ua+ﬁa+17 Ce ,/Ua+xa> .

Next, observe that
J(a, ) = J(a,11,) U {a—l—ﬁa—i— L...,a+ X — 1}
SO

dim [V(a,ﬂa +1)+ <Ua+ﬁa+1v o 7“a+Xa>} > dim [V(a,ﬁa +1)+ <va+ﬁa+1, . ,va+xa_1>}
= dim V(a,\y) = Ao

Also, dim (Vo1 41, - - Vayx, ) < Aa — J,. Therefore
dim [V (a, Tty + 1) 0 (Vo 415 - - -, Vorx, )] = dim V(a, 71, +1) +dim (vaiz, 41, - - -5 Vyx, ) —
dim [V(avﬁa + 1) + <Ua+ﬁa+17 cee 7,Ua+xa>} < (ﬁa + 1) + (Xa - ﬁa) - Xa =1L O
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Lemma 3.53. For all a, we have vz, € Wi_p. .

Proof. We prove it by decreasing induction on @ where 1 < a < n — k. Note that

Wk—ﬁa:<vbﬁa+17"'7r0bk>7 _}.

By Lemma 3.36 we have f(a + fi,) = a + A4, SO

Ua+ﬁa c <'Ua+ﬁa+1, Ce ’Ua+xa> .

For all t suchthata + 7, + 1 < t < a + \,, we either have t € T x and then v; € Wy 4 ,
ort = a' + i, for a’ > a and by the assumption of induction v; € Wy_p , C Wj_g_ . There-
fore <va+ﬁa+1, e a%+Xa> C Wy_g, and we are done. 0

Lemma 3.54. For all a, if 1, < A, then the intersection
Via,fi, + 1) N Wiz,
is one-dimensional and spanned by vy, .
Proof. Let L =V (a,fi, +1) N Wy_z . We have J(a,fi, + 1) = {b1,..., bz, a+ T}, so
V(a, i, +1) = WP + (vasz, ) -

By Lemma 3.53 we have v,45z, € V(a,fi, + 1) N Wj_z and dim L > 1. On the other
hand, W2* N Wy, = 0, s0 LN W;P = 0. At the same time, L + I/VOp c V(a,@m, + 1),
therefore dim L + dim WP < dim V(a I, +1)and dim L < 1. O

Definition 3.55. We define R'(\/u) C R(A/p) as the set of boxes O, 5 fora=1,....,n -k
(whenever O, 5 € A\/u). Equivalently, R'(\/1) are the top boxes of columns of X that are not
in p, that is, the boxes in A/ that are crossed out in the construction of () -

We define Sf\/lu C S5/, by the conditions

Api =1, O, € RY (A ).
Theorem 3.56. For any skew diagram X/ let s = |R*(\/p)|. Then there exist isomorphisms
Q: S\u =X (@ﬁk/u) X (CX)S’ Q' : Si/lu =X (%5)\/#) :
Proof.

Step 1: Recall the equivalent descriptions of X (@ B/ u) from Lemma 2.2. First, we construct
a map

Q185 = X (woBayu) x (C)° (3.15)
by its components. The map 53 s (C*)* simply sends a matrix V to the tuple of mi-
nors Ay, for O,; € R'(A/p). To construct the map € : S = X (wofBry) » we label
the regions of the braid diagram of 3/, by subspaces of CF as follows.
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6/8]11[12 5(6[8|11 | 5(6/8|10 = 5/6/8|9 = 5(6|7|8

8[11]12 5(6/7 = 4]5/6 = 3/4/5

Figure 3.5: The crossings on the left of the dashed line form a reduced word for wy, while the
crossings to the right of it form the braid 3/, for A = (7,7,5,3,1), and u = (3,3,2), see
Figure 3.4. We have filled in the regions of the braid wyf3,,, with the subspaces W;, W;* (on
the wy side) and V' (a, i) (on the /3y, side) defined in Definitions 3.50 and 3.44, respectively.

We have a bijection between the braid boxes of A/ and the crossings of f3),,. Given a
crossing, we label the region right of it by the subspace V' («a, i) where [J,, ; is the corresponding
box. Furthermore, we choose the basis vy, , . . ., vy, for the flag on the left so that the regions on
the left boundary of 3, are labeled by the subspaces 1W;””. We need to check that such labeling
satisfies the conditions in Lemma 2.2(c).

All subspaces associated to the regions of 3/, have correct dimension by Lemma 3.45.
Furthermore, A;, # 0 and vy, , . . ., vy, are linearly independent and dim W;* = .

By Lemmas 3.46, 3.47 and 3.49 we ensure that the subspaces in the regions of 3/, are
in correct relative position. Note that for ¢ = k we get k-dimensional space which coincides
with C*. By Lemma 3.51 the subspaces W, are in correct relative position with the subspaces
in regions of (3, /,,.

Finally, we need to check that the rightmost flag is transversal to F"V which is the opposite
of V. By construction, the rightmost flag F° consists of subspaces V (d;, i) = span J(d;, )
where U, ; is the rightmost square in the i-th row of A as in (3.3). For such squares, we have

I/<di7 Z) = J<d27 7’) U {bi+17 R bk};

and W,,_; = <vbi+1, e ,vbk>. Since Ay(g, ) # 0, the subspaces V' (d;, ) and W;,_; are indeed
transversal. To sum up, we get the configuration

wo

op Br/u
QV) = [ FW 25 FWer 25 o) (3.16)

Step 2: Next, we need to construct the inverse map
2 X (wofaju) X (C*)° — S5,
We use Lemma 2.2(c) to think of a point z in X (@ﬁA /u) as the data of a configuration of

flags F! = together with a choice of basis for '. We denote this basis by vy, ..., vp,,
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and the subspaces in regions of )/, by L(a,i). Recall that for all j € {I,...,n}
either j € {by,..., by} orj =a+p, forsome a € {1,...,n — k}. The vectors vy, , ..., vy, are
known, and we reconstruct the vectors vo 5 . If 1, = )\, then we set Vayp, = 0. From now on we
assume Ji, < \,. We claim that the intersection

L=1L(a,fi, +1) N Wiz,
is one-dimensional. Indeed,
dim L(a, fi, + 1) + dim W,z = (G, + 1)+ (k —f,) =k + 1
and, since both L(a, i, + 1) and Wj,_;are vector subspaces of C* we also obtain
dim (L(a, i, + 1) + Wiz, ) < k

so dim L > 1. On the other hand, W;" C L(a, i, +1) and W N W,z =0, hence W2" N L=0.
Since dim(W;"+L) < dim L(a, ua—f—l) I, +1, we get dlmL < 1. Therefore dlmL =1,and
we can deﬁne Uo4m, UP to a scalar as a basis vector in L. To fix the scalar, observe
that (0, 5 € R'(\/p) and

{bl,..., ,a+p,,a+m, +1,. +Xa—1,bxa+1,---,bk}-

Therefore A I'(a3) involves Vqyn, and other vectors which we have reconstructed earlier, so
fixing the Value of A I'(a,x,) determines the scalar for vy,
Altogether, the Vectors v; define a matrix

VzE(z,AI,(a;a),a: 1,...,n—k:>. (3.17)

By construction, vy, , . . ., vp, are linearly independent, so rank(V') = k and we can interpret 1" as
a point of Gr(k, n). At thlS stage we do not know if it belongs to SY I however, by Lemma 3.54
we get

= (Q’(V)) —ViorV e S5, (3.18)

Step 3: Given V as in (3.17), we can define the subspaces V' (a, i) = span(v, | o € J(a,1)).
We prove that L(a,i) = V(a, ) by induction in 7. For the base case, we can choose ¢ = fi, + 1
where L(a, 11, + 1) = W2" + span(ve4p,) = V(a, 7, + 1) holds by construction. For the
step of induction, assume that (J,;_; and [J,;; ;1 are in A\/u. From the braid diagram, we
read L(a,i — 1) C L(a,i), L(a + 1,i — 1) C L(a,i) and L(a,i — 1) # L(a + 1,7 — 1),
therefore L(a,i) = L(a,i — 1) + L(a + 1,5 — 1). By the assumption of induction we
have L(a,i —1) =V(a,i—1)and L(a +1,i — 1) =V(a+1,i — 1) and

L(a,i)=V(a,i—1)+V(a+1,i—1)=V(a,i).

