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Abstract

A Stability Problem Involving Approximate Identities, Discrete Convolution

Operators, Singular Integral Operators, and Finite Sections
by

Ryan Pugh

Let n € N tend towards infinity and r € [0, 1) tend towards 1 with the condition
that n(1 —r) — X for some fixed A € (0,00). A sequence (F,,) of bounded
linear operators on a Hilbert space is called A\—stable if for all sufficiently large
n and all r sufficiently close to 1 such that n(1 — r) is sufficiently close to A,
each F},, is invertible and these inverses are uniformly bounded. We consider the
A—stability problem for sequences arising from a C*—algebra containing discrete
convolution operators, singular integral operators, and their finite sections. Our
main result is that a sequence in a certain C*— algebra is A—stable if and only
if a certain collection of operators given by strong limits is invertible. As an
application, we relate this result to approximate identities and discuss several
concrete examples such as finite sections of Toeplitz operators (7,,(k,a)) whose
symbols are approximate identities applied to piecewise continuous functions and

finite sections of singular integral operators.

vil



Chapter 1

Introduction

Let X be a Hilbert space and let A be a bounded linear operator on X. In

order to approximate the solution to the equation

Az =y (1.1)

for z,y € X, we normally follow the following procedure: first, we choose a
sequence of projections R, € L£(X) which converges strongly to the identity op-
erator I as n — oo. We also choose an approximating sequence of operators
A, € L(Im R,,) that converges strongly to A. Rather than considering the equa-

tion in (1.1) directly, we consider the sequence of equations
A,r, = Ryy (1.2)

where x,, € Im R, and ask the question of whether or not solutions to this se-
quence can tell us information about the solution to (1.1). This relates directly
to the notion of whether or not an approximation method is “applicable.” Indeed,

we say that the approximation method in (1.2) is applicable to the operator A (or



that (A,) is an appropriate approximating sequence for A) if there is an ny € N
such that A, is invertible for all n > ny and if the sequence of (unique) solutions
(n)n>n, converges in norm to a solution x of (1.1). This is closely related to the
notion of stability for the sequence (A,). We call a sequence (A,,) stable if there
exists an ng such that A, is invertible for all n > ny and the inverses are uniformly
bounded; i.e.,

sup [| A, < oo.

n>ng
The following proposition demonstrates the relationship between the notion of
appropriate approximating sequences and stability. For a proof, see [8], Section

1.1.3 and Proposition 1.1.

Proposition 1.0.1. Let (A,) converge strongly to A. Then (A,,) is an appropriate
approzimating sequence for A if and only if A is invertible and the sequence (A,)

15 stable.

In this thesis we consider sequences of operators depending on two parameters,
one parameter n going to infinity and the other parameter r going to 1 with the
relationship n(l — ) — A for some fixed A € (0,00). An example of such a
sequence is the sequence of finite sections of the Toeplitz operator with symbol
a, defined by a,(t) = (1 — £)7?(1 — tr)”, ie., the sequence (A,,) = (T,(a));
however, in this thesis we consider even more sequences arising from an algebra
generated by a variety of different sequences of operators. In Chapter 3 we will
extend the notion of stability of sequences depending on one parameter to what
we call “A-stability” for sequences of two parameters. Our ultimate goal is to find
A—stability criteria for a particular algebra of sequences of operators, showing
that a sequence is A\—stable if and only if a certain collection of operators given

by strong limits is invertible.



This thesis is structured as follows. In Chapter 2 we establish some preliminar-
ies. In Chapter 3 we introduce the notion of A-stability and introduce the algebra
F, for which we seek \-stability criteria. The section ends by reducing A-stability
in the algebra F, to a question of invertibility in another algebra. In Chapter 4 we
introduce several new algebras and develop stability criteria for them. In Chapter
5 we use the theory developed in Chapter 4 to revisit the invertibility question
posed at the end of Chapter 3, concluding the chapter by proving our main re-
sult. The thesis concludes by connecting this problem to approximate identities
and applying our main results to concrete examples. In several places throughout
this thesis we use Fredholm Theory for the algebra generated by Fourier convolu-
tions and multiplication operators which is treated in detail in Appendix A. For

convenience, Appendix B provides a list of notation used throughout the thesis.



Chapter 2

Preliminaries

2.1 Laurent, Toeplitz, and Hankel Operators

For a symbol a € L*(S'), the Laurent operator L(a) is the doubly-infinite

matrix

L(a) = (a; %), jkeEZ

acting on (?(Z) with a;_ being the (j — k)™ Fourier coefficient of a; i.e.,

1 & ) L
aj_j = —/ a(e®)e U=Roqg.

2 ),

The Laurent operator L(a) can be thought of as a multiplication operator
M(a) : L*(S') — L?(S') defined by M(a)f = af. If we denote by Z the operator
from L?(S!) into ¢?(Z) sending a function f to its sequence of Fourier coefficients,

we have the relationship



which yields the identities L(ab) = L(a)L(b) and

I1L(a) ]| = llalle (2.1)

where the lefthandside is the operator norm and the righthandside is the L> norm.
One can also see that L(a*) = L(a)*, a property that we will make use of later.
In our considerations of Laurent operators, we will often take the viewpoint of
multiplication operators even if we do not explicitly say so.

Consider the following bounded linear operators on ¢*(Z) *:

r, ifn>0
P (xp)nez = (Yn)nez with y, = (2.2)
0 ifn<0

J (xn)nEZ = (‘T—l—n)nel- (2'3)

Let I denote the identity on ¢*(Z) and set Q := I — P. For the operators
P,Q, and J, the following properties hold: P* = P = P% J = J*, J? = I, and

JPJ = Q. The operators P and () are related to the singular integral operator

1+ Sqi 1 — S

on the unit circle Ss1 via the relationship P = and Q) = 5 Later

we will consider the singular integral operator on the real and positive real line.
For a € L™, the Toeplitz operator T'(a) is defined by T'(a) = PL(a)P and the

Hankel operator H(a) is defined by H(a) = PL(a)JP. If we identify the image of

P with (?(N), we can think of Toeplitz and Hankel operators as operators acting

on /2(N). For a € L, let a denote the function defined by a(t) = a(1/t) for t € S'.

'We note that while these are considered as acting on ¢2(Z), there is the natural identification
(2(Z) = L?(S') which we will freely go between in all of our considerations.



Then JL(a)J = L(a) and we have

T(ab) = T(a)T(b) + H(a)H (D).

A well-known fact that will be of use to us is that Hankel operators with continuous
symbol are compact (see [2], Section 1.6 for example).

Finally, for n € N, define the following operators on *(Z):

z, if —n<k<n

Py (w)kez = (Yr)kez, Y = (2.4)
0 fk<-nork>n

Un  (Tk)rez = (Th—n)kez (2.5)

Uon t (Tk)kez > (Thin)kez (2.6)

Pf:=U_,PU, (2.7)

Q. =U.QU_, (2.8)

The operators U,, and U_,, are shift operators that converge weakly to zero.

We also have the relationship P Q, = Q. P = P,.

2.2 Composition Operators

Let PCL; denote the set of all piecewise continuous functions that are contin-
uous on S'\ {—1,1}, let PCY, denote the set of all functions f € PCy; such that
f(=140) =0, and let PC?, denote the set of piecewise continuous functions f
with f(—1) = 0. Given a continuous bijective function o : S — S', we define the

composition operator generated by o to be



Clo): f— foo (2.9)

where (foo)(t) = f(o(t)). In our work that follows, composition operators will be
considered as operators defined on L™ or L?. For 7 € S!, we define the composition

operator Y, by

Y, =C(o,) with o.(t)=r7t (2.10)

and its inverse Y.~ ! by

Y, '=0(G,) with &.(t) =t/7. (2.11)

This operator Y, can be thought of as an operator that takes a function and

rotates it on the unit circle. For r € [0, 1), we define the operator C, by

t+r

= ith t) = 2.12
C.=C(o,) wi o (t) T (2.12)
and its inverse by
C1=CG,) with G.(t) = t-r (2.13)
" 1—rt

Notice that the operator C, is essentially stretching a function at 1 and squeez-
ing it at —1. From this perspective it is not so hard to see that the characteristic
functions x4 and x_ on the upper and lower half plane of the unit circle respec-

tively are invariant under this operator; that is,

Cixe =xy and Crxy_ = x_. (2.14)



Finally, for ease of notation, define
GT,T - CrY:r (215)
and
G l=Y'C " (2.16)

Lemma 2.2.1. For each T € S, the operator Y, : L* — L? is unitary. Moreover,

Y,PY =P, Y,QY* = Q, and Y, L(a)Y* = L(Y;a) where a € L.
Proof. We refer the reader to [6], Lemma 5.1. O

The operators C, are not isometries on L? in general. This fact motivates us
to introduce the modified operators R, : L? — L? for r € [0,1) defined by
VI—1r2 (t+r
(R p)(1) 1= (i) (2.17)

1+t 14+t

The following lemma will be useful in our considerations in this thesis. For a

proof see [6], Lemma 5.2.

Lemma 2.2.2. For each r € [0,1), the operator R, : L* — L? is unitary. More-

over, R.PR: = P,R,QR = Q, and R,L(a)R} = L(C,a) when a € L™.

Let (A,) be a sequence of operators acting on a Hilbert space X. We say that
(A,) converges strongly to A as r — 1 if |A,x — Az|| — 0 for all z € X. We say

that (A,) converges weakly to A if (z, A,y) — (x, Ay) asr — 1 for all z,y € X.
Lemma 2.2.3. The sequences of operators (R,) and (R}) converge weakly to zero.

Proof. Due to the uniform boundedness of (R,) and (R), it is enough to prove

weak convergence on a dense subset of L?(S'). To this end, let f be a function

8



vanishing identically in a neighborhood of 1 € S! and let g be a function vanishing
identically in a neighborhood of —1 € S'. For weak convergence of (R,) we are
tasked with showing (g, R, f) converges to 0, but this is clear by definition - the
inner product is identically 0 for r sufficiently close to 1. Similarly we have that

(f, Rtg) converges to zero. =

We now recall the notion of convergence in measure. Let { fT}re[OJ) be a
sequence of uniformly bounded functions in L*°. We say that f,. converges to f in

measure as r — 1 if for each fixed € > 0, the Lebesgue measure p (KE,T) of the set

K., ={tes":

f() = f(B)] > ¢}
tends to 0 as r goes to 1. When this is the case, we write f = p — lim,_,; f;.

Lemma 2.2.4. Let {f,},cj01) be a sequence of functions in L and let f € L.
Then L(f,) — L(f) strongly on L* as r — 1 if and only if { f; }repo,1) is uniformly

bounded and f, — f in measure.

Proof. Suppose L(f.) — L(f) strongly. By the Uniform Boundedness Principle,
we have that

sup [|L(f,)]| < oo.
rel0,1)

Then since ||L(f,)|| = || frlloo , it follows that {f,},cjo,1) is uniformly bounded.

Even further, it follows that f, converges in L?—norm to f. Then

2

1
1o Pl = o | 10 = FOPd 2 o (K)o

Ke,'r‘

which implies that p (Ke,'r’) — 0 as r — 1 for each fixed € > 0. Thus f, converges

to f in measure.



Now suppose that {f,}rcp,) is uniformly bounded and f, — f in measure.
We aim to prove that L(f,.) converges strongly to L(f). Because of the uniform
boundedness of {f,}rcpo,1) and hence (L(f))repo,1), an approximation argument
may be used. In particular, we will show that for each trigonometric polynomial

p, frp — fpin L*—norm. Set M = sup ||f, — f|loo < 00 and observe that
rel0,1)

1= Fl2e = — / () — FOde+ £(0) — F(O)de
Ker

27T 27T Sl\Ke,r

M2
S 12 (Ke,r) % + 62-

Since we may choose € as small as desired, it follows that f, converges to f in L?
and so f.p converges to fp in L?—norm for trigonometric polynomials p. Thus

the claim is proven. O

2.3 The Fourier Transform

Let F denote the Fourier transform acting on the Schwartz space S(R) of

rapidly decaying C'** functions f via

(Ff)(z) = / e 2 f(2)dz, x € R, (2.18)

R

and let F~! denote the inverse Fourier transform

(F7')(2) = / ¥ f(g)dx, z € R. (2.19)

R

The Fourier transform extends by continuity to a unitary operator on L?(R);

10



we denote this extension also by F. For p > 1 and b a bounded function, the op-
erator F10F is well-defined on LP(R) N L*(R). If this operator can be extended
boundedly onto all of LP(R), then we call this extension a Fourier convolution op-
erator and denote it by WO(b). In this case, the function b is called an LP—Fourier
multiplier. In this thesis we are concerned only with p = 2; in this situation the
set of L2—multipliers is exactly the algebra L>°(R) of essentially bounded and

measurable functions and we have |[W°(0)||z(z2r)) = [|b]|oo-

11



Chapter 3

The Stability Problem

In this section we introduce the notions of A—convergence and A—stability and
introduce the algebra F, for which we seek A—stability criteria. Just as stability of
sequences depending only on n is equivalent to invertibility modulo zero sequences,
we show that this still holds true for A—stability. By introducing certain strong
limits, we prove a lifting theorem in order to say even more about when a sequence
is A—stable. We then apply a technique called localization, ending by reducing
A—stability in the algebra F, to a question of invertibility in a smaller quotient

algebra.

3.1 The Algebras F and F,

Throughout this thesis we let n € N tend towards infinity and r € [0,1) tend
towards 1 with the condition that n(1—r) — X for some fixed A € (0,00). Let oy,
be a sequence of real numbers. We define A—convergence of o,,, to o as follows:
we say

lim Opy =0
(n,r) = (+00,1)

12



if for all open sets U containing o there exist ng € N,r9 € [0,1), and § > 0 such
that if n > ng, 1o < r < 1, and |[(1 —r)n — A| < 0, then o,, € U. With this in
mind, we define convergence in norm of a sequence of operators (4,,,) to zero: we
say (A,,) converges in norm to zero if for all € > 0 there exist ny € N,y € [0,1),
and § > 0 such that if n > ng, ro <r < 1,and |(1—r)n—A| <4, then ||A4,.,| <e.
The definition of strong convergence follows; we say a sequence of operators (A, )

converges strongly to an operator A if for all elements x of the domain we have
| Az — Azl — 0.

In this situation we write

-lim A, , = A.
Sn%oo mr A
r—1

In this notation the dependence on A is not explicitly stated; however, we will
always be assuming this.

Equivalently, when discussing A—convergence of a sequence o,, ., we may pass
to subsequences: we say

lim Ony =0
(n,r) = (+00,1)

if for n; — oo, r; = 1, and n;(1 —r;) — A, im; o 0, , = 0.
Let n(1 —7) — A. We call a sequence (F,,,) A—stable if there exist ny € N,
ro € [0,1), and 0 > 0 such that if n > ng, r € [ro, 1), and |n(1 —r) — A| <, then

(F,,) is invertible and the inverses are uniformly bounded; i.e,

sup ||Fn_7}|| < 00.
n>ng
ré€lre,1)

Let F denote the space of sequences of bounded linear operators {4,,,} acting

13



on L*(S') for which

[{AnsHlF = sup [An sl 221y < oo
rg[O,l)

The space F is actually a C*-algebra with norm given by the previous supremum

and algebraic operations given by

{An,r} + {Bn,r} = {An,r + Bn,r}v Z{An,r} = {ZAHJ‘}?
{An HBnr} = {AnsBur}, {An b =A{A%,

We denote by A the *-ideal of F consisting of all sequences {C,, .} € F for
which |{C,,}|7 = 0asn — oo, r — 1, and n(l —r) — A. In this thesis we
are interested in stability of sequences belonging to a subalgebra of F generated
by certain sequences and containing N. Before introducing the subalgebra of

interest, we start with the following useful theorem.

Theorem 3.1.1. A sequence (F,,.) € F is A-stable if and only if the coset (F, )+
N is invertible in F /N .

Proof. Suppose (F),,) € F is A-stable. Then there exist np € N and 9 € [0, 1)
such that F),, is invertible for all n > ng and r € [rg, 1). Define (A4,,) to be the
sequence that is equal to F,} if n > ng and r € [rg,1) and 0 otherwise. This
sequence is in F due to the uniform boundedness of the inverses and we have
(A, Fnr) — (1) and (F,,A,,) — (I) belong to NV.

Now suppose (F,,) + N is invertible in F/AN. Then there exists (A,,) € F
such that A, ,F,, = I + C,, with ||C,, .|| — 0. By definition, there exist ny €
N,r9 € [0,1), and 6 > 0 such that ||C, .| < 1/2 for all n > ng,r € [ry, 1), and

In(l —r) — Al < 4. Now, if |C, .|| < 1/2, we have [ + C,,, is invertible and

14



(I +C,,) A, is the (left) inverse of F,,,. Notice that
17+ Cop) ™ A | S I+ Co)7HE - TRl < (1= 1C D H Anll < 20 Al

Then since (4,,) € F, it follows that this inverse is uniformly bounded. The
argument for a right inverse is analagous; we just might have a different zero

sequence C! . but this will be equal to C),, modulo N. Hence (F,,) is A-stable.

n,r?

]

In this thesis, we explore stability criteria for sequences of operators in the

algebra
Fo = algea@) {(P), (P)), (@), (L(a)), (L(G, 1)), (K), (Y Ri K- R, Y;),N'}

with a € PC, f € PC,K, K, € K(L*(S")),and 7 € S'. We remark that it would
be equivalent to replace the condition f € PC with the condition that f € PC?,.

Indeed, for a general f € PC we may use the representation

f=f(=1+0)xs++ f(-1—0)x_+d
where d € PC?,. Then L(G;}f) is
L(Go2f) = f(=1+ 0) LY x4) + f(=1 = 0)L(Y x-) + L(G, ;).

Then since L(Yx;) and L(Yx_) are already generated by L(a), our remark
follows. In some cases it will be convenient for us to use the condition f € PC?;;
when this occurs we will explicitly say we are using this property.

For a sequence (F},,) € F., we define the following three strong limit operators

15



as follows:

Do(Fr,r) = s:-lim Fy (3.1)
r—1
1 (Foy) = s-lim U_, B, U, (3.2)
sy
O_y(Foy) = s-lim Uy F, Uy (3.3)
r—1

Notice that by the uniform boundedness of (U,,) and (U_,), we have N C ker ®;
for i = 0,1, —1. The following three propositions show how each of the ®; acts on

the generators of F, for i = 0,1, —1.

Proposition 3.1.2. The strong limit ®y(F,,) ezists for all (F,,) € F.. In par-

ticular, the generators are mapped as follows:
Py P (BT (@) (VRKRY,) 0
(L(a)) = L(a) (L(G71f) =0 (K)— K

T

where a € PC and f € PCY,.

Proof. This statement is clear for (P), (P;F), (Q;,), (K), and (L(a)). For (L(G;}f)),

we note that
t/T—r
e =r (1550

which converges locally uniformly to f(—1) on S'\ {r} and hence (L(G,}f))
converges strongly to f(—1)I. Then since we have f € PC?,, this is equal to 0.

To deal with (Y*R:K,R,Y;), we will use the fact that every compact operator
K. on (P(7Z) can be approximated as closely as desired by an operator whose
matrix representation (a;i) has only finitely many non-vanishing entries, allowing

us to write

K. = apU_j(PUy — Ui P)Ups

G, kEZ

16



where U,,, = L(t™) is the shift operator. Then to prove that the strong limit of
(Y*R!K,R,Y;) is zero, it is enough to show that (Y*R*(PL(t)— L(t)P)R,Y;) con-
verges strongly to zero and that (Y* R} L(#/)R,Y;) converges strongly to something
for any j € Z. For starters, we will show (Y*R}(PL(t) — L(t)P)R,Y;) converges
strongly to zero. To achieve this we will show that (Y*R:L(t)R,Y,) converges
strongly to a scalar multiple of the identity (this is enough since P = Y R!PR,Y,).
Notice that YR:L(t)R,Y, = L(Y;C;'t). The symbol of this Laurent ma-

t —
trix is (1/T—t;) which converges to —1 locally uniformly on S'\ {7}. Thus
—rt/T

t —
L u converges strongly to —1.
L—rt/7T

To conclude our proof, we examine the strong limit of (Y*R*L(t/)R,Y,) for

fixed j € Z. This sequence is equal to L (Y;*C;'#7). Similar to what we just did,
t/r—r\’
=
hence this strong limit exists for any j € Z. Our proof is therefore complete.

J
we see the symbol is < ) which converges locally uniformly to (—1)’ and

O

Proposition 3.1.3. The strong limit ®(F, ) ezists for all (F,,) € F.. In par-

ticular, the generators are mapped as follows:

(P) I (PH =T (QD)—=Q (Y'RE.RY,) 0

n

(L(a)) = L(a) (L(G;2f) =0 (K) =0

r,T

where a € PC and f € PCY;.

Proof. This statement is clear for (P),(P;),and (@, ). Because we may view
the shift operators Uy, as Laurent operators L(t*") and Laurent operators com-
mute with each other, we get the same strong limits for L(a) and (L(G;}f))
as we did in Proposition 3.1.2. The fact that (K) gets sent to zero is a conse-

quence of the weak convergence of U,, and U_,, to zero. Thus the only generator

left to check is (YR:K,R,Y;). We are aiming to compute the strong limit of
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U_.Y'R;K.R,Y.U,. Notice that

U_ YR K.RY.U, = L(t ")YR'K,R,Y,L(")
= YRR, L(t ")Y R K, R,Y,L(t"\YR*R, Y,

=Y 'R L(C, Y.t ")K.L(C.Y;t")R,Y;
—vereL | (AT KL () )Ry,
1+t 1+t
_YVRL t+r KL t+r RY.
1+t 1+t

= YR L(Cot ™ K, L(C,t")R,Y,

To finish this proof, we will prove that (L(C,t")) and (L(C,t™")) converge
strongly. The idea is that if we show that these two operators converge strongly,

then L(C,t™")K,L(C,t") will converge in norm to some other compact operator

K’'. Then

s-lim Y*R!L(C.t ™)K, L(C,t")R,Y, = s-lim Y*R'K'R,Y,
n—oo n—oo
r—1 r—1
and so by Proposition 3.1.2 we get that this is equal to zero.
Let’s start with strong convergence of (L(C,t")). The strategy will be to prove
local uniform convergence of the symbol on S*\ {—1}. This implies convergence in

measure and thus we may conclude that the Laurent operators converge strongly.

t n
C’Tt”:( —l—r>
1+t
_(1 t—i—r—l—rt)"
B 1+t
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:(1+r—1—|—t(1—r)>n

1+rt
1—7)(t—1)\»
_ (1 L A= ))
1+t
[n(l—r)(t—l)] n F—1
_ (1 Ttrt N <)\ ) ST\ 1
+ n P 141 on ST\ {1}
t—1
Thus L(C,t") converges strongly to L(eXp ()\1—_”)) The argument for
(L(C,t™™)) is analagous; following the same process as above we get that (L(C,t™"))
1—t
trongly to L (exp(A—)); 0
converges strongly to L{exp(A7—

Proposition 3.1.4. The strong limit ®_,(F,,) exists for all (F,,) € F.. In

particular, the generators are mapped as follows:

(P)+ 0 (PHY—P  (Q;)—I (Y’RK.RY,) 0
(L(a)) = L(a) (L(G71f)) =0 (K) =0

rT

where a € PC and f € PCY,.

Proof. As in the last proposition, the only generator for which this is not imme-
diately clear is (Y.*R:K,.R,Y,). Following the same strategy as in the last proof,
we have

U, YR K.RY.U_, = YR L(C,t")K,L(C,t ™R, Y,

which again converges strongly to zero for the exact same reasons as
Y*R:L(Cot™™) Ko L(Crt™) R, Y, did in the last proof.
[

We will make use of the following lemma, a proof of which can be found in [8],

Proposition 2.9:

Lemma 3.1.5. The Toeplitz algebra generated by Laurent operators with contin-

uwous symbols and the projection P contains the compact operators.
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Remark 3.1.6. In light of Lemma 3.1.5, we can conclude that our algebra F,
automatically contains the compacts; i.e., we didn’t need to explicitly include it
as a generator. Nevertheless, it can be helpful to explicitly mention that these
operators are in the algebra and to examine how they are mapped under all of

our homomorphisms.

Define J = {(C,,) + (K1) + (U_, K U,) + (U, K3U_,,) : (Cy,) € N,K; €
IC(L?(S'))}. This actually forms an ideal of F,:

Proposition 3.1.7. The set J = {(C,,) + (K1) + (U_,K2U,) + (U, K5U_,,) :
(Cnr) EN,K; € K(LA(SY))} forms a closed, two-sided x—ideal of F..

