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ABSTRACT OF THE THESIS

Analysis and Design of Digital Parametric Filters Without Frequency Warping

by

Mark Muranov

Master of Science in Electrical Engineering (Signal and Image Processing)

University of California San Diego, 2025

Professor Fred Harris, Chair
Professor Dinesh Bharadia, Co-Chair

Filters are essential tools in audio engineering. For decades, music producers, DJs, and
mixing engineers have relied on a standard set of parametric filters to shape audio signals. These
filters—low-pass, high-pass, band-pass, notch, peaking, low-shelf, and high-shelf filters—are
typically implemented as biquadratic structures with two poles and two zeros. Their parametric
design allows users to intuitively adjust key characteristics in real time.

With the transition to digital systems, the bilinear transform (BLT) became a common
method for adapting analog filter designs to the discrete domain. However, this conversion

introduces frequency warping, distorting the intended frequency responses.

X1



This thesis explores existing solutions to this problem and introduces a novel approach.
We examine the BLT, brute-force oversampling, two prior papers which correct for frequency
warping, and finally propose a new technique that integrates and improves upon these methods

to reduce frequency distortion in digital filter implementations.

Xii



Chapter 1

Introduction

1.1 Motivation

Parametric filters have become an industry-standard tool across nearly all areas of audio
and music production. Mixing engineers use them to enhance clarity and separation in mixes,
while music producers rely on them as creative tools for sound design. There exist 7 commonly
used parametric filter types: low-pass, high-pass, band-pass, notch, peaking, low-shelf, and
high-shelf [2]. Each of these filters can be implemented as a second-order system (biquad) in the
continuous-time Laplace domain, with two poles and two zeros.

Parametric filters are typically controlled using three parameters: cutoff frequency wy,
quality factor Q, and, in some cases, gain g. The cutoff frequency defines either the center or
edge of the filter’s frequency range. The quality factor is inversely proportional to the damping
ratio { [4] and determines the filter’s bandwidth or resonance. The gain parameter, present in
filters like the peaking and shelving types, specifies the amount of amplification or attenuation
at the targeted frequencies. These parameters are intuitive to audio engineers and allow for
straightforward, deterministic computation of filter coefficients, enabling fast and flexible tuning.

When analog filters were adapted to the digital domain, the bilinear transform (BLT)
was widely adopted due to its ability to preserve stability, causality, and phase characteristics
[1][3][12]. However, the BLT introduces a significant drawback: frequency warping. This occurs

because the BLT maps the infinite frequency range of the continuous-time domain onto the
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Figure 1.1. Demonstration of frequency cramping of the digital peaking filter across different
values of fy (Q =1, g = 10dB, F; = 40kHz).

finite range of the digital (discrete-time) domain in a nonlinear fashion [1]. This results in a
non-uniform distribution of frequencies, particularly as they approach the Nyquist limit, causing
the filter response to appear “squished” or “cramped.” This phenomenon is commonly referred
to as frequency warping or digital cramping and is illustrated in Figure 1.1.

As aresult, the behavior of the digital filters deviates from their analog counterparts, with
the response varying significantly depending on the cutoff frequency and the system’s sampling
rate. This inconsistency not only complicates filter design but also results in audible differences
when the same filter is used at different sampling rates—an undesirable outcome in modern

digital audio workflows.



The goal of this thesis is to investigate solutions to the frequency warping problem in
digital parametric filters. We will compare existing approaches in terms of accuracy, implemen-
tation complexity, and computational cost, and propose a novel hybrid method that combines the

strengths of previous techniques.

1.2 The Relevance of Phase in Audio

In digital communications, linear phase finite impulse response (FIR) filters are common-
place, due to their ability to preserve symbols; the lack of non-linear phase distortion preserves
the wave-shape. However, linear phase filters incur increased latency and computational costs.

On the other hand, linear phase filters tend to be unnecessary in audio. In particular, it
has been shown that people have difficulty perceiving changes to phase caused by filters [15].
However, people are sensitive to latency caused by linear phase filters. As a result, minimum
phase infinite impulse response (IIR) filters are desirable for their low latency and minimal
computational costs. In fact, all the filters presented in the Audio EQ Cookbook [2] are minimum
phase.

A real-world demonstration of this can be found in hearing aids. When initially con-
ceived, digital hearing aids utilized linear-phase filters. However, over the years, these devices
transitioned to using minimum-phase filters. Due to this change, the hearing aids’ costs and
latency were reduced in exchange for no perceivable downside [13].

Due to these benefits, our attention will be solely focused on minimum phase IIR filters.
In addition, we will prioritize matching the magnitude responses over the phase responses, as

differences in phase will be difficult to perceive.



Chapter 2

Existing Techniques

2.1 Bilinear Transform

The most commonly used technique for adapting the parametric analog filters is the
bilinear transform (BLT). Audio software, ranging from digital audio workstations (DAWSs) like
FL Studio and Ableton Live to internet browsers like Google Chrome (used in the Web Audio
API) [2] use the BLT-derived filters.

The Audio EQ Cookbook [2] describes the original analog prototype filters and the
corresponding BLT-derived digital filter coefficients. Applying the BLT is a straightforward

process: substitute s in the analog filter transfer function with the following term:

1—z!

471

s4C 2.1

Where c is the bilinear constant.
As mentioned in the introduction, the BLT maps the infinite analog plane onto the finite
and periodic digital plane. To achieve this, a non-linear mapping is used [1]. The BLT frequency

mapping is described by Equation 2.2.

c\ F
fa =tan (7;{: ) T (2.2)

Where f, is the original analog frequency, f; is the warped digital frequency, and F; is
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Figure 2.1. Bilinear transform frequency mapping.

the sampling rate.

The tangent function behaves approximately linearly near f; = f. = O but increases
rapidly as the digital frequency f; approaches the Nyquist frequency f; = % In fact, as the digital
frequency approaches the Nyquist frequency f; — %, the continuous frequency approaches
infinity f. — oo. Consequently, higher analog frequencies are increasingly compressed as they
are mapped to the digital domain, as demonstrated in Figure 2.1.

To help mitigate this issue, a technique known as “pre-warping” is applied. Typically,
the bilinear constant is used to pre-warp a specific frequency. For instance, a commonly used

constant is shown in Equation 2.3.
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o
= 2.3
“~ tan(w/2) @.3)

This constant will ensure that the cutoff frequency y of the filter is pre-warped such that
its position is preserved between the analog and digital versions. However, as demonstrated in

Figure 2.2, all neighboring frequencies are still warped by the BLT.



2.1.1 Deriving the Digital Peaking Filter

As an example of using the BLT, we will derive the digital peaking filter as found in the
Audio EQ Cookbook [2]. The analog peaking filter has the following transfer function:
§2 45820 4 a)g

H(s) = 0 2.4
(s) = . (2.4)

Notice that this transfer function is different from the one described in the Audio EQ
Cookbook [2]. If we substitute Q <— Q,/g into the above transfer function, it will match the
Audio EQ Cookbook. Having only a single gain g term simplifies the math and will be used
throughout this thesis.

