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THE NEUMANN ISOSPECTRAL PROBLEM FOR
TRAPEZOIDS

HAMID HEZARI, ZHIQIN LU, AND JULIE ROWLETT

ABSTRACT. We show that trapezoids with identical Neumann spectra are
congruent up to rigid motions of the plane. The proof is based on heat
trace invariants and some new wave trace invariants associated to certain
diffractive billiard trajectories. We use the method of reflections to express
the Dirichlet and Neumann wave kernels in terms of the wave kernel of
the double polygon. Using Hillairet’s trace formulas for isolated diffractive
geodesics and one-parameter families of regular geodesics with geometri-
cally diffractive boundaries for Euclidean surfaces with conic singularities
[Hi05], we obtain the new wave trace invariants for trapezoids. To handle
the reflected term, we use another result of [Hi05], which gives an FIO rep-
resentation for the Cheeger-Taylor parametrix [ChTall [ChTa2] of the wave
propagator near diffractive geodesics. The reason we can only treat the
Neumann case is that the wave trace is “more singular” for the Neumann
case compared to the Dirichlet case. This is a new observation which is
interesting on its own.

1. INTRODUCTION

Our main result is the following;:

Theorem 1. Let T, and Ts be two trapezoidal domains in R?. Then if the
spectra of the Fuclidean Laplacian with Neumann boundary conditions coincide
for Ty and Ty, the trapezoids are congruent, that is equivalent up to rigid
motions of the plane.

Our proof relies on heat trace invariants and also some new wave trace in-
variants associated to some diffractive billiard trajectories. We first use the
method of reflections to express the Dirichlet and Neumann wave kernels in
terms of the wave kernel of the double of the trapezoid which can be realized
as a Euclidean surface with conical singularities (ESCS). We then obtain new

Key words and phrases. isospectral; trapezoid; polygons; heat invariants; wave invariants,
diffraction, inverse spectral problems. MSC primary 58C40, secondary 35P99.
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2 HAMID HEZARI, ZHIQIN LU, AND JULIE ROWLETT

F1GURE 1. The orbit 7;,, which bounces between two diffractive
conic singularities, contributes a singularity at ¢ = 2b of order
(—2)" to the wave trace of the double of the trapezoid (as an
ESCS) if there are no other orbits of the same length. Hence
2b is a spectral invariant if both Dirichlet and Neumann spectra
are known. In fact, as we prove, 2b is a spectral invariant for
the Neumann spectrum.

wave trace invariants using two results of Hillairet [Hi05] for ESCS. The first
is a parametrix construction of the wave propagator near diffractive geodesics
as an FIO, which we will use for the reflected term. Such paramatrices were
found by Cheeger-Taylor [ChTall [ChTa2], however expressing them in the
language of FIOs was first done by Hillairet in [Hi05]. For the non-reflected
term we use trace formulas of [Hi05] associated to isolated diffractive geodesics
and to one-parameter families of regular geodesics with geometrically diffrac-
tive boundaries. More precisely we apply the trace formulas of [Hi05] to the
diffractive bouncing ball orbit associated to the top edge of the trapezoid (Fig-
ure , and to the one-parameter family of bouncing ball orbits associated to
the altitudes of the trapezoid (Figure . The lengths of these orbits and
the principal terms of the singularity expansions of the Neumann wave trace
at these lengths provide new spectral invariants for the trapezoid. Together
with the well known heat trace invariants, these can be used to prove spectral
uniqueness of a trapezoid amongst all trapezoids.

The reason we can only treat the Neumann case is that in some sense the
wave trace is “more singular” for the Neumann case when compared to the
Dirichlet case. This is a new feature which is of independent interest. In fact
the Neumann wave trace has a larger singularity at 2b (See Figure (1)) than the
Dirichlet wave trace. It would be interesting to study the singularity of the
Dirichlet wave trace at 2b (if singular at all), but since we do not require this
for our inverse result for the Neumann boundary condition, we refrain from
exploring this question here. In a future work we shall study the isospectral
problem in the Dirichlet case.
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FIGURE 2. The blue lines show the interior of a one-parameter
family of non-diffractive bouncing ball orbits of length 2h. The
red periodic orbits, which are both geometrically diffractive, are
the boundaries of the blue family. The family, which we call 7y,
contributes a singularity at ¢ = 2h of order 1™ to both Dirichlet
and Neumann wave traces if there are no other periodic orbits
of length 2h with the same order of singularity.

2. BACKGROUND

The isospectral problem is: if two Riemannian manifolds are isospectral, then
are they isometric? For a Riemannian manifold (M, g) the spectrum in ques-
tion is for the Laplace operator

— 3 T o,
2,7=1

The answer in this generality is no, and was proven by Milnor in 1964 [Mi64].
He used a construction of Witt [Wid1] of two self-dual lattices L; and Ly in R'®
such that no rotation of R'® maps one to the other, but such that the spectra of
the Riemannian manifolds R®/L; are identical for i = 1, 2. Around the same
time, M. Kac wrote a popular article [Ka66], “Can one hear the shape of a
drum?” He popularized the isospectral problem for planar domains. Although
this may seem like an easier setting, it turned out to be quite difficult to prove
that the answer is in general negative.

For a bounded domain € in R?, we consider the Euclidean Laplacian A with
Dirichlet or Neumann boundary conditions,

Pu  0%u
ox?  Oy?
where Bu = u|gpg when B = D, and Bu = 0,u|sq when B = N. For both
boundary conditions, the eigenvalues, which depend on B, form a discrete

(2.1) Au(z,y) == — = Au, Bu=0,
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subset of R of the form 0 < A\; < Ay < A3 < .... In the Dirichlet case, the
spectrum is in bijection with the resonant frequencies a drum would produce
if ) were its drumhead. With a perfect ear one could hear all these frequencies
and therefore know the spectrum. This is the origin of the title of Kac’s paper

[Ka66].

Gordon, Webb, and Wolpert answered Kac’s question in the negative [GoWeWo92),
GoWeWo92], based on Buser’s work [Bu86]. The isospectral problem for sur-
faces was previously demonstrated to have a negative answer by [Vi78]. Buser’s
method relied on a pasting procedure for pairs of surfaces. In [GoWeWo092],
they determined how to suitably “fold” two such curved surfaces to create
isospectral non-isometric planar domains. This general idea of folding paper
was later presented in an accessible style by Chapman [Cha95].

