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Abstract

The Moduli Space of Flat Connections over Higher Dimensional Manifolds
by

Casey Alexander Blacker

Let M be a smooth manifold of dimension at least 3, let G be a compact Lie

group, and let P be a G-principal bundle on M. This work is motivated by two aims:

1. Exhibit the moduli space M(P) of flat connections on P as a generalized sym-

plectic reduction of the space A(P) of connection on P by the action of the

gauge group G.

2. Compute the symplectic volume of the moduli space Mg(M) of all flat G-

connections on M.

We show that the appropriate adaptation of the Hamiltonian formalism in this
context is to consider a natural Q*(M)/B?(M)-valued symplectic form w on A(P).
With The action of the gauge group G on the space of connections (A,w) admits
a natural moment map p, and the reduction of the vector-valued Hamiltonian sys-
tem (A,w, G, u) is the moduli space of flat connections M. The reduced form wy,
which may be nondegenerate, takes values in the second cohomology H?*(M) of the
underlying manifold M.

vil



Several chapters are devoted to the theory of vector-valued symplectic geometry.
In addition to its applications to the moduli space of flat connections, we show that
the vector-valued symplectic formalism has a rich structure that does not always
reflect its real-valued counterpart. We prove two symplectic reduction theorems and
investigate the vector-valued analogues of Hamiltonian and Lagrangian mechanics.

We also compute the volume of the moduli space M (M) of all G-connections on a
symplectic manifold (M,w) in two special cases. First, we assume that the structure
group G is abelian; second, that G is semisimple and the fundamental group (M) is
free abelian. The expression of the volume is a function of the covolume of the lattice
HY(M,Z) in H'(M,R), the rank of the homology H'(M,R), and the structure group

G.
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Chapter 1

Introduction

Let X be a closed oriented surface, G a Lie group with Ad-invariant metric (,) on
the Lie algebra g, and P a G-principal bundle on ¥. In their seminal paper [2] on the
topology of the Yang-Mills moduli space, Atiyah and Bott observed that the space
of connections A(P) on P possesses a natural symplectic structure w € Q?(A(P)),
given by

wrtap) = [ans (+)

for A € A(P) and «, 8 € Q'(XZ,adP) = T4 A(P), where the wedge product is defined

to be the composition

NS, g) ® (8, g) 2 (D, g @ g) L (%)



CHAPTER 1. INTRODUCTION

They further observed that the action of the gauge group G on A(P) is Hamiltonian
and that, under the natural identification of the dual Lie algebra g4* of G with the

space of 2-forms Q%(¥, ad P), the curvature map

F: AP) — Q*X,adP)

is a moment map for the induced action of G on A(P). Thus, the moduli space M(P)
of flat connections on P, defined to be the space of gauge-equivalence classes of flat
connections on P, is exhibited as the symplectic reduction F~*(0)/G of the space of
connections A(P) by the action of the gauge group G. We refer to Chapters 2 and 4
for further details.

In addition to its value as an elegant characterization, this process reveals a natural
symplectic structure wa, sy € Q?(M(P)) on the moduli space M¢(E) of flat G-
connections over ¥, thus enabling the study of M¢g(X) by symplectic techniques. For
example, as it can be shown that this moduli space is finite-dimensional, M¢(2)
inherits a natural volume form Lw" € Q*"(M). The resulting volume vol M (%) is
relevant in physics; see Section 1.2 below. Another geometric structure that can arise
in the presence of a symplectic form is a prequantum line bundle. The study of this
aspect of the moduli space is undertaken in [38,73,75,87], among others.

The aim of this dissertation is to investigate the corresponding situation in which

the underlying surface ¥ is replaced by an compact manifold M of higher dimen-



sion. A number of difficulties arise; foremost among which is the dependence of the
construction in Equation (x) on the 2-dimensionality of . Indeed, when applied
to a higher-dimensional base M, the integral (x) is identically zero. This apparent
impasse is overcome by enlarging the space of coefficients which a symplectic form w
is permitted to take.

Notwithstanding an abundance of generalizations of symplectic geometry, see
Chapter 5, the vector-valued symplectic formalism is an original development of this
dissertation. We introduce it independently in Part II, without reference to the
gauge-theoretic material which served as its motivation. The theory is of indepen-
dent interest and exhibits a wealth of examples. We return in Chapter 9 to apply this
theory to the space of connections in the context of higher-dimensional base spaces.

When the underlying space is itself a symplectic manifold (M?",7), there is a
corresponding real-valued symplectic structure on the space of connections A(P) of

a G-principal bundle P on M. Specifically,

wala, B) = /MOz/\ﬁ/\n”_1

for A € A(P) and a,8 € Q'(3,adP) = T4 A(P), up to an appropriate scaling

constant. In this case, the assignment

FAng'™: A(P) — Q*X,adP)
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is a moment map for the action of the gauge group G on A(P) and the reduced space
A(P), contains the moduli space M(P) of flat connections on P. In general the two

spaces are not equal. If the base (M, n) is Lefschetz, that is, if the map

H'(M,R) — H>'(M,R)
o a A"

is an isomorphism, then M(P) is a symplectic submanifold, possibly with singulari-

ties, of the reduced space A(P)p.

In Chapters 10 and A, we study the geometry of Mg(M) with respect to this
symplectic structure. Specifically, in Chapter 10, we determine the symplectic volume
of Mg (M) under special restrictions on the structure group G and the fundamental
group 7y (M). In Chapter 11, we relate Mg(M) and M¢(X) when ¥ is an embedded
submanifold of M. We briefly touch on the topic of prequantum line bundles in

Section 11.2, though there is certainly more to be said on this matter.

1.1 Statement of Results

The results of this dissertation lie within the intersecting domains of vector-valued
symplectic geometry (Part II) and the moduli space of flat connections (Part III). We
address each in turn. With the exception of Section 10.1, Parts II and III comprise

original scholarship.



1.1. STATEMENT OF RESULTS

1.1.1 Vector-Valued Symplectic Geometry

The fundamental definition of the vector-valued symplectic formalism is as follows.

Definition. 7.1 Let V' be a vector space. A V-valued symplectic manifold, or V -
symplectic manifold is a smooth manifold M equipped with a closed 2-form w €
O2(M, V), called a V-valued symplectic structure or a V -symplectic structure, which

is nondegenerate in the sense that ¢xw # 0 for every X € X(M).

A vector-valued symplectic structure is thus a straightforward generalization of
the notion of a classical, real-valued symplectic structure. We give one key example

here and refer to Chapters 7 and 8 for others.

Example. 7.3 Let G be a semisimple Lie group and let 6 € Q'(M,g) denote the
Maurer-Cartan form on G. The Maurer-Cartan theorem asserts that —df = 6*[,],
which is nondegenerate by the semisimplicity of G. Thus w = —df is a g-valued
symplectic form on G. When G is compact and Y € g, the Y-component of w is
given by

(Y,w) = 1205x

where Y € X(G) is the unique left-invariant extension of Y.

This is a particularly illustrative example as it demonstrates the fact that, unlike a
classical symplectic structure, a vector-valued symplectic structure can be exact. To
further contrast the classical and vector-valued cases, we note that a compact semisim-
ple Lie group G satisfies H*(G,R) = 0 and thus cannot admit a classical symplectic

5



CHAPTER 1. INTRODUCTION

classical V-valued
symplectic form  w € Q*(M,R) we QP(M,V)
Hamiltonian v.f.  f e C*(M) feC>(M,V) w(-, Xy) =df
comoment map f:g— C®(M) p:g— C®(M,V)
moment map w:M— g* w: M — Hom(g,V)

Figure 1.1: Classical symplectic quantities and their V-valued counterparts.

form. Nonetheless, a certain modification of this g-valued symplectic structure —d#
is related to the classical symplectic structures on the coadjoint obits of the dual Lie
algebra g*; see Example 7.11.

There are corresponding notions of Hamiltonian vector fields, comoment maps,
and moment maps. We list these constructions alongside their classical counterparts
in Figure 1.1.1.

Just as in the classical situation, there is a symplectic reduction theorem. However,
to the extent that the symplectic dual operator U — U on the powerset P(U) of
a vector-valued symplectic vector space (U,w) is not generally an involution, the

reduced space My = ~1(0)/G is not generally symplectic.

Theorem (Vector-Valued Symplectic Reduction). 7.1 Let (M,w, G, i) be a V -valued
Hamiltonian system. If G is connected and the reduced space My = pu~(0)/G is

smooth, then there is a unique V-valued 2-form wy € Q*(My, V') such that

T wy = 1w

for the inclusion i : p=*(0) < M and projection m : =1 (0) — My. Moreover, wy is
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closed and the kernel of wy at mx € My is equal to

ker, wg = T, (Tx,u_l(())“/gx) < T..M,

The situation improves when we restrict our attention to a special subclass of
vector-valued Hamiltonian systems which formally relate to classical mechanics. Two

limiting examples are,

(i) the tangent bundle T'Q of an underlying configuration manifold @, equipped

with a suitable V-valued Lagrangian L : T'(QQ — V', and

(ii) the homomorphism bundle Hom(7'Q,V’), which carries a canonical V-

symplectic structure.

These examples generalize Lagrangian and Hamiltonian mechanics, respectively. It
is interesting to note that, while an admissible classical Lagrangian L : TM — R
induces a diffeomorphism FL : TM — T*M, a V-valued Lagrangian L : T() — V
yields at most a symplectic immersion FL : TQ — Hom(T'Q, V'), which can never be
an identification when dim V' > 2. In fact, the image of FL can even be a compact
submanifold of Hom(7T'Q, V'), as demonstrated in Example 8.1.

Extending the two examples above is the class of Darbour manifolds, so named

for the eponymous local structure theorem, which we define as follows.

Definition. 8.3 A V-symplectic manifold (M, w) is said to be Darbouz if M is locally
symplectomorphic to a smooth subbundle of 7 : Hom(7T'Q, V) — @ for some space @

7
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For a nontrivial example, observe that the inclusion

f:G— Hom(TG,g)

gl—>09

implies that the g-valued symplectic manifold (G, —d#), as defined above, is Darboux.
Here we recall that G is semisimple and 6 € Q'(G, g) is the Maurer-Cartan form on
G.

An important property of the collection of Darboux manifolds is that it is pre-

served under the symplectic reduction by a certain natural class of group actions.

Theorem (Basic reduction of Darboux manifolds). 8.4 If the V-Hamiltonian
system (M’ ', G' 1) is locally equivalent to a Hamiltonian subsystem of
(Hom(TQ,V),w,G,u) for a basic action of G and standard moment map p, then

the reduced space (Mg, wyo) is Darbouz. In particular, (My,wq) is symplectic.

We refer to Section 8.2 for an explanation of the terminology used in this result.

1.1.2 The Moduli Space of Flat Connections

Recall the canonical symplectic structure on the space of connections A(P) for a

G-principal bundle P over a surface 3,

wala, B) = /Ea/\ﬁ,

8



1.1. STATEMENT OF RESULTS

for A € A(Ps) and a, 8 € QY(3,adPs) = T4 A(Ps). The catalyst for vector-valued
symplectic geometry was the goal of constructing a corresponding symplectic struc-
ture when the underlying space ¥ is replaced by a manifold M of dimension at least

3, as no such classical symplectic form exists.

Define the 2-form w € Q?(A(P),Q*(M)/B*(M)) to be

WA(O%B) = [aAB}QQ/B2 S QQ(M)/BQ(M)

for A € A(P) and o, 3 € QY(M,adP) = TaA(P). Here, B2 (M) < Q*(M) denotes
the space of 2-coboundaries on M and, as above, the wedge product is defined to be

the composition

AQ* (M)

A QT (M, g) ® (M, g) “20% 7 (M, g ® g) % 0 (M)

We first show that this 2-form is a vector-valued symplectic structure on A(P).

Theorem. (9.2) The form w is a Q*(M)/B?*(M)-valued symplectic structure on A(P)

if and only if dim M = 0, dim M > 3, or M 1is a closed compact orientable surface.

The main result of Chapter 9 is that the reduction of A(P) by the action of the

gauge group G is the moduli space M(P) of flat connections on P.

Theorem. (9.3) Let M be either a smooth manifold of dimension at least 3, or a

compact orientable surface. Fiz a G-principal bundle P on M and let A(P) be the
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space of connections on P. The natural pairing

p 2 A(P) — Hom(g, Q*/B?)

given by

WA (f) = F(A) A f + B*(M)

where F : Ag(P) — Q*(M, adP) is the curvature, is a moment map for the action of
the gauge group G(P) on A(P) with respect to the symplectic structure w € Q*(M),
defined by

w(a, B) = a A B+ B*(M)

for o, 8 € QY(M,Q%/B?). The reduced space A(P)q is the moduli space of flat con-
nection M(P) = F~1(0)/G on P, and the reduced form wy takes values in the finite-

dimensional vector space H*(M).

We obtain a similar result in Section 9.4 by incorporating into our analysis the

linear characteristic forms on P.

Theorem. 9./ Let M be a manifold with dim M > 2, G a Lie group with dimG > 2,
P a G-principal bundle on M, and suppose that ¢ € g* is nonzero and Ad*-invariant.

The assignment

(wp)aa, B) = pa A §f + B*(M), A€ A(P), a, € Q' (M,adP) = T4 A(P)

10



1.1. STATEMENT OF RESULTS

defines a closed 2-form

wy € W (A(P), Q*(M)/B*(M))

on the space A(P) of connections on P. The kernel of wy, at A € T4 A(P) is

ker (wg) 4 = ker [¢: Q'(M,adP) — Q'(M)]

Moreover, the action of the gauge group G on (A,wy) is Hamiltonian, with moment
map

po - A(P) — Q*(M)/B*(M)

given by

te(A)Y = ¢F(A) A ¢Y + B*(M), Y € Q%(M, adP)

and the reduced space is

A(P)o = (¢F)71(0)/G

As a consequence, we obtain a result on the space of complex-traceless connections

on a holomorphic vector bundle F over a complex manifold M.

Corollary. (9.3) Let M be a complex manifold and let E be a holomorphic vector
bundle over M with ¢;(E) = 0. The moduli space of Ricci flat connections is the

symplectic reduction of the space of connections A(E) equipped with the symplectic

11
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form wy, and moment map given by A +— tr Fy.
In Chapter 10 we turn our attention to the computation of the symplectic vol-
ume of the moduli space Mg(M) of flat G-connections on a symplectic manifold

(M,n). Here, we consider the well-known classical symplectic structure on the space

of connections A(P) of a G-principal bundle P over M, given by

WA(CY> ﬁ) =

1 e
(n_l)!/Ma/\ﬂ/\n !

for A € A(P) and o, 8 € Q' (M, adP) = T4 A(P). It is already known that the M(P)

inherits a symplectic structure when (M, n) is Lefschetz, that is, when the map

H'(M,R) — H™ (M, R)

a—aA w !

is an isomorphism. It is with respect to thisinduced symplectic structure Mg (M) that
we compute the volume. We also note that a Riemannian structure on M induces
a Riemannian structure on Mq(M), and that our arguments remain valid for the
metric-induced volume of Mg(M).

We first address the case in which the structure group G is abelian. The proof of

this result serves as a model for the more technical second case we consider.

Theorem. (10.1) Let M be a symplectic (resp. Riemannian) manifold and let T' be

12



1.1. STATEMENT OF RESULTS

a compact abelian Lie group equipped with an Ad-invariant metric. Then

vol My (M) = vol(T)"* ™) vol HY (M, Z) [Hom(H, (M, Z) 1y, T)|

where vol HY(M,Z) denotes the lattice covolume of H'(M,Z) < H'(M,R) with re-
spect to the symplectic (resp. Riemannian) structure on M and Ch(Hy(M,Z) 7o) is

the finite set of characters of Hy(M,Z) 1o

In Section 10.4 we compute the volume of M(M) when the structure group G

is semisimple and the fundamental group (M) is free abelian.

Theorem. (10.2) Let M be a symplectic (resp. Riemannian) manifold with free
abelian fundamental group m (M), G a compact connected semisimple Lie group of
dimension k and rank ¢, (,) an Ad-invariant metric on the Lie algebra g, H a maz-
imal torus of G with Lie algebra by, W the Weyl group, {a} C H* the root system,

and p = %Za>0 a the half sum of a subsystem of positive roots. Then

1 bi(M) 1]
volMg(M) = <L§—e ap) ——vol H' (M, 7Z)

where vol HY (M, Z) denotes the covolume the lattice H'(M,Z) in H'(M,R).

We list in Figure 1.1.2 the volumes of the moduli space Mg(M) for compact
semisimple groups G.

In Chapter 11 we study the relation between the moduli spaces Mg(M) and

13
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G VO]MG< )
SU(r+1) oy [77(2r + 2702200+ 132" vol HY(M, 2)
SO@2r +1) 5 [d4n” (4r — 2)rCreD/2 )™

2rl

Sp(QT) QTT' [ (47“ + 4)r (2r+1) /2:|b1
SO(2r) ﬁ[ 247 — 4)r@r-D/2]"
Eg i 37270 247 ) "

E7 - 4' = [23/2 7 6133]

By 4'6'8' [77 60124]

F, 2,4,4, (27t 1826}

G L[31/272 0412]"

Figure 1.2: The volume of the moduli space Mg(M) for free abelian 71 (M) under
the conventions of [6, Ch. VII §13].

M(X) when ¥ is an embedded surface in M. Our main result is that, for a suitable

choice of 3 C M, there is a symplectic immersion of M¢g(M) into Mg (X%).

Theorem. 11.2 Ifn > 2, then there is a compact, connected embedded surface ¥ C M
such that [X] € H*(M) is the Poincaré dual of n. The inclusion i : ¥ < M yields
a symplectic immersion ©* : Mg(M) — Mg(X). At a connection A on M, the

codimension of the image is equal to

dimker( H3(M,X;adg) — H3(M,adg))

1.2 Background and Motivation

The moduli space of flat connections found its inception in early twentieth-century

physics, when it was realized that certain physical fields F' could be profitably stud-

14



1.2. BACKGROUND AND MOTIVATION

ied by the introduction of unphysical degrees of freedom corresponding to intrinsic
pointwise symmetries of F'. Mathematically, this corresponds to the extension of an
underlying manifold M to a G-principal bundle P over M.

The aim of this section is to illustrate some of the interplay between geometry
and physics, insofar as it relates to the spaces Mg(M). We begin with the notion of
a gauge field theory and conclude with the significance of the symplectic volume of

M (M) and an overview of some previous work on its computation.

1.2.1 Gauge Theory and Low Dimensional Geometry

Very generally, a classical gauge field theory is a mathematical model of a dynamical
process occurring over space-time, which is invariant under the action of a Lie group G
of gauge symmetries. This dynamical process frequently takes the form of a differential
equation, determined by an action functional, on the space of connections on a G-
principal bundle P over a manifold M. The base M represents space-time and the
connections are the gauge fields. The gauge group G is the automorphism group
Aut(P) = P x. Aut(G) where ¢ : G — Aut(G) is the action of conjugation.

An elegant first example is Yang-Mills theory, where the action YM is given by

the L2-norm of the curvature,

YM(A) :/ | Fall? dvol
M

15
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The solutions of the associated Euler-Lagrange equations, that is, the stationary
points of the Yang-Mills functional, are called the Yang-Mills connections. Note that
the space M¢(M) is a subspace of the moduli space of G-Yang Mills connections
over M.

In a landmark paper [2], Atiyah and Bott noted that YM is an Ad G-equivariant
Morse function on the space of all connections on a fixed G-principal bundle P. They
also noted that Mg(X) can be given as the symplectic reduction of Ag(X), equipped
with a natural symplectic form.

Gauge theory is also relevant to pure mathematics. For example, in his work on
instatons, Donaldson [15,18] employed an SU(2)-gauge theory to obtain smooth non-
topological invariants with which he proved the existence of topological 4-manifolds
possessing non-diffeomorphic smooth structures. In fact, by his own account, the
“application of gauge theory to 4-manifold topology” is one of only two approaches
he takes to nearly all his work [17]

Many of Donaldson’s proofs were later simplified with the advent of Seiberg- Witten
theory. Witten [101] recognized the potential of his work in theoretical physics with
Seiberg [77] to address general questions in 4-manifold topology. The resulting the-
ory quickly yielded deep results [68]. In his original paper [101] he showed that a
broad class of smooth 4-manifolds do not admit metrics of positive scalar curvature.
Kronheimer and Mrowka [?] applied this theory to prove the Thom conjecture, which

stated that a holomorphically embedded complex curve ¥ C CP? attains the mini-

16



1.2. BACKGROUND AND MOTIVATION

mum genus over all embedded curves in its homology class. As an application to the
study of pseudoholomorphic curves, Taubes [86] used Seiberg-Witten theory to prove
the existence of embedded symplectic representatives of certain homology classes on

4-manifolds.

1.2.2 Topological Quantum Field Theory

It can happen that the meaningful information of a gauge theory on M is entirely
determined by the homeomorphism type of M. One such case is described here,

though it should be noted that this section is largely descriptive.

Definition 1.1. (see [3]) Let Bord,, denote the category of oriented n-dimensional
manifolds-with-boundary and cobordisms, and let A-Mod be the category of A-
modules for a unital commutative ring A. A topological quantum field theory (TQFT)

is a functor

Z : Bord,, — A-Mod

which is multiplicative, that is

Z(M; U My) = Z(M,) ® Z(Ms), for objects M;

Z(Ny o Na) = (Z(Ny), Z(Ny)), for morphisms N;

and involutory, that is
Z(M*)=Z(M)*

17
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where M* is the underlying space of M with the opposite orientation. Note that

various further conditions are applied throughout the literature.

As a first example, Chern-Simons theory is a TQFT which considers 3-manifolds.
Witten [98] established a connection between Chern-Simons theory on the 3-sphere
and the Jones polynomial, thus drawing a connection between gauge theory and knot
invariants.

When wp,(ar) is integral, general considerations show that there is a complex
line bundle with connection (£, V) over M¢ (M) such that way, () is equal to the
curvature Fy. The bundle A is called a prequantum bundle associated to wag(ar)-
The holomorphic sections of £LZ* are known as the G-theta functions of level k. More
generally, for G’ nonabelian, wa, () is integral. In the context of surfaces X, the
assignment

Z(2) = H'(Mg(%), L)

is essentially the object map of a TQFT for each k£ > 1. In addition to their role in
TQFT, the spaces H(Mg(X), L) also appear in conformal field theory (CFT) as
the conformal blocks [76]. The volume of M (M) thus encodes the rate of growth of
certain quantities arising from physics.

An interesting “real world” application of TQFTs is the theory of topological
quantum computation. The underlying idea is to consider the morphisms Z (M) :

Z(¥1) — Z(%2) as information processes [92]. Recent developments in the study
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of topological phases of matter, resulting in the 2016 Nobel Prize in physics, gives
positive evidence for the realization of an actual topological quantum computer in

the physical world.

1.2.3 The Volume of the Moduli Space

When wug ) € Q*(Mg(M),R) is integral, and under suitable conditions on the
space M (M), an application of the Riemann-Roch theorem yields,

vol Mg(M) = lim k™" dim H* (Mg (M), £F)

k—o00

More generally, we may replace Mg(M) with any union of suitably regular compo-
nents. This establishes a connection between geometry, number theory, and quantum
field theory.

Closely related to these notions is the Verlinde formula for surfaces X, which
computes the dimensions of the spaces H°(X, £¥) for compact orientable surfaces
with certain additional data. Hence, the volume of the moduli space describes the
asymptotics of the Verlinde formula.

We conclude this section with a few notes on the development of the computation
of the symplectic volume of M¢(M).

In the language of an SU(2) conformal field theory, the Wess-Zumino-Witten

model, Thaddeus [88] derived an expression for the volume of certain subspaces of
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Megu(2)(E) corresponding to appropriate choices of principal bundles. He also applied
the Verlinde formula to nearly determine the rational cohomology of these spaces.
Donaldson [16] applied the theory of universal bundles to obtain a purely topological
proof with the same results.

Taking a combinatorial approach, Witten [99] used the Reidemeister torsion of an
oriented surface ¥ to define a volume form on Mg (2), with which he computed the
volume of components of M () for compact connected semisimple G. Employing his
notion of a symplectic complex, he established the equality of his combinatorial volume
form and the standard symplectic volume. He also determined the combinatorial
volume of M¢(X) for nonorientable surfaces X.

Using his approach to nonabelian localization [51], Liu [52] applied the theory of
heat flow on a compact connected semisimple Lie group G to compute the volume of
M (YD), for a oriented surface X with fixed holonomy of [A] € Mg(X) around the
nonempty connected boundary 0¥. Using the same methods, he also determined the
intersection numbers of Mg(X), thus obtaining the required data for the Verlinde

formula.
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Background
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These first few chapters are designed to provide motivation, supporting material,
and context for Parts II and III. The reader who is so inclined may proceed directly to
Part II and refer back to Chapters 2 and 3 as needed for results on principal bundles
and symplectic geometry, respectively. Chapter 4 presents a well-known construction
that serves as a model for the later development of this work. In anticipation of
the symplectic generalization of Part II, Chapter 5 touches briefly on a few other
symplectic variants that have already appeared in the literature.

As it is not possible toprovide a review of every subject to be encountered, we
give below an outline of suitable references. The portions of this text that require

each topic are indicated parenthetically.

e All of the required background on Lie groups and Lie algebras (every chapter),
and in particular the theory of compact semisimple Lie groups (Ch. 7 and Part

3), can be found in [7] and [27].

o Characteristic classes (Ch. 9) are treated in [43].

e For general background on complex geometry (Part 3), see [96] and [69]; for

more specialized results (Ch. 9) refer to [43].

e Local systems (Chs. 10 and 11) are addressed in [29] and [5].

We close this introduction by way of a warning. Throughout this work, we regu-
larly cite Kobayashi and Nomizu’s excellent two-volume reference, Foundations of Dif-
ferential Geometry [42,43]. However, the formulas that we quote here do not appear
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as they are written in the original text. The discrepancy arises from the difference be-

tween the traditional definition of the wedge product A : QF(M)@Q(M) — QFFE(M)

found in [42,43], which includes the normalizing factor m, and the modern defi-

nition, which does not. In this text, we follow the latter convention. Lee [49] notes

that the normalized convention is more prevalent in complex geometry.
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Chapter 2

Review of Differential (Geometry

This chapter provides a reference for certain geometric prerequisites that we shall need
later on in the text. The reader in search of a more basic introduction to the field
might beneficially consult [49]. For principal bundles, connections, and curvature, we
recommend [42]. Banach and Hilbert manifolds are treated in the brief exposition [47].

Throughout this chapter, all manifolds and vector spaces are assumed to be real.

2.1 Banach and Hilbert Manifolds

As the conditions for smoothness will be apparent in the given contexts, we will
not have need to invoke the language of Banach and Hilbert manifolds beyond this
section. Nonetheless, it is interesting to consider explicitly the theory that identifies,
for example, spaces of connections, as infinite dimensional manifolds. As we will show,
such manifolds are modeled locally on vector spaces endowed with suitable additional
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CHAPTER 2. REVIEW OF DIFFERENTIAL GEOMETRY

structure.

