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STUDIES OF MULTIPERIPHERAL INTEGRAL EQUATIONS T_
' Peter D. Ting
IawrenceARadiation Iaboratory
University of California

Berkeley, California 94720

April 30, 1970

ABSTRACT

The CGL type.of multiperipheral integral equation has been
derived in terms of invariantvvariables, without assuming subenergies
to be 1arge éompared with momentum transfers and particle masses.
Both forward direction and nonforward direction have been worked out
in détail, and the multiperipheral model with Toller-angle-dependent
vertex functions has been discussed. We have furthermore demonstrated
that all the qualitative physical properties of the ABFST model remain

true in this generaliied mulfiperipheral model.



- proposed by Ddlen-Hbrn-Schmid2 and extended by Chew-Pignotti,

1. INTRODUCTION
Since early i9631the multi-Regge modél,which‘is one kind of
multipérifheral model, has beenﬂused with some success to describe
prodﬁctibn_processes‘at high energies. Since 1968 two neﬁ developments
have maae‘this model more attractive; one isv£he_"duality hypothesis"
» 5 another

is the phenomenological model for production processes proposed by

Chan-Toskiewicz~Allison (cm).,lL The "duality hypothesis' asserts that

-1f we extrapolate the smooth high-energy Regge representation down to

low energy, the Regge representaﬁion giVes a certain semi-local average
over the>resonance peaks. This duality simplifies multiperipheral

calculations enormously. The phenomenological CEA model supplements the

‘multi-Regge model with the assumption that the structure of nonresonant

low mass clusfers is governed only by phase space. The CEA model has
+

been.used to analyze'data for = p — nn + p, _Kfp - nn + A, pp - pp + nn,

pE'*'hn,'and some other réactions.of multiplicities n rangihg from
twé to nine, and at: plab ranging from 2 to 28'GeV/c.u-§ The
gqualitative agreement with experiment is very good. Subsequently
Biazas, Michejda, and Turnau6 used this model, iﬁcorporating the usual
Reggégphase'factﬁr; to calculate the absorptive part of the fwo-particle
elastic scattering amplitude. Assuming the amplitude to be purely

imaginary at high energy for small momentum transfer, their result gives

a sharp momentum-transfer dependence of the elastic differential cross

“section. This result had not previously been achieved from a dynamical

model.
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" Recently Chew, Goldberger, .and Low (CGL)7vand Halliday have
proposed a multiperipheral model which contains the multi-Regge or CEA

models as a special case, and also leads to a'unitarity integral

equation for the elastic amplitude. The method of deriving this equation

is very similar to the method used by Amati, Bertocchi, Fubini,
Stanghellini and Tonin® in their 1962 papers (the ABFST model).

However, in Refs. 7 and 8 and also in later papers,lo almost
11,12

all  derivations ha#e assumed subenergies to be large compared with
moméntum - transfers and particle masses (i.e,,thé weak coupling limit),
either right at the begihning of the éalculation or at the time of
writing down explicitly ﬁhé kernel and limits'of'integration of the
integral‘eqpation in terms of invariant variaﬁles. The assumption of
high subenergies is unrealistic and hard to Justify even if the duvality
conceét is valid, because experimentally we know that.most of the time
in production proéeéses at least one subenergy is ndt large.

In this papeftwe study the CGL type7 of multiperipheral model
in detail, usingvinvariant variables. In‘bofh the forward and non-
forward cases, all the limits of integration and the kernel of the
integral equation have been worked out expliéiﬁly, without assuming
that any subenergies are large. Furthermore,.we have demonstrated
that all qualitative physical properties--thé'iogarithmic increaéé with
energy of average multiplicity, and the energy independénce of boﬁh |
the inelasticity and the transverse secondary momentum spectrum--remain

as in the ABFST model.9 The only ingfedient necessary to show these

properties is the existence of an integral equation with "short range”

o

"

.
(Y
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correlated kernel. Equally geﬁerél is Regge asymptotic behavior for
the éolutioﬁ of the integral equation. ‘This pdint is crucial for.
bootstrap'theory. '

| ,Iﬁ Sec. 2, the CGL type of multiperipheral model is studied in
detaillfor the forward-direction case, then fhevresults'are generalized
to the nonforward direction in Sec. 3. In Sec;.h;‘we show that our
results in Sec. 2 and Sec. 3 reduce to the preﬁious weak coupling -
results when all subenergies bécome large. .In Sec. 5, wé demonstraté
Regge asymptotic behévior and shoﬁ that all the qualitative phyéical
propérties obtained from the ABFST model,continue to hold in the CGL
model. In Sec. 6 we discuss the possibility that the internal veitex
functions have Toller-angle deﬁendence. The last section presents some
conciuding remarks about this general multiperipheral model. The

detailed mathematical evaluation of certain boundary functions, defined

in previbus sections, is contained in the Appendices.
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2. THE INTEGRAL EQUATION AT FORWARDZDIRECTION

Let us parameterize the productlon amplltude T b for the

process” 15 (see Fig. 1)

‘a+b>0+1+2 + eoot (ntl) X - (2.1)

by the following multiperipheral model expreésion:

.

L “. o
»Tab (Pa;Pb: P_O’pl’ ’Pn+l) a.b (P ’Pb’ l’QE ’Qn+l

= 6,(p,»9)) £(-p,,9,,9,) B(Q,Q,) f(Ql QE,QB)

RIEICY n+l’pb) G, (Q +l,pb) (2.2)

In terms of invariant variables (see Fig. 1),;'

2

n » | . ICDO . — 2 .'..'
Top (PorPps Qo 0,Q ) = G (m5,%) f(elf@a st15t,) Bty,t,)

)

°. f<€2}tl} te} tB) B(tQ) tB)...ﬁ(tn) tn+l

- £lep oty tn+1’mb ) G (tn+l’mb )’
(2.3)

L2 : o 2 |
where t, =Q;  is the ;ﬁh momentum transfer and e,” = (Pi-l + Pi)

is the ith subenergy squared, G, and G are the "external" coupling

constants, while B(ti,ti+l) is the "internal" coupling constant at
ith vertex. The function f depends on the specific model.
The description "multiperipheral" means that either

2 2 -
Iﬁ(ti,tl+l)| or ,f(ei,t l’ti’t1+l)| dec?ease rapidly when any . one



-5=

of the t's  becomes large_and negative.
| The unitarity relatlon tells us thgt.'Aab(pa,pb;O), the
imaginary part of the ab forward elastic scattering amplitude, will

be equal to

8

i

. n .0) = qm B . s e
Aab(pa’pb’o) Aab (Pa’pb’o) B ITab (pa’pb’Ql’QQ’ "Q‘n+l)1 dé;’

]
il
ol

(2.4)

where qﬁ; is the phase space element for the n+2 ‘particle system,

| . | I ol
@'="J“T‘SWPE-MQMJ>SWp2~u2Mp--@Wf- - )
D7 ol 0 0. 0 1 1 1 n+1 n+l
: o © n+l
4 L
- d Prs1 5 (La TPy - ZE; Pi)
_ 1 +r 0 2 24 b+ | 2 2
e oL@ +p,)" - mglatey OG- @) -]

c e, Ly - ) - S, - ) -

n+1 n n

Lo 4 2 2
* é_Qn+l ° [(pb ".Qn+l) - “n+l] ’

* " and Aabn is the contribution to .Aab from the n+2-par£icle intermediate

state.‘
Just as in CGL, let us introduce the modified absorptive

. n : :
functlon B, (pa,pb; 0) by (see Fig. 2)

n+17
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n v [ a0 2
Bap (Pafpb’o) (27()3[‘1 %1 Ba (.Pa’Pb’Qn+1f'Q)le(QnJrl{Pb)l
<oty - m)f - s
| (2.5)

then from Egs. (2.1), (2.2),and (2. 4), we can deduce the recursion
‘ n-1

relation between Ba and B to be
(P JPb: n+l’ ) = (21()5[ Qn | P :Q O)K(Qn Q’n+l’Pb)
sl - e
ST, - Q) < )
(2.6)
with
k@, ,.om) = B(Q Qn+1) £(q, n+l,pb)l (2.7)

If we define
v O

' n ",
Z : Ba (Pa) Pb:'Q' :O) > ‘ (2-8).

we can derive the following integral equation for B, from Egs. (2.6)

_'Ba(pa, P, 5Q";0)

and (2.8) (see Fig. 3):

; ". . O . "' ‘ l | L" ,. ". 1. t "
B (p,,p,3Q"50) = B, "(p,, P, 3Q";0)+ o) jd Q'B, (p,,Q";Q";0)K(Q",Q", p, )
M CCLR) ST I
i (2.9)

with



..7_ ’
B 'Q"-O). = 5!G (p é”) £(-p_,Q" ) 7 (2.10)
- Pa; P-b: 3 = a Pa; "Pa) J‘Pb .

and from Egs. (2.14) and (2.5), we get

B ——»__]."___ L " .OMn. y H 2.+ 1 2. w2
Aab(Pa’Pb?o) g aQ _Ba(pa,pbe ,O)le(Q ,p,) 7871 (a -p, )" - vl

(2.11)
For practical purposes, just as in ABFSfawe wish to express

these'equations.in terms of invariant variables, Let us then define

the functions A (s"' 0;t"",m 2),; Ba(s”',O;t"',t", ae,u"g), and
: Lt 2 1
CK(e ", 87600, 1) in terms of A (p ,pb,O), B, (p, 1, 5Q";0),

and K(Q' Q”,pb) by (see Flg. L)

._ .. S e ‘. 1t 2 . 2 11t 2 .
A (p;p;0) = A p(s"5 056", m =) sl (p, +.pb) - &' Is [pb - %"
. 2 2 nt nt - 2
6[pa ~m "] ds" at™ dm = ,
(2.12)
B ( Q" O) = B ( ny 0; tn! 1 2 112) 5[( + ) n‘
P)Pb: = o VS ;S: ma s P Pb
. ot 2 2 2 e ne 1 ny\e "
8 [pa - 13[p" -t ja[Q - "1l (p,+Q")% - s"]
. 8+[ (Q,” _ pb)2 - I..lng]d.s'” dsudtnldtndmag le.”e ,
(2.13)
and
K@,ahp) = | K"t e, u® sl - g )f - ]

o S[Pbe _ t".’]B[ZQ,"g - 112‘]

t"]&[Q'e'-_t']af[(Q” - pb)2- M

< st(Qr - @M)F - n®lae” at"'at"at' ap™ au'® .