Proof. We first show that J is contained in F,. We have (C,,,.) and (K7) are in
F. by definition, so we just need to show that for any compact operator K the
sequences (U_,KU,) and (U,KU_,) belong to F,. For a € C(S'), our algebra
F. contains Uz, L(a)Uy,. It also contains Uz, PUy,. These two facts together
give us that for any operator A in the Toeplitz algebra, our algebra JF, contains
Uz AUyy,; in particular, we may take A = K (Lemma 3.1.5).

The fact that J is self-adjoint and linear is clear by definition, so let’s next

prove that 7 is closed. Let

(Any) = (Cp + Ky + U_ KU, + U K3U_,) € .

Since U,, and U_,, converge weakly to zero, it follows that for any compact op-
erator L, (U_,LU,) and (U, LU_,,) converge strongly to zero. Consequently, (4, )
converges strongly to Ky, (U, A, ,U_,) converges strongly to K, and (U_, A, ,U,)
converges strongly to K3. Then since ||UL,|| = 1 we have by the Uniform Bound-

edness Principle
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[ [ < Tiinf [[ A, Al M2 ]) < liminf [[A, ([ K5]] < liminf [[A, ,[].
r—1 r—1 r—1

Thus, if (Aff)r) C J is a Cauchy sequence, then so are (Kfj)) C K, (Kéj)) C K,
and (K?Ej )) C K. This means that there are compact operators Ky, Ky, and K3
such that ||[KY — Ki|| = 0, |[K¥) — Ks| — 0, and ||[K{ — Ks|| — 0 as j — oc.
This implies that there is a sequence (A, ,) € J such that 1(AY)) — (Ap)]| — 0
as j — o0o. Thus J is closed.

We now prove that J has the absorption property of ideals. Again, let
(An,r> = (Cn,r + Kl + U—nKQUn + UnKSU—n> eJ
and now let (B,,,) be any sequence in F,. Then

By Any = Buy(Chp + Ky + U_, KU, + U, K3U_,,)
= By, Cry + (B — @o(Bny)) K1 + @o(By,r) K1
+ U_n(Un By yU-—py — ®_1(By,)) KU,
+ U_y®_1(Bn,y) KoUy, + Up(U_py By Uy — ®1(By ) KU,

+ Un(bl (Bn,r)K3U—n

Notice that (B, ,Ch,,) € N since (B,,,) is uniformly bounded and ®y(B,, ) K; € K
since the compacts form an ideal. We have also (by definition) that (B,, —
®o(Byr)), (UpByyU_n—®_1(By,)), and (U_, B, .U, —®1(B,,..)) converge strongly
to zero, and hence (B, ,—Po(B,,)) K1, (U By, U_,—P_1(B,,,)) K2, and (U_,, B, , U, —
®,(B,,r)) K5 converge in norm to zero. Finally, since ®_(B,,,) K> and ®,(B,,,) K3
are compact the terms U_,®_;(B,, ) KU, and U,®,(B, ,)KsU_, belong to J.

Thus (B, ,A,,) € J. Passing to adjoints proves that (A, ,B,,) € J.
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The relevance of this ideal 7 is captured in the following Lifting Theorem:

Theorem 3.1.8. (Lifting Theorem for F.) Let (F,,) € F.. The following are

equivalent:
(a) (F,,) is A\-stable
(b) (Fny)+ N is invertible in F. /N

(¢c) The operators ®y(F,.,.), ®1(F,), and ®_1(F,,) are invertible in L(L*(S'))
and the coset (F,,) + J is invertible in F./J .

Proof. The equivalence of (a) and (b) follows from the fact that stability in F is
equivalent to invertibility in /A (Theorem 3.1.1). This is enough since F./N
is a x—subalgebra of /N and C*—algebras are inverse closed.

To show that (b) implies (c), suppose that (F,,) + A is invertible in F,/N.
Then there exists a sequence (B,,,) € F, such that (F,,B,,) = (I)+(C,,) where

Chr) € N. Now, since N C ker @, for j = 0,1, —1, we have
(Cn, j for j

cI)j<Fn,r)(Dj(Bn,7”) = (I)j (Fn,an,r)
=o,(I1+C,,)
= ®;(I)

=1

which shows that ®;(F},,) has a right inverse. The existence of a left inverse can
be shown similarly. To show that (F, ) is invertible in F./J we can replicate the
above argument, replacing the ®; with the canonical projection map w7 : F, —

F./J and using the fact N C J.
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Finally, let’s show that (c) implies (b). Suppose (B,,,) + J is the left inverse
of (F,,)+J in F./J. Then

Bn,Fn,=1+0Cy, +K +U_,KyU,+U,K3U_,
where Cy,, € N and Ky, K, K3 € K. Define a new sequence (B;, ) by
B, = Bu, — K1®o(F,,) " = U_yKo®_1(F, ;)" Uy — U K3®1(F,) "' Uy
We obtain that B, . F),, is equal to

Byl%an,'r‘ =1 + Cn,'r + Kl + U—nKQUn + UnK3U—n - Klq)O(Fn,'r)_an,r

—U_ K@ ((F, ) ' U F,, — U K3®(F, ) UL F
which is equal to
I+ Cp,+CY+U_,,CRU, +U,COU_,
where the three sequences

07(:72 = K1¢)O(Fn,r)_1(q)0(Fn,r) - UnFn,rU—n)
C ?) = KZCD—l(Fn,T)_l(q)—l(Fn,r) - Fn,r)

n,r

07(1?7)’ = K3(D1(Fn,r)_1(q)l(Fn,7") - U—nFn,rUn)

converge in norm to zero. Thus (By,,) + A is the left inverse of (f5,,) + N in

F./N. The right invertibility can be shown analogously. O
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3.2 Localization

Theorem 3.1.8 raises the question of when an element (F, )+ J is invertible.
We will tackle this question via “Local Principle” by Allan and Douglas, a proof

of which can be found in [4].

Theorem 3.2.1. (Local Principle by Allan/Douglas) Let A be a C*—algebra with
identity element e and let Z be a closed subalgebra of the center of A which contains
e (this means that every element of Z commutes with every element of A). Denote
the mazimal ideal space of Z by 2 and for each maximal ideal w € Q) let J,, be the
smallest closed two-sided ideal of A which contains the set w. Then an element
a € A is invertible in A if and only if the coset a + J,, is invertible in A/J,, for

every w € €.
To see how we can apply this to our situation, we need the following lemma.

Lemma 3.2.2. The set Dy = {(L(f))+J : f € C(S")} is a x-subalgebra contained

in the center of F./J. Moreover, Dy is x-isomorphic to C(S').

Proof. We will show that (L(f)) + J commutes with each generator of F,/J
when f € C(S'). We start by noting that since Laurent operators commute with
eachother, we have that (L(f)) + J commutes with (L(a)) + J for a € PC and
(L(G,1g)) + J for g € PC automatically. We also have that (L(f)) commutes
with compact operators modulo J for free, since the compacts form an ideal.

Let’s check the other generators now. Notice that

PL(f) = L(f)P = PL(f)Q — QL(f)P
= PL(f)JPJ — JPJL(f)P

= PL(f)JPJ — JPL(f)JP
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= H(f)J — JH(]) € K

where the final expression is compact since Hankel operators with continuous
symbol are compact. Thus (L(f)) commutes with (P) modulo J.
For (P) + J, we have

PYL(f) — L(f)B} = U_.PUL(f) — L(f)U_.PU,
= U_,PL(f)U, — U_,L(f)PU,
— U_o(PL(f) - Lf)P)U,

=U_,KU,eJ

where we used the identification Uy, = L(t*") to justify commuting in the sec-
ond equality and our previous work with P for the final equality. An analogous

argument can be used to show that

QuL(f) = L(f)Q, = U KU € J.

Let’s turn our attention now to (Y R:KR,Y,)+ J. We have that

YIRIKRY,L(f) = L(f)Y; RIKR,Y; = Y7 RIK RY,L(f)Y: R R,Y,
~ Y RIRY,L(f)Y;RKR,Y,
= Y?R:KL(C,Y, f)R.Y,
—YRIL(CY,f)KR,Y,
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We have that (C,Y;f)(t) = f(7{55) converges locally uniformly to f(7) and
so L(C,Y, f) converges strongly to f(7)I. Thus KL(C,f) and L(C,.f)K converge
in norm to f(7)K. Combined with the fact that the R, Y* and Y* R’ are uniformly
bounded, this implies that Y*R*(KL(C,f) — L(C,.f)K)R,Y; = 0 modulo J, as
desired. Since the generators of F,/J commute with the set D;, we have proven
that D; is a central subalgebra.

We now prove that D; is *-isomorphic to C(S!). We will do so by proving
that the map A : C(S') — D; defined by A(f) = (L(f)) + J is a *-isomorphism.
Most of the requirements of a *-isomorphism are clear based on properties of
Laurent operators, such as L(ab) = L(a)L(b), L(a+b) = L(a)+ L(b), and L(a*) =
L(a)*. Surjectivity is also clear by definition. The only properties left to check
are injectivity and continuity. For injectivity, let f € ker A. Then (L(f)) € 7,
meaning (L(f)) = (Cy.)+ (K1) +(U_, K3U,,)+ (U, K3U_,) where (C,,,) € N, K; €
K(L*(S')). Then

L(f) = Sﬁl_%g L(f) = Sﬁl_klo% (Cn,r + Kl + U—nKZUn + UnKBU—n> = Kl

r—1 r—1

This implies f = 0 since a multiplication operator cannot be compact unless it
vanishes. Thus A is injective. Now, since injective x-homomorphisms preserve
spectra and are hence an isometry, we get also that A is continuous and we have

proven it is a x-isomorphism. O

One can show that for a compact set K, the maximal ideal space M(C(K)) is
homeomorphic to K itself (this is done showing the map I' : K — M(C(K)) that
sends a point k£ € K to the functional ¢, € M(C(K)) defined by ¢r(f) = f(k)
is a homeomorphism). In our case, we have that the maximal ideal space of D;

is homeomorphic to S*. For t; € S!, we denote by J;, the smallest closed ideal of
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F.]J containing (L(c)) + J where ¢ € C(S') vanishes at t; i.e.,
Jio = clos idg, j7{(L(c)) + T : c € C(S"), c(ty) = 0}.

Corollary 3.2.3. Let (F,,) € F.. Then (F,,)+ J is invertible in F,./J if and
only if (Fn,)+J)+ TJi is invertible in (F./T )| Ti for all ty € S*.

Proof. On account of Lemma 3.2.2, we can employ Theorem 3.2.1 in the setting
A=F./J and Z = D;. As we have mentioned before, since D; = C(S!), their
maximal ideal spaces are homeomorphic — that is, the maximal ideal space of D;

is homemorphic to S'. Putting all of this together gives the claim. m

The algebras (F./J)/J:, which arise from localization are called local algebras
(at tp). Our goal now is to understand invertibility in each of these local algebras.

We start by stating the generators of each local algebra.

Proposition 3.2.4. The local algebra (F./TJ)/T:, is generated by the following

elements:

{P}+T) + Tao, ({P,j} +J> + Tios
({Q}+7) + . ({0} + ) + T
({L(G;tlof)} + J) + o ({Yt;R:KtORmO} + J) + T

where f € PC and Ky, is compact.

Proof. With the definition of F, and J, one can see that F./J is generated by

cosets with the following representatives:

0 {P} AP} {Q}

(ii) {L(a)} with a € PC and {L(G;; )} for each 7 € S', and
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(iii) {Y*R:K,.R,Y,} for each 7 € S' and K, compact.

We are left with showing that modulo 7, (and A), the elements in (i)-(iii) reduce
to the corresponding elements in the statement of the proposition. The items in
(i) are clear, so we begin with (ii).

The generator (L(G1f)) for f € PC can be reduced to (L(G,}, f)) since we
have (L(G; 1 f)) = 0 modulo J;, when 7 # to. For the element (L(a)) with a € PC
we may use the fact that any a € PC can be expressed as a linear combination
of x4+, x—, and a function continuous and vanishing at ¢, (and hence belonging
to Ji,). Thus (L(a)) can be reduced to (L(x.)) and (L(x_)); however, since our
algebra is unital (take f = 1 for L(G,} f)) we may choose just (L(x4)).

Finally, (Y R; K, R,Y;) can be simplified to (Y, Ry K R,Y},). To see this, for
T # to we let g be a continuous function with g(¢y) = 1 and vanishing in a

neighborhood of 7. Then mod J,, we have

Y*R'K.R,Y, =Y R'K,R.Y.L(g)
= YR'K.RY,L(g)Y/R'R,Y,

= Y*R'K,L(C,Y+9)R,Y,.

Now, L(C,Y,g) converges strongly to g(7)] = 0. Thus K, L(C,Y,g) converges
in norm to zero and hence for 7 # ¢, the element (Y*R:K, R,Y;) is zero mod J

and J, . ]

Recall that we aim to understand invertibility in each local algebra. Fortu-

nately, our considerations can be reduced to a single local algebra:

Proposition 3.2.5. For each ty € S, the local algebra (F./T)/Ts, is isomorphic
to (Fu/T)/| .
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Proof. For tg € S', define the map Ay, : Fr — (F./T) /Ty by

(Fnﬂ’) = (Y;O_an,TY;fO ‘I’ j) ‘I’ g7to

Under this map, the sequences (P),(P;), and (Q;) are sent to the cosets
with themselves as representatives. The sequence (L(a)) is sent to the coset
with representative (L(ay,)) where ay,(t) = a(t/ty). Next, notice that (L(G,;f))
is mapped to the coset with representative (L(G,,,f)) and (Y R:K,R,Y;) is
mapped to the coset with representative (Y Ry K R,Y;).

Continuing, we see that under this map (K) is sent to (Y, 'KY;, +J)+Jy, = 0
since YtglK Y}, is a (different) compact operator, zero sequences are sent to zero
sequences, and (Uy, KU, ) is mapped to (Up, K'Uzp+ T )+ Ty, for some different
compact operator K'. For continuous f vanishing at 1, we have Ay (L(f)) =
(L(f1,) + T) + Ty, where f;,(t) = f(t/to) vanishes at t = ty (i.e., J; is mapped
into J;,). Thus the map A, factors through the quotient (F./J)/J1 and we have
amap Ay, 1 (F./T)/ T = (Fo) T)/ Tig:

This map is clearly a x—homomorphism, and similar arguments that we have

just made show that the map

Loy : (Fe) TV Tuo = (F/ T/

which sends (F), ., +J )+ to (Y, anrYgo_l—i—j )+ T, is well-defined and the inverse
of Ay,. Thus the map Ay, is a bijective x—homomorphism and so (F./J)/J;, is
isomorphic to (F./J)/J1.

O]

Thus, to fully understand stability in our algebra F,, the question of invertibil-

29



ity in (F./J)/J1 remains. In order to develop invertibility criteria, we introduce
and study two new algebras which serves as the starting point of the next chap-

ter.
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Chapter 4

Some New Algebras: Laying the

Groundwork

Our goal now is to figure out when an element (F,,, + J) + J is invertible.
To do so, we seek to “identify” the local algebra (F./J)/J1; that is, we want to
find an algebra of operators that (F./J)/J is isomorphic to so that invertibility
in (F./J)/J1 can be reduced to invertibility of an operator. In order to identify
the algebra (F./J)/J1, we proceed as follows: first we define a new algebra B
and develop stability criteria for this algebra, identifying B/N as a direct sum
of two different algebras. One of these direct summands will be directly related
to (F./J)/J1 in the sense we will have a surjective map from (F,/J)/J; into it
! To understand the other direct summand we will introduce two new algebras:
and algebra C which is a subalgebra of F, and an associated larger algebra C
containing C. With the help of Fredholm Theory, we will use information about
all of these algebras to identify (F./J)/J:1 with an algebra of operators given by

a certain strong limit.

L Actually we will see that (F./J)/J1 is isomorphic to this direct summand!
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4.1 Stability in the Algebra B

Define the algebra B to be the algebra of sequences of operators acting on

L*(S") generated by the following elements:

B =l {(P) (B, Q). (LOxs)), (L(C£)).

(REKR,), (Y. RIK'RY 1), N'}

where f € PC, K, K' € K(L*(S")).

As we remarked in the definition of F,, we again could take f € PCY, rather
than general PC'. This viewpoint will prove useful when we perform computations
of strong limits.

By construction, there is a surjective map 7 : B/N — (F./J)/J1 defined by
T(Bpy + N) = (B, + J) + J1 (to see this, compare the generators of B/N to
those of (F./J)/J:1 which were established in Proposition 3.2.4 and note that in
the proof there we show that (Y_R:K'R,Y_1) = 0 modulo J and J;). In an
effort to establish stability criteria for B, we start by showing that a particular
strong limit exists for all elements of B. To help us, we start with the following

lemma:

Lemma 4.1.1. The sequence of operators (R,Y_1R}) converges weakly to zero.

Proof. One can check that Y_; R} = R,Y_; so that R,Y_1R; = R, R,Y_;. Now, by
following the definition, we see that R.R, = R, for s = % Then R,Y_; con-

verges weakly to zero for the same reason that R, does; the proof is nearly identical

except when considering the inner product (R;Y_1f, g) we take f vanishing in a
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neighborhood of —1. O]

Proposition 4.1.2. For each (B,,,) € B, the strong limit Sﬁl—%@ R, B, ,R; exists.
r—1
In particular, under this map the generators are mapped as follows:

(P) =P (L(x+)) —=L(x+)
(L(t~)PL(t")) |—>L<exp (A%))PL(exp (A%)) (L(CTHf)) s L(f)
(LE)QL(t™) l—>L<eXp (A%))QL(eXp (A%)) (R*KR,) —K

(Yo R K'R,Y_) 0

Proof. We prove this by checking that this strong limit exists for each generator.
Most of the strong limits are clear; for (P),(L(x)), (R:KR,), and (L(C'f))
the strong limits are P, L(x.), K, and L(f) respectively. The fact that the ele-
ment (Y_RK'R,Y_ ;) is sent to zero is a consequence of the weak convergence
of R, Y_1 R} to zero (Lemma 4.1.1). The only ones that require a bit of work are
(L(t=™)PL(t")) and (L(t")QL(t™")). Notice that

R,.L(t ™)PL(t")R* = L(C,t ") PL(C,t")

and

R.LAMQL(t™™)R: = L(C.t")QL(C,t™™).
We saw in the proof of Proposition 3.1.3 that L(C,t") converges strongly to

t—1 1-1t
L(exp ()\1—“)) and (L(C,t~™)) converges strongly to L(exp ()\1—_”)) Thus,

putting all of this together, we see that (L(C,t~")PL(C,t")) converges strongly

(e (355)) P (057)
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and (L(Ct")QL(C,t™") converges strongly to

L ((exp (A%))QL(exp (A%i))

as desired. O

We will denote the map that sends each element (B,,,) € B to the strong
limit s-lim R, B, R} by € and we will denote the algebra of operators €(B) by
A. Becg?lée of the uniform boundedness of R, and R}, this map actually factors
through B/N; we will denote this map also by e. It is important to note that we
can construct a map J from our local algebra (F./J)/J1 into this algebra A; in

fact, this map will play a crucial role in the future.

Proposition 4.1.3. The map 0 : (F./J)/Jn — A defined by 6((Fn,+T)+ ) =

sq;l_z;grol R.F, R} is well-defined and has the property that e = o T.

r—1
Proof. The fact that e = do7 is true by construction. The only thing that needs to
be done is to verify that ¢ is well-defined; that is, we must show that J and J; are
in the kernel of 4. In particular, we need to show that N, KC,U_,, K,U,,, U, K>,U_,
and L(f) for continuous functions f on the unit circle vanishing at 1 get sent to
zero under 0 where K, K, € K. The fact that N' and K are in the kernel of §
is a consequence of the fact that R, converges weakly to zero (Lemma 2.2.3) and
R, and R} are uniformly bounded. For L(f), we have that R, L(f)R} = L(C.f)
and C,f = f({%) which converges to f(1) = 0 locally uniformly on S'\ {—1}.

Hence C,.f converges to 0 in measure and thus L(C, f) converges strongly to 0.

To complete this proof, we consider the strong limits S;}_i)g R.Uy, KUy, R; for
r—1
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K compact. Since
R.U. KUy, R, = R.Uy,,R;R, KRR, Us, R,

it suffices to show that R,Uy, R} and R,K R} converge strongly. We have already
seen in this proof that R,K R} converges strongly to zero, and we have already
shown in the proof of Proposition 4.1.2 that R, U, R} = (L(C,t")) and R, U_, R} =

(L(Cyt™")) converge strongly to some operators. Thus s-lim R, Uy, KUz Ry =0
r—1

and so J C ker 6.
O

Altogether, we have have shown the existence of certain homomorphisms such

that the following diagram commutes:

(F)T)] T +—— B/N
l/

As we continue on our journey to identify (F./J)/J1, we will expand on this

diagram. Define
Z:={(Cns)+ (R:KR,): (Ch,) e N,K € K}.

This forms an ideal of B and we have the following Lifting Theorem:

Theorem 4.1.4. (Lifting Theorem for B) Let (B,,) € B. The following are

equivalent:
(a) (Bn,) is A\-stable

(b) (By,) + N is invertible in BN
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(¢) €(Byy) = s-lim R, By, Ry is invertible in L(L*(SY)) and (B,,)+ZI is invert-
r—1

ible in B/T
Proof. This can be proven in much the same way as Theorem 3.1.8. [

As we did with our algebra F,/J, we will apply Theorem 3.2.1 to our algebra
B/Z in order to deduce when an element is invertible in B/Z. To this end, we need

a central subalgebra of B/Z.

Lemma 4.1.5. The set Dy = {(L(C7'f)) +Z : f € C(S")} is a *-subalgebra

contained in the center of B/Z. Moreover, Dy is x-isomorphic to C(S').

Proof. We first prove that (L(C;"! f)) commutes with each generator of B modulo
T when f € C(S'). Because Laurent operators commute with each other, we

only need to check this for (P), (P;),(Q,,), (R*KR,) and (Y_1R:KR,Y_1). The

n

element (R:K R,) is automatic since these sequences are already in the ideal Z
and ideals have the absorption property.

Let’s handle (Y_1 RfK'R,Y_1) next. We have

Y RK'RY (L(C7Hf) — LICT )Y L REK'R, Y

is equal to
Y R'K'RY LICT'Uf)Y \RIR,Y_ | — Y R'R.Y_ | L(CT )Y \REK'R,Y_,
which is equal to

Y ARK'L(C,Y 1.CT f)RY_ — YR L(C,Y .C- )K'R,Y
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which finally can be expressed as

Y RYK'L(C,Y_1C7 f) — L(C,Y_ 1 C U)K R, Y.

This term belongs to . Indeed, notice that since (C,Y_ C 1 f)(t) = f (— ii@;j;jg)

we have C,Y_C ' f converges locally uniformly to f(—1) on S'\ {—1}. Thus

L(C,Y_1C f) converges strongly to f(—1)I and hence the term
KL(C,Y_,C1f) — L(C,Y_,CT K

converges in norm to 0. The uniform boundedness of Y_; R} and R,Y_; finishes
the argument.

Let’s now settle (P). Observe that

PL(C;'f) = L(CH )P = PRIL(f)R. — RIL(f)R,.P
= RPL(f)R, — RiL(f)PR,

= R(PL(f) = L(f)P)R:

which belongs to Z since PL(f) — L(f)P is compact (see the proof of Lemma
3.2.2).

Let’s now turn to (P;)) and (Q;,). For (P,"), we have

PEL(C ) = LG )P = L") PLML(C, ! f) — L(C, f)L(t ™) PL(t")
— Lt PL(C, L") — L") L(C; ) PL(E")
= Lt PRL(f)RL(t") — L(t ™) R.L(f)R, PL(1")

— RIL(Ct™)(PL(f) — L(f)P)L(C,t") R,
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From previous considerations, PL(f) — L(f)P is compact and since L(C,t™")
and L(C,t") converge strongly we have L(C.t™")(PL(f) — L(f)P)L(C,t") con-
verges in norm to a compact operator K. Thus, mod N, we have that the above
difference is of the form R;K R, € Z. The argument for (Q),,) is analagous.

We now prove that Dy is *-isomorphic to C(S'). We will show that the map
r:CESY — Dy

defined by T'(f) = (L(C'f)) + Z is a *-isomorphism. As we saw in the proof
of Lemma 3.2.2, most of the properties of a x-isomorphism are clear; we just
need to check injectivty and continuity. To this end, suppose f € ker I'. Then
(L(C7Yf)) € Z, meaning (L(C71f)) = (Chr + REKR,) where (C,,,.) € N and K

is compact. Thus

L(f) = slim R, L(C; ' f)Ry = s:lim R, (Chy + RIKR,)R; = K.

r—1 r—1

Since the only compact multiplication operator is zero, this implies f = 0 and so
' is injective. Because we are working with C*-algebras, this also implies that '
is an isometry and is thus continuous.

