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 8 

ABSTRACT 9 

The grid generation capability built into the numerical simulator TOUGH for multi-phase fluid 10 

and heat flow through geologic media can create one-column grids with linear or radial 11 

geometry, corresponding to one-dimensional or two-dimensional radial flow, respectively.  The 12 

integral-finite-difference-method that TOUGH employs for spatial discretization makes it very 13 

simple to generalize the grid-generation algorithm from integer to non-integer (fractal) flow 14 

dimension.  Here the grid-generation algorithm is generalized to create one-column grids with 15 

fractal flow dimension ranging from less than 1 to 3.  The fractal grid generation method is 16 

verified by comparing numerical simulation results to an analytical solution for a generalized 17 

Theis solution for integer and non-integer flow dimensions between 0.4 and 3. It is then applied 18 

to examine gas production decline curves from hydraulically fractured shale that is modeled as a 19 

fractal-dimensioned fracture network with flow dimensions between 0.25 and 3.  Grids with 20 

fractal flow dimension are useful for representing flow through fracture networks or highly 21 

heterogeneous geologic media with fractal geometry, and may be particularly useful for inverse 22 

methods.   23 
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1.  INTRODUCTION 26 

The TOUGH family of codes for multi-phase fluid and heat flow through geologic media 27 

(Pruess, 2004) use the integral-finite-difference (IFD) method (Narasimhan and Witherspoon, 28 

1976) for spatial discretization.  In this method, the volumes of grid blocks, the areas of inter-29 

faces between grid blocks, and the distances between nodal points and the interfaces are 30 

specified, without reference to a global coordinate system (Figure 1).  This feature enables 31 

creation of one-column grids such as those shown in Figure 2 that can represent  32 

 linear flow geometry (all grid blocks have equal interface areas),  33 

 radial flow geometry (interface area is proportional to ri),  34 

 spherical flow (interface area is proportional to ri
2
), 35 

where ri is the distance from the origin of the grid to the ith grid block.   36 

 37 

Figure 1.  Geometry data in the IFD method: Vm and Vn are the volumes of grid blocks m and n, 38 

respectively; Amn is the area of the interface between them; and Dm and Dn are the 39 

distances from the nodal points to the interface.   40 
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 41 

Figure 2.  Schematic view of one-column grids for linear flow, radial flow, and spherical flow. 42 

One-column linear and radial grids are familiar to most TOUGH users and can be created 43 

automatically using the MESHMAKER module (Pruess et al., 1999).   The present paper 44 

describes how the MESHMAKER grid generation algorithm can be generalized to non-integer 45 

flow dimensions (i.e., fractal flow dimensions).  For a flow dimension d (0 < d ≤ 3), one can 46 

create a one-column grid to represent d-dimensional flow simply by making interface area 47 

proportional to ri
d-1

 and integrating to obtain grid-block volume proportional to ri+1
d
- ri

d
, where 48 

ri+1 and ri are the distances from the origin of the grid to two adjacent grid blocks.   The use of 49 

non-integer dimension grids should be applicable to any numerical simulator based on the IFD 50 

method, not just the TOUGH family (i.e., TOUGH2 (Pruess et al., 2012), iTOUGH2 (Finsterle, 51 

1999), T2VOC (Falta et al., 1995), TMVOC (Pruess and Battistelli, 2002), and TOUGHREACT 52 

(Xu and Pruess, 2001). 53 

 54 

This paper is organized as follows.  First, the concept of fractal flow dimension is reviewed and 55 

illustrated in the context of flow through fracture networks or heterogeneous porous media. Next, 56 

the fractal grid generation method is described, then two examples of its use are presented. The 57 

first example compares numerical simulation results to an analytical solution for a generalized 58 

Theis solution (Barker, 1988) and serves to verify that the created grid does possess the desired 59 
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fractal flow dimension.  The second example considers gas production from hydraulically 60 

fractured shale, and illustrates how the early-time slope of the pressure decline curve can be 61 

related to the fractal flow dimension. 62 

2.  THE CONCEPT OF FRACTAL FLOW DIMENSION FOR GEOLOGIC MEDIA 63 

A fractal dimension is defined here as a dimension that may have a non-integer value.  The usual 64 

concept of a spatial domain being 1-, 2-, or 3-dimensional can be generalized to allow d-65 

dimensional spaces, where d need not be an integer.  Since the concept of fractal geometry 66 