(2.14)
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For simplicity) we further wish to introducevthree simpler notations

Aab(s".’,t."‘,'o), 'Ba(s"',s”;t”',t";o), and K(e",t"',t",t') by defining

"“Aéb(s"',o;t"') = Aab(snt)o;t"')mag)} . . (2.15)

) . e 1" — nt n' £ 2 ne A 6

B(S 58,0587 ,8") = Ba(s »S :O t s s M )s (2.16)
and

K(e",t+"',t",t') = K(e",t"',t_",t',u”e,u'z) . (2.17)

By using the definition of Ba(s ,s8",0; t"',t"), Aab(s"'o,'t"'), and
K(e",t"',t",t'), Egs. (2.9), (2.10),and (2.11) can be expressed in
terms of invariant variables. These equations,then assume the following

forms (see Fig. 4):

B(s"",8",0;6",t") = B,2(s"", 8%, 056", 8") + 2 [ B (s",s%,0;%¢")

a 8n3

. K(é”,t”’,’i}”,t' )Tl(s"',é",s';'b"',t",t';e”)ds'dt'de",

(2.18)
e .n 1 "t " 1t nt
A (s",056™) = 5:3“[}3&( 87,0587, 87) o, (87,57 ) P

j (S ,8 n, nr,tn)d ”dt”
(2.19)

and if we assume that the'produCtion amplitude T has the form

n
ab
given by Eq. (2.3), then 'Bao( ',s"0; t"',t") and K(e", t"' t",tt)

have the'following corresponding forms:



. »ﬁl(s'n',’snitn‘l,tx.x) - | dl"Q" B[Q

-9-

BaO(S,"':'s.",O;t”',t") = _lGa(maz,t").f(s"',mag,t";.t"')fe S ' (2.20)
K(e",tl'f'_',t‘_’,t‘) = | B(t",t")' f(e",t',t",t;f')'? , | ‘ (2.21)
with \

"= (p, v m) EREES

A

s o= e e =

e = (Q} - pb)2 | b = Q.

The functions ¥, and ;@i in Egs. (2.18) and (2.19) are boundary

. functions defined as follows:

"2 - t"]a[ (pa + Q” )2 - s”]
. 8+,[ (Q” - pb)2 ~ |J-"2]
a (2.22)
and_

(s 8" s 56", 606056 = f ater sler” - t'Jel(p, +Q')° - s']
'@ - ") - wPlsl(ar - p ) - €.

(2.23)
We have worked out the functions _ﬁi and El in detail in
. - . 2 2
Appendices A and B. If we assume s"',s",s' > t",t",t';ma s H! ;Hﬁg

(see the justifiction of this approximation in Appendix B),_we can

‘derive the following asymptotic forms:
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ﬁl(s"',,s";t"',t") = 2;f @["(s”')l/e’_ (S-n)l/z»‘ }J-"]
X | YL - M n._ "
@[(tm £ (" -t )]
- (2.24)
and
7 (Sr;r L L etn) - 1 @[(s")l/e'_. (vs’)l/g - ut)
1 ) ; H 2T .,T, 5g" , > v
o ele e - e )]
o) - [} r 1 ) L .
x [,(tmax t )(t 'vémin)] [(e" _ 6")(6" - ¢ )]1/2
max min
on i
9 S no_
- }_ﬁ (S" s"t"ut') . [(ema.x € )(6 emin;]
- Tt *1 ’ ’ ? s " 1 " 1/2
[(emax - e")(e" - emin)]
(2.25)
An aftractive form is
yl(sti': s, sttt e") '=.1lr- 151(5",-5'517":5') as d“ev”'*'c'*'D cos ),
. o |
(2.26).
with , i Sx‘l (—t"' . ,u,,E | ‘)
» ‘ S 1 - S"/S”A'
11"
Tt = 4 (2.27)
. max .
min '
A -
2] g 2
S' 1" !
7 T s" (:t Y1 - ss )
1 .
‘_bmax (2.28)
- min voo
. i -
" g™ s :
€max (ST omw tY,E0t') = CED (2.29)

min

W'
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ahd
: : - s" g '
Ty C_. - C( ?‘ﬂ'; ?; ‘b" ,t",t')
- - . . ne ) 1
~ ' +¢" + (u,g - t" - t')( 2 ) + (U-"e - g"o. t")( _:__“_ )
_ég S"l
+ 2t"( gﬂ')( o ) s (2.30)
S" S'b H | V
D = -D_( P E-n-, t" ,t",t'.)v
: ,]1/2
,&% 2 .{t"' + (una _ uv - rr)( + " z".' )
. n1/2
2 S' . 1 S" 2
dor s (® oo en)( 2+ o(Er) :
' ' (2.31)
By using Eq. (2. 24) to Eq. (2 31), we can rewrite Egqs. (2.18)
and (2 19) as-
. . - . . S"
. ' . T
B (s",s",056", ") ~ B O(s", 5" 054", 5") + = ds
a 3 s
16w
0
o .
S' " 1
s (E + 1l -~ s! si)
S J , dt! Ba(s",s',o;t",t')
. 00 _ _
-
1"
max . :
.11 "t n !
‘o . d_G" ,‘ K(E t 0,1 ) . 1/2 (2‘52);
[( 1] H)(e - € . )] )
e _ €max min
min . :

or
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g : 8
o wr _ 0, et ‘
Ba(S"",S'_’_,O,'t”,t") ~ Ba (-S"i’,S",O}t"’,At")l‘f‘ 3 dS'
. 16m )

. ) 0

. at' B (s"s,05t",¢")

A

-Q0
7
. d¢ K(e"(ﬁ)’jt"',t",t') , .
° . (2.32")
with €"(§) = C + D .cos f, and
. 1 ’ 112
ne o~ gt . 1 as" ' 2
a.b(S ,Q,t ) 163.{2 g'rrr ) d‘t”Ba(S"',S”,O,"b"',t”)IGb(t”,t"’)l .
"0
0

(2.33)
" In high-energy collisions, if we are.bnly studying the

Reggé asymptotic behavior of B, and Aaﬁ', we:dan.negiect,

the ‘Bao(s"',s",t"',t";O) term in (2.32) or;(2;32')_that corresponds

to the total elastic cross section oez(s"');‘ We expect, at least in

Regge theory, tiat deZ will decrease to zero at extremely high energy

(at présent accelerator accessible energies ceﬂ/GtOt s 1/5).

Eqpation (2.32) or Eg. (2.32') then becomes

W
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. 1] h '
B (S"',S ,0; ‘t"',t") A 1 ds at!
a 161T3 s ,
' 0 -

) . 1" t . ‘
‘ B.a(su:S':’oit"’fb')K(SS”' s %W;t"',t",t'),

(2.34)

- where

. 1 ]

| emax(ss, , s'ﬂ' ;‘t”',t",‘t')

L SO | : ) ) ] ) . .

K( Sy Zwost",6e0) = ge"
"o S' " on
j pin (O, Sttt eet)
)
. K(E";t,”,t" tg) f
" 1" " l 2
(g = (= e
| (2.35)
or
R I .

1} . 1

K( '2'“"" P g‘" ;t"”t")t') = d-¢ K[e"(;ﬁ);t'_",t",t'] P (2-55')
0

with

o - g" st g" gt "
e"(ﬁ): = ¢l gmr, Swst",e"e) + ( E'"'*' s om s t, et )eos [

The kernel of Eq. (2 3&), together with the limits of integration, has
the important scaling property of being invariant under the group of

multiplicative transformations
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.VS_' - e S" , S" - o S", S’ - C-S_’ R

As in ABFST,9 this suggests that the solution of‘Eq. (2.34) can be

expressed by the irreducible representation of the group. So we write

T S"' a(O)‘ : ’a- S"
_Eé(s" ,s",08",t") = (-——- b (= ,05t",8"),
, 5o a s

(2.36)
where SO is a constant. Furthermore if we set
vyn - S"/S”' é.nd - y' o= S'/s" s
we find from Egs. (2.34) and (2.33) the integral equation for b to

be . _
ay (~t"+ 2

(yn,o tnl n) - ( ")OC(O) [ f . 4t

baa(Y': 0;t",t" )K_(y”)Y' it"')t":ti ))

(2.37)
ith ‘ A
Wi - . ) -y”<~t"' . H'Q )
A (s",0;t") = ('—:L o(0) ay" | | 1'Y at"
ab i 2
16w
0 -Q0
@ 2 TR T l n ot 12
* b, (y",0;t",t") Gb(t 8" .

(2.38)

W
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| Equations (2 36), (2. 37),and (2. 38) are the most important

results of this sectlon. For a specified kernel K(e?;t"(,t",t ) and

‘external'COupllng Gb,'we can use these equatiohe to solve for the

leading output Regge pole «(0). For example if we let

= a, (t; )
£leg3ty 00t ti+l ( )
then | 2a, (")
) 2 " . .
K(en’tnl’tn’t, ) - lﬁ(t",t')l (G s+ a) ,
. ’ . 0

and by using Eq. (2.33), we can easily get

: v N (")
o . c |
K(y",y";t"',t",t') =1 'B(t",t' ) ,2 ( I;Jax)
ST , » ———O
1" " a
1 min
© SF e (87), 5,15 1 - s
2 1 in | o - ‘
(2.39)

where 2Fl is the usual hypergeometric function.

" We are not attempting to solve (2.37)Hfof any specifiedlkernel
in this.paper; whet we do in the next section'ié to generalize this
result to the nonforward dlrectlon. In Sec. 5, we will use Egs. (2.36),
(2 37),and (2.38) to study production processes at extremely high

energy to show that many of the properties of the ABFST model9 are

preserved in this more general model.
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- 3. THE INTEGRAL EQUATION AT NONFORWARD DIRECTIONS
:Weiwish.to generalize this model to thé nonforward direction.

The unitarity relation tells us (see also Fig. 5)

. lo's}
o - ': : n : )
7 Aab(Pa; P-b:A) = . Aab (Pa;Pb;A) R . : (5-1)
' n=0 ’ '
with -
nv o * ' ' '
Aab (Pa’Pb’AO - Tab<Pa-£¥ Pb+A’ Q1+£¥ Q2+£».f" n+lﬁa)
¢ -Tab(Pa’Pb5 Ql’Q'Q"‘I"Q'n+l) d_;ﬁn P) (5-2)
where - . o '

T:b(?afﬂ’ BtAs QuHhy Qptly cr s Q) = Gy (3,0 )
 B(-p Qv Q) B(Q Y, QA
CE(QHs Qs Qra) oo é(én+A, Q,q*0)

@ty Qo BHD) Gﬁ(%ﬂ*@ Py o).
- (3.3)

Just as in the forward case (sec. 2); we introduce the modified

3 ' n 'Y ! -
absorptlye rart B, (pa’Pb’ Qh+l’ A) by

n A) = n . , * ’

| 4
) Gb<Qh+l’ pb) 8+[(Qn+l - pb)?.'v“i+l}d i1

(3.4)

.
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Then from Eqs. (3.1) to (3.4), we can easily see that the following
} . . . .'I- ‘ . n . ..‘. .
| recurg;on-relatlon holds for B, (Pa’pb’ Q413 A):
lf
A)

n-1 : g v o
= 23 Ba (Pa’ n+1°’ Qn’ 40 K<Qn’Qn+l’Pb’ A) .

8'1(q, - n+l , ]th, ,(5'5)

© with.