Applying the BLT onto this transfer function and collecting like terms results in the
following digital transfer function:

22 (n* —ng+1) 77 (=27 +2) + (n? +nQ +1)

H(z) = 2.5
) z‘z(nz—n§+1)+z_ (—2n242)+ (n? —|—n +1) )

Where n = 1/tan(@p/2). From this result, we can extract the digital coefficients:

b0:n2+n§+1, b1:2(l—n2), by = n? —ng 11,

a0:n2+né+1, a; =2(1—n?), azznz—n@+l

The filter can then be implemented with Direct Form 1 [12] with the difference equation

in Equation 2.6.

y[n]:(%)x[ﬂ]—l—(i—é)x[n—l]—k(ii) xn—2] (Z(‘)) [n_1]_(a(2)) Win—2] (26)

Or more efficiently with Direct Form 2 [12]. It is common to divide all the coefficients by

ao when initially computing the coefficients, to avoid needing any divide operations per sample.
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Figure 2.3. Analog and BLT-derived digital peaking filter. fy = 15kHz, Q =1, g = 10dB,
F; = 40kHz.

2.1.2 Analysis

The warping is most noticeable when setting the cutoff frequency to a value near Nyquist,
for instance, when the cutoff frequency fj is three quarters that of the Nyquist frequency Fy /2.
The analog and digital parametric peaking filter responses are displayed in Figure 2.3.

As predicted, while the filter has the correct cutoff frequency and gain, the neighboring

frequencies display large differences between the two domains.



2.2 Oversampling

The first approach we will be exploring is oversampling. We previously observed that
the frequency warping is most prevalent for frequencies approaching the Nyquist frequency. By
increasing the sampling-rate via up-sampling/interpolation, the Nyquist frequency is increased.
For instance, up-sampling by 2x also doubles the Nyquist frequency. And because we observed
that the non-linear mapping mostly exists in the upper-half of the bandwidth, up-sampling by
2x moves most of the warping to above the original Nyquist limit. The frequency warping
is mostly eliminated throughout the original bandwidth and the signal can be safely down-
sampled/decimated back to the original sampling-rate.

However, this approach is not without its downsides. Most prominently, the effect of 2x
oversampling means the filters must operate on twice as many samples, doubling processing costs.
In addition, an interpolation filter must be used, further increasing computational complexity.
The interpolation filter also imparts its own frequency response and latency.

Let us take a look at a specific implementation. We will use the peaking filter as
presented in the Audio EQ Cookbook [2] and the half-band low-pass polyphase filter described
in Valenzuela’s and Constantinides’ paper [14].

The latter paper provides up-sampling and down-sampling filters whose coefficients can
be computed via an analytic design method. We only need to specify two design constraints:
the normalized transition-band width ®; (ranging between 0 and 0.5) and the maximum stop-
band attenuation g;. Choosing @y = 0.1 and g; = —60dB results in a 9th-order two-path filter,
consisting of two all-pass filters per path. This structure is shown in Figure 2.4.

As outlined in the paper, this filter offers excellent filtering performance at a very low
computational cost and is employed in the widely-used JUCE audio processing framework. It
comfortably satisfies our design constraints, as demonstrated in Figure 2.5. Based on this, our

processing chain for the oversampling approach is as follows (also shown in Figure 2.6):

1. Up-sample/interpolate the signal by 2x using the interpolation filter H;(z).
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Figure 2.6. Oversampling system block diagram.

2. Process the parametric filter H(z) at the increased sample-rate.

3. Down-sample/decimate by 2x by discarding every even-indexed sample.

Note that we do not apply a decimation filter during the down-sampling step because the
up-sampling process has already attenuated frequencies above the original Nyquist limit. Since
the processing we perform at the higher sample rate is linear and time-invariant (LTT), it does not
introduce any new harmonics that could otherwise cause aliasing [6]. To verify this behavior, we
analyze the system’s impulse response, as shown in Figure 2.7.

The system response highlights the improved frequency response achieved by the over-
sampled approach compared to the bilinear transform (BLT)-derived filter. While not a perfect
match, the magnitude response more closely resembles that of the original analog filter.

However, despite this improvement, the oversampled approach presents two key draw-
backs. First is the added computational complexity. Because the parametric filters operate at
the increased sample rate, the number of multiplies per sample effectively doubles. This cost is
further compounded by the fact that users often employ multiple filters in series. Moreover, this
does not account for the additional overhead introduced by the interpolation filter. Second, the
interpolation process imparts its own phase response onto the signal, introducing latency and

phase distortion—artifacts that are not present in the analog counterpart.

11
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2.3 Sierra’s Method

While Sierra does not intend to directly address the frequency warping issue, the proposed
technique does mitigate its effects [11]; Sierra’s paper focuses on the design of parametric peaking
filters that support cutoff frequencies above the Nyquist limit. Since our focus is on frequency
warping, we will only briefly discuss the full details of Sierra’s solution.

Let’s observe how the frequency warping effect impacts the magnitude response of the
parametric peaking filter. As demonstrated in Figure 2.8, the warping appears to reduce the
bandwidth of the peak. Coincidentally, the quality Q parameter also controls the peak bandwidth.
So, what if we were to preemptively lower the value of Q to increase the bandwidth in anticipation

of the warping effect? This pre-warped quality Q, should be a function of Q.

13



Logically, for cutoff frequencies fy near DC, we would want Q; = Q, since the warping
effect is minimally present. But, as the cutoff frequency approaches Nyquist, Q; should decrease,
approaching Q, = 0. Sierra proposes the following simple Q; formula in Equation 2.7, where

¢ = mp/tan(wy/2) is the bilinear constant as found in Equation 2.3.

c
Qd:QE 2.7)

For small values of the normalized cutoff frequency @y, we can utilize the small angle
approximation of the tan function. In particular, the bilinear constant is approximately ¢ ~ 2 as
wp — 0.

This simple tweak to the Q parameter provides a significant improvement to the mag-
nitude response, as seen in Figure . This can be a great quick fix for the peaking filter, as it
maintains all the beneficial properties of the standard BLT-derived filters, such as inexpensive
computation, stability, and phase properties. However, even with this adjustment, the digital
magnitude response still significantly deviates from its analog counterpart, as seen in Figure 2.8.
Furthermore, approach is only suitable for filters in which the quality Q parameter adjusts the
bandwidth, which only encompasses the peaking, band-pass, and notch filters.

As mentioned, Sierra’s paper proposes a peaking filter design which allows cutoff
frequencies above the Nyquist limit. Recall that the BLT maps the entirety of the infinite
analog frequency plane to the finite and periodic digital plane. As a result, going above the
Nyquist limit results in undefined behavior. In particular, let’s take a look at the bilinear constant
¢ = ap/tan(wy/2). Due to the tan function, the bilinear constant contains discontinuities
at multiples of @y = 7, which correspond to the Nyquist limit. Sierra describes how this
discontinuity results in unstable filters with distorted frequency responses [11].

To combat these issues, Sierra proposes a new bilinear constant in Equation 2.8. The
new constant closely matches the original for small values of @, but remains positive even as

Wy — oo.