On the other hand, in some cases the isospectral problem has a positive an-
swer. If one considers for example triangular domains in the plane, then if two
such domains are isospectral, the triangles are congruent. The first proof of
this fact is contained in the doctoral thesis of C. Durso [Du8§|. She used the
fact that the heat trace implies that the area and perimeter are spectral invari-
ants, so any two triangles which are isospectral must have the same area and
perimeter. To complete the proof, she used the wave trace and demonstrated
that the length of the shortest closed geodesic in a triangular domain is also
a spectral invariant. More recently Grieser and Maronna |GrMal3| realized
that if one used an additional spectral invariant from the heat trace, then this
together with the area and perimeter uniquely determine the triangle. That
is a much simpler proof. Other types of domains which are known to be spec-
trally determined are analytic planar domains with reflective symmetries; see
the works of Colin de Verdiere [CdV84, [CAV73] and Zelditch [Ze00, [Ze09).

After triangles, one is naturally interested to know whether the same result
may hold for quadrilaterals. For rectangles, this is a straightforward exercise
to prove that if two rectangles are isospectral, then they are congruent. In
fact, one only requires the first two eigenvalues to prove this fact. For par-
allelograms, it is also a straightforward argument using the first three heat
trace invariants as in [LuRol5]. Of course the next natural generalization is
to trapezoids. In this case, one can rather easily prove that the geometric
information which can be extracted from the heat trace is insufficient to prove
that isospectral trapezoids are congruent. It is therefore necessary to use the
wave trace in the spirit of [Du88], which is a much more delicate matter.
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F1GURE 3. Parameters of a trapezoid

In §3| we review heat trace invariants associated to polygons and we also
discover some new wave trace invariants for trapezoids. In §4] we prove the
main propositions on wave trace invariants using [Hi05]. Finally, in we
prove our inverse spectral result.

3. SPECTRAL INVARIANTS OF TRAPEZOIDS

Definition 2. A trapezoid is a convex quadrilateral which has two parallel
sides of lengths b and B with B > b. The side of length B is called the base.
The two angles «, 8 adjacent to the base are called base angles. The angles at
the base satisfy

™

5"

The other two sides of the trapezoid are known as legs of lengths ¢ and ¢,
respectively. If £ = ¢, then we say the trapezoid is isosceles. The distance
between two parallel sides is called the height.

0<pB<a<

Any quantity which is uniquely determined by the spectrum is known as a
spectral tnvariant.

Notation 3. If we are considering different boundary conditions on a domain
Q, we shall use the notation AF to indicate the boundary condition B. If we
are considering a compact Riemannian manifold M without boundary we shall
use Apr. We shall use these notations when ) is a polygon, and when M 1is the
double of a polygon as a compact Euclidean surface with conic singularities.
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3.1. The heat trace invariants. The heat trace

—ABt (A8t
re 9 :E e (Bt

k>1

is a spectral invariant. It is an analytic function for () > 0 and has a
singularity at ¢ = 0. It is well known in this setting (see [Ka66l McSi67,
vdBeSr, [LuRo15]) that the heat trace on a polygonal domain P admits an
asymptotic expansion E| ast | 0,

o

_ P| |8P| _
1 T age 1P| 1)*
(3.1) re P 471_t+( §:2®ﬂk O(e™), tl0,

where ¢ > 0, and s(B) = 1 when B = D, and S(B) = 0if B = N. Above, |P|
and |0P| denote respectively the area and perimeter of the domain P, and 6y
are the interior angles. Since the angles of a trapezoid are a, @ — o, 3, and
m — (3, we therefore have the following:

Proposition 4. For a trapezoidal domain, the area A = |P|, perimeter L =

|OP|, and the angle invariant

Lo
a(m—a)  Br—p)

qd = dap8 =

are spectral invariants.

Remark 1. Note that by the definition of a trapezoid,

>8
q_ﬁa

and equality holds if and only if the trapezoid is actually a rectangle.

Remark 2. One can show that these quantities A, L, and ¢ are insufficient
to determine a trapezoid. In other words, considering any trapezoid 7', up to
congruence via rigid motions of the plane, there are infinitely many different
trapezoids which have the same A, L, and gq.

Remark 3. The remainder term in the heat trace decays exponentially ast | 0,
as shown by [vdBeSr, [Kol3|]. It is therefore not feasible to extract further
geometric information from the heat trace so we shall turn to a more subtle
spectral invariant: the wave trace.

n fact in [vdBeSt], this is proved only for the Dirichlet Laplacian. That a similar
asymptotic is valid for the Neumann case follows easily from the Dirichlet case and the
works of [KoI3l [Fu94] on heat trace asymptotics on ESCS; see also Remark @
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3.2. The wave trace invariants. The wave trace is the trace of the wave
propagator, also known as the wave group, and is formally

w(t) :=Tr etVA = Z etV

k>1

This is purely formal, since the wave trace is only well-defined when paired
with a Schwartz class test function; it is a tempered distribution by an easy
application of Weyl’s law. It is defined in more general settings such as compact
Riemannian manifolds without boundary as well as with boundary and with
various boundary conditions. Duistermaat-Guillemin [DuGu75| showed that
in the case of compact Riemannian manifolds without boundary the singular
support of the wave trace is contained in {0}U=+L, where L is the set of lengths
of closed geodesics. They also found the principal term in the singularity
expansion when the orbit is single and non-degenerate. Guillemin-Melrose
[GuMeT9] studied this problem in the presence of a smooth boundary and
considered the Dirichlet, Neumman, as well as more general Robin boundary
conditions. They showed that in all cases

SingSupp w(t) C {0} UL,

where
L = {lengths of generalized broken periodic geodesics}.

Note that in this case the length spectrum £ contains the lengths of all periodic
billiard trajectories hitting the boundary transversally, as well as the lengths of
ghost orbits and the boundary itself when trajectories become tangent to the
boundary at some point. Hence in a smooth convex planar domain only the
lengths of transversal billiard trajectories and the boundary (and its multiples)
contribute to the length spectrum. Some experts conjecture that the above
containment for SingSupp w(t) is in fact an equality, but this has neither been
proven nor have any counter-examples been discovered. The containment is
an equality on compact manifolds with negative curvature [DuGu75].

