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We introduce the method of topological quantization for gravitational fields in a
systematic manner. First we show that any vacuum solution of Einstein’s equations
can be represented in a principal fiber bundle with a connection that takes values in
the Lie algebra of the Lorentz group. This result is generalized to include the case
of gauge matter fields in multiple principal fiber bundles. We present several ex-
amples of gravitational configurations that include a gravitomagnetic monopole in
linearized gravity, the C-energy of cylindrically symmetric fields, the Reissner–
Nordström and the Kerr–Newman black holes. As a result of the application of the
topological quantization procedure, in all the analyzed examples we obtain condi-
tions implying that the parameters entering the metric in each case satisfy certain
discretization relationships. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1828586g

I. INTRODUCTION

Dirac’s original idea1 of determining the phase acquired by a charge when moving along a
closed path in the field of a magnetic monopole gave as a result that the product of the electric
charge times the monopole charge is an integer. Today, this result is known as Dirac’s quantization
of the electric charge. In a previous work,2 we introduced a phaselike object which depends on the
field strength so that it can be used to investigate any field theory based on a connection. In the
special case of the Levi–Cività connection, the field strength is given by the Riemann tensor and
the phaselike object can formally be used to investigate the properties of gravitational configura-
tions that satisfy Einstein’s equations. Using only the symmetry properties of the Riemann tensor
and assuming a quite general symmetry property for the gravitational field, we have shown that
this phaselike object for vacuum gravitational configurations behaves under rotations either as a
bosonic or a fermionic phase. It was also shown that a certain combination of the eigenvalues of
the Riemann tensor can become “quantized” in a fashion similar to that obtained from Dirac’s
quantization procedure in the system composed of an electric charge and a magnetic monopole.

From the geometric point of view,3 Dirac’s quantization is interpreted as a consequence of the
existence of a nontrivial principal fiber bundle of Us1d over the sphereS2, with a us1d connection,
for the system composed of an electric chargeq and a magnetic monopole with magnetic charge
g. The Chern numbers associated with this nontrivial fiber bundle turn out to be given as the
productqg which, therefore, becomes quantized.

In this work, we introduce the method of topological quantization which can be applied to any
field configuration whose geometrical structure allows the existence of a principal fiber bundle.
We show that any solution of Einstein’s equations minimally coupled to any gauge matter field can
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be represented geometrically as a principal fiber bundle with space–time as the base space. The
structure groupsisomorphic to the standard fiberd follows from the invariance of the orthonormal
frame with respect to Lorentz transformations, in the case of a vacuum solution, or with respect to
a transformation of the gauge group, in the case of a gauge matter field. If the bundle turns out to
be sgloballyd nontrivial, the conditions under which this construction becomes well defined in all
the points where the field configuration exists, manifest themselves in the transition functions
between different but intersecting open subsets of the base manifold of the bundle. These condi-
tions on the transition functions turn out to depend on the parameters which determine the physical
structure of the field configuration. Consequently, the conditions that arise in the construction of a
fiber bundle lead to conditions on the physical parameters which, in turn, implies that a particular
combination of those parameters can take onlydiscretevalues. This discretization can be derived
also from the topological invariants of the corresponding nontrivial fiber bundle. This is what we
call thequantization conditionsfor a given field configuration. Furthermore, we will see that even
in the case of a globally trivial principal fiber bundle certain quantization conditions may appear
as a result of demanding regularity of the connection.

In Sec. II, we introduce the method of topological quantization in a systematic manner and
briefly discuss the general cases in which nontrivial quantization conditions may appear. In Sec. III
we analyze the sos1,3d connection of cylindrically symmetric gravitational fields and show that the
corresponding C-energy can take only discrete values. In Sec. IV we present the example of a
gravitomagnetic monopole in linearized Einstein’s theory which can be investigated by means of
a us1d connection. Section V contains the topological quantization with respect to the electromag-
netic connection of gravitational fields which represent electrovacuum black holes. Section VI is
devoted to discussions and remarks about future investigations.

