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Abstract

Integrable Dynamics in Gauge Theories

by

Hiroki Kawai

This dissertation discusses various quantum integrable structures underlying gauge the-

ories. We demonstrate that such structures naturally emerge when we connect the gauge

theories to string theory by taking the large N limit of the color degrees of freedom.

Such integrable structures are not only tools for exact computations for various physical

quantities in gauge theory, but also give guidance to further elucidate the correspondence

between gauge theory and string theory.

We first discuss the integrable spin chains appearing in the weak ’t Hooft coupling

expansion of the N = 4 super Yang-Mills theory, which has been well known to be

dual to type IIB string theory on the AdS5 × S5 geometry. We specifically focus on the

boundary conditions induced by the Gukov-Witten-type superconformal surface defects,

which happen to be integrable at some special points in the defect moduli space but not

for generic configurations. Additionally, aspects of the surface defects are further studied

by taking advantage of the superconformal symmetry for future investigation of their

(non-)integrability.

The second part of the dissertation discusses the spin chain structures emerging in

the confining string sectors of large N lattice Yang-Mills theory. The nontriviality of

the confining string theory, distinct from the ordinary Nambu-Goto theory, is due to the

unitarity constraint, or the so-called zigzag constraint, that is naturally required for gauge

theory due to the gauge holonomy being a unitary group. We indeed find that the spin

chains for certain closed subsectors are integrable when the unitarity constraint is trivial,

xi



but the integrability is violated generally due to the constraint. We also demonstrate that

the integrability can be utilized to study the physics of the gauge theory. In particular,

it successfully estimates the roughening transition point from the energy spectra exactly

computed using the Bethe ansatz method.
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Chapter I: Background

I.1 Introduction

The development of quantum field theory (QFT) is one of the greatest successes for

theoretical physics. In particular, the Standard Model (SM) has explained many exper-

imental phenomena stemming from three of the four fundamental interactions: electro-

magnetic, weak, and strong interactions. All the particles predicted by the SM have now

been observed in experiments; it was completed when the Higgs boson was discovered

by the Large Hadron Collider (LHC) [2, 46]. It is a non-Abelian gauge theory with

a gauge group of U(1)Y × SU(2) × SU(3). The U(1)Y × SU(2) group corresponds to

the electroweak interaction [151, 72, 157] while the SU(3) part corresponds to the strong

interaction [67, 167], which is particularly called quantum chromodynamics (QCD). Ordi-

nary weak-coupling perturbation theory for QFTs, which expands the correlators around

the free-theory limit, works well for the electroweak theory as a result of the small fine

structure constant in the typical infrared (IR) scale and the weak boson masses. On the

other hand, to study the IR physics of QCD, perturbation theory cannot give accurate

estimates due to asymptotic freedom [81, 142]. In general, the one-loop beta function for

gauge theory with gauge coupling g, gauge group G, nRf
flavors of Weyl fermion matter

fields in the representation Rf of G, and ns flavors of real scalars in the representation

of Rs of G is

1



β(g) = −

11
3
T (adj.)− 2

3

∑
Rf

nRf
T (Rf )−

1

6

∑
Rs

nRsT (Rs)

 g3

16π2
+O(g5), (I.1.1)

where T (r) is the index of R. The 1-loop value of β(g) for QCD with three generations

of quarks is −7 g3

16π2 , which is negative and means that the theory is strongly coupled

in the IR. This makes the IR phenomena of QCD quite interesting, particularly quark

confinement. However, the first-principles understanding of hadron dynamics from QCD

requires nonperturbative analysis because of this asymptotic freedom and hence is ex-

tremely challenging.

A question to ask is: is there any other expansion than weak-coupling perturbation to

study the strong-coupling regime of QCD? One obvious candidate is the strong-coupling

expansion about 1/g. This was achieved by Wilson [158] by considering QCD in discrete

spacetime (lattice QCD). Lattice QCD also enabled numerical computations of various

observables, as it reduces the mathematically ill-defined infinite-dimensional path integral

of field theory into a finite-dimensional integral. We will review lattice QCD in more

detail in section I.2.1.

Another expansion was proposed by ’t Hooft [1]; it takes the large color degrees

of freedom N limit, while keeping the ’t Hooft coupling λ ≡ g2N fixed. This limit

corresponds to the semi-classical limit of the theory, and correlators generally factorize.

One can also make an analogy of the expansion about 1/N to the genus expansion in

string theory, which later lead to the discovery of the anti-de Sitter/conformal field theory

(AdS/CFT) correspondence [127], the most precise realization of the correspondence

between gauge theory and string theory. ’t Hooft’s large N limit will be reviewed in

detail in section I.2.2.

The goal of this dissertation is to explore the exactly solvable structures of gauge

theory. In particular, we focus on the quantum integrable systems emerging with the

above expansions. It is remarkable that quantum integrable systems, which have mainly
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been developed to study two-dimensional systems, can be applied to exactly compute the

spectra of higher-dimensional theories. Indeed, we will see that the origin of integrability

can be understood as the integrability of string theory, a theory on a two-dimensional

world-sheet.

I.2 Gauge theory and string theory

String theory was originally proposed independently by Nambu, Nielsen, and Susskind [136,

137, 154] to provide a microscopic explanation for the Veneziano amplitude [155] 1, which

was constructed as a phenomenological expression of the four-point meson scattering am-

plitudes in terms of the Euler beta functions and the Mandelstam variables s, t, u:

T = g2 [B(−α(s),−α(t)) +B(−α(s),−α(u)) +B(−α(t),−α(u))] , B(x, y) ≡ Γ(x)Γ(y)

Γ(x+ y)
.

(I.2.1)

Note that it obviously admits crossing symmetry. α(s) is the linear Regge trajectory

α(s) = α(0) + α′s, (I.2.2)

where the values of α(0) and α′ vary for each meson family (or quantum numbers) and

describe the (approximately) linear relation between the mass squared and the angular

momenta of the particles in the family. A meson can be interpreted as a spinning string.

Let us start with the Nambu-Goto action formalism of string theory in D-dimensional

Minkowski spacetime M . The action of a string world-sheet Σ parameterized with σa =

(τ, σ) is proportional to the area of Σ:

SNG = − 1

2πα′

∫
Σ

dτdσ
√
− dethab, (I.2.3)

1Refer also to [153] for the detailed history.
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where Xµ are scalar fields that describe the embedding of the world-sheet Σ to M,

XM : Σ→M (M = 0, 1, ..., D − 1), and hab ≡ ∂aX
M∂bXM is the induced metric on the

world-sheet. It is convenient to present another formulation with the Polyakov action

SP = − 1

4πα′

∫
Σ

dτdσ
√
− det γabγ

ab∂aX
M∂bXM , (I.2.4)

where γab is a world-sheet metric. The equation of motion for this action constrains

γab to be proportional to the induced metric hab:
√
− det γabγab =

√
− dethabhab, and

therefore the Polyakov action is indeed on-shell equivalent to the Nambu-Goto action.

The action is invariant under the two-dimensional general coordinate transformation, or

diffeomorphism, on the world-sheet, as well as the Weyl transformation. These are gauge

invariance of the theory, and hence, when quantizing the theory via a path integral, the

integral has to be quotient by these transformations. Since the gauge transformations

have three independent parameters, one can choose to fully fix the three independent

components of γab with them. The simplest choice is to fix it to be a flat metric γab = ηab,

or slightly relax it to be a conformally flat space γab = e2ω(σ)ηab. For the latter case, the

Polyakov action becomes a theory of free scalars

SX = − 1

4πα′

∫
Σ

dτdσ ∂aXM∂aXM (I.2.5)

plus the action of Faddeev-Popov free ghost fields. One can exactly solve such free

theories since the path integrals are Gaussian, indicating the integrability structure that

the bosonic string theory possesses. The four-point amplitude of this theory matches

correctly with the Veneziano amplitude at the tree level.

We can add another term preserving the symmetries (Weyl, diffeomorphism, and

D-dimensional Lorentz symmetry):
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(a) (b) (c)

Figure I.1: Examples of world-sheet topologies. (a) The leading-order contribution in
the genus expansion comes from a world-sheet topologically a two-sphere (g = 0). (b) A
sub-leading contribution with genus g = 1 with a handle. It is topologically a two-torus.
(c) World-sheets with more handles or higher genus contribute at higher orders in gs.

−Φ0χ = −Φ0

∫
Σ

dτdσ
√
− det γabR. (I.2.6)

R is the Ricci scalar with respect to γab. Notice that the overall action is now the

Einstein-Hilbert action in two dimensions with vanishing cosmological constant. The

Einstein equation Rab − 1
2
Rγab = 0 is identically satisfied, and so eq. (I.2.6) is fully

topological. Indeed, χ can be identified as the Euler number of Σ. Φ0 is the value of the

background dilaton field, and gs ≡ eΦ0 determines the strength of the coupling between

strings and hence is called string coupling. Contributions to string amplitudes (or any

observables) can therefore be expanded in terms of g−χs = g2g−2
s , where g is the genus

of a world-sheet. In the weak coupling region, it gives a genus expansion, where string

scatterings described by a world-sheet homeomorphic to a two-sphere (g = 0) give the

leading contributions, and world-sheets with higher genus (i.e. with more “handles”) give

corrections to them (fig. I.1).

Despite its successful description of the Veneziano amplitude, the above bosonic string

theory suffers several flaws as a description of hadron dynamics in four-dimensional space-

time. The Weyl symmetry, which is proportional to cR where c is the central charge of
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the theory and R is the Ricci scalar of the world-sheet, is in general anomalous, unless

c = 0. The central charge of the ghost theory is cg = −26, and since each scalar has a unit

central charge, the Weyl anomaly is canceled only when D = 26, which is called the crit-

ical dimension. Moreover, the lowest energy state has negative mass squared (tachyon),

and the first excited state is massless. Their existence contradicts the experimental ob-

servations that hadrons are all massive. QCD has been considered as a more accurate

description of the strong interaction since its asymptotic freedom was shown [78, 142, 81,

79], and string theory later came to be regarded primarily as a potential formulation of

quantum gravity, provided that the closed string spectrum contains spin-2 excitations.

Still, it is an interesting question to ask whether QCD has a string theoretic structure

and whether such QCD string theory can be formulated as a modification of the above

bosonic string theory. Such a modification is expected to make the string theory non-

integrable [62]. It is natural to expect that the dynamics of a gluon excitation between

confined quarks, or a color flux tube, can be effectively described as the dynamics of an

open string with quarks at its endpoints.

I.2.1 Lattice gauge theory

Wilson [158] proposed the lattice version of the QCD action by discretizing the spacetime

to a lattice with some finite spacing a

SWilson =
2N

g2

∑
P

[
1− 1

N
tr
(
UP + U †

P

)]
+ fermions, (I.2.7)

where P is a single loop or a plaquette of the lattice spacetime. The bare coupling g

here is dimensionless, and coincides with the gauge coupling of the continuum theory

when the spacetime is four-dimensional. When D ̸= 4, the continuum gauge coupling

(denoting it gYM) becomes dimensionful and therefore is related to g as g = gYMa
4−D.

UP is the product of the link variable U(x, x+ µ̂) = eiagAµ(x) defined on the directed link
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from x to x + µ̂ (µ̂ is a unit vector in the µ direction in terms of a) for the gauge field

Aµ. The finite lattice spacing acts as an ultraviolet cutoff. Namely, for P extending in

the µ, ν direction in the hypercubic lattice at position x, UP is

UP = U(x, x+ µ̂)U(x+ µ̂, x+ µ̂+ ν̂)U †(x+ ν̂, x+ µ̂+ ν̂)U †(x, x+ ν̂). (I.2.8)

One can easily see that this action classically converges to the continuum QCD action

in the zero lattice spacing limit a → 0. Quantum machanically, the bare coupling g is

under the effect of renormalization and depends on a. Just as calculated in continuum

QCD, g admits asymptotic freedom, so g flows towards weak coupling in the continuum

limit a → 0. Wilson discussed that the strong-coupling expansion of the Wilson loop

expectation value can be performed naturally in lattice QCD, and leads to the area law.

Namely, the expectation value of the Wilson loop in the fundamental representation on

a closed loop C is

⟨WC⟩ ∝ exp(−σA), (I.2.9)

where A is the area of the minimal two-dimensional region enclosed by C and σ is some

coefficient. One can see that this apparently indicates the stringy behavior of confinement

in strong coupling as follows. Considering a rectangular C that extends to the Euclidean

time direction and one of the spatial directions, the Wilson loop can be interpreted as

the parallel world-lines of a quark and an antiquark separated by distance L, which are

pair-created, travel for a certain amount of time T , and annihilate with each other. Then,

the Wilson loop expectation value corresponds to the transition amplitude between the

quark-antiquark pair state evolved for time T and the same quark-antiquark state:

⟨WC⟩ = ⟨qq̄|e−HT |qq̄⟩ = e−Vqq̄(r)T , (I.2.10)
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where Vqq̄(r) is the potential energy between the quark-anti-quark pair. Therefore, the

potential energy is Vqq̄(r) = σR, and the parameter σ can be interpreted as a string

tension, while the gluon excitation between quarks can be viewed as a one-dimensional

string.

Although this stringy behavior of the quark-anti-quark bound state in the strong-

coupling limit makes us tempted to expect that the color flux tubes in QCD can effectively

be described as some string theory even in the continuum, it is actually expected to

experience a phase transition as taking the continuum a→ 0 limit, and hence the behavior

of the string drastically changes there [91, 84, 125, 135, 124]. This transition is called

the roughening transition, at which the effective string tension becomes small, and hence

the string delocalizes in the transverse directions. This roughening behavior can be seen

by considering the breaking of the translation symmetries in the transverse directions.

Their spontaneous breaking induces D− 2 Nambu-Goldstone bosons as an effective two-

dimensional theory on the flux tube, which can be interpreted as branons in the transverse

directions. This is not the case for the lattice theory, since the translation symmetries

are already broken to a discrete subgroup. The massless scalars in two dimensions have

correlators that logarithmically diverge; ⟨X(x)X(y)⟩ ∼ log |x − y|2. Interpreting these

scalars as the transverse positions of the string, this explains the roughening behavior.

I.2.2 ’t Hooft limit

The SU(N) gauge field kinetic term of the QCD action, or the Yang-Mills action [162]

can be written in terms of N and the ’t Hooft coupling λ ≡ g2YMN as [1] 2

SYM = −N
4λ

∫
d4xFµνF

µν . (I.2.11)

2Here, the definition of the gauge field is different from the convention used in section I.2.1 by the
gauge coupling, related as Aµ(here) = gYMAµ(there). This gives the prefactor −1/4g2YM instead of −1/4
in the Yang-Mills action and the 1/g2YM contributions from the vertices.
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i l
kj

Figure I.2: A ribbon diagram representing the gauge field propagator in large N .

i1 j2
i2

j3i3

j1

Figure I.3: A ribbon diagram representing the three-point vertex in large N .

The ’t Hooft limit takes N →∞ while λ fixed, which exactly corresponds to the classical

limit of e−S/ℏ with ℏ→ 0. The gauge field propagator is

⟨(Aµ(x))ij(Aν(y))kl⟩ = ∆µν(x− y)
(
δilδjk −

1

N
δijδkl

)
, (I.2.12)

where ∆µν(x − y) is the propagator for the Abelian gauge field, whose exact expression

is irrelevant for the present discussion. The second term becomes negligible in the N →

∞ limit. Therefore, the gauge field propagator can be represented with the “ribbon”

diagram with directed edges, as in fig. I.2. Each propagator gives the contribution of

g2YM = λ/N . Since the theory is non-Abelian, the action contains three-point and four-

point interactions, which can be represented as ribbon diagrams as fig. I.3. Each of them

contributes by 1/g2YM = N/λ. Moreover, every closed loop contributes by N due to the

trace. The overall contribution of a certain Feynman diagram to some observable of the

theory is therefore proportional to NF+V−E, where E is the number of edges, F is the

number of closed loops, and V is the number of vertices. Notice that the exponent F+V −

E is exactly the Euler number χ of the two-dimensional surface that is tessellated to the

Feynman diagram under consideration. χ is related to the genus g of the two-dimensional

surface as χ = 2 − 2g, so the expansion in 1/N is exactly the genus expansion of the

diagrams contributing to the observable. The leading contribution in the 1/N expansion
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comes from the diagrams corresponding to a two-sphere (g = 0), which are called planar

diagrams since it has no ribbon crossing and can be projected to a two-dimensional plane.

Thus, taking the large N limit elucidates the string theoretic behavior of gauge theory;

the 1/N expansion corresponds to the weak-coupling expansion of string theory. This

similarity eventually leads to the discovery of the AdS/CFT correspondence [127], which

we will discuss in more detail in the next section.

I.2.3 D-branes and AdS/CFT correspondence

The most precise realization of the correspondence between gauge theory and string

theory is the duality between the N = 4 super Yang-Mills (SYM) theory and type IIB

string theory on the AdS5 × S5 background in large N [127]. Here, we review how these

two theories are related by the dynamics of D3-branes.

Consider an open string world-sheet that is parameterized by τ ∈ (−∞,∞) and

σ ∈ [0, ℓ]. The variation of the Polyakov action consists of the bulk variation plus the

boundary term

δSP =
1

2πα′

∫
dτ

∫ ℓ

0

dσ
√
− det γabδX

M∇2XM −
1

2πα′

∫
dτ
√
− det γabδX

M∂σXM

∣∣∣∣σ=ℓ
σ=0

.

(I.2.13)

In order for the boundary term to vanish, we can impose either of the two boundary

conditions for each Xµ at each boundary:

• Neumann boundary conditions: ∂σXM = 0.

• Dirichlet boundary conditions: Xµ = cM (constant).

Let us impose Neumann conditions on X0, ..., Xp, and the other Xp+1, ..., XD−1 to have

the Dirichlet conditions. One can interpret it as the string ending on a p+1-dimensional

hypersurface called a Dp-brane [140]. The Chan-Paton factor [138], which was originally
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introduced as internal degrees of freedom at the ends of the strings to add the isospin fac-

tors to the Veneziano amplitude, can be naturally interpreted as the choice of coincident

D-branes on which the string ends. For example, N coincident D-branes introduce the

degrees of freedom in the fundamental representation of U(N). This can be understood

as the gauge symmetry of the effective field theory on the D-branes.

From now on, we consider type II superstrings in critical dimensions (D = 10).

The Gliozzi–Scherk–Olive (GSO) projection [73] removes the tachyonic states from the

spectrum, so the lowest-energy states are massless. The low-energy effective action,

which is equivalent to taking the α′ → 0 limit, is a theory of massless modes. It contains

the spin-2 states from the closed string spectrum, and therefore the effective action is

a ten-dimensional supergravity theory. Specifically, it is type IIA or IIB supergravity,

depending on the chirality of the world-sheet spinors. The field contents of these theories

are as follows

• Type IIA: gµν , Bµν ,Φ, C1, C3

• Type IIB: gµν , Bµν ,Φ, C0, C2, C4,

where gµν is the ten-dimensional spacetime metric, Bµν is the NS-NS field, Φ is the

dilaton, and Cp+1 is the p+ 1-form R-R field which couples to Dp-branes.

Let us now focus on D3-branes in type IIB theory. A stack ofN D3-branes corresponds

to the supergravity solution

ds2 = f(r)−1/2ηµνdx
µdxν + f(r)1/2(dr2 + r2dΩ2

5), f(r) = 1 +
R4

r4
, R4 = 4πgsNα

′2,

(I.2.14)
eΦ = gs, C4 = g−1

s (f(r)−1 − 1)dx0 ∧ · · · ∧ dx3, (I.2.15)

where ηµν is the Minkowski metric in the four dimensions parallel to the D3-branes. We

now take the decoupling limit
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α′ → 0, U ≡ r

α′ = fixed, (I.2.16)

then the second term of f(r) dominates, and the resulting metric is the AdS5 × S5

geometry with the Poincaré patch

ds2 = α′
[
U2

R2
ηµνdx

µdxν +
R2

U2
dU2 +R2dΩ2

5

]
, (I.2.17)

where both the sphere and the AdS have the same radius R.

The D3-branes break half of the supersymmetry of type IIB theory; in other words,

only 16 out of 32 supercharges are conserved. This implies that the theory on the D3-

branes must preserve N = 4 superconformal symmetry. Indeed, the theory must have

the U(N) gauge field Aµ and six real scalar fields ϕI , I = 1, 2, ..., 6 which correspond

to the transverse positions of the D3-branes. The bosonic fields have eight on-shell real

degrees of freedom in total, so the supersymmetry implies that the theory must have four

Weyl fermions. These field contents form N = 4 supermultiplet in four dimensions, and

therefore we can conclude that the effective theory must beN = 4 SYM in the low-energy

α′ → 0 limit 3. Furthermore, the isometry group of the AdS5×S5 geometry is SO(2, 4)×

SO(6), which exactly coincides with the bosonic part of the N = 4 superconformal

symmetry.

From these observations, we can conjecture that there is a duality between type IIB

string theory on the AdS5 × S5 and the N = 4 SYM theory. The string coupling gs and

the Yang-Mills coupling gYM are related as

4πgs = g2YM, (I.2.18)

which can be seen from the fact that the three-point vertex of the gauge field A3 con-
3The full theory must contain higher-derivative terms, similarly to the single brane case where the

full action is the Abelian DBI action.
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Glue

(a) (b)

Figure I.4: The three-point interaction of open strings (each world-sheet in (a)) corre-
sponds to the three-point interaction of gauge fields in the Yang-Mills theory. When two
of them are glued together at the boundaries that are the world-lines of the string end-
points, the resulting world-sheet is the three-point interaction of closed strings (b). This
explains the relation between the Yang-Mills coupling and the string coupling eq. (I.2.18).

tributes by gYM and corresponds to the three-point vertex of open strings, while the

three-point vertex of closed strings can be obtained by gluing the two open string three-

point vertices and contributes by gs (fig. I.4).

The correspondence is well-defined in the limit where the supergravity description

on the string theory side is valid, namely when the AdS/sphere radius R is larger than

the string length ls, which requires 4πgs ≫ 1, and the genus correction is suppressed

gs ≪ 1. This is equivalent to taking the ’t Hooft large-N limit with strong coupling

λ = g2YMN ≫ 1. However, the strong version of the AdS/CFT correspondence conjectures

the duality beyond this limit, where nonperturbative string theory effects or quantum

gravity effects may become nontrivial and therefore not well-defined to our knowledge.

Correspondence of the spectra

A part of the conjecture is that the Hilbert spaces on both sides of the duality are

isomorphic. Many efforts have been made to identify microscopic states in string theory

or supergravity with the CFT states. One of the most remarkable discoveries was the

correspondence between gauge theory operators called the Berenstein-Maldacena-Nastase
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String N = 4 SYM
String states BMN operators
|0;L⟩ ⇐⇒ Tr

[
ZL
]

aI†0 |0;L⟩ ⇐⇒ Tr
[
ϕIZL

]
aI†n a

J†
−n |0;L⟩ ⇐⇒

∑
ℓei2πℓn/LTr

[
ϕIZℓϕJZL−ℓ]

...

Table I.1: The correspondence between some of the low-energy states in the world-sheet
spectrum and the BMN operators. The string excitations correspond to the insertions of
the Higgs scalar ϕI to Z’s. L is the angular momentum of the state in one of the angular
directions in S5 on the string side, while it is the R-charge on the gauge theory side.

(BMN) operators [32] and the energy eigenstates of the world-sheet Hamiltonian with

light-cone quantization on the pp-wave background. See table I.1 for some examples of

the correspondence for low-energy states in the spectrum. The operators are single-trace

operators consisting of many complex fields Z = ϕ1 + iϕ2 with insertions of real scalars

ϕI . The lowest energy state of the string rotating with a certain angular momentum L in

S5 corresponds to the half-BPS operator consisting of a chain only of Z with length L.

This means that the excitations on the string side correspond to the impurities inserted

in the single-trace operator on the gauge theory side. The scaling dimensions are the

analogues of masses in N = 4 SYM, which lacks the idea of masses due to its conformal

symmetry, and indeed they correspond to the string mass on the string side. The BMN

operators above the ground state are not BPS, and their dimensions are generally not

protected under changes of the gauge coupling but receive some corrections which we

call anomalous dimensions. The operators mix with each other in a certain closed sector

once the higher-loop contributions are considered. One must diagonalize such operator

mixing in order to compute the anomalous dimensions. It was found that the one-loop

anomalous dimensions of the BMN operators consisting only of Higgs scalars can be

computed as the eigenvalues of the Hamiltonian of an SO(6) spin chain [131]. This spin

chain is integrable, so the anomalous dimensions and various other physical aspects in

the weak-coupling regime can be studied using techniques for integrable spin chains. We
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will review the emergence of the one-loop SO(6) spin chain in section I.4. Multi-trace

operators consisting of a product of multiple traces can be interpreted as a bound state

of multiple strings.

I.3 Integrable systems

Integrability is a precise notion for a system to be exactly solvable. It implies certain

geometric and algebraic structures with enough symmetries that constrain the dynamics,

and hence the differential equations associated with them can be integrated. Integrability

can be defined for both classical and quantum systems. In either case, the system or the

scattering processes can be factorized into the solvable one-body or two-body problems.

I.3.1 Classical integrability

The precise notion of integrability for a classical mechanical system was first introduced

by Liouville, and the modern version of the theorem was formulated and proven by

Arnold [10].

Arnold-Liouville Theorem Consider a 2n-dimensional symplectic manifold M with a

symplectic structure ω. A set of n functions {fi}i=1,...,n on M is an integrable system if

the functions are

• independent of each other, in other words df1 ∧ df2 ∧ · · · ∧ dfn ̸= 0.

• pairwise in involution, namely {fi, fj} = 0 ∀i, j = 1, ..., n where {·, ·} is the Poisson

bracket with respect to ω.

For a level set Mc ≡ {x ∈ M |fi(x) = ci} ⊂ M , an integrable system {fi} satisfies the

following:

1. Mc is invariant under the Hamiltonian flow generated by H = f1 (and equivalently

under flows by other functions fi).
15



2. If Mc is compact and connected, it is diffeomorphic to an n-torus.

3. There exists a local coordinate system {ωi, φi}i=1,...,n on Mc called action-angle co-

ordinates, which satisfy

ω̇i ≡ {ωi, H} = 0, φ̇i ≡ {φi, H} = ωi, (I.3.1)

and hence can be integrated by quadratures.

Physically, the n independent conserved charges constrain the dynamics in the phase

space and prohibit chaotic behavior. The system can be decomposed into n independent

one-body systems associated to each pair of the action-angle coordinates.

I.3.2 Quantum integrability

Integrability of general quantum systems

This notion of integrability can be uplifted to quantum mechanical systems. Functions

acting on a phase space are now replaced by Hermitian operators acting on a Hilbert

space, and the Poisson brackets become the commutators of the operators. A quantum

integrable system consists of infinitely many Hermitian operators Qn (with Q1 being

the Hamiltonian H of the quantum system) that commute with each other, and so the

dynamics is constrained by infinitely many charges.

From now on, we focus on a 1+1-dimensional quantum system. This makes the spatial

ordering of particles well-defined independent of the frames. Consider the scattering

process involving multiple particles with the initial state |Pi(θi)⟩ for incoming particles

Pi, i ∈ incoming particles with particle momenta pµi and the final state |Pf (θf )⟩ for

outgoing particles Pf , f ∈ outgoing particles with momenta pµf . θ is the rapidity of a

particle specifying its momentum as
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(a)
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θ3

θ4

θ4
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Figure I.5: (a) An example of a scattering process in an integrable system. The parti-
cle momenta are preserved during the process, so the world-lines can be represented as
straight lines with the corresponding rapidities as their slopes. It has two-body interac-
tions (line intersections) and one three-body interaction (a red dot). (b) The scattering
process is invariant under parallel translations of world-lines. This allows the many-body
interactions to be factorized into two-body interactions. For example, here the world-line
for θ3 is moved to the right so that the three-body interaction is resolved.

p0 = m cosh θ, p1 = m sinh θ, (I.3.2)

The infinitely many charges {Qn} constrain the sets of momenta for incoming and outgo-

ing particles to be equivalent, {pµi } = {p
µ
f}. There is no particle creation or annihilation,

and the scattering processes can be represented with straight world-lines corresponding

to the momenta in the set {pµi } = {p
µ
f} (e.g. fig. I.5a). A general scattering process can

be described using an S-matrix

|Pi1(θi1) · · ·Pin(θin)⟩ =
∑
j1,...,jn

Sj1···jni1···in |Pj1(θj1) · · ·Pjn(θjn)⟩ . (I.3.3)

The S-matrices depend only on the difference between rapidities due to their Lorentz

invariance. This means that different scattering processes with different orders of particle

interactions but with the same particle orderings for the initial and final states should be

equivalent. This invariance allows the particle world-lines to be moved around so that

the scattering involves only two-body interactions (fig. I.5b). Therefore, any scattering
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θ3

θ2
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Figure I.6: The schematic representation of the Yang-Baxter equation eq. (I.3.4).

process in an integrable system can be factorized into a product of two-body interactions.

The simplest case is the invariance of three-body scattering under the parallel translation

of the world-line with the medium rapidity (fig. I.6). In terms of the two-body S-matrices,

∑
k1,k2,k3

Sk1k2i1i2
(θ1 − θ2)Sk3j3k2i3

(θ1 − θ3)Sj1j2k1k3
(θ2 − θ3)

=
∑

k1,k2,k3

Sj1j2k1k3
(θ2 − θ3)Sk3j3k2i3

(θ1 − θ3)Sk1k2i1i2
(θ1 − θ2), (I.3.4)

which is called the Yang-Baxter (YB) equation. Actually, the YB equation is a neces-

sary and sufficient condition for the quantum system to be integrable. We will see the

sufficiency in the next section.

Integrability of spin chains

Here, we review quantum integrability in more concrete settings: 1 + 1-dimensional spin

chains, which will be relevant for our later discussions. The spin chain is defined on a

spatial lattice consisting of L sites, and each site has a finite-dimensional Hilbert space

Cn. The Hilbert space for the entire system is the tensor product (Cn)⊗L. As an analogy

to the S-matrix in the last section, we define an intertwiner known as the R-matrix,

Ri,j(u) : (Cn)⊗2 → (Cn)⊗2. It is a function of the so-called spectral parameter u, which

corresponds to the rapidity for the S-matrix case. The subscripts i and j denote the

lattice site on which the R-matrix acts, and u is the rapidity parameter, just as in the

S-matrix case. The R-matrix describes the interaction between two lattice sites, and can
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be diagrammaticly represented as an intersection of two world-lines, where each line can

also be interpreted as a single-site Hilbert space Cn. The Yang-Baxter equation for a

spin chain can be written using the R-matrices as

Ri,i+1(u)Ri,i+2(u+ v)Ri+1,i+2(v) = Ri+1,i+2(v)Ri,i+2(u+ v)Ri,i+1(u). (I.3.5)

The R-matrix determines the dynamics of the system. To see that, we define a mon-

odromy matrix T (u) whose support is the tensor product of the physical Hilbert space

(Cn)⊗L and an auxiliary space, which we choose to be identical to a single-site Hilbert

space Cn for convenience:

Ta(u) = La,L(u)La,L−1(u) · · ·La,1(u), (I.3.6)

where we defined the Lax operators Li,j(u) ≡ Ri,j(u− i
2
) for convenience, and a denotes

the auxiliary space. The partial trace of Ta(u) over the auxiliary space,

t(u) = tra Ta(u) (I.3.7)

is the transfer matrix. For later use, let us write the expansion of the transfer matrix in

terms of the rapidity

t(u) =
L∑
n=0

Qn+1u
n. (I.3.8)

These matrices can be expressed diagrammaticly as in fig. I.7.

The monodromy matrix and the R-matrix satisfy the following equation:

Ta(u)Tb(v)Ra,b(u− v) = Ra,b(u− v)Tb(v)Ta(u), (I.3.9)

which can be easily proven by applying the YB equations repetitively for each site
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a

1 2 · · · L− 1 L

(a)

1

2 · · ·

· · ·L− 1
L

(b)

Figure I.7: (a) A pictorial representation of the monodromy matrix Ta(u). Each ver-
tical line represents the Hilbert space for each physical site, while the horizontal line
corresponds to the auxiliary Hilbert space. Each vertex at the intersection of world-lines
corresponds to the Lax operator acting on the two corresponding Hilbert spaces. (b) The
transfer matrix t(u) can be obtained by contracting both ends of the horizontal line of the
monodromy matrix. This procedure corresponds to the partial trace over the auxiliary
space.

(fig. I.8). Here, a and b are two distinct auxiliary spaces. Multiplying both sides of

eq. (I.3.9) with (Ra,b(u − v))−1 and taking the partial traces for the a and b spaces and

using the cyclicity of the traces, one can conclude that the transfer matrices commute

with each other:

[t(u), t(v)] = 0. (I.3.10)

This is true if and only if all of the coefficients of the expansion eq. (I.3.8) commute with

each other

[Qn, Qm] = 0. (I.3.11)

Thus, if the quantum spin chain satisfies the YB equation, it must contain enough con-

served charges (or infinitely many of them in the thermodynamic limit L → ∞) {Qn}

to constrain the dynamics of the system, and therefore it is integrable. In general, Q2 is

identified as the Hamiltonian H for spin chains with nearest-neighbor interactions.
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a

b

1 2 · · · L− 1 L

(a)

a

b

1 2 · · · L− 1 L

(b)

a

b

1 2 · · · L− 1 L

(c)

Figure I.8: (a) The diagram representing the left-hand side of eq. (I.3.9). The two
rows represent the monodromy matrices Ta(u) and Tb(v), while the intersection of the
horizontal lines on right is the R-matrix Rab(u− v). (b) Using the Yang-Baxter equation
(one can easily find the equivalent equation involving one R-matrix and two Lax operators
from eq. (I.3.5)), the R-matrix Rab can be moved to the right. (c) By repeating it, the R-
matrix ends on the left-most side, which corresponds to the right-hand side of eq. (I.3.9).

Algebraic Bethe ansatz

There are various approaches to compute the spectrum of the integrable spin chain Hamil-

tonian. Here, we focus on the use of the algebraic Bethe ansatz (also called the quantum

inverse scattering method) for the Heisenberg spin chain Hamiltonian

HXXX = −4
L∑
l=1

(
S⃗l · S⃗l+1 −

1

4

)
(I.3.12)

with periodic boundary conditions as the simplest example for demonstration. S⃗l are the

spin-1/2 operators acting on the l-th site. It can be constructed from the R-matrix

Ri,j(u) = u+ iPi,j, (I.3.13)

where Pi,j is the permutation matrix acting on the i-th and j-th sites. Let us write the

components of the monodromy matrix constructed from this R-matrix in the auxiliary

space as
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Ta(u) =

(
A(u) B(u)
C(u) D(u)

)
. (I.3.14)

The matrices A,B,C,D act only on the physical Hilbert space, and the transfer matrix

is t(u) = A(u) + D(u). The state only with upspins |Ω⟩ ≡ |↑↑ ... ↑⟩ is an eigenstate of

the transfer matrix and therefore of the Hamiltonian since the matrices A,D act on it as

A(u) |Ω⟩ =
(
u+

i

2

)L
|Ω⟩ , D(u) |Ω⟩ =

(
u− i

2

)L
|Ω⟩ . (I.3.15)

Also, it is annihilated by the C matrix. We call |Ω⟩ a Bethe reference state.