Definition 2.1. A topological vector space is a locally convex, Hausdorff vector space

(U,+,-) equipped with a topological structure with respect to which the operations

+:UxU—=U

and

- RxU—=U

are continuous.

Definition 2.2. A Banach Space (U,|| - ||) is a a topological vector space U that is
equipped with a norm || - || : U — R which is both continuous and complete. If || - ||
is induced by an inner product (,) : U ® U — R, then the pair (U, (, >) is called a

Hilbert space

Definition 2.3. Let (U, |- ||l;) (¢ = 0,1) be Banach spaces and consider the function
f: Uy — U;. When it exists, the derivative of f is the map f’ : Uy — Hom(Uy, U;)

such that

Lt )~ fw) = f@h]

h—0 [172]lo

for every u € U,. For k > 1, we iteratively define the kth derivative f*
Up — Hom(UE,Uy) of f to be the derivative of f*~1. Here we identify the spaces
Hom(Uo,Hom(Uo, Ul)) and Hom(UZ, U,) as Uy, U; are Banach spaces. The function
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2.1. BANACH AND HILBERT MANIFOLDS

f is said to be smooth if f*) exists for all k > 1.

It is also possible to define differentiation, and hence smoothness, when U is only

a topological vector space. This notion, however, is too weak for our purposes.

Definition 2.4. A smooth manifold M modeled on the Banach manifold (V,+,-) is

a topological space equipped with a collection (O;, ¢;);es, called an atlas, such that
(i) {O;}; is an open cover of M,
(i) ¢; : O; — V is a homeomorphism onto its image for each i € I,
(iii) ¢;0; " : ¢(0;NO;) — ¢;(0; N O;) is smooth for each i, j € I with O;NO; # @.

We define manifolds modeled on Hilbert spaces similarly. The equivalence of all
norms on a finite-dimensional vector space U shows that the class of finite-dimensional
Banach manifolds is identical to that of classical manifolds modeled on R". The role
of the Banach and Hilbert theories is thus to function as an extension of the classical
theory of manifolds to the infinite-dimensional context. In this regard the extended
theory is rather successful. In fact, in the comprehensive introduction to classical
differential geometry [48] set entirely in the context of Banach manifolds, it is not
until the tenth chapter, on volume forms, that the text specializes to finite dimensions.

Key examples of Banach manifolds include functions spaces and spaces of maps
and sections of bundles. The motivating example for our consideration is the space of

connections on a principal bundle over a compact manifold, possibly with boundary.
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CHAPTER 2. REVIEW OF DIFFERENTIAL GEOMETRY

2.2 Fiber and Principal Bundles

Definition 2.5. Let M and F' be manifolds and let AutF be any Lie subgroup of
Diff . A fiber bundle modeled on (F,AutF’) over M is a smooth map 7 : £ — M

such that

(i) E is a smooth manifold,

(ii) every point = € M has a neighborhood O C M for which

7O O0OxF

Any such local diffeomorphism is called a local trivialization.

(iii) Given local trivializations over O, 0" C M with ONO’ nonempty, the transition

function

¢:0N0 — Diff(F)

takes its values in AutF.
We call AutF the structure group of the fiber bundle F.

For the benefit of the reader, we note that it is not the case that every definition
of a fiber bundle utilizes the structure group AutF. Our construction might be
reasonably termed a structured fiber bundle; however, we will adhere to the present
terminology. We typically relax notation and refer to a fiber bundle £ modeled on
F, and we occasionally call F an F-fiber bundle.
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2.2. FIBER AND PRINCIPAL BUNDLES

Definition 2.6. Define the automorphism bundle AutE of the F-fiber bundle E to

be the group of fiberwise automorphisms of E. That is,

Aut, F = Aut(E,)

This bundle is occasionally called the Adjoint bundle of F and denoted AdFE, about
which we will have more to say below. The gauge group of E is defined to be the

group GF of sections of AutE.

The natural action of GFE on the space I'E of sections of E will be important later

on.

Definition 2.7. Let G be a Lie group. A G-principal bundle P is a G-topological
fiber equipped with a free right action of G, the orbits of which coincide with the

fibers of P.

Note in the definition above that a G-topological fiber bundle is fiberwise equiv-
alent to GG in the category of manifolds. This does not endow the fibers of P with a

group structure.

Definition 2.8. Let P be a G-principal bundle and let F' be a topological space
equipped with an action A : G ~ F. Define the associated bundle P x, F to P with

typical fiber F' to be the bundle

Px,F=(PxF)/G
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where G acts diagonally on P x F' by

g (u,f)=(ug™", gf)

Lemma 2.1. 1. Let X be a right G-principal homogeneous space. Then Aut X =

G and the isomorphism is canonical precisely if and only if G is abelian.

2. Suppose that the action X\ : G — Aut G is effective, and that A commutes with
the right reqular representation r : G — Aut G. Then X is equivalent to the

left reqular representation ¢ : G — Aut G.

3. The left reqular action ¢ : G — Aut G is a group isomorphism.

Proof. 1. Fix x € X. We will show that ¢ : Aut G — G, given by

a(z) =z - ¢(a)

is a group homomorphism. The map ¢ is well-defined since the right action of

G on X is free and transitive. Moreover, ¢ is a homomorphism since

z - ¢(af) = af(x)



2.2. FIBER AND PRINCIPAL BUNDLES

Injectivity follows as a(z) = x - 1g implies a(x - g) = x - g for every g € G,
whence o = 154 (x). Finally, since the assignment oy : - h +— x - gh determines

an automorphism of X, and since ¢(ay) = g, we deduce that ¢ is surjective.

2. We will show that the map ¢ : G — G given by

P(g) = )‘9(1)

intertwines A and /. First note that ¢ is a homomorphism, since

/\gh(l) = A [/\h(lﬂ = Ag(1) An(1)

using in turn the facts that A is a homomorphism and that A\ commutes with

right multiplication. As

Ag [qﬁ(h)} = Agh(l) = qj[gg(h)}

we deduce that ¢ is a morphism from A to £. Since ) is effective, it follows that
¢ is injective. We conclude that ¢ is an automorphism of G and, consequently,

an intertwiner from A to ¢.

3. By part 1. there is an isomorphism ¢ : G —— Aut G. Under this identification,

the usual action of Aut(G) on G is also given by ¢. By part 2. ¢ is equivalent
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to the left regular action /¢, yielding an isomorphism 1) : Aut G — Aut GG such

that the following diagram commutes,

G —“ 5 AutG

J+ J

AutG —— AutG

Since ¢ and 1 are isomorphisms, we conclude that that ¢ is an isomorphism as
well.

]

We deduce from Lemma 2.1 that the structure group of a G-principal bundle is

G.

Proposition 2.1. Let P be a G-principal bundle. The automorphism bundle AutP

is naturally isomorphic to P X.G, where ¢ : G — Aut G is the action of conjugation.

Proof. Let X be aright G-principal space and observe that the assignment z +— [z, 1],
determines a canonical isomorphism ¢ : X — X X, G of right G-principal spaces from

X to X x,G. Since X Xx. G acts naturally on X x, G by

[x>g]c : [[B, h]f = [x>gh]f

there is a natural homomorphism m : X x. G — Aut(X X, G). For fixed z € X, the

maps ¢ : g — [z,g|. and ¢ : g — [z, g], yield a commutative square

G —*% 5 AmtG

I+ [

X %, G —" Aut(X x,G) —— Aut X
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2.2. FIBER AND PRINCIPAL BUNDLES

where i* = Aut(i~!). Since ¢, and ¢ are isomorphisms and since m and ¢ are natural,
we deduce that

ifom: X x.G = Aut X

is a natural isomorphism. By applying this fact to each fiber of P, we obtain a family
of isomorphisms

Yo i Py x. G = Aut, P

which is easily seen to be smoothly varying and thus to yield a canonical identification

x: P x,G = AutP

O

Henceforth, we shall identify the bundles P x. G and AutP. In the literature,
this bundle is sometimes called the Adjoint bundle of P and denoted by AdP [42].
The Adjoint bundle AdP is equipped with a natural group structure; its Lie algebra
adP = P Xagq g is called the adjoint bundle. Note that the initial letter of the former

bundle is capitalized, while that of the latter is not.

Example 2.1. Let 7 : E — M be a fiber bundle modeled on F. The frame bundle
PFE of E is the AutF-principal bundle of fiberwise identifications of F' with E. That
is,

PE={u:F -5 E,}
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The right action of AutF on PFE is given by

(u-g)(f) =ulgf)

foru e PE, g € AutF, and f € F.

Example 2.2. If F is a V-vector bundle, then the frame bundle PE is isomorphic

as an AutV-principal bundle to the bundle F'E of fiberwise bases of F,

F,E ={(0y); CE, | (0;); is a basis of E,}

If V = R* then this isomorphism is natural and we identify PE and FE.

The following example shows that the class of frame bundles and the class principal

bundles coincide.

Example 2.3. If P’ is a G-principal bundle on a manifold M, then the frame bundle
PP’ is canonically isomorphic to P’. To see this, observe that for any x € M the fiber
P, P’ consists of all isomorphisms ¢, : G — P! of G-principal homogeneous spaces.
Since this collection is itself a principal homogeneous space under the action of the

structure group G = Aut G, we deduce that P’ and PP’ have equivalent fibers. As
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¢, is G-equivariant, it is determined by its evaluation at 1 € G and the global map

e,: PP — P

¢ — ¢(1)

yields an isomorphism of G-principal bundles.

2.3 Connections and Related Structures

Definition 2.9. Let F be an fiber bundle over a manifold M. The wertical tangent
distribution VE < TFE consists of those vectors X € T'E tangent fibers of E. More

precisely,

V,E = T,(Er) < T,FE, weE

Alternatively, V E is the kernel distribution for the projection 7, : T(TE) — TE. A
distribution A < T'F is said to be horizontal if A complements the vertical distribution
VP, that is, TFK = VE @& A. If A is both horizontal and structure preserving, in
the sense that the lift of any X € X(M) to A preserves AutF’, then A is called a

connection.

Heuristically, a connection on a fiber bundle E is an identification of adjacent

fibers.

Example 2.4. Let G be a Lie group and suppose P is a G-principal bundle on a
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manifold M. At each point € M, the fiber Aut, P coincides with the image of the
right action p : G — Diff, P. Thus, a horizontal distribution A < T'P is a connection

precisely when A is invariant under the right action of G.

Definition 2.10. Let P be a G-principal bundle. A connection 1-form a € Q' (P, g)

on P is g-valued 1-form such that

(i) for each u € P and Y € g, we have a,(Y,) = Y, where Y € X(P) is the

action-induced vector field of Y on P.

(ii) a : TP — g intertwines the right action of G on TP and the inverse adjoint

action Ad™! on g.

A differential form g € QF(M, P) is said to be horizontal if 3(X;); = 0 whenever

X; =0 for some 7 < k.

Definition 2.11. Let 7 : E — M be a fiber bundle modeled on F', let I = [0, 1], and
let Iso £ denote the space of fiber identifications E, = E,, x,y € M. A system of

parallel transport, or a parallelism, on E is a smooth map

7:C®(I,M)—IsoE

such that

Tyt By = By
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and

Tyt = Ty O Ty

where v - 7/ denotes the concatenation of v and 4/. That is, 7 is a morphism of Lie

groupoids. We call 7, the parallel transport map, or parallel displacement, along .

Definition 2.12. A covariant derivative on an F-fiber bundle F on a manifold M is
amap V :T'E — QY(M,TFE) which is compatible with the structure group AutF in
the sense that

Vxog=o0(Lxg)+ (Vxo)g

for any sections X € X(M), 0 € 'E, and g € C>*°(M, Aut F).

Remark 2.1. If E is a finite-dimensional vector bundle modeled on R* then sections
of Aut R* consist of matrices (f;;); j<x with fi; € C°(M). By invoking the natural
identification T,F = E,,, u € F, and the linearity inherent in Aut R¥, we consider a

covariant derivative as an assignment

V:TE — QYM,E)

subject to the condition that

Vfio=(Xf)-oc+ fVxo

for any X € X(M), 0 € TE, and f € C*M.
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Theorem 2.1. Let E be an F-fiber bundle over M, and put G = AutF. There is a

natural equivalence between the following sets:

(i) QL (PE,g)a, connection 1-forms on P,

ver

(i1) A(PE), connections on the frame bundle PE,

(i1i) A(E), connections on E,

(iv) PT(E), systems of parallel transport on E,

(v) Cov(E), covariant derivatives on F,

Proof. We will sketch the correspondences between these sets; the details are not
difficult to supply.

(i) = (ii). If « € Q'(PE,g) is a connection 1-form, then the kernel distribution
ker a < T(PFE) is horizontal and G-invariant, and therefore forms a connection on
PE.

For the reverse inclusion, observe that the connection A < T(PE) induces a
family of fiberwise projections onto the vertical bundle V P, the fibers of which are
canonically identified with g by the action of G.

(ii) = (iii). This is a consequence of the natural identification F = PE X ayp F.

(iii) = (iv). Suppose A € A(FE) is a connection on F and v : I — M is a path.

For each & € E,(, let 7, : I — E be the unique lift of v to £ such that 5(0) = x
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and 7 is tangent to A. The assignment

defines a system of parallel transport 7 on E.

Now suppose 7 is a system of parallel transport on E. Then the assignment
which sends a point # € E to the horizontal subspace of T, F which is tangent to all
horizontal curves through = defines a connection on F.

(iv) = (v). Suppose 7 is a system of parallel transport on E. Let X € X(M)
and 0 € 'E. Choose a path ¢ : I — Diff(M) so that X is tangent to ¢ at 0, and
let 7t : E — FE denote the parallel transport along the flow of ¢ from 0 to t. The
assignment of the derivative of o — 7o at 0 to the pair (X, o) defines a covariant
derivative V on FE.

Now suppose V is a covariant derivative on F and v : I — M is a path. Similar
to an argument above, for each x € E, ) denote by 7, : I — E the lift of v to &/
such that V;5 = 0. Then the assignment 7, : © — 7,(1) defines a system of parallel

transport. L]

Remark 2.2. It is interesting to note that, appearing in the early twentieth century,
the first of these equivalent notions was that of parallel transport on vector bundles,

specifically in the presence of a Riemannian structure as motivated by considerations

39



CHAPTER 2. REVIEW OF DIFFERENTIAL GEOMETRY

from physics. It was Weyl who first abstracted the idea of parallel transport from
the underlying metric structure. See [90] for a brief but thorough history of the
development of the theory of connections and, in particular, for references for this

remark.

Remark 2.3. In light of Theorem 2.1, it is commonplace to refer to a covariant deriva-
tive V on a vector bundle E as a “connection” on E. See, for example, [14]. We will
occasionally follow this convention, and we will write A(E) for the space Cov(E) of

covariant derivatives on F.

Henceforth, we shall only consider covariant derivatives in the context of vector

bundles.

Proposition 2.2. Let M be a smooth manifold, let G be a Lie group, and suppose that
P is a G-principal bundle on M. The space of connections A(P) on P is naturally

an QY (M, adP)-affine space.

Proof. Let a,a’ € QY(P,g) be connection 1-forms and let o € Q'(M,adP), which
we identify with the space of G-equivariant horizontal 1-forms on P. Being the
linear combination of G-equivariant 1-forms, it follows that o + [ and o — o' are

G-equivariant. Moreover,

(a+B)uY,) =Y

from which we deduce that the action of Q'(M, ad P) preserves the space of connection
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1-forms, and

(@ —a)u(Y,) =0

U

which implies that a — o/ € Q!(M,adP) and, consequently, that the action of

I

QOY(M,adP) is transitive. The result follows by the natural equivalence A(P)

Qver(P, g)¢ of Theorem 2.1. O

2.4 Curvature and Holonomy

Definition 2.13. Let E be a fiber bundle modeled on F' over M, let A € A(E) be
a connection on £, and fix x € M. The holonomy group Holy , is defined to be the
subgroup of AutFE, = AutF which is generated by the parallel transport of the fiber
E, around all closed curves v € C*°(I, M) based at z, that is, y(0) = (1) = z.

If G < Aut,E and Hols, < G, then A is said to be a G-connection on E.

We note that the isomorphism AutP, = AutF is natural only up to the action
of conjugation on AutF. Additionally, by an implicit and noncanonical identification
of an arbitrary fiber E,, x € M, with F', we occasionally refer to G-connections
A€ A(E), where G < AutF.

In light of Theorem 2.1, we also note that we may refer to the holonomy of any

of the connection-equivalent structures on FE or PFE.

Definition 2.14. Let M be a manifold, let G be a Lie group, and let P be a G-
principal bundle over M. The exterior covariant derivative with respect to the con-
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nection A € A(P) is the operator

da: Q°(P) — Q*(P)

given by

dﬁ(tha ) h'Xk—‘rl)

where 8 € QF(P) is a differential k-form on P and h : TP — A is the horizontal
projection of the fibers of T'P to the distribution A < T'P.
The curvature Fy € Q*(P,g) of A is the exterior covariant derivative d a of the

connection 1-form o € Q'(P,g) with respect to A. The connection A is said to be

ﬂat lfFAIO

Remark 2.4. Some authors, for example, [42], define a flat connection A € A(P) to
be one which is locally equivalent to the canonical flat connection n3TG < T'P on the
product G-principal bundle P = M x G. This condition is equivalent to the vanishing
of the curvature F'y of A.

Yet another equivalent condition is that the distribution A < TP is integrable.

Consequently, flat connections are occasionally called integral connections.

We also state the familiar definition of curvature of a covariant derivative.

Definition 2.15. Let M be a manifold and let F be a vector bundle on M. The
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curvature Ry € Q*(M,EndFE) of a covariant derivative V on E is defined to be

Ry(X)Y)=VxVy = VyVx = Vixy]

Remark 2.5. Of course, it is not immediately clear from the defining expression that
Ry is indeed a 2-form with values in EndFE. However, this is well-known and in
particular we presume it to be familiar to the reader. If not, the text [14] will be a
helpful resource.

We also refrain from establishing the appropriate equivalence between the curva-
ture of the covariant derivative V on E and that of the corresponding connection A

on the frame bundle PE. For this, we refer to [42].

Let us collect now a few results which we will have cause to apply later in the

text.

Lemma 2.2. Let P be a G-principal bundle on a manifold M, and let A be a con-

nection on P.

(i) For any X, X' € X(P) and g € G, we have Fs(9.X, 9. X") = Ad, Fa(X, X").

(11) The curvature Fy € Q*(P,g) on P descends to a form n,Fy € Q*(M,adP) on

M, where we recall that adP = P X aq @.

(iii) The exterior covariant derivative da : Q*(P,g) — Q**1(P, g) descends to an

operator mw,da : Q*(M,adP) — Q*(M,adP).
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i) If the connection A is flat, then d% : Q* (P, g) — Q**2(P, g) is the zero operator.
A
(v) If A if flat, then (m.da)*> =0 on Q*(M,adP).

Proof. (i) We adapt the approach of Chapter 2, Section 5, of [42]. Since the action
of G preserves the fibers of P, it follows that GG preserves the vertical distribution

VP <TP. Thus, if either of X or X’ is vertical, then

da(hg. X, hg.X") = 0= Ad,da(hX,hX")

If, on the other hand, both X and X’ are horizontal, then so too are ¢g,X and
9. X'. In this case, each of X, X’ g, X, g, X" is fixed by h and vanishes under «,

so that

da(hg. X, hg.X') = a(g.[X, X']) = Adga([X, X']) = da(X, X')

In either of these two cases, we have F4(g.X,¢.X') = Ad, Fa(X,X’). The
result follows as every vector field X € X(P) splits as the sum of its vertical

and horizontal components, and since F4 is multilinear.
(ii) This follows from (i) and the definition of adP.

(iii) This immediately from the identification of adP with the space of G-invariant
horizontal g-valued forms on P. For details on this identification, see, for ex-
ample, Chapter 2, Section 5, of [42].
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(iv) Let us first recall Proposition 3.11 of Chapter 1 in [42]: namely, that if V is a

manifold, n € QF(N), and X; € X(N) for 0 <4 < k, then

k
dw(Xo, .., Xp) =Y (1) X;w(Xo, ..., Xiy. ., Xp)

=0

+ > WXL X X X X X

0<i<j<k

Note that we omit the factor of =5 +1 that appears in [42], and which arises as
the normalization factor for the traditional definition of the wedge product on
forms, to conform with the currently more popular convention which does not

include it.

Now suppose that the connection A € A(P) is flat, that 8 € QF(P,g), and that
X; € X(P), i < k. As d4(X;); vanishes if any X; is vertical, suppose that each
X is horizontal. Invoking an equivalent characterization of flatness, we consider
A < TP as an integral distribution on TP, and we deduce that [X;, X;] € A
for each i, < k. Consequently, the horizontal projection map h fixes each
Xi, [Xi, X;] € X(P), and we conclude that the expansion of d43(X;);, by means
of two applications of the above formula, is identical to the corresponding ex-

pansion of d?3(X;); = 0.

(v) This follows from (iii) and (iv).
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Remark 2.6. The forms 7, F4 and 7,d4 are usually denoted simply by F4 and d4. In

fact, we will usually consider the curvature and exterior covariant derivative as maps

F: A(P) — Q*M,adP)

and

ds: Q*(M,adP) — Q*(M, adP)

2.5 Flat Connections and Character Varieties

We are now ready to define one of the central constructions of this dissertation.

Definition 2.16. Let M be a manifold, let E be a fiber bundle on M modeled on
F, and suppose that G < AutF. Define the moduli space of flat G-connections on E
to be the quotient Mg(E) = A(F)r—o/GFE of the space of flat connections A(E)r—g

by the action of the gauge group GFE.

Definition 2.17. Fix a manifold M and a Lie group G. Let Pg(M) = {P;}; denote
a fixed collection of G-principal bundles on M such that Pg(M) contains precisely
one representative from each isomorphism class of G-principal bundles on M. Let
Ac(M) = |, A(P;) denote the union of the spaces of connections, and define the
moduli space of flat G-connections on M to be the union Mg(M) = |J, M(P;) be

the disjoint union of the moduli spaces M(P;).

46



2.5. FLAT CONNECTIONS AND CHARACTER VARIETIES

Remark 2.7. We sometimes heuristically characterize M(M) as the moduli space
of all flat connections from any G-principal bundle P over M. This characterization
is not literally true as, for example, the class of all G-principal bundles over M does
not even form a set.

The choice of representatives involved in our definition of M (M) may be taken
to be problematic, as there is no natural identification between the space of connec-
tions A(P) and A(P’) for distinct isomorphic G-principal bundles P and P’ on M.
However, the ambiguity inherent in the construction of Mg (M) will not be relevant
for our purposes, and we refer to M¢(M) as the moduli space of flat G-connections

on M.

Fix a connected manifold M and a Lie group G. Our present aim is to establish
a natural equivalence between the moduli space Mg(M) to the character variety

Hom(m M, G)/G, where G acts on Hom(m M, G) by conjugation. More precisely,

(g-p)(v) = gp(7)g

for g € G, p € Hom(mM,G), and v € myM. As M is connected, we will tend to
leave implicit the basepoint x € M for the fundamental group m M. The particular
choice of x € M will have no bearing on our results.

We will prove this result for a linear group G, in the classical context of vector

bundles. The treatment of an arbitrary Lie group, and in the context of principal
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bundles, is both analogous and notably more straightforward. A partial treatment

can be found in Chapter 2, Section 9, of [42].

Theorem 2.2. Let G be a linear group. There is a well-defined map

Hol : Mg(M) — Hom(m M, G)/G

(V, B)], — [Holy]g

which assigns to each gauge-equivalence class of a G-connection ¥V the holonomy

representation Holy € Hom(m M, G).

Proof. Fix a basepoint x € M and identify the structure group G as a subgroup of
AutFE,.

First, we will show that Holy a well-defined map on m M. Second, we will prove
that Holy depends only on the gauge-equivalence class of V.

Fix a basepoint x € M, let v(t) be a loop in M based at z, and let 7,.(¢) be a
smooth variation of v(t). Write 0, for the variational vector field along v and observe
that

0= R(@T, ’y’) = VaTV,Y/ - VV/VaT

Denoting by s,(t) = 7,,|j0,q the parallel transport of any v € E, along +,, we have

V. Vo5 =VoVys =0
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and so

v8TS|1€:1 = Tfy(varslt:O) =0

Thus 7, € G is constant as a function on [y] € m (M, z). We conclude that the
holonomy of V is a well-defined homomorphism from (M, z) to G.
Again let v : I — M be a loop based at z, and let s(t) be a parallel section of E

over 7. We deduce that for any u € GF,

Vxl us =uVys =0

It follows that us(1) is the parallel transport of us(0) around ~y. Since u, s, and 7 are
arbitrary, we have

s = (7,5)

and hence Hol(V*) = Hol(V)*®). This completes the proof. O

Theorem 2.3. Let G be a linear group. The holonomy map Hol : Mg(M) —
Hom(m M, G)/G establishes a bijection between the moduli space of flat G-connections

Me(M) and the character variety Hom(m M, G)/G.

Proof. Suppose that V,V induce identical holonomy Holy = Holg and define the

section u € I'E by

where « is any path connecting = to y. To see that u(y) is independent of «, consider
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a second path ( joining = to y, and note that Holy = Holg implies that

Tﬁ_lTa = fg_lfa

which yields

= -1 _ =, -1
TaTy = TaT,

Using the relation 7, = ur, and writing 7 (resp. 7) for the parallel transport operators

with respect to V (resp. V) along a, we deduce that

—t (=t+hy—1
_ o Tr 5—§
Vus = lim 07 )
h—0 t
t(t+hy—1, —1
— lim utd(rg™) uls — s
h—0 t
_ ulim () s —uts
h—0 t
=uVyu s

for any section s € I'E. Therefore, the Hol is injective.
Now suppose that p € Hom(m M, G) is a representation. We will construct a flat
connection V on E with holonomy p~!. Consider the action of 7 M on the trivial

vector bundle M x V given by
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where 7, M acts on M in the first factor by deck transformations. Since the action
of m M on M is free and proper, it follow that the action of mM on M x V is free
and proper as well and, consequently, that the quotient E is a smooth manifold.
Moreover, as the projection py : M x V — M is m M-equivariant, it descends to a
projection m : £ — M. Since my M preserves the G-structure on the fibers of M x V|
it follows that 7 : E — M is a G-vector bundle on M.

Fix s € TE and X € X(M), and let 5 : M — V and X € X(M) be the

corresponding lifts to M. Since

for all o € m M, it follows that X§ descends to a section of E. As the assignment
(X,s) — Vxs = X5 is tensorial in X and linear in s, it follows that V is a connection

on E. Moreover, the curvature of V vanishes as R(X,Y)s is represented by the section

of the trivial bundle M x V.

Let v be a loop based at x € M and let s be a parallel section of E over . Hence,

N
V)
I
(aw]
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CHAPTER 2. REVIEW OF DIFFERENTIAL GEOMETRY

where 7 is any lift of 7. It follows that s : M — V is a constant function on .

Consequently,

1

and we conclude that Holy = p~'. Since p € Hom(m M, G) is arbitrary, it follows

that Hol is surjective. O

We note that this bijection is in fact a diffeomorphism on the regular parts, when

each space is equipped with the natural smooth structure.
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Chapter 3

Symplectic Geometry and

Reduction

This chapter comprises a whirlwind review of symplectic geometry. We begin with
symplectic vector spaces and finish with remarks on the structure theory of symplectic
reduced spaces.

