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Abstract

The Koopman Operator for Representation and Optimal Control of Entity-Based

Systems

by

Madeline Tara Blischke

The Koopman operator, which describes a dynamical system via a linear represen-

tation that can be approximately learned from data, allows application of linear control

techniques to nonlinear systems. One may consider these aspects of system representa-

tion and controller design separately, but successful application will ultimately require a

fusion of both. This thesis studies contributions to both aspects.

The predictive accuracy of a Koopman-based representation is heavily dependent on

the chosen set of lifting functions, termed observables. Identifying an appropriate lifting

is a challenging domain-specific problem. We focus our study on a class of systems that

are “entity-based systems” that we introduce and formally define. The states of such

systems may be subdivided into a variable number of components, which we refer to as

“entities”. In the Koopman operator framework, we introduce a type of observable that

describes a notion of the density of these entities. We discuss limitations of these types

of observables, and further consider how products of these densities allow us to capture

a richer class of interactions between entities.

Given a Koopman representation for a dynamical system, we may study a nonlinear

optimal control problem via a linear problem on a lifted state space. We show that the

optimal cost-to-go to this linear problem has a piecewise linear form with respect to the

lifted state. A robust formulation, in which we minimize the worst-case cost with respect

to bounded errors in the initial state and Koopman dynamics, retains a piecewise affine

vii



structure. Due to the combinatorial nature of the problem, the number of possible input

sequences grows exponentially in the horizon, and so we additionally provide a heuristic

pruning algorithm that aims to approximate the cost-to-go by restricting the search space

to a much smaller subset.
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Chapter 1

Introduction

It is common to approach dynamical systems via a state-based perspective, in which

one studies how the state of the system evolves in time. An alternative, equally valid

approach, is via an operator-theoretic perspective, in which one instead studies how

functions of the state evolve. Whereas the state-space dynamics may be nonlinear, the

evolution of these functions is always governed by the linear Koopman operator, named

as such after B. O. Koopman who first proposed and studied it in the 1930s [33], [34].

Study of the Koopman operator has seen a resurgence of interest in recent decades,

thanks to its applicability in spectral analysis [44], [47], and its connection to modern

computational tools such as dynamic mode decomposition [58]. An extensive body of

literature has since been developed, as covered by numerous comprehensive surveys [14],

[15], [21], [43].

Despite its linearity, the Koopman operator has been shown to overcome limitations

one may normally expect from linear systems. For instance, it may be used to extend

the classical Hartman-Grobman theorem [23], [26] from a local result to one that is valid

on the entire basin of attraction [38]. It has also been shown to be capable of describing

systems with isolated equilibria [3], [5], though this does come with strict limitations as

1



Introduction Chapter 1

discussed in [41].

Beyond analysis and prediction for autonomous systems, there is great interest in

applying the Koopman operator to controlled systems [18], [53], [61]. Two main formal

extensions have been studied, via function spaces on infinite input sequences as in [35]

and via input-parameterized operators as in [27]. Nonetheless, both have equivalent ex-

pressiveness [28], and in particular are able to describe the linear models [13], [56], [57],

bilinear models [22], [62], and switched system models [54] widely considered in the lit-

erature. These system models are immediately amenable to common control approaches

such as linear quadratic regulation [13], [32] and model predictive control [19], [35]. More

specialized approaches have also been explored, such as control Lyapunov functions [31],

control barrier functions [20], eigenstructure assignment [30], and active learning strate-

gies [1]. Koopman-based methods have seen success in a wide range of applications,

including robotics [60] (particularly in soft robotics [11], [24]), power grid stabilization

[37], traffic control [40], biological processes [29], chemical processes [51], and vehicular

applications [42].

Regardless of what control approach is taken, its performance will be heavily depen-

dent on the accuracy of the Koopman model, which in turn is heavily dependent on the

choice of lifting functions. Identifying an appropriate lifting is a challenging domain-

dependent problem, especially for systems that do not fit cleanly into a classical state

space description. Consider arcade games as an example, which have become a stan-

dard benchmark in reinforcement learning due the wide range of complex combinatorial

problems they present [6], [49]. These games often consist of numerous objects that may

appear and disappear over time, a property also found in other systems of interest such as

vehicles in traffic networks or individuals in dynamic populations. Compositional Koop-

man operators proposed in [39] provide generalizability between systems with different

numbers of objects, but do not allow for the number of objects to dynamically vary over

2



Introduction Chapter 1

time. Alternative representations considered in the literature such as dimension-varying

systems [16], [48] or open multi-agent systems [17] may be adaptable to these circum-

stances, but the problem of identifying observables remains. This motivates further

exploration of flexible representation structures that are amenable to Koopman-based

methods.