(Mandelbrot, 1983) was introduced into the Earth Sciences in the 1980’s, numerous authors have 67 

used fractals to describe heterogeneous porous and fractured media and investigated the resulting 68 

flow and transport behavior.  Barker (1988) and Acuna and Yortsos (1995) looked at pressure-69 

transient well testing; Wheatcraft and Tyler (1988), Neuman (1990), and Doughty and Karasaki 70 

(2002) considered tracer transport; Tyler and Wheatcraft (1990) studied soil water retention in 71 

the vadose zone; Hewett (1986) and Emanuel et al. (1987) examined oil reservoir performance.  72 

An early review paper by Sahimi and Yortsos (1990) presented many authors’ work.  More 73 

recently, interest in analyzing the production decline curves from hydraulically fractured tight 74 

shale formations (Silin and Kneafsey, 2012; Patzek et al., 2013) motivated the present 75 

application of fractal geometry. 76 

 77 

In the present paper, the intrinsic fractal dimension of a geologic medium, di, is distinguished 78 

from the fractal flow dimension, d, that describes flow through the medium to a particular source 79 

or sink, with the latter being the relevant dimension for grid generation.  To understand the 80 

intrinsic fractal dimension, which ranges from 1 to 3, it is helpful to first consider the usual 81 

integer dimensions.  Two examples of media with di = 3 are a thick body of uniform sand and a 82 



 - 6 - 

highly connected fracture network (Figure 3a). In contrast, extensive thin sand bodies over- and 83 

underlain by low permeability clay layers and isolated fracture planes (Figure 3b) are examples 84 

of media with di = 2.  A set of unconnected tube-like channels of high permeability (Figure 3c) is 85 

an example of a medium with di = 1.  An intrinsic fractal dimension between 2 and 3 can be 86 

useful to describe thin sand bodies separated by discontinuous clay lenses and anisotropic 87 

fracture networks with great connectivity in two directions and sparse connectivity in the other 88 

direction (Figure 3d).  A sparsely connected network of tubes (Figure 3e) could be described by 89 

a fractal dimension di between 1 and 2.  Altogether, a variety of geologic media can be 90 

represented with intrinsic fractal dimensions ranging from 1 to 3.   91 

 92 

Figure 3.  Schematic views of geologic media with a range of intrinsic fractal dimension di.  93 

Shaded regions represent high-permeability media.  In frames (b) and (c) there is no 94 

connection between individual high-permeability zones, whereas in frames (d) and (e) 95 

there is. 96 

However, when considering the dimension d that the fluid flow field will have in these media, 97 

we need to consider not only the intrinsic fractal dimension of the medium di but also the source 98 

or sink of fluid.  The simplest case is a point source or sink (Figure 4).  In this case, flow 99 
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dimension d equals intrinsic dimension di.  For a point source or sink, fractal flow dimension can 100 

range from 1 to 3, with d = 3 corresponding to a uniform medium surrounding the point (Figure 101 

4a), d = 2 corresponding to a planar feature surrounding the point (Figure 4b), d = 1 representing 102 

a tube-like channel containing the point (Figure 4c), and all values of d between 1 and 3 possible 103 

to represent intermediately connected structures (Figures 4d and 4e).  Figure 4 illustrates that 104 

when d =1, flow geometry is linear, neither converging nor diverging towards the point sink, and 105 

that increasing values of d represent increasingly converging flow to the point sink.  106 

 107 

Figure 4.  Schematic views of geologic media with a range of intrinsic fractal dimension di and a 108 

point source or sink with typical flow lines for fractal flow dimension d.   109 

Next, consider the case of a line source or sink, the familiar representation of a well fully 110 

penetrating a formation (Figure 5).  For a uniform medium with di =3, the flow dimension 111 

becomes d = 2, representing radial flow toward the well (Figure 5a).  For a uniform planar 112 

feature with di = 2, flow dimension becomes d = 1, representing linear flow toward the well 113 