3.2.1. The length spectrum of polygonal domains. A polygonal domain is a
planar domain whose boundary is a Euclidean polygon. In the study of the
length spectrum on such domains, the terminology polygonal table is often
used due to the interpretation of a polygonal domain as the top surface of
a billiard table and the identification of geodesic trajectories with billiard
trajectories. Propagation of singularities of the wave operator in polygonal
tables or in general on manifolds with corners or with conical singularities
are more difficult to study because of the diffraction phenomena that takes
place at the conical singularities. Roughly speaking, when a geodesic that
carries a singularity of the wave hits a conical singularity, it can reflect in all
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FIGURE 4. Some diffractive periodic orbits of a trapezoid.

possible directions. There is a huge literature on the subject of diffraction, and
for the sake of brevity we only list the most relevant ones for our purposes:
Keller [Ke58], Sommerfeld [So1896], Friedlander [Er86, [Fr81], Cheegar-Taylor
[ChTall, [ChTa2], Melrose-Wunsch[MeWu04]. There has also been a lot of
research on the contribution of diffractive geodesics to the wave trace; see
Friedlander [Fr86], Durso [Du88|, Wunsch [Wu02], Hillairet [Hi02) Hi05], Ford-
Wunsch [FoWul4], and more recently Hassell-Ford-Hillairet [FoHaHil5|]. In
the physics literature, we also note the works of Bogomolny-Pavloff-Schmit
[BoPaSc] and Pavloff-Schmit [PaSc95].

A standard technique used in studying the wave trace for polygonal tables is to
double the polygon along its edges to obtain a compact Fuclidean surface with
conical singularities, or ESCS, as commonly abbreviated in the literature. A
compact n-dimensional ESCS is a compact manifold with finitely many conical
singularities which is locally isometric to R™ away from the conical points, and
near conical points it is isometric to a neighborhood of the vertex of a Euclidean
cone Cl,.

Let P be a polygon, and let P’ be a copy of P, disjoint from P, and R : P — P’
be the identity map. We use 2P for (P U P’)/ ~ where we have identified the
points of P and 0P under the map R. There is a canonical extension of R
to an involution R : 2P — 2P. The surface 2P is smooth everywhere except
at the vertices which are isolated conical singularities. We note that the cone
angles are doubled under this procedure, meaning that the cone angle in the
surface is twice the interior angle at the corresponding vertex in the polygon.
The Laplace operator on the ESCS arising from the doubled polygon 2P has
many self-adjoint extensions. We shall only consider the Friedrichs extension
of the Laplacian on 2P, which we denote simply by Agp.

It was proved by Hillairet [Hi02] (and in a more general setting by Wunsch
[Wu02]) that

SingSupp Tre™V22r € {0} U +Lyp
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To describe Lop precisely, we first need to describe the geodesics on an ESCS,
and to do so we need some definitions. The conic points are separated into
two groups. A conic point is called non-diffractive if its angle is equal to QW”
for some positive integer N, otherwise it is called diffractive. We also use the
same terminology for polygons except that non-diffractive angles are of the
form %. For example, if a trapezoid T is not a rectangle, then the top vertex
with angle m — 3 is diffractive, while the bottom two could be either diffractive
or non-diffractive, and the top vertex with angle m — « is non-diffractive if and

only if a = 7.

When a geodesic in a ESCS hits a non-diffractive conical singularity with
2

cone angle 5, it continues on a straight line in the cone Cy, (which is iso-
morphic to R?), as an N-fold covering space of Ca, /v- Hence if the incom-
ing angle of a geodesic is 6;,, its outgoing angle 0,,, is Ily(m + 6;,) where
Iy : Cor — Corn is the natural covering map. In contrast, when a geo-
desic hits a diffractive conic point, it reflects according to Keller’s democratic
law of diffraction, meaning that it reflects in all possible directions, and we
call O, — 05, the angle of diffraction. A geodesic is called diffractive if goes
through at least one diffractive singularity (see Figure . A geodesic geo-
metrically diffracts at a diffractive conic point with angle « if it is the limit
of a family of non-diffractive geodesics (see Figure , which happens when
Oout — 0;n, = £ mod aZ. All the above are defined similarly on polygons
except that geodesics reflect on the edges according to Snell’s law. The follow-

ing wavefront relations hold ([ChTall, [ChTa2]) for the integral kernels of the
propagators e”V22F and citV/AE

(3.2)
WEFeitVAer {(t,7,2,&y,m) € T"(R x 2P x 2P); 7 = |¢], ®hp(z,€) = (y,n)},

(3.3)
WE'etVAE  {(t,7,2,&,y,m) € T*(R x P x P); 7 = [¢], ®(2,€) = (y,m)},

where ®5p and ®p are geodesics flows on 2P and P, where geodesics are
defined above. Consequently, Lop and Lp are defined to be the lengths of
closed geodesics, where geodesics follow the above rules of diffractions.

Remark 4. We note that Lop C Lp but they are not necessarily equal. For
example when P is a tall trapezoid, an easy observation shows that the length
of the orthic triangle (see Figure [5)) is in Lp but it is not in Lop.



10 HAMID HEZARI, ZHIQIN LU, AND JULIE ROWLETT

3.2.2. Singularities of wave trace on polygons. Since the involution R com-
mutes with Agp, there is an orthonormal basis (ONB) consisting of eigen-
functions of both operators, R and Asp. The eigenvalues of R are +1, and
hence the joint eigenfunctions of R and Asp are even and odd eigenfunctions
of Ayp with respect to R. The even eigenfunctions of Ayp correspond to the
eigenfunctions of the Neumann Laplacian on P, A¥ and the odd eigenfunc-
tions correspond to the ones of Dirichlet Laplacian, AR. It is now clear that
counting multiplicities we have

SpecAgp = SpecAD U SpecAY,
and therefore
(3.4) TretVA2P = Ty eitVAR | Ty itV/AY,
This in particular shows that

SingSupp Tr V227 < SingSupp Tr ¢V AF U SingSupp Tr ¢VAF

Remark 5. Again, this inclusion is not an equality because for example the
length of the orthic triangle in a tall trapezoid belongs to the singular support
of both traces on the right hand side but it does not belong to the singular
support of Tr eVA2p  In fact what happens in this case is that the singularities
of Dirichlet and Neumann wave traces (at the length of orthic triangle) cancel
each other on the right hand side of (see Proposition E[)

Remark 6. We point out that a similar relationship holds between the Dirichlet
and Neumann heat traces and the heat trace of 2P as a ESCS. More precisely,

_ _ D _ N
Tre t22P = Tre t2P 4+ Tre 2P,

The asymptotic expansion was proved in [vdBeSi| for the Dirichlet heat
trace. We have not found a reference in literature stating the asymptotic |3.1
for the Neumann heat trace, however it follows immediately from the above
identity and the asymptotic expansion

P| U — c
Ty etaer = 1F1 F 1 O(et t— 0"
te ot +; omg, O !

proved by Kokotov (see Theorem 1 of [Kol3|) and Fursaev [Fu94].