14
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a8

c=2¢" () (2.8)

As displayed in Figure 2.9, the proposed constant closely matches the original when
Wy << 2wk, but as wy — 27F, the new constant increases at a slower rate. In fact, as @y — oo,
¢ — 0, meaning the constant will never be negative.

Unlike the standard bilinear constant, this proposed constant does not correctly pre-warp
the cutoff frequency wy. To correct for this, we must match the gain at the distorted @y position,
which we will call wy, in addition to computing the pre-warped quality Q.

To find w,, we can use the mapping described in Equation 2.2 in conjunction with the

proposed bilinear constant in Equation 2.8 as follows:

w; =2tan" (ay/c) (2.9)

This process actually results in the cutoff frequency to be in a slightly incorrect position.

Despite this, we can closely match the analog magnitude response by adjusting the peak gain. In

15



the case of the parametric peaking filter, we can find the magnitude of the transfer function in
Equation 2.4 by taking its norm, ||H(w)||. The goal is to find the analog filter gain at frequency

;. We can do this by substituting @ < @, in the magnitude function ||H(w)||:

(0}~ ) + L0303/

2
81 = (2.10)
(07 — 0f)? + 0707 /0>
To compute the corrected quality factor Q,, Sierra uses the following equation:
c 8
01=0 - 2.11)
2F; 8d

Substituting these corrected parameters in the peaking filter transfer function in Equa-

tion 2.4 produces:

2 8d- Wy 2
" B s“4+s 0y +a)d
a(s) = O 2
[ d

2.12
71 (2.12)

Taking the bilinear transform of H;(s) with the modified bilinear constant produces the
desired digital parametric peaking filter. Comparing the frequency response in Figure 2.10,
Sierra’s method provides significant improvements over the BLT-derived filter. In particular, for
frequencies below @, both the magnitude and phase response are very similar to the analog
prototype. However, above ®,, the response deviates significantly, being more similar to the
standard BLT filter. When using a traditional sample-rate, such as 44.1kHz or above, the
deviating region approaches the upper limit of human hearing [9], mitigating the perceived
warping.

This approach improves upon the standard BLT while preserving order, stability, and
remaining minimum phase. As a result, no additional latency or computational complexity
is introduced. The only caveat is the increased number of operations needed to compute the
coefficients.

While Sierra’s paper only covers the parametric peaking filter, there exists a generalization

16



Frequency Response

_10.01
m
S 75-
Q
3 5.0-
=
> 2.5
=
0.0 -
)
c
S 0.05-
e
]
o
5 0.00
X
@ —0.05 -
o Sierra
103 104

Frequency (Hz)

Figure 2.10. Comparison with Sierra’s Peaking filter (w/ proposed bilinear constant). Fy =
44.1kHz, fo = 15kHz, 9 =1, g = 10dB

Imaginary

BLT
1.0 A —————
,,I ..\\
/7 X \
054 N
/ \\
:' b 1I|
[
0.0 1 ’l
\
\\ ¢ I’
—-054 ,:
\\ x rd
\\\~ ”/l
_LO_I T it e T
-1.0 -0.5 0.0 0.5 1.0
Real

Imaginary

Sierra

=
o
1

o©

o
1

~

——
- -

o
o

|
©
Un

1
”

_1.0 .

-

-1.0 -05

0.0
Real

Figure 2.11. Pole-zero diagrams (F; = 44.1kHz, fy = 15kHz, Q = 1, g = 10dB).

17



[4] which supposedly allows Sierra’s approach to be used for any second-order system. Whether

this approach can be used for the other parametric filter types remains to be seen.
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Figure 2.12. BLT-derived low-pass filter analysis (fy = F;/4, Q = 1/V/2).

2.4 Orfanidis’ Method

Orfanidis addresses the frequency warping issue of the BLT with a method he calls
“Prescribed Nyquist-Frequency Gain” [7]. This approach stems off of one key observation: the
BLT maps the analog filter response at s — o onto the digital filter response at z = —1. The

issue with this mapping is best demonstrated with the parametric low-pass filter [2]:

2
%)

H(s)=5——F——=
(s) sz+s%+a)§

(2.13)

Notice what happens as we take the limit s — co. Since the denominator contains s> while
the numerator is constant, H(s) approaches 0. We can conclude that H(s) contains two zeros at
s — oo, As discussed earlier, these two zeros will be mapped onto z = —1. We can verify this by
taking the BLT and analyzing the pole-zero diagram, as seen in Figure 2.12.

How does this impact the frequency response? For the analog low-pass filter, the
magnitude response approaches 0 as @ — oo but never quite reaches it. On the other hand, for
the digital filter, the magnitude response does reach 0 at the Nyquist frequency. As a result,
the transition band of the analog filter remains infinitely large, regardless of cutoff frequency,

which cannot be said about the digital filter. In fact, as the cutoff frequency fy approaches the
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Nyquist frequency Fy/2, the digital filter’s transition band shrinks, further deviating from the
analog filter’s slope (Figure 2.12).

This same observation can be applied to any BLT-derived filter, including all the second-
order parametric filters. Is there anything we can do to mitigate this issue? Let’s analyze

Orfanidis’ approach. First, he constructs a general second-order filter as follows:

_ G1s*+Bs+GoW?

Ha <S) 2 +As+W?

(2.14)

Here we have five parameters, Go, G, A, B, and W we can tweak. Important to note are
the Gy and G| parameters. As we did with the low-pass example, let’s observe what happens to
H,(s) as s — oo. The two s? terms grow the fastest, so the others can be ignored. As a result, the
transfer function simplifies to the following:

G 2
Y _ G (2.15)

i Hals) = i =0

Similarly, let’s see what happens at DC (when s = 0):

Hy(s=0)= ! bO:Aé 'ooju(/;ng = va”f = Go (2.16)

The Gp and G terms control the gain at DC and at the Nyquist frequency, respectively.
Going back to the low-pass example, this would allow us to design an improved digital filter
which no longer has zeros directly at z = —1. Since the low-pass filter has a gain of 1 at DC, we

can set Go = 1. To find G, we must first find the gain of the original analog low-pass filter at

the Nyquist frequency f = F;/2 or @ = 2n f /F; = &, as demonstrated below:

G, =|H(w=m)| (2.17)
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(03— P+ LR}/
(03— @3+ w30 /Q°

Gt = Ooy=T (2.18)

Where Equation 2.18 shows the G; calculation for the parametric peaking filter. The
other three parameters, A, B, and W, can be found by further constraining the magnitude response.

Orfanidis uses the following constraints:

Dt =0, Hio) =g’ |Hi(w)’ =G} 2.19)

The first two equations constrain the peak of the filter. By taking the magnitude function’s
derivative and setting it to 0, we can ensure that the peak is at the correct location at @ = ay.
To force the peak to also have the correct gain, we can set the magnitude response equal to the
desired gain g at @y. The third equation controls the bandwidth by constraining the magnitude
to be Gp at the desired frequency @wp. Gp can be any arbitrary gain, so long as it is between
unity and the peak gain g, for instance Gg = ,/g. Since the filter is symmetric around the cutoff
frequency @y, there are two points on the magnitude response with gain G, ®; and ®,. Orfanidis
takes advantage of this fact to simplify the algebra required to solve for each parameter. When
solving for these parameters, the constrained frequencies (wy, @, and @;) can be pre-warped to
ensure the peak and bandwidth are matched between the analog and digital domains.