(Figure 5b).  For integer values of di containing a line source or sink, flow dimension d is given 114 

by d = di - 1.  For non-integer values of di, the relationship between di and d may not be so 115 



 - 8 - 

simple, but generally for a line source, d < di. Thus, for intrinsic fractal dimension 2 < di < 3, 116 

flow dimension is 1 < d < 2 (Figure 5c), and as for the point sink case, increasing values of d 117 

represent increasingly converging flow toward the sink.  In contrast, if the medium has intrinsic 118 

fractal dimension di < 2, then d < 1, which represents flow that must diverge from the medium to 119 

the well (Figure 5d).   120 

 121 

Figure 5.  Schematic views of geologic media with a range of intrinsic fractal dimension di and a 122 

line source or sink with typical flow lines for fractal flow dimension d.   123 

Finally, consider a plane source or sink (Figure 6).  For a uniform medium with di = 3, the flow 124 

dimension becomes d = 1, representing linear flow toward the plane (Figure 6a), and we see that 125 
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d = di – 2.  If the medium has intrinsic fractal dimension di < 3, then d < 1 is certainly possible, 126 

representing flow diverging from the medium to the plane (Figure 6b).  . 127 

 128 

Figure 6.  Schematic views of geologic media with a range of intrinsic fractal dimension di and a 129 

plane source or sink with typical flow lines for fractal flow dimension d.   130 

For integer dimensions, the relationships between flow dimension and intrinsic dimension can be 131 

generalized to d = di – ds, where ds is the dimension of the source or sink: 0 for a point, 1 for a 132 

line, and 2 for a plane.  For non-integer dimensions, this equality may not hold, but generally d 133 

decreases as ds increases.  Moreover, just as d and di need not be integers, neither does ds.  A 134 

value of 0 < ds < 1 corresponds to a source or sink consisting of one or more short line segments, 135 

which could represent a partially penetrating well.  A value of 1 < ds < 2 represents a source or 136 

sink consisting of one or more finite areas within a plane, which could represent a heterogeneous 137 

hydraulic fracture plane.  The smaller ds is, the more flow will converge toward the sink, and the 138 

larger will be d.   139 

 140 

Note that for Figures 5d and 6b, the sink intersects multiple flow paths or fractures, resulting in 141 

flow that must diverge from the medium to the sink (d < 1).  If the sink were located where it 142 

intersected only one flow path or fracture, this would effectively reduce the dimension of the 143 
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sink (it would become a point source for Figure 5d and a line source for Figure 6b), and result in 144 

d > 1, signifying flow converging toward the sink. 145 

3.  FRACTAL GRID GENERATION METHODOLOGY 146 

The essential concept to create a one-column grid with fractal dimension d is to set grid-block 147 

volume proportional to r
d
 and interface area proportional to r

d-1
, where r is the distance from the 148 

origin of the grid to a given grid block. An additional feature to consider is how to define the 149 

volume and interface area of the first block of the grid, which represents the fluid source or sink.  150 

For simplicity in comparing grids with different dimensions d, the interface area of the first grid 151 

block, which is the source/rock interface and is denoted Aw, can be specified to be the same for 152 

all values of d (a variation on this option will be discussed for the second example problem, 153 

described in Section 5).    A more elegant approach (Barker, 1988) is based on the definition of 154 

the surface area of a unit sphere in d dimensions, 2/(d/2), which yields  155 

𝐴𝑤 =
2𝜋𝑑/2

Γ(𝑑/2)
𝑏3−𝑑𝑟𝑤

𝑑−1,        (1) 156 

where rw is the source radius, b is the thickness of the layer penetrated by the source, and  is the 157 

gamma function.  Note that Equation (1) produces the expected values of Aw for integer values of 158 

d, as shown in Table 1, and is easily generalized to yield a relationship for A as a function of r 159 

for all values of d: 160 

𝐴(𝑟) =
2𝜋𝑑/2

Γ(𝑑/2)
𝑏3−𝑑𝑟𝑑−1        (2) 161 

Note that when d > 1, A(r) increases as r increases, providing a converging geometry for flow 162 

toward a sink, and when d < 1, A(r) decreases with increasing r, enabling diverging flow.  In the 163 

discrete notation of a grid, for the ith grid block, with outer radius ri 164 
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𝐴𝑖 =
2𝜋𝑑/2