By writing the equation eq. (I.3.9) component by component, one obtains the com-

mutation relations of the matrices

B(u)B(v) = B(v)B(u), (I.3.16)

A(u)B(v) =
u− v − i
u− v

B(v)A(u) +
i

u− v
B(u)A(v) (I.3.17)

D(u)B(v) =
u− v + i

u− v
B(v)D(u)− i

u− v
B(u)D(v). (I.3.18)

Some of the states orthogonal to |Ω⟩ can be generated by acting the B matrices with

distinct spectral parameters on it:

|u⃗⟩ = B(u1) · · ·B(uK) |Ω⟩ . (I.3.19)

We want to find a choice of the spectral parameters u⃗ that makes |u⃗⟩ an eigenstate.

Acting A(u) on |u⃗⟩ from the left and moving it to the right using the commutation

relation eq. (I.3.17), the contribution due to the first term of eq. (I.3.17) is parallel to

|u⃗⟩:
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(
u+

i

2

)L k∏
K=1

u− uk − i
u− uk

|u⃗⟩ . (I.3.20)

The contributions from the second term of eq. (I.3.17) are not parallel in general. The

conditions for each spectral parameter so that the non-parallel terms to vanish are called

the Bethe ansatz equations, namely

(
uj + i/2

uj − i/2

)L
=

K∏
k ̸=j

uj − uk + i

uj − uk − i
. (I.3.21)

Thus, the problem of finding the energy spectrum is reduced to the algebraic problem of

solving the system of L equations. The solutions of the Bethe ansatz equations are called

the Bethe roots. One can make a similar argument to see how D(u) acts on |u⃗⟩, and

indeed the state is also an eigenstate of D(u) if u⃗ are the Bethe roots. Therefore, |u⃗⟩ with

the Bethe roots is an eigenstate of the transfer matrix, and so is it of the Hamiltonian.

I.3.3 Boundary integrability and integrable states

The discussion so far has considered the integrability of the system without any boundary

effect, or the bulk integrability. One can extend the notion of integrability to the case

involving a boundary. The requirement for boundary conditions to preserve the bulk

integrability is that the set of the particle momenta does not change during the scattering

process up to a spatial reflection. If the initial state is in the infinite past and the final

state is in the infinite future, all incoming particles bounce at the boundary and change

their parity while keeping the set of the masses and momenta, or namely the set of the

rapidities satisfy

{ui} = {−uf}. (I.3.22)
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Figure I.9: The schematic representation of the boundary Yang-Baxter equation. The
equation requires the invariance of the scattering under the parallel shift of one of the
world-lines.

In other words, the boundary scattering must be elastic. The necessary and sufficient

condition for such integrable boundaries is called the boundary Yang-Baxter (bYB) equa-

tion:

Ki(u)Sij(u+ v)Kj(v)Sij(v − u) = Sij(v − u)Kj(v)Sij(u+ v)Ki(u), (I.3.23)

where Ki(u) is the reflection matrix at the boundary for the particle i with rapidity u.

This equation means that the boundary conditions do not violate the bulk integrability

only if the scattering is still invariant under the parallel shift of world-lines even when

they involve some reflections at the boundary (fig. I.9).

Integrable boundary states in the closed channel

One can also consider the channel rotation of the open system to treat it as a closed

(periodic) system with a certain fixed initial state, or we call it a boundary state. Its

integrability condition for spin systems was considered in [139]. To demonstrate the

derivation of the condition, here we discuss the XXZ spin chain

H =
L∑
l=1

[
Sxl S

x
l+1 + Syl S

y
l+1 +∆(Szl S

z
l+1 − 1)

]
, (I.3.24)
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⟨ψ0| ⟨ψ0| ⟨ψ0| ⟨ψ0|

|ψ0⟩ |ψ0⟩ |ψ0⟩ |ψ0⟩

...
...

· · ·

· · ·

Figure I.10: The graphical representation of the discretized partition function eq. (I.3.26).
The periodic direction is spatial, and the state evolves vertically with the Trotter-
decomposed imaginary time evolution e−βH .

where Sx,y,zl are the spin-1/2 generators acting on the l-th site and ∆ is the anisotropy.

We assume that the length of the spin chain L is even from now on. We also choose the

boundary state in the simplest possible structure for the discussion

|Ψ0⟩ = |ψ0⟩⊗L/2 , (I.3.25)

where |ψ0⟩ ∈ C2 ⊗ C2 is a two-site state. We expect to be able to extend the resulting

condition for general systems and initial states. Consider the partition function with this

state as initial and final states, then the Euclidean time evolution can be discretized with

infinitesimal imaginary time steps with the Trotter decomposition as

⟨Ψ0|e−βH |Ψ0⟩ = lim
M→∞

⟨Ψ0|
(
1− β

M
H

)M
|Ψ0⟩ . (I.3.26)

See fig. I.10 for its pictorial representation. This limit corresponds to the thermodynamic

limit in the open channel. Each Trotter step can be written in terms of the transfer

matrix [103, 104]
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|ψ0⟩

⟨ψ0|

...

u+ δβ∗ − η

u− δβ∗

u+ δβ∗ − η

u− δβ∗

Figure I.11: T (u) in the factorization of the partition function eq. (I.3.28). The columns
represent the quantum transfer matrix acting on the 2j + 1-th and 2j + 2-th sites, and
each intersection corresponds to the R-matrix with the specified spectral parameter.
Contracting the external horizontal legs with others gives the partition function fig. I.10.

1− β

M
H ∝ t(δβ∗)t(η − δβ∗) (I.3.27)

up to some normalization, where δβ∗ ≡ β sinh η/4M with η ≡ arccosh∆. Given the

definition of the transfer matrix eq. I.3.7 and our assumption of the tensor product

structure of |Ψ0⟩ (eq. (I.3.25)), the partition function can be factorized as

⟨Ψ0|e−βH |Ψ0⟩ = lim
M→∞

tr
(
T (u)L/2

)
, T (u) ≡ ⟨ψ0|TQTM

2j+1 (0)⊗ T
QTM
2j+2 (0)|ψ0⟩ . (I.3.28)

The quantum transfer matrix TQTM
l (u) is defined as

TQTM
l (u) = R2M,l(u− δβ∗)R2M−1,l(u+ δβ∗ − η) · · ·R2,l(u− δβ∗)R1,l(u+ δβ∗ − η)

(I.3.29)

with the R-matrices whose one of the supports (1, 2, ..., 2M) is in the temporal direction

and the other (l) in the spatial direction, which corresponds to fig. I.11. The exponent

L/2 means matrix products or contractions of the indices in the temporal direction.

Now, let us consider the partition function in the open channel instead, which can
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K+
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K+

K−

K−

K−

K−

· · ·

· · ·

...
...

Figure I.12: The graphical representation of the partition function in the open channel.

K−
a (u)K+

a (u) · · ·

Figure I.13: The two-row transfer matrix eq. (I.3.30). Equating this with T (u) (fig. I.11),
The local two-site state |ψ0⟩ can be related to the reflection matrices K±(u).

be formally written as tr
(
e−β̃Hopen

)
, where Hopen is the XXZ spin chain Hamiltonian

with boundary terms with the reflection matrices K± respectively taking account for the

left and right boundary conditions (fig. I.12). The corresponding object to T (u) is the

two-row transfer matrix (fig. I.13)

tK±(u) = tra(K
+
a (u)Ta(u)K

−
a (u)T̃a(u− η)), (I.3.30)

where K±
a (u) are the left and right reflection matrices acting on the auxiliary space a.

The exact form of K±(u) can be determined by solving the bYB equations but is

irrelevant to our discussion. T̃a(u) is the parity reflection of the monodromy matrix,

T̃a(u) = Ra,1(u)Ra,2(u) · · ·Ra,L. (I.3.31)
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The partition function in the open channel can be calculated as the product of tK±(u).

In order for the partition functions in the open and closed channels to be equivalent,

T (u) and tK±(u) must be equivalent up to some normalization. This reduces to the

relation between the state |ψ0⟩ and the reflection matrices by explicitly solving it for the

components of the matrices and the states in the auxiliary space. Namely, |ψ0⟩ has to be

|ψ0⟩ = −k−12(0) |↑↑⟩+ k−11(0) |↑↓⟩ − k−22(0) |↓↑⟩+ k−21(0) |↓↓⟩ , (I.3.32)

where k−ij(u) is the i, j-th element of K−(u), and a similar relationship can be found

between ⟨ψ0| and the elements of K+(u). To translate the bYB equation eq. (I.3.23)

(with the R-matrices instead of the S-matrices) into the closed channel description, we

generalize the initial state to be rapidity dependent

|ψ0(u)⟩ = −k−12(u) |↑↑⟩+ k−11(u) |↑↓⟩ − k−22(u) |↓↑⟩+ k−21(u) |↓↓⟩ , (I.3.33)

then the equation is equivalent to

Ř3,4(v − u)Ř2,3(−u− v) |ψ0(u)⟩ ⊗ |ψ0(v)⟩ = Ř1,2(v − u)Ř2,3(−u− v) |ψ0(v)⟩ ⊗ |ψ0(u)⟩ ,
(I.3.34)

where Ři,j(u) = Pi,jRi,j(u) are the permuted R-matrices with the permutation matrix Pij

which exchanges the spins at the i-th and j-th sites. This equation schematically looks

exactly like the channel rotation of the bYB equation (fig. I.14).

Now, we consider a chain on the tensor product of the physical Hilbert space with

length L and two auxiliary sites a and b in the closed channel. Iteratively applying

eq. (I.3.34) with v = 0, we obtain an equation on the entire chain (fig. I.15)

Řb,L(−u)ŘL,L−1(−u) · · · Ř2,1(−u) |ψ0(u)⟩a,1 ⊗ |ψ0⟩2,3 ⊗ · · · ⊗ |ψ0⟩L,b
= Řa,1(−u)Ř1,2(−u) · · · ŘL−1,L(−u) |ψ0⟩a,1 ⊗ · · · ⊗ |ψ0⟩L−2,L−1 ⊗ |ψ0(u)⟩L,b . (I.3.35)
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|ψ0(u)⟩

1 4

|ψ0(v)⟩

2 3

=

|ψ0(v)⟩

41

|ψ0(u)⟩

32

Figure I.14: A diagrammatic representation of eq. (I.3.34). It is easy to see that the
diagram looks exactly like the channel rotation of the boundary Yang-Baxter equation
fig. I.9.

By moving the permutation matrices in the permuted R-matrices to the right and acting

them on the initial state, the equation reads

Rb,L(−u)Rb,L−1(−u) · · ·Rb,1(−u)Pa,b |ψ0(u)⟩a,b ⊗ |Ψ0⟩
= Ra,1(−u)Ra,2(−u) · · ·Ra,L(−u)Pa,b |ψ0(u)⟩a,b ⊗ |Ψ0⟩ , (I.3.36)

where |Ψ0⟩ is the original initial state under consideration eq. (I.3.25) in the physical

Hilbert space. By solving the equation component by component in the auxiliary spaces

and taking the trace over them, we obtain

t(u) |Ψ0⟩ = Πt(u)Π |Ψ0⟩ , (I.3.37)

where Πt(u)Π = tra(T̃a(u)) = tra[Ra,1(u)Ra,2(u) · · ·Ra,L]. Diagrammatically, the deriva-

tion corresponds to connecting the external legs for the auxiliary spaces of fig. I.15a and

fig. I.15c. The time ordering of the R-matrices acting on |Ψ0⟩ for each diagram determines

the parity, and so the equivalence of the two diagrams leads to the parity invariance of

|Ψ0⟩.

This is the general integrability condition for initial states, which is expected to hold

even for more general cases than eq. I.3.25, such as matrix product states as shown also

in [139]. Considering the expansion of the transfer matrix eq. (I.3.8), we obtain a slightly
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· · ·
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(a)

|ψ0(u)⟩

a b

|ψ0⟩ |ψ0⟩ |ψ0⟩

1 2 3 4 · · ·

· · ·

L− 1 L

(b)

|ψ0(u)⟩

ba

|ψ0⟩ |ψ0⟩ |ψ0⟩

1 2 3 4 · · ·

· · ·

L− 1 L

(c)

Figure I.15: A diagrammatic derivation of eq. (I.3.35). One side of the equation, which is
depicted as (a), can be deformed into (b) using the channel rotation of the bYB equation
eq. (I.3.34). By repeating this step globally, one obtains the other side of eq. (I.3.35)
depicted as (c).

weaker version of the integrability condition

Q2n+1 |Ψ0⟩ = 0, ∀n = 1, ..., L/2− 1 (I.3.38)

namely, an integrable state must be annihilated by all of the odd charges, which transform

under the parity reflection as ΠQ2n+1Π = −Q2n+1. This weaker condition often gives

enough constraints to study the states exactly, so some literature considers it a sufficient

condition for integrability. It can also be justified given that the integrability condition

for boundary states in QFTs derived in [68] can be interpreted as the annihilation of the

state with infinitely many odd charges.
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I.4 Integrable structures in the AdS5× S5/N = 4 SYM

correspondence

Here, we review the integrable spin chain structure emerging in the one-loop calculations

of anomalous dimensions in N = SYM . We focus specifically on the SO(6) sector, which

is the most general sector of the single-trace operators consisting only of Higgs scalars.

Integrable spin chain structures were also later found for the full PSU(2, 2|4) sector [21]

and for higher-loop corrections [22]. The integrable behaviors of N = 4 SYM reflect the

integrability of the Green-Schwarz sigma model on the AdS5×S5 spacetime [130] on the

classical level [23] (and perhaps on the quantum level also). This sigma model takes the

target space to be the coset

G/H = PSU(2, 2|4)/(SO(1, 4)× SO(5)), (I.4.1)

whose bosonic part is exactly AdS5 × S5. We consider the SU(N) gauge group for the

discussion in this section. Integrable structures of N = 4 SYM with other types of Lie

gauge groups, such as the orthogonal and symplectic groups, are considered in [43], for

example.

I.4.1 Superconformal algebra PSU(2, 2|4)

The components of the massless supermultiplet for N = 4 supersymmetric theories are

two vector fields, four Weyl fermions (i.e. eight fermionic d.o.f.), and six real Higgs

scalars, which are all in the adjoint representation of SU(N). The index of the adjoint

representation is T (adj.) = N , so the 1-loop beta function eq. (I.1.1) vanishes. Even

beyond 1-loop, it has been discussed that the beta function vanishes for all orders in the

literature, such as [35] and [128]. Since the supermultiplet contains fields from spin-0 to

spin-1, a non-gravitational N = 4 theory has to be always a gauge theory. We have a
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unique choice for such a gauge theory, which is N = 4 SYM.

The global symmetry ofN = 4 SYM isN = 4 superconformal symmetry PSU(2, 2|4).

Its bosonic part is the direct product of the four-dimensional conformal symmetry SU(2, 2) ≃

SO(2, 4) and the R-symmetry SU(4)R ≃ SO(6)R. The conformal symmetry has fif-

teen generators: (i) one dilatation generator D, (ii) four translation generators Pµ, (iii)

six Lorentz generators Mµν , and (iv) four special conformal transformation generators

Kµ. Considering a local operator O(x) with scaling dimension ∆, i.e. it transforms as

O → λ−∆O under the scaling x→ λx, then the action of the dilatation operator on this

operator is

[D,O(x)] = −i(∆− xµ∂µ)O(x). (I.4.2)

The translation generator Pµ raises the dimension by 1 as

[D, [Pµ,O(0)]] = −i(∆ + 1)[Pµ,O(0)], (I.4.3)

while Kµ lowers the dimension by 1 as

[D, [Kµ,O(0)]] = −i(∆− 1)[Kµ,O(0)]. (I.4.4)

The local operators in unitary conformal field theories must have a positive dimension

unless it is an identity operator, which has zero dimension. An operator Õ with the

lowest weight annihilated by Kµ as [Kµ, Õ(0)] = 0 is called a primary operator. Its

descendants generated by acting Pµ on a primary with the primary itself span a Verma

module.

The R-symmetry SU(4)R is a rank 3 Lie group, so its Cartan subalgebra has three

commuting generators. Let us call the SO(6) generators Ra with a = 1, ..., 15, and the

generators of the Cartan subalgebra R1, R2, and R3. Each operator is characterized by
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the corresponding R-symmetry charges (J1, J2, J3) under this symmetry.

The fermionic part of the superconformal symmetry is generated by sixteen super-

charges Qαi and Q̃j

ḃ
with the spinor indices α, α̇ = 1, 2 and i, j = 1, ...,N = 4 and the

sixteen superconformal charges Siα and S̃α̇j. The supercharges have dimension +1/2,

and the superconformal charges have dimension −1/2. The anticommutation relations

between the supercharges and the superconformal charges are

{Qαi, S
j
β} = −iϵαβ(B

a)ijRa + σµναβδ
j
iMµν −

1

2
ϵαβδ

j
iD (I.4.5)

{Q̃i
α̇, S̃β̇j} = +iϵα̇β̇(B

a)ijR
a + σµν

α̇β̇
δijMµν −

1

2
ϵα̇β̇δ

i
jD (I.4.6)

{Qαi, S̃β̇j} = {Q̃
i
α̇, S

j
β} = 0. (I.4.7)

The matrices Ba are in the fundamental of SU(4). Those corresponding to the Cartan

generators are

B1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , B2 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 , B3 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 .

(I.4.8)

This gives the action on the scalar primary field to be

[{Qαi, S
j
β}, Õ(0)] =

[
−iϵαβ(Ba)i

jRa − 1

2
ϵαβδ

j
iD, Õ(0)

]
. (I.4.9)

The superconformal operators lower the dimension of an operator by 1/2, so there exist

primary operators that are annihilated by all the superconformal operators. For this kind

of primary operators, the left-hand side of eq. (I.4.9) vanishes due to the Jacobi identity:

[{Qαi, S
j
β}, Õ(0)] = {[Qαi, Õ(0)], Sjβ} = 0. (I.4.10)
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χ ∆ S1 S2 J1 J2 J3
Z 1 0 0 1 0 0
W 1 0 0 0 1 0
X 1 0 0 0 0 1
ψ 3

2
±1

2
0 ±1

2
±1

2
±1

2

ψ 3
2

0 ±1
2
±1

2
±1

2
±1

2

F+ 2 m 0 0 0 0
F− 2 0 m 0 0 0

Table I.2: Field contents of N = 4 SYM and their charges under the bosonic subgroup
SO(2, 4)× SO(6)R. m takes a value of m = 0,±1.

This indicates that if the primary operator Õ(0) with dimension ∆ has the R-charge

(J1, J2, J3) = (∆, 0, 0), it is annihilated by Qα1 and Qα2. One can also show with a similar

argument that they are annihilated by Q̃3
α̇ and Q̃4

α̇. These primary operators commuting

with half of the supercharges are called chiral primary operators or half-BPS operators.

Similarly, primary operators with R-charge (J1, J2, J3) = (0,∆, 0) are also chiral primaries

annihilated by Qα1, Qα3, Q̃2
α̇ and Q̃4

α̇, so are those with R-charge (J1, J2, J3) = (0, 0,∆)

annihilated by Qα1, Qα4, Q̃2
α̇ and Q̃3

α̇. In general, the local operators must satisfy the

BPS bound ∆ ≥ J , which is saturated only for the chiral primaries.

The operators in the theory are characterized by their representation under the

bosonic subgroup SO(2, 4)×SO(6)R: (∆;S1, S2; J1, J2, J3), where ∆ is the dimension, S1

and S2 are the spins of the Lorentz group SO(1, 3) ∼ SU(2)1× SU(2)2, and (J1, J2, J3)

are the R-charges. For the later use, let us introduce the complex scalar fields Z =

1√
2
(ϕ1+ iϕ2), Y = 1√

2
(ϕ3+ iϕ4) and X = 1√

2
(ϕ5+ iϕ6), each of which has a unit R-charge

J1,2,3 = 1 respectively. We can split the field strength into the odd self-dual and even

self-dual parts F± as F µν± = ±1
2
ϵµνσρF±µν . See table I.2 for the representations of the

field contents. A single-trace operator is an example of a local gauge invariant operator

constructed as a trace of the product of the covariant fields

O(x) = Tr[χ1(x)χ2(x) · · ·χL(x)]. (I.4.11)
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One can also include covariant derivatives acting on the fields inside of the trace. The

spectrum of the theory contains local operators as a product of multiple traces, called

multi-trace operators. General local operators of N = 4 SYM are linear combinations of

these single- and multi-trace operators.

A single-trace operator consisting only of the Z field

ΨL := Tr
[
ZL
]

(I.4.12)

with L ≥ 2 is half-BPS, since its charge is (L; 0, 0;L, 0, 0) satisfying the BPS condition

∆ = J . As we mentioned earlier, according to the BMN dictionary, this operator corre-

sponds to the ground state of a rotating string with angular momentum L in a certain

direction of S5. A more general half-BPS operator can be constructed as the Schur poly-

nomial χR(Z), where R is the gauge group representation of the operator. Its charge is

also (L; 0, 0;L, 0, 0), where L is the number of boxes in the Young tableau corresponding

to R.

The dimension of an operator depends on the Yang-Mills coupling gYM in general.

∆ = ∆0 at gYM = 0, i.e. in the free limit, is called the bare dimension of the operator. The

correction γ to it after the coupling is turned on is called the anomalous dimension. The

dimensions of half-BPS operators are protected due to the preserved supersymmetries,

and so their anomalous dimensions are zero.

I.4.2 1-loop anomalous dimensions and spin chains

To find the anomalous dimension of an operator O, it is convenient to consider the two-

point correlator with itself
〈
O(x)O(y)

〉
. Let ∆ = ∆0 + γ(gYM) be the scaling dimension

of O with the bare dimension ∆0 and the correction γ from the nonzero coupling gYM.

At least in the weak-coupling region gYM ≪ 1, the correction is small relative to the bare

dimension γ ≪ ∆0. In this region the correlator can be approximated as
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O

O

· · · · · ·

(a)

O

O

· · · · · ·

(b)

O

O

· · · · · ·

(c)

Figure I.16: (a) One of the tree-level planar diagrams for
〈
OO

〉
. (b) Another planar

diagram. The indices are still in order. (c) Non-planar diagram, which is sub-leading in
the large N limit.

〈
O(x)O(y)

〉
∼ 1

|x− y|2∆
≈ 1

|x− y|2∆0

[
1− γ ln

(
Λ2|x− y|2

)]
. (I.4.13)

For our interest, we would like to compute the correlator
〈
OI1,...,IL(x)O

J1,...,JL
(y)
〉

of a

single-trace operator OI1,...,IL(x) = AI1,...,IL Tr[ϕI1ϕI2 · · ·ϕIL ] consisting only of the Higgs

scalars. These operators form the SO(6) sector, which is closed under operator mixing up

to one-loop corrections. The normalization factor AI1,...,IL is chosen so that the two-point

function of O with its conjugate is properly normalized. The propagator of the Higgs

scalar fields is

〈
(ϕI(x))

A
B(ϕJ(y))

A′
B′
〉
=

1

8π2
δIJ

(
δAB′δA

′
B − 1

N
δABδ

A′
B′
)

1

|x− y|2
, (I.4.14)

where A and B are the fundamental indices of the gauge group. We consider the large

N → ∞ limit from now on. Then, all the contributions due to the second term of the

propagator proportional to δABδA
′

B′ vanish. Also, as discussed in section I.2.2, only planar

diagrams remain to contribute. At tree-level, each ϕIi(x) is contracted with one of ϕJi(y).

For the diagram with such contractions to be planar, I’s and J ’s have to be contracted

in order as fig. I.16a and I.16b, but with no crossings like fig. I.16c. Hence, the tree-level

correlator is
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O

O

· · · · · ·

(a)

O

O

· · · · · ·

(b)

O

O

· · · · · ·

(c)

Figure I.17: (a) The 1-loop self-energy correction to the scalar correlator. (b) The 1-loop
correction coming from the scalar-scalar-gauge interaction. (c) The correction coming
from the quartic scalar interaction.

〈
OI1,...,IL(x)O

J1,...,JL
(y)
〉

tree
=

1

CI1,...,IL

∑
c∈ZL

(δc(J1)I1δ
c(J2)I2 · · · δc(JL)IL)

1

|x− y|2L
,

(I.4.15)

where ZL is a cyclic group of order L, and CI1,...,IL is a symmetry factor which can be

nontrivial when I1, ..., IL is invariant under some cyclic shift, e.g. if they are invariant

under a shift by some n < L then CI1,...,IL = L/n, so that the two-point function is

properly normalized.

The 1-loop diagrams replaces one of the propagators with the self-energy corrected

one (fig. I.17a) or two of the neighborhood propagators with three- or four-point interac-

tions (fig. I.17b and I.17c). Replacing non-neighboring correlators leads to a non-planar

diagram. Overall, the one-loop correlator at the planar level is

〈
OI1,...,IL(x)O

J1,...,JL
(y)
〉

1-loop

=
1

|x− y|2L

[
1− λ

16π2
ln
(
Λ2|x− y|2

) L∑
ℓ=1

(2Pℓ,ℓ+1 −Kℓ,ℓ+1 − 1 + C)

]
×
∑
c∈ZL

(δ
c(J1)
I1

δ
c(J2)
I2
· · · δc(JL)IL

), (I.4.16)

where λ = g2YMN is the ’t Hooft coupling, Pℓ,ℓ+1 = δ
Jℓ+1

Iℓ
δJℓIℓ+1

is the exchange operator,

and Kℓ,ℓ+1 = δIℓIℓ+1
δJℓ+1Jℓ is the trace operator. Comparing this to the approximation

eq. (I.4.13), the anomalous dimension γ should be found as the eigenvalue of the operator
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Γ =
λ

16π2

L∑
ℓ=1

(2Pℓ,ℓ+1 −Kℓ,ℓ+1 − 1 + C), (I.4.17)

while one can find the operator mixing as its eigenstate. This operator can be regarded

as a spin-chain Hamiltonian. It has the SO(6) symmetry and is indeed integrable [146],

given that Γ is the charge Q2 of eq. (I.3.8) where the transfer matrix is constructed from

the R-matrix

Rij =
1

n− 2
[u(2u+ 2− n)Iij − (2u+ 2− n)Pij + 2uKij], (I.4.18)

which satisfies the YB equation eq. (I.3.5). Since the chiral primaries like eq. (I.4.12)

receive neither 1-loop corrections nor operator mixing, it is already an eigenstate of Γ

with zero eigenvalue. Therefore, they can be considered as the reference state once Γ is

solved with the Bethe ansatz.

I.4.3 Integrability of defects

A defect in a QFT introduces singular classical profiles to some of its field contents.

For N = 4 SYM, it generally corresponds to another set of D-branes that intersect

nontrivially with the D3-branes on which the gauge theory lives. It is a natural question

to ask whether the defect background, or equivalently the bound state of the D-branes,

retains the integrability of the original N = 4 SYM or the strings in AdS5 × S5. On

the string theory side, the problem becomes the classification of integrable boundaries of

the Green-Schwarz sigma model and their identification with the D-brane configurations.

Some configurations are classified in [56].

Here, we review how to discuss this problem using the integrable spin chain that we

derived in the last section. We focus on the D3-D5 bound state, which was the first and

most understood example considered in the literature [116, 40, 54, 107]. It corresponds to
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the codimension-one superconformal domain wall in N = 4 SYM, where the gauge group

is partially broken from SU(N) on one side of the domain wall to SU(N−k) on the other

side. Defect integrability has been considered for other types of superconformal defects,

including codimension-three defects, such as the ’t Hooft loop [109], and codimension-two

defects [87, 44]. We will discuss the codimension-two case in detail in chapter II.

The superconformal domain wall introduces nontrivial classical profiles to three of

the six real Higgs scalars. The BPS equations corresponding to this defect are the Nahm

equations

dϕI

dz
=
i

2
ϵIJK [ϕJ , ϕK ], (I.4.19)

where z is the transverse distance from the domain wall, and ϵIJK with I, J,K = 1, 2, 3

is the Levi-Civita symbol. The other scalars ϕ4,5,6 remain zero. The solutions take values

in the k-dimensional representation of the generators of the su(2) algebra as

ϕI =
1

z

(
tIk 0
0 0

)
(I.4.20)

where tIk is the k-dimensional representation of one of the three generators of the su(2)

algebra, and the distance dependence 1/z makes the field singular on the domain wall.

The fields take trivial classical values on one side of the domain wall maintaining the full

SU(N) gauge group, while they have these singular profiles on the other side, breaking

the gauge symmetry to SU(N − k).

The domain wall also partially breaks the PSU(2, 2|4) superconformal symmetry,

so local operators may obtain nonzero vacuum expectation values. We will see that

such local operators “probe” the integrability of the domain wall. Consider a linear

combination of single-trace operators with the same bare dimension in the SO(6) sector
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O(x) = ΨI1,...,IL tr
[
ϕI1(x) · · ·ϕIL(x)

]
. (I.4.21)

The coefficients ΨI1,...,IL can be considered as a vector on which the dilatation operator

Γ acts. Let us assume that we have diagonalized the 1-loop Γ with the Bethe ansatz

method, and ΨI1,...,IL is a Bethe eigenstate corresponding to some Bethe roots u⃗. The

one-point function at tree-level can simply be calculated by plugging the classical profiles

of the Higgs scalars,

⟨O(x)⟩tree = ΨI1,...,IL tr
[〈
ϕI1(x)

〉
· · ·
〈
ϕIL(x)

〉]
=

1

zL
ΨI1,...,IL tr

[
tI1k · · · t

IL
k

]
. (I.4.22)

The contractions of the I1, ..., IL indices can be expanded with Kronecker deltas δIl,Jl =

⟨Il|Jl⟩ where |Il⟩ is a single-site SO(6) spin state in the orthonormal basis. Then, the

one-point function up to normalization is

⟨O(x)⟩tree =
1

zL
⟨Ψ|MPS⟩ , (I.4.23)

where |Ψ⟩ = ΨI1,...,IL |I1, ..., IL⟩, and |MPS⟩ = tr
[
tI1k · · · t

IL
k

]
|I1, ..., IL⟩. The matrix prod-

uct state |MPS⟩ can be interpreted as the state corresponding to the domain wall. There-

fore, the integrability of the domain wall can be discussed by determining whether |MPS⟩

satisfies the state integrability criterion discussed in section I.3.3 with Γ as the bulk

Hamiltonian. Indeed, [54] showed that it satisfies condition eq. (I.3.37) for the SO(6)

sector.

In general, if the boundary state satisfies the integrability condition, it gives many

constraints and selection rules to analytically determine the overlap ⟨Ψ|MPS⟩. For ex-

ample, for the D3-D5 case, the overlap can be written in terms of the Baxter polynomials

and the Gaudin determinants [116, 40, 54].
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Chapter II: Integrability and

Conformal Blocks for Surface Defects

in N = 4 SYM

II.1 Introduction

Integrability and holography are powerful tools for understanding the dynamics of strongly

coupled large N gauge theories, leading to the solution of the spectral problem of planar

maximally supersymmetric Yang-Mills theory [19]. At weak coupling, the mixing prob-

lem of single trace operators is equivalent to computing the spectrum of an integrable

spin chain [131], mirroring the integrability of the classical sigma model on AdS5×S5 [23].

Similar ideas have been adopted for studying the planar limit of the ABJM theory [132,

13], which is dual to eleven-dimensional supergravity theory AdS4 × CP3 [4]. A more

ambitious goal has been to use tools from integrability to compute CFT data beyond the

spectrum, such as OPE data. This idea has had fruitful implementations in the context

of a certain type of three-point correlators involving determinant operators [93, 163], and

in defect CFTs (dCFTs) arising from extended operators [116, 71, 108, 109] (also refer

to [111] for a review). In such set-ups the simplicity of the OPE data is closely associated

with the integrability of the spin chain (or string) with open boundaries. These bound-

aries are often associated with D-branes wrapping maximal cycles at strong coupling,
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and the OPE data encodes absorption/emission amplitudes of closed string states. The

integrability of said boundary conditions was first exploited in the context of open string

operators [31], but its role as an integrable boundary state was noticed in the computa-

tion of one-point functions in defect CFT. An important tool for this has been the notion

of an integrable boundary, or quench, for spin chains [139]. Although the connection be-

tween integrable boundaries and integrable boundary states is not fully fledged for spin

systems, a compelling picture exists connecting integrable matrix product states (MPS)

to solutions of the boundary Yang-Baxter equation leading to new interesting integrable

quenches. This technique has been useful for computing one-point functions of single

trace operators with nontrivial boundary conditions both in N = 4 SYM and in ABJM,

such as various conformal domain wall setups [116, 40, 115, 54, 107], the dCFT associ-

ated to a supersymmetric Wilson/’t Hooft loop [109, 94], and cross-cap states [42], and

also for computing correlation functions involving maximal giant gravitons [93, 163] or in

the Coulomb branch [92]. The hope is that this data can be used to set-up a bootstrap

program for higher point correlators [117, 11].

An interesting question is to classify all possible integrable boundaries that appear in

N = 4 SYM. Most of the work in this direction stems from strong coupling considera-

tions [129, 56, 123, 122]. At weak coupling, determining whether a boundary condition is

integrable involves constructing a solution to the corresponding boundary Yang-Baxter

equation [57, 47, 31, 86, 52, 53] which in principle requires information about non-planar

contributions to the dilatation operator. A more tractable approach is to instead check

the selection rules satisfied by the corresponding boundary state and to use said state

to construct a solution to the boundary Yang-Baxter equation. The precise integrability

conditions of the boundary or quench state proposed in [139] are obtained by channel

rotation of the boundary Yang-Baxter equation. In [114] a weaker condition was used

to identify integrable matrix product states associated to defects in N = 4 SYM, re-

producing many of the integrable quenches for the SO(m) Heisenberg chain. This was
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done in an attempt to identify the integrable boundaries enumerated in [56]. While the

integrable and BPS codimension one and three defects can be identified with the D3-D5

Nahm pole and with Wilson/’t Hooft loops operators, the codimension two cases remain

to be studied in detail. The AdS3 × S5 was argued to correspond to a fuzzy S5 solution

to the equations of motion [114], which leaves the case of AdS3 × S1. Expectedly the

dual of said integrable D-brane configuration must belong to the class of surface defects

introduced in [82, 83], but it is a priori not clear which ones exactly. Part of the goal of

this chapter is to address this issue.