II. THE METHOD OF TOPOLOGICAL QUANTIZATION

Consider a Riemannian manifoldsM ,gd, whereM is a four-dimensional differential manifold
andg is a bilinear form, the metric, onM. For the purpose of analyzing field equations we choose
in M a set of local orthonormal 1-formsea, a=0,1,2,3. Theorthonormality condition can be
expressed in terms of the local Minkowski metric asgsea,ebd=hab, wherehab=diags+,−,−,−d.
On a torsion free manifold we can introduce a connection 1-formv by means of the Cartan first
structure equation

Dea
ª dea + va

b ∧ eb = 0, s1d

where d is the exterior derivative and D the covariant exterior derivative. We demand thatv be a
metric connection, i.e., locally Dhab=dhab+vab+vba=0, a condition which implies the antisym-
metry of the connection components. Furthermore, we use the Cartan second structure equation to
introduce the curvature 2-formV as

Dva
b ª Va

b = dva
b + va

c ∧ vc
b, s2d

whose components in terms of the local orthonormal frame,Va
b=s1/2dRa

bcde
c∧ed, determine the

Riemann curvature tensorRa
bcd. Einstein’s gravity theory follows from the variation, with respect

to the orthonormal frameea of the action

S= −
1

32pG
E

M

Vab ∧ ec ∧ edeabcd+E
M

Lm, s3d

wheree0123=1 andLm is the matter Lagrangian which depends one, v, and the matter fields. The
field equations areVab∧eceabcd=−16pGTc, where Tc is the energy-momentum 3-form which
follows from the variation of the matter action.

The advantage of using a local orthonormal framee is that the gauge charactersat the level of
the connection and curvatured of Einstein’s theory becomes more plausiblessee, for instance, Refs.
3 and 4 for a more detailed discussiond. Indeed, the diffeomorphism invariance of the theory is
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now reduced to the invariance with respect to the Lorentz group SOs1,3d. The change to a different
framee8=Le is represented by means of a matrixLPSOs1,3d. The connection 1-form and the
curvature 2-form take values in the corresponding Lorentz algebra sos1,3d, and under a change of
frame they transform as

v8 = LvL−1 + L dL−1, V8 = LVL−1, s4d

respectively. It is in this sense that Einstein’s theory can be considered as a gauge theory with
respect to the Lorentz group. However, it is at the level of the action that Einstein’s theory
tremendously differs from pure Yang–Mills gauge theories.

Let us now consider the matter action. As we have mentioned before the matter Lagrangian
can depend on the framee, the connectionv, and the matter fields. We will assume that the matter
fields are gauge fields, that is, there exists a connection 1-formA, with values in the Lie algebra
of a Lie groupG, which generates the gauge field strengthF in the standard manner,F=dA
+A∧A. Under a gauge transformationgPG, these quantities behave asswe assume that the gauge
group is a matrix groupd

A → A8 = gAg−1 + g dg−1, F → F8 = gFg−1. s5d

A vacuum space–time in general relativity is a solution of Einstein’s vacuum equations,
represented by an orthonormal framee. Since we assume that the compatibility condition between
the local metric and the connection is satisfied, we can use the connectionv, instead of the
orthonormal frame. Moreover, if we adopt the Palatini approach, the connectionv can be consid-
ered as the “primary” variable, whereas the orthonormal framee can be derived from the metricity
condition. In the presence of a matter field, one needs additionally the “matter” connectionA
which satisfies Einstein’s equations, with the corresponding energy-momentum 3-form, and the
matter field equations that follow from the variation of the matter action with respect to the
connectionA. For a particular space–time to be well defined we must guarantee thatv andA are
well defined everywhere inM. This is a nontrivial remark for the analysis of gravitational fields
we want to perform. Indeed, the fact that the connection is demanded to be well defined every-
where inM implies in general certain conditions that we will investigate for explicit fields and
which are the fundamental of what we will call topological quantization.