Γ(𝑑/2)
𝑏3−𝑑𝑟𝑖

𝑑−1         (3) 165 

To determine gird-block volume, Vi, the expression for Ai is integrated from ri-1 to ri, yielding 166 

𝑉𝑖 =
2𝜋𝑑/2

𝑑Γ(𝑑/2)
𝑏3−𝑑(𝑟𝑖

𝑑 − 𝑟𝑖−1
𝑑 ).        (4) 167 

 168 

In addition to grid block volumes and interface areas, the distances between nodal points and 169 

interfaces must be specified (Dm and Dn in Figure 1).  For a one-column grid, this amounts to 170 

determining the r coordinate of the each nodal point, denoted Ri.  Often, nodal points are placed 171 

mid-way between adjacent interfaces  172 

Ri = (ri + ri-1)/2.          (5) 173 

A more rigorous algorithm is to locate them at the center of mass of the grid block.  Thus, for a 174 

d-dimensional grid 175 

𝑅𝑖 =  
∫ 𝑟𝑟𝑑−1𝑑𝑟

𝑟𝑖
𝑟𝑖−1

∫ 𝑟𝑑−1𝑑𝑟
𝑟𝑖

𝑟𝑖−1

= [
𝑑

𝑑+1
]

(𝑟𝑖
𝑑+1−𝑟𝑖−1

𝑑+1) 

(𝑟𝑖
𝑑−𝑟𝑖−1

𝑑 )
      (6) 176 

Note that for d = 1, Equation (6) simplifies to Equation (5), and for other values of d, the nodal 177 

point locations obtained from Equations (5) and (6) do not differ very much, except close to r = 178 

0. 179 

Table 1.  Source/rock interface areas Aw for integer values of d, from Equation (1). 180 

d (d/2) Aw 

1 
1/2 2b

2 

2 1 2rwb 

3 
1/2

/2 4rw
2 

 181 
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4.  VERIFICATION AGAINST BARKER’S GENERALIZED THEIS SOLUTION 182 

Barker (1988) developed analytical solutions for the pressure-transient response to hydraulic 183 

tests in fractured rock for any flow dimension d > 0, including non-integer dimensions.  Figure 7 184 

shows a schematic view of his conceptual model for integer dimensions 1, 2, and 3. 185 

 186 

For a constant volumetric injection rate Q through an infinitesimal source into an infinite 187 

medium, Barker found that the pressure change may be expressed as  188 

∆𝑃 =
𝑄𝜇𝑟2𝜈

4𝜋1−𝜈𝑘𝑏3−𝑑 Γ(−𝜈, 𝑢)        (7) 189 

where u is the complementary incomplete gamma function,  =1 – d/2, and   190 

𝑢 =
𝜙𝐶𝜇𝑟2

4𝑘𝑡
.          (8) 191 

The dimensionless parameter u is related to dimensionless time tD as u = 1/(4tD).  Medium 192 

properties are thickness b, porosity , permeability k, and compressibility C, and  is fluid 193 

viscosity. 194 

 195 

Figure 8 shows dimensionless pressure change  as a function of dimensionless time tD for d 196 

values ranging from 0.4 to 3.  For d < 2, for long times the solution becomes linear with slope , 197 

where  = 1 – d/2.  For d = 2, u is identical to the exponential integral E1(u) of the Theis 198 

(1935) solution.  For d ≥ 2, the long-time slope approaches zero. 199 
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 200 

Figure 7.  Schematic well tests for (a) d = 1 with a plane source, (b) d = 2 with a line source, and 201 

(c) d = 3 with a point source.  Modified from Barker (1988). 202 
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203 
Figure 8.  Lines show Barker (1988) analytical solution for generalized Theis problem, 204 

where d is fractal flow dimension.  For d < 2, late-time slope is  = 1 – d/2.  Solid 205 

symbols show TOUGH2 results for a grid block at r ≈ 0.5 m and open symbols show 206 