The singular solutions describing a half-BPS defect on a two-dimensional surface in

N = 4 SYM were first found by Gukov and Witten [82] in order to introduce ramification

to the gauge theory description of the geometric Langlands program. It is realized by

probing D3 branes wrapping AdS3 × S1 as long as the number of the probe branes is

enough smaller than the gauge symmetry rank N [82, 61]. The supergravity descrip-

tion dual to the case where the backreaction is non-negligible was found shortly after

that [77]. The one-point functions of half-BPS local operators on the gauge theory side

were computed in [61], where it was confirmed that the leading-order term in weak-

coupling perturbation matches with the highest-order term in the gravity result, i.e. in

the strong-coupling regime. The finiteness of the expansion was further confirmed re-

cently by [48]. The Gukov-Witten defects are somewhat peculiar in comparison to the

other half-BPS supersymmetric defects. One important difference is the explicit depen-

dence of the field profiles on the angular direction transverse to the defect due to the

twisting of the spacetime and R-symmetries. This somewhat unusual feature results in

correlation functions that have explicit dependence on the transverse angular direction

for scalar operators of generic R-symmetry polarizations. This also has important con-

sequences for the superconformal block decomposition of two-point correlation functions

[119]. We elaborate on this point by solving the superconformal Ward identities for

one-point and two-point functions involving chiral primaries. This is a first step towards
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setting a bootstrap program for surface defects in N = 4 SYM. To our knowledge this has

not been elaborated on in the literature. Another feature is the appearance of continuous

moduli; while most of the integrable defects known depend on discrete data such as the

rank of the MPS, the GW defect admits a continuous moduli space parametrized by a set

of central charges (Z, α, η). Most of the known integrable boundary states do not depend

on continuous parameters1 and indeed we find evidence for the breaking of integrability

for generic points in the moduli space. We identify the integrable defect with a special

point of the moduli space α = Z = 0 at which the fields develop logarithmic behaviour

signaling spontaneous breaking of scaling symmetry [83]. The defects at this singular

point are rigid and the corresponding boundary state describes a fuzzy circle much like

the other defects described by fuzzy spheres. Note that by rigid we simply mean that

they do not depend on continuous parameters, rather than the rigidity condition required

by [83]. Their condition is more strict in the sense that their conjugacy classes cannot be

continuously deformed to nearby conjugacy classes. For G = SU(N), the rigid surface

defect we consider here obtained by setting α = β = γ = 0 has the conjugacy class as

the limit of that of the generic case, i.e. its hyperkähler moduli of the 2d Higgs branch

in the corresponding 4d-2d description is nontrivial and hence the defect is non-rigid in

their definition2. They are also singled out by the appearance of an additional dilatation

mode associated to the spontaneously broken scaling symmetry.

This chapter is based on the results reported in [87] and is organized as follows. In

section II.2, we review the disorder defect description of the Gukov-Witten defects, and

comment on their holographic description. In section II.3, we derive the superconformal

Ward identities relevant for the two-point functions of bulk chiral primaries. We use

these in section II.4 to determine the form of the superconformal block expansion of
1A notable exception are the single site states relevant for Coulomb branch operators [92].
2[83] found the operators with rigid conjugacy classes for the SO(N) and Sp(N) gauge theories.

There is a difference between SO(2n) groups and SO(2n+ 1) groups since the former is self-dual under
S-duality while the latter is dual to Sp(n). The difference comes from the existence of "discrete torsion"
in the holographic description [160].
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bulk two-point functions, and we also constraint the form of one-point function and

bulk-to-defect two-point functions. In section II.5, we study one-point functions of non-

protected operators at leading order in perturbation theory. We find that although scalar

operators can be associated to an integrable boundary state, this integrability does not

persist to sectors with spin due to the broken rotational symmetry transverse to the

defect. This symmetry is restored in the rigid case and the resulting integrable states are

analogous to those relevant for the D3-D5 interface and the maximal giant graviton. In

section II.6, we review the quantization of the theory around a generic (non-rigid) defect

by mapping it to a theory on AdS3 × S1. In section II.7, we compute the leading-order

contribution to the two point function of chiral primaries show that it organizes according

to our superconformal block expansion by identifying the exchanged modes. Finally, we

conclude and comment on future directions.

II.2 BPS Surface Defects

Before discussing the details of the Gukov-Witten defects, let us comment some gen-

eralities about defect conformal field theories. A defect CFT in D + 1 dimensions is

characterized by coupling a bulk CFT to a lower dimensional conformal theory living on

a p+1-dimensional defect in a way that preserves the conformal invariance of the defect.

In Euclidean signature, one usually places the defect along a hyperplane Rp+1 ⊂ RD+1

and the resulting space is conformally equivalent to AdSp+2 × SD−p−1:

ds2 = δµνdx
µdxν + dr2 + r2dΩ2 = r2

(
δµνdx

µdxν + dr2

r2
+ dΩ2

)
(II.2.1)

In the new conformal frame, the defect is placed at the boundary of AdS, while the

original CFT lives in the bulk of the spacetime. The same coordinate transformation

can be done in a Poincaré patch of the Lorentzian cylinder R× SD, and the coordinates

can be extended to global AdS coordinates. This formulation is useful since it makes
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the residual conformal symmetry manifest as the spacetime isometry, and it gives a nat-

ural language for describing correlation functions in terms of Witten diagrams. Because

the full conformal symmetry is partially broken, the operators of the bulk theory can

have non-vanishing one-point functions. These nonzero one-point functions translate to

nonzero asymptotic values of the field operators near the boundary of AdS. This implies

that certain bulk operators can be associated with boundary operators by expanding the

operator near the boundary:

Obulk(r, x⃗,Ω) =
1

r∆

∑
Ô

bOÔr
∆̂D̂(r,Ω, ∂µ)Ôbdy(x⃗,Ω) + . . . , (II.2.2)

where D̂ are differential operations determined by the boundary conformal symmetry.

This is the usual defect operator product expansion. For general codimensions, one can

also expand the dependence of the operator on the normal coordinates to the defect by

performing a mode expansion on SD−p−1:

Ôbdy(x⃗,Ω) =
∑
J

xi1⊥ . . . x
iJ
⊥

rJ
Ôi1...iJbdy (x⃗). (II.2.3)

The resulting operators in the expansion are primary operators of the boundary (defect)

theory. The leading term in the expansion bOÎ = aO encodes the one-point functions of

bulk operators, or equivalently the coupling to the identity operator of the defect theory.

These new couplings are additional data necessary to specify the defect operators, and

their values are generically not determined by conformal symmetry alone. However, their

values are not completely independent of the conformal data of the bulk and defect due

to constraints arising from the crossing equations. These constraints are a consequence

of the fact that the two-point function of bulk primaries has two different expansions

depending on whether the operators are first fused with the bulk OPE or first decomposed

with the boundary-defect operator expansion. In either case, the kinematic dependence of

the correlator is not fully fixed by conformal invariance, but the result can be expanded

into bulk and defect conformal partial waves which give an infinite set of equations
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relating bulk OPE coefficients to bulk-to-defect couplings.

The class of surface defects we will focus on are those introduced in [82, 83], although

there are other maximally supersymmetric surface operators for the N = 4 SYM theory.

For a comprehensive review of maximally supersymmetric defects of general codimen-

sion, see [156]. This class of surface defects differs from the supersymmetric defects of

codimension one and three in that they are generically parametrized by a continuous

moduli. The coordinates of this moduli space are a set of central charges (ZI , αI , ηI).

The parameters αI and ηI are circled valued, and they encode information about the

monodromy of line operators in the presence of the surface operator. These cannot be

measured by the insertion of local operators, so they will not play a prominent role in our

discussion. The remaining complex coordinate ZI parametrizes the expectation value of

certain scalar operators. One well-studied observable is the one-point function of chiral

primary operators in the presence of a surface defect [61, 48]. Such correlators are pro-

tected by supersymmetry and can be computed using techniques from supersymmetric

localization; they have also been studied at strong coupling using holographic methods.

Some results on correlators of the stress tensor T µν and the displacement operators Dz,z̄

in more general N = 2 theories have been obtained [33] from their associated chiral alge-

bras. Two-point functions of chiral primaries with surface defects have not been studied

in detail, unlike the codimension-one case where a bootstrap program has been proposed

[119], mainly due to the fact that the residual conformal symmetry of the Gukov-Witten

is somewhat unconventional in that the transverse rotational symmetry is broken, which

allows for a richer structure for correlation functions. More precisely, the residual symme-

try of the system is (PSU(1, 1|2)× PSU(1, 1|2))⋉ SO(2)t, where the SO(2)t symmetry

is a diagonal subgroup of the product SO(2) × SO(2)R ⊂ SO(2, 4) × SO(6). In non-

supersymmetric set-ups, the residual SO(2) symmetry plays an important role in fixing

the dependence of correlation functions of bulk operators on the angle transverse to the

defect [34]. For instance, the one-point functions of operators carrying transverse spin
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vanish in those cases, which is not the case for this Gukov-Witten dCFT. This also makes

the defect conformal block expansion of bulk two-point functions more intricate.

II.2.1 Gukov-Witten Defect: Generic Case

The Gukov-Witten defect [82, 83] is an extended operator of the N = 4 SYM theory

defined on a codimension two surface. We will work with the theory in flat space R4

placing the defect along a two dimensional plane R2 ⊂ R4. Often we will use the complex

coordinate z to denote the holomorphic coordinate normal to the defect. The defect

can be described by a singular boundary condition on the fields of the theory, we will

concentrate on the case in which the defect preserves one-half of the supersymmetries

which corresponds to the breaking of the full PSU(2, 2|4) symmetry to (PSU(1, 1|2) ×

PSU(1, 1|2)) ⋉ SO(2)t
3. The details of the embedding of the residual symmetry to

the bulk symmetry are discussed in the next section. The bosonic part of this residual

symmetry is SO(2, 2) × SO(4)R × SO(2)t. The two copies of PSU(1, 1|2) respectively

contain the holomorphic and antiholomorphic parts of the two-dimensional conformal

symmetry SO(1, 3), as well as they contain each of the left and right SU(2) components

of SO(4)R. The SO(2)t symmetry is the diagonal part of the direct product of the

spacetime and R-symmetry rotations in the transverse directions. Vanishing of the flux

of the supercurrent through the defect imposes the BPS equations:

Fzz̄ + [Z, Z̄] = 0

Dz̄Z = 0,
(II.2.4)

where Z = ϕ1 + iϕ2
4. They are exactly Hitchin’s equations obtained by dimensional

reduction of the parallel directions to the defect. Solutions consistent with classical scale

invariance are of the form
3Another way of describing this surface defect is by coupling the two-dimensional N = (4, 4) super-

conformal sigma model or quiver gauge theory to the four-dimensional theory. The target space of this
sigma model is the moduli space of the solutions of Hitchin’s equations. This 4d-2d description is studied
in detail in [82, 65, 66].

4We take the convention where all the adjoint fields take Hermitian values.
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Z =
ϕ1 + iϕ2√

2
=
β + iγ

z

Aψ = αdψ,

(II.2.5)

where z is the coordinate normal to the defect and z = reiψ. We choose a specific gauge

where the part of the gauge field A proportional to dr vanishes. The parameters α, β, γ

are commuting matrices in the Lie algebra su(N). Specifically, they take values in either

the Cartan subalgebra t of su(N) or the maximal torus T:

(α, β, γ) ∈ (T, t, t)/WL (II.2.6)

L = S(
∏M

l=1 U(Nl)) (
∑M

l=1Nl = N) is the Levi subgroup of SU(N), and the gauge

symmetry breaking pattern is specified by the values of the diagonal elements of α, β, γ

to be SU(N) → L. We take the quotient by the Weyl group WL to account for the

equivalence under the exchanges of the Cartan elements having the same values in α, β, γ.

This is a consequence of the BPS equations, and the description is semiclassical. In other

words, the insertion of the surface operator leads to a new saddle of the path integral;

these are classical solutions to the equations of motion with the correct charges. The

quantum description of the surface operator is as a boundary condition for the field

operators at the location of the defect in the path integral. There is also an additional

parameter η, taking a value in the maximal torus of the Langlands dual of the gauge

group, associated with theta terms on the defect but they will not be important for our

discussion.

Holographic dual of the generic case

The Gukov-Witten defect is holographically dual to M stacks of D3 branes wrapping an

AdS3×S1 inside of AdS5×S5. There are two ways of describing these D3 branes, either

as probes or as a solution to type IIB supergravity. To describe the probe, which is valid

as long as the number of the intersecting D3-branes is much smaller than N , one chooses
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a slicing of AdS5 × S5:

ds2 =
cosh2 u

r2
(
−dt2 + dx21 + dr2

)
+ du2 + sinh2 udψ2 + dΩ2

5. (II.2.7)

The branes sit at a constant non-zero value of u0 and at an equator of the S5 with

coordinate ϕ = ϕ0 − ψ. The induced metric on the brane is that of an AdS3 × S1 of size

coshu0, and the moduli of the defect are identified with the position of the probes as

β + iγ =

√
λ

4π
sinhu0 e

iϕ0 . (II.2.8)

When the number of branes is comparable to N , the more appropriate description is in

terms of a backreacted background. The dual supergravity solutions were found in [77]

by analytic continuation of the LLM solutions [121]:

ds2 = H−2

[(
ζ +

1

2

)
ds2AdS3

+

(
ζ − 1

2

)
dΩ2

3 + (dψ + V )2
]
+H2(dy2 + dξ2i )

H =

√
ζ2 − 1

4

y
.

(II.2.9)

The metric is fully fixed in terms of a single function ζ(ξi, y) whose domain is R2 ×

R+, satisfying an SO(4) symmetric Poisson’s equation in six-dimensions. The boundary

conditions considered in [77] are specified in terms of a set of M point charges in this

three-dimensional base space. The coordinate ψ smoothly degenerates at these points,

and the local geometry is that of a Taub-NUT space around the sources. Note that

this is qualitatively different from the boundary conditions for LLM geometries which

are specified by a boundary condition at y = 0 where different S3 cycles degenerate

smoothly. The resulting space is smooth and is a result of fibering AdS3 × S3 × S1 on a

three-dimensional base space R2 × R+. The isometry of the fiber is exactly the bosonic

part of the residual symmetry SO(2, 2)×SO(4)×SO(2). The gauge symmetry breaking

of N = 4 SYM theory is characterized by the point charge sources in R2×R+, where the

S1 direction becomes degenerate. More specifically, the dimension of each of the diagonal
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blocks of the Levi subgroup corresponds to the position of the particle in R+. The Higgs

scalar VEVs are exactly the positions in R2. α and η correspond to the holonomies of

two-form NS-NS and R-R gauge fields around the disks starting from each of the particles

and ending on the asymptotic boundary.

II.2.2 Residual Symmetry

Now we review aspects of the residual symmetry PSU(1, 1|2)2 ⋉ SO(2)t. The four

fermionic generators for each of the PSU(1, 1|2) groups are explicitly written down for

example in [156]. They can be found by solving the Killing spinor equations Γ1245ϵ± = ϵ±

regarding the supersymmetry equations for this half-BPS configuration. We follow the

notations in [156] for the bulk PSU(2, 2|4) generators to express the residual symmetry

generators, except the R-symmetry charges are indexed with the SO(6) vector indices

I = 1, 2, ..., 6, instead of the 10d notations5. The fermionic generators of the two copies

of psu(1, 1|2) in terms of the full bulk algebra psu(2, 2|4) are

Q̂1a =
1√
2
(Q1aȧ − i(σ1)ḃȧQ1aḃ),

ˆ̄Q1a =
1√
2
(Q̄1aȧ − i(σ1)ḃȧQ̄1aḃ),

Ŝ1a =
1√
2
(S2aȧ − i(σ1)ḃȧS2aḃ),

ˆ̄S1a =
1√
2
(S̄2aȧ − i(σ1)ḃȧS̄2aḃ) (II.2.10)

and

Q̂2a =
1√
2
(Q2aȧ + i(σ1)ḃȧQ2aḃ),

ˆ̄Q2a =
1√
2
(Q̄2aȧ + i(σ1)ḃȧQ̄2aḃ),

Ŝ2a =
1√
2
(S1aȧ + i(σ1)ḃȧS1aḃ),

ˆ̄S2a =
1√
2
(S̄1aȧ + i(σ1)ḃȧS̄1aḃ) (II.2.11)

We choose the basis with a = ȧ on the right-hand side. We further package these odd

generators together with the bosonic generators on a new basis as
5Here we define Q(Q̃) and S(S̃) as the (anti)chiral generators in terms of the 4d chiral operator γ5,

and the Q operators and S operators are distinguished in terms of the 10d chiral operator Γ11.
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(
(Li)

α
α̇ (Qi)

α
a

(Si)
ȧ
α̇ (Ri)

ȧ
a

)
, (Qi)

α
a =

(
Q̂i1 Q̂i2

ˆ̄Si1
ˆ̄Si2

)
, (Si)

ȧ
α̇ =

(
Ŝi2 − ˆ̄Qi2

Ŝi1 − ˆ̄Qi1

)
(II.2.12)

The bosonic generators of g0 = su(1, 1) ⊕ su(2) ⊂ psu(1, 1|2) are, in terms of the full

psu(2, 2|4) algebra generators,

(Li)
α
α̇ =

1

2

(
±D + iM34 −2P11̇

2K22̇ −(±D + iM34)

)
,

(Ri)
ȧ
a =

1

2

(
i(±R62 −R14) −(R43 ±R56 + i(R53 ∓R46))

(R43 ±R56 + i(R53 ∓R46)) −i(±R62 −R14)

)
(II.2.13)

The signs on top are for the first copy i = 1 and the ones on bottom are for the second

copy i = 2. One can verify the psu(1, 1|2) algebra in this basis as

{(Qi)
α
a, (Qi)

β
b} = 0, {(Si)

ȧ
α̇, (Si)

ḃ
β̇} = 0

{(Qi)
α
a, (Si)

ḃ
β̇} = δḃa(Li)

α
β̇ + δβ̇α(Ri)

ḃ
a + δḃaδ

β̇
αC (II.2.14)

This choice of the basis we made is for being consistent with the notations for psu(2|2)

in [20]. C is the generator of the central extension SO(2)t common to both algebras,

which is identified to be i(M12+R12). Representations of this algebra can be constructed

using two copies of representations of sl(2|2) by setting their central charges to be equal

to each other. More details on the representations of the residual algebra are given in

appendix II.C. One important feature of the algebra psl(2|2) is that we can turn on two

other central extensions besides C:

{(Qi)
α
a, (Qi)

β
b} = ϵαβϵabP,

{(Si)
ȧ
α̇, (Si)

ḃ
β̇} = ϵα̇β̇ϵ

ȧḃK.
(II.2.15)

The two additional extensions play a key role in determining the asymptotic spectrum of

closed string states and of open strings attached to giant gravitons [20, 24]. The centrally

extended algebra has an additional sl(2,C) outer automorphism that can be used to relate
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the representations of the algebra without central extensions to the centrally-extended

case. For the defect algebra this outer automorphism acts as SU(2)a transformation that

leaves the norm of the vector (C,P,K) invariant. For the surface operator, the defect

moduli (Z,Z†) plays the role of these central extensions. The BPS representations of

the centrally extended algebra satisfy shortening conditions involving C2 + |P|2 whose

eigenvalues we can associate to ℓ2 + |Zij|2, where ℓ is the spin of the operator along

the transverse directions to the defect. This leads to composite defect operators with

dimensions

∆̂ + S =
∑
i,j

√
ℓ2 + |Zij|2. (II.2.16)

We will see that these are precisely the off-diagonal fluctuations of the N = 4 SYM fields.

The physical operators do not carry the central charge P due to gauge invariance.

II.2.3 Singular Limit α, β, γ → 0: Fuzzy Circle Solutions

The insertion of the surface operator is supposed to introduce singularities for some of

the fields, but naively taking the limit α, β, γ → 0 leaves no divergent fields. This naive

assumption is false given that the moduli space has an additional branch corresponding to

another family of less divergent solutions for the BPS equations [82, 83]. We can rewrite

the BPS equations by introducing a one-form ϕ = Zdz + Z̄dz̄ and the field strength

F = Fzz̄dz ∧ dz̄, and the covariant derivative dA = d− iA as

F − iϕ ∧ ϕ = 0

dAϕ = 0

dA ⋆ ϕ = 0.

(II.2.17)

One can assume the general form of the solutions with rotational invariance in the trans-

verse directions to the defect as

ϕ = a1(r)
dr

r
+ a2(r)dψ

A = a3(r)dψ
(II.2.18)
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We again choose a gauge so that the dr part of the gauge field A vanishes. Changing

variables to ρ = − log(r/Λ), the BPS equations reduce to a set of Nahm equations

daa
dρ

= −iϵabc[ab, ac]. (II.2.19)

The field profile is related to the one-point function of the relevant operator in the defect

background, so we usually assume that ai are constants to be consistent with conformal

symmetry. This assumption is exactly what we made for the generic case we considered

in Sec. II.2.1. However, solutions with ρ dependence are still consistent with conformal

symmetry, provided the scale Λ is treated as a zero mode. These solutions are of the

form

ai =
ti
ρ
, (II.2.20)

where ti satisfy an SU(2) algebra. Now, field profiles contain an additional logarithmic

behavior near r = 0. This multiplicative factor can be interpreted as an additional

dilatation mode of the defect. Naively this field profile breaks conformal invariance due

to the appearance of a cut-off scale Λ, but the value of Λ is unphysical since it can be set

to any value by using scaling transformations. A more precise statement is that the field

profile of the scalar field depends on the zero value of a dilaton mode χ0(r) = 1/ log(r/Λ)

Zcl =
e−iψ

2r
(t1 − it2)χ0(r) (II.2.21)

This mode appears as a Goldstone boson for the spontaneously broken scaling symmetry.

As explained in [83], the correct treatment in this case is to quantize the theory in the

presence of this dilaton mode. In other words, including the fluctuations of this field

restores the scaling symmetry. In practice, this means that we should couple the theory

to a dynamical dilaton field which replaces the derivatives with respect to r with a Weyl

connection [134]. The logarithmic divergence alleviates the leading singularity in the r →

0 limit, so these solutions appear near the defect only when the leading divergent terms

54



disappear. The logarithmic behavior of the correlators should be interpreted as operator

mixing due with the dilaton. Now the surface defect is labeled by a representation of

SU(2) and a map π : SU(2)→ U(N). We will refer to this class of defects as rigid since

they do not depend on continuous moduli.

One important distinction of these solutions to the generic defect is that the SO(2)R

symmetry is no longer broken. The scalar field profiles near the defect are given by

ϕcl1 =
1

r log r/Λ
[t1 cosψ − t2 sinψ] = χ0(r)

U †
ψt1Uψ
r

= χ0(r)ϕ̃
cl
1

ϕcl2 =
1

r log r/Λ
[t1 sinψ + t2 cosψ] = χ0(r)

U †
ψt2Uψ
r

= χ0(r)ϕ̃
cl
2

Aclψ = χ0(r)t3 = χ0(r)Ã
cl
ψ , Uψ = e−it3ψ.

(II.2.22)

Note that the "bare" scalars ϕ̃cl1,2 are covariantly constant with respect to ∂ψ−iÃclψ , which

means that we restore the rotational symmetry in ψ by turning on a background gauge.

Additionally, since the scalar VEVs satisfy the algebra of SO(3) along with Aψ, we can

think of them as coordinates on a fuzzy circle. Strictly speaking, we have a collection

of fuzzy circles whose radii depend on the eigenvalue of t3. Clearly, there is a symmetry

SO(2) generated by t3 that rotates ϕ1,2 leaving their relations fixed. For the generic defect

this symmetry is an outer automorphism that maps inequivalent defects to each other,

but at the origin of the moduli space this outer automorphism becomes a symmetry,

untwisting the transverse symmetry.

Holographic dual of the singular case

The dual description of these kinds of defect should be qualitatively different from the

generic case. Intuitively, one expects that the singular limit corresponds to taking u0 → 0.

In that case, the ψ direction disappears, and the brane wraps a maximal AdS3 cycle inside

of AdS5. On the S5 coordinates, we are free to wrap the remaining direction along the

equator giving an induced metric on the brane of AdS3 × S1. This S1 ⊂ S5 should

be interpreted as a fuzzy circle. Since the solution sits at a special point where the
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ψ coordinate disappears, the rotational symmetry along the ψ coordinate is restored.

Moreover, the rotational symmetry along the equator of the sphere is restored since the

brane wraps the whole equator. The spacetime circle disappears, so we cannot thread NS-

NS or R-R 1-form flux, and the defect lacks any continuous theta angles. This solution

appeared before in [56] and is known to correspond to an integrable boundary for the

type IIB superstring on AdS5 × S5.

II.3 Superconformal Ward Identities

In this section, we find the superconformal Ward identities (SCWIs) for the two-point

functions of half-BPS scalar operators in the generic background. Finding these sym-

metry constraints is required for fully determining the superconformal blocks composing

the two-point function. We utilize the harmonic superspace formalism, which is set up

for this Gukov-Witten defect by [119], for a simple comprehensive expression of the su-

perconformal transformations of the bosonic and fermionic coordinates. This superspace

formalism approach for finding SCWIs is first considered in [59] for the four-point func-

tion of theN = 4 theory, and also considered for the codimension-one defect case in [119].

The harmonic superspace formalism and the action of the residual PSU(1, 1|2)2⋉SO(2)t

symmetry on it is reviewed in appendix II.A. The spacetime coordinates xµ and the R-

symmetry space polarization Y I can be packaged as a (2|2) matrix together with the

Grassmann odd coordinates as

XAȦ =

(
xαα̇ θαȧ

θ̄aα̇ yaȧ

)
, A, Ȧ = 1, ..., 4, a, ȧ, α, α̇ = 1, 2. (II.3.1)

Let us call the harmonic superspace coordinates of the two operator-insertion points X1

and X2. X’s can be split to the parallel components and to the transverse components

with respect to the surface defect as Xi = XiS + Xi⊥. The number of the residual

supertranslation and superspecial conformal transformation generators is 16 in total, so
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we can fix the 16 components of X1S and X2S to be zero.

We need to find the quantity containing the cross-ratios between the two insertion

points regarding the residual superconformal symmetry. Note that the eigenvalues of

the quantity X12⊥ ≡ X1⊥X
−1
2⊥ =

χ1⊥χ
−1
2⊥ 0

0 χ̄1⊥χ̄
−1
2⊥

 are PSU(1, 1|2)2 ⋉ SO(2)t invari-

ant. Each of the superspace positions X1 and X2 has the eight independent fermionic

coordinates θαȧ and θ̄aα̇. Each group element of the residual symmetry has 16 indepen-

dent fermionic parameters corresponding to the Q and S generators, which allow us to

fix the fermionic coordinates of both X1 and X2 to be all zero (notice this is obviously

compatible with the choice χS = χ̄S = 0 that we already made). This means that the

two-point function is fully determined by considering the top components in the super-

multiples. Hence, the matrices χ1⊥, χ2⊥, and their barred counterparts are diagonal with

only bosonic elements. The eigenvalues of X12⊥ are

X12⊥ ∼ diag
(
(χ1⊥)11
(χ2⊥)11

,
(χ̄1⊥)11
(χ̄2⊥)11

,
(χ1⊥)22
(χ2⊥)22

,
(χ̄1⊥)22
(χ̄2⊥)22

)
≡ diag(u, ū, v, v̄). (II.3.2)

The set of these eigenvalues has a one-to-one correspondence6 with the four cross-ratios χ,

χR, ϕ, and ϕR which we define in section II.4.3. (χ⊥)11 coincides with the z = x1+ ix2 =

reiψ coordinate of the transverse directions, and (χ̄⊥)11 coincides with z̄ for the top

components with zero odd coordinates. Because the Gukov-Witten defect preserves only

the diagonal SO(2)t part of the SO(2)×SO(2)R rotations in the perpendicular directions

of the spacetime and the R-symmetry space, the two-point functions of the operators

charged under the broken part of these transverse rotations have the dependence on the

two additional angular variables η1 and η2:
6Namely, the cross-ratios can be expressed in terms of these eigenvalues as

χ =
uū+ 1√
uū

, χR =
vv̄ + 1√
vv̄

, cosϕ =
u+ ū

2
√
uū
, cosϕR =

v + v̄

2
√
vv̄

(II.3.3)

when the fermionic coordinates are all zero.
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cos η1 ≡
1

2

((
sdet(χ1⊥)

sdet(χ̄1⊥)

)1/2

+

(
sdet(χ̄1⊥)

sdet(χ1⊥)

)1/2
)
, (II.3.4)

cos η2 ≡
1

2

((
sdet(χ2⊥)

sdet(χ̄2⊥)

)1/2

+

(
sdet(χ̄2⊥)

sdet(χ2⊥)

)1/2
)
. (II.3.5)

They are invariant under the mixed SO(2)t rotations but not under each of the individual

SO(2) rotations in the spacetime and the R-symmetry space. Actually, there is a combi-

nation of the eigenvalues of X12⊥ linearly dependent with the combination η = η1 − η2,

so we can say the two-point function depends on only one of the η angles besides the

eigenvalues.

We write the general expression of the two-point function as

⟨O1(X1)O2(X2)⟩ =
FO1O2(u, ū, v, v̄, ηi)

sdet(χ1⊥)∆1/2 sdet(χ̄1⊥)∆1/2 sdet(χ2⊥)∆2/2 sdet(χ̄2⊥)∆2/2
. (II.3.6)

To find the SCWIs, we think of the expansion of this function FO1O2 about the fermionic

coordinates around θ = θ̄ = 0. We consider the subset of the supersymmetry transforma-

tions considered in [59] restricting them to be in the residual symmetry PSU(1, 1|2)2 ⋉

SO(2)t. This means that the parameters of the infinitesimal supersymmetry transforma-

tions ϵαȧ and ϵ̄aα̇ have only diagonal elements. The infinitesimal transformations of the

odd coordinates under this subset of the residual symmetry are

δθαȧ =

(
(v − u)ϵ11 0

0 (v̄ − ū)ϵ22
)
, δθ̄aα̇ =

(
(v − u)ϵ̄11 0

0 (v̄ − ū)ϵ̄22
)
, (II.3.7)

and the transformations of the bare eigenvalues u, ū, v, v̄ are

δu = ϵ11θ̄11 + θ11ϵ̄11, δū = ϵ22θ̄22 + θ22ϵ̄22,

δv = −ϵ̄11θ11 − θ̄11ϵ11, δv̄ = −ϵ̄22θ22 − θ̄22ϵ22. (II.3.8)

The linear part of the eigenvalues of X12⊥ after the transformation can be seen from these
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transformation laws as

ũ = u− θ11θ̄11

u− v
, ˜̄u = ū− θ22θ̄22

ū− v̄
, ṽ = v − θ11θ̄11

u− v
, ˜̄v = v̄ − θ22θ̄22

ū− v̄
. (II.3.9)

The transformation law (II.3.9) suggests that as we expand FO1O2 regarded as a function

of (u, ū, v, v̄) (plus the η variables) around θ = θ̄ = 0, it encounters a spurious singu-

larity in the R-symmetry space at v → u or v̄ → ū. This spurious singularity must

be suppressed due to the harmonic analyticity of FO1O2 . These two limits v → u and

v̄ → ū are actually equivalent when we consider the top components, i.e. the case when

all of the odd coordinates are zero, since the unbarred and barred variables are complex

conjugates of each other. The independence of the (u, v) part and the (ū, v̄) part allows

us to take care of these singularities separately by considering the SUSY transformation

with either ϵ11 = ϵ̄11 = 0 or ϵ22 = ϵ̄22 = 0. For these transformations, the change of

FO1O2 due to the changes of η1 and η2 is zero since their changes in the linear order are

proportional to ϵ11ϵ̄22 and ϵ22ϵ̄11, and the change in the quadratic order is proportional

to ϵ11ϵ̄11ϵ22ϵ̄22. This makes sense since the η dependence is due to the broken part of

the twisted symmetry, and the SCWIs are not expected to determine it. Let us first

consider the case of ϵ22 = ϵ̄22 = 0. In this case, only θ11 and θ̄11 can be the nonzero odd

coordinates of X12⊥. Due to the nilpotency of the odd coordinates, the u, v part of the

expansion of FO1O2 becomes exact with the linear part only:

FO1O2 (u+ δu, ū, v + δv, v̄, ηi) = FO1O2(u, ū, v, v̄, ηi)−
θ11θ̄11

u− v
(∂u + ∂v)FO1O2(u, ū, v, v̄, ηi).

(II.3.10)

Hence, the harmonic analyticity of FO1O2 at v → u requires the numerator of the linear

correction to be zero:
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(∂u + ∂v)FO1O2(u, ū, v, v̄, ηi)

∣∣∣∣
v→u

= 0. (II.3.11)

Similarly, for the other case ϵ11 = ϵ̄11 = 0, the harmonic analyticity requires

(∂ū + ∂v̄)FO1O2(u, ū, v, v̄, ηi)

∣∣∣∣
v̄→ū

= 0. (II.3.12)

These are the superconformal Ward identities for the two-point function.

II.4 Half-BPS Correlation functions

Here, we determine the general forms of the one-point functions and the two-point func-

tions from the superconformal symmetry. We are going to work in the embedding for-

malism, where the four-dimensional spacetime is embedded in the six-dimensional space

by mapping the points in R1,3 to a light cone ⊂ R2,4. With this formalism, the conformal

symmetry SO(2, 4) acts linearly on the coordinates in R2,4. Specifically, the spacetime

coordinates xµ is mapped to a six-dimensional null vector as

xµ 7→ PM = (P µ, P+, P−) = (xµ, 1, x2). (II.4.1)

The insertion of the flat conformal surface defect Σ splits this space to

PM = (P I , PA), I = 1, 2, A = 3, 4,+,−. (II.4.2)

The residual two-dimensional conformal symmetry SO(2, 2) now linearly acts as a Lorentz

symmetry on PA. We follow the convention in [34], where the dot products are denoted

with · for the whole six-dimensional vectors, ◦ for the transverse directions to the defect,

and • for the parallel directions. The R-symmetry space coordinates Y I are split in the

same manner as Y M = (Y I , Y A), where the first two "transverse" I = 1, 2 directions
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correspond to the real scalars ϕ1, ϕ2 with nonzero VEVs. The twisting of the transverse

spacetime and R-symmetry SO(2) rotations in the residual symmetry defines the dot

product between P I and Y I . We denote this also as P ◦ Y .

II.4.1 One-point Functions

Let us first consider the simplest class of one-point functions. The lowest spin of a

half-BPS multiplet is a scalar operator transforming in the symmetric traceless tensor

representation of SU(4)R. Like with spinning primaries, we can deal with the SU(4)R

indices by contracting them with an auxiliary null six vector Y

O∆(Y, P ) = YI1 . . . YI∆O
I1...I∆
∆ (P ). (II.4.3)

One can use the residual conformal symmetry to set the parallel components of the

insertion point to zero, and so the one-point function can only depend on the normal

coordinates to the defect z, z̄. The residual SO(4)R symmetry allows us to set the com-

ponents of a generic Y A to be proportional to (1, 0, 0, 0) which leaves a little group SO(3)

symmetry. Using a conformal transformation, we can further set an additional compo-

nent of PA to zero as long as |z| ̸= 0. In Euclidean signature this would be the Lorentz

transformation that brings PA to a center of mass frame:

PM → (z, z̄, 0, 0, 0, |z|) (II.4.4)
Y M → (Y1, Y2, Y3, 0, 0, 0). (II.4.5)

The residual symmetry left after fixing this frame is SO(1, 2)×SO(3), where both factors

are the diagonally embedded Lorentz groups of SO(2, 2) × SO(4)R. The full supersym-

metry algebra preserved can be shown to be a diagonal psu(1, 1|2) of psu(1, 1|2)2 [119].