K(Qn’.%%l’.l’b; B) = B (@ Qe By, Q) j?v*(“;"n“ﬁ’ Ui *s B+o)

¢ f(Qn: Q’n+l’ P—b) ~  : . (3-6)
’ By defining ' ' : N |
B m . B ‘.
5,0 ,pb, Qs A) - Z B (p,m5 Q' ),
n=0 . '

we geﬁ the following equations (see Fig. 6):

A(psps &) = éi;fdlb" B (p,my; Q Q" A)_‘Gﬁ*(Q’#A, B +O)

© e, (@'p,) o (Q” p) - wfl,  (3.7)
B, ( Q" A) - B O(' »- Q"; A) + dLLQ' B (p ,Q"; Q'.- A) |
P )Pb: % » = o Pa;Pb: 3 8113 . Pa; i K

. K(Q',Q",pb; A) §+[ (Qr }v__ Q")g _ UYE],
(3.8)
with
0, - . ) ) )
B, (p‘a,pb;Q,;A) G, (p -2, Q") 6_(p,,Q") f (-p, +A’ Q"+, B, +)

- £(-p,, Q", pb) , (3.9)
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and

K(Q',Q ",pb, 2) = 8 (@', Q"+a) B(R1,Q") £ (Q'+A, Q"+A, p+A)E(Q',Q"% B, ).

(3. 10)

. Just as in Sec. 2, we wish to translate these formulas into

invariant variables. If we introduce the functions Aab(s ,T; t"',t"')

B (s"",s",T; £, £, 6"), and K(e,T; £, "4 &),

+ 25 t ,t! ) - in a

way similar to that of Sec. 2, we can get the following results:

Aab(s:"?',T; £, el") = -éj B (s"',s ,r gh t", ', )) Gb* el
G (8 8"") §.(s"ss ,'I' t"',t"« t"',t")
*ds" at” at) - - (3.11)
B (s"",8",T; t"',t"; ¢ :',t") ( " 8", T t_f",'t"'; t1',t))
+'8—j;3- ds' dt' at! de" 'Ba(s",s",T;t".,t'gtJ'r',t_;_)

1 1t
< K(e",T; t",t",t; tJ’r' ,;_tjr',tjr)

‘ T%(S"')S";S':Iu ", t_:';t_:)t_;_):
(3.12)

with
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B, (s"',8%T5 t",6" £),t)) = 6 (m5,t)) 6, (m5,t") £ (s, 8,t]")

. f(sbnf,_tll,tllfl) , (5’13)

. o , « ‘ N
K(G,'J-r-_[_li t:_"':tf!,'t"; t:"t:}t_;_) B (t_;_:t:_) B(t':‘tf’l') g (en}t,;_:t_;_’)tit)

. Ple",tr,tM "), (3.14)
‘and
.- nt 2 "o_ ‘ " 2 t [ 2
_‘t+— (p, + )5, ty = (Q .+A)'{ t! = (Q' +4)° .
The functions ﬁQ and ‘]‘22 are boundary functions defined by
ﬁz(sm’sr;T; t",t"; '-b"i,t") = th 6(Q2 _ t:i) 6+[(Q" + A)2 - "]
+ 77+ _ +
. . .n 2 " + 1" 2
sl(p, +Q")" - s"] 871(Q"-p, )" -n""]
(3.15)
and .

nt n ', . nt 'n. . ny Ln . "
Eg(s_ »8 5,8, T t7,t7,t"; t_,_ ,t_,_,vt_;_: e")

' ' . 2 )
= a*ar (e’ - 1) sl(a' + &) - t1) 8l(p, +Q')° - 5')
cel@r - p)° - el st - Q) -t
(3.16)
As shovn in detail in Appendices C and D, if
s, 8" st ‘>>"c"',t'f,t’; t:',t:,tjr,: ma?,u'2,u"2 , We can

get:the"follow::i.ng expressions for §2 and ¥, :
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Lo ol(a™)Y2 . (a2 - )

1"t 1t 1", mne " -
AR R R L

. @[(t;;x - t"(s" - t£1n>]

'.t:)(t: B t:min)]

1
. @[(t+max
i/2 ’
1 1" 1" 11
[(t+max - t—i-~)(t+ - t+min)]
: : (3.17)
and.
%(St!g ,s ,T tll',t" t' !11 ,t ell)
_@é(s",s',T; thtt; th,60) sle" - C-D cos(f' - ¢b)]; |
' (3.18)
with |
, £t + T - T+ 8" -t])
cos §1 - ( )( 2
. /2
2
b&'+1ﬂT(—w)4-ﬂT( ) }
£ T -t - (S }(TV+ £" - t")
; ¢ + -S—"_ +
CcOs b g ' . 2 1/2 2
Snf . S"'
2[t"T+u'T(?—)+t"T(gr> ] .
oxr A

e " t . "t 1 1. ne 1" . 1t
s s ,s8',T; £ t5,t t t,t €
:&Ee( 2R 90 s Lo 2V LR AT AT )

. 1
C g (7T e e ) 6 (s e (G e - e)

. o2 |22
- 2[Tt’ + ufT(sw) + t"T(ngE } cos{cos”l( = C) ¢ }

(3.18')
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with 1]?1,- - tr;;ln’ tmax’ t' o2 O and’ D defined as in Sec. 2, and
W . . . , :
u! = IJ"2 - tg - 't";, " = IJ-"2 _'_tn . t'rrl’
t s" ne e
1" !
t+max'.” t +T‘- .(-s-w)(Tft | ‘t+) |
min.'. o »i.b' .
: "o ‘ "o e 1/2 .
o ~[t"‘1‘ +u"T(=r) + 6" TSR } § (3.19)
d
an . 2o
: 1 t ! 1
ko= AT - (-:—n)('l‘ +t" - %)) * 2[th + u'T(sn-) + t"T(%") ] .
foin o : '

__ (3. 20)
Using Egs. (3.17) to (3. 20), and assumlng that we can neglect the
inhomogeneous term B_ O at high energy, we can rewrite Eq. (3. ll) and

(3 12) in the following approximated forms:

B e
1 e 1t
. - _t 4 ——
v g - (S‘/S )( 1 - S"/S"' )
o . 1 ’
A (s™,T;5 6",8") ~ ———13 Lo at"
: - 16x
_ 0 ~-00
n :
( : V,T;t"’,t:",t")
. o dt!
” "y t 1
" 1n( —ﬂT',T t ,t" ')

» : . . ) -Hn.

. Ba(snvl yx T _tnl t” nl n )

G (t tul) G (t!r _tnl) .
. : (3.21)

[(t:max _ t")(t_: -t )]1[2




0D

or . e LyQ
. " - .
AL (s",T5 67,80 ~ —3;3 e o at"
T S 16x” s _ '
0 -00
7
. . db Ba(s"”sn,T,; _:b."t,t"; t:f’t:-)
0 , :
* 1 "" ne oLy . : 1
| © Gy (E,t0") G (87,87, . (3.21')
with ‘

o 1 : . - 1
t_: = t" + T _‘(SS )(T + _tﬂi - t_:,).+ E[t”T + U."T(Ss )

1/2 .
. "2
_ - s + t"-"l‘(frr ] cos P
o 1

and o . R -(s'/s")(-t" + I_—S%?r‘)

Lo .8 o .
B (S"‘;S",T; t”',tnj t'”,t") ~ 1 ) [ g-f_“_ v at!
a = + 77 3 s '

o 16n J

0 =00

st .
A C I SRR ALY
. ' - as!
t s' , -. L | B
PRGN SEAS LY

. ' N K
K(en,v{]:;‘t{" ,t",t'; 't"_:';'t?::t_;_)

- 1/2”’
[(t;_max N t;)(tl - tjr'min)]

"By (sTsL T Tt tlht))

with

€' = e"(t", "t st T) = C + D cos (8" - ﬁb)
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. ‘ 2 '
" ..-.'I(S,'/S")(-t" + 1l -~ S';S )

: . S
ne MEoLn,oL oy oL ny ds' ‘ ’ 41
Ba(s ,s,T t t,t+ AN ) —-—3 = , at
. 16x '
0 -®

1w ¢ S S "t 1"
€ (=rr > g7 3 8, zt')
R : d€"
S

. tn! t" +1
mln("“’!" ’ ;ﬂ' > ’ .’ )

1
K(e",T; t"',t",t"; t:’,tjr',t;) :

* B (s"s',T; t",t'; t",t")
a : + + 1 1 " 1" 1/2
[(eax = €")(e" - e )]

(3.22")
with |
'f,_:_ = t’( —m-, ?,T ", :',t")
1/2

T

B - (s7/s")(T + 4 - £7) - 2[t'T+ u'T(s'/s") +t"T(s'/s")]

. ‘cos[cos-l- (E_l_)_'_g.) + ﬁsb]

Let us investigate the situation wheh A approaches zero, i.e.,

in the forward direction; then
T0, gl t_’:—’t", £l >t

and Eq. (3.21') and Eq. (3.22') will be reduced to Eq. (2.31) and
Eq. (2.30) respectively, i.e.,feduced to the forward direction case.
Also, we can easily verify that the kernel and integration

limits of Egs. (3.22) and (3.22') still have the important scaling



ok
property of invariance under thé transformatipfi
nt 1nt

1 o
s"" > ecs", s" >c s, s' »c¢ s'.

This suggests that B, can be written as

. Ct T "
Ba(sl ,S ’T t"' " "l _t") = ﬂ'/ ( ) baa(ss , T;t"’,t";t_‘;',t:)o
(3.23)
If we set
‘yn = S"/S"' , ) y:" - S'/S'” )

we will .get the following intégral equation for _b @
-y, ( t" + —E—— ')

Q- ' (T
-ba (y"}.T; 't”',t"; t_’;,,t_:) — ( u) ( ) dt’

€r’1;ax(y ,Y :t"';t" t')
. - ae"

€"ln(y",y';t"'_,_t",t' )

K(e",T5 £"7,6" 675 ¢, 6], 4!)
o n 1 n 1[2
(3.24).

a .
ba (Y',Ts t”:t'5 t_:’t_:_)

or .
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_ytv(_tn + i%?' )

.ba (y‘iijT;,t"',t"; t_:,,t_:) - 5 (y") ( ) dy! dt'
0 -0
. L | S S CAN AR W)
. . R : !
at!

gV T 8158])

‘ ) K(G" T _bnt t" £ tn, ‘t" tg)
(67 it b 2 > + 2y
: ba (y')T§t”)t'3t:)t_:_) o 1/2
' [(z" -t"M -t )]
Hnax + +min
(3.241)
andv
"2
-y (-t" o+ -i—%,r )
Aab(s"”‘)_TS tm)t:t) _ 15 (S‘"’/SO)O:(T) dy" at"
16 ,
0 -0
]’t .
e a 1 *
- ap b, (v T e, )Lt o (L)) 6 (87 e")
0 - :
: (3.25)
or
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' Hn2
1" 1t
| _ =y (-t + if§")
Aa'b(S'"J-T5 t"',t_:’) - __}_3__ (S'”/SO)a(T) s dy" : ' d’t"
Sl 16x
0O -

‘ ‘ N

aa(y")TS t"',t"; tut t")

'b" (Y‘", T;t’n!,tn.;t:t )

. ‘ dtﬂ
L +

BT, E )

* " "f : 1" ‘!H ‘
G, (8,t] ) G (£t )

+ 7 7+ 1 1 1 1" 1[2
[(t+max - t )»(t - t+min)]

(3.25')

Equations (3.23) through(3.25') are the essential results of this

sectién, énd we have shown that both Aab and'“Bav have Regge asymptotic

behavior.
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‘ h; THE WEAK COUPLING LIMIT (HIGH-SUBENERGY.APPROXIMATION)

. Now let ﬁs assume that all.the subenergies €, are also large
‘¢ompared With 80 é l(GeV’/c)2 and with all the t's ahd the particle
masses. We will call this condition the weak.coupling limit or the
high;subenergy approximatidn. Evén though at bresent we know this
apprdXimation to be uniealistic (i.e.,experimentally mosﬁ production
events have at least one subenergy smaller or comparable to the t's
and - u?fs), 'ﬁeverthaless'the weak coupling limit was the original

7,8,10,1k which is one

motivation for inventing'theAmulti-Regge model,
kindlof multipéripheral model., Becauée 6f this history and also because
many:pépers have investigated dynamical properties under this approxi;
mafion;.it is worthwhile to show that our equétionsin.Sec. 2 and Sec. 3
can be réduced to those simplified eqnations which have been derived
in Ref. (7) and Ref. (10) under the weak coupling approximation.