Excellent introductions to this material are [8], [65], and [4]. The latter is es-
pecially useful as it also presents a thorough treatment of the moduli space of flat
connections on a compact oriented surface. Also highly recommended is the exposi-
tory paper [94], which takes a high-level perspective and provides motivation for and
insight into much of the material. For an advanced reference, the monograph [93] is
recommended. For mathematically-complete expositions with a view towards classi-

cal mechanics, the reader may find the introductory treatise [62] or the more more
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CHAPTER 3. SYMPLECTIC GEOMETRY AND REDUCTION

advanced notes [60] useful.

3.1 Historical Remarks

The setting for symplectic geometry originated in the mid—eighteenth- and early
nineteenth-century work of mathematicians on the Kepler problem (see [58] for this
and the following paragraph), the aim of which is the determination of the motion
of n planets as they orbit around the sun. Contemporary mathematicians took a
two-step approach. First, they observed that the space of simplified solutions, that
is, the elliptic solutions for the unrealistic model in which it is only the sun that exerts
a gravitational pull, locally forms a 6n-dimensional smooth manifold, which we shall
call M. Second, they approximated the original problem as that of the determination
of the evolution on M of a simplified solution p under the effects of the mutual grav-
itational interaction of the planets. Up to this approximation, the Kepler problem
was thus reduced to the solution of a differential equation on M.

In a paper of 1808 [46] Joseph-Louis Lagrange published a breakthrough discov-
ery: that, when suitably expressed in terms of certain functions of the coordinates,
the previously intractable equations of motion become considerably simplified. These
functions of the coordinates, now called the Lagrange parentheses, formed the com-
ponents of a natural symplectic structure on M, though we note that Lagrange did

not identify it as such. In 1811 he incorporated his work on the Kepler problem in
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3.1. HISTORICAL REMARKS

the second addition of his hugely impactful Méchanique Analytique' [45] in which
he purports to reduce all mechanical phenomena to pure numerics. We present the
vector-valued counterpart of this mechanical formalism in Chapter 8.

Inspired by the work of Lagrange, William Rowan Hamilton sought to extend
his methods to the field of optics (see [21]). In this pursuit, he discovered that the
solutions to the guiding equations were implicit in a single function, the knowledge of
which would suffice to determine the path of a luminous ray. When he later returned
to mechanics, this insight undoubtedly facilitated his realization, published in his
First Essay on a General Method in Dynamics 28] of 1834, that the dynamics of a
mechanical system are also encoded in a single function — the Hamiltonian function
of the system. As it transpired, Hamilton’s proofs were soon to be challenged by
Carl Gustav Jacob Jacobi; and it was Jacobi who was ultimately responsible for the
classical form of the theory [21].

Motivated by the success of Galois theory in the study of algebraic equations,
Sophus Lie undertook to develop a theory of symmetry that would play a similar
role for differential equations [30]. His efforts in this regard initiated the study of Lie
groups. While not primarily interested in mechanics, it has been noted [62,95] that
many of the key results in symplectic geometry were prefigured in the second volume
of Lie’s Theorie der Transformationsgruppen?® [50] of 1890. This includes the Poisson

structure on the dual of a Lie algebra as well as the moment map for an action on

L Analytical Mechanics
2Theory of Transformation Groups
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R2",

It was not until Hermann Weyl published The Classical Groups [97] in 1939 that
the term “symplectic” first appeared in mathematics, in reference to the symplectic
group (see [93]). Weyl, who regretted the confusion which inevitably followed his
original choice of “complex group”, settled on “sym-plectic” as the Greek etymological
equivalent of “com-plex” [97]. The first component of each corresponds to “together”,
the second to “plait”, that is, a braid. It is noted in [8] that the term “symplectic”
had already acquired a meaning in English, prior to Weyl’s intervention: it refers to
a bone in the head of a fish.

Beginning in the 1960s, Bertram Kostant [44], Jean-Marie Souriau [83] and
Alexandre Kirillov [40] were interested in applying symplectic geometry to problems
in quantization and linear representations. This was the first time the moment map
was explicitly identified; Souriau called it I’application moment>. We refer to [62] for
further details on this topic.

In his Topology and Mechanics [81] of 1970, Stephen Smale saw himself in the
legacy of Emmy Noether when he defined the angular momentum J : TM — g* of
a mechanical system (M, K, V) with symmetries G, and showed it to be preserved
by the dynamics. Here, M is a configuration space with Riemannian metric K, and
V : M — R represents the potential energy of the system. Under the identification

K : TM = T*M, the assignment J is the canonical moment map for the induced

3the application of momentum
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action of G on the cotangent bundle T*M with the standard symplectic structure.
Smale chose the Kepler problem as his motivation [81,82], an example which has
already proven instrumental in the field. To avoid confusion, we also note that, in
this text, the configuration space M will be denoted by @), and the cotangent bundle
T*M will be denoted by M.

The current forms of the reduction theorems were first obtained in 1974 by Jerrold
Marsden and Alan Weinstein [59], and independently by Kenneth Meyer [67], as a
synthesis of the previous work of Kostant and Smale. Marsden and Weinstein define
a moment v : M — g* of a symplectic manifold (P,€2) under the compatible action
of G via the equivalent condition of Proposition 3.2. They credit their definition to
Souriau [84] and they show that, under the appropriate smoothness conditions, there
is a canonical symplectic structure on the reduced phase space P, = 1~*(u)/G,,. This
is precisely the Stabilizer Reduction Theorem below. Their use of the term “moment”,
which coincides with our notion of a “weak moment map”, was a direct transcription of
Souriau’s “application moment”; the English translation “momentum map” remains
a popular alternative today. It has been lightheartedly claimed [63] that a given
mathematician’s preference between the two is correlated with the North American
coast by which they might reside: “moment” on the east coast, “momentum” on
the west. In the same paper, Marsden and Weinstein consider the comoment map

¥ 1 g — C*(P), which they do not name but only characterize as the “dual” of the

moment ¢ : M — g, thus accounting for its present nomenclature.
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For additional historical details, see [58] for the early stages of the field, and
see [62] for subsequent progress. We refer to [21] for a comprehensive treatment of
the parallel development of classical mechanics. Chapter 5 of this text outlines a few

of the advances following the work of Marsden, Weinstein, and Meyer.

3.2 Symplectic Vector Spaces

Definition 3.1. A symplectic structure on a vector space U is an alternating bilinear

form w : A2U* — R which is nondegenerate in the sense that the map

Uu—U*

u— w(u,-)

is nondegenerate, that is, injective.

Remark 3.1. There is another notion of nondegeneracy of w, which is equivalent for
finite-dimensional U, but strictly stronger in the infinite dimensional case. Specifi-
cally, we could alternatively require that the assignment u +— w(u,-) constitute an
isomorphism U - U*. Let us call this strong nondegeneracy. As it is this latter
condition that is utilized by the symplectic reduction theorems, we may reasonably
conclude this to be the proper notion of nondegeneracy. There are two justifications
for our formulation in Definition 3.1. Firstly, our present choice conforms with the
conventions of most of the literature; though we note that, in the original paper on
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3.2. SYMPLECTIC VECTOR SPACES

symplectic reduction, Marsden and Weinstein refer to our symplectic structure as a
weak symplectic structure. Secondly, and more importantly for our purposes, it is
easily seen that the class of alternating V-valued forms w € A2U* ® V which establish

an isomorphism U — U* ® V is empty when dim V' > 2.

Remark 3.2. In fact, strong nondegeneracy is not required, even for infinite-
dimensional applications. The interested reader can refer to [59] for the appropriate

conditions in the infinite-dimensional context.

Example 3.1. Let W be a vector space and put U = W @ W*. Then U possesses a

natural symplectic structure w given by

wlu+a,u' +a) =d (u) — a(u)

for u,u’ € U and a, o’ € U*.

When U = R", this is typically presented as follows. Equip R?" with linear
coordinates (z',...,2",y*,...,y") and put w = > 7 da’* A dy’. The pair (R*", w)
forms a symplectic vector space. In terms of the coordinate basis corresponding to

our choice of coordinates, the symplectic structure w takes the form
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In fact, up to linear equivalence, this is the only symplectic structure on a finite-

dimensional vector space.

This is in a certain sense the primary example of a symplectic structure, as it
naturally evokes the canonical symplectic form on the cotangent bundle of a manifold
modeled on U, which itself formed the original motivation for the field of symplectic
geometry. We will return to this key example in the vector-valued context in Chapter

8.

Example 3.2. Let X be an oriented closed surface and consider the infinite-
dimensional vector space Q!(3). The wedge product and integration yield a sym-

plectic structure w € A2Q'(2)*,

w(a,ﬁ):/za/\ﬁ, a, B € QYD)

The pair (Ql(E), w) is the prototypical example of an infinite-dimensional symplectic

vector space.
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Definition 3.2 (symplectic orthogonal). Let w be a symplectic structure on U and

let U < U be a linear subspace. The symplectic orthogonal of U is the subspace

U ={u€U|w(u,u) =0 forall u € U}

Lemma 3.1. If U <V and V is finite-dimensional, then U““ = U.

Proof. First observe that

vel = YoeU”:wuv)=0 = uweU

yields U < U““. The result will follow by establishing the equality of the dimensions
of U and U*“.

Note that U is the pullback by tw : V — V* of the annihilator U° < V*. Now if
{u;}i is a basis U and {u;, v;};; is a basis of V, then {v5}; C V* is a basis of U? < V*.
Thus dim U 4 dim U° = dim V, and so U and U“ have complementary dimension in

V. We thus obtain the pair of equalities

dimU +dimU® =dimV

dim U +dim U%¥ = dimV

whence dim U = dim U“¥, as required. O

Definition 3.3. Let (V,w) be a symplectic vector space and U < V' a subspace. We
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define the following terms by the corresponding conditions,

term condition

1sotropic U < UY
coisotropic U® < U
Lagrangian U is maximal isotropic
symplectic (U, w|y) symplectic
Thus, w is isotropic when w vanishes on U; coisotropic when w vanishes on U%, that
is, when U% is isotropic; Lagrangian when U is minimal coisotropic or, equivalently,
when U is both isotropic and coisotropic; and symplectic when w is nondegenerate

on U.

We will assume, for the remainder of this chapter, that all vector spaces are finite-

dimensional.

Lemma 3.2. Let (V,w) be a symplectic vector space and let U <V be a coisotropic

subspace. Then there is a unique symplectic bilinear form wy on U* /U such that

i*w = q*wy

Proof. First of all, U < U¥ since U is coisotropic. Let v,v € U¥, u,u’ € U¥, and
observe that

w(u+v,u+v)=0
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by the bilinearity of w. Thus w descends to a unique form wy on U*/U. Now suppose
that v € U¥ and w(v,u) = 0 for all u € U. It follows that v € (U¥)* = U, and hence

wp is nondegenerate on U¥/U. U

3.3 Symplectic Manifolds

Let M be a smooth manifold.

Definition 3.4. A symplectic structure on M is a closed 2-form w € Q?(M) which is
nondegenerate in the sense that txw # 0 for all X € X(M). The pair (M, w) is called

a symplectic manifold.

In Parts II and III, we will sometimes refer to this construction as a classical
symplectic structure so as to differentiate it from its vector-valued extension.

Kirillov [41] identifies three primary sources of symplectic manifolds:
1. algebraic submanifolds of the complex projective space CP".

2. the coadjoint orbits of a compact semisimple Lie group,

3. the phase space (T*@Q, —d#) of a smooth manifold Q.

The first of these has no clear extension to our eventual vector-valued formalism,
and we will not discuss it further in this chapter. The coadjoint orbits are central to
the theory of reduction, though the construction is moderately technical and we defer
to [41] for three independent constructions of the natural symplectic structure. Phase
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spaces arise from the theory of dynamics, and historically formed the first examples
of symplectic manifolds. We reserve our treatment of these spaces for Chapter 8,

where they will fit into a broader class of more general vector-valued examples.

Example 3.3. Equip R?" with coordinates (z',y");<, and let

w:deiAdyi

i<n

Since w is invariant under translations, it follows that it is parallel with respect to
the standard metric on R*" and hence is closed. In terms of the basis (z¢, %), w has
the form of the symplectic structures of Example 3.1 and thus w is nondegenerate. It

follows that w is a symplectic structure on R?".

Example 3.4. Consider the unit sphere S? C R? and define the 2-form w € Q%(S?)
by

wo( Xy, Yy) = (v, X X Y), v, X,Y € R

Put differently, w,(X,,Y,) is the signed area of the parallelepiped described by X
and Y. Since w is preserved under the group of isometries Iso(S?, ggs) it follows that
w is parallel and hence closed. To see that w is nondegenerate, let v € S? and let

X, € T,S? be nonzero. It follows that (v x X), € T,,S? and

w(X, v x X) =[IX]*#0
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Thus w is a symplectic form on S2.
A symplectic manifold possesses a canonical volume form.

Definition 3.5. Let (M?" w) be a symplectic manifold. The symplectic volume of

M is the quanitity

1
VolM:—/ w™
n! Ju

The (2n)-form Lw™ € Q**(M) is called the symplectic volume form.

Since the integral only depends on the top-level component of %w", the notation

vol M :/ e
M

is occasionally seen. Here we interpret e = Zkzo %wk as a polynomial in w; the
series terminates as w* = 0 for k > 2n.

The symplectic volume form returns the value of 1 when evaluated on any sym-
plectic basis. That is, %w”(el, coslny f1yo 0y fn) = 1 where {e;, ... en, f1,..., fu} 18
a basis corresponding to the columns of the matrix in Example 3.1 with respect to
the symplectic structure given by that matrix. Moreover, the symplectic volume form

is equal to the metric volume form on a Kéahler manifold (M, g, w).

Definition 3.6. Suppose (M, w) is a symplectic manifold. The Hamiltonian vector

field Xy € X(M) of the function f € C*°(M) is the symplectic dual of the 1-form df.
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That is,

df(Y) = w(Y, Xy)

for all vector fields Y € X(M).

Definition 3.7. Let (M,w) be a symplectic manifold. The Poisson bracket {,} on

the algebra of functions C*°(M) is given by

{ff} = —w(Xy, Xpr)

Note that {,} is both a Lie bracket on and a bi-derivation, that is, a derivation

in both arguments, on C*°(M).

Definition 3.8. The vector field X € X(M) is called

1. symplectic if the flow of X preserves w,

2. Hamiltonian if X is the Hamiltonian vector field for some function f € C*°(M),

3. locally Hamiltonian if every point of M has a neighborhood U on which X|y is

Hamiltonian.

Remark 3.3. Note that the assignment

s-grad : C®°(M) — X(M)

f'—>{7f}
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which sends a function f € C*°(M) to its Hamiltonian vector field {, f} called the
symplectic gradient, is an anti-homomorphism of Lie algebras. Also note that, as a
derivation on the algebra of germs at each point 2z € M, the expression {, f} is indeed

a vector field on M.

Proposition 3.1. The vector field X € X(M) is locally Hamiltonian if and only if

X is symplectic.

Proof. Since w is closed, an application of Cartan’s formula yields

dexw = Lxw

Consequently, there is a locally-defined function f € C*°(U) with df = txw precisely

when Lxw = 0. ]

3.4 Hamiltonian Actions

Definition 3.9. A comoment map for the action of G on M is a function u : g —

C*°(M) which satisfies the following two properties

(i) fis a lift of the induced map Y +— Y, that is, X;y) =Y

(ii) f is a morphism of Lie algebras, that is,
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We will call i a weak comoment map if it satisfies condition (i). The moment map

associated to ji is the assignment

p:M— g

given by interchanging the arguments of fi,

p(@)(Y) = p(Y)(x), reM,Yeg

The action of G is called Hamiltonian (resp. weakly Hamiltonian) if it admits a
moment map (resp. weak comoment map). In this case, the quadruple (M,w, G, u)

is referred to as a Hamiltonian system (resp. weakly Hamiltonian system).

Remark 3.4. Strictly speaking, our Hamiltonian system (M, w, G, ) should instead
be a quadruple (M,w, \, i), where X is an action a Lie group G on M. We will follow
the usual conventions and replace A by the group G. As we will only consider effective
actions, the reader who objects to our admittedly informal shorthand is welcome to

identify G with its image in Diff M.

Observe that action of G on (M,w) is weakly Hamiltonian exactly when the
induced vector fields X € X(M) are Hamiltonian. The additional criterion that
it be a morphism of Lie algebras is essential to the proof of the reduction theorems

to follow.
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When we wish to establish that a particular function p : M — g is a moment
map for a given action of G on (M, w), we frequently invoke the following equivalent

condition.

Proposition 3.2. Let (M,w) be a symplectic manifold equipped with a symplectic
action of the connected Lie group G. Then the function p : M — g* is a moment
map if and only if

<M*X’ Y) = wJ;(X, X:p)
forallze M, X e T,M, andY € g.

Proof. Define the map fi: g — C*(M) by

forY egand f e C°(M). Given X € T, M and Y € g, we have

WX V)= L@y | = Lavya

dt =0 dt = d[p()](X)

t=0

where x; : I — M is any path tangent to X at 0. It follows that p is weakly

Hamiltonian precisely when

(X, Y) = d[a(Y)](X) = w (X, Y,)
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forall X e T,M and Y € g.

]

It is readily shown that if in addition u : M — g* is equivariant with respect to

the actions of GG, then p is a moment map.

Example 3.5. Equip the unit sphere S? C R?* = C x R = R3 with the symplectic
structure of Example 3.4. Let U(1) act on the unit sphere S? by rotations about the
z-axis, that is,

2mit (

e z,x) = (™2, 1)

and define the height map,

Then p is a moment map for the action of U(1) on S?, with image [—1,1] C R = u(1).

Example 3.6. Consider the torus 7' = R?/Z? with the symplectic structure w €

Q?(T) descending from dz A dy on R?. Then the action of U(1) on T given by

™z, y] = [t + 3, y), z,yeR?°g €

it symplectic but not Hamiltonian. In fact, this action does not admit a weak moment
map. To see this, observe that any Hamiltonian function f € C*°(M) for the induced
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vector field % € X(T) of 1 € u(l) = R must satisfy the equation df = dy, but

dy € QY(T) is not exact and so there can be no such function f € C>(T).

Example 3.7. The coadjoint action Adj : G ~ g* of a Lie group G on the dual g*

Lie algebra g is defined by

(9-a)(Y) = a(Ad,'Y)

for g € G, a € g*, and Y € g. The orbits O C g* of this action possess a canonical
symplectic structure. Though we decline to outline the construction of this symplectic
structure, referring instead to [41], we do note that the inclusion i : O — g* is a

moment map for the restricted action Ad* : G ~ g*.

We record the following proposition which ensures that Hamiltonian actions de-

scend to subgroups in a predictable way.

Proposition 3.3. Let (M,w, G, u) be a Hamiltonian system, let H < G be a subgroup
of G, and let i : h — g be the inclusion of Lie algebras. Then the restriction |y :
M — b* where, specifically

ply(x) = p(x)ly € b
1s a moment map for the action of H on M.

Proof. Let fi : g — C°°(M) be the comoment map associated to p. Since fi : g —

C*°(M) is a Lie group morphism which lifts the induced vector fields of G in X(M) to
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C*>° (M) by the symplectic gradient, it follows that its restriction to any Lie subalgebra

h < g is as well. Thus fi|, is a comoment map for the action of H, and

plo(2)(Y) = p(2)(Y) = aly(Y)(2), reM, Y eb

implies that p|y is the corresponding moment map.

O

We might alternatively denote the map ul, : M — b by i*u, where i : h — g is the
inclusion. However, whereas the symbol pul, is clear, the notation ¢*x is ambiguous
as it falsely appears to be a pullback of p.

Not only is it true that moment maps need not exist, it is also the case that when
they do exist they are not always unique. Our next result addresses the structure of

the space of moment maps for a Hamiltonian action.

Proposition 3.4. The set of moment maps (resp. weak moment maps) for a Hamil-

tonian action X : G ~ M s an affine space modeled on the annihilator [g,g]° < g*

(resp. the dual gx ).

Proof. Let M’ and M’ denote the sets of weak moment and comoment maps, respec-

tively, for the action A. For p,v € M’ and Y € X(M), we have

Xiry =Y = Xory
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from which

da(Y) = iyw = di(Y)

and thus a(Y) = o(Y) 4+ C(Y) for some constant function C(Y) € R. As i, v :

g" — C™°(M) are linear, it follows that C': g — R is linear as well, that is, C' € g*.

Conversely, for any a € g*,

Xaw)+ay) = Xay) =¥

and thus fi + « is a weak comoment map for \. We deduce that M’ = M’ is a
g*-affine space.

Now let M and M denote the sets of moment and comoment maps, respectively,
for A and let o € g*. We have established that i + o is a weak comoment map.
It remains to determine the conditions under which ji + « preserves the Lie algebra

structures of g and C°°(M). Observe that i + « is a comoment map precisely when

i([Y, 2)) +a([Y, 2)) = {a(Y) + a(Y), i(Z) + a(2)}
= {a(Y),u(2)}

= (Y, 2])

for all Y, Z € g, where the second equality follows as a(Y) and «(Z) are constant

functions. We conclude that i + « is a comoment map precisely when « vanishes on
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9.9l < g. O

Corollary 3.1. If (M,w, G, ) is a Hamiltonian system and G is semisimple, then u

is the unique moment map for the action of G on (M,w).

We will require the following result for the proof of the symplectic reduction
theorem. In particular, we need to ensure that the action of G on M preserves the

0O-level set of the moment map p: M — g*.
Lemma 3.3. If G is connected then the moment map p is G-equivariant.

Proof. ¥or Y, Z € g, we have

fi(ady Z) = {a(Y), i(2) }
= X 2)

=Y [i(Z)

Since G is connected, it follows that ji(Ad,Z) = g-ji(Z). Now fix x € M and observe

that
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Thus p is equivariant. [

If G has multiple components, then we must include the additional condition that
the moment map p : M — g* is equivariant. In this dissertation, we will always

assume that this is the case.

3.5 Symplectic Reduction

We now present the fundamental theorem of Hamiltonian systems.

Theorem 3.1 (Marsden-Weinstein, Meyers). Let (M,w, G, 1) be a Hamiltonian sys-
tem. If My = p1(0)/G is a manifold, then there is a unique 2-form wy € Q*(M) on
My such that

T wy = 1w

where 7 : u=t(0) — My is the quotient map, and i : u=*(0) — M is the inclusion.

Moreover, the 2-form wq is symplectic.

For clarity, we illustrate below the relevant spaces and forms, as well as the rela-

tions between them.
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Proof. Suppose M, is a manifold. As u: M — g* is equivariant, G preserves the level

set £~ 1(0) and thus g < ker sz, on £~ '(0). Since

X ekerp, < VY €g: (uX,Y)
— YWeg:wlXY)

— Xeg¥

we deduce from Lemma 3.1 that

g=g" = (kerp,)” = [Tluﬂ(oﬂw

and we conclude from Lemma 3.2 that w € 02 (u‘l(O)) descends to a unique nonde-

generate form on My = p~1(0)/G. O

Remark 3.5. It should be emphasized that the reduced space (M, wp) of a Hamilto-
nian system (M, w, G, i) depends nontrivially on the choice of moment map u. That
is, distinct moment maps can yield inequivalent reduced spaces. It is also possible for

the preimage ~'(0), and hence the reduction p~*(0)/G, to be empty.

We note that the designation reduction may both to the process by which a Hamil-
tonian system is rendered a symplectic manifold, as well as to the reduced symplectic
manifold itself.

We will at times write (M//G,w¢) for the reduction of (M,w,G, u). This no-
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tation is useful when multiple groups are involved; see, for example, Theorem 3.3
below.
The symplectic reduction theorem is occasionally stated in greater generality, as

follows.

Theorem 3.2 (Stabilizer Reduction). Let (M,w, G, 1) be a Hamiltonian system and
fira € g*. If My = pY(@)/Gy is a manifold, where G is the Ad*-stabilizer of a,
then there is a unique 2-form w, € Q*(M) on My such that T*w, = i*w. Moreover,

the 2-form w, is symplectic.

For a proof of this result, see, for example, [4,65] or, less directly, Proposition 3.5
below. With the aim of generalizing to the vector-valued theory of Part II, we present

a similar result as a corollary of Theorem 3.1.

Corollary 3.2 (Stabilizer Reduction, IT). Suppose that (M,w, G, i) is a Hamiltonian
system, fir o € g*, let G, < G be the stabilizer of a under the coadjoint action, and let
9o < g be the Lie algebra of Go. Put pio = pilg. : M — gi. When M, = u; (a)/Ga
is a manifold, there is a unique 2-form w, € Q*(M,) which satisfies T™*w, = i*w.

Moreover, w, s symplectic.

Proof. Proposition 3.3 implies that sy, is a moment map for the action of G, on M.
Since

a[V.Z] = (adya)(Y) =0, Y.Zé€g,

we have @ € [ga, 9a]° < g*. As the inclusion g, < g is a morphism of Lie algebras,
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it follows that aly, € [ga; e’ < @i, and Proposition 3.4 implies that (1 — «)ly, is a

moment map for G,. The result follows by an application of Theorem 3.1.

It follows from the proofs of Theorem 3.2 and 3.2 that

ker p1, = g% = ker(pta )«

from which we deduce that p=(0)/G, = pu;'(0)/G,. This equality, which obtains in

the classical case, justifies our use of the notation (M,,w,) to refer to either space.

Since p is G-equivariant, and since G acts by symplectomorphims, it follows that

as symplectic manifolds when they are smooth. Since G, = (G,)?, there is a canon-

ical symplectic identification of reduced spaces M, = M,, given by

(@) /Ga = g a)/Gya

Go- v — g-(Gy-x) =Gyo - gx

In this way, the reduction M, depends only on the coadjoint orbit O,. We now
present a method for reducing the entire preimage u~*(0,) by G. We will later show

that this reduction is canonically isomorphic to the stabilizer reduction u=1(a)/Gl,
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for any a € O,.

Corollary 3.3 (Orbit Reduction). Let (M,w,G, u) be a Hamiltonian system and let
O, C g* denote a coadjoint orbit. If Mo = p~(O4,)/G is smooth, then there is a
unique 2-form wo € Q*(Mp) such that T™weo = p*n + i*w where n is the standard

symplectic form on O. Moreover, wo is symplectic.

Proof. First extend the action of G on M to the natural action of G on M’ =
(O~ x M,w'), where O~ denotes the orbit O equipped with the symplectic struc-
ture —n. Note that the moment map for the action of G on M’ is —id + p. Since the

diffeomorphism

¢ H(0) — (—id + p)71(0)

r — (u(z),z)

is equivariant, we deduce that

10)/G = (07 x M)//G
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Let wy = QS’;G wj and observe that the equivariance of ¢ yields

Two = ¢" (1" wp)
— Qb*(Z/*W,)
— gb*wl

*

= pn+w

Since ¢ maps into (—id + u)~*(0), it follows that i o ¢ = ¢, and the result follows by
the equality

T wo = ¢*W
O

Proposition 3.5. Let (M,w,G, 1) be a Hamiltonian system and let o € g*. Then

there is a canonical symplectic isomorphism

17 (0) /G = 17N (00)/G

Proof. Consider the maps

ip Na) — M

mou (@) — i (@) /G
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on u~ () and

on 11 (0,), and denote the inclusion by
@) — u7H(O4)

Finally, write wp o and wp e, for the reduced forms on p~*(a) and p=1(0,), respec-
tively.
By the equivariance of u, every G-orbit in u~1(O,) has a representative in u ().