The one-point function of half-BPS operators is invariant under this subgroup, so only

defect multiplets that contain a singlet under this would appear. The SO(4)R symme-

try acting on Y can be traded for a transformation acting on the defect which leaves it
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invariant, so only SO(4)R singlets are allowed. The branching of the half-BPS multiplet

in the SU(4)R representation [0,∆, 0] is

[0,∆, 0]→
∆⊕
n=0

∆/2−n⊕
j=−(∆/2−n)

[n
2
, n
2
]2j (II.4.6)

where [n
2
, n
2
]m labels the representation of SO(4)R × SO(2)R. The SO(4)R invariance

requires that the only allowed quantum numbers are n = 0. The spacetime symmetry

implies that only defect scalars appear, but there is no constraint for operators carrying

transverse spin. The SO(2)R spin has no constraint either. There is however a constraint

coming from the Ward identity for the mixed SO(2)t. The only operators with non-zero

one-point functions have vanishing central charge under this. Putting these constraints

all together, the general form of a one-point function of half BPS operators is

⟨O∆(Y, P )⟩ =
(Y ◦ Y )∆/2

(P ◦ P )∆/2

a∆,0 + ∆/2∑
q=1

(
(w̄z)q a+∆,q + (wz̄)q a−∆,q

(Y ◦ Y )q/2 (P ◦ P )q/2

)
=

(Y ◦ Y )∆/2

(P ◦ P )∆/2
×AO(η),

(II.4.7)

where we introduced w = Y1 + iY2 to parametrize the R-symmetry polarization. Note

that this includes contributions from boundary operators carrying spin in the directions

orthogonal to the defect, since the field ϕ should not be treated as a scalar with this

twisted symmetry SO(2)t. We can interpret the one-point function as being fixed not

in terms of a single number, but a function AI(η) of the invariant ei2η = w̄z/wz̄, which

specifies the angle between the transverse position vector P I and the polarization Y I in

this twisted space.
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II.4.2 Bulk-Defect Two-point Functions

Bulk operators can have nonzero two-point functions with the defect operators due to

their nontrivial OPE decompositions in terms of the defect operators. A defect primary is

labeled by its quantum numbers under PSU(1, 1|2)2 ⋉ SO(2)t. Since we will exclusively

deal with bulk chiral primaries, the bulk-defect OPE is restricted to have only defect

primaries without parallel spin. In that case, the quantum numbers under the bosonic

symmetries are
(
∆̂, [n

2
, m

2
], ℓ
)

where [n
2
, m

2
] are SO(4)R spins. In the decomposition of

chiral primaries, only n = m representations appear as in (II.4.6). The symmetry fixing

the defect origin and the bulk insertion point is the one fixing the conformal frame,

namely PSU(1, 1|2). So, the only allowed quantum numbers of the defect operators

in the OPE correspond to the representations containing a singlet under this stability

subgroup. We can do this by taking the top component of the multiplet of the psu(1, 1|2)2

to have
(
[ ∆̂
2
, ∆̂
2
], [n

2
, n
2
]
)

quantum numbers under the maximal bosonic subalgebra. The

shortening conditions for su(1, 1|2) (see appendix II.C) imply the shortening conditions

of the residual superconformal symmetry for these defect operators appearing OPE to

be ℓ = ±(∆̂ + n) or ℓ = ±(−∆̂ + n + 2). The most general defect OPE will involve a

sum over the defect supermultiplets.

O∆(P, Y ) =
∑
Ôρ̂

C(PA, Y A, ∂P̂ , ∂Ŵ )

(P ◦ P ) 1
2
(∆−∆̂)

F(z/z̄, w/w̄) eiℓψ Ôρ̂

(∆̂,n,ℓ)
(P̂ , Ŵ ), Ŵ • Ŵ = 0.

(II.4.8)

where Ôρ̂ is the top component of a supermultiplet ρ̂ and C is a differential operator

that takes into account the contribution from superconformal descendants and the hat-

ted vectors are the projections into the defect coordinates. In our case, ρ̂ are the defect

psu(1, 1|2)2 ⋉ SO(2) representations. The details of the representations of this Lie su-

peralgebra and their branching to the bosonic components are in appendix II.C. We also

need to introduce an auxiliary complex null vector to take into account the SO(4)R in-
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dices. The dependence in ψ can be understood as follows. In the untwisted case, we

would have the spacetime SO(2) symmetry in the transverse directions, so the defect

operators should be multiplied by additional factors of (z/z̄)ℓ/2 = eiℓψ in the OPE, where

ℓ is the spin in the transverse direction. In our case, this symmetry is twisted with the

residual R-symmetry, so the correct eigenfunctions on the circle transform as sections of

a non-trivial bundle. We should think of this as having a constant R-symmetry gauge

field on the circle. The most general form this can take is eiℓψ times a polynomial in the

invariant coordinate ei2η = zw̄
z̄w

. Since the only SO(4)R covariant structure is Y • Ŵ , the

bulk-defect two-point function has the general form

〈
O∆(P, Y ) Ôρ̂

(∆̂,n,ℓ)
(P̂ , Ŵ )

〉
=

(Y ◦ Y )
1
2
(∆−n)

(P ◦ P ) 1
2
(∆−∆̂)

(Y • Ŵ )n

(P • P̂ )∆̂
BO,Ô(η). (II.4.9)

To fix the form of BO,Ô it is best to expand O∆(P, Y ) in a basis that is covariant under

SO(2, 2)×SO(2)×SO(4)R×SO(2)R and then perform the defect OPE. The basis func-

tions are specified by the quantum numbers (∆, j,m, k) corresponding to each subgroup

of SO(2, 2)× SO(2)× SO(4)R × SO(2)R. The most general form of this expansion is

O∆(P, Y ) =
∑
j

∆∑
m=0

∑
|k|≤∆−m

2

C∆,m,k(Y ◦ Y )
(∆−m)

2

(w
w̄

)k
D(Y A, ∂Ŵ )eijψO

(j)
(∆,m,2k)(P, Ŵ ),

(II.4.10)

Where D is an operator accounts for the change of basis between SO(6) and SO(4), and

its role is to take into account the contribution of R-symmetry descendants. The same

operator must appear in the defect OPE so we do not need its explicit form. Clearly it

is the operators Õ(j)
(∆,m,2k)(x∥, r, Ŵ ) with ℓ+ j + 2k = 0 that contribute to the two point

function. Using this we can deduce that the form of the function is

BO,Ô(η) =
∑

|k| ≤∆−n
2

b
O

(2k−ℓ)
(∆,n,2k)

,Ô(∆̂,n,ℓ)

C∆,n,k e
i2kη, (II.4.11)

and the coefficients C∆,n,k do not depend on defect CFT data and can be determined
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from bulk branching rules; these can be reabsorbed into the definition of bO,Ô. Just

like the one-point function, we can interpret the bulk-defect two-point function as being

encoded in a function.

II.4.3 Bulk-Bulk Two-point Function

For the two-point function of bulk operators, superconformal symmetry is not powerful

enough to fix the whole correlator. In general there are two ways of expanding the bulk-

bulk two-point function, one where we perform the bulk OPE to fuse the two operators

and then sum the contributions of each one-point function, and another where each

operator is re-written as a sum over boundary operators. Both expressions give different

conformal block expansions for the two-point function. We will concentrate on the second

expansion, the defect conformal block expansion, for the two-point function of bulk half-

BPS operators. We start from defining the cross-ratios invariant under the residual

symmetry:

χ = − 2P1 • P2

(P1 ◦ P1)1/2(P2 ◦ P2)1/2
, χR = − 2Y1 • Y2

(Y1 ◦ Y1)1/2(Y2 ◦ Y2)1/2

cosϕ =
P1 ◦ P2

(P1 ◦ P1)1/2(P2 ◦ P2)1/2
, cosϕR =

Y1 ◦ Y2
(Y1 ◦ Y1)1/2(Y2 ◦ Y2)1/2

. (II.4.12)

ϕ and ϕR measures the angles between the position vectors and the polarizations of

the two insertion points in the transverse directions, respectively. We can fix the frame

with the mixed SO(2) rotation so that ψ2 = 0 and ψ = ψ1 = ϕ. We can start by

expanding the SO(6)R quantum numbers into a mutual SO(4)R basis. By symmetry,

the only contributions come from the components of the operator that have the same

SO(4)R quantum numbers, but the SO(2)R of the bulk theory is no longer conserved.

This can be interpreted as having a constant SO(2)R background gauge field along the

S1 normal to the defect just as we mentioned for the bulk-defect two-point function case.

As a simple example, let us consider the case of two uncharged chiral primaries under
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SO(2)R, O∆1,2,n1,2,m1,2=0. These modes are unaffected by the background gauge field so

their two point functions behave as they would if the rotational symmetry normal to the

defect was unbroken:

〈
O(∆1,n,0)(P1, Ŵ1)O(∆2,n,0)(P2, Ŵ2)

〉
=

(Ŵ1 • Ŵ2)
n

(P1 ◦ P1)∆1/2(P2 ◦ P2)∆2/2
G(χ, ψ, χR)

G(χ, ψ, χR) =
∑
{Ô}

b1,Ôb1,Ô f∆̂(χ) f
R
[n
2
,n
2
](χR) hℓ(ψ).

(II.4.13)

where f∆̂(χ), fR[n
2
,n
2
](χR), hℓ(ψ) are the conformal blocks corresponding to each of the

representations of the bosonic subgroups, SO(2, 2), SO(4)R, and SO(2), respectively.

Their forms are determined by solving the quadratic Casimir equations for this residual

bosonic symmetry as

f∆̂(χ) = χ−∆̂
2F1

(
∆̂ + 1

2
,
∆̂

2
; ∆̂;

4

χ2

)
(II.4.14)

fR[n
2
,n
2
](χR) = χnR 2F1

(
−n+ 1

2
,−n

2
;n;

4

χ2
R

)
(II.4.15)

hj(ψ) = eijψ. (II.4.16)

Refer to appendix II.B for their full derivations. For charged operators, the expansion is

more complicated. This is mainly because there are more invariant quantities than in the

case with unbroken transverse rotational symmetry. These extra invariants are exactly

the η angles for each of the insertion points. Extending the intuition from the previous

correlators, we expect that the most natural way of packaging the defect conformal block

expansion is by promoting the couplings to functions b→ B(η):

〈
O∆1O∆2

〉
= (kinematic)

[
A1(η1)A2(η2) +

∑
ρ̂

B1,ρ̂(η1)B2,ρ̂(η2)F̂ρ̂(χ, χR, ψ, η)

]
.(II.4.17)

where η = η1 − η2 = ψ − ϕR and the sum is over defect superconformal primaries ρ̂

appearing in the bulk-defect OPE. To compute these, it is more convenient to further
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decompose the superconformal blocks with regard to the residual bosonic symmetry, with

the blocks computed again as a product of (II.4.14), (II.4.15), and (II.4.16)

F̂ρ̂ =
∑
∆̂,n

C ρ̂

∆̂,n
(η) f∆̂ (χ) fR[n

2
,n
2
] (χR) hℓ(ψ). (II.4.18)

The decomposition is specified by the branching of ρ̂ to the bosonic symmetry represen-

tations. Once we figure out the decomposition, we can fix the correct linear combination

using the superconformal Ward identities. Note that the components of the supermulti-

plet all have the same charge under SO(2)t.

One of the simplest nontrivial examples is the symmetric representation with zero

central charge Ŝ0 = ⟨V(1), 0⟩II± ⊗ ⟨V(1), 0⟩II±. The spinless bosonic components with

nonzero contribution to the bulk-defect OPE of a chiral primary operator are

Ŝ0 ⊃
{
[V(1), 0]⊗ [V(1), 0],

[
V
(
1
2

)
, 1
2

]
⊗
[
V
(
1
2

)
, 1
2

]}
(II.4.19)

where V(ℓ) are infinite-dimensional representations with either highest weight or lowest

weight ℓ, depending on the sign of ℓ. The scaling dimensions of the bosonic states are

∆̂ = 1 and 2, and the SO(4)R representations are correspondingly [1
2
, 1
2
] and [0, 0]. The

functions C ρ̂

∆̂,n
(η) take into account the broken SO(2)R symmetry of each state in the

multiplet. So, the most general ansatz for the superconformal block of Ŝ0 is

F̂Ŝ0
=
∑
k=0,1

ck e
±ikη fk+1(χ) f

R
[ 1−k

2
, 1−k

2
]
(χR). (II.4.20)

The coefficients ck are determined up to the overall scale by requiring this superconformal

block to satisfy the superconformal Ward identities (II.3.11) and (II.3.12). Remember

that the dependence on the cross-ratios can be translated to that on the eigenvalues of

the invariant quantity (II.3.2). The η dependence is automatically ignored in the v → u

and v̄ → u limits, which are translated to be η → 0. Regarding these, the SCWIs fix the

coefficients to be c0 = −c1/2.
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We can also consider a slightly less simple example with the symmetric representations

with some nonzero central charge ℓ: Ŝℓ =
〈
V( ℓ

2
), 0
〉
I− ⊗

〈
V( ℓ

2
), 0
〉
I−. The only states in

these multiplets that can contribute to the defect OPE are the following spinless bosonic

components

Ŝℓ ⊃ {[V( ℓ2), 0]⊗ [V( ℓ
2
), 0], [V( ℓ±1

2
), 1]⊗ [V( ℓ±1

2
), 1], [V( ℓ±2

2
), 0]⊗ [V( ℓ±2

2
), 0]}, (II.4.21)

The plus signs are for ℓ ∈ Z+ of lowest weight representations, and the minus signs are

for ℓ ∈ Z− of highest weight representations. The scaling dimensions are ∆̂ = |ℓ + 1| +

1, |ℓ|+1, |ℓ− 1|+1, and the corresponding SO(4)R representations are [0, 0], [1
2
, 1
2
], [0, 0].

The most general ansatz for the superconformal block of Ŝℓ is

F̂Ŝℓ
=

∑
k=−1,0,1

ck e
iℓψeikη f|ℓ+k|+1(χ) f

R

[
1−|k|

2
,
1−|k|

2
]
(χR). (II.4.22)

The SCWIs (II.3.11) and (II.3.12) fix the coefficients as c−1 = c1 and c0 = −c±.

II.5 One-Point Functions: Non-protected operators

Our previous discussions focused on the correlation functions of the protected operators

with a surface defect. We can more generally consider correlation functions involving

non-protected single trace operators. Superconformal symmetry fixes the structure of the

one-point function up to a function of the η, which we can assume to be a trigonometric

polynomial from symmetry considerations:

⟨O∆(P )⟩ =
C(η)

(P ◦ P )∆/2
. (II.5.1)

At one-loop, scalar operators in the SO(6) sector only mix among themselves and the

mixing problem can be mapped to the diagonalization of the integrable SO(6) Heisenberg

chain. The R-matrix of the model is
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R(u) = u(u+ 2)I+ (u+ 2)P− uK. (II.5.2)

where the R-matrix and the operators are intertwiners of two 6 representations cor-

responding to two neighboring spin sites. Specifically, I = δI
′
I δ

J ′
J , P = δJ

′
I δ

I′
J , and

K = δIJδ
I′J ′ in the matrix representation. The eigenstates of the Hamiltonian are la-

belled by three sets of Bethe roots {ui, vj, wk} satisfying a set of Bethe equations. We

denote the eigenstates as |u⟩. The leading-order result for the one-point function of the

operator associated to the eigenstate |u⟩ is given by evaluating the operator on the clas-

sical values of the fields, which is equivalent to taking the overlap of |u⟩ with a matrix

product state

C(η) = ⟨MPS(η)|u⟩

|MPS(η)⟩ =
∑
i

tr[ωI1 . . . ωIL ] |I1 . . . IL⟩ , ωIn = ⟨ϕIn⟩ . (II.5.3)

In order to avoid confusion with the spectral parameter dependence, we choose to omit

the dependence on η for the moment. For the case of a generic Gukov-Witten defect,

the matrices ωI are reducible in the sense that they are block diagonal whose structure

depends on the breaking of the gauge group to the Levi subgroup L, and each block

behaves like a one-site product state. We will comment on the singular cases later. In

general, a state |B⟩ is said to be integrable if it is annihilated by infinitely many charges

of the system. More precisely, the state should satisfy [139]

t(u) |B⟩ = Πt(u)Π |B⟩ , (II.5.4)

where Π is the parity operator on the spin chain. This condition can be interpreted as

the channel rotation of the boundary Yang-Baxter equation. It is known that for the case

of a matrix product state, the integrability condition is satisfied if there exists a solution

to the so-called square root relation [144]:

Ř12(u) (ψ(u)⊗ ω) = Ř12(u) (ω ⊗ ψ(u)) , (II.5.5)
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where we group the matrices in the MPS into a End(CN)-valued vector ω ∈ C6⊗End(CN),

the hatted R-matrices are given by Ř(u) = PR(u), and we introduce an additional

collection of matrices ψab(u) ∈ C6 ⊗ C6 ⊗ End(CN). The product ⊗ in ω ⊗ ψ(u) takes

the tensor product of the C6 indices with the matrix products between their End(CN)

values. A solution of the square-root relation can then be used to construct solutions

to the twisted boundary Yang-Baxter equation. The solutions to these equations with

various kinds of symmetries were studied in [144]. The relevant symmetry pair for the

Gukov-Witten defect is (so(6), so(2) ⊕ so(4)). For one-site product states, the solution

is:

ψab(u) = (2u+ 2)ωaωb − uωcωd δcd δab. (II.5.6)

Overlaps for this class of states were studied in [55] and were used to compute one-point

functions in the presence of BPS ’t-Hooft loop operators [109, 110] and in the Coulomb

branch [92]; for a general formalism see [74].

II.5.1 SL(2) Sector

As a concrete example, we will take a particular R-symmetry polarization and study

the leading-order one-point functions in that case. The simplest primary operators we

can consider belong to the SU(2) and SL(2) closed sectors. The tree-level one-point

functions for excited states in the SU(2) sectors must vanish due to the SO(4)R symmetry

of the defect regardless of how we orient the vacuum state inside of SO(6). One can

understand it from the spin chain viewpoint as because the excited states belong to

SU(2) representations with one or more antisymmetric indices, and the classical field

configurations commute. For the SL(2) states, we can choose the operator to be
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O∆,S(P ) =
∑

n1+···+nL=S

Ψn1,...nL
tr
[
Dn1Z̃ . . . DnLZ̃

]
D = ∂t −Dx1

Z̃ =
1

2

(
Z + Z̄ + i(Y − Ȳ )

)
z = x1 + ix2

(II.5.7)

In this case, the boundary state is similar to the one studied in [109] for ‘t Hooft loops

[75]; it is given by

|Bst⟩ = tr
[
|B⟩⊗L

]
⟨B| =

∞∑
n=0

⟨0| (−K)n

n!

[
β cos((n+ 1)ψ) + γ sin((n+ 1)ψ)

]
=

∞∑
n=0

(−1)n(β2 + γ2)Tn+1 [cos(ψ − δ)] ⟨n| .

(II.5.8)

The only difference between this boundary state and the ‘t Hooft loop boundary state

is that the Legendre polynomials are replaced by Chebyshev polynomials. The overlap

with a two magnon state can be found to be (up to an unimportant phase factor)

⟨Bst|{u,−u}⟩
⟨{u,−u}|{u,−u}⟩

= 2L tr
[
(β2 + γ2)(β cosψ + γ sinψ)L−2

]
sin2 ψ

u√
L(L+ 1)(u2 + 1

4
)
,

(II.5.9)

which is the same as the two magnon overlap for the case of ‘t Hooft loop, up to a

momentum independent polynomial in β, γ. We verified that for odd spin S the overlap

with the boundary state vanishes, but for even S it does not satisfy the selection rules

{u} = {−u} which we take as evidence against integrability for the generic Gukov-

Witten defect. This is somewhat similar to what occurs for three-point functions of

non-protected operators with half-BPS sub-determinant operators. In that case, only a

BPS special operator, the maximal giant graviton, leads to an integrable boundary state

even though there is a large class of operators that preserve the same symmetry. Despite

this, there are integrable subsectors corresponding to operators that do not carry the
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non-conserved charge in perturbation theory [26]. We expect something similar to occur

for the surface defect case, meaning that at generic point of the moduli space, the defect

breaks the integrability of the system for a generic sector due to the broken rotational

symmetry. For the scalar SO(6) sector, we expect that integrability is preserved at one-

loop since we can construct a solution to the boundary Yang-Baxter equation, but mixing

with operators outside this subsector should spoil this at higher loops.

II.5.2 Rigid Limit: SU(2) Sector

Now we consider the singular case α = β = γ = 0. In that case, the field profiles are

given by block diagonal matrices where each of the blocks satisfies the algebra of SU(2).

Without loss of generality, we can restrict to a single k × k block

Zcl =
t1 − it2
z log r

Aclψ =
t3

r log r
.

(II.5.10)

If we focus on operators belonging to the SU(2) sector, the tree-level one-point functions

are related to those of the D3-D5 defect set-up [116], and the residual symmetry is related

to the one relevant for studying three-point functions of half-BPS operators [15, 93]. For

example, we can restrict our attention to operators made out of two complex scalars

Z̃ =
1

2

(
Z + Z̄ − i(Y − Ȳ )

)
Ỹ =

1

2

(
Y + Ȳ − i(Z − Z̄)

)
,

(II.5.11)

which correspond to the down and up spin states of the spin chain. The MPS in this

case can be written as

|MPSk⟩ =
∑
in

trk[Mi1(ψ) . . .MiL(ψ)] |i1 . . . iL⟩

M↓(ψ) = t1 cosψ − t2 sinψ
M↑(ψ) = t1 sinψ + t2 cosψ.

(II.5.12)
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The matrices Mi(ψ) are a U(1) rotation of the standard basis for the SU(2) algebra so

they can be replaced by t1 and t2 inside the trace. The result of the overlaps are the

same as those found in [116, 40], see also [93]. They are given by

⟨MPSk|u⟩
⟨u|u⟩

= 2L−1C2 ({uj})
k−1
2∑

j= 1−k
2

jL

M
2∏
i=1

u2i

(
u2i +

k2

4

)
[
u2i + (j − 1

2
)2
] [
u2i + (j + 1

2
)2
] (II.5.13)

C2 ({uj}) = 2

[(
2π2

λ

)L
1

L

∏
j

u2j +
1
4

u2j

detG
SU(2)
+

detG
SU(2)
−

] 1
2

(II.5.14)

(II.5.15)

where the Gaudin matrices GSU(2)
± are M/2×M/2 given by

(
G
SU(2)
±

)
ij
=

L∂up(ui) + M
2∑

k=1

K+(ui, uk)

 δij −K±(ui, uj)

K±(u, v) =
1

i

[
∂u logS

SU(2)(u, v)± ∂u logSSU(2)(u,−v)
]
.

(II.5.16)

We expect that because the symmetry algebra for the rigid defects is an analytic con-

tinuation of that of the maximal giant graviton, the results of [93] can be applied to

this case as well. We expect that the rigid defects remain integrable at finite ’t Hooft

coupling. This is somewhat clear in scalar sectors where the dilaton doesn’t play a role.

In sectors involving derivatives, one needs to be careful about using operators that are

scale invariant when computing one-point functions as substituting the classical solutions

at tree level leads to violations in the selection rules for the magnon momenta. These

violations come from derivatives acting on the classical dilaton profile and they should

be reabsorbed by using a Weyl invariant connection. This requires a more careful un-

derstanding of the quantization in the presence of the dilaton. We leave this for future

work.
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II.6 Quantizing the Defect

In this section, we perform the semiclassical quantization of N = 4 SYM in this surface

defect background. This is a starting point for performing perturbative calculations. We

expand the fields around their classical background values, and calculate the propagators

of their quantum fluctuations. Similar calculations have been carried out in the domain

wall and ’t Hooft line backgrounds [39, 69, 70, 109]. The scalar propagators in the surface

defect setting appeared before in [48] and here we generalize by including fermionic fields.

We also clarify the relation between field fluctuations and the defect primaries they couple

to.

First we are going to review some of the conventions for the N = 4 supersymme-

try algebra in four dimensions. Usually it is easier to begin with N = 1 SUSY in

ten-dimensions and to reduce it to 4d. The supercharges transform in one of the 16

dimensional spinor representation of SO(1, 9). The gamma matrices ΓM , M = 0, 1, . . . 9

satisfy a Clifford algebra

{ΓM ,ΓN} = 2gMN , (II.6.1)

and they can be thought of as either maps between the two spinor representations ΓI :

S± → S∓, or as a bilinear pairing ΓI : S± × S± → R (in Lorentzian signature). The

spinor representations are real and dual to each other in Lorentz signature, and they are

distinguished by their eigenvalue under the chirality operator

Γ̄ = Γ0Γ1 . . .Γ9, (II.6.2)

which acts as ±1 on the S±. Another common notation are the gamma matrices with

multiple indices ΓI1I2...Ik which is defined as the product ΓI1ΓI2 . . .ΓIk for pairwise distinct

indices, and zero otherwise. This is equivalently the fully antisymmetrized product. The

lagrangian for 10d SYM takes the form
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S10d = −
1

g2

∫
d10x tr

(
1

2
FMNFMN + iλ̄ΓIDIλ

)
. (II.6.3)

The supersymmetry generator in this case are constant spinors ∇Iϵ = 0 (i.e. Killing

spinor) satisfying the chirality projection

Γ̄ϵ = ϵ. (II.6.4)

The supersymmetry transformations are

δAI = iϵ̄ΓIλ

δλ = ΓIJFIJϵ.
(II.6.5)

To obtain N = 4 SYM we reduce on six of the ten flat dimensions which reduces the 10d

Lorentz symmetry to the 4d Lorentz symmetry and the R-symmetry as

SO(1, 9)→ SO(1, 3)× SO(6)R. (II.6.6)

The spinors ϵ can then be decomposed as follows. The 10d chirality matrix factorizes

into a Lorentz and R-symmetry components

Γ̄ = Γ̂Γ′ (II.6.7)

The eigenvalues of these chirality matrices are ±i, so the eigenvalues of Γ̂ and Γ′ have

to be opposites. The spin representations of SO(1, 3) ∼ SU(2) × SU(2) are (1, 2) and

(2, 1), and the spin representations of SO(6)R ∼ SU(4)R are the fundamental 4 and its

complex conjugate 4̄. So the 4d supersymmetries transform as a spinor in

S+ = (2,1, 4̄)⊕ (1,2,4) (II.6.8)

We now introduce the generic surface defect in the M = 0, 3 directions in the four-

dimensional space. Among the Higgs scalars emerging from A5,6,...,10 after the dimensional

reduction, let us choose A5 and A6 to be the ones acquiring singular configurations. To

carry out the perturbative calculations in the nontrivial background due to the surface
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defect, it is convenient to expand the fields around their classical singular configurations

as

AM = AM + aM (II.6.9)

Let us write the flat 10d metric taking polar coordinates for the transverse spatial direc-

tion to the defect:

ds2 = −dt2 + dx2 + dr2 + r2dψ2 +
6∑
i=1

dyidyi, (II.6.10)

In this coordinate basis, the background fields are

Aψ = α

A5 =
β cosψ + γ sinψ

r

A6 =
γ cosψ − β sinψ

r
.

(II.6.11)

Alternatively we could use complex coordinates

ds2 = −dt2 + dx2 + 2dzdz̄ +
4∑

a=1

dyadya + 2dwdw̄ (II.6.12)

and the background fields are

Az =
1

2i

α

z

Aw =
β + iγ√

2z

(II.6.13)

The classical configuration of the 10d field strength is

Fzz̄ = α δ(z, z̄)

FMi = DMAi

Fij = [Ai,Aj] = 0

(II.6.14)

where DM is the gauge covariant derivative with respect to the classical configuration of

the gauge field, DM = ∂M − i[AM , ·]. These are the source of the defect CFT operators.
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II.6.1 Gauge Fixing

We choose the gauge

DMA
M = 0, (II.6.15)

which can be implemented with the gauge fixing term

Lgf = −
2

g2
tr
(
DM c̄ D

Mc
)

(II.6.16)

After expanding the fields into the background and fluctuation parts, the action in this

gauge is given by

Sgf+Φ = − 1

g2

∫
d4x tr

[
aM
(
−ηMND2 + 2iFMN

)
aN + iλ̄ΓMDMλ+ 2c̄(−D2)c

− 2iDMaN [a
M , aN ] + λ̄ΓM [aM , λ] + 2iDM c̄ [a

M , c]− 1

2
[aM , aN ]

2

]
.

(II.6.17)

We can classify the fields into easy and hard fields depending on whether they mix or

not due to their nonzero background values. The nontrivial mixing between the scalars

and vector fields comes from FMi for i = 5, 6. The second covariant derivative term is (in

polar coordinates)

tr
[
aD2a

]
= tr

[
a∂2a+ 2ia [AM , ∂Ma]− a [AM , [AM , a]]

]
= tr

[
a

(
ηαβ∂α∂β + ∂2r +

1

r
∂r

)
a+ aDψDψa− a[A5, [A5, a]]− a[A6, [A6, a]]

]
(II.6.18)

The indices α, β = 0, 3 run for the parallel directions to the defect.

II.6.2 Propagators

Now we can consider the quadratic action for an arbitrary Gukov-Witten defect. The

first step is to get rid of the non-trivial derivatives in ψ. These terms only appear for
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α ̸= 0 and they make the fields transform as a non-trivial line bundle on S1. We can

eliminate the α dependence by introducing the modified fields

a = U †
α ãUα = e−iψαã eiψα. (II.6.19)

The action of the background covariant derivatives Dz on a results in regular derivatives

acting on ã. Substituting these fields into the action reduces it to the case with α = 0,

so no local operator can detect non-zero α as expected. From now on we drop the tildes,

after which the 10d Kinetic term common to all bosons except ar,ψ reduces to

tr
[
aD2a

]
= tr

[
a

(
ηαβ∂α∂β + ∂2r +

1

r
∂r +

1

r2
∂2ψ

)
a− 1

r2
a[β, [β, a]]− 1

r2
a[γ, [γ, a]]

]
(II.6.20)

To simplify the derivative terms we do a field redefinition a = a′/r, and passing the

derivatives through we get

tr
[
aD2a

]
= r−4 tr

[
a′
(
r2ηαβ∂α∂β + r∂2r − r∂r + 1 + ∂2ψ

)
a′ − a′[β, [β, a′]]− a′[γ, [γ, a′]]

]
= r−1√gAdS3×S1 tr [a′ (∆AdS3×S1 + 1) a′ − a′[β, [β, a′]]− a′[γ, [γ, a′]]]

(II.6.21)

The additional factor of 1/r cancels precisely with the volume factor of the flat space

metric with polar coordinates along two of the directions. For M = 5, . . . , 10 this is a

Weyl transformation and the additional mass term arises from the conformal coupling to

the background. For ar,ψ the kinetic terms take the form

tr
[
ar D2ar

]
= tr

[
ar

(
ηαβ∂α∂β + ∂2r +

1

r
∂r +

1

r2
∂2ψ −

1

r2

)
ar −

2

r2
ar∂ψaψ

− 1

r2
ar[β, [β, ar]]−

1

r2
ar[γ, [γ, ar]]

]
tr
[
aψ D2aψ

]
= tr

[
aψ

(
ηαβ∂α∂β + ∂2r +

1

r
∂r +

1

r2
∂2ψ −

1

r2

)
aψ +

2

r2
aψ∂ψar

− 1

r2
aψ[β, [β, aψ]]−

1

r2
aψ[γ, [γ, aψ]]

]
.

(II.6.22)
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After rescaling by 1/r the only modification is an additional −1 in the mass term and

the cross term with the single ψ derivative. Next we should deal with the coupling to the

background field strength FMN . If we regularize the singularity by imposing a cut-off at

r = ϵ, we can ignore the coupling to F zz̄. First we work in complex coordinates where

the terms take the form

tr
[
aMFMN ◦ aN

]
=

1√
2r2

(
tr

[
− ar[(β − iγ)eiψ, aw] + aw[(β − iγ)eiψ, ar]

+ iaψ[(β − iγ)eiψ, aw]− iaw[(β − iγ)eiψ, aψ]
]
+ c.c.

(II.6.23)

Then we should eliminate the factors of eiψ; we can do this by turning on a background

U(1)R gauge field

aw = e−iqRψφw = e−iψφw

∂ψaw = (∂ψ − iqR)φw.
(II.6.24)

This is consistent with the supersymmetry of the theory on AdS3 × S1; after this we

perform the rescaling a = a′/r which gives

tr
[
aMFMN ◦ aN

]
=

1√
2r4

(
tr

[
− a′r[(β − iγ), φ′

w] + φ′
w[(β − iγ), a′r]

+ ia′ψ[(β − iγ), φ′
w]− iφ′

w[(β − iγ), a′ψ]
]
+ c.c.

(II.6.25)

and all the bosons are now written covariantly in AdS3 × S1. The bosons naturally

split into easy/transverse and hard/longitudinal modes. The transverse modes are a0,3,

ϕaȧ = a7,8,9,10, and the ghosts c. The fields ϕI transform as bi-spinors of the residual

SO(4)R = SU(2)×SU(2) symmetry. The hard modes are the normal components of the

gauge field to the boundary ar,ψ and the complex scalar φw. Both of these modes are

vectors due to the one-form nature of ϕ = φwdz+φw̄dz̄. As explained in [3], vector fields

in AdS can be described in terms of conformally coupled scalars, which is precisely what

we have with our choice of gauge. The mass terms are only nontrivial for off-diagonal
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components of the fields. The common mass term for all the fields is

|Zij|2 = (βi − βj)2 + (γi − γj)2, (II.6.26)

where i, j denote the U(N) matrix indices of the fields.

II.6.3 Easy Bosons

The propagator for the easy scalar is the solution to

[
−∆AdS3 − ∂2ψ + (|Zij|2 − 1)

]
G(x, x′, ψ, ψ′) = 0. (II.6.27)

We can solve this equation by performing a KK-reduction on S1

a(ψ, x) =
∞∑

ℓ=−∞

eiℓψa(ℓ)(x), (II.6.28)

where the reality condition on the fields implies

(a∗)(ℓ) = a(−ℓ), (II.6.29)

so we are left with a tower of conformally coupled scalars in AdS3 with masses
(
ms
ij

)2
=

ℓ2 + |Zij|2 − 1. These fields couple to scalar operators on the defect with conformal

dimensions

∆̂s = 1 +
√
ℓ2 + |Zij|2. (II.6.30)

The bulk-to-bulk propagator for each of the KK modes is given by

G∆̂(x1, x2) =
χ̃∆̂

2∆̂+1
2F1

(
∆̂

2
,
∆̂

2
+

1

2
; ∆̂; χ̃2

)
, (II.6.31)

where χ̃ is the geodesic distance between the operator insertions which is given by

χ̃ =
2r1r2

r21 + r22 + (x⃗1 − x⃗2)2
(II.6.32)
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For diagonal modes i = j, the fields couple to operators belonging to family of short

representations of the defect superconformal algebra ∆̂ = 1 + |ℓ|, the symmetric repre-

sentations. Off-diagonal modes belong to short multiplets of a central extension of the

defect superconformal algebra with P and K, so we expect their dimensions to be pro-

tected from quantum corrections. These representations are related to the defect BPS

by an outer automorphism [20].

II.6.4 Hard Bosons

The kinetic terms for the φw modes are of the form

2π
∑
ℓ

∫
d3x
√
gAdS3

(
(φw̄)

(−ℓ)
ij

(
∆AdS3 − (|Zij|2 + (ℓ− 1)2 − 1)

)
(φw)

(ℓ)
ji

+(φw)
(−ℓ)
ij

(
∆AdS3 − (|Zij|2 + (ℓ+ 1)2 − 1)

)
(φw̄)

(ℓ)
ji

)
.

