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ABSTRACT OF THE DISSERTATION
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Professor Terence Chi-Shen Tao, Chair

In this dissertation we establish various pointwise ergodic theorems, of both quanitative and
qualitative nature. Beyond an introductory chapter, we devote one chapter to establishing
quantitative ergodic theorems for Z¢ actions; one chapter to quantitative ergodic theorems for
polynomial orbits; one chapter to uniform estimates for various modulated ergodic averages;

and the final chapter to random modulated averages.
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CHAPTER 1

Introduction

My current research interests to date lie at the interface of harmonic analysis and ergodic
theory. This discipline has at its roots the classical theorem of Birkhoff [6], discussed below,

which can be described as follows:

For every ergodic — that is, “sufficiently randomizing” — measure-preserving
transformation, 7, of a probability space, (X, ), and any integrable function
[ € LY(X, u), p-almost surely, one can recover the mean of f, [ f du, by consid-

ering the Cesaro sums

%Zf(T”a:) —>/f dp 1 — a.e.

n<N

Informally, this theorem says that one can recover the spatial mean of f, [ f du, by consid-
ering the temporal means {+ > onen f(7"2)}, formed by “sampling” the function f at the

“times” {7"z} and taking the appropriate average .

Several questions immediately present themselves:

e How rapid is the convergence?

e What are the higher-dimensional analogues for Z? actions of the Birkhoff’s theorem?
What sorts of shapes can one average over and still derive pointwise convergence re-

sults?

'Even in the case when 7 is not ergodic, the temporal means {4 ., -y 7" f(x)} still converge p-almost
everywhere. -



e Back in the one dimensional setting, for which other sequences does one obtain similar
pointwise convergence results? Can one “sample” f at “fewer” points and still obtain

convergence of the associated Cesaro means?

e In the previous context, what happens if one relaxes the condition of integrability to,

say, square integrability?

e How “strongly” does convergence occur? Does pointwise conergence still hold when one
considers the weighted averages {+ Y onen Cnf(T"2)}, for a sequence of “oscillatory”

complex numbers |c,| = 17

The purpose of this thesis will be to address the above questions above simultaneously.

One of the fundamental questions in ergodic theory is to address a shortcoming of the
pointwise ergodic theorem: it doesnt tell us how fast the “time averages” converge (to the
space average, in the ergodic case). Variational estimates offer a way to quantify this rate
of convergence, and variational estimates for ergodic averages form the major theme of the
first two body chapters of the thesis. In particular, we will prove variational estimates for

ergodic averages in the higher-dimensional setting, and along polynomial orbits as well.

The second two body chapters of the thesis will focus on weighted, or Wiener-Wintner,
ergodic theorems. The dichotomy between structure and randomness underlies the work
in these chapters, as we seek to determine how “moral summation by parts” plays out
in considering our weighted sums. We will prove a variety of results concerning uniform
convergence of various weighted average, as well as providing the first known result combining

weighted and random ergodic averages.

Our body chapters are designed to be stand-alone, though we will motivate many of our

techniques in the introductory sections to follow.

1.0.1 Notation and Preliminaries

We let e(t) := e*™ denote the exponential.



We will make use of the modified Vinogradov notation. We use X <Y, or Y 2 X
to denote the estimate X < CY for an absolute constant C. If we need C' to depend
on a parameter, we shall indicate this by subscripts, thus for instance X <, Y denotes
the estimate X < C,Y for some C, depending on p. We use X ~ Y as shorthand for
Yy <X<SY.

We also make use of big-O notation: we let O(Y) denote a quantity that is < Y, and
similarly O,(Y) a quantity that is <, Y. We let 5(Y) denote a quantity which is <Y. We
let o(Y') denote a quantity that is < Y, much smaller than Y.

For functions, f, g, we let 07, (g) denote a quantity whose quotient with ¢ tends to zero

as f tends to oo, and for real numbers a, we define oy_,,(g) analogously.

Throughout our discussion, (X, u, 7) will be a measure-preserving system, a non-atomic
probability space, equipped with 7 a measure preserving Z%action, 7, f(z) := f(r_,z). For
{E;} C Z% define the averaging operators M, f(x) = ﬁ > yer, (Tyf) (). A major question
in ergodic theory is to what extent one can make sense of the limiting behavior of the means
{M;f} as i — oco. Because we will be interested in the pointwise regime, we introduce the

following slightly nonstandard notion.

Definition 1.0.1. A collection of subsets {E;} C Z% is said to be universally LP-good if for
every measure-preserving system (X, p, 7) and every f € LP(X), the means { M, f} converge

pointwise p-a.e.

With the above definition in mind, we are prepared to introduce and discuss the the

classical pointwise ergodic theorem of Birkhoff [6].

1.1 Birkhoff’s Theorem

Theorem 1.1.1 (Pointwise Ergodic Theorem). The collection of intervals {[0,4)} is univer-

sally L'-good.

We first present the standard density-argument approach to this theorem:



Proof. One begins by considering the subset of L!(X) functions on which pointwise conver-

gence is clear:
{p € L®(X):7¢ = ¢ pae.} ®Span{h — 7h: h € L=(X)} C L'(X).

Indeed, if ¢ is fixed by the action, M;p = ¢, while if f = h — 7h is a so-called coboundary,

then by telescoping

2[[All L= x)

1 )
|M;f| = |M;(h — Th)| = = }h—T’h‘ <
? l

— 0.

The next claim is that this set is dense in L*(X), and hence in L'(X) as well (on a probability
space, the L? norm is strictly stronger than the L' norm). To see this, one observes that the
L?-closure of the linear span of (bounded) coboundaries are precisely the invariant functions.
Indeed, if

L*(X) > f L Span{h — th: h € L™(X)},

then for M a large parameter to be sent to oo, we estimate

If = 7f1220x) = 20 20y — 2R(F 7)
=2\ flexy = 2R f = (f = 7))
= 2R(f, f1ip1<ar — T(fL1p1<00)) + 28RS, f Lo — 7(fLigsm))

=2R(f, fliponm — T(fLip50)) = Om—s00(1)

by Cauchy-Schwartz and dominated convergence.

The upshot is that we have proven pointwise convergence of the ergodic averages on a
dense subclass of L'(X), so to complete the proof we need only show that set of functions
for which we have pointwise convergence of ergodic averages is closed in L'(X). By Stein’s

maximal principle [32], the only way to do this is to prove a weak-type one-one estimate on



the maximal function,

M | := sup | M, f].

This is an abstract problem; fortunately Calderdn’s transference principle [2] allows one to

transfer this problem to one on the integer lattice.

Proposition 1.1.2. For each f € L'(X), we have [|M:f|| 1) < ||fll1cx)-

Assuming this proposition, let us see how we may conclude the argument.

For f € L}(X), and 1 > € > 0 arbitrary but fixed, consider the oscillation set,

N=Q = {limsup|Mif— M;f| > (—:}.

1,]—>00

Now, select ¢ inside the dense subclass of functions for which {M;g} converges in such a
way that ||g — f]|11(x) < €® (say). By the pointwise convergence of {M;g} and the triangle

inequality, we have the containment up to p-null sets:
QC{M.(f —g) > €/2};
The measure of this latter set is bounded by a constant multiple of

1
EHf —gllx) K,

by our approximation, which completes the proof, assuming the above proposition. O

Proof of the Proposition. By monotone convergence, it’s enough to study the (re-defined)

maximal function

MTf ‘= sup |le|
i<N

Let R > N be a large parameter, which will eventually be sent to co, and define the auxilary



function on Z by

T if
F(zyn) = flrre) tn< R

0 else.

If we let A; denote the forward Lebesgue averaging operators,

1
Ai = ’
gm) = =3 glm+ )
then for n < R — N, a moment’s thought convinces one that
M, f(t"x) = A;F(x;n)

for all i < N. Let M,g := sup, |A;g| denote the one-sided discrete Hardy-Littlewood

maximal function, and let us see how the following lemma allows us to conclude the proof.

Lemma 1.1.3. Let A > 0 be an arbitrary altitude. Then for any f € LY(Z),
AEN =AML f > M < [ |f]
Ey
In particular, for any f € LY(Z),

M fllzee < I fllLrz)-

Since we have defined

M. f(x) := sup |[M;f],

<N

we have the pointwise inequality,
M, f(m"z) < M F(x;n)

valid for all n < R — N.



Now, using the measure-preserving nature of 7, Fubini’s theorem and the weak-type

one-one boundedness of M, we may estimate

(R — N)/'L({MTf > )\}) = /X /[;)R_N) 1{(:E,n):./\/l-rf(7—ngc)>)\} d#(”)du(ﬂﬁ)
< /X/[(]’RN) 1{(x,n):M+F(x;n)>)\} d#(n)dlu(x)
S/ {n: MoF(z;n) > A}du(z)
X

1
<5 [ PGl dute).
X

By a further application of Fubini’s theorem, and taking into account the measure-preserving

nature of 7 once again, we compute

3 [ IP@ @i =5 [ [ 1@ du@ao)

1
= RfoHLl(X)-

Dividing through by R — N and sending R — oo yields the desired weak-type inequality

quuf>xbf;§Wwa»

It remains only to prove Lemma 1.1.3, reproduced below for the reader’s convenience:

Lemma 1.1.4. Let A > 0 be an arbitrary altitude. Then for any f € LY(Z),

AE| =AM f > 2} < / .

Ex

In particular, for any f € LY(Z),

My flloe < fllorz)-



Proof. First, there is no loss of generality in assuming f > 0 is non-negative. For concrete-

ness, let us suppose that R = R(\, f) is so large that

1f -1z -rrll@ < A/2,

which can be justified by (say) monotone convergence. With this in mind, we decompose
Ey\ = U,la;,b;) as a union of intervals moving right. We quickly verify that there are at

most finitely many intervals, and that all intervals are of finite length. To do so, we split

Af(2) < A(f - 1rr)(@) + Al f - 1z mrr)(2) < A(f - 1orR) () + A/2,
and observe that
A(f -1z —rm)(x) =0

for x > R, while
Af(x) < A/2

forz < —R — wfl(z): for z in the above range,

1

Ai(f - 1rp)(7) < ZHfHLl(Z) “Li> Ra,

and if

2

e R 1/l @)
A

we necessarily have any such admissible ¢ > w .

Now, suppose we knew that for each 7,

N / J:
[a;j,b5)

a simple summation over our intervals 7 would yield the result.



So, seeking a contradiction, suppose that for some k, the reverse inequality held:

/ £ < Mlag.bi)l.
[ak,br)

For notational ease, relabel a; = a, and by = b, and for x € [a,b), define the “look ahead”
function

I(2) := max {t: f> /\|[a:,t)]}.

[z,t)
We claim that {(a) < b— 1. By assumption, we cannot have [(a) = b, and if [(a) > b, using
the fact that b ¢ E\, we would have

Nia.@)] < [

;= f+/’ £ < Nja. )] + Mb, 1@))] = Ala. 1(a))]
[a,l(a)) [a,b) [b,i(a))

for the desired contradiction. The upshot is that I(a) < [(I(a)) is non-trivial. But then

M a, (@) + A |[la), [(I(a)))] </

la,l(a

f+/ f - £ < A [a1((a)]
) [1(a),l(l(a))) [a,l(i(a)))

by definition of our look-ahead function. This contradiction completes the proof. O

Remark 1.1.5. The proof of the above proposition is extendable to proving strong-type LP
bounds on M, as well. Moreover, the argument relied on two — and only two — properties
of the operator M. Firstly, that M. is sublinear; secondly, that M. is transferrable to an
operator on the integer lattice, M, which is semi-local, i.e. a pointwise limit of operators
which extend the domain of support of finitely-supported functions on the lattice in a bounded
way. A further inspection of the above argument reveals that in no place did we exploit the
fact that we were working on a space of dimension one: the above argument extends readily

to the case of Z actions by transference to the Z% lattice.

The above density argument is rather slick, but unfortunately not as robust as might be

hoped: it relies crucially on the smoothness of the intervals {[0,1)}.

Obtaining pointwise convergence results for {M; f} for rougher, exotic {E;} C Z does not



necessarily follow from quantitative estimates on an appropriate maximal function, since the
dense-subclass result is often unavailable in this setting. Perhaps the most famous instance

of this difficulty arose in the study of averages along the squares, i.e.
E;:=1{1,4,9,...,i*} C Z.

Indeed, to prove pointwise convergence of the ergodic averages of L2-functions along the
squares, Bourgain [10] attacked the issue of oscillation more directly, by showing that an
appropriate oscillation operator was L? “controlled” ( [10, §7].) In a redux of his argument

[11], in which he handled more general polynomial sequences
E;:={P(1),...,P(1)} CZ, P(x) € Z[z],

Bourgain did so with the assistance of the r-variation operators (below), classically used in

probability theory to gain quantitative information on the rates of convergence.

1.2 Introduction to Variation

Definition 1.2.1. For a collection of functions { f;},

1/r
V'(f:)(x) == sup (Z | fir — fmlr) (z)

is the r-variation of the {f;}, 0 < r < oo; the supremum is taken over finite, increasing

subsequences {ir}. We define V(f;)(x) := sup,, | fs — fil(z).

These variation operators are more difficult to control than the maximal function sup; | f;|:

for any j, one may pointwise dominate

sup il S V() + 1] S V() + 1l

10



where r < oo is arbitrary. This difficulty is reflected in the fact that although having
bounded r-variation, r < oo, is enough to imply pointwise convergence, there are functions

which converge, but which have unbounded r-variation for any r < co. (e.g. {(—1)’@})

As far as pointwise ergodic theory is concerned, perhaps the most central result concerning
r-variation operators — which in fact appears in Bourgain’s argument — is Lépingle’s inequality

for martingales [11].

1.2.1 Lépingle’s Inequality

We pause here to introduce Lépingle’s inequality in the special Euclidean/dyadic setting,

which will be adequate for our purposes. We recall the dyadic filtration:
Enf(x) = folg,
Q

where the sum runs over all dyadic cubes of side-length 27", and fg := ﬁ /. 0 f dx. We let

A, = &E,11 — &, denote the differencing operators.

We recall the (classical) the maximal function and square function, defined respectively

as
1/2

Mf=suplE.fl, Sf = (D_|A.f)

These two operators, both of which roughly measure the “scales” where f oscillates, have
long been thought of as being of “even strength;” this heuristic was beautifully quantified

by Burkholder and Davis, who proved the following [8, Theorem 9], [11, Theorem 1]

Theorem 1.2.2 (Burkholder, p > 1, Davis, p = 1). For each p > 1, there exist absolute

constants 0 < ¢, < C,, so that

cplISfllp < M Sl < CllS £l

With V" f := V"(E, f), we have the following fundamental boundedness result concerning

11



the r-variation operators on Euclidean space.

Theorem 1.2.3 (Lépingle’s Inequality — Special Case). For each r > 2, and 1 < p < oo,

there exist absolute constants A, so that

IV fllzo@ay < Apllflloay;

moreover, at the endpoint p = 1 we have the weak-type estimate

V" fllproomay < Avll f|l £1way
for some absolute constant A;.

We remark that the range of » > 2 in the above theorem is sharp, since these estimates

can fail for r < 2; see e.g. [13], [31].

By now, comparatively simple proofs of Lépingle’s theorem can be found in Pisier and
Xu [30] and Bourgain [11]. The idea was to leverage known estimates for jump inequalities

for the {&,f} to recover variational estimates:

Definition 1.2.4. For each A > 0, N\(E,.f) is the number of A-jumps in {&,f}: the supre-

mum over all N > 1 such that there exists an increasing sequence of indices {nog < ny <
ng < -« - < ny} with

for each 1 <i < N.

Remark 1.2.5. N, (&, f) is comparable to A-entropy of the {&,f}, i.e. the fewest number of

A-balls required to cover the collection {&,f}.

The key result concerning A\-jumps is the following:

Theorem 1.2.6 ( [9], [12]). If Ny is the number of A\-jumps in {E, f} then for any 1 < p < 0o

12



there exist absolute constants B, such that
IANY2llp < Byl for all A > 0;
moreover, at the endpoint p = 1 we have the weak-type estimate

IANY [0 < Bullflls for ali A >0

for some absolute constant Bj.

We refer the reader to [12] for a more comprehensive survey.

The significance of the argument provided below — inspired by the excellent exposition of
[21, §2] — is that it sheds new insight into the relationship between maximal function, square
function, and variation operator. Indeed, in light of Theorem 1.2.2, we recover Lépingle’s
result that the r-variation operators (r > 2) are themselves of “even strength” with the

maximal functions.

Specifically, we prove the following

Theorem 1.2.7. Forr > 2, and all v > 0 sufficiently small, we have the good-\ inequality
PV f > CAMS <A S <A} < APu({V'f > A}

for appropriate (absolute) constants A = A(r),C > 1. Moreover, asr | 2, A=~ (r —2)72

In particular, by integrating distribution functions we recover the optimal bound

1
V£l S 5 I1f1l2

asrl 2.

Remark 1.2.8. The proof we provide translates readily to the integer lattice.

This immediately proves that V" f is bounded on LP, 1 < p < oo and moreover is

13



integrable when the maximal function and the square function are (see above):

Corollary 1.2.9. If Mf € L' (and thus Sf € L'), V" f € L' for each r > 2.

1.2.2 The Proof of Lépingle’s Inequality

We begin with a preliminary lemma.

Lemma 1.2.10. For A > 0, there exist absolute constants
0<c<l1<C=C(r)~(r—2)"?
(as T | 2) so that we have the following “weak-type” good-\ inequality
NHA V> A MF <A <O flal7zma
for any measurable A C R? satisfying the localization criterion

Nu(f)lA - Nu(flA)

for each p. (The localization criterion is satisfied, for instance, if A € &, and E,f =0 for
allm <t.)

Proof. By homogeneity, it suffices to prove the result with A = 1. Fix

2
2<3:s(r)::r;

<,

and pointwise dominate the variation as in [11, §3]

V"< 2 N (f);

IeZ

since M f < ¢ < 1, we may assume that the above sum runs over only [ < 0, which leads to

14



the containment

(A Vf>1,Mf<clC {A ST 2 N(f) > 1/2} c {2 Na(f14) > ¢},

<0 <0

for an appropriate absolute constant ¢, ~ r — 2, with the corresponding inequality for

measures.

In light of Lemma 1.2.6, this immediately leads to the majorization

AV > 1L Mf<ch) <Y 20 f1al3 S (r = 2) 721 £1all3-

<0

[]

Proof of Theorem 1.2.7. By homogeneity, it will suffice to prove our Theorem 1.2.7 with
A=1.

We begin by collecting all maximal cubes, {I}, on which V"f > C, where C' is a large

absolute constant. We will show that for each selected I,

[{T:V'f>30,Mf<vSf <} S 7| (1.1)

which will yield the result. Freeze some such I, and let us assume for concreteness that 1

has side length 2.

By the trivial observation that
Vif(z) SV(ELS :n<i)+ Mf+V(Ef :n>i)

pointwise, we have

(V'f>3Cc {V'(Ef:n>t)>C)

Set now g := f — f; and observe that Mf < ~ implies Mg < 27, so that we have the

15



containment

V> 3CMf<7,Sf<qtC{l: V(g :n>t)>C Mg<2y,Sg <~}

={I:V'g>C,Mg<2y,89 <~}

We next collect all maximal subcubes of I, {Q}, subject to the constraint that

Q)
> 1Angl? > %
n=t

here, we define [(Q) to be the integer so that the side length of @ is 274,

Define the second auxiliary function

hi=3 gole+9 luar
Q

and notice that for any cube P,

hP?'égP

implies that P is properly contained in some selected cube (). Consequently, V'g > V"h
inside Q@ C {Sg > ~}.

Putting everything together, we may estimate

[{L:Vf>3C,Mf<7,Sf<AH <[{I:Vg>C,Mg<2y,59<~}|
<[{I:V'h>C,Mh<2v}|
S 1115
= [IS(n11)|l3

<2,

as desired. We used Lemma 1.2.10 in the third line, so that the implicit constant grows like

(r—2)2asr]2. O
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1.2.3 A Quantitative Approach To Birkhoff’s Theorem

With Lépingle’s inequality in hand, we provide an alternative proof of Birkhoft’s theorem —
one which, we will see below, generalizes in a variety of ways. For the sake of simplicity, we
will content ourselves with developing an L?-theory; we will prove pointwise convergence of

ergodic averages on L?(X), i.e. only that {[0,7)} are L%-good.

We will do so via a variational estimate; we will show that for each r > 2,

V' (Mif)llz2xy Se lfllz2cx);

this result first appeared in Bourgain’s celebrated paper on polynomial ergodic averages, [11].
Since the variation operators are semi-local, we will derive this result from the corresponding

one on the integer lattice:

Proposition 1.2.11. For each r > 2
IV (Aif)ll 2@y Se 1122y

The argument we provide here follows that of [10] — a simplification of [11] — and [8].
Before turning to the proof proper, we make some preliminary remarks.

For a sequence of functions, { f;}, we may divide our study of the r-variation, V"(f;), into

the long- and short-r variation, respectively defined below:

1/r
VT’L(fZ')(ZL’) = sup (Z ’flk - fik+1|T> (.I)
k

(7% ) increasing, dyadic

1/r
VI (f)(x) = (Z ( sup Z | fi, — fik+1|r>> (z).

n 27 < (i) <27 +1 increasing &

Indeed, we have the following easy pointwise inequality:
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Lemma 1.2.12 ( [13], §3 ).
V'(fi) Se VRE(E) VTS

Sketch. Fix an increasing sequence of indices {iy}. For each pair (ig,ix41) so that there

exists n(k) < n(k+ 1) with
2n(k’)—1 S Zk S Qn(k) < 2n(k+1) S ik-{-l S 2n(k:+1)+1’
replace

| fir = finr| < | fiw = fanw | + | fontw) = foncern| + | fipry — fontern ],

so that

\fir = firir|” So 1 fix = fonw|" 4 | fonty — fonoen|" + | fipr — fonesn "

Take ["-norms in k, and make the above replacements when necessary; the first and third
replaced terms become absorbed by the short variation, while each middle term becomes

absorbed by the long variation. O]

We may therefore focus on bounding each short and long variation of the ergodic averages

independently on L*(Z).

The Long Variation is L?(Z)-Bounded. We begin with the long variation. Using Lépingle’s

inequality and the triangle inequality, it is enough to show that

1/2
V' (Ao f — Euf) S (Z Az f — Enf|2> —:S.f

n>0

is L2-bounded (the subscript ¢ stands for comparison); here we define

Enf =) fal
Q

18



with the sum running over dyadic cubes (intervals) of side-length 2". With A,

for n > 0 and A,, = 0 otherwise, it is enough to show

li—4l

1A — E)A |l aysiee) S 27

Indeed, expanding f =3 . A,f into increments, we majorize

1/2

Sef = 2|

n>0

weafe)

n>0

Estimating the tth term in L*:

1/2||2
Z | Azn - n n+tf‘ ) = Z H(AZ" - gn)An-i-tfH%Q(Z)

n>0 12(2) n>0

S 2713 Al a

n>0

1/2]|?
=271 (Z |An+tf|2>

>
n>0 12(2)

<271 £ 113z

where we used the fact that the Ajs are projections in the second line.

To prove our key estimate

li— J|

||(AQz - g )A ||L2 Z)—)LZ(Z) < 2_

we may without loss of generality assume that |i — j| > 1 is large, since for each i, j

(Ayi — &E)A;

is a composition of two bounded operators on L?(Z).

19
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Now, with f € L?(Z) and j > 0 fixed, expand
Nif =Y (f ha)hy
J
into Haar coefficients at scale |J| = 2/. When i < 7,
1
|(Agi — &)hy| = |Aihy — hy| < |J|—1/21E1-(J)

where |E;(J)| < 2" is supported in a union of at most three intervals containg the points of

discontinuity of h ;. Consequently,

1
(A2 = E)A; f] < ; [(f, hJ>’|J|—1/21Ei(J)

and thus
1(Agi = E)A FllF2zy < D IR PITTE(T)]
J

<2 S [(f.h)
J

= 2i_jl|Aij%2(Z)‘

On the other hand, when i > 7,
(Agi — EZ>A] = AgiAj.

Now, if ¢ € Jy, and J; =: Jy + 2%, then — using the mean-zero nature of the Haar functions

— one has the identity

(Agi = E)A f(m0) = Az j f (o) = (f, huy) A (hgy ) (w0) + (f, lury ) Azi (huy, ) (o).

Since
2i/2

2t

[ Az (hy)| S

20



we may majorize

[(Ay = &) Af|<Z< )

where we let Jy := J and J; := J + 2'. Square summing yields the (stronger) estimate
1(Agi = E)AG 722y S 277210122z

completing the proof of the claim. O

We next turn to the short variation. We provide two proofs; a spatial proof, reliant on
the smoothness of the intervals [0, 7), and a Fourier-analytic proof which proceeds by analysis

the multipliers,

AJ(B) = mi(5)1(8) = (% > e<—n5>) 7(6).

n<t

The Short Variation is L*(Z)-Bounded, Take One. We will abbreviate

1/2
VS (A f) < V2S(Af) = (ZWAf) :

where

1/2
VZ(AZf> = ( sup Z ‘Alkf - Aik+1f’2> .
2n<(7,k) k

<(ir)<2n*! increasing

By arguing as previously, it will be enough to establish the estimate

V(A Am 2@ S 272 ez

We first notice that

on+l_1

V2(Aig) < D Af = A I S Apen| f;

1=2"

consequently we may assume |n — m| > 1. We begin with the case where n < m.
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The key observation here is that

Va(Ai(Amf)) () #0

implies that x is supported in the =~ 2™-neighborhood of the 2"-dyadic mesh. To see this,

expand
Amf = Z anQ
Q

into dyadic cubes () which have side-lengths 2™. Suppose x € P, and is of distance greater

than 2"*! away from its boundary, so that
AN f(x ZaQA lo(x) = apAilp(x) = ap.

Since the short variation is formed by summing over differences of operators A;, it follows

that

Vo(Ai(Anf)) () =

With this in mind, letting E,,(Q) C @ denote the set (union of two intervals) of measure

< 2" on which VZ(A;(A,.f)) - 1¢ is supported, we majorize

1. Q)

V2(A(AR ) S (Z \apyA2n+11P> e @ < ) ( Z lag,|)
Q P Q =0

where we set )y := @) and ), to be the immediate right dyadic neighbor of ). Integrating,
Va(AdAm Nz S D laePIER@)] S 27 Y lagl’ Q] = 27 ™[ An-m fllF2(z)
Q Q

We next turn to the case where n > m; here, we will establish the pointwise majorization

ValAi(Anf))* S 277" Agen (|An fI),
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which will yield the result.

To this end, let us freeze some x, and suppose that the nth increment of the short two

variation is realized as

Z | Ai, — u+1 mf)|2(x) =

2 2

1 1

lg Zs—s—l

/ (Af) (@ + y) d#(y
[O,is)

[-=f

[ Bup ) )

13—&—1

Expand Ay, f = 3" (f, hq)hq into Haar coefficients, and let Qo = Qo(z, 5) and Q1 = Q1 (z, s)

be appropriately chosen; one discovers that

‘ / (Af)(z +9)
[0,is)

This quantity is in turn majorized by

Z (f o)
=0

/[o,m ©

m 2 m 2
2 /w’is)!(Amf)(ny)IS? / Anfl(z+ )

[0,27F1)

Inserting this upper bound into the sum

>

2 2

1 1

is is+1

~ /[ (B +y) d

yields an upper estimate of

S 27 Agis (A f)2 (@)
The contribution from the second sum,

2

ts41

. ’/{ igﬂ)(Amf)(x +y) d#(y)
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is handled similarly; the key point is the “reverse-Holder”-type estimate,

[ aaneenap) 520 [ 8 ao)

which is established by expansion into Haar coefficients. The proof is complete. O

We now turn to a second proof that the short variation is L*(Z)-bounded. Although the
argument we provide is more involved, it relies on more general Fourier-analytic properties

of the multipliers,

m(B) =3 3 el-nb),

n<t
rather than concrete geometric considerations; indeed, the spirit of this argument will be

present when treating short variation along polynomial orbits (below).