Let us be more specific. The idea behind the introduction of a differentiable manifold as the
underlying geometric structure of space–time is that in this way one can guarantee the existence of
coordinate sets which cover the entire manifold. For the approach we are using here, this is
equivalent to having a finite number of sets of orthonormal frames covering the manifold. LethUaj
be an open covering ofM, i.e.,øaUa=M. By definition, a differential manifold of dimensionn is
equipped with an atlassUa ,fad, wherefa is a homeomorphism fromUa onto an open subset of
the Euclidean spaceRn. If we consider two arbitrary open subsetsUi ,Uj P hUaj such that
Ui ùUj Þx, then in the intersection region the mapfi +f j

−1 is a C` homeomorphism ofsopen
subsets ofd Rn. Let f̃i be the map fromUi into the vector space of 1-formsL1sUi ,sos1,3dd that
allows us to introduce the orthonormal frameei in Ui. Notice that the indexi labels different sets
of orthonormal frames and does not refer to any specific component of the frame. The orthonormal
frameej attached toUj by means off̃ j, is related toei through an SOs1,3d matrix, ei =Li jej. It is
clear that in the intersection region the compatibility conditionf̃i + f̃ j

−1=Li j must be satisfied. On
Ui we can also introduce a spin connection 1-formvi and a curvature 2-formVi, according to Eqs.
s1d ands2d, respectively. These are related to the connection and curvature inUj by means ofsno
summation over repeated indicesd

vi = Li jv jLi j
−1 + Li j dLi j

−1, Vi = Li jV jLi j
−1. s6d

Consider now a third open subsetUkP hUaj such thatUi ùUj ùUkÞx. Accordingly, in the
intersection region we have thatf̃i + f̃k

−1=Lik and f̃ j + f̃k
−1=L jk. Then, it follows that
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Li jL jk = Lik. s7d

This allows us to formulate the following.
Theorem 1: A solution of Einstein’s vacuum field equations can be represented by a unique

10-dimensional principal fiber bundleP with the space–timeM as the base space, the Lorentz
group as the structure groupsisomorphic to the standard fiberd and a connection with values in the
Lie algebra of the Lorentz group.

Proof: A standard theoremsthe reconstruction theoremd in differential geometry5,6 states that
a fiber bundle is uniquely specified by the base space, the standard fiber, a structure group which
is effectively represented on the fiber and a family of transition functions, with values in the
structure group, satisfying the cocycle condition. In the case of a principal fiber bundleP, the fiber
is isomorphic to the structure group which is naturally represented on itself by left translations. For
a solution of the vacuum field equations, given by an orthonormal framee, we can take the
space–time manifoldM described above as the base space. The structure group is identified as
SOs1,3d. The transition functions are given by the elementsLi j :Ui ùUj →SOs1,3d and satisfy the
cocycle condition which is given above in Eq.s7d. Finally, one can show that it is possible to
construct the projectionp :P→M6, once the transition functions are given. This shows that all the
elements of a principle fiber bundle exist and they can be “glued” together to form the desired
bundle by means of the transition functions and the projectionp.

Finally, we must show that there exists a connectionv in P. By construction, we do have a
connection 1-formv on M, which is the connection associated with the vacuum solution. We will
see that it determines a unique connection inP. To this end, we use the following theorem4 valid
for principal fiber bundles.

Theorem 2: Given an open coveringhUaj of M, a structure Lie groupG with Lie algebrag,
a family of localg-valued 1-formsvi PL1sUi ,gd which fulfill the compatibility condition

vi = gji
−1v jgji + gji

−1 dgji , s8d

wheregji :Ui ùUj →G are elements ofG, and a set of local sectionssi :Ui →p−1sUid satisfying
s j =sigij on Ui ùUj, then there is a unique connectionv on P such thatvi =si

*v, wheresi
* is the

pull-back induced bysi.
In the case we are considering, the structure group is SOs1,3d, the family of 1-formsvi is

determined by the connectionv defined on eachUi P hUaj. The compatibility conditions8d coin-
cides with the transformation propertys6d, oncegji

−1 is identified withLi j . It remains to show the
existence of local sections. Since any fiber bundle accepts a local trivialization which can be
defined asCi :p−1sUid→Ui 3G, we can introduce a local canonical section onUi by transferring
back top−1sUid the section ofUi 3G, i.e., by definingsi :Ui →p−1sUid by ssxd=Ci

−1sx,ed, where
xPUi ande=giisxd is the identity element ofG. It is then possible to show6 that this canonical
section satisfiess j =sigij as required. Thus, according to Theorem 2, there exists a unique con-
nectionv on P. This ends the proof of Theorem 1.