A common way to measure the singularity of a tempered distribution is to
study the decay and growth properties of its local Fourier transform (smoothed
resolvent). The following propositions are crucial to proving our inverse prob-
lems for trapezoids.
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FIGURE 5. The blue orbit corresponds to the orthic triangle,
whose vertices are the feet of the heights of the triangle that
extends a trapezoid. It does not exists if the trapezoid is too
short or if it is acute: a + B < 7. Its linearized Poincare map
is —I, hence it is a non-degenerate orbit, and by a result of
Guillemin-Melrose [GuMeT79] it contributes a singularity of order
%+ to both Dirichlet and Neumann wave traces if there are no
other periodic orbits of the same length with the same order of
singularity.

Proposition 5. Let T' be a trapezoid that is not a rectangle. Suppose there
are no other closed geodesics in T of length 2h, or arbitrarily close to 2h,
other than the one-parameter family in Figure @ Let p(t) € CP(R) be a cutoff
function supported near t = 2h whose support does not contain any lengths in
{0} U Ly other than 2h. Then as k — +00

‘ ‘ im /4, —2ihk
/ﬁ(t)e_”“ TretVAP g =

e

\/m )a

where B = D or N, and A(R) is the area of the inner rectangle of T.

Corollary 6. If the conditions of Proposition [3 are satisfied then 2h and
A(R) = bh, the area of the inner rectangle of T', are spectral invariants.

N

p(2RA(R)k? + ok

Remark 7. The above proposition, with A(R) replaced by 2A(R), was proved
by Hillairet [Hi05] for the trace of the wave group of Ayr. In fact it was proved
in a more general context, namely for ESCS and for any one-parameter family
of regular periodic geodesics whose boundaries are one or two geometrically
diffractive geodesics. Hence it immediately applies to the double of the trape-
zoid in Figure [2, However, recalling , it does not immediately imply any-
thing about the asymptotics of the traces of the wave groups associated to A2
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or AY. We emphasize that Hillairet’s theorem implies that if both Dirichlet
and Neumann spectrum are known, then 2h and A(R) are spectral invariants.
We do not wish to make this strong assumption, but we will nonetheless show
using the method of reflections and a wavefront calculation that the Dirchlet
and Neumann wave traces have an identical singularity at ¢ = 2h, showing that
indeed Proposition [5| follows from Hillairet’s result. Note that this is special
for the orbits in Figure [2| and does not necessarily hold for other orbits. For
example as we will see in Proposition |7} the orbit in Figure (1| contributes a
singularity at ¢ = 2b to the trace of the Neumann wave group which is larger
than the singularity at ¢ = 2b of the trace of the Dirichlet wave group.

Remark 8. We note that as k — —oo we have
/ p(t)e™ ™ Tr VAR dt = O(|k|~>).

This is because by the Fourier inversion formula

/ﬁ(t)e_ikt Tre™VARdt = 27Tr p (\/AE - k:) :

However since p is rapidly decaying near infinity, and since by the Weyl’s law
the eigenvalues grow linearly in dimension 2, the trace Tr p(\/AB — k) decays
rapidly as k — —oo. This together with proposition |5/ shows that locally near

t = 2h, the wave trace Tr eVA7 belongs to the Sobolev spaces H ~*(R) for all
s > 1 but does not belong to H~!(R), and for this reason we say that ¢t = 2h

is a singularity of order 1*. In general if Tr ™A has an isolated singularity
at t =ty and if for some p supported near t, we have as k — 400

/ﬁ(t)e_““ Tre™Adt = ce ™0k + o(k®),

for some a € R and nonzero constant ¢, then ¢y is a singularity of order (a+%)+
meaning that near ¢ = ¢, the wave trace belongs to H *(R) for all s > a + %
but does not for s = a + %

Remark 9. The discussion in remark [8| also shows that as k — +oo
. 1 . .
/ﬁ(t)e_lktTr cos(tVA)dt = 5 /ﬁ(t)e‘lktTr eVAdt+ O(k~).

This shows a relation between Tr cos(tv/A) and Tr V2,

The next proposition concerns the diffractive orbit ~, in Figure [1}

Proposition 7. Let T be a trapezoid with o # 5 and 8 # 5 . Suppose there
are no closed geodesics in T of length 2b, or arbitrarily close to 2b, other than
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vy 1n Figure . Let p(t) € C(R) be a cutoff function supported near t = 2b
whose support does not contain any lengths in {0} U+Ly other than 2b. Then
as k — +0o

/ p)e ™ Tre™VDR gt = —rip(2b)e 20, sk + O(k™2),
for B = Neumann, and
/ p(t)e it Tret VAR gt = O(k™2),
for B = Dirichlet. Here the constant Cq g is given by

2 w2
COt( 2T —2a ) COt( 27 —20 )

(m —a)(r = 7F)

(3.5) Cos =

When o = 5 and B # 5, as k — oo we have

/ﬁ(t)e—z‘kt Treit\/ﬁdt = (27rb)%ﬁ(gb)e—%e—2bkicﬁk_% n O(k:—%),
for B = Neumann, and
/ﬁ(t)e‘““ Tre™VA2dt = O(k~3),
for B = Dirichlet. Here

27 —20

=P

(36) 0, = Mam)

As a quick corollary we obtain a new angle invariant.

Corollary 8. Let T be a trapezoid such that there no orbits of length 2b other
than the bouncing ball orbit v, corresponding to the top edge. If p < a <
5, then 20 and C,p defined by are spectral invariants for the Neumann
spectrum. If B < a = 7, then 2b and Cp defined by are spectral invariants
for the Neumann spectrum.

Remark 10. Again, this proposition follows from Hillairet [Hi05] with required
modifications to separate the Dirichlet and Neumann wave traces, which we
will discuss in the proof.

Remark 11. The following proposition might be useful when one studies the
isospectral problem on trapezoids for the Dirichlet Laplacian. It concerns the
wave trace contribution of the orthic orbit in Figure[5] Up to the principal part,
it is a direct consequence of Guillemin-Melrose trace formula [GuMe79] for
simple and non-degenerate periodic orbits. We state the proposition without
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the proof because we do not use it in this paper. In the following we use [y for
the length of the orthic (also called Fagnano) triangle which by the notations
of Figure [3| equals 2B sin « sin 3.