We thus obtain a morphism between G ,-principal bundles © and 7’ o j, given by

id

p(@) ———uH(a)

HH@)/Go — 17H(04) /G

Gy - x———mG-x
Applying the action of G, to the equality

-k

i'w=j" (' +w) = (1" 0j)we,
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we conclude that wg o = wop o, - -

Theorem 3.3 (Reduction by Stages). Let ¢ : K — AutH be a Lie group morphism
and suppose that the semidirect product G = H x4 K acts on M in a Hamiltonian

fashion. Then K acts on M//H and

MJ/(H x4 K) = (M//H)// K

Proof. As manifolds, G = H x K and thus any corresponding moment map is of the

form

pw+v:M—h*+ €

Consider the maps

and

vit— C®(M)

X —v(-)(X)
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and observe that the comoment map associated to p + v is given by

p+ v (Y, Z)(x) = (u+v)(@)(Y, 2)

Since i+ v : h+ € — C°(M) is a comoment map, it follows that the restrictions
f:h— C®(M)and fi : € — C®°(M) are comoment maps as well. We conclude that
i and v are moment maps for the actions of H and K, respectively.

Since p + v is G-equivariant, it follows that the subgroup K preserves the set

(u+v)~te = p=1(0). Moreover, as

k- (H-2) = gu(H) - (k-2) = H - (k - )

we deduce that the action of K descends to ' (0)/H = M//H.

It remains to show that (M//H)//K = M//(H x K). Since p+v is G-equivariant,
and since K fixes the subspace h* < b* + €, it follows that v descends to a map
vy : M/H — €. Restriction to p~*(0)/H yields a map vy : M//H — &. Since vy

and wy g are defined in terms of their action on representatives, it follows that

()X Y) = wyn(X,Y)
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for all X € T(M//H) and Y € ¢. Thus v/ is a moment map for the action of K on

M//H. Using the fact that K acts on M/H, we obtain

(1 +v)7H0)/(H x K) = [p(0)/H N v (0)/H]| /K

= [M//H N u/;}(())} /K

= v (0)/K

and thus

MJ/(H x K) = (M//H)/| K

as required. O

3.6 The Topology of the Reduced Space

We turn very briefly to the case in which My = p~(0)/G is not assumed to be
smooth. The investigation of singular reductions has been an active area of research
and there is much to be said, though this is not the primary line of development that
we take in this work. Our approach will be to present an interesting and well-known
result in the singular case, and then mention the more general theory.

First we establish a technical lemma.
Lemma 3.4. Let (M,w, G, u) be a Hamiltonian system. The following are equivalent,

(i) 0 € g* is a regular value of pu: M — g*,

84



3.6. THE TOPOLOGY OF THE REDUCED SPACE
(ii) The stabilizer G, < G is discrete for every x € u=*(0).
If G is compact, then we may replace discrete with finite in Condition (ii).

Proof. First suppose that € p~1(0) is a singular point of p, so that p, : T,M — g*
is not surjective. Thus the annihilator (u.7,M)° < g is nontrivial and there is a
Y € g with

we (T M,Y ) = (uTM,Y) =0

As w, is nondegenerate, we infer that Y is zero and, consequently, that Y is tangent
to G, which is therefore continuous.
We trace back our steps to obtain the reverse implication. The assertion regarding

compact G is clear. O

We immediately obtain the following theorem.

Theorem 3.4. Let (M,w,G, u) be a Hamiltonian system with compact Lie group G,
and suppose that 0 € g* is a regular value of the moment map p: M — g*. Then M,

has at most orbifold singularities.

Proof. By Lemma 3.4, the group G acts on p~!(0) with finite stabilizers, and thus

the quotient x~1(0)/G is an orbifold. O

In the general case, in which we suppose only that G is compact, the reduction of
(M,w, G, 1) is shown to have at most conic singularities [65]. In [80] it is shown that
My is a stratified symplectic space, that is, My admits a structured decomposition into
symplectic manifolds which refines the orbit-type decomposition of M.
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Chapter 4

The Space of Connections on a

Surface

This short chapter, which forms a synthesis of the previous two, is independent from
those to follow. We include it here both for its intrinsic interest and as an exposition
of the classical material which is to form the catalyst for the later development of
this work.

Let X denote a closed compact oriented surface, let G be a compact Lie group,
and let E be the trivial vector bundle on ¥ with fiber V. Combining the theories
of curvature and symplectic geometry, we will show that the space of connections

A(FE) on E inherits the structure of an infinite-dimensional symplectic manifold with
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symplectic form w € Q?(A(P)), given by

wrtag) = [ans (+)

for A € A(P) and «, 3 € QY(3,adP) = T4 A(P). Moreover, we will show that the
action of the gauge group G on A(F) is Hamiltonian, with moment map induced by

the curvature

R:AE) — Q*(3,adE)

We refer to Part 3 for the treatment of an arbitrary principal bundle P on X,

which will arise as a special case of more general constructions.

4.1 Cohomology as Symplectic Reduction

We will take as our manifold the space of 1-forms Q! (X). Note that there is a canonical
isomorphism

T D) 2 QN(E),  AcQi(D)

and that

WA(aaﬁ) :/204/\6
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defines a symplectic structure on Q!(3). Consider the group (C‘X’(Z), +) of smooth

functions on ¥ under the operation of addition. Let f € C°°(X) act on A € QY(X) by
f-A=df+ A
and observe that induced vector fields of this action are given by
d d
Tt Al,_, = &tdf-i-A‘t:O =df € T4Q(X)

for f € C*(X) and A € Q1(X).

Further observe that we may identify the smooth dual g* of the Lie algebra g =
C>(M) = Q°%(M) with the space Q%(2) of 2-forms by assigning to each n € Q?(X)
the covector given by

f*—>/2f77, fec=()

An application of Stokes’ theorem yields

[Zda/\f:/za/\df

which, under the identification 4* = Q?(M), implies that

(dea, f) = (da, f) = wala, £ )

89



CHAPTER 4. THE SPACE OF CONNECTIONS ON A SURFACE

for A € QYX), a € QYD) = T4QY(X), and f € C®(X), where the first equality
follows as the exterior derivative is a linear map. We conclude that the exterior
derivative d : Q' (M) — Q*(M) is a moment map for the action of G = C*(M) on
QYM). Since G acts via translations of Q'(X) by coboundaries df € B*(Z), the

reduced space is

QD)o = p(0)/G = Z(%)/B'(2) = H'(%)

where Z!(X) is the space of cocycles on Q(%).
The reduced symplectic structure wy on H!(X) can be expressed in terms of the

H'(X)-module structure of Hy(X) by

woa([al. [8)) = (o] N [8] N [S] € Ho(S) = R

for [A] € HY(X) and [a], [] € T4H'(X), and where ¥ € Hy(X,Z) — Hy(X) is the
fundamental class and N denotes the cap product. See [29] or [85] for a comprehensive

overview of these topics.
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4.2 The Reduction of the Space of Connections on

a Surface

Let E =¥ x V be the trivial vector bundle over ¥ modeled on V, let G < Aut(V),

and let Ag(F) denote the space of G-connections on E. Fix an Ad-invariant metric

() on g.
In light of the canonical identification Ty Ag(E) = C*(X, g) of Proposition 2.2,

there is a natural symplectic structure w on Ag(FE), given by
wola,8) = [ans
for Ve Ag(E), a, B € QY(3, g) = Ty Ag(F). Note that we define
A Y(E,9) 8 01(S,0) > (2,5 @ g) 2 Q1(T)

Since the exterior derivative is itself a connection on E, Proposition 2.2 also implies

that the connections V € Ag(E) on E are precisely the operators

V=d+A4
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for A € Q1(3, g). Since E is trivial, the gauge group GFE is equivalent to

G=C"%,G)

and the Lie algebra and dual Lie algebra of GFE are naturally identified with

g=C>(2,g) = (%, 9)

g =9, g)

This second identification arises by identifying the form n € Q*(X) with the assign-

ment X — [ n A X. The induced action of G on Ag(FE) is given by

9:V=gVg"

We will show that this action is Hamiltonian.

Lemma 4.1. [fV=d+ A€ Ag(E), a € Q'(2,9) X Ty Ag(E), and X € O™ (2) =
g, then
(i)
R.a =da+ [a, A]
(i)
X = dX +[X, 4

92



4.2. THE REDUCTION OF THE SPACE OF CONNECTIONS ON A SURFACE

Proof. (i) Recall that

Rypa=dA+ANA

so that

Ryita=dA+ A’ +t[da+aANA+ANa] +PaNa

and thus

R.a = da + [a, A]
(ii) Let g; be a path in G = C*°(%, G) which is tangent to X at ¢ = 0. Then

d _
Xaya = aQ g(d+A)g ! ‘t:O

d _ _
Tt 9:dg; t giAg, 1|t:0

Since

T 04y = (XA

and

_ d _
& gtdgt ! t=0 S = & gtd(gt 18)|t:0

= X(ds) —d(Xs)

=d(Xs)
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we conclude that

Xasa = dX + [X, A]

Theorem 4.1. The curvature map

R:Aq(E) — Q*(%,9) = g

d+A—dA+ANA

is a moment map for the action of GE on Ag(FE), and the reduced space is the moduli

space Mq(E) of flat connections on E.

Proof. Fix V=d+ A, a € Q'(3,g) & Ty Ag(X), and X € Q°(X,g) = g A direct

computation yields

/Ea/\XV:/Eoz/\(dX—i-[X,A])

:/ (da+ [, A]) A X

:/R*a/\X
x

That is,

(Roa, X) = wy (o, Xg)

and we deduce that R is a moment map. It immediately follows that the reduced
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space Ag(M) is equal to R71(0)/G = Mg(E). O
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Chapter 5

Variations on the Classical

Formalism

Before proceeding to our exposition of vector-valued symplectic geometry, we first
survey a few variations of the classical formalism that have already appeared in the
literature.

Among the omissions are Dirac structures, which interpolate the role of a Pois-
son bracket and a symplectic form [13]; contact and cosymplectic manifolds, which
may be interpreted as odd-dimensional analogues of symplectic manifolds, and have
applications to physics [9]; cylinder-valued moment maps, taking values in certain
holonomy-induced lattices of the dual Lie algebra g* and satisfying the property
that, unlike the classical moment map, they always exist [12,72]; and the theory

of multi-moment maps, which treats compatible group actions preserving closed and
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nondegenerate 3-forms ¢ € Q3(M) [55]. Given the duration of the period spanning the
advent of symplectic geometry at the start of the eighteenth century to the present
day, and in light of the practical and mathematical applications of the material, there
has been a substantial amount of work closely related to, but not properly contained
in, the classical theory. Indeed, the ostensibly complete reference on moment maps
and reduction [72] dedicates a full twenty-three pages to listing those topics that it
will not discuss.

It is worth noting that all of the theories mentioned above, as well as all that
are to follow, possess an appropriately-adapted version of the Hamiltonian reduction
theorem. This reinforces the essential status of reduction processes to symplectic

geometry.

5.1 Hyperkahler Manifolds

Being equipped with complex-valued symplectic structures, hyperkahler manifolds
provides the most proximate extension to our vector-valued theory. Our main refer-

ence for this section is [33].

Definition 5.1. A Quaternionic manifold (M,I,J, K) is a smooth manifold M
equipped with three almost-complex structures I, J, K € End(T'M) such that IJK =
—1. If I,J, K are complex structures, then (M,I,J K) is called a hypercomplex

manifold.
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Quaternionic manifolds are so named as the almost complex structures I, J, K
endow the fibers of T'M with the structure of a quaternionic vector space. As such,
the tangent fibers, and hence the underlying manifold M, are necessarily of dimension
divisible by 4. As an admissible pairing of a complex and Riemannian structure yields
a Kahler structure, so too does a hypercomplex and Riemannian structure yield a

hyperkahler manifold.

Definition 5.2. A hyperkdhler manifold is a Riemannian manifold (M ( )) equipped
with three parallel, metric-compatible complex structures I, J, K € Aut(T'M) such

that IJK = —1.

By defining the 2-form w € Q?(M, C) to be

w(X,Y) = (JX,Y) +i(KX,Y)

we obtain a complex-valued symplectic form on M which is holomorphic with respect
to the complex structure I. Naturally, by a complex valued symplectic structure,
we mean a closed 2-form w € Q?(M,C) which is nondegenerate in the sense that
ixw € QYM,C) is nonzero for all X € X(M). Conversely, it follows from the
Calabi-Yau theorem that a compact Kéhler manifold (M, 1, (,)) equipped with a
holomorphic symplectic structure w € Q*(M, C) induces a unique hyperkihler struc-
ture (M, I,J,K) on M [91]. When we wish to emphasize role of w, we occasionally

speak of holomorphic symplectic manifolds.
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Hitchin [33] identifies two primary sources of hyperkéhler manifolds:

1. twistor theory, a transference of the hyperkahler formalism to classical holo-

morphic geometry;

2. hyperkahler quotients, an analogue of symplectic reduction to the hyperkahler

context.

Hyperkahler manifolds are comparatively sparse. These include coadjoint orbits of
complex Lie groups, K3 surfaces of Kéhler type [36], various moduli spaces arising
from physics [102], as well as cotangent spaces over certain complex manifolds [22].
Hyperkahler structures have also been linked to the theory of supersymmetry from

mathematical physics [32].

5.2 Multisymplectic Geometry

Multisymplectic geometry generalizes the theory of symplectic manifolds (M,w) by

relaxing the requirement that the degree of w € Q*(M) be 2.

Definition 5.3. Fix a smooth manifold M and an integer k > 1. A k-plectic structure
on M is a closed k-form w € Q%(M) which is nondegenerate in the sense that txw # 0
for all X € X(M). More generally, the form w € Q*(M) is said to be a multisymplectic

structure if w is k-plectic for some k > 1.

A multisymplectic structure is thus nothing more than a closed and nondegenerate
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differential form on a smooth manifold M. When M is of dimension n + 1, the 1-
plectic structures w € Q?(M) on M are precisely the symplectic structures on M; the

n-plectic structures coincide with the volume forms.

Example 5.1. Let G be a semisimple Lie group with Maurer-Cartan form 6 €
0?(G,g) and Killing metric (,), which may be indefinite. The Cartan 3-form

X = 15(0,[0,0]) € Q3(G) is a 2-plectic form on G.

Example 5.2. Let () be a smooth manifold of dimension n, fix a positive integer
k < n, and define the multicotangent bundle to be A*¥T*Q. The canonical k-form

0 € QF(A¥) is given by

00 (Xy)i<k = (. X5)i, X € T,AN'T*Q

The exterior derivative w = —df € QFL(AFT*Q) is a k-plectic structure on A*T*Q.

Multisymplectic structures abound. In fact, given a smooth manifold M of di-
mension at least 7, for each integer k between 3 and n — 2, every cohomology class
H*(M) contains a multisymplectic representative [64].

We note that there is a companion Lagrangian theory as well as a theory of
Hamiltonian dynamics. In the multisymplectic realization of Hamiltonian actions,
the moment map

p: M — Hom(g, AT M)
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takes values in a bundle on M [71]. Note that A*='T*M is the constant bundle R
when & = 1 and M is connected. In this case, Hom(g, A*"'T*M) = g* and the
construction exhibits the classical theory.

The roots of multisymplectic geometry can be traced back to the late nineteenth-
century work of Volterra on extensions of Hamilton’s equations to higher-dimensional
systems, and first appeared in their modern form in 1973 in two papers, on classical
field theory [39] and the calculus of variations in multiple variables [26]. We refer
to [31] for further historical remarks. A major application of the multisymplectic
formalism is to provide a finite-dimensional Hamiltonian counterpart for certain La-
grangian variational problems which otherwise yield infinite-dimensional Hamiltonian

systems under the classical framework [74].

5.3 Lie-Group Valued Moment Maps

The theory of Lie-group valued moment maps begins with the action of a Lie group
G on a manifold M and a smooth equivariant map p : M — G and, from this point,
imposes the requisite compatibility conditions on a 2-form w € Q?(M) to obtain a
quadruple (M,w, G, ) which evokes a classical Hamiltonian system.

We note that this section is based on [1], [66], and [72]. The fundamental objects

of study in this theory are the quasi-Hamiltonian systems which are defined as follows.

Definition 5.4. A quasi-Hamiltonian manifold is a quadruple (M,w,G, ) where
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G acts on M, the form w € Q*(M) is G-invariant, and u : M — G is an smooth

G-equivariant map, such that

(iii) kerw Nkerp, =0

Here 6 and  are the left and right Maurer-Cartan forms on G, respectively, we suppose
(,) is an Ad-invariant metric on the Lie algebra g, and x = (0, [0,6]) € Q*(G) is

corresponding the Cartan 3-form on G.

Perhaps the most natural examples of a quasi-Hamiltonian manifolds are the con-

jugacy classes of Lie groups.

Example 5.3. Consider a Lie group G, with Ad-invariant metric (,), acting on a
fixed conjugacy class C C G by conjugation. The inclusion p : C — G provides a

G-valued moment map and the associated 2-form w € Q%(G) is given by
1
wo(Y,Z) = 5 ({7, AdY) = (v, Ad,2))

for Y, Z € g.

The motivation behind quasi-Hamiltonian manifold has its roots in early attempts

to construct a finite-dimensional symplectic G-manifold M, containing the space of
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homomorphism Hom(m M, G) of flat connections on a principal bundle P over a
surface ¥, with moment map related to the holonomy map, in such a way that the
symplectic reduction of M yields the character variety Hom(m, M, G)/G = M with
the canonical symplectic form wy [35,37,66]. Complications relating to the definition
of this moment map required that M be noncompact, precluding the application of
much of the classical Hamiltonian theory. By taking the moment map to be instead

an extension of the holonomy itself, the space M can be taken to be compact [1].

5.4 Bihamiltonian Systems

A bihamiltonian system encodes a special 2-parameter family of Poisson structures

on a smooth manifold M.

Definition 5.5. A bihamiltonian system (M, {,}o, {, }1) is a manifold M equipped
with two Poisson brackets, {, }¢ and {, };, which are compatible in the sense that

every nonzero linear combination

cof{, }o+a{,}1, cp,c1 €R

is a Poisson bracket on C*°(M).

The name may be understood from the notion of bihamiltonian manifolds as by

a single fixed Poisson bracket {,} on M and two functions fy, fi € C*°(M) which
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determine the same Hamiltonian vector field X € X(M), called a bihamiltonian vector
field [23].

Bihamiltonian systems were introduced, in the language of the “two-fold Hamilto-
nian equations”, in [56] for the purpose of analyzing of the Korteweg-de Vries (KdV)
equation, a nonlinear wave equation of general interest. They have since evolved into
a general method for approaching integrable Hamiltonian systems [10].

To prefigure material from the following chapters, we remark that a bihamiltonian

system (M 4t {, }1) may be alternatively considered as an R2-valued bi-derivation,

{,}:C®(M) x C®°(M) — C=(M,R?)

{f7f/}'—>{f7f/}0@{f7f/}1

such that

c-{,t=al,botel.h

is Poisson bracket for all nonzero ¢ = (cy, c2) € R%
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Part 11

Vector-Valued Symplectic

Geometry
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Though our motivation arises from the moduli space of flat connections, we de-
velop the theory of vector-valued symplectic geometry entirely independently. It is
not until Part IIT that we return to apply the vector-valued symplectic formalism to
the space of connections.

This part comprises three chapters. Chapter 6 introduces the local theory, that of
vector-valued symplectic vector spaces. This chapter is mainly technical and primar-
ily serves to support more interesting results on the global theory to follow. Chapter 7
explores the consequences of extending the space of coefficients of a classical symplec-
tic structure. From the symplectic form, to Hamiltonian vector fields and actions, to
the moment map and the reduced space; the parallel theory to Chapter 3 is delineated
in Chapter 7. Finally, in Chapter 8 we return to the historical roots of symplectic
geometry, and investigate the vector-valued counterpart of classical mechanics. See
Section 1.1 for a detailed outline of the main results of this part.

A word on notation. When describing vector-valued symplectic vector spaces, we
will denote the base by U and the space of coefficients by V. We will carry this
convention over to the global theory and consider V-valued symplectic forms on a
manifold M modeled on a vector space U. See Section 2.1 for background on Banach
manifolds. To avoid confusion, we will usually denote tangent vectors to M by X,

and elements of the Lie algebra g by Y and Z.
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Chapter 6

Vector-Valued Symplectic Vector

Spaces

In this chapter, we introduce the key entity of vector-valued symplectic geometry: the
vector-valued symplectic vector space. Our treatment begins with the rudimentary
definitions and culminate in a reduction theorem. Thus, this chapter is the vector-
valued counterpart of Section 3.2, though we shall see that there is a richer structure
in the present context than in the classical case.

Throughout this exposition U and V' will denote real vector spaces of differing
roles. The space U will represent the underlying space on which a vector-valued form
w is defined, while V' represents the space of coefficients. This notation is consistent
with that of the following chapters, where we consider manifolds modeled on U and

vector-valued forms with coefficients in V.
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6.1 Introduction and First Results

The fundamental construction of this chapter is as follows.

Definition 6.1. A V-valued symplectic vector space is a pair (U,w) where U is a
vector space and w : A2U — V is an alternating V-valued bilinear form on U which is
nondegenerate as a bilinear map, that is, if u € U with ¢,w = w(u,-) = 0 then u = 0.
The map w is called a V -valued symplectic form or V -valued symplectic structure on

U.

To illustrate the subsequent development, we will consider three recurring exam-

ples:

1. An even-dimensional vector space V equipped with the direct sum @;w; of

symplectic structures w;,
2. The euclidean space R? with the cross product x,

3. A centerless Lie algebra g with Lie bracket [, ].

Example 6.1. Every symplectic vector space in the classical sense is an R-valued
symplectic vector space in the vector-valued sense. More generally, let (U, w;);<n be a
family of symplectic structures on U and define the RV -valued map ®;w; : A2U — RY
by

(Biwi)(X,Y) = (Wi(X» Y))igN

Then (U, ®,w;) is an RY-valued symplectic vector space.
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The requirement that w must be alternating and bilinear implies that the di-
mension of U is at least 2. However, in contrast to the classical case, dim U is not

necessarily even, as the following example shows.

Example 6.2. The cross product, x, is an R3-valued symplectic structure on R3.
The map x is an alternating and bilinear. To see that it is nondegenerate, fix an
arbitrary X € R3\{0} and take Y € R*\{0} with X L Y. Tt follows that || X x Y| =

| X - 1Yl > 0 whence X x Y # 0.

Recall that (R?, x) can be identified with the Lie algebra so0(3). To generalize this

example, we recall the following definition.

Definition 6.2. The center 3 of a Lie algebra (g, [,]) is the ideal

3={Xegl|lX,]=0}

If 3 =0, then g is said to be centerless.

We see that 3 is an ideal as it is evidently a linear subspace and, if X € 3 and
Y € g, then [X,Y] = 0 € 3. We thus obtain a quotient Lie algebra (g/3, [, ]4/;) which,
as we will show, provides another class of examples of vector-valued symplectic vector

spaces.

Example 6.3. Suppose that (g/z,, [,]g/é) is the quotient of a Lie algebra (g, [,]) by its

center 3. The quotient Lie bracket [, ]y/; is a g/3-valued symplectic structure on g/3.
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To see that [, ],/ is nondegenerate, let X € g/3 be arbitrary and suppose [X, -|g/4 = 0
so that X is in the center of g/3. Since g/3 itself is readily seen to be centerless, we
conclude that X = 0.

If (g,[,]) is centerless then [,] is a g-valued symplectic structure on g. Since the

center is an abelian ideal, this includes every semisimple Lie algebra.

Example 6.4. For an infinite-dimensional example, suppose M is a smooth manifold
of dimension at least 2. The wedge product w : QY(M) ® QY(M) — Q*(M) is an
Q?(M)-valued symplectic structure on the vector space Q'(M). We will revisit this
example in Chapter 9 as a first step towards analyzing the natural vector-valued

symplectic structure on spaces of connections.

Definition 6.3. The symplectic orthogonal of a subspace A < U is the subspace

A ={veU]|w(A,v) =0}

Example 6.5. Let (U, II<yw;) be the RN-valued symplectic vector space from Ex-

ample 6.1. For A < U, we have

u< A% —= V' e U : (®w;i)(u,u’) =0
— V' €U :Vi<N :w(uu)=0

— Vi< N :ueg A¥
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We conclude that

A@iwi — ml Awi

Example 6.6. Consider the R3-valued symplectic vector space (R?, x), where x
denotes the cross product, and let ey, e9, e3 be the standard coordinate basis vectors.
Then

(e1)* ={v e R®|v x e; = 0} = {ey)

and

en,e0) ={vEeR} v xe,=vxe,=0}=0

Thus we have

A | AY
0 | R
¢ |l
w | 0

R3| 0

for any 1- and 2-dimensional subspaces ¢, w < R?, respectively.

This example illustrates the fact that, in contrast to the real-valued case, it is not

true in general that A“~ = A.

Proposition 6.1. Let a be a subspace of a centerless Lie algebra (g,[,]).

(i) The symplectic orthogonal a“ is a Lie subalgebra of g.
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(i1) If (g, [,]) is semisimple and a < g is an ideal, then a* is also an ideal of g and

a’’ =a

Proof. (i) For any Y, Z € a¥ and any X € a, we have

(i)

[Xv [Yv Z]] = _[Zv [Xv Y“ - [K [va]] =0

Thus [Y, Z] € a¥ and, consequently, a is a Lie subalgebra.

Recall that if g is semisimple, then there is a decomposition g = P i<y 1;j where
each I; < g is a simple ideal of g. As ideals are preserved under intersection,
anl; <1I;is anideal of g. Since [ is simple, we have anN/; = I; or 0. Thus, a

is of the form €. _p I, for some P C {1,..., N}. It follows that

jeP

a = (GajeP Ij)w =Djep I

where P = {1,..., N}\ P. Applying this procedure twice yields a** = a.

O

It follows from Proposition 6.1 and Lemma 6.1, below, that if a < g is not a Lie

subalgebra, then the containment a < a““ is proper.

Let us now collect various properties on the symplectic orthogonal in vector-valued

symplectic vector spaces.

116



6.1. INTRODUCTION AND FIRST RESULTS

Lemma 6.1. For a V-valued vector space (U,w) and subspaces A, A;,B,B; < U

(i < N), we have

(1)) UY =0 and 0¥ =U.

(i) If A < B, then AY > B“.

(iii) A< A~

(ilv) AY = AW,

(v) N; A7 = (X 4)°.

(vi) XAy < (N A)”
(vii) w descends to a symplectic structure on the quotient A/(AY N A).
Proof. (1)—(iii) are straightforward.