We have shown that a vacuum solution can naturally be represented as a principal fiber
bundle. In all steps of the proof, the local connectionvi plays an important role and we have
assumed that it satisfies the continuity and differentiability conditions onUi. The question arises
whether this assumption can be realized in concrete examples of gravitational configurations. This
is exactly the question that we want to address in this work by constructing explicitly the elements
of the principal fiber bundles that correspond to given solutions of Einstein’s equations. This is
what we call the method of “topological quantization.” This concept has been used before in the
context of diverse monopole configurations.7 We will see that in the process of constructing a
suitable coveringhUaj of M, certain “quantization” conditions appear that imply restrictions on
the parameters entering the components of the connection.

If it turns out that the constructed principal fiber bundle admits a global section, the bundle is
globally trivial and a single connection can be defined everywhere onP. This could happen, for
instance, when the base spacesspace–time manifoldd is contractible. We will see that even in this
simple case nontrivial conditions arise from the requirement that the connection is regular on all
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points of the base space. More general cases can be obtained from noncontractible manifolds
which are very common in general relativity. Explicit solutions of Einstein’s equations are usually
characterized by the existence of singularities, i.e., regions that cannot be described within the
formalism of general relativity. In order to properly describe the space–time manifold we need to
“remove” those singular regions from the manifold. This procedure can be used to obtain non-
contractible base spaces for which we can expect that nontrivial conditions arise from the appli-
cation of the method of topological quantization. In fact, noncontractible base spaces can give rise
to globally nontrivial principal fiber bundles. In this case one needs more than one open subset to
cover the base space and, consequently, transition functions appear that turn out to generate
nontrivial “quantization” conditions.

Thus, topological quantization is closely related to the problem of determining whether a
principal fiber bundle is globally trivial or not. This is a task that involves the relation between the
global topological structure of the base space and the fiber, an issue that is used to perform the
classification of bundles and is related to the theory of characteristic classes and topological
invariants. Consequently, the method of topological quantization is closely related to the study of
the topological structure of the underlying bundle.

From the discussion above it follows that one hassat leastd two ways to perform the topo-
logical quantization of a given solution of Einstein’s equations. The first one consists in using
Theorem 1 to construct the corresponding principal fiber bundleP and the connectionv. Then,
one can analyze the topological invariants of the bundle. The second method consists in construct-
ing explicitly the coveringhUaj of M and the family of connection 1-formshvaj on M for the
given solution and extracting from there the quantization conditions. Obviously, both methods
must yield the same results. When analyzing explicit examples, however, it is not always easy to
construct the unknown principal fiber bundle, whereas the second method is straightforward be-
cause we know the connectionv explicitly. For this reason, in this work we will apply mainly the
second approach for explicit calculations.

All of the above discussion involves only the sos1,3d connection associated to the gravitational
action. If an additional matter action is considered, the results can be formulated in the following
form.

Theorem 3: A solution of Einstein’s field equations coupled to a matter gauge field can be
represented by a unique principal fiber bundle with the space–timeM as the base space, the gauge
group as the structure groupsisomorphic to the standard fiberd and a connection with values in the
Lie algebra of the gauge group.

The proof of this theorem is similar to that of Theorem 1. Indeed, for each open subsetUi

P hUaj we can calculate the corresponding gauge connectionAi with values in the Lie algebra of
G. The proof can then be carried out in a similar manner withvi replaced byAi, Li j replaced by
gi j PG, andgji

−1=gi j . Consequently, in the case of additional matter gauge fields we can construct
on M a principal fiber bundle for each additional gauge connection. So we are lead to the concept
of “multiple” principal fiber bundles that can be constructed on the same base spaceM. Since the
method of topological quantization can be applied to each bundle separately, one could expect
different sets of quantization conditions from each bundle. The compatibility of these sets is an
issue that can be treated at the level of explicit gravitational configurations.

In the following sections we will apply Theorems 1 and 3 to different gravitational configu-
rations.