When € >> so,t's, u?'s, ﬁne can easily.show that
s"/s* > 1, s"'/s"™ >> 1, and if we assume the multi-Regge model,

then the function f(ei, t ) ‘takes the simple form

(t,)

e 1-17 P12 By ®
(ei/so) nt il » Where we have thrown the Regge phasevfactor into the

coupling constants Ga’ Gb’ and the B's , and ain is the input

exchange trajectory. From Egs. (2.27) and (2.28), we know that both
11 1 : ;

t ooy ond tmax will approach zero, so from Eq. (2.29) to (2.31) we

will get

T T A B OIS T R )

’ 2
p? 4 {(.1-,)1/2 " (-t")l/2} (s""/s™) (4.1)
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and

m
Q-

R R (O R D A S
. ) 2 ‘ 1/2 ‘ ' 1 1/2 2 1nt foon
= n!< +0(-t) - (ft Y= ] (s /s‘) .

(i) The Forward Case A? =0

(4.2)

By using Egqs. (4.1), (4.2), (2.37),and (2.39), we obtain the

following results:

' , a(0)-2a, (")
baa(y",'os £"',eh) = 2 fdy' {Odt' (y") 0
: o {oo,

16312

c (67 61) b Yy, 05 t7,t1),

(k.3).
where .
eain(t")
2 RS V- R V-
v’)'(t",t') - % K + [( t’) + ( t ) 3 Bg(tl,t")
0
: S 1/2
. . L(t't")
¢« F. (-2 a, (") -l;_lg ‘ .
271 in > T2 u,e . {(_t,)l/E A (_tn)l/z}z
' (L. %)
If we make the ansatz
- a(0)-2a, (t")
b X (y"05 7,8 = (") S T CL (h.5)
then from Eq. (4.3) we get
S ° D, 2(87) (8" t")
b (t") = at! (L.6)

a(o) - 2 ozin(t’) +1

Yy
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If we define
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«(0) > 2ag) 1.

“Now if we further assume that -y(t",t') can be factorized as

e = om ) REY, (D)

Wheré._h1 and - h, are some arbitrary functions, then we can let

baa(t"),= chg(t"), ' , - (4.8)

.wherélf¢7 is an arbitrary constant; and Eq.'(h.6) will be reduced to

° L ) ()

‘ ) et .
a(o) - 2 ozin(t ) + 1

(u.9)_

() m(s)

a(Q) -2 ain(t') +1 ,,

V : gg(o) = [q(o):; 2 aﬁn‘+ 1]v' at’

(4.10)
we will get

" a(0) =251n 140 . (4.11)

Furthermore, if we assume aih(t) to be a flat trajectory «; , then
a(0) = 2o, -1+ &, (k.12)
with = : . O: : o | ‘.
o .
g = Sat! by (6') ny(t'),
o . _w . ’ R .
‘,'. i . . ’ 1)_'_ )
which is just the Chew-Pignotti result.

&



B

o) =2, <1+ £, '_ o (ke3)

with

& (1)

= (o) -2q, +1) [ as’

hl(t’ 15 T) hz(t t, T) .

,j’j;_,[‘(%_Lm-t;)_@;-t;m )1172 [o(r) - 0 (87) - O‘m(‘%”

»

(h 2k)

T
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5. THE AVERAGE MULTIPLICITY, THE INELASTICITY, AND THE SPECTRA
: OF SECONDARIES IN ULTRAHIGH-ENERGY COLLISIONS
Aé in ABFST,9 we aré‘éoing to use the model described in See. 2
to study the'qpantities which can be measured’in'ultrahigh~energy
produétioﬁ processes. - What we want to demonétrate in this section is
that all the quaiitatiVe properties of the ABFST model? remain true
in this generalized multiperiphefdl model.

(1) Average Multiplicity of Secondaries (n)

We know the reaction
a+b > 0+1+2+ -« '+ (n+l) (2.1)

will contribute n secondary particles;l5 this means that the average

number of secondary particles (n) in the final state at an energy s

S
will bévgiven by
.00 5 @
. son n " 2
}_ n[ 'Tab | dﬁn Z n Aab (s ',O; m, )
< ) _ n=0 _ n=
nro= ® o T o0 ’
. n, nt 2
Z [ ITabn’ dﬁ’n Z Ay (87505 m7) (5.1)
n=0 : n= .

We call {(n) the average multiplicity.

T °
Now let us replace 6(ti,ti+l) by g8 (ti’ti+l)’ then Eq. (2.3)

becomes

n_ n_ ., 2 : 2, . '
T&b - g Ga(ma )tl) f(el’ma Jtl)te) B (tl)te) f(ee}tl’tg)tE)

: . 2 2
P Bty ) BTt ) £ bty ) Gy (B )

(5.2)
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sO

= n2 ' 2 3 n |2
V'F .'Tabvl Q¢£ = 8 - 5;5' ITéb | '@ﬁg ?
and
) <n) = g2 %—E [‘?/n Aa.b(sn’,'Q; m.be)] . A (505)
g S

From Eq. (2.36), we can write

. »Aab(snr’os m-ba) - Ca(o)(gg,m-b2) (S”'/SOA)G(O), (5.)4)
where : -}
_yn(_m-bE +.lljy )
C ‘(g?‘ %) = X ay" | at"
(0)*€ ™y 2 Y
’ ’ : 16r 0 ~-C0

. baa(yn’o; me’_tu)le(tn’mbg)lE ,
(5.5)

SO

og

: 2 9 2 2 2 (0 we :
At vefy high energy we can neglect the first term to get
(n) ~ & _§gégl_ ta(s"'/sy) » - (5.7)
g N >

SO we have shown that at very high energy the average multiplicity
(n) will increase as &n(s"’/so) in our model.

(ii) The Inelasticity 1

Now let us consider the spectrum of the "primary'" particle

which is directly connected with the incident particle. If we choose
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the "a" . particle to be the target, and the v"b""particle to bé the
incident particle, then the “piimary” particle will be the (n+l)th
particlé-in th¢ Tabn‘ amplitude.» | | |

' Let the momentum of the “primary" partiéle be p" (see Fig. 7)..

Then the'spectrum,of the "primary"” particle will simply be

L e " 2 42 2y b,
an(®") = B,(pyypy5 2, P"s 0) Iy (my-p", p,) [ 87(2™-u™) a'p
(5.8)
or
, dn(p") = Ba(S”"S",O; t"»"'t")‘ IG’,b(t",.t”, ) l2.¢;-(s""8!9;‘ t""’tﬂ.)dsndt".
(5.8")

Now let us use this spectrum to calculate the average energy
carried away by the "primary" particle. If E" is the energy of the

"primary" particle, then in the rest frame of m_

1" P ’ pa '
EY = T’ (5.9)
: a o '
_ but
"o 1n\2 _ 112 _ " " ' 1 "
s" =(py +Q")" =(p, +p, -2")" =s"" +p" -2p".p -2p"p
and
_tn = (P - Pn) = 2 + un - 2 n.
SO
) e 1 1t 2
" . S -8 +t - m.b ~ Snt - S"
E" = S ~ 5 . : (5.10)
» a

Then the inelasticity n can be defined as
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( nr_n :
J-(S 2mS ZBaa(S"',S", O;m_bg’t)le(tn’mbgv) l?ﬁl(srr':S”3m—b-2)tn_)ds”dt"

B Ot( : )S ", 0; mb )t") ,G (t")mb ' ‘5 (S . }S ’m'b » b ")dS” at"

5 "
. n(_mb + I%?T) .

2
(1-y_")dy-", et My om 5,6 oy (67w ®) |

-y mb + ——zn )

1 2
1 a 1] 2 1" 1t 2 .
at” b (y"osm 5, t") loy (6 m 7))

(5.11)
so we have proved that the inelasticity 17 1s independent of the
incident energy in the high-energy limit.