Proposition 9. Let T be a trapezoid with aandf3 # 5, and a + 3 > 7.
Suppose T is tall enough that the orthic (Fagnano) triangle lies in T and is
non-diffractive as in Figure[§. Suppose there are no other closed geodesics in
T of length lg, other than the orthic triangle. Let p(t) € Cg°(R) be a cutoff
function supported near t = lp whose support does not contain any lengths in
{0} ULy other than lp. Then as k — 400
/ e Tre™VATdt v (—1)% 1o e ™0 p(1i) 3 ek,
§=0

where sg = 0 if B=D and sg =1 if B = N. The constant cq is nonzero.
Moreover, the constants {cj};?‘;o depend only on lp and are independent of B.
Hence, the invariants {c;}32, do not introduce any spectral invariants other
than ZF.

Corollary 10. Under the conditions of Proposition[9, lr = 2B sinasin 8 is a
spectral invariant for both Dirichlet and Neumann spectra.

4. PROOFS OF PROPOSITIONS [B] AND

Let P be a polygonal domain and define 2P and the involution map R : 2P —
2P as in the previous section. We denote

Upp(t) = VB2r UR(t) = VA2, UN(t) = ¢VAY

and we use

)

ng(t,l’,y), Ujg(tvxvy)a Ug(txay)?
for their integral kernels. The following proposition expresses the Dirichlet
and Neumann wave kernels in terms of Usp(t, z,y).

Proposition 11. For allt € R and all x,y € P:
Ulg(ta Z, y) = UZP(t> T, ?J) - UQP(ta L, Ry)a
Ug(t Z, y) = UQP(t> T, y) + U2P(t7 Z, Ry)

The proof is obvious from the expansion of Usp(t, x,y) in terms of an ONB of
eigenfunctions of Asp consisting of even and odd eigenfunctions with respect

to R.
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As an immediate corollary we obtain:

Corollary 12.

1
TTUJ?(t) =3 (TTUQP(t) — /2P Uzp(t,l‘,R(L’)d{E) ,

1
TrUp (t) = 3 (Trng(t) + /2P ng(t,a:,Rx)dx) :

We now specialize to the case of a trapezoid. To prove Propositions[5] [7, and 0]
we use Corollary [12]to reduce the problem to studying asymptotics of tempered
distributions Tr Usp(t) and [, Usp(t, x, Rx)dx. Theorem 2 of Hillairet [Hi05]
gives the asymptotics of the trace Tr Up(t), but the term [,, Usp(t, z, Rx)dzx
is a new ingredient which is relatively easy to study.

Proof of Proposition[j. Let e > 0 such that there are no lengths other than 2h
in the interval (2h — €, 2h + €). To prove Proposition || it suffices to show that
on the interval (2h — €,2h + €) we have

WF (/ U2p(t,x,7€a:)dx> =0,
2P

because this would imply that

/ p(t)e ™ ( /2 ., U2p(t,x,73w)d$> dt = O(k™).

To prove the emptiness of the above wavefront set, we just need to follow the
argument as in [DuGu75] and write

/ ng(t,ﬂf,RiL‘)dlL‘ = H*A*(UZPOR),
2P

where A* is the pullback by the diagonal map A : R x 2P — R x 2P x 2P,
and II, is the pushforward by the projection map Il : R x 2P — R. The same
wavefront calculations as in [DuGu75h] shows that

WF / Usp(t,x, Rx)dx
2P

C{(t,7);7>0,3(z,&) € T*(2P) : Php(x,§) = (Rx, )}
Now suppose tg € (2h — €,2h + ¢€), and ®Yp(x, &) = (R, &) for some (z,€) €
T*(2P). Then the projection of the geodesic segment {®4y(z, ) }iepo,,) OntO
T*P, under the the natural projection © : 2P — P, is a closed geodesic
in P (as a billiard table) of length t,. However, by assumption the only
periodic orbits in P of length in the interval (2h — €,2h + €) must belong to
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the one-parameter family in Figure 2] Hence ¢, = 2h, and the projection of
{®p(x, &) hepo,20) onto P must be a bouncing ball orbit parallel to the altitude
of the trapezoid. Unfolding this onto 2P we get that ®¥y(x, &) = (z,€), and
since ®Y%(7,&) = (Rx,€), we must have Rx = z, or equivalently x € JP.
However we may repeat the same argument with a point (z,£) in the orbit
which is in the interior of P since the orbit is parallel to the altitude. This
gives a contradiction.

O

Remark 12. The wavefront calculation above shows that in general for the dis-
tribution f2 p U2p(t, 2, Rx)dx to have nonempty wavefront set near the length
of an orbit (with no other lengths nearby), it is required that the orbit lies
entirely on the boundary of P. This is precisely what happens in Proposition

[

Proof of Proposition[]. Theorem 2 of [Hi05] gives the asymptotics for Tr Uap(t)
near ¢ = 2b, which are exactly those given in Proposition [/} Hence, by Corol-
lary [I2] to prove this proposition it suffices to show that

(4.1)
// ﬁ(t)e_iktU2P<t,$,R$)d$dt:// ﬁ(t)e_iktUzp(t,JJ,Z‘)dxdt—i—O(k;_%_l)’
R J2P R J2pP

where n =2 if f < a # 7, and n =1 when 8 < a = 7. We note that in fact
n corresponds to the number of diffractions because there is no diffraction at
the top left vertex when o = 7.

To prove the proposition we use Theorem 5 of [Hi05] which gives a parametrix
for Usp(t, x,y) microlocalized near a diffractive geodesic connecting a point
near x to a point yo near y.

Theorem 13 (Hillairet). Let P be a polygon and ~ be a diffractive geodesic on
2P of length to, with initial and terminal points xo and yo in 2P, going through
n diffractions at conic points p1, pa, . .., pn of angles oy, ao, . . ., oy, with angles
of diffractions By, Ba, ..., Bn. Let (r,0) and (R, ©) be polar coordinates centered
at p1 and p,, chosen in such a way that the line segments Topr and pnyo
correspond to 8 = 0 and © = 0 respectively. Then microlocally near v, Usp is
an FIO, and near (ty, xo,y0) and away from the conic points, has a parametrix
of the form

ng,y(t,x,y)z/ (- Ro@-BW)=55 L) (¢ .y, €)d,
£>0
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where L; = d(p;,pj+1) and as & — 400 the amplitude a, has an asymptotic
expansion of the form

o0

a(t,z,y,§) NZamtxy nTl_m,

m=0

with leading term

) = (QW)("—3)/2€(n—1)i7r/4M

ao(t, z,y T.00y) .
Here
Sy(,y) = Say (B1 = 0(2))Sa,(B2) - - - Sap—y (Br=1)Sa, (O(y) — Bn),
and
L. (z,y) = Ro(z)L1Ls ... L,_1R:(y),
where
sin(22°)

9

Ss(n) = _25sin(§(7r+77))51n(%(7r —n))

which at n = 0 simplifies to S5(0) = —3 cot(%).