]

For ty € S', we denote by Z;, the smallest closed ideal of B/Z containing

(L(C1g)) + I where g € C(S") vanishes at ty; i.e.,
T, = clos ids/z{(L(C; 'g)) + I : g € C(S'), g(to) = 0}.

Corollary 4.1.6. Let (B,,,) € B. Then (By,,.) +Z is invertible in B/T if and only
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if (Bny+ZI)+ Ly, is invertible in (B/Z)/Zy, for all ty € S*.

Proof. On account of Lemma 4.1.5, we can employ Theorem 3.2.1 in the setting
A = B/T and Z = D,. As we have seen before, since Dy = C(S'), their maxi-
mal ideal spaces are homeomorphic — that is, the maximal ideal space of Dy is

homemorphic to S'. Putting all of this together gives the claim. O]

When combined with Corollary 4.1.6, Theorem 4.1.4 tells us that an element
(Byr) + N is invertible in B/AN if and only if €(B,,, + N) € A is invertible and
(Bnr+I)+1y, is invertible in (B/I)/Z;, for all t, € S'. Said differently, since we
are working with C*— algebras, we have that B/N is isomorphic to a subalgebra
of the direct sum of A and each of the (B/Z)/Z;,. We can actually reduce this to

a direct sum of fewer algebras; this fact is a result of the following proposition.

Proposition 4.1.7. Fiz to € S'\ {—1} and let (B,,) € B. If €(B,, + N) is
invertible in A, then (B, +Z) + 1y, is invertible in (B/Z)/Zy,.

Proof. We will prove this statement by constructing for each to € S'\ {—1} maps

Ay, and I'y, such that the following diagram commutes:

/\

A — Ay (A) —— (B/I)/Zy,

where 7, is the canonical projection map.

Let’s start by noting where the generators of B/N get sent to under m,. The
fact that (P) + N gets sent to ({P} +Z) + Z;, and (R:KR,) + N gets sent to
0 is clear. The element (Y_1R:KR,Y_;) is also zero in the local algebra when

to # —1. To see this, let g be continuous and vanishing in a neighborhood of —1
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and equal to 1 at 1. Then mod Z and Z;, we have

Y RK'RY =Y | RK'R.Y_|L(C.g)
=Y  RIK'R.Y_\L(C;'g)Y \RIR,Y 4

=Y  RIK'L(C,Y_,C7'g)R, Y ;.

We have already seen in the proof of Lemma 4.1.5 that KL(C,Y_C'g) converges
in norm to g(—1)K = 0 and hence Y_;1 R K R,Y_; equals zero in the local algebra.

Let’s analyze (L(t™")PL(t")) + N and (L(t")QL(t ™) + N next. Let g be a
continuous function that is zero in a neighborhood of —1 and 1 in a neighborhood
of to. Notice that since L(C;'g) = I modulo Z;,, we have (still mod Z;,)

L(t") = L(C;g) L(t") = Ry L(g) R, L(t") R} R, = R} L(9C\t")R,

T

and similarly

L) = R*L(gC,t™™)R, .

We have seen in the proof of Proposition 4.1.2 that C,.t" and C,.t~" converge locally
uniformly on S'\ {—1}; denote these limits by g, and g,' respectively. Even
further, since g vanishes in a neighborhood of —1, we have uniform convergence
of gC,t" to ggy and gC,t™™ to ggy'. Hence, modulo N, we have the equalities
L(gCyt") = L(ggx) and L(gC,t™) = L(ggy"'). The functions ggy and gg;' are
continuous, so modulo Z;, we have L(ggyx) = g(to)gx(to)I = ga(to)l and similarly
L(ggy') = g ' (to)I. Direct computation shows that gy (to)gy ' (to) = 1. Putting all
of this together gives us that under m;, the generator (L(t~")PL(t"))+/N gets sent
to ({P}+7Z)+Z;,and the generator (L(t")QL(t™™)+N gets sent to ({Q}+Z)+Z,,
for tg # —1.
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Let’s now turn to (L(C7' f)) +N for f € PC. Here we use the representation
f=Tt+0)Y xs + f(to—0)Yyx- +a
where a is continuous and vanishing at ¢5. Then in the local algebra we have
L(C ) = flto + 0)L(C Yiixs) + Flto — 0)L(CYix ).

To summarize, we have that under 7, for ¢y # —1 the generators of B/N are

mapped as follows:

Generator in B/N Image in (B/Z)/Z,,to # —1
(P)+N {P}Y+1I)+1y,
(REKR,)+ N {0} +7)+ 7y,
VoRERY )TN {0}y +2) + I,
(LE")PL(t") + N {(P}+7) + 14,
(LE)QLE™) + N 10+ D)+ 7,

(E(C. ) + N, [ € PC | ({f(t + 0E(C; Wyxs) + [t — OEIC Von JF
+7)+ 14,

Table 4.1: ITmages of Generators of B in the Local Algebras

We now define the maps A, and I';, that make the diagram at the beginning of

the proof commute. Define Ay, : A — A4, (A) by
Ay (A) = S;LiIlnRSY;gO AY} R
and define I'y, : Ay, (A) — (B/Z)/Z;, by
Ly (A) = (BY AYy Ry + I) + I,
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so that the composition sends an operator A € A to the element

Recall from Proposition 4.1.2 the images of each element of B in A are as follows:

(P) =P (L(x+)) —L(x+)
(L(t)PL(")) L exp (A%))PL(exp (A%)) (L(C1f)) > L(f)
(L(EMQL(t™) HL(eXp (A%))QL(exp (Ai—;:» (R'KR,) —K

(Y R*K'R,Y_1) =0

We proceed from this starting point and show that under our new composi-
tion map the images agree with the images in m;,. Since R,Y; PY;"R; = P and
RYY}PY, R, = P, it follows that P does in fact get sent to (P + Z) + Z;,. Due
to the weak convergence of Ry and R} to zero, we have also that K is mapped to

zero under the composition.

1—1 t—1
Let’s now consider the elements L(exp ()\1—>>PL(eXp (/\1—+t>> and

e (0 or(er (20).

t—1
Under the map A;,, we have that L(exp </\1—+t)> is sent to

L(exp ()\(to - 1)>) =: L(g»)

(to+1)

1—t
and L<exp <)\—)> is sent to
141
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As before, if we take g to be a continuous function vanishing in a neighborhood

of —1 and equal to 1 in a neighborhood of ¢y, in Z;, we have
L(gx) = L(C; " 9)L(g») = R;L(9Crgx) Ry = Crga(to)]

and similarly

L(g-x) = Crg-x(to)!.

Then since C,.gx(to)Crg-a(to) = 1, we have that the generators
(oo ()P (42)) st (o () o0 (11 50)
— — n — —
exp (A exp(\A—))a exp (A exp (A
are mapped to (P+Z)+Z;, and (Q+ZI)+Zy, respectively. Then since R;Y;* PY; R, =
P and R;Y;» QY R, = Q we have that under I'y; these elements get sent to exactly
where we need them to be sent.
Finally, we look at L(f) for f € PC. We know that s—lilelenoL(f)Y;sz =
s—
s—lirlnL(C’sYtof). We can write
5—

Yiof = f(to +0)x+ + f(to = 0)x— +g

where ¢g(1 £0) = 0. We then obtain

CsYif = f(to +0)xy+ + f(to — 0)x— + Csg.

Now, C,g converges to zero locally uniformly on S'\ {—1} (since g(1 +0) = 0)
and hence C,Y;, f converges to f(to+ 0)x+ + f(to —0)x— in measure. Thus L(f)
gets mapped to f(to + 0)L(x+) + f(to — 0)L(x—) under A;,. Then under I'y, we
have that this is sent to f(to+0)L(C'Yixy) + f(to — 0)L(C 'Y x—) as desired.

Having checked each generator, we have that the diagram at the beginning of
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our proof commutes and so our work is done.

]

Corollary 4.1.8. The C*—algebra B/N is isomorphic to a *—subalgebra of the
direct sum A@(B/T)/I_,.

Proof. Theorem 4.1.4 and Proposition 4.1.7 together tell us that an element
(Bn,)+N € B/N is invertible if and only if its images (B, ) and ({B,,} +7I)+
Z_, are invertible in A and (B/Z)/Z_; respectively. In other words, the map that
sends (B,,) + N € B/N to the element (e(B,,), 7_1(Bn,)) € ABB/I)/I_,
preserves spectra. Being a s*—homomorphism, this means that this mapping is
necessarily an isometry and hence injective. Thus we have an isomorphism onto

the image. O

As of right now, our picture looks like this:

(Fu/ T T —————= BN

A (B/I)/Z_,

In what follows, we will examine the algebras A and (B/Z)/Z_,, further iden-
tifying them as different algebras of operators and expanding on this picture. We

will use this more complete picture to help answer our question of invertibility in

(F/T) /T

4.2 The Algebra A

For a subset D of the real axis, we denote by xp the characteristic function

of D. This can be regarded as a multiplication operator which we will sometimes
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write as M (xp) (other times context will clarify what is meant). For n > 1, we

define the bounded linear operators F,, and E_,, by

E, : (3(Z) = L*(R), (z:)icz, — V1 AZ TiX(s, i) (4.1)
B I3(R) - ((Z), f (\/ﬁ /_ h f(x)x[:ﬁ](x)dx> B (4.2)

We have that £*, = E, and F_,F, = I. The operator L, = E,FE_,, on
L?(R) converges strongly on L*(R) to the identity operator I as n — oo (for more
information and proof, one can check [8], Sections 2.2.1 and 2.2.3 and Proposition
2.3).

Let Sg be the singular integral operator on the real axis; i.e., the operator

defined by

1 [ [y
S =— | —dy. 4.3
O el (1.3
The operator Sk is bounded on L?*(R), is its own inverse, and is in fact a
Fourier convolution operator with generating function a(z) = sgn(z); i.e.,
Sg=F "M (a) F (4.4)

(see [8] Section 2.1.1).

Keeping a(z) = sgn(z), we have that

Py — HQSR :flM(lera)f (4.5)

which will be a useful representation when it comes to computations.
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Let o denote the function

o(e2mioy = _ S (m9) S senmt3) L 0.1). (4.6)

2 ~ (p+m)? "’

This function o is continuous on S* \ {1} and has a jump discontinuity at 1
with one-sided limits 0(140) = —1 and o(1 —0) = 1. Moreover, for all n > 1, we

have

L(o) = E_,SgE,. (4.7)

We can now define the operator U, : (F./J)/Jn — V1((F./T)/T1) by

Uy(F,,) = slim B, F,, B, (4.8)

r—1

The algebra W, ((F./J)/J1) is an algebra of operators on L?(R) and we will
prove that it is in fact isomorphic to the algebra A. Before we do this, we first
must prove that this map is well-defined and compute where each generator is
mapped to. To this end, we need some auxiliary results.

For s,t € R and 7 > 0, define the following kinds of shift operators on L?(R):

M, : L*(R) — L*(R), (M, f)(z) = > f () (4.9)
U, : L*(R) — L*(R), (U.f)(x) = f(x —t) (4.10)
Z, : I*(RT) — L*(RY), (Z,f)(z) = 72 f () (4.11)

These operators will play an important role both in this section and in the
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Fredholm theory established in Appendix A. There is a nice relationship between

the first two operators and the Fourier transform:
Proposition 4.2.1. M, F~ ! = F~ U, and FM_, = U_,F.

Proof. We will prove M, F~! = F~1U, since the other relation will follow from the

uniqueness of inverses. Let f € L*(R). By definition,

oo

(Mtfflf)(%,) — / e27rimt€27ri:):2f(z)dz

—0o0

0 . .
— / 627mxt+27rzfo(Z)dZ

—00

_ / 627rix(t+z)f(z>dz

o0

= / e*M Y f(y —t)dy  (by setting y =t + 2)

—00

= (F'Uf)(2)

as desired. O
Lemma 4.2.2. For any k € Z, E,L(t*)E_, = L,FM (2™ ) F L.

Proof. By Proposition 4.2.1, we have M (e2™®)F~1 = F~1U,, so we must show

that E,L(t*)E_, = L,Ux. That is, for f € L*(R)), we aim to prove
E,L(t"E_,f = L Uk f.
Direct computation gives that the lefthand side is

E L(t")Enf =) (/ Fl@)Xpt smpeny () g o

1€Z -
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The righthand side is

it

Lvf=ny ([

1 k
flo=)de)xg

ez " Vw
i—k+1
= nz ([_k f(y)d?J)X[%%}
i€ n
Since the lefthand side is equal to the righthand side, our work is done. O

Lemma 4.2.3. Let K be a compact operator on L*(S'). Then
(a) (K) € ker ¥y
(b) (U_,KU,) € ker U,
(c) (U,KU_,) € ker U,

(d) Ui(L(f)) = f(1)] if [ is a continuous function. In particular, (L(f)) €

ker Uy if f is continuous and f(1) = 0.

Proof. Assertion (a) follows from the weak convergence of F,, and uniform bound-
edness of E_,. Assertions (b) and (c) will follow from (a) if we can prove that
U, (U,) and W,(U_,) exist. Writing Uy, = L(t*") and using Lemma 4.2.2, we
have

EnU:tnE—n = Ln]:M<6i2mw)]:_1'

By Proposition 4.2.1,
LnfM(e:EQWil')f—l — LnU:I:I

where we remark for the sake of clarity that U, is the operator acting on L?*(R)
defined in Equation 4.10. This converges strongly to Uy, and hence (b) and (c)
hold.

48



To prove (d), it suffices to show that Wy (L(t)) = I. Again using Lemma 4.2.2
and Proposition 4.2.1, we have E,L(t)E_,, = L,U. which converges strongly to
the identity:.

]

The next two theorems highlight a relationship between the operators E,,, E_,,,
R,, and R}, namely that £, R’ and R, F_,, converge strongly. The fact that these

converge strongly will be a useful tool for us in our considerations and proofs.

Theorem 4.2.4. The sequence of operators E, R : LQ(SI) — L*(R) converges

strongly to the operator A given by (Af)(y foo G2 *My:rdx

1—ix

Proof. Because the sequence (E,R}) is uniformly bounded, we may prove strong
convergence on a dense subset. In other words, we are seeking to find an operator
A such that || E, R} f — Af||.2r) can be made as small as desired where f is taken

from a dense subset of L*(S'). To this end, we take f to be a function vanishing

1 rt f<1 rt)

identically in a neighborhood of —1 in S'. By definition, (R} f)(t) =

The m'" Fourier coefficient is then given by

Wm

—_ y
2 J_. 1 —re

0 — .
FE T yemimt g,

1 —ret?

Thus we have

1—reit

/ _ 2 e —r
E,R'f = Z il v ( ”‘f“’> ‘imedQ)X[ww}

MEZ

For convergence of this sequence in L*(R) we will employ the Dominated Con-
vergence Theorem; we will find its pointwise limit and then find a dominating
function. Let’s first take a look at the pointwise limit; fix ¥y € R. Then there

exists an M = |ny] such that y € [&, 2] This means
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6 71"
]_ — ’I“ 1 7"(:‘7‘9

7iLn 16
1 — 7‘6“9 rdp

(EnR2f)(y) =

It will be convenient to transform this to an integral of a function on the real

) _ e —r 1+ ) )
line; to this end, we set — = — and obtain that § = 2 arctan(ex) with
1—re? 1—ix

€= }ﬁ We can then rewrite our previous expression for (E, R} f)(y) as

\/ 1 r / 1 zac) 6—2z’ |ny] arctan(ex) 2€ dx

1— reQzarctan(ex) 14+ (E$)2

Define g(r) := f(32). Then since f is vanishing identically in a neighborhood

1—ix

of —1 on the unit circle, we have that there exists some L € R such that supp(g)

C [-L, L]. We have

/n(1 —r?) , 2
(EnR:f)( ) r / 6—27, |ny] arctan(ex) | € dr

reQzarctan(ex) 1+ (637)2

The first thing to explore is the limit of the integrand. One can see via the squeeze

theorem that the limit of e~2ilnylarctan(ez) j¢ the same as the limit of ¢~2inyarctan(ez)

By looking at Taylor series, we see that —2iny arctan(ex) = —2inyex + terms that
converge to zero. This then converges to —iAzry and so e~ 2wl arctan(e) conyerges
to e,
For the limit of l_reg?ﬁﬁan(m "1 +(2:$)2 we will make use of the identity

9ig 1+ itand

e = ———

1—itand
with § = arctan(ez). In particular, we have eXarctan(c) — 1<l which when
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combined with the fact that r = }—;E yields that

1 (14 €)(1 — iex)
1 — re2iarctan(ex) o 26(1 _ Z$)
Thus
g(x) 2¢  g(x)(1+e)(1 —dex) 2¢
1 — pe2iarctan(er) 1 4 (ex)? 2¢(1 — i) 1+ (ex)?

_ g(x)(1 4 €)(1 — iex)
(1 —iz)(1+ (ex)?)

which converges to lg(x,) . Altogether, we have shown that
—ix
/ lim V1 1 _ 7"2 g(x) 2 |ny| arctan(ex) 2€ dr
~ nr—:ﬁo 1 — re2iarctan(ex) 14+ (El’)Q
is equal to
V2 ,
__g(m) e~ g,
oo 2m 1 —ux

To complete the proof, we must find functions h; and hy in L?*(R) such that

g(:v) —2i|ny| arctan(ex) 2e
- 1N €Tr) | < h
‘ 1 — 7~621arctan(ex) € 1 + (El’)2 = I(ZL‘)

and

((En Ry F) ()] < haly)

since the Dominated Convergence Theorem will then be in action. Finding h; is
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not too bad; from our previous work we have that

g(a:) e—2i |ny] arctan(ex) 2¢
1 — re2iarctan(ex) 1+ (€$)2

_ ‘g(:c)(l +€)(1 — iex)
(1 —idz)(1+ (ex)?)

(14 €)(1 — iex)

=i+ () is bounded,

and since x will be coming from a bounded domain

say by M;. Then we can take hyi(z) = M|g(z)|.

Finding hs will require a little more work, but is also not too bad. We will first
g(x)

1 — re2iarctan(ex) and

integrate the expression for (E, R} f)(y) by parts, taking u =

Qe 2 |ny] arctan(ex)
dv = T (0 . Then (E,R!f)(y) is equal to

—2i|ny| arctan(ex) o

ig(z)e
1 — re2iarctan(ex) Lnyj

minus the integral

m)621' arctan(ex)

/oo (1 — re2i arctan(e:v))g/ (,I’) + 2i€Tg(1+(ea:)2 ie—QiLnyJ arctan(ex)
B (1 — re arctan(ex))Z LnyJ

dx.

o0

This term

—2i|ny| arctan(ex) o

ig(z)e
1 — re2iarctan(ex) Lnyj

is zero since supp(g) C [—L, L]. We therefore focus on bounding the norm of the

remaining integral. We start by noting that

2¢ arctan(ex)

2ierg(x)e
1+ (ex)?
(1 — re2 arctan(ez))2n<y _ 1)

- (1 _ re%arctan(e;r))g/(x) +
dz
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which is less than or equal to

2¢(1 —ix)g'(x) = 2ierg(xz)  2€(1 —ix) ) .,
« (T a0 e * T+ (PO ou i) 190

/_ . (2e(1 —iz))2nly — 1) d.

Finally, this is less than or equal to

2(1 —iz)g'(x) | 2irg(x)  2e(l —ix) L
N (<1+€><1—m> 1+(Gx)2(1+€)(1—@'6x)>(1+6> (1 —iea)

1 / d
" .
y—1J_o den(1 —ix)?

This final integral is bounded by some M, since x is coming from a bounded

M.

domain, and hence we may choose the function hs(y) = —21 € L*(R) and our
y J—

proof is complete. O

Theorem 4.2.5. The sequence of operators R, E_, : L*(R) — L*(S') converges

9 e“ﬂ - ebxﬂ
strongly to the operator T given by (T'X[n)(t) = \/;

T+t 1+t

1-—-1¢

Proof. Due to the uniform boundedness of (R,.E_,), to prove strong convergence
it is enough to show that |R,E_,f — T f| 21y = 0 as n = oo, — 1 for f from
a dense subset of L*(R). We thus take f to be a characteristic function, f = X{q.4-

By definition,

E_nf= (\/ﬁ/ Xab) (£)Xk k1) (2)d)hez = (Yh)rez
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where

— if [na] +1<k<|bn]—1
b————>v% it k= b
L——a)\/ﬁ if k = |nal

el
(

otherwise

Identifying (*(Z) with L*(S'), we have E_,,f = >_, ., yxt". Then

mz (t—i—r)k

R.E_,f =
/ 147t Yi 147t
kez
V1—r? |bn | t4 o\
— b— NLD
1+t n 1+t
+m Lnaj—i—l_a i t+r\ e
141t n 1+t

L VI= ! (t—l—r)k

1+t %k:maﬁ-l 147t

To prove that ||R,E_,,f —T f||12sy = 0, we will use the L?— Dominated Con-

vergence Theorem; that is, we will show that the sequence {R,E_,, f} converges to

T f pointwise almost everywhere and that Jg € L?(S') such that |(R,E_, f)(t)] <

g(t) for all m € N,7 € [0,1), and almost every ¢t € S'. Let’s start the journey with

pointwise almost everywhere convergence, specifically pointwise convergence on

St {+1}.

Pointwise convergence on S'\ {£1}. First notice that the first term in the

sum above goes to zero. Indeed, for fixed t € S'\ {1} we have

() (i)

1+t n 1+t

1+t
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‘\/ (1—=r)ny/1+r 1
14+t n

2
A on S'\ {—1} and hence

The first term converges locally uniformly to 1

’\/1—rn\/1—|—7‘ 1

Tt — will converge to zero. Notice that even for ¢t approaching
r

n
—1 we do not have any blow up happening; here we have

_ 2
‘_Vlr(b_ M)\/ﬁ(H_r)Lan ~ ‘ 1 ‘ e 1 1
1+t n 1+t n(1l+rt) (I—=7r) A

A nearly identical argument will work to prove that the term

— 2
V1i—r (LnaJ+1_a)\/ﬁ(t+r)LmJ
L+t n L+t

converges pointwise to zero on S'\ {—1}.

Let’s now turn our attention to the final term in the sum expression for £_, R, f:

VI =2 bn|— - _(ﬁ)Lan—l_F(%)LanJ
S Z
n 1—|—Tt

Lt Vi 2 ERONG 1-(5)
_ [ e
n l4+rt—t—r
_ 1 — 2 _<%)Lan—1 + (%)LanJ
n (1—=t)(1—r)
[ e e
n(l—r)? (1—1)
B 147 (ltJ—rl—:t)Lan l_f_(ti-:t)Lanj
n(l—r) (1—1)



Notice that we must avoid ¢ = 1. Now, 1 [ We also have that
\/ —r)

t+1r\o t+r—1—rt\ne
(T) = (=)
1+rt L+t

()

t—1 na t—
(1 +n(l—r)- n((l——i—r)t)) — Mol

where convergence is locally uniform on S!\ {—1}. To relate this fact to the

convergence of ()1, we note that

<t+r>tanJ_<t+r>fw <t+r>ta"Ja”_(t+'f’>‘m (1+Tt>fmlf”'4
1+t -\l 41t 1+t N1+t t+r

an—|an]
— 1. Indeed, if we choose r sufficiently close to 1 we

1+t

Observe that <1+”>

—lasr —1and

an—|an]
will have that (””) stays away from —1 since

na — |na| € [0,1). We can then take the principle branch of log with branch cut

1 + rty an—lan]
(—o0, 0] and look at log<< t+ r > > Because na — [na| € [0,1) we see that
T

10g(<1ti;:t>an_wnj> = (na — Lnaj)log(ltj_::ﬂt) Thus

pos((757)™ ) = fra = - pos (550

t+r t+r
1 t
2 <

1+t
r

where the final estimate comes from the facts that

— 1 locally uni-
formly on S'\ {—1} and log is continuous on its principle branch. We have

thus shown that log( (17t e Lan to 0. i L)
us snown a Og Converges O s l.e., t—l-_'l’ Converges

to 1. Hence ({25)l*") and ({£5)" have the same limit. The same argument works

for ({52) P! We have thus shown that {R.E_, f} converges to {T f} pointwise
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on S'\ {#1}, i.e., that we have pointwise convergence almost everywhere.
Finding a dominating function. The first 2 terms we dealt with converged
to zero as long as we avoided ¢ = —1 and hence are bounded by some M. We
also showed that as we approach —1 there is no blowup and thus we still have
boundedness. The last term that we dealt with is also bounded — this is clear for
t # 1 since there we have uniform convergence. Thus to finish up the proof we

need only show that there are no issues at ¢ = 1 for this last term. Let’s do it:

[(RrE_p f)(1)] =

JI—2 1 “’”il 1+r>’f’

1+7r 1+7r

Bl

[na|+1

- —=(lbn] =1 [na)|

—<bn—1—<na—1)))

We have now shown that each piece is bounded for every ¢ € S! and thus we can
bound the entire sum. The dominating function will then be a constant, which is

integrable since S' is a finite measure space and our proof is complete. n

Theorem 4.2.6. The operator Vy : (F./T)/ T — Vi((F/T)/T) is a well-

defined mapping and the generators of (F./J)/Jr are mapped as follows:

(P) = X[o,00) (P7) = X[-1.00) (@n) = X(-o0)
(L) = Qa (LCH)) = WO(F(3522))  (RIKR) - K

where f € PC°, and K, K' € K(L*(S")).
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Proof. The fact that this mapping is well-defined is a consequence of Lemma
4.2.3. We now show the images of each generator under this map. The fact
that (R:KR,) is mapped to another compact operator is a result of the strong
convergence of E,Rf and R,E_, (Theorems 4.2.4 and 4.2.5). The images of
(P),(P;), and (Q;,) are a result of the facts that L, converges strongly to the
identity and P = E_,X(0,00)En; Pf = E_pnX[-1,000Fn, and Q,, = E_,X(—c0,1]En-

To deal with (L(x4)), we use the fact that any piecewise continuous function g

has the representation

l1+o

g=g(1+0) =7 141 -0)

d 4.12
5 - (412)

where ¢ is the function defined in (4.6) and d is a function on S' which is

continuous at 1 and vanishes there. Taking g = x., we get that

l1—0

Lixs) = L(—5—) + L(d)
-5

o R
= E_n< 5 ) En+ L(d)

1 — Sk

and so F,L(x+)E_, = Ln<
1— S5g

5

Finally we approach L(C71f) for f € PCY,. Recall that (C71f)(t) = f(+%).