TOUGH2 results for the grid block representing the source with rw = 0.1. 207 

Figure 8 also shows the results of isothermal TOUGH2 simulations using EOS1 (Pruess et al., 208 

1999) for single-phase water at 20
o
C, initially at 1 bar, with constant-rate injection of water, for 209 

one-column grids created with values of d ranging from 0.4 to 3.  Material properties and 210 

numerical parameters used for the model are shown in Table 2.  The grids all have thickness b = 211 

1 m, begin with a source with rw = 0.1 m, and contain 100 elements with steadily increasing 212 

radial increments (increase factor 1.1), to allow good near-well resolution, but a grid that extends 213 

far enough from the well for the medium to be infinite-acting.  Injection rate is kept small 214 

enough so that density does not change significantly, to conform to the assumptions for the 215 

analytical solution.  TOUGH2 simulation results shown as solid symbols show time series of 216 
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dimensionless pressure change obtained for a grid block close to the source (r ≈ 0.5 m); they 217 

match the analytical solution very well. 218 

 219 

Note that (-,u) depends on r and t only through the similarity variable u (Equation 7).  Hence, 220 

TOUGH2 results for various r and t combinations that yield the same u should overlie one 221 

another. Time series of (-,u) for various grid blocks and snapshots of (-,u) at various times 222 

mostly show excellent invariance, except at very early time, when the assumption of an 223 

infinitesimal source is not met by the finite source (rw = 0.1 m) used for the numerical model, as 224 

illustrated by the open symbols in Figure 8.  Additionally, for d > 2.5, profiles of (-,u) versus t 225 

for rw are slightly offset from (-,u) versus t for all other values of r, again reflecting the 226 

inaccuracy inherent in representing an infinitesimal source with a finite grid block.  A rule of 227 

thumb suggested by the present simulations is that when representing an infinitesimal source by 228 

an element with extent rw, an accurate pressure response can be obtained for all grid blocks with 229 

ri > 3rw.    230 

  231 
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Table 2.  Material properties and numerical parameters used for the TOUGH2 simulations of 232 

Barker’s generalized Theis problem. 233 

Material Properties 

Permeability  50 mD 

Porosity 0.2 

Compressibility (rock + water)  10
-8

 + 4.5
.
10

-10
 (Pa

-1
) 

Water viscosity  0.001 (Pa s) 

Grid Specifications 

b  1 (m) 

rw  0.1 (m) 

Flow dimensions d considered 0.4 - 3 

Assignment of Aw Equation (1) 

Assignment of Dm and Dn Equation (6) 

Number of grid blocks 100 

Grid spacing Variable, with radial 

increments increasing by 

a factor of 1.1 

Operating conditions 

Injection Rate Q  10
-5

 m
3
/s ≈ 0.01 kg/s 

Initial pressure 1 bar 

Initial temperature 20
o
C 

 234 

To gain some insight into what it means for a medium to be represented with a fractal flow 235 

dimension, Figure 9 compares the Theis solution (d = 2 curve from Figure 8) to the 236 

dimensionless pressure change obtained with a radial dual-porosity model (i.e., high-237 
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permeability fractures embedded in a low-permeability matrix). Note that the pressure responses 238 

shown in Figure 8 are very smoothly varying for all values of d. For d = 2 the smooth curve on 239 

the log-log plot of Figure 8 becomes a straight line on the log-linear plot of Figure 9.  In contrast, 240 

the dual-porosity pressure response shows a transition between tD = 10
3
 and tD = 10

5
, from an 241 

early-time linear trend, when it represents the fracture response only, to a late-time linear trend, 242 

when it represents both the fracture and matrix responses.  Such transitions, or bends, are 243 

common for heterogeneous media when the pressure pulse passes through distinct domains with 244 

different flow properties.  But no such transitions occur for fractal flow dimension models, 245 

because there are no distinct domains with different flow properties.  A single flow dimension 246 

represents the entire domain, from early times (when the pressure pulse is near the well), to late 247 

times (when the pressure pulse has moved far away). This invariance with scale, or self-248 

similarity, is a well-known characteristic of fractals.   249 

 250 

Figure 9.  Comparison of Theis solution to dual-porosity formulation. 251 
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5.  APPLICATION TO GAS PRODUCTION FROM HYDRAULICALLY FRACTURED 252 