(II.6.33)

The reality condition on the fields implies

(
φ(ℓ)
w

)∗
= φ

(−ℓ)
w̄ . (II.6.34)

For the hard bosons we first perform the KK reduction on S1. Because of the background

U(1)R gauge field the diagonal terms of the mass matrix for φw are shifted relative to

those of ar,ψ . This gives a mass matrix of the following form for the fields in AdS3:


a
(ℓ)
r

a
(ℓ)
ψ

φ
(ℓ)
w

φ
(ℓ)
w̄


∗

ij


(|Zij |2 + ℓ2) 2iℓ −i

√
2Z†

ij −i
√
2Zij

−2iℓ (|Zij |2 + ℓ2) −
√
2Z†

ij

√
2Zij

i
√
2Zij −

√
2Zij (|Zij |2 + (ℓ− 1)2 − 1) 0

i
√
2Z†

ij

√
2Z†

ij 0 (|Zij |2 + (ℓ+ 1)2 − 1)



a
(ℓ)
r

a
(ℓ)
ψ

φ
(ℓ)
w

φ
(ℓ)
w̄


ji

.

(II.6.35)

This is slightly different from the conventions used in [48] for their background field

computation. The eigenvalues of the AdS3 mass matrix are

(mij
±)

2 =

(√
|Zij|2 + ℓ2 ± 1

)2

− 1; (II.6.36)
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note the −1 corresponding to the conformal coupling to the curvature. These correspond

to 1-form operators on the boundary with conformal dimensions

∆̂v
± =

√
|Zij|2 + ℓ2 ± 1. (II.6.37)

II.6.5 Fermions

For the fermion fields we need to reduce the spinors from 10d to 3d in two steps; by first

reducing to R1,3 and then doing a further S1 reduction; we also have to decompose the

SO(6)R labels. Our conventions for the gamma matrices are such that Γ0 in the Lorentz

signature is related to Γ4 in Euclidean signature by multiplication by i, and so the indices

run from µ = 0, 1, 2, 3 and I = 5, 6, 7, 8, 9, 10. The gamma matrices decompose as follows

Γµ = γµ ⊗ 12 ⊗ 14 µ = 0, 1, 2, 3

Γ5,6 = γ5 ⊗ σ1,2 ⊗ 14

ΓA = γ5 ⊗ σ3 ⊗ γ̃A−6, A = 7, 8, 9, 10

(II.6.38)

where γµ and γ̃A are SO(1, 3) and SO(4)R gamma matrices. The SO(1, 9) quantum

numbers split into SO(1, 3)× SO(2)R× SO(4)R labels. It will be convenient to split the

10d chiral spinor into eigenstates of the chirality matrices for each factor;

γ5 = iγ0γ1γ2γ3

γ̃5 = −γ̃1γ̃2γ̃3γ̃4

Γ11 = (−iγ5)⊗ (iσ3)⊗ γ̃5
(II.6.39)

The SO(2)R charge generator will also be important

i

4
[Γ5,Γ6] = 14 ⊗

(
−1

2
σ3

)
⊗ 14. (II.6.40)

In this convention, the SO(2)R charge carries the opposite sign relative to the 2d chirality.

Then a chiral spinor in 10d decomposes into

16+ → [(1/2, 0)⊗ (−1/2)⊗ (1/2, 0)]⊕ [(0, 1/2)⊗ (+1/2)⊗ (1/2, 0)]

⊕ [(1/2, 0)⊗ (+1/2)⊗ (0, 1/2)]⊕ [(0, 1/2)⊗ (−1/2)⊗ (0, 1/2)] ,
(II.6.41)
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and so we can think of a 10d chiral spinor as a pair of 4d Dirac fermions tranforming in

the (1/2, 0) and (0, 1/2) representation of the residual SO(4)R symmetry. Next we need

to impose the 10d Majorana condition. The reality condition on the gamma matrices in

Lorentz signature is

Γ∗ = CΓ0Γ
(
CΓ0

)−1 (II.6.42)

The charge conjugation matrix C = Γ1Γ3Γ6Γ7Γ9decomposes as

C = γ1γ3γ5 ⊗ σ2 ⊗ γ̃1γ̃3, (II.6.43)

where the first factor can be taken to be the 4d charge conjugation matrix, the second

factor is also the charge conjugation in 2d while the last factor is the time reversal matrix

in 4d. The Majorana condition for a 10d spinor λ is then

λ∗ = CΓ0λ = (C4γ0 ⊗ C2 ⊗ T̃4)λ, (II.6.44)

and since we want to reduce to 4d it will be useful to relate this condition to the Majorana

condition in 4d. To understand this, we can decompose the 10d spinor into its components

under (II.6.41);

λ = χa ⊗ ϵ− ⊗ ĉa + η†a ⊗ ϵ+ ⊗ ĉa

+ ξȧ ⊗ ϵ+ ⊗ ĉȧ + ζ†ȧ ⊗ ϵ− ⊗ ĉȧ
(II.6.45)

where we suppressed the Lorentz spinor indices. Clearly the Majorana condition does

not mix the dotted and undotted SO(4)R indices which suggest that we should pair χ

and η† into a Dirac spinor and similarly for the remaining spinors. For a moment, let

us ignore the SO(4) indices; we can always multiply C with a phase such that C2 acts as

follows on ϵ±

C2ϵ± = ϵ∓ (II.6.46)

which we should understand as maps between the two different SO(2) chiralities. Com-
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plex conjugation raises and lowers the indices of ϵ± but does not mix chiralities, and C2

maps the chiralities into each other while raising/lowering the indices. So we can define

component-wise

ϵ+ = −ϵ− (II.6.47)

and so on. Similarly C4γ0 changes the Lorentz chirality without lowering/raising the

spinor indices:

(
C4γ0 ⊗ C2

)(χα ⊗ ϵ−
η†α̇ ⊗ ϵ+

)
=

(
η†β̇ ⊗ ϵ−
χβ ⊗ ϵ+

)
. (II.6.48)

For the last factor we can use T̃4 to raise and lower the remaining indices. Complex con-

jugation raises and lowers the indices as well without exchanging the chiralities. Putting

everything together, this implies that

χ = η

ξ = ζ,
(II.6.49)

which means that we have four Majorana fermions in 4d after dimensional reduction.

The kinetic term is

tr

[
λ̄(γµ∂µ ⊗ 12 ⊗ 14)λ+

1

z̄
λ̄(γ5 ⊗ σ+ ⊗ 14)[Z

†, λ] +
1

z
λ̄(γ5 ⊗ σ− ⊗ 14)[Z, λ]

]
. (II.6.50)

Since this expression is SO(4)R = SU(2)× SU(2) symmetric we can ignore the SO(4)R

indices for the time being. To simplify the dependence on the coordinates we should turn

on a background SO(2) field

λ = e
i
2
(14⊗σ3⊗14)ψ λ0; (II.6.51)

the reason we do this is so that the ψ dependence on the mass term cancels

1

z̄
λ̄(γ5 ⊗ σ+ ⊗ 14)[Z

†, λ] =
1

r
λ̄0(γ

5 ⊗ σ+ ⊗ 14)[Z
†, λ0] (II.6.52)
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From now on we will drop the lower label and use λ to represent the spinor after including

the background gauge field. Defining the 4d Majorana spinors

λ+ =

(
χ
χ†

)
, λ− =

(
ξ
ξ†

)
, (II.6.53)

the mass terms can be rewritten in the form

1

r
tr
[
ξȧ[Z, ξ

ȧ] + ξ†ȧ[Z
†, ξ†ȧ] + χa[Z

†, χa] + χ†
a[Z, χ

†a]
]

(II.6.54)

Mapping to AdS3

Now we can perform the boundary expansion of the fields by performing a field redefini-

tion

λ→ λ′

r3/2
(II.6.55)

after which the fermion kinetic terms become

− 1

g2

∫
√
gAdS3×S1d4x tr

[
iλ̄′
(
eµα̂ Γ

α̂∂µ − Γr +
i

2
Γψ
(
14 ⊗ σ3 ⊗ 14

))
λ′
]

(II.6.56)

This is the action of a fermion on AdS3 × S1 with a background gauge field along the

circle direction. The action of 14 ⊗ σ3 ⊗ 14 can be replaced with ±γ5 on λ±, with the

upper indices denoting the SO(4)R chirality, due to the 10d chirality of the spinor which

allows us to rewrite everything in 4d language:

− 1

g2

∫
√
gAdS3×S1d4x tr

[
iλ̄+ a

(
eµα̂ γ

α̂∇µ +
i

2
γψγ5

)
λ+a + iλ̄− ȧ

(
eµα̂ γ

α̂∇µ −
i

2
γψγ5

)
λ−ȧ

]
= − 1

g2

∫
√
gAdS3×S1d4x tr

[
iλ̄+ a

(
eµα̂ γ

α̂∇µ +
1

2
γ⋆
)
λ+a + iλ̄− ȧ

(
eµα̂ γ

α̂∇µ −
1

2
γ∗
)
λ−ȧ

]
,

(II.6.57)

where γ∗ = γ0γ1γ2 is the product over the gamma matrices in the AdS directions. To

reduce from 4d to 3d we should pick a basis of gamma matrices that remains real after
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the dimensional reduction such that the 3d spinors are Majorana. In such a basis the 4d

chirality matrix is not diagonal, so the mass term is not as simple. For example we can

take the 4d gamma matrices in a basis

γ0,1,2 =

(
0 γ̂0,1,2

γ̂0,1,2 0

)
, γ3 =

(
12 0
0 −12

)
γ5 =

(
0 −i12

i12 0

)
.

(II.6.58)

where γ̂k are the 3d gamma matrices. In this basis γ0C4 is equal to the identity. Since

T̃4 commutes with the SO(4) chirality matrix, we can formally diagonalize C2 ⊗ T̃47 and

restrict to the subspace with eigenvalue equal to one. The eigenvalues of C2 and T̃4 are

±i if we work with a convention such that CT = C−1. In this basis the 10d Majorana

condition is just

λ∗ = λ, (II.6.59)

and the 10d spinor splits into four Majorana spinors

Ψ−
+, Ψ+

−, Ψ̃−
+̇
, Ψ̃+

−̇, (II.6.60)

where now the upper indices denote the sign of the eigenvalue of C2, and the lower index

labels the SU(2) × SU(2) basis where T4 is diagonal. Because the signs are always

opposite the upper indices are redundant and we will omit them. To reduce from 4d to

3d we simply split the four components into pairs of two-dimensional real spinors which

are eigenvectors of γψ = γ3;

Ψ± =

(
χ±
η±

)
, (II.6.61)

and similarly for the fields with negative SO(4)R chirality. The 10d chirality condition

allows us to replace the background SO(2) gauge field by a chirality transformation

Γ11λ = λ⇒
(
14 ⊗ σ3 ⊗ 14

)
λ =

(
γ5 ⊗ 12 ⊗ γ̃5

)
λ. (II.6.62)

7We say formally because this matrix is a map between complex conjugate representations.
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so we just need to split kinetic terms for the fermions according to their SO(4)R chirality.

The kinetic terms (for one of the SO(4)R chiralities) are then

= tr

[
iΨ̄ a

(
eµα̂ γ

α̂∇µ +
1

2
γ⋆
)
Ψa

]
= tr

[
iχ̄ a

(
eµα̂ γ̂

α̂∇µ +
1

2

)
χa + iη̄ a

(
eµα̂ γ̂

α̂∇µ +
1

2

)
ηa + iη̄a∂ψχa − iχ̄a∂ψηa

]
.

(II.6.63)

An important comment is that the barred spinors in the second line are defined in 3d,

χ̄ = χ†γ̂0, whereas the barred spinors in the first line are 4d spinors. Now can easily

perform the S1 reduction

χ(ψ) =
∑
ℓ

eiℓψχ(ℓ) (II.6.64)

and similarly for all the other modes. To simplify the mass terms we need to compute the

matrix elements of γ5⊗ σ±⊗ 1 in the Majorana basis. In the basis where σ3 is diagonal,

the eigenvectors of C2 ⊗ T4 are given by

1√
2
Ψ∓ ⊗

(
1
±i

)
= Ψ∓ ⊗ v±. (II.6.65)

Here we should be careful when taking the complex conjugate, since the basis vectors

themselves are complex but the coefficients of the spinors are real. After assembling the

vectors v± into a matrix V , the relevant matrix elements are

Ma
b = V †σ+V =

1

2

(
1 −i
−i −1

)
M † a

b = V †σ−V =
1

2

(
1 i
i −1

) (II.6.66)

All the terms are SO(2, 2) invariant so the mass terms are diagonal in the AdS3 spinor

space; the resulting mass matrix for the positive SO(4)R chirality modes is

(
χ̄a

η̄a

)(
ZM † b

a + Z†M b
a +

1
2
δba iℓδba

−iℓδba −ZM † ba − Z†M b
a +

1
2
δba

)(
χb
ηb

)
. (II.6.67)
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The eigenvalues are doubly degenerate and given by:

(
m+
f,±
)
ij
∈
{
1

2
+
√
ℓ2 + |Zij|2,−

(
−1

2
+
√
ℓ2 + |Zij|2

)}
. (II.6.68)

From this we can infer the eigenvalues for the remaining modes (negative SO(4)R chiral-

ity)

(
m−
f,±
)
ij
∈
{
−
(
1

2
+
√
ℓ2 + |Zij|2

)
,−1

2
+
√
ℓ2 + |Zij|2

}
. (II.6.69)

These fields correspond to defect operators with dimensions

∆̂f
± = 1 + |m+

f,±|. (II.6.70)

The boundary conditions for fermions are more subtle than those of the vector or scalar

fields since the Dirac equation is first order; for a detailed discussion see [3, 89, 9]. A Dirac

spinor in AdS3 restricts to a pair of chiral fermions on the boundary, with the chirality

matrix being the gamma matrix for the radial direction. These two chiral fermions are

canonically conjugate to each other, so one of the modes must have Dirichlet boundary

conditions, depending on the sign of the mass. The normalizable mode is the one with

a positive mass. To be more concrete let us take one of the fermion modes and call it ξ.

Near r = 0 the solutions to the Dirac equation have the following asymptotic form

ξ± ∼ A±(x)r
1∓m +B±r

2±m + . . . , (II.6.71)

so the boundary conditions on the fields depend on the sign of m. If m > 0, the first term

is dominant for ξ+ and we should fix A+ at the boundary. The Dirac equation implies

that A± is related to B∓ so that fixing A+ also fixes B−. If m < 0 we should fix A−.

The fermion bulk-to-bulk propagator can be expressed in terms of scalar propaga-

tors [102]

S(x, x′) =

√
r′

r

[
eµα̂ γ̂

α̂∇µ +
1

2
γ̂r +m

] [
G∆̂− 1

2
(x, x′)P− +G∆̂+ 1

2
(x, x′)P+

]
, (II.6.72)
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Figure II.1: An example of the leading-order diagrams for the two-point functions of
the single trace operators. Two vertices at the centers represent each of the single trace
operators, connected by a single edge corresponding to the scalar propagator. The black
dots represent the one-point functions ⟨ϕ⟩ for each Higgs scalar in the surface defect
background.

where P± = 1
2
(1± γ̂r).

II.7 Perturbative Two-point Function

Here, we perturbatively compute the two-point function of single trace operators to

compare it with the conformal block expansion in the generic surface defect background.

This will allow us to compute bulk-to-defect couplings of BPS operators at leading order

in the coupling. As the simplest case, let us consider the two-point function of the

half-BPS scalar single trace operators:

⟨O∆1(x1)O∆2(x2)⟩ =
〈
Y 1
I1
· · ·Y 1

I∆1
Tr
[
ϕI1 · · ·ϕI∆1

]
Y 2
J1
· · ·Y 2

J∆2
Tr
[
ϕJ1 · · ·ϕJ∆2

]〉
(II.7.1)

We are interested in the leading-order connected contribution, since self-contractions

only contribute to the one-point functions. A similar contribution is considered in for

example [117, 11] for the domain wall in N = 4 SYM. The Feynman diagram for the

leading connected contribution is obtained by contracting one of the scalars from each

operator as in fig. II.1 with the uncontracted ones giving the contributions of its one-point

function in the defect background. This leads to the leading-order contribution of
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⟨O∆1(X1)O∆2(X2)⟩

=
1

∆1∆2

∑
m,n

Y 1
I1
· · ·Y 1

I∆1
Y 2
J1
· · ·Y 2

J∆2

×
〈
ϕI1
〉
i∆1

i1

〈
ϕI2
〉
iii2
· · ·
〈
ϕIm−1

〉
im−2im−1

〈
ϕIm+1

〉
imim+1

· · ·
〈
ϕI∆1

〉
i∆1−1i∆1

×
〈
ϕJ1
〉
j∆2

j1

〈
ϕJ2
〉
jij2
· · ·
〈
ϕJn−1

〉
jn−2jn−1

〈
ϕJn+1

〉
jnjn+1

· · ·
〈
ϕJ∆2

〉
j∆2−1j∆2

×
〈
ϕImim−1im

(x1)ϕ
Jn
jn−1jn

(x2)
〉

(II.7.2)

where 1
∆1∆2

is the symmetry factor, and the i and j indices are in the fundamental of the

gauge group. For the nonsingular case, the VEVs
〈
ϕI
〉

take nonzero values in diagonal

matrices as (II.2.5) when I = 1, 2. Let us write the i-th diagonal element as M I
i . The

propagator
〈
ϕIϕJ

〉
is the Higgs scalar propagator in the defect background derived in

section II.6.

The important note for this leading-order contribution is that only the diagonal part

im−1 = im and jn−1 = jn contributes in the propagator, due to the fact that the one-

point functions are diagonal, making i1 = i2 = · · · = i∆1 and j1 = j2 = · · · = j∆1 for the

nonzero terms. Furthermore, the propagator
〈
ϕIijϕ

J
kl

〉
contains the factor δilδjk, which

restricts the nonzero terms to have all i’s to be the same as j’s. Thus, the two-point

function can be written as

⟨O∆1(X1)O∆2(X2)⟩1 =
∑
i

(Y 1 ◦M1
i )

∆1−1(Y 2 ◦M2
i )

∆2−1
∑
m,n

Y 1
ImY

2
Jn

〈
ϕImii (x1)ϕ

Jn
ii (x2)

〉
(II.7.3)

◦ denotes the dot product in the I = 1, 2 directions only. The scalar propagators of the

diagonal elements of ϕ’s are quite simple since the contributions to the effective masses

from Zii all vanish. The only remaining mass contributions are due to the KK momenta

in the ψ direction. Especially, the diagonal parts of the scalars ϕ1
ii and ϕ2

jj fully decouple

with each other and also from the gauge field fluctuations, and are no longer different

from the other scalars. The propagator can be thus written as
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〈
ϕImii (x1)ϕ

Jn
ii (x2)

〉
=
g2YM

4π

1

r1r2
δImJn

∑
ℓ

eiℓψG∆̂(x1, x2) (II.7.4)

where G∆̂(x1, x2) is the AdS3 propagator (II.6.31) with ∆̂ = 1 + |ℓ|. The sign of the

conformal weight ∆̂ is chosen so that it is positive to satisfy the unitarity for all ℓ. The

geodesic distance χ̃ is related to the cross-ratio χ as 2/χ = χ̃. This matches exactly with

the defect conformal symmetry part of the superconformal block by identifying ∆̂ as the

scaling dimension of the internal defect operators in the bulk-defect OPE.

The product between the polarization vector together with the factor δImJn from the

propagator gives the inner product between the polarizations of the two operators

Y 1
ImY

2
Jnδ

ImJn = (Y 1 ◦ Y 1)1/2(Y 2 ◦ Y 2)1/2
(
−χR

2
+ cosϕR

)
. (II.7.5)

Lastly, the factor (Y ◦Mi)
∆−1 can be expanded in terms of the cross-ratios and the

VEVs of the scalar fields as

(Y ◦Mi)
∆−1 =

1

2∆−1

(Y ◦ Y )(∆−1)/2

(P ◦ P )(∆−1)/2

(
(βi + iγi)e

iη + (βi − iγi)e−iη
)∆−1

=
1

2∆−1

(Y ◦ Y )(∆−1)/2

(P ◦ P )(∆−1)/2

∆−1∑
k=0

(
∆− 1

k

)
(βi + iγi)

∆−k−1(βi − iγi)kei(∆−2k−1)η

(II.7.6)

Overall, the two-point function in the leading order in terms of the cross ratios looks

like
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⟨O∆1(X1)O∆2(X2)⟩ =
g2YM

4π

1

2∆1+∆2

(Y 1 ◦ Y 1)∆1/2(Y 2 ◦ Y 2)∆2/2

(P 1 ◦ P 1)∆1/2(P 2 ◦ P 2)∆2/2

×
∆1−1∑
k1=0

∆2−1∑
k2=0

C(k1, k2)e
ik′1η1eik

′
2η2
(
−χR

2
+ cosϕR

)
×
∑
ℓ

eiℓψχ−(1+|ℓ|)
2F1

(
|ℓ|+ 1

2
,
|ℓ|
2

+ 1; |ℓ|+ 1;
4

χ2

)
(II.7.7)

where C(k1, k2) is a coefficient

C(k1, k2) =

(
∆1 − 1

k1

)(
∆2 − 1

k2

)∑
i

(βi + iγi)
∆1+∆2−k1−k2−2(βi − iγi)k1+k2 (II.7.8)

and k′i = ∆i − 2ki − 1. You can further rewrite it by using

cosϕRe
iℓψ = 1

2

(
ei(ℓ+1)ψ−iη + ei(ℓ−1)ψ+iη

)
with η = ψ − ϕR = η1 − η2 and shifting ℓ so

that the terms have the same central SO(2)t charge as

⟨O∆1(X1)O∆2(X2)⟩1

=
g2YM

4π

1

2∆1+∆2+1

(Y 1 ◦ Y 1)∆1/2(Y 2 ◦ Y 2)∆2/2

(P 1 ◦ P 1)∆1/2(P 2 ◦ P 2)∆2/2

×
∆1−1∑
k1=0

∆2−1∑
k2=0

∑
ℓ

C(k1, k2)e
ik′1η1+ik

′
2η2eiℓψ

×
(
− f̂R

[ 1
2
, 1
2
]
(χR)̂f|ℓ|+1(χ) + e−iη f̂R[0,0](χR)̂f|ℓ−1|+1(χ) + eiη f̂R[0,0](χR)̂f|ℓ+1|+1(χ)

)
(II.7.9)

=
(Y 1 ◦ Y 1)∆1/2(Y 2 ◦ Y 2)∆2/2

(P 1 ◦ P 1)∆1/2(P 2 ◦ P 2)∆2/2
×
∑
Ô

∑
ℓ

BO1,Ôℓ
(η1)BO2,Ôℓ

(η2)F̂Ŝℓ
(II.7.10)

Now, it is obvious how the terms can be packaged as superconformal blocks. For

a finite ℓ, the terms coincide with those appearing in the superconformal blocks corre-

sponding to the representation (II.4.22). The ℓ = 0 terms match with two copies of

the superconformal block in the representation (II.4.20). One can see that the rela-

tions between the prefactors satisfy the SCWI constraints. The states that appear in

the OPE expansion have degeneracy according to the breaking of the gauge symmetry.
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These states describe point-like open string starting and ending on each of the probe

D3-branes.

II.8 Discussion and future directions

In this chapter we studied correlation functions in the presence of supersymmetric surface

operators in N = 4 SYM. We used superconformal symmetry to constraint one- and

two-point correlation functions of chiral primaries, elaborating on the superconformal

block expansion of correlators and the superconformal Ward identities [119]. Unlike

supersymmetric defects of other codimensions, the residual superconformal algebra for

a generic surface defect is not enough to fully specify one- and two-point functions and

these necessarily become functions of the transverse angular direction and R-symmetry

polarizations. As a check, we quantized the theory around a generic defect by mapping to

a supersymmetric vacuum of N = 4 SYM on AdS3×S1. This language should be useful

for perturbative calculations since the symmetries of the system are manifest and many

techniques for AdS/CFT are applicable. We perturbatively computed the leading-order

two-point function of chiral primaries at weak coupling and found that it matches our

expansion in terms of superconformal blocks.

We also investigated the integrability of half-BPS surface defect operators finding

evidence against it for generic defects. This is somewhat expected, since all integrable

boundaries known correspond to branes wrapping maximal cycles at strong coupling. The

integrable surface defect found in [56] is identified with a class of rigid defects sitting at the

origin of the moduli space. This set-up is particularly interesting since its quantization

necessitates the introduction of additional modes in order to restore the scaling symmetry

of the theory. The integrability of the rigid defect system should open the possibility of

computing one-point functions of single trace operators at finite coupling.

We conclude with some future directions:
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• Two-point functions of chiral primaries and Lorentzian inversion formula: one in-

teresting direction independent of integrability is to apply analytic bootstrap tech-

niques to the GW defect. For instance, bulk three-point functions of chiral primaries

are protected as well as their defect one-point functions [48]. Can one use Lorentzian

inversion [118] to determine bulk-to-defect couplings using this data, and if so, what

are the exchanged states in the defect channel? What is the dominant exchange at

large transverse spin, or at large charge?

• Analytic bootstrap and cohomological sections: Our results are supplementary to

the analysis of [119]. Although we did not give a general solution to the super-

conformal Ward identities for generic multiplets, we believe that there are no clear

obstructions. This would be essential for adapting bootstrap techniques to the

Gukov-Witten dCFT. For instance, it should be expected that the crossing equa-

tions become algebraic equations in cohomological subsectors of the theory [18, 33].

This would allow to exploit results from supersymmetric localization to compute

more general protected correlators [48]. Another interesting direction would be

to study the coupling dependence for bulk-to-defect two-point functions of BPS

operators along the lines of [12]. The GW defect two-point function shares many

parallels with the bulk four-point function of chiral primaries since their symmetry

algebras are analytic continuations of one another. This suggests the possibility

that the bulk-to-defect two-point functions of BPS operators are analogous to bulk

three-point functions of half-BPS operators.

• Localization and big operators: Recently, it was shown that the one-point func-

tions of chiral primaries in the Gukov-Witten dCFT can be computed using su-

persymmetric localization [48]. This was used to prove that holographic one-point

functions of single-trace operators are finite polynomials in the coupling, with all

the contributions coming from tree diagrams at weak coupling. An interesting av-
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enue to explore would be to study correlation functions of determinant, or more

Schur polynomial, operators [51]. These correlators describe intersections of giant

graviton branes ending on the probe D3-branes. For these correlators non-planar

corrections are important and they encode nonperturbative information in N .

• Quantization of rigid defects and integrability: the quantization around the rigid

defect solutions remains an important problem. We expect that this can be carried

out by mapping to a AdS3 × S1 with a dilaton field. In that case we expect that

the conformal coupling of the fields to the background metric should be modified

accordingly to realize the underlying superconformal symmetry [64]. It would also

be important to perform checks at strong coupling in the rigid case, especially

along the lines of [93]. This work does not fully cover the rigid surface defects

discovered in [83]. Although the rigid operators we considered here in the SU(N)

gauge theory have the monodoromy whose conjugacy class is a limit of that of the

generic cases, the conjugacy classes of the rigid operators in the SO(N) and Sp(N)

gauge theories are strictly isolated from the generic ones and hence rigid. They

also found some examples of operators with the rigid conjugacy class with diagonal

classical profiles for the SO(N) and Sp(N) theories. The relation between the

integrability condition and the rigidity of the conjugacy class should be investigated.

The extension of our arguments about the integrability to the other semisimple Lie

groups is straightforward given the planar limit of these models is essentially the

same to that of the SU(N) theory but with additional projections [43]. One step

towards this would be to understand the parity projection beyond the SU(2) sector

and compare with the selection rules coming from the boundary state. It should

also be an interesting question whether this integrability can be discussed from

the 4d-2d viewpoint. This is because the SU(N) theory can also have a rigid

operator with a rigid conjugacy class, which for the SU(2) case for example, can be

constructed by taking a double cover of the target space of the 2d hypermultiplet
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corresponding to the rigid defect obtained by the α, β, γ → 0 limit [83]. In general,

such a cover can be taken when the partition of the embedding of su(2) to su(N) has

the greatest common divisor greater than one, and hence the fundamental group

of the nilpotent conjugacy class is nontrivial. This construction is unclear from the

solely bulk perspective with singular boundary conditions, so taking a cover or not

seems not to affect its integrability from our approach. This has to be validated

from the more obvious 4d-2d view point.

II.A Harmonic Superspace Formalism

The harmonic superspace formalism is utilized for studying various types of the super-

conformal field theories, for example in [59, 60, 120, 119]. The setup for the surface

defect configuration under our consideration is already provided in [119]. The spacetime

coordinates and the SO(6)R polarization can be packaged as a (2|2) matrix together with

the Grassmann odd coordinates as

XAȦ =

(
xαα̇ θαȧ

θ̄aα̇ yaȧ

)
. (II.A.1)

The uppercase indices run from 1, ..., 4, and the lowercase indices run from 1, 2. xαα̇ is

the ordinary four-dimensional coordinates in the spinor representation. yaȧ specifies the

polarization. The null vector Y I (I = 1, 2, ..., 6) characterizing the 1/2-BPS operators is

related to yaȧ as

Y I =

(
yµ,

1

2
(1− y2), i

2
(1 + y2)

)
, yaȧ = yµ(σµ)

aȧ, (II.A.2)

where σµ are the Pauli matrices. θ and θ̄ are the odd coordinates. The PSU(2, 2|4)

group elements act on the vector space of X =

A B

C D

 as
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g ◦X = (AX +B)(CX +D)−1. (II.A.3)

X can be split into the directions parallel to the surface and perpendicular to the

surface as X = XS +X⊥, where

XS = χS ⊗
(
1 0
0 0

)
+ χ̄S ⊗

(
0 0
0 1

)
, X⊥ = χ⊥ ⊗

(
0 1
0 0

)
+ χ̄⊥ ⊗

(
0 0
1 0

)
. (II.A.4)

The elements of the residual subgroup PSU(1, 1|2)2 ⋉ SO(2)t acts just as eq. (II.A.3)

with the elements

g =

(
A B
C D

)
=

(
a b
c d

)
⊗
(
1 0
0 0

)
+

(
ā b̄
c̄ d̄

)
⊗
(
0 0
0 1

)
. (II.A.5)

The lowercase variables (χ’s and the roman alphabets) are all (1|1) matrices, and the

superdeterminants of

a b

c d

 and

ā b̄

c̄ d̄

 are both unity. It is worth noting the specific

transformations of the superspace under this subgroup:

• Supertranslations (A = D = 1(2|2), B = diag(b, b̄), C = 0)

(χS, χ̄S, χ⊥, χ̄⊥) 7→ (χS + b, χ̄S + b̄, χ⊥, χ̄⊥) (II.A.6)

• Superrotations (A = diag(a, ā), D = diag(d, d̄), B = C = 0)

(χS, χ̄S, χ⊥, χ̄⊥) 7→ (aχSd
−1, āχ̄S d̄

−1, aχ⊥d̄
−1, āχ̄⊥d

−1) (II.A.7)

• Superspecial conformal transformations

– with c̄ = 0 (A = D = 1(2|2), C = diag(c, 0), B = 0)
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(χS, χ̄S, χ⊥, χ̄⊥)

7→ (χS(1 + cχS)
−1, χ̄S − χ̄⊥(1 + cχS)

−1cχ⊥, (1 + χSc)
−1χ⊥, χ̄⊥(1 + cχS)

−1)
(II.A.8)

– with c = 0 (A = D = 1(2|2), C = diag(0, c̄), B = 0)

(χS, χ̄S, χ⊥, χ̄⊥)

7→ (χS − χ⊥(1 + c̄χ̄S)
−1c̄χ̄⊥, χ̄S(1 + c̄χ̄S)

−1, χ⊥(1 + c̄χ̄S)
−1, (1 + χ̄S c̄)

−1χ̄⊥)
(II.A.9)

Notice that on the surface χ⊥ = χ̄⊥ = 0, the superspecial conformal transformations

do not mix χS and χ̄S.

II.B Calculation of conformal blocks

The bulk-defect OPEs decompose the bulk operators to the sum of the defect operators.

This can be seen from the radial quantization around some point on the defect and the

defect vacuum
∣∣∣Ω̂〉 is defined as a state on a sphere around the point [34]. The action

of some bulk operator in this case is deforming the sphere so that the operator goes

from its exterior to interior, or vice versa. The two-point function can be related to the

bulk-defect OPEs by inserting the resolution of the identity as

⟨O1O2⟩ =
〈
Ω̂
∣∣∣O1O2

∣∣∣Ω̂〉 =
∑
α̂

〈
Ω̂
∣∣∣O1

∣∣∣α̂〉 〈α̂∣∣∣O2

∣∣∣Ω̂〉 , (II.B.1)

where α̂ are the defect operators. Let Ĵi be a generator of the defect symmetry, then one

finds that each contribution in this conformal block expansion is an eigenfunction of the

Casimir operator of the symmetry:

Ĵ1iĴ
i
1 ⟨O1O2⟩ ⊃

〈
Ω̂
∣∣∣[Ĵi, [Ĵ i,O1]]

∣∣∣α̂〉 〈α̂∣∣∣O2

∣∣∣Ω̂〉 = Cα̂

〈
Ω̂
∣∣∣O1

∣∣∣α̂〉 〈α̂∣∣∣O2

∣∣∣Ω̂〉 , (II.B.2)
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where Ĵ1i is the symmetry generator acting on the first insertion point, Ĵi is the operator

corresponding to this generator, and Cα̂ is the value of the quadratic Casimir charac-

terizing the representation in which |α̂⟩ resides, given that |Ω̂⟩ is invariant under this

symmetry, i.e. Ĵi|Ω̂⟩ = 0.

This means that the defect conformal block f∆̂(χ)f
R
[n
2
,n
2
](χR)hj(ψ) must be an eigen-

function of the quadratic Casimir of the residual bosonic symmetry. The quadratic

Casimirs of each of SO(2, 2), SO(4)R, and SO(2)t are

L̂2 ≡ 1

2
J1ABJ

AB
1 , L̂2

R ≡
1

2
R1ABR

AB
1 , Ŝ2 ≡ (J112 +R112)

2 (II.B.3)

respectively, where JiMN are the generators of the SO(1, 5) Lorentz symmetry in the

embedded six-dimensional space

JiMN = PiM
∂

∂PN
i

− PiN
∂

∂PM
i

(II.B.4)

acting on the i-th insertion point, andRiMN are the generators of the SO(6)R R-symmetry

RiMN = YiM
∂

∂Y N
i

− YiN
∂

∂Y M
i

(II.B.5)

again acting on the i-th point. Each differential operator has a nontrivial dependence on

only one of the cross-ratios. So, the Casimir equations can be written separately for each

bosonic subgroup

(L̂2 + ∆̂(∆̂− 2))f∆̂(χ) = 0, (II.B.6)

(L̂2
R + n(n+ 2))fR[n

2
,n
2
](χR) = 0, (II.B.7)

(Ŝ2 + j2)hj(ψ) = 0. (II.B.8)

Refer to Sec. II.C.4 for the discussion on the dependence of the values of the Casimirs on

the quantum numbers. Note that all the Casimir operators act on only one of the two
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inserted points, let us say X1, as in (II.B.2).

The action of the Casimir of SO(2, 2) can be rewritten in the same manner in terms

of the cross-ratios as derived in [34]:

[
(4− χ2)

∂

∂χ2
− 3χ

∂

∂χ
+ ∆̂(∆̂− 2)

]
f∆̂(χ) = 0. (II.B.9)

Solving this equation, the eigenfunction for the conformal symmetry part is found to be

f∆̂(χ) = χ−∆̂
2F1

(
∆̂ + 1

2
,
∆̂

2
; ∆̂;

4

χ2

)
. (II.B.10)

The conformal block for the SO(4)R part can be obtained by replacing χ with χR and ∆̂

with −n. In this case, it is a polynomial for nonnegative integer n as expected:

f̂R[n
2
,n
2
](χR) = χnR2F1

(
−n+ 1

2
,−n

2
;n;

4

χ2
R

)
=

⌊n/2⌋∑
m=0

(−1)m
(
⌊n/2⌋
m

)
(n/2(+1/2))m

(n)m
42mχn−2m

R .