1—7rt

)Ln + E,L(d)E_, which converges strongly to

[\

Using a geometric series, we can write

o0

=) Y )

1—1rt
k=0
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and thus we can use Lemma 4.2.2 to write
BuL(C7 DBy = LFM (f (7— =) ) F 7

Focusing on the argument of f and using a Taylor series expansion, we have

2 —p —r 14
1—re™n  1—r(l+2224...)
n(l —r)+ 2miz + - -
n(l—r)—r2miz —---
. A+ 2miz
A —2mix

Thus E,L(C f)E_, — fM(f(if%))f—l — WO (f(%)) as

desired. [

We are still aiming to prove that A is x-isomorphic to ¥ ((F./J)/J1). To do
so, we will first prove a few more things regarding the Fourier transform that will

aid us in computations when we define the isomorphism.

Lemma 4.2.7. Let b be a Fourier-multiplier and let J be the operator defined by

(Jb)(z) = b(—x) =: b(x).

Then
1. FM(b) = F'JM(b) and

2. M(b)F ' = JM(D)F.
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Proof. For (1), let f € L*(R). Then

(FLIMb)f)(x) = / TR 2) f(—2)d

Assertion (2) can be proven analagously. O
Corollary 4.2.8. Let b be a Fourier-multiplier. Then FM(b)F~ = WO(b).
Proof. For a Fourier-multiplier b, we have

FMO)F ' =F 1 IM(@b)F!

=F ' JIMOb)F

= F'M(b)F = W°(b)

where the first equality is using (1) from Lemma 4.2.7 and the second equality is

using (2) from this lemma. O

Lemma 4.2.9. Let b be a Fourier multiplier. Then

ZF 'MOFZ = F 'MOB)F

t

where b(x) = b (f) .

Proof. We will prove this by showing the following:
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L ZFt=F"1z"
2. th_l = th

This will prove the lemma since Z;, 'M(b)Z, = M (/b\) with b defined in the lemma
statement. We will only prove (1) since the second is analagous. For a function

f, we have

(ZF ' f) (@) = VHF 1 f)(tx)
:\/E/Re%mzf(z)dz

_ 2miyx g @
e ()
i)

= (F27 ()

Theorem 4.2.10. The algebra A is x-isomorphic to V1 ((Fi/T)/T)-

Proof. We will prove this by mapping the generators of A to the generators of
Uy ((Fi/T)/J1) via a series of unitary transformations (which we will denote by

') and such that the following diagram commutes:

(F/T) ]

A » U((F/T) /)

Recall that under §, the generators of (F./J)/J1 are mapped as follows:
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(P) > P (L(C 1)) v L()
(@) L e (M) )L (exp (A0} (L) = Lixs)

(PH) s L<exp (Ag>>PL(exp (/\tl_j» (R'KR,) v K

141 1+1
Define F' : L*(S') — L*(R) to be the operator taking a € L*(S') and sending it

to the function b € L2(R) defined by b(z) = —L-a(+2). We then have a mapping

1—ix 1—ix

A L(LA(SY) = LL2(R)) (4.13)

A— FAF™!

This acts on the algebra A as follows: Psi gets sent to Pg, L(x,) gets sent to
X[0.00): L(f) gets sent to M(g) for g(z) = f(1££), L(exp (A%)) gets sent to
M (e=*®), and L(exp (Ai—:)) gets sent to M (eM®).

Next for each of the resulting operators A, we transform it via FAF 1. Here

we have

FPoF = Fit %R

1 +sgn(x)

= XJ0,00)

where we are using the representation in (4.5) in these equalities. For M (X[o,o0))

we get

FM(Xjo,00)F " = F "M(X(—o0,0))F
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= Qr

where the first equality is making use of Corollary 4.2.8. This corollary also gives

us that FM(g)F 1 = WO(g) where j(z) = g(—x) = f(=£).

1+ix
Now, FM (e ) F~1 and FM(e**)F~! are actually shift operators; using

Lemma 4.2.1 gives that they are equal to U_ 2 and U 2 respectively. Thus

M (e ) PM (eXi) gets sent to U,QAX[O,OO)U% = X2, and similarly the term

o0)

M (eM®)QM (e=*) gets sent to X (o0, 2"

Finally, for the resulting operator A we transform it into the operator Z x AZ7!
27 bre

where Z » refers to the shift operator Z, defined in Equation (4.11) for t = 2.
Under this map, we have that x|y ) is left unchanged, X[= 2 o) is sent to X (1,00
and X(—o0, 2] is sent t0 X (—o0,1]-

The operator Qg is left unchanged under this map as well: indeed, using its

representation as a Fourier convolution and Lemma 4.2.9 we have

— sgn(z)

1
ZaQuZi =2, F ' ———F7}
21
_ palosen)
2
= Qr.

Next, again using Lemma 4.2.9, we get that the Fourier convolution W9(g) is

1—i2r g

mapped to WO(g) where §(x) = §(%@) = g(~ %) = f(1ra0) = f (3222).

Lastly, we will consider the image of compacts under this sequence of trans-

formations. To summarize, we have defined I' from the start of the proof to be

the map that sends A to Z%fFAF_lf_le. We are left with showing that for
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a compact operator K,
Z»FFKF'F 7! =slim B,RIKR,E_,.
o 2 T;*Holo
We do this by proving
IAFF = \/%s—l_i)m E.R;
. Sy
and
1
FF1Z5 = TS—IHO% R.E_,.

2= n—
2 T

To start, let f € L*(S'). Then

(2, FPI)) = | (P (5:)
- \E | e e

/oo efz)mzf }-&-Z ) "
2\/_ 1—iz

= Va((s-lim E,Ry)f)(x)

r—1

(to see the final equality, compare the expression to that in the statement of
Theorem 4.2.4). To finish up, consider an arbitrary characteristic function x[q.

We have

2 fo1
FRF ' Z ) () = ——=(F 2 X
( 2 X)) = 75 2 Xiap) Wt 1)

2 > 27rz —1
= —_— 1(t+1) Z a d
1+¢/ “( %X[ ,b])(z> z
= — [ t —_— a z
T+1 —o0 \/X Xle) /\
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Ab

\% 27T 2 2 opi=l,
:W— N e Tt dz

1+1¢

t—1 t—1

a
™

N -
1

— —((S—hm RTE—n)X[a,b])<t)
VT ey

and thus our proof is complete.

[]

Remark 4.2.11. In the preceding proof, for each A € A we computed by hand the
image Z 2 FFAF'F *1Z2. This allowed us to directly see that A is isomorphic

27

to Uy ((F./T)/J1). There is another way for us to see that the diagram

(F/T) T

A . s U ((F./T)/Th)

commutes using the strong convergence of E, R’ and R, E_,,. Indeed, for (F,,) €

(F/T)/TJ1 we have

slim E,F,, E_, = s-lim E,R*R,F,,R*R.E_,
n—oo ’ n—o0 )

r—1 r—1

which can be written as

s-lim E, R, (s—lim R.F, 7nR:> s-lim R.E_,,.
n—oo n—oo ’ n—oo

r—1 r—1 r—1

In the previous proof we showed that

ZrFF = \/%sﬁl_i)rono E.R;

r—1
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and

1
Flr1z7 = —slim R.E_,,.
by T n—o0
r—1

Thus
s-lim E,F,,E_, = Z»FF (s—lim RTFMR:> FlFtz1
n—oo ’ o2 n—oo ’ o

r—1 r—1
which is precisely what we saw. Even further, this tells us that the existence of

the strong limit sﬁlirglo R, F, R} automatically implies the existence of the strong

r—1
limit s-lim E, F, . E_,,.
oo Nt n,rid—n

r—1

Remark 4.2.12. Recall the diagram

(Fo/ TN ———— B/N

al/

A

from before. The work from this section and Theorem 4.2.10 permit us to draw

(Fe)T) | T ———— BN
(ﬂ .
A
U ((Fe/T) ] Th)

Since we have commutativity in the above diagram, we can define the map

U, B/N — U, ((F./J)/TJ1) so that the following diagram commutes:
(Fo/ TN ———— B/N

‘I’ll %

U ((Fe/T) /) Th)
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4.3 Two New Algebras C and C

As we did with our algebra A, we will show that the local algebra (B/Z)/Z_,
is also isomorphic to an algebra of operators on L?(R). In order to do this, we
will need to introduce a new algebra C and a larger algebra C containing C. Let

C denote the algebra generated by the following elements:

C:= algE(L2(S1)) {(P>7 (Prj)v (Q;% (L(X+)>7 (L(X*)%

(EanlEn% (YflEanQEanl)u N}

where K1, Ky € K(L*(R)).

The algebra C/N is a subalgebra of F,/N and hence the map ¥; is also
defined on this algebra. We have by construction a surjective map ¢ from C/N
into (B/Z)/Z-, that sends a sequence (C,,) +N to the sequence ({C,} +7Z)+Z_;.
We remark that here we are using the generator (L(C7! f)) with f € PC?; to get
that in ((B/Z)/Z-1)/Z:, this term goes to zero.

Define the operator ¥_; : C — ¥_;(C) by

\I]_l(Cn) = s-lim EnY_lC'nY_lE_n (414)

n—o0

This map can also be defined on our algebra (B/Z)/Z_y; we will denote this

by W_;. Explicitly,

V_y(By,) = slim E,Y_1B,, Y E_, (4.15)

r—1

67



In order to prove that this map is well-defined, we will make use of the following

lemma.

Lemma 4.3.1. The sequence of operators E,Y_1E_,, : L*(R) — L*(R) converges

weakly to zero.

Proof. Since the sequence E,Y_ 1 E_,, is uniformly bounded, it is enough to prove
weak convergence on a dense subset. To this end, we prove (E,Y_1E_, f, g) r2(r) —

0 for characteristic functions f = x(q4 and g = X[.q. By definition,

BWYaBonf = n I-1F [ )y senle)dadyg

keZ

Thus (E,Y_1E_nX[ap)s X[ed) 1S equal to

[ S [ o) e o)delxis s ()i )y

keZ

which is equal to

d b
[ ST [ s ol s )
¢ keZ a
This is precisely
4 lon]—-1 kl
n > =1 X ke (y)dy
¢ k=|na|+1
d
na|+1 na
_'_n/ (% _a> (_1>L JX[L”TGJ’%](Z/)CZZU
d
nb
+n/ ( — %) (—1)LanX[M7Lnijrl](y)dy.
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For the second term, we have

d
na| + 1 na
n/ (# —a)(—l)L JX[%’%]@)C@

Sn(M—a)l

n
1
_ lpaj+1
n
_ |na) —na+1
B n
2
<z
n

which goes to zero as n goes towards infinity. For the third term, we have

‘”/Cd ( - %) (DU o 1o (y)dy| < m ( - %) %

_ bn — [nb]
B n
1
S —
n
which also tends to zero as n goes to infinity.
Finally we consider
d lon]-1 1
n [N D )y
¢ k=|na|+1

In this case, we are essentially left with considering the convergence of a series of

the form
lbn|—1

2.

k=|na|+1

(1)t

Actually, to be precise, one may consider separate cases based on how the interval

lna| +1 [nb]
n ' n

treat the edge cases as we did before and then the main sum will be like that

¢, d] intersects [ ] similar to as we have done before. We can then
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written above with possibly different starting and ending values for k. But this

sum converges to zero as n goes to infinity; indeed, we have the bound

and so by the Squeeze Theorem this goes to zero as n goes to infinity.

]

Theorem 4.3.2. The map V_; is a well-defined map on (BJT)/I_,. Moreover,

the following diagram commutes:

(B/1)/T

and the generators of C are mapped under V_y as follows:

(P) = Xjooo)  (F) = X[-1,00) (Qn) = X(—oo1]
<L<X+)) — PR (E,nKlEnJ) — 0 (Y,lE,nKQEnyfl) — KQ

Proof. We start by showing that this map is well-defined. The fact that A is in
the kernel follows from the uniform boundedness of E,Y_; and Y_1E_,,. For (L(f))
with f continuous on S' and vanishing at —1, we can use the representation in
Equation (4.12) with g = Y_; f to write

l1—0 1+o

o+ f() T+ d=d

Yo, f = f(-1)

where d is a function on S! that is continuous and vanishing at 1. Thus

E.Y AL(f)Y_1E_, = E,L(d)E_,
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which converges strongly to zero. The last thing to check is that the term
E.Y_ 1R:KR,Y_1E_, converges strongly to zero for K compact. Due to the strong
convergence of E, Ry and R, E_,, it follows that E, R KR, E_, converges in norm

to some other compact operator K’. Writing
E.Y  RIKR.Y E_,=F,Y  F ,E,R'KR.E_,E,Y 1E_,
we get that mod N
E,Y R*KR,Y \E_,=E, Y F_ ,K'E,Y |E_,,.

Now since N is in the kernel of \T/_l and F,Y_1FE_, converges weakly to zero
(Lemma 4.3.1), it follows that this element converges strongly to zero.

The fact that the diagram commutes is clear; it follows directly from the fact
that the map ¢ is essentially an inclusion and that Z and Z_; are in the kernel of
U

To round out the proof, we will compute the images of ¥_; when acting on C.
Notice that since Y_; PY_; = P, the image of (P) under ¥_; is the same as its
image under W;. For (P;), we have

Y PIY =Y Lt ™")PL({t")Y_y = L((—t)"")PL((—t)") = L(t ")PL(t") = P}

n

and so the image of (P;) under ¥_; is also the same as its image under ¥;.
Similarly, (@;,) has the same image under ¥; and ¥_;.

For (L(x4+)), we have Y_1L(x4+)Y_1 = L(Y_1x+). We can use the representa-
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tion in Equation (4.12) with g = Y_jx to write

l1+o

d
5 +

1—0o
Yoix+ = x+(-1+ O)T +x4+(=1-0)

where o is the function defined in (4.6) and d is a function on S' that is continuous

and vanishing at 1. Thus

1+o0

Y L(x:)Y.1 =1L ( ) + L(d)

1+ Sk

and so E,Y 1L(x )Y 1E_, = Ln<
14+ Sk

) L, + E,L(d)E_,, which converges

strongly to = Pg.

Next we consider the image of (E_,K;FE,) under W_;. For this, we aim to
consider the strong limit F,Y F_,K E,Y_1FE_, but as we have already seen in
this proof, this converges strongly to zero by Lemma 4.3.1.

Finally, for (Y_1E_,Ky2E,Y 1) = A, we have E,,Y_ {AY E_,, = L, KsL, which

converges strongly to K.

]

We will see that (B/Z)/Z_; is actually *-isomorphic to W_;(C) via the mapping
\Tf,l. Surjectivity is clear, but to prove injectivity we will first need to identify the
kernel of ¥_; when acting on C/N. In order to do this, we will need to develop
stability criteria for C.

We define C(R) to be the Banach algebra of all continuous functions f on the
real line R possessing finite limits f(+oc) and f(—o00) such that f(4+00) = f(—00).

Let C denote the algebra generated by the following elements:
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Q)

= algﬁ L2(S1)) { _)’(L(X—f—))’(L(f>>7(E—nK1En)v

(YorEonKEY 1), (BE-nM(9)En), (1) }

where K, Ky are compact, f € PCY,, and g € C (]R) It can be straightforwardly
checked that our operators W; and W_; can be extended to all of CA, one need
only verify that they are defined for the element (E_,M(g)E,) for g € C(R).
Notice that our algebra C is a subalgebra of CA, meaning that we can specialize the

stability criteria for C to C. Define the set J” by
J ={C,+E_,K\E,+Y_ |E_ ,KyE,Y 1):C, e N, K, K, € K}

This forms an ideal of C and we have the following lifting theorem:

Theorem 4.3.3. (Lifting Theorem for C) Let (C,) € C. The following are equiv-

alent:
(a) (Cy) is stable
(b) (C,) + N is invertible in C/N

(c) ¥i(Cy) and V_1(C,,) are invertible in L(L*(R)) and (C,) + J' is invertible
inC/J".
Proof. This can be proven in the same way as Theorem 3.1.8. O

As we have done many times before, we will now localize over a central subal-
gebra of C /J'. To help us prove a particular set is a central subalgebra, we start

with the following lemma. An alternative proof can be found in [9], Lemma 3.2.
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Lemma 4.3.4. Let g € C(R). Then L,M(g)L, — M(g)L, € N.

Proof. By the uniform boundedness of L,,, we can use an approximation argument.

Let g be a smooth, compactly supported function and let f € L?(R). By definition,

k+1

LoM(g)Lnf =n* ) M ’ g(y)dyﬂn f(z)da

k=—o00

X[Qﬂ]-

n

By the Mean Value Theorem for integrals, for each k € Z there exists a point

xy, € [£, 2] such that g(zy) = nf y)dy. Thus

'Il n
k=—o00

00 k41
1 n
Also by definition, we have
k+1

)Lnf = gn Z (/ ' f(x)dx) X[k kt1)-

k=—o00

Then

n

LoM(g)Lnf — M(g)Lynf =n Z [ [Cn f(iU)dﬂU] X[k k1)

k=—o00

Thus, setting (x) = L,M(g)L,f — M(g)L,f, we have

2
> = / ny. [<g<xk>—g> U e >dx] Xpe ey (y) | dy
k=—o00 n
E+1 2
/ 2> 19— gl f(@)de| Xpx e (y)dy
keZ n
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k4l k4l 2

_ .2 " . 2 "
=n Z/C 19— g(xx)] /C f(z)dz| dy

k€eZ ¥ n n

Bl 2

~a X lg— gl | [ f@a

ke n

Notice that
k+1

P </€T}f(x)\dx>2

n

= (/R ‘f(ff)x[g,%](l')‘ d$>2

< 17130 13

1
= 1713

‘/ﬁn f(z)dz

where we have made use of Holder’s inequality for the second inequality. Thus

k+1 2

| L M(9)Luf — M(9) L2 =13 lg — g0 / " fe)ds

kEZ

< RS lg — gl

keZ
1 1\°
< Y (5)
keZ
1
< 112

where the second to last inequality is making use of the smoothness of g to get a

uniform bound on |g — g(zy)|? and the final inequality is making use of the fact
g is compactly supported. Since this final expression goes to zero as n goes to

infinity, our proof is complete. [
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Lemma 4.3.5. The set D3 := {(E_,M(g9)E,) +J : g € C(R)} is a central
subalgebra of C/J'. Moreover, Ds is isomorphic to C(R).

Proof. We start by proving that this is a central subalgebra. We first show that
(E_,M(g)E,) commutes with (P),(P;), and (Q;) mod J’. We will make use
of the equalities £, PE_, = LyX[,00)s EnPy E_p = LyX[-1,00), and E,Q, E_,, =

Ly X(~00,1- Let’s start with (P). Observe that

PE_,M(g)E, — E_,M(¢)E,P = E_,E,PE_,M(9)E, — E_,M(g)E,PE_,E,
= E_ Lo X000 M (9)En — E_y M (g) LnX[0,00) En
= E_w Lo M(9)X(0,00)En — E-nM(g)X(0,00) Ln En
= E_.M(9)X[0,00)En — E-nM(9)X[0,00) En

=0.

This same argument holds for (P;) and (Q;,); we just change X[o,00) t0 X[-1,00)
and X(—cc,1) respectively.
Next we prove that (F_, M (g)E,) commutes with L(¢), which will imply that

it commutes with Laurent operators with continuous symbols. We will then use

this to show that it commutes with L(f) for f € PCy,. Consider
Lt)E_.M(¢9)E, Lt ") — E_,M(g)E,.

To show that this is in AV, it will be convenient to think of the operator E_,, M (g) E,,
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as a diagonal matrix (g;;) whose entries are

0 if i
j+1

nf;" glx)dx ifi=j

gij =

(to see this, we let E_,M(g)E, act on the basis element e; whose j entry is 1
and has zeros everywhere else). Then as a matrix, L(t)E_,M(g)E,L(t™") is also
diagonal but with the entries shifted; i.e., if L(¢t)E_,M(g)E,L(t™") = (a;;) then
ai;; = g(i-1)(j—1)- The difference L)E_,M(g9)E,L(t™') — E_,M(g)E, is then a

diagonal matrix with diagonal entries given by

Jj+1 Jj+1

n/ g(z)dz — n/ " g(x)dr = n/ g (x - %) — g(z)dx.

But this goes uniformly to zero due to the uniform continuity of g and so

Sk

.

Lt)E_M(¢)E,L(t™") — E_,M(g)E, € N.

Next we show that (E_, M (g)E,) commutes with L(f) for f € PCLy,. For such

f we have the representation

f=a0c+BY_ j0+d

where ¢ is given in Equation 4.6 and a and ( are chosen so that the function
d is continuous on all of S' (they will depend on the values of f(1 £ 0) and
f(—=140)). Thus, since we have already handled the continuous symbol case, our
consideration of

L(f)E_M(9)E, — E_,M(g)E,L(f)
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can be reduced to examining

L(o)E_,M(g9)E, — E_,M(g)E,L(c).

Notice that since L(0) = E_,SgE,, we have the term

L(o)E_M(9)E, — E_,M(g)E,L(0)

is equal to

E_LySaLaM(9)E, — E_wM(g)LnSgLnEn.

We have also, mod N, the equality

due to Lemma 4.3.4. This in turn is equal to E_,,(Sg M (g) — M (g)Sr)E,. Thus if
we can show Sg M (g) — M (g)Sr is compact our work will be done since E_,, K E,, €
J'. That SgM (g) — M (g)Sgr is compact can be seen in several ways; one way is
to note that under each of the homomorphisms given by the Fredholm Theory in
Appendix A.1, Equations A.1, A.2, and A.3, M(g) is sent to a scalar multiple of
the identity since g € C'(R) and so SgM (g) — M (g)Sk is sent to zero under all of
these homomorphisms and hence is compact.

The final thing to check is that for f,g € C(R), the term E_,M(g)E, com-
mutes mod J’ with E_, M (f)E,. For this we have

E_ M(g)E.E_ M(f)E, = E_,M(g)L,M(f)E,
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— B M(g)M(f)L.E,
— B M(f)M(g)LuE,
=E_M(f)L,M(g)L.E,

where these equalities are holding mod N by Lemma 4.3.4. Thus F_,M(g)E,
commutes mod J' with E_, M (f)E,.

We now prove that Ds is *-isomorphic to C (R) We will show that the map

I': C(R) —>D3

defined by I'(f) = (E_,M(f)E,) + J' is a x-isomorphism.

We first check the properties of a *-isomorphism. For additivity, we have

E_ M(f+g)E, = E_(M(f)+ M(g))E, = E_,M(f)E, + E_,M(g)E,

as needed. We also have M(f*) = M(f)*, which when paired with the fact
(E_,)*=E,and (E,)* = E_, gives I'(f*) = T'(f)*. For multiplicativity, we want
to show that I'(fg) —T'(f)I'(¢) € J'. But we have already seen this when we were
showing E_,,M(g)FE,, commutes mod J' with E_,M(f)E,.

All that remains is checking injectivty and continuity. To this end, suppose

f €ker I'. Then (M(f)) € J’, meaning

(Ean(f)En) = (Cn + EanlEn + YflEanZEnY;l)
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where C,, € N, K, K, € K . Then

M(f) = s-limE,E_,M(f)E,E_,

n—oo

= $-imE,(Cp + E_yK1Ep + Y1 E_n Ko E,Y_1)E_,,

n—oo

== Kl-

Since the only compact multiplication operator is zero, this implies f = 0 and
so I is injective. Because we are working with C*-algebras, this also implies that

I' is an isometry and is thus continuous.