We now apply this theorem to ~, in Figure[I} First we choose the coordinates
so that the top left corner of T"is at C; := (0,0), and the top right corner is
at Cy := (b,0), hence ~, lies on the z; axis. We then reflect 7" about the z;
axis. In particular, this would give a natural neighborhood of the interior of +,
and the involution map R becomes R(x1,x2) = R(z1, —x2). We also choose
three cutoff functions, x¢,, xc,, and x on 27, all invariant under R. These
are chosen to satisfy: xc, + xc, + X = 1 near v; xc, and x¢, are supported
in small neighborhoods of C; and Cs, respectively; and y is supported away
from C; and C5. By a wavefront calculation as in the proof of the previous
proposition we can see that

/ﬁ(t)e““ Tr Usp(t) o R x dt = / H(t) e~ Tr Uyp () o R x dt + O(k~°)

Newt, we substitute the parametrix given in the statement of the theorem for
Usp~(t, ,y). However, an immediate observation shows that Ry (Rz) = R;(z),
and ©(Rxz) = ©(x). Hence the phase functions and the leading terms of the
amplitudes of the oscillatory integrals Uyp., (t, 2, Ra) and Uyp, (t, z, ) agree on
Suppy. By the stationary phase lemma, as performed in the proof of Theorem
5 of [Hi05], we have

/ﬁ(t)e_ikt Tr Usp (t) o R x dt = / p(t)e ™ Tr Uyp, (1) x dt + O(k~271).
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This implies [4.1] because

/ P(E)e™ T Unp (t) y dt / (e Tr Uy (1)  dt + O(k~).

Near the conic points C and Cy we can use the cyclicity of the trace, as used
by [Du88| Hi05, [FoHaHil15] to move the support of the integrands away from
the conic points and reduce to the setting above. 0

5. PROOF OF THEOREM [1I

Our first simple observation is

Proposition 14. The length of any periodic orbit in a trapezoidal table T is
strictly larger than 2h or 2b unless the orbit is a bouncing ball corresponding
to one of the altitudes or it is the bouncing ball between the top two vertices.

Proof. We note that any closed diffractive or non-diffractive geodesic in T" that
starts from the top edge (including the corners) and is transversal (i.e. not
tangent) to the top edge must be of length strictly larger than 2h unless it is
parallel to the altitude. Furthermore, any geodesic that touches the left and
right edges (including the corners) must be of length larger than 2b unless it
is the bouncing ball orbit 7. If a geodesic touches the bottom edge and the
right edge (respectively, left edge) then it must also visit the top edge or the
left edge (respectively, right edge) and hence its length is larger than 2h or
2b. O

The main theorem follows immediately by combining the following four propo-
sitions and the heat trace invariants A, L, and ¢, s.

Proposition 15. Let T} and Ty be two trapezoids with the same Neumann
spectra. If Ty is a rectangle, then Ty is a rectangle that is congruent to T.

Proposition 16. Let 17 and T be two non-rectangular trapezoids with the
same Neumann spectra.

o If b(T1) < h(Ty) then b(Ty) = b(Ty). In addition if o(Ty) # %, then
a(Ty) # 5, and Comy sy = Cam)pm), where Co g is defined by
(3-9). Moreover, if a(Ty) = 5, then a(Ty) = 5 and Cyryy = Cary)
where Cg is given by (@)
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Proposition 17. If two trapezoids have the same area A, perimeter L, height
h, and b, then they are congruent up to rigid motions.

Proposition 18. If two trapezoids, with a(T1) and a(Ts) # 5, have the same
area A, angle invariant g, p, the same b, and the same C, 3, then they are
congruent up to rigid motions. Moreover, if two non-rectangular trapezoids,
with o(Ty) = a(Ty) = 3, have the same area A, angle invariant qo 5, and the
same b, then they are congruent up to rigid motions.

We now give the proofs of these propositions.

Proof of Proposition |15 . The angle invariant satisfies

> 8

¢2 —
with equality if and only if the trapezoid is a rectangle. Since 77 and T3 are
isospectral, they have the same angle invariant. Consequently, since T} is a
rectangle, T, is as well. Furthermore, by isospectrality, T} and 75 have the
same area and perimeter, and these uniquely determine a rectangle up to rigid
motions. 0

Proof of Proposition[16 First suppose h(T1) < b(T1). Then by Proposition[14]
2h(T}) is the shortest length in L7, and there are no orbits other than the one-
parameter family of altitudes having the same length. Hence by Proposition [5
both Dirichlet and Neumann wave traces of T} have a singularity of order 17
at t = 2h(1}) where up to a constant the leading coefficient equals b(T})h(T}),
the area of the inner rectangle. Since T} and T, are isospectral, the same must
hold for the wave trace of T;. In particular, we must have 2h(T}) = 2h(T3),
and b(T1>h(T1) = b(Tz)h(Tg), so that b(Tl) = b(Tg)

If b(T1) < h(T%), then again using Proposition[14] 2b(T}) is the shortest length
in Lr,. By Proposition [7] the Neumann wave trace of T} has a singularity
at t = 2b(Ty). If the order of this singularity is (—3)*, then we know that
a(Ty) # 3, and the same type of singularity is found in the Neumann wave

trace of T3, thus a(T3) # 5 as well. Furthermore, 2b(Ty) = 2b(13), and
Corr) ) = Ca(my),p(1y). Similarly, if the order of this singularity is 0%, then
we know that there is only one diffraction, meaning that «(77) = 7. Since the
singularity in the wave trace of T must be the same, we must have a(75) = %

2
2b(Th) = 2b(13) and Cy(ry) = Cary).-
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When h(Ty) = b(11), since there are no orbits of length 2h(77) = 2b(T}) other
than 7, and ~,, the singularities of the wave trace at t = 2h(T}) and t = 2b(T})
add. This is because in fact Propositions [f] and [7] are also valid microlocally
near their corresponding orbits. In this case since the singularity at t = 2h(7})
is larger, and it contributes to the leading singularity of the wave trace. Hence
as in the first case, we have 2h(T)) = 2h(T3), and b(T1)h(Ty) = b(T)h(T3),
thus b(T) = b(T3). O

Proof of Proposition[17. If A, b, and h are known, then obviously B can be
determined. On the other hand, it is clear from Figure [3| that

B-b L—B—-b
——— = cota + cot j3, _

. . = csca + csc (.