The case when U,;1,-1 € p is treated similarly. Note that the same argument shows
that dim V'(a, 1) = 1.
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Step 4: By (3.18) we have S§ e Im = and the corresponding inclusion of (Zariski) clo-
sures S e Im =. On the other hand, observe that

dim X (wofu) = U(Brsu) = [N = [ul — s, dim S5, = [A| — ||

and both varieties are irreducible. Therefore Im = is an irreducible closed subset of the Grass-
mannian Gr(k, n) of dimension at most [A| — |u[, hence 53, = Im =.

Step 5: Recall that by Definition 3.7 and Theorem 3.41 the skew shaped positroid 53 Ju 18
characterized by the non-vanishing of the minors A/, ;) for ,; € R(A/u), and vanishing of
minors A ; with J > I'(a, i) in the cyclic order <,;;—1. The equations A ;(V') = 0 hold on the
closure % and therefore for V' as in (3.17) we get A (V') = 0.

By Step 3, we have V(d;,i) = L(d;,i) and by definition of X (wpf3,/,) we have
L(d;,i) N Wy—; = 0. Therefore V(d;,i) N Wy—; = 0 and Apq, (V) # 0. This implies
Apap(V) # 0forU,; € R(A/p), and Im = = 55 .

Finally, by applying Step 3 again we conclude that () and E are inverse to each other. [

Example 3.57. Let us describe the map = in our running example. Given the vectors vy, . .., Us,
and the subspaces L(a, ) as in Figure 3.5, we know all vectors v; right away except for vz, vg
and v19. We also know that

L(5,3) = (vs,v6,v7), L(6,4) = (vs, 6, v8,v9) = L(7,4) = (vs, v6, V3, V10)-
By Lemma 3.54, we can obtain the remaining vectors as intersections
vr € L(5,3) N W3 = (vs,v6, v7) N (vs, V11, V12),

vg € L(6,4) N Wy = (5, v6, Vs, v9) N (11, V12),
v10 € L(7,4) N Wy = (vs, v6, Vs, V10) N (V11, V12).

In fact, the vectors vg and vy are proportional since L(6,4) = L(7,4). To pin down the scal-
ing factors, we first use the minor A; 1011 to rescale vy (since the vectors vs, vg, vs, V11 are
kIlOWIl), then A5,6,8,9,12 for (s} and then A5,6,7,8,12 for V7.

Example 3.58. Alternatively, we can use Lemma 3.52 to reconstruct v, vg and vy, but this turns
out to be a more subtle and recursive process.

Let’s start with v19. Since f(10) = 12 by (3.12) we have vy € (v11,v12). On the other
hand, clearly V1o € <U5,U6,U87?}10>. Observe that AIH = A5,6,8,11,12 7& O, SO <?}11,U12> +
(vs,vg, vs,v19) = C°. Therefore the intersection (vi1,v12) N (vs, vg, Vs, v1g) is 1-dimensional
and hence spanned by vy.

Next, we determine vgy. Since f(9) = 10, we get vg € (vyg).

Finally, we determine v;. Since f(7) = 9, we get v; € (vg, v9) while clearly v; € (vs, vg, v7).
Note that dim(vs, vg, v7, vs) = 4, SO

dim [(vg, vg) + (vs, ve, v7)] = 4, dim [(vg, ve) N (vs,v6,v7)] <2+3 —4=1.

Therefore the intersection is indeed one-dimensional and spanned by v;.
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Remark 3.59. The flag F° on the right boundary of (V) constructed in Theorem 3.56 has the
following concise description. Let

Lo={d;+i—1]i=1,...k}

be the set of labels of the vertical steps in the A-labeling. Then the j-dimensional subspace in
the flag F° is given by

F} =V(d;,j) =span{vgpi [ i =1,...,j}. (3.19)

This follows by induction from V'(d;,j) = (va,4j-1) © V(d;,j — 1) and Lemma 3.47. In
particular, vy, ;1 form a basis of CF,and A r, # 0on S I in agreement with Remark 3.18. In
our running example, I, = {1,2,5,8,11} and we get

FO = {{v1) C (v1,v2) C (v1,v2,05) C (v1,02,5,0s) C (v1, 09,05, v8,011) = C°},

compare with Figure 3.5.

3.6. Skew shaped positroid as a braid variety on n strands

We have realized the skew shaped positroid variety S% /a8 a braid variety on £ strands. It
can also be realized as a braid variety on n strands, as follows. By definition, we have that the
variety S5 /18 the open Richardson variety Ry, , inside the flag variety F {(n). Let w(()n) denote

the longest element in .S,,. As shown in [CGG"25b, Theorem 3.14], we have an isomorphism

X (Bwa)Ber wl)) = B,
(n)

o Bwtw (3.20)
<fstd ’8_(__)) Fr A 3__,0 )fant> — FT.

where 3(w,) is a minimal braid lift of w,,, and similarly for 3 (w;lw(()n)). Let us elaborate on
this map, in particular, obtaining a £ X n matrix V starting from the flag 7". The flag F"
belongs to the Schubert cell B(n)w,B(n)/B(n). Thus, we can find a matrix M € GL(n) such
that 7 = F(M) and M = (m, ;) satisfies the following conditions:

* Miw, = 1foreveryi=1,... n. These are the pivots of M.
* There are 0’s below and to the right of every pivot of M.

Note that, since the permutation w, is k-Grassmannian, every non-pivot entry of the
last (n — k)-columns of M is zero. In other words, M = (m1|ma| - - - [mi|ew, (k+1)| - - - |€w.m))-
The k x n-matrix associated to F" is (mq|- - - [my)7T.

Now, by Lemma 3.15 we can find a decomposition (w,) = S(wx/,)5(w), so that

Bw,)B(wy w”) = Blway,) - Blwg"). (3.21)
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We then have the diagram

RS, e X (Blwr) Bw)Blws wl”)) ———— R, = 55,
w wilw(n)
Fr (fstd ’8(__)‘4“) Fr ﬂ_(qff‘)) Fre Al 250 )fant> s FT2.

where both maps are isomorphisms.

Remark 3.60. Note that 3(w,,,) is an n-strand braid while 3y, is a k-strand braid, so these
should not be confused.

4. Cluster structure on skew shaped positroids

In this section, we provide an initial seed construction for the skew shaped positroid following
Galashin—Lam [GL23] and using the lattice path labelings as in Subsection 3.3. We first state the
result in Section 4.2 and then give a proof in Section 4.3. The reader is invited to skip Section 4.3
at the first reading.

4.1. Background on cluster algebras

Let us now recall the definition of a cluster algebra [FZ02]. We restrict ourselves to the skew-
symmetric case, as this is all that will be needed.

An ice quiver is a quiver (i.e., a directed graph, where we allow multiple arrows between
vertices) with finite vertex set () that has no loops nor directed 2-cycles, and where a special
subset Qg of the vertices of () is declared to be frozen. An element in Q) \ ng is said to be a
mutable vertex of ().

Now let () be an ice quiver, with |Qo| = n + m, in such a way that there are n mutable
vertices and m frozen ones. We consider a field F of transcendence degree n + m over C. A
seed Y. = (@), x) consists of:

1. The ice quiver (), and

2. Asetx = {x; | i € Qp} that is a transcendental basis for F, i.e. F = C(x; | i € Qo).
The set x is known as the set of cluster variables of X.

Given a seed ¥ = ((), x) and a mutable vertex k € o, the mutation of 3 in the direction k
is the seed 1 (X) = (ur(Q), pr(x)) where:

L. p(x) = (x\ {zx}) U {2}, where x} € F is defined via the equation

/

i—k k—j

2. k(@) has the same vertex set as (), but the arrows change via the following three-step
procedure:
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(a) Reverse all arrows incident with k.