SHALE 253 

A typical conceptual model for gas production from hydraulically fractured shale is illustrated in 254 

Figure 10, which shows several fracture stages along a horizontal well (Figure 10a).  Each 255 

fracture stage  (Figure 10b) consists of a stimulated reservoir volume (SRV) of thickness 2D, 256 

consisting of a planar primary fracture of areal extent Ap perpendicular to the wellbore and a 257 

network of smaller secondary fractures orthogonal to the primary fracture.  It is assumed that for 258 

a tight gas reservoir, production only occurs from the SRV, which is a rectangular prism of 259 

volume 2DAp.  Additionally, it is assumed that the permeability of the primary fracture is so 260 

great that the pressure in the primary fracture is uniform and equals the pressure in the well, 261 

making the well effectively a plane sink of areal extent Ap.  The fluid is assumed to be single-262 

phase, constant-compressibility gas, which flows according to Darcy’s law, and the system is 263 

assumed to remain at constant temperature.  Initially, the gas in the reservoir and the well is at a 264 

constant pressure, pR; at time zero the pressure at the well is dropped to pW, where it is held 265 

constant during the production process. 266 

 267 

Although the fracture network making up the SRV will likely be irregular (as illustrated 268 

schematically in Figure 10b), it is assumed that flow through it toward the primary fracture can 269 

be modeled with a single value of fractal flow dimension.  If the SRV is composed of a highly 270 

connected, isotropic secondary fracture network and a uniformly high-permeability primary 271 

fracture, then di = 3 and ds = 2, yielding a flow dimension d = di – ds =1.  The early-time 272 

production decline (before the effect of the no-flow boundary a distance D away from the 273 

primary fracture is felt) is then linear on a log-log plot, with a slope -1/2 (Silin and Kneafsey, 274 

2012).  The assumption that d = 1 implies that gas flows uniformly through the SRV toward a 275 
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planar primary fracture with uniform high permeability, as illustrated schematically in Figure 276 

11b.  Gas flow to the primary fracture has linear flow geometry, and this flow is uniform over the 277 

entire area of the fracture.   278 

 279 

Figure 10.  Schematic of idealized hydraulic fracture problem (modified from Silin and 280 

Kneafsey, 2012). 281 

However, if one considers a non-uniform primary fracture, with localized regions of high 282 

permeability, then ds < 2, yielding d > 1.   Flow from the SRV converges to the high-283 
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permeability portions of the fracture (Figures 11c and 11d).  In the extreme case of just one point 284 

on the primary fracture providing high permeability, then ds = 0, di – ds yields d = 3, and 285 

spherically symmetric flow from the SRV enters the facture at that one point.  If quasi-linear 286 

regions of the primary fracture provide high permeability, then ds = 1, di – ds yields d = 2, and 287 

radial flow from the SRV enters the fracture along those lines (Figure 11d).  Different patterns of 288 

localized high permeability in the primary fracture could produce non-integer values ds, resulting 289 

in 1 < d < 2 (Figure 11c).  On the other hand, if the primary fracture has uniform, high 290 

permeability (ds = 2), but flow paths through the SRV are limited due to a sparse or poorly 291 

connected fracture network (di < 3), then d < 1 is also possible (Figure 11a), with flow diverging 292 

from the fracture network to the primary fracture.  Various combinations of di < 3 and ds < 2 293 

could produce diverging, linear, or converging flow.  Thus, the goal is to analyze SRVs in which 294 

the fracture network has a fractal flow dimension ranging from less than one to more than two.  295 