(iv) Apply (ii) to (iii) to obtain A¥ > (A““)“ and note that (iii) alone yields A <

(A=),

(v) A direct computation yields

ue (3,4)° <= Vue (X, 4)  wuu)=0
<— Vi< N :Vuy €A : wuu)=0
< Vi< N :ueA”
= ue()AY

117



CHAPTER 6. VECTOR-VALUED SYMPLECTIC VECTOR SPACES

(vi) Applying (ii) to the inclusion (1), A; < A;, we deduce that AY < (N, Ai)w for

all 7 < N. We conclude that zj Ay < (ﬁZ Ai)w.

(vii) Let u,u’ € A, and observe that

w(u+Cou' +C) =wu,v) +wu,C)+w(Cu) +w(C,C)

= w(u,u)

implies that w descends to a well-defined form on A/(A¥ N A). Moreover, if
w(u, A) = 0 then u € A and so v € A N A. Thus the reduced form on

A/(AN A¥) is nondegenerate.

O

Definition 6.4. Let V be a vector space and suppose that w € Q*(V). For each

a € V*, the real-valued 2-form a o w € A?V* is called the a-component of w.

Example 6.7. Consider again the space (U, ®;w;)i<ny of Example 6.1. Denote by

{ei}i<n the standard basis of RY and let {a;};<n be the dual basis. Since

(o @i wi)(X,Y) = a;(wi(X,Y))i = w;(X,Y)

we have that the a;-component of ®;w; is the ith component, w;. For general o €

118



6.1. INTRODUCTION AND FIRST RESULTS

(RM)* the a-component of w is a weighted sum of the forms (w;);,

Wa = E CiW;
i

where the coefficients are given by ¢; = a(e;).

Example 6.8. Fix a vector v € R?. Under the standard identification of R? with its
dual, the v-component of the cross product x on R? is given by the so-called triple
product,

v (ug X ug)

where - denotes the dot product on R3. Equivalently, the v-component of x evaluated

at (uy,uz) € (R?)? is the volume of the parallelepiped with side edges v, uy, us.

Recall that the rank of a bilinear form w : U®? — R is its rank as a map U — U*.
Equivalently, the rank of w is the dimension of any subspace U < U which is maximal

subject to the condition that wl|; is nondegenerate.

Example 6.9. Let w be a R-valued symplectic structure on the vector space U and

consider the R%-valued symplectic vector space (U,w @ 0). For v € R?, we have

0 ifve0dR
rank (v-w @ 0) =

dim U otherwise

Observe that the generic component of w @ 0 has maximal rank. As the following
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result establishes, this property is true in general.

Proposition 6.2. Let (U ,w) be a V-valued symplectic vector space. The typical

component of w has maximal rank.

Proof. Let a € V*. Then aw is nondegenerate on some k-dimensional subspace U C
T, where k is the rank of a. Fix a basis (e;); of U and let (¢;;);; be the corresponding
V-valued matrix representation of w on U. Since the assignment ( +— (5(0,-]-))2.]. is
linear, it follows that ¢ : V* — R, 8 +— det (ﬁ(cl-j))l.j is analytic. As ¢(a) # 0, it
follows that ¢ is vanishes on a set of positive codimension. Since Sw is degenerate on

U precisely when ¢(5) = 0, we conclude that the generic fw is nondegenerate on U

and thus has rank at least k. O

The rank of the typical component of (U, ®;w;) is dim U, and the rank of every
nonzero component of (R3, x) is 2.

Recall the classification scheme of subspaces A < U from Definition 3.3.

term condition

isotropic A < A¥
coisotropic A¥Y < A
Lagrangian A = A
symplectic AYNA=0
We will adapt this terminology to the theory of vector-valued symplectic vector

spaces without alteration, save for an implicit reading of “symplectic” as “V-valued
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symplectic”. Due to the fact that A“Y < A is not in general an equality, there is
no longer a symmetry between isotropic and coisotropic subspaces. If A < U is
coisotropic, that is, that A < A“, then Lemma 6.1 implies that AY > A““ that is,
that A“ is isotropic. The reverse implication obtains precisely when A = A“*.

Thus, in contrast to the classical case, where the involution A — A“ yields a bijec-
tion between isotropic and coisotropic subspaces, a vector-valued symplectic vector
space (U,w) has only at least as many isotropic subspaces as coisotropic subspaces.
Every isotropic subspace A yields a coisotropic subspace A* but not necessarily vice

versa.

6.2 Quotients and Refinements

Definition 6.5. Let (U,w) and (U’,w’) be V and V'-symplectic vector spaces, re-

spectively. A weak morphism of vector-valued symplectic vector spaces,

f: (U,w) — (U/’w')

is a pair of linear maps

fo:U—=U'

fi: V-V
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such that fjw' = fi ow. We call f an automorphism when V =V’ and f; = 1y.
Note that if ¢ : (U, V) — (U, V') is a morphism with ¢y and ¢, surjective, then for

any W-valued vector space (T,v) and any morphism f : U — T, there is a unique

morphism f : U’ — T such that the following diagram commutes:

f
v— 7t 7
//\1
q //7
A
U

This motivates the following definition.

Definition 6.6. A morphism ¢ : (U,w) — (U’,w’) of vector-valued symplectic vector
spaces is said to be a quotient map if gy and ¢; are surjective. If additionally U’ < U,
V' <V, and ¢y and ¢ extend the identity on U’ and V', respectively, then (U’ w’) is
called a quotient of (U,w). If U = U’, we say that ¢ is a reduction of coefficients.
The dual notion is that of a refinement. We say that (U’,w’) refines (U, w) if there

is an injection i : U — U’ with o’ = i*w.

Example 6.10. Each (U, w;) is obtained by reducing the coefficients of (U, ®;w;) from

RY to R. Equivalently, (U, ®w;) refines each (U,w;).
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6.3 Reduction of V-Symplectic Vector Spaces

Lemma 6.2. Let V' be a vector space, let (U, w) be a V -valued symplectic vector space,

and let A < U be an isotropic subspace. Then

and w descends to a well-defined V-valued form wy on A¥/A. Moreover, wy is a

V-valued symplectic structure on A“ /A precisely when A“Y = A.

Proof. Since A < A¥, Lemma 6.1, part (ii), yields A < A¥. Lemma 6.1, part (iii),

implies that A < A““. Thus we obtain the chain of inclusions

Consequently, for u,u’ € A“, the fact that A is contained in A% yields

wu+Au +A) =w(u,u) +w(u, A) + w(A,u') +w(4, A)

= w(u,u)

which in turn implies that w descends to a well-defined form wy on A¥/A. The kernel

of wy consists of precisely those elements v + A € A“/A for which

0=w(u+ A, A%) = w(u, AY)
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that is, u € A““. Thus kerw = A““/A, which is trivial precisely when A = A“~. [

We call (A¥/A,wp) the reduced vector space for the isotropic space A, and wy is
said to be the reduced form or reduced structure on A¥/A. We emphasize that, unlike

in the classical case, wy is not guaranteed to be nondegenerate
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Chapter 7

The V-Hamiltonian Formalism

Having developed the basic theory of vector-valued symplectic vector spaces, we turn
our attention to the global setting. This chapter parallels much of the exposition in
the Chapter 3, beginning with the definition of a vector-valued symplectic structure

and culminating with a symplectic reduction theorem.

7.1 V-Symplectic Manifolds

We begin with the fundamental definition of vector-valued symplectic geometry.

Definition 7.1. Let V be a vector space. A V-valued symplectic manifold, or V -
symplectic manifold is a smooth manifold M equipped with a closed 2-form w €
O2(M, V), called a V-valued symplectic structure or a V -symplectic structure, which

is nondegenerate in the sense that ¢xw # 0 for every X € X(M).
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When we wish to emphasize the distinction, we will refer to a symplectic structure
in the usual sense as a classical symplectic structure. When the difference between
the two is clear or irrelevant, we refer to either construction as a symplectic structure.

As for V-symplectic vector spaces, we will consider three primary examples.

1. The direct sum @®;w; € Q'(M,RY) of a collection of symplectic forms {w; }i<n

on M.

2. A compact connected semisimple Lie group G, equipped with the g-valued 2-

form —d#, where 6 € Q'(G, g) is the Maurer-Cartan form on G.

3. The space Hom(7T'Q, V) equipped with the V-valued 2-form —df, where 0 €

Q' (Hom(T'Q,V),V) is the fundamental 1-form on Hom(T'Q, V).

We will explore the first two in this exposition; the third is treated extensively in
Chapter 8.
It is interesting to compare this list to Kirillov’s [41] three sources of finite-

dimensional classical symplectic manifolds,
1. algebraic submanifolds of the complex projective space CP".
2. the coadjoint orbits of a compact semisimple Lie group,
3. the phase space (T*Q, —d6) of a smooth manifold Q.

We will see that the coadjoint orbits are obtained from the Hamiltonian reduction of
(G, —df) by a suitable action of a maximal torus 7' < G. The classical phase space
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(T*Q, —df) is simply the R-valued instance of (Hom(TQ, V), —d9). By contrast,
there is no apparent candidate for the vector-valued generalization of the projective
space CPY. This stems from the fact that CP" is the reduction of T*R¥ by a circle
action which does not preserve the base RY, whereas such actions on Hom(T'Q, V')

do not generally yield symplectic spaces under Hamiltonian reduction.

Example 7.1. Let M be a smooth even-dimensional manifold and suppose that
{w;}i<n is a collection of symplectic forms on M. Then the map ®;w; € Q*(M,RY),
given by

is evidently an R¥-valued symplectic form on M. The components of w consist of

the linear combinations ) . ¢;w; of the symplectic forms {w;};.

Note that it is not necessary for each component w; € Q2%(M) to be nondegenerate;
it suffices that for each point p € M at least one component w; is nondegenerate. This

condition is far from necessary, as the following example illustrates.

Example 7.2. Let (M7, w;) and (Ms,ws) be symplectic manifolds and let 7; : M; X
My — M; be the ith projection map. The form 7}w; € Q?(M; x M,) is nondegenerate
on the subbundle 7T M; < T(M; x M,) and zero on the complementary subbundle
T TMy < T(M; x My) (i # j). Thus, while neither mjw; nor mw, is a symplectic

form on M; x My, the product 7iw! x m5w? is a R%-valued symplectic form.

This example can be extended to the product of any number of factors (M}, w;).
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Let G be a Lie group and recall that the Maurer-Cartan form 6 € QY(G,g) is
defined by

0y (X) = (Ag1)-X €9

where g € G, X € T,G, and X : G ~ G is the left regular representation. When G is

compact and semisimple, the Cartan 3-form x € Q3(G, R) is defined to be
1

where (,) denotes the Killing metric on G.

Example 7.3. Let G be a semisimple Lie group and let § € Q'(M,g) denote the
Maurer-Cartan form on G. The Maurer-Cartan theorem asserts that —df = 6*[,],
which is nondegenerate by the semisimplicity of G. Thus w = —df is a g-valued
symplectic form on G. When G is compact and Y € g, the Y-component of w is
given by

(¥, w) = 12 19x
where Y € X(G) is the unique left-invariant extension of Y.

Observe that —df is nondegenerate precisely when the Lie algebra g is centerless.
We impose the additional condition of semisimplicity to obtain stronger results on the
reduced space later on. This example demonstrates that it is possible for a vector-

valued symplectic form on a compact manifold to be exact, which constitutes a further
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difference with the real-valued case. In fact, as it is a consequence of Theorem 21.2
of [11] that a compact semisimple Lie group G never admits a symplectic structure,
this example is particularly representative of the difference of behavior between the
classical and vector-valued cases.

There are two natural generalizations of the classical notion of symplectomor-

phism.

Definition 7.2. Let (M,w) and (M',w’) be V and V’-symplectic manifolds, respec-

tively. A weak symplectomorphism

fi(Mw) = (M)

consists of a smooth map fy : M — M’ and a linear map f; : V — V'’ such that

Jw' = fiow. We say that f is a symplectomorphism when V = V" and f; = 1y.

We will be particularly interested in the case where M’ = M.

Example 7.4. The map f: M — M is a symplectic transformation of (M, ®;w;) if

and only if f is symplectic with respect to each w;, that is, f*w; = w;.

Example 7.5. Fix ¢ € G and let \; : G — G be the transformation given by

left-multiplication. For any X € T,,G, we have

Agbon(X) = (Agny=1)«(Ag)o X = (X))

g
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from which A70 = 6. We conclude that left-multiplication is symplectic with respect

to —dé.

Remark 7.1. There is an analogue of the classical symplectic volume on a 2n-

dimensional V-valued manifold (M, w),

1
volM:—/ Wt e yen
M

n!

The designation is purely formal; vol M does not in general behave like a volume. For

example, considering (G, —d#), we have

n

vol G = l/(—de)n 0
G

where n = dim G/2. More generally, for an even V-symplectic manifold (M?*", w), we
see that vol M = 0 if and only if w™ € Q**(M, V®") is exact. The symplectic volume

of an odd manifold vanishes by default.

7.2 Special Submanifolds

Definition 7.3. Let (M,w) be a V-valued symplectic manifold, and let N C M
be a submanifold. Then N is said to be Lagrangian (resp. isotropic, coisotropic,
symplectic) when the subspace T, N < T, M is Lagrangian (resp. isotropic, coisotropic,

symplectic) for every z € N.
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Proposition 7.1. Suppose that (M,w) is a V-valued symplectic manifold and that
W' € QX(M,V') refines w € Q*(M,V). Then if N C M is symplectic (resp.

coisotropic) with respect to w, then N is symplectic (resp. coisotropic) with respect to

w'.

Proof. Fix x € N. Since w' is a refinement of w, it follows that

T,N“ < T,N¥

Thus, if N is symplectic with respect to w, then

T.NNT,N <T,NNT,N“ =0

and N is symplectic with respect to w’. If N is coisotropic with respect to w, then

T,N“ < T,N“T,N

and N is coisotropic with respect to w. O

Proposition 7.2. If L is a Lagrangian submanifold of a V -valued symplectic man-
ifold (M,w), then L is not contained in any Lagrangian manifold of strictly greater

dimension.

Proof. Suppose that L C M is a Lagrangian submanifold with L C L and let = € L.
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Since L and L are Lagrangian, and 7, L < T, L, Lemma 6.1 implies that

T,L=T,L° > T, L =T,L

We conclude that T,L = T, L and thus dim L = dim L. O

7.3 Symplectic and Hamiltonian Actions

We continue the analogy with the classical situation with the introduction of V-

symplectic actions, Hamiltonian actions, comoment maps, and moment maps.

Definition 7.4. Let (M,w) be a V-symplectic manifold. The action A : G ~ M is
called a symplectic action when A : G — Sym(M,w), where Sym(M,w) < Diff(M) is
the group of symplectic transformations of M. The vector field X € X(M) is said to
be a symplectic vector field when X is tangent to a symplectic action. Equivalently,

X is symplectic when £Lxw = 0.

Definition 7.5. Let (M,w) be a V-symplectic manifold and suppose that f €

C*®(M,V) and X € X(M) satisfy

—xw =df

Then X is called the Hamiltonian vector field of f, and f is called the Hamiltonian
function of X. We also call X the symplectic gradient of f and denote it by s-grad f.
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More generally, f (resp. X) is said to be Hamiltonian if it possesses a Hamiltonian

vector field (resp. Hamiltonian function).

We summarize the primary vector-valued constructions beside their classical coun-

terparts in the table below.

classical V-valued
symplectic form  w € Q*(M,R) w e Q*(M,V)
Hamiltonian v.f.  f € C®(M) feC>(M,V) w(-,Xy) =df

comoment map fi:g— C®(M) p:g— C®(M,V)
moment map w:M— g* w: M — Hom(g,V)
Proposition 7.3. Let (M,w) be a V-symplectic manifold and let X € X(M) be a

Hamiltonian vector field with Hamiltonian function f € C°(M).
(i) The vector field X is symplectic.
(i) The flow of X preserves f.

Proof. This follows as
(i) Lxw =dixw = —ddf =0, and

(i) Xf=df(X)=w(X,X)=0.
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In contrast to the real-valued case, it is not in general true that every function

f € C>*(M,V) is Hamiltonian. This is apparent by observing that the assignment

twy :T,M —-TrM®YV, reM

X — ixwy

cannot be an isomorphism when dim V' > 2. The function f € C*°(M,V) is Hamil-
tonian precisely when df, lies in the image of tw, for every x € M. The vector field
X € X(M) is Hamiltonian when (tw) ' X € Q'(M,V) is exact.

We will denote by Cg (M) the vector space of Hamiltonian functions.
Definition 7.6. We define the Poisson bracket {,} on the space of Hamiltonian
functions Cgp (M) by

{1, 1"} = —w(Xy, Xp)
Just as in the classical situation, the Poisson bracket is a Lie bracket on C¢ (M, V)

and the symplectic gradient s-grad : CfP(M,V) — X(M) is a Lie algebra anti-

homomorphism.

Example 7.6. The function f = (f;); € C°°(M,RY) is Hamiltonian on (M, ®;w;),
with Hamiltonian vector field X € X(M), if and only if X is the Hamiltonian vector

field of f; with respect to w; for each ¢ < N.

Example 7.7. Consider (G, —d#), where 6 € Q'(G, g) is the Maurer-Cartan form.
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Fix Y € g and let Y € X(G) be the right invariant extension of Y. Since the integral
flow of Y corresponds to left multiplication by exp(tY’), and since we have shown left

multiplication to preserve 6, it follows that L6 = 0. Therefore,

—tyw = 1ydf = —do(Y)

Now, for every g € G,

0,(7) = (A 19,)-Y = Ad,'Y

It follows that the function

AdT'Y G — g

gr— Ad;lY

is Hamiltonian, with associated Hamiltonian vector field —Y'.

Definition 7.7. Suppose the Lie group G acts on the V-symplectic manifold (M, w).

A weak comoment map is any linear map

fi:g— CF(M,V)

which lifts the fundamental vector fields of A to the space of Hamiltonian functions

O (M,V), as indicated in the following diagram.
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Cg (M, V)

_oa
,u//, ls—grad

-
-

g —— X(M)

If i is a morphism of Lie algebras, then it is called a comoment map. The (weak)

moment map associated to a (weak) comoment map fi is the assignment
p: M — Hom(g, V)

given by

for x € M and Y € g. When the action of G admits a moment map pu, the action
is said to be Hamiltonian and the quadruple (M, w, G, u) is a V-valued Hamiltonian

system or a V-Hamiltonian system.

Definition 7.8. The coadjoint action Ad* : G ~ Hom(g, V) is given by
(Adja)(Y) = oz(Adg_lY)

for g € G, « € Hom(g, V), and X € g.

Lemma 7.1. Let (M,w, G, i) be a V-Hamiltonian system.
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(i) If « € Hom(g, V'), then the assignment

(i)

(iii)

pu+a: M — Hom(g,V)

r— pz) +a

1s a weak moment map. In particular, the set of weak moment maps compatible
with (M,w,G) is a Hom(g, V')-affine space. If additionally o vanishes on com-
mutators [Y,Z] € g (Y,Z € g) then « is a moment map. Consequently, the set
]0

of moment maps is a g, g]°-affine space, where [g, g]° denotes the annihilator of

[g,0] < g in Hom(g, V).

The assignment 1/ : M — Hom(g, V') is a moment map for (M,w,G) precisely
when

(1.X,Y) = w(X.Y,)

forallz € M, X € T,M, andY € g. The map (,) : Hom(g,V)®g — V

denotes the natural pairing.

If G is connected, then the moment map p intertwines the actions of G ~ M

and Ad* : G ~ Hom(g, V).
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(iv) Let H < G be a Lie subgroup and define the restricted moment map

M|f) M — Hom(f),V)

z = )]y

Then (M,w, H, pu]y) is a V-Hamiltonian system.

The proofs of these statements are so similar to their classical counterparts that
it would be redundant to present them here. We refer instead to the corresponding

proofs in Chapter 3.

Example 7.8. The action of G on (M, ®;w;) is Hamiltonian if and only if it is
Hamiltonian with respect to each w; (i < N). In this case, a moment map is given
by ®uw; : M — (g*)N = Hom(g, RY), where u; : M — g* is a moment map for the

action of G on (M, w;).

Proposition 7.4. The left reqular action of G on (G,—df) is Hamiltonian with

moment map —Ad™ : G — Aut g.

Proof. Let Y € g and let Y be the right invariant extension of Y to X(G). We
have already shown that —Ad™'Y : G — g is a Hamiltonian function for Y. Since
Y is also the induced vector field A\,Y for the left regular action ), it follows that

Y — —Ad™'Y is a weak moment map for . For Y, Z € g, we have

{—Ad'Y,-Ad ' Z} = —[0Y,0Z] = —[AdY,Ad Z] = —Ad[Y, 7]
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and thus —Ad ™! is a morphism of Lie algebras. We conclude that Ad is a moment

map for A. O

7.4 Vector-Valued Symplectic Reduction

Theorem 7.1 (Vector-valued symplectic reduction). Let (M,w,G, 1) be a V-valued
Hamiltonian system. If G is connected and the reduced space My = pu='(0)/G is

smooth, then there is a unique V -valued 2-form wy € Q*(My, V') such that

T Wy = T w

for the inclusion i : p=*(0) < M and projection m : u~1(0) — My. Moreover, wy is

closed and the kernel of wy at mx € My is equal to

ker, wg = T, (Tx,u_l(O)w/gI) <T..M,

Proof. Fix x € u~'(0). Since Lemma 7.1 implies that

W(X.Y,) = (LX.Y)

forall X € T,M and Y € g, we have

g° = dy; ' (0) = T~ '(0)
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Lemma 7.1 also asserts that u : G — Hom(g, V) is equivariant, so that

u(G-x)=Ad;0=0

and thus G -2 C p~'(0) and g, < Tp~'(0). Consequently, g¥ < T,u~'(0), and thus
Lemma 6.2 ensures that w, descends to a unique V-valued symplectic structure wy
on the vector space Ty, (1 1(0)/G) = x;fl(O)/gw. Thus we have shown that i*w

descends to a unique 2-form wy € Q*(M, V).

Taking the exterior derivative of both sides of the equality 7*wy = i*w yields

7 dwy = i"dw =0

Thus, as 7 : 4~ 1(0) — My is a submersion, we conclude that dwy = 0 and ker wy <
T My is a distribution whenever it has constant rank. Since the fiberwise description
of the kernel of wy at mx € Mj is an immediate consequence of Lemma 6.2, this

completes the proof. O

Theorem 7.2 (Vector-Valued Stabilizer Reduction). Let (M,w,G,u) be a V-
Hamiltonian system, fiz o € Hom(g, V'), and let G, be the Ad*-stabilizer of o. Put
fo = ptlg, : M — Hom(g, V). If the reduced space M, = p,'(a)/G, is smooth, then

there is a unique V-valued 2-form w, € Q*(M,, V') such that

T we = "W
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where i : p| (o) — M is the inclusion and 7 : p| (o) — My is the projection.

Moreover, w, € Q*(M,V) is closed.

Proof. Lemma 7.1 implies that (M,w,G,, jt|g,) is a V-Hamiltonian system. For any
Y, Z € g, we have

alY, Z] = (adya)(Y) = 0

Thus & € [ga, ga]® and a second application of Lemma 7.1 implies that pl,, — a is a

moment map for the action of G. The result follows by Theorem 7.1, since

My, (@) = (nlg, — ) 71(0)/Ga

O

Example 7.9. The underlying space of the reduction of the Hamiltonian sys-
tem (M, ®;w;, G, @;p;) is equal to the intersection of the reduced spaces of each

(M, Wi, G, ,LLZ) That iS,
My= ()1 0))/G =) (57(0)/)

Example 7.10. Since the adjoint action is always an automorphism, the reduction

of (G, —df,G,—Ad™") at 0 € Aut g is empty. Thus let us determine the reduction at
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the identity transformation 1 € Autg. For g € GG, we have

Adj1=1 «= Ad; =1 <= g€ Z(G)

and hence the stabilizer G; of 1 € Autg is equal to the center Z(G). Since G is
semisimple, it follows that Z is discrete and thus the Lie algebra 3 = 0y is trivial. We

conclude that

Mg (Lautg) = —Ad o, (1) = G

and so the reduced space at 1 € Aut g is the adjoint group

g (1)/Gi=G/zZ

The reduced form is equal to —df, where § € Q'(G/Z,g) is the Maurer-Cartan form

on G/Z. In contrast to the previous example, the reduced space is symplectic.

Example 7.11. Now suppose that T" < (G is a maximal torus, with Lie algebra t < g,
and consider the g-Hamiltonian system (G, —df, T, —Ad~'|,). Once again, the 0-level
set

pH(0) = —Ad| Ontomea)

is empty, as Ad, € Autg is an automorphism for all ¢ € G. Let us determine the
reduction at the negativ inclusion —i € Hom(t,g). For every t € T, the adjoint
transformation Ad; € Autt acts trivially on t. Consequently, the stabilizer T; < T
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of —i under the action Ad* : "~ Hom(t, g) is all of 7. Now,

n(g) = —i <= Ad,'|¢ = 1awe <= g€ Cg(T)

where Cg(T) is the centralizer of T. Since T is a maximal torus, it follows that

Ce(T) =T and thus p~*(0) = T. Therefore, the reduced space

o (0)/Gi=T/T =1

is a point.

Example 7.12. Consider R?® with the R3-valued symplectic form w € Q?(R3 R3)
defined by

w(Xp, Yp) = (X xY),

for p € R* and X,,,Y, € T,R®. The action of R by vertical translations is Hamiltonian

with respect to w and a moment map for this action is

p: R* — Hom(R, R?)

p— idr-p X 2

where 2 is the unit vertical vector field on R?. For each A € u(R?), the reduced space

p1(A)/R is a point.
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Example 7.13. If T' < G is a maximal torus of the compact semisimple Lie group G.
As above let 6 be the Maurer-Cartan form on G, and let 7 : g — t be the projection
induced by the Adjoint representation of G on g. Then w = d(wpf) is a t-valued
presymplectic form on G and the right regular action of 7" on (G,w) is Hamiltonian
with moment map identically zero. The reduced space is G/T and the form wy is
nondegenerate, thus (G/T,wp) is a t-valued symplectic space. For each o € g*, the
a-component of the reduced space (G/T,a o w) is canonically symplectomorphic to

canonical symplectic structure on the coadjoint orbit Q,.

Proposition 7.5. Let (M,w,G, ) be a V-valued Hamiltonian system and suppose
that the reduced form wy = 0. Then the reqular part of p=1(0) C M is a Lagrangian

submanifold of M.

Proof. Let x € i=(0). Since w, descends to the zero form on T,u~'(0)/g_, it follows
that w, is the zero form on T, '(0). Thus T,x '(0) < T,x'(0)¥. An application

of Lemma 6.1 to the relations

yields

Therefore, T,p~'(0) = Tp~(0)~. O
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We complete this chapter with a result on the topology of the reduced space.

Theorem 7.3. Let (M,w,G, u) be a G-Hamiltonian system with compact Lie group
G, and suppose that 0 € g* is a reqular value of the moment map p: M — g*. Then

My has at most orbifold singularities.

The proof is precisely analogous to that of the corresponding classical theorem.