(b) For any pair of arrows ¢ — k — j in () insert a new arrow ¢ — 7, unless both ¢ and j
are frozen.

(c) The previous two steps may have created 2-cycles. Remove all the arrows in a max-
imal collection of disjoint 2-cycles.

Two seeds ¥ and ¥/ are said to be mutation equivalent if there is a finite sequence of mutations
taking one seed to the other. Since mutation at a fixed vertex k is an involutive operation, this is
well-defined.

Definition 4.1. Let X be a seed. The cluster algebra A(X) is the subalgebra of the field F
generated by the sets of cluster variables in all seeds mutation equivalent to 3, as well as by x '
for k € Q{; . We say that a commutative algebra A admits a cluster structure if there exists a
seed X such that 4 = A(X). Similarly, we say that an affine algebraic variety X admits a cluster
structure if the coordinate algebra C|X | admits a cluster structure.

Crucially for this paper, a commutative algebra .4 may admit more than one cluster
structure, that is, there may exist two seeds X, ¥’ which are not mutation equivalent but such
that A(X) = A = A(Y).

Let A(X) and A(Y’) be the cluster algebras associated to the seeds ¥ and 3, respectively.
Following Fraser [Fral6], see also [LS22, Section 5.2], we define a class of particularly well-
behaved morphisms between cluster algebras associated to seeds that are not necessarily muta-
tion-equivalent.

For a seed ¥ and a mutable vertex i, we define the exchange ratio 3; as the ratio

#{j—i
| P
Hi_m' I;%{Z—U}
Definition 4.2. [Fral6, FSB22] Let A(X) and A(X’) be cluster algebras of rank n + m,
both with m frozen variables. Let x = {xi,...,Z,4m} be the cluster variables of X,
andx={a1,... 2]} bethe cluster variables of >’. An algebraisomorphism f: A(3) —.A(¥')
is said to be a quasi-cluster isomorphism if the following conditions are satisfied:

1. For each frozen variable ; € x, f(z;) is a Laurent monomial in the frozen variables of x’.

2. For each mutable variable z; € x, f(x;) coincides with z/, up to multiplication by a
Laurent monomial in the frozen variables of x’.

3. The exchange ratios are preserved, i.e., for each mutable variable x; of X, f(¥;) = ¥..

We remark that properties (1)—(3) are stable under mutations, i.e., if (1)—(3) holds for two
seeds >2,3, then it also holds for ;(X), u;(X’) for every mutable vertex i, see [LS22, Sec-
tion 5.2].
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4.2. Cluster structure on skew shaped positroid: statement

The following statement is a consequence of the main result in [GL23] which we review in
Section 4.3.

Theorem 4.3. Consider a skew diagram \/ 1. The skew shaped positroid S$ Ju admits a cluster
structure, and an initial seed can be described as follows:

(a) Cluster variables: Foreach box U, ; € A/, we have a cluster variable x,; = Ay (q,). In
particular, a variable x, ; is frozen if the box O, ; belongs to the boundary ribbon R(\/ ).
Otherwise, a variable x,; is mutable.

(b) Quiver: The vertices of the quiver Q) ,,, are in bijection with the boxes [, ; € \/ji. There
are three types of arrows:

Uai = Uati Uai — Ugiz1e Uai = Ha—1,i41
provided at least one of these boxes corresponds to a mutable vertex.

Remark 4.4. In part of the literature, there is an extra frozen variable z,, = Ay, and consequently
the quiver (),/, has an extra frozen vertex. This yields a cluster structure on the affine cone
over 55 ,,. We will work inside Gr(k,n) (as opposed to its affine cone) by setting A;, = 1, so
we do not see this frozen variable, see Remark 3.42.

Recall the variety Sf\/lu is given by the conditions that Ap,; = 1 for every

box O, ; € R'()\/p). Note that these are all frozen variables for the cluster structure in S5, and
we obtain the following result.

Corollary 4.5. The skew shaped positroid Si/lﬂ admits a cluster structure, obtained from the
cluster structure on S I from Theorem 4.3 by specializing the frozen variables x,; = 1,

where O, ; € R'(\/ ).

Remark 4.6. We have A;, # 0 on Si/u, see Remark 3.59. By [GLS13, Theorem 1.3(i)] any
invertible function on a cluster variety is equal to a monomial in frozen variables, and one may
wonder how to write A, as such monomial explicitly.

To do this, we can consider the action of the torus (C*)™ on Gr(k, n) which scales the column
vectors v;, and compare the weights of frozen variables and of A;, . In our running example, we
get
A1 98111283 4511,12856,7,812056.8,10,11

A, =Ag5811 = N
g T Az 4811,120567,11,12056,8,10,12 /o
Note that the factors in the numerator correspond to the outside corners of the ribbon R(\/u)
and the factors in the denominator correspond to the inside corners. We leave details to the

reader.
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5,6,8
10,11

5,6,8 5,6,8 5,6,7
10,12 9,12 8,12

5,6,7 4,5,6 3,4,5
11,12 11,12 11,12
i /
5,6,8 4,58 | 3,48 2,3,8 1,2,8
11,12 11,12 11,12 11,12 11,12
\Z \7 v
46,8 _| 3.68_| 268_| 1,68
11,1211, 12T 11, 12711, 12

Figure 4.1: The quiver for S, , for our running example where A = (7,7,5,3,1), p = (3,3,2)
is shown superimposed on the skew diagram. The cluster variables are defined z,; = Ap (4.
Here we label the cluster variables only by the indices I’(a, 7). Blue indices correspond to frozen
variables that arise from the boundary ribbon R(\/u), while green indices indicate the mutable
vertices of the cluster seed.

4.3. Cluster structure on skew shaped positroid: proof

Cluster structures on positroid varieties are intimately related with Postnikov’s plabic
graphs [Pos06] which are planar, bicolored graphs in a disk with n edges that touch the boundary
of the disk (we call these boundary edges).

Given a plabic graph G, Postnikov defines in [Pos06, §13] the collection of trips as follows.
First, we label the boundary edges of GG from 1 to n. A trip starts at a boundary edge ¢ and fol-
lows the “rules of the road” by turning right at each black vertex and left at each white vertex. A
plabic graph is called reduced if the trips in it satisfy certain technical conditions in [Pos06, The-
orem 13.2]. If G is reduced, the trip starting at 7 ends at another boundary edge labeled by 7¢(7),
see Figure 4.2 (left) for examples. If GG is reduced then it is known that 7 is a permutation in .5,,,
it is called the trip permutation for G.

The connected components of the complement to G will be called regions (also known as
faces). The source labeling of regions by subsets of {1,...,n} is defined as follows: for each
trip path starting with a boundary edge i, we label all the regions to the right of it by 7. It is
known that whenever G is reduced, each region acquires exactly & labels this way, where £ is
the number of counter-clockwise trips.

Let f be a bounded affine permutation. For the positroid variety 113 C Gr(k,n), consider
the family of all reduced plabic graphs G with trip permutation f (mod n).> A plabic graph G
in this family determines a quiver () with vertices corresponding to the regions of ¢, and
cluster variables given by the Pliicker coordinates indexed by the source labels of regions defined

2For fixed points i of f (mod n), we also need to carry the information of whether the trip permutation carries i
to ¢ clockwise or counterclockwise.
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above. By the main result of [GL23], all these determine (possibly different) seeds for the cluster
structure on H;’c. We refer to [GL23] for more details.

To prove Theorem 4.3, we will produce a plabic graph with trip permutation f (mod n)
whose corresponding quiver and cluster variables coincide with those stated in Theorem 4.3.

Definition 4.7. Given 1 C A, we define the plabic graph G/, as follows:

(a) Replace each box in A/u with a box with a black-white edge, as in Figure 4.3 (left) and
Figure 4.2 (left).