]

For z € R, we denote by J. the smallest closed ideal of C /J’' containing

(E_.M(9)E,) + J' where g € C(R) vanishes at z; i.e.,
J, = clos idg), ;, {(E_nM(g)En) + T : g € C(R), g(z) = 0}.

Corollary 4.3.6. Let (C,) € C. Then (Cpn) +J' is invertible in 5/j' if and only
if (Co+T') 4 T, is invertible in (C/T"))T. for all z € R.

Proof. On account of Lemma 4.3.5, we can employ Theorem 3.2.1 in the setting
A=C/J and Z = Ds. As we have seen before, since D3y = C(R), their max-
imal ideal spaces are homeomorphic — that is, the maximal ideal space of Dj is

homemorphic to R. Putting all of this together gives the claim. O]

Altogether, we have shown that an element (C,) € C is stable if and only if
its images under ¥; and W_; are invertible and its cosets (C,, + J') + J, are
invertible in (C/J7")/J. for all z € R. But we are really only interested in stability

for the algebra C, so we proceed as follows: since C is a x-subalgebra of C and
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C*—algebras are inverse closed, we can apply the stability criteria for CtoC. We
will see that for elements in C, invertibility of their images in each of the local
algebras (C/J")/ J! is implied by invertibility of their image under ¥, and W_y,

thus reducing stability in C to invertibility of two operators.

Theorem 4.3.7. Let (C,) € C. Then invertibility of ¥1(C,,) and invertibility of

_y(C,) imply invertibility of the coset (Cp + J') + T for all z € R.

Proof. To prove this statement, for each z € R we will construct a homomorphism
I', from either ¥(C) or U_;(C) into (C/J")/J such that the following diagram

commutes:

C/IN

2% OV xz/‘

U,(C) or U_(C) > (C/T")) T

T,
So that it is clear what we need these homomorphisms to do, the image of
cach generator of C/N in W_1(C) and each of the (C/J')/J. are summarized in

the following table.

(INPINE
C/N UV, |z<—-1l]z=—-1|-1<x<0| =0
(P) Xpooo) | (0) (0) (0) P)

(Pr) X[-10) | (0) (P) ( (!
(Q,) X(=oo1) | () (1) ( (!
(L(x4)) Pe | (Lxy)) | (L(x+)) | (L(x4)) | (L(x
(E_,K\E,) 0 ( (0) ( (0
Y E_ KB, Y1) | K ( (0) (0) (0

Table 4.2: Images of Generators of C in the Local Algebras for <0

)

\_/\_/+ ~— [ —
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(INRINE

C/IN UV, [0<a<l| z=1 r>1 | =00

(P) X[0,00) (1) (1) (L) (P)

(£,)) X[-1,00) (1) (1) (1) (P)

(@) X(ooa] | (1) (@n) (0) (Q)
(L(x+)) P | (L(x+)) | (L(x+)) | (L(x+)) | (L(x+))

(E_n IO Ey) 0 (0) (0) (0) (0

(YLE L FGEY 1) | Ky (0) (0) (0) (0)

Table 4.3: Images of Generators of C in the Local Algebras for x > 0

Note that the only difference for Wy is (L(x+)) is mapped to Qg, (F_, K1 E,)
is mapped to K;, and (Y_1E_,KyFE,Y 1) is mapped to zero. Thus when we
construct the maps I',, all requirements will be the same except we have the
choice of whether we wish to work with P or Qr. It will be made explicit which
we are using in each case. Throughout our constructions, we will make use of
the shift operators U; and Z, defined in equations (4.10) and (4.11) for particular
values of ¢.

Case 1: x < —1.

In this case we work with W_; and are looking for a map that does the following:
X[0,00) F7 (0)7 X[-1,00) 7 (O)a X (—o0,1] F7 (])7 P — (L(X-I—))a K~ (0)

This will be easier if we transform the sequences on £(L*(S')) to be sequences
on L£(L*(R)) via the transformation A defined in (4.13). From this point of view
we now need to map FPr to M(x[0,)). We start by taking an operator A and

sending it to the sequence (s-lim Z 'U, AU _,Z,). Under this, we have
T—00
X[0,00) — (0)7 X[—1,00) = (0)7 X(—o0,1] — (I>7 P]R = (PR)a K (O)

and so now we just need a map that send Pr to M (x[0,)). But we can do this
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using the Fourier transform; indeed, recall the representation

11+ sgn(z)

PR:.F_ 2

F

given in (4.5). By sending a sequence (A) to (FAF™1), this sends (Pgr) to

2
is the map defined by

1
M ( +—Sgn(x)> = (M (X[0,00))) and so our job is done. All in all, the map I',

I,: A— (Al}" (s—lim ZTlUZAUgZT> .7:1> +J |+ J..
T—00

Case 2: x = —1.
In this case we work with ¥, and are looking for a map that does the following:
Xooo) = (0), X100 = (BF), X(-ooqy = (1), @r = (L(x4)), K~ (0)

We start by sending an operator A to the sequence (s—lim ZTlUlAU_lZT)

T—00

Under this, we have

X[o,00) = (0), X=1,00) = (X[0,00))s  X(=o00,1] > (1), Qr = (Qr), K +— (0)
Next we take the resulting sequence (A) and map it to (]—" LAF ) Here we
automatically have (X[o,o0)) being mapped to (FPr) since

1 + sgn(z)

PR:F_l 9

F.

We also have

— sgn(x)

1
FlQrF=F'F"! FF
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=F '"F X FF
= F ' FXo0)F ' F

= X][0,00)

where we made use of Corolllary 4.2.8 in the second to last equality. Finally,
we take these sequences of operators in £(L?(R)) and send them to sequences of
operators in £(L*(S')) via the map A™! as we did in Case 1. This sends (FPg) to
(Ps1) and (M (x[0,00))) to (L(x+)). To finish up, we take the sequence of operators
(A) and send them to (U_,AU,) which sends (P) to (P;}) and leaves (L(x.))

n

invariant.
Case 3: —1 <z <0.
In this case we work with ¥_; and are looking for a map that does the following:

X[o,00) F* (0); X-1,00) = (1), X(—ooqy = (1), Pr— (L(xy)), K+ (0)

For this we can define the map

T—00 2 2

I,: A (A—lf (s—lim ZT‘IUlAU_lZT) ]-"‘1> +J |+ 7!

(the reasoning is nearly identical to that of Case 1).
Case 4: x = 0.
In this case we work with ¥, and are looking for a map that does the following:

X[0,00) F7 (P), X[-1,00) — (I)v X(—o00,1] 7 (])7 QR = (L(X-i-))a K~ (O)

We start by sending an operator A to the sequence (s—lim Z7 1AZT). Under

T—00

this, we have

X[0,00) — (X[O,oo))a X[=1,00) — (I>? X (=00,1] = ('[)7 QR — (QR); K — (0>
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Next we take the resulting sequence (A) and map it to (.7: —1AF ) As we saw
in Case 2, this sends (X[o,0)) to (Pr) and (Qr) to (x[o,c0)). Taking these sequences
of operators in £(L?*(R)) and sending them to sequences of operators in £(L*(S'))
via the map A™! as we did in Case 1 finishes the job.

Case 5: 0 <z < 1.

In this case we work with W_; and are looking for a map that does the following:
Xo.00) = (1) X[-100) = (1), X(mooqp = (1), Pr (L(x4)), K+ (0)

For this we can define the map

I, : A (A—lf (s—lim Z;IU_lAU+1ZT) ]—“‘1> +J |+ 7,
T—00 2 2
(the reasoning is nearly identical to that of Case 1).
Case 6: = = 1.

In this case we work with W, and are looking for a map that does the following:

X[0,00) = ([)7 X[=1,00) = (I)? X (—o00,1] = (Q;% QR = (L(X-i-))a K — (O)

T—00

We start by sending an operator A to the sequence (s—lim ZTlU_lAUlZT>.

Under this, we have
X[o,00) = (1) X(=1,00) = (1) X(—001] = (X(—o0,0)),  @r = (Qr), K+ (0)

Next we take the resulting sequence (A) and map it to (]: —1AF ) This sends
(X(—o0,0]) to (Qr) and (Qr) to (X[,)). Taking these sequences of operators in
L(L*(R)) and sending them to sequences of operators in £(L*(S')) via the map
A~ as we did in Case 1 sends (Qr) to (Qs1) and (x[o,.0)) to (L(x+)). Finally we
take the sequence (A) and map it to (U,AU_,) to complete this case.

Case 7: x > 1.
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In this case we work with W_; and are looking for a map that does the following:

Xioo) = (1), Xi—1.00) = (1) X(—oo) = (0), P (L(xy)), K+~ (0)

For this we can define the map

T—00

I,: A (A—lf (s—lim Z;lUQAUQZT> ]—"‘1) +J |+

(the reasoning is nearly identical to that of Case 1).
Case 8: ©x = 00.

In this case we work with W, and are looking for a map that does the following:

X[0,00) — (P)7 X[—-1,00) = (P)> X(=o0,1] — (Q)? QR = (L(X-i-))a K — (O)

We start by sending an operator A to the sequence (s-lim Z, AZ~!). Due to
T—00
the weak convergence of Z., compact operators are sent to zero here. The other

operators are mapped as follows:

X[0,00) F7 (X[O,oo))a X[-1,00) 7 (X[O,oo))a X(—00,1] F7 (X(—oo,()])a QR = (QR)

Next we take the resulting sequence (A) and map it to (F*AF). This sends

(X[0,00)) 0 (Pr), (X(—00,0)) t0 (Qr), and (Qr) to (X[Om)). Taking these sequences of
operators in £(L?(R)) and sending them to sequences of operators in £(L*(S'))
via the map A~ as we did in Case 1 sends (Pg) to (Ps1), (Qr) to (Qs1), and

(X[o,oo)) to (L(x+)), as required.
]

The previous theorem, when combined with the Lifting Theorem for 5, tells

us that invertibility of an element (C,) + N € C/N is dependent only upon
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invertibility of ¥,(C,) and W_;(C,,). Thus, since we are in a C*—algebra situa-

tion, we actually have that C/N is isomorphic to a subalgebra of the direct sum
U(C) P V-1 (C):

Corollary 4.3.8. The C*—algebra C/N is isomorphic to a x—subalgebra of the
direct sum U1 (C) P V_1(C).

Proof. Theorems 4.3.3 and 4.3.7 yield that an element (C,) + N € C/N is in-
vertible if and only if U,(C,) and ¥_,(C,,) are invertible. Said differently, the
mapping from C/N into U;(C) P ¥_1(C) preserves spectra. Since we are in the
C*—algebra setting, this mapping is an isometry and hence injective. We thus

have an isomorphism onto its image in the direct sum. O

4.4 Identifying (B/Z)/Z_,

In this section we will finally identify (B/Z)/Z_, with the algebra of operators
U_4(C); Corollary 4.3.8 will prove to be a key ingredient on our way to proving

this. Recall the following commutative diagram given in the statement of Theorem

4.3.2:

BT,
o
CIN ———— V.4(C)

From this point of view, in order to prove that (B/Z)/Z_; is isomorphic to
U_4(C) we need only show that U_, is injective. The strategy is as follows: using
Corollary 4.3.8 and Fredholm Theory, we will identify the kernel of ¥_;. We will
then use the surjectivity of ¢ in order make a conclusion about the kernel of \T/_l.

In our efforts to identify the kernel of W_;, the algebra alg, 2 g)){X[0,00), Sr} Will
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make an appearance. We will first study this algebra, realizing it as a matrix
algebra. This viewpoint will be advantageous in our analysis of the kernel of U _;.

In what follows we will be using some notation and following the work done
in [5], Section 8. We denote by n the isometry from L?*(R) — L?(R") L*(R™)
that sends f to (fi, f2)T with fi(z) = f(z) and fo(x) = f(—2) Vo € RT. We can

now define the *—isomorphism @, defined by

P, A nAn~! (4.16)

that maps £(L*((R)) onto £(L*((RT))?*2. We now introduce two operators on
L(L*((R)) onto L(L*((RT)): let S = Sg+ be the singular integral operator on the

positive real line and let N be the Hankel operator:

(5)(x) = %/0 yfg‘/?vdy, z e RF (4.17)
1 [e.e]
(Nf)(z) = E/o yffldy, € RT (4.18)
Then we have
I 0 S —-N
P, (X0.0)) = ;o Py(Se) = (4.19)
00 N -S

where I refers to the identity operator on L*(R™).
We define the C*—algebra X9 by

Zg = algL(LQ((R+))2x2 ; . (4'2())
0 0 N =S
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From our discussion, we have the following corollary:
Corollary 4.4.1. The x—isomorphism ®, maps algep2ry){X0,00), Sr} 0onto ¥9.

Thus, our study of alg,(;» (R)){X[Om), Sg} can be transformed into the study of
¥9. Recall the Mellin transform M : L2(R*) — L2(R) is given by

(Mf)(z) = /000 x_iz_%f(x)dx, z€eR (4.21)

and its inverse M ! : L?(R) — L*(R™") is given by

(M~ f)(z) = ! / et f(z)dz, xeRT (4.22)

=5 N

For a multiplication operator b € L®(R), we denote by M%(b) the Mellin

convolution operator

M°(b) := M~'oM : L*(R") — L*(R™). (4.23)

One can show various properties, such as || M°(b)|| = ||b]|, M°(b)* = M°(b*), and
MO(byby) = MO(by)MPO(by). These properties together yield that the mapping
b — MO°(b) is a x-isomorphism. In [8], Section 2.1.2, Equations 4 and 5, they

show that our operators S and N are actually Mellin convolution operators:

S = M°(s), s(z) = coth <7TZ + %) (z € R), (4.24)
N = M°(n), n(z) = —i(cosh(mz)) ™" (z € R). (4.25)

89



From this point of view, we have (since s — n? = 1)

SN=NS and S*-N?=1. (4.26)

Let PC(R) denote the set of all continuous functions f on R for which the
limits at infinity and negative infinity exist and are finite, and let C2 (R) denote
the set of all continuous functions f on R for which lim, ,+. f(z) = 0. The set
PC«(R) is the smallest closed subalgebra of L>(R) which contains the function
s and C2 (R) is the smallest closed ideal of PCy(R) which contains the function
n.

In order to describe X9, we introduce the following sets:

Y :={al +BS+M°(b): o, € C,be C°(R)} (4.27)

Y= {M°(b): b e C(R)} (4.28)

Proposition 4.4.2.

(a) 31 is a C*-algebra and XY is a x-ideal of ;.

A B
(b) X9 = A, D ey, B,C ey
C D
Proof. A proof can be found in [5], Proposition 8.2. O

Proposition 4.4.3. The kernel of V_; is equal to {C,,+E_,KE, : C, e N, K €
K}.
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Proof. We will use the following scheme for our proof:

CIN
¥, (C) / \\11_1(0)
| |
¥, (C)/K v (C)/K

From the Fredholm Theory outlined in Appendix A.1 and A.2, the algebras
U, (C)/K and V_;(C)/K can be further decomposed into a direct sum of alge-
bras given by their images under various homomorphisms. Now, we can con-
struct maps from each component of the direct sum that W, (C)/K is isomorphic
to into the components of the direct sum for W_;(C)/K. Indeed, the identity
mapping sends H+(¥(C)) into H(V_4(C)), HT(V1(C)) into H*(¥_1(C)),
H=(U4(C)) into H = (V_4(C)), and H~(¥(C)) into H~T(¥_4(C)). For map-
ping Hy o (¥1(C)) into Hy (V_1(C)) and Hy o(V1(C)) into Hoe o(V_1(C)), it suf-
fices to find a multiplicative map that keeps the characteristic functions invari-
ant and that sends Qg to Pg. For this, it is more convenient to view the alge-
bras Hy oo (V1(C)), Hsoo(V_1(C)), Heot(¥1(C)), and Huo 1 (V_1(C)) (which are all
alg,(r2my) {X[0,00), Sr}) as the matrix algebra X9. From this perspective, the map

that leaves the characteristic functions invariant and sends Qg to Pg is not so

M°(ar) M°(a)
hard to see: we simply send a matrix to the matrix
MP(az) M°(as)

10\ [M%@) M°@))\ (1 0
0 —1) \M°az) M°(ay)) \0 -1

where a(z) = a(—x). This map works since s(—z) = —s(x) and n(—z) = n(z).
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Thus we actually have the following scheme:

C/N
¥ (C) / \\Pl(c)
| |
T, (C)/K 4 . U, (0)/K

Now let (C,) € ker W_;. Then tracking (C,) down the righthandside of the
scheme and into W4 (C)/IC, we have that (C,,) is 0 in ¥1(C)/K; i.e., U1(C),) = K
is compact. Consider the element (C,, — E_,KE,) € C/N. Under ¥; this gets
sent to zero and under W_; this is also sent to 0. In other words, since C/N
is isomorphic to a subalgebra of the direct sum ¥ (C) @ ¥_1(C), this element is

identically 0. Thus (C,) = (E_,KE,) and our proof is complete.

Theorem 4.4.4. The local algebra (B/Z)/I_y is x-isomorphic to V_1(C).

Proof. Recall the following diagram:

BT,
P
C/IN —— v_4(C)

We need to prove that U, is injective, so let (B, +Z)+Z_1 € ker U, By
surjectivity of ¢, there exists a sequence (C),) such that «(C,,) = (B, +Z) +7Z_;.
But since V_; = (I\l_l o ¢, this means that (C,) € ker ¥_;. Using Proposition
4.4.3, we can conclude that (C,) = (D, + E_,KE,) where D, € N and K is
compact. Thus (B,,) = (D, + E_,KE,). Since N CZ, D,, € Z. It remains to
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show that (E_, K E,) is zero in the local algebra. But this is not so bad, since
E_,KE, =R'R.E_,KE,R'R, = RIK'R, €T

where the last equality only holds mod A due to the strong convergence of R, E_,
and E,R:. Therefore \T/_l is injective and thus is actually a x-isomorphism and

our proof is complete. O

Corollary 4.4.5. The C*—algebra B/N is isomorphic to a *—subalgebra of the
direct sum U1 ((Fo/T)/T1) P V_1(C).

Proof. This is a direct result of Corollary 4.1.8 and Theorems 4.2.10 and 4.4.4. [

Let’s take a moment to reflect on what we have accomplished thus far. We
started this section with the goal of identifying (F./J)/J1 with an algebra of
operators. In order to work towards this goal, we introduced several new algebras
and identified these new algebras with algebras of operators. The work that we

have done can be summarized in the following scheme:

CIk Y — B/IN

S\r € vﬂ_l
4 (B/T)/1,

U (F./T)) ) v, (0)
U(F.)T)/T) K v_,(C)/K

We will make full use of the isomorphisms we demonstrated and actually work

with the following diagram:
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(Fo/T) /T 4 - B/N

\pll / l\f,floml

U ((F/T)/ ) V(€
U ((Fe/ )/ T)/K v, (C)/K

In the next chapter we will use this scheme in order to identify the kernel of
the map 7 and to ultimately achieve our goal of identifying (F./J)/J1 with an

algebra of operators.
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Chapter 5

The Algebra (F./J)/N

The goal of this chapter is to finally identify the local algebra (F./J)/J1 with
an algebra of operators. In the first section we find and prove that a concrete
element belongs to the kernel of the map 7. In the second section we use this
element to prove that the kernel of \Tll is equal to the kernel of 7. In the final
section we summarize our findings and present our main result. Throughout this

chapter we make use of the Fredholm theory presented in Appendix A.

5.1 Exploring the Kernel of 7

In this section, we seek to find an element that belongs to the kernel of 7.
We proceed as follows: first we find an element (B, ,) € B/N that gets sent to a
compact operator K under ;o7 but that does not get sent to a compact operator
in W_;(C). We then consider the difference of the image of this element under 7
with the preimage of K under ¥, in (F./J)/J1. We denote this new element
by (F,.). We first concretely identify what the compact operator K looks like,

and then we fully describe what (F,, ) looks like by expressing it as a matrix and
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providing a formula for its entries. Finally, by choosing a specific function with
desired properties, we exhibit an element belonging to the kernel of 7.

For this first step, we will use the following diagram:

(Fe/T) /T < - B/N
U ((F/T)/ ) V(€

Define x := x4+ — x_ and let f be a continuous function on the unit circle with

f(1) =1and f(—1) = 0. Consider the element
(Buy) = =PI = LIC L) — Q) + N € B/N.

Direct computations show that

A — 2mix

A+ 27Tix)> (Qr = Pa)X(1,00)

(W10 7)(Bar) = Xi-oo -y WO (1= 1

gets sent to zero by each of the homomorphisms given from the Fredholm theory
discussed in Appendix A. We can thus conclude that this element is in fact
compact in ¥y ((F./T)/Th); let’s call this compact K. In B/N we then consider

the element the element
(1= PHYI = LICT ) LO) = @) = (B-uKEy) + N

Notice that this element is nonzero; one way to notice this is by observing that it
is sent to (((I — PH)(L(x)(I—-Q,,))— (E_,KE,)+ZI)+Z_in (B/Z)/Z_; which,
when identified with W_;(C), is not zero. This is seen, for example, by observing

that it gets mapped t0 —X(—o0,0)SRX[0,00) 7# 0 Under Huo. Its image in (F./J) /T
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is the element

(Fny) = ((1(Bp,) — E.KE,) +J)+ 7

= ((I = PO = LICT L0 = Q) = (B-wKE,) + J) + Jh.

In order to better understand (F),,) we will first seek to describe K more

concretely. From what we have already seen, K is the operator

X(=oo, -y W* <1 - Q) (Qr — Pr)X(1,00)

where g(z) = f(%) This can be rewritten as

X(—o0-1)(Qr — PR)X(1,00) — X(=00-1)W*(9)(Qr — Pr)X(1,00)-

Now, since Qg — Pg = —Sg, we can conclude that

K = _X(foo,fl)SRX(l,oo) + X(foo,fl)WO(g)SRX(l,oo)-

Let’s now use our newfound knowledge to give our element (F,,) a bit of a

makeover:

(For) = =PI = LICT L)) - Q) — (BE_.KE,)
= =PI —LICT LX) —Qy)
— (B—n(—X(=00,-1) S X(1,50) + X(—00,-1)W*(9) SrX (1,00)) En)

= (I = PO)LOI = Qp) + (B-nX(—o0,-1)SBX(1,00) En) (5.1)
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— (I = POL(CT X)) = Q) + (E-nX(—oo, -y W(§) W (5g0(2)) X (1,00) En)
(5.2)

Let’s tackle (5.1) first. Recall the function o which is continuous on S'\ {1}
with one sided limits (1 +0) = —1 and o(1 — 0) = 1 and for which we have
the relation L(o) = E_,SgE, for all n > 1. With this in mind, we can write the

second term of (5.1) as

Ean(foo,fl)SRX(l,oo) En = Ean(foo,fl)EnEfnS]REnEan(l,oo) En

= =P (L) - Q)

where the first equality holds because of the fact that L, commutes with char-
acteristic functions with integer endpoints. We then have that (5.1) is equal to
(I = PH)(L(x+0))(I —@Q,) and since x(1+0) =1 and x(1 —0) = —1 we have
that this belongs to J;. Thus the whole expression (5.1) is in J; and hence zero
in (F./J)/J1. We can thus conclude that in our local algebra (F./J)/J1, we

have

(Far) = —(I=P))(LIC X)) (T =Qp )+ (E-nX (=00, W (9) W (381(2)) X (1,00) Ein) -
(5.3)
This remaining expression will require a bit more work. Define h := fy. Then

W(gsgn(a)) =~ (n(3 o))

A — 2mix

Then for h(x) = h(m

), we rewrite (5.3) as

(For) = =(I = BYY(L(Ch) + E WO E) (T = Q).
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Proposition 5.1.1. Let f be a continuous function on the unit circle with f(1) =
A — 2mix

1 and f(—=1) =0, set h:= fx, and define iz(q:) = h<W
T

>. Let (F,.,.) be the

element defined by
(Fur) = —(I = BEO(L(C ) + EL WO E)(I = Q)
Then the m*™ = (I — §)™" entry of its matriz representation is given by

1 ' ! j(S=tEmy,. 2 2 r R —2zmarctan(ﬂx)
_/ / /627”("+)xh<l‘)dl‘dtds . i / h(x)e - 2 i
"o JoJm A Jr 1+ (=)

when m < —2n and 0 otherwise.