See Theorem 3.4 of Section 3.6.
Though we do not do so here, it is interesting to consider the topological question

for more general V-Hamiltonian systems.
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Chapter 8

Classical Mechanics in the

V-Symplectic Setting

As briefly outlined in Section 3.1, symplectic geometry first arose in order to express
and facilitate early developments in classical mechanics. It is thus a natural that we
should seek to determine the extent to which the vector-valued formalism parallels
the classical theory. It transpires that the analogy is very strong. Not only is there
a vector-valued Hamiltonian formalism on the phase space Hom(7'Q, V'), but there is
also a corresponding theory of vector-valued Lagrangian dynamics on 7'Q). Indeed, a
suitable Lagrangian function L : T'Q) — V induces a V-valued symplectic structure
on T'Q), and yields a fiber-preserving immersion FL : TQ) — Hom(7'Q, V) as well.

In addition to the similarities, there are notable qualitative differences between

the classical theory and its vector-valued counterpart. For example, in the traditional
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paradigm, the fiber derivative FL : T(Q — T*(Q of a strongly convex Lagrangian is a
diffeomorphism whenever it is proper. In contrast, the fiber derivative FL : T(Q) —
Hom(7T'Q),V) of a V-valued Lagrangian is never a diffeomorphism when dimV >
2. Thus, we obtain a distinguished class of immersed V-symplectic submanifolds of
Hom(7T'Q, V). It is interesting to observe that, as exhibited in Example 8.1 below, it
is possible that the image of the fiber derivative be compact.

The phase space Hom(T'Q, V') also provides a setting for a stronger version of the
V-symplectic reduction theorem. More specifically, there is a standard moment map
w for any basic action of Hom(7'Q, V'), with respect to which the reduced space is
symplectic. We leverage this property to obtain Theorem 8.4 below. Examples of V-
symplectic manifolds to which the result applies are the spaces (G, —df) of Example
7.3 and the spaces obtained via the Lagrangian formalism in Sections 8.3 and 8.4.

The interested reader may wish to consult Chapters 2 and 3 of [60] for a thorough

treatment of the real-valued theory.

8.1 The V-Symplectic Structure on Hom(7'Q,V)

Our present order of business is to show that the phase space Hom(7'Q), V') possesses
a canonical V-symplectic structure which generalizes that on the cotangent bundle
T*Q). We begin with an examination of the model V-symplectic structure on the

typical fiber.
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Proposition 8.1. Let U and V' be vector spaces of dimension at least 1. The assign-
ment

w: (U ®Hom(U,V)) x (U ®Hom(U,V)) =V

given by

w(u+¢,u' + ¢) = ¢ (u) — o(u)
is a V-valued symplectic structure on U @ Hom(U, V).

Proof. Let uy,ug,u’ € U, ¢1,pa, ¢ € Hom(U, V'), and observe that

w((ur + ¢1) 4 (uz + da), ' + @) = ¢ (ur + uz) — (1 + ¢2)(u)
= [¢/(u1) — 1 ()] + [¢ (u2) — ¢2(u)]

= w(uy + ¢1,u' + ¢') + wlug + o, u' + ¢')

As a similar computation shows w to be linear in the second argument, we deduce

that w is bilinear. Since

it follows that w is alternating. If u + ¢ € U @ Hom(U, V') is nonzero, we can choose

v € U and ¢ € Hom(U, V) so that precisely one of ¢(u') and ¢'(u) is nonzero. It
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follows that

w(u+¢,u' + ¢) = ¢ (u) — d(u) # 0
from which we conclude that w is nondegenerate. O

To simplify notation, we will consider U and Hom(U, V') as subspaces of U @
Hom(U, V') and take @ to denote the internal direct sum.

It is evident that U and Hom (U, V') are Lagrangian subspaces of U @ Hom(U, V).

Lemma 8.1. If W < Hom(U,V), then U & W is symplectic precisely when the

annihilator W° < U is trivial.

Proof. For u € U, we have

ueW? <= VYoeW: wu,d)=o¢u) =0 < uel

so that UNW® =UNWY =W?° As U is Lagrangian in U & Hom(U, V), Lemma 6.1
yields

UaW)”=Unw*=Ww°

from which we deduce

UaW)lnUaeW)=0nUasW)=w°

Thus, U @ W is symplectic if and only if W° = 0. O
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Lemma 8.2. Let T < U and W < Hom(U, V), define the subspace

I(T) ={¢|6(T) = 0} < Hom(U, V)

and let WO < U be the annihilator of W. Then,
(i) T =U & I(T)
(ii) W = W°® Hom(U, V)

(iii) T =T

Proof. (i) For ¢ € Hom(U, V'), we have

peT? «— YueT: wu,¢)=9¢(u)=0 <= o¢ecl(T)

From w(U,T) = 0, it follows that

U<TY<U®®Hom(U,V)

Therefore,

T =U® (T¥NHom(U,V)) =U & I(T)

(ii) For any u € U,

ueWY <= VoeW: wu,¢)=0¢u)=0 +—= ueW’
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Now, w(Hom(U, V), W) = 0 yields

Hom(U,V) < W* < U & Hom(U, V)

so that

W* = (W*NU) & Hom(U,V) = W & Hom(U, V)

(iii) Applying parts (i) and (ii) in succession, and recalling Lemma 6.1, we obtain

T4 = (U & I(T))*
=UNI(Ty¥
=UnN (I(T)° ®Hom(U,V))

=I(T)°

For any u € U, we have

weT = VYoelI(T): ¢(u) =0 <= uel(T)°

Conversely, if u ¢ T then there is a ¢ € I(T) with ¢(u) # 0, and thus u ¢ I(T)°.

]

Remark 8.1. There is not an analogous result for the double orthogonal W“* when

dim V' > 1. While it is readily shown that W~ = I(W?°) < Hom(U, V'), this space

152



8.1. THE V-SYMPLECTIC STRUCTURE ON HOM(TQ, V)
can be strictly larger than W.

Let @@ be a smooth manifold and suppose V' is a vector space. The vector bundle
Hom(7T'Q, V), with fibers Hom(7,Q, V'), inherits a natural V-symplectic form.

Given a smooth manifold (), we would like to equip the tangent fibers

TyHom(TQ, V) = T,Q @ Hom(T,Q, V), q=m(¢)

with a symplectic structure w, that corresponds to w on the right-hand side. As
the identification of fibers is noncanonical, our present task is to show that wy does
not depend on our choice of splitting. To this end, we will utilize the following

construction.

Definition 8.1. Define the canonical 1-form 0 € Q* (Hom(TQ, V), V) by

6,(X) = ¢(. X)

where ¢ € Hom(7TQ,V), X € Ty;Hom(TQ,V), and = : Hom(7'Q,V) — @ is the

projection map.
Note that 0 is well-defined as 7. X € T,Q and ¢ € Hom(T,Q, V'), for ¢ = 7(¢).

Theorem 8.1. The form w = —df is a V-valued symplectic structure on
Hom(7T'Q,V). Moreover, the form wy on the vector space TyHom(T'Q,V) is equiv-
alent to the canonical V-valued symplectic structure on TyQ) @ Hom(T,Q, V) under
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any local trivialization of Hom(T'Q, V).

Proof. All that remains to be shown is nondegeneracy. As this is a local condition, it
suffices to consider the case that () is the model space U = R™. Consider the natural

identification
TyHom(TU,V) = U & Hom(U, V), ¥ € Hom(TU,V)

and consider u 4+ ¢,u’ + ¢ € U @ Hom(U, V) as constant tangent vector fields on

Hom(TU, V). Under this identification, the canonical 1-form § € Q'(Hom(TU, V), V)
is given by

Oy (u+ @) = (u), Y € Hom(U, V)

Using the fact that constant tangent vector fields commute, we obtain

_ d d
dby(u+ ¢, u' +¢') = p” (¢ + tu+to)(u')],_, — &(w +tu 4+ t¢') (u)|,_,
= ¢(u') — ¢'(u)

= —w(u+ ¢,u’ + ¢)

This establishes both claims of the theorem. O

Remark 8.2. We could instead have noted that the form w on the vector space U is
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invariant with respect to the natural action of Aut U,

w(g-(u+9),g-(W+¢)) =d'g " (gu) — g ' (gu') = w(u+¢,u +¢), g € AutU

and consequently that the constant form w on the trivial bundle 7, 70 1y P(T'Q) X

(U @ Hom(U, V)) descends to a well-defined form w on

T Hom(TQ,V) = 7 P(TQ) X awv (U @ Hom(U, V)

where we note that the identification is natural. It immediately follows that w €
02 (Hom(TQ, V), V) is fiberwise equivalent to w and consequently is nondegenerate.
That w is closed follows readily from the fact that it is the quotient of a constant form.
On the other hand, it is not clear from this argument that w is the exterior derivative
of the canonical 1-form § € Q! (Hom(T Q,V),V), a fact that we will recurrently

invoke.

Remark 8.3. If Y € T,Hom(7T'Q), V) is vertical, then

wol(X,Y) = Y(X)

where on the left-hand side we identify Y with an element of Hom(7,Q, V).

Proposition 8.2. Given f ¢ Diff(Q), with induced transformation f = f* on
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Hom(7T'Q,V), we have

and

That is, 0 and w are fized by the right action of Diff(Q) on Hom(T'Q, V).

Proof. Fix ¢ € TQ and X € T¢,TQ. From

fom=mo ffl
we obtain
075(X) = fo(m.X)

= ¢(fem X)

= ¢(mf, ' X)

= 0,(f,'X)
and thus

f05 =105,

The result follows as w = —d#@. O

Definition 8.2. A basic function on Hom(7T'Q, V') is the lift 7*f € C*°(Q, V) of any
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function f € C>(Q,V).

As the next result establishes, basic functions are Hamiltonian and the associated

flows restrict to linear translations on the fibers of Hom(7'Q, V).

Proposition 8.3. If f € C*™(Q), then the pullback 7*f € C*°(Hom(TQ,V),V) is
Hamiltonian with Hamiltonian vector field df € QY(Q, V). Here we identify df with

the corresponding vertical vector field on Hom(TQ, V).

Proof. For any point ¢ € Hom(TU, V'), we have

d(7" (X)) = df (mX) = we(X, dfy)

where z = m¢ and where we identify df, with the corresponding vertical vector at

®. O

Now suppose that G is a Lie group with a right action p : G°® — Diff(Q) on @,

and consider the induced left action

A : G — Diff(Hom(7'Q,V))

on Hom(7T'Q, V).

Theorem 8.2. The induced action of G on Hom(T'Q, V') is Hamiltonian, with mo-
ment map
p: Hom(TQ,V) — Hom(g, V)
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given by

@) (Y) = —0(Y,)

for ¢ € Hom(T'Q,V) andY € g. Moreover, the reduced space is a V -valued symplectic

manifold whenever it is smooth.

Proof. As Proposition 8.2 asserts that 6 is fixed by G, it follows that

d@(X) = ﬁxe — Lxde = lyw

for all Y € g. Evaluating both sides at —X € T'T'Q), we obtain

du(X)(Y) = = [d0()]|(X) = w(X,Y)

from which it follows that p is a moment map for the action of G.
As the reduced form wy on p~1(0)/G is always closed, we have only to show that it

is nondegenerate. Since the image g 5 < TyHom(T'Q, V') corresponds to the subspace

_(p*g)q ®0 < TqQ D Hom(TqQa U)a q=T7¢

under a coordinate-induced local trivialization of Hom(7'Q, V'), Lemma 8.2 implies

that g;"” =9, and the result follows by Lemma 6.1. |

We note that there is an equivalent characterization of this moment map, which
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we will call the standard moment map for the basic action of G, given by

w@)(Y) = o(p.Y)

8.2 Darboux Manifolds

We first recall a well-known theorem of Darboux.

Theorem 8.3 (Darboux). Let (M,w) be a classical symplectic manifold. Then M is

locally symplectomorphic to a cotangent bundle T*Q) for some manifold Q).

This foundational result, which effectively resolves any question relating to the

local structure of classical symplectic manifolds, motivates the following definition.

Definition 8.3. A V-symplectic manifold (M, w) is said to be Darbouz if M is locally

symplectomorphic to a smooth subbundle of 7 : Hom(7'Q, V) — @ for some space @

Evidently, any symplectic submanifold of a Darboux manifold is itself Darboux.

We will show that this property is also preserved under symplectic reduction.

Definition 8.4. Let (M,w) be a Darboux manifold, locally isomorphic to
Hom(7T'Q, V). The action A : G — Diff (M) is said to be basic if A is locally equivalent

to an action G ~ Hom(7'Q, V') which is induced by a right action G ~ Q.

Definition 8.5. We will say that the V-Hamiltonian system (M’,w’, G, 1) is locally
equivalent to the V-Hamiltonian system (M,w, G, p) if for each point € M’ there
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is a symplectomorphism [ : O’ — O C M, from a neighborhood O’ of  to O C M,

such that

(i) #'lo = f"p, and
(ii) f intertwines the action of g on X(0’) and X(O).

Observe that the relation of local equivalence of V-Hamiltonian systems is not an
equivalence relation; in particular, it is not reflexive. Also note that, while we have
no use for such generality, there is a natural extension of this construction for the

actions of distinct groups G’ and G on M’ and M, respectively.

Definition 8.6. A Hamiltonian subsystem of (M,w, G, p) is any Hamiltonian system

of the form (N,w|y,G, pt|n), where N C M.

Equipped with this terminology, we are now ready to state a version of the V-

symplectic reduction theorem which ensures the nondegeneracy of the reduced 2-form.

Theorem 8.4 (Basic reduction of Darboux manifolds). If the V-Hamiltonian
system (M’ ', G' 1) is locally equivalent to a Hamiltonian subsystem of
(Hom(TQ,V),w,G,M) for a basic action of G and standard moment map u, then

the reduced space (My,wo) is Darbouz. In particular, (My,wy) is symplectic.

Proof. As local equivalence is clearly preserved under reduction, it suffices to consider
a symplectic submanifold ¢ : M < Hom(7'Q,V') and an basic action of G. As p is

the standard moment map for the action on G on Hom(7'Q, V), it follows that p~1(0)

160



8.2. DARBOUX MANIFOLDS

is a vector subbundle of Hom(7'Q, V') over () with fibers given by

U_l(o)q = 22

= Hom(TqQ/gq, V)

=~ Hom (Tq-G(Q/G)7 V)

Dividing by the action of GG, we obtain a smooth equivalence

17'(0)/G = Hom(T(Q/G), V)

which is readily seen to be a symplectomorphism. Now, p; = p o, so that

13 (0)/G = w7 (0)/G N MG

is diffeomorphic to a smooth subbundle of Hom(T(Q/G),V). That u;(0)/G is
symplectic follows by an argument similar to the proof of Theorem 8.2. Using the
fact that the symplectic structure on M is the restriction of that on Hom(7T'Q, V'), we

conclude that the inclusion of yy;(0)/G in Hom(T(Q/G), V) is symplectic. O

We present two primary examples of the basic reduction of Darboux manifolds.
The first is our familiar g-symplectic space (G, —df), which we establish shortly. The
second example is that of manifold with a Lagrangian-induced V-symplectic form,

under any Hamiltonian action of a Lie group G. These latter spaces are the subject
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of Sections 8.3 and 8.4.

Theorem 8.5. Let G be a compact semisimple Lie group and 6 € QYG,g) the

Maurer-Cartan form on G. Then (G, —d0) is a Darbouz g-symplectic manifold.

Proof. To avoid a conflict of notation, we will denote by a € Q!(G, g) the Maurer-
Cartan form, and by 6 : Q' (Hom(T'G, g), g) the fundamental 1-form on Hom(T'G, g).

Consider the map

f: G — Hom(TG, g)

gl—)()[g

It follows that f is a section of 7 : Hom(7'Q, g) — G, so that m o f = 1 and thus

Orq(fX) = (fg)[( 0 1) X] = ay(X)

for any g € G and X € T,G. We conclude that a = f*0. O

Remark 8.4. Since dimHom(7TG,g) = dimG(dimG + 1), the map f : G —

Hom(T'G, g) is a diffeomorphism only when dim G = 0.

162



8.3. THE LAGRANGIAN FUNCTION AND THE FIBER DERIVATIVE

8.3 The Lagrangian Function and the Fiber

Derivative

Let U and V be vector spaces and let L : U — V be a smooth function. Under the

natural identification TU = U x U, the derivative dL : TU — V yields a smooth map

FL:U — Hom(U,V)

u+— dL,
More concretely,

d
FL(u)w = dL,(w) = EL(U + tw)‘tzo ev, u,we U

Note that when the dimension of V' is strictly greater than 1, the fiber derivative FL
cannot be a diffeomorphism. This constitutes a substantive difference between the
classical context, in which V' = R, and the present construction for arbitrary V.

The second derivative of L at u,

d*L, : U x U — Hom(U, V)
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is given by
dzLu(w w') = —— L(u+tw+ sw’)‘ w,w' €U
’ dt ds 5=0,1=0" ’

and defines a symmetric bilinear Hom(U, V')-valued form on U.
Lemma 8.3. For a smooth function L : U — Hom(U, V'), we have,

(i) kerd(FL), = ker d*L,

(11) FL is an immersion if and only if d*L, is nondegenerate at every point u € U.
(iii) The annihilator of A(FL),(U) < Hom(U,V') is equal to the kernel of d(FL), :

U — Hom(U, V).

The fiber derivative FL is an immersion if and only if the second derivative is non-
degenerate at every point u € U.

Proof. (i) Given u,w € U, a direct computation yields

d
d@l%@ﬁzO¢¢»EFuu+mwﬁM=0

d
— Yuw' eU : &FL(uthw)(w’)}t:O:O

d d
— Yu' €U : &gL(u—i—tw—l—sw')‘s:O’t:O:O

— Yo' €U : d®L,(w,w') =0

(ii) This follows immediately from (i).
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(iii) Let u,w € U. By extending the computation from (i), we obtain

d d
d(FL),(w) =0 <= Yo' e U : T ds L(u+tw + Sw/>‘5:o,t:o =0
d
— V' eU : EFLU"FSU/(U))‘S:O

— V' eU : d(FL),(w)w=0

from which we conclude,

ker d(FL), = d(FL),(U)°

O

Now suppose that () is a manifold and L : T'(Q — V is smooth. By applying FL
at each fiber T,(), with respect to the fiber restrictions L, : T,QQ — V, we obtain a
global map

FL:TQ — Hom(TQ,V)

which we will call the fiber derivative associated to L : TQ — V. As above, if

dimV > 2, the map FL cannot be a diffeomorphism.

Definition 8.7. Let () be a manifold and L : () — V a smooth map. Define the
Lagrangian 2-form wy € Q*(TQ,V) to be the pullback by FL of the canonical V-

symplectic structure w € Q? (Hom(TQ, V), V) to T'Q.
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Lemma 8.4. The Lagrangian 2-form wy, € Q*(TQ,V) is nondegenerate at v € TQ

if and only if the differential

d(FL,), : T,T,Q —V, q=rmx

18 1njective.
Proof. First note that the nondegeneracy of FL*w at x is equivalent to the condition
that FL,(T,TQ) be a symplectic subspace of Tr,yHom(T'Q, V). Since FL preserves

fibers, we have

FL.(T,TQ) = T,Q ® FL.(T,T,Q)

with respect to any fiber trivialization Typ)Hom(TQ,V) = T,Q ® Hom(7,Q,V).
Now, Lemma 8.1 asserts that 7,QQ @ FL,(T,T,Q) is symplectic precisely when the an-
nihilator FL.(T,T,Q)° < T,Q vanishes. Since T,T,Q is tangent to 7,Q, an application

of Lemma 8.3 yields

FL.(T,T,Q) = F(Ly)(T,T,Q) = ker d(FL,),

and we conclude that 7,0 ¢ FL,(T,T,Q) is symplectic precisely when ker d(FL,), =

0. O

We are now ready to present the main result of this section.

Theorem 8.6. The following are equivalent.
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(i) The image of FL is an immersed symplectic submanifold of Hom(TQ, V).

(i1) The Lagrangian 2-form wy, is symplectic.

(iii) The fiber derivative FL : TQ)Q — Hom(T'Q,V') is an immersion.

(iv) The second derivative of L is nondegenerate along the fibers of T'Q.

Proof. Condition (i) implies (ii) since w;, = FL*w.

As wy is the pullback of a closed 2-form, it is symplectic if and only if it is
nondegenerate. Moreover, since FL preserves fibers, L is immersive if and only if L,
is immersive for all ¢ € @, and thus an application of Lemma 8.4 implies that (ii)
and (iii) are equivalent.

The result follows as the equivalence of (ii) and (iii) is an immediate consequence

of Lemma 8.3, and since (ii) and (iii) together imply (i). O

Note that by an immersed submanifold, we mean the image of a manifold by an

immersion.

Definition 8.8. A V-mechanical system (Q, L) is a pair consisting of a manifold @
and a proper map L : T'(Q) — V which satisfies one, and hence all, of the conditions

of Theorem 8.6.

Example 8.1. Consider the circle S = R/Z, with tangent bundle T'S* = R/Z @ R,
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and define the Lagrangian

L:TS' —C

iz

(¢ z)— €
Given g € S', and z,y € T,S' =2 R, we have
d

d(Lg)s(y) = a 6i(w+ty)|t:0 =iy

from which we determine that

FL: TS' — Hom(TS*,C)

(¢, 2) — (g,1€")

under the identification Hom(7'S',C) 2 S* x C. The image of T'S* under FL is

FL(TS') = S' x S C Hom(TS*,C) = S' x C

where S C C is the unit circle. Since FL is an immersion, it follows by Theorem 8.6

that the torus S* x S is a C-valued symplectic submanifold of Hom(7T'S*, C).
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8.4 Vector-Valued Lagrangian Dynamics

Let @ be a smooth manifold, let C(Q) be the space of paths 7 : I — @ for some fixed
interval [ = [a,b] C R, and let L : TQ) — V be a smooth function which we will call
the Lagrangian. The aim of this section is to investigate those paths 7: I CR — @

which constitute the critical points of the V-valued Lagrangian action,

As a matter of terminology, a critical point of the action S is any path v € C(Q) for
which %S (’ys)|szo = 0 with respect to every variation 7, that fixes the endpoints of
.

Our approach is to consider instead the space C'(Q) C C(T'Q) of paths v : [ — TQ

which arise as the velocity vector field 7 for some curve 7 € C(Q). That is, C'(Q) is

the image of the space of paths C(Q) by the map

C(Q) — C(TQ)

Note that this map is injective and thus forms an equivalence between C(Q) and

169



CHAPTER 8. CLASSICAL MECHANICS IN THE V-SYMPLECTIC SETTING

C'(Q). Under this identification, we consider the Lagrangian action on C'(Q),

b
5() =/ Lv)dt,  yecl(Q)
and we aim to find the stationary points of S in C'(Q)), under variations ;s of v with
fixed mvys(a) and 7ys(b).

Theorem 8.7. Given any path v € C'(Q) and any variation X : I — T, TQ tangent

to C'(Q) at ~y, we have

b
dS(X) :/ dL(m,X)dt — FL*@(X)\Z

where L = Y(L) is the derivative of L along . Consequently, X € T,TQ is the

velocity of a critical point of S at x € T'Q if and only if

dL(m.X) =0

whenever this expression is well-defined.

Proof. Differentiating both sides of 7 = 7y yields v = 7 = m.7%. Consequently,

d d

X = &75‘52{]: &W*;YS‘SIO :W*X
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and thus

b

a

dS(X) :/de(w*X) dt:/de(w*X) dt — dL(m.X)|

If X is tangent to a variation with fixed endpoints, then the boundary term vanishes
and dL(m,X) = 0 for all variations X tangent to C'(Q) along a critical point ~y of the

action S. The boundary term at t = a is
AL () (m:X,) = FL(y(a))(m.X,) = FL*0(X,)

and likewise for ¢ = b. O

Theorem 8.8. Let v € C'(Q) be a critical point of S. Define the map

H:TQ -V

H(x) =FL(x)z — L(x)
Then —H is a Hamiltonian function for the vector field v along .

Proof. We will adapt the approach of [61] to our V-valued context. Define the function

S:I—V by
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Since 7 is an infinitesimal variation of v, Theorem 8.7 implies that

dS(t) =0y (’.Y(a)) -0 (’Y(t))

where 6, = FL*0. Thus,

d d

L3 = 2 6. (4(1))) = < dS(t) = dL(x(1)

and so

—tswy, = 150, = L0, — deswy, = d(L — 1401)

We conclude that L — 140, = L —FL(y)~ is a Hamiltonian function for 4 along ~.

O
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Part 111

The Moduli Space of Flat

Connections
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In the final part of this dissertation, we turn our attention once more to the space
of connections. While Chapter 9 employs the framework of Part II, and Section 10.1
requires Chapter 3, the remaining material can be read immediately after Chapter 2
and a knowledge of only the definition of the symplectic volume.

In Chapter 9 we apply the theory of Part II to characterize the space of connections
A(P) on a G-principal bundle P over a manifold M of dimension at least 3. In
particular, we show that A(P) possesses a natural vector-valued symplectic structure,
that the moduli space of flat connections M(P) is the symplectic reduction of A(P)
with respect to the action of the gauge group, and that the reduced form takes values
in H*(M). Utilizing the language of characteristic forms, we obtains similar results
for a variant of this vector-valued symplectic structure. In Chapter 10 we compute
the volume of the moduli space M (M) of flat G-connections on M, first in the case
that G is abelian, and second in the case that G is semisimple and 7, M is free abelian.
In Chapter 11 we show that if ¥ C M is a distinguished embedded surface in M,
then there is a symplectic immersion of the moduli space Mg (M) into Mg(X), thus
yielding information on the possible structure of Mg(M). We refer to the second

half of Section 1.1 for an outline of the main results.
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Chapter 9

The Reduction of the Space of

Connections

Let M be a smooth manifold of dimension greater than 2, let G' be a Lie group with
Ad-invariant metric (, ) on its Lie algebra g, and let P be a fixed G-principal bundle
on M.

Before proceeding, let us briefly review the relevant notation from Chapter 9. We
denote by A(P) the Q' (M, ad P)-affine space of connections on P. For each A € A(P),

we frequently utilize the identification

ON(M,adP) =5 T4A(P)
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given by

44 +ta|,_,, A€ AP),acQ(M,adP)

ay=—
AT q

where + denotes the action of Q'(M,adP) on A(P). In other words, we identify
a € QY M) = ToQH (M) with the induced vector field a € X(A(P)).

The exterior covariant derivative d4 : QF(M, g) — QFF1(M, g) is given by
dao(Xy, ..., Xpp1) =do(haXy, ..., haXp1S9)

where hy : TP — A is the fiberwise projection induced by the splitting A ® V(P),
where V(P) is the vertical tangent bundle of P. Since d4 preserves the subspace of
tensorial forms in Q*(P,g) of type AdP, we may also consider d4 : Q¥(M,adP) —

QOF (M, adP). Many of the results of this chapter rely on the property that
d(a A B) =daa A B+ (—1)*% A dys
See [2]. Finally, we write B*(M) for the space of k-coboundaries on M. That is,

B*(M) = dQF 1 (M) < QF (M)
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9.1 The Model Space (2'(M),A)

In this section we will consider two distinct vector-valued symplectic structures on
QYM).
Let X be a compact oriented surface. We have seen that the vector space Q'(X)

carries a natural symplectic structure: namely,

w(a,m:/an, o, € QD)

The aim of this chapter is to determine a suitable generalization of this symplectic
form to the case where dim M > 3.