(b) If,; and O, ; are both in A/, join the white vertex of [J,, ; to the black vertex of [(J,_1 ;.
Similarly, if (J, ; and [J, ;_; are both in A /1, join the white vertex of [J, ; to the black vertex
of [, ;—1. See Figure 4.2 (left).

(c) If a portion of the boundary of a box in A/ is contained in the northeast boundary of A,
we connect the corresponding vertices of G/, to the boundary, as in Figure 4.2.

(d) If a portion of the boundary of a box in p is contained in the northeast boundary of \, we
add new vertices and connect them to the boundary, as follows, where the thick sides are
those belonging to the northeast boundary of \:

. .

O O

We regard G/, as a subset of \, which is homeomorphic to a disk. Below we will refer
to the southwest boundary region Rsy which contains o (except for vertices and edges in (d)
above). Also note that (), has exactly n boundary edges labeled from 1 to n as in Figure 4.2,
and Rgy, connects the boundary edges labeled by 1 and n.

Next, we introduce an equivalent model of GG/, drawn on the lattice.

Definition 4.8. Given a skew diagram \/; where I, = {by, ..., by}, the lattice source labeling
trip is given by the following:

1. Edge labeling:

* The boundary edges e; are labeled consecutively from 1 to n, starting from the south-
east corner to the northwest corner. *

2. Construction of the lattice source labeling trip 7;:
The path 7; moves southwest until it reaches the boundary of x at which point the direction
of the path reverses to either the north or east.

3Note that this gives a counterclockwise enumeration of the boundary edges, that is not standard in the plabic
graph literature. Had we drawn our Young diagrams in English notation, we would have obtained a clockwise
orientation. We choose not to do so to keep in line with the rest of the paper.
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(a) Initial turning rule:

* If an edge is horizontally oriented, then you make a left turn with respect to the
orientation in the southern direction.

 If an edge is vertically oriented, then you make a right turn with respect to the
orientation in the western direction.

 Continue until you reach the boundary of .
(b) Behavior at the boundary of p:

* Upon reaching an edge that is contained in the boundary of 1, continue to follow
the turning rule from step (a), until the next required step would be an edge
contained in the interior of .

* At this point, reflect the direction of the new edge which would be contained in
the interior of y.

i. If the rule would require you to take the horizontal edge in the western di-
rection, then instead choose the horizontal edge in the eastern direction.

ii. Similarly, if the rule would require you to take the vertical edge in the south-
ern direction, then instead choose the vertical edge in the northern direction.

(c) Continuation of the path:

» Continue straight until you reach some edge e; for j € [n] \ i.
3. Box labeling:

* If the path 7; has a counterclockwise orientation, then label the boxes on the exterior
of the path with the integer ¢, denote this set of boxes X;.

* If the path 7; has a clockwise orientation, then label the boxes on the interior of the
path with the integer ¢, denote this set of boxes /V;.

Lemma 4.9. If the path T; satisfies step (b)(i) in Definition 4.8, then i € I,,.

Proof. We can label all the edges between boxes in A/ by their (lattice) distance to the south-
east corner. Specifically, we label the southern (horizontal) and the eastern (vertical) boundary
of O, ; by a + j — 1. Note that on the edges of the boundary path P, of A/ this labeling coin-
cides with the one defined in Definition 3.24. Along the trip 7; we first move along the diagonal
staircase (see Figure 4.2, right) where all edges have the same labels. In particular, the initial
label 7 equals the label on the boundary of y that the trip hits, and the result follows from the
definition of /,,. [

Example 4.10. For our running example, the lattice trips T, and T5 in A/ along with the lattice
source labeling of 4 and 5, respectively, are shown on the right in Figure 4.2. The lattice trip 7}
is drawn in blue. Since the path T} is oriented clockwise, we label the boxes on the interior
of the path with 4 and denote these boxes as N,. Similarly, 75 is drawn in navy blue with
counterclockwise orientation, so we label the boxes on the exterior of the path with 5, these
boxes are denoted X5.
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Lemma 4.11.  (a) There is a bijection between the boxes in \/ii and the regions in G\,
except for the southwestern region Rgyy.

(b) There is a bijection between the trips in G, and lattice trips T; in X/t which agrees with
the bijection for regions in (a).

(c) Given a boundary edge i, the source labeling of regions for G, and the lattice source
labeling of boxes in A/ as in Definition 4.8 agree.

(d) The southwestern region Rgw in Gy, is labeled by 1,,.
Proof. Parts (a) and (b) are visually clear, see Figure 4.2. For each box in A/ there is a unique

region for G/, containing its northeast corner. The steps in a lattice trip are obtained from the

12

12
11
‘53‘ 10 9 il
% 10 9
7 5 8

o _
SOSAAL A 53
AN

‘»_?11 125
10 9 11

AR ST
7 5 8

L -
SRR BT
AAA,

1

i
Figure 4.2: On the left, the plabic graph is shown superimposed on the skew diagram for \/u
where A = (7,7,5,3,1) and . = (3, 3, 2), with the path for 7}y highlighted in blue and the path
for T5 highlighted in navy blue. This path is determined using the standard “rules of the road”
described in [Pos06], where the “driver” keeps to the right side of the path. When approaching
a black dot, the driver continues straight, whereas approaching a white dot, the driver turns left.
On the right, the lattice trip for 7 and 75 is depicted using lattice source labeling. The boundary
edges e; are shown in red on the right.
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steps in the corresponding trip for GG/, by a 45 degree rotation as in Figure 4.3. Part (c) is clear
from (a) and (b).

For (d) we observe that Ry is labeled by the sources of all counterclockwise trips in Gy /.,
while the counterclockwise lattice trips are labeled by the elements of /,,, see Lemma 4.9. [

Remark 4.12. A cautious reader might notice that the plabic graph G, in the left of Figure 4.2
is not isomorphic to square grid (for example, most regions have 6 sides). Still, since we only
use regions and their labels, we can use Lemma 4.11 to replace the data of G/, by its lattice
analogue.

Figure 4.3: Identification between plabic graph on A/u with /. Note that the labeled edges a
and b in the left-hand figure are compressed to the respective vertex point in the right-hand figure.

For the following result, we will need the notion of a decorated permutation, which consists
of the data of a permutation w € S, together with a decoration (either white or black) on its fixed
points. Itis easy to see that there is a bijection from the set of bounded affine permutations to that
of decorated permutations, given by f — f (mod n): the decoration keeps track of whether
a fixed point of f (mod n) satisfies f(z) = x or f(x) = = + n. Each plabic graph defines a
decorated trip permutation as in [Pos06, Section 13], whose underlying permutation coincides
with the trip permutation of G.

Lemma 4.13. The decorated trip permutation for the plabic graph Gy, agrees with decorated
trip permutation associated to the bounded affine permutation fy/,,.

Proof. First we verify the statement for the underlying permutations, i.e., we forget about the
decorations. By Lemma 4.11 we can replace the trips in G/, by the lattice trips 7;. So it is
sufficient to prove that 7" = f/, (mod n).

We follow the proof of Lemma 4.9 and label all the edges between boxes in A/u by their
(lattice) distance to the southeast corner. Along the trip 75, the initial label j equals the label on
the boundary of y that the trip hits. If we hit a vertical step of 1, we move horizontally, and if
we hit a horizontal one we move vertically - this agrees with the definition of f)/, in Figure 3.3.
Therefore 7' = f),, (mod n).

To recover the decorations, note that the fixed points of fy/, (mod n) correspond to spe-
cial “lollipop” vertices in Definition 4.7(d). One can easily check that their decorations (as
in [Pos06]) agree. ]

Corollary 4.14. The positroid variety associated to the plabic graph G, coincides with S I

Proof. One can check that the plabic graph G, is reduced by verifying the conditions for trips
in [Pos06, Theorem 13.2]. By [Pos06] the positroid variety associated to a reduced plabic graph
is determined by the decorated trip permutation, and the result follows from Lemma 4.13. [
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Lemma 4.15. For given A/, the lattice source labeling at the square O, ; in A/ coincides
with I'(a,©). The source labeling at p is 1,,.