After computing the five parameters and substituting them into Equation 2.14, the BLT
can be taken to compute the digital filter coefficients. In Figure 2.13, when the cutoff frequency
is half the Nyquist frequency, fo = F/4, the new filter’s magnitude response is remarkably close
to that of the analog filter’s. In particular, notice how the gain near the Nyquist frequency has
been corrected.

However, moving the cutoff frequency closer to Nyquist, say fo = 15kHz, we see odd
behavior in Figure 2.14. Why does this happen? With a peak gain of 10dB, we can compute
Gp = /g. Taking the square root in the linear domain is equivalent to dividing by two in the

logarithmic domain, so Gg = 5dB. As discussed earlier, the magnitude response contains two

21



Frequency Response

10.0 A
7.5 1
5.0 A
2.5 1

Magnitude (dB)

0.0 —

0.10 A

0.05 A

et
iy
PR

0.00 A

—0.054 BLT
Orfanidis

Phase (x2m Radians)

103 104
Frequency (Hz)

Figure 2.13. Peaking filter parameters: Fy; = 44.1kHz, fo = F;/4, Q = 1.5, g = 10dB
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Figure 2.14. Peaking filter parameters: Fy; = 44.1kHz, fo = 15kHz, Q =1, g = 10dB

frequencies where the gain equals Gp, @; and @,. Although not visible, the upper position @,
is above the Nyquist frequency. This becomes a problem, as attempting to pre-warp @, results
in undefined behavior and incorrect bandwidth computation. This effect becomes worse with
smaller Q values and larger cutoff frequencies fj.

While this approach maintains the filter order and a minimum-phase response, the
troublesome bandwidth computation makes this filter difficult to use. In addition, this approach is
specific to the peaking filter, as the constraints used do not work across the rest of the parametric
filter family. Despite these shortcomings, this idea of prescribed Nyquist-frequency gain is worth

further exploring and will be utilized in our proposed solution.
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2.5 Additional Methods

The works analyzed in this chapter do not form an exhaustive list of all strategies available
for designing digital parametric filters. For instance, Harris and Booking’s paper [5] details a
design for deriving these filters directly in the digital domain; no need for the BLT or any other
mapping. By exploiting destructive interference, this technique cleverly utilizes digital all-pass
filters to achieve the desired magnitude responses. For instance, running an all-pass filter in
parallel with the original signal and summing the two paths forms the basis for the peaking filter
design. Unfortunately, the digital all-pass filters used suffer from a similar frequency warping
issue, which extends to the derived parametric filters.

Another approach worth mentioning is that of Sarkka and Huovilainen [10]. Out of all
the techniques discussed thus far, this paper derives digital filters which most closely match the
frequency responses of their analog counterparts. Despite this, the dramatically increased filter
order and complexity of computing the coefficients make it unideal for use in real-time audio

processing applications.
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Chapter 3

Proposed Solution

For the proposed solution, we will be building upon Orfanidis’ work as discussed in
Section 2.4. As a reminder, the key techniques employed are prescribed Nyquist-frequency gain
and pre-warped frequency response constraints. However, we will be making three important

alterations:

1. We will utilize a slightly different general second-order transfer function.
2. Improve the bandwidth constraint.

3. Apply variations of this approach to all parametric filters.

Through trial-and-error, we have found it to be easier to work with the following general

transfer function:

B G1S2 —|—SBg—j + G()COC%

H = 3.1

d(s) S2+Sg_j+w§ ( )
Gi0? — Gow?)? +B*w*w?/0?

]Hd(a))|2: ( 1 0 d) + d/Qd (32)

2 2702

(0% —w7)?+w’w; /05
We maintain the Go, G1, B, and W <— @, parameters as found in Orfanidis’ method while
introducing a new O, parameter. The generality of the transfer function is maintained, as each

coefficient can still be uniquely set, while bringing it more in line with the peaking filter transfer
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function. This change allows for more intuitive reasoning about how each parameter affects the
frequency response.

As explained in Section 2.4, the Gy and G| parameters correspond to the magnitude of
the frequency response at DC and Nyquist frequency, respectively. O, can be thought of as the
corrected quality factor, B as the adjusted gain factor, and @, as the corrected cutoff frequency,
similar to the parameters of Sierra’s method (Section 2.3). When computing these parameters, it
is important to use pre-warped frequency values, as discussed in Section 2.4. This will ensure
that after applying the BLT, the filter characteristics are preserved.

Taking the bilinear transform of the general transfer function in Equation 3.1 generates
the following digital filter coefficients. Equation 2.6 can be used to derive the time-domain

difference equation representation.

by =n’Gy+nB/Qy+Go, b1 =2(Gy—n?G,), by=n>G,—nB/Q;+ G,

ap=n>+n/Qq+1, a; =2(1—n?), ay=n*—n/Qq+1,

1

h - . -
where n o tan(@y/2)

3.1 Peaking Filter

Since all the existing techniques focus on the peaking filter, we will begin here. Instead
of using the peaking transfer function from the Audio EQ Cookbook [2], we will use the slightly

modified version from Section 2.1:

52 +sgg + o}

H(s)= 3.3
) s>+ +op -3)

(0~ 0B + £ 0F/ Q2

2 _
H (@)= (0? — @) + w?w}/Q?

(3.4)
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To obtain Gy and G, we must find the gain of H(s) at DC (@ = 0) and Nyquist (& = 7).

Note that we do not pre-warp the frequencies here.

Go=|H(w=0)| =1 3.5)

2 m2)2 2m2 m2 /)2
n)|:\/(wN D ENNE ay=n (3.6)

(0 — 07)> + 0j05/Q>
A key characteristic of the peaking filter is, of course, its peak. We know that this peak is

located at @y with a gain of g. We can use this as a constraint to solve for B:
|Hi(o = ay)* = ¢° (3.7

2 gwze’ +05g’(0f — 07)* — 053(Gows — Gig)?

= B
PP)
Wy 0,

(3.8)

Although this equation constrains the gain to be correct at cutoff frequency @y, it does not
guarantee that the peak is at @y. To center the peak, we can set the derivative of the magnitude
response to be 0 at this location, ensuring an extrema. By substituting B with Equation 3.8 and

W < @y, we can solve for wy,:

=0 (3.9)

2_G2
:wgzwg,/;_(}; (3.10)
0

Lastly, to solve for Q4, we can apply a constraint to the bandwidth. Similar to Orfanidis,

we can choose an arbitrary gain between unity and peak gain g. In this case, we will use G = /g.
As discussed in Section 2.4, the peaking filter contains two distinct points with gain Gp. As a

reminder, Orfanidis uses both these points to formulate a constraint, which we demonstrated
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results in strange behavior in the frequency response. To prevent this, we will only utilize the
lower of the two points; this lower point is guaranteed to always be below the cutoff frequency,
which will remain below the Nyquist limit. To utilize G, we must first find its location @p in

the analog filter H (s).

|H(w=wp)*=g¢ (3.11)

2o 20°+8—/8(40% +¢) 3.12)

= g = @)

Before moving onto the next step, wp must be pre-warped to preserve the bandwidth in
anticipation of the BLT. We can solve for Q; by constraining the gain to be Gp at the pre-warped

p.

|H; (0= wp)]* =g (3.13)

g—B
G} —2GoG 1050} + GIof — 0ig + 20j038 — 0} g

= 0% = wja)- (3.14)

To remove the dependency on B, we can use Equation 3.8 and solve for Q.