Hence csca + csc 8 and cot a + cot 8 are spectrally determined. By adding
and subtracting these two invariants we arrive at

cot%—i—cotg, tan%+tan§,

tan < +tan &
—2—2 we
tan 5 tan 5

can also determine tan § tang, which uniquely determines tan § and tang.

Therefore a and 3 are spectrally determined because 0 < 8 < a < 7.

as two spectrally determined quantities. Since cot § + cot 5 =

O

Proof of Proposition[1§ Our plan is to show that for 3 < o < %, the pair

0,8, Ca etermines o and 8 uniquely. To do this we show that C, 3 is an
{q ’g,Cﬂ}dt i dﬁ 'q ly To do thi h th tC’g'
increasing function on the level curves of g, s as a increases.

We recall from Proposition [4] that

1 1 1

+ =F(a)+ F(8), Fla):=
air—a) T Bm—p T @HEE), Fla)

Under the assumptions that ¢ > 8/72 and 8 < «, which are always valid for
trapezoids, each ¢ and « uniquely determine 3 by

s 4
Bzﬁ(a):§<1_\/l—m>.

(5.1) qa,p = m
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Since 5 < «, the range for « is [ag, 7/2), where g is determined by setting

Oé:aozﬁa
T 8
=—[(1—4/1——].
o 2( quz)

Then F(ap) = q/2. Using implicit differentiation in the equation
q=F(a)+ F(B),

we have
FI
(5.2 OR
where )
F'(a) = _ﬁ <0

for a € [, m/2]. The inequality is strict when o > f.

We also recall that

cot (5= QQ)COt<27r 225>
Cap =
(m—a)(m — 5)
Since o, 3 € (0, §), both cot (5" ) and cot (5" ﬁ) are negative, and Cy g > 0.

We will show that - log Cj, 5 > 0, and that it is zero if and only if 5 = a = «.
. . . cot?(a
Using the identity 1+Cotta( ) = Sifza and 1} we get

d 1 w2 1 w2
d_logca6_<7T—Oé_( — a)?sin & a>+ﬁ( ><7T_ﬁ_(ﬂ—ﬂ)28in%>

, 7T2 52 71_2
= —F'(a )(W_%é W_a_sin£> ~ T2 (W_B_Sin%>>.

We now define

o? 2
G(a>_ﬂ'—20' (W_U_sini>.

Since F'(a) < 0 for all @« > B, and < «, to prove that %log Cap >0
with equality if and only if § = «, we need to show that G (o) is an increasing
function on (0, 7). It is more convenient to change the variable by

0:

— .
m™—0

Then since o € (0,7/2), we have 6 € (0, 7).
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Then G as a function of 8§ becomes

7362 1 n 1
(m+0)(mr —0) \sinf  7+40

G(0) = ), 0 € (0,7).

To show that G(6) is increasing on (0, ), we prove that -G(6) > 0 on (0,7).
Since 6 € (0,7), it is clear to see that G(6) > 0. It therefore suffices to prove
that -4 log G(6) > 0. A simple calculation shows that

cos 0 1
d 2 1 1 sin® @ + m
—logG(0) = - — + -
do 0 wm+60 7w—40 sir116' +7T+r0
S22 1 <ol
0 7+0 7w—0 o4+
Clearly if 6 € [Z, ), then this implies that
d 2 2 1 8
—logG(0) > - — > — > 0.
O e Ryl

On the other hand, if 6 € (0, 5), using the inequality sin ¢ > %9,

d 2 2 1 cos b
| 2 _ _
35°8C0) > G~ et T T sng
N\ 1 2 1
9 )2 _
>( 2)9 Py R —

_(2_z>1+39—ﬂ
N 0 7w2—06%

%, %) because it is the sum of
3(4771')_1

two positive terms. Moreover, for 6 € (0, 7], we have the lower bound —2-
which is larger than 0.09.

Obviously the last quantity is positive if 6 € (

The above calculations show that ¢, 3 and C, g uniquely determine o and S.
Since b and A are also known, the trapezoid is uniquely determined.

We also note that in the case a = 7, the angle invariant ¢ determines j3
uniquely, therefore the trapezoid can be determined again from the knowledge

of A and b.

O



THE NEUMANN ISOSPECTRAL PROBLEM FOR TRAPEZOIDS 23

ACKNOWLEDGEMENTS

The first author is grateful to UC Irvine for its support. The second author is
partially supported by NSF grant DMS-1547878.

REFERENCES

[vdBeSr| van den Berg, M., Srisatkunarajah, S., Heat equation for a region in R? with a
polygonal boundary, J. London Math. Soc. (2), 37, 1988, 1, 119-127.

[BoPaSc] article Bogomolny, E., Pavloff, N., Schmit, C., Diffractive corrections in the trace
formula for polygonal billiards, Phys. Rev. E (3), 61(4), 3689-3711, 2000.

[Bu86] Buser, P., Isospectral Riemann surfaces, Ann. Inst. Fourier, 36, 1986, 167-192.

[Cha95] Chapman, S. J., Drums that sound the same, Amer. Math. Monthly, 102, 1995,
124-138.

[ChTal] Cheeger, J., Taylor, M., On the diffraction of waves by conical singularities I,
Comm. Pure Appl. Math., 35, 1982, 3, 275-331.

[ChTa2] Cheeger, J., Taylor, M., On the diffraction of waves by conical singularities II,
Comm. Pure Appl. Math., 35, 1982, 4, 487-529.

[CdVT73] Colin de Verdiere, Y., Spectre du laplacien et longueurs des godsiques priodiques I,
II, Compositio Math., 27, 1973, 159-184.

[CAV84] Colin de Verdiere, Y., Sur les longuers des trajectoires periodiques dun billard [On
the lengths of the periodic trajectories of a billiard]/, South Rhone seminar on
geometry III, Travaux en Cours, Hermann, Paris, 1984, 122-139.

[DuGu75] Duistermaat, J. J., Guillemin, V. W., The spectrum of positive elliptic operators
and periodic bicharacteristics, Invent. Math., 29, 1975, 1, 39-79.