Recall that we are interested in showing that

Z ||V2(Atf)||%2(2) N ||f||%2(2);

n>0

since we are summing over differences of operators, this is equivalent to showing

S IVACAHI 2@ S 112w,

n>0

where we define

Ct = At — AQn for 2" <t< 2n+1'

We have seen that for each n, the operator Ay “annihilates” functions which oscillate
at scales < 2", and “preserves” functions which oscillate only at scales > 2". The take-
away from the above spatial argument was that there is great — and quantifiable — similarity
between the operators As. and A, for 2" < t < 2"t We might expect, therefore, the
operators {C; : 2" < t < 2"} to be most sensitive to functions which oscillate at scales

~ 2". These heuristics can be made rather precise using Fourier analysis. In what follows,
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we will let

ve(B) = mu(B) — man (B),

for 2" <t < 2"+ 5o that

~

Cif (B) = w(B) F ().

Lemma 1.2.13. Suppose 2" <t < 2"*L. For any 8 € T, we have the following estimates:
1 |o(B) —ven (B) S 277
2. [u(A)] S min{2"|5], 5}

This lemma spectrally quantifies the above discussion: the qualitative similarity between
averaging operators C; and Cyyq (or, A; and Ayyq) is felt via strong Fourier-dampening; the
multiplier v,(f) is morally felt only by functions built up of frequencies on the order of 27",

i.e. functions which are morally constant at scales < 2", and morally mean-zero at scales

> 9n,

Proof. For the first point, one observes,

t—

Ze(—nﬁ) +

1
1
n=0

—t6)| S S27
()| S 7 S

) ~ v < (- 117 N

For the second, a geometric sequence argument allows one to express

)l = 1 | =55 % S

1—e(=B) |~ tBl ~ 28I’
from which the estimate on v; follows from the triangle inequality.

Finally,
(e(=np) —1) = O(t|8]) = O(2"|B]),

E
=
|
—_
I
S

and subtracting appropriately,

v(B) = (my(B) = 1) = (man(B) — 1),
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yields the result. O]

The above lemma strongly motivates us to introduce a (rough) Littlewood-Paley decom-
position of the torus T = [—1/2,1/2) to study the behavior of the {v;}. Since each multiplier
v¢(0) = 0, it is in fact enough to decompose T \ {0}. We do so using the dyadic partitioning
functions:

l—g-j —9-i-1yup—s-12-5) ifj>1
Xi =
0 if j <0,

so that

Z X; = 11 {0}
j

Next, for f € L*(Z), we let
fi(n) = (Fxs)" ()

denote the inverse Fourier transform of the projection to frequency scales ~ 277,

The idea will be to gain strong L?(Z)-decay in |m| as we consider

Vg(otfn-l-m);

we are lead to this approach by the fact that for 2" <t < 27+,
loexnmllzoe ey S 27,

To execute, we will use the following elementary lemma. This result is essentially due
to Bourgain (cf. [11, Lemma 3.11], and [10, Proposition 2.12] as well), and we will make

repeated use of it — here and below.

Lemma 1.2.14. Suppose that {B,}Y_, are a family of operators which act on L*(Z) func-

tions by multiplication on the Fourier side



Suppose that for each 1 <n < N

sup |m,(B)] < A and
Besupp f

sup[ma(8) — moii(B)] < a.
Besupp f

Then |V*(Buf)|lr2z) S VNAa| fl| 12z

Proof. We may assume without loss of generality that Na > A, since otherwise we may use

Cauchy-Schwartz to majorize

1/2
VA(Bof) < Y |Buf = Buyi f| < N'2 (Z |Buf — Bn+1f|2> :

n<N n<N

taking L?(Z)-norms yields the estimate

1/2
- (Z |Bnf — Bn+1fH%2(Z)>

n<N

(Z | (mn = i) FI7 )1/2

n<N

< VNa| fll2em)
= \/NGHfHL%Z)

1/2
(Z ’an - Bn+1f‘2>

<
n<N 12(z)

by repeated applications of Plancherel. Consequently, we have the desired estimate

V*(Buf)llz2z) < Nallfll2z) < VNAa fll2)

Proceeding therefore under the assumption that Na > A, we let L be a positive integer

to be determined, and choose an ~ %—net,

l=a1<ay<...ar =N
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of (almost) equally spaced indices (so a;11 —a; & &). We use this net to pointwise dominate

L 1/2 L 1/2
VA(B.f) < (Z BofP)  + (Z (V¥(Buf sai < < Gz’+1))2>

i=1

1/2 1/2

L L Qi1 2
s(Z\BMfQ + Z<Z|Bf Bnﬂf!)

L 1/2 N\V2 [N 1/2
S/ <Z |Baif|2 + (f) (Z |an - Bn+1f|2> )

=1 n=1

where we used Cauchy-Schwartz in the last inequality.

We take L?(Z)-norms, and use Plancherel’s theorem to majorize the first summand

/2 I , 1/2
Z|Ba,f = (Z a8 F(5) LQ(T))
L2(Z) =
I , 1/2
< A? A‘
< (z 7 m))
< VLA||f| 2
and the second summand
1/2 N 1/2
N\V2 (N ) N 2 R )
(7) <Z Baf ~ Bua ] () > fJom—mu @7,
n=1 L2(Z) n=1
N 2
<($) VEdile
Na
= ﬁHfHLQ(Z)
Setting L ~ % yields the result. [

With this lemma in hand, the proof can be completed in a few short strokes:

The Short Variation is L*(Z)-Bounded, Take Two. We begin with the pointwise majoriza-
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tions

1/2 1/2
V(A f) < (ZW (Cif) ) <> (ng(ctfw)?) .

J

With j frozen, we consider
1/2||2
(Z Vg(ctan)Z) =Y IV2ACifuii)32)-
n 12(z) n

In the language of the previous lemma, for any given n we have
N=2" A=27V and a=2""

we estimate

IVE(Cofnsillie@ S NAal| farillFoz = 27 fasillio

Summing over n, and using the L*-orthogonality of the {f,,}, yields the upper estimate
Z IVA(Co a2z S 2_|j|”fH%2(Z)

Taking the appropriate square-root, and summing over j then completes the proof. ]

So, despite the increased delicacy of the variation operators, we have shown that for
E; =[0,7),r > 2, the r-variation operators, V" (M, f), are of strong-type (2,2) [11, Corollary
3.26]. 2

In other words, not only do the classical Birkhoff ergodic means {M;f} converge for

f € L?, but they do so rapidly.

2It is shown in [10] that V?(M;f) is unbounded on L?; the super-delicacy of the two-variation operator
V? will be addressed below.
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1.2.4 Further (Smooth) Variations

Since Bourgain’s celebrated result, establishing variational estimates for families of averaging
operators has been the focus of much research in ergodic theory. A fundamental paper in this
direction is due to Jones et. al. [10], where it is shown that the variation operators {V"},~
are of of weak-type (p,p),1 < p < oo for intervals E; = [0,7). These results were partially
extended [8] to the higher-dimensional setting of Z?-actions, where E; are taken e.g. to be
cubes [0,4)%.

A major point in proving L” — LP estimates on the variation operators is that, roughly
speaking, it is challenging for the variation operators to be large where the governing maximal
operator is not. Indeed, we have already seen an explicit example of this phenomenon in our

good-\ approach to Lépingle’s theorem.

The goal of [5] was to further strengthen this heuristic. In particular, provided that the
pertaining sets in question, {E;}, are geometrically “regular” (see below) we show that the
V" operators share the same LP(w) — L”(w) mapping behavior as do the maximal functions.

Here, w > 0 are appropriate (discrete) A,(Z?) weights.
One example of my work in this direction is the following result:

Theorem 1.2.15 (Corollary 1.8 of [5] — Special Case). Suppose r > 2, and E; = [0,i)? C Z4
are cubes as above. Then for any A, weight w € A,(Z),1 < p < 0o, there exists an absolute

constant, C,.,,, depending only on r,p and the A,-norm of w, so that

[ vasresa, [ 1w

Moreover, at the endpoint p = 1, there exists an absolute constant C,. 1, depending only on r

the Ai-norm of w so that for each A > 0,
(V7 (Af) > 0) < Co [ [l
7.4

This theorem and related work on higher-dimensional ergodic averages [5] largely resolved
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the outstanding questions posed in [10] and [8] on variation of smooth averages (below). Little
research, however, had been directed towards studying variations of averaging operators

defined by “rough,” polynomially-defined, sets.

1.2.5 Variation of Polynomial Ergodic Averages

Variation operators “along” polynomially defined sets are a natural object of consideration:
variational estimates are a strong tool for proving pointwise convergence of averages when a
density argument is unavailable. Despite the utility of the variational approach, the following
problem, posed and engaged in [22], and recently resolved by Mirek, Stein, and Trojan [29],

remained almost untouched:

Problem 1.2.16. Let P(x) € Z[z] be an integer-valued polynomial, and set

B, = {P(1),...,P(i)}.

For which 1 < p <00, 2 <r < oo do there exist a priori bounds

IV (My )l < CorpllFl1n7

My main result in this direction is that polynomial means converge rapidly in L?:

Theorem 1.2.17 (Theorem 1.3 of [22]). In the above setting, there exists an absolute con-
stant C, p, depending only onr > 2 and the polynomial, P, so that for any measure preserving

system (X, p, 7), and any f € L*(X),

V' (Myf)llz2x) < Crpll fllezx)-

Interpolating this result against Bourgain’s celebrated result [11]

V(M f)llrx) < Cppll flleex), p>1,
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yields the following

Proposition 1.2.18 (Proposition 1.5 of [22]). Suppose r > max{p,p'}. Then for any dy-

namical system there exist absolute constants C.., p so that
V(M P)llex) < Crppll fllzec)-

As it so happens, the L? theory is, in general, sharp — as in the case of the standard

Birkhoff means, the 2-variation operator is unbounded on L?:

Theorem 1.2.19 (Theorem 1.7 of [22]). For any C' > 0, there exists an f = fc of L*-norm
one, but so that

IV (My f)llz2x) = C,
where here we fit My f(x) == % <y 7 f(z), the (discrete) square means.

Remark 1.2.20. Although this theorem is generalizable to actions associated to other integer-
valued polynomials, for the sake of concreteness, we content ourselves with the case of the

Squares.

These two papers more or less comprise my work on variations of ergodic averages, and
questions concerning rates of convergence of ergodic averages. The remainder of my work in
pointwise ergodic theory concerns understanding modulated ergodic averages, discussed in

the following sections.

1.3 Wiener-Wintner Theorems: Convergence of Twisted Ergodic

Averages

Prior to Bourgain’s polynomial ergodic theorem, another generalization of Birkhoft’s theorem

was announced:

Theorem 1.3.1 (Wiener-Wintner Theorem [42], cf. [1]). For every f € L'(X) there exists
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a subset Xy C X of full measure so that for every 6 € [0,1] the weighted averages,

1 n
{N S elwd)r f(ac)} ,

n<N

converge for all x € Xy. In particular — Xy is entirely independent of 6.

Some remarks about this theorem are in order:

The density-argument proof of Birkhoff’s theorem saw us decompose each f € L'(X)
function into a component fixed by the action, h, a co-boundary component, g — 7g, and an

arbitrarily small L'(X)-error term, 7, so that we could express

f=h+(g—79) +n.

Heuristically, we can think of this decomposition as a reflection of the dichotomy between
structure and randomness: roughly speaking, we begin with an L! function and separate it
into a structured function, fixed by the action, and a random function, telescoping to zero

in an average sense.

This same dichotomy informs the proof of the Wiener-Wintner theorem, but the “twist”
is that we must be more careful with how we define our notion of randomness. Indeed, a

naive application of our twisted means to a (bounded) coboundary yields:
Lol -
—Z (nd)T Tg) = O(goo) Z (nf) —e((n —1)0))T"g.
n=2

Now, when 6 = 0, and we're back in the setting of Birkhoff’s theorem, the latter sum

vanishes; nothing can be said about the sum for general 6.

It turns out that the correct dichotomy between structure and randomness involves the

so-called Kronecker factor of the system (X, p, 7).
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Definition 1.3.2. For a measure preserving system (X, u, ) the Kronecker factor® of the

system is

K= @{T"h,\ s hy is an eigenfunction of T with eigenvalue \}.
A

One has the following convenient spectral characterization of K-:
Proposition 1.3.3. The following three conditions are equivalent:

1. fekt;

2. f has a continuous spectral measure; and

3. The (bounded) correlation coefficients

(T f, [)

tend to zero outside an exceptional set E C N of zero density.

This proof will heavily exploit the Hilbert space properties of L?(X), so we will state

here a powerful Hilbert space orthogonality lemma which will be used below.

Lemma 1.3.4 (Van der Corput). For a sequence of vectors in a Hilbert space, {v,} C H,
and any M < N,

> <

n<N

Z lvall* + — Z

m§M

Z (Untms Un)| -

n<N—m

Remark 1.3.5. Informally, the more orthogonal the {v,} are to their neighbors — the smaller

: 1
their average 7 3, <y Un becomes.

3More can be said about K:
K:=L*X,Z,u),

where Z is the o-algebra generated by the eigenfunctions of the action.
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Proof of 1 = 2. Let vy denote the spectral measure (on the torus, T) associated to f; such
a measure exists by the Bochner-Herglotz theorem since {(7"f, f)} forms a positive semi-

definite sequence, in that for each {z, € C:n < K},

> T ) zEa 2 0.

nm<K

Indeed, we just observe that

2
>0

ST )T =

nm<IK

Z 2, f

n<K

Y

L2(X)

since (7" f, 7™ f) = (t"~™f, f), by the unitarity of 7.

Now, if v; has an atom, v;({a}) > 0, g := 1, is a non-zero vector in L*(v¢), and corre-
sponds via the spectral theorem to a non-zero function, G € Span{7"f}. Note furthermore

that the multiplication operator

and so by the spectral theorem G is an eigenfunction of 7 with eigenvalue e(a).

If f € K+, however, (finite) linear combinations of {7" f} also live in K+

Z a;Tf € KF,

J

35



since for any eigenfunction, h, with eigenvalue e() = e(8(h)),

<Zaj7_jf7 h> = Z a]'<7—jfa h)
Zzaﬂfﬁ_jh)
= ae(iB)(f,h)

=0.

By continuity, if f € K+, Span{7”f} C K*. The upshot is that if v; is atomic, f ¢ K+, or

alternatively: each f € K+ has a continuous spectral measure. m

To prove that the second point of the above proposition implies the third, we will need the

following lemma, which we will apply to the bounded, non-negative numbers a,, = [(7" f, f)|-.

Lemma 1.3.6. For a bounded sequence of non-negative numbers {a,} the following three

conditions are equivalent:

1. % anN ay, — 0;
2. % Yoy tp —0; and
3. There exists an exceptional set E C N of zero density, that is

. |[En{l,...,N}|
A N

=0,

outside of which limpgs, 00 an = 0.

Proof. That the first point implies the second is clear: since the {a,} are bounded,

1 1
N2 GRSy 2 o

n<N
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That the third implies the first is also not too hard: if € > 0 is arbitrary, and N = N, is so
large that for all n > N, n ¢ E. a, < € then for all M > N we may split:

1 1 1 1
MRS DIPES PIRES SR

n<M Esn<M EZn<N EZn,N<n<M
En{l,.... M N
JlENQL ] N
M M
- OM—>OO(1) + €,

as desired.

So, it remains to prove that the second point implies the third. Define for each m > 1,
the “obstruction sets”

Op:={n:a, >2""};

by Markov’s inequality,

Om>>3n<N n<N

Take now an increasing sequence of integers {M,,} so that

00 {l,  NY
3 <

for all N > M,,. Define the exceptional set

E = U O N [Miy Mypi1),

m>1

and observe that a, — 0 outside E: if k = k(n) is such that M}, < n < My, then for
a, ¢ E, a, < 27%. To see that E has zero density, we just observe that if M,, < N < M,
is large, then

En{l,...,N}CO,n{l,...,N}
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by the nesting property of the obstruction sets. But since N > M,,

|0 NA{1,..., N}
N

<27 — 0,

as desired. ]

Proof of 2 = 3. By the previous lemma, it’s enough to show that

Sl AP o

n<N

by the spectral theorem, with v as above, it’s enough to show that

S NP Z/H n(B — 0)) dus(6) x dvy(B)

n<N n<N

tends to zero. Taking a limit in /N, and using the bounded convergence theorem to pass the

limit inside the integral, we see that we need consider

[ im 5 35— ) dug ) x () = [ 10-5(0,8) dvy(0) iy (3),

«T N—ooo N <N
which vanishes identically in the event that v, is continuous. [
It remains to show that if >, [(7"f, f)|* = 0, then f € K+.

Proof of 3 = 1. We first prove the following lemma:

Lemma 1.3.7. If + > onen [T )12 = 0, then for each g € L*(X),

S = 5 S ) ) = <% Z<g,T"f>T”f,g> =0

n<N n<N n<N
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Proof of the Lemma. We will prove, in fact, that

% Z(g,T"f>T"f — 0.

n<N

To do this, we use Van der Corput’s inequality with
= (g, 7" f)7"f and H := L*(X);

for M < N, we bound

% > (g )T f

n<N LQ(X)
< w7 S F g P e
n<N
1
R Z(gaTMmf)(Tnf,gﬂTmf,f>‘
m<M [n<N

M
+0 (B0 M) )

Now, we majorize the first sum

1 § 1
NI Z T ) PIF 22 x) < U 902200 1112 )

n<N
for the second sum we bound

o7 Sl T A ) A < 1 S 1P gl |

m<M [n<N m<M

Sending N — oo, then M — oo yields the conclusion. O

With this stronger orthogonality property in mind, suppose that A is an eigenfunction of
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the action, with eigenvalue e((3) for some 5 = G(h). Then

Z|fh erf”h Z\ T f,h)| — 0.

n<N n<N n<N

The triangle inequality yields the result for finite linear combinations of eigenfunctions, and

continuity completes the proof. O

We will prove the Wiener-Wintner theorem by establishing convergence for finite linear
combinations of eigenfunctions in KC; by proving uniform-in-6 convergence to zero for func-
tions in K; and finally by showing that the set of functions for which the conclusion of the

Wiener-Wintner theorem holds is closed in L'(X).

Proof of Wiener-Wintner Theorem for Finite Linear Combinations of Eigenfunctions. 1t is
not too hard to see that if f € KC is a finite linear combination of eigenfunctions, there exists
a set Xy C X of full measure so that the Wiener-Wintner modulated averages converge for

all 6 € [0,1]:

If {f;} C L?(X) are eigenfunctions of the action, with pertaining eigenvalues e(}\;), and

f € K is a finite linear combination

f=Y af;

then we have

3 o1 = S (§ T et ) 660,

n<N

which converges p-a.e. for each 6 € [0,1]. Indeed, for each j, the inner average converges to

0 if 6 # —\; by a geometric series argument, while is identically one otherwise. O]

Informally, we can view the success of the above argument as a reflection that the eigen-

functions of 7 share the same structure/random composition as do the sequences {e(nf)}.
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We next turn to our random functions, where we might expect “moral summation by parts”

to hold, and the weighted averages

]' n
~ > enb)r f(z) =0

n<N

Our method of proof will not directly proceed by summation by parts, but will still make

heavy use of the idea that for f € K+, successive iterates {7"f} have difficulty correlating.

Proof of Uniform Wiener-Wintner Theorem for K+. The goal here is to prove that for f €
K+,

sup
0€[0,1]

— 0 p—a.e.

1 n
> b))

n<N

To do so, we will use Van der Corput’s lemma.

With 6 € [0, 1] arbitrary, we will apply this lemma in the setting of
v, = e(nd)T"f(x), H = L*(X);
We get
1
et (@)

n<N
Sy NS Py e
m<M

1

(mo) > / T f

n<N n<N-—-m

= Z " f(z

n<N

Z/ T

m<M n<N

+0 (ﬁnfném) ,

where we precomposed with 77" (using the measure-preserving nature of the action) and
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Cauchy-Schwartz to majorize

AWﬁ:mm&m

in passing to the final line above. Note that our above estimate is entirely independent of 6.

If we send N — oo and take into account the pointwise ergodic theorem, we find that

j-a.e. we have

I

/X ()

sending M — oo and using the fact that f € K+ completes the proof. m

1 1
M||f||L2(X)+M' Z

m<M

As in our first proof of Birkhoff’s theorem, we have proven our result for a dense subclass
of L?(X). We will extend the result to all of L'(X) using the following (somewhat general)

Wiener-Wintner-type Banach Principle.

Recall that a point x € X is called generic if the conclusion of the pointwise ergodic

theorem holds for the Cesaro averages of the orbits {7z, 7%x,...}, i.e. if

1 n
NZT f(z)

n<N

converges.

Proposition 1.3.8 (Wiener-Wintner-type Banach Principle). Let A be a set of uniformly
bounded sequences {a,} C C. Then, for every measure-preserving system (X, u,7), the set

of functions f € LY(X) for which for u-a.e. the weighted averages

1 n
N Z a, 7" f(z)

n<N

converge for every {a,} € A is closed in the L*(X) norm.

Conclusion of the Wiener-Wintner Theorem. Using the uniform boundedness of {a,} C A,
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one first observes that

<5 ST < Mo

n<N

1 n
¥ Z a, 7" f(z)

n<N

Assume now that there is a sequence of functions {f;} € L'(X) so ||f; — fllz1(x) = 0 so

that for every f; there is a set X; C X of full measure on which the averages

1 n
N Z a, 7" f(z)

n<N

converge for every x € X for each {a,} C A. Define the set
= ﬂXj N {x : x is generic for each |f — f;|};

note that X’ has full measure. For each x € X we have the upper estimate — valid for any j

limsup sup
N,M—00 {an}EA

1 n 1 n
N ZanT f(z) — i Z a, " f(x)

n<N n<M

% Z a, 7" fi(x) — % Z anm" f(x)

n<N n<M

< limsup sup
N,M—co {a,}€A

+ MT(f - fj)a

where the implicit constant can be taken as 2supy, yeal[{a@n}|lio. The upshot is that for

any € > 0, and any 7, we have

/L({hmsup sup |—Zan ——Zan y>e}>

N,M—o0 {“"}6“4 n<N n<M
S pu({M(f = £j) 2 €})
Setf = fille

sending j — oo concludes the argument. O
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1.3.1 Further Wiener-Wintner Results

A major generalization of the Wiener-Wintner theorem is due to Lesigne in [25]:

Theorem 1.3.9 (Special Case). Let P(x) € Z[z] be a polynomial with integer coefficients.
For every f € L*(X) there exists a subset X; C X of full measure so that for every 6 € [0, 1]

the weighted polynomial averages,

1 n
{N S e(Pm)r f(:c)} ,

n<N

converge for all x € Xy. Again, Xy does not depend on the polynomial P.

Although this list is by no means comprehensive, we remark that Lesigne’s result has been
further generalized and “uniformized” by Frantzikinakis [18], Host-Kra [23], and Eisner and
Zorin-Kranich [16].

In recent work with Tanja Eisner [12], we generalize Lesigne’s result to Hardy field func-

tions which are suitably “far” from polynomials. Our main result in this drection can be

stated as follows:

Theorem 1.3.10. For 0 < § < 1/2, m > 0, and M > 1, consider the class of functions
M rim. For every f € LYX) there exists a subset Xy C X of full measure so that the

averages,

{% > 6(p(n))7”f(x)} ,

n<N
converge uniformly (in p € Msym) to zero for all v € Xy, where Xy is independent of

pE M(S,M,m-

Moreover, if (X, p,7) is uniquely ergodic and f € C(X), one has

— 0.

T elpm)rs

n<N

sup
PEMs M m

L>(X)
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See [12, §2] for precise definitions and references; informally, these smooth functions are

uniformly “(d, M, m)-far” from the class of polynomials.

Our second aim was to consider weighted averages when the polynomial weights “lie on

7.” Specifically, we considered pointwise convergence of weighted averages of the form

{% Z e(n@)TP(")f(x)}

n<N

where 6 € [0,1] and P is a polynomial with integer coefficients, as above.
We state our main results in the case of the squares.
Theorem 1.3.11. Let 0 < ¢ < 1 and E = E. C [0,1] be a set of c-badly approximable

numbers with upper Minkowski dimension strictly less than 1/16. For every f € L*(X) there

exists a subset Xy C X of full measure so that the averages

1 2
{Nzeme)r f(:v)},

converge uniformly (in 6 € E.) to zero for all x € Xy, where Xy is independent of 0 € E..

We recall that a number, 6, is said to be c-badly approximable if for all § reduced fractions,
we have the lower bound [0 — %’] > q%; note that by Dirichlet’s principle we automatically

have 0 < ¢ < 1.

A natural follow-up question concerns the behavior of the twisted square means in the

case where 6 is not badly-approximable. We provide a new, elementary proof of the following

Theorem 1.3.12. Let P be as above, and 6 € [0, 1] be arbitrary. For any f € LP(X), p > 1,

there ewists a subset Xy C X of full measure so that the averages,

{% > e(nﬁ)fp(”)f(ﬂf)} ,

n<N

converge pointwise on Xy.
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This project segued to the following one:

1.3.2 Twisted (Sparse) Random Ergodic Averages in L'

Our discussion of sparse ergodic averages must begin with

Theorem 1.3.13 (Bourgain’s Polynomial Ergodic Theorem [11]). For any polynomial P(n)

with integer coefficients, the sequence {P(1), ..., P(n)} is universally L*-good for eachp > 1.

Note that {P(1),..., P(n)} are zero-Banach-density subsequences of the integers; in fact,
Bourgain used a probabilistic method to “construct” extremely sparse subsequences along

which pointwise ergodic theorems held — in the range p > 1:

Theorem 1.3.14 (Bourgain’s Random Ergodic Theorem, §8 of [10]). Suppose {X,} : Q2 —

{0,1} are independent random variables with expectations {o,}, and let
S ={n:X,(w) =1}

If o, = w with B, > [ﬁ, 1 < p <2, then almost surely, S is uniwversally LP-good.

Bourgain’s approach, which relied on Fourier analysis, left the endpoint p = 1 case
unaddressed. Moreover, Bourgain’s Polynomial Ergodic Theorem was recently shown to fail
at the endpoint case p = 1 (see Buzcolich and Mauldin [7], or LaVictoire [27]); the distinction

between pointwise ergodic theorems between p > 1 and p = 1 is fundamental.

Indeed, it was not until 2007 that an example of a Banach-density-zero universally L!-
good sequence was constructed by Buzcolich [6]; Urban and Zienkiewicz [33] subsequently
proved that the sequence {|k*]} was universally L'-good for 1 < a < 1+ 1555, and Mirek [28]

recently extended their results to include a wider class of sequences; good representative

examples of such sequences are {|[k*]} for 1 < a < 1+ 4.

Before Mirek’s result, LaVictoire succeeded in extending Bourgain’s probabilistic con-

struction to the L! setting; he proved the following
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Theorem 1.3.15 (LaVictoire’s Random Ergodic Theorem [26]). In the setting of Bourgain’s
Random Ergodic Theorem, suppose o, = n~%, with 0 < a < 1/2. Then almost surely, S* is

universally L'-good.

To compare this result with that of Urban and Zienkiewicz and Mirek, we note that by
the strong law of large numbers, such sequences S“ have n; =, kT with full probability

i.e. almost surely there exist absolute constants c,, < C,, so that ¢, flagnkg(?wkﬁ.
| t ly th t absolut tant C, that c k

This is as far as the story goes for unweighted ergodic averages in L'; to the best of my
knowledge, the question of weighted pointwise convergence for L! functions along (sparse)

random sequences has remained unaddressed.

In joint work with Zorin-Kranich [23], we sought to bridge the gap between pointwise

convergence for weighted averages, and pointwise convergence for sparse (random) averages:

Let {X,,} be as in LaVictoire’s Random Ergodic Theorem, i.e. independent 0 — 1 random
variables, with expectations o, = n™® for 0 < a < 1/2. We define the counting function

a,(w) to be the smallest integer subject to the constraint
Xi(w)+ -+ Xgp () (w) = n.

(Note that by the strong law of large numbers, almost surely a,(w) /nﬁ converges to a

non-zero number.)

With 0 < € < 1 arbitrary but fixed, suppose p : R — R is a logarithmico-exponential

function satisfying
e the second-order difference relationship

1

plx+y+2) —plx+y) —plr+z)+plx) =0 yz)
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e for all a(z) € C - Q[z], the set of constant multiples of rational polynomials,

la(z) — p(x)|

— 00
log

For instance, p(t) = t'7¢ satisfies the above criterion. For a fuller discussion of logarithmico-
exponential functions, see [3]; informally, these are all the functions one can get by combining
real constants, the variable z, and the symbols exp, log, -, and +. (e.g. /2 = exp(1/2-log )

and =™/ loglog = are both logarithmico-exponential.)