The most natural vector-valued symplectic structure on Q!(M) is the wedge prod-
uct A. The following proposition establishes that A is indeed a Q*(M)-valued sym-

plectic form on Q'(M).

Proposition 9.1. Let M be a manifold with boundary of dimension at least 2. The

wedge product

A QN M) @ QY M) — Q*(M)
is an Q?(M)-valued symplectic structure on QY(M).

Proof. As A is clearly a skew-symmetric Q?(M)-valued form on Q'(M), we have only
to show that it is nondegenerate. Thus let a € Q'(M) and suppose that a A3 = 0 for

all B € Q' (M). Let (2');<, (n = dim M) be a system of coordinates on a neighborhood
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U C M, and let o; € C*°(U) be given by

a:Zaidwi
For each k£ < n,
OzaAdxk:Zaidxi/\dxk

Since n > 2, for each i < n there is a k < n with k # 4, and thus da® A dz* # 0 so

that «; = 0. Since our choice of U was arbitrary, we conclude that o = 0. O

It turns out that this symplectic structure is too fine for our purposes. The action
of C=(M) on QY(M) given by
fra=df +a
is not in general Hamiltonian with respect to symplectic structure w obtained by lifting

A to the fibers of TQ'(M). The issue is settled by reducing the space of coefficients

from Q%(M) to Q*(M)/B?*(M). To show this, we first establish a technical lemma.

Lemma 9.1. (i) Let U be a vector space with dimU > 3 and let w € A*U. If

uANw =0 for allu e U then w = 0.

(11) Let M be a manifold with dim M > 3. If 0 € Q*(M) satisfies d(f0) = 0 for all

feC>®(M), then 6 = 0.

Proof. (i) Fix a basis {e;}i<, (n = dimU) of U and choose constants w*” € R

180



9.1. THE MODEL SPACE (Q'(M), \)

(7,7 < n) so that

w = E w’e; N\ej

4,J<N

For each k£ < n, we have

O=e, ANw= Zwijek/\ei/\ej

L,j<n

Since n > 3, for every pair of distinct 7, 7 < n we can find a k < n with k # 1, 5.

Consequently, ex A e; Aej # 0 and thus w" = 0.

(ii) Since d(1-6) = 0, we have

df A0 =d(f6) =0

for all f € C*°(M). Fix p € M and observe that o A6, = 0 € A*(T; M) for all
a=df, € TyM. Now part (i) yields 6, = 0.

O

Proposition 9.2. Let M be a compact manifold of dimension at least 3. The assign-

ment

W QN M) ® QY M) — Q*(M)/B(M)

defined by

w(a, B) =a A B+ B*M), a, B € QY M)
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is an Q*(M)/B?*(M)-valued symplectic structure on Q*(M) if and only if dim M > 3

or M is a closed orientable surface.

Proof. The cases where dim M = 0,1 are clear. Suppose for the moment that
dim M > 3. Let a € Q'(M) and assume that a Ay € B*(M) for all v € QY(M). Let

B € QY(M) and observe that

d(a A fB) =d[f(anB)] € B (M)

for all f € C>*°(M). Thus a A f = 0 by Lemma 9.1. Since our choice of 5 was
arbitrary, the nondegeneracy of the wedge product yields o = 0.

Finally, suppose that M = ¥ is a closed compact orientable surface and equip X
with an orientation and a Riemannian structure g. Let x : Q) — QY(X) denote

the Hodge star operator. Let a € Q'(X) and observe that if
aABe B (X)
for all 3 € B?, then, in particular,
la||? dvol = a A xa € B*(X)

and thus

/ |r||* dvol = 0
>
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so that a = 0, as required.
If M = XY is a connected surface which is nonorientable, noncompact, or has
nonempty boundary, then the space of coefficients Q?(X)/B?*(X) = 0 is trivial and w

is the zero form. The case for disconnected Y. is similar. ]

9.2 Cohomology as Q?(M)/B?* M)-Symplectic Re-

duction

Let M be a smooth manifold with boundary, let w be the Q%(M)/B?*(M)-valued

2-form on Q'(M) be given by
wala,B) =a A B+ B*M), Ac QY M), a,p € QY M) =2 T,QNM)
and let C*(M) act on Q'(M) by
fra=df +a

The aim of this section is to show that the symplectic reduction of (Q'(M),w) is the

first cohomology H'(M) with the wedge product Ag.

Proposition 9.3. The space (Q'(M),w) is an Q*(M)/B*(M)-valued symplectic

manifold.
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Proof. The form w is closed as it is constant on Q%(M). For every A € Q' (M),
Proposition 9.2 ensures that the restriction of w to the fiber Q'(M) = T4Q'(M) of

the tangent bundle TQ! (M) is nondegenerate. This completes the proof. O

Theorem 9.1. The action of C®(M) on QY(M), given by f-a = df + «, is Hamil-

tonian with respect to w. A moment map

p: QY(M) — Hom(C™®(M), Q*(M)/B*(M))

1S given by

WA (f) =dAN f+ B*(M)

The reduced space is (H*(M),wy) where, for each A € H'(M), the reduced symplectic
form

wo: TiH*(M) @ TiH*(M) — H*(M) < Q*(M)/B*(M)

s given by

wo(@g, Ba) = a NP, a, € TyH*(M) = H*(M)

Proof. For a € QY(M), f € C*(M), the equality

dlaA f)=daA f—andf
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implies that

[da/\f} [a/\df]

02/B2 02/B2

Since d : QY(M) — Q*(M) is linear, the induced map d, : TQ (M) — TQ*(M) is
given by

deas = (dOé)dA c TdAQ2(M)

for every A € Q'(M). Thus,

<d*ozA,f> =da A f+ B*(M)
= a ANdf + B*(M)

= w(ozA,iA)

and we conclude that d : Q'(M) — Q?(M) is a moment map for the action of C°°(M)

on Q'(M). Since

WA =0 <= VfeO®M) : dANf+B*=0 +<— dA=0

we conclude that the reduced space is p=1(0)/C>(M) = Z*(M)/B*(M) = H*(M).

O
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9.3 The Reduction of the Space of Connections

Let M be a smooth manifold with boundary, G a compact connected Lie group and
let (,) be an Ad-invariant metric on the Lie algebra g, P a G-principal bundle on M,
(,)y an Ad-invariant metric on the Lie algebra g, and A(P) the Q'(M,adP)-affine
space of G-connections on P. Recall that (), induces a metric (,).qp on the fibers

of adP, and the wedge product on Q*(M,adP) is given as the composition

A Q5 (M, adP) @ (M, adP) ~2%% O (M, ad P @ ad P) %47, 0* (M)

Define the 2-form w € Q?(A(P), Q*(M)/B*(M)) by

wala, B) =a A B+ B*(M) € Q*(M)/B*(M)

for A € A(P) and a, 8 € Q*(M,adP) = T A(P).

Theorem 9.2. The form w is a Q*(M)/B%*(M)-valued symplectic structure on A(P)

if and only if dim M = 0, dim M > 3, or M 1is a closed compact orientable surface.

Proof. Closedness follows from the fact that w is constant on A(P). It remains to
prove w is nondegenerate. Again, the cases where dim M = 0, 1 are clear.
First suppose dim M > 3. Fix A € A(P) and assume that o € Q'(M,adP) =

T4 A(P) is nonzero at x € M. Let U C M be a closed trivializing neighborhood for
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adP containing x, so that U is a submanifold with boundary and
QNU,adP) = QY(U, g) = QY (U)4me
As «a is nonzero on U, Proposition 9.2 yields a 8 € Q! (U, adP) with
aly A B ¢ B*(U)

Since U is closed, there is an extension 3 € Q'(M,adP) of 8 to M, and B*(U) =
B2?(M)|y. Therefore,

aAf ¢ B*(M)

and we conclude that w is nondegenerate.

Now suppose M = ¥ is a closed compact orientable surface. Equip ¥ with an
orientation and a Riemannian structure g. Let x : Q'(X, adP) — Q!(32, adP) denote
the Hodge star operator determined by g and (,)aqp. If @ € Q?(Z,adP) = T4 A(P)
satisfies

aAp e B} Y)

for all 8 € Q%(3,adP) = T4 A(P), then
/ |ce||? dvol = / aAxa =0
s s
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and thus o = 0. It follows that w is nondegenerate.
Now suppose that M = ¥ is a surface which is nonorientable, noncompact, or
has nonempty boundary If ¥ is connected, then Q*(X)/B?(X) = 0 and thus w €

Q?(A(P),Q?/B?) is the zero form. The case for disconnected 3 is similar. O

Theorem 9.3. Let M be either a smooth manifold of dimension at least 3, or a
compact orientable surface. Fir a G-principal bundle P on M and let A(P) be the

space of connections on P. The natural pairing

12 A(P) — Hom(g, Q*/B?)

given by

WA (f) = F(A) A f + B*(M)

where F : A(P) — Q*(M,adP) is the curvature, is a moment map for the action of
the gauge group G(P) on A(P) with respect to the symplectic structure w € Q*(M),
defined by

w(a, B) =a A B+ B*(M)

for a, B € QYM,Q?/B?). The reduced space A(P)g is the moduli space of flat con-
nection M(P) = F~*(0)/G on P, and the reduced form wy takes values in the finite-

dimensional vector space H*(M).
Proof. Fix A € A(P), a € QY M,adP) = T4A(P) and f € Q°(M,adP) = 4(P).
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Since

d(aAB)=daaAB—aANdap

we have

[dAOé/\f}Q2/BQ = [aAdAf}Qz/Bz

As F.ao = dqo and iA = daf, we obtain

(Her, f) = wa (O‘7iA)

Therefore, F' is a moment map. For any A € A(P), we have

wA) =0 < VfeQM,adP) : F(A)ANfeB®> < F(A) =0

and we conclude that x~1(0)/G = F~1(0)/G.
If Ae p1(0) and a, 8 € QY (M, adP) = Ty A are tangent to p=1(0), then dja =
F.a=0and so a A B € Z?(M) is a cocycle. It follows that the reduced form wy on

M(P) takes values in Z?(M)/B*(M) = H*(M). O

Remark 9.1. Suitable adjustments are required when the base space M is noncompact,
since in this case the Banach-manifold structure of A(P) encounters complications.
This difficulty can be overcome by, for example, replacing A(P) with the subspace of
asymptotically flat connections on P. We will not address such considerations in this
exposition and, in the following, we will implicitly assume M to be compact.
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Corollary 9.1. If H*(M) = 0, then Theorem 9.3 and Proposition 7.5 together im-
ply that regular part of space of flat connections F~1(0) C A(P) is a Lagrangian

submanifold of A(P).

Proof. Tf the second cohomology H?(M) vanishes, then the reduced form wy, €
Q*(M(P), H*(M)) is necessarily zero, and Proposition 7.5 implies that p=*(0) is

a Lagrangian submanifold of A(P). The result follows as F~1(0) = p~1(0). O

Remark 9.2. It M = ¥ is a surface, A € A(P), a € Q'(X,adP) = TaA, and

f € Q%% adP) = 4 then the equality

O=d(aAf)=dsaNf—aAndasf

implies that the function p: M — Hom (g, Q*(M)) given by

WA)f) =FA N f=dif

is a moment map for the action of G on A(P) with respect to the Q?(X)-valued

symplectic form w given by

wala, B) =a N p

The reduced space A(P) is again the moduli space of flat connections M(P). How-
ever, the reduced form wy takes values in the infinite-dimensional vector space Z%(M)

of 2-cocycles on M.
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9.4 Characteristic Forms of Degree 2 and Ricci

Curvature

Let M be closed manifold with dim M > 2, let G be a Lie group, and let P be a

G-principal bundle on M. We first recall a formula from [42].

Lemma 9.2 ( [42] 11.5.5). Let A € A(P) be a connection, let n € Q'(P,g) be the
connection 1-form for A, and let a« € QY(P,g) be a tensorial 1-form of type AdG.
Then

1 1
daa(X,Y) = da(X,Y) + 3 [(X), n(Y)] + 3 [n(X), a(Y)]
for X, Y e T,P, ueP.
This will be a key tool in the following result.

Lemma 9.3. Suppose that o € QY(M,adP). If ¢ € g* is invariant under the coad-

joint action of G, then

(i) the assignment

adP — R

[, Y] — oY)

1s well-defined and fiberwise linear. We denote this assignment, as well as the
induced maps QF(M,adP) — QF(M), by ¢.
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(ii) ¢(dac) = d(ga)

(iii) d(¢a A 3B) = ddaa A $B — da A ddaB

Proof. (i) Let (u,Y) and («/,Y’) € P x g represent the same element in adP =
P X xq G. That is, we suppose there is a g € G with ' = ug™! and Y' = Ad,Y".

Since ¢ is Ad*-invariant, ¢(Y) = ¢(Y”) and ¢ is well defined.

(ii) Let Y, Z € g be arbitrary and observe that
d
oY, 2] = 5 & Mg 2] Ly = 0
Thus, by Lemma 9.2 and the linearity of ¢, we obtain

8(d40) = 6(da) + S9la,w] + 561w, 0] = d(pa)

as required.

(iii) By part (ii), we have

d(¢a A ¢B) = dpa A g8 — pa A dgp

=¢daa NS — da A pdaf

O

Remark 9.3. For any connection A € A(P), the image of the curvature F4 under
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the induced map ¢ : Q?(M,adP) — Q?(M) represents the characteristic class cor-
responding to the Ad-invariant multilinear map ¢ : g — R. That is, [¢pF4]g2 is the
image of ¢ : g — R under the Chern-Weil homomorphism. We will call ¢F4 the

characteristic form of A associated to ¢.

Corollary 9.2. Let V' be a real (resp. complex) vector space, M a smooth manifold,
E a V-vector bundle over M with structure group GL(V'), and tr : gl(V) — R (resp.

tr: gl(V) — C) the trace map on gl(V) = End(V'). We have

tr(daa) = d(tr )

and

d(traAtrf) =trdaa Atrf— tra Atrdasf

We are now ready to present the main result of this section.

Theorem 9.4. Let M be a manifold with dim M > 3, G a Lie group with dim G > 2,
P a G-principal bundle on M, and suppose that ¢ € g* is nonzero and Ad*-invariant.

The assignment

(wp)alex, B) = ¢ A ¢f + B*(M), A€ A(P), a,f € U (M,adP) = TAA(P)
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defines a closed 2-form

wy € W (A(P), Q*(M)/B*(M))

on the space A(P) of connections on P. The kernel of wy, at A € T4 A(P) is

ker (wg) 4 = ker [¢: Q'(M,adP) — Q'(M)]

Moreover, the action of the gauge group G on (A,wy) is Hamiltonian, with moment
map

po - A(P) — Q*(M)/B*(M)

given by

ps(A)Y = ¢F(A) A ¢Y + B*(M), X € Q%(M,adP)

and the reduced space is

A(P)o = (¢F)71(0)/G

Proof. Closedness follows as w, is constant on A(P).
Fix a connection A € A(P) and a tangent vector a € Q'(M,adP) = T4 A(P).
If a € ker¢, then it immediately follows that o € kerwsy. If, on the other hand,

a € kerw, then

pa A pB € B*(M)
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for all 8 € QY(M,adP) = T4 A(P). Since ¢ : Q'(M,adP) — Q' (M) is surjective and
Aor(ay is nondegenerate, we deduce that ¢pa = 0. Thus, ker(wg)a = ker ¢.

For f € Q°(M,adP) = gand o € Q'(M,adP), Lemma 9.3 implies that

{(g)wcua, f) = ¢pdaa A ¢ f + B*(M)
= ¢a A ¢duf + B*(M)

=w(aa, f,)
and thus p4 is a moment map for the action of G on A(P). Finally,
pe(A) =0 <= VfeQ'(M,adP) : pF(A)A¢f € B> <= F(A) € ker¢

so that ngl(o)/g = (¢F)~1(0)/G. O

Consider a complex manifold M and a holomorphic vector bundle E over M.

Recall that the first Chern class ¢;(F) is represented by the form
(A) = =L tr 7y € Q2(M)
T g A

where tr denotes the complex trace of Fy € Q*(M,EndcFE), and where A is any
connection on the holomorphic frame bundle PE. We will call ¢;(A) the first Chern
form of A. If A is the Chern connection of a hermitian structure h : E® E — C, then

c1(A) is proportional to the Ricci form p(h) of h [43]. This motivates the following
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terminology,
Definition 9.1. The connection A € A(FE) is said to be Ricci flat if ¢;(A) = 0.
The following corollary follows immediately from

Corollary 9.3. Let M be a complex manifold and let E be a holomorphic vector
bundle over M with ¢;(E) = 0. The moduli space of Ricci flat connections is the
symplectic reduction of the space of connections A(E) equipped with the symplectic

form wi, and moment map given by A — tr Fj.

Remark 9.4. Consider the map f : Met(E) — A(PFE) from the space of hermitian
structure on E to the space of connections on PE, which sends a hermitian structure
h to its Chern connection f(h). Then f is equivariant under the action of the gauge
group, f*wy, is an Q*(M)/B?*(M)-valued 2-form on Met(E), and the symplectic re-
duction of (Met(E), f *wtr) with respect to the moment map f*uy, is the moduli space
of Ricci flat hermitian structures on F.

In the case that E = TMC is the complexified tangent bundle, then the reduced

space is the moduli space of Ricci flat Kahler metrics on M.

Remark 9.5. It is significant in the preceding material that tr denotes the complex
trace. Indeed, the argument cannot be adapted to Riemannian structures as trg F)y =

0 for any metric connection A.
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Chapter 10

The Volume of the Moduli Space

Let (M?" 1) be a symplectic manifold, G a compact Lie group with Ad-invariant inner
product (-, -) on the Lie algebra g, and P a G-principal bundle on M. In section 10.1,
we will use the symplectic form n € Q?(M) to define a classical symplectic structure
w € Q?(A(P)) on the space of connections A(P), and to show that ﬁF Antis
a moment map for the action of the gauge group G on A(P) with respect to w. This
construction is well-known and already appears in the literature; see, for example, [76].

The remainder of this chapter, which comprises original scholarship, is devoted
to computing the volume of the moduli space Mg(M) of flat G-connections on M
with respect to the induced symplectic structure on Mg(M). While the volume of
the moduli space M(X) over a surface X has seen active progress in recent decades,

see, for example, [34,52,53,78,79,99,100], the case for a higher dimensional base M

has received little attention.
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Recall that, in Theorem 8.4, we established that the holonomy map establishes
a diffecomorphism on the regular parts of the moduli space Mg(M) and the repre-
sentation variety Hom(m M, G)/G. For each generating set {7;}; of m G, there is a
natural corresponding realization of Hom(m M, G), and hence Hom(m M, G)/G, as a
manifold with singularities. As there is no convenient representation in terms of repre-
sentatives of Mg (M), the question naturally arises as to the purpose of retaining the
construction Mg (M) at all; why not work entirely with the more accessible represen-
tation variety? The relevant answer in our present context is that, unlike the moduli
space Mg (M) for a Lefschetz symplectic manifold (M, n), the space Hom(m M, G)/G
does not possess a canonical volume form independent of the choice of generating set
{7i}i. We refer to [24] for an analysis of the volume in the surface case, and [70] for
a discussion of volume forms on character varieties in general.

Another application that expressly invokes the symplectic structure on Mg(M)
is the proof that the induced action of the mapping class group of ¥ on M¢(X) is
ergodic with respect to the symplectic volume [25].

While they do not address the moduli space of flat connections, the papers [19,20]
may also be of interest as they investigate the extension of gauge theoretic techniques

to higher dimensions.
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10.1 The Classical Symplectic Structure on the

Space of Connections

For notational convenience, throughout this section we assume that dim M = 4 and
that P is trivial.

We will regularly pair elements of Q*(M, g) with those of 2*(M). This operation
can be formalized by considering both spaces to be included in Q*(M, T'g), the space of
differential forms with values in the tensor algebra T'g. We will adopt the convention,
however, that for any «, f € Q*(M, g) the form a A 5 will will be implicitly followed
by the metric (-,-) on the g ® g component, and will thus lie in Q*(M,R) and not in
(M, g@g).

Let a, 8 € Q'(M, g) and define the bilinear form w : Q'(M, g) @ Q' (M, g) — R by

w(a,ﬁ)—/Moz/\B/\n

Proposition 10.1. The form w is a classical symplectic structure on the vector space

QY (M, g).

Proof. As w is clearly bilinear and antisymmetric, it remains to show that it is non-
degenerate.

Choose 3 € QY(M,g) with 8 # 0. Let U C M be an open set such that

(i) The form [ is nonvanishing on U; and
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(ii) There is a system of symplectic coordinates (z,y,s,t) : U — R%, explicitly,

n=dz Ady +ds Adt.

Now write
b= fdxr+gdy + hds+ kdt, fyg,h ke C(U,g)
and observe that

BAn=(fde+gdy+hds+kdt) A (dx Ady + ds A dt)

=fdzAdsAdt+gdyAdsAdt+hdsAdy Ade+kdt Ade Ady

is nonvanishing on U, for (5 A n)(p) = 0 implies f(p) = --- = k(p) = 0 and thus
B(p) = 0. Suppose then, without loss of generality, that g # 0. Let f € C®(M)

satisfy both f > 0 and supp(f) C U, and put o = fgdz. Then

w(0.8) = [ Jgdrngny
:/(fgdx)/\(gdy/\ds/\dt)
:/f<g,g>dx/\dy/\ds/\dt

:/f<gug>dVOITl
U

>0
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as required. 0

As P is trivial, it follows that the space A(P) of connections on P is an affine
space modeled on Q'(M,g). Consequently, for any A € A(P), the tangent space
TaA(P) is canonically isomorphic to Q'(M, g). Define the the 2-form w € Q?(A(P))
by

ora,f) = [ anpan
for A € A(P) and a, 8 € Q1(X2,adP) = T4 A(P).

Proposition 10.2. The form w is a symplectic structure on the space of connections

A(P).

Proof. 1t follows from Propostion 10.1 that w is nondegenerate. We will show that it
is closed.

Fix ag, o, 7% € Q'(M) and let a € X(A(P)) be given by

oulh)= S iAtsag)| | AcAP), [ CF(AP))

s=0

and similarly for 3,~. We will denote the collection of vector fields of this type by
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Xo(A(P)) < X(A(P)). We have

aalB(f)] = = Batsao(f)

s=0

t=01s=0

f(A —|— S + tﬂo)

s=0 ‘tzO

d

ds
d d

&a f(A-{—SOZO—{—tﬁo)‘
d d
~dtds

= Bala(f)]

As w(a, B) = w(ag, By) € C*°(A(P)) is constant, it follows by Proposition 3.10 of [42]

that

(dw)(a, B,7) = v(w(e, B)) = Blw(y, a)) +v(w(a, B))

- W([(X,B],’y) - w([ﬁ,y],a) - W([’)/,Oz],ﬂ)

Since the elements of Xo(A(P)) span the fibers of TA(P) we conclude that dw =

0. O

Thus w is a symplectic form on Q! (A(P)) Since P is trivial, we can identify the
gauge group G with C*°(M, ), as noted in [4]. Recall that the right action p of G

on A(P) is given by

A-g=A9+dg, Ae A(P),geg
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where A +— A9 is the adjoint action and dg is the induced map taking values in g.
We will make use of the facts that the Lie algebra gof G can be naturally identified

with C*°(M, g), and that the fundamental vector field of an element Y € g1is
Y, =da(Y)

where

da

g= QO(Mag) - Ql(Mag> =TaA

is the exterior covariant derivative corresponding to A € A(P). This mapping extends
uniquely to a degree-1 derivation on Q*(M,g). Recall, for example, from Section V
of [4], that the action of the curvature form F(A) € Q*(M, g) is equivalently expressed
by

P(A)-Y = (daoda)(Y) = [dad,Y], Y €Q°(M,g) =g

Finally, Proposition V.1.1. of [4] asserts that for any ay € Q(M, g), we have
F(A + Oéo) = F(A) + dAao + [Oéo, ag] (*)

Proposition 10.3. The action of G on A(P) is Hamiltonian with comoment map

f:g— C®(A(P)) defined by

RY)A) = [ ¥ AF(A) Ay

M
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forY € g and A € A(P).

Proof. We take this opportunity to illustrate a direct proof by means of constructing
a comoment map. We will first show that ji is a morphism of Lie algebras, and second

that it makes the above diagram commute.
Claim 1. The map fi is a morphism of Lie algebras.

Let Y, Z € 4= Q°%M,g) and A € A(P) be arbitrary. By the Ad-invariance of

(-,-), we have

Y, Z) A F(A) = ady Z A F(A)

_ (% Ader Z[_,) A F(A)

d
:_Ad SYZ FA

d
— & Z /\ AdestF<A>

s=0

s=0

= — ZA[Y,dpA]

:Z/\(dAOdA)Y
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Thus,

Hixy)(A) =

=

(X, Y]AF(A) An

I
— — —

Z/\(dAOdA)Y/\n
dAY/\dAZ/\n + d(Z/\dAY)/\n
= daY ANdaZ A n

= WA(XAaZA)

={Hy,Hz}(A)

Note that [d(Z AdaY) An =0 since 7 is closed. This establishes Claim 1.

Claim 2. The following diagram commutes.

C>(A(P))

=

J— Hy
g=Q(M,g) ——— X(A(P))

Y — (dAY)A

Fix Y € g~ Q%M,g) and A € A(P). It remains to show,

daY = Hyv)(4)
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We will prove an equivalent condition: that for any a € X(A(P))
WA(OéA, dAY) = OzA([L(Y))
Let a € Q'(M, g) so that

as(f) = % f(A+ sap) L fe COO(A(P))

Then,

aA(g(Y)):%/MYAF(AHaO)An

s=0

d
=% Y A <F(A) + sdag + s* [ao,a0]> AN

;
s=0

:/Y/\dAa/\n

:/aAAdAYAU+d(aAAY>A77

_/OJAAdAYAn

= wA(aA,dAY)

This establishes Claim 2.

We thus obtain the following corollary.

Corollary 10.1. The moment map p: A — g° of the action of G on A(P) is given
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by

when the pairing under integration is understood.

The Marsden-Weinstein symplectic reduction theorem ensures that there is a

unique reduced symplectic form wqy on the regular part of

which satisfies the conditions in Theorem 3.1. While the reduced space A(P)q con-
tains the moduli space M(P) = F~1(0)/G of flat connections on P, the two are not
in general equal. However, it does transpire that if the symplectic form n € Q%(M)
is Lefschetz, then the regular part of M(P) is a symplectic submanifold of A(P)j.

Recall that a symplectic manifold (M?",w) is said to be Lefschetz when

H*(M,R) — H*'(M,R)

a—aAw !
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is an isomorphism.

We refer to Appendix A for further details on the reduced space A(P)j.

10.2 Local Systems and the Space of Connections

Let M be a manifold with a symplectic structure w (resp. Riemannian structure g).
Note that w (resp. ¢) induces a volume form on M and H'(M,R). Moreover, if G
is a Lie group with an Ad-invariant inner product on the Lie algebra g, then there is

an induced volume form on H'(M,g).