III. CYLINDRICALLY SYMMETRIC GRAVITATIONAL FIELDS

Cylindrically symmetric vacuum gravitational configurations can be described by means of
the Einstein–Rosen line element which in an orthormal frame can be written as8

e0 = expsg − cddt, e1 = expsg − cddr, e2 = expscddz, e3 = r exps− cddw, s9d

wheret, r, z, andw are cylindrical coordinates and the functionsc andg depend ont andr only.
For the sake of simplicity, here we restrict ourselves to the case in which the Killing vector fields
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]z and]w are hypersurface orthogonal. The corresponding vacuum field equations can be reduced
to a second-order differential equation for the functionc,

c9 +
1

r
c8 − c̈ = 0, s10d

and two first-order differential equations forg,

g8 = rsċ2 + c82d, ġ = 2rċc8, s11d

whereċ=]c /]t, c8=]c /]r, etc. The orthonormal frames9d is defined up to an arbitrary trans-
formation of the Lie group SOs1,3d. If we envision the space–time as the four-dimensional base
manifold and attach a copy of SOs1,3d at each point of the base manifold, we obtain the 10-
dimensional principal fiber bundle considered in Theorem 1. Using the first structure equations1d
it is straightforward to calculate the components of the connection 1-formva

b which can be
decomposed asva

b=va
bm dxm. It is in this decomposition that the endomorphic character of the

connectionfa 1-form with values in the Lie algebra sos1,3dg becomes plausible.9 From Eq.s9d we
obtain

v0
1t = g8 − c8, v0

1r = ġ − ċ,

v0
2z = ċ exps2c − gd, v1

2z = − c8 exps2c − gd, s12d

v0
3w = − rċ exps− gd, v1

3w = − s1 − rc8dexps− gd.

As described in the last section, we must demand the regularity of this connection as a
condition for constructing the corresponding principal fiber bundle. It is well known8 that solu-
tions to the field equations can be generated which are everywhere regular with the symmetry axis
sr=0d as the only possible hypersurface where curvature singularities may appear. Let us suppose
that the symmetry axis is free of curvature singularities. Then, there must exist an atlas where the
connection is also regular. The field equationss11d imply that at the axisġsr→0d= ġ0=0 and

g8sr→0d=g08=0, if ċsr→0d=ċ0 andc8sr→0d=c08 do not diverge. On the other hand, Eq.s10d
implies that near the axisc8~ra with a.1, i.e.,c08=0, and, consequently,c̈sr→0d~ra−1. Then,

ċ0 is at most a constant that can be set equal to zero by means of a coordinate transformation.

Thus we have that the regularity condition at the axis implies thatġ0=g08=ċ0=c08=0. The same
result can be obtained by analyzing the behavior of the curvature Kretschman scalar near the axis.
Hence, from Eq.s13d it follows that at the axisuva

bur=0= uva
bwur=0 dw with

uva
bwur=0 = exps− g0dTw, s13d

whereTw is one of the generators of the Lie algebra sos1,3d,

Tw =1
0 0 0 0

0 0 0 − 1

0 0 0 0

0 1 0 0
2 . s14d

If we demand that exps−g0d does not diverge, the componentsuva
bwur=0 are regular, but we still

have a singularity in the 1-form dw=sexpscd /rde0. Therefore, the only possibility to get rid of this
singularity is to find a gauge transformation such that the new componentsuv8a

bwur=0 vanish
identically on the axis. To this end, let us consider the SOs1,3d transformation
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L = expsw̃Twd, w̃ = exps− g0dw. s15d

From Eq.s4d we have that the gauge-transformed 1-form connection is given by

v8 = expsw̃Twdv exps− w̃Twd − exps− g0dTw dw, s16d

where

exps± w̃Twd = 1434 ± sin w̃Tw + s1 − cosw̃dTw
2 , s17d

where 1434 is the 434 unit matrix. The explicit calculation of the components can be carried out
in a straightforward manner and leads to

v80
1t = sg8 − c8dcosw̃, v80

3t = sg8 − c8dsin w̃,

v80
1r = sġ − ċdcosw̃, v80

3r = sġ − ċdsin w̃,

v80
2z = ċ exps2c − gd, v81

2z = − c8 exps2c − gdcosw̃, s18d

v82
3z = c8 exps2c − gdsin w̃, v80

1w = rċ exps− gdsin w̃,

v80
3w = − rċ exps− gdcosw̃, v81

3w = exps− g0df1 − s1 − rc8dexpsg0 − gdg.