(II.B.11)

For the mixed SO(2)t part, the Casimir equation reduces to

[
(1− cos2 ψ)

∂2

∂ cosϕ2
+

− cosψ
∂

∂ cosψ
+ ĵ2

]
= hj(ψ) = 0 =⇒

[
∂2

∂ψ2
+ ĵ2

]
hj(ψ) = 0

(II.B.12)

The solution is8

hj(ψ) = eijψ (II.B.13)

We can perform a similar calculation to determine a general form of the η dependent

part, even though the full decomposition cannot be determined due to the lack of sym-
8e−ijψ is also a valid solution of this equation, but since the representations with j and −j should

always appear symmetrically, we choose to absorb this into the block with h−j(ψ).
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metry. This η dependence is due to the fact that the defect vacuum may have a nonzero

charge under the broken part of the SO(2) × SO(2)R rotations. The Casimir of this

broken SO(2) acting on the i-th insertion point is

Ŝ ′2
i = (Ji12 −Ri12)

2 (II.B.14)

From the two-dimensional theory point of view after dimensional reduction in the defect

directions, this corresponds to the boundary condition characterized by π1((R2 \ {0})×

(R2 \ {0}))/π1(R2 \ {0}) ≃ Z around the origin where the defect is inserted. Let us write

the defect state in the general form |Ω̂⟩ =
∑

ℓ cℓ|Ω̂ℓ⟩. Action of the Casimir operator on

the two-point function evaluated with this vacuum state gives

Ŝ ′2
i ⟨O1O2⟩ =

∑
ℓ,ℓ′

∑
α̂

cℓcℓ′
〈
Ω̂ℓ

∣∣∣[Ŝ ′, [Ŝ ′,O1]]
∣∣∣α̂〉 〈α̂∣∣∣O2

∣∣∣Ω̂ℓ′

〉
=
∑
ℓ,ℓ′

∑
α̂

cℓcℓ′(ℓ− ĵ′)2
〈
Ω̂ℓ

∣∣∣O1

∣∣∣α̂〉 〈α̂∣∣∣O2

∣∣∣Ω̂ℓ′

〉
(II.B.15)

given that Ŝ ′|Ω̂⟩ = ℓ|Ω̂⟩. ĵ′ is the charge of |α̂⟩ under this broken SO(2). The action of

Ŝ ′2
2 is in the similar manner. Ŝ ′2

i can be translated to the second derivative 4∂2/∂η2i . This

leads to that each contribution in the decomposition is ∝ Cℓ,+e
i(ℓ−ĵ′)ηi/2+Cℓ,−e

−i(ℓ−ĵ′)ηi/2.

Overall, one can obtain the general form for the part depending on η1, η2 for a specific

exchanged operator charged with ĵ′ under the broken SO(2)

B1,ρ̂(η1)B2,ρ̂(η2)C ρ̂

∆̂,n
(η) =

∑
ℓ,ℓ′

(cρ̂
∆̂,n,ℓ

ei(ℓ−ĵ
′)η1/2 + c̃ρ̂

∆̂,n,ℓ
e−i(ℓ−ĵ

′)η1/2)

× (cρ̂
∆̂,n,ℓ′

ei(ℓ
′−ĵ′)η2/2 + c̃ρ̂

∆̂,n,ℓ′
e−i(ℓ

′−ĵ′)η2/2) (II.B.16)
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II.C Representations of PSU(1, 1|2)2 ⋉ SO(2)t

Here, we study the classification of the representations of the residual symmetry

PSU(1, 1|2)2 ⋉ SO(2)t. We start by reviewing the classification of long and short mul-

tiplets of the complexified sl(2|2) following [165]. The unitary representations of sl(2|2)

have finite dimensions. Its extension to the unitary representations of sl(1, 1|2), which

are infinite dimensional, appearing in our discussion is fairly straightforward. A defect

symmetry representation is constructed by combining a pair of psl(1, 1|2) multiplets with

the same central charge under so(2)t. We study how it decomposes into representations

of the bosonic subalgebra so(2, 2) ⊕ so(4)R ⊕ so(2)t of the defect symmetry to find the

combinations of the quantum numbers appearing in the superconformal block decompo-

sition.

II.C.1 Finite-dimensional long representations of sl(2|2)

Let us first review the finite-dimensional long (non-BPS) representations of sl(2|2). In

this case, the behavior is the same for the massless and massive cases. The raising

fermionic generators Qα
a are in the representation [1

2
, 1
2
]9 of the bosonic subalgebra g0, so

are the lowering generators Sȧ
α̇. We label the long supermultiplet as {j1, j2} whose top

component has the g0 = sl(2)⊕ sl(2) representation [j1, j2]. The commutation relation

[(Li)
α
α̇, (Qi)

β
b}] = 2δβα̇(Qi)

α
b − δ

α
α̇(Qi)

β
b, [(Ri)

ȧ
a, (Qi)

β
b}] = −2δbȧ(Qi)

β
a + δaȧ(Qi)

β
b

(II.C.1)

means that the (Qi)
α
a operators maps the state |s1, s2⟩ labeled with the eigenvalues of the

Cartan generators in [j1, j2] to a linear combination of the states in other representations

labeled with
∣∣∣s1 + (−1)α−1

2
, s2 +

(−1)a

2

〉
. This suggests that four independent odd opera-

9We denote the Dynkin labels of g0 = sl(2)⊕ sl(2) with square brackets [·, ·], the long representations
of the whole superalgebra (p)sl(2|2) with curly brackets {·, ·}, and the short representations with angular
brackets ⟨·, ·⟩. We take the convention in which the labels j1, j2 of [j1, j2] can take values as either integer
or half-integer values, or spins. They are half of the Dynkin labels of g0.
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[j1, j2]

[j1 + 1
2
, j2 + 1

2
][j1 − 1

2
, j2 + 1

2
]

[j1 + 1
2
, j2 − 1

2
][j1 − 1

2
, j2 − 1

2
]

[j1, j2 + 1]

[j1 + 1, j2][j1 − 1, j2]

[j1, j2 − 1]

z1

z2z3

z4
1213

14

123

124

24, 1234

23234

34

134

Figure II.2: The decomposition structure of the long representation {m,n} of sl(2|2) to
the representations of the bosonic subalgebra g0 = sl(2) ⊕ sl(2). The boxed component
is the top component. The sequence of the numbers labeling the arrows denote which
odd operators are turned on, e.g. 234 means the action with z4z3z2.

tors zi, i = 1, 2, 3, 4 that map a g0 multiplet [j1, j2] to another multiplet [j1 ± 1
2
, j2 ± 1

2
],

respectively, can be constructed linearly from (Qi)
α
a together with bosonic operators.

The nilpotency of the supercharges tells us that all g0 multiplets are exhausted by acting

zn4
4 z

n3
3 z

n2
2 z

n1
1 (ni = 0, 1) on the top component of the supermultiplet {m,n}. The long

representation is thus composed of the finite web of the g0 representations as fig. II.2.

II.C.2 Finite-dimensional short representations of sl(2|2)

The shortening conditions of the supermultiplet with the top component [j1, j2] are [165]

C =

{
±2 (j1 − j2) (Type I)
±2 (j1 + j2 + 1) (Type II)

. (II.C.2)

If the first Type I condition C = 2 (j1 − j2) condition is satisfied with massive C ̸= 0,

then the action of z2 annihilates (see fig. II.3a). We call this short multiplet ⟨j1, j2⟩I+.

There are some special cases with small values of j1 or j2. For example, in ⟨0, j2⟩I+, only

the nonnegative Dynkin label representations remain, plus the action of z3z1 annihilates

the top component. Hence, the branching rule consists of three bosonic components as in

fig. II.4a. Similarly, ⟨j1, 0⟩I+ is as in fig. II.4b. The representations with j1 = 1
2

or j2 = 1
2

can be obtained by simply removing the [j1− 1, j2] or [j1, j2− 1] multiplet, respectively.
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(a)

[j1, j2]

[j1 + 1
2
, j2 + 1

2
][j1 − 1

2
, j2 + 1

2
]

[j1 + 1
2
, j2 − 1

2
]

[j1, j2 + 1]

[j1 + 1, j2]

1

23

1213

123

23

(b)

Figure II.3: The decomposition structure of the massive short representations ⟨j1, j2⟩I±
with (a) C = 2 (j1 − j2) and (b) C = −2 (j1 − j2).

The massive Type I representation with C = −2 (j1 − j2) has the multiplets anni-

hilated by z4 (fig. II.3b). We call it ⟨j1, j2⟩I−. In contrast to the ⟨0, j2⟩I+ and ⟨j1, 0⟩I+

multiplets, nothing special happens for the cases of j1 = 0 or j2 = 0 rather than missing

the multiplets with possibly negative labels.

For a massless C = 0 representation, both of the Type I conditions are satisfied

if j = j1 = j2. We call this ⟨j, j⟩I±. It suggests that both z2 and z4 annihilate the

components, and it is indeed the case (fig. II.5). This class of short representations

includes the one-dimensional trivial representation ⟨0, 0⟩I±.

The right-hand side of the Type II shortening conditions C = ±2 (j1 + j2 + 1) is

strictly nonzero for nonnegative j1 and j2, so it may be applicable only for massive

C ̸= 0 representations for finite representations. If the first condition C = 2 (j1 + j2 + 1)

is satisfied, the top component is annihilated by z1 (fig. II.6a). We call this multiplet
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[0, j2]

[ 1
2
, j2 − 1

2
]

[0, j2 − 1]

1

14

(a)

[j1, 0]

[j1 − 1
2
, 1
2
]

[j1 − 1, 0]

334

(b)

Figure II.4: Special cases of (a) ⟨j1, 0⟩I+ or (b) ⟨0, j2⟩I+ for the representations satisfying
the shortening condition C = 2 (j1 − j2).

[j, j]

[j − 1
2
, j + 1

2
]

[j + 1
2
, j − 1

2
]

1

3

13

Figure II.5: The multiplet structure of a massless representation ⟨j, j⟩I± with j = j1 = j2
satisfying both of the Type I conditions.

⟨j1, j2⟩II+. For the small values of j1 = 0, 1
2

or j2 = 0, 1
2
, the bosonic components with

possibly negative labels would disappear. Besides, for ⟨0, j2⟩II+, the action of z4z2 an-

nihilates the top component. The story for the representations satisfying the condition

C = −2 (j1 + j2 + 1) is very similar. The components are annihilated by the action of z3

(fig. II.6b), and we call this multiplet ⟨j1, j2⟩II−. The special behavior occurs as j2 = 0,

where the top component is also annihilated by z4z2 besides the ones generating the

negative label components.

II.C.3 Infinite-dimensional representations of sl(1, 1|2)

The supermultiplets appearing in our discussion of the bulk-defect OPE decomposition

are all infinite-dimensional given the well-known fact that the unitary representations

of the conformal symmetry appearing in the radial quantization of the 2d CFT are all

infinite-dimensional. In other words, the spacetime sl(1, 1) part of the bosonic subalgebra
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Figure II.6: The decomposition structure of the massive short representations ⟨j1, j2⟩II±
with (a) C = 2 (j1 + j2 + 1) and (b) C = −2 (j1 + j2 + 1).

g0 = sl(1, 1)⊕ sl(2) of psl(1, 1|2) always has infinite-dimensional unitary representations,

whereas the R-symmetry sl(2) part has finite-dimensional representations. The infinite-

dimensional sl(1, 1) representations we consider here are either highest-weight or lowest-

weight representations with integer or half-integer conformal weights. We call them V(h)

with h ̸= 0, which is a lowest-weight representation with the lowest weight h if h > 0 or

a highest-weight representation with the highest weight h if h < 0. We label the whole

g0 representation as [V(h), j2]. Recall that the labels j1, j2 of the finite representations of

sl(1, 1) correspond to their highest weights. This suggests that the shortening conditions

and the classification of the supermultiplets containing the infinite-dimensional highest-

weight representation V(−h) (h ∈ Z+/2) are simply obtained by replacing the label

j1 ∈ Z+/2 for the finite-dimensional cases with the negative integer −h. The behaviors of

the infinite-dimensional representations are symmetric between V(h) and V(−h). Hence,

the classification of the multiplets containing the lowest weight representations V(h) is

equivalent to that of V(−h).

We comment on some special situations appearing only for the infinite-dimensional

multiplets. The Type II conditions can be now satisfied even for the massless C = 0

multiplets. The top component is either [V(1), 0] or [V(−1), 0]. Both of the Type II

conditions are satisfied for this case. This means that the top component is annihilated
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[V(1), 0]
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), 1
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[V(−1
2
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Figure II.7: The decomposition structure of the massless infinite-dimensional short mul-
tiplets satisfying both of the Type II shortening conditions.

by both z1 and z3, and also z4z2 annihilates it since j2 = 0 (fig. II.7).

II.C.4 Bosonic algebra and Casimir invariants

The conformal symmetry algebra is isomorphic to the direct sum of the two copies of

sl(1, 1) generated by (Li)
α
α̇, namely

{h1, e1, f1} =
{
1

2
(D + iM34), P11̇, K22̇

}
, {h2, e2, f2} =

{
1

2
(D − iM34), P22̇, K11̇

}
(II.C.3)

in terms of the bulk psl(2, 2|4) generators. They follow the commutation relations of

[hi, ei] = ei, [hi, fi] = −fi, [ei, fi] = −2hi. (II.C.4)

Let us think of a lowest-weight representation. The lowest-weight state |h⟩ is the hi

eigenstate with the eigenvalue h and is annihilated by f = K. e = P raises the weight

by one. This means that the tensor product of the lowest states in the holomorphic and

antiholomorphic parts
∣∣h, h̄〉 ≡ |h⟩ ⊗ ∣∣h̄〉 corresponds to the primary state10 given that

it is annihilated by all the special conformal transformation generators. The conformal

weights of this state are (h, h̄), giving the dimension and the spin of the state to be

∆ = h + h̄ = D and s = h − h̄ = iM34. The quadratic Casimir of the representation

which |h⟩ belongs to can be found by acting the Casimir operator on the lowest-weight
10To be more precise, we should call it the quasi-primary state since we are arguing the global symmetry

of the 2d CFT.
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state. On the holomorphic side, the action is found to be

L2
i |h⟩ =

(
2h2i − eifi − fiei

)
|h⟩ =

(
2h2i − 2hi

)
|h⟩ = 2h(h− 1) |h⟩ . (II.C.5)

Adding it together with the andiholomorphic side, the Casimir for the whole conformal

symmetry is

(L2
1 + L2

2)
∣∣h, h̄〉 = (2h(h− 1) + 2h̄(h̄− 1)

) ∣∣h, h̄〉 = (∆(∆− 2) + s2)
∣∣h, h̄〉 . (II.C.6)

In the Euclidean signature, P †
µ = Kµ, in other words P †

11̇
= K22̇ and P †

22̇
= K11̇. This

restricts the value of h to be positive for the unitarity:

0 < | |h+ 1⟩ |2 = ⟨h|fiei|h⟩ = ⟨h|2hi|h⟩ = 2h. (II.C.7)

This means that the representations of the conformal symmetry are all infinite-dimensional

composed of V(h)⊗ V(h̄).

The story for the R-symmetry SO(4)R ≃ SU(2) × SU(2) representation is similar,

except that now e†i = −fi for the above commutation relations, and the lowest-weight m

is constrained to be negative. This means that the unitary representations are finite.
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Chapter III: Spin Chains from large-N

QCD at strong coupling

III.1 Introduction

The recent advances of quantum computing technology open a new avenue to perform

numerical simulations of quantum field theories (QFTs). These allow us to simulate, at

least in principle, the lattice theory in the Hamiltonian formalism and hence to circumvent

the sign problem in the conventional Monte-Carlo methods with Lorentzian actions for

simulating real-time dynamics.

In principle, if one could find the finite-dimensional Hilbert space containing the low-

energy modes of the field theory and write the effective Hamiltonian as an operator (i.e.

a spin operator for a digital quantum computer with qubits) in this finite Hilbert space,

then it should be expected that the observables in interest can be simulated on a digital

quantum computer [41]. Still, one has to rigorously check whether the original theory

and the effective Hamiltonian are in the same universality class. For gauge theories, the

Kogut-Susskind formulation of lattice gauge theory Hamiltonian [106] is a good starting

point. Even though the gauge field Hilbert space is infinite-dimensional in their formalism

as an ordinary bosonic field Hilbert space, several approaches have been proposed for

deforming it to finite-dimensional. Roughly speaking, one has two choices to regularize

the Hilbert space: (i) by introducing a cutoff to the electric flux by hand while effectively
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preserving the Lie algebra structure of the gauge symmetry, based for example on the

quantum link model [45, 36, 17, 36, 37, 38, 30] or the loop-string-hadron framework [145,

97], or (ii) by replacing the gauge symmetry with another that naturally leads to finite-

dimensional representations and has the original gauge group as some limit, such as

the discrete subgroup [166, 113] or the q-deformation [164, 85]. In either case, a full

simulation of a theory like QCD requires computational resources far beyond of what is

available on current devices, especially in dimensions higher than 1 + 1-D [98, 16, 152].

Soon after the discovery of asymptotic freedom of QCD [78, 142, 81, 79], Wilson beau-

tifully demonstrated that gauge theory in the strong coupling regime can be formulated

on lattice spacetime, and the Wilson loop expectation value follows the area law, which

indicates quark confinement [158]. One can interpret the flux tube in the strong coupling

regime as a string-like object with confined quarks at its endpoints, since its energy is

exactly proportional to its length as gYM → ∞. This can be understood in the lattice

formulation provided that the flux tube is the gluon excitation on a path connecting

the quarks [106]. The confining string description becomes even clearer in the large N

limit [1], where the nonplanar interactions of the confining strings are suppressed, corre-

sponding to the genus expansion of string theory. Of course, the Lagrangian description

of this confining string needs a modification from the pure Nambu-Goto worldsheet action

due to its conformal anomaly since it propagates in spacetime with noncritical (4 ̸= 26)

dimensions. There have been several proposals for modifications of the confining string

action such as [141, 63].

Based on this confining string approach for QCD, we propose a potential alterna-

tive approach to use quantum computers for lattice gauge theory by working in the

Hamiltonian formalism of the strong coupling expansion. The framework restricts the

lattice SU(N) Yang-Mills theory in the large N limit to the sector with a Wilson line

or a confining string, where the relevant part of the Kogut-Susskind Hamiltonian action

ends up being reduced to a 1 + 1-D spin chain Hamiltonian action for the coinfining
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string. Note that the limit taken there is not the ’t Hooft limit but a double scaling

limit λ,N →∞ with λ≫ N so that the strong coupling expansion makes sense. In this

limit, the magnetic terms of the plaquette action are turned off at zeroth order. Instead,

one diagonalizes the electric (kinetic) terms first and proceeds from there by utilizing the

magnetic terms as a small perturbation.

In this limit, the Hilbert space near the vacuum is described as a non-interacting

gas of strings, and the leading order corrections to the one string states close in the

one string sector. The string states can be described as words of letters instructing the

directions of the link excitations as one moves along the string. This is similar in spirit

to the spin chains arising from N = 4 SYM [32], but here the words actually indicate

displacements on the lattice directions by the operator matrices. The plaquette actions on

these states become manipulations of the letters making a word. Translating the letters

to spin states, it provides a systematic construction of spin chains corresponding to the

perturbation corrections from strong-coupling to the confining string states, generalizing

the idea of formulating the perturbation analysis as a free fermion theory in [105]. The

spin chains in certain subsectors were found to be integrable, while those in more general

settings–including higher-order corrections, higher spacetime dimensions, or more general

sectors–are expected to lose integrability. Part of the intention of this chapter is to address

instances on where integrability is lost. In our previous work we showed that integrability

would arise to leading order perturbation theory in all dimensions, so long as the zig-

zag symmetry constraints were ignored. In that sense, these spin chains are closed to

being integrable. Here, we explicitly write the effects of the zig-zag constraints. These

require additional projectors in the spin chain to forbid states that are not allowed by

the constraints. These projectors change the leading order nearest neighbor interaction

to an interaction that includes four neighboring sites instead. We show that these can

destroy the integrability of the spin chain, but many subsectors are still integrable.

Notice that because we obtain spin chains where the Hamiltonian is local on the spin
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chain, they are suitable for quantum simulation with current devices. Remarkably, in

the 2 + 1-D spacetime, the spin chain Hamiltonian is found to be integrable within a

larger set of subsectors than what one would have initially thought. Because of that

some exact calculations are accessible at leading order in the perturbation of a large class

of interesting states.

The philosophy of this idea is somewhat similar to the recent effort on quantum

simulation of quantum gravity using matrix models [148]. The matrix models are well-

defined quantum mechanical models, so they can be simulated on quantum computers

in a straightforward way, even though the full simulation of quantum gravity itself is not

feasible with our current understanding of quantum gravity.

We must accept some tradeoffs for the lower computational cost we are achieving.

For a simulation of individual confining strings, it would not allow us to access QCD in

the regime where it would be closest to nature: a strong coupling relativistic theory (the

continuum limit of the lattice system). In particular, the deconfined phase would be be-

yond reach. The situation is similar for the case of matrix models. For example the BFSS

model is conjectured to be dual to M-theory in asymptotically flat backgrounds [14]–it

is not expected to grasp the whole eleven-dimensional quantum gravity theory especially

in the strong-coupling regime where the nonperturbative effects involving saddle-point

contributions from other possible eleven-dimensional geometries are non-negligible.

It is worth to note some recent advancements in quantum algorithms for lattice gauge

theory taking advantage of the large N expansion. Ciavarella and Bauer [49] constructed

a Hilbert space of gauge invariant states by acting with single plaquette operators on

a vacuum state. The leading contributions in large N in the contractible loop sector

comes only from states with isolated single plaquette excitations, and hence the state on

each plaquette can be described with the discrete amount of color flux around it. With

a truncation of the color flux, each plaquette can be mapped to a qubit. In [50], they

demonstrated that the efficient quantum algorithm can also be constructed to subleading
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order in their formulation. Their work [49] complements our approach in the sense that

their framework can efficiently describe the states with contractable closed loops, while

ours is more suitable for the Hilbert space of open strings with fixed quark caps and that

of Polyakov loops. The open string Hilbert space is separated from the contractable loop

Hilbert space as long as quarks have large enough mass, and the Polyakov loop space

is separated more strictly due to distinct topological numbers. See also [133] for other

attempts to exploit large N for lattice, in that case with fermions.

In this chapter, we propose a framework that translates the dynamics of open confining

strings to simple manipulations of a "word" of "letters" and justify the framework. We

explore generalizations with the eventual goal of studying generic confining strings in

3+1-D (large N) QCD. The integrability structure of the spin chains describing the first-

order perturbation in certain subsectors allows us to analytically calculate the physical

quantities of the string, some of which we can use to check if this framework gives a path

towards the correct extrapolation to the continuum limit.

This chapter is based on the results reported in [28, 29] and is organized as follows. In

section III.2, we review the setting for our framework as the strong-coupling expansion

of the Kogut-Susskind Hamiltonian. Regarding the magnetic or plaquette terms of the

Hamiltonian as perturbation, our framework reduces to a diagrammatic expansion, and

its further reduction to the representation as words is justified. Section III.3 derive

the integrable spin chains for first-order corrections and discusses the integrability of

some simple subsectors and the non-integrability of the more general four letter sector.

In section III.4, we show the evidence of the validity of this framework by extrapolating

the roughening transition point from our perturbation theory calculation, including some

subleading corrections. We calculate them in two different string sectors that are expected

to coincide in the continuum and demonstrate that they do indeed. Section III.5 briefly

discusses the extension to higher dimensions. An example of an integrable spin chain for

strings in the 3+1-D spacetime is shown. We also propose another representation of the

113



string words in section III.6, which does not need an explicit projection for the zigzag

constraints and hence may be more suitable for some quantum computing applications.

We conclude this chapter in section III.7 with a discussion of our results and future

directions.

III.2 Setup

The Hamiltonian formalism of the lattice pure gauge theory with the SU(N) gauge group

and coupling g can be realized with the Kogut-Susskind Hamiltonian [106]

HKS = HE +HB =
λ

2N

∑
ℓ

E2
ℓ −

N

2λ

∑
P

Tr
[
UP + U †

P

]
. (III.2.1)

We omitted the overall dimensionful factor 1/a. The first (kinetic) term HE is a sum over

all the lattice links (we call them the electric fields), and the second (potential) term HB

is the sum over all the single plaquettes in the spatial lattice (the magnetic terms). Each

Ea
ℓ (a = 1, 2, ..., deg(SU(N)) = N2− 1) generates the SU(N) group defined on each link

ℓ and is in the fundamental representation, and E2
ℓ ≡

∑
aE

a
ℓE

a
ℓ denotes the quadratic

Casimir of SU(N). The couplings are written so that λ = g2N is the ’t Hooft coupling.

The factor N/λ of the magnetic term has the standard N dependence associated to large

N . The kinetic term arises from a Legendre transform of the Kogut-Susskind Lagrangian,

which inverts both λ and N . The notion of the electric field is given by E ≃ U−1U̇ which

acts as a canonical conjugate of U and is actually Lie algebra valued. There are actually

two possibilities for E defined by the left action of the Lie algebra or the right action.

These are related to each other by conjugation by U . We choose the left action, so that U

is in a fundamental of the left action and U † is in the antifundamental. The right handed

Ẽ = UEU−1 is written simply and is useful. Under Ẽ, U is in the antifundamental. We

get the same answer as if we are reversing the notion of U,U † = U−1. In order to pick

one such choice, we need to add an orientation to each link, which determines in which
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direction U acts as a matrix.

The quantity UP is the product of the link operators Uℓ taken along the single pla-

quette P , with Uℓ in the fundamental, so that the orientations are anticyclically ordered.

The complex conjugate U †
P multiplies in the opposite orientation. The upper-case trace

(Tr for the second term) is over the fundamental indices to denote that the plaquettes

are closed loops, and hence the products have cyclic properties.

The operators defining the Hamiltonian satisfy the following commutation relations :

[Ea
ℓ , E

b
ℓ′ ] = ifabcEc

ℓδℓℓ′ , [E
a
ℓ , Uℓ′ ] = T aUℓδℓℓ′ , [E

a
ℓ , U

†
ℓ′ ] = −U

†
ℓT

aδℓℓ′ , (III.2.2)

with the structure constants fabc of SU(N) and the SU(N) generators T a in the funda-

mental normalized as Tr
(
T aT b

)
= δab. Also, all U matrix elements commute with each

other at each link and between all links.

The coupling constant λ = g2N is the ’t Hooft coupling. In the strong-coupling limit

λ≫ 1, the first term dominates and the second term can be regarded as a perturbation

with the perturbation parameter −N/2λ. The parameter −N/2λ is kept small even after

we take the large N limit. It is contrary to the ’t Hooft limit where one takes large N

while keeping λ constant, so the second term dominates. The non-perturbed eigenbasis,

i.e. the eigenbasis of the first term has the following property. Since the electric fields

commute between different links, each E2
ℓ commutes with the Hamiltonian and all the

individual terms in the sum over the links can be diagonalized simultaneously. To each

link we associate a representation of the gauge group G and the kinetic term is just the

quadratic Cassirmir of said representation. The Hilbert space is generated as a vector

space by polynomials of the components of U and U−1, with the 1 function on G acting

as the ground state, which has a vanishing Casimir. This ground state |Ω⟩ at each link

has no energy. If the representation R is of dimension dimR, the degeneracy of such a

basis is actually dimR2, as the Peter-Weil theorem states that L2(G) ≃ ⊕RR⊗R̄. This is
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a naive basis where we have not imposed gauge invariance. Since the local Hilbert space

is generated by the U , gauge invariance is implemented at each corner by contracting U

consecutively by matrix multiplication (being mindful of the orientations of the links).

In that sense, gluon excitations are generated by acting with link operators U on it.

Each Uℓ associated with the link ℓ adds a segment starting on one vertex of the

link and ending on the other that is dictated by the gauge quantum numbers (and our

chosen orientation). For example, U †
ℓ adds a link excitation on ℓ with the flux in the

opposite direction of Uℓ, and the unitarity UℓU †
ℓ′ = δℓℓ′ indicates that these links cancel

each other when we multiply them like a matrix. These links must form closed directed

paths for gauge invariance. After all the gauge transformations act on each corner by

being embedded diagonally on the left group actions of G at each link (provided all the

orientations are outgoing). We also consider heavy quarks that allow open strings with

fixed endpoints at the location of the quarks. Our analysis is in the bulk of the string, but

these endpoints are convenient artifacts, so as not to have to deal with the cyclic property

of the trace and zero modes. It also allows certain subsectors to be easily identified.

A string is therefore a directed path from one heavy quark to an anti-quark. A path

can cross itself. The large N limit guarantees that these possible interconnections do not

generate additional energetic contributions, except at subleading orders in 1/N , which

we ignore. The reason for this is that the quadratic Casimir of a representation of G with

k boxes at leading order is proportional to kN . This also applies if we consider situations

with a few boxes and a few antiboxes [80].

The non-perturbed energy eigenvalue of such a string state excited along the directed

path Γ, |Γ⟩ ≡ P
∏

ℓ∈Γ Uℓ |Ω⟩ (P indicates the path-ordered product), can be calculated

as

K |Γ⟩ = λ

2N

∑
ℓ∈Γ

∑
a

T aT a
∏
ℓ∈Γ

Uℓ |Ω⟩ =
N2 − 1

2N2
λL |Γ⟩ , (III.2.3)
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where L is the length of the path Γ in the lattice scale unit, and we used the requirement

Ea
ℓ |Ω⟩ = 0 ∀ℓ to have the zero ground state energy. The value of the Casimir

∑
a T

aT a =

CF I = N2−1
N

I is determined so that it gives the proper normalization Tr
(
T aT b

)
= δab in

the fundamental representation. Since we are interested in the large N limit, the string

energy can be further found to be λL/2 where L is the total length of the path. It is

proportional to its length L, and the string tension is identified as σ = λ/2. Hence, the

theory admits confinement with the string tension σ = λ/2 in the strong-coupling limit.

Since there are many paths between the beginning and the endpoint that can have the

same length, the problem of perturbation theory is a degenerate problem. For each fixed

length, we need to compute the matrix elements of the perturbation in the basis of paths.

To compute the matrix elements of the perturbation on this basis, one needs to

consider the actions of the single plaquette operators on these string states and compute

their overlaps with other string states. There are three types of actions as discussed

in [106] (also see fig. III.1):

• type A: the plaquette does not share any link with the string.

• type B: it shares some link(s), which have the same flux direction as the string flux.

• type C: the shared link(s) have opposite directions.

The details of how to compute overlaps of these deformed string states are described in

the next section (section III.2.1). Most of the type A deformations do not overlap with

the open string states and hence do not lead to nontrivial perturbative correction; they

are identical to the corrections to the vacuum state. There is a special case of the type A

action which nontrivially contributes to corrections higher than the first order. It is when

the plaquette and the string excitation share one or more vertices. Then the state after

the plaquette action has an overlap with a single string state with extra energy for an

attached loop at the corner (fig. III.2). We call this type of deformation type A′. The

overlap is in the order of O(1/N c), where c is the number of connected corners.
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(a) Type A (b) Type B (c) Type C

Figure III.1: Possible actions of a single plaquette operator on a string state. The cost
to attach a plaquette to a string that is already there is 1/N (1/N is proportional to the
string coupling constant in the ’t Hooft counting), but the plaquette is accompanied by
N/λ so the factors of N cancel.

The type B deformed state has an overlap in order of O(1/N s) with a nontrivial string

state (namely, a string with s self-intersections on the shared links) that has higher energy

than the original string and hence it starts contributing once the second- or higher-order

perturbations are considered.

Therefore, we can focus solely on the type C case for the first-order perturbations.

For the type C case, the integral over a single link with opposite flux
∫
dU U i

jU
†k
ℓ ∝

1
N
δiℓδ

k
j indicates that the excitation on the shared link(s) cancels, and hence the plaquette

deforms the string with the extra factor 1/N . The integral arises from an overlap calcu-

lation between the states at the individual link. After all, this is how we write the inner

product in L2(G) of the corresponding link in the position basis. The cancellation allows

the deformed string to possibly have the same energy as the original string, so it may

contribute to the first-order degenerate perturbations. This extra 1/N factor cancels the

usual N factor in HB. Therefore, it results in a finite contribution to the energy. The

large-N limit also ensures the locality of the effective theory on the string, similar to how

it works in the N = 4 SYM spin chain [32] (that is, we ignore self-intersections of the

string with itself when discussing corrections: these would be non-local on the string,

and they are suppressed by extra factors of 1/N).

We label a string state by the path it takes. The string is a word with instructions on
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(a)

(b)

Figure III.2: Examples of the type A’ deformations where a string shares a corner with
the plaquette (figure (a)) and gives a nontrivial overlap with another single string state
such as states in (b). These contributions are subleading in 1/N due to the change of
topology.

what the next step is: up (u), down (d), left (l), right (r), etc. Each of these is treated

as a letter of the alphabet of paths. An action of the plaquette changes the shape of the

path. The UU † = 1 constraint is implemented by stating that a path cannot double back

on itself immediately. That is, combinations such as . . . ud . . . , or . . . lr . . . are forbidden.

This is also called zigzag symmetry and is related to the reparametrization invariance on

the worldsheet [143]. A way to think about this is that in this case (the string in 2 + 1

dimensions), if at some point a letter is u, then after it there are only three possibilities

u, l, r, so the number of states at length L is 4×3L−1, as the first letter leaving the quark

is unconstrained. If we insist on using the 4 letters, the Hilbert space is the set of words

with ud, du, lr and rl combinations forbidden: we can write a projection operator π that

projects onto the allowed space of letters at each link. It acts by π(lr) = 0, etc, on the

forbidden combinations but π(dl) = dl and similar for the allowed configurations. Since

these are orthogonal to each other π is self-adjoint.
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III.2.1 Norms and overlaps of the string states

The calculations of the overlaps between states with stringy excitations are achieved by

path-integrating the link variables over the gauge group manifold in the general form of∫
(
∏

ℓ dUℓ) f({Uℓ}). Such integrals over the paths can be packaged into diagrammatical

computations in our Hamiltonian formalism with some rules. Here, we list the diagram-

matical rules for computing overlaps between stringy states and use them to demonstrate

that the first-order corrections to single strings are indeed closed in large N , and hence

their representations as words are valid.

The rules we must apply include the requirement of specifying the directions of the

graph edges, the proper normalization of the nonperturbed vacuum states, contractions

due to the zigzag (or unitarity) constraints, and the normalization of the trace over the

fundamental indices.

1. Directed edges: whether a link excitation corresponds to the operator U or U †

is specified with a directed edge, with the endpoints specified with its fundamental

indices. On the same link, U and U † have opposite directions.

2. Vacuum normalization: the nonperturbed vacuum state is properly normalized:

⟨Ω|Ω⟩ = 1. This is also automatically true on any link without lines going through

it.