Proof. We will tackle this expression by first exploring what E_,W(h)E, looks
like as a matrix and then looking at what L(C:'h) looks like as a matrix. WO(h)
is an integral operator with kernel k(z — y) = (F'h)(z — y). From this point of

view, we can see that E,nWO(fAL)En is in fact a Laurent operator. Indeed, let ¢;

be the vector with 1 in the j** position and zeros everywhere else. Then

(E_aWO(R)Ey)(e5) = (E-y 7‘&)(\/_x[] 1))
\/ﬁ

el

So the [ entry of the matrix is

Y)X(2 i1 (y)dy)

\\

I+1 j+1

nf [ / k(x—y)x[j,my)dy]x[z,m]mdw=n [ ] ke vy
R [ JR e nn L

3
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+1 t+9 )
and y = —‘7, we have that this equals
n

%/Ol/olk(%l_jﬁtds

which depends only on [ — 5 and is hence a Laurent operator. Recalling that

5
Letting x =

k(z —y) = (F'h)(z — y), we can actually write this double integral as a triple

integral:

1ot —t+1— 1 [t ! e thlgy . n
- / / l{;(w)dtds: - / / / M (o) dwdtds.
nJo Jo n nJjo Jo Jr

Now let’s think about L(C,*h). The m* Fourier coefficient of C;"*h is

1 ”h(ew—r

1 —ret?

)e‘imedé.

2 ),

Let’s rewrite this so that we get it in terms of h. To do this, we set

e —r \ — 2mix

1—re® )+ 2mix

and seek to write 6 in terms of x. By performing algebra, we end up with

—A(1 —2mx(l — 1-—
T = ﬁtan(g) and so § = 2arctan <%) Letting €, = 1+:7
we have that § = 2 arctan( s x) and thus have that the m'* Fourier coefficient
of C7'h is
1 [T i _ : 1 [ : ey —27e,
— h( — >e"m0d9 = — | h(z)e m2arctan(=52) (9 arctan e r))'dz
2 J_. \1 —re® 27 Jr

—2im arctan( #x)

- /R )y

100



Recall that we are trying to figure out what
—(I = P)(L(C; h) + EL WO (h)E)(I - Q)

looks like. From the work we just did, we know what the entries of the matrix

representation for the middle piece is, namely the m'* = (I — ) entry is given

by

1 ' ! j(S=tEmy. 2 2 ” . —Qimarctan(ﬂm)
_/ / / e2m( n+ )xh(x)dxdtds . i / h(m)e - X : dr.
n 0 0 R )\ R 1 _|_< . TQ:')

Multiplying on the left by (I — P;") and on the right by (I — Q) makes the entries
below the —n'"* row and to the left of the n'” column zero, and hence we are left
with a Hankel matrix. In terms of the entries of the matrix expression we found,

this corresponds to the requirement m < —2n. O

We now turn to exhibiting a specific element in the kernel of 7 by picking a

, 0
particular function f. Take the function f defined by f(e) =1 — u Define
T

(Fuy) = (I = PO = LICT PO = Q) = (B-uK E,) € (F./T)/Th

~ ~

for this specific f and let (B,,,) be the element in B/N that gets mapped to (F),,)

under 7. Explicitly,
(Buy) = (I = PO = LICT IO = Q) = (B KE)+ N (5.4)

. 0
with f(e) =1 — u We have the following:
7r
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0]

Theorem 5.1.2. Let f(e’) =1 — ~— and let K be the compact operator
T

K = —X(—o0-1)SRX(1,00) F X(—00-1)W°(§) SR X (1,00)-

~

Then the element (B,,,) defined by

(By,) == (I = B = LICT LN = Q) = (B KEy) + N

belongs to the kernel of T.

9]

Proof. For the function f(e?) =1 — ~—, we have
m

2
—1+ —arctan(¥z) if x>0
h(x) = i

2
1+ - arctan(¥z)  ifz <0

Based on our previous proposition and discussion, to complete this proof we
need only show that the Laurent matrix whose m'* = (I — j) entry is 0 when

m > —2n and given by

—2Tep

) . . o 9 § ) —2im arctan( =L x)
_/ / /eQ”Z(i)xh(:B)d:vdtds— i/h(f’?)e “ore A2 dr
nJo Jo Jr A Jr L)

when m < —2n and ¢, = }ﬁ belongs to V. Let’s start with the second integral:

—27er 27)

2€, R —2im arctan( —=C
_i/h(gj)e g s >\2 dz
R 1+ (=)

—2im arctan(% x)

2¢, [ 2 2 e
:_)\/0 <—1—|—;arctan(7x)> T () dx
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e, 0 92 ) —2im arctan(=22<C 1)
_ )6\ /oo (1 + —arctan(%x)) ‘ T (= i

T —2mer ZC)
%, 00 p—2im arctan(ﬂx) %, 0 6—2'Lm arctan(@z)
A Jo L+ (==5x)? A S 14 ()2
2€T 9 I e—2im arctan(%x)
_ Z arctan(— d
\ /RW arctan( 2\ z) 1+ (2 =2rer )2 r

The integrals in (5.5) yield (by setting  — —x into the second one)

_ o 727\'67« o 27mer
%, /oo e—2im arctan( x) 2, /oo e—2im arctan( =5 x) "
0 0

dr —
/\ 1+( —27er )2 Z )\ 1_|_<27rer )2

%, /oo 2i sin <2m arctan(%x)) ;
= — x.
A Lo 1+ (Eex)?

Let u = arctan(25<xz). We then have

%, [ 2isin <2m arctan(@x)) %, A [T
- e dr = 2i sin(2mu)du
A Jo 1+ (Frx)? A 27e, J,
92 [™/?
= sin(2mu)du
T Jo

—¢ cos(mm 1
_ —icostmm) | i

mi mm

Now let’s return to (5.6).

(5.5)

(5.6)

By again splitting this integral into two integrals

(one over the positive real axis and one over the negative real axis) and applying

x — —x so that we have both integrals over the positive real line, we obtain

\ R;arc an N 15 erx) x

Ric. [ o Sin <2m arctan (25 :1:))
=—— arctan (—x) d
AT /O ) 1+ (Zer)?

X.

103



Let u = arctan(?5=z). Our integral then becomes

4?/ 7T/2
- arctan (
™ Jo

tan(u)

> sin(2mu)du.

€r

an(u)

€

t
By performing integration by parts with p = arctan ( ) and dv = sin(2mu),

we see that this integral becomes

r

an(u)

w/2
4; Aretan ( - ) cos(2mu) 4i (™2 cos(2mu)sec?(u) 1 d
4i 4 u
2 2m ™ Jo 1+ (Lam(U))2 2me,

which is equal to

du

4i m cos(mm) 2i /”/2 cos(2mu) sec?(u)
0

1+ (tan(u) ) 2

~icos(mm) 2i /”/2 cos(2mu) sec?(u)
0 14 <talel(U)>2

and so we really just need to consider the integral that remains in the expression.

1
By first rewriting sec?(u) = T and multiplying the top and bottom by €,
cos?(u

we get the integral is equal to

22 2m me,m2

du

mm me,m2

—9 w/2 2 9
i / e- cos(2mu) o
0

me,m? €2 cos? u + sin® u

Notice that the integrand is an even function, and so our integral can be expressed

as

mem? J ;5 €2 cos?u + sin” u

s /2 2 )
i / ez cos(2mu) .

Let v denote the unit circle. We do a substitution z = e?* to transform our
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integral to one over the unit circle:

—i / 52" +27m) 1
e ), &z + LR+ (LR — LR
_ 1 / e2(zm 4 2z7m) I
dme,m? [, 22(\/z + \%)2}1 — 22(yz - \/LE)2
_ —e2 / (2" 4 2z7™) i
me w2 [, (&z+e6 +z—1)(6z+e6 —2+1)
_ & / (™4 27™) I
mn? [, (z—i—Z—jr})(z—l—Z—ﬂ)(eerl)(er—l)

6 JE—
d = —r and similarly

1
Recall that we have ¢, = T. This means that =
IL+r €r +

1 1
L and so our integral becomes
€ —1 T

—€, / (2" + 2z )1 "
mr?(e2 —1) J, (z—71)(z =)
—€ om S—m
= - d ——dz|.
mr?(e} — 1) |:/y (z=7r)(z=1) Z—i_/7 (z—1)(z—1) :

Now, since m < 0 and r < 1, we have (via residue theory)

—m

z r
—d :2 ] .
[y(z—r)(z—%)z mr—%

J)dz we will employ partial fractions. We write

For [ =D
1 _A1+A2+ +A_m+ B n C
ez —r)(z—3) 2 22 ™ z—r  z-—1
and A; = —%. We need not worry
7” _— =

Solving this, we get that B = T
/r‘ _—
about A; for ¢ > 1 since in these cases — will integrate to zero over the unit
Z’L
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1
circle. Similarly, we don’t need to worry about C' since — lives outside of the unit
r

circle (although it was necessary to compute in order to find A;). Thus, we have

Hm pm o pm rm
A i
L(z—r)(z—%)z m r—1 r—1

Altogether,

7 ) M P 5" +/7 P e

_ —2mie, r-m—rm rm r—m
_mW2(62—1)< 7"—% +7’—%+r—%>
2, 2r—m

- omm(e2 —1) <r - %)

i

omarm

where this final equality is coming again from our definition of ¢,.
We’ve made some good progress: so far we have shown that for our particular

choice of function f (and thus particular choice of fAL), the resulting integral

267‘ / N 6_2im arctan(%z)
_ h(z) —— d
A Jr 1+ (Zmeg)?

is equal to

—¢ cos(mm 1 1 cos(mm 7 7 1
(mm) i icos(mn)

mi mi mi mmr™ mm mmr™ .

Next, we examine

1 1 1 - s—t+m ]
== / / / 2 = (1) dadtds.
nJo Jo JRr
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Once we have this, we will be able to explicitly describe the entries of the matrix
that we are seeking to prove belongs to A/. For our choice of fz, we have that the

above triple integral is equal to

1 1 1 o0 - s—t4+m 2 2
[== / / 627”(T+)$< —-1+4+= arctan(jx)>dxdtds
o Jo Jo Q A

1,1 0
+ l/ / / e (1 + 2 arctan(2—7rsc))d:cdtds
nJo Jo . T A
1 1 1 0 s t+
= —— / / / e2mil )% dadtds
nJo Jo Jo

2 [P N[ g emtim 2
— / / 2mi=t arctan(—ﬂx)dmdtds

1 1 1 0 s— t+m
+ = / / / 2l % dxdtds
n 0 e’}
2 0 s—1 m 2
— / / / 2mi(*=E) arctan(lx)dxdtds
mr o Jo o A

Similar to before, we can write

]_ 1 1 > rs—t+m ]_ 1 1 0 -rs—t+m
- / / / 2T e dtds + — / / / 2T dadtds
nJo Jo Jo nJo Jo J-o
—t+m
/ / / sm 27r ))dxdtds

and we can also write

2 ! 1 & S S—t+m 2
—/ / / 2mi(*=)z arctan(%x)d:vdtds
m™Jo Jo Jo
P 2m
—/ / / 2y )xarctan(yx)d:cdtds
™Jo Jo J-o
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as

4i [ or | s—t+m
%/o /0/0 arctan(Tx)sm <2W(T)x>d:vdtds.

) s—t+m
For convenience, let ( := — . Then we have
n

2 1
/ / / sin(27(x) —arctan(%a:)—ﬁ>dxdtds.

Let’s focus on the innermost integral first and do integration by parts on it

2 1
with u = — arctan(3*z) — — and dv = sin(2r(z). We then have
nm n

— cos(2m(x) (% arctan(2z) — l)

2n(

2 /"O cos(2m(x)
d

i @) 1+ (32)? v

1 2 > cos(2m(x)
— d
2 n + mr()\/ 14 (3Fx)? v

The integrand of the integral that remains is even, so we have

2 /°° cos(2m(x) 1 /°° cos(2m(x)
dr = d

@) 1+ (32)? T 1t (3x)? g
We will use complex analysis for this integral too. Define

e?w(iz )\2 27 (iz

1+ (Z2)2 4r2(z — 2)(z + )

f(z) =

and denote by I' the closed lower semicircle with radius R traversed counterclock-

wise. Then

Y )\ec/\

/f Ydz = 2mi - Res(f, 27T) 5

One can show that the integral over the lower semicircle (excluding the real axis)
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tends to zero as R approaches infinity (which is due to the fact { < 0), and so we

have

~ cos(2 Aetr
/ cos( ;C:c) gy = ¢

Thus, the original integral I that we were analyzing is equal to

2
[—22/ / / sin(27(x) —arctan(%x) )d:cdtds
1 et
dtd
/ / 27rCn nl\ 2 > s
oCA
:——/ / —dtds + — / —dtds
s t+m)>\
= ——/ / dtds+ / / ——dtds.
s—t+ s—t+m

We just went through a lot of computation, so let’s take a moment to regain

focus on what we are doing. We have an element (LA?,”,) that we are aiming to
prove belongs to the kernel of 7. We have seen that to prove this, it is enough
to show that the matrix whose m!" = (i — j)™ entry is given by certain integrals
when m < —2n and 0 everywhere else goes to zero in norm. We've now computed

precisely what the entries of this matrix are: they are

s t+m

L————// . dtds+ L // T s
mm mmurm s—t+m s—t+m

To finish up the proof, we need only show that the Hilbert-Schmidt norm of the
matrix goes to zero.

Recall that the Hilbert-Schmidt norm of a matrix A is given by

1ANZs =D las; .
i
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The matrix we are considering is of the form

A_9pn—3 A_2p—4 Q_2p-5

A_2p—2 QA_92p—-3 QA—2n—4

A_92p—1 A_2p—2 QA_2p-3

The Hilbert-Schmidt norm of this is

0
E kJCL 2nk
k=1

and so we proceed by proving this sum will converge to zero for the known values of

dtds.

a2y we have computed. We will start by dealing with - — £ f01 fol i

Notice that

|
———// dtds_)if/ dtds)
s—t+m T Jo Jo Cs—t+m
Z)i//;dtds
T Jo ms—t+m)
1 [t —
<= // 5=t s
T Jo Jo \mHs—t—i—m]
g/ / b as
o Jo |ml1+m|
1

m(m + 1)

Going back to the Hilbert-Schmidt norm for these 2 pieces, we thus have

‘ ; k(cqnfk)Q‘ - ’ kz; k(% /0 /0 (—2n — k) (s S—_t i (—2n — k))dtd5>2
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i k:
—~(2n—k (—2n —k+1)2

and this final sum converges to zero as n approaches oo. All that remains now is to

1 (7 LEDPY
s—t+m

consider the Hilbert-Schmidt norm for the entries —mwm ++ fo dtds.

We have

s t+'m

1 1 (#))\ A SPRCCPY .
// A s :—// ‘ B P
s—t+m mnrr™  w o Jo S—t+m m T m  marm

Now,

872+m)>‘ e%)\ iy ( 7t))\ 1
I — en e —
m ‘ | Ms—t—l—m m

<
s—t+m

:|€777L1)\”m6(57’1t) —8+t—m‘
(s —t+m)
< ot e ~ 1+ Js —

|m||s —t 4+ m)|
< |emx||mlle(sn‘ ~1]+1
|m||3 —t+m]

e - e
|s —t+m)| |m|ls —t + m)|
2%6%/\ ’en ’

where in the final inequality we are using the fact that |e® —1| < 2|z| when |z| < 1.

my
en
All is well when considering the Hilbert-Schmidt norm with “TW since
m
here we will have an infinite sum with a power of 3 in the denominator, so let’s
AT

22¢en
n

Here we will use the fact that we can bound
|m + 1|

focus our attention on
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k
(—2n — k +1)2

by some M. The sum of interest is

2)\ 2n+k A)

;k(c—%k Zk 2n—k+1)

4>\2 > 20
22k 9y
< 2 g e ne
k=1
2\
AN2Me= A e
= 2X

n? 1—e ™n

This final expression converges to zero; one can see this by noting that the
numerator is bounded and that in the denominator one n from the n? can be used
to deal with the 1 — e~ term (maybe more easily seen if we expand using a

Taylor series) and the other n will give the convergence to zero.
)\ .

i en 1

The last thing to do is to deal with the terms —

™ m mmr™

—. k
" ()

. Here we are

aiming to show

converges to zero. We will consider the sum without the ——.
s

First we rewrite it as

1k 1 (6—A(2+£> _ en(2+,’z>ln(r>>2
24 k)2
k=1 nn(2+5)
Define A, , := —nin(r). Then \,, — X and so for sufficiently large n and r

3
sufficiently close to 1 we have B < A < > With this notation, the sum we are

looking at is

1k 1 2
il <e*A<2+%> _ ew,rms))
—n n ( )
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k/n
(24 £)

For starters, we know that < 1 and so our sum can be bounded above by

Z l ( A2HE) e—An,r<2+:>>Q.
n (
k= n
We have also that for sufficiently large n and r sufficiently close to 1 the bound
A

3\
5 < Anp < 5 which will imply ‘eﬂm%) e

o0

1 1 A k k
1 SA@EE) o Ann(2tk )> § :__) A2HE) _ o= A
e n n €

k=1 n

Observe that

6—A(2+§) _ e—An,T(Z—i-;’j)

An,r k k
[ et
A n

<A l(2 4 D)emderd
n

where the last inequality is also making use of the fact that for the x in the

A 3\
integral, 3 <x< > We thus have that

o)

1 ; =1
“AC+HE) An,r(2+;>‘ <\ "2
n n o ; n

= *)‘Z _‘)\ )\nT’@*§;

’)\ )\nr|<2+ k) —2(2+%)

k=1

e_ oo
A
< — A= (e7n)"
n
k=0
-2
e 1
- _|)\_)\n,r‘ﬁ
n l1—e"2n
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1 2
We know that ——————— converges to — and since \,, converges to A we

n(l—e 2n) A
e 1
have — A=\, ;| 1—A converges to zero, as desired. Thus the Hilbert-Schmidt
n — e 2n

norm of the matrix we are considering converges to zero and so our element (B, )

is in the kernel of 7. O

5.2 Identifying (F./J)/N

Recall the following scheme:

(Fe/ T) T 4 - B/N
\Ifll / lez_loml
U ((Fe/T) ] Th) v_4(C)
wl 8
U ((F/T) /T /K v_(C)/K

We just proved that (LA?,”) € ker7 and so clos idB/N{(B\n,T)} C ker7. Our next
goal will be to show that ker ‘:I\fl = ker 7. Since \Tll = ¥, o7, we automatically have
ker 7 C ker \Tll. Our goal, then, is to show that ker \Tfl C ker 7. We start with the
following proposition. Recall that the maps H**, H; «, and Hy g are defined in

Appendix A.
Proposition 5.2.1. Let (B,,,) € ker U,. Then
(a) W,c({l\f_l(w_l(Bn7r))) is mapped to zero under H**
(b) W,C({I\f_l(w_l(Bn’r))) is mapped to zero under Hy o, for all s € R

~

(¢) The element Heo o(mic(V_1(m_1(Bn,r)))) is contained in the closed ideal gen-

~ A~

erated by Hoe,o(mc (U _1(7_1(Bo,)))).
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In order to prove this proposition, it will be beneficial to view the algebra

Hooo(V_1(C)) as the matrix algebra 39 defined in (4.20). Recall that we have

Hooo(¥_1(C)) = alg(z2my) {X[0.00)> SB} = 59

which has a very nice representation given in Proposition 4.4.2.
We will also need to make use of the following fact, which is stated and proven

in [8], Proposition 2.2.1 (c)(iii).

Proposition 5.2.2. 3} is the smallest closed subalgebra of 31 which contains N*

and Sg+N2.
We are now fully equipped to prove Proposition 5.2.1.

Proof of Proposition 5.2.1. Let (B, ,) € ker U,

(a) and (b): To prove these two claims, we start by observing that the algebras
H* (U, ((F./J)/J1)) are exactly the same as H¥*(¥;(C)) and similarly the alge-
bras Hy oo (V1 ((F./T)/J1)) are the same as H, o(¥;(C)). Then since an element
in the kernel of Uy is zero in H¥+(U,((F,/J)/J1)) and H oo (V1 ((F/T) ) Th)), it
suffices to show that there are injective maps from H**(¥(C)) into H¥*(¥_,(C))
and Hy o (V1(C)) into Hy o(V_1(C)). But we have already constructed such maps
in the proof of Proposition 4.4.3 and so our work is done.

(c): To prove Hoo,o(ﬂic(‘/f’—l(ﬂ—1(3n,r)))) is contained in the closed ideal gen-

~

erated by HM7O(WK(\I/_1(W_l(én,r)))), it is equivalent to show this claim for their

~ ~ 0 0
images under ®,,. The image of Hu o(mic(V_1(7_1(By,)))) under @, is

N 0

115



We know by Proposition 4.4.2 (b) that

T aal S+ M°(by MO(b,
Q) (Hoo,o(mic (Vo1 (m-1(Bny))))) = al + BaS + M2 (by) (b2)
M®(bs) apl + BpS + MO(by)

— M°(B) + M°(C)

ol + Bas 0 by b
where B= | b adC=|  |e (C2 (R))>*2.

0 OéDl + BDS b3 b4
Define the map My by

M:I:oo : Eg — (C4

M°(B) + M°(C) = (B(+00), B(—0))

Here B(+00) = (Bi1(£00), Bay(+00)) where B refers to the function in the ij™"
position in the matrix B. Because b(do00) = 0 for b € C% (R), this map factors
through (C2 (R))?*2. Furthermore, since s(+00) = 1 and s(—o0) = —1, we have
that this map sends M°(B) + M°(C) to (aa + Ba,aa — Ba,ap + Bp,ap — Bp).
Following the elements in ¥_(C) into Hyo(¥_1(C)), then into X9 and finally

into C* via the map we have just defined, we have

X[0,00) — (1,0,1,0) X[~1,00) — (1,0,1,0)

X(-o0,1] =+ (0,1,0,1) Pr — (1,0,0,1)

Recall the homomorphisms H** defined in Appendix A.1, Equation (A.1).

From Proposition A.1.2, these can be viewed as maps into C. We now define the

116



map o on V_;(C)/K that sends an operator A to the 4-tuple
(H**(A), H(A), H"(A), H*(A)) e C".

Amazingly, we have that the composition

Hoo,O

\I/_l(C)/IC E—

M+too

Hooo(V1(C)/K) = @y(Hoco(-1(C)/K)) = C*
is exactly the same as doing the map

v,C) —2—— C*
But we have proven that for an element (B, ) in the kernel of (1\11,
H=(mc(U_y (71 (By,))) = 0.

Recalling that the image (B,,) in 39 will be of the form

aal + 84S + M°(by) MPO(by)

Mo(b3) OéD]"‘BDS‘f“MO(IM)

we can conclude that if (B,,,) in the kernel of Uy, then

(aa + Ba,aa — Ba,ap + Bp,ap — Bp) = (0,0,0,0).

117



In other words, ay = a4 = ap = fp = 0. Thus, if (B,,,) € ker \/I\fl, we have that

N MO (b)) MO°(b)
Dy (Hooo(mic(V_1(m-1(Bnyr))))) =
MO(bs)  MO°(by)

with b; € C% . This means that to show HOO,O(W]C((I\/_l(W_l(Bn’r»)) is contained in
the closed ideal generated by Hm70(ﬂm(@,1(71',1(3\“’,»)))), it is equivalent to show
that
Mo(bl) Mo(b2) b € C’go C clos idzg 00 =: Y.
MPO(bs) MO (ba) N 0
By Proposition 5.2.2; our work will be done if we prove that the matrices with
N? in exactly one position and zero everywhere else and the matrices with SN? in
exactly one position and zero everywhere else belong to >3, along with the ability
to multiply the N2 and SN? on the left and right by arbitrary elements of ¥;.
This will imply that we can generate M°(b) with b € C%, in any position of the

matrix and so our claim will be proven.

0 N S 0
Let’s start with the top left component. Notice that and
0 0 0 0
are in 9. Thus
0 N 0 0 N2 0
- € 23
0 0 N 0 0 O
and so
N2 0 S 0 SN? 0
— S 23.
0 O 0 0 0 0
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A0
For A, B € ¥ arbitrary, we can left multiply by the matrix and right
0 0
B 0
multiply by the matrix to get the matrices with AN?B and ASN?B in
0 0
MO(b) 0

the top left entry and zeros everywhere else. Therefore the matrix

0 0
with b € C% belongs to ¥;.

0 0
Next we show with b € C? belongs to 33. Notice that

Mo(b) 0
0 0 N 0 0 O
- 623
N 0 0 0 N2 0
and so
0 0 0 O 0 O
- 623.
0 S N2 0 SN2 0

0 0
For arbitrary A, B € ¥, we can left multiply by the matrix and right

0 A
B 0
multiply by the matrix to get the matrices with AN2B and ASN?B
0 0
in the bottom left entry and zeros everywhere else. Therefore with
M°(b) 0

b € C° belongs to 3.
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Let’s now settle the bottom right component. Observe that

0 0 0 N 0 O
N 0 0 0 0 N?
and so
0 0 0 O 0O O
— € 23.
0 S 0 N? 0 SN?