Once we have a Koopman model that describes the system, complex nonlinear con-

trol problems are reduced to linear ones. For systems with discrete inputs, which may

be modeled as a switched linear system, their inherent combinatorial nature remains a

significant challenge [72]. Many approaches in the literature rely on the positive (semi-

)definite structure of a quadratic cost function [2], [68], [69], [71]. In the Koopman setting,

however, it is most natural to employ linear approximations of cost, as this any nonlinear

function may be represented this way if included as an observable in the model. Even

with compatible methods, such as the branch-and-bound approach proposed in [67], or

mixed-integer program formulations such as in [8], scalability issues arise due to the high

dimensionality of Koopman models. This motivates the study of novel approaches that

are tailored to our specific needs.

The remainder of this thesis is structured as follows. Chapter 2 serves as an introduc-

tory presentation of Koopman operator. Chapter 3 defines a class of entity-based sys-

tems, and discusses how they can be represented in the Koopman framework. Chapter 4

discusses and demonstrates contributions to optimal control using input-parameterized

Koopman models. Chapter 5 provides brief concluding remarks and a discussion of po-

tential directions for future research.

3



Chapter 2

The Koopman Operator with Inputs

and Outputs

This chapter reviews background material on the Koopman operator, including its def-

inition, basic properties, and data-driven approximation. We then present extensions

to actuated systems as considered in the literature, and describe the specific form of

input-output representations we will use in the remainder of this work.

2.1 Autonomous Systems

We first discuss the case of autonomous dynamical systems, i.e. those that are not

driven by an external input. Consider a system with state x ∈ X that evolves in discrete-

time such that the next state x+ is given by

x+ = f(x) (2.1)

4



The Koopman Operator with Inputs and Outputs Chapter 2

for some map f : X → X . For now, we may consider the states x ∈ X to be abstract,

non-numeric elements, as described in [46].

In contrast to the state-based dynamics described by (2.1), the Koopman operator

describes the dynamics via functions of the state ϕ : X → C. Such functions are referred

to in the literature as observables.

Definition 2.1. Let F be a function space of observables ϕ : X → C. We define the

Koopman operator K : F → F associated with (2.1) as

Kϕ := ϕ ◦ f, ∀ϕ ∈ F . (2.2)

That is, the Koopman operator maps an observable ϕ to a new observable Kϕ whose

value is that of ϕ one time step in the future, since

(Kϕ)(x) = ϕ(f(x)) = ϕ(x+).

Whereas the underlying system (2.1) may be nonlinear, the Koopman operator de-

fined in (2.2) is always linear on the space of observables.

Proposition 2.2. The Koopman operator K is a linear operator on F .

Proof: Let ϕ1, ϕ2 ∈ F and α1, α2 ∈ C. Then

K(α1ϕ1 + α2ϕ2) = (α1ϕ1 + α2ϕ2) ◦ f = α1ϕ1 ◦ f + α2ϕ2 ◦ f = α1Kϕ1 + α2Kϕ2

5



The Koopman Operator with Inputs and Outputs Chapter 2

2.1.1 Spectral Properties

As a linear operator, one may study the spectrum of the Koopman operator, such as

eigenvalues and eigenfunctions.

Definition 2.3. Let φ ∈ F be a nonzero observable for which there exists λ ∈ C such

that

Kφ = λφ.

Then we say φ is an eigenfunction of the Koopman operator corresponding to the

eigenvalue λ.

Equivalently, we could say that λ ∈ C is an eigenvalue if the operator K− λI is non-

injective. Since, if ϕ1, ϕ2 ∈ F are distinct observables with (K − λI)ϕ1 = (K − λI)ϕ2,

then K(ϕ1 − ϕ2) = λ(ϕ1 − ϕ2) and so ϕ1 − ϕ2 is an eigenfunction with eigenvalue λ. The

set of eigenvalues is referred to as the point spectrum of the operator.