Our main result is the following

Theorem 1.3.16. Let 0 <e < 1,0<a < 1/2, {X,}, a,, and p be as above. There exists a
set of full probability Qy C Q, so that for each w € Qq, the following L'-phenomenon holds:

for each (X, u, T) measure-preserving system, and each f € L'(X), the averages

{% 3 6(p(n))7“"‘“’f}

converge pointwise to zero.

The novelty of this result is that there are, roughly speaking, two competing notations
of “randomness” in the above modulated means: the honest randomness generated by the
random sequence of times, {a,}, and the moral randomness generated by the phase, p(n).
That the randomness generated by the phase “dominates” in the limit provides further
evidence — beyond LaVictoire’s maximal theory [26] — to latent smoothness (in an average

sense) in the random averages along the {a,}.

With these results in mind, we now turn to the main body of the dissertation.
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CHAPTER 2

On Higher Dimensional Oscillation in Ergodic Theory

2.1 Introduction

Let (X,Y, 1) be a non-atomic probability space, equipped with 7 a measure preserving Z?-

action

T, f(x) = f(r_yz).

For {E;} C Z%, define the averaging operators

Mif(@) = o 3 () o)

yeE;

the classical pointwise ergodic theorem of Birkhoff says that if E; = [0,4) C Z', then
the one-dimensional averages {M;f(z)} converge pointwise p-almost everywhere for f €
LP(X, %, p), 1 <p < oo. A standard proof proceeds by way of a density argument, where

the key quantitative estimate is that the one-dimensional maximal function
fr! = sup | M, f|
1

is of weak-type (1,1), and strong-type (p,p), 1 < p < oo. Explicitly, there exist absolute

constants, Cp, 1 < p < 00 so that

({1 > A}) <G| flis for A >0, and

17, < Coll fllps 1< p < oo
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This result was generalized to higher dimensions by Wiener; a direct consequence of [22,
Theorem I1'] is that if E; C Z¢ are a nested, increasing sequence of cubes which contain the
origin, then the d-dimensional averages { M, f(x)} converge pointwise p-almost everywhere,

and the d-dimensional maximal function
frt = sup | M, f|

is similarly of weak-type (1,1) and strong-type (p,p), 1 < p < oc.

A modern path to Wiener’s result is through the transference principle of Calderén [2],
which allows one to conduct the study of ergodic averages on the lattice, Z¢: in particular,

it is enough to consider the discrete convolution operators A;, defined by

AS() = o 3 fn—m).

mekFk;

An advantage to this perspective is that real analytic methods — covering lemmas, Fourier
analysis and further orthogonality techniques — can be brought to bear in studying more
general regions {E;} C Z? and pertaining the averaging operators {A;}. Indeed, provided
the collection of sets {E;} C Z% being studied share some qualitative properties with an

increasing collection of cubes [38, §§1-2]:
e A one-parameter structure; and
e Some geometric “smoothness”

the maximal functions on the lattice,
sup |4, f|
(]

are of weak-type (1, 1) and strong-type (p,p),1 < p < oc.

Obtaining pointwise convergence results of {A;f(n)} for more exotic {E;} C Z? — those

for which the above two properties are relaxed, or absent — does not necessarily follow from
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quantitative estimates on an appropriate maximal function, since the dense-subclass result
is often unavailable in this setting. Perhaps the most famous instance of this difficulty arose

in the study of averages along the squares, i.e.
E;={1,4,9,...,i*} C Z".

Indeed, to prove pointwise convergence of the ergodic averages of L2-functions along the
squares, Bourgain [11] showed that for any lacunarily increasing sequence {i}, the oscillation

operator,

1/2
Of .= (Z sup ]Aikf—Aif|2>
k

i <i<igi1
was of strong-type (2,2). The L? result then anchored a density argument through which

he was able to extend his result to all p > 1.

In proving this result, Bourgain made use of the s-variation operators, s > 2, classically
used in probability theory to gain quantitative information on rates of convergence. * More

precisely, Bourgain proved that, in the special case E; = [0,4) C Z', the s-variation operators

N 1/s
Vif = VfEi}f = sup (Z | A f — Aik+1f‘8>
k=1

11 <tg<---<in

were of strong-type (2,2) [11, Corollary 3.26]. Here, the supremum is taken over all finite

increasing sequences of integers {i}.

Now, these variation operators are more difficult to control than the maximal function

sup, |A; f|: for any j, one may pointwise dominate
sup |[Aif| S VZf 4+ A fl S VI + A,

where s < oo is arbitrary. On the other hand, variational (or oscillation) estimates are a

1One representative example which in fact appears in Bourgain’s argument is Lépingle’s inequality for
martingales [11].
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powerful tool for proving pointwise convergence when a density argument seems unavailable.

Since Bourgain’s celebrated result, establishing variational estimates for families of aver-

aging operators has been the focus of much research in ergodic theory. 2

A fundamental paper in this direction is due to Jones et. al. [10], where it is shown
that the one-dimensional variation operators {V*} are of weak-type (1,1) and strong-type
(p,p), 1 < p < oo. In other words, the variation operators enjoy the same boundedness
properties (up to the endpoint p = 00) as their associated maximal function. The argument
in [10] proceeded by first controlling an oscillation operator adapted to {E;} = {[0,4)}
and then using martingale-style techniques from probability theory; the approach to the
oscillation operator itself, however, was driven by Fourier-based orthogonality arguments,
initially found in [11].

A subsequent paper of Jones, Rosenblatt, and Wierdl, [8], refined the orthogonality meth-
ods used in [10] by eliminating the Fourier-analytic techniques, and more closely following
(dyadic) martingale-style arguments. In so doing, the authors were able to establish analo-

gous results in higher-dimensional settings for functions in the “low”-L regime, 1 < p < 2.

To continue our discussion, we briefly introduce two representative operators studied
in [8]: the “pointwise” square functions. In our current context, the significance of these
operators is that establishing L” bounds leads directly to bounds on the corresponding

oscillation and variation operators [8, §1]:

Suppose that {F;} are cubes of side-length 4, so that for 2¢=1 < < 2k,
d

=1

In other words, the {E;} are displaced from the origin by an amount comparable to, or less

2Variation estimates have also been studied from a harmonic analysis perspective in the context of trun-
cations of singular integral operators. We refer the reader to [12] for further discussion.
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than, their side lengths. Then, with
k ].
A0 g 3
Hel 7,

we define the long square function (on the integers) with respect the collection (F;) as

1/2
Sipyf(x) = (Z( sup IAif(x)—A’“f(x)F)) :

& 2k—1<j<2k

and the short square function as

1/2
Sipyf(x) = (Z( sup Ay f(x) = Ay, f (@ )|2>> :

& 2k—1<¢; <2k increasing

A direct consequence of [8, Theorems A’,B'] is the following:

Theorem 2.1.1. There exist absolute constants Cy,Cp,, 1 < p < 2 so that

HSEﬁEi}f("E)”Lp(Zd) < OprHLP(Zd)

15753/ @) 1oy < Crll Flliaaoy,

where x = L, S.

The two operators, S¥, S, both measure the scales and locations where f oscillates, i.e.
differs from constant functions. The content of these results — and indeed the ideas that drive
their proofs — is that there is sufficient orthogonality between the various scales to ensure
that, in an average sense, even a pointwise measurement of oscillation is controllable by the

size of the initial function. We refer the reader to §2, or to [8, §§3-4] for further discussion.

A key insight in [8] is that just as in the case of the maximal function, sup,|A;f|, the
{E;} do not actually need to be cubes for the pertaining square functions to enjoy the above
control. Indeed, the above theorem holds provided the collection of sets { E;} being studied

shared the same qualitative properties with a nested collection of cubes as in the case of the
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maximal function: 3

e A one-parameter structure; and

e Some geometric “smoothness.”

In light of the analogous approaches to studying maximal functions and square functions

in our current context, the following informal question seems natural:

To what (further) extent do the boundedness properties of the square functions

under our consideration parallel those of the maximal functions?

More precisely, we organize our study of the operators introduced in [8] according to the

following aims:

First, we seek to extend our control of the square functions under the assumptions out-
lined [8]. An immediate concern is the behavior of the square function in the “high”-Lr(Z<)
regime, which we investigate by using sharp-function techniques from harmonic analysis. We

prove:

Theorem 2.1.2. If A = {E;} is regular, then the long and short square functions 8%, 85,

are LP(Z%)-bounded, 2 < p < co.

We refer the reader to §2 for the precise definition of regularity; informally, regular

sequences { F;} share the above-mentioned qualitative similarities to nested cubes.
This result leads directly to new control over jump and variation inequalities:

For A > 0, we define, as in [§],

J((A0), A) = J((Ailf, 2), N))

3For a more precise statement of these results, we refer the reader to [8, §1], or to §2 below; for an
excellent treatment of continuous analogues of the square functions introduced above, we refer the reader to
the discussion of the intrinsic square function, found in e.g. [21, §6].

o7



as the largest N for which there are increasing indices (i;) with

(A

15

_A’ij+1)f<x)’ >\ 1<) <N,

Then, arguing as in [8], §1, under the assumption of regularity we have the following:

Corollary 2.1.3. For 2 < p < oo there ezist absolute constants C,, so that for any A > 0,

H)‘ ) J<<Ai)7/\)1/2||1;p(zd) < OprHLP(Zd)-

Moreover, for any s > 2,

IV Fll o (zay < Coll Fll o zoy-

We remark that by transference this implies the corresponding result for dynamical sys-

tems.

Corollary 2.1.4. For 2 < p < oo there exist absolute constants C,, so that for any X\ > 0,

H)‘ ' J((Mi)7)‘)1/2HLp(X7“) < CPHfHLp(X#)'

Moreover, for any s > 2,

Hvsf”Lp(X,u) < Cp”fHLP(X,u)'

To deepen the connection between square and maximal function, we also consider the
behavior of square functions on the discrete A,(Z¢)-weighted classes. We are additionally
motivated in this regard by the weighted estimates for one-parameter actions studied in [14],
6], and [35], and by the weighted theory of “rough” singular integrals which satisfy the

so-called Hormander conditions [13], [12].

We first recall a standard characterization of A, weights; we refer the reader to [4, §7] or
to [38, §5] for a more comprehensive treatment. We begin by recalling the discrete uncentered

cubic Hardy-Littlewood maximal function.
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Definition 2.1.5. For f : Z¢ — C, we define the discrete uncentered cubic Hardy-Littlewood

maximal function:

Mypf(z) = SUP@/@U\,

Q3x

where the supremum is taken over all cubes () which contain the point x.

With this operator in hand, we are free to define and introduce some properties of A,(Z?)

weights.

Definition 2.1.6. For 1 < p < oo, a positive function w € A,(Z?) is a discrete A, weight
if Mz, is bounded on LP(Z%). Ezxplicitly, w € A,(Z%) if and only if there exists an absolute
Cp, > 0 so that

[ v <cp [ 1w or
74 zd
I Murflle@zaw < CollfllLe@zd,w-

A positive function w € A(Z?) is an A, weight if there exists a constant C = C(w) so
that Mgrw < Cw.

We say w € Ay(Z%) is an A weight if w € A,(ZY) for some finite p.

We isolate two important properties of A;(Z?) and A (Z?) weights; the proofs of these
facts can be found in e.g. [38, §5]:

o A, weights w € A; satisfy

w(Q)

——* < Binf w(z)

Q| 2€Q
for any cube ), and an absolute B = B(w); and

o A, weights are automatically doubling: w € A, automatically satisfy

w(2Q) < Cw(Q)

for any cube @, and an absolute C' = C'(w). Here 2Q) denotes the cube concentric with

@, but with twice the side length.
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We say that a collection of sets {E;} is cubic if the maximal function sup; |A; f| is (up to
constant factors) pointwise dominated by My f. Under this natural assumption, we have

the following theorem.

Theorem 2.1.7. If A = {E;} is cubic, then for both the long and short square functions
84, * = L, S there exist absolute constants C, = Cy([w] 4, z4)) dependent only on the A,(Z?)

norm of w so that

/ SifPw < C, / FiPw
74 7.4

for any A,-weight w, 1 < p < oo. Moreover, at the p = 1 endpoint, we have the weak-type
bound: there exists an absolute constant Cy = Ci([w]a,(ze)) depending only on the A (Z%)

norm of w so that for each A > 0
w(sifza<en [ e
7.4

Again arguing as in [8, §1], this implies the following corollary for cubic families:

Corollary 2.1.8. For 1 < p < oo there exist absolute constants C,, so that for any X\ > 0,

H)‘ ’ J(<Ai>’/\)1/2l|Lp(Zd7w) < OP||f||LP(Zd,w)-

Moreover, for any s > 2,

IVl ooz awy < Collfllzozt,w-

Of course, by specializing to the weight v = 1, we recover the primary results of [8].

Finally, we investigate the behavior of our square functions when the crucial smoothness

assumption is relaxed. We focus our efforts in this regard on the following problem.

Problem 2.1.9 ( [8], Problem 7.5). For each collection of nested rectangles {E;} C Z%, is
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it true that for each ¢ € L'(X, %, 1),

1/2
(Z |(M; — Mi+1)¢|2) < 00

p-almost everywhere?

Certainly, this result would be implied by a weak-type bound

1/2

Ll,oo(X)

In fact, as in shown in the Appendix §6 below, in many cases this weak-type bound is
necessary for convergence to occur. We therefore focus our attention on the following slightly

more general

Problem 2.1.10 ( [8], Problem 7.5 — Working Version). For each collection of nested rect-

angles {E;} C Z2, does there exist a bound

1/2
|| (Z (Ai - AHl)fP) S Ml

L1.00(Z4d)

Though this problem remains out of reach in its fullest generality, we are able to answer

the problem affirmatively under a lacunarity assumption on collection {E;} C Z4.

Proposition 2.1.11. For each collection of nested rectangles {E;} C Z* with dyadic side
lengths,

1/2
(Z |(Ai — Ai+1)f\2> S fllerzey-

Ll,oo(Zd)

The structure of the paper is as follows:

In §2 we introduce relevant definitions, and present a few reductions which will be used

throughout;
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In §3, we study our square functions’ behavior in the high-L?(Z%) regime;
In §4, we prove weighted estimates; and
In §5 we relax the smoothness assumptions of [8], and discuss Problem 2.1.10.

Our appendix, §6, contains a weak-type principle for square functions in the spirit of [18].

2.1.1 Acknowledgements
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2.1.2 Notation

We shall, whenever possible, maintain the notation introduced in [8].
For a set £ C Z%, we use |E| to denote the cardinality of the set F.

We let 1 denote the indicator function of the set F| i.e.

1 ifzekFl
1p(z) =
0 ifz¢FE.
We let xg := ﬁ -1 denote the L(Z%)-normalized indicator function.

For a function f defined on Z¢, our convention will be to let

1

denote the summation ) _,. f(n). Accordingly, we will use

1flzoze)

to denote the LP(Z%)-norm, (3", 5 |f(n)|P)"/?, with the obvious modification for p = co.
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When integrating over other spaces, we will include the domain and measures.

We will make use of the modified Vinogradov notation. We use X <Y, or Y 2 X
to denote the estimate X < CY for an absolute constant C. If we need C' to depend
on a parameter, we shall indicate this by subscripts, thus for instance X <, Y denotes

the estimate X < C,Y for some C, depending on p. We use X ~ Y as shorthand for
X<Y<X.

2.2 Preliminaries

Let R=0C R, C Ry C ... denote a nested sequence of dyadic rectangles inside Z, i.e.

d

Ry = [ ]lo,2®);

a=1

here {a(k)} are non-decreasing, and a/(k) < a/(k + 1) for at least one value 1 < a' < d.

We also define the “symmetric” rectangles

d
H, = H[_Qa(k)’ 9a(k)y

a=1

For k > 0, we let o = 0x(R) denote the o-algebra generated by Ry, i.e. the o-algebra

with atoms

d
H 2°Mm, m +1).

a=1

Henceforth, we let & denote the expectation with respect to ok, & the identity operator,
AO = 50 and Ak = gk _gk—ly k Z 1

denote the martingale differences.

Closely connected to our family of rectangles, R, are the collections of sets A = { A},

whose elements have controlled
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1. Spatial location: for every E € Ay, E C Hy;
2. Size: for each E € Ay there exists some ¢ > 0 so that c|Hy| < |E];
3. (Internal) Smoothness: for each £ € Ay, for [ >0

=: < ()2,
| H 1] |Hep|  — ©

with ), ¢(l) < oo; and finally

4. Eccentricity:

where ), (1) < 0o as well.

We shall collectively refer to the above four criteria as the JRW criteria, and use the notation

A = {A;} to denote the various collections.

The third of the above points forces regularity on the boundaries of the £ € Ay, i.e. some

smoothness on yg.

The fourth point is implicitly used in the proofs of the main theorems of [8], though not
explicitly stated in the summary of [8, §5]. We shall replace it with the following equivalent

formulation, which we isolate in the form of the following simple

Lemma 2.2.1. Eccentricity control as above is equivalent to the existence of an L so that

min {a(k + L) — a(k)} > 1

1<a<d

for each k, with Hy, = [[°_,[—2°®)), 20(4)),

Moreover, the existence of such an L allows us to take
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and therefore

28(1)9 < oo, for any 6 > 0.
I

We say that two cubes Q = [, I, R =TI, Ji,|L:| > |Ji| with dyadic side-lengths are

: ‘Jl| _ o—s.
%?d{w -

the content of the above theorem is that there exists an absolute L so that Hy,p, Hy are

s-separated if

1-separated for each k.
Proof. If s = minj<;<q{a(k +1) — a(k)}, then

B(Hk+l7 Hk)
| Hia

~27%

if no such L were to exist, then we could find arbitrarily many [, k = k(l) so that

B(Hjy, Hy) >
|Hy| 7~

which would force the sum ), (1) to diverge. O

For our purposes, the (alternate) eccentricity condition guarantees that for any dyadic

2¢e¢>1,
B(Hj1,2°Hy) <ok
[Hiw ™ '

We shall be studying families of sets, { F;}, which are regular with respect to our collec-

tions A = {A}: for each 2F <t <t < 2FF1,

Et C Et/, and Et7Et/ € Ak

If in addition A = { A} satisfy the above JRW criteria, we will say that A itself is regular.
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With a regular collection A = {Ax} and {E,} specified, we will let

1
Xt = X7 = @1&

denote the L'(Z%)-normalized indicator function.

We let
Ag(z) = Afg(x) = i * () = ﬁ S gw—)

yEEt
denote the convolution operator with kernel x;. We introduce the maximal function associ-

ated to A
Mf=Muf = SI};I)XM{;c * |f|($)»

which dominates sup, A;|f|, and satisfies a weak-type (1, 1) inequality by the nesting prop-
erties of the {Hy}. (cf. e.g. [20, Lemma 5.3]).

With {E,;} regular with respect to A, we define the long square function

1/2 1/2
Sif = (Z \Sﬁ,kf\2> = (Z sup  [Aif — Ekf\2> )
k

o 2h<t<ok+l

and short square function

12 1/2
S5 = (Z!Si,kfF) (Y s T AP
k

L t; increasing ok <t; <2k+1

Often, we will suppress the subscript A.

We briefly remark that that for 28 <t < 28! since

[Acf () S X * [f1(2) and |Ef[(x) S X * | f1(2),

we may control SEf < xp, * | f|. We have similar control over S7 f. Using the domination
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of the {? norm by the I' norm, and then the triangle inequality, we may bound

1/2

Slff = sup Z ’(Ati - Ati+1)f‘2 (37)

t; increasing

2k <t;<2k+1
< Z [(Ar — A1) fl(2)
2k <t<2k+1
< Y ((gr-my)e )+ X (G tansi)
< — — 1= | lE T 1B B
2k <t<2k+1 |Et| |Et+1| t 2k <t<2k+1 |Et+1| o
SXHk*|f|7

where we used the size control c|Hy| < |E;| in the final inequality. In particular, we may

control each

Spf S MF.

We also introduce the larger, shifted square functions:

1/2 1/2
Sif(x) = (Z\sz,kf(x)ﬁ) = (Z! sup sz,kf(x+v)l2> :

k k vEH,

x = [, S. The additional suprema affords the shifted square functions a useful degree of

smoothness:

Lemma 2.2.2. With zq denoting the center of each Q) € oy, S',jf 15 pointwise dominated,

and LP(Z%)-comparable 1 < p < oo, to a function which is constant on Q € oy
bl =Y Sif(z)lse.
Q€oy,

In particular,

|Ser)]

Lp(Z4) %P ||85,kaLp(Zd) .
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Proof. If Q; € oy lie in 3Q), then for any = € (), we may bound
Sif(x) <) Sif(q).
Indeed, if v € Hy, is such that
Sif(x) = Sif(a+v),

then we may write x +v = x¢, + v, for some center z¢, of a neighboring cube Q; € 3Q, and
some (possibly different) vg, € Hy. Summing over all () € oy, therefore yields a pointwise

majorization

Sif(x) S Sif(r)lsg.
Q
On the other hand, if vg € Hy, is such that
Sif(wq) = S; flaq + vo),
then on the set
XQ)={yeQ:y+v=ug+uvg for some v € H,} = QN{zxg+vg — Hi},
which has measure |X(Q)| Z4 |@|, we may bound

Sif(zq) < inf Sif(y),

yeX(Q)
by definition of the set X (Q). We therefore have a similar pointwise inequality for p = oo,
while for 1 < p < oo, using the finite overlap of {3Q} to estimate pointwise

p

Sp Z gl:f<17Q)p13Q;
Q

Zggf(xQ)lsQ
Q
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we estimate

> Sifze)lsg
Q

Lr(Z4)

<) 1S f(xo)IP13Q
Q
S ISi )P IX(Q))
Q
< Sy f
%fx k

S f(
;/
:)3

*
k

i

Lr (Zd)

For future use, we record the following additional

Lemma 2.2.3. For any v € A,

Shaf =Y Sif(rg)lsg

Q€aoy

is LP(v)-comparable, 1 < p < 0o to

Sinf =Y Sif(zo)lg

Qe€ay,

Proof. Using again the bounded overlap of {3Q}, one estimates

1S540 S | 310 (o) Lage
Q
< D ISif(2g)l"v(3Q)
Q
D 18 f (o) Pu(Q)
Q
1851
where we used the doubling nature of v € A, in passing to the third line.
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Though — as we shall see — more is true, for now we shall only need that our shifted

square functions inherit L?-boundedness from their centered associates:

Proposition 2.2.4. ngf‘ Sl ez zay-

L2(7%)

The argument here is very similar to the arguments of [8, §3]. The qualitative similar-
ities between 3}; and the projection operators Ay = &, — &1 — informally, both measure
the locations where f differs from being constant at ~ oj-scale — motivate the following

orthogonality approach:

Proof. With

=Y M) =) d

k>0 k>0

we majorize

S f=0Q 1S d) 2 <Y (D18 (duss)1),

k JEZ n

defining d; = 0 for ¢t < 0.

Since S*(g) < Mg by previous discussion, we may ignore the L?(Z%)-contribution of each
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of the |j| < C' = C(L) square functions:

2.

ljl<C

D Su(duiy) )2

n

L2(Z%)

< Z (Z 1S5 (di )| P2
jl<c il n L2(Z%)
S Z (Z:|J\4dn+j|2)1/2
j|ILC n L2(z4)
1/2
2
- 5 (St
ljl<c n
1/2
2
<y zndnﬂ-nm))
l7l<C n
= 3 ||
lj|1<C n L2(Z4)
= Z £l 2z
j|ILC
Sl 2zay,

where we used the L?(Z?)-boundedness of M in the fourth line.

For j > C, let Q € 0,11 be arbitrary, and consider S’;dnﬂ(az) on (. Since j > C > 0,

S;dnﬂ (z) = S;(dnﬂlm)@),

we may bound

(S ()] S max |dn;(2) < O ldnsi (2 )"?,
@

where @); € 0,451 lie in 5Q), and xg, is the center of each such );; we note that d,,; is

constant-valued on () € 0,4;_1. Let us call this constant value ¢ = ¢(Q)). Then, for every

r € Q € 0pqj_1 such that z +2H;, C Q,

Aid,yi(z) = c,
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hence 3;dn+j (x) = 0 whenever x + 2H,, C . In particular, S~;dn+j is supported inside

{x 2z +2H,NoQ # 0}.

We may consequently estimate

S / St < Y / S s P(50)) - n@om

QEUnijfl Q Q€0n+]’71 Qi
S Y [P @1aqan,
QETn1j—1
= 3 |duPag) [BQ.2H,)
QETntj—1
<e(f—1-2L7° > |duil*(zq) |Q|

Qeo'rH»jf 1

=e(j = 1= 2L)?||dn ;17224

where L is the cost of separating scales, as in the alternative characterization of the eccen-
tricity JRW-criterion.
Using the orthogonality of {d,,+,;} and summing over n exhibits

2
<e(j—1-2L)|fl3,
L2(24)

(D 1S5 (duss) )7

n

and summing over j > C' shows

< Z 6(J')QHJC”L?(Zd) S llzeczey-

L2(zd)y  j=2C-2L

(D185 (dns)[*)'7

n

2.

J

Next, for j < —C' we establish the pointwise inequality

(S0 (dnss)*(2) S () - M (@),
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where ¢(j) appears as the quantitative measure of smoothness in the JRW-criterion.

Summing over n, j as above will then yield the desired bound.

To do so, for ) € 0,4, we first observe that for any F; € A, any v € H,,, we may bound
2
S el

| = ()
yEx-i—v E; ‘H ’

‘<|blrn|>2 Y dusle®

yex+v—E; Q:QNI(z+v—E;)

1 2 2
s(w) BE R Y (v

yex+v—FE;

|Aidpj(x +v)

Z dn +]

yex+v—FE;

) 1
< 2(j) - mlm # |dpii (x4 v)

1
|2H,|

< 2(j) - Mdy, ().

Lom, * |dni ()

Since &,d,,+; = 0, this immediately yields the result for the long variation.

For the short variation, the proof of [8, Theorem B]| leads to the bound
[Sndnrs ()P S 0(G)? - X * iy (y)-
Substituting y = x 4+ v where v = v(x) € Hy, is such that
Sy () = Sidyj(z +0)

yields

(S5 dnsj (@) S 0(5)” - xaty * diyy (@ +0) S 0(5) - Xar, * doy(2).

Integrating this estimate, then summing over n yields
5 [ s £ 100 3 sz = 51
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A final sum over j < —C' shows

< D0l Iz S I1F leeay.

L2(zd)y  j<-C

> H(Z i) )2

The corollary below is a direct consequence of the previous propositions:

Corollary 2.2.5. The discretized square functions

1/2
Sif = (Zw;:kfr?) ,
) 1/2

Spf = <Z|8;5,kf\2>

k

x =L.S are L? bounded.

2.3 High-L?(Z?) Estimates
In this section we prove Theorem 2.1.2 by way of the following
Proposition 2.3.1. If A is reqular, then S;f, x = L, S is LP(Z%)-bounded, 2 < p < oo.

We refine our (reverse) filtration {o}}x to {7;};, where 74 = 0%, and so successive atoms

differ in size by a factor of 2: if

are generating atoms, with “symmetrized” rectangles Hj = HZZI[—TU ),290)) then we have
d

> la(k+1) = a(k)| = 1.

a=1

74



We define the maximal operators

Mf(z) := sup €] f],

1
Mf(x) =sup sup — / £,
|5H],| y+5H]/.

J x€y+5H5
where £} is the expectation with respect to 7; (so 5]’.(,{) = &). We also define the sharp

function associated to our refined filtration

M* f(x) :=sup sup infi/|f—a|.
1R| Jr

j =x€ERer; @

We certainly have that M# f < M f; the familiar good-) inequality
{M[ > 20, M7 [ <A S A{M S > A}

holds (the implicit constant is in fact 2), and by integrating distribution functions we see

that the sharp function controls the maximal function in LP(Z%).

The key result we need is the following:

Lemma 2.3.2.
M*(S ) () S M'(£%)(x).

Remark 2.3.3. Informally, Sif is in “dyadic” BMO with respect to the filtration {7;}
whenever f € L®(Z%).
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Assuming this lemma, with p = 2r > 2, we will have

1S3/ 2o 2y =

Lr (Zd

< HM S;f?)
< IMP S e
SIM' () ez

S 2@y

L7 (Z4)

= HfH%p(Zd)a

proving the proposition.