(ii1) Spectra of Secondaries

Let N(k)duk be the number of final states, such that one of

the secondary particles has its four momentum between k and k + dk,

§ (2, > (T, ") 5%y, - & - Kb,

i=1

) LZE:: ::E:: (Tabn)*(Tabn) 8u(Q:Hl - Q- k)Qﬁﬁ y

n_=i i=1 . : (5.12)

then

N(k)

1]

B
1
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From the definitions of T_" and af , we can write N(k). as

(see Fig. 8)

0 0] (e ¢]

N(k) = j{: ZE; ,E;;%SEII J/& e, ( ,Ql)f( ~P,» 0758, )8(Q,Q,)

n-i=0 i-1=0
- £ Q) Q )f( Q0 I25+[( wp
Q9 05)-++B(Q; LHRTLITLIEY YR -

y dqu 8"1(a,-;) - ]d Q- (Q - )7 -l

2+ 2 2.k b 4
ISHQ )" - wyTlateg e 8y,

,B(Q Q1+l i+1” i -Qi-k)

[ CIS 9 CYP n+l,pb)s( n+l)f(Q 9,0, 08(8_1,Q)

| 2
B(Ql+l;Ql+2)f(Q 9402 00)| B (pa, P - 2, ek,
> 2
o [(Q an%) - et % 2 0Ly 1p-Q34 )" - 1y ]
(5.13)

By using the definition of the function Ban, ‘Bbm"

@
B = B2 ond = m just as in the ABFST model’
2, o 2 Bb \ Bb PR v
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we can easily show that (see Fig. 9)

n(k) = 2 | B (p,,0%0;0)87(@"-0)° - 1 2I8*(er-aK)a'a a'ar
4(2ﬂ) . v .
" B (p,-9 - Q' 0) .
(5.14)
If we translate this equation in terms of invariant variables, Eq. (5.14)
will become (see Fig. 9)
N (k) = B (w',w,0'5t',¢)at aw lp(t,t7) 2 at av
: o fart | ' +,.2 2
Bb(v sV, 05 t,t") I(w,v'; t',t; k) & (x¥° - b ),
(5.15)
where . _
w o= (e,  vo= (p-af, &=,
wi= (p, +Q)%, vi= (g -0f,  tt= Q?,
and
I vs £'585 k) = a'a a'er 8(e% - +) 8@ - t1) ol (p, @)% - w]
- 8l(p,-0")? - vl 5%a" -4 - x) |
o (5.16) "

This boundary function I has been evaluated in Ref. 9 and in
Appendix E . We are able to show the followingAresult (for details see

Appendix E):
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the secondary (ko) is small compared with the total energy (s
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ozr(o)

N(k) = (s"'/sy) B ,. R ©(5.17)
5. oxa(0)+1 _ _
. - a(0)+1
F = EE_EiJ§£_ /rj( I8 (t,t*) [F at at | Jax dz[(l+x)(1+z)]a i

s (0] X . of _z . t)
Py _(l +xr’o’ t ’9 Py (l Tz 0 Bt

. Pt - (uk2+5T2) x(1+z); -t° -(uk?+gT2)z(l+x)s§T2]:

(5.18)

where T(a; b; ¢) is the usual triangle function given by

®(-a2 - b2 - c2 + 28b + 2be + 2ac)

e 2 2

T(a;bsc) -
(-2 = b~ - ¢ + 2ab + 2bec + Qac)l/é

where %T and kL are the transverse and longitudinal components of
the four-momentum k with respect to the incident direction, both

defined in c.m. frame of .a and Db. And k

0 _is'the time component of

k.
The limits of integration of Eq. (5.18) have been analyzed in
Ref.‘9, and the important fact demonstrated: that, whén the energy of
",)1/2
2
the function F 1is independent both of the incident and the secondary

energy, i.e.

F = F(uk?, gTE) . o (5.19)
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The reason is simply that the function T in Eq; (5.18) is different
from zero only in a region of the xy plane which is independent of

s"'" and k, - But

5+(k2 - uke)dhk = 5%5 s Tl - uk?)ak? d?gT ax,
&K, e
- = - 7z o (5:20)

(ukz_% ﬁt? . ki?)

SO
Can(k) = N(k)-8+(uk2 - 1¥)a
) 5%3 6+(“k2 IS 5T2)dk2 degT a

k-
2 2 . 2
(e + B+ 37)
This méans the spectra of the transverse momenta and longitudinal
",)1/2

1 2 2

75 - | (5.21)

momenta are independent of the initial energy (s , S0 the average

1t

transverse momentum of the secondary is independent of s also. All ol
the properties which we have shown in this section (and also shown by
ABFST9),Will be preserved by any multiperipheral model with "finite

range” correlated kernel (which may include Toller-angle dependence

or even more complicated kernels). , !
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6. THE INTEGRAL EQUA'I“ION WHEN TOLLER-ANGLE
DEPEND.EH\TCE IS INCLUDED
':1For the same process as described by Eq. (2.1), if we want to
include ﬁhe Toller~anéle'dependence in the internal vertex function 8,

we need to allow a dependence of B on four different Q's. In this '

situation the production amplitude Tabn caﬁ bevwritten as (see
’Fig. l)»
T | ='--Ga(pa',Ql) f(-pa,Ql,Qg) B(-pa,Ql,Qg,QB)
¢ 2081,058,) B(0),9,85,0,) £(25,05,9,)
IR CRERL LR f(Qn’Qﬁ+l’pb) CACHERY)
= F (p,,9,Q;) F(-p,, l,Qe,QB)‘F(Qi, 279%5Q,)
’vv T Q0008 0Ry) G (R o) s (6-1)
where |
Faa0y8) = 600,00, £(2,00,0) 5 (6.2)
F(Q5159559 759 p) = B(Qi-l’Qi’Qi+1’Qi_+2) £Q3,Q; 4159 1p) 26 )
. (6.3

or
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n .

Tab (Pa:Pb> Q"l’QE’f“Q‘n_-i-l)
—G(mzt')f(émgt t)(t¢t).f(ettt)
= Py T EREMy 5T s 0] BUE P 0] FLELs T 50000

' 2
¢ B(tg:gjg:t})f°‘B(tn)¢n)tn+l) f(€n+l’tn’tn+l’mb )

- (+ 2 (6.4)
bVona?™ | :

where ¢i is the ith Toller angle:defined in the rest frame of

tre tt

particle i’ by

Qo X Biyp) ~ (. X Bi)

cos @. = : i=1,2,3,-++,n ,(6.
% 10 X Riaal = 19500 X B0 (6:2)

with

Py = S Py T Qs

gi and-vgi beiﬁg the three'momenta of Qi .agd' pi. in the rest frame'
of particle "i.," The.Toller angle ¢i here is in one-to-one correspond-
ence with the "Toller angle“ 0, »defined in a‘different way through an
0(2,1) group variable by Bali, Chew, and Pignotti,17 when all the
particles are spinless. M

For the forward case; Jjust as in Sec. 2, let us introduce a

. n
function B, (pa,pb; Q1095 0) 4by
n,. . . 1 by h‘ n . | ;
i (mmys ©) = g [l e 3 0ymys 40005 0

2 )2 2 1,

2. L+
- un'] o [(pb Q) T Hpa

o CNCN N L R (R %)

(6.6)
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, ' . n . . aq ., .
then the function B, (pa’pb’:Qn+l’Qn’ 0) w1l}:sat1sfy a recursion

relation
- n o . 1.{.L ‘n-1 ) )
Ba (pa}pb3 Qn’ n'+,19 O) = é?qun_l Ba (pa}Qn+13 Qn) n_l) O)
et : 2 2 S
*° [(-Q‘n h Q’ri-—l) “pp ) K(Qn-l’Qn’Qn+1"Pb)’ (6.7)
where |
K(Q 159,59 17Py) = 1F(Q,_1,9,9,,1,0.) 1" - (6.8)
By defining
B,(p,,Py5 @075 0) = ) BP(p,,m5 Q7,05 0) (6.9)
n=0
" with
%0, 03 0%a'5 0) = |F (p.,0"0 )% 8" (0, + Q') (6.10)
a pa:Pb’ Qv)g 5 = Fa Pa)Q ;Pb pa Q ) .

we can get the following integral equation for Ba(pa,pb; Q",Q'; 0)

(see also Fig. 10):

11" | t O 1" 1 l l‘,
Ba(Pa:PbB Q",Q'; 0) = Ba (Pa:Pb5 Q",Q % 0) + g;g dQ

» B,(p,,0"5 07,3 0) 871(Q - @)% - 171 K(Q,@',2",p,) (6.11)

and
A (p .30 = —2 fa¥ d"q" B (p.,p,5 @",Q'35 0)]a (", )]°
ab  a’ b’ - (2ﬂ)5 a‘ta’*b’ 7 b il o

¢ '@ - @) - wf @ - p)" - e (6.12)
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© As in Sec. 2, we want. to translate these équations into

",

invariant variables. ' Let us introduce Ba(s"',s",s'; £ ,E, e ey

2 2 2

2. i 1 ' 2 ' 2
m, sM ,u"7) and K(@'5 t"T,tV,t0,t5 €6t €1p5 H s ,u"7) by

(see also Fig. 11)

3 . . 5 5
_/‘Ba_(S"')S":S'; t" )t‘")t'5 € ag)u' T )

i

B, (P03 Q",Q'5 0)

‘s 6[(pa + pb)g - S"’} . 6[(Pa + Q")E _ S"]b 6(§b2 -_t"’) 6(Q"2 _ t")

. E(Q'Z _ _t,) : 6+(p32 _ ma'-g). 6[(Q' B pb)2 N E"] 6+[(Q' - Q,”)E _ |.,L'2]
» 871(Q" - pb)? - @] ds"' ds" ds' 4" at” at’
de" dma2 aw? e , (6.13)
and 7 '

" 1 | 1 . 'v '1" 1 . 2 12 !2'
K(Q)Q ’Q'.’pb) = fK(¢ 5 t"-;t")t 563 en’e 5 612; S )U—l )

¢« 8(p,% - t7) 8@ - £ 8(@? - v) 867 - )

v 8l(@ - p)? - €T 8l(Q - QM7 - ] 8(q - @)F - 7]

¢+ ' - @M)7 - wfl Q" - p)° - 9;2] sl(Q - pb)2 - €]

dpg dp'2 du"Z . (6.1k)

However,fdr simplicity of writing, we define

>
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; " " . 1"t " . 1"
Ba(s-,s ,s'y tM T, €")

B (s"",5"s%5 £, 67,55 " m 5w Sut),  (6.15)

K(¢'5 t”i,t",t',t; e”,e',elg)
, o w2 22
= K(g'; " :t"’t';ti e, e 508105 M osH w7 . (6.16)

By using Eq. (2.12), Eq. (2.15), and the definitions of

Ba(‘s"";s",s' RS A A Ie") Aand' K(@"; t"’.,t"‘,t'; e, e’ ’€12)’

Eq. (611) and Eq. (6.12) will become the following forms  (see also
Fig. 11): ’ | |

0
(SH”SH’SV; t”'}t”,t'; €ll)

. Ba(snv’Sn’sy; tﬁ"t",t'; €") = Ba

+ gj-'-g- fds dt de,, de' - Ba"-(s",s',s; t",t',t5 €')
5t : . .

{ K(¢'3 "Lttt ev,e')-'ﬁ5(s"',s",s',s; T, €';€";612);

(6.17)
Aab(s"’,Os t") = —i-z ‘l’ds'; ds' de" 4t" 4t
| (2n) |
.Ba(s"',s",s’; t”',t",#'; €)|Gb(t",t”')]2 .
' %1(sﬁ"s"; £, 6") Ty (s ,s"s s 6,0, é") , - (6.18)

with
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E%(S"':S")S'ssi "Lttt eﬁ,e”,elz).
E jal?q 8[(s, + @)° - 51 8(0° - 1)

2

)

- 8l(e - @) - el 8l(a - )" - ) 8@ - a)F - W7,

(6.19)

Ba (S" ’S",S'; tllv.’t"’tl; e")

= IGa(ma )t") f(e",ma )t#:t"')l 5(t' - ma')’ 5(6” - s" ) 6(3") )
. (6.20)
2 - 2 . 2 2
a'nd' s = (pa + Q) 3 € = (Q - Q") 2 612 = (Q - pb) b t = Q 2
K(g's t"",t",8 ,t5 €",e') = |g(t',¢,t") f(e",‘t',-t"-,t"’)lg, (6.21)

where - ' is a function of elg,e"te',t"',t",t', and t.