From the last expression it can easily be seen that the gauge-transformed connection vanishes
identically on the symmetry axis and no new singularities appear. This has been achieved by
means of the gauge transformations15d which is single-valued only if exps−g0d=n, wheren is an
integer. This, in turn, implies that the gauge-transformed connection is single valued. Conse-
quently, the condition exps−g0d=n needs to be satisfied for the connection to be well defined. This
is an interesting result that can be interpreted as a “quantization” of the energy of cylindrically
symmetric gravitational fields. Indeed, the concept of C-energy was introduced by Thorne10 for
gravitational fields described by the Einstein–Rosen line elements9d. The quantityEc=g0 has been
shown to represent thesnormalizedd C-energy density per length unit along the symmetry axis at
a given time. In terms of the “quantization” derived above this means thatEc=−ln n, i.e., the
C-energy is a discrete quantity. The fact that it is a negative quantity is interpreted by Thorne as
an indication of its “nonclassical” origin. A second expression that can be considered as asnor-
malizedd C-energy density has been introduced by Thorne asEc=1−exps−2g0d. In this case, the
quantization condition leads toEc=1−n2, an expression that again indicates the discrete character
of the C-energy.

We have shown that it is possible to define just one single connection 1-form on the entire
Einstein–Rosen space–time. This means that the base manifold of the principal fiber bundle can be
covered by a single open setU and, therefore, can be considered asR4 which is a contractible
manifold. This implies that the corresponding 10-dimensional principal fiber bundle is globally
trivial. This is so because we have demanded that the gravitational field be regular at all points of
space–time, including the symmetry axis. If, instead, we would allow singularities on the axis, it
would be necessary to “remove” the axis from the base manifold. This would open the possibility
of obtaining a nontrivial bundle, an issue that would require an analysis different from the one
presented in this section.

IV. THE WEAK GRAVITATIONAL FIELD

Consider the following line element in spherical coordinatest, r, u, w:

022502-7 Topological quantization of gravitational fields J. Math. Phys. 46, 022502 ~2005!
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ds2 = s1 − 2fddt2 − 2x dt dw − s1 + 2fdfdr2 + r2sdu2 + sin2 u dw2dg, s19d

where f and x are functions of the spatial coordinates. We assume thatf!1 and x!1 and
consider the weak field limit of Einstein’s equations in vacuum. An orthonormal frame appropriate
for the line elements19d can be written as

e0 = s1 − fddt + x dw, e1 = s1 + fddr, e2 = s1 + fddu, e3 = s1 + fdr sinu, s20d

where we have neglected all the second order perturbations inc andx.
It is well known11 that the weak field equations in the Lorentz gauge can be expressed as the

Maxwell equationsÃm,n
n=0 for the Maxwell potential

Ãm = − 1
4s4f,xd, s21d

which is invariant with respect to the transformationÃ→ Ã8=Ã+dfsxmd, where fsxmd is an arbi-
trary smooth function. This indicates that the weak field approximation can be interpreted as

Us1d-gauge theory. To see this explicitly, we introduce the us1d connection 1-formA=−iÃ. Then,
the transformation laws5d is identically satisfied for the Us1d-gauge transformationg
=expsi f sxmdd.

From the Maxwell equations for this case we see that the functionsf andx are decoupled. Let
us consider the following special solution:

A = iFf dt +
g

2
s1 + cosuddwG , s22d

where f satisfies the differential equationf,j
j =0 s j =1,2,3d, and g is a constant. This is the

connection defined on the base manifold. To investigate the singularities of the connections22d, it
is convenient to represent it in the orthonormal frames20d. Neglecting all the second order
perturbations we obtain

A1 = iFfe0 +
g

2

s1 + cosud
r sinu

e3G , s23d

where we have introduced the subscript “1” to identify it as the connection on the open subsetU1

that will be determined below. We can see that there is a first singularity atr =0 which, however,
is a true curvature singularity as can be seen by analyzing the corresponding curvature. A second
singularity is situated atu=0 which does not appear at the level of the curvature. We “eliminate”
the true curvature singularity by removing the originr =0 from the space–time. Hence, the base
manifold M4 becomesM4=R4−hworld line of 0j. The second singularity atu=0, which corre-
sponds to the positive sector,z+, of the axisz, implies that the connectionA1 is regular onU1

=M4−hz+j. This apparent singularity can be eliminated by means of the gauge transformationg
=expsigwd which leads to the new connectionsup to first order in the perturbationd

A2 = iFfe0 +
g

2

s− 1 + cosud
r sinu

e3G . s24d

In fact, the singularity atu=0 has been removed, but a new singularity has appeared atu=p.
Consequently, the connectionA2 is regular only in the open subsetU2=M4−hz−j, where hz−j
denotes the negativez axis.