Proof of Lemma 2.3.2. Fix some z € Z% and let z € R € 75,j(K) < j < j(K' +

arbitrary. Express

x)2 = Z |S§,kf|2 + Z |S§,kf‘2

k<K k>E

=3 N Sif@o)lo+ Y. Y Sifl2o)le

k<k' QEoy, k>k! Qo

=33 Sif1ar)(20) g + er(f),

k<k' Q€oy,

by the nesting properties R D Q € o for k < k', R C Q € o for k > K for z € Q.
We bound

ﬁ/RISZZf(x)z— |Z Zsk flsr)(2q)*1q]

B p<k Qcoy,

< ‘ / 133 S (e we) Lol

k<k’ QEoy,

|R‘ H‘S‘d(fln"')]“z)“L2 (Z%)

|5Ry/|fl‘”z|2
< M/ f2
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which leads to
. ]- * /
mﬂj/@ﬂﬁ—déMUWﬂ
@ |R| R

The lemma is proven by taking a final supremum over pertaining R. ]

We now transfer this result back to Sy, f:

Corollary 2.3.4. For each 2 < p < 0o, S, f — the pointwise majorants of our shifted square

functions — are bounded on LP(Z%).

Proof. Let p = 2r > 2, and 7’ denote the dual exponent to p/2 = r. For an appropriate

non-negative function w > 0, ||w||,» = 1 we estimate

ISH 1l = MSHfIP1-
=Y [1sputPu
k
< Z/ |Sh ik fI* M,
k

where

MHL,tw = (MHL<wt))1/t

for 1 <t <7r'. By e.g. [38, §V.6.15], we know that My, ,w € A; C A, so that we have

1850w S [ 1S5t Mirs
for each k; summing appropriately yields

meﬁsfmwm@“w
< ST P Mzl
= HSSfHI%HMHL,thw

S g
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since My, maps L to itself any ' > t. O

As corollaries, we are now able to affirmatively answer the following problems.

Problem 2.3.5 ( [8], Problem 7.1). Let D1 C Dy C --- C Z% be a nested sequence of (closed)

disks (without loss of generality containing the origin) and let p > 2. If

Af(n) = 7 3 o=
are convolution operators, is it true that the square function
Sif = Q1A = A 1)
15 bounded on LP — and thus
Sasstract 7= () |(Ms = Mia) fI7)'V2

is finite p-a.e.?

Problem 2.3.6 ( [10] Question 4.7). Let & f be the usual dyadic martingale on [0, 1), and let
Dy.f(x) = 2F flk(x) f(t) dt, where Ii(z) is a measurably chosen interval of length 27% which

contains the point x. Does the square function

Sfx) = |Dif(x) — Ef(x)]})/*

k=0

map LP — LP for all2 <p < oo?
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2.4 Weighted Estimates

2.4.1 Preliminaries

We continue to make use of the refined our (reverse) filtration {7;};, where 7;4) = o, and

the maximal operators

Mf(z) :=sup €] f],
J

, 1
M'f(x):=sup sup —|5H’|/ ; |1,
il Jy+sH;

J x€y+5H;

were introduced in the previous section.

Throughout this section, we will assume that M'f < My, f pointwise, where we re-
call Mgy, is the uncentered, cubic Hardy-Little maximal function. This condition forces

additional smoothness on the refined collection {H} = 10, [—2°0), 200}

supmax{|a(j) —d'(j)|: 1 < a,d’ <d} <K
J

for some absolute K = O(1). We shall call such families A = {E;} cubic.

Remark 2.4.1. Cubicity is a strictly stronger statement than the previous control over the

eccentricities of the { Hy}, as seen for instance by considering
{Hk = [_22k7 22k) X [_2k7 2k)}

inside Z2. Indeed, one may take €(1)®> < 271, but the maximal function associated to the

~Y

{Hy} is pointwise incomparable to Mypw .

In this section, we will leverage especially strong weighted L?*(Z?) bounds on our (sub-
linear) square functions to prove certain weighted weak-type (1,1) estimates. The key tool
used to achieve such lowering of exponents is the following classical decomposition technique

due to Calderén and Zygmund.
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Lemma 2.4.2 (Calderén-Zygmund Decomposition). For any altitude A > 0, any f € LY(Z4)

may be decomposed in the form
f=g+b=g+) bp,
P

where the sum runs over certain disjoint selected cubes P € Uj T;. g, the so-called “good”

function, satisfies
L lgllzeezey S A and
2. |9l crzay < N1 f o2 zay-
The “bad” function, b =", bp, satisfies the following properties:

1. Fach bp is supported inside P;

2. fbp :0,'

Co

- bpllzzay S ALP;

E

- 2p 1P < Sz

With this in hand, we are ready to turn to our main results.

2.4.2 Weighted Estimates

Following the approach of [21, §6], we prove the following weighted results:

Proposition 2.4.3 (Weighted L?). For any non-negative function w > 0, there exists an
absolute constant Cy = Co({e(1)},{e(D)}) so that

/ 1S5 f 1w < Cs / S M
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Consequently, for any A weight v € Ay, we have

[1sssio<cy [

Proposition 2.4.4 (Weighted L*). For any v € Ay, there exists an absolute constant
Cy =Ci({e(D)},{e(l)}) so that

M({Shf > A} < €y / flo

for all X > 0.

By interpolation, we get that for each v € A;

[1sorres, [

for all cubic families, 1 < p < 2. By Rubio de Francia extrapolation (cf. [21, §7, p.143]

or [4, Theorem 7.8]), we arrive at Theorem 2.1.7:

Theorem 2.4.5. For all cubic families, we have

[1sorres, [t

for any A,-weight v, 1 < p < oo.

Proof of L? Estimate. The plan is to decompose our operator according to scale — and then

the size of the weight w:

For j € Z, we collect

w(3P)

F(j,k)={Peco,:2 <
(J, k) { O 3P|

S 2j+1} C {MHLU) 2 2j},

and let F(j) = UpF'(J, k).
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Using Tonelli’s theorem to interchange the order of summation, we estimate

/ SpfPw=3" / Sp P
k
SO0 Spf(ap)w(3P)

k P€oyg

- (X 5 surenon

k PeF(jk)

SO XD D S () ()| P
J

k PeF(jk)

But now, for P € F(j) we know that 5P C {Mgrw =4 2’}, and we therefore have the

equality:

DD SiMPae) =) > S Yagezen) @e).

k PeF(jk) k. Per(jk)

Consequently, using the L?-boundedness of S., we estimate

Z Z S* (f- 1{MHL“)>d2J}) (zp)|P| < HSd f- 1{MHLU)>d2J} HL2 (z4)

k  PeF(jk)

§/|f|2 LM w> 42915

and summing over j shows

/ |szsf|2w<22ﬂ S S S Laiprasa PP

k. PcF(jk)

S [P Lo
J

5/’f|2MHLw-

O

Proof of LY Estimate. We maintain our convention of assuming f > 0. By multiplying f
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by a suitable constant, it’s enough to prove the result for A = 1:
o(Spf > 1) 5 [ 15

Using our Calderén-Zygmund decomposition Lemma 2.4.2, we perform a Calderén-Zygmund
stopping-time decomposition at height ¢ = ¢(d, K') < 1 depending on the dimension and the
refined filtration using M f.

With E = {Mf > ¢}, collect all maximal R € E, R € 7; in Ej, so that we may

decompose

E=UJE® = Uunn<zmE) -
k

k

We perform our Calderén-Zygmund decomposition and arrive at
f=g+b=g+d =g+ | > br].
k k  \PeE(k)

where g and b have the above-detailed properties. This may be achieved, for instance, by

setting
bP = (f - fP)lp,

and

9= flg+>_ fr,
P

where fp = |—113| [ [ is the average of f on P.

Set X = (J2*)P, where K is as above. We may choose ¢ sufficiently large so that
X C {Mpygrf > 1}. We then have the standard estimate (cf. e.g. [38, §2.1.3])

X151t s [1nb

so our problem reduces to showing
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v({X: Shg > 1/2)) < [ |Jos and
v({X°: Spb > 1/2)) £ [ |l

For the first point, we use Chebyshev’s inequality and the established L?(Z?) bound to

majorize

o(X7: Spo > 112D 5 [ Sphe? (01
5/92 My (vlxe)
S/g MHL(UlXc)
S/CfMHLUszP:fP/PMHL(UlXc)-

Note the use of the pointwise bound |g| < ¢ < 1 in passing to the third line.
But

sup My (vlxe) < illljf Mg,
P

since for any = € P,

My (vlxe)(z) < sup — 7] /

T€ER
where the supremum is taken over R cubes, all of whose side lengths are at least as large as

those of P. Consequently, we may estimate the above sum:

;fP/PMHL(UlXC) S ;(/P f)- i%fMHLU < ;/PfMHLUa

which yields the desired result, since Myrv < v € A;.

Before beginning the second point we make the following observation: if P is a selected

(bad) cube, then

[wes [t [ iselo< [ 1o+ telote)
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But since v € Ay,
v(P) S [P|inf v(x),

zeP

frlo(P ‘/ f' inf o /|f|v

Summing over all P, we have shown that

1o [171e

so that

and so we need only show that
v({X°:Spb>1/2}) < / |b|v.

With this in mind, we next note that for R € oy,

1

[Seb" ! (@r)* < ) [z
’R| rr+4Hy
Using this estimate, away from X, we majorize
2
[Spa(D_0 NP < (Z |st,k<bk—l>|>
>1 1>1
. 1/2\ 2
S DINCRERIURS ( (1 10esam, ﬁ)
>1 Reoy,

We now use Cauchy-Schwartz and the summability of ), ¢(l) < oo to estimate the

foregoing by a constant multiple of

1
( </ |6k~ |1zR+4Hk) %) .
l>1 Reoy,

85



Immediately, we have

v(zp + 4Hy)
|8;5k: bk SIRCES ZL (/ b~ l|1mR+4Hk) -
/ I>1 Reay, |zp + 4Hy|

>1

But for any @ C E(k — [) which intersects xg + 4Hy,

v(xg + 4Hy,) ,
_ inf Myrv(z),
|£L’R + 4Hk‘ ~ zeQN(zr+4Hy) HL ( )

so we may replace

+ 4H},) _
B, ) v(zgR f,/ W My o,
</ O Marntarn g+ 4Hy| wr-+4H), o 1M

which leads directly to the bound

AT SURIETD SITD D B
>1 >1 Reoy, rRr+4H),
SYou) [0 M
>1

due to the bounded overlap of {xp +4H} : R € o}.

Using Chebyshev and summing over k,[ completes the second point,

v({X°:SHb>1/2}) < / |SHb*(v1xe)

< ZZ /|bk "\ Mo

>1

=) [ 1Mo

>1

< / |b| My,

thereby concluding the proof.
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2.5 The Rectangular Square Function

In this section we relax our smoothness/eccentricity control over our averaging families:
suppose A = {E;} is a nested sequence of rectangles in Z¢, with sides parallel to the axes,

but without any regularity assumptions.

We study the following

Problem 2.5.1 ( [8] Problem 7.5). For each collection rectangles A C Z% set
Sf=0_ 1A — A fI)2.
For each A, does there exist a bound

1S Fll proozay < CAfllzrzey?

Following the approach of the previous sections, we study individually long/short square

functions: with {Hy} as above,

Sif =0 Ixu, * f = X, fI)'"?, and
k

SSf=0 IS =00 > A= A f)V
k

k FE;CH}, nested

Establishing the weak type bound for the short square function 83 remains currently out

of reach; we are, however, able to establish the following partial result:

Proposition 2.5.2. There exists an absolute constant independent of the collection A so

that

Hsﬁf”[,loo(zd) S CHfHLl(Zd)

This result is proven by combining the fibre-wise argument used in [7] with the Calderén-

Zygmund technique used in establishing the L1>°(Z%) weighted estimate.
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For the sake of exposition, we pause here to record the following lemmas which will be

used in the main argument below.
Lemma 2.5.3. Suppose that

v, = Z¢J7
J

where the {1} are a finite collection functions, disjointly supported in intervals J C Z,

|J| = 2" and satisfy [, =0, | S 2™

If X1 = qplp, 2777 < I <200 s >0

Xz Wally S 277 Walls.

Proof. It E:={x:JNx—0I # 0}, then |E| < |J|, and for each J,

s wsto) < LR 2ot
Integrating, then summing over J, exhibits ||x; * U, |1 < 27%||W,|1, as desired. O

The following generalization of the Stein-Weiss Lemma [19, Lemma 2.3] on summing

weak-type inequalities will also be of use.

Lemma 2.5.4. If ||gk|l1.00 < 1, and cx are a collection of positive constants with ) ¢, = 1.

Set v = (32, )2 Then G = (3 |ergr]?)Y? has ||Gl1.00 S 1. By scaling:

H(Z \ng)m

S lgelhee.
k

1,00

Sketch. This proof is similar to Stein-Weiss. One splits each
Gk = g + my + ug

according to size. The I, are chosen so (3 |Ix]?)'/? < A/2, one uses a union bound to estimate
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the “high” component
{O  luwl)'? > A4 < 1O funl?)7? # 0,
F k
and Chebyshev to control

O mal)2 > M4} S A2 Il
k

k

]

Proof of Proposition 2.5.2. For notational ease, set S5 = S. By separating into d families
as in the proof of Theorem 2.1 in [7], we may sum over consecutive rectangles which differ

in the first coordinate. We will express
x=(x,2") € Z x 787,

and each
Hy=1Iy x Jy CZxZ""
where Ji is a d — 1-rectangle.
The set-up is quite similar to the proof of the L}*°(Z?) weighted estimate:

We continue to assume that f > 0, and seek to establish
{SF> 1} < I flhe

We refine our (reverse) filtration {Hj} as above, and consider once again the maximal

operator

M f(x) == sup €] f].

>0
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We also define the (uncentered) fibred-maximal functions

1
M f(x) =sup sup — | fl(1,2) d2,
k z'ey'+Jx |Jk| v +Jk

and

1
M'f(x) :=sup sup — |f|(z1,2") dzq,
E xieyi+1y |Ik’ y1+1x

both of which enjoy the familiar one-parameter weak-type (1,1) bounds.

With £ = {Mf > c}, we collect all maximal R € E, R € 7; in Ej, so that we may

express

E=UEF = Uunn<zmE)
k k

and decompose

f=g+b=g+> VF=g+> | D bo],

k v \Qerk)
where g := f-1p+ ), fq - 1g, and bg = (f — fq) - 1¢ as above.

With X :=J,10Q, so that @ + Hy C X whenever @ € E(k), we have the estimate
XSRSy [ £,
Q Q ¢
and using the L?(Z%)-boundedness of S ( [7], Theorem 2.1) estimate

{Sg > 1/2} SS9l 72ey S N9ll7ezay S N9llirczay < I fllirca;
the argument reduces to showing

H{X:8b>1/2} S| fllprza-
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To do this, we further decompose each
_ 30 1

where each bf, satisfies the size condition ||by|[11ze) ~ @], but also the more specialized

“fibred” moment conditions:

/bOQ(:Bl, 2')dxy =0 for each 2’ € Z971,
z

/ bo(z1,2")dx’ =0 for each z, € Z.
7,d—1
This may be accomplished for instance by setting
30 1
= (bQ — </ bo(z1, ) dycl) -11Q> + ((/ bo(x1, ') dx1> ~1IQ>
1g Iq
= le & 1]@ + 1]@ & wJ@

where

V1, @ Ly llray + 111, ® Yol 1@y S 110@| L1 za)-

We define
b* = bg + by

in the obvious way.

It suffices to separately estimate
{XC: S0 > 1/4}|, [{X¢: Sb' > 1/4}].
We begin by studying the square function’s behavior on ° — i.e. we assume that each

b% = Y1, ® Lig
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has mean-zero when integrated in the x;-direction.

We decompose the convolution operators

(X, = Xae) * f = X5, % (X, = x1,.,) * f)
= (X7, = X7,0) * (X5, * )
= * (X5, * )
= X7, * (% ),

with convolution involving XQJI@ taking place in the final d — 1 coordinates, and X}w X}k ., in

the first coordinate. This allows us to bound — on X¢ —

1/2
S’ < ZXJ * |1y, Z b% ?
qI< |1k
1/2
<2 2dslix| DL )P
5>0 lgl=2*|14]

With s > 0 fixed, we use the Fefferman-Stein vector-valued maximal inequality (cf.

e.g. [38], §2 Theorem 1) to estimate

2 1
E X7, * |k *
k [Igl|=2~ bllk\

1,00 Zd

2\ 1/2
—1
[Igl=2~ S|Ik|

( >|< Z b% N
Y

<

Ll,oo(zd)

AN

Hel=27°|1|

L1 (z4)

IN

0
> %
[Iq|=275|1| LY(Z4)
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By applying Lemma 2.5.3 to the functions

T X, K Z b (z1,2') | |

[Ql=27|Ix|

integrating first in x; € Z, then over 2/ € Z% !, we estimate this final sum by a constant

multiple of

100l 2120y S 2781 f | zay,-

ool Yy <27
k

ol=2-211] ||,

Combining our estimates in s > 0 and choosing ¢ > 0 appropriately small leads to the desired

bound:
2\ 1/2
S > /4 <D I D G e | > b > (2752
520 k [Tql=275Ix|
2\ 1/2

SO 2P| D e

s>0 k [Ig|=27%|1}|
LY(z4)

IS 228/2 27 fll vz

s>0

S I llzacza)-

In passing to the second case, where we must estimate
XS0 > 1/4},

we collect cubes according to separation of scales of the final (d — 1)-coordinates.

For

Q=1gxJger;,j<jk),

we use

AQ, Hy) = £(Q, Hy)
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to denote the degree of separation between Jg, Jj.

Now, away from X = UQ 10Q), we use the triangle inequality to obtain the pointwise
bound

o 1/2
SR DB CTESTANE DD béz
k 520 A(Q,Hy)=
oy 1/2
<> Z (xme = xme) + | DL by
5>0 A (Q,Hy)=s
=D O ha s,
>0 4
where
2\ 1/2

thi,s = Z (XHk - XHk+1) * Z bég )

Hy:Jp=Jy, A(Q,Hy,)=s
with the sum taken over all rectangles { H;.} which share the same final d — 1-dimensions.

We will show that for each s,

Ihgallim@n 2700 >0 by

A(Q7Hk1):'s Ll(Z(i)

then will sum on J; and apply Lemma 2.5.4 to conclude that

o

S My sll ooz
[

Ll,oo(Zd)
ST D
i A(Q’Hkl):'s Ll(Zd)
< 27016 paze)

S 270 fll gz,
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so that, once again, with ¢ > 0 an absolute constant, we estimate

2)1/2 > 6273/2}|

(X80 > 1/41 < D HQ hus

s>0 i

S 225/2 27 fll 2 zay

s>0
S ez
To do this, we express

2y 1/2

hags = D0 x| | D bg
Hka:Jkl A(Qqu,L):S
as a one-dimensional square function applied to the function
XJ’% * Z bé? )

A(Q)Hkl ):S

which has small L'(Z?) norm by the separation of scales Lemma 2.5.3. In particular, by

considering the functions

' = X, * Z by (21, 2')
A(Q,Hy,)=s
we estimate

Xy, * Z b(lg(xhq;’) — /Z X7, * Z bé(wl, -) dx;

A(Q,Hy,)=s L1(z4) A(Q,Hy,)=s LY(zd-1)

sfze] ¥ oo dz,
Z A

(Qkai):S 11(z4-1)

L(Z4)
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But now, using the one-dimensional square function result of [10], for any A > 0 we may

bound
M{(21,2') € Z x 27 h,, s(x1,27) > A}

:/ AM{z1 €Z: hy(—,2") > A} da!
7d—1

5/ /Xjki* Z by | (z1,2)| dxy | do
zi-1 \ Jz A

(Q,Hy,)=s

Xy, * Z bé

A(Qkai)ZS 11(z)
2 R
A(Q7Hk,b):S ll(Zd)
as desired. ]

2.6 Appendix: A Weak-Type Principle for Square Functions

With T a free Z? action,
T, /(@) = F(T ),

on a non-atomic probability space (X, X, ), we consider the square function:
Sf(@) = Sipf(@) = O [(My = Mui1) f1) (@) = O 1K ) (2).

Note that by the measure-preserving action of 7" and the triangle inequality

1K fllorxy < 20 fllx),

i.e. the {K,,} are uniformly bounded in operator norm.
Theorem 2.6.1. We have the following equivalence
e Foreach f € LN X,%, ), Sf < oo p-a.e.; and
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. ||SfHL1,oo(X) 5 HfHLl(X)'

Remark 2.6.2. The only key property about the integrability class L*(X) used in the below

proof is that 1 < 2; the above equivalence persists for all 1 < p < 2.

That the second point implies the first is clear, so we concern ourselves with the remaining
implication. We actually will prove (a strengthened version of) the contrapositive, namely
that if no bound on the operator norm S : L'(X) — L'*(X) exists, then there exists an

f e LY (X) so that Sf = +c0 a.e.

The argument below is a similar to that of [18], though to the best of our knowledge has

yet to appear in print. In the spirit of the Conze principle [3], we reduce to the ergodic case:

Proposition 2.6.3. Suppose that either (and hence both) of the conditions in Theorem 2.6.1

hold for some (free) system. Then the same is true of every such system.

In particular: ||S¢||prexy < Cll@llLr(x) if and only if |S f|| preezay < O f|l L1 zay-

The forward implication is established by the Rokhlin Lemma [16]; it is here that we
make use of the freeness of our action T. The reverse implication is a direct application of

Calder6n’s transference principle [2].

For our purposes, we will henceforth assume that our action 7T is ergodic.

2.6.1 Preliminaries

The following results will be of use.

Lemma 2.6.4 (Randomization Lemma). If {E,} C X have ), p(E,) = +oo, then there

exist a collection of vectors y(n) C Z2 so that

limsupT_yyE, = X 1 —a.e.

In the probabilistic setting, the Borel-Cantelli lemma says that if the {E,} are inde-
pendent events with ) u(E,) = oo, then limsup £, = X almost surely. The content of
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this lemma is that the ergodicity of the T-action is sufficiently randomizing to force similar

independence.

Proof. If Q(N) :={y € Z% : |y(i)] < N,1 <i < d}, by the ergodicity of T', we know that for

any measurable A, B C X

Consequently, we may find a y = y(A, B) so that
w(T-y AN B) = 1/2u(A)u(B);

it is this point which anchors the volume-packing argument found e.g. in [38, §10]. O]
We also recall the following orthogonality lemma concerning the well-known Rademacher
functions, {r,,(s)}:
Lemma 2.6.5 ( [23], §V, Theorem 8.2). If Y |a,,|* < oo, then for (Lebesgue) almost every
€ [0,1], |Y2,, rm(8)am| converges. Conversely, if > |an|* = +oo, then | Y., rm(s)am|
diverges a.e.

For what is to follow, we shall need the following two-dimensional variant.

Lemma 2.6.6 (Two-Dimensional Orthogonality Lemma). Suppose that E C [0, 1]* is non-

null, and assume that

G(t)? = lim lim | S rnls)ra(t)amnl’

m<M n<N

satisfies |G(t)] < A on E.

Then, there exists a M so that

DD laml? < 0A?

m>M n
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for some absolute constant C.

Proof. Set Ymn(s,t) := ry(s)ra(t), and note that since

{anfym’n’ : (m’ n) 7é (m/’n/>}

are orthonormal over [0, 1]?,

Z | (Y Yo [ 1) < | B
(m.n)#(m/,n’)

converges absolutely. Consequently, we may pick an M, sufficiently large so that for all
M Z MOJ
> |y L) < (1EL/2)2.

() #(m/ ") mm/ > M
Possibly after increasing Mj, we may also assume that for all M > M,

lim su T (ST (B) | < A.
sup| 3 3 (5Bl

m<M n<N

Now, for any M > M’ > M,

lim sup | Z Zrm(s)rn(t)amnlg

N=o0  \p <M n<N

< limsup | Z Z T (8)70 () A |* + lim sup | Z Z T (8)70 (8) W |2

Nooo M n<N N=oo M n<N

< A%+ A%

so we may use dominated convergence to estimate
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g g 1355 o Gomd

M'<m<M n<N

= lim lim | Z Zrm(s)rn(t)amn]2

M—o0 E N—o0 ,
M'<m<M n<N

_ : : 2
= [ dm i ST S rasratan)

M'<m<M n<N

E
< Gt2+/1‘ o (8) 70 () |
< | le)] lﬁjipIZZT(S)r()a |

m<M’' n<N
< A%E| + A?|E|
< A?|E|.

We now seek a lower bound on the limy impy [ | D00 conenr 2onen Tm(8)rn(E)amna|*. To

do this, we expand the square

/E Y S Bl

M'<m<M n<N

to get

/E Z Z!amn!2+ /E Z Z VoA G

M'<m<M n<N M'<m#m' <M n#n' <N

= I(M,N)+II(M,N).
We will show that

£

1
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This will allow us to bound from below:

lim lim [ | D > rl(s)ra(t)amal’

M—oco N—oo [
M'<m<M n<N

> m m — E E

M'<m<M n<N

= @ Z Z|amn|2.

M'<m n

Combining this with our upper bound will allow us to conclude:

DD Jaml* S A%

M'<m n

But we may use Cauchy-Schwarz to majorize:

/ E E TYmnYm!'n/ amnam’n’
E

M’ <m#m/ <M n#n’'<N

S Z Z | <7mn/7m’n’ | 1E> | |amnam’n’ |

M'<m#m!'<M n#n'<N

<( Z Z |<7mn7m’n’|1E>|2)1/2 ( Z Z |amnam’n’|2)1/2

M'<m#m!'<M n#n'<N M'<m#m!'<M n#n'<N

E
ST 3D oI

M'<m<M n<N

We now turn to the proof proper.

Proof of the Theorem 2.6.1. We proceed as in [18]:

Suppose that no bound ||Sf[|z1.0(x) < N||f|lr1(x) existed. In this case we could find a

sequence of functions {g,} € L'(X), and a monotonically increasing sequence {R,,} so

ZN(SQn > Ry) = o0
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diverges, while
Z ||gnH1 «S 1

converges.

We apply our Randomization Lemma 2.6.4 to the collection of sets
E, :={Sg, > R,}
so that
Xo :=limsup Ty, B, C X

has full measure, and set f,, := T ;) Gn.
Then Sf, > R, — oo on Xg, while > || fulli = D, |Tym)gnll1 < o0.

We consider the formal sum

S ralt) o)

as in [18] we may find a subsequence {Ny} along which F(z,t) := limy > oy 7ra(t) fa(z)

satisfies
1. For almost every t € [0,1], F(z,t) € L'(X);

2. For p-a.e. x € X, for each m

as functions of ¢

We will prove:

for almost every ¢, SF(x,t) = +00 p-a.e.
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To do this, we proceed by contradiction, and assume that the sum
Z | K F(2,)]* < 00
m

converges on a set D C X x [0, 1] of positive product measure.

By Lemma 2.6.5, for each (z,t) € D
1> rm(8) K Fa, 1) < o0

s-a.e. s0 we may extract a subset F C X x[0,1]%, A > 0, so that for each M > M’ sufficiently

large partial summand

| () KnF (2, )] < A

m<M

on F.

For each measurable section (u-almost all sections are measurable), we set
E, :={(s,t) € [0,1)*: (x,s,t) € E} C [0,1].

Since E has positive product measure, we may extract some > 0 and a set X of positive

p-measure so that for each x € Xy, |E,| > 6.

For each x € X;, we apply our T'wo-Dimensional Orthogonality Lemma 2.6.6 to

Jim | % ru($)KuF (e, 0)] = lim fim | W;J n;Nk T (8)7 (8) Ko f ()],

with K, f,(x) in the role of a,,.

In particular, we extract M (x) so that

S N K ful2)? < 042

M(z)<m n
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Assume that M (x) is minimal subject to the condition that

DD Knfal@)]? < 2047,

M(z)<m n

and collect

Ap :={z € X5: M(z) =k},

so that we may express X5 = |J,-; Ar as a disjoint union. Choose k' as small as possible

subject to the constraint that (A ) > 0. We have:

DO K falz)? S A2

k'<m n
on Ak./ .