For p € Hom(m, G) and k € N, define the chain groups

C,(M,adg) = CL(M,Z) @z, 0

where Z[m] acts on M by deck transformations, and on g by the linear extension of

’)/-Y:Adp(,y)y (76 7T1)

The boundary operator

8,) : Cp7k(M, adg) — p,k—l(M7 adg)
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is induced by

0: Ck<M,Z> — Ck_l(M,Z>

and the identity transformation on g. We will denote the homology of this complex

by H,r(M,g). The cohomology H E(M , @) is defined similarly, with cochain groups

C/]f(Ma ad g) = HomZ[ﬂ (Ck(M)a g)

Refer to section 3.H of [29] for further details.
Now suppose that Pg(M) is a G-principal bundle on M| let A be a flat connection
on P. Let

QF(M, ad g) = Q*(M,R) ® C=(M, ad g)

be the collection of vertical G-invariant k-forms on Pg. The exterior covariant deriva-
tive d4 is a coboundary operator on the complex (Q%(M,ad g),d4), and we denote
the cohomology by H4(M,adg).

If the connection A corresponds to the representation p, then there is a canonical
identification Hy(M,adg) = H5(M,adg).

As it forms the central construction of this and the following chapter, let us recall

the definition of the moduli space of flat G-connections on M.

Definition. Fix a compact manifold M and a Lie group G. Let Pg(M) = {P;};

denote a fixed collection of G-principal bundles on M such that Pg(M) contains
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precisely one representative from each isomorphism class of G-principal bundles on
M. Let Ag(M) = |, A(F;) denote the union of the spaces of connections, and define
the moduli space of flat G-connections on M to be the union Mg(M) = J, M(P)

be the disjoint union of the moduli spaces M(F;).

10.3 Abelian Structure Group G

Before we begin, let us first recall the definition of the

Definition. Let (M?" w) be a symplectic manifold. The symplectic volume of M is

the quanitity

1
VolM:—/ w"
n! S

The (2n)-form Lw™ € Q*"(M) is called the symplectic volume form.

We first consider the relatively straightforward case in which the structure group
G is abelian. The approach developed here will later be adapted to the more sophis-

ticated context of Section 10.4.

Theorem 10.1. Let M be a symplectic (resp. Riemannian) manifold and let T be a

compact abelian Lie group equipped with an Ad-invariant metric. Then
vol Myp(M) = vol(T)*™) vol HY (M, 7)) [Hom(H, (M, Z) 7oy, T)|

where vol HY(M,Z) denotes the lattice covolume of H'(M,Z) < H'(M,R) with re-
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spect to the symplectic (resp. Riemannian) structure on M and Ch(Hy(M,Z) 1) is

the finite set of characters of Hy(M,Z) o

Proof. Let B be a basis of Hy(M,Z)modtor- Since T is abelian, we have the following

diffeomorphisms,

Mr(M) = Hom(m,T)/T
>~ Hom(H, (M, Z),T)
= Hom(H (M, Z)moator, T') ® Hom(H (M, Z)1or, T')

>~ C(B,T) x F

where F' is a finite set. Denote this identification by

¢ : Hom(H,(M,Z),T) — C*(B,T) x F

Let A be a T-connection on M and let p € Hom(m,T) be the associated ;-

representation on 7. Since T is abelian the adjoint action on t is trivial, and so

le(M7 t) = HOIIl(H1 (M; Z)modTom t)
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Under this identification, the induced map ¢, is given by

¢* : H0m<H1(M7 Z)modTora t) - COO<B7 t)

o —  alg

Denote by dvol; € dett the metric volume form on t and let v € C®(B,dett) =

det C*°(B, t) be the map with constant value dvol;. Note that

/ v = vol(T)(3)
C>(B,T)

Let A < t be a lattice with vol,(A) = 1 and let A = C>(B, A). Since ¢, H'(M,\) =
AB| it follows that

o*'v H'(M,A) = v(AP) =1

From this and the equality vol(A) = 1, we have
<dVOlMT(M), I/> = dVOlMT(M)(Hl (M, A)) = dVOlHl(M’R) HI(M, Z)
and we conclude that

vol( M (M) = / (dvolyg, (ury, 1) v
C>(B,T)xF

= vol(T)"" ™) vol HY(M, Z) [Hom(Hy (M, Z)1e:, T)|
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O

Corollary 10.2. The moduli space of complex line bundles over M with flat connec-

tion has volume

vol(Myay(M)) = (2m)" ™) vol HY (M, Z) |Ch(H, (M, Z) 1,,)]

where Ch(Hy(M,Z) 7o) is the set of characters of Hi(M,Z) o

Corollary 10.3. The volume of the moduli space of Kdhler metrics on the torus T?
18

vol(My)(T?)) = 4n°

10.4 Free Abelian Fundamental Group (M) and

Semisimple Structure Group G

Let G be a compact connected semisimple Lie group. Recall that an element g € G

is called general if g generates a maximal torus T' < G.

Lemma 10.1. Let k > 1 and define S®) = {(gl)l e Gk ‘ 9i,95] = 1}. Let UK) C S()
consist of those elements (g;)i<) € S®) for which there exists a unique mazimal torus

T < G with (g;); =T.

(i) The set U has full measure in S*).
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(ii) U®) contains a dense open subset of S*).

(iii) Let g = (g;); € U™ and let g, < T;8%) be the induced image of g at g under
the action of G on S by conjugation. Then TgS(k) ~ T,H" & 9, with respect to

the Killing metric.

Proof. (i) When k = 1, UM is the collection of general elements in G, and U™
has full measure in G = S by Theorem 2.11 of [7]. Now suppose the claim is

true for k > 1 with U®) C S® the corresponding set of full measure, and let
o s SHFD gk

be the projection onto the first k coordinates. Choose (g;); € U® and let T < G

be the corresponding maximal torus. Observe that

(917 <oy Gk h) € S(kJrl)

precisely when h € T, and note that (h) = T for almost every h € T. Thus
U*+1) has full measure along the fibers of pg|;;a. It follows that U®*+1) has full
measure in the preimage p,le (k) which in turn has full measure in S®*V. Thus
for almost every (g;); € S® there is a maximal torus T which is generated by
each component g;. According to Theorem 2.11 of [7], it follows that for each

gi, T" is the unique maximal torus containing g;.
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(ii) This follows from (i) and an argument from smoothness.

(iii) Since H* C S® we have T, H* < T,S™. Now suppose that (X;); € (T,H*)*
TgS(k). Let ® contain the roots of g = T}G with respect to H, and note that

the root-space decomposition

g:b@@ga

acd

implies that for each © = 1,...,k, there is a Y; € g such that X; = 1_/@791.. Since
any variation of g induces a variation of H, it follows that Y; = Y for each
i,j < k. Thus X =Y;; and we conclude that (T;H)* =g .

O

Theorem 10.2. Let M be a symplectic (resp. Riemannian) manifold with free abelian
fundamental group T M, G a compact connected semisimple Lie group of dimension k
and rank £, {,) an Ad-invariant metric on the Lie algebra g, H a maximal torus of G
with Lie algebra b, W the Weyl group, {a} C H* the root system, and p = %Z(DO o

the half sum of a subsystem of positive roots. Then

vol Ma(M ( vol & Hap) volHl(M 7)

a>0
where vol H(M,Z) denotes the covolume the lattice H'(M,Z) in H'(M,R).

Proof. As we are only interested in the metric volume form dvol y on G, we will
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assume, without loss of meaningful generality, that (,) is proportional to the Killing

metric.

Let B be a basis for H;(M,Z) and let

C5°(B,G) = {f € C=(B,G) | [/(B), f(B)] = 0}

so that

Hom(m M, G)/G = Hom(H,(M,Z),G)/G

~ C3(B,G)/G

Let Up(B,G) C C§°(B, G) contain precisely the elements f : B — G for which there
is a maximal torus Ty < G such that, for each 0 € B, T is the unique maximal
torus containing f(0). Fix f € Us(B,G), let H = (f(B)) < G be the maximal torus
generated by f(B), and let h < g be the Cartan subalgebra corresponding to H.

Denote by g ;< Ty C§°(B, G) the action-induced image of g at f. It follows from
Lemma 10.1 that

T; C3°(B,G) = T;C™(B,H) &g,
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ThU.S, for f = [f]Ga

T; (CF(B,G)/G) = T;C™(B, H)

= C%(B,b)

Let dvoly € deth be the volume form induced by the Killing metric and let v; €
det C* (B, h) = C*(B,det h) correspond to the function with constant value dvol.
Let

Un(B,G) ={f € Uo(B,G)|(f(B)) = H}

As the action of G identifies all maximal tori, there is an isometry

where we recall that Wy is the Weyl group of H. Since Lemma 10.1 provides that

Ug(B,G) CH b1(M) a8 full measure, and since Wy acts by isometries, we have

vol (C(B, G)/G) = vol(Un (B, G) /W) = ——vol(H)*)

Fix f € Ug(B,G) and let p € Hom(m, G) be the corresponding representation.

As (f(B)) = H, it follows that

(Adop)(m) =Ad(H) =1 € Aut(h)
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and thus

H,(M,adb) = H'(M,b)
>~ Hom(H,(M,Z),h)

= C*(B,bh)

Proceeding as in the proof of Theorem 10.1, we obtain

(dvolpig(ary, vg) = vol H (M, Z)

from which we deduce

B 1
W Junis.c
1

= — vol(H)"™) vol HY(M, Z)
Wi

vol Mg (M) (dvol g (ay, vy) Vg

The result follows from the fact, established in [54], that

vol G
volH = ———; | | ap
k—¢
\% 2m a>0
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Remark 10.1. It may appear that we have claimed that the volume of the torus
H scales linearly with the volume of the group . This apparent inconsistency is

accounted for by the fact that the metric (,) appears in the pairing pa.

Remark 10.2. The effect of the requirement that m; M be free abelian is to ensure that
the generic representation p € Hom(m M, G) satisty p(m M) < T, for some maximal
torus T, < G. In fact, it is this latter condition which enables the computation of the
volume, as it implies that we may replace Hom(m M, G)/G with Hom(my M, T)/W =
Hom (H;(M),T)/W. This may enable the computation of vol M (M) for a broader

class of m{M and G.

Using Table 1 of [57], we obtain the following numerical formulas for volume of

the moduli space with respect to the metric conventions of Chapter VII §13 of [6].

G VOlMg(M)

SU(r+1) L [77(2r + 270272 4. 1)32]0D ol 1 (M, 7))

SO@2r +1) 54 [4nm(4r — 2)r@rtn/2]™

Sp(2r) grr, [27r (4r +4)" <2r+1)/2}b1
SO(2r) s [ (dr — 4)T<2r—1>/2}b1
Es e [33/2m0 2439

Fr e [2%277 6133]

Ey 4! 6'8' [ 60124]

F 2‘414' [Qﬂ- 1826}

G % [31/2772 9412 } by
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The corresponding volume for an arbitrary choice of Ad-invariant metric (,) on g
can be obtained by noting that vol Mq(M) scales linearly with (,)b1(M)rankG/2 e

also observe that vol M (M) also scales linearly with vol(G)? (M) rankG/dim &,

Corollary 10.4. If M = T* is a k-dimensional torus with Riemannian metric g,
then

lG by (M) 1
IMg(T") :( o R
volMa goo‘p W [vol T*

Proof. Let Apw = H(T*,R)/H,(T*,7Z) be the Albanese variety of T%. Then A =

T* and vol(Ap+) = vol(T*) with the induced volume on Azx. Thus

vol HY(M, Z) = vol Hy (M, Z)™!
= VOI(ATk)_l

= vol(T*)™*

and the result follows by Theorem 10.2. O

Remark 10.3. At the opening of this chapter, we cited the ergodicity of the action of
the mapping class group of a surface 3 on the moduli space Mg(X) [25]. It would be
interesting to adapt this argument to the context of a higher dimension base space
M, either with respect to the classical symplectic volume reviewed in this chapter,
or the vector-valued volume of Chapter 7. In the latter case, the notion of ergodicity

would require a suitable interpretation in the setting of a vector-valued measure.
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Chapter 11

Immersions of the Moduli Space

We turn now to relate the moduli spaces M¢(M) and M (X) when ¥ is an embedded
submanifold of M. This chapter follows Section 10.1, but is otherwise independent
of Chapter 10. In brief, we let (M* 1) be a symplectic manifold, G a Lie group
admitting an Ad-invariant metric (,) on the Lie algebra g, P a G-principal bundle
on M, w(-,-)=[,,- A - An the induced classical symplectic structure on A(P), G
the gauge group, A(P)y the reduction of A(P) by the action of G, and M(P) the

moduli space of flat connections.

11.1 Kahler Embeddings and Volume Comparison

Recall that a Riemannian manifold (M, g) is said to be formal when the subspace of

harmonic forms H*(M) < Q*(M) is an subalgebra under the wedge product.
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Theorem 11.1. Let (M, g,w) be a formal Kdhler manifold, let (¥, gs,ws) be a Kdhler
surface, and suppose that v : X — X is a Kahler embedding. Note that the Lefschetz
condition implies that the induced map i, : H\(M) = Hy(X) is a bijection. Let
Qur and Qs be the induced symplectic structures on H*(M) and H'(X), respectively.

Define vy, € H? (Hl(X)) to be the form given by

Vz(%ﬁ):/E(Oé/\ﬁawﬁ

where w, is the fiberwise projection of w onto the normal fibers N3 C T, M|s, along

Y. Then

vol(M)

Qv =1 Q
nvol(X) M =03tV

Proof. Let f; € C°°(M) be a solution to the heat equation
d
—f=A
S =0
with initial data
lim / o fi dvoly = / ¢ dvoly, ¢ e C®(M)
t—0 M )

Write n = w1t and let o, 8 € HY(M). Tt follows that a A B A n is harmonic,

_1
(n—1)!
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and

d
= aAﬂAnft:/aA@AnAft
iy

:/<* (a A B An),ddf,) dvoly

=0
We conclude that
vol(X) vol(X) /
Q
nvol(M) m(, ) nvol(M) Ma/\ﬂ/\n

=lim [ (aAB,w)f;dvoly

t—0 M
:/(a/\ﬁ,w>w
)
:/(a/\ﬁ,wg>w+/<a/\@wﬁw
5 )

= (") (a, ) + vs(a, B)

Remark 11.1. Note that,

(i) If (M, g,w) is not formal, then, without loss of meaningful generality, we may
replace a A § with the harmonic representative of its cohomology class.
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(ii) The inequality

12 [ < flaal[ 12 + (1]

can be used to compare the symplectic the volumes of M(P,,) and M(Px) for
U(1)-principal bundles Py, and Ps. This approach could potentially be adapted

to the case of nonabelian structure groups G.

11.2 Canonical Immersions of Mg(M) in Mg(X)

We first show that the moduli space construction M : P +— M(P) satisfies a prop-
erty akin to that of a contravariant functor with respect to smooth and equivariant

embeddings f: P — P'.

Lemma 11.1. Let G be a Lie group, let Py and Py be G-principal bundles on N
and M, respectively, and let f : Py — Py be a G-equivariant smooth map. Then f

pulls back connection 1-forms from M to N and, moreover, the curvature
Fo = f*F, € Q*(N,adg), a € QYPy, g)°
In particular, f pulls back flat connections to flat connections. If f is an embedding,

then there is an induced map f*: Mg(P(M)) — Mg(P(N)).

Proof. Let a € QY(Pyy, g)¢ be a connection 1-form on Py;. Since a and f are G-

equivariant, it follows that f*« is also G-equivariant. Thus, for X € g and p € Py,
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we have

Hence f*a is a connection 1-form on Py. The structure equation [42, Theorem 5.2]
yields

FE = d(fa) - %[ fra, fral = o

and it follows that flat connections pull back to flat connections. Consider the adjoint
bundles

AdPN:PN XgG, AdPM:PM XgG

and the gauge groups
GPy = C*™(N,Ad Py), GPy = C*(M,Ad Py)

Now suppose f is an embedding and note that the induced map f, : Ad Py — Ad Py
yields

fr:G(Pu) — G(Py)
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which is the composition of

C™(M, Ad Py;) — C®(N, Ad Py) — C™(N, Ad Py)

where the first factor is the pullback by f : N — M and the second is induced by

it AdPylims. — AdPy. For x € N, u € (Py), and g, € Ad, Py, we have

f(ug.) = f(u) - figa

Thus, for any g € G(Py) and any X, € T, P,

f(Xug) = (f:Xu) - fug

Therefore, for any connection A < TP,

Dually, for any connection 1-form a € Q'(Pyy, g) and any g € G(Pyy), we have

[lag) = (ffa)- g

and so f* preserves gauge-equivalence classes. O

226



11.2. CANONICAL IMMERSIONS OF Mg(M) IN Mg(%)

We will apply Lemma 11.1 to the case where N = ¥ C M is an embedded surface

and f : P|y < P is the inclusion, for a G-principal bundle P on M.

Theorem 11.2. Suppose that (M?",w) is a symplectic manifold and that ﬁw €
H?""%(M,Z) is indivisible. If n > 2, then there is a compact, connected embedded
surface ¥ C M such that [3X] € H*(M) is the Poincaré dual of [n] € H*"72(M).

Moreover, the inclusion i : ¥ — M vyields a symplectic immersion i* : Mg(M) —

M (X) and, at a point [A] € Mg(M), the codimension of the image is equal to
dimker( H;(M,X;adg) — H3(M,adg))

Proof. Put n = ﬁw”’l € H?"%(M). The existence of ¥ follows from the
indivisibility of n € H"?(M,Z) by [89]. Fix a connection A on M and let

a,B € Hy(M,adg) & TaMg(M). Since ¥ represents the Poincare dual of 7, it

/Moz/\ﬁ/\n:/zoz/\ﬁ

and so the derivative d(i*)4 : TaMg(N) — TiaMg(M) is symplectic and hence

follows that

injective. Note that d(i*)4 forms a part of the long exact sequence on cohomology

induced by an inclusion,
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H%(M, S ad g) —— H3(M, ad g) —— H(S, ad g)

d(z

H} (%, ad g)
*)A

The initial map is 0 since d(i*) 4 is injective. The proof is complete by observing

that

corank i* = dim H (¥, ad g) — rank d(i*) 4
= dim H}(Z,ad g) — nulldy
=rankdy

=null y

]

Remark 11.2. Observe that the immersion 7* is invariant under local deformations
of ¥. It would be interesting to determine the extent to which ¢* depends on the

particular choice of representative ¥ C M of the Poincaré dual [n]* € Hy(M).

Theorem 11.2 implies that the unknown spaces Mg(M) can be understood in
terms of the familiar spaces Mx(M). For example, if Mg(M) is closed, then the
possible values of vol M (M) are restricted to the pairings of the class %[w Ma(x)) €
H*(Mg(2)), k € N, with the homology classes on M¢(%).

Another consequence of Theorem 11.2 is that if Mg (X) admits a prequantum line
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bundle Ly, (x), then Mg (M) admits a prequantum line bundle Ly, as well. For
example, we may take L, to be the pullback of L,y by the immersion of
Mg(M) in Mg(%).

Note that the conditions of Theorem 11.2 did not require that (M, w) satisfy the

Lefschetz condition, that is, that the assignment

HY(M,R) — H*'(M,R)

a—aA w" !

be an isomorphism, and hence that Mg (M) inherits a natural symplectic structure.

In fact, it turns out that this condition is in fact already ensured.

Proposition 11.1. Any symplectic manifold (M?",w) that satisfies the hypotheses of

Theorem 11.2 is Lefschetz.

Proof. Let ¥ C M be as in Theorem 11.2. By the nondegeneracy of the symplectic

form,

(a,B) — XN (aUpP) =[E]Nnang, a,p e H (M,R)

Consequently the

[X]n: H'(M,R) — H,(M,R)

a— XlNa
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is injective, and hence an isomorphism. Since the Poincaré duality map [M]N :

H?"Y(M,R) — H;(M,R) is an isomorphism, and since

[M]N(nUe)=[E]Na

we deduce that a — 71U « is an isomorphism. O]
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Appendix A

The Reduced Space A(P)

The purpose of this appendix is to investigate the reduction of the space of connections
by the action of the gauge group, with respect to the symplectic structure developed
in Section 10.1.

Let us recall the relevant data. Let (M* n) be a symplectic manifold, G a Lie
group admitting an Ad-invariant metric (,) on the Lie algebra g, P a G-principal
bundle on M, w(+,-) = [ A N - A the induced classical symplectic structure on
A(P), G the gauge group, A(P)o the reduction of A(P) by the action of G, and

M(P) the moduli space of flat connections. See Section 10.1 for further details.

A.1 The Inclusion M(P) C A(P),

We first substantiate our claim, asserted in Section 10.1, that the reduced space A(P)o
contains M(P).
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Proposition A.1. There is an inclusion
i: M(P)— A(P)oy

of the moduli space of flat connections M(P) into the reduced space A(P).

Proof. Let [A] € A, where [-] represents the residue class modulo the action of G.

Then

so that A € u~1(0) and thus [A] € A(P),. Consequently, A C A(P)o. O
The next lemma will be useful for investigating the tangent bundle T'A(P)y.

Lemma A.1. The map

*Q *

pe: TA(P) = Tg =g
15 given by
,u*(aA)(Y):/ daa ANY An
M

for Ae A(P) andY € Q°(M,g) = 4.

Proof. From Section III.1 of [4], we know that

(@) (V) = w(aa, Y ,)
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Hence,
n(a)¥) = [ ann¥,nn
M
:/ OéA/\dAY/\ﬁ
M
Z/ dAOéA/\Y/\n
M
as required. O

Proposition A.2. For [A] € A(P),, we have
TinA(P) = H'(Ca)

where C4 is the complex

A

d od
QO(M, g) —= Ql(M,g)n%AQ“(M,g)

and where the map 0™ : Q*(M,g) — Q*(M, g) is defined by
(@) =nAa, a€Q'(M,g)

Proof. The tangent space of p~1(0) at A consists of all aya € T4 A(P) for which
ti(aq) = 0. That is,
Tap~'(0) = (1) 4" (0)
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It follows that the tangent space of ;1 ~1(0)/G at [A] is isomorphic to

(1) 2" (0)/g,

where

4A = {XA}YGg

is the space of action-induced vectors at A. By Lemma A.1, we have

(1) 4" (0) = ker (1" o da)

The result follows as

4A - {dAY}yEg = im dA

Now suppose that A € F~1(0). An analogous argument to that of Proposition
A.2 establishes that

T[A]M(P) ~Cy

where Cy4 is the complex

d d
OO(M, g) —=— Q'(M, g) —=— Q(M, g)

This is similar to the complex C, in [52] Section 4. The complexes C4 and C, are
related by the chain map,
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_ d d

C O0(M, g) —— QY(M, g) —— Q2(M, g)
d Nod

Co QMg — QUM g) QN0 g)

As the first two arrows are identies, the induced map

H'(Ca) — H'(Ca)

is injective and, in particular, is the derivative of the inclusion i : M(P) — A(P)g

from Proposition A.1,

A.2 The Dimension of A(P),

We turn now to consider the dimension of A(P)y. It is well-known that dim M (P)
is finite-dimensional. Our aim is to show that dim . A(P)y is finite-dimensional as
well. This is not of particular importance to the main lines of inquiry taken in this

dissertation, though it would be interesting to understand
1. how the manifold structure of M(P) relates to that of A(P)y, and
2. the dependence of A(P), on the choice of n € Q*(M),

when dim A(P), is finite-dimensional.
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As a matter of notation, all chain complexes should be understood to be extended
by zero on either side.
Perhaps the most straightforward route to determine dim .4(P), would be to ex-

tend the sequence C4 — C4 (A € F~1(0)) to a short exact sequence of complexes,

B%C_AHCA, or C_A—>CA—>B

for some complex B, and then to use the associated long exact sequence on cohomol-
ogy to determine the dimension of H'(C4) = TiajA(P)o. However, since " is not
surjective (resp. injective), the sequence C4 — C4 cannot extend on the left (resp.

right). Therefore, this abstract homological approach is not available to us.

We will instead attempt a more direct proof based on the Hodge theory of the
complex C4. Our primary reference in this section is Chapter IV, Sections 2 and 5,

of [96].

Definition A.1. Let N be a manifold. A differential complex £ is a chain complex

rE) —rE) —2 B ey

where each Fj; is a vector bundle over N, and where each map

Li: T(E;) — D(Ei)

is a differential operator. Let m : T* N — N be the cotangent-bundle projection map.
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The complex & is called elliptic if the corresponding symbol sequence

o(Ly) "E o(Ls) o(L3)

m(E)) ———— 7*(Ey) ™ (Ey)

is an exact sequence.

Example A.1. The complex C4 is a differential complex:

d Nod
['(A°M @ g) N I'(A'M ®g) u ['(A*M @ g)

Under the assumption that C4 is elliptic, a standard argument for dim .4y < oo
would proceed as follows.

1. Ellipticity implies that the space of Cs-harmonic sections is finite dimensional.

~Y

2. The space of C4-harmonic sections on Q'(M,g) is isomorphic to H'(C,) =

TiaA.
3. Steps 1 and 2 yield dim T} A < 0.
4. Thus Aj is finite-dimensional by the arbitrariness of A € u~*(0).
However,
Proposition A.3. The complex Ca is not elliptic for any A € u=(0).
We require the following two lemmas.

Lemma A.2. Fiz i € N and consider the maps

da, " : T(A'M ® g) — T(A™' M @ g)
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For any x € M and o € T M\{0},
1. O'(dA)a = Oé/\

2. U(nA)a =1

Proof. Choose f € C*°(M) such that f(x) =0 and (df), = «a, and let § € Q*(M, g)

be arbitrary. For the first-order operator d4, we have

o(da)a b = [dA(f : 9)]93
= (@) A+ [ (dah)],

=aANb,

For the zeroth-order operator 1",

U(nA)a 0, = [77A(f0 : H)L;

=nAb,

This proves the claim. O

Lemma A.3. Fixx € M and o € ALM\{0}. Consider the maps

N ANMeg—-AMeg
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and

MAa)" :ALM®g— AIM®g

We have

dim (ker (n A @)") > dim (im ")

Proof. Put k = dimg. Since o # 0, the assignment

g AM®g

Y— a®Y

is injective and hence

rank o’ = dim(A2M ® g) — nulla” = k

Since dim(A*M ® g) = k, it follows that rank (n A a)" < k. Consequently

null (n A a)" = dim(A'M ® g) — rank (n A )" > 4k — k

This completes the proof.
We are now ready to prove Proposition A.3.

Proof of Proposition A.3. We will show that the sequence of symbols
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o(da) onoda)
T(AM@g) —— T (A'M @ g) —— 7 (A'M ® g)

is not exact. Let x € M and a € TyM\{0}. By Lemma A.2 and the composition

rule for symbols, we have
ker o(n” oda)s = ker (") 0 0(da)a = ker (n A )"

and

imo(dg), =ima”

Thus, it suffices to show

ker.(n /\/\oz)A 40
im «

which is an immediately consequence of Lemma A.3. O

Thus, if it is indeed the case that the reduced space A(P)y is finite-dimensional,

then a more sophisticated argument is required to show this.
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