The third kind of boundary function TB has been}ﬁbrked out in

detail in Appendix ‘F; the result is
Té(s“',s”,s',s; LA AL AR 6"6"’612)
= 6(612 - C¢" +D") Wi(s”,s',s; t",t,t; €'), » (6.22)
with

ot : e
c" ~ t + t" + u<:§7{) +‘€"(}i;) + 2t'(:§7:) (?;—;) '
' S S , S s P
2 1 - 1 ) men 2 1
2t + u(._> + t<_) 120" 4 (_. ) b (.g.,_) 1z

. cQs[cos-l<:Elﬁ;—g€> - ] ;

Dﬂ .

q
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N

- " ) g 1"
C' = t +t" + u(fETZ) + u'<f§72> + 2t'<:§f:)(;37:>
: s S S s »
. d 2 1 1 w2 1
ot + u(i—-) + t‘(é—,—) 12 [t" + u(:—) + t(-zl—) ]2
P4 .

u = p2—t-.t’ , €M o= " -t - ",

<
2

1"

at high energy, aﬁd assuming s >> t"',t",t',t"; mag,ug,p’g,p”e,e .

. So if we neglect theAinhomogeneous term Bao in. Eq. (6.17)
at extrémely high‘engrgy,‘then the kernel and limits of integration
of the'hqmogeneous integral equatiohn of.iBa still have the'scalihg

property

1t "t 1 1

s"'" —»es"', s" >cs", s' -»ecs', s —-cs ,

§0 we still:c§n prove that‘ Aab .and Ba have Regge asymptotic
behaviof, i.e., m(s"')a(o). In this section we have demonstrated

that we can easily include the Toller-angle dependence in our scheme

at forﬁardldireétion, but there is in principle no difficulty in
generalizing to the nonforward'casé. Furthermore, this kind of schéme
will also work for any éorrelation kernel of finite length. That is,
we_can always wfite-down an integral equation for the mbdifiea absorp~
tivé funétion Ba’ and we can also prove that Ba and Aab have Regge
asymptotic behavior for any multiperipheral model whose kernel only

involves a finite correlation interval.
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7. CONCLUSION )
In this paper we have explicitly derived the CGL type7 of
multiperipheral integral equation in térms Qf invariant variables,
without making the high-energy appfoximaﬁion, ana'we'have demonstrated

that the absorptive part A

b and the modified absorptive part Ba

will have Regge asymptbtic behaﬁior as a résult of the high-energy
sééiing invariancg of the kernel.'.This pfoperty will always be obtained
so long as the kérnel only‘inﬁblﬁes a finiﬁe-lihk cbrrelation, and
this'isvalso thé only requirement to prove those qualitative propefties
thétv have been shdwn byvABFngto be true ih high~energy production
colliéions. The forﬁ of our general integral equations is more
complicated than that resulting ffom the kinématic approximation that
.all subenergies are large compared-with ﬁhe'momeﬁtum transfers and the
m;ssés_iﬁvoived. However, it is hard to justify the latter kinematic
approximation, and the general eqpation derived in this paper>is étill
not hofeless to solve numerically with presently existing computers.

For example, one specific model, that of CZA,hhas been adopted
to‘deséfibe the NN annihilation prqéeés,l6 agd»by the arguments of
-Tingl we may hope to generaﬁe an output trajectbryrfrom pure
nucleon~-trajectory exchange. Because in the CXA model the subenergies
are not all large compared with the t's, the integral equations described
in Sec. 2 and Sec. 3 of this paper have to be used in order to get a

realistic result. This calculation is in progress.
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APPENDIX A. THE BOUNDARY FUNCTION o (s 8",

In this appendix we discuss the boundary function '®l' which

is defined by Eq. (2.22), that is

0 (8,8 8 ,t)

- [_d Q" 50Q" - "1 sl(p, + "7 - &"1 &"((p, - @7 - u"F) (A1)

We know

6+[(pb - Qn)2 B U"] - 6[(pb - vi)2 - ung] 8[(pb - Q")O - M"]
= 6[(13 - Q”)é.' IJ-HQJ B8[E_ - E,n - Fi”] 5
b P e (A.2)
but
S(Eb,- EQ” - U--”) = ®[(Ea + Eb) - (Ea + EQ,".) - U-”] 5 (A-B)

and becauge @(Eb - E.n - p") is an-invariant, we can evaluate in

Q"
7

any frame. Let us calculate in the c.m. frame of partiéle "a'" and "b";

then
"t _ ) 2 o . 2
s (p, + 7)) = (B, +E)
and
1" 2 2 : 2
S = (pa + Q") - (Ea + EQ”) - (Ea + I’S'Q”) R
SO
1 ' i
- "t \5 > 1m\>
E, + B/ (s"") and E, + EQ" (s")? .
Equation (A.2) can be rewritten as
+ " 2 n2 " 2 12 nt i 1.1 % |12
5*(p, - )7 - w?] = sl(p, - @7 - wT B[(s")F - (sM)F - ),

(A.4)
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so from (A.1) and (A.L), we get
» ' 1 1
(Dl(S"’,'S"; t"’,t") = -@[(S"')Z - (S")Z - un] (Di(S'”,S"; t”',t”),
- ' (a.5)

~ where
@i(sﬂ! ,S"; t'” ,t")

2

- fdl*Qn IS(Q"VQ - t") 8[<pa + Q,")2 - S"] 8[(pb‘ - Q")2 _ H" ] . (A6)

Now let us concentrate on the function @i. Because it is

also an invariant, we can evaluate in any frame.  Let us go to the.

rest frame of particle "a" so that

Pa = (ma,0,0,0)
Py = (E,,0,0,k,) and k >0 ,
Q" = (B",k" sin 8" cos ", k" sin 6" sin @", k" cos 8")
"and k" >0 3
with pa2 = mag, pbg = t"'. Because
‘ 2 2
"t — — 1"t
s"' = (p, +py) =m "+t +2mE
and
w2 2
L T
we can get
2
. ) i snv - ma - t'T' ) §"'
v T - 2m T o2m

and
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2 ¥

t 2 v‘r 2 ' ' ~vvv1 "t
o _ (s" .‘ n, - t"") . 2 7\-(3‘ :ma »t10)
R S - | — g
m, , : T a
where
e _ S", - 2 - tn"
- a
and
L . ‘ ) 1
r(a,b,c) = (a2 + b2 - & - oap - 2bc - 2ca)=.
Now we can rewrite Eq. (A.6): S
o ‘i = @i(srn,sns .tn'v,tn) _ ’. : -
PP . +1 ) +oo 21 ' :
’ 1'02 4] . 1" S 1" ’ 1" :'v12 112 "
= k" dk d cos "} 4 E"| 4g" B(E"T - k"7 - t")
O- —l . - 00 O . .

X S(mag + £" - Sv”'+ EmAE") 6('{;‘“7 + " _-,;'U'"g

| (a.7)
If we define

- 2 " e .2
s" =-8" -m "~ - ¢" and  u" = "t -t - ",

then Eq.'(A,7) will become the following expression after we integrate

over d4¢g":

. S 00 -ijl Fahas : ‘
o = eijp "2 dkijﬁ d cos 0"  aE" 8[E" - (k"° + t")]
: Ov - » -1 -0 .

2

o —_— K(S"’)ma ’trrt)
. 6(-8“ + gmaEn) 5l-u" - i__ EQ” + = . k" cos @
' a . a

Equation (A.8) Continued

- 2E"Eb'+ 2k k" cos e'").
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Equation (A.8) Continued.

2 i
" " _ ) L
B - 2 = I d cos © {B[-s" + 2m (k"2 + £7)2]
TR e
: -1
) 2 Lty
F -Eyy, ) 1 }\.(S "',,ma ,t' ) ‘
¢ Bf-ut - = (k" + t")2 + . k" cos O"
. Y Ta .

. . 1
+ o5 - 2m (k" + £7)?]

- S o i
’ 6[-u” o (K" + t")2 + -

2 ;
N (s",m “,t"") —_ 130
B N R
a -

— 2V 1
4+ 6[-3" - Ema(kvv + tvv)g]

2 e 2 n!

| 2" m ) COE e d 2}
s 0 > kT - [u e (k" +-t") ]-j

m a :

a

2 Y" 2 1 . 2
S 2 A (S' y 1 )t ) . Tt T
= i ¢] s - " a Y A +S S
- 2x(s"',m 2 2) emy, m_© om °
s ’mb

a - Ta

1t 2 2 =y 2
_ t"S”’ - ,tn'sn _ S”S”'U” + L’_ma tn'.tu)’

(A.8)

- n 2,2
= 5 2) e( m,

en(s" smy e’

u”
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for s" >0 and (_s-"/Ema')2 > t". If we assume s"' >> ma2
get

(Dl(;Snv',sn; g ,t")

L
2

i G L e L RS N TG W

with

2 "

max . 2

min

Because ~(s"')2 > (s")2 + p", we know

o W2

: i '
S"' - s" > 2“”(5”')? + u" >> ma ,t" )H_ :

at high energy. Tt follows that - E
. amn 112 " ’
-\ —r -t"' o+ __.E___'_'._
s 1 - S
v g0
-tv" P . o .
max . :

min —}(S"' - Sv) ~ =00

ne
B

. v- ne ‘ " " .vn - 1 A
" = E‘ == S-l + [(S S) - M"?S'_' +':" tyn(snr

1
t", we

(4.9)

1

n‘) 2
- S .

(A.10)

(A.11)



APPENDIX B. THE BOUNDARY FUNCTION 'wi(s”’,s",s'; t" ", ey €")
- In- this Appendix we discuss the boundary function *i. which

is defined by Eq. (2.2%), that is

Tl(é:"'_,s",s' ; ttH ,t”,t’ ; 6")

o 37[(q - Qv"')2 w0 (8.1)
so |
'ﬁi(s”',s",s'j t"';t",t’; e")
. .
= 0[(s")2 - (s')2 - I ¥(s",8 8" " 5", 005 €") (B.2)

with

Ti(sﬂ ,S",S'; tv"','t-”,'t';j €H)

- [da s@? - o) oile, @) - o1 s@ - p,)? - €]

2 2
"]

¢ 3[(Q" - Q") - p (B.3)

Let us concentrate on the function fi, evaluated in the

rest frame of particle a, such that

3
i

(1,50,0,0)

]
L,
|

(E",0,0,k"), . k.” > O -

(Eb,kb sin Gb,O,kb cos Qb), - kb >0,

(E',k' sin @' cos ¢',k' sin ©'sin ©',k' cos ©')

3
o]
o’
1l

‘O...
Il

and k' >0 .