We now wish to show that

{y : Z Z | K fn(y)] > % for all but finitely many n}

m<k’ n
o Ry
~ liminf {y DIPILAAGIE 7}

m<k’ n

is p-null. This will allow us to conclude that for almost every x € Ay N Xy — and thus almost

every x € Ay, since u(Xy) = 1 — there exist infinitely many n with

S K fu(@)? > 1SF@) P = 3 K ful@)? > 2R2.

k'<m m<k’

Summing in n would then force

kK'<m n

to diverge, contradicting the upper bound of < A%, and concluding the argument.
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To this end, for each n we estimate

D K fa(@)ll S Kl falh,

m<k’

from which it follows that

2 ({y €X: Z | Ko ful(y) > Rn/2}> S K- H];z”l

m<k’ n

Consequently, for each [, we may estimate
M (ﬂ {y € X: E | Ko fu| (y) > Rn/2}> < lim & - ”i;ﬂ =0,
n—oo
n>l m<k’ n

which yields

1 (hn&linf {y € X: Z | Ko [l (y) > Rn/2}> =0,

m<k’

as desired.
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CHAPTER 3

Polynomial Ergodic Averages Converge Rapidly:

Variations on a Theorem of Bourgain

3.1 Introduction

Let (X, 3, 1) be a non-atomic probability space, equipped with 7 a measure-preserving Z-

action

T, f(x) == f(r_yz).

For (E;) C Z, define the averaging operators

Mif(@) = o 3 () (o)

yeE;

the classical (L?-) pointwise ergodic theorem of Birkhoff [6] says that if
E =[0,i)C Z,

then the one-dimensional averages {M,f(x)} converge pointwise p-almost everywhere for
fe LA(X. %, p).

A standard proof proceeds by way of a density argument: one begins with the the dense
subset

{pc I’NL® :7¢ = ¢} ®Span{h —7h: h € L™} C L?

on which convergence holds, and absorbs small errors using the L?-boundedness of the max-
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imal function

f = sup [ M;f].

This density argument relies crucially on the smoothness of the intervals [0, 7).

Obtaining pointwise convergence results of {M;f} for rougher, exotic {E;} C Z does not
necessarily follow from quantitative estimates on an appropriate maximal function, since the

dense-subclass result is often unavailable in this setting.

Perhaps the most famous instance of this difficulty arose in the study of averages along
the squares, i.e.

E;:=1{1,4,9,...,i*} C Z.

Indeed, to prove pointwise convergence of the ergodic averages of L2-functions along the
squares, Bourgain [10] attacked the issue of oscillation more directly, by showing that an

appropriate oscillation operator was L* “controlled” ( [10, §7].) !

In a redux of his argument [11], Bourgain did so with the assistance of the r-variation
operators (below), classically used in probability theory to gain quantitative information on

the rates of convergence.

Definition 3.1.1. For a collection of functions {f;}

1/r
Vi(fi)() = sup <Z | fir — fz‘k+1|r> (z)

(i) increasing L
is the r-variation of the {f;}.

These variation operators are more difficult to control than the maximal function sup; | f;|:

for any j, one may pointwise dominate

sup [fil <V=(fi) + 151 < V() + 1l

IThis result was later extended by Quas-Wierdl-Lacey [18], who showed that the oscillation operators
were actually L2-bounded.
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where r < oo is arbitrary. This difficulty is reflected in the fact that although having

bounded r-variation, r < oo, is enough to imply pointwise convergence, there are functions

which converge, but which have unbounded r variation for any r < co. (e.g. { <_1)ilog1i =)

Despite the increased delicacy of the variation operators, Bourgain proved that for E; =

[0,17), the r-variation operators

V' (M;f)

were of strong-type (2,2) [11, Corollary 3.26] for r > 2,

. r
V" (Mif)llzzcx) < € I fllzaco

for some absolute C. 2

In other words, not only do the classical Birkhoff ergodic means {M,f} converge in L?,

but they do so rapidly.

Since Bourgain’s celebrated result, establishing variational estimates for families of aver-
aging operators has been the focus of much research in ergodic theory and harmonic analysis
(cf. e.g. [10], [11], or [12]). Nevertheless, little research has been directed towards studying
variations of averaging operators defined by “rough,” polynomially-defined, sets. This is a
natural object of consideration: variational estimates are a strong tool for proving pointwise

convergence of averages when a density argument is unavailable.

Indeed, using an easy modification of Bourgain’s earliest — and most straightforward —

proof of the boundedness of maximal function along the squares (i.e. E; = {1,22%,...,i?}) [10],
there exists an absolute C' so that || sup [My fl||r2(x) < C||f]lz2(x),
N

one can prove (discussed in §3) that for each r > 2, ¢ > 0 there exists an absolute C, . so

21t was later shown in [10] that V2(M; f) was unbounded on L?; the super-delicacy of the two-variation
operator V? will be addressed in our context in §7.
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that
V' (Mnf:N€[(1+6" ey < Crellfllzex),

which shows that the means {Myf(z) : N € |(1+ €)"]} converge pointwise almost every-
where. Since € can be taken arbitrarily small, and general means differ from the (1 + ¢)-
lacunary means by a multiplicative factor of at most 1 + €, this result is enough to recover
the full pointwise convergence result — without recourse to Bourgain’s difficult “oscillation”

argument [10, §7] or his metric-entropy approach [11, §6].

Despite the utility of the variational approach, the following problem remains almost

untouched:

Problem 3.1.2. With (X, u, 1) as above, let
P(n) :=bgn® + -« + byn + by, bj €Z, bg>0

be an integer-valued polynomial, and set E; := {P(1),..., P(1)}.

For which 1 <p <00, 2 <r < oo do there exist a priori bounds
V' (Mn )llzrx) < Cprpll fllzex)?

The main result of this note is a first step towards resolving the above Problem 3.1.2.

We prove

Theorem 3.1.3 (Polynomial Means Converge Rapidly in L?). Let r > 2 be arbitrary, and
let

P(n) :=bgn® + - + byn + by, bj €Z, by >0

be an integer-valued polynomial. Then there exists an absolute constant C, p, depending only

on r and the polynomial, P, so that for any measure-preserving system (X, u, ), and any
feL*(X),
V' (My )2y < Crpll fllezx)-
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Since variation operators are semi-local in the sense of [13], by Calderén’s transference

principle [13], Theorem 3.1.3 will follow from the result below:

Proposition 3.1.4. Let r > 2 be arbitrary, and let

P(n) :=bgn® + - + byn + by, bj €Z, by >0

be an integer-valued polynomial. Then, with E; = {P(1), P(2),...

absolute constant C,. p so that for any f € I*(Z),

IV (Kn * flle@) < Crpllflleam.

where

Ky (@) = 3 fa+ P(n)

n<N

18 the discrete convolution operator.

Interpolating this result against Bourgain’s celebrated result [11]

IV (My f)llzrx) < Cppllfllex), p> 1,

yields the following

,P(i)} there exists an

Proposition 3.1.5. Suppose r > max{p,p'}. Then for any dynamical system there exist

absolute constants C,., p so that

V" (MyF)l[eri) < Crp || Fllrx):

Again, this result follows from the analogous one on the integer lattice (see §7):

Proposition 3.1.6. For r > max{p,p'},

IV (Kn o Pllw < Crp el f -
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Finally, we prove that our L? theory is, in general, sharp. We do so by studying the more

delicate 2-variation operator. Specifically, we prove:

Theorem 3.1.7 (The 2-Variation Operator is Unbounded on L?). For any C > 0, there

ewists an f = fo of L*-norm one, but so that
V(M * f)l[r20x) > C,

where here we fix

M+ fla) o= 37 f()

n<N

the (discrete) square means.

Remark 3.1.8. Although this theorem is generalizable to actions associated to other integer-
valued polynomials, for the sake of clarity, we have contented ourselves with the case of the

sSquares.

This result will follow, by Calderén’s transference principle [13], from an analogous version
on the torus system

(T,dzx, T :x+— x4+ «)

for 0 < o < 1; the Kakutani-Rokhlin Lemma [17, Lemma 4.7] may be then used to transfer

the unboundedness of the variation operator to any aperiodic measure-preserving system.

The structure of the paper is as follows:

In §2 we introduce relevant definitions, and present a few reductions which will be used

throughout;

In §3, we review long variation arguments, and sketch a proof of pointwise convergence

along polynomial means;
In §4, we collect preliminary definitions and lemmas;

In §5, assuming the number-theoretic Proposition 3.4.1, we prove full variational esti-
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mates along the polynomial sequences (i.e. Proposition 3.1.4) by studying the short varia-
tion;

In §6, we prove Proposition 3.4.1;

In §7, we interpolate our result against Bourgain’s theorem to obtain (partial) variational
estimates for other LP spaces; and

In §8 we prove that our L?result is sharp — that in general the 2-variation associated to

our polynomial averages is an unbounded operator.

3.1.1 Acknowledgements

The author would like to thank Lewis Bowen and Akos Magyar for helpful conversations,
Michael Lacey for early encouragement, and his advisor, Terence Tao, for his great patience

and support.

3.1.2 Notation

For a set £ C Z, we use |E| to denote #FE the counting measure (cardinality) of the set E.
We also let e(t) := e?™. For subsets of the torus, D C T, we denote the frequency projection

onto D of (finitely supported) functions on the integers by

We will make use of the modified Vinogradov notation. We use X <Y, or Y 2 X
to denote the estimate X < CY for an absolute constant C'. If we need C' to depend
on a parameter, we shall indicate this by subscripts, thus for instance X <, Y denotes
the estimate X < C,Y for some C, depending on p. We use X ~ Y as shorthand for
Y <X <2Y.

We also make use of big-O notation: we let O(Y) denote a quantity that is < Y, and

similarly O,(Y") a quantity that is <, Y.
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3.2 Preliminaries

For a sequence of functions, {f;}, we may divide our study of the r-variation, V"(f;), into

the long- and short-r variation, respectively defined below:

(i) increasing, dyadic

1/r
VS ()a) = (Z (W oy Zifik—fikﬂwf)> (@)

<on+1 j i
n <2 increasing

1/r
V() (@) = sup <Z|f1k f) (x)

Indeed, we have the following easy pointwise inequality:

Lemma 3.2.1 ( [13], §3 ).

VI(f) S VIR(R) V().

Sketch. Fix an increasing sequence of indices {ix}. For each pair (ig,ix.1) so that there

exists n(k) < n(k+ 1) with

on(k)— < i < on(k) ~ on(k+1) < < on(k+1)+1

Y

replace

| fir = firia] < |fiw = fonto| + | fontr = fonten| + | fipy — fonaan ],

so that

\fir = finial” S 1 fiw = fonto|" 4 | fonto = fontern|” + | firry — fonon |

Take ["-norms in k, and make the above replacements when necessary; the first and third
replaced terms become absorbed by the short variation, while each middle term becomes

absorbed by the long variation. O
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3.3 A Sketch of Bourgain’s Argument, and the Long Variation

In this section, we abbreviate the long variation V"% by V".

We use the argument of [11], combined with (an appropriately scaled version of) the
variational result of [6, Proposition 1.2] (cf. also [16, Proposition 4.1]). The square-function
argument of [11, §6] then is robust enough that one may replace the maximal function along

dyadic scales supyeon | Ky * f| with the long variation V"' (Ky % f : N € 2V),

For the sake of clarity, we provide some details of the argument in the case of the squares

Kyt 1o)== 3 fla +1),

n<N

The departure point is that by using techniques from the Hardy-Littlewood circle method,

the multipliers

n<t
can be well-approximated in the L? sense by a more tractable family of multipliers:

= Lula)

s>0

=3 3" S(a/q)vla— a/q)d(10°(a — a/q)),

520 a/qeRs

where

3In fact, in the case of the squares, the argument of [10, §§3-5] goes through essentially unchanged.
Indeed, the only new observation is that, with k(z) := ﬁl[o,l] the quadratic density, not only does the

family {k; : t > 0} satisfy the maximal inequality
| sup ke = flllz2@) S I llz2 )

but also the stronger variational inequality

V" (ke x Pllz@) S 11|22 @)

r > 2. Working on the spatial side, this follows from Bourgain’s [11, Lemma 3.11] and convexity; alternatively,
one can work on the Fourier side and reduce matters to the more general [12, Theorem 1.5] using Stein’s
“universal” lifting argument [38, Lemma 11.2.4].

116



101,01 < ¢ < 1i_g202) is a smooth cut-off;

the sets {Rs} form an exhaustion of the rationals inside T:

R :={a/q:(a,q) =1,¢~2°}

(we identify Ro = {0/1 = 1/1}, and recall our convention, X ~ Y means ¥ < X <
2Y);

the weights

w5 (%2).

r=1

satisfy |S(a/q)| < ¢~ for some v > 0 by Hua’s [25, §7, Theorem 10.1]; and

the v; are oscillatory “pseudo-projections”

wl(®) = | (-5 ds,

which satisfy the estimates

1
lve(8) = 1| S #%|8], and v (B)] S 1317

by the mean value theorem and van der Corput’s estimate on oscillatory integrals.

These approximation techniques will reappear in our present context §§4-5; we include a

heuristic discussion of Bourgain’s (and our) approach.

For each parameter t, Bourgain divided the torus into two distinct regions:

e The t-major arcs, which consist of points “t-near” rationals a/q with “t-small” denom-

inators; and and their complements

e the t-minor arcs.
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On each t-major arc, when a ~ a/q lies near a rational with small denominator, Bourgain

showed that
Ki(a) ~ S(a/q)via — a/q),

where v, is a continuous (integral) analogue of the discrete exponential sum, and the weight
S(a/q) measures the lack of uniform distribution of the squares in the residue classes mod g.
On each t-minor arc, where « is “t-far” from rational numbers with small denominator, the
exponential sum _f(\t(oz) is “t-negligible” — «v lives too far from any rational a/q which corre-

lates sufficiently quickly to prevent f(\t(a) from oscillating itself out of (moral) consideration.
Bourgain was able to quantify these heuristic ideas in his

Lemma 3.3.1 (Lemma 6.14 of [11]). There exists some v > 0 sufficiently small so that

Ki(e) = Loga)] St

s>0

For our purposes, for any lacunary constant o > 1, and || f||2 = 1, we may estimate

1/2
V' (Ki# f ot € 0™l < [V (Lox £t € 0™+ (Zumf Lk*f|2>

<Y AV (Lo fit €M)+ ) (07

2

s>0 k>0
. 1
<Y IV (Lsgx fit€d™)|+ —
s>0

Bourgain’s next idea was to replace the “pseudo-projective” multipliers

> Sa/g)ula —a/q)¢(10°(a - a/q))

a/qeRs

with more honestly projective ones

Liy(e) =Y S(a/g)l1y(t*(a — a/q)s(10°(a — a/q)).

a/qER s
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Indeed, using our “pseudo-projective” estimates on vy, and our bound on S(a/q), we may

upper bound each

1/2
IV (Lgs* f:t €Mz < HVT(L;,t*f cte Vg + (E |Lgr % f — L, *f]2>
2
T / N —sv 1
SIV (L xfiteo)a+27 —,
’ oc—1
and thus

, 1
DoV (Lo fiteala S D IV (L fitea)|o+ T

1
s>0 s>0

Define now the multiplier

Z 11y (P (e = a/q))g(e).

a/qER s
With
Gi(a) = fla)- > S(a/g)$(10°(a - a/q))

a/qeRs
defined via the Fourier transform, so

lgsll2 <27,
we have

Bs tgs = L, tf

Now, suppose we knew that for each g,

2
T 1

r t < 2, .

() IV (Bug: ea>||2N(T_2) gl
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then we could conclude

SOV (L, fted)

S IV (Bayxge it €

s>0 s>0
s (+ ) S 2l
~ : . s||2
oc—1 r—2 =
< 1 r ZZ 22—su
. s
~Yo—-1 \r—2
s>0
2
< 1 ' T 7
~o—1 r—2
from which it follows that
1 1

.0—1‘1—0*”

2
V(K f:t€ oMy < ((riz)

It remains to prove the following (slightly more general) proposition, in the spirit of [11,

§4]:

Proposition 3.3.2. Suppose \; < --- < Ay C T are T-separated frequencies: |\, — \j| > T

fori# j. Fork so that o=% < r:OT (say) let

Ry :={aeT:|a— )\ <o},

and define
ALf(n) = (1, 7) ().

Then
,

r—2

2
1
VENI S (510N ) il

In particular, taking {A1, ..., Ax} to be the < 4° elements of R, and Ry the pertaining
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o~ *-neighborhood, we find that

1 r 2
"(Byg#gs it €V)la S : log |R|)” [lgs
IV (Buara it € e S 1 (15 ) toglRP ol

< 1 "\ 2l
~o—1 \r—2) 7 N%R

proving (x). Indeed, upon establishing Proposition 3.3.2, we will have proven the following:

Proposition 3.3.3. With Ky * f(z) := % Y.<y f(z + P(n)) as above, for any r > 2

V' (Ey = f 2 N €29l Srp [If[le-

And moreover

Corollary 3.3.4. Forr > 2, 0 > 1, maintaining the above notation,

i 1 1
||V (KN * f . N € O'N)HLQ(X) 57"7]3 (0 — 1 . 1 — U_V) ||f||L2(X)

In particular, the means {Ky * f(z) : N € |0"|} converge pointwise almost everywhere.

Since o can be taken arbitrarily close to one, and general means differ from the o-lacunary
means by a multiplicative factor of at most o, this result is enough to recover the L?-version

of the following result:

Theorem 3.3.5 ( [11], Theorem 5). For any measure-preserving system (X, 3, u, 7) and any

function f € L*(X), the means
1 P(n)
N Z " f(x)
n<N

converge pointwise [i-a.e.

Remark 3.3.6. The following theorem in fact holds for f € LP(X), p > 1: provided that
f has “mild enough” singularities, polynomial means converge p-a.e. This result was later

proven to be sharp [7].
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We establish Proposition 3.3.2 in the following subsection.

3.3.1 Proof of Proposition 3.3.2

By arguing as in [11, Lemma 4.4] (see also [40, Lemma 5]), it is enough to prove the analogous
result on R, where we may take advantage of the dilation structure, and prove the analogous

result under the hypothesis that the frequencies are 1-separated.

Lemma 3.3.7. Suppose & < --- < &n C R are 1-separated, and similarly define for k so

large that o=% < 100

A= (1 f) @),

where now Ry == {£:|& —&| < o™* for some j}. Then

2
T 1
r < L
IV (Aeh)]ls < (T_QlogN) —— ||/

Proof of Lemma 3.3.7. We begin with a reduction:
Let 1j—1/2,1/9 < q/g < 1;_1,1) be a smooth function,

1 T

or = — (=),

ok ok
and define the operators

N

Duf =Y [ Feyoute ~ etéo) ag

N
=Y elo) [ Fie+&)mn©eeo) de
j=1
We may majorize

1/2
V'(Arf) < V'(Drf) + <Z|Akf Dkf|2> ;
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and using the separation hypothesis, we see that

1/2
1
Apf — D f? —
H(g! kS kﬂ) l2 S —

since

—§) s

IIMZ
m
q
| | =
—_

w3 1n(6)-
k

by sparsification.

In particular, we have
T T 1
V" (Axf)ll2 < IV (Def)ll2 + —— £

But the arguments of [6, §2] show that

VDl % (g 08N ) ]l

which proves the lemma, and with it, Proposition 3.3.2. O]

This concludes our treatment of the Long Variation result in the case of the squares.

The case of general polynomial averages follows a similar argument; the only modifica-
tions are to the definitions of the weights and the “pseudo-projections.” See [11, §§5-6] or

84 below for the appropriate generalizations.

3.4 The Short Variation

In this section, we set the stage for a proof that V"%, and therefore V" itself (see above), is

L2-bounded. Henceforth, we abbreviate the short variation V™ by V'
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3.4.1 Fourier Preliminaries

This is an L2-problem, so we will make use of the Fourier transform. We begin with some

notation; wherever possible, we will maintain that of Bourgain.

Throughout, we shall regard our polynomial
P(n) :=bgn® + ... bin + by

as fixed, and 1 > 9§ > 0 will be a small but fixed constant.

We recall the exhaustion of the rationals inside T

a
UR. ;=U{5 H(a,q) = 17‘1%28}’
where we use X ~Y tomean Y < X <2Y.
For t ~ 2", we define the n-major arc

M=) U Mala/o)

s<nd a/qER s

= U {a : {baa} —a/q| < 2_n(d_6)} ;

a/qERs,s<nd

where we use {z} := 2 — |x] to denote the fractional part. We continue to identify 0 = 1,
so R := {2} and
M, (0/1) = {a : [{baa}|lx < 27"},

where we use ||z||1 to denote the distance to the nearest integer.

For 0 < i < by, * we further define

1 1+1

(o) = {a e [i£. 50 ) bt

4For technical ease, on first reading we recommend assuming that by = 1, i.e. that P is a monic polynomial.
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to be intersection of each major arc with each of the b; distinct “pre-intervals”

{18 —a/q| <27V}

under the map « +— bga. (Throughout, we assume that n >p 1 is sufficiently large that

there are by distinct such pre-intervals.)

We simply define the minor arcs

m, =T~ IN,.

With
s, <nd, a/q € Ry, b/r € Ry,

we remark that any two pre-intervals corresponding to a/q, b/r are distinct. For otherwise

we would have a such that
[{baa} —a/q| + |{bac} — b/r| < 270,

while

la/q—b/r| = 1/qr 2 27",

for the desired contradiction, since ¢ is sufficiently small.

Now, for each a/q € Rs, s < nd, we define
qi = qi(a/qapai)a 0 S 1< bd
to be the least common denominator of

a/q, bg—1/ba- (a/q+1), ..., bi/ba-(a/q+1)
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i.e. g; is as small as possible such that there exist integers

CLZ = afi(a/q, Pv i)u ail—l = ail—1<a/Q7 P7 i)v B (lli = aé(a/% P7 Z)
satisfying

(a/Qa bd—l/bd ' ((I/q+Z), .- 7bl/bd a/q_‘_Z ) (ad/qlvad 1/Q1,7' .- aa'll/Qz) and

(aﬁl,aéfl,.. al,ql) 1.

We remark that for each i, ¢|g;, and that ¢; < byq <p q.

With the above notation in mind, we define the weight

; 1 & —alrd — - —alr
Sp(a/q) ::fZe .

(— qi

By [25, §7, Theorem 10.1] for any € > 0 we have the estimate

[Sh(a/a)] Se (@) S g4,

all we need is that there exist small v > 0 (determined below) so that

1Sp(a/q)| S a7

We also define the oscillatory “pseudo-projections”

w(B) = / (gt ds:

for t =~ 2" we have
[ (8) — 1] < 273,

1
v (B)] S B

by the mean-value theorem and van der Corput’s lemma on oscillatory integrals.
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For t ~ 2", we define the multipliers

~

Cila) = K,(a) — Kan ().
The L?-smoothness of the family of multipliers
t i I (a)

is captured by the following proposition, whose proof we defer to §6 below.

Proposition 3.4.1. Suppose % € Ry, s < nd, and that t =~ 2. Then there exists v > 0 so

that

—_—

1. For any a € T, [Cy = Crpa(a)| = [Ky — Ky ()| S 2775
2. For a € m,, a minor arc, |Cy(a)| < 27™; and

3. For a € M,(g) a major arc

R 1
< 9—vs : n _ 1/d —n/2
Cule)] 52 (m{? ae} = a1 S Gy - a/q|1/d} o ) |

We also include the following elementary lemma. This result is essentially due to Bourgain
(cf. [11, Lemma 3.11], and [10, Proposition 2.12] as well), and we will make repeated use of

it.

Lemma 3.4.2. Suppose that {B,}Y_, are a family of operators which act on (finitely sup-

ported) I? functions by multiplication on the fourier side

—

B f(B) == mn(B)f(B)-
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Suppose that for each 1 <n < N

sup |m,(B)] < A and
Besupp f

sup |ma(8) = masa(B)] < a.
Besupp f

Then [V*(Buf)lle S VN Aal flle.

Proof. With L a positive integer to be determined, and 1 = a; < as < ...a;, = N (almost)

equally spaced indices (80 a;41 — a; =~ %), we may pointwise dominate

1/2

L 1/2 L
VA(B,f) < (Z\Baﬁ) (Z (VA(B.f:a; <n < alﬂ))?)

i=1

I 1/2 L Jaim 2\ 1/2
s(Z\BaifZ) + Z<Z|Bf Bn+1f!>

i=1 =1 n=a;

I 1/2 N2 [N 1/2
§<Z|Baif|2) (%) (ZIan—Bn+1f|2> ,

i=1 n—1

where we used Cauchy-Schwartz in the last inequality.
We take [>-norms, and use Plancherel’s theorem to majorize the first summand

1/2
2
)

1/2

ZlBazf

= (Z a3 F(5)]

1/2
2
)

l?

IN

L
(>
< VLA| fll
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and the second summand

(%) 1/2 (i . B”“f|2> - (%) : (i | ma — mac) @) 75)] ) 1/2

l2

Setting L ~ % yields the result. O

3.5 The Proof of Proposition 3.1.4

By our long variation result, it suffices to prove

1/2
(ZHVE(Kt*f)H%) S 12

where we abbreviate

VA(K * f) = V(K * f : t = 2.

We split f = fu, + fom, as a projection onto n-minor and n-major arcs, and majorize

1/2

1/2 1/2
(ZHVﬁ(Kt*f)H%> S(ZHVZ(Kt*fmn)H%) +<ZHVZ(Kt*ffmn)”%> :

We use Proposition 3.4.1 and Lemma 3.4.2 to control the first summand. Specifically, in

the notation of Lemma 3.4.2 we may take

N=2"A=2" and a=2"",
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so that we may estimate

1/2 1/2
<Z2"”HfmnH§> S<Z2””Hf!!§> < [If1l2-

We therefore restrict our attention to the second term in the above summand; we will

prove the following

Proposition 3.5.1. In the above notation,
D IV * fam )13 S 113

We make a few remarks before we turn to the proof proper:
For t =~ 2™,
since we are summing over differences of operators.
Since, roughly speaking, for ¢t ~ 2", on 9)?;(%) we have
~ « wici (@
|Ce(a)]* = |SP(5)|

a 1
< 4V i 2dn b >z
~ q min (0% 5 2 5
{ ’{ d } q| 2"’{bda}_g‘1/d}

v({baa} — §> — vpn ({bacr} — §>

it makes sense to partition the major arcs according to both the size of the denominators of,

and the distance to, our rationals a/q. We therefore further decompose our major arcs:

For k > 2s, we introduce

Sﬁn: U U %s,nd+l7

s<nd I>—nd

where

Rk = U {a: {bsa} —a/q| ~27"}.

a/qERs
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Proof. On each R, 441 we bound
|é\t(05)| g 9—vs (27|l\/d + 2711/2) .

n/2

If we define the critical [,, := %i to be the unique distance where 2~ I/¢ = 2-7/2 e have

N o-vso-lil/d ifl <1,
|Ci(a)]

A

259 In/d = 9=vsgTn/2 if | > [,
We now collect Uz>zn Rs nd+1 = Rs e, and use Lemma 3.4.2 to majorize

Va(Cix for,)II3

L, 2
< (Z D IVECox fog a2+ VI (Cox fn, ) |2>
s<nd l=—nv

In 2
< (Z D 2 M oyl 2 gy )
s<nd l=—nv

ln
r§ Z 2—511/2 Z 2_|l|/2d||f%s,nd+l ||g + 2_ln/2d||fms,n*

s<nd l=—nv

2
29

where fy, , denotes the fourier projection onto Ry, etc. and we used Cauchy-Schwarz in

{s <nv,l <l,} in the final inequality.

Summing the foregoing over n, and interchanging the (n,s)-order of summation yields

the upper estimate

2
2

I

ln
DoIViE s fam )< D 272 D0 > 2 fo I 27 e

—S |——
n==% l=—nv

we will show that each bracketed term is < || f]|3.

To do so, with s fixed, we expand the bracketed expression, make the change of variables
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k = nd + [, and interchange (n, k) order of summation to obtain

In
SN 2 W I 2 o
n:%l:—m/
In
=3 2 o327 o3
n:%l:—mj >y
3nd
2
=50 N ol 2427 ST | 2
n:% k=nd—nv k>3%d
k _k_
d—v 3d/2
D DD DI Sl P W WP A VW
k=5(d—v) max{$, 577} k=%3d/2 %
k=3%(d—v) k=%3d/2
S IS,
as desired. 0

3.6 Proof of Proposition 3.4.1

In this section we prove Proposition 3.4.1, and thereby conclude the argument.