The essential difference between d < 1 and d > 1 is that for d < 1, there is a diverging geometry 296 

for the flow from the fracture network to the primary fracture, and for d > 1, there is a 297 

converging geometry.   298 

 299 

Figure 11.  Schematic diagrams of flow from fracture network (thin lines) to high-permeability 300 

regions of primary fracture (thick lines), showing (a) diverging geometry for d < 1, (b) 301 

linear geometry for d = 1, (c) slightly converging geometry for 1 < d < 2, and (d) 302 

strongly converging geometry for d = 2.  Plots show cross-section perpendicular to 303 

plane of primary fracture. 304 
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A series of numerical simulations was done with TOUGH2 using the equation of state module 305 

EOS7C (Oldenburg et al., 2004) to investigate gas production from hydraulically fractured 306 

medium, for a range of flow dimensions for the network of fractures making up the SRV and the 307 

primary hydraulic fracture.  Material properties and numerical parameters used for the model are 308 

shown in Table 3.  Grids with d = 0.25, 0.5, 0.75, 1, 1.25, 1.5, 2, 2.5, and 3 were created to 309 

model gas production from the SRV.  One end of the one-column grid (r = 0) is the planar 310 

primary fracture and the opposite end (r = D) is a no-flow boundary, to represent the outer limit 311 

of the SRV, beyond which permeability is assumed to be negligible. The first grid block 312 

represents the primary fracture and has thickness rw = 0.5 m.   The length of the column (D = 150 313 

m) and the number of grid blocks (300) are the same for each grid.   314 

 315 

Unlike the model used in Section 4 for the generalized Theis solution, where the area of the 316 

source element varied with flow dimension (Equation 1), here the area of the source is chosen in 317 

keeping with the conceptual model illustrated in Figure 11.  For d ≤ 1, the area of the sink (Aw) is 318 

equal to the area of the entire primary fracture (Ap), and interface area decreases as r increases, to 319 

represent a sparse fracture network, according to Equation (2).  In contrast, for d > 1, the area at r 320 

= D is set to Ap, and area decreases as r decreases, to represent flow converging to the 321 

heterogeneous primary fracture, yielding 322 

𝐴𝑤 = (
𝑟𝑤

𝑑−1

𝐷𝑑−1) 𝐴𝑝.         (9) 323 

Figure 12 shows interface area A as a function of r, for the grids generated for nine values of d, 324 

illustrating the key feature of A increasing with r when d > 1 and decreasing with r when d < 1.  325 

The constant area for d =1 and the linearly increasing area for d = 2 are familiar to TOUGH users 326 

of MESHMAKER modules XYZ and RZ2D, respectively 327 
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 328 

Figure 12.  Interface area A scaled by entire primary fracture area Ap as a function of distance r 329 

from the primary fracture.  For d < 1, A = Ap at the primary fracture (r = rw = 0.5 m).  330 

For d > 1, A = Ap at the outer limit of the SRV (r = D = 150 m). 331 

Simulation results (Figure 13) indicate that for d = 1, the early-time production rate is linear with 332 

a slope of -½ on a log-log plot, which is consistent with many studies of shale-gas production 333 

(e.g., Silin and Kneafsey, 2012; Patzek et al., 2013; Lunati and Lee, 2014). The time when the 334 

outer boundary of the SRV is felt can be identified by the production rate dropping below the 335 

linear trend.  For d ≤ 1, Figure 13a indicates that early-time production rate is linear with a slope 336 

–, where  = 1 – d/2, as for the Barker problem.  This should come as no surprise, because for 337 

early times, before the outer boundary of the SRV is felt, the SRV can be assumed to be of 338 

infinite radial extent.  Then the only differences from the Barker problem are that the sink is 339 

modeled as constant pressure rather than constant flow rate, and the flowing fluid is a methane 340 

rather than water.  For 1 < d < 2 (Figure 13b), the outer boundary of the SRV is felt before the 341 

slope –can be observed, but additional simulations with models of large radial extent (black 342 

dashed lines in Figure 13) show slopes of - for d < 2, and slopes approaching zero for d > 2.   343 