= 0 = w35 78(1 — 8)/ (Giw 07 — 2GoGr w3005 ] + G wgeo; — W8+

+ 20503078 + 038° (0 — 03)? — W3 (Gow) — G1a})* — Wi w)g) (3.15)

Note that similar to wp, @y and @; must be pre-warped. With that, each parameter
has been accounted for. Since the computation of certain parameters depends on others, it is

important to process them in the correct order:
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1. Calculate Gy and G| using the original analog parametric magnitude response H(s) as

shown in Equation 3.5 and Equation 3.6.
2. Compute @, using Equation 3.10.
3. Find wp using Equation 3.12.
4. Compute Qy using Equation 3.15.
5. Compute B using Equation 3.8.

6. Apply the BLT to derive the digital filter coefficients using the table found at the beginning

of this chapter.

Let’s examine the newly derived filter. Setting the cutoff frequency to be near the Nyquist
limit, the frequency response plot in Figure 3.1 shows that the magnitude response is remarkably
close to that of the analog filter and a large improvement over the standard BLT-derived filter.
Not only is this achieved without increasing the order of the filter, but the pole-zero diagram in
Figure 3.2 demonstrates that the filter remains minimum-phase, stable, and causal.

Worth noting is that as the cutoff frequency moves away from Nyquist and the bandwidth
becomes more narrow, the proposed filter approaches the standard BLT-derived filter, as seen in
Figure 3.3. In this cases, G approaches 1, resulting in the transfer function reverting back to the
original peaking filter transfer function. This behavior is desired, as under these conditions the
standard BLT-derived frequency response approaches the original analog response.

In the opposite extreme, as the cutoff frequency approaches Nyquist and the bandwidth
becomes wider, the proposed and standard BLT filters diverge, as seen in Figure 3.5. The
proposed solution maintains a nearly matching magnitude response while the standard BLT-

derived filter diverges dramatically.
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Figure 3.1. Proposed method to derive the peaking filter (F; = 40kHz, fy = 15kHz, 0 =1,
g = 10dB).
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Figure 3.2. Pole-zero diagrams of peaking filters (F; = 40kHz, fy = 15kHz, Q = 1, g = 10dB).
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Figure 3.3. Peaking filter with low cutoff frequency and narrow bandwidth (Fy; = 40kHz,
fo=>5kHz, 0 =2, g = —10dB).

32



Magnitude Response

. 104+ — Analog 1
S | o ) \
o Proposed
© P .
3 57
= _— _
o et
S ~ '.-.‘;.‘.".‘.".‘.".' sttt
= 0 dom o m TTET T s s " "
10° 109
Frequency (Hz)
Standard BLT Proposed
10_ ’-""-"--. 1.0_ ’____.-‘
,’ \\ ,f \\
/. X M / 5
a 0.5 i / \ a 0.5 N / x \
: 1 \ 2 ! '
> 00 i o— S 0.0 ‘ o o
g \ 7 g Y !
Y ’ N ,
o, ad NS .
_1.0_ | o - I _1.0_ : b U I
-1 0 1 1 0 1
Real Real
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Figure 3.5. Peaking filter with very high cutoff frequency and wide bandwidth (F; = 40kHz,
fo=18kHz, Q = 0.5, g = —10dB).
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3.2 Band-pass Filter

The analog parametric band-pass filter has the following transfer function [2]:

s
H(s) = —— 3.16
0= (3.16)
) 2
() = —— 2 %/2 3.17)

(07— @) + 0?0} /02

There are many similarities between this band-pass filter and the peaking filter from
Section 3.1. In particular, the peak/maxima of the filter is located at @y but always has a gain of
0dB. In addition, the Q parameter adjusts the bandwidth. Due to these similarities, we can apply

the same process to derive the digital filter. We begin with Gg and Gj.

Go=|H(®=0)|=0 (3.18)
w2 w2 /02

Instead of deriving B from scratch, we can borrow the B derivation from peaking filter

Equation 3.8. Since the band-pass filter has a peak gain 0dB, we use g = 1.

(0 — @7)°

3.20
oRa? (3.20)

2 2 2603 2
B =1-Gi0;—5 +0;
0y

Similarly, we can use Equation 3.10 to find @;. We can further simplify this expression

by using g = 1 and G = 0.

i = wi\/1-G? (3.21)

Lastly, we use Equation 3.15 to obtain Q, utilizing the previously used substitutions
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to simplify. To compute wg, we find the frequency at which the magnitude |H ()| is equal to
arbitrary bandwidth gain Gp. Unlike in the peaking filter, we do not use Gp = /g, as g = 1.

Through trial and error, we have found Gp = % to provide good results.

L, 14620~ 1)~ \/~(Gh~ 1) (402G}~ G} + 1)
(DB:(DO. ZQZG%

(3.22)

2 2.2 2,0 2. 4.2 2.2 4 4 2.0 2 4 2.2 2,0
Q; = wgayw;(Gg — 1)/ (Giopwy — Giogwy — wpwy Gy + 0p0 + 20500 0;Gp—

— 2050507 + W] — 0jwiGE) (3.23)

Following the steps outlined in Section 3.1, we can compute the digital band-pass filter
coefficients. Comparing these results to that of the standard BLT-derived filter in Figure 3.6,
the proposed approach is able to more closely match the magnitude response of the original
analog filter. As with the peaking filter, the pole-zero diagram in Figure 3.7 demonstrates that
the band-pass filter remains minimum-phase, causal, and stable.

Notice that in the pole-zero diagram, the standard BLT-derived filter contains a zero at
z=1 and a second at z = —1, implying the original analog filter had zeros located at s =0
and s — oco. This is logical, as a band-pass filter should attenuate frequencies distant from @y.
However, due to there being a zero at z = —1 which corresponds to the Nyquist frequency, the
gain at Nyquist will always be 0, which deviates from its analog counterpart. Compare this to the
pole-zero diagram of our proposed filter, which maintains the zero at DC, z = 1, but moves the
second zero off the unit circle, preventing the magnitude response from reaching 0 at Nyquist.
The poles are also adjusted in response to the zero movement to maintain the bandwidth and

center frequency @y.
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Figure 3.6. Proposed method to derive band-pass filter (F; = 40kHz, fo = 15kHz, O = 1).