The subsetsU1 and U2 define a covering of the base manifold. In the intersection region
U1ùU2 the two connections are related by means of the transition functiong12=expsigwd which
is single valued only ifg=n, wheren is an integer. To interpret this result we must find out the
physical significance of the parameterg. This can be done, for instance, by calculating the mul-
tipole moments of this solution.12 To do this, it is necessary to specify the functionf and we chose
the simple solutionf=m/ r, wherem is a constant. Then, it can be shown that the parameterm
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represents the monopole moment of a mass distribution andgm corresponds to the monopole
moment of an angular momentum distribution. This implies thatg represents the gravitomagnetic
monopole per mass unit which, according to the quantization condition obtained above, can take
only discrete values.

This example reminds us of the case of a magnetic monopole in electrodynamics. Indeed, we
have chosen the functionx in the connections22d as the Maxwell potential for Dirac’s magnetic
monopole. The rest of the analysis is then carried out in a similar way as in standard electrody-
namics, due to the analogy between the field equations for the weak field approximation and the
Maxwell equations. The result obtained here by analyzing the behavior of the us1d connection can
be reproduced in terms of the topological invariants. The corresponding principal fiber bundle is a
five-dimensional Us1d bundle for which the Chern invariants can be calculated. The result is again
that the constantg becomes quantized.

V. THE REISSNER–NORDSTROM BLACK HOLE

Let us consider the following orthonormal frame for the Reissner–Nordstrom metric:

e0 =
fsr − r−dsr − r+dg1/2

r
dt, e1 =

r

fsr − r−dsr − r+dg1/2dr, e2 = r du, e3 = r sinu dw,

s25d

with

r± = m± Îm2 − e2, s26d

wherem is the mass,e is the net electric charge of the source, and the radial valuesr± correspond
to the horizons of the Reissner–Nordstrom black hole. This is a solution of the Einstein–Maxwell

equations with the potentialÃ=−se/ rddt. The corresponding us1d connectionA=−iÃ behaves
under a gauge transformation as in Eq.s5d. According to the discussion of Sec. II and Theorem 3,
there exists a principal fiber bundle which can be constructed by attaching at each point of the
space–time the fiber Us1d.

In this section we will explore the conditions that must be satisfied on the base manifold for
constructing that bundle. To investigate the critical points of the connection 1-form we represent it
in the orthonormal frames25d. Then

A = iefsr − r−dsr − r+dg−1/2e0. s27d

This connection diverges atr =r− andr =r+, whereas the corresponding field strength is regular at
those hypersurfaces. To remove these singularities, we first apply the gauge transformationg1

=expsiet/ r−d on s27d and obtain

A1 = − i
e

r−
S r − r−

r − r+
D1/2

e0, s28d

a us1d connection which is regular atr =r−, but diverges atr =r+. On the other hand, we can also
apply the transformationg2=expsiet/ r+d on s27d. The resulting connection

A2 = − i
e

r+
S r − r+

r − r−
D1/2

e0 s29d

is regular atr =r+, but diverges atr =r−. Thus, we have obtained two different connections with
different divergences. Let us choose the open subsetsU1=s0,r+d andU2=sr−,`d. This set of open
subsets covers the radial coordinater completely so that the subsetsU13R3 andU23R3 are a
covering of the base manifoldM4. Then, the connectionsA1 andA2 are well defined onU1 andU2,
respectively. In the intersection regionU1ùU2=sr−,r+d, the connectionsA1 and A2 must be
related by means of the transition functiong12PUs1d which can easily be calculated as
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g12 = expFieS 1

r−
−

1

r+
DtG . s30d

The important point about this transition function is that it depends only on the time coordi-
natet and is defined only on the region contained between the horizonsr− and r+. On the other
hand, it is well known13 that in this region the coordinatet is not timelike but spacelike. Indeed,
one of the interesting aspects of the regionsr−,r+d is that the coordinatest andr interchange their
role: what was the radial direction becomes timelike, and the timelike direction becomes space-
like. Therefore, we are allowed to considert as an angle coordinate 0ø tø2p inside the horizons.
This is a consistent procedure that can be carried out explicitly for all black hole vacuum station-
ary solutions14,15 and can easily be generalized to the case of electrovacuum stationary axisym-
metric solutions. Therefore, ift is a compact and periodic coordinate inside the horizons, the
transition functions30d is single-valued only if the coefficient in front oft is an integer, i.e.,