For a finite-dimensional operator, injectivity implies surjectivity, and so the point

spectrum describes the entire spectrum of the operator. In the infinite-dimensional set-

ting, it is possible for K−λI to be injective but not surjective, in which case λ is said to

belong to either the continuous spectrum or the residual spectrum, depending on whether

the range is dense in the codomain. Indeed, the spectrum of the Koopman operator may

include continuous and residual parts even for seemingly simple dynamics, e.g. the map

f(x) = 2x (mod 1) for x ∈ [0, 1) as considered in [53, Section 2.2]. Nonetheless, the

remainder of this discussion will focus on eigenvalues.

We note that the Koopman operator always has an eigenvalue at λ = 1, corresponding

to a constant eigenfunction, since for an observable φα(x) := α we have

Kφα(x) = φα(f(x)) = α = φα(x).

6
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For some systems, e.g. mixing attractors such as the Lorenz system, this is the only

eigenvalue of the Koopman operator [4]. In contrast, if there exists any eigenvalue λ

with 0 < |λ| < 1, then the point spectrum contains countably many distinct eigenvalues,

since if Kφ = λφ then, for all k ∈ N,

Kφk = (Kφ)k = (λφ)k = λkφk,

so that λk is an eigenvalue with eigenfunction φk. More generally, the product λ1λ2 of

any two eigenvalues is also an eigenvalue (provided that the associated eigenfunctions

have non-disjoint support, so that their product φ1φ2 is nonzero), since

K(φ1φ2) = (Kφ1)(Kφ2) = λ1λ2φ1φ2.

We further note that complex eigenvalues and eigenfunctions must always occur in

conjugate pairs. This can be easily verified since, if Kφ = λφ, then

K(φ∗) = (Kφ)∗ = (λφ)∗ = λ∗φ∗,

so that φ∗ is an eigenfunction with eigenvalue λ∗. As a consequence, it is sufficient to

consider real-valued observables, as the conjugate pair may be equivalently represented

by a pair of real-valued observables. Specifically, we may rewrite the relation

[
Kφ
Kφ∗

]
=

[
λ 0
0 λ∗

] [
φ
φ∗

]

via the linear change of coordinates

[
Reφ
Imφ

]
=

[
1/2 1/2
−i/2 i/2

] [
φ
φ∗

]

7



The Koopman Operator with Inputs and Outputs Chapter 2

to obtain a real-valued relation

[
K(Reφ)
K(Imφ)

]
=

[
Reλ − Imλ
Imλ Reλ

] [
Reφ
Imφ

]
.

2.1.2 Finite-Dimensional Representations

It is difficult to work with the full Koopman operator in practice, since the function

space F is generally infinite-dimensional. As such, it is common to instead consider

the finite-dimensional subspace spanned by some finite basis of real-valued observables

ψ1, . . . , ψN ∈ F . We refer to a vector of observables Ψ = [ψ1 · · · ψN ]
T ∈ FN as a

dictionary, for which function evaluation and the action of the Koopman operator apply

elementwise as

Ψ(x) :=



ψ1(x)

...
ψN(x)


 and KΨ :=



Kψ1
...
KψN




respectively. We denote the subspace spanned by its entries as

FΨ :=
{
ϕ ∈ F : (∃v ∈ RN)[ϕ(x) = vTΨ(x),∀x ∈ X ]

}
.

A key property for obtaining an exact finite representation is to identify a dictionary

whose span is invariant to the Koopman operator in the following sense.

Definition 2.4. A subspace F̃ ⊆ F is K-invariant if Kϕ ∈ F̃ for all ϕ ∈ F̃ .

Proposition 2.5. Given a dictionary Ψ ∈ FN , there exists a matrix A ∈ RN×N such

that KΨ(x) = AΨ(x) for all x ∈ X if and only if FΨ is K-invariant.

Proof: Suppose FΨ is K-invariant. Then Kψj ∈ FΨ for each j ∈ {1, . . . , N}, and

8
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so there exists vj ∈ RN such that Kψj(x) = vT
j Ψ(x) for all x ∈ X . Thus, we have

KΨ(x) =



Kψ1(x)

...
KψN(x)


 =



vT
1 Ψ(x)
...

vT
NΨ(x)


 =




vT
1
...
vT
N


Ψ(x).