Proposition 3.6.1. Suppose % € Ry, s < nd, and that t =~ 2. Then there exists v > 0 so
that

—_—

1. For any a € T, |C; — Cp ()| = [Ky — Ky (@) S 2775
2. For oo € m,, a minor arc, |Cy(c)| < 27™; and
3. For a e ‘J)?jl(%) each segment of a major arc

~ 1
< 9—vs : n _ 1/d —n/2
|Ci(a)] <2 (mm{2 {bsa} — a/q| ’Q”I{bda}—a/qP/d} +2 ) .

Proof. The first point follows trivially from the triangle inequality, so we begin the proof
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proper with the minor arcs.

Here, whenever |{bga} — a/q| < 27979 we necessarily have ¢ > 2" (the approximate
inequality comes from the fact that we admit all a/q € Ry, s < nd into the definition of
our major arcs, rather than simply a/q such that ¢ < 2"°). By Dirichlet’s theorem, we may
choose a reduced fraction

x/y, (z,y) =1, y < 2"

so that

1 1
bga} — < < —.
[{bac} — z/y| < y2n(d=3) = 42

By Weyl’s inequality [41, Lemma 2.1], we have

t

1 d—1
3> el—baan =+ = biam)| = [K(@)] St (1y + 1/t +y/t) "

n=1

which leads to the effective estimate ]f(\t(a)| < 27 for some v = v(e,0) > 0. The triangle

inequality yields the second point.
We next turn to the major arcs.

Suppose a € M (a/q), so that we may express
baa =i+ a/q+ B, where |3] <2779 ¢ < 2™
With ¢; as in §4 above, and m <t ~ 2", we express m = pq; + r and write

O g o+ 1)

P(m)a = (bget)(pgi + 1) + b_(bda)(pqz +r) T bd

ba

) ba_1,. B b
= (i +a/q+ B)(pg + 1) ""%(Z‘i_a/Q‘f‘B)(p%‘i‘T)d REEEE +b—1(l+a/q4r6)(pqz+7“)
L (pg + )+ +%(pqz+7")+0p(2”(25_”) mod 1

%

al

o g r) 4 B(par) +

aird 4 ..
di

B(pg:)* + ( alr) +0p(2"* D) mod 1,
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so that for m = pg; + r,

Now, with t = p;q; + ¢, we have

IS e(-Pma) =5 3 e(~P(m)a) + Op(27 1)

m<t m<ptq;
pe—1 i i..d i

1 ..

_ @ Z B pql Ze (_ agr” + - + aﬂ’) 4 Op(2”(25*1))
it i

Qz 1 n —

- & / e(~B(a)’s") ds - Sh(a/q) + Op(2"*)
0
qi

4/t '
= _/ e(—ﬁ(qi)dsd) ds - Sh(a/q) + OP(2n(25—1))
t 0

_ /0 1 e(—Btts?) ds - Sh(a/q) + Op(271)
= v(B)S5(a/q) + Op(2251),

where we used that for [p —s| <1
e(=Ba)" - p") = e(=B(g:)! - s) + Op(2"*Y)
in passing to the third line. The upshot is that on 94 (a/q) we have
Ci(e) = Sp(a/q) - (vi({bac} — a/q) — var({baa} — a/q)) + Op(2"® D),

Taking into account our estimates on S%(a/q), vy we have the upper bound

~afq[7?
—Sv : n 1 -n
7 (mm {2 [{ha} = afa”, 2" {baar} — a/CJ|1/d} i /2> 7

since 2% < 2™ for s < nd.

Gten) 27> (min {2tua) — o/l oot ) 4 O0pres )
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3.7 Interpolation

In this section, we will interpolate our L*-based {V"},~» estimates against Bourgain’s L?, p >
1-based V> estimate to some partial variational estimates in other LP spaces, and thereby

make further progress towards understanding Problem 3.1.2.

We begin with the following general mixed-norm (complex) interpolation lemma, whose

proof follows the same lines as the classical Riesz-Thorin interpolation theorem.

Lemma 3.7.1. Suppose that T is a linear operator, bounded

T 1m0 — (1)

TP — ().
[f% =104 0 gpgl= 1;09 + il are determined by convexity, T is bounded
T (1)
as well.

To use this lemma, we remark that we may linearize the variation, by setting

Tf(x,k) = (Kny@) — KNy @) * f(2),

where { N} are any (finite) collection of measurable functions. We are ready to prove our

Proposition 3.7.2. Suppose r > max{p,p'}. Then
IV (En * )l Spor [1f[]er-

By Bourgain’s Theorem and the L? variational result, we know that

IV (Kw o Pll2 S 112
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for r > 2, and that
V(KN = f)llp Sp L[]

for p > 1.

For each p fixed, the task is to choose r as small as possible so that # satisfies

_1_0+
P Po 2
and
1 1—-6 0 0
—:——'——:—’
r (0.9) ™ 1

where py > 1 and r; > 2. To minimize r, we want to take r; close to 2, and 6 as large as
possible. Consequently, it is in our interest to choose pg as far from p as possible (i.e. py = 0o

for p > 2, and pgy near 1 for p < 2).

With this strategy in mind, we turn to the:

Proof. We begin with the slightly more involved case, p < 2.

To this end, let r > p’ be arbitrary but fixed. In this case we may find § < 1 (but possibly

very close) so that

1
—=—+0-1
S
We set v = 7(d) = (6 — 3)7%, so that
1
)—=)=1
(0 =73)
If we choose 6 to satisfy
I 1—9+9
p 6! 2
then we also have
0
roy

by direct computation.

136



The previous Lemma 3.7.1 allows us to interpolate the result.

We next turn to the case p > 2. With r > p, and @ satisfying

0
p 2
we may write
10
r 2
p
where % > 2.
Once again, Lemma 3.7.1 completes the proof. m

3.8 The 2-Variation is Unbounded on L2

In this section, we shift our frame of reference from the integer setting to the torus.

For functions on the torus, T, we (abuse notation and) define the convolution operators

K§y* f=Kyx* f(x) ::%Zf(x—l—n%z);

n<N

we will take v = 27 %, where R is a large parameter, and define the 2-variation associated to

the family { Ky} in the expected way, as

(Ng) increasing

1/2
VA(Ky * f)(2) :== sup (Z |Kn, * f — K, * f|2> ().
k

We prove the following

Theorem 3.8.1 (The 2-Variation Operator is Unbounded on L?). For any C > 0, there

exists an f = fo of L2-norm one, but so that

V(K * f)lz2r) = C.
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Here’s the set-up:

Let L be a large natural number, and let
]{31>k’2>"'>k3L

and
J1<J2<---<JL
be two sequences to be determined presently. We also set R := 22"
For functions in the (finite-dimensional) span of {e(2Fiz): 1 <i < L}

L

i=1
we define the partial summation operators

L
Smg(x) == Z bie(2kiz).

For such g, we define the 2-variation of the {S,,} in the natural way

1/2
VA(Sm(9))(x) == sup (Z |Smg — Smk+19|2> (2).
k

(myg) increasing

We use the following result of Lewko and Lewko [14]:

Proposition 3.8.2 ( [14] Theorem 6). There exists some

f(z) = Z ae(2%x)

V(S ()lz2ry 2 log(log(L)).
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Fix this f; suppose we knew the following

Lemma 3.8.3. The error function

n(f) =Y _1Si(f) — Ko * |
=1

is bounded uniformly on T (and in particular has L*-norm < 1).

Then, by the triangle inequality, we would be able to bound from below

V2 (K # P2 = IVASI)ll2 = [In(F)ll2 2 log(log(L)) — O(1)

which tends to oo with L, which would prove our theorem.
Before beginning the proof of our (technical) lemma, we sketch out our strategy.

We consider the interactions

Ky, + e(28iz)

in two separate regimes: when k; is “R-small” relative to j; (i > [), and
Kle % 6(2]%33)“ — 776(2kix)
and when k; is “R-large” relative to j; (i <), and

KQJZ % B(Zkix)u — 770'

More precisely, in the first regime we use Weyl’s Lemma for quadratic polynomials [15],

to bound

1 ki 2k 1 9R '/
- . < 4 - ‘
21 6<23 n ) ~ (2R - 2t T 92j51+ki ’

n<291
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when j; is large (as it will be), and

ki 2R
oF = Q2itk,

(as it will be) we have the approximate uniform bound

1 ok ok
o Z 6(2R -n)| < gy oR + small errors.

n<271

In the second regime, we simply use the mean-value theorem to estimate

oki+23i
IR

!ngl * e(2Mr) — 6(2'“3::)’ <

Up to some careful optimization, these estimates allow us to uniformly bound

n(f) =D 1Si(f) = Ko * f|
(i a; Ky * 6(2’“’}%)) — (Z a; Kqyj, * 6(2“1‘) — e(?kim)> ‘

i=1 1=l

Z(meez x |+Z!K2“*e2 i) — (2kix)|>,

=1

taking into account the trivial |a;] < > |a;|* =

Proof. We begin by recursively constructing our sequences {k; : 1 <[ < L} and {5, : 1 <

I <L}

Starting with our top terms
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we define

. ) R—L -k
ki1 :=R—j, andj == ———1;

in particular,

kiv+53 =R, and k;+ 25, + L = R.

By induction, we find

2t —1 ) R— (2" — 1)L
b= 2 R ), ana gy, = 2D
and so
2L-1_ . R-—(2L-1L
/ﬁ:W(RJFL)a and j; = oL :

Now, with 1 <[ < L temporarily fixed, we estimate terms in the first regime

9R T o1 92tk

. k; R 1/2
<4 (2— + 2—)
~ 95i/2 oR 1 92jitk;

ok 1 2R '/
Ky % e(20)] S i ( )

)1 2k
< ST + SR’
since for ¢ <[ — 1, we have
2ki 2R
oF = Q2iih
by our choice
ki1 + 51 = R.

Summing 2jj1/2 + Jin/ 22% over 1 < i < [ leads to an upper estimate of no more than

Ji o2k
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We next estimate terms on our second regime, | <1 < L,

oki+2ji oki+2j; 1

| Ko+ e(2%2) — e(2¥2)] < T T

using that k; + 27, + L = R. Summing over [ < ¢ < L contributes a further

L
Q_Lv

so that for our given [, we have

J1 2k L
W‘f‘jl — + —

1Si(f) — Kyiy x f| < L~ 7 T o

Finally, summing over 1 <[ < L leads to the estimate

9 J1 2k 2

onz T\ 5r t9m

which is O(1) for all L sufficiently large.

The proof is complete.

Remark 3.8.4. Although we have chosen for simplicity to work with a rational

this is purely a matter of taste: setting e.g.

O/:QiR_'_ﬁ

where (say)

R R R
227 zeroes 237 zeroes 2% zeroes

leaves our proof unchanged, since both the mean-value and Weyl estimates remain valid.
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key point is that for each {k;}

| | , 1
12 — 2%a/| = |2V ] < 37"

Remark 3.8.5. An interesting question concerns the behavior of the V? operator on other
LP spaces. Since our function fo is a linear combination of lacunary frequencies, it has
LP norm =, 1 for each 1 < p < oo. The interesting question — beyond the scope of the
present paper — is whether [14, Theorem 6] is generalizable to other LP spaces. Given the
poor behavior of the V* operator associated to the standard Birkhoff averages (cf. e.g. [10])

we feel comfortable risking the following:

Conjecture 1. For each 1 < p < 0o, and any integer-valued polynomial P(n), the operator
V(M f)

is unbounded on LP(X).
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CHAPTER 4

(Uniform) Convergence of Twisted Ergodic Averages —

Joint with Tanja Eisner

4.1 Introduction

Let T be an ergodic invertible measure-preserving transformation on a non-atomic probabil-

ity space (X, 3, ), and denote by T its Koopman operator given by

(Tf)(x) == f(T'x).
The study of pointwise convergence of averages formed from the iterates {7"} began in 1931
with the classical pointwise ergodic theorem of Birkhoff [6]:
Theorem 4.1.1. For any f € L'(X) the averages
1 mn
¥ Z " f(x)
n<N

converge fi-a.e. to the space mean [, fdpu.

This result was extended to more general polynomial averages in the late eighties by

Bourgain, who proved the following celebrated theorem [11]:

Theorem 4.1.2. Let P be a polynomial with integer coefficients. For any f € LP(X), p > 1,

the averages

1 P(n
{NZT ()f@)}

n<N
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converge [i-a.e..

Prior to Bourgain’s polynomial ergodic theorem, another generalization of Birkhoff’s
theorem was announced by Wiener and Wintner [42], see Assani [1] for more information

and various proofs (here and throughout the paper, e(t) := > denotes the exponential):

Theorem 4.1.3 (Wiener-Wintner). For every f € L'(X) there exists a subset X' C X of

full measure so that the weighted averages

1 mn
{N S etnd)T f<x>}

converge for all x € X' and every 6 € [0,1] .

Remark 4.1.4. Bourgain [12] observed that for f orthogonal to eigenfunctions (i.e., to the
Kronecker factor) of T' the above averages converge uniformly in 6 to zero. In addition, if
(X, T) is uniquely ergodic and f is continuous, then convergence is uniform in x € X too,

see Assani [1].

This result was in turn generalized to polynomial weights by Lesigne in [34]:

Theorem 4.1.5 (Wiener-Wintner theorem for polynomial weights). For every f € L'(X)

there exists a subset X' C X of full measure so that the weighted averages

1 mn
{N S e(P()T f<x>}

n<N

converge for all x € X' and all real polynomials P € R[].
Although this list is by no means comprehensive, we remark that Lesigne’s result has been
further generalized and “uniformized” by Frantzikinakis [18], Host, Kra [23]|, and Eisner,

Zorin-Kranich [16]. We also mention here that the corresponding characteristic factor for

Lesigne’s averages, the Abramov factor, is induced by generalized eigenfunctions of 7" and
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is larger than the Kronecker factor; in particular, the limit of Lesigne’s averages can be

non-zero for functions which are orthogonal to the Kronecker factor.

There are two main aims of this paper.

We first extend Lesigne’s result to weights coming from Hardy field functions (see §2
below for the precise definition and references). As the weights come from Hardy field
functions which are “far” from polynomials (defined below) the corresponding weighted
ergodic averages always converge to zero — unlike in the case of polynomial weights. More
precisely, our first main result in this direction can be stated as follows. (We refer the reader
to §2 below for the precise definition of the class M ar.,; informally, these are smooth

functions which are uniformly “(d, M, m)-far” from the class of polynomials.)

Theorem 4.1.6. For 0 < § < 1/2, m > 0, and M > 1, consider the class of functions
MG rrm. Then for every f € LY(X) there exists a subset X' C X of full measure so that the

averages

{% S e<p<n>>T"f<x>} (4.1)

n<N

converge to zero uniformly in p € Mg, for allx € X', i.e.,

sup
PEMs Mm

—0 pu—a.e.

3 o) T f(2)

n<N

Moreover, if (X, u,T) is uniquely ergodic and f € C(X), one has moreover

sup — 0.

pEMé,M,m

L

n<N

Remark 4.1.7. The requirement of invertibility is not used (or needed) in the proof of this

theorem.

We show moreover that for p € U with type less than m € N, the averages (4.1) are
bounded by the (m+ 1)st Gowers-Host-Kra uniformity seminorm of f with certain quantita-

tive uniformity in p, see Theorem 4.2.11 below for the precise formulation. This implies that
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for functions f which are orthogonal to some Host-Kra factor, the averages (4.1) converge

to 0 uniformly in p € U with corresponding growth bound.

Our second aim is to study weighted averages with polynomial powers, i.e., a combi-
nation of the Wiener-Wintner and Bourgain averages. Specifically, we consider pointwise

convergence of weighted averages of the form

{% S e(nd)TF) f@:)}

n<N

where 6 € [0,1] and P is a polynomial with integer coefficients.

We state our main result in this direction in the case of the squares.

Theorem 4.1.8. Let 0 < ¢ < 1 and E = E. C [0,1] be a set of c-badly approximable
numbers with upper Minkowski dimension strictly less than 1/16. Then for every f € L*(X)

there ezists a subset X' C X of full measure so that

lim sup =0

N—=o0geE,

1 2
> )T f(2)

n<N

holds for every x € X'.

We recall that a number, 6, is said to be c-badly approximable if for all § reduced fractions,

we have the lower bound

(Note that by Dirichlet’s principle we automatically have 0 < ¢ < 1.)

A natural follow-up question concerns the behavior of the twisted square means in the case
where 6 is not badly approximable. We provide a new (see the remark below), elementary

proof of the following

Theorem 4.1.9. Let P be as above, and 6 € [0, 1] be arbitrary. For any f € LP(X), p > 1,
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there exists a subset X' C X of full measure so that the averages

{% ) e<ne>TP<">f<x>}

n<N
converge pointwise on X'.

Remark 4.1.10. By Bourgain’s LP-mazimal inequality for polynomial ergodic averages [11,
§7], the set of functions for which convergence holds is closed in LP for each p > 1. Since
Bourgain’s [10, Theorem 6] establishes the theorem for L*-functions, this result is already
known (this argument was also recently recovered as a corollary of Mirek and Trojan [35]).
However, Bourgain’s (and Mirek and Trojan’s) argument is based off a study of Z*-actions,
and transference to R?; the novelty of our approach is that we conduct our analysis entirely

in the one-dimensional setting.

Note that related results concerning Wiener-Wintner type convergence for linear and
polynomial weights for the double ergodic theorem were announced in Assani, Duncan,
Moore [2] and Assani, Moore [3]. Moreover, Theorem 4.1.9 gives a partial answer to the
general question of the polynomial return time convergence, i.e., whether for every (ergodic)
invertible system (X, u,T), f € L>°(X, ) and a polynomial P with integer coefficients, the
sequence {f(TP™zx)} is for a.e. x a good weight for the pointwise ergodic theorem, i.e.,

whether for every other system (Y, v, S) and g € L>(Y, v), the averages

% > H(TMz)g(Smy)

n<N

converge for a.e. y, see Assani, Presser [4, Question 7.1].

A random ergodic theorem with Hardy fields weights is presented in the recent preprint

by Krause, Zorin-Kranich [32].

The paper is organized as follows:

In §2 we recall relevant definitions of Hardy field functions and develop the machinery to
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prove Theorem 4.1.6, as well as provide a uniform estimate for Hardy field weights using the
Gowers-Host-Kra uniformity norms of the function f, see Theorem 4.2.11;

In §3 we prove a quantitative estimate on Weyl sums, which we then combine with a metric-
entropy argument to prove Theorem 4.1.8; and

In §4 we prove Theorem 4.1.9.

4.1.1 Acknowledgements

This project began during the first author’s research visit to the University of California,
Los Angeles. Both authors are deeply grateful to Terence Tao for his great encouragement,
input and support. They also thank Michael Boshernitzan, Kevin Hughes, and Pavel Zorin-
Kranich for helpful conversations and comments as well as the referee for improvement
suggestions. The support of the Hausdorff Research Institute and the Max Planck Institute
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4.1.2 Notation

We let e(t) := €™ denote the exponential.

We will make use of the modified Vinogradov notation. We use X S Y, or Y 2 X
to denote the estimate X < CY for an absolute constant C. If we need C' to depend
on a parameter, we shall indicate this by subscripts, thus for instance X <, Y denotes
the estimate X < C,Y for some C, depending on p. We use X ~ Y as shorthand for
Y <X<SY.

We also make use of big-O notation: we let O(Y) denote a quantity that is < Y, and
similarly O,(Y) a quantity that is <, Y. Finally, we let O(Y) denote a quantity which is
<Y.
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4.2 Wiener-Winter Convergence and Hardy Fields

In this section we prove our (uniform) Wiener-Wintner type Theorem 4.1.6 for weights which
come from a Hardy field sequence as well as a uniform estimate of the averages (4.1) given
in Theorem 4.2.11 below. If not explicitly stated otherwise, we will not need the assumption

of invertibility. We begin with a few preliminary definitions and tools.

Definition 4.2.1. We call a set A of uniformly bounded complex sequences a set of (uniform)
Wiener-Wintner weights if for every ergodic measure-preserving system (X, u, T) and every

feLYX,p) there is X' C X with u(X') = 1 such that the averages

% S 0, f (1) (4.2)

n<N
converge (uniformly) for every x € X' and every {a,} € A.

Recall further that for an ergodic measure-preserving system (X, u,7'), a point = € X is
called generic for a function f € L'(X,u) if it satisfies the assertion of Birkhoff’s ergodic

theorem, i.e.,

1 n
]\}IE}I;ON T f(x)—)/xfd,u

In order to be able to restrict ourselves to a dense subclass of functions we will need the

following approximation lemma.

Lemma 4.2.2 (A Wiener-Wintner type Banach Principle). Let A be a set of uniformly
bounded sequences {a,} C C. Then for every ergodic measure-preserving system (X, u,T),
the set of functions f € L(X, ) so that for almost every x € X, the averages (4.2) converge
for every {a,} € A is closed in L'-norm. The same holds for uniform convergence in {a,}.
Moreover, for f =1lim; o, f;j in LY(X, ), the limits of the averages (4.2) for f; converge to
the limit of the averages (4.2) for f.

Proof. Denote
C = sup{[{an}lloo, {an} € A}
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and take (X, p,T) an ergodic measure-preserving system and f € L'(X,u). Observe first
that

1 n
SCNZT |fl

n<N

L

n<N

holds for every f € L'(z, u). Assume now that there is a sequence of functions

{fi} € L'(X, p)

with
jlggo 1fi = flloixy =0

so that for every f; there is a set X C X with full measure such that for every z € X7, the

averages

% Z CLnTnfj

n<N

converge for every x € X} (uniformly) for every {a,} € A. Define
X' = ﬂXJ’ N{z : z is generic for each |f — f;|};
J

we then have p(X’) = 1. Now, for every x € X’ and j € N we use the triangle inequality

and the genericity assumption to majorize

lim SUpy s o0 {8UP(a,)ea |7 Dy anT™f(2) = 37 Xpcns anT" f ()|}
< limsupy ar—so0 {Sup{an}eA }% > onen @I fi(@) — % > n<nr @1 fi() H
+2C - limsupy_, o, % anjv Tn|f - fJ|($)

=20 f = fillo x)-

Letting 5 — oo finishes the argument. The assertion about the limit follows analogously, see

e.g. [14, Lemma 21.7]. O

Remark 4.2.3. By an inspection of the above argument and the fact that Birkhoff’s averages
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converge uniformly in x for uniquely ergodic systems and continuous functions, one has the
following variation of Lemma 4.2.2. Let A be a set of uniformly bouded sequences {a,} C C
and let (X, u, T) be uniquely ergodic. Then the set of all continuous functions for which the

averages (4.2) converge uniformly in x € X and {a,} € A is closed in the L'-norm.

We will also need the following classical inequality, see e.g. Montgomery [36].

Lemma 4.2.4 (Van der Corput’s inequality). Let N € N and uy,...,uy C C be with
lun| < 1 for everymn = 1,...,N. Then for every H € {1,...,N} the following inequality
holds.

N+ H

+N(H+1)'

We now introduce Hardy fields and some of their properties. We refer the reader
to Boshernitzan [7], Boshernitzan, Wierdl [9], Boshernitzan, Kolesnik, Quas, Wierdl [8],
Frantzikinakis, Wierdl [22] and Frantzikinakis [19,20] for further discussion of Hardy field

functions and their applications to ergodic theory.

We call two real valued functions of one real variable that are continuous for large values
of s € R equivalent if they coincide for large s € R. Here and later, we say that a property
holds for large s (or eventually) if it holds for every s in an interval of the form [sg, c0). The
equivalence classes under this relation are called germs. The set of all germs we denote by
B which is a ring.

Definition 4.2.5. A Hardy field is a subfield of B which is closed under differentiation. A

Hardy field is called maximal if it is mazimal among Hardy fields with respect to inclusion

of sets. The union of all Hardy fields is denoted by U.

One can show that every maximal Hardy field contains the class £ of logarithmico-
exponential functions of Hardy, i.e., the class of functions which can be obtained by finitely
many combinations of real constants, the variable s, log, exp, summation and multiplication.

Thus, for example, it contains functions of the form s*, a € R.
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Another property of Hardy fields is that each Hardy field is totally ordered with respect
to the order <., defined by

f<wg <= f(s)<g(s) foralllarge s.

Since the class £ belongs to every maximal Hardy field, we conclude that every element of
U is comparable to every logarithmico-exponential function. In particular, we can define the

type of a function p € U to be
t(p) ;== inf{a € R: |p(s)| < s* for large s}.

We say that p is subpolynomial if t(p) < 400, i.e., if |p| is dominated by some polynomial.
In particular, for eventually positive subpolynomial p with finite type there is a € R such

that for every e there is an sy so that
sYTE < p(s) < s*F°

holds for every s > so. Note that considering eventually positive p is not a restriction since

every nonzero p € U is either eventually positive or eventually negative.

We now consider subpolynomial elements of U with positive non-integer type, such as

for example p(s) = 5s™ + slog s. More precisely, we introduce following classes.

Definition 4.2.6. For § € (0,1/2), M > 1 and m € Ny denote by M pr,m the set of all
p € U so that there ezist o € [0,1 — 6], k <m and ¢ < min{(a —§)/3,1 —a — §} with

1 . . ;
Mskw—e—y < pW(s) < Ms*ot==3 forall s > 1 and j =0,...,k+ 1. (4.3)

Remark 4.2.7. By [8, Lemma 4.2], if a(s),b(s) € U are non-polynomial with

lim a(s)/b(s) =0,

T—00
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then d'(s), and V'(s) are non-polynomial and lim,_,. Z:% = 0 too. Thus, by repeating the
argument, every subpolynomial p € U of positive non-integer type belongs to some class

M vm after a possible left translation.

We begin our study of the classes M s, in the case where m = 0; this special case will

anchor the inductive proof of our Theorem 4.1.6.

Lemma 4.2.8. Let § € (0,1/2) and M > 1. Then

lim sup
N=00 peMs a1

n<N

Proof. Analogously to Kuipers, Niederreiter [33, Example 2.4] we use Euler’s summation

S F(n) = /1 Flt)dt + w + /1 ({t} _ %) F()dt (4.4)

for the function F'(t) := e(p(t)) for p € Msaro. We have

formula

1 [N oM [N
— F'(H)]dt < =—— el qt
LR

1

converging to 0 uniformly in p. We also clearly have

‘F(l) + F(N)

<
ek

1
N

To estimate the first summand on the right hand side of (4.4) observe

(%e(p(t)))l = 2mie(p(t)) —

P'(

This implies
I 1 1 1 1[N )
— | F@)dt] <
‘N/l () ‘ - (p’(N) +p’(l)) 2N 27TN/1

p”(t B
| @
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We have
1 M M

< < ==
Np'(N) — No—= N§

and therefore I converges to 0 uniformly in p. Moreover,

M3 N gocte2 M3 N
IT< dt < 0 dt.
~ 27N ), tPam22 0 T 27rN/1

The assertion follows. O

Remark 4.2.9. As pointed out to us by Michael Boshernitzan and follows from [7], forp € U

with subpolynomial growth, there are three different types of behavior of % > onen €(p(n)).

1) Assume that there is a rational polynomial q such that p—q is bounded (or, equivalently,

has finite limit c) at co. Then one has

lim 3™ e(p(n)) = e(e) Jim 3 e(g(n)

N—oo N—oo
n<N n<N

which exists but does not necessarily equal 0. For example, for p with negative type the

above limit is 1.

2) Assume that there is a rational polynomial q so that (p — q)(s)/logs is bounded (or,
equivalently, has finite limit) at oo, but p — q is unbounded. In this case the limit
does not exist, see the proofs of [7, Theorem 1.3] and [33, Theorem I.2.6] based on the
Hardy-Littlewood Tauberian theorem. Hence (e(p(n))) is not a good weight even for

the mean ergodic theorem.

3) For all other subpolynomial p € U, the sequence (p(n)) is uniformly distributed modulo

1, see [7, Theorem 1.3], and in particular one has

lim % Z e(p(n)) = 0.