 - 23 - 

Using different relationships between Aw and Ap for d < 1 and d > 1 does not affect the slopes of 344 

the production decline curve, it just translates the curves up and down, to reflect the conceptual 345 

model of limited flow within the primary fracture for d > 1. 346 

Table 3.  Material properties and numerical parameters used for the TOUGH2 simulations of 347 

shale gas production from a hydraulic fracture.   348 

Material Properties 

Permeability  0.0126 mD
 

Porosity 0.12 

Compressibility (rock + methane*)  3
.
10

-8
 + 7.96

.
10

-6
 (Pa

-1
) 

Methane* viscosity  2.05
.
10

-5
 Pa s 

Grid Specifications 

rw source extent 0.5 (m) 

Ap area of primary hydraulic fracture 31416 m
2 

D half-thickness of SRV 150 m 

Flow dimensions d considered 0.25 – 3 

Assignment of Aw Aw = Ap for d ≤ 1;  

Aw = (rw
d-1

/D
d-1

)Ap for d > 1 

Assignment of Dm and Dn Equation (5) 

Number of grid blocks 300 

Grid spacing 0.5 m 

Operating Conditions 

Production pressure pw 175 bars 

Initial reservoir pressure pR 200 bars 

Initial temperature 27.85
o
C 

*water is also present at residual saturation (0.15), but methane is the only flowing fluid. 349 
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 350 

Figure 13.  TOUGH2 simulation results showing production rate versus time for hydraulic 351 

fracture problem.  Symbols show simulation results; colored lines show linear fits to 352 

large symbols.  Black dashed lines show linear fits to late-time simulation results for 353 

models with large radial extent. Q is volumetric production rate at standard conditions, 354 

obtained by dividing the mass flow rate TOUGH provides by methane density at T = 355 

273 K, P = 1.01 bars, 0.717 kg/m
3
. 356 
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Production operations in the field may not be as idealized as the present analysis, especially at 357 

early times when the assumptions of constant flowing pressure and single-phase gas flow are not 358 

likely to be met, but a linear trend can often be observed in production decline data after the first 359 

few months (Figure 14).  The linear trends for different wells show a range of slopes -, not just -360 

½, suggesting that flow from the SRV to the primary fracture can be described by a range of 361 

fractal flow dimensions d, where d = 2(1 – ).  The transition from linear production decline to 362 

more rapid decline that occurs when the outer boundary of the SRV is felt is usually easy to 363 

identify.  Thus, numerical simulations using fractal-dimension grids can be compared to 364 

production data to gain insights into SRV flow dimension, hydrologic properties, and extent, as 365 

well as make predictions for future production decline.  Compared to most TOUGH models, the 366 

one-column fractal grids are extremely simple: they require a small number of grid blocks, have 367 

only two connections per grid block, and connection distances and interface areas change 368 

gradually from one grid block to the next.  Such models run very efficiently, making them well 369 

suited for use in inverse methods.  However, it must be pointed out that a model with fractal flow 370 

dimension is not the only model that yields production decline curves with early-time slopes 371 

different from -½. Other authors (e.g., Olorode et al., 2012; Cinco-Ley and Samaniego, 1981) 372 

have hypothesized entirely different, non-fractal geometries for the primary fracture/secondary 373 

fracture network components of the SRV and also obtained early-time slopes different from -½. 374 

 375 
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 376 

Figure 14.  Production decline data (symbols) from shale-gas wells (Texas Railroad Commission 377 

data).  Log-log slopes of -1/3, -1/2, and -2/3 are also shown (lines). 378 

6.  CONCLUSIONS 379 

The integral-finite-difference formulation of TOUGH makes it straightforward to create one-380 

column grids with fractal (non-integer) flow dimension.  The essential feature of these grids is 381 

that interface area between adjacent grid blocks increases in proportion to r
d-1

, where r is the 382 

distance from the origin to the interface and d is the fractal flow dimension.  For integer values 383 

of d, the method produces the usual linear, radial, or spherical geometry grids.  Non-integer-384 

dimension grids can be used to study fluid flow through geologic media with fractal dimension, 385 

and may be particularly useful in inverse methods, where pressure transient or production rate 386 

data are available, in order to infer the fractal dimension and flow properties of the geologic 387 

medium. 388 
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