[Du88] Durso, Catherine, On the inverse spectral problem for polygonal domains, Thesis
(Ph.D.)-Massachusetts Institute of Technology, ProQuest LLC, Ann Arbor, MI,
1988.

[FoHaHil5] Ford, A., Hassell, A., Hillairet, L., Wave propagation on FEuclidean
surfaces with conical singularities. I: Geometric diffraction, arXiv, 2015,
http://arxiv.org/abs/1505.01043.

[FoWul4] Ford, A., Wunsch, J., The diffractive wave trace on manifolds with conic singu-
larities, arXiv, 2014, http://arxiv.org/abs/1505.01043.

[Fr86]  Friedlander, F. G., On the wave equation in plane regions with polygonal boundary,
Advances in microlocal analysis, Lucca, 1985, 1986, 135-150.

[Fr81]  Friedlander, F. G., Multivalued solutions of the wave equation, Math. Proc. Cam-
bridge Philos. Soc., 90, 1981, 2, 335-341.

[FrSo09] Friedlander, L., Solomyak, M., On the Spectrum of the Dirichlet Laplacian in a
Narrow Strip, Israel J. Math., 170, 2009, 337-354.

[Fu94] Fursaev, D. V., The heat-kernel expansion on a cone and quantum fields near
cosmic strings, Classical Quantum Gravity, 11 , 1994, 6, 1431-1443.

[GoWeW092] Gordon, C., Webb, D. L., Wolpert, S., One cannot hear the shape of a drum,
Bull. Amer. Math. Soc. (N.S.), 27, 1992, 1, 134-138.

[GoWeW092] Gordon, C., Webb, D., Wolpert, S., Isospectral plane domains and surfaces
via Riemannian orbifolds, Invent. Math., 110, 1992, 1, 1-22.



24 HAMID HEZARI, ZHIQIN LU, AND JULIE ROWLETT

[GrMal3] Grieser, D., Maronna, S., Hearing the shape of a triangle, Notices Amer. Math.
Soc., 60, 2013, 11, 1440-1447.

[GuMeT9] Guillemin, V., Melrose, R., The Poisson summation formula for manifolds with
boundary, Adv. in Math., 32, 1979, 3.

[Hi02]  Hillairet, L., Formule detrace sur une surface euclidienne o singularités coniques,
C. R. Math. Acad. Sci. Paris, 335, 12, 1047-1052, 2002.

[Hi05]  Hillairet, L., Contribution of periodic diffractive geodesics, J. Funct. Anal., 226,
2005, 1, 48-89.

[Hi06]  Hillairet, L., Diffractive geodesics of a polygonal billiard, Proc. Edinb. Math. Soc.,
49, 2006, 1, 71-86.

[Ka66] Kac, M., Can one hear the shape of a drum?, Amer. Math. Monthly, 73, 1966, 4,
1-23.

[Ke58] Keller, J. B., A geometrical theory of diffraction, Calculus of variations and its
applications. Proceedings of Symposia in Applied Mathematics, 8, 1958, 27-52.

[Kol13] Kokotov, A., On the spectral theory of the Laplacian on compact polyhedral surfaces
of arbitrary genus, Computational Approach to Riemann Surfaces, Lecture Notes
in Math, 2013, 227-253.

[LuRo15] Lu, Z., Rowlett, J., The Sound of Symmetry, Amer. Math. Monthly, American
Mathematical Monthly, 122, 2015, 9, 815-835.

[McSi67] McKean, H. P., Jr., Singer, I. M., Curvature and the eigenvalues of the Laplacian,
J. Differential Geometry, 1, 1967, 1, 43—69.

[MeWu04] Melrose, R., Wunsch, J., Propagation of singularities for the wave equation on
conic manifolds, Invent. Math., 156, 2004, 2, 235-299.

[Mi64] Milnor, J., Eigenvalues of the Laplace operator on certain manifolds, Proc. Nat.
Adad. Sci. USA, 51, 4, 1964, 542.

[PaSc95] Pavloff, N., Schmit, C., Diffractive orbits in quantum billiards, Phys. Rev. Let. ,
75, 1, 61-64, 1995.

[PaWe61] Payne, L. E., Weinberger, H. F., Some isoperimetric inequalities for membrane
frequencies and torsional rigidity, J. Math. Anal. Appl., 2, 1961, 210-216.

[S01896] Sommerfeld, A., Mathematische Theorie der Diffraction, Math. Ann., 47, 1896,
2-3, 317-374.

[Vi78]  Vignéras, M. F. | Ezemples de sous-groupes discrets non conjugués de PSL(2,R)
qui ont méme fonction zéta de Selberg, C. R. Acad. Sci. Paris Sér. A-B, 287, 1978,
2, 47-49.

[Widl] Witt, E., Eine Identitit zwischen Modulformen zweiten Grades, Abh. Math. Sem.
Univ. Hamburg, 14, 1941, 323-337.

[Wu02] Wunsch, J., A Poisson relation for conic manifolds, Math. Res. Lett., 9, 2002, 5-6,
813-828.

[Ze09]  Zelditch, S., Inverse spectral problem for analytic domains. II. Z2-symmetric do-
mains, Ann. of Math., 170, 2009, 1, 205-269.

[Ze00]  Zelditch, S., Spectral determination of analytic bi-azisymmetric plane domains,
Geom. Funct. Anal., 10, 2000, 3, 628-677.



THE NEUMANN ISOSPECTRAL PROBLEM FOR TRAPEZOIDS 25

DEPARTMENT OF MATHEMATICS, 510J ROWLAND HALL - UNIVERSITY OF CALIFORNIA,
IrvINE, CA 92697-3875.

E-mail address: hezari@math.uci.edu

DEPARTMENT OF MATHEMATICS,410D ROWLAND HALL - UNIVERSITY OF CALIFORNIA,
IrvINE, CA 92697-3875.

FE-mail address: z1lu@uci.edu

MATHEMATICS DEPARTMENT, CHALMERS UNIVERSITY AND THE UNIVERSITY OF GOTHEN-
BURG, 41296, GOTHENBURG SWEDEN

E-mail address: julie.rowlett@chalmers.se



	1. Introduction
	2. Background
	3. Spectral invariants of trapezoids
	3.1. The heat trace invariants
	3.2. The wave trace invariants

	4. Proofs of Propositions 5 and 7
	5. Proof of Theorem 1
	Acknowledgements
	References