N—oo
n<N

This is for example the case for p € U with finite non-integer type.
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We now allow functions to have any positive non-integer type (i.e. we allow any m > 0),

and prove our Theorem 4.1.6, restated below:

Theorem 4.2.10. Let (X, u,T) be an ergodic measure-preserving system, f € LY(X,u),
6 €(0,1/2), m € Ng and M > 1. Then there is a subset X' C X with un(X') = 1 such that

the averages

3 )T ()

n<N

(4.5)

sup
PEMs, M,m

converge to 0 for every x € X'. Moreover, if (X, u,T) is uniquely ergodic and f € C(X),
then one has

=0.

o

> el

n<N

lim  sup
N=00 pe Mg a1m

In particular, the weights (e(p(n))) are uniform Wiener-Wintner weights for p € Mg arm
and, if the system is invertible, Wiener-Wintner weights for subpolynomial p € U with
positive non-integer type. (For the last assertion recall that each such eventually positive p

belongs to one of the classes My, after a possible left translation.)

Proof. We will argue by induction on m and first discuss the case m = 0. Take p € M a0,

i.e., assume that (4.3) holds for some

a€ld1—90], e <min{(a—9)/3,1 —a—0d}

and k = 0. Let (X, u, T) be an ergodic measure-preserving system. Recall the von Neumann

decomposition

LX) =C1e{f=TFf, Je =X} (4.6)

For constant f, the averages (4.5) converge uniformly to 0 by Lemma 4.2.8. By (4.6) and
Lemma 4.2.2, it remains to show the assertion for functions of the form f — T'f for f €

L>(X, ).
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Let f € L*>®(X, ) with || f|lc <1 and observe by the telescoping sum argument

e(p(W))Tf(x) — e(p(N) T f(x)

—;Ve (T f =T @) = N
b (elpn + 1) — elp(m) T F ().

Take x with |T" f(x)| <1 for every n € N. Then in the above, the first term is bounded by
2/N and the second by

N Z le(p(n + 1)) — e(p(n))|- (4.7)

By the mean value theorem and the assumption on p one has

le(p(n +1)) —e(p(n))| < 2r sup [p(s)] < 2r M+

s€[n,n+1]

and therefore (4.7) is bounded by 27 M times

2

1 -1 1 N-1
a+e—1 -0

n=1 n=

The uniform convergence to 0 follows.

The last assertion of the theorem follows analogously again using the fact that for a
uniquely ergodic system (X, u, T') and f € C(X), Birkhoff’s ergodic averages converge uni-

formly in x and Remark 4.2.3.

After having established the case m = 0, assume that the theorem holds for m €
{1,...,k — 1} and we will show the assertion for m = k. Assume that p satisfies (4.3)
for m = k. By Lemma 4.2.2 we can assume without loss of generality that ||f]|.. < 1 and
take z with |T"f(z)| < 1 for every n € N. We are going to use the van der Corput trick
from Lemma 4.2.4 for u,, := e(p(n))f(1"x). Observe first that for h € N

4T = e(p(n + h) — p(n)) T (T f - F) (@),
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By Taylor’s formula and the assumption on p we have

k k
p(n+h) —p(n) —p'(n)h—...—p()(k—rf)h
< hitl SUPse[n,n+h) |p(k+1)(3)|
- (k+1)!

§ M RF+1pote—1
- (k+1)!
g M k10
- (k+ 1)

Define ¢, € U by
pM(s)h"

an(s) :==p'(s)h+ ...+ X

and observe that g, € M y; ., for some M depending on 8, M and h. Thus we have
Un T = e(gn(n))T(T" f - F)(@) + Opr g (0 77).

By Lemma 4.2.4, we thus have, for some constant C), depending only on M and k, and

arbitrary H, N € N with H < N

2

1 AN+ H) | 1 .
— N u, (T
N;wu S NEID ;?1 N_hnﬂe(qh(n)) (T"f - f)(x)
L oc (N+H)H" 1 o N+H
METTN T N & TN@H1)
n<N

Now take x for which additionally the assertion of the theorem is satisfied for functions
T"f - f for every n € N as well as §, m = k — 1 and M. Such z form a full measure set by

the induction hypothesis and we conclude that for every H € N

2
1 1
limsup sup |— Up| < )
N—oo peMs ik N 'r;\/' (H + ]')
Letting H — oo finishes the argument. O
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It is natural to ask how restrictive the class of Hardy weights of positive non-integer type,
or the classes M a1k, are for the (uniform) Wiener-Wintner convergence of the averages (4.1).
For p € U with transpolynomial growth, the behavior of e(p(n)) can be arbitrarily bad, see
Boshernitzan [7, Theorem 1.6], so we restrict ourselves to subpolynomial p € Y. Remark
4.2.9,2) shows that the family (e(p(n))nen), p € U subpolynomial, is not a Wiener-Wintner
family for the ergodic theorem. So one needs some restrictions on the class p to exclude
functions from Remark 4.2.9,2) and, for convergence to zero, also to exclude functions from
Remark 4.2.9,1). We remark that by Frantzikinakis [18, Section 3], the class of subpolynomial
p € U with positive non-integer type for which one has convergence of the averages (4.1) to

zero cannot be enlarged to include all (even quadratic) irrational polynomials.

We now look at this question from a different perspective. As mentioned above, one of
the problems for general p is possible divergence of § 3,y e(p(n)) and hence divergence
of weighted ergodic averages (4.1) for f = 1. If we restrict ourselves to a smaller class of
functions f than the whole L'(X, 11), then the class of p can be enlarged, as the following

shows.

Let us consider the following (large) classes: For m € Ny, 0, M > 0 we denote by Lsnrm

the class of all p € U such that there exist £ < m with
PP (s)] < Ms* % forall s > 1 and j =0,...,k. (4.8)

By Remark 4.2.7, every subpolynomial p € U belongs to some L ps .-

We recall that for f € L™(X, u) the Gowers-Host-Kra (or uniformity) seminorms || - ||gm

are defined inductively as follows:

Ifllor = / I
X
m . 1 n - om—1
IfllZm = lmsup—> " |T"f - fllZms, m>2.
N—oo N N

For an equivalent definition and properties of the Gowers-Host-Kra seminorms we refer to
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Host, Kra [24] and Eisner, Tao [15].

Theorem 4.2.11 (Uniform estimate of averages (4.1)). Let (X, u, T') be as above, let m € Ny
and 0, M > 0. Then for every f € L>(X, ) the inequality

limsup sup < |1 f lgrm-+1

N—o0 pE[,g,]V[,m

5 2 el (@)

n<N

holds for a.e. x € X. Moreover, if (X, u,T) is uniquely ergodic and f € C(X), then one has

= el

n<N

< [ fllgme-

oo

lim sup
N=00 peLs nm

In particular, for every f orthogonal to the Host-Kra factor Z,,, the averages (4.1) converge
a.e. to zero in p € U with type strictly less than m (uniformly in p € L5, for every 6

and M), and the convergence is uniform in x whenever (X, u,T) is uniquely ergodic and

fe0X).

Proof. We proceed by induction in m and assume without loss of generality that || f|| < 1.

Assume that p € Ls a0, i.e., |p(s)] < Ms° for every s > 1. Then we have for every
generic x with [T"f(x)] <1Vn €N

¥ 2 TS| < S lelpm) ~ 1T )] +

n<N n<N

1 -6
n<N

1 mn
NZT f(z)

n<N

1 mn
NZT f(z)

n<N

which converges to | [ fdu| = || f]lgr uniformly in p € Ls 0.

Assume now that the assertion holds for m and we show that it holds for m + 1. Take

p € Lsrmm+1 and denote u,, == e(p(n))T" f(x). Take x € X such that |T" f(z)| < 1 holds for
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every n € N. As in the proof of Theorem 4.2.10 observe

UninUn = e(p(n+h) —pn)T(T"f - f)(x)
= e(gun)TT"f - F)(@) + Opgm (R0 ~0)

for gn(s) = hp'(s) + ... + %. The function g, € U satisfies g, € Lsy;,, for some

constant M depending on M and h.

By Lemma 4.2.4, we thus have for some constant Cj;,,, depending only on M and m,

and arbitrary H, N € N with H < N

2 H N—h
1 2(N + H) "
(N + H)H* 1 s. N+H
T Oy N;V" Y

Now take 2 for which in addition the assertion of the theorem is satisfied for functions 7" f - f
for every n € N as well as 8, m and M. Such 2 form a full measure set by the induction
hypothesis and we conclude that for every H € N using the Cauchy-Schwarz inequality (or
the convexity of the function s +— s2™)

2
<

2 & - 1
_(H+1)Z< H+1)H f o Tl + H+1

1
N2t

limsup sup
N—oo pEM(s,M,k

n<N h=1
" 1/2m
H+1 1

< (H+1—nh)|T" —. (49

< ( H+1Z§ +1=h) | ffH) g (49
Since for every bounded sequence {as}52; C C and its partial sums s;, := 2?21 aj, h € N,
we have

H 9 H
lim su (H+1—j)a, =limsup —— sp < limsup —

letting H — oo in (4.9) finishes the proof. O
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Remark 4.2.12. 1) By Lemma 4.2.2 and the inequality || fllom < || flloom for pm =

mQ—L, see Fisner, Tao [15], one can extend the assertion of Theorem 4.2.11 to every

fe P (X, p).

2) Theorem 4.2.11, the Host-Kra structure theorem, see [24], and Lemma 4.2.2 imply that
the question of finding the largest (or a mazimal) family of Wiener-Wiener weights
(with limit zero or not) for general ergodic measure-preserving systems restricts to the
question of finding such a family for nilsystems. Analogously, a Hardy field weight is
a good weight for the pointwise ergodic theorem if and only if it is a good weight for

nilsystems.

4.3 Wiener-Wintner Convergence of Twisted Square Means

In this section we present a Wiener-Wintner type result for weighted polynomial averages

for a subclass of badly approximable numbers 6.

It is well-known that the set of badly approximable numbers (i.e., numbers which are
badly approximable for some ¢ > 0) build a perfect compact subset of [0,1] with zero
Lebesgue measure and Hausdorff dimension 1, see Hutchinson [26]. Moreover, 6 is badly
approximable if and only if its coefficients in the continued fraction expansion are bounded.
We recall that the sequence {a;} € N is called the continued fraction expansion of 6 € (0,1)
if

1

1
a
e

0 —

holds. There is the following relation between the constant ¢ and the bound of the continued

fraction expansion coefficients M := sup{a;, j € N}:

1 1
<c<
inf{a;, j €N} = = (M +2)(M+ )2’

see Khintchine [30, Proof of Theorem 23].
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The starting point in our analysis of Weyl sums (involving badly approximable 0) is as
always the classical estimate of exponential sums due to Weyl, see e.g. Vaughan [41, Lemma

2.4].

Lemma 4.3.1 (Weyl). Let P be a polynomial of degree d with leading coefficient o, and let

p, q be relatively coprime with |o — p/q| < 1/¢*. Then for every e >0 and N € N,

N 1 1 q 1/24-1
1+e
; e(P(n))| < N (5 + 5t W) .

We have the following quantitative estimation of Weyl’s sums for square polynomials
with non-leading coefficient being c-badly approximable, see [21, Lemma A.5] for the case of

the golden ratio. The proof is a quantification of the argument in [21].

Proposition 4.3.2. Let 0 be c-badly approximable. Then for every e > 0

sup
a€ceR

1 1
N Z e(nf +na)| <

~& N1/32—¢"
n<N

Proof. Fix a« € R, N € N and € > 0. Since the assertion is effective only for ¢ < 1/32, we
can assume that ¢ < 1/32. The Dirichlet principle implies the existence of p, ¢ relatively
prime with ¢ < N?~1/16 such that

a-bl< L
q| = gN2-1/16

If NYV16 < g < N271/16 then Weyl’s Lemma 4.3.1 implies that for every & > 0

1
N Z e(nf + n*a)

n<N

1 1 ¢\ 2 1\"? 1
55N5(5+N+m) SN\ mty) SN

Since ¢ < 1, the assertion is proved for such q.

Thus we may assume from now on that ¢ < N'/1%. Again the Dirichlet principle applied
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to ¢f implies the existence of ¢, u relatively prime with u < N'/2 such that

o Lo 1

t
’ uq| — ugNY?

By the assumption on # we have on the other hand

g > _C

uq| — q*u?

‘ t

and we have cN'/? < ug < uN'/1% implying

u > cN7/16,

Take M € N with N*=1/16 < M/ < N. We now show that the sums

M

S(M) = Z e(nf +n*p/q),

n=1
where « is replaced by its rational approximation p/q, satisfy

N1+6—3/8
|IS(M)| Se ——— (4.10)
&

independently of M.

Observe

S (411)

j=1

[SAO=1>" Y ellak+7)0+i°p/9)

J=1 k20,kq+j<M

> ellgk+5)0)

k>0,kq+j<M

By Weyl’s Lemma 4.3.1 using |6 — t/u| < 1/(N'2u) < 1/u?, the sum inside satisfies for

every € > 0

ST ellgh+4)0)| < (%)Hs (% + L %) .

k20,k<(M—j)/q
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Remembering that M € [N'=Y/16 N], ¢ < N6 and u € [cN7/16, N¥/2], this is estimated by

above by

N1te 1 1 1 Nite 1
=+ < .
q cN7/16 © NT/8 T N3/8 )~ g cN3/8

This together with (4.11) proves (4.10).

We finally estimate the desired exponential sums using the “rational” sums S(M) and

summation by parts. Observe

N
e(nf + n*a)

n=1

< NP6 Z e(nf + n*a)

N1_1/16§n§N

=N Y e(n®a—p/q))[S(n) = S(n—1)]

N1—1/16§n§N

Since the discrete derivative of e(n?y) satisfies

le((n+1)*y) — e(n*y)] = le((2n + 1)) — 1] S nlyl,

summation by parts and (4.10) implies

N
e(nf + na)
=1

SN LS+ ISV DI+ Y nla—p/gllS(n)]

lel/lﬁgnSN

SNUVS LS|+ ISIN T+ DI+ Y (SN

Nl_l/anSN

n

N 1+e—3/8

1-1/16
Se N + NClel/lﬁ

_ NI-1/16 4 o~ 1 l+e=3/16

< 671N171/16’

since by assumption ¢ < 1/32. We used that

N _
nla —p/q| < W < N1/16-1
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in passing to the second line.

Thus we have

1 , 1 1
i}ég N Z e(nf +n'a)| Se max { N1/32—¢’ CNl/lG} ’
n<N
completing the proof. n

Recall that the upper Minkowski (or boz) dimension of a set E' C R is given by

—— . N(e)
dimpey (£) ;= limsup ————,
b ( ) T*)oop log(l/g)

where N(g) is the minimal number of intervals with length € needed to cover E. The upper
Minkowski dimension of a set is always bigger than or equal to its Hausdorff dimension. It is
well-known that one can replace N(¢) in the above definition by the so-called e-metric entropy
number, i.e., the cardinality of the largest e-net in E, where an e-net is a set with distances
between any two different elements being larger than or equal to €. See Tao [39, Section

1.15] for basic properties of the (upper) Minkowski dimension.

We are ready for our uniform Wiener-Wintner type result for subsets of c-badly ap-
proximable numbers with small Minkowski dimension. We restate our result below for the

reader’s convenience:

Theorem 4.3.3. Let 0 < ¢ < 1 and E = E. C [0,1] be a set of c-badly approximable numbers

with upper Minkowski dimension strictly less than 1/16.

For every f € L*(X) there exists a subset X; C X of full measure so that the averages

1 "
{Nzemw f(x)}

n<N

converge uniformly (in 6 € E.) to zero for all x € Xy, where Xy is independent of 0 € E..

Proof. We first prove the result for f being a simple function, i.e., a finite linear combination
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of characteristic functions of measurable sets. By the boundedness of f and Rosenblatt,

Wierdl [37, Lemma 1.5], it is enough to prove that for any lacunary constant p > 1

lim sup
N—oo, N=|p¥| gcE

1 2
~ n;ve(ne)T f(x)

holds for almost every z € X. Note that for a fixed IV, the function defined by

1 nQ
N Z e(nd)T™ f(x)

n<N

gn(z) = sup
0cE

is again a simple function and hence measurable. By the Borel-Cantelli lemma, it is enough

to show that )

1 02 _
Z 31612 N Z e(nd)T™ f(x) < o0;
N=[p"] n<N L2(X)
this will be accomplished by showing that, provided
dimpey (F) < 1/16,
we have
1 2
sup | — e(nd)T"™ f(x =O0O(N™" 4.12
oup |y 3 )T () (V) (4.12)

L2(X)
for some v = v(dimp(E)) > 0.
Assume without loss of generality that || f|l« < 1. Note first that for a fixed § € E, the

spectral theorem implies

2 2

1 > 1
v > e(nb)T™ f(x) - ~ > e(nb+n’a)| dus(e)
2
1
< sup N Z e(nf + n’a)
a€l0,1] n<N
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for the corresponding spectral measure yf on [0,1]. Thus by Proposition 4.3.2 we have

1
~E AN1/32—¢
12(x)

H% Z e(nQ)T"Qf(x) for every 0 € F. (4.13)

n<N

To show (4.12), suppose v < 1 is such that
dimpey (E) = 7/16 < 1/16,

and choose 8 > 1 but so near to it that v3 =: k < 1. Now, let Ay be a maximal 10ﬁ—net

in F, i.e., a set of maximal cardinality of points in £ with distance between any two distinct

points being larger than W.

Since dimpey(E) = /16, we remark that for all N sufficiently large
log |Ay| < dimpe(E) - log(N?) = log(N7#/16),

or

|Ay| < N®/16, (4.14)

Now, take # € X such that |77 f(z)| < ||f]le < 1 holds for every n € N; note that the

set of such = has full g-measure. The polynomial py defined by

pn(0) = % > ()T f(x)

n<N

satisfies [py(0)] < 1 and by inspection (or Bernstein’s polynomial inequality [5])

[Pyl < 27N.

Take now 6 € E and denote by 7 the nearest element to 6 from Ay. By the maximality
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of Ax we have

1
0— 7| < — .
=71 < T5n7

By the mean-value theorem we may therefore estimate

Ipn(0)] < [pn ()| + |0 — 7|27 N

< max |py(0)] + NP

QIEAN

1/2
< (Z IpN(G’)IQ) + NP

0'cAn

replacing the [*-norm with the larger [?>-norm.

We may consequently estimate using (4.13) and (4.14)

1 2
~ > e(nd)T" f(x)

n<N

sup
0eE

1/2
< (Z |pN(9’)|2> + NP
L2(X)

/
6 GAN L2(X)

1/2
= < Z ||pN(0/)||%2(X)> + NP

0eAn

<E C_1|AN|1/2 i N—l/32+€ +N1—6
< C*lNﬁ/32 . N71/32+€ + leﬁ

<IN te 4 NP
Choosing ¢ < 1 finishes the proof of (4.12).
This concludes the argument in the case where f is a simple function.
To extend the result to all of L?(X), we observe that the maximal function satisfies

sup
0cE

< Miaof = 5 S T7Ifl(@),

n<N

1 2
= > e f(2)

n<N

where the maximal function for squares on the right hand side is L?-bounded by the cele-

brated result of Bourgain [10].
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Take now f € L*(X) is arbitrary, and g a simple function. For any ¢ > 0, we have the
containment

1 .

N Z e(nd)T™ f(x)

> e}
n<N
Ze (n0)T

< {o s MyalF = 9)(0) > e/z}

N 0cE

{x : limsup sup

0eE

> e/z} {os msup My = 9)0) > 2]

C {:c lim sup sup | —

by the previous considerations for simple functions. We thus have by Bourgain’s maximal

)

inequality the upper estimate

M <{:v hrnsup ztelg N Z (n@) T"
<pu ({x : S%pMN’sq(f —g)(z) > e/2}>

2

4
< 5 |[sup Musalf = 9)
N L2(X)
< 1
S —QHf 9HL2(X)

Since the last quantity can be made as small as we wish (independent of €) the result

follows. O

Example 1 (Sets of badly approximable numbers with small Minkowski dimension). Let
A ={ay,...,ar} C N and denote by E4 the set of all 0 € [0,1] which coefficients in the
continued fraction expansion all belong to A. By Jenkinson [28], the set {dimgy(FE4)} of
Hausdorff’s dimensions of the sets E4 is dense in [0,1/2] (in fact, it is even dense in [0,1]
as showed by Kessebohmer, Zhu [29]). Moreover, if 1 ¢ A, then the Hausdorff and the
Minkowski dimension of E4 concide, see Falconer [17, Theorem 23]. Therefore, infinitely

many sets E 4 satisfy the condition in Theorem 4.3.35.
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4.4 Pointwise Convergence of the Twisted Polynomial Means

In this section we consider the behavior of the twisted means corresponding to more general
polynomial shifts. We also relax our badly approximable hypothesis and now allow 6 to be
arbitrary. Although establishing a Wiener-Wintner type theorem for arbitrary € seems very
difficult under these general assumptions, we are able to establish pointwise convergence for

such means. Specifically, we prove the following

Theorem 4.4.1. For any measure-preserving system, (X,u,7), any 6 € [0,1], and any

polynomial P(n) with integer coefficients, the twisted means

M{f() = 5 3 elnb)r ™0 f (x),

n<N

converge p-a.e. for any f € LP(X), p>1,

4.4.1 Strategy

Our strategy is as follows:

As previously remarked, using the majorization

1
sup [M f| < Mplf] = sup 2 3 77| f|(x),

n<t

we see that the set of functions in LP, p > 1 for which p-a.e. convergence holds is closed,

since Bourgain’s square polynomial maximal function Mp is bounded on L? [11].
Consequently, in proving convergence we may work exclusively with bounded f € L*°.

For such functions, it suffices to prove that for any p > 1, the means
{MPf:tc LpNJ}::{Mff:tEIP}

converge ji-a.e.; we establish this result through a (long) variational estimate on the {M? f}:
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Definition 4.4.2. For 0 < r < oo, we define the r-variation of the means { M} f}

(tr) increasing

1/r
V(M f)(x) = sup <Z|Mif—Mi+1flr) ().
k

(The endpoint V>°(M{ f)(x) := sup, , |M{ f — M? f|(x) is comparable to the mazimal function

sup, |M{ f|(x), and so is typically not introduced.)

By the nesting of little [P spaces, we see that the variation operators grow more sensitive
to oscillation as r decreases. (We shall restrict our attention to the range 2 < r < o0.)
This sensitivity is reflected in the fact that although having bounded r-variation, r < oo,

is enough to imply pointwise convergence, there are collections of functions which converge,

but which have unbounded r variation for any r < co. (e.g. {(—1)ilog1i =)
To prove that the V"(M/ f) < oo converges almost everywhere, we will show that they

are bounded operators on L?(X). In particular, we will prove the following

Proposition 4.4.3. There exists an absolute C,. 9 p so that

V(M f ot € L)r2x) < Crpopll fllzzex

provided r > 2.

By the transference principle of Calderén [13], this result will follow from the analogous

one on the integer lattice:

Proposition 4.4.4. Suppose r > 2. Then there exists an absolute constant C, 9 p so that
for any f € I*(Z),
IV (KR * Plle@) < Crpopllfllee),

where

K fa) = 5 3 el=nf) f(x — P(n))

n<N

1s the discrete convolution operator.
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Remark 4.4.5. For notational ease, we have chosen to work with the above convolution

kernels; by replacing 6 and P with —0, —P, we prove an analogous result for

R fa) = 2 3 elnb)f(x + P(n)

n<N

which may be transferred appropriately.

It is this proposition to which we now turn.

4.4.2 Preliminaries

Fix throughout 0 < 6 < 1.

Let p > 1 be a temporarily fixed lacunarity constant, and set
I=1,:={|¢"] : ke N};

we will enumerate such elements using capital N, M, K, etc.

This is an L? problem, so we will use the Fourier transform. Our strategy will be to

replace the twisted multipliers

I/(;(@) = % Z e(P(n)a — nb)

n<N

1
:NZe(mda-nd—i----+mda~n2+(m1a—9)-n)
n<N

with increasingly tractable families of multipliers which remain L?-close. !

The arithmetic properties of 6 figure centrally in this approximation, so to organize
our approach we introduce N- rational approximates; their significance is that the so-
called N-major boxes for f(;(a) (introduced below) only appear “arithmetically near” such

approximates.

LOur projection-based approach is based off of the excellent exposition of [37].
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4.4.3 N-# Rational Approximates

Regarding 6 € [0,1] as given, for N € I, = I we define the N-6 rational approximates

{;—x} C [0,1] to be rational numbers (in reduced form) with

o yy < mgN?;
o [yw(O)] =l :=3x — 6] <2N°.

Some remarks are in order:

For many N there need not exist N-6 rational approximates, but — for sufficiently large NV
—such N-0 approximates are unique if they exist: if x/y, p/q were distinct N-6 approximates,

we would have

I
< =< - < — 0|+ 10 — < AN
(mdN5> < g Slely=plad <lz/y=01+10—p/a < :

for the desired contradiction.

Many N may share the same N-6 rational approximate; for example, if 6 is very close to

0, then 0/1 will serve as an N-6 approximate many times over.

To make matters clearer, we enumerate the distinct N-6 rational approximates {% 27}
i

according to the size of pertaining N;. Note that if 0 is rational, or more generally badly

approximable, there are only finitely many distinct N-6 rational approximates.
Moreover, distinct N-0 approximates are necessarily sparsely spaced.

Suppose N < Nj; then arguing as above we see

1

-1
oy, < 70/ = o | < AN

and thus N'™2° <p yy,.
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4.4.4 Major Boxes

For a/b,pa—1/qa-1,---,p2/q2,x/y € [0, 1] with
lcm(ba qd—15 - -+, 42, y) S N(sa
we define the N-major box

mN(a/b,pd—l/Qd—l, . ;p2/CI27 x/y)

= {(ag, g1, ..., a2, 1) : |ag —a/b] < N ey — pifgil < N°77, |ag —afy] < N°')

By Bourgain’s [11, Lemma 5.6], we know that if (ag, ..., a;) does not lie in some major box,

there exists some (small) k£ > 0 so that

1
N Ze(adnd+--'+a1n) SN7R

n<N

In our present context, this means that

— 1
Kn(a) ::NZe(mda-nd+---+m2a-n2—|—(m1a—9)-n)
n<N

is O(N~") unless there exist some tuple

(a/bapd—l/Qd—la cee 7p2/q27 ilf/y), lcm(ba qa—1, - - - 7Q2>y) S N67

S0
mgo = a/b+ O(N°~?)  mod 1,

miozzpi/qi+6(N5_i) mod 1, 2<i<d-—1, and

mia — 0 =z/y+O(N°") mod 1.
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The first point means that there exists some 0 < j < mgy — 1

a= i(‘7 +a/b)+ O (LN‘Sd) mod 1

mq

which in turn forces

mia = ﬂ(j +a/b) + 9] (mN‘S_d) mod 1
mq mgq

and thus, for 2 <7 <d—1,

:Zi (j +a/b) = pi/g; + O2N*"Y) mod 1
d

for N sufficiently large. Since the left side of the foregoing has a priori denominator < mgN?,

while the right side has denominator < N 9 we in fact must have

m;

P+ oft) = e mo

Turning to the ¢ = 1 term: we have on the one hand

mia = ﬂ(j +a/b)+ O (ﬂNé_d) mod 1
mgq mq
while on the other hand
mia—0=z/y+O(N"") mod 1.

This forces (for N sufficiently large)

%(]‘ +a/b)=x/y+0+O0@2N"1) mod 1
d

178



and thus

™G +afb)—x/y=0+0@2N"") mod 1.
mq

Since the left hand side of the above expression has denominator of size < myN?, it must

be = xy/yy mod 1, i.e. we must have

my .
—L(j+a/b)—z/y=axn/yy mod 1.
mgq

This forces

m(j +a/b) —xn/yy =x/y mod 1.
mq

The upshot is that, beginning with the assumption that

(maa, ... ,moc, myae — ) € My (a/b, pa—1/qa-1, - - -, P2/q2, 2/Y)

for some major box, with

1 ~ (1
a=—I(+a/b)+0O (—N‘;_d> mod 1,
mq mq
we have deduced the relationship
Di m; .
— = +a/b) mod 1
A= Tt aph
xz my, .
-—= — b) — d1.
;= m (J+a/b) —xy/yny  mo

Remark 4.4.6. If 6 is badly approximable, so there are only finitely many N-major bozes,
then for all N large we see that the twisted polynomial means are O(N~"). By arguing as
in the previous section, uniform Wiener- Wintner theorems can be proven for the twisted
polynomial means for badly approzimable 0 which live in sets of upper Minkowski dimension
< 2k. We will not focus on attaining the best possible numerical constant k in our present

context.
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In fact, a little more is true: for o € My (a/b, pa_1/qa-1,---,p2/q2,x/y) we knew a priori
that for 2 <7 <d
mia = p;i/q; + 5(]\[5”') mod 1;

using the above determined structure, i.e. a = de(j +a/b) + 9) <deN5’d>, we in fact find

that
ma = &(] +a/b) + 9) <ﬁN‘s_d> mod 1.
mq mq

We're now ready for a working characterization of our major boxes.