0 0
For arbitrary A, B € ¥, we can left multiply by the matrix and right
0 A

0 0
multiply by the matrix to get the matrices with AN?B and ASN?B in
0 B

0
the bottom right entry and zeros everywhere else. Therefore with

M°(b) O
b € C% belongs to 3.

Finally, let’s do the top right component. We have already shown that the

MO(b) 0O N 0
matrix with b € C% belongs to X3, so in particular and
0 0 0 0
AN 0
are in 3. Thus
0 0
N 0 0 N 0 N?
= c 23
0 0 0 0 0 0
and
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SN 0 0 N 0 SN?

A0
For arbitrary A, B € ¥, we can left multiply by the matrix and right

0 O
multiply by the matrix to get the matrices with AN?B and ASN?B
0 B

0 MO(b)
in the top right entry and zeros everywhere else. Therefore with

0 0

b € C° belongs to Y3 and our proof is complete.

The following lemma will be of great use.

Lemma 5.2.3. Let f : X — Y be an open and continuous map between topological
spaces. Then for any subset V C Y, f~Y(V) = f~1(V). Here V refers to the closure

of Vin'Y and f~1(V) refers to the closure of f~1(V) in X.

Proof. Since f is continuous, f~!(V) is closed. By definition, f~1(V) is the
smallest closed subset of X containing f~(V). Since V' C V, it follows that
V) C 7Y (V) and so f71(V) € f7H(V).

For the reverse containment, take z € f~1(V) and let U be an open neigh-
borhood of z. We want to show that (U \ {z}) N f~1(V) # 0 (i.e., that = is a
limit point of f~%(V)). Since z € f~1(V), we know f(x) € V and since x € U
we have also that f(z) € f(U). This means f(z) € V N f(U). The fact that
f(x) € V means that any open neighborhood of f(z) minus the point f(x) when

intersected with V' is nonempty. Since f is an open map by assumption, we have
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that f(U) is an open neighborhood of f(z). Thus V N (f(U) \ {f(z)}) # 0 and
hence (U \ {z}) N f~Y(V) # 0, as desired. O

Corollary 5.2.4. Let (B,,,) € ker U,. Then

~

T (V_1(m-1(By,))) € clos id xp,l(C)/lc{Wic(‘T’q(7T—1(§n,r)))}~

Proof. Recall from the Fredholm theory that the algebra W_;(C) is *-isomorphic to
a subalgebra of the direct sum of its images under a collection of homomorphisms.
From Proposition 5.2.1, we may actually conclude that for (B,,,) € ker (1\11, its
image in this subalgebra of the direct sum is contained in the closed ideal generated
by the image of (én,,) in this subalgebra of the direct sum. Now, the preimage

of a principal ideal under an isomorphism is again a principal ideal and so using

Lemma 5.2.3 we arrive at the claim. O

Recall the following scheme that we worked hard to build:

(Fe/T) )T < - B/N
o
U ((Fe/ T ) Th) v_4(C)
ﬂ,cl lﬂ,c

U ((F/T)/Th) /K v4(C)/K

Using Lemma 5.2.3 and Corollary 5.2.4 as the starting point, we will work our
way up from the bottom of the scheme back to the top and make a statement

about the kernel of \Tll.

Proposition 5.2.5. Suppose (B,,,) € B/N has the property that

(U1 (7-1(Br))) € clos id w_yeyyc{me (V-1 (m-1(By,)))}-
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Then
Uy (7_1(Bn,)) € clos id u_,y{¥_1(7_1(By,)), K}.

In particular, ‘/ﬁ_l(w_l(Bn’T)) € clos id \y_l(c){(ff_l(ﬂ'_l(gnm)), K} if (Bny) € ker .

~

Proof. Let 3 = id w_, iy c{mc(W_1(m_1(Bn,)))} and £ = id g_, ) {¥ _1(7_1(Bn,)), K}
We will first show that 7' (J) = £. For ease of notation, set y := U_y(7_1(By,)).

We know from algebra that 7' (J) is an ideal of ¥_;(C) containing y and K. Then
since £ is the smallest ideal containing y and K, we have £ C 7' (J).

For the reverse containment, take € m'(J). Then mc(z) € J. This means

() = Z a;mic(y)bi

with a;,b; € W_1(C)/K. By surjectivity of mx, we have that there exist ¢;,d; €

U_,(C) such that a; = mx(c;) and b; = mx(d;). Thus
mi(z) = Zamc(y)bi
= ZWK(Ci)WK(y)WK(dz’)

= Z WK(Ciydi)

This gives

r+ K= Z(Ciydi + K;)

for K, K; compact and so

v=-K+)» (cydi+K;) € &
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We have thus proven that 7' (J) = £. Notice that 7k is an open and contin-
uous map (continuity is clear, and the fact that it is open can be shown directly
or by invoking the Open Mapping Theorem since this is a continuous surjec-
tion between Banach spaces). We can thus invoke Lemma 5.2.3 to complete the

proof. O]

Proposition 5.2.6. Suppose (B,,,) € B/N has the property that
U_y(1_1(By,)) € clos id vy {¥_1(7_1(Bn,)), K}

Then

7 1(Bny) € clos id /7,7, {(71(Bu,)), (Y1 E_oKE,Y 1)},
In particular, 7_1(B,,) € clos id (B/I)/Ll{(ﬂ,l(ﬁn,r)), (YL E_,KE,Y_1)} if

(Bn) € ker 0.

Proof. Because ¥_; is an isomorphism, we have

U-L(id o0 1 (7 1(Bur)), KY) = id /7y/7, {(71(Bny)), VA E_KE,Y 1)}

and since {1\1_1 is an open map we again can use Lemma 5.2.3 to get the statement

about closures. O
Theorem 5.2.7. The kernel of U, is equal to the kernel of T.

Proof. Because (I\fl = U, o7, we have ker 7 C ker \Tfl. We therefore only must show
that ker U; C ker 7, 50 let (B,,) € ker U, be arbitrary.

Recall from Corollary 4.4.5 that B/N is x-isomorphic to a subalgebra of the
direct sum Wy ((F./TJ)/J) P V_1(C). For the sake of this proof, we will actually
consider it as a subalgebra of the direct sum ¥, ((F./J)/J1) @(B/Z)/Z_1, which
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we are permitted to do because of Theorem 4.4.4. Being in the kernel of \T/l means
that the image in Uy ((F./J)/J1) is 0 and from the work we have done in the

previous propositions, we know that if (B,,,) € ker \Tfl, then

7 1(Bu,) € clos id (/77 {(m_1(Bn.)), YA E_KE,Y 1)},

~

Recalling the definition of (B, ,) in Equation 5.4, we can see directly that
this element is sent to zero in Wy ((F./J)/J1) — in fact, it was constructed this
way. We have also that, for compact K, (Y_1E_,KFE,Y_1) is mapped to 0 in
Uy ((Fe/TJ)/J1) (this is a direct result of Lemma 4.3.1).

Putting all of this together, we have the following: when an element (B, ,) €
ker (I\fl is identified with its image in the subalgebra of the direct sum
Uy ((Fe/T)/T1) (B/I)/Z_1, it is seen to belong to the closed ideal generated by
(0,7L1(§m)) and (0,Y_1E_,KE,Y_1). Thus if we show both of these elements
are in the kernel of 7 our proof will be complete.

Because of Theorem 5.1.2 we have that (Enr) € ker 7 and so (O,W_l(ém))
is sent to zero under 7. All that remains is proving Y F_,KFE,Y ; is in the
kernel of 7 for K € K. To this end, let f be a continuous function vanishing in a

neighborhood of —1 and equal to 1 at 1. Then mod J and J; we have

Y. E ,KE,Y., =Y RK'RY_,
=Y RIK'R.Y 1 L(f)
=Y RIK'R.Y \L(f)Y 1 RiRY
=Y \R'K'L(C,Y_f)R,Y_;.

t+r
1+t

Notice that (C.Y_1f)(t) = f ( ) and so C,.Y_1f converges locally uni-
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formly to f(—1)I = 0 on S'\ {—1}. Thus L(C,Y_1f) converges strongly to 0
and hence K'L(C,.Y_;f) converges in norm to 0. Then since Y_; R} and R,Y_;
are uniformly bounded, we get that Y_;R*K'L(C,Y_1f)R,Y_; € N and so the
sequence Y 1 E_,KE,Y ;isequal to 0 in (F./J)/Ji. Thus Y E ,KE,Y 4 is in
the kernel of 7 and we may conclude ker (I\Jl C ker 7. Therefore ker \Tfl = ker 7, as

desired. O

Corollary 5.2.8. The local algebra (F./J)/ T is x-isomorphic to the algebra of

operators A.

Proof. Recall the following commutative diagram:

(F/ T ———— B/N

‘I’ll /

U ((Fe/T) /) Th)

The only property of a x—isomorphism that is left for us to show for ¥y is in-
jectivity, so let (F},,) be in the kernel of W;. By surjectivity of 7, there exists a
(By.r) € B/N such that 7(B,,,) = (F,,). Then

Uy(B,,) = U1(1(By,)) = 0;

i.e., (By,) is in the kernel of U;. Thus by Theorem 5.2.7 we have (Bn,) € ker 7.
This means (F,,) = 0 and hence 0 is injective. This shows that (F./J)/J
is *«—isomorphic to Wy ((F./J)/J1), and since we have already proven that is

x—isomorphic to A in Theorem 4.2.10 the proof is complete. O
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5.3 Summary and Main Results

We have just shown that the local algebra (F./J)/J is #-isomorphic to the
algebra of operators A. This tells us that invertibility in (F./J)/J: is equivalent
to invertibility in A. Recall from Proposition 3.2.5 that (F./J)/J: is *-isomorphic
to (F./J)/J, for each T € S! via the rotation map which sends (F,,,. +J) + 7
to (Y, F,,.Y. '+ J) + J,. For each 7 € S, we define the map ¥, on (F./J)/T,
by

U (F,,) :=slim E,Y,F,,YE_,. (5.7)
’ n—00 ’

r1

Recall that this strong limit has dependence on A given by the relationship
n(l —r) — X even though our notation does not reflect it. When 7 = 1 this
is precisely the map ¥, we have already examined when acting on (F./J)/Ji.
From what we have already discussed, the fact that for each 7 € S!' the local
algebra (F./J)/J- is x—isomorphic to the algebra of operators ¥, ((F./J)/J;)

will follow once we prove that W, is well-defined.

Lemma 5.3.1. Let 7 € St be fized. Then the map
U, (F) )Ty = Y, ((Fu)T))Tr)

defined by
\IJT<Fn,r> = 57;@733 EnY;'Fn,rYT*Efn

r—1

is well-defined. Moreover, it acts on each of the generators as follows:
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(P) —X[0,00) (Y*R:K,R.Y;) HZ%]-"FKTF_I}"_IZE

27

A — 2mix

P _ L(G ! ol i (E——
(PF) X100 (LG =W (1 (5 mis)

(

1 if T is on upper half plane

0 of T is on lower half plane
(Qn) = X(~o0,1] (L(x+)) =

Qr fT7=1

PR ZfT =-1

\

Proof. We first prove well-definedness. We start by observing that W, (L(t)) = 71;

indeed, we have
E Y, LO)YE_, = E,L(tt)E_, = TE,L(t)E_,

which converges strongly to 7/ by Theorem 4.2.6. This fact automatically yields
that (L(f)) is in the kernel of W, when f is continuous and vanishing at 7 (an
approximation argument can be used). To show that (K) is in the kernel for K

compact, we will use the representation

K =) apU_j(PUy — Uy P)Upsy
jkeZ
where U, = L(t™) is the shift operator as we have done before. Because of
the fact £,Y,PYE_, = E,PE_,, converges strongly to X[o,cc) (Which was shown
in Theorem 4.2.6) and U; = L(t) converges strongly to a scalar multiple of the

identity, if we can show that E,Y,L(#/)Y*E_, converges strongly to some limit
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for any fixed j € Z the job will be done. By Lemma 4.2.2, we have
E,Y,L(#)Y E_, = 79 L, FM(e¥) F~!

which converges strongly to 77I. Thus constant compact sequences are mapped to
zero under W... Finally, we handle sequences of the form (U,KU_,,) and (U_,KU,)
where K is compact. We will show that (U,KU_,) is in the kernel of W_; the

argument for the other is analogous . Identifying U, as L(t*"), we have that

EY,U,KU_ Y E_, = E,Y;U,YE_,E,Y.KYE_,E,Y,U_,Y'E_,
= L,JFM ("™ ) F Y E,Y,KYE_,) L, FM(r "¢ >™")F !

_ Ln‘/—'.M(szx)f_l(En}/;KK_*E_n)LnfM(e_me)JT'._l

where in the second equality we are using Lemma 4.2.2. Now using Proposition
4.2.1 we have L, FM (e**™®)F~1 = [, Uy, where UL, is the shift operator defined
in Equation 4.10. Since L, Uy, converges strongly and we have already seen that
(E,Y-KY}E_,) converges strongly to zero, it follows that (U,KU_,) is in the
kernel of V...

To finish the proof, we compute where each generator is sent. The images of
the sequences (P),(P)), and (Q, ) are clear. For L(x,), observe that we have
the equality E,Y,L(x+)YE_, = E,L(Y;x+)E_,. Recall for f € PC we have the

representation in (4.12). Using this representation with f = Y,y we have

1
+O'+d

1—0
Yox4 = x4 (7 + O)T +x+(7=0)
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where d is continuous and vanishing at 1. Thus

)
1 if 7 is on upper half plane

0 if 7 is on lower half plane
QR ifr=1

P]R if m=-—1

\

Next let’s handle the element (L(G,}f)). We have

EY (LG )Y, E- = B, L(C; ) E-,

A—2mix

which converges strongly to W° ( f ( ST

)) as was proven in Theorem 4.2.6.

Finally we deal with (Y R!K,R,Y;). Notice that
E.Y,Y'R'K.R,Y,Y'E_, = E,R*K,R,E_,

which converges strongly to Z 2 FFK, F1F1Z ;1, a fact we proved in Theorem
a 27
4.2.10.
O]

Corollary 5.3.2. For each 7 € S', the local algebra (F./J )/ Ty is x—isomorphic

to the algebra of operators U, ((F./T)/T).

Theorem 5.3.3. (Main Result) An element (F,,) € F. is A—stable if and only
if its images under ®q, &1, ®_,, and V. are invertible for each T € St. Moreover,

generators of F, are mapped as follows by ®q, P, P_1, and V., :
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Generator in F, P D, | Py
(P) P I 0
(PF) 1 I P
Q) I [ Q| 1

(L(a)),a € PC L(a) | L(a) | L(a)
(LGN JE€PCT, | 0 | 0 | 0
(K) K 0 0
(KzR:KtORTY;fO) 0 0 0

Table 5.1: Images of Generators of F,

under ®; for v =0,1,—1

Generator in F, v,
(P) X[0,00)
(Pn+) X[flroo)
(@) X(=o0.1

(L(a)),a € PC

a(T+0)Qr + a(r — 0)Pr

(L(Grap ), f € PCY,

wo(r(35ze)) it =-

0 if to # T
(K) 0
Z FFK.F'F 1z} ifto=r1
(Y;z R:KtoRTY;()) o 2
0 if t() 7é T

Table 5.2: Images of Generators of F, under W,

Proof. Theorem 3.1.8 tells us that an element (F),,) € F. is A—stable if and only
if its images under ®(, ®;, and ®_; are invertible and the coset (F,,) + J is
invertible in F,/J. Corollary 3.2.3 states that (F, )+ J is invertible in F,/J if
and only if (F,,.+J)+J, is invertible for each 7 € S', and finally Corollary 5.3.2
tells us that (F,, +J) + J, is invertible for each 7 € S' if and only if U, (F,,) is
invertible for each 7 € S.

The images given in the table were computed and proven in Propositions 3.1.2,

3.1.3, and 3.1.4 and Lemma 5.3.1. O]
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Chapter 6

Relating to Approximate

Identities

In this chapter we introduce an algebra Sq(k,, PC) of sequences of operators
that are involving approximate identities. In the first section define approximate
identities, provide examples, and introduce Sq(k,, PC). In the second section
we establish a relationship between Sq(k,, PC) and our algebra F,, concluding
by translating our stability criteria for F, into stability criteria for Sq(k,, PC).

Finally, we apply the result to some concrete examples.

6.1 Approximate Identities and the Algebra
Sq(k,, PC)

In order to define approximate identities we start with a function K € L'(R)

with the property

/OO K(z)dr = 1. (6.1)
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For w € [0,00), the bounded linear operator k, : L — L* defined by

(huf) (%) = / Y (wy)dy

is called the approzimate identity with kernel K. It can be shown that the func-
tions k,f are continuous for each w € [0,00). Notice that (6.1) is the only re-
quirement we impose on K'; sometimes more things like non-negativity and decay
conditions are required (for example, in [3], Section 3.14).

One example of an approximate identity is the Fejér-Cesaro means o,, n € N,

defined in terms of Fourier coefficients by

n

e = 30 (1= 20 geme

m=—-n

We also have

2
@) = [ e = )
0
where the Fejér kernel k,, is given by

B 1 sin?((n + 1)x/2)
2r(n+1)  sin®(z/2)

for z € R.
If we let ' denote the periodic extension of f, i.e., F(z) = f(e®®) for z € R,

then we have

o0

(onf)(e™) = / (n+ DK((n+1)(z —1t))F(t)dt

— 00
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2 sin?(z/2)

with K(x) = (if interested, more information can be found in [1],
T

22
Section 62).

Another example is the harmonic extension

o0 (o @]
hy E ey, — E ,u‘m‘e’mxam

m=—oo m=—0o0

for 0 < p < 1. In this example we have h,a = kya with K (x) = 1/(m(1+2?)) and
w=—1/logp.

Throughout what follows we let Q C [0,00) be an unbounded index set and
k., be an approximate identity. Much of the setup will parallel what we did for
the algebra F; this is not a coincidence. Let S denote the set of all sequences

{A, 0} nenwen of bounded linear operators on L? for which

H{AnM}HSQ = SEEHAn,wHE(LQ(Sl)) < Q. (62)
weN

This space becomes a C*—algebra when equipped with the above supremum

norm and the following algebraic operations:

{Anw} +{Bnw} ={Anw + Bou}, 2{Anu} = {2404},
{AnwHBnw} = {AnwBnw}, {Anw} = {Ai,w}-

We let N denote the x-ideal of S consisting of all sequence {A, .} for
which |[{A,,}|| = 0 as w — oo and let Sq(k., PC) denote the smallest closed

x-subalgebra of Sq with No C Sq(k., PC) containing the following elements:

(P), (P7), (@), (M (kua))

with a € PC'. In the next section we study stability criteria for this algebra.
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6.2 Stability Criteria for Sq(k,, PC)

We now proceed to relate the stability problem we solved in this thesis to a

related problem involving approximate identities.

Proposition 6.2.1. Let k,, be an approzimate identity and a € PC. Then the
sequence {a, }rcjo1) defined by a, = kya with w = (1 +17)/(2(1 —r)) is contained
in the smallest closed subalgebra of F containing constant sequences of piecewise

continuous functions and sequences {G, 1 f} for f € PCY, and T € S.

Proof. For a proof we refer the reader to [6], Proposition 4.6. There it is shown

that
koa = a+ BG1(f —x4) +Y 0, (6.3)
where 8 = a(t +0) — a(7 — 0), f is the function defined by
1(i5) = [ s

and Y 'n, € Ng. O

We remark that the relationship w = (1 +r)/(2(1 — r)) also implicitly gives

us a relationship between w and n; that is, since n(1 —r) — A we have  — .
w

Theorem 6.2.2. Let R={r €[0,1) :

(

= : So(k,, PC) — F.

{An,w }nEN,wEQ = {An,r }nGN,reR
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Then a sequence {A, . tnenwea is A—stable if and only if the corresponding se-
quence {An, tnenrer is. In particular, a sequence {An ., tnenwea is A—stable if
and only if its images under ®go =, P 0=, P_1 0=, and ¥, o = are all invertible.

Moreover, these maps act on the generators of Sq(ky, PC) as follows:

Generator in Sq(k,, PC) | ®goZ | P10=Z | P 0=
(P) P i 0
(P i i P
(@) ! Q 1
(M(kya)),a € PC L(a) | L(a) L(a)

Table 6.1: Images of Generators of Sq(k,, PC') under ®; o= for i = 0,1, —1

Generator in Sq(k,, PC) U, o=
(P) X[0,00)
(P;r) X[—1,00)
(Q;) X(_oovl]
(M(kya)),a € PC a(7 + )W < f (;gg;ﬁ;))
rar o (1- 7 (35222))

Table 6.2: Images of Generators of Sq(k,, PC) under ¥, o =

Proof. 1t is readily seen that = is a x-homomorphism into F,; the generators are
mapped to generators. The only one for which this may not be obvious is the
multiplication operators, but this is established from Proposition 6.2.1. We may
compose this map = with each of our maps that give stability criteria for F,,
resulting in a collection of x-homomorphisms from Sq(k,, PC) into algebras of
operators. The statement about stability follows.

Regarding the table, much of it is the same as our table in the main results
section. For the generator (M (k,a)) with a € PC we are using the representation
given in line (6.3) in the proof of Proposition 6.2.1 in order to arrive at our image

under V.. The function f that appears in the table is also defined there. O
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Remark 6.2.3. We remark that the map = is actually a map into a subalgebra
Fr of F, due to the fact we are using the index set R instead of [0, 1); however, this
is not an issue. In fact, the work done in this section is true for any unbounded
index set € C [0, 00). This can be seen through the viewpoint of something called
fractality. The notion of fractality for usual sequences (A, ) ey is described in [12],
Section 4.2. The idea is as follows: let T" be a homomorphism on an algebra of
sequences, let v : N — N be a monotonically increasing map, and define ®,, as the
map that sends a sequence (A,) to the subsequence (A,,)). We call a homomor-
phism T a fractal homomorphism if for each v there exists a homomorphism 7,

such that

This property is really saying that every subsequence of (A,) contains the full
information about the image of the entire sequence under 7" (this is the motivation
for calling it fractal).

We can adapt this definition to work for our generalized sequences (4,,,).
We call a set S C N x [0,1) A—suitable if it has the property that there exist
(ng,r;) € S such that n;(1 —r;)) = X asr; — 1 and n; — 0o as i — oco. With
this, we are equipped to define fractality for generalized sequences. Similar to
before, define the map ®g to be the map that ends a sequence (A, )nenrep,1) to
the subsequence (A ;)n,es. We call T fractal if for all A—suitable sets S, there
exists a homomorphism Ty such that T o &g =T.

Our set R defined in Theorem 6.2.2 has the property that N x R is A—suitable
by definition for any unbounded index set (2. Even further, since the operators
®_1, Py, Py, and U, are all strong limit operators, they are defined on the subal-

gebra Fr. Moreover, if we let G denote the direct sum of algebras that we have
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shown F, /N to be isomorphic to, the following diagram commutes (again, we are

using the fact our operators are given by strong limits):

Fo N e Fp/N
\g/

which is precisely what we need.

6.3 Concrete Examples

Let’s now apply Theorem 6.2.2 to concrete examples, starting with sequences
of finite sections of Toeplitz operators whose symbols are given by approximate
identities applied to piecewise continuous functions. Recall that the function f

appearing in the corollaries is defined by

(155 = [w

where K is the function coming from the approximate identities.

Corollary 6.3.1. Let a € PC. Then the sequence (T,,(k,a)) == (P,T(kya)P,) is

stable if and only if the following operators are invertible:

(1) T(a)
(i) T(a)

i) ar+00a W (£ (35325) ) xoaratr—0an (1= 1 (5528) ) v

for each T € St
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Proof. This is a direct result of Theorem 6.2.2. The only simplification we have
done is rewriting QL(a)Q = JT'(a)J in order to see that invertibility of QL(a)Q

is equivalent to 7'(a) being invertible. O

Remark 6.3.2. If we set A := xjojW° (f (i;gﬁ)) X[0,1], condition (iii) can be

expressed as requiring the operator

a(t —0)
a(t+0) —a(r —0)

A+ I

be invertible where I = x[o1) (we may assume a(7 4+ 0) — a(7 — 0) # 0 since
otherwise condition (iii) is a scalar multiple of X[o;). This is now a question of
the spectrum of A. By utlizing Fredholm Theory, one can realize that the essential

spectrum of this operator A is

Tess(A) = [0, 1].

In the case where im f C [0,1], then we may conclude even further that the
spectrum of A is also equal to [0, 1] (this has to do with positivity in a Hilbert
space). To summarize, we have that condition (iii) is requiring the invertibility of

the operator
a(t —0)

a(tT +0) —CL(T—O)[

A+

with A 1= x(o,W° ( f <%)) X[o,1) Which is equivalent to requiring %

to not be in the spectrum of A. When im f C [0, 1], this boils down to the con-

a(T—0)

2 0)—a(r=0) ¢ [0,1] which can further be expressed as requiring the line

dition

segment connecting a(7 — 0) and a(7 + 0) not crossing 0.