Proof. In line with Lemma 4.9, we consider two cases for a trip 7;.

Case A: Let! = b, forsome 1 < m < k,ie., letl € I,. Define [1.~ as the first box where
its rightmost edge is in P, N7T;. Since [ € I, the trip 7; has a counterclockwise orientation and
we can group the boxes of X, determined in Definition 4.8 (3), into four types. The first type
are boxes [J,; directly above the diagonal path, denoted X;. Note that (J,; € X then the i-th
element (in increasing order) is b,,, since the vertical boundary of s, ; contains [, ; € X,. The
second type are boxes [J,, ; above X, where a < dandi > i. For these boxes, we have [ € I' (a,1)
from Lemma 3.30. The third type are boxes [, ; € X, such that a > @. For these boxes, the
first m terms of I'(a,?) are {by,...,b,} since the boxes are above p and after the [-th step
in the path P, therefore, [ = b,, € I'(a,i). The final type of boxes to consider in X, are
boxes [, ; where & < @and i < 7. For these boxes, the last k — m -+ 1 terms in I'(a, i) are given
by {bm, ..., by} since they are below [+ which gives the vertical step associated to [ = b,, and
have that ! € ['(a,1). 7

Case B: Let! # by, for some 1 < m < k, i.e., let! & I,,. Then the trip 7; forms a clockwise-
orientated path and the boxes are given by /N, determined in Definition 4.8 (3). Here we have
two types of boxes. The first type are squares Ll,; € [V, that sit directly above the diagonal
path formed from 7; which are denoted N,. Similar to Case A, we have that Uas € N, if and
only if the i-th term of I’(a, 7) (in increasing order) is [; therefore, [ € I'(a, ). The second type
are boxes [, ; above N, up to the boundary of A. For these boxes we use Lemma 3.30 to see
that [ € I'(a,1). O

We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. The part (b) is a consequence of Corollary 4.14; the quiver for S} s 18
the dual graph of G/, labeled by the source labeling (see [Sco06] and [Pos06, Section 14] for
the arrow rules). Lemma 4.15 implies that the cluster variables from G/, by source labeling
(or, equivalently, lattice source labeling) are A (, ;), Which proves the part (a). L]

4.4. Cluster variable comparison

From Theorem 3.56, the skew shaped positroid S% J Is very closely related to the braid vari-
ety X (wof)/,), that also admits a cluster structure, cf. [CGG'25b, SW21]. In this section, we
briefly compare the cluster variables in both constructions.

An initial seed for the cluster structure on X (@B \ /u) is explicitly constructed in [SW21],
see [CGGT25b, Proposition 5.20]. The cluster variables in X (w/3/,) are in bijection with
the crossings of the braid /3, ,,. Let 8/, = 0y, --- 0. If the flag right after the j-th crossing
of 5/, is given by (wq]-- - |wy) then, up to a sign, the corresponding cluster variable is the
i;-th principal minor of the matrix (w1 |- - - |wy). Note that this coincides with the determinant
of (wy|-- - |wyle;, 1] - . . |ex), where ey, ..., ey is the standard basis of C".
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If (v1] .. . [v,) is a matrix representing an element of S}, , we may normalize so that vy, = e;,
where I, = {b; < --- < by}. Recall that, for a box [J,; € A/pu, the corresponding cluster
variable is Ay, ;). From Proposition 3.28, I'(a,i) = J(a,i) U {b;41,...,bx}. Thus,

Apan(V) = det(vy, | - - |vy,

Upis |+~ |on) = det(vg, [ -+ - [ |esa] - -~ fex).

where J(a,i) = {j1,...,J:}. Now, the space V'(a,) is spanned by the vectors ji, ..., J;, see
Definition 3.44. Since a braid box [J,; € A/u corresponds to a crossing between the i-th
and (i+1)-st strands of 3/, we see that, upon setting the cluster variables corresponding to non-
braid boxes equal to 1, the cluster variables in the seed of S /, given by Theorem 4.3 coincide,

up to signs, with the cluster variables in the seed of X (@ Ba /u) obtained in [SW21].
Moreover, it follows by construction that, upon deleting the frozen vertices corresponding to

non-braid boxes of A/, the quiver @, coincides with the opposite of the quiver Q (w0, )
Summarizing: B
Theorem 4.16. Consider the isomorphism Qo Si/lu - X (@B i\ /u)- The dual

map QL* . C [X (@5,\ /u)] — C [S;/lu] sends, up to signs, the cluster variables in the ini-

tial seed of X (@B A /u) Jrom [SW21] to the cluster variables in the initial seed of Si/lu given by
Corollary 4.5.

5. Splicing for skew shaped positroids

In this section, we generalize the splicing map introduced in [GS26] to a splicing map for S5 Ju
and investigate its cluster algebraic interpretation.

5.1. Freezing a column

Let S /,, be the skew shaped positroid in the Grassmannian Gr(k,n).

Definition 5.1. Given 1 < a < n — k, we define the open subset U, C S} I by the inequalities
Up:={V €S, Apay#0, form, +1<i< A} (5.1)

Remark 5.2. Alternatively, we can define U, by non-vanishing of the product of all minors
in (5.1):

Uw=VeS,: [ Aray#0
Ha+H1<i<hg
Therefore U, is a principal open subset defined by non-vanishing of a single function.
Given a skew diagram A/, we cut it along the boundary of the (a — 1)-st and a-th column
(from the right) where the (@ — 1)-st column is contained in the right part of the diagram and the

a-th column is contained in the left part of the diagram. We get two skew diagrams, A% /®L
on the left and A*# /%% on the right.
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Remark 5.3. We can explicitly determine the resulting A and x for the new diagrams using

\ooL n—k—a+1, ifA\;>n—Fk—a,
LN BV otherwise

7

ar Jntk+a+l, ifp,>n—k—a
B i otherwise

NooR Ai—n+k+a—-1, if\>n—k—-a
L 0, otherwise

oR {m—n—kk—i—a—l, ifu, >n—k—a
i =

0, otherwise.

It is clear from definitions that the corresponding braids satisfy

Br/u = BrBr, where B = Bra.ryar, Br = Brar/yanr.

Definition 5.4. Given 1 < a < n— k, we define the flag at the cut F* as the following sequence
of subspaces:

WP c--cWrCVia,m,+1)C---C V(a,Xa) CV (dx 41, Aa+ 1) C oo V(dy, k)
5.2)
where (d5 1, Aa + 1) ... (dy, k) are the rightmost boxes in rows A, + 1,..., k as in (3.3).

One can check (see Example 5.6 below) that £ is the flag corresponding to the boundary
between (3, and Sr under the map in Theorem 3.56. In particular, (5.2) indeed defines a complete
flag in CF.

Lemma 5.5. We have V € U, if and only if the flag F* is transversal to the flag F" .
Proof. The two flags are transversal if, for all 7, we have
FiA Wiy = F 4+ (vpys- .5 0p,) = C.
We have the following cases:
Case 1: For 1 < i < [, we have (vy,, ..., 0) + (Vb - - -, Up,) = C", this is automatic.

Case 2: For i, + 1 < i < A, we have I'(a,i) = J(a,i) U {biy1,... b}
and V' (a,i) = span J(a,4). Therefore V(a,i) + Wy_; = C* if and only if Ap(,;) # 0, these
are precisely the conditions defining U,,.