Conversely, suppose there exists A ∈ RN×N such that KΨ(x) = AΨ(x) for all x ∈ X .

Let ϕ ∈ FΨ with ϕ(x) = vTΨ(x). Then

Kϕ(x) = vT [KΨ(x)] = vTAΨ(x) = (ATv)TΨ(x), ∀x ∈ X .

Thus, Kϕ ∈ FΨ, and so FΨ is a K-invariant subspace.

For a dictionary Ψ spanning a K-invariant subspace, we may identify eigenfunctions

via the left eigenvectors of the corresponding matrix A ∈ RN×N . To see this, let w be a

left eigenvector of AT with eigenvalue λ (so that wTA = λwT ). Then

φ(x) := wTΨ(x) (2.3)

is an eigenfunction with eigenvalue λ, since

Kφ(x) = wT [KΨ(x)] = wTAΨ(x) = λwTΨ(x) = λφ(x).

If the matrix A has a full set of N distinct eigenvectors, then we may decompose

Ψ(x) via these eigenfunctions as described in [58]. Let vj and wj denote corresponding

right and left eigenvectors of A with eigenvalue λj, normalized so that wT
j vk = δjk. As

noted above, the functions φj(x) := wT
j Ψ(x) are then eigenfunctions with eigenvalue λj.

9
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Moreover, we may write

Ψ(x) =
N∑

j=1

[wT
j Ψ(x)]vj =

N∑

j=1

φj(x)vj.

From this, it follows that

Ψ(xt) = KtΨ(x0) =
N∑

j=1

Ktφj(x0)vj =
N∑

j=1

λtjφj(x0)vj,

where xt denotes the future state t time steps from an initial state x0. The vectors vj are

commonly referred to as the Koopman modes corresponding to the dictionary Ψ, and the

set of triples {(λj, φj,vj)}Nj=1 as the Koopman mode decomposition. For the general case

where A does not have a full set of eigenvectors, one may consider generalized eigenvectors

and eigenfunctions, as detailed in [45, Section 3.2] for the continuous-time setting.

2.1.3 Data-Driven Approximation

There exist a number of methods for numerically approximating the matrix A of

Proposition 2.5 from data. Among these, the current standard is that of extended mode

decomposition (EDMD) as introduced in [65], which, as the name suggests, is an ex-

tension of the dynamic mode decomposition (DMD) introduced in [59]. DMD seeks to

identify linear dynamics (and the associated Koopman modes) from a single state tra-

jectory, which was generalized in [63] for an unordered set of data pairs. EDMD further

generalizes this to identify the dynamics with respect to a specified dictionary of nonlinear

observables.

The EDMD algorithm may be described as follows. Given a dictionary Ψ ∈ FN and

a pair of data snapshots

{(xj, x+j )}Mj=1 (2.4)

10
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satisfying

x+j = f(xj), ∀j ∈ {1, . . . ,M} ,

we compute a matrix A such that

A = argmin
A∈RN×N

M∑

j=1

∥Ψ(x+j )− AΨ(xj)∥22, (2.5)

where ∥ · ∥2 denotes the standard Euclidean norm.

The solution to (2.5) may be computed in closed form as

A = ΨX+Ψ†
X ,

where † denotes the Moore-Penrose pseudoinverse, and ΨX ,ΨX+ ∈ RN×M are defined

respectively as

ΨX =
[
Ψ(x1) · · · Ψ(xM)

]
, ΨX+ =

[
Ψ(x+1 ) · · · Ψ(x+M)

]
.

Equivalently, this may be computed without storing the full set of snapshots as

A = HG†,

where G,H ∈ RN×N are defined respectively as

G =
1

M

M∑

j=1

Ψ(xj)Ψ(xj)
T , H =

1

M

M∑

j=1

Ψ(x+j )Ψ(xj)
T .

If FΨ is a K-invariant subspace, then the optimal value of (2.5) will be zero. Assuming

the data set (2.4) is sufficiently rich, then this further implies that we will have KΨ(x) =

AΨ(x) for all x ∈ X . If FΨ is not K-invariant, then the optimal value of (2.5) will be

11
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nonzero, and KΨ(x) ≈ AΨ(x) will only hold approximately. However, it is known that

(with a few reasonable assumptions) the EDMD approximation converges in the strong

operator topology to the true Koopman operator in the limit as the number of snapshots

M and the size of the dictionary N go to infinity [36].