Next we apply our stability criteria to sequences of finite sections of Toeplitz
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operators with piecewise continuous symbols.

Corollary 6.3.3. Let a € PC. Then the sequence (T,,(a)) = (P, T(a)P,) is

stable if and only if the following operators are invertible:
(1) T(a)

(i) T(a)

(i) Xjo1(a(t 4+ 0)Qr + a(r — 0)Pr) X0, for each T € S!

We now apply our stability criteria to sequences of Toeplitz operators whose
symbols are given by approximate identities applied to piecewise continuous func-

tions.

Corollary 6.3.4. Let a € PC. Then the sequence (T(k,a)) is stable if and only

if the following operators are invertible:
(1) T(a)
(i) L(a)

(i) a(T+0)X[0,00)W° (f (%)) X[0,00) (T —0) X[0,00) W° (1 —f (%)) X[0,00)
for each T € St

Remark 6.3.5. We remark that the operator in (iii) is a Wiener-Hopf operator
with piecewise continuous symbol. By rewriting it in a similar way to what we
did in Remark 6.3.2, its invertibility can be reduced to a question of spectrum

and one can find it if needed.

Finally, we apply the result to singular integral operators.

Corollary 6.3.6. Let a,b € PC. Then the sequence (M (k,a)P + M (k,b)Q) is

stable if and only if the following operators are invertible:
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(i) L@P + L()Q
(i) L(a)
fii) L()
(iv <a<r o (1 () ) +atr oo (1- 1 (—))) Yoo

+ (b(T +0)w?° (f (%)) +b(t — )W (1 —f <%))) X (—o0,0) for

each T € St

Corollary 6.3.7. Leta,b € PC. Then the sequence (P, (M (k,a)P+M (k,b)Q)F,)

is stable if and only if the following operators are invertible:
(i) L(a)P + L(b)Q
(i1) T(a)
(i5i) T'(b)
(1) X[-1.1] (a(T + 0)W? (f (%)) +a(t — 0)W?Y (1 — f (iéﬁ))) X[0.1]

X <b<f o (7 (32) ) 4o oo (1- 1 (i;ézzii))) 1o

for each T € St

Corollary 6.3.8. Let a,b € PC. Then the sequence (P,(M(a)P + M()Q)P,) is

stable if and only if the following operators are invertible:
(i) L(a)P + L(b)Q

(i) T(a)

(i3i) T (D)
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(iv) X[-1,1(a(T+0)Qr +a(T —0)Pr)x 0,1+ X[-1,1](b(T +0)Qr 4+ b(T — 0) Pr) X (~1,0)

for each T € S*
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Appendix A

Fredholm Theory for Algebra of
Fourier Convolutions and

Multiplication Operators

In this appendix we treat the Fredholm Theory for the algebra generated by
Fourier convolution operators with piecewise continuous symbols and multiplica-
tion operators. We start with the general Fredholm Theory for this algebra and
since many of the algebras we consider in this thesis are subalgebras of this, we

discuss its specialization to them in the subsequent subsection.

A.1 The General Theory

For the general Fredholm Theory presented here we follow the work of [10]. In
this discussion, we will specialize to the unweighted L? spaces. We let A(PC(R), PC)
denote the smallest closed subalgebra of £(L?(R)) containing all operators al of

multiplication by a function a € PC(R) and all Fourier convolutions W(b) for
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b € PC. We write AX(PC(R), PC) to denote the image of this algebra in the
Calkin algebra (i.e., AX(PC(R), PC) is A(PC(R), PC) modulo the space of com-
pact operators). Recall for s, € R and 7 > 0, we have defined the following kinds

of shift operators!:

M, : L*(R) — L*(R), (M, f)(x) = *™* f(x)

Up: L*(R) = L*(R), (Uef)(x) = f(z — )

Z.: P(RY) = LX(RY), (Z:f)(w) = 72 f(72)

With these definitions, we are equipped to define some strong limit operators.

For A € L(L*(R)), let

H**(A) = s-lim s-lim M_,U_,AU,M, (A1)

t—+o0 s—+oo

Here the first superscript in H** refers to the strong limit with respect to
s — too and the second one with respect to t — +oo . We also define the

following strong limits for s,¢ € R:

H,(A) =slim Z7'U_ AU, Z, (A.2)
T—00

Hooi(A) = s-lim Z,M_AM,Z ! (A.3)
T—00

'We remark that if the reader refers to [10], there the notation for these operators is slightly
different: our M, is the same as their U_g; our U, is the same as their V;; and our Z, is the
same as their Z-1.
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Interestingly, the invertibility of the images of an operator A € A(PC(R), PC)
under each of these homomorphisms is enough to tell us if A is Fredholm; indeed,

we have the following:

Theorem A.1.1. The algebra AX(PC(R), PC) is inverse closed in the Calkin
algebra L(L*(R))/K(L*(R)) and an operator A € A(PC(R), PC) is Fredholm if
and only if Hy o (A), Ho 1(A) and HX*E(A) are invertible Vs, t € R.

Proof. For a proof of this statement, we refer the reader to [10], Theorem 5.6.2

and Corollary 5.6.3. O

Notice that since being Fredholm is equivalent to being invertible modulo com-
pact operators, we may actually view the Calkin algebra as isomorphic to a subal-
gebra of the direct sum of H**(A(PC(R), PC)) with H, ..(A(PC(R), PC)) and
Hoo (A(PC(R), PC)) for all s,t € R (here we are making use of the C*-algebra
properties to make this conclusion). Because these homomorphisms give us the
information we need to understand when an operator is Fredholm in our algebra,
it is worthwhile to see how they act on the elements of the algebra A(PC(R), PC).

The following three propositions achieve this.

Proposition A.1.2. The strong limits H** ezist for A € A(PC(R), PC) and
these mappings are algebra homomorphisms onto the algebra CI. In particular,

fora € PC(R) and b € PC,

H**(al) = a(+00)I, H *(al) = a(—0)I,
H=H (WO (b)) = b(+00)I,  H=(WO(b)) = b(—00)I,

and H**(K) = 0 for compact operators K.
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Proof. Let’s first deal with al for a € PC(R). We will think of this as a multipli-

cation operator and write it as M (a). Here we have
M_U_,M(a)U,M, = M_,M(a)M, = M(a)

where a(z) = a(x + s). Then as s — oo M(a), converges strongly to a(+o00)I.
Similarly, as s — —oo we have M(a), converges strongly to a(—oo)l. Thus we
have proven the claim for al.

Let’s now discuss W(b). We will use Proposition 4.2.1 often in our computa-

tion. Here we have

M_U_ W) UM, = M_U_,F~ "M (b)FUM,
= M_ F*M_,M(b)M,FM,
= F'U_M_,M(b)M,UF
= F 'U_M(b)UF

= F'M(©)F.

where b(z) = b(z+t). Thus as t approaches infinity, F M (b)F converges strongly
to b(4+o00)I. Similarly, as ¢t — —oo we will have strong convergence to b(—oo)l as

desired. O

Proposition A.1.3. Let a € L*(R), b € PC, and let x4+ (resp. x—) denote the

characteristic function for the positive (resp. negative) real axis. Then fort € R,
(i) Hoylal) = a(—00)x_I + a(+o0)x: T
(i) Hoot(WO(b)) = b(t7)Qr + b(t7) Pr

Proof. As before, for a € L>(R) we think of al as a multiplication operator M (a).
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We have
ZTM,tM(a)MtZ;1 = ZT]\I(CL)Z;1 = M(a)

where a(z) = a(rz). Then if x < 0, we have strong convergence of M(a) to
a(—o0)I as 7 — oo and similarly if z > 0 we have strong convergence to a(+00)/
as 7 — oo. Thus, al is mapped to a(—o0)x_I + a(+00)x+1.

Let’s now consider WO(b) for b € PC. Tt is sufficient to prove the claim for
t = 0 (the other cases will follow from this since they correspond to shifting the

symbol b). We may write b as

b(07)x— +b(0")xy +¢

where ¢ € PC' is continuous and vanishing at 0. Using the representation of P in
(4.5), we see that WO(b(0™)x_ + b(0T) x4 ) = b(07)Qr + b(0T) Pz, so our job will

be done if we show Z,W9(¢c)Z-! converges strongly to 0 as 7 — oo. But this is

T

clear, since Z,W°(c)Z-" = W°(¢) where ¢(z) = ¢(%£) and ¢(0) = 0.

Proposition A.1.4. Let s € R,a € PC, and b be a Fourier multiplier. Then
(i) Holal) = a(s™)x-I +a(s")x+
(ii) Hgoo(WO(D)) = b(—00)Qr + b(+00)Pr

Proof. This can be proven in a similar way to the previous proposition by following

the definitions. N

The following tables show the images of the elements belonging to W, ((F./J)/J1)
and ¥_;(C) under each of these homomorphisms. In the following sections we will

see that in these cases, only some of these homomorphisms play a role.
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(F/T)/ N Image under ¥, | H*+ | Ht~ | H—— | H~*
(L(x+)) Qr 0 I I 0
(L(t™™)PL(t")) X[=1,00) I I 0 0
(L(t")QL(E™)) X (—oo,1] 0 0 I I
(L(CH)) W(g) 0 | 0] 0 [0
JePCY | §(x) = f(35me)
(R'KR,) K’ 0 | 0 0 | 0

Table A.1: Tmages of the Generators of (F./J)/J: under H**

(Fe/T) T Image under ¥4 H; Heo
0 ifs<0
(P) X[O,oo) X[0,00) ifs=0 X[0,00)
I if s>0
1 ift<0
(L(x+)) Qr Qr Qr ift=0
0 ift>0
(
0 if s < —1
(L(t™")PL(t")) X[~1,00) X[o,00) if 8 =—1 X[0,00)
I if s > —1
\
I ifs<1
(L(tn)QL@in)) X(—00,1] X (—00,0) ifs=1 X (~00,0)
0 ifs>1
\
(LG ) woq) 0 g(t7)Qr + g(t") Pr
fePC i) = fO5m
(RFKR,) K’ 0 0

Table A.2: Images of the Generators of (F./J)/J1 under Hy o, and Hy ;
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Generator in B/N | Imagein V_{(C) | H** | H*™~ | H~ | H™*
P) Xlowo T | 1 | 0 | 0
) P, 0 0 1
(L DPLE) | N | T [ T [ 0 | 0
(LRG| i o0 [T I
(L(C ) 0 0 [ 0 [ 0 |0

fe PCE

(R'KR,) 0 0 [ 0 0 | 0
VAR KRY ) K 0 [ 0 | 0 | 0

Table A.3: Images of the Generators of B/A under H**

Generator in B/N | Image in ¥_4(C) H; o Hoot
0 if s<0
(P) X[0,00) X[o,c0) if =0 X[0,00)
I ifs>0
0 ift<0
(L(x+)) Pr Pr Py ift=0
I ift>0
(
0 if s < —1
(L(tin)PL@n)) X[~1,00) X[0,00) if s =1 X[0,00)
I if s > —1
\
1 ifs<1
(L(™)QL(t™)) X (—00,1] X(—o00) ifs=1 X (~o0,0)
0 if s>1
\
(L(C 1)) 0 0 0
fePC,
(REKR,) 0 0 0
VR EKRY.,) K 0 0

Table A.4: Images of the Generators of B/N under H ., and Hy;
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A.2 The Fredholm Theory Applied to V,(C), V_+(C),

and U, ((F./J)/T)

For the larger algebra A(PC(R), PC), each of the homomorphisms H**, H, .,
and H.,; are important Vs, ¢ € R; however, for our subalgebras some of these maps

are redundant. We start by examining H; .

Proposition A.2.1. Let A be an element in V,(C)/KC or W_4(C)/K. Then if
H; o (A) is invertible for s = 1,—1, and 0, then H, (A) is invertible for all s € R.
In other words, the algebras Hg oo (V1((F/T)/T1)/K) and Hs (V_1(C)/K) are
redundant in the Fredholm Theory for s # +1,0.

Proof. To prove that invertibility of H_; o (A) implies invertibility of H - (A) for
s < —1for A € U;(C)/K, we construct a map A_; from H_; (V1(C)/K) into

H, (¥1(C)/K) for s < —1 so that the following diagram commutes:

H—I,OO(\PI (C)/IC)

” Hs’oo(\Iﬁ(C)/IC)

Ay

This boils down to finding a multiplicative map that sends Qr to itself and
X[0,00) t0 O (one can see this by tracking the generators in Tables A.1 and A.2 ).
The map A_; defined by A_;(A) = s;l_i)g)l Z7'U,AU_, Z, does the job. Indeed, for
X[0,00) We've got

Zt_lUlX[O,oo)U—lzt = X]t,00)

which converges strongly to 0 as ¢t goes to infinity. For Qr, we have
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1 —
2 QsU 7 = 2 F1 238 oy

2
_plsmiald
1—
— f*l S2gn(l’)f — QR

where in the second equality we are using Proposition 4.2.1 and Lemma 4.2.9.
This same map works for mapping H_1 (V_1(C)/K) into H,(¥_1(C)/K) for
s < —1, since the only difference in requirement is leaving Pg invariant (which
this map A_; also does).

Next we show that invertibility of Hy . (A) implies invertibility of Hy o (A) for
—1<s<O0for Ae ¥ (C)/K. But this reduces to finding a map that sends Qg to
itself and xo,o0) to 0, which we have already demonstrated. Again, the same map
still works for mapping Hp «(V_1(C)/K) into H, o(V_1(C)/K) for —1 < s < 0.

To show that invertibility of H; «(A) implies invertibility of H; o (A) for 0 <
s < 1 for A € ¥y(C)/K, we again construct a map A such that the following

diagram commutes for 0 < s < 1:

Uy (C)/K

— T

HI,OO(\IJI(C)/]C) A ’ Hs,w(qjl(c)/lc)

But the map A_; that we have just defined does this job; the computations are
nearly identical to what we have already done. This same mapping works for
sending Hi »(V_1(C)/K) into Hs oo (¥_1(C)/K) for 0 < s < 1.

Finally we show that invertibility of H; . (A) implies invertibility of Hy . (A)

for s > 1 for A € U;(C)/K. Similar to before, we construct a map A; from
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Hi o (¥1(C)/K) into Hgoo(P1(C)/K) for s > 1 so that the following diagram

commutes:

U (C)/K

— T

HI,OO(\P1<C)/]C) A ’ Hs,w(qjl(c)/lc)

The map A; defined by A;(A) = s;lim Z;7'U_, AU, Z, achieves this; the computa-
—00
tions to verify this are analagous to what we have already done. Again, this same
map will work for mapping H (V_1(C)/K) into Hy o (¥_1(C)/K) for s > 1.
m

Corollary A.2.2. Let A be an element in W,((F./T)/Th)/K. Then if Hy o (A)
is invertible for s = 1,—1, and 0, then H,(A) is invertible for all s € R. In
other words, the algebras H, o (V1((F./T)/J1)/K) are redundant in the Fredholm
Theory for s # +1,0.

Proof. The algebra Wy(C) is a subalgebra of Uy((F./J)/J1), but their images
under each of the Hy ., for s € R are the same. The proof of Proposition A.2.1

can thus carry over to this situation. O]

Proposition A.2.3. Let A be an element in V,(C)/KC or W_4(C)/K. Then if
Hy 1(A) is invertible for t = 0, then Hu((A) is invertible for all t € R. In other

words, the algebras Hy(V_1(C)/K) are redundant in the Fredholm Theory for
t # 0.

Proof. Let’s first settle this for ¥_;(C)/K. To prove this statement, we will con-
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struct homomorphisms A and A’ such that the following diagrams commute:

v,(C)/K

> Hoo t (V_1(C)/K)

Hoo o(¥1(C)/K) » Hoo t(W1(C)/K)

Al

first for ¢ > 0 and then for ¢ < 0. Notice, however, that if we construct one

of the maps the other will be exactly the same. Indeed, the only difference in

requirements between A and A’ are when one sends Py to I the other must send

Qr to 0 and vice versa; however, a homomorphism that sends Pr to I must

necessarily send Qr to 0. We thus only construct A in this proof.

We first construct the map A for ¢ > 0. This map must leave characteristic

functions unchanged but send Pg to I. The map A that sends an operator A

to s;lirn M_;AM; achieves this. Indeed, since the characteristic functions can
—00

formally be viewed as multiplication operators they commute with M., and so

are invariant under this map. For Pr we have

11+ sgn(z)
2

_ 1+ sgn(x
:.FIU_t 2g()

1 +sgn(x +t)
2

M—tP]RMt - M_tf_ FMt
Ui F

=F! F

which converges strongly to I as t — oc.
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For t < 0, we require a map that sends Pz to 0 and leaves the character-
istic functions unchanged. Here we define A to be the map that sends A to

S—hm MtAM_t. L]
t—o0
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Appendix B

List of Notation

Operators

Laurent operator with symbol a

Multiplication operator with symbol a

Toeplitz operator with symbol a

Hankel operator with symbol a

The operator that sends a sequence (z,)nez t0 (Yn)nez with vy, = z,
ifn>0andy,=0ifn <0

I1-P

The operator that sends a sequence (x,,),ez to the sequence (z_1_,)nez
The singular integral operator on the space I

The operator that sends a sequence (zy)rez to the sequence (y)rez where
yp=x,if —n<k<nandy,=0ifk<—-nork>n

The operator that sends (xy)rez — (Tk—n)rez

The operator that sends (x)kez — (Trin)rez
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The operator U_, PU,

The operator U,QU_,

The operator on L2(S!) defined by (Y, f)(t) = f(rt)

YEf)(E) = f(t/7)
RIOENIC.

WD) = f(E55)

The operator on L?(S') defined by

(SY) (
The operator on L?*(S') defined by (
(SY) (Cr
The operator on L*(S') defined by (C

The operator C.,Y;

The operator on L(S') defined by (R, f)(t) = ¥L=L2f (fw >

The operator on L*(S') defined by (R*f)(t) = Y= f (f‘r )
The Fourier Transform

The inverse Fourier Transform

The Fourier convolution of a symbol b, i.e., F1bF

The strong limit map defined in Equation 3.1

The strong limit map defined in Equation 3.2

The strong limit map defined in Equation 3.3

The surjective map from B/N into (F./J)/J: defined by
T(Bpy+N) = (Bur +J) + N

The strong limit map defined on B/N defined by

€(Bn,) = sﬁl_iglo R, B, R;

r—1

The surjective map from (F,/J)/J: into A defined by
5((Fn,r + j) + jl) = Sﬁl_lgé RanﬂnR:

r—1

The operator from %(Z) into L*(R) that maps (x;)ez

to vnd il TiX[4 i1
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The operator from L*(R) into ¢*(Z) that sends a function f to
(Vi g (o)

The operator B, E_,

1=—00

The operator from (F./J)/J: onto Wy ((F./T)/J1) defined by
\Ijl(Fn,r) = Sﬁg& EnFn,rEfn

r—1

The map from B/N — U, ((F./J)/J) given by Uy = Uy o7

The operator from L?(R) into L*(R) defined by (M,f)(x) = e*™s f(x)
for s € R

The operator from L*(R) into L*(R) defined by (U,f)(z) = f(z —t) for
teR

The operator from L2(R*) into L2(R") defined by (Z, f)(z) = 72 f(rz)
forv>0

The surjective map from C/N into (B/Z)/Z_; that sends a sequence
(C) + N to the sequence ({C,,} +7) +Z_,

The operator from C onto ¥_;(C) defined by

U4 (C,) = S;lirglo EY_ C, Y E_,

The operator from (B/Z)/Z_, onto ¥_;(C) defined by
V_y(By,) :=slim E,Y_,B,, Y E_,

r—1

The isometry from L?(R) — L?(RT) @ L?*(R") that sends f to (f1, f2)T
with fi(z) = f(x) and fo(z) = f(—2z) Vz € RT
The *—isomorphism defined by ®, : A — nAn~! that maps £(L*((R))
onto L(L*((RT))**2
The Hankel operator on £(L*((R)) onto £(L?*((R")) defined

1 e f(y)

by (Nf)(ﬁ)zg y—i——a:dy’ z € RY
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Hii

pCY,

The Mellin Transform, i.e., the operator from L?*(R") — L*(R) defined
by (Mf)(2) = [ a2 f(z)de, 2€R

The inverse Mellin Transform i.e., the operator from L?(R) — L*(R™)
defined by (M~! = f 273 f(z r € R"

The Mellin convolution operator for a multiplication operator b € L>°(R)
defined by M~'oM : L*(RT) — L*(R™)

The map defined on (F,./J)/J, for each 7 € S! defined by

U, (F,,) = slim E,Y,F,,Y;E_,

r—1
The strong limit map s- hm s—hm M _U_ AU;M; where the first super-
t—+oo s—Foo
script in H** refers to the strong limit with respect to s — 400 and the
second one with respect to t — 400

The strong limit map s—lim Z7WU_JAU,Z, for s e R

The strong limit map s-lim Z,M_ AM,;Z-" for t € R

T—00

Algebras

The space of continuous functions on the unit circle

The space of piecewise continuous functions on the unit circle

The set of all piecewise continuous functions that are continuous on

St {-11}
The set of all functions f € PCL; such that f(—14+0) =0

The set of piecewise continuous functions f with f(—1) =0

The space of sequences of uniformly bounded linear operators (A4, )

acting on a Hilbert space

The ideal of compact operators
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Tty
(Fe/T)] Tro

j/

The ideal of sequences converging in norm to 0

The algebra generated in £(L*(S')) by N and the elements (P), (P,"),
(@), (L(@), (L(Go1f), (K), and (Y2 RIK,R.Y,) with a € PC, f €
PC,K,K, € K(L*(S")),and T € S*.

The ideal {(Cy,) + (K1) + (U_pKoUy) + (UnK3U_y) ¢ (Cy) € N, K €
K(L2(8")}

clos idg, ) 7{(L(c)) + T : c € C(S*), c(tg) = 0} for t; € S*

The local algebra at the point ¢, € S! with generators given in Proposi-
tion 3.2.4

The algebra generated in £(L*(S')) by A and the elements (P), (P;),
(@), (L(xs)), (L(C)), (RUKR,), and (Yo RUK'R,Y..) where f €
PC, K,K' € K(L*(S"))

The algebra of operators e(B/N)

The ideal {(Cy,) + (REKR,) : (Coy) € N, K € K}

clos idg/z{(L(C; g)) + I : g € C(S'), g(to) = 0} for t; € S

The local algebra at the point 5 € S

The algebra generated in £(L*(S')) by N and the elements (P), (P,),
(@n), (Lix+)), (L(x-)) (B—nKiEy), and (Y E_,K>E,Y ;) where
K1, K> € K(L*(R))

The Banach algebra of all continuous functions f on the real line R
possessing finite limits f(+o00) and f(—o0) such that f(400) = f(—00)
The algebra generated in £(L*(S')) by N and the elements (P), (P,),
(@), (L(x+)), (L(x-)), (L(f)), (B_nKyEy), (YaE nK2E,Y 1), and
(E_,M(g)E,) where K;, K, are compact, f € PCY,, and g € C(R)

The ideal {(C,, + F_,K,\E, + Y 1E_,KyE,Y_1):C, e N, K, K, € K}
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J!
(C1T/ T
PC(R)

So

Na

Sa(ky, PC)

J, = clos idg, , {(E-.M(9)E,) + J": g € C(R), g(z) = 0}

The local algebra at a point x € R

The set of all continuous functions f on R for which the limits at infinity

and negative infinity exist and are finite

The set of all continuous functions f on R for which lim, 4. f(z) =0
I 0 S —N

alge(r2 (e )
00 N =S

{al + 8BS +M°(b):a,8 €C,be C°(R)}

{M°(b) : b € CL(R)}

The bounded linear operator defined from L*> — L* for defined by

(haf)(€7) = / " WK (wy)dy

for w € [0, 00); called the approximate identity with kernel K

The set of all uniformly bounded sequences {4, , }nenwea of bounded
linear operators on L%(S*)

The *-ideal of S consisting of all sequence {4, } for which |[{A, . }|| —
0asw— 00

The smallest closed *-subalgebra of Sq with No C Sq(k,,, PC) contain-
ing the elements (P), (P), (Q;,), and (M (k,a)) with a € PC

n

B.3 Miscellaneous

S'  The unit circle

X+ The characteristic function on the upper half plane of the unit circle
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The characteristic function on the lower half plane of the unit circle
The characteristic function of a subset D of the real axis

The function x4 — x—
sin?(7¢) sgn(m + 3)
2 D mez (¢ +m)? for

¢ € (0,1) with the property that L(c) = E_,SgF, for all n € N

The function defined by o(e*™) =
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