-56'_

Just as in Appendix A, we can easily show the,fdllowingi

_T E" "n K('S,’,ma ,t'v')
o= o ks 2’
“Ta a
(B.4)
' b2 '
s _ >\-(S” :ma 2t )
Eb = 2m k'b = 2m '
. : a : a
Furthermore
u"g = (Q" - pb)Ql = t" + mb2 ;szbE" + 2k"kb cos 8,
50
(u" + 2E"Eb) | (Emagu”v- s"'s")
cos 6, = ™ = : . . (B.5)
T ¢! 2k " 2 " ! nt
kb A(s ST, >t A(s” :magyt )

Now from Eq. (B.3), we can rewrite I3 1és

1

. oo | +1 +oo
f k'gd_k'[ d cos 9’[ aE’
Jo~ -1 —

< 8E® - (k% + )1 B@ +t -5 +2mE)

i

Ty (s 58", 805 87,0 e)

. , - 2
¢ (¢t + t" - u’g - 2E'E" + 2k'k" cos ©') ag'
. _ o

et 2_1!_ 1
° Bt + m € | 2E Eb

+ v2k'kl[cos 8' cos ©

, + sin @' sin 6, cos g1 . (B.6)
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l)

" According to the definition of &! the first three integrals

and delta functions will give us

can be rewritten as

(1/2x)0;(s",8"5 t",t') so Eq. (B.h)

o (s",s"5 t",%") an | o
T - - ag s(n) | (3.7)
or
o(-m 20?45 - 4752 3"+ ko 2t't")
W, - a a
1 hx(s",mag,t")
. 25
| gm0 (5.7')
o .
where
H = -e" - 2E'Eb + QR'kb cos ©' cos @b + 2k'kb sin 6' sin 9, cos @
(B.8)
with
s' = s' - ma2 -t , u = “,2 -t -, € o= M-t - tM,
s’ As',t',t")
E' = =—, k' = = , and (B.9)
: Qma 2ma
(uﬂ +2E”Eb)
' . X .
cos © = ST

We rewrite H in the form

H = =" +C + D,cos'¢ = -e" +C + D cos @', (B.10)
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with

C = -2E'E, + 2k'kb cos @' cos R (B.11)
C = t'+t" +C |, - : o - - (B.11")
"D = 2k'k sin @' sin @ . S ' - (B.12)

From Eq. (B.4), Eq. (B.9), and Eq. (B.10), we can.get

= =i (u' + 2E'E")  (u" + 2E"E,)
s sé N kb o . — s b

a
E' -5"' ' ‘ : n it :
f 5 (B-lB)
o Ema hm t"

We w1ll further assume that S" ,8",8" >> t"t" t"',ma S ,p ; then .

Qj
i

" 1" It nt

st ~s', 8" ~s , S ~ s"' . The first part of this approximation'
s",s",s' >> mag,u'g,u"g, can be easily justified.becauée we are only

interested in high-energy collisions. "Even though there exists a part

2 2 2

" are comparable to m sut L,

of the phase space where s and s

the percentage is very small if s"' 1is very large, and the percentage
wili decrease as  s"' increases. The second'part of the approximation--
s" ,s",s' > t"',tﬂ,t'-hcan be justified only if we invoke the

dynamical assumption of the multiperipheral mgdel_that.the general
prodﬁction amplitude 'Tabn falls off very fastvés any of thé t's
become large. This condition has been confirmed experimentally in

many 2-to-2 and 2-to-3% amplitudes. If such is generally true then in

that part of the phase space where s's and t's are comparable and
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large, the kernel and G (t",t"') will be very small and will not
contribute significantly to Ba and Aab' Therefore the approximation
s"' ,s",s' >> t"',t",t' is reasonable.

Under this approximation, Eq. ( B.13) becomes

: y oy o 2m 2 hm 2t" » o "nont
. s's a a, , sts" " s''s
~ - > + 5 1 + — u' + 5 u + —
2m s" s em, om =/

Ql
.

a

(B.1k4)

1" t t 1"t
S i S " S S
~ u' = + u'{ = + 2t —w>(::—r-
: <:; :) <:s j) s s

and
_‘. t . t .
D = 2k kb sin @' sin Qb
_ l- '2 112 - v" th 2 ‘é‘ . 1 '1:2 2 - " " 2 ‘%‘
= T [hk'“k (u' + 2B'E")7] ETT[hk K (u" + 2F Eb) ]
o o) 2 . D o PR A
1 In (S':ma st ) N (S"’ma st - (Ema u' +s's")7]®

) ' 2
m, x(s',ma-,t")
: Y
[xg(s“,mag,t") xe(s"',mag,t"') - (Emagu' + s”s"')2]2
o
" 2
m, (s »m, St
2 2 2 2., 2 . 2 244
1 [(s'° - hma ') (s"" - hma t") - hma u's's" - s'7s"7]2
=3 - 13 -
2 n, ¢

.[(S" _ hmagt")(s" - AmaQtuv) —'hmagu"s"s"' - Sn2sn'2]2

e
m s
a

b ' 1
s’ ' .‘S' 2 e 1 /S” nis" e }—2_
2 t'-}-U'(E—n) + t" 'S-n' t + U —S—,T—_+t -S—,T— f .
‘ ' < | | (

B.15)

q
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Then -
T, = Ty(s"",s"ss 67,8080, €")
. . |
o (st e 7 0 ,
= o ag' d(-e" + C + D cos ¢')
O .
2, en -
= = ag* &(-e" + C + D COS,¢,)
0] '
@ _!f te g1 4 _ -
a l(s ’S ’ t )t ) @[:D2 - (-6" + 0)2]
- —_ - L
g (0% - (-" +T)°12
| ® '
=% en® - (e + 0)7)
T [D _. (-‘€” + C)2]2
@ (S",S"; t",t') @[(.e-nv = G")(Gn _ é"")
L - v max min T (B.16)
TS _ i "o " 2
[(emax € )(e" - emin)]
where
egax = C+D, (B.17)
min '
C =

t! 1" ' 'S", ‘ lu S»' (8] s''
.+ 14 + u ..—"—S - + u E." ‘ + 2t g‘n’ —ﬂ""s . (B.18)
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APPENDIX C. THE BOUNDARY FUNCTION &,(s"',s",T; t"',t"; t|',t})

‘The boundary function &, is defined by Eq. (3.21) as

@2(s"'{s",T; tﬁ',t"; t:',ti)

= jdl"Qn 8(Q"2 - t") 5[(Q’" + A)2 - t:_] 8[ (pa + Qn)2 - S"]

e '@ - p)" - ul, (ca1)

SO
o, = o,(s"',s",T5 ", " £, t0)
L1 o
= ®[(Sn1)2 - (S")e - U-"] (Dé(S"',S",T;.t"',t"; t:',t"), (C.E)
with
(D'Z(S",,S",T; t"”t"; t:—”t") = fth" S(QHE - t") 6[(QH + A)g - t:]
2 "e
« 8[(p, +Q") - s"18l(Q"- p,)" - u"] (c.3)
‘Just as in Appendix A; let us evaluate @é_ in a special frame
such that
P, = (ma,0,0,0) 3
pb = (Ebroyoyk-b) ) k'b >0 s
A= (8gp00,8,) £ >0 o (C.h)
Q" = (E",k" sin @' cos $",k" sin 6" sin @", k" cos ©") ,
k" >0,
=T
Because (see Fig. 5)
+ +
Pp = Py~ o Py = Pyt by
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it follows that
2 PRI B
. ma = (pa) = ma + T - EmaAO, L\O = EE; ; (C.S)
k,t"" (p+)2 = t"" + T + 2E - 2k A é |
A Py o T Ay 0
| . 1l we '>;1' ’ :
s, = EE; (T +»?EbAb + ﬁ_ -ty - (c.6)

H
]
b
Il
&
1
S
!
>
o
(0]
R
@
ct
>
]
&
1
>
!
)
Nl

(c.7)

2
0
&)

. Now we can rewrite Eq. (C.1) as

o : o +1 - +o0

. ' Py : ~ 1 ) .

@2 — @[(8111)2 - (S")Z - 1-1'"] . kngd_k” d cos Q"- dE”
' 0 -1 ~

2

.‘ 8(E112 - k"_ - t") ’S(mag + t" - S” + EmaE") .

- 2E"E_ + 2k k" cos e") ag
0

» V8‘(t”’ + t" - LJ.”E

1" 1 1 _ " " _ - 1t "
o B(t" + T - t} + 2E"A, - 2k" cos 6" A - 2k" sin @" A cos @")

Equation (C.8) continued.
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Equation (C.8) continued.

’ o
- . l

(S"” ,S"; £ ,t") ,‘TT

T o d¢
o

" 1 " - 1" " - ORt i " _
« §( t+'+ t" + T + 2E"Ay - 2k" cos " A - 2k" sin 6" A cos @)

@ 7t
_ 1 M oy
= = ag d( th +C D' cos @) , (c.8)
o)
or
[0} @[D’g - (Cf - t")2] o) @v[(tu _ t")(t" - tn )}
. 1 ‘ + 1 +max + + +min
CDE - ;f— 2 " 2 'é‘ - -T[_ "n " t % ’
] - 3 : - .1 - .”
. [D. ‘ (C, t+) ] [(t+max‘ t+)(t+ t+min)]
(c.9)
with
C' = t" + T + 2E"A, - 2k" cos e"‘AZ , (c.10)
D' = 2k" sin 9" A (c.11)
and
" . 1] t
tmax = ¢ D' (c.12)
. min

From Appendix

Cl

= t" + T+ -

A, Eq. (C.5), and Eq. (C.6), we can rewrite C' as

s"'T

2(u" + 2EbEu)_ (T

\

SRR oo t."')

+

2m 2
a

2

" 2By

el

Eqﬁation (C.13) continued
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Equation (C.13) continued

2
i3]
~ t" 4o+ 2
. .2 11'2 11'2

1" e n )
e L
' bm = 2m ‘
a a
~ t” + s (T ! '_tnv) ' . A
~ - o + -t0) . : v (C.13)

Also we can rewrite Eq. (C.11) as

2

D~ 2 1)% - [4k"2kb (" + 2m "2

kb

. ( _ ) ) i
5—-2——-[(5" b Z67) (572 - bm Z67') - (2m Pu 4 s"s"')PI2
om a a ‘ a

A

g 22
s - Z ( )-J-m t" 1! 2 Mm tn' 2 _ hmagun n 1t )2
Y .