3. Contractions: for the edges on the same link, from the group integral computa-

tion, the following contraction occurs due to the unitarity of the link operators:

UijU
†
kl = =

1

N
×
( )

=
1

N
δilδjk. (III.2.4)

By contracting the j and k indices, we obtain the unitarity constraint:
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UijU
†
jk = = = δik. (III.2.5)

Contractions involving higher power of the U,U † operators can also be computed

using the group integrals. Our discussion will only involve the second-power:

UijU
†
klUmnU

†
pq = =

1

N2 − 1

(
+ +O

(
1

N

))
∼ 1

N2
(δilδjkδmqδnp + δiqδjpδlmδkn), (III.2.6)

where ∼ means the contribution in the large N limit.

4. Fundamental trace: a zero-length closed loop, corresponding to Tr(I), con-

tributes by a factor of N .

First, notice that these requirements guarantee that all of the nonperturbed eigenstates

are normalized properly. For example, let us compute the norm of a single open string

state diagrammatically. The ket and bra states correspond to a path going forward and

backward, respectively, and they connect with each other at one of the endpoints once

we take the inner product. The folded string fully contracts and ends up with an identity

operator:

⟨Γ|Γ⟩ = ⟨Ω| |Ω⟩ = ⟨Ω| |Ω⟩ = · · · = ⟨Ω| |Ω⟩ = ⟨Ω|Ω⟩ = 1 (III.2.7)

For the other open string states, we can apply a similar backtracking argument. The

other nontrivial cases are the states containing closed-loop excitations. Let us confirm

that these states also are normalized as well by considering a single loop as an example:
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⟨C|C⟩ = ⟨Ω| |Ω⟩ = 1

N6
× ⟨Ω| |Ω⟩ = 1 (III.2.8)

Notice that closed loops have the same number of vertices and edges, so the 1/N fac-

tors from the edge contractions are canceled exactly with the zero-length closed loops

remaining at the vertices following rule 4.

We can easily show the orthogonality of the states with excitations on different edges.

In general, the nonperturbed vacuum expectation values of gluon link excitations on a

path not contractable by rule 3 to zero length are required to be zero. This can be easily

proven by picking one of the remaining gluon operators Uℓ after all possible contractions

and inserting the EaEa operator acting on the link ℓ, which automatically gives zero

acting on the vacuum state:

0 = ⟨Ω|· · ·Uℓ · · ·Ea
ℓE

a
ℓ |Ω⟩ = ⟨Ω|T aT a · · ·Uℓ · · ·|Ω⟩ =

N2 − 1

N
⟨Ω|· · ·Uℓ · · ·|Ω⟩ (III.2.9)

for the single Uℓ case (i.e. other U operators are acting on different links). A similar but

more involved arguments apply to prove this statement for the states involving higher

powers of Uℓ.

The remaining nontrivial overlaps are the ones between two string states with the

gluon excitations on the exactly same links but with different connectivity. These overlaps

are all subleading in 1/N , since the processes of changing the connectivity from one to

another are nonplanar. Specifically, each crossing or overlapping graph can be exchanged

to the other with a factor of 1/N :

(III.2.10)

and hence the inner products scale as ∼ 1/N s where s ∈ Z≥0 is the number of different
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(a) (b)

Figure III.3: An example of string configurations with excitations on the same links but
with different connectivity.

crossings/overlaps as eq. (III.2.10). Let us diagrammatically calculate an example overlap

between an open string with an attached twist (fig. III.3a), which can be represented as

a single word, and a string with a separate loop (fig. III.3b), which cannot be represented

as only one word. They have the same excited links, but different connectivity only

around the twist or the loop. The overlap of these two states is at the next leading order

of 1/N :

⟨ | ⟩ = ⟨Ω| |Ω⟩

=
1

N2 − 1
⟨Ω|

(
+

)
|Ω⟩

∼ 2

N
, (III.2.11)

where the second equation is obtained by the contraction of UU †UU † (eq. (III.2.6)).

The combinatorial factor of two appears due to the two ways of contraction contributing

by an equal amount. For the first-order corrections in the large N limit, we can ignore

these overlaps between states with different topologies, which means that the first-order

corrections are closed in the sector of single string states with equal length. Therefore,

it is justified to represent the single strings as words of letters specifying the directions

and to reduce the plaquette actions as manipulations of the letters. On the other hand,

since we take the double scaling limit λ ≫ N ≫ 1, these nonplanar contributions may

contribute at higher-orders in perturbation theory. Note that the discussion in this

section is fully spacetime dimension independent, even though we carried out the above
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Figure III.4: One example of the type C deformations by a single plaquette action (red
in the left figure) generating another degenerate state. Notice that the deformed string
has exactly the same string length as the original state. This plaquette action exchanges
the u and r letters next to each other.

example calculations in 2 + 1-D. For the general case, we just have more letters (two for

each spacetime direction and a similar restriction on consecutive letters).

III.3 First-order corrections

Here, we propose the framework for describing the confining string dynamics for various

closed sectors with quantum spin chains and discuss their integrability. We also introduce

the concept of “knottiness", which is a conserved quantity in a string sector in 2+1 dimen-

sions due to the zigzag constraint. As discussed in Sec. III.2, only type C deformations

in fig. III.1c give contributions to the first-order corrections, and they can be described

as manipulations of letters as one describes the single string states as words of letters.

The letters can be considered as quantum spin states, and the letter manipulations as

the actions of spin operators. The general string states in 2 + 1-D are described with

words containing four letters: u, d, l, r. The type C deformations act as the exchange

of nearby u, d ↔ l, r and similar. That is, there needs to be a hook at the location of

the plaquette, so that two links are destroyed and two other links are created (fig. III.4).

These must be going in perpendicular directions.

The extra factor 1/N due to the deformation cancels N in the numerator of the

coupling factor of HB, namely −N/2λ. The first-order corrections are closed under such

degenerate type C deformations within the sectors of the fixed number of each letter.

That is, the effective spin operator preserves the number of u, d, l, r independently of

each other.
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The first-order corrections are obtained by diagonalizing the matrix with the elements

of ⟨Γi|ΠH̃BΠ|Γj⟩, where |Γi⟩ are the single string states, and Π is the projection operator

prohibiting u and d or r and l to be next to each other. This needs only be applied to

the final state if the initial state is already allowed by the projector. H̃B is the sum of

the letter manipulations on a word as

H̃B =
∑
ℓ

h̃ℓ

= − 1

2λ

∑
ℓ

(u or d at ℓ↔ r or l at (ℓ+ 1)) + (r or l at ℓ↔ u or d at (ℓ+ 1)),

(III.3.1)

where ℓ runs through every letter position of the word specifying the string configuration.

A similar way to write this is

H̃B =
∑
ℓ

|ur⟩ ⟨ru|+ |dr⟩ ⟨rd|+ |ul⟩ ⟨lu|+ |dl⟩ ⟨ld|+ c.c. (III.3.2)

And now we need to introduce the projector onto allowed states where Π =
∏

ℓ πℓ.

The full first-order perturbation operator is ΠH̃BΠ, which has a local description

ΠH̃BΠ =
∑
ℓ

(πℓ−1 ⊗ πℓ+1)h̃ℓ(πℓ−1 ⊗ πℓ+1), (III.3.3)

and if the initial states are eigenstates of Π |Γ⟩ = |Γ⟩, then the rightmost Π can be

ignored.

Basically, here the πℓ operator projects out the state if its local configuration at

(ℓ − 1, ℓ) or (ℓ + 1, ℓ + 2) has suddenly become forbidden u and d or r and l next to

each other. This means that the projected operator ΠH̃BΠ consists of local operators

acting on four neighboring sites, rather than two, but the basic operator H̃B is only a

nearest neighbor process. Indeed, if we ignore the Π altogether, which means we ignore

the zigzag constraints, the nearest neighbor Hamiltonian described exactly by H̃B is
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integrable. What this means is that the most important part of the analysis to test

integrability or lack thereof needs to take the constraints imposed by Π, or equivalently

the different π seriously.

We start our discussion with some simple sectors: the sectors of the configurations

containing only two letters, namely u and r, and the sectors with only three letters, say

u, d, r. We shall demonstrate that these two kinds of closed subsectors are integrable

by translating this operator into spin chains only with nearest-neighbor interactions,

whereas the general four-letter configuration sectors cannot. Specifying the two-letter or

three-letter sector with the number of each letter corresponds to specifying the fixed end

points or heavy nondynamical quarks. As the theory goes to continuum by having the

lattice spacing a → 0, the rotational symmetry must be recovered, and hence the low

energy spectra of these two configurations must coincide. Once we promote the Yang-

Mills action to QCD by turning on the fermion dynamics, the end points would be no

longer fixed and these sectors would start mixing. We will leave this to future work.

Even just pure glue with heavy quark endpoints is interesting on its own.

Let us comment on the projection by Π. The projection prohibits changing the order-

ings of u, d with each other and l, r with each other. We call these protected orderings the

“knottiness". In a word with 4 × 3L−1 states these would give 2L superselection sectors

that cannot mix with each other. A similar result would occur in higher dimensions. For

the 2 + 1-D string there are additional conservation laws, which we will call “secondary

knottiness" and we will explain it when we consider the full problem with four letters.

Additionally, the U(N) orientations leads to a protection of the orientation of the

string: it distinguishes strings going from quark one to quark two from the opposite

direction. The orientation can be evaluated as follows (see also fig. III.5 for an example).

We choose some substring of the word containing all four kinds of letters but with the

minimum length. This minimal substring contains a pair of two perpendicular letters on

the left and right ends, and the bulk is filled with the arbitrary length of the other two
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(a) (b)

Figure III.5: An example of evaluating the local orientation of the string. (a) Let us
focus on the substring rrrrurddrrddlldd (depicted in red). It is bounded by u and l.
(b) Exchanging the positions of the bulk letters r and d, the substring is now urrrddddl.
The orientation is determined to be clockwise from this procedure.

(a) (b)

Figure III.6: An example of two string states excited on the same edges but with different
local orientations. The zigzag constraint prohibits any Type C deformations to deform
one to the other, and their overlaps are 1/N -suppressed due to the different connectivity.
These differ by what we termed secondary knottiness.

letters. One can act with Type C deformations to exchange the positions of the bulk

letters, so that the same kind of letters are localized together. Now, the four kinds of

the letters are ordered either (i) clockwise, i.e. “urdl" or its cyclic permutations, or (ii)

counter-clockwise, i.e. “uldr" or its cyclic permutations. These two orientations cannot

be reached from one to the other for any subset of the word containing four kinds of

letters by any degenerate action of plaquette operators. It would require an exchange of

either u↔ d or r ↔ l. Moreover, although it is possible to consider string excitations on

the same edges with different local orientations, their overlaps are suppressed by at least

1/N (fig. III.6)
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The way to describe what configurations are related to each other is that we need

to keep track of zigs and zags (horizontal and vertical changes of directions). Call these

h, v. A combination urd would count as an h as there is a vertical orientation shift, but

uru would not. Similarly rul would count as v, but not rur. The pattern of hv is also

assembled into an ordered string as we move along the flux tube. This pattern of hv words

cannot be modified either by the plaquette actions. Basically, it would need to change

urdl to the opposite order of hv, ruld, but such a move is not allowed. What this means

is that although three letter superselection sectors are relatively easy to analyze (there

are only v swicthbacks let’s say), the four letter ones require this extra superselection

label and become more complicated.

III.3.1 Two-letter strings

As we mentioned above, the action of H̃B is closed within the subsectors of strings with

a fixed combination of the letter numbers. The simplest nontrivial subsector we can

consider contains only the strings with two letters. Strings with one letter are trivial:

the Hamiltonian does not act on them keeping the length fixed, so there is nothing to

calculate in the first order.

This subsector of two letters is the simplest in the sense that we do not need the pro-

jection Π as all possible combinations are allowed. Let us choose the subsector containing

n of u and L − n of r. One possible excitation is along the path as in the left figure

of fig. III.7 with length L. The endpoint quarks are placed diagonally from the lattice

axes in general. The single plaquette operator sharing exactly two links with the original

configuration Γ as the red plaquette in fig. III.7 acts a type C deformation and generates

another string excitation generated with the same string length and the same positions

of the quark-antiquark endpoints. Hence, the states degenerate with the excitation along

Γ are generated by a series of this kind of plaquette moves. The Hilbert space, which we

call HΓ, spanned with these degenerate states has a dimension of
(
L
n

)
.
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Figure III.7: The diagonal string Γ with m vertical links and L−m vertical links (thick
black path). If one acts the single plaquette operator (red) sharing two links (red dotted
lines) on the diagonal string state, it changes the state to another with the same string
length and the endpoints.

The first-order corrections to the strong-coupling limit eigenstates can be found by

diagonalizing the
(
L
n

)
×
(
L
n

)
matrix

Wij ≡ ⟨Γi|H̃B|Γj⟩ (III.3.4)

where |Γi⟩ ∈ HΓ. The action of a single plaquette operator sharing two of its edges with

the string can be seen as flipping a neighborhood vertical link u and a horizontal link

r. We translate them to the spin-1/2 states, u ↔↑ and r ↔↓. In this language, the

plaquette operator flips the spins of two neighborhood spin-1/2 sites with opposite spins,

i.e.

Tr
[
UP + U †

P

]
↔ 1

N
(σ+

j σ
−
j+1 + σ−

j σ
+
j+1) (III.3.5)

where the spin operators act on each spin-1/2 state as σ+ |↓⟩ = |↑⟩, σ− |↑⟩ = |↓⟩, and

σ+ |↑⟩ = σ− |↓⟩ = 0. The whole matrix Wij coincide with the matrix representation of

this spin operator summed over all the spin sites. Hence, the action of the plaquette

perturbation V ends up being exactly the XX model Hamiltonian

H = − 1

2λ

L∑
j=1

(σ+
j σ

−
j+1 + σ−

j σ
+
j+1). (III.3.6)
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This Hamiltonian conserves the magnetization, and one can decompose the Hilbert space

into the sectors with different magnetization values as follows HXX =
⊕L

m=0Hm where

Hm is the sector having m down spins, whose dimension is
(
L
m

)
. The different subsectors

exactly correspond to the different combinations (n, L− n) for the numbers of u and r.

The first-order perturbation matrix Wij is the block of the XX model Hamiltonian in

Hn. The XX model is trivially integrable given that it is equivalent to two copies of a

free massless fermion theory. It is also a critical theory. We take this to mean that the

effective sigma model on the string world sheet is that of a c = 1 theory. It is two free

massless fermions, but it can be bosonized to a c = 1 free boson, which is interpreted as

the goldstone boson of translations that are spontaneously broken by the string. These

bosons should be thought of as fluctuations about the diagonal.

Kogut et al. found this free fermion description for the diagonal string setup in [105]

and studied just the ground state of the string in order to find how rotational symmetry

is restored when the coupling becomes finite. Nearest-neighbor spin chains such as these

are easily implementable in quantum computers, so it could be interesting to study states

that are dynamical and not only the ground state.

The fact that this subsector is integrable should be no surprise: spin chains with

only nearest-neighbor interactions preserving the spin σz and parity conserving (treat ↑↓

equivalently) are all members of the XXZ family.

III.3.2 Three-letter strings

We now turn to the second case where string excitations consist of three letters. Let us

choose u, d, r, that is we allow the link excitations to be up, down, or right. General three-

letter configurations look like fig. III.8. To characterize these string configurations, we

express them with three letters u, d, and r respectively, being careful to disallow ud and

du words because we are implementing the zigzag symmetry. These words are identical

to the configurations with a shorter string length and do not reside in the degenerate
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Figure III.8: An example of three-letter configuration. It corresponds to the word
rurdrrddrurur.

sector. The energy-conserving action of a plaquette on ur and dr pieces of the string

looks the same as that for the diagonal string case, which allows swapping the letters as

u(d) ↔ r. The new wrinkle is that swapping the order urd, for example, can land one

in the forbidden configuration ud. In that sense, those possibilities must be projected

out. Such projections effectively turn the problem into one where the swap of letters is

allowed depending on extra letters, a three- or four-letter problem. The upshot is that at

this order in perturbation theory, ud letters can not swap their position. This property

is similar to that of the eclectic and hyper-eclectic spin chain where some letters (states)

act sometimes as walls [88, 5].

It is convenient to pass to a new basis, where we treat ud as walls, and use an

occupation number basis for r in between each pair of walls. This is identical to the

treatment employed to describe the XXX spin-chain with variable length in [27] (see also

[26]). In this basis, the Hamiltonian for the perturbation becomes

H = − 1

2λ

∑
(c†ici+1 + cic

†
i+1) (III.3.7)

where ci are the Cuntz oscillators satisfying cic†i = 1, and they commute between different

sites i ̸= j. Their action is c† |n⟩ = |n+ 1⟩ and c |0⟩ = 0 for each Fock space. We restrict

the Hilbert space by requiring that the occupation number between any walls that change

direction ud or du is greater than or equal to one. This means that we do not allow the

ud to be neighbors without any restrictions. It turns out that this restriction leaves
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the Cuntz algebra unchanged on the relevant states as if the occupation one state had

occupation number zero: the algebra does not change if we do a shift by one plus a

projection. In that sense, we can relabel the states with a modified Cuntz oscillator at

these sites that ignores that constraint: it becomes an implicit padding of the words

whenever it is required. That is, we take advantage of the basis change:

|1⟩ → |0⟩ : dru→ du,

|2⟩ → |1⟩ : drru→ dru,

... (III.3.8)

This padding now allows us to describe the whole problem as a nearest neighbor spin

chain without extra projections.

The result is a simple Hamiltonian where one only swaps d↔ r and u↔ r and their

reverse swaps are allowed. All other terms in the Hamiltonian vanish. We can map these

to a spin-one system as r → |0⟩, u → |+⟩, d → |−⟩. The Hamiltonian is equivalent to

the following spin-chain Hamiltonian acting on this Hilbert space H = (C3)⊗L:

H = − 1

2λ

L∑
j=1

(
e1jf

1
j+1 + f 1

j e
1
j+1 + e2jf

2
j+1 + f 2

j e
2
j+1

)
(III.3.9)

with the generators of sl(3,C):

h1 =

1 0 0
0 −1 0
0 0 0

 , h3 =

0 0 0
0 1 0
0 0 −1


e1 =

0 1 0
0 0 0
0 0 0

 , e2 =

0 0 0
0 0 0
1 0 0

 , e3 =

0 0 0
0 0 1
0 0 0


f 1 =

0 0 0
1 0 0
0 0 0

 , f 2 =

0 0 1
0 0 0
0 0 0

 , f 3 =

0 0 0
0 0 0
0 1 0

 (III.3.10)
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L is the length of the words. The subscript j specifies that the operator is acting

on the j-th spin site. Each term exchanges the neighbor |0⟩ and either |+⟩ or |−⟩.

|+⟩ and |−⟩ cannot pass through each other, as the exchange u ↔ d is forbidden. A

similar model was found independently by [6] and [76] with the only difference being the

additional chemical potential term ∝ i 1, where i =
∑L

j=1 i
3
j with

i3 =

0 0 0
0 1 0
0 0 1

 . (III.3.11)

This model has an SU(2) × U(1)i symmetry generated by h =
∑L

j=1 h
3
j , e =

∑L
j=1 e

3
j ,

and f =
∑L

j=1 f
3
j for the SU(2), and i for U(1)i. One can interpret the SU(2) part as

the invariance of the system under the exchange of |+⟩ ↔ |−⟩. For each spin site, the |0⟩

state forms a singlet under this SU(2), and |±⟩ forms a doublet. That is, each spin site

is in the representation of 1⊕ 2 = 1⊕ of this SU(2) symmetry. The Hilbert space of

the whole spin chain can be decomposed as

H = (1⊕ )⊗L = 1⊕ L ⊕ (L2) ⊕
(L2) ⊕ · · · (III.3.12)

The number of the Young boxes corresponds to the U(1)i charge of the state in the

representation, i.e. the total number of |+⟩ and |−⟩. The state in the first singlet

is |Ω⟩ = |00...0⟩, which we choose as the Bethe reference state for solving this model

in Appendix III.C. The theory has only elastic scatterings due to the conservation of

the two U(1) charges, corresponding to the U(1) sub-symmetries generated each by i

and h operators defined above. The conservation ensures that the |±⟩ states behave as

solitons. They do not create or annihilate with each other or deform from one to the

other. This elasticity suggests that the model is integrable2. Indeed, the Hamiltonian

can be constructed (up to the coupling −1/2λ factor) from the R-matrix
1The authors would like to thank Hosho Katsura for pointing this out.
2The integrability can be predicted also from the symmetry of the (bulk) Hamiltonian not being

limited to the finite-dimensional SU(2)×U(1)i algebra but extended to the infinite-dimensional Yangian
algebra Y (SL(2)).
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R(µ)

= −i



sh(µ+ η) 0 0 0 0 0 0 0 0
0 sh(µ) 0 sh(η) 0 0 0 0 0
0 0 sh(µ) 0 0 0 sh(η) 0 0
0 sh(η) 0 sh(µ) 0 0 0 0 0
0 0 0 0 sh(µ+ η) 0 0 0 0
0 0 0 0 0 0 0 sh(µ+ η) 0
0 0 sh(η) 0 0 0 sh(µ) 0 0
0 0 0 0 0 sh(µ+ η) 0 0 0
0 0 0 0 0 0 0 0 sh(µ+ η)


,

(III.3.13)

where sh is a shorthand for sinh, with the spectral parameter µ and the “anisotropy"

η = iπ/2. We focus on this specific value of η for our interest. The overall factor

−i is taken so that the R-matrix with the zero spectral parameter coincides with the

permutation matrix. This R-matrix satisfies the Yang-Baxter (YB) equation

R12(λ− µ)R13(λ)R23(µ) = R23(µ)R13(λ)R12(λ− µ), (III.3.14)

and hence the spin chain is integrable. The Hamiltonian is obtained by expanding the

transfer matrix associated to R around µ = 0 as the spectral parameter (see for example

[147]). We compute the dispersion relation and the effective central charge of this massless

model using the algebraic Bethe ansatz in Appendix III.C.

One can also see the integrability proving that this model is equivalent to free fermions

[99]. The Hilbert space can be factorized as

H =

(
L⊗
j=1

HF

)
⊗Hu,d. (III.3.15)

Here, HF is a fermionic Fock space at each letter site where the |0⟩ state corresponds to

the r letter and |1⟩ corresponds to either u or d. Hu,d are spanned by the states describing

the order of u and d appearing in the words. Since the letters u and d cannot pass through

each other, the Hamiltonian acts nontrivially only on the fermionic Fock spaces as free-
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fermion hoppings and treats what we termed the knottiness as a label for the different

superselection sectors. This model (with a deformation by a chemical potential term)

has appeared before in [6, 7, 76, 126]3 where it was also shown to be integrable. Our

important result is that the three-state spin chain with constraints can be converted to a

nearest-neighbor spin chain without constraints, which happens to be a known integrable

model. We may call this the three-state representation of the XX spin chain as it has the

massless free fermion description with the same effective dispersion relation as shown in

Appendix III.C. This is a good indication that this framework can reproduce the correct

continuum behavior, given that the two-letter and three-letter strings would be no longer

distinguishable from each other in the continuum.

III.3.3 Four-letter strings

We have showed the integrability structures of the first-order perturbation in the two-

letter and three-letter sectors in the previous sections. Here, we list some phenomena

in the most general sectors in 2 + 1-D, the four-letter sectors, and show the evidence of

non-integrability.

We can find a non-integrable scattering process only adding a few fourth (l) letters

in the three-letter configuration. Consider the configuration with a loop at a corner of

a long string stretching horizontally on one side and vertically on the other side due

to one l configuration as fig. III.9. The scatterings far from the loop are the same as

the three-letter case, which means they are elastic, but once they enter the region close

enough to the loop, they become nontrivial. First, it should be noticed that the loop

itself is a rigid structure on top of the horizontal plus vertical line. The constraints forbid

any of the letters present to change location as such a process would violate one of the

knottiness constraints. Such rigidity only appears because of the projectors and what we

called secondary knottiness. Without the projectors, one can find a decay path of the
3The authors thank Hosho Katsura for pointing out these references.
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(a) (b) (c)

Figure III.9: A four-letter string configuration with a loop at a corner (non-trivial sec-
ondary knottiness). The defect scattering coming into the loop ((a)) may transform to a
fluctuation inside of the loop ((b) and (c)). This is obviously a non-integrable scattering
process, as the additional state only appears when two excitations from different sides of
the loop collide simultaneously with the loop.

loop so that the loop can decay into moving excitations.

Now consider two additional defect excitations approaching the rigid loop as fig. III.9a.

If they collide with the loop at the same time, the size of the loop becomes larger

(fig. III.9b), allowing fluctuation inside of the loop (fig. III.9c). This kind of scatter-

ing processes is inelastic, suggesting the non-integrability of the four-letter sectors. The

reason for this inelasticity is that the two defects must reach the rigid loop simultaneously

in order to find the extra excitation of the loop. Each of the defects on its own would be

reflected back with some phase shift. This counts effectively as a three body interaction

that does not factorize.

We may consider another inelastic scattering process which can be translated to

boundary conditions violating the boundary Yang-Baxter equation 4. Think of a folded

string as fig. III.10a. The position of the fold is rigid because of the knottiness constraints.

In this case, we can say that the position of the fold is fixed by where we require the

padding to be located. In that sense, as a system with three letters it corresponds to

a configuration with all fermion sites occupied in the free fermion picture. Since the

fermion sector is the only sector involving dynamics in the first order, this state is rigid.

Now add two kinks in opposite vertical directions (u and d) propagating on it towards
4This is a similar technique to the one used in [25] to show generic non-integrability for deformations

of N = 4 SYM.
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(a) (b)

Figure III.10: (a) The two kinks (u and d) propagating on a folded string. d can pass
through the folding point (the d edge between the r letters on the top and the l letters
on the bottom), while u cannot pass through it but has to bounce back. (b) The two
different scattering processes on this folded string depending on whether the two kinks
can interact on the top side (right) or not (left) before d passes the folding.

the right, and the kink that is behind (let us say u) has a larger initial momentum than

the other kink (d). The scattering processes qualitatively differs depending whether the

two kinks interact on the top side (consisting of the r background letters) of the folding

or not. If the u kink catches up with d on the top side of the folding, then the two kinks

reflect carrying each other’s momentum. On the other hand, if the d kink reaches the

fold first, it can get past the fold easily as our map to the three-letter padded XX model

would indicate. If that happens, the kinks do not interact with each other at all since

the u kink cannot pass the folding: it must be reflected back always.

Regarding the folding point as the boundary and gluing the top and bottom sides

together (just as the folding trick for an interface being mapped to a boundary [161]),

the two scattering processes can be depicted as fig. III.10. In this picture, both processes

where a d kink passes through the d folding point and a u kink bouncing back at the

folding point are elastic reflections at the boundary. In such a reflection diagram they

can interact in two possible ways, either a reflection (when they are on the same side

of the folding) or an identity (they are on opposite sides). This obviously violates the

boundary Yang-Baxter equation given that the final states are physically distinct. This

is therefore a violation of integrability in the Yang-Baxter sense.

Another potential fact hinting at the non-integrability is that the boost operator,
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which is naively defined as

B = ΠB̃Π =
∑
ℓ

ℓπℓh̃ℓπℓ, (III.3.16)

does not coincide with the boost operator of the integrable Hamiltonian for the three-

letter configurations eq. (III.3.9): it does not generate the infinite set of conserved charges

that one expected from the integrability of the three-letter problem. The basis change

that pads the words correctly eq. (III.3.8) does not work for the general four-letter sectors,

causing it to violate the possible integrability of the spin chain. Again, this is a violation

in that the system does not seem to be solvable by Bethe Ansatz methods. Remember

also that all of this structure arises exactly because of the projectors, as without the

projectors the nearest neighbor spin chain is integrable.

III.4 Rotational symmetry restoration

One way to validate our scheme is to see if it reproduces the phenomena expected in

the continuum limit. In the continuum, an infinitely long flux tube as we consider

here is expected to be delocalized [124] (and references therein) due to by the quantum

fluctuation of the Goldstone bosons caused by the breaking of the Poincaré symmetry.

This does not hold for the lattice theory since the Poincaré symmetry is already broken to

be discrete, and there indeed exist a stable flux tube sector in the strong coupling limit.

As we weaken the coupling, there exists a so-called roughening transition point where

the long flux tube delocalizes. Below this point, we expect our effective string description

well reflects the behavior of the flux tube in continuum, including the restoration of the

continuous Poincaré symmetry in the bulk YM theory.

We confirm this symmetry restoration by estimating the roughening transition in the

two-letter and three-letter sectors using the degenerate corrections argued in Sec. III.3.1

and III.3.2. Fortunately, we found that both Hamiltonians are integrable, and hence the

138



Figure III.11: A single kink on a straight string.

exact calculations are feasible.

One of the possible approaches is to identify the roughening transition point as the

point where a single kink looking like fig. III.11 becomes massless. In the strong cou-

pling limit, such a string state with a kink costs extra energy exactly by the amount

of the string tension from the energy of the fully straight string given that the energy

is proportional to the length of the string. As the coupling becomes weaker and the

single kink becomes massless, there is no longer a cost for the string to go to the vertical

direction. This leads to roughening of the string. This transition can be understood

from the spin chain point of view by considering the unperturbed and perturbation parts

of the Hamiltonian all together. The state under consideration consists of a number of

r’s except there is one u. In the two-letter sector with the XX spin chain description

(Sec. III.3.1), this corresponds to the correction of the energy of a state with only one

upspin, or a −(L − 2) magnetization state. In the basis of the first-order Hamiltonian

in the three-letter sector (Sec. III.3.2), the unperturbed part can be added to the first-

order Hamiltonian as a chemical potential term λ
2

∑L
j=1 i

3
j , i.e. the energy cost of the

vertical kinks. In the strong-coupling limit, this unperturbed part dominates and hence

the theory is massive, whereas the perturbation term eq. (III.3.9) dominates in the weak-

coupling limit, which is massless. So, we expect the phase diagram of this model to

have two regions, the massive phase and the massless phase, which are connected by a

Berezinskii–Kosterlitz–Thouless (BKT)-like phase transition. This BKT-like transition

point is identified as the roughening transition point. The transition in this class has
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been observed by studying the Wilson/Polyakov line for example in the discrete Z2 lat-

tice gauge theory in [96, 95]. Other setups for the electric flux roughening transition in

2 + 1 D have been done in [58].

Actually, it is possible to directly observe the restoration of the spatial rotational

symmetry for the two-letter string case as discussed in [105]. The angular dependence of

the potential, which can be translated as the ground state energy in each magnetization

sector of the XX model, should disappear once the symmetry is restored.

We estimate the values of the coupling λ restoring the rotational symmetry for these

two cases by extrapolating from the strong-coupling expansions.

III.4.1 Roughening point from the two-letter strings

First-order correction to the kink mass

As we discussed earlier, the massive/massless transition of the kink mass corresponds to

the roughening transition of the string if it occurs. In the strong coupling limit, the mass

of the kink is exactly the energy of the single link excitation or the string tension, which

is σ = λ/2. So, in the strong coupling region, the kink mass is nonzero, and this nonzero

mass prohibits the string from extending in the vertical direction. On the other hand, if

such a transition happens, and the kink mass becomes zero, the extension to the vertical

direction no longer costs energy; this is what is called the roughening of the string. We

calculate the value of the kink mass with the first-order correction to extrapolate the

value of λ giving the massless kink. A state with a single kink can be interpreted as

a state with one upspin in the XX spin chain description. It is diagonalized as a free

fermion theory as

HXX = −1

λ

L/2∑
k=−L/2+1

Λkâ
†
kâk, Λk = cos

(
2πk

L

)
(III.4.1)
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in the thermodynamic limit (details in Appendix III.B), and the operator counting the

number of upspins is exactly the fermion number operator. Hence, the state of our

interest has exactly one fermionic excitation with energy of − 1
λ
Λk. What we need to

consider is the state consisting of a stationary kink, which is given by setting k = 0

corresponding to zero momentum. The corrected kink mass is

Mkink =
λ

2
− 1

λ
+O

(
1

λ2

)
. (III.4.2)

This becomes zero when λ =
√
2 which we identify as the roughening transition point up

to the first order in the strong coupling expansion.

Direct first-order estimation of the symmetry restoration

As mentioned above, we can directly observe the symmetry restoration in the two-letter

string sector, following [105]. The angular dependence is the choice of the combination

(n, L − n) for the numbers of the two letters for the first-order corrections, which is

exactly equivalent to choosing a certain magnetization sector of the XX model as we saw

in Sec. III.3.1. Let us say the lowest n fermi levels are filled, which means the state is

in the corresponding magnetization M = n sector in the spin description, or having n

vertical and L−n horizontal edges. The string state in the lowest energy in the n sector

has the energy

E =
λ

2
L− 1

λ

n−1∑
k=0

cos

(
πk

L

)
=
λ

2
L− 1

2λ

(
1 + csc

( π
2L

)
sin

(
π(2n− 1)

2L

))
. (III.4.3)

In the continuum, we can write the parameters in the polar coordinates; defining ρ

as the physical distance of the endpoints of the string and θ as their angle from the

horizontal axis, the number of the horizontal edges is ℓ = ρ cos θ, and the string length

is L = ρ cos θ + ρ sin θ. Now, the ground state energy is expressed as
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Figure III.12: The mean squared errors of E for different values of λ. It is minimized to
be almost zero around λ ≈ 1.5.

E = ρ(cos θ + sin θ)

(
λ

2
− 1

πλ
sin

(
π

1 + tan θ

))
+O(ρ0). (III.4.4)

Its derivative by θ at θ = 0, corresponding to a string consisting almost all r’s, becomes 0

at λ =
√
2 in the leading order of ρ, which is exactly what we estimated by considering the

first-order correction to the kink mass in the last section. Indeed, E is almost constant

around λ ≈ 1.5, as we can see by numerically calculating where E becomes the closest

to a constant as a function of θ (fig. III.12).

III.4.2 Roughening point from the three-letter strings

Let us estimate the roughening transition point in the three-letter sector as well. Since

the two-letter strings and the three-letter strings would be no longer distinguishable from

each other once we reach continuum, the transition point should coincide if expansions

in all orders were available. Indeed, we will demonstrate that the extrapolated value of

λ in the first-order calculation already matches with the result from the two-letter sector

calculation. We also carry out the second-order calculation to confirm two things. First
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is to estimate the point when the string tension becomes negative, which we estimate to

happen after the roughening phase transition. Second is that the extrapolated transition

point does not deviate too far from the first-order result and hence our perturbative

expansions are providing meaningful estimates.

First-order corrections

Let us compute the first-order correction to the kink mass, using the Hamiltonian eq.

(III.3.9). The single kink state lives in the sector of U(1)i charge of i = 1. This corre-

sponds to acting a single (n = 1) B matrix on the Bethe reference state |Ω⟩ (details in

Appendix III.C). The energy and momentum spectra we found in eq. (III.C.20) lead to

the dispersion relation for n = 1 to be

E
(1)
1,ℓ = −

1

λ
cos
(
p
(1)
ℓ

)
(III.4.5)

with p(1)ℓ = 2πℓ/L and ℓ = 0, 1, ..., L− 1. Here, we recovered the coupling factor −1/2λ.

This is the first-order correction to the single kink mass which is overall Mkink = λ
2
−

1
λ
cos
(
2πℓ
L

)
+ O(1/λ2). Since we want to consider the stationary kink with p

(1)
ℓ = 0, we

have

Mkink =
λ

2
− 1

λ
+O

(
1

λ2

)
(III.4.6)

This is exactly the expression we obtained in the two-letter sector (eq. (III.4.2)). Again,

the roughening point is estimated as λ =
√
2.