eS 1

r−
−

1

r+
D =

2

e
Îm2 − e2 = n. s31d

This represents a relationship between the physical parameters which describe the black hole. This
specific combination ofm ande can take only discrete values. Notice that in the special case of an
extreme black hole,e=m, the only allowed value isn=0. Moreover, the limiting casee→0 is not
allowed. This is due to the fact that in order to perform this “quantization” we have used the
us1d-electromagnetic connection which does not exist in the casee=0.

Since the space–time possesses a curvature singularity atr =0, we must remove the world line
of this event from the base space. This implies that the corresponding principal fiber bundle is not
globally trivial. This can be seen explicitly by calculating the topological invariant, which in this
case is given in terms of the Chern formc=−se/ r2ddt∧dr. The Chern number is obtained by
integrating the Chern form inside the horizon. As expected, we get the value of 4pn, wheren is an
integer related to the parameters of the Reissner–Nordstrom black hole as given ins31d. This
represents an alternative derivation of the quantization condition. To verify that this result is also
independent of the coordinates, we have performed a similar analysis of the Reissner–Nordstrom
metric in Kruskal-type coordinates. As expected, the quantization conditions31d appears in a
similar manner.

To conclude this section, it is worth mentioning that a similar analysis can be performed for
the Kerr–Newman black hole. It turns out that in this case it is necessary to introduce again two
open subsets in order to cover the entire space–time manifold. The transition function is defined in
the region contained between the horizons, where the coordinatet is spacelike, and the quantiza-
tion condition can be written as

2e3Îm2 − a2 − e2

e4 + 4a2m2 = n, s32d

where a represents the angular moment per unit mass of the black hole. As expected, in the
limiting casea=0 we recover the expressions31d for the Reissner–Nordstrom black hole.

VI. CONCLUSIONS

In this paper we have developed the method of topological quantization for gravitational field
configurations. First, we have shown that for any vacuum solution of Einstein’s field equations
there exists a natural unique principal fiber bundle with an sos1,3d connection. If the gravitational
field is minimally coupled to a gauge matter field, there exists also a principal fiber bundle with a
matter connection.

This procedure has been carried out explicitly for the gravitational configurations described by
cylindrically symmetric space–times, the gravitomagnetic monopole in linearized gravity and
electrovacuum black holes. In all the cases we have analyzed, the result of the topological quan-
tization is a relationship that indicates the discretization of the parameters entering the correspond-
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ing metrics. We have shown that the quantization conditions arise as the result of demanding a
regular behavior of the connection on the base manifold. Quantization conditions can appear in
globally trivial and nontrivial principal fiber bundles. In the latter case, equivalent results can be
obtained from the analysis of the corresponding topological invariants.

In this work, we do not analyze the physical significance of the resulting discretization. In
particular, it would be interesting to perform the topological quantization of black holes with
respect to the sos1,3d connection which would complement the result of the us1d connection
analyzed here. Preliminary calculations show that the complete quantization of black holes metrics
leads to a discretization of the horizon area. This task is currently under investigation.16

Moreover, in all the examples analyzed in this work we have restricted ourselves to the
investigation of the regularity conditions of the connection on the base manifolds. Nevertheless,
Theorems 1 and 3 show that there exists an additional connection on the bundle which reduces to
the connection on the base manifold, when projected by means of the pull-back of local trivial-
izations. It would be interesting to construct explicitly the connection on the bundle and investi-
gate its properties.

Finally, we should mention that although the term “topological quantization” could be very
suggestive, it is by no means a procedure that pretends to compete with already existing and
well-developed procedures like canonical quantization. Nevertheless, it is interesting to see that
the mere existence of relatively simple geometric structures in gravitational field configurations
leads to a discretization of physical parameters, a property that is usually associated with quanti-
zation. A much more detailed and deep investigation is necessary in order to establish if topologi-
cal quantization could be an alternative method to obtain at least partial “quantum” information
from a physical system.
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