For a/b € QN [0,1] in reduced form, define by equivalence mod 1

7 .

a% = ml(j—ka/b) for2<i<d-1
b! Ma

‘:{TV my, .

—— = —(j +a/b) —zn/yn,

b, MMd

1N

and set

— o~ —

bg\l = lcm(b, bi—l’ s 7bg7 b{,N)'

Collect all by < N° in

A% = {a/b#0/1:b% < N°}

A‘};, = {a/b: bJ]‘V <N}, 1< 5 <mg,

(these sets are possibly empty) and set

md—l

Ay = J 4.
j=0
If we define

M, (a/b) = {a L= mi(j +a/b)+ O (iN5—d) mod 1}

d mgq
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then we have shown that the union of the major boxes

U My (a/b, pa-1/qd-1; - - - D2/ G2, x/Y)

(a/b,pa—1/qda—1,--p2/q2,x/y)dem(b,qq_1,...,q2,y) <N

is (simply) contained in

mg—1 '
U U 2.
7=0 a/be Al

Before proceeding, we further decompose our sets Ag\,, Apn according to the size of de-

nominators of its elements. Specifically, for 2¢ < N?, we define
Agv,t = {a/b: by =2},

and Ay, := UT:d(;l Ag\,vt. (Note that |An.| Sp 4")

We isolate the following simple subdivision lemma:

Lemma 4.4.7. For each t, there is at most one scale l(t) so that if Ag\f’t # (0 for any

0 <j <mgq— 1, we necessarily have Nyyy < N < Nygy41-

Proof. Seeking a contradiction, suppose there existed some N, < N; so that
Ny <N < Npyp1 <N <M < Ny,

and 2 < N° < M?, but
Ay, A #0

for some 0 < j,h < myg — 1. This means we may find some a/b € Ag\, so that

—

J Jj t 5
blngbN§2 < N°,

which forces yy, = ynv S mq2-.
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Similarly, we may find some p/q € A%, so that

—_

A < qy S 20 <N,
which forces yn, = ypr S mq2", which means we have
yn S ma2t <mgN°.
But this contradicts the sparsity condition, N2 <p yy., and completes the proof.

4.4.5 The Multiplier on Major Arcs

We now proceed to describe the shape of the twisted multiplier

_ 1
Ky(a) = NZe(mda-nd—i----—I—mda-n2+(m1a—9) ‘n)
n<N
on 9% (a/b).
For a/b € A); define the weight

bj — —
N

. 1 (lj .
Sklaft) = =3 e [ 1y 4t I b =)
N r=1 bé_l bjl’N

we remark that
YN

S%(0/1) = — 3 e(—ra fyw).

YN

r=1

We note that for any fixed 0 < v < 1/d we have

Sy (a/b)| S (by) ™

by Hua’s [25, §7, Theorem 10.1].
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Define further the oscillatory (twisted) “pseudo-projection”

1
Ve(8) = [ elimatts + New) dt,
0

and observe that

W(3) - [ el dt\ V(B — o] S Nemald]

by the mean-value theorem, while

1

V(B S —a e
V(o) S 3o

by van der Corput’s estimate on oscillatory integrals [38, §8].

We have the following approximation lemma:

Lemma 4.4.8. On 9%, (a/b), if a/b € Al

R(@) = $4(a/Vi (a = (i ) + OV,

a__
mq

If o] < LN,

Ky(a) = 8%(0/1)Vi(a) + O(NP).

Proof. This follows by arguing as in the proof of [31, Proposition 4.1]. m
Let x := 1j_11 denote the indicator function of [—1,1]. If we define via the Fourier
transform

Ry (a) == 5% (0/1)Va(a)x (N Pmya)

Ry(a) = > > Shla/b)Vy (a — mid(j + a/b)) Y (Nd—émd (a — mid(j + a/b)))

J=0 a/be A%,
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then in light of the previous lemma we have

—

Kn(a) = "Ry(a) + Ry(a) + O(N?1),

and thus
1/2
VI (Kyx*f)<V "Ry f)+ V' (Ry*[)+ (Z](ORN*erRN*f) —KN*f|2> :
N

By Parseval’s inequality, the square sum has [ norm <, 1, so we need only [*>-bound
% <ORN * f)

and

V' (Ry * f).
The following transference lemma, essentially due to Bourgain [11, Lemma 4.4] will allow
us to view our operators as acting on the real line R:

Lemma 4.4.9. Suppose r > 2, and {my} are uniformly bounded multipliers on A C [—1,1],
a fundamental domain for T = R/Z. If

P (7))

SNz

then

Since 0Ry are supported in (say) [—1/2,1/2], while Ry are supported in 0, 1], the above

(1))

as well.

transference lemma applies. In what follows, we therefore (abuse notation and) view our

operators as acting on f € L*(R).

We begin our analysis with the simpler case V" (°Ry * f) which already contains the core
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of our method.

4.4.6 Proof of Proposition 4.4.4

V' (°Ry x f) is L?>-Bounded. We define, again via the Fourier transform, the more tractable

approximate operators

0T (a) == S%(0/1)wyy(N¥maa).

The claim is that

oup 3 |7 — 7T
@ N

assuming this result, a square function argument as above will reduce the problem to bound-

ing V" (°Ty * f) in L2.

2
OBt

Viewing « as fixed, we expand the foregoing as

D ISR O/D PV (@) = wnx(Nmga) P (N maa)?

= > I8, (0/ D)

S D ISk, 0/

2.

x .
ey NG

Yy YN
N Nj

Z min {Ndmd|a|,
N]

-
IN

'y YN
N N;

V(@) — wnx (N¥maa) P (NT mga)|®

1
Nmi/%wd} |

by our twisted “pseudo-projective” estimates. We majorize the previous sum:

<
~p

for any v < 1/d, which converges by our sparsity condition on the {yx,}. The claim is

proved.

STIS% 0/D2 £ 3 v
J

J
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We now majorize
1/2
V' ("Tw* f) S (Z V' ("Ty = f:N; <N < Nj+1)|2) + V" (T, * f 1) -
J

1/2
The second sum is majorized < <2J }OTNJ. * f‘Q) : we use Parseval to estimate its L2-size

by
1/2
(Z%@f“) I fllz2 S fllze,
J

where we used the trivial bound |wy,| < 1.

We now estimate the L? norm of
V' (“Ty * f: N; <N < Njjy)

for each j.
With
Gi(@) == S, (0/1)x(Nfmgar) f(),

we have the pointwise majorization
V(T s f 1 N < N < Njt) SV (wn Ny € N < Njaa) -V (N maga)g5(@)) )

But VY (wy : N; < N < Njy1) S, 1, since if N < M are successive elements of I, we have

the bounds
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Using a square function argument and Bourgain’s [11, Lemma 3.28], we have that

r
r—2

r ~ v —v
VT (x(Nma)gj(e) )l < lgillz2 v yn, 1 £ 122

Since this is square-summable in j, the result is proved. O

V' (Ry * f) is L*-Bounded. We begin by subdividing

Ry(a):= D Ryi(a)

t:2t< NS
mg—1 ' 1 1
= 1Y D Shla/bvy (a -—+ a/b)> X (Nd5md (Oé -—0U+ a/b)))
, . mq mgq
£20<N |\ J=0 a/beA]
mg—1

=3 Y Y Sitamve (a —~ mid(j + a/b)> X (N“md (oz - mid(j + aﬂ?)))

ot 8 = j
BN\ IO appeny

Our task will be to show that
> V(Byywf: N >2) =3 V'(Ryyxf: N =2, Ny <N < Nigy)
t t

is bounded in L?. For notational ease, let Ny, := min{N € I : N > Ny, 2"°}; we're

interested in showing that
IV (Bni* f 1 Ny < N < Nigypa) | 22wy

is summable in ¢. (If no scale Ny exists, then the pertaining Ry s are just zero operators.)
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To this end, we similarly define for N,y < N < Nyjgy41

Tn(a mi:lZSJ (a/b)wnx (N M <a—i(g+a/b))>

]OAJ

B ’"dzl S S (/b (Ndmd (a - mid(j + a/b))) .

=0 4
ANl(t)’t

We again estimate

sup Z |Rn: — TN,t\Q(a).

N6y SN<Ny(1) 41

To do so, we fix a, set

By (o= a-tiba/)) = Vi (a = it ) =y (8ma (o= =G4 an)) ),
where

)
o= LG +ampe ]

1 1
E ——(j b) )| < min{ N¢ ——( b
v (a mN+WOLAM{ mi = 2o+ 4l S
and consider

|Rny — Tl (@)
2

- mdzl > S, (a/b) (EN (a —~ —(] + a/b))) X (N“md (a - mid(j + a/b)>)

Jj=0 »J

Nie)t
mg—1 1 2 1 2
_ j = (; ) d—¢ - (
=3 3 ik @ o (o e om )| x (¥ (o e am) )
Aith

using the fact that for NV sufficiently large the supports
d—35 L
X (N my (a - —({+ a/b)))
mgq
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are disjoint in a/b € Ag\,. Again using the disjoint support assumptions, we may estimate

N (N“md (a - mid(j + a/b)))2.

the foregoing by

S3 b)|?
oo i (410

Ey (a _ mid(j + a/b))

Now, if there exists no a/b € Ay, + for which

g m(o”

1 1
a——(g+a/d)| < Nod
o] <
then the above is just zero. Otherwise, let

p/q=p(a)/q(a) € ANz(tM

be the unique such element satisfying the above inequality with pertaining index k&, i.e.

1 1
——(k < —N° 4
o md( +p/(1>‘ =g ™0

In this case we may estimate the above maximum by

2

5, /a0 |Ex (0= -k +2/0))

1 1
< |Sk 2 min<{ Nimyla — —(k + 5 '
S 1SN, (P/4)] { do = ok +2/4)l Nm/la— L (k+p/q)|/

Summing now the above over N,y < N < Nj4)41 accrues an upper estimate of

SP ‘S]I%l(t) (p/q)|2 S/ 272&/

for v < 1/d.
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Since this is summable in ¢, by another square function argument it suffices to show that

HVT<TN,1‘, * f . Nm(t) <N < Nl(t)-l-l)HLQ(R)

is summable in ¢.

With
ma—1 . 1 N
B@)= Y 5 Sk (o (Mg (a - LG +a/m) ) T
Jj=0 a/beAng(w
SO

Igellz2@y S 27N flle2ry
we majorize

VT(TN7t * f . Nm(t) S N < Nl(t)+l)

<VHwy : Ny SN < Nigy1) - V' (Brg % Gt 2 Nory < N < Nyy41).

where

=3 Y (v (o Liram)).

=0 j
a/beANm),t

By arguing as above, we have that
Vl(wN : Nm(t) <N Nl(t)+1) Sp 1.

By [31, Lemma 3.7], we may further estimate

2
. r
V' (Bne* gt Ny < N < Niya)|| S (T — log\ANl(t>,t|) gell 22 )
. 2
< ] 27 :
S (550) Tl
Since this is summable in ¢, the proof is complete. n
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CHAPTER 5

A Weighted Random Pointwise Ergodic Theorem in L!

— Joint with Pavel Zorin-Kranich

5.1 Introduction

A sequence of integers {n,} C Z is said to be universally LP-good if for every measure-

preserving system (X, u, T') and every f € LP(X) the subsequence averages

N
n ]‘ mn
AV = YT
k=1

converge pointwise almost everywhere. In this language, Birkhoft’s classical pointwise ergodic

theorem [2] states that the full sequence of integers is universally L'-good.

Obtaining pointwise convergence results for rougher, sparser sequences is much more
challenging. For instance, Bourgain’s Polynomial Ergodic Theorem [7] states that the se-
quence {P(n)}, P integer polynomial, is universally LP-good for each p > 1. Note that
{P(n)} are zero-Banach-density subsequences of the integers; in fact, Bourgain used a prob-
abilistic method to find eztremely sparse universally good sequences. From now on {X,,} will
denote a sequences of independent {0, 1} valued random variables (on a probability space
Q) with expectations o,. The counting function a,(w) is the smallest integer subject to the
constraint

Xi(w)+--+ Xan(w)(w) =n.
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Theorem 5.1.1 ( [6, Proposition 8.2]). Suppose

log1 B 1
oy = oglogm)™ Ly
n p—1

Then, almost surely, {a,} is universally LP-good.

In the years to follow random sequences became a widely used model for pointwise ergodic
theorems. One indication at their amenability to analysis is LaVictoire’s L' random ergodic

theorem.

Theorem 5.1.2 ( [10]). Suppose o, = n~* with 0 < a < 1/2. Then, almost surely, {a,} is

universally L'-good.

Here, by the strong law of large numbers, almost surely

1

an(w)/ni=e

converges to a non-zero number. For comparison, it is known that the sequences of d-th

powers, d > 1 integer, are universally L' bad [5,11].
Random sequences have also been used as a model for multiple ergodic averages. Frantzik-

inakis, Lesigne, and Wierdl recently showed the following.

Theorem 5.1.3 ( [9, Theorem 1.1]). Suppose o,, =n=%, 0 < a < 1/14. Then, almost surely,
{an} has the following property: for every pair of measure preserving transformations T, S

on a probability space X and any functions f,g € L>®(X) the averages
N
> 9(S") (T x)
n=1

converge pointwise almost everywhere.

It is noted in their paper that the linear sequence of powers S™ can likely be replaced by

other deterministic sequences, but their method of proof did not seem to allow this. In this
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article we prove a related result in which we are able to replace the linear sequence of powers
by a sequence drawn from a more general class at the cost of weakening the result in several
other respects. More precisely, with 0 < € < 1 arbitrary but fixed, suppose p: R — R is a

logarithmico-exponential function which satisfies

1. the second-order difference relationship
plx+y+2)—plx+y) —pla+z2)+plx) =0 yz)

for z,y,z > 0 (“big-O” notation is recalled in the section on notation below); and

2. for all a(x) € C - Q[z], the set of real constant multiples of rational polynomials,

lo@)—p@| _, o
log z :

Good examples of such functions are p(z) = z'*¢. We refer the reader to [4] for a more com-
plete discussion of logarithmico-exponential functions; informally, these are all the functions
one can get by combining real constants, the variable x, and the symbols exp, log, -, and +.

2 = exp(1/2 - logx) and z™/loglog z are both logarithmico-exponential.)

(e.g. 2V
Our main result is the following

Theorem 5.1.4. Suppose 0, =n~*, 0 < a < 1/2, and p is as above. Then, almost surely,

the following holds:

For each measure-preserving system (X, u, T) and each f € L'(X) the averages

T 3 elpm) T

n=1
converge to zero pointwise almost everywhere (here and later e(t) := e*™*).

Pointwise ergodic theorems with exponential polynomial weights are collectively known
as Wiener-Wintner type theorems, see e.g. [1] for linear polynomials and [12] for general
polynomials. If the random sequence {a,} is replaced by the linear sequence {n} in The-

orem 5.1.4, the result follows from the Wiener—Wintner theorem for Hardy field functions
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due to Eisner and the first author [8]. However, note that the full measure sets in our result
depend on the choice of p. It would be interesting to remove this dependence. Also, the
second order difference relation in the hypothesis of Theorem 5.1.4 can likely be replaced
by a polynomial growth assumption; this would require an inductive application of van der
Corput’s inequality.
The structure of this paper is as follows:

In §5.2 we introduce a few preliminary tools, discuss our proof strategy, and reduce our
theorem to proving Proposition 5.2.3; and

In §5.3 we prove Proposition 5.2.3, thereby completing the proof of Theorem 5.1.4.

5.1.1 Acknowledgments

Both authors are grateful to Nikos Frantzikinakis, Rowan Killip, and Alexander Volberg for
helpful conversations, and to Tanja Eisner for suggesting the collaboration. We thank the
Hausdorff Research Institute for Mathematics for hospitality during the Trimester Program

“Harmonic Analysis and Partial Differential Equations”.

5.1.2 Notation

With X,,, 0, as above, we let Y,, := X,, — 0,,.

We will be dealing with sums of random variables, so we introduce the following compact

notation:

N N
SN:ZXN and SM,N: ZX”
n=1

n=M

We also let N
Wy = Z On,
n=1

so that Wy =~ N7 (see below).

We say that N is an element of a “lacunary sequence” if there exists some constant,

p > 1, so that N = [p*] for some k € N. We say that a sequence of complex numbers {b, }
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“sums over lacunary sequences” if for each p > 1,
Z |prk ] ‘ < Q.
k

Two probabilistic sequences {by(w)} and {0y (w)} are almost surely asymptotically equiv-

alent,
by (w) = by(w)
if for each w in a set of full probability, Z,N—EZ; — 1.
N

We will make use of the modified Vinogradov notation. We use X <Y orY 2 X
to denote the estimate X < CY for an absolute constant C. If we need C' to depend
on a parameter, we shall indicate this by subscripts, thus for instance X <, Y denotes
the estimate X < C,Y for some C, depending on w. We use X = Y as shorthand for
Yy <X<Y.

We also make use of big-O notation: we let O(Y) denote a quantity that is < Y, and

similarly O, (Y) a quantity that is <, Y.

5.2 Preliminaries
We begin with a few preliminary

5.2.1 Tools

Lemma 5.2.1 (van der Corput inequality, see e.g. [9]). Let {v,} be a sequence in a Hilbert
space H and 1 < M < N. Then

N NN N M |N=m
Zlvn MZ |Un||2 le — Un—&-ma”n (51)

Lemma 5.2.2 (Chernoff’s Inequality — Special Case [14]). Let {X,}, {o.} be as above.
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There exists an absolute constant ¢ > 0 so that for each A > 0,

2
P(|S, — W,| > A) < max {eXp (—c;:[l/—) ,exp(—cA)} :

Consequently,

1
P (]Sn — Wy > §Wn) < exp(—cW,) < exp(—cn'™).

With these in hand, we turn to our

5.2.2 Strategy

In proving his Random Ergodic Theorem, LaVictoire showed that on a set of full probability,

Q' C Q, the maximal function

N
1
— — E T

is weakly bounded on L'(X). We will henceforth condition on . For such w, we see that
the set of f € L'(X) for which the averages

1 N

5 D elpm) T f

n=1

tend to zero pointwise is closed in L'; for w € €, it will be enough to prove pointwise
convergence for f € L*°(X). In what follows, we shall without loss of generality assume
that each function we introduce is almost everywhere bounded in magnitude by 1. Now, for
bounded functions, by [13], it is enough to prove that the averages

1 N

N D elpm) T f

n=1

tend to zero along lacunary subsequences. We will fix some p > 1 throughout, so that each

averaging parameter is implicitly of the form N = |p*] for some k € N.
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We follow a similar plan to [9]. Roughly speaking, we will prove Theorem 5.1.4 by showing
that for each fixed z € X:

%Z DT f o S Xalw)elpl ST f

Here, f := limy % 25:1 T" f is the projection of f onto the invariant factor of 7.

Now, the third approximation is the key to our argument. We isolate this crucial step in
the following
Proposition 5.2.3. In the above setting, almost surely the following holds: for each measure-

preserving system, (X, p,T), and each f € L*(X) (and thus for each f € L*(X)),

2

T 2 Val@)elp(S)T"S

L*(X)
15 summable over lacunary N .

In particular, almost surely, for every (X, u,T) and each f € L*(X),

N
WLN > YVu(@elp(S)TF +0 e

In the remainder of this section, we reduce the proof of Theorem 5.1.4 to Proposition
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5.2.3.

5.2.3 The Reduction

1. The first equivalence is by definition;

2. The second is the strong law of large numbers;

3. The third is Proposition 5.2.3;

4. The fourth is summation by parts;

5. The fifth will be discussed below;

6. The sixth follows by applying the above steps in reverse, with f = 1x; and

7. The convergence of the averages + 22;1 e(p(n)) — 0 was proved in [3, Theorem 1.3].

So, the goal of this section will be to prove the following

Lemma 5.2.4. In the setting of Theorem 5.1.4, we have the asymptotic equivalence

S ST o Fe S elp(S,),

n=1

The proof here follows exactly that of [9, Lemma 2.2]; we reproduce their argument here

for completeness.

Proof. This is clear when T'f = f a.e., so we need to show that, almost surely, for each

f € L*(X) with f =0 a.e., we have

N
% Z e(p(Sp))T"f — 0 a.e.
n=1

We begin with the case when f = h — Th is a coboundary:
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Here, by summation by parts, we have

(ST (h — Th) = O(/N) + + — (D)L pit) T,

which in modulus is dominated by a constant multiple of

=2

-1
+

1Xn+1:1~

IIM

1 1
N N

The first term clearly converges to zero, so we focus on the sum, which we seek to show
almost surely converges to 0 as N — oo along lacunary subsequences. We accomplish this

by showing

lN_l WN —a
>, ESD lvam= D), S ), N'<wx

N lacunary n=1 N lacunary N lacunary

from which the result follows.

Since every f € L>®(X) with f = 0 can be arbitrarily well approximated in L'(X) be
coboundaries, the proof of the Lemma will be complete once we show that the set of (say)
L% functions for which we have pointwise convergence is closed in L'(X). In particular, it

is enough to show that

N

N
. 1 n . 1 n
limsup | 5= e(p(S)T" f limsup =3 77| f] < I fllz2cx)
n=1 LY(X) n=1 LY(X)
But this is just the pointwise ergodic theorem! O]

With this reduction complete, we now turn to the proof of Proposition 5.2.3.
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5.3 Proof of Proposition 5.2.3

Throughout this section, we will view 0 < § < 1 as a (small) floating parameter, whose
precise value will be fixed at the end of the proof; 0 < v = v(d) = O(d) will be used to
denote (possibly different) parameters (all of which grow linearly in 0); 0 < k = O(9) will

be used similarly.

We begin with a Lemma that guarantees that a bounded sequence {¢, } is a good sequence

of weights for a pointwise ergodic theorem along (lacunary) times N:

Lemma 5.3.1. Let 0 < a < 1/2 and fiz a lacunary sequence of N’s. Let {c,} be a sequence

such that the following holds:

N
S Jea] S N1 (5.2)
n=1
N® | N-m
NZomi=b Z Z CntmCn| 18 summable in N, where b=a+ 0" < 1/2 as well. ~ (5.3)
m=1 |p=N1-9

Then for every measure-preserving system (X, u,T) and f € L?(X) the sequence

2

T
N1 a n I f

L2(X)

1s summable over N.

N

ne1 I f — 0 (along lacunary subsequences).

Consequently, ﬁ >

Proof. By (5.2) we have

N1-6 N1-¢6

1 : |
Nie Z T f < Nia Z lealll fll 2 cx)
n=1 LQ(X) n=1
1 -5 (1—a
N mN(l D=0 1l 2
= N[ fllzex)
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almost surely, so we may replace the sum in the conclusion of the theorem by ij: N1-6-

Using van der Corput inequality (5.1) in L?*(X) with M = N° b= a + ¢, estimate that

new sequence by

N N—m

M
- N n a— N n+m = gm £

N> D e fllieen + N* 255 Y /cn+mT e f|. (5.4)

n=N1-0 m=1|p=nN1-5 /X

The first term in (5.4) is bounded by
N
a—a N
N2 S el I e,
n=N1-¢

and by (5.2) this is O(N ") provided b > a (and (¢,) is bounded). By precomposing with
T—™ and Cauchy-Schwartz, the second term in (5.4) is bounded by

N—m
E Cn—i—mén

n=N1-¢

M
N2a—1—b Z

m=1

I ).

and this is summable by (5.3). O

Proposition 5.3.2. Let p: R — R be a function such that
Pz +y+z) = plz+y) =p(x+2) = plz) + Oz yz) (5.5)

for x,y,z > 0. Suppose 0 < a < 1/2. Then, almost surely, the sequence ¢, = Y,e(p(Sy,))
satisfies (5.3).

Proof. By Fubini’s theorem it suffices to show that the expectation

NS E S VoneplSuim) Vel —p(5,)

n=N1-9

is summable along the lacunary sequence of N’s. We use Cauchy—Schwarz to estimate the
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foregoing by

o\ 1/2

Nb N—m N®
L 1
N2a 1= Z E Z YnYn-i-me(p(Sn-i-m) - p(Sn)) = N2 1m Z [(m)a (56)
m=1 n=N1-9¢ m=1

and use van der Corput (5.1) with values in L*(2) and R = N¢ inside the bracket with

0 < ¢ < 1 to be chosen later. This gives the estimate

I(m)* < Ii(m)? + Iy(m)? + I3(m)* :=

N—m &=
R ||YnYn+m€(p(Sn+m) - p(Sn))H%?(Q)
n=N1-9
N — m N-—2m
+ R E Z Yn+2mYn+mYn+mYne<p(Sn+2m) - p(Sn-i-m) - p<Sn+m> +p(5n))
n=N1-¢
N —m R N—m-—r
+ R Z E Z Yn+rYn+r+mYnYn+m€(p(sn-l-r-i-m) - p(Sn-H”) - p(Sn-i-m) + p(Sn))‘ .
r=1,r#m n=N1-9

The task is now to show that, uniformly in m < N°, we have
I;(m)? < N* 7% for each 1 < j < 3,

for some k = k(d,a,b,c) > 0.

To this end, we estimate the first term, I1(m)?, by

N N—m
E Z HYHH%Q(Q)”Yn-IrmH%?(Q)

n=N1-¢
by independence; this is bounded by
N N—m
E Z OnOnsm S Nl—ch—Qa < N2—4a—n
n=N1-6

provided we take 2a < ¢ < 1.
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We next turn to Iy(m)?, which contributes at most

N N—-2m
EE Z |Yn+mYn+2mYnYn+m |7
n=N1-¢

and by independence this is bounded by

N-2m
N

N—2m
E Z E|Yn+m|2 : E|Yn+2m| : I['E|)/7L| 5 Nl_c Z OnO0n+mOn+2m
n=N1-98 n=N1-46

S Nl—cN1—3a+V

2—4a—kK
SN :

provided ¢ > 2a (from above) and v = v(§) > 0 is taken sufficiently small. (v arises from

the possibility that 3a > 1, in which case we may take e.g. v = (3a — 1)J.)
The contribution of this term is also acceptable.

It remains to estimate I3(m)?

To recover independence we apply (5.5) with

T=Snp—1, Y= Xnpyt, 2= Sn+t+1,n+t+57

where s = min(r, m) and ¢ = max(r, m). This gives the estimate

R N—m—r
N —m

-5 Z E Z Yn+7’Yn+7’+mYnYn+me(p(sn-l-t—l + Sn+t+1,n+t+s) - p(STH-t—l) - p(STH‘S) + p(Sn))

r=1,r#m n=N1-9
N-m &
+ T Z E Z |Yn+rYn+r+mYnYn+m IIlll'l(O( :Ljr%len—&—tSn—l-t—{—l,n—&—t—l-s)a 1)| .

r=1,r#m np=N1-9¢

N—m-—r

The main feature of this splitting is that the exponential in the first term does not depend

on X,.¢, s0 Y, is independent from all other terms. Therefore the first term vanishes
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identically. The second term is estimated by

R N—m—r
N e
E Z E (’Yn+rYn+r+mYnYn+m’ ' mln(sn+}5_1sn+t+l,n+t+sa 1))
r=1,r#m n=N1-9
N R N—-m-—r
< E Z E (|Yn+ryn+r+mynyn+m| : min(sr:-}f—l(Sn+t+1,n+t+s—1 + 1)a 1))

where E, is an exceptional set of measure < exp(—cn'~®). We consider first the non-

Y

exceptional part. All remaining random variables are independent, so we get the estimate

N—

N R m—r n+t+s—1
E Z Z n+rgn+r+manan+m(n+t_ 1 (1=a)(e=1) ( Z U]+1>

r=1r#mnp=N1— j=n+t+1
N R N—m—r
< E Z Z n—4an(1—a)(e—1)<n—aNb + 1)
r=1,r#Fmn=N1-9
R N—m—r
5 E Z NP n74an(1 a)(e 1)n

provided that b is taken sufficiently close to a and ¢ is sufficiently small, since (1—a)(e—1) < 0.
Finally, for the exceptional part we have superpolynomial decay in N.

The proof is complete.
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