= 2[Tt" + " s' + My s"” ]% . ( L
= s e S ) 120 ‘ Cc.1h)




APFENDIX D. THE BOUNDARY FUNCTION
TE(S"' )S")S'- ’T; t"' )t"’t, ; ti‘)ti’t;—; €”)

The boundary function ¥, 1is defined by Eq. (3.22) as

¥2(S"',S",S",T; t"',t",t’; tiy)ti’t;; 6”)

- fd”Q* 8@ 7 - t1)8l(q + &)7 - 8] 8l(p, + Q') - 5']

o ol -p)° - e @ - - B, (0

if we evaluate Ig, in the same frame as chosen in Appendix B, i.e.,

in a rest frame of particle a such thaf

. P, = (ma,0,0,0) ',
Q" = (E",0,0,k") | ' k" >0
D, = (Eb,kbsin 6, cos ¢b’ k  sin 6 sin ¢b’kb cos Gb) ,
kK >0 ., (D.2)
Q' = (E',k' sin 6" cos §',k' sin 9' sin §',k' cos ©') ,
k" >0 ‘}
5= (850,5058,) , 6, >0,

then from the definition of 'Tg, ®2, and 'Wl; and after manipulations

similar to those in Appendix C, we will get 1 ,
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\ 1 | ] ‘ 1 2
T, = o,(s",s',T5 t",605 t7,81) 8[(Q - p,) - €"]
| N (p.3)
= 0,(s",8",T5 £7,875 t7,61) 8[e" - C - D cos(# - ¢,)],
with o ) v v
t' 4+ T - CET'T T + " _ _En
: , S -+
cos @' = = —T~7I s - (D.b)
' [Tt + u'T (—S-Tr) + t”T(grr) ]z
T L L i (T + £ - t) :
' . ST Ty 5T
cOs ¢b = ; PUARY K] A (D-5)
- e[t" T + u"T(———S,, + Tt”( ) 2
or
Tg = Yi(s'-VI'.’va,s1; t"’,t",t';v 6”)_' ¢ 6[(Q' + A) - t’

n

Ti(sV',s",s';,t"',t”,t’; e")

[ __vv. f" - _ ' : )
o Bt T -t QE,AO k' cos €'A - 2k' sin 8'A cos ¢').

t ' . ' .
= ‘qfl(sii’sl,sl, t" ,.t")ty, e.H)

-. 8{t' -t + T - <-,r> (T+t"-t;)
| - 2[Tt' + u T(—O - t"T(—,-) 12

e cos[cos” (: — :) + ¢b v; | (é-6)

where @2 and. Yi have been discussed in Appendix C and Appendix

B, respectively.

»
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APPENDIX E. THE SPECTRUM FUNCTION F(k',ET )
Let N(k)dk be the number of final states, such that one of
the secondary particles has its four momentum betweén k and. k + dk.

According to Eq. (5.16), (see Fig. 9)

N(k) = JrBa(w’,w,O; t',t)dt dw1e(t,t')|2 dt' dv Ba(Q'Qv,O; t,t")

| 2 o,
o I(W;VS t',t3 k) B(k" - M ) o (E.1)
where |

Y- 2 2
(Pa + Q) ) v o= (pb _:Q').’: t = Qge_ k™ = ukg:

s
i

' (pa + Q')E) V‘ = (pb - Q)E: t' = Q'e'

=
il

and
I(w,v; t',t; k) = “{ﬁ“Q th' 6(Q2 - t)_fs(Qf2 -t) S[(pa + Q)2 - w)
- 8l(p, - )2 v 8@ - -k) . (E.2)

The boundary function I(w,v; t',t; k) has been evaluated

in Ref. 9; the result is

I(w,v; t',t; k)

! 2 ' - RN . 2
= g T[-t - (“kv f ET) x(1 + z); ~t'- (“k + K ) z(1 + x)3 Kn 1,
(E.3)
where T is the usual triangle function giVen by
2 2 2 o '
8(-a” - b - c + 2ab + Zbc + Zac
T(a; by ¢c) = - o(- : ) (E.4)

2 2 =
-2 - b~ - ¢ + 2ab + 2bec + 2ac)?
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and

\2

1 %

(we will define s; and s,

(E.5)

later), and L is the c.m. transverse

com@onent of the four-momentum k with respect to the incident

direction. Now let kL and ko

be the c.m. longitudinal component

and the time component of Xk, respectively; we further.define

k, = kd + Ky k= ky -k oy (E.6)
vand : _ .
slv_= (p, + k)%, "se- = (py + K)° . (E.7)
Thén,nas shown in Ref. 9, we get
R 1 g 1 o o
8y = k+(s"')2, Sy = k_(s"")>, 518, = k k s"' = (uk + kg )s"'
| (E.8)
and N
sy = (pa + k)2 =v(pa +q' -Q) = W{ + t‘- woHm T o=t
~ W= W
So
w8 W= sl(i + X) ; (E.9)
Simiiarly we can prove
v~ 5, +V = 52(1 +z) . (E.10)



-69-.

By using Egs. (2.3%6), (E.5), (E. 8), (E. 9), (E.10) together with,

(E 1) we get

N(k) - Wf[(““ (o)+1 <~_>a(o)+l
"".baa@“‘”’ i) ( 105 6,8 lo(e,e) 2

©oret - 2 o) = e z);_:t' -'(ulf i) 201+ x5 k7]
e dt dt' dw dv'“ O | | (E.11)
If we define
o ney @(0) - i
N(k) = _. (—2—— F, (E.12)

0
'thenvv

a(0)+l

( jf]a(t £') |2 at at
. ‘[]*dx az[ (1 + x)(1 + Z)]a(0)+l

o ‘.a V Ly a /s . . 4 4t
e b, (l—é—x,o; t ,t) b, Cﬁ—z,o, t,t) |

,; . T[-t - (u.k2 + ng) x(1 + z); -t -(uk2.+ §T2) z(1 + x); 5T2]

(£13)
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APPENDIX F. THE BOUNDARY FUNCTION

WB(S"',S",S’,s; £ttt € 12)

The boundary function Té is defined by Eq. (6.19) as

2

1me 1 t 1" 1" ] [ o
I s",8',s8; t t",t',t; €',e ¢
5( b b e 2 > yo 2 b 12) .

e
AN
Cw

f fd”Q 8(e% - t) 8l(p, + @) - s] 8l(a - QM7 - ¢']

. 37I(q - Q)" - 421 8l (q - bb)g -~ €p] . (F.1) |

Let us evaluate this in'the rest frame of particle a, where

Py := (ma,o,o,o)

Q{ - (®,0,0,k") , w0,

Q" = (E",k".sin 9",o,k5 cos 6") i'.v. .k"_> 0,

pbv = (E kb sin 6, cos ¢b’kb sin éb sin ¢b’ k, cos 8 ),
0 _ kb o,
Q =

= (E k sin © cos ¢,k sin.8 sin ¢, k cos e) ,

k >0 .

- Now Eq. (F.1) can be written as : S :
1 L
Wg = @[(S )2 - (8)2 K° d d cos ©

. 6[E2 -(k2 + t)]_s(ma2 +t - s + 2maEf)

;.a

2

e 5(t +t' - u° - 2EB' + 2kk' cos ©)

-2 B[t + t" - €' - 2EE" + okk"(cos ©" cos @ + sin " sin © cos §)]

Equation (F.2) Continued.




L 3

-71-
Equation (F.2) Continued.

1t ‘ . . . ': —>
s B[t+t"' -¢ —2EEb+2kk_b(cos 6, cos 9+51p_ ) :31n ® cos(¢ ¢b)]

12 b
= Tl(_s",'s',s; t",5",t; é’). E‘)(-Vel2 '+C"v +:Db'v')., : (F.2)
with
»vc” = t ft"' —VZEEb + 2Kk co; e cas o ' (F.Bz)
D" =4 2kk, sin @ s;Ln Og cos (¢ - ¢b) - (F.k4)

Just as in Appendix B, at high‘ enérgy’,'fwe can show that

s bt )”(“ ret —><“‘) (+.5)
;%wchvc>+ec>+w<>@>@“

and

| " 2 ’ - " ey 2
11 S ' S 1! “nf{ S ' S
D"~ E[t +u<ﬁ—-,—>+t(§—,->}{t 4‘61(5.,.9 +t<g—> }
e COS [cos l(____f)_{_?_'_) - '¢b}, (F.6)
with ‘ ' '

¢' o= ot o+t - 2EE" + 2kk” cos © cos 8"

R OB CRES ..)(_

(F.7)
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D' = 2kk" sin © sin 9"

' ) s "S 2 ' "su ’ .‘S” 2
~ 241t + u(—,—) + t'(_7.> £ 4 u’( _,> + t..v( '> ,
. S S S S

(F.8)

ol

. : l e — " . ’ n nt )
. ) - ‘un - uv(Z' - €'" %T) - 2t1(_:_T 21
cos @ =~ : : .y : v 7
. b " 1. S" 1 S" : 2 2t !, Tn S”' 1 S,HAZ ¢
.2 ’t + U -S-T' + t — : t +. € —S-,-- + t 'g‘,_"'

(F.9)

and
u ‘= s - t ~ tf , u' = 1 - .tv - b.t"u , " = ung - t" - tv.n’

- (F.10)

€' = €' -t - t" , | e o= en -t - ! '7. . (F.ll)
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FIGURE CAPTIONS
Fig. 1. 'The production process a'+b —»0 + 1 + ceo + (n o+ 1),
Fig. 2. (a) Aabn(pa,pb; 0): the contribution to the absorptive

 part Aa at forward direction from the n+2-particle

b
.iﬁtermediate state.
(b)' Ban(pa,pb; Qn;i;:O): the contriﬁution to the modified
absorptive part Bé :af forward'diredtioh from.the. n+2-
: pérficle intermediaté state. |
_ (&) TGb(Qn+i)pb)l2; thé absolute vaiué'équaréd'bf the
v'béxternal coupliﬁg-constant Gb' .
Fig. 3{' The-schematic>représentations of (a) Bé(pa,pb; Q" Q),
(v) B,°(p,,py5 Q"5 0), (c) B,(p,,Q"s @' 0), and
(a) x(a',Q",p,)- | .

Fig. L., The unitarity diagramvih terms of invariant variabies, where

’ 1 2 " » " 2 - 3 A 2
S" = (pa + pb) > 8 = (pa +‘Q ) s 8 = (pa.+ Q ) b
2 '2 2 T y2 ' 2
et - (Q' - pb) , uv — ‘(Q" _.,pb)., tl = Q" - pb s
1" . "e ,2 2 2. -'2 2
" = Q", 8 = Q7, m” = p, and p' = (@' -Q")".

Fig. 5, Schematic representation of Aabn(pé’pb5 A) andvK. (3.2).
Fig. 6. Schematic representation of (a) Ba(pégpb; Qs A),
(0) 3,%(p,,p,5 @7,8), () B,(p,,0",0'5 4), and (a)
K(Q,Q",py5 ). |
FPig. 7. Diagram used in calculating inelasticity in Sec. V;
Fig. 8. bDiagram used in'calculating tﬁe spectra of seconaaries.

Fig. 9. Diagram used in calculating the spectra of secondaries.
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Fig. 10. Schematic representation of (a) Ba(pa,pb; Q',q"),
| 0 ' M. A A
(b} B, (pgsPp3 @ "), (c) B (p,,Q"; Q,Q'), and
(8) K(@,0',0",2,)- |
Fig. 11. The modified absorptive part Ba(s"',s”,s'; t" Lt €"),
 and the definitions;of s = (pa + Q)g, e = (qQ - Q")g’

- 2
Ha = (Q - Q')g, t= Qg: and €, = @ - pb) ’
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”

includes any employee or contractor of the Commission, or employee of
- such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-.
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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