Case 3: For A\, + 1 < i < k, the box [y, ; belongs to the boundary ribbon R(A\/pu),
0 Ayi(g; ;) # 0 and similarly to Case 2 we have V (d;, ) + Wj,_; = C". O
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Example 5.6. In our running example, choose @ = 6. The subset U, is given by one condi-
tion A5 65912 7# 0. The flag F* is given by

(vs) C (vs,v6) C (v5,v5,v8) C (vs, Vs, Vs, Vg) C (Vs, Vs, Us, V10, V11),
while the flag F" is given by
(v12) C (v12,v11) C (V12,v11,0s) C (V12, V11, Vs, Vg) C (V12, V11, Us, Vg, Us)-

Note that
(vs) + (V12, V11, Vs, Vg) = (U5, Vg) + (V12,V11,Vs) = (U5, Vg, Ug) + (V12,V11) = c®

since Asgg1112 7 0. Furthermore, (vs, vg, vs, v9) + (v12) = C® if and only if As680912 # 0
which is the defining condition for U,. Finally, (vs, vs, vs, v10, v11) = C° since Asg51011 # 0
on S I

Next, we describe the cluster structure on U,. Since it is a principal open subset in S§ / (see
Remark 5.2), we can consider U, as an affine algebraic variety with the ring of regular functions
obtained by localization:

ClU] = CIS5] | A7ty | Fa+ 1 <0 < N (53)

Since A4 are cluster variables in one seed, U, is a cluster chart in the sense of Muller [Mul13].
More precisely, we have the following.

Proposition 5.7. The open subset U, is a cluster variety. The corresponding quiver Q' is ob-
tained from @), by freezing all the vertices U, ; with i, +1 < i < A,

Proof. The result follows from [Mull3] and we refer to that paper for more definitions and
details.
Let U denote the upper cluster algebra for (), /,, and U/’ denote the upper cluster algebra
for )'. Let A, A’ denote the respective cluster algebras.
The quiver @)/, is known to be locally acyclic by [MS16, Theorem 3.3], so by [Mull3,
Theorem 4.1] we get
A=U=CI[S},].

The mutable part of the quiver )’ is the disjoint union of mutable parts of Qya.r ez
and Qa.r /0.7, hence by [Mull3, Lemma 3.10] @' is also locally acyclic and A" = U'.
the other hand, by [Mull3, Theorem 3.1] we get inclusions

A C AL T 1< i< CU Al 1T+ 1< < c U,

therefore by (5.3) we get
A =U" = C[U,]. O
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5.2. Splicing: definition
Recall Theorem 3.56 which relates the skew shaped positroid SY I to the braid variety X (@ B / u)

via the map 2. Given V' € S} /> We can draw the diagram (3.16) as follows:

QWv)=|F" 2 Fwer 2y e 08, : (5.4)

By Lemma 5.5, we have V' € U, if and only if 7¢ h FV in Q(V).
Definition 5.8. We define the splicing map
O Uy — X (wofr) x X (wofBr) , ®IE(QV)) = (Q5(V), Q%(V))

as follows:
wo

QL) = |FV 2 Fer ]’“1 . QFV) = [fw AR PR CE)

Note that the condition 7 th F" ensures that Q% (V') and Qf (V) yield well defined points
in the respective braid varieties, and the framings on the flag 7" in Q(V), Q% (V) and Q%(V)
agree.

Remark 5.9. The diagrams (5.5) are defined in terms of unframed flags. We can upgrade them
to framed flags using the standard framing on F" on the left, which can be propagated to the
right using Remark 2.3.

Note that the framings for all the flags between F"V™ and F* in Q(V) and QX (V) agree.
However, 2% induces a possibly different framing on 7 and on all flags between ¢ and F°.

Below we use Theorem 3.56 again to reinterpret ®%% as a map
q)(l . Ua — S;a,L/ua,L X S;a,R/Ma,Ry

and explore its cluster-theoretic properties. More precisely, we get the commutative diagram:

D,
Ua — Sia,L/‘u‘a,L X S)O\a,R/#a,R

lg lm) (5.6)

X (wof) 55 X () x X (wofn).
If &,(V) = (VE VE) then Q (VEF) = QL Q (VE) = QF.

5.3. Splicing: Left diagram

We have
QL(V) = |FV 25 Fver Ly el

in particular the pair of transversal flags 7V** h F" still corresponds to the basis vy, , . . ., v
We need to understand what happens to subspaces V' (a, 7).

P
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Lemma 5.10. Assume that a < a' < n — k, then the long labels I'(a', i) starts with by, ... by .
Furthermore,

Ip(d,i) = [I'(a, i) \ {br,....bg,} —a+ 1] U{L,...,}&,}, (5.7)

Lo =L\ {bi,....bz} —a+1]U{L,.... 5} (5.8)

The notation I — a defines the set obtained from shifting the elements of I by —a.

Proof. Fora+1 < o' < n— k the path P,/ ; starts with the boundary of y contained to the right
of the cut, with vertical steps by, . . . , by, . The similar path PaL,’Z» in the left diagram starts with 1z,
vertical steps labeled by 1,. .., 1, instead. The remainders of the paths coincide, but the labels
are shifted by a — 1 which is the number of horizontal steps in P,/ ; before the cut. O

Definition 5.11. Given V = (vy| - - |v,) we define VL = (w1|- - - [w,_qq1) € Gr(k,n —a+1)
where
Wy = Vpyy oW, =V, and  wj = Vi1, f, <j<n-—a+l 5.9

a ‘a

Corollary 5.12. The minors for VL and 'V in the left diagram \»* | u>* coincide after relabeling.
In particular, V' corresponds to a well-defined point in the skew shaped positroid SSar Sl

Example 5.13. In our running example, choose a = 6 and get the following left diagram

12356

12357 | 12347

12367

which defines a skew shaped positroid in Gr(5, 7). If we denote
W1 = Vs, W2 = Vg, W3 = Vg, Wy = Vg, W5 = V10, We = V11, W7 = V12,

then the labels would match the ones in the left side of Example 3.26. Note that 1z, = 3
and (bl, bg, bg) = (5, 6, 8)

Remark 5.14. If i, = 0, so that the cut is performed to the right of u, we get
VE = (wy] - |wn_as1) = (va] - - - |v,) as in [GS26].

Remark 5.15. We have A L. (VL) =A I#(V) = 1, which is consistent with Remark 3.42.
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5.4. Splicing: Right diagram
We have
QR(V) = | FW 55 7o 15 ol

We define a point VF = (ug|--+|ugsq—1) in the skew shaped positroid
Nk e C Gr(k,a + k — 1) in two steps. Observe that

Lie ={bf, .. b7} ={bi,....bg a+ T, ...,a+ k—1}.
As in Lemma 2.2, we can obtain the basis up,, . . . s Uby s Uatays - -+ 5 Uatk—1 by intersecting two
transverse flags ¢ and F".

Definition 5.16. For: =1, ... k, we define u,r as the unique vector such that
ub%R € .E-a N Wk—i+1

and
wyr € Oy, A+ (Upys o5 0n ), =1,k (5.10)
The condition (5.10) ensures that v, and u,r induce the same framing on the flag F W Note
that we get
Up, = Vbyy - - - ,ubﬁa = Ubﬁa’
Ug+i—1 € V(&, 2) N Wk7i+17 ﬁa +1 < /) § Xa
and B
Ugti—1 € V(dl,l) N kaiJrla )\a +1 < 1 < k.

Lemma 5.17. Suppose that Ti, + 1 < i < A\, Then

Ay . e . —
Sy V(@] T

Uqti-1 € (5.11)

I . . —
AI’(:i) Ugrio1 + <vb1, . ,vbﬁa> ifi=mp, + 1.

Proof. Assume i > i, + 1 first. Recall that V' € U,, so Ape (V) # 0 and the

subset I'(a,i) = J(a,i) U {bis1,..., b} labels a basis in C*. If we expand vy, in this basis,
we get

Vp, = E CaVa F CpyyVby -0+ Cpy Uty (5.12)
acJ(a,i)
and
Ug4i—1 = Up; — Cbi+1vbi+1 - Cbkvbk = E CaVq-
aeJ(a,i)

Recall thata+i—1 € J(a, ). By Cramer’s Rule the coefficient ¢, ;1 at v,,;_1 in (5.12) equals

Apaiub\(ati-1) _ Arai-1)

Apra) Apra)

The case i = [i, + 1 is almost identical, but in this case I'(a,i) Ub; \ (a +i—1) = I,. O
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Example 5.18. Following Example 5.6, we get
Us = Vs, Ug = Vg, Ug = Vg, Ug € V(6,4) N Wa = (v3, v, Vs, V9) N (V11, V12), U10 = V12.
By Lemma 3.54 we get that ug is proportional to vg. By (5.11) we get

- As6811,12

Ug Vg.