For numerical computation, it may be helpful to implement incorporate regulariza-

tion, which is commonly done via a truncated singular value decomposition. This is

closely related to Tikhonov regularization [25], in which a regularization term on the

Frobenius norm is added to (2.5). Regularization of other norms may also be considered,

such as the L1-norm to promote sparsity [32], or the L2,1-norm to encourage A to have a

small number of nonzero columns [64].

2.2 Actuated Systems

To make use of the Koopman operator in control problems, we must extend the above

theory to systems with inputs. Denoting the input as u ∈ U , the dynamics are described

by a map f : X × U → X such that

x+ = f(x, u). (2.6)

As with the state, we may consider the input set U to consist of abstract, non-numeric

elements. There are multiple ways of representing such systems in the Koopman frame-

work, which we discuss now.

2.2.1 Extended State Space

This section discusses the type of representation formalized in [35]. For the system

(2.6), we consider the associated autonomous system on an extended state space X×ℓ(U),

12
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where ℓ(U) denotes the space of all infinite input sequences. The extended state

χ := (x, µ∞) , where µ∞ := (ut)
∞
t=0 = (u0, u1, . . . ),

then evolves according to the map F : X × ℓ(U)→ X × ℓ(U) defined as

χ+ = F (χ) := (f(x,µ∞(0)), Sµ∞) , (2.7)

where µ∞(j) denotes the jth element of µ∞, and S is the left shift operator such that

(Sµ∞)(j) = µ∞(j + 1).

As an autonomous system, the associated Koopman operator is well-defined by (2.2)

for a function space F∞ of observables on the extended state space, i.e. ϕ : X×ℓ(U)→ R.

For a dictionary Φ ∈ FNϕ
∞ spanning a Koopman-invariant subspace, Proposition 2.5

guarantees the existence of a matrix A ∈ RNϕ×Nϕ such that

Φ(χ+) = KΦ(χ) = AΦ(χ), ∀χ ∈ X × ℓ(U).

Note that, although Φ(χ) is finite-dimensional, it generally cannot be computed in finite

time since it depends on the infinite-dimensional extended state χ = (x,µ∞). However,

for the purpose of control, we are only interested in predicting functions of the original

state x, which by causality depend only on the first input u of the infinite sequence µ∞.

For the following, we suppose the input is given by a vector u = [u1 · · · um]T ∈ Rm.

For a dictionary Φ ∈ FN+m
∞ of the form

Φ(χ) = Φ(x,µ∞) =

[
Ψ(xt)
µ∞(0)

]
,

13
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where Ψ ∈ FN , we then have that

KΦ(χ) = Φ(f(x,µ∞(0)), Sµ∞) =

[
Ψ(f(x,µ∞(0)))

µ∞(1)

]
.

Since Φ does not contain observables that depend on future inputs, then Kϕj /∈ FΦ for

j ∈ {N + 1, . . . , N +m}, and so FΦ is not K-invariant. However, this is not necessarily

a problem since we are not interested in being able to predict future control inputs. We

may still hope to have Kϕj ∈ FΦ, j ∈ {1, . . . , N}, in which case there exist matrices

A ∈ RN×N and B ∈ RN×m such that

Ψ(x+) = AΨ(x) +Bu. (2.8)

Linear predictors of this form are immediately amenable to linear control methods such

as model-predictive control.

One may also obtain a more general bilinear form via a dictionary Φ : X × ℓ(U) →

RN+Nm+m of the form

Φ(χ) =




Ψ(x)
µ∞(0)⊗Ψ(x)

µ∞(0)


 ,

such as considered in [12], where ⊗ denotes the Kronecker product such that u⊗Ψ(x) =

[u1Ψ(x)T · · · umΨ(x)T ]T . If this dictionary has Kϕj ∈ FΦ, j ∈ {1, . . . , N} then there

will exist matrices A0, . . . , Am ∈ RN×N and B ∈ RN×m such that

Ψ(x+) = A0Ψ(x) +
m∑

j=1

ujAjΨ(x) +Bu. (2.9)

This type of representation is particularly suited control-affine systems, as discussed in

[62].

14
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2.2.2 Input-Parameterization

An alternative representation is that of an input-parameterized Koopman operator.