Standard BLT Proposed
1.0 A P ey 1.0 4 ===~
P S i So
/, \\\ ’, \\\
0.5 A /, b 4 \\ 0.5 + /’ \\
P :I \ & I’ x \
g I 1 g 1 1
% 0.01¢ + 5 oot ® *
© \ | © \ X 1
£ \ J £ \ /
054 \ X% / —054 N\ /
\ / \ /7
~ rd ~ rd
\\\ ”/ \\\ ’,/
_1'0_ T T Bl Lo T T _1'0_ T T Bl Ll T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
Real Real

Figure 3.7. Pole-zero diagrams of band-pass filters (Fy = 40kHz, fo = 15kHz, Q = 1).
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3.3 Notch Filter

Like the band-pass filter, we can take advantage of the notch filter’s similarities to the
peaking filter. Namely, the peak/extrema is located at cutoff frequency @y, but with a gain
of g = 0. The quality Q continues to control the filter bandwidth. The parametric notch filter

transfer function is shown below [2].

2 12
s+ @y
H(s)=5——F—7—= 3.24
(S) S2 —f—S% + a)(% ( )
(© - 0}’
H(w)*= 3.25
| ( )| (a)2_wg)2+a)2w§/Q2 ( )
Starting with Gy and G, these can be computed using |H (s)| in Equation 3.25.
Go=|H(w=0)|=1 (3.26)
(0 — )
G1:]H(w:7r)\:\/ , ON=T (3.27)
(0 — @) + oy /Q?

For the peaking and band-pass filters, we purposely adjusted any zeros at Nyquist z = —1
by moving them off the unit circle. In this case, there are no zeros at Nyquist. In fact, both
zeros are located at the cutoff frequency @y. This is desired behavior and changes to the zeros
would cause the notch location to change. To maintain the zero positions, we must set B = 0, as
B corresponds to the extrema gain. To compute @, and Q; we can reuse the calculations from

Section 3.1. Additional simplifications can be applied by using g =0 and Gy = 1.

w3 = oG (3.28)
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| 0°G}— 0>~ 1G} + 4G/ —40°G} + 402 + G}

(3.29)

2202
2 — 030, Gp
Grof— @) g @l

(3.30)

Once again, through trial and error, we have found Gp = % to provide good results.
Following the process outlined in Section 3.1, the digital filter coefficients can be computed. The
resulting magnitude response is a significant improvement on the standard BLT-derived filter,
closely matching the analog response as seen in Figure 3.8. The pole-zero diagram in Figure 3.9
also demonstrates that the proposed solution remains minimum-phase, causal, and stable. As
predicted, the zeros remain at the same positions on the unit circles between the two digital

filters; the poles are entirely responsible for the improved frequency response.
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Figure 3.8. Proposed method to derive the notch filter (Fy = 40kHz, fo = 15kHz, Q = 0.5).

Figure 3.9. Pole-zero diagrams of notch filters (F; = 40kHz, fy = 15kHz, O =0.5).
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3.4 High-pass Filter

Although the transfer function of the high-pass filter shown below [2] may appear similar
to that of the peaking filter, it shares a key limitation with the notch filter: the rigid placement of
its zeros reduces the number of available degrees of freedom. Specifically, the high-pass filter
requires both of its zeros to be fixed at DC (s = 0 or z = 1). Even slight adjustments to the zero
placement affects the slope of the frequency response. As a result, the filter must satisfy Go =0

and B = 0, which constrains the design parameters to just G1, Q4, and @,.

2
S
H(s) = 3.31
(S) SZ—’—S%—f—wg ( )
4
H()|? = ® (3.32)

(@7 — @})? + 020}/ O
As discussed, Gy = 0. The value of G can be determined using the method described in

Section 3.1.

1
_ ) = o2 _
Gi=Ho=7)=0 '\/(wﬁ—w§>2+w§wg/gz’ Oy=T (3.33)

To derive w,; we can avoid the need to solve a system of equations by instead examining

the slope of the filter. Even for high cutoff frequencies, the majority of the sloped region will be
within the approximately linear mapping of the BLT. As a result, to preserve the filter slope, we
must avoid pre-warping the cutoff frequency. In addition, to account for the adjusted filter gain

via G1, the cutoff must be multiplied by a factor of Gy, resulting in the following formula for ®,.

w; = wy\/Gy (3.34)

When attempting to compute Q;, we run into a problem. Unlike the previously derived

filters, the high-pass filter does not always contain a peak/extrema. A Butterworth Filter can
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be obtained by setting Q = 1/+/2. So a peak only exists when Q > 1/4/2. To work around
this issue, we can solve for Q, in two different ways: once when Q > 1/ /2 and again when

0<1/V2.
3.4.1 Solving with a peak

Beginning with the simpler case of Q > 1/4/2, we can utilize the previously used
strategies to solve for Q,. In particular, our goal is to match the peak of the digital high-pass
filter to its analog counterpart. Due to our inability to adjust the zeros, we lack the degrees of
freedom necessary to match both the peak location and gain. So, we have elected to match only
the peak gain.

Unlike the previously discussed filters, the high-pass peak is not located at wy. To find
the peak frequency, we can set the derivative of the magnitude response to 0 and solve for @. We

will call this frequency @,,.

o )
5—%|H(wp)| =0 (3.35)
2
= 02 =of 2Q_ (3.36)

Next, we can substitute @ < ®, back into the magnitude response to find G, the gain of

the peak.

404

G2 = [H(®)P|,_y,

To be able to control the peak gain of the digital filter, we must apply the same process to

Hd(s).

5
S d|Hd(a)pd)|2 =0 (3.38)
D

42



207

2 2
= 0,=0;" 3.39
pd d 2Q2 -1 ( )
4G3Q4
2 2 _ 1<d
Gy = |Ha(@)P|,_, = 10 (3.40)
Lastly, to match the peaks, we can set G%, = GIZ, 4 and solve for Q.
207 +,/G} +40" - 4G 02 2
0;=0" . =02 (3.41)
Gy (402 -1) Gy

207 +/G} +404 — 4G3 0

2 _
where Gp = 1071

3.4.2 Solving with no peak

To solve for Q; when Q < 1/4/2, we have to employ a technique that does not utilize
peak gain. After experimenting with different approaches, simply matching the gain at the digital
cutoff frequency @, seems to provide good results. Since @, has not been pre-warped, we have
to use the inverse of the pre-warping equation to find the equivalent frequency in the analog

domain @,. By substituting @ < @, in |H(w)|, we can find gain G, at ®;.
w, = 2arctan(@,/2) (3.42)

., = % (3.43)
oo = (@R o+ e[

Similarly, we can find the gain of the digital high-pass filter H;(s) at frequency @, by

® < my in |Hy(®)]|. Solving for Oy will allow us to adjust the gain.

Gd = ‘Hd(w)Ha):wd = QdG1 (344)
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=Qy=2 (3.45)

3.4.3 Combining the solutions

We can now compute Q, for any value of Q. The solutions can be combined into the
equation below, where G, and G, can be computed via Equations 3.41 and 3.43, respectively. At
theQ=1/ /2 boundary, there exists a discontinuity. To mitigate this, we can linearly interpolate

between the values. In the figures presented below, the interpolation occurs for values 1 < Q < 2.