B A5,6,8,9,12
Equation (5.10) immediately implies the following.

Lemma 5.19. Forall 1 <1 < k we have Uy A - FUpk = U, A - --vy,. In particular,
Apy (VE) =4AL(V)=1.

Let us reconstruct the rest of the vectors u;, following the proof of Theorem 3.56. Recall that
all u’s not described by Definition 5.16 can be written as uq 4z , for 1 <a’ <a — 1.

Lemma 5.20. We can choose uq 5, = Var4p,, for all a'. This is a unique (up to scalar) basic

vector in the intersection V (a', i, + 1) N <ub§, T ,ub1§> :

Proof. By (5.10) we get

<ub§a/+1, . ,ub§> = <Ubﬂa/+1, - ,vbk> = Wi._;.

Now the statement follows from Lemma 3.54. O
Next, we need to compute the minors in the right diagram.
Lemma 5.21. Let 1 < a' < a— 1. Then
Ar ) (VR) = Ay (V) Awgp, - Aarvit,
where the scalars A, are defined by (5.14) below.

Proof. By (5.11) and Lemma 5.20 the basis {u;} is triangular with respect to {v; }, up to some
relabeling. More precisely, for ' + i, <t < a’ 4+ i — 1 we have

uy € Ayvy + span(vy, | b; < t) +span(v | [, < s <t). (5.13)

where the leading coefficient A, is given by

A= {Ama,t_a)/ﬁl'(a,t—aﬂ) if t € {a+Hg .. a+ A — 1}, (5.14)

1 otherwise.

We claim that for all ¢ € [’'(d/,i) all lower degree terms in the expansion (5.13) have in-
dices which are also contained in I’(a’,7). This would ensure that the minors Ay (4 (V)
and Ay, ;) (V') are proportional. Indeed, we have

In(d' i) = J(d ) U{bl ... o} = {br, ... by YU{d + Ty, .., +i—1F0{E |, ... b},
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while
I'(a, 1) = J(a', i) U{bigr, ..., bi} = {b1, ..., bz, YU{d + Ty, ..., a' +i—1}U{big1, ..., by}
Therefore
Upy A= Ny N larggz,, N N Uargiog = (1---1-Aggp, - Agrgio1) X
| Upy N oo A Vb , NVarigiy, N N Vg giot,
Finally, by Lemma 5.19 we get
A A up,,

ubﬁl/\~~/\uka—vbi+1

and the result follows. [l
Next, we consider the quiver () for the cluster structure on S I and the quiver Q% for the

cluster structure on Sy, . Clearly, Q" is a subgraph of (). We denote by 7(a’, i) and g% (a’, 1)
the exchange ratios at the vertices I'(a’, i) and I(a’, i) respectively.

Lemma 5.22. Assume that o’ < a — 1 and I(d’, 1) is a mutable box of Q. Then the exchange
ratios at (a,1) agree: y(a',i) = yft(d’, i).
Proof. Let us denote the factor in Lemma 5.21 by

A(a,, Z) - A“""ﬁa/ e A(l,—f—i—l‘

Note that A(a’,i+1) = A(d,i)- Ay 1;- Now we need to compute the exchange ratios for a muta-
ble box L1, ;. Since it is mutable, it is not in the boundary ribbon and Uy 1 ;, Ugr—1 11, Uar i1
are all in Ag/p1r. For the other neighbors of [J,/ ;, we make the following observations:

(a) Eitherthebox O, ;_1isin Ag/pup, oritisin pp. Inthe latter case i = 71, +1and Oy 4 -1
is also in p.

(b) If ' < a — 1, then either the box Uy 41, is in Ag/ug, or it is in pg. In the latter
case [Jy414-1 is also in p, and we have b, = o’ + i (since this is the vertical step at
the boundary of p at height 7).

Case 1 : All six neighbors of [, ; are present:

(a',i+1 —1,i+1)

l /

I'(d +1,i) «—— I'(d,1) +— I'(d — 1,9)

/ !

I'd+1,1—1) I'(d;i—1)

The exchange ratio gets multiplied by
Ald —1,1) Ald,i+1) A(d+1,i—1) 1 1
; ; : I, . ; - = ' (Aa/JriAa/Jrifl) :

Ald —1,i+1) A(«,i—1)  A(d +1,47) Apia
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Case 2
I'(a';i+1 —1,i+1)

! /

I'(d +1,i) «—— I'(d,i) +—— I'(d' — 1,1)

In this case the exchange ratio gets multiplied by

A(CL’ — 1, Z) A(CLI, 1+ 1) - 1 Aa’+iAa’+i—1

. = =1
A(CL/ — 172 + ].) A(CL/ + 17 Z) Aa’+i—1 Aa’—l—i
Case 3:
I'(d';i+1 —1,i+1)
I'(a" +1,i) «—— I'(d;i) +— I'(d’ — 1,4)
1 I'(d;i—1)
The exchange ratio gets multiplied by
Ala' —1,i Ald i+ 1 1 1 1
(a _,z) _ (a,§+ ) __ (AwsiAgyig) - —— = 1.
Ala' —1,i+1) A(a,i—1) A(d+1,i) Awii At
Case 4:
I'(d,i+1) —1,i+1)
1 "(d',i) +————— I'(a’ — 1,1)
1 I'(d';i—1)

The exchange ratio gets multiplied by
A(d' —1,1) Ald,i+1) 1
Ala' =1, +1) Ald,i—1)  Agpi
But by observation (b) above we have ¢’ +i = b; and A, = Ap, = 1.

: (Aa’+iAa’+i—l) = Aa’—i—i'
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Case 5:
I'(a',i+1) —1,i+1)
i (@,i) «—— I'(a’ — 1,4)
H H
A(a —1,1) 1
d . A ) 1 = . Aa’ iAa’ i— - Aa’ i
A(a/ _ 1’2 + 1) (CL 51 + ) Aa/+171 ( + + 1) +

Similarly to the previous case, we have A, ; = 1. U

Now we deal with the left boundary where ' = a — 1.

Lemma 5.23. Suppose that ' = a — 1 and I (a’, i) is a mutable box of Q. Then the exchange
ratios at (a,1) agree: y(a',i) = yT(d’, 7).

Proof. We follow the cases in the proof of Lemma 5.22. In each case, we describe the contribu-
tion from [’(a’ + 1,4) and I'(a’ + 1,7 — 1) which are present in A/u but missing in Ag/ g and
call these “missing factors”.

Case 1: The missing factor is Ap ;1) /A I'(a,i) While the rest of the exchange ratio is multi-
plied by
A(d' —1,1) A(d,i+1) B 1
Ala — 1,5 +1) Ald,i—1)  Agpi

Note thata' +i=a+i— 1€ {a+T,,...,a+ A\, — 1}, so by (5.14) we get

: (Aa’—l-iAa’—l-i—l) = Aa’—l—i'

Avyi = Apaiz1)/ Ar(a,
so the missing factor is restored.

Case2: The missing factor is 1/A (441, While the rest of the exchange ratio is multiplied by

Aa' —1,1) ‘ 1
) . A !/ 1 —
Al —1,i+1) ("i+1) Aviis

: (Aa’—i—iAa’—l—i—l) = Aa’+i-

Note that o’ +i1=a+ ﬁa’ SO Aa’—i—i = A[M/AI’(a,i) = 1/AI/(a,i)a
Case 3 is similar to Case 2, and Case 4 and Case 5 follow Lemma 5.22 verbatim since there
are no missing factors. [
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5.5. Example

Here we discuss Example 1.3 in detail. Recall that A = (7,7,5,3,1), 2 = (3,1) and a = 6. We
can label the boxes of \/u by I’(a, ) and draw the quiver as follows:

5,8,9,10,11

5,8,9,10,12 5,7,8,9,12 5,6,7,8,12
5,8,9,11,12 €—5,7,8,11,12 €4—5,6,7,11,12 4,5,6,11,12 3,4,5,11,12

5,7,10,11,124—5,6,10,11,12 €—4,5,10,11,12<€—3,4,10,11,12 | 2,3,10,11,12 | 1,2,10,11,12

5,8,10,11,12 4,8,10,11,12€—3,8,10,11,12<€—2,8,10,11,12 <—1,8,10,11,12

The open subset U, is defined by inequalities
Asz101112 7 0, A5 781112 7 0, As 78012 # 0.
The flag at the cut is given by
F = {<v5> C (vs,v7) C (vs,v7,08) C (U5, 07, Vg, 09) C C5},
while the flag F" is defined by
FYV = {<012> C (v11,v12) C (V10, V11, V12) C (Vg, V10, V11, V12) C CB}.

It is easy to see that F is transversal to F" precisely when V is in the open subset U,. The
basis us, ur, ug, Ug, u1o can be obtained by intersecting F* and F"V:

us = s, ur € (vs, v7) N (vs, V10, V11, V12), Us € (Vs, U7, Vs) N (V10, V11, V12),

ug € (vs, v7, Vs, Vg) N (V11, V12), Utp = V2.

Note that by Lemma 3.54 we have v; € (vs, v7) N (vs, V10, V11, V12), SO the vector u; is propor-
tional to v, and the coefficient is given by (5.11):

A 1
dy = 58101112, vy since Ap, = 1. (5.15)

As710,11,12 As710,11,12
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To find ug and ug, we can expand vg and vy in the basis (vs, v7, vs, v11, v12) using Cramer’s
Rule:

A9 781112 A5 981112 As57.91112 As78912 As7811,9
v =X st X T+t X R V— + FNRGIES (5.16)
5,7,8,11,12 5,7,8,11,12 5,7,8,11,12 5,7,8,11,12 5,7,8,11,12
IRASTXERIRT) As5108.11,12 As.710,11,12 As57.81012 As57.811,10
Vg = A A RN st R 1+A vi2, (5.17)
5,7,8,11,12 5,7,8,11,12 5,7.8,11,12 5,7.8,11,12 5,7.8,11,12

Given that ug € (vs, vz, vs) N (v19, V11, v12) and ug € (vs, v7, Vs, Vg) N (v11, V12), We rewrite
(5.16) and (5.17) as

A5,7,8,10,12 A5,7,8,11,10 A10,7,8,11,12 A5,10,8,11,12 A5,7,10,11,12
V0~ R U R V2 = % 5 vy + vg, (5.18)
5,7,8,11,12 5,7,8,11,12 5,7,8,11,12 A5,7,8,11,12 A577,8,11,12
A9,7,8,11,12 A5,9,8,11,12 A5,7,9,11,12 A5,7,8,9,12 A5,7,8,11,9
Vg — A Vs — A Uy — A Vg = A—’UH A—Ulg. (519)
5,7,8,11,12 5,7,8,11,12 5,7,8,11,12 5,7,8,11,12 5,7,8,11,12

We find that (5.18) defines ug under the normalization of (5.10), whereas (5.19) requires
rescaling by As 7511.12/A5.7.8.10,12 to obtain the following:

we — A5,7,8,10,12U A5,7,8,11,10U _ A10,7,8,11,12v A5,10,8,11,IQU A5,7,10,11,12U
8 = V1o — 1= 12 = 5 7 8
As 781112 As 781112 As 781,12 As 781112 As 811,12
5.20)
As 78119 As 781112 Ag 781112 As 981112 As 791112
U9 = V11 + V12 = Vg — Vs — U7 — Us. (521)
As 78912 As 78912 As 750912 A5 78912 As 78912
After the cut, we get the left matrix V' = (wy, ..., w;) where

W1 = Vs, Wo = V7, W3 = Vg, Wq = Vg, W5 = V10, Wg = V11, W7 = V12,
and the right matrix V1 = (u1, ..., u10) where urz, ug, ug are given by (5.15),(5.20), (5.21) and
U; = U; for 1 < 1 < 6 and U190 = V12-

We can fill in the diagrams A% /5% and A\&% /157 with I} (a’,7) and I} (d/, 7) respectively:
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1,3,4,5,7 1,2,3,4,7 5,6,7,8,12
1,3,4,6,7 <— 1,2,3,6,7 5,6,7,9,10 4,5,6,9,10 3,4,5,9,10
|
l
1,2,5,6,7 5,6,8,9,10 €— 4,5,8,9,10 <— 3,4,8,9,10 2,3.8,9,10 1,2,8,9,10
l
1,3,5,6,7 5,7,8,9,10 4,7,8,9,10 <— 3,7,8,9,10 <— 2,7,8,9,10 <¢— 1,7,8,9,10

The reader is invited to check that the corresponding minors are rescaled as in Lemma 5.21.

5.6. Proof of Theorem 1.2

In this section we prove Theorem 1.2 which we repeat for the reader’s convenience. Recall
that U, has a cluster structure defined by Proposition 5.7.

Theorem 5.24. Let n > 0 and 0 < k < n. Let ;1 C X be partitions fitting inside a k x (n — k)-
rectangle. Choose 1 < a < n — k, and let U, be the principal open set in S5 Ju defined by the
non-vanishing of the cluster variables in the a-th column of \/ i (from the right). Then, we have
an isomorphism

d,:U, = S;)\a,L/Ma,L X SKQ,R/#CL,R-

Furthermore, @, is a quasi-cluster isomorphism.

Proof. We use the commutative diagram (5.6) to summarize the results of this section. By (5.5),
the configurations of flags Q¥ and QF yield well-defined points in the respective braid vari-
eties X (wpB*) and X (wpB"). We can formally restate the constructions in Sections 5.3 and 5.4
by writing

vE=z2(Qb), Vi =ZQ")

where = = Q! is defined in the proof of Theorem 3.56. In particular, the proof of Theorem 3.56
implies that
VL € Sia,L/‘ua,L, VR S Sia,R/ua,R

and Q(VE) = QF Q(VE) = QF, Therefore @, is well defined. Note that applying row opera-
tions on V' corresponds to simultaneous row operations on V' and V%,

Next, we prove that @, is an isomorphism. The matrices V* and V' are defined up to row
operations on both (independent from each other), but we can fix a unique representative for V-
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by requiring that vy, , ..., vy, is a standard basis. This determines the (framed) flag /*, and we
can apply unique row operations on V# which match both framed flags 7" and F°. Now all
vectors v; are contained in the union of columns of V' and V %.

Lemma 5.21 implies that all cluster variables in Q% are multiplied by monomials in frozens,
and by Lemmas 5.22 and 5.23 the exchange ratios are preserved. So ®, is a quasi-cluster iso-
morphism. 0

5.7. Splicing on n-strands

As mentioned in Section 3.6, the skew shaped positroid S} /18 isomorphic to the braid vari-

ety X <ﬁ(w,\/#)/8(wén))>, where wy/, € Sy, cf. (3.21). Selecting 1 < a < n — k, we have
w)\a,L/’ua,L G Sn_a, wka,R/Mu‘,R E SCL+]€

We choose an embedding S, — S, as the subgroup of permutations that leave fixed the

elements a + k£ + 1,...,n, and we embed S,,_, — S,, as the subgroup of elements that leave
fixed the elements 1, ..., a. Upon these embeddings, we have a length-additive decomposition
w/\/u = wka,L/ua,L'LU)\a,R/ﬂa,R, (522)

see Figure 5.1. By results of [GKSS26], the decomposition (5.22) implies that we have an open
embedding

X (5(wm,L /ua,L)ﬁ(wé"))> x X (5(wm,R /Ma,Rm(wg"’)) ' (5% /ngm))

that induces a quasi-cluster equivalence between the left-hand side an an open subset of the right-
hand side given by the freezing of some cluster variables. We do not know whether, upon the
corresponding identifications, this coincides with the embedding S¥, . St X SSar Sk S
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