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ABSTRACT 

The first incomplete moment of the proximity flux function, used 

in the one-body proximity frictlon and diffusion, is calculated exactly 

in a simple model. It is seen that the usual classical approximation 

underestimates appreciably the exact results. This shoWs the importance 

of the quantum tunnelling. . Good agreements to the exact calculation 

can be obtained by using the WKB approximation. 

NUCLEAR REACTIONS: Deep inelastic 
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~ 1 
The one-body proximity friction of Randrup offers a simple model 

of kinetic energy dampings in heavy-ion deep inelastic collisions. 

Applications of this model to the study of heavy ion fusions by 

Birke1und et a12 have been shown to be useful. The essential ingredients 

of the one-body proximity friction are the proximity flux function, ~(s), 

and its first incomplete moment, ~(s), as functions of the surface 

separation between two ions. In Ref. 1, the function ~(s) is determined 

by the local normal flux above the potential barrier, calculated in the 

classical Thomas-Fermi approximation. 

In a recent study of mass diffusion in deep inelastic heavy-ion 

collisions, Ko et a1 3 have determined the same proximity flux function 

in an exact quantum mechanical way. Unfortunately, due to the difference 

of the single-particle potentials used in Ref. 1 and 3, it is not possible 

to compare the two results and to check the accuracy of the classical 

Thomas-Fermi approximation. 

In this note, we shall compare the classical approximation against 

the exact calculation of the proximity flux function in a model as used 

in Ref. 3. It will be shown that the classical approximation under-

estimates appreciably the exact results. On the other hand', the WKB 

approximation reproduces very well the exact results. 

As in Ref. 3, the combined potential felt by the nucleons, when 

the two ions are separated by the distance s measured between the half 

potential points, is given by 

Vex,s) = v o 
1 + exp 

v 
o 

v 
o 

[
Ix - R2 - O. 5s I - R2 ] 

1 + exp 
a 

(1) 

• \ 
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for s ~ 0, where the depth V and the thickness a are taken to be o 

50 MeV and 0.6 fm respectively. The values of the radii Rl and R2 are 

not essential, as we have in mind two semi-infinite nuclear matters 

cOlliding with each other. For s < 0, we assume that there is no potential 

barrier or well between the two nuclei. In this case, the two colliding 

ions lose their identities and form a fused compound system. This does 

not correspond to the situation in deep inelastic heavy-ion collisions 

where the identities of individual· ions are apparently preserved. Although 

we shall study the case s < 0 in the following, as done also by Randrup 

in Ref. 1, we shall mainly concentrate our discussions on s ;;>·0. 

Using the Fermi-gas model for the two ions, the transmission 

probability P(kx,s) for a nucleon in first well with momentum ~kx 

in the x-direction tunnelling through the barrier to the second well 

can be obtained using the following three methods: 

i) Numerically solving the one-dimensional Schrodinger equation. 

ii) WKB method, i.e. 
x 2 

[-2 J J2mV(x,s)/fl' P(kx's) = exp _ k 2 
x 

xl 

with 
2 2 

V(xl,s) V(x2 ,s) 
fl kx 

= = 
2m 

iii) Classical method, i.e • 

P(kx,s) = 1.0, if V(O,s) ~ 

= 0.0, if V(O,s) > 

dX] 

i't2~ 

2m 

(2) 

(3) 



The first method is exact while.thethird method is the one used by 

Randrup in Ref. 1. The results of the calculation are shown in Fig. 1 

for s = 1.0 fm. As expected, we observe that the WKB approximation 

(long;..dashed curve) overestimates the exact transinission·probability 

(solid curve) above the barrier, but underestimates it for deeply bound 

particles. Compared to the classical approximation (short-dashed curve), 

the WKB approximation does much better. This holds for other values 

ofs >0 as well. For s<:O, it is obvious that P(~,s)= 1.0 in all 

three cases. 

The total flux through the barrier is obtained by multiplying 

P(~,s) with the velocity of the nucleon'hIsc/m and summing over all 

the nucleons in the first well. Then the proximity flux function l/J(s) 

is expressed in terms of the total flux divided by the bulk flux in 

nuclear matter, fltt;./81T2m , L e. , 

l/J(s) = (4) 

where m is the nucleon mass and the Fermi momentum ~ is taken to be 

. -1 
1. 36 fm • 

The proximity flux function l/J(s) calculated with the three P(kx's) 

described previously is shown in Fig. 2. We see that the WKB method 

(long-dashed curve) reproduces the exact result (solid curve) very well. 

The classical approximation (short-dashed curve) is the same as the 

exact one for s <; 0.0, but it becomes poorer as s increases. For 

s = 1.5 fm, the error is already 50%. This can be understood from 

.. 
1 

, 
~ ; 
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Eq. (4). In the integrand, the function which multiplies P (kx ' s) is 

peaked at k = k /13 I:::: 0.8 fm- l • Around this value of k , the WKB x -7 x 

approximation of P(kx's) is very close to the exact transmission 

probability while the classical approximation is completely wrong, 

as exhibited in Fig. 1. 

The quantity which goes into the one-body proximity friction is 

the first incomplete moment of the proximity flux function, i.e. 

00 

'I'(s) = f du llJ(u) 
s 

(6) 

In Fig. 3 we show the results of the three calculations. Again, we see 

that the WKB method (long-dashed curve) is an excellent approximation 

to the exact one (solid curve) for all values of s. The classical 

method (short-dashed curve) shows appreciable discrepancy from the exact 

results. The error is already 50% at s = 1.0 fm. Even at s = 0.0 fm, 

the classical method is off by 25%. This is so because 'I'(s) depends 

on llJ(x >s) which, for large x, becomes very poor if the classical 

method is used. 

In conclusion, the proximity flux function and its first incomplete 

moment are not very well determined by the classical approximation, 

leading to values which are smaller than the exact ones. The situation 

is especially' serious when the separation of the two ions is large, 

where the effect of quantum tunnelling is very important. This would 

correspond to peripheral collision~ and the initial stage of close 

collisions between two heavy ions, in both cases s is not small. One 

therefore should be cautious in using the one-body proxmity friction and 
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diffusion tabulated in Ref. 1. A simple way of improving the results 

in Ref. 1 is to use the WKB approximation which is shown to be an 

excellent approximation to the exact calculations. 
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Figure Captions 

Fig. 1. Transmission probability P(kx's) as a function of the 

nucleon momentum kx for s = 1.0 fm. Solid curve is exact , 

long-dashed curve is the WKB approximation, and short-dashed 

curve is the classical approximation. 

Fig. 2. Proximity flux function ~(s) as a function of the surface 

separation s. Solid ·curve is exact, long-dashed curve is 

the WKB approximation, and short-dashed curve is the classical 

approximation. 

Fig. 3. First incomplete moment ~(s) of ~ as a function of the 

surface separation s. Solid curve is exact, long-dashed 

curve is the WKB approximation, and short-dashed curve is 

the classical approximation. 
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