Second-order corrections

We now want to consider second order corrections. Let us start with the corrections to

the string tension for the horizontal state (in letters rrrrrrr . . . ). This state is rigid and

can be considered a ground state with energy E0 = σL. Notice that there is no other
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state with the same quantum numbers that is degenerate with it and that the expectation

value of the perturbation plaquette vanishes on this state. When we add perturbations

to second order perturbation theory, we need to compute

∆E =
∑
j

V 2
ij

E0 − Ej
(III.4.7)

where Vij are the off-diagonal matrix elements. Since E0 < Ej, the correction will be

negative.

There are two types of moves allowed by inserting a plaquette. These are of type C,

and another one of type B that joins a closed rigid loop at any location by intertwining

the lines. We will call this operation B′.

The type C moves take a letter r → urd or r → dru and adds a kink-antikink pair.

The matrix element is 1, times (N/2λ) 1
N

for each of them. The difference in energy is

2σ as the length changes by 2. The contribution to the energy is therefore

∆EC =
L∑
ℓ=1

2

−2σ
1

22λ2
= − 1

2λ3
L, (III.4.8)

and we notice that this is proportional to the length, so the correction to the tension is

∆σC = − 1

2λ3
. (III.4.9)

The second contribution requires adding (for example) a loop uldr at some position,

which is a loop on top of the string. We can also add the loop ruld, one step to the left.

Both of these cause the same transition and therefore the combinatorial factor associated

to this term is actually a factor of 2. This is exactly the combinatorial factor that

appeared in eq. (III.2.11). The same 1/2λ is attached to plaquette, and the denominator

is −4σ rather than −2σ. We get this way that (when we sum over up and down)

∆σB′ =
−2
4σ

[
2

2λ

]2
= − 1

λ3
(III.4.10)

Summing the two terms, we get that
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∆σC+B′ = − 3

2λ3
(III.4.11)

Notice that σ wants to become negative (tensionless) when λ = 31/4 ∼ 1.31, which is

below the value where the mass of the kink becomes zero for the first time. That means

that at least at this order, the massless kink that corresponds to the roughening transition

comes first.

Let us further consider the second-order corrections to the single kink energy. The

on-diagonal contribution to the single kink state |x⟩ is

E
(2)
ℓ =

∑
k ̸∈D1-kink

|
〈
k(0)
∣∣V ∣∣x〉 |2

E
(0)
D1-kink

− E(0)
k

, (III.4.12)

where D1-kink is the degenerate sector spanned by all of the one-kink states. x denotes

the position of the kink on the straight string. The nonzero contributions come from

the states with a deformation made by a single plaquette from a one-kink state. In

order to combine with the first-order correction, to be more precise, we actually have

to take the state under consideration to be the eigenstate of the first-order correction

matrix corresponding to a stationary kink, which would be a linear combination of |x⟩.

However, since the second-order corrections to single kink states are all equal with each

other (at least in the region away from the string endpoints), we ignore this subtlety and

simply consider a kink at a fixed position.

Most of the contributions are the same as the second-order corrections to the straight

string without any kink, except for the corrections due to plaquette actions around the

kink, which we will consider below. There are three things we need to take care of.

First, one needs to consider the type B′ deformations on the kink (fig. III.13). If we

look at a word that goes rur and need to insert a loop, there are two choices for replacing

u → u(rdlu), with a loop that twists to the right, which would add a word to the right

of u, or we could add the word (urdl)u to the left. Moreover, this interferes with adding
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(a)

(b)

Figure III.13: (a) The type B deformations to a string state with a single kink at position
x which have a nonzero overlap with another states depicted in (b), in the leading-order.
The contributions from these overlaps do not appear in the corrections to the no-kink
state.

ur(dlur) with the next letter. The combinatorial factor for the off-diagonal element is

therefore 3, compared to 2 when we have just a string of letters of type r. We get a

similar contribution from a loop that loops to the left (eg, u→ uldru). We get

∆EB′ = 2× 9

−4σ
1

(2λ)2
(III.4.13)

However, we are double counting the contribution to the tension of the string from type

B′ moves (if we consider them independent) acting on the r edge overlapping with the

loop, so we need to subtract the correction to the string tension correctly from the kink

contribution. We arrive at

∆EB′(kink) = 2× 9

−4σ
1

(2λ)2
− 2× 4

−4σ
1

(2λ)2
= − 5

8λ3
. (III.4.14)

We also need to remove the C moves that are absent from the string tension but

already taken care of in the first-order corrections for the kink (fig. III.15). Moreover,
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→ ←

Figure III.14: Type C deformations can act on different kink states (left (urr) and
right (rru) and result in the same intermediate state (urdru). This lead to off-diagonal
contribution in the second order.

there is one more type C contribution that is not obvious. This also arise from C type

moves, but it is off-diagonal. The idea is that the configurations of type urdru can be

accessed in two ways. Starting from rru → (urd)ru and urr → ur(dru) where we have

put in parenthesis the replacement of the letter r by the C type move (one upwards and

the other one downwards). This has energy denominator −2σ and produces an effective

off-diagonal substitution rru ↔ urr which corresponds to a next to nearest neighbor

hop (fig. III.14, see also [105]). Since the on-diagonal corrections to these two states

are identical, this off-diagonal contribution simply produces an extra term to the energy

eigenvalue as

∆EO.D. =
∑
j

VijVjk
−2σ

=
1

−2σ
1

(2λ)2
(2 cos(2pℓ)). (III.4.15)

This modifies the momentum dependence of the dispersion relation. We need to evaluate

it at pℓ = 0, so.

∆EO.D. = −
1

2λ3
(III.4.16)

Lastly, we need to include the nontrivial corrections due to overlaps with the type A′

deformations at either one of the two corners of the kink. This deformation corresponds to

inserting either a single clockwise or counter-clockwise loop before or after the kink u. For

example the two moves u→ uuldr, or u→ ulurd generate corner terms with additional

loops wit two possible orientations. The matrix elements of the perturbation Vij for
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these overlaps are again (N/2λ) 1
N

, where the extra 1/N factor comes from the topology

change at the shared corner. The energy denominator is −4σ due to the additional single

plaquette loop, and the correction is

∆EA′(kink) = 2× 2× 1

−4σ
1

(2λ)2
= − 1

2λ3
. (III.4.17)

These contributions give the energy correction in total as

∆E(kink)

= ∆EB′(kink)−∆σC +∆EO.D. +∆EA′(kink)

= − 5

8λ3
+

1

2λ3
− 1

2λ3
− 1

2λ3

= − 9

8λ3
. (III.4.18)

Hence, the kink mass with the corrections up to the second order dispersion is

Mkink =
λ

2
− 1

λ
− 9

8λ3
+O

(
1

L
+

1

λ4

)
. (III.4.19)

This becomes zero when λ = (1 +
√
13/2)1/2 ≈ 1.67.

III.5 Higher dimensions

As noted in section III.2, our word representation of confining strings is valid regardless

of the spacetime dimensions. This indicates that it is straight-forward to extend it to

higher dimensions; it adds additional letters to the set of letters we already have and with

the additional zigzag constraints and the notion of the knottiness (that for each pair of

back and forth letters the order cannot change). Let us comment on some subsectors in

3 + 1-dimensions.
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(a)

(b)

Figure III.15: (a) The type C deformations to a string state with a single kink at position
x which do not contribute to the second-order corrections since they are already taken
into account in the first-order corrections. (b) The corresponding type C deformations
to the no-kink state which do contribute to the second-order corrections.

III.5.1 Three-letter sector in 3 + 1−D

Consider 3 + 1-dimensions, and string configurations with three letters that describe the

edge excitations heading towards positive x, y, z directions. It is an analogue of the two-

letter sector in 2 + 1-D, given that the sector of these configurations do not require any

projection, and the spin chain Hamiltonian describing the first-order corrections is an

operator in (C3)⊗L:

H = − 1

2λ

L∑
j=1

(e1jf
1
j+1 + f 1

j e
1
j+1 + e2jf

2
j+1 + f 2

j e
2
j+1 + e3jf

3
j+1 + f 3

j e
3
j+1) (III.5.1)

where the operators eai and fai are the sl(3) generators (III.3.10). This is exactly the

bilinear-biquadratic spin-1 chain with
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H ∝
L∑
j=1

(
cos θ(S⃗j · S⃗j+1) + sin θ(S⃗j · S⃗j+1)

2
)

(III.5.2)

at θ = π/4, i.e. the Uimin-Lai-Sutherland point, up to the chemical potential term. This

point is integrable (see e.g. [8] for the exact form of the R-matrix), and more importantly,

it can be effectively described as the SU(3)1 Wess-Zumino-Witten model [90], which has

a central charge of c = 2.

III.5.2 Four and more letter sectors in 3 + 1-D

The next simplest case is the four-letter sector, which consists of string configurations

with edges heading the positive or negative x-directions or the positive y- or z-directions.

Although this is analogous to the three-letter sector in 2 + 1-D, requiring only one type

of projection that prohibits neighboring ±x edges, the situation is drastically more com-

plicated. The basis change like eq. III.3.8 would not work for this case, since now the

±x edges can have either an +y edge or an +z edge in between. The system also admits

dynamics involving +y and +z edges, so we cannot simply discard one between the ±x

edges. Actually, we should not even expect integrability for this sector, as one can see

by regarding the ±x and +y kinks as pseudo-particles on the vacuum of +z edges or a

long string in the +z-direction. Although the S-matrix for two-body scatterings between

the +x or −x kink and the +y kink is merely a permutation, three-body scatterings

involving all three kinks cannot be decomposed into two-body scatterings as explained

diagrammatically in fig. III.16. The zigzag constraint prohibits a three-body scattering

like fig. III.16a to be decomposed to the product of two-body scatterings as in fig. III.16b

since the ±x kinks are not allowed to be next to each other (their scatterings in the

three-letter sector in 2 + 1-D were special since they were allowed to be next to each

other after the basis change eq. (III.3.8)).

The nonintegrability of sectors with more letters is clearer, since the strings contain
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(a) (b)

Figure III.16: An example of the three-body scattering on four-letter strings in 3 + 1-D.
The scattering process in (a) where the ±x kinks and the +y kink collide at the same
time could be decomposed to two-body scatterings as in (b) if there were no constraints.
The zigzag constraints prohibit the direct interaction between ±x kinks so the reflection
between them (the second two-body interaction in the decomposition (b)) is not in the
S-matrix data of the model, and hence the decomposition is not allowed.

at least two sets of edges heading parallel but in opposite directions similarly as the

four-letter sector in 2+1-D. The same argument as section III.3.3 applies to these cases.

III.6 Another Language

So far we have investigated various subsectors of confining strings and their strong-

coupling corrections. Even though there exist some subsectors where the projection

due to the zigzag constraints is unnecessary, it might be more convenient to describe the

string configurations with a different convention to avoid the description with projections

altogether. If we think of the projections as a gauge constraint, this would be equivalent to

finding the solutions to the constraint first, so that the dynamics becomes unconstrained

in such a basis.

This is possible by expressing the words by the relative directions of the edges from

each vertex relative to the incoming string segment. For example, for the strings in

2 + 1-dimensions, the possible configuration for each edge is either straight (s), right

(r), or left (l) relative to the incoming edge. Then, the zigzag symmetry constraint is

implemented without any need of projections since the configurations going back and

forth on the same edge are manifestly not included. In this language, one can also write

the first-order corrections as the eigenvalues of a spin chain Hamiltonian, where each
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spin belongs to a spin-1 chain, corresponding to the three possible relative directions.

Instead of the projection, now the Hamiltonian includes next-to-nearest-neighbor inter-

actions, since the letter after the two letters corresponding to the edges exchanged by the

Type C deformation is also affected. The Hamiltonian density with three-site interaction

exchange letters as one of the following four pairs:

srs↔ rlr, srl↔ rls, sls↔ lrl, slr↔ lrs. (III.6.1)

This language can be translated back to the former u, d, r, l language by assigning Z4

values 0, 1, 3 respectively to s, r, l and summing these numbers from one end.

The interesting fact is that in this form, the equation (III.6.1) also looks like a rel-

atively simple set of rules. The absence of projectors makes it in principle easier to

implement. This is favorable from the viewpoint of computational resources for (quan-

tum) simulation. The former language naively requires a 44 = 256 dimensional operator

for each plaquette action taking the projection πℓ into account, while this language re-

quires an operator with only 33 = 27 dimensions. The 44 requires 8 qubits to implement,

where the 27 can be easily fit with 6 qubits (each set of 3 letters can be built from 2

qubits and leaving out one unwanted state).

From this dimension counting, one can see that another lattice geometry, namely a

hexagonal lattice, would be even more efficient using this language. The string excita-

tion on a hexagonal lattice can be described by using two letters specifying the relative

directions, left (l) or right (r), i.e. it can be described as a spin-1/2 chain. The Type C

deformation relevant for the first-order correction for a hexagonal lattice switches the ex-

citations on three consecutive edges of a hexagon plaquette to the other three (fig. III.17).

This corresponds to an action on four spin sites, for example lrrl becomes rllr and indeed,

this is the only action of the plaquette that results in an allowed configuration. Counting

the number of the dimensions for the plaquette operators, it can be represented as the
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(a) (b)

Figure III.17: (a) The plaquette action (red) on a string excitation (black) in a hexagonal
lattice contributing to the first-order corrections. The hexagon plaquette shares half of
its six edges with the string. (b) The resulting deformed string state.

24 = 16-dimensional operator or 4 qubits for a hexagonal lattice while it needs a 27

dimensional Hilbert space or 6 qubits for a square lattice. This observation is interesting

since in the original language, the string words in a hexagonal lattice need one more auxil-

iary letter from the equivalent configurations in a square lattice, as the hexagonal lattice

can be obtained from the square lattice by “point-splitting" and adding an additional

lattice direction between them just as the spin network setups [149]. The best thing

one can do is projecting out the space involving the dynamics of the auxiliary letter, so

the computational resource for the original language is bounded below by the minimum

resource required for the square lattice. Studying the haxagonal lattice strings in detail

is beyond the scope of the present work. We are also studying those lattices in future

work.

III.7 Discussion and future directions

In this chapter, we showed that the first-order perturbation theory corrections to single

string states at strong coupling for the large N lattice Yang-Mills theory are closed within

the subsectors of fixed length, and these string states can be specified by the combination

of the letters (directions in the lattice graph) that describes the path the string takes.

153



The actions of the plaquette operators are merely manipulations of the letters.

The Hamiltonian gives a nearest neighbor Hamiltonian, with additional projectors

that enforce the zigzag symmetry. The goal of this chapter has been to understand the

features of this spin chain Hamiltonian in more detail, especially by studying subsectors

with fewer letters than the generic type of path.

The two- and three-letter sectors in 2 + 1-D are integrable, being equivalent to free

fermions. At leading order the differences in dynamics between the two-letter strings and

three-letter strings in 2 + 1-D are merely lattice artifacts.

We also argued here that the most general four letter sectors contain inelastic scat-

tering events, as well as violations of the (boundary) Yang-Baxter equations, indicating

that they are likely not-integrable. To leading order they have a rich spectrum of super-

selection sectors classified by a series of quantum numbers that we called knotiness and

secondary knotiness. These describe the zigs and zags of the paths (the structure of the

changes of directions) and how these are intertwined.

It is expected that at higher orders the dynamics will exhibit the same continuum

physics (universality class) as one extrapolates from these sectors towards the continuum,

and that should make the lattice system restore the rotational symmetry.

Higher order computations are necessary so that we can start seeing that the string

motion is fully relativistic and quantizes a Nambu-Goto string worldsheet.

We also did not discuss the closed string states, which can also be called glueballs.

These are interesting in their own right.

We discussed the extension of the open string setup to 3 + 1-D, where we saw that

an integrable structure appears also in a particular three-letter subsector. This sector

does not require projections due to the zigzag constraints, but more generic sectors are

not integrable. At this point, we can make a general statement that the introduction

of the zigzag constraints violates the spin chain integrability, except in the special case

of the three-letter sectors in 2 + 1-D where a basis change is available to discard such
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projections. A mathematically rigorous statement of non-integrability is still missing,

which we leave for future work.

The present work also includes a reformulation of the spin chain in another language

(changes of directions instead of a fixed set of directions for links) to describe the string

configurations. It has an advantage over the more naive formulation because it already

encodes the constraints, so it needs no explicit projection in the Hamiltonian to achieve

the zigzag constraints. In that sense, the Hamiltonian density covers fewer sites.

This is important because if one where to try to simulate such a spin chain on a

quantum computer, it requires fewer computational resources to simulate, at least to

leading order. At the same time, the physical interpretation of the Hamiltonian action

on the words is less obvious and needs to be read carefully from the moves induced by the

plaquettes. We briefly explored the possibility of using a different lattice geometry for

2 + 1 dimensions, namely, a hexagonal grid. The hexagonal grid in full seems to require

fewer computational quantum resources to time evolve the system in 2 + 1 dimensions

relative to the square grid. Of course, one has to carefully evaluate which description

and lattice geometry achieves in practice the minimal computational resources for a

given hardware configuration, and for each Trotter step. We leave the development of

such efficient quantum algorithms and the estimation of their computational complexity

for future work.

It is really important to understand the continuum physics carefully. This requires

understanding the approach to the roughening transition from strong coupling in detail.

These computations require finding a way to systematically compute the higher-order

corrections and also finding an efficient description of the glueball states.

Since we provided a systematic translation from a string configuration to a word

consisting of finite species of letters, constructing spin chains for the planar higher-order

corrections should be straightforward, except for the following subtlety: given that the

higher-order contributions are due to states with different nonperturbative energies, i.e.
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string lengths, then the perturbation takes us outside of the Hilbert space. One needs to

integrate out the changes of length to go to an effective description with next to nearest

neighbor corrections (plus projectors), etc. At least in principle, one should be able to

parametrize such effects with improved lattice Hamiltonians on the spin chain (or the

bulk). The next step in the program we are outlining would be to calculate the corrected

spin chain in full generality with not only nearest neighbor terms, but also next to nearest

neighbor terms, even if restricted just to the simplest 2 letter system n 2 = 1 dimensions

and 3+1 dimensions, or the three letter setup, where we expect to start seeing violations

of secondary knotiness induced by the perturbations in the 2 + 1 problem. This three

letter problem is also required to better understand the roughening transition and the

restoration of rotational invariance better.

Another way to do possibly do things is to take into account variations of spin chain

setups that allow clever ways to vary the length, as in [27]. One must also be careful with

the possible non-planar contributions from the lower-order corrections spoiling a naive

analysis. Such non-planar contributions can involve scattering with glueballs (closed

paths). As stated before, the glueballs are also independently interesting objects to be

studied.

Notice that the open strings we considered in the present work have fixed quark

endpoints and hence the center of mass (COM) degrees of freedom have no dynamics.

This is not the case for the closed string glueball states. Translations of glueballs are

independent states, so a passage to spin chains must be more involved as it requires an

extra Hilbert space to keep track of the center of mass degrees of freedom. Moreover,

that Hilbert space of translates must also interact nontrivially with the Hilbert space for

the local edge configurations. This is required so that different glueball states have a

different dispersion relation (mass in the sense of the center of mass motion).
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III.A Energy change by the plaquette action type B

Here, we calculate the nonperturbed energy of the state generated by a single plaquette

action on a string state sharing one link as depicted in fig. III.1b. The original string

state excited along the open path Γ with length L is generated by the product of the

gluon link operators acting on the vacuum state |Ω⟩:

|Γ⟩ =
∏
ℓ∈Γ

Uℓ |Ω⟩ (III.A.1)

Let us call the plaquette we are acting P and the shared link m. Every link operator

excited in the resulting state |Γ′⟩ = UP
∏

ℓ∈Γ Uℓ |Ω⟩, except those acting on the link m,

contributes in the same manner to the nonperturbed energy as eq. (III.2.3), i.e. each

contributes λ
2
, and hence overall the energy of λ

2
(L + 2) come from these non-shared

operators. The only nontrivial contribution comes from UmUm in the product. Denoting

Um as U to simplify the notations and writing the fundamental indices explicitly from

now on, the nonzero contributions to the nonperturbed energy are

KUijUkl |Ω⟩ =
λ

2N
EaEaUijUkl |Ω⟩ =

(
λ
N2 − 2

N2
UijUkl +

λ

2N
UilUjk

)
|Ω⟩ (III.A.2)

Even though we have the second term which generates another string state than the state

|Γ′⟩, namely the state excited along a single string with a “twist" at m, it is suppressed

for large N . This means that only the first term survives in the large N limit, and

the generated state |Γ′⟩ by the single plaquette action stays as an eigenstate of the

nonperturbed Hamiltonian. The plaquette acted state lives in the energy level of four

units higher than the original string state. The same mechanism occurs in the cases

of the single plaquettes sharing more than one link with the original state. It always

raises the nonperturbed energy by four units in the leading order, and hence they do

not contribute to the first-order corrections. We need to take them into account in the

157



second or higher-order corrections. The leading ∼ O(1/N0) order term gives the same

correction as the vacuum correction, so the first nontrivial deviation comes from the

subleading-order term in eq. III.A.2.

III.B Solving the two-letter Hamiltonian

One can straightforwardly check that the XX model (III.3.6) is equivalent to the free

fermion theory using the Jordan-Wigner transformation as

HXX = −1

λ

L/2∑
k=−L/2+1

Λkâ
†
kâk (III.B.1)

Λk are eigenvalues of the matrix 1
2
(δi,j+1+δi,j−1) with i, j = 1, ..., L. In the thermodynamic

limit L→∞, the eigenvalues are −Λk/λ = − cos(2πk/L)/λ, which is the energy of each

of the fermion modes. One can regard p = 2πk/L ∈ (−π, π] as the momentum of the

mode in this limit. âk and â†k are the fermionic annihilation and creation operators,

respectively:

{âk, â†ℓ} = δkℓ, {âk, âℓ} = {â†k, â
†
ℓ} = 0 (III.B.2)

The magnetization operator of the spin chain is translated on this fermionic basis as the

fermion number operator:

N̂ =
∑
k

â†kâk (III.B.3)

The ground state of the model has exactly L/2 of the fermions filling all the negative

fermion modes up to the fermi surface ΛkF = 0 (corresponding to pF = ±π/2), and all

the modes above the fermi surface are unoccupied.
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The one-particle excited state in this sector has one of the fermions “popped" from the

fermi sea to right outside of the surface. The lowest possible excited state has a fermion

right below the fermi surface popped out to right above the surface, and such excitation is

gapless in the thermodynamic limit. Let the fermion pop from p ∈ [−π/2, π/2], then the

energy gap of the state from the ground state energy is cos(p)/λ. This means these one-

fermion excitations have a linear dispersion around the fermi surface, ϵ(p) ∼ |p− pF |/λ.

Indeed, the XX model corresponds that is the complex massless free fermion theory which

is a c = 1 CFT.

III.C Solving the three-letter Hamiltonian

III.C.1 Algebraic Bethe ansatz

We saw the integrability of the three-letter Hamiltonian, so one can find its energy

spectrum using the Bethe ansatz method. Here, we use the algebraic Bethe ansatz to

compute the spectrum. The monodromy matrix can be written component-wise in the

auxiliary space as

T0(µ) =

A(µ) B1(µ) B2(µ)
C1(µ) D11(µ) D12(µ)
C2(µ) D21(µ) D22(µ)

 . (III.C.1)

In this expression, the transfer matrix is written as t(µ) = A(µ)+
∑

aDaa(µ). The action

of the A and D matrices on the reference state (the string state consisting only rrrrr...)

can be found by looking at the upper-left components of the 3×3 blocks of the R-matrix:

A(µ) |Ω⟩ = (i cosh(µ))L |Ω⟩ , (III.C.2)

Daa(µ) |Ω⟩ = sinhL(µ) |Ω⟩ . (III.C.3)

The algebraic Bethe ansatz constructs the series of the highest-weight states by acting B
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matrices on the reference state |Ω⟩. Each B moves the state to be in the representation

with one additional box in eq. (III.3.12). This corresponds to adding either one u (or

|+⟩) or d (or |−⟩) to the string. To calculate the spectrum of the state acted by the B

matrices, one needs to find the algebraic structure of the A, B, and D matrices. The first

step is to think of the Yang-Baxter equation of the R-matrices supported on one (let us

label it n) of the physical spin sites and two additional auxiliary Hilbert spaces 0 and 0′:

R00′(λ− µ)R0n(λ)R0′n(µ) = R0′n(µ)R0n(λ)R00′(λ− µ). (III.C.4)

By iteratively applying this relation to all of the physical spaces n = 1, 2, ..., L, then one

finds the so-called TTR equation:

R00′(λ− µ)T0(λ)T0′(µ) = T0′(µ)T0(λ)R00′(λ− µ). (III.C.5)

Looking at relevant matrix components of this equation, we can read off the commutation

relations of the A, B, and D matrices as

A(λ)Ba(µ) = −i coth(λ− µ)Ba(µ)A(λ) + i csch(λ− µ)Ba(λ)A(µ), (III.C.6)
Ba(λ)Bb(µ) = Ba(µ)Bb(λ), (III.C.7)
Dab(λ)Bc(µ) = i coth(λ− µ)P de

bc Be(µ)Dad(λ)− i csch(λ− µ)P de
bc Be(µ)Be(λ)Dad(µ),

(III.C.8)

where P ab
cd = δadδ

b
c is a permutation operator in C2 ⊗ C2. B1 adds one |+⟩ and B2 adds

one |−⟩, so now we can think of the newly generated states by acting the series of the B

matrices as

|{µk}; Ψ⟩ = Ba1(µ1) · · ·Ban(µn) |Ω⟩Ψa1...an (III.C.9)

with a nonzero number of |±⟩, or the states in representations with one or more Young

boxes in eq. (III.3.12). n is the total number of |+⟩ and |−⟩, or the number of Young
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boxes of the representation in which the state lives. The actions of the on-diagonal

elements A and D on this state are

A(µ) |{µk}; Ψ⟩ =
n∏
k=1

(−i coth(µ− µk))Ba1(µ1) · · ·Ban(µn)A(µ) |Ω⟩Ψa1...an + (others)

= (i cosh(µ))L
n∏
k=1

(−i coth(µ− µk)) |{µk}; Ψ⟩+ (others) (III.C.10)

and

Dbb(µ) |{µk}; Ψ⟩
= i coth(µ− µ1)P

c1d1
ba1

Bd1(µ1)Dbc1(µ)Ba2(µ2) · · ·Ban(µn) |Ω⟩Ψa1...an + (others)

=
n∏
k=1

(T̃n)
{dk}
{ak}(i coth(µ− µk))Bd1(µ1)Bd2(µ2) · · ·Bdn(µn)Dbcn(µ) |Ω⟩Ψa1...an + (others),

(III.C.11)

where T̃n is the shift operator

(T̃n)
{dk}
{ak} = P c1d1

ba1
P c2d2
c1a2
· · ·P cn−1dn−1

cn−2an−1
P cndn
cn−1an

. (III.C.12)

Note that we are interested in the action of the transfer matrix (i.e. A+D11+D22) after

all, so we take the contraction over the index b = 1, 2 for the D matrix implicitly. The

+(others) terms are off-diagonal parts wanted to be vanishing. The vanishing require-

ments lead to the constraints on µ, the so-called Bethe ansatz equations, which we will

find soon later. Given that you take the sum over b and the only nonzero Dab are for

a = b when acted on |Ω⟩, we can contract b and cn in T̃ . Hence, what we have is the

product of the permutation matrices P : C2 ⊗ C2 → C2 ⊗ C2 with w ⊗ v 7→ v ⊗ w5:
5t̃ is indeed the transfer matrix of the SU(2) Heisenberg chain with zero spectral parameter. One

may encounter more general cases where diagonalization of the SU(2) transfer matrix with nonzero
spectral parameter is required. It is why this method is called the nested Bethe ansatz; one needs to
keep applying the Bethe ansatz method for the series of models with the smaller subgroup symmetries
until it reaches to SU(2).
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t̃n = P12P23 · · ·Pn−1n. (III.C.13)

So, if we take Ψa1...an to be an eigenvector of T {dk}
{ak} , |{µk}; Ψ⟩ is an eigenvector of Dbb

besides taking λ to be the solution of the Bethe ansatz equation to make the +(others)

terms vanish. Since t̃ acts as a cyclic shift operator to the right (for example |011⟩ 7→ |101⟩

for L = 3), it is a root of the identity operator t̃n = I. This fact implies that the

eigenvalues Λ̃ of t̃ to be the roots of unity:

Λ̃nn = 1 =⇒ Λ̃n = ei2πm/n with m = 0, 1, ..., n− 1. (III.C.14)

Plugging these eigenvalues back in eq. (III.C.11), we have the action of D to be

Dbb(µ) |{µk}; Ψ⟩ =
n∏
k=1

Λ̃n(i coth(µ− µk))(sinh(µ))L |{µk}; Ψ⟩+ (others). (III.C.15)

We have the action of the transfer matrix on this state by summing the actions of the A

and D matrices:

t(µ) |{µk},Ψ⟩ = Λ(µ) |{µk},Ψ⟩+ (others), (III.C.16)

where

Λ(µ) =
n∏
k=1

(i coth(µ− µk))
[
(−1)n(i cosh(µ))L + Λ̃n(sinh(µ))

L
]

(III.C.17)

We need to require the +(others) terms to vanish so that Λ(µ) is the eigenvalue of the

transfer matrix. This requirement is exactly the requirement of (III.C.16) to be analytic

due to the analyticity of the transfer matrix. As mentioned, these constraints on the

values of {µk} are the Bethe ansatz equations. The possible singularities of Λ(µ) are at

µ = µj for one of j = 1, 2, ..., n. Hence, the Bethe ansatz equations are
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0 =
∏
k ̸=j

(i coth(µj − µk))
(
(−1)n(i cosh(µj))L + Λ̃n(sinh(µj))

L
)
. (III.C.18)

The solutions of these equations are

µj = i arccot
(
eiπ(2ℓj+n−1−2m/n)/L

)
(III.C.19)

with some integer ℓj ∈ {0, 1, ..., L − 1}. The first
∏

k ̸=j(i coth(µj − µk)) factor diverges

exponentially at µj = µk, so it prohibits multiple rapidities to coincide. The states

|{µk},Ψ⟩ become the eigenstates of the transfer matrix when {µk} are these solutions of

the Bethe ansatz equations. In that case, the energy spectrum is

En = i
d

dµ
log

(
Λ(µ)

(i coshµ)L

)∣∣∣∣
µ=0

= i
n∑
k=1

csch(µk) sech(µk)

=
n∑
k=1

2 cos

(
π(2ℓk + n− 1− 2m/n)

L

)
. (III.C.20)

And, the spectrum of the total momentum is

pn = i log

(
Λ(µ)

(i coshµ)L

)∣∣∣∣
µ=0

= i

n∑
k=1

log(i coth(µk))

= −
n∑
k=1

π(2ℓk + n− 1− 2m/n)

L
. (III.C.21)

The physical interpretation of the spectra is simple. The state generated by acting

n of the B matrices contain n fermionic quasi-particle excitations with momentum of

p = −π(2ℓj+n−1−2m/n)

L
and energy of E = 2 cos p. The particles may not have degenerate

values of momenta as required by the Bethe ansatz equations.
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III.C.2 Ground state, dispersion relations, and finite size effect

From eq. (III.C.20), the ground state has exactly half of L, n = L/2 fermionic excitations

filling up to the fermi surface with zero energy. Each fermion has the mode energy of

ϵk = −2 sin
(
π(2ℓk−1+4m/L)

L

)
. With n = L/2, the fermions fill in the region between ℓF ≈ 0

and ≈ L/2. To be more precise, the ground-state energy is minimized with m = 0 and

the fermions fill from ℓ1 = 1 to ℓn = L/2. One can take the sum of these mode energies

explicitly as

E0 =

L/2∑
k=1

−2 sin
(
π(2k − 1)

L

)
= −2 csc

(π
L

)
. (III.C.22)

The first excited state has one hole in the fermi sea right below the surface and/or one

fermion right above the surface. This is massless in the thermodynamic limit given that

one can make them arbitrarily close to the surface. The existence of the massless states

suggests that the model has the CFT as its low-energy description. The central charge

of the theory can be found by calculating the finite-size effect of the ground state. The

CFT calculation expects that the ground-state energy has size dependence as

E0 = ϵ0L−
πvF c

6L
+O(1/L2). (III.C.23)

Here, vF is the fermi speed of the excitations. The energy gap above the ground state is

2 sin
(
2πℓk
L

)
, so the excitation around the fermi surface indeed has, as expected from the

masslessness, the linear dispersion relation ∼ 2|p − pF |, with which the fermi speed is

determined to be vF = 2. The expansion of eq. (III.C.22) about 1/L up to the second-

leading order gives the finite size effect to be of

E0 = −
2

π
L− π

3L
+O

(
1/L2

)
. (III.C.24)
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One can read from this finite-size ground state energy that the central charge of the

corresponding CFT is c = 1.

Once we recover the overall coupling factor −1/2λ, the fermi speed is determined to

be vF = 1/λ. This matches exactly with the dispersion relation of the first-order spin

chain for the two-letter string case as calculated in Sec. III.B.
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Chapter IV: Conclusion

In this thesis, we have demonstrated the integrability structures that emerge in large-N

gauge theories. It is remarkable that the aspects of higher-dimensional theories can be

studied from the insights of integrable dynamics of two-dimensional systems. We can

interpret the integrability as arising from the string-theoretic structure of gauge theory,

which becomes apparent in the large-N limit. The simplifications from maximal super-

symmetry or lattice regularization further allowed rigorous derivation of these structures.

The integrable spin chains emerging from the weak-coupling expansion of N = 4 SYM

can be utilized to classify integrable defects as boundary states. Superconformal sym-

metry allows us to study various physical quantities involving the defects. It includes

correlation functions in a defect background using superconformal block expansion and

Ward identities, as we demonstrated. These computational tools are expected to be

usable for relating various aspects of the defects with their (non-)integrability. Since

the defects in general correspond to D-brane bound states, the analysis of defects using

computational tools for integrable systems may give predictions in string theory, and

vice versa. We also discussed the translation of the dynamics of confining strings in

lattice gauge theory into spin chains. These spin chains happen to be integrable when

the unitarity constraint is negligible. The violation of integrability due to the unitarity

constraint matches with expectation since the constraint is one of the major distinctions

of the confining string theory from the ordinary Nambu-Goto theory.

As an optimistic outlook, the integrability test of D-brane configurations can even-
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tually lead to hint the string theory dual of the pure Yang-Mills theory or, moreover,

real-world QCD. The AdS/QCD program [112] particularly addresses this problem by

exploring various D-brane configurations that provide geometrical explanations for phe-

nomena in QCD, such as chiral symmetry breaking [150]. If one can identify the specific

D-brane configurations that exhibit breaking of integrability in a similar manner as the

unitarity constraint, then it could be an indication of the precise string theory dual of

pure Yang-Mills.

Even without the realization of such a precise duality, exploring the correspondence

between gauge theory and string theory is expected to ultimately provide a geometrical

understanding of confinement in gauge theory, just as it did for the thermal N = 4

SYM case for which Witten [159] showed that the confinement/deconfinement transition

corresponds to the Hawking-Page transition. Integrability would play a crucial role for

refining it by providing tools for exact computations. Furthermore, the characteristics

of its breaking would indicate possible modifications from the Nambu-Goto or Green-

Schwarz strings.
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