Q-G ifQ>1/V2
Q4= (3.46)

o ife<1/V2

To obtain the digital filter coefficients, we once again take the BLT of Equation 3.1. The
resulting filter has a magnitude response that closely matches the analog response, as seen in
Figure 3.10. As predicted, the pole-zero diagram in Figure 3.11 displays the two zeros being
located at z = 1 for both digital filters. Only the poles have been adjusted in the proposed solution.
Figure 3.12 and Figure 3.13 demonstrate the proposed filter maintains the desired magnitude
response for small and large values of (. Note that while the peak gain is maintained, the peak
frequency of the high Q digital response diverges from that of the analog response. Due to
the constraint imposed on the zeros, it is impossible to also match the peak location without
increasing the filter order. Instead, we compromise by favoring a correct filter slope and peak
gain over peak location. Even with this trade-off, our proposed solution provide a significant

improvement over the standard BLT-derived filter.
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Figure 3.10. Proposed method to derive the high-pass filter (F; = 40kHz, fy = 15kHz, O = 1).
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Figure 3.11. Pole-zero diagrams of high-pass filters (F; = 40kHz, fo = 15kHz, Q0 = 1).
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3.5 Low-pass Filter

Similar to the high-pass filter, the parametric low-pass filter magnitude response only has
a peak when Q > 1/ V2, where Q = 1 / /2 corresponds to the Butterworth low-pass filter. As
a result, we must solve for the parameters in two scenarios, depending on whether the peak is

present. Below is the analog parametric low-pass filter [2]:

a,
H(s) = 0 3.47
(S) S2+S%+wg ( )
4
Q)
H(0)* = 0 (3.48)

(0% — @})* + 0’ wi /0>
Once again, we can compute Gy and G| by computing the magnitude at DC and the

Nyquist frequency:

Go=|H(®=0)|=1 (3.49)

4
@y

G =|Hw=nm) = ,
o= ¢ (@~ @)+ oha [

Oy =T (3.50)

3.5.1 Solving with a peak

Starting with the scenario where Q > 1/ V2, a peak is present in the magnitude response.
As a result, we can use a similar process for deriving the peaking filter in Section 3.1. In
particular, we can solve for B and @, by constraining the peak frequency and gain. First, we
need to find the peak location @, in the analog prototype by setting the magnitude derivative

equal to zero. The analog peak frequency @, can be used to compute the peak gain G,.

|H(w,)]> =0 (3.51)
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2o 2071

T (3.52)

404

WPlome, = 32 71 (3.53)

Gf,: |H(w

Using the analog peak location and gain, we can solve for B by constraining the digital

peak gain to be equal to G,.
|Hy(® = )| =G (3.54)

2022 + 02C2 (02 — 02)2 — O (2 22
2 0, 0;G, + 056G (0, — 07)” — 07(0; — G10;)

202
w30

—~B (3.55)

We can then find w; by setting the digital magnitude derivative equal to zero and
substituting in the above equation for B.

0

— |H(o)? =0 (3.56)

w=0wy,B

|G2 — G2
2 2 1
p

Lastly, to solve for Q,, we can select an arbitrary gain between unity and the peak gain

to constrain the width of the digital peak. As in the previous filters, we will choose Gp = \/G_p .
To find the frequency corresponding to G, we can set the analog magnitude response equal to
Gp. Note that due to the symmetry of the filter peak, there are two points corresponding to Gp.
We will choose the lower one, as that one is guaranteed to be below the cutoff frequency @y and

therefore below the Nyquist frequency.

|H(s)|* = G = G, (3.58)



5 G,(20° —1) —\/G,(G, —4G,0% +40%)

= 3.59
= Wp 0)0 2G17Q2 ( )

Similarly, we can set the digital magnitude response equal to Gp and also substitute

® < wp and B with Equation 3.55.

|Hy(0 = wp)|] =G, (3.60)

w=wy,B

:>Q§:Gpa)§a)§a)§(l G )/(Gla)Ba) ~ G} a)Ba) +G2wBa)d 2G2a)Ba)da) +

2,2 4 4.2 2.2 2 4.2 2 4 4o
+ G050, — G050, +2G,050, 0, — G0, 0, — 050, + 0;0,) (3.61)

3.5.2 Solving with no peak

When Q < 1/sqrt2, a peak is no longer present in the magnitude response, so the above
solution will not work. We can use an alternative approach to constrain the parameters. To begin,
we can simply set @; = wy, as there is no peak which we would otherwise need to correctly
position. We can solve for B and Q, by matching gain at various points. In particular, we can
compute B by setting the digital gain at w, to be equal to the analog gain at @y, which we found

earlier to be Q.

Hy(o = ay)* = 0 (3.62)

B*= Q% 03(G —1)* (3.63)

To find Q4, we need to select a second point at which to match the magnitude response.
By finding the point at which the analog magnitude is equal to /O, we can verify that this

frequency will always be below the cutoff frequency @y and thus be below the Nyquist frequency.
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We first find this half-gain analog frequency wp and then use it to constrain the digital gain.

H(@)P|,_q, =0 (3.64)

207 —14++/403—-402+1
e B 2Q% Q (3.65)
Ha(0)?| _ 5 = (3.66)

030;(1— Q)

(3.67)
(0 — 07)(Glog — Qug + Qwj — o)

0;=0-

3.5.3 Combining the solutions

To mitigate any discontinuities present between the two filter parameter derivations,
we can interpolate between them. It is important to interpolate only when Q > 1//2, as
otherwise the first solution, which relies on a peak being present, will produce undefined results.
The resulting digital parametric low-pass filter response can be seen in Figure 3.14. We have
successfully designed a digital filter whose magnitude response closely matches its analog
counterpart without increasing the filter order or sacrificing latency and stability (Figure 3.15).
Figures 3.16 and 3.17 demonstrate that the filter maintains its desired response for small and

large values of Q, respectively.
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Figure 3.14. Proposed method to derive the low-pass filter (F; = 40kHz, fo = 15kHz, Q0 = 1).
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Figure 3.15. Pole-zero diagrams of low-pass filters (Fy; = 40kHz, fy = 15kHz, O = 1).
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Figure 3.17. Low-pass with large Q (F; = 40kHz, fy = 15kHz, Q = 4).
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3.6 Shelving Filters

Of all the parametric filters discussed thus far, the shelving filters proved to be the most
difficult. For instance, the high-shelf filter’s transfer function [2] is shown in Equation 3.68.
Whereas previous filters had magnitude responses with at most a single peak, the shelving filters
can have up to two. In addition, since the cutoff frequency corresponds to the center of the
transition band, the upper peak could at times be above the Nyquist frequency.

2 2
H(s) = A2 TOVA/QE A Jz (3.68)

2+ apVA/Q+ 0RA

There are three important characteristics of shelving filters: the transition band, the
shelving band, and sometimes the peaks. As a result, it becomes very difficult to define a second-
order digital filter that closely matches its analog counterpart at these key points. Unfortunately,
due to time limitations, we have not been able to construct digital shelving filters which mitigate
the frequency warping issue. However, that does not imply designing such a filter is impossible;
more research is needed to determine a system of constraints which will allow the derivation of

such shelving filters.
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Figure 3.18. Zero-order-hold of a discrete time series in an ideal DAC.

3.7 Pre-emphasis Filter

Although not part of the parametric family of filters, pre-emphasis filters are an important
piece of the digital audio puzzle. Before we are able to hear digital audio signals, they must first
pass through a digital-to-analog converter (DAC). Many modern DACs use a technique referred
to as “sample-and-hold” or “zero-order-hold”. When this type of DAC receives a digital sample,
it will output a voltage proportional to the sample amplitude. The DAC will then maintain
the voltage level until the next sample comes in, demonstrated in Figure 3.18. This, of course,
impacts the frequency response of the signal.

The result is identical to convolving the input sample impulses with a rectangle function,
where the rectangle width is 1/F; seconds in length. With this perspective, we can compute the
effect this convolution has on the frequency response of the signal. Since the Fourier Transform
of the rectangle function is sinc(ax) = sin(ax)/(ax) where a = 1 /F;, we can deduce that the

magnitude response will be low-passed by the sinc function, as shown in Figure 3.19.
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Figure 3.19. Frequency response of zero-order-hold at different upsampling levels (F; =
44.1kHz).

To combat the unwanted attenuation of the high frequency, DACs often employ a pre-
emphasis filter. Ideally, the pre-emphasis filter, call it H,(s), will have a magnitude response
which is the inverse of the sinc function, as shown in Figure 3.20, resulting in Equation 3.69.

1 af

[H,(f)] = sinc(af) - sin(af) (3.69)

In DACs, such as the Texas Instruments DAC5688, a digital 9-tap FIR filter is used

[8]. However, using the techniques presented, we can derive a digital IIR pre-emphasis filter
with fewer multiplies per sample. Important to keep in mind is that DACs often up-sample
the incoming audio signals by 2 or 4 times. This allows for cheaper analog filters to be used
when anti-aliasing the DAC output. As a result, the attenuation caused by the sample-and-hold
process is also reduced. Thus, even lower order pre-emphasis filters can be used. For instance, if
up-sampling, even first-order digital IIR pre-emphasis filters match the ideal magnitude response
closely.

Furthermore, unlike the parametric filters, the pre-emphasis filter coefficients can be

precomputed, as the filter only needs adjusting if the up-sampling amount changes. Thus, slower
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Figure 3.20. Magnitude response of the ideal pre-emphasis filter (Fy = 44.1kHz, no upsampling).

iterative techniques, such as gradient descent, can be utilized. The pre-emphasis filters presented
below are derived using the general digital biquadratic IIR filter in Equation 3.1. We have
determined these parameter values via manual tuning.

Table 3.1 displays the intermediate digital parameter values to achieve pre-emphasis
filters, depending on the amount of digital interpolation in the system. The equations found at

the start of Chapter 3 can be used to compute the filter coefficients.

Table 3.1. Intermediate digital parameters for pre-emphasis filters accounting for various levels
of interpolation.

Upsampling || G B Wyq Qu
Ix || 1.508 1.259 2.4689 0.44
2x || 1.1032 1.0594 2.4142 0.424
4x || 1.0244 1.0145 2.4142 0.42
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Figure 3.21. Frequency response of the proposed pre-emphasis filter (Fy = 44.1kHz, no upsam-
pling).
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Figure 3.22. Frequency response of the proposed pre-emphasis filter (Fy = 44.1kHz, 2x upsam-

pling).
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Figure 3.23. Frequency response of the proposed pre-emphasis filter (Fy = 44.1kHz, 4x upsam-
pling).
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Chapter 4

Conclusion

4.1 Comparison

To further demonstrate the accuracy of the proposed technique, Figure 4.1 compares
the magnitude response of the various peaking filter designs discussed. By computing the
difference between the original analog and various digital magnitude responses, we can evaluate
the accuracy of each digital approach. This metric confirms that our proposed approach provides
a magnitude response which most closely matches the analog response. We have also provided

pole-zero diagrams of each digital filter in Figure 4.2.
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We can also compare the proposed approach to existing commercial software packages
which also claim to mitigate the frequency warping effect. For this, we have chosen FabFilter’s
Pro-Q 4; not only is it widely used throughout the audio industry, but its marketing also asserts
“Pro-Q matches the magnitude response of analog EQing as closely as possible”. Figures 4.3, 4.4,
4.5, 4.6, and 4.7 compare each of the five parametric filters derived in Chapter 3. The impulse
responses are measured with Pro-Q 4 set to zero-latency mode and all other settings left at their
default configurations.

It is important to note that Pro-Q 4’s definition of the Q parameter differs from the one
displayed in the Audio EQ Cookbook. This is most noticeable when attempting to achieve
Butterworth filters: Q = 1/1/2 for the standard definition and Q = 1 for Pro-Q 4. We can
conclude that the engineers at FabFilter have skewed the values of Q. In order to create accurate
comparisons, we must account for these differences. We have managed this by manually tuning
Pro-Q 4’s Q value until the magnitude responses closely match the proposed filter responses.
Importantly, this matching is done at the low cutoff frequency of fo = 1kHz in order to ensure
frequency warping is not present. For instance, when the proposed filter quality is set to Q = 1.2,
that roughly corresponds to Q = 1.696 in Pro-Q 4.

We can confidently say that Pro-Q 4’s zero-latency mode is using a similar technique to
the one proposed; we observe that our proposed and Pro-Q 4 phase responses are very similar
and both deviate from their analog counterparts. The similarity in phase response allows us to
speculate that oversampling is not used, nor is a higher order filter utilized, as either technique
could closely match the digital phase response to the analog counterpart [10].

While the proposed and Pro-Q 4 magnitude responses are also very similar, notice how
in most filters, the gain at Nyquist is not matched. We speculate that FabFilter’s reason for doing
this is to sacrifice the magnitude response accuracy at the highest frequencies in exchange for a

more accurate response at lower, more audible frequencies.
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Peaking Filter Magnitude Response
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Figure 4.3. Comparison with FabFilter Pro-Q 4’s peaking filter (Fy = 44.1kHz, fo = 12kHz,
Q=1/v2, g =8dB).
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Low-Pass Filter Magnitude Response
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Figure 4.4. Comparison with FabFilter Pro-Q 4’s low-pass filter (F; = 44.1kHz, fy = 12kHz,
0=1.2).
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High-Pass Filter Magnitude Response
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Figure 4.5. Comparison with FabFilter Pro-Q 4’s high-pass filter (F; = 44.1kHz, fy = 12kHz,
0=1.2).
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Band-Pass Filter Magnitude Response
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Figure 4.6. Comparison with FabFilter Pro-Q 4’s band-pass filter (F; = 44.1kHz, fo = 12kHz,
0=1/V2).
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Notch Filter Magnitude Response
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Figure 4.7. Comparison with FabFilter Pro-Q 4’s notch filter (F; = 44.1kHz, fy = 12kHz,

Q=1/V2).
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4.2 Further Work

As discussed in Section 3.6, we did not have the time to derive shelving filters with the
proposed approach. More research is necessary to determine the right set of constraints which
would allow us to solve for such filters.

Similarly to the standard BLT-derived parametric filters, the proposed filters become
unstable when cutoff frequencies @y above the Nyquist frequency are selected. In this area,
Sierra’s [11] approach, as discussed in Section 2.3, is superior. Further research is required to

allow for this kind of cutoff frequency flexibility in conjunction with the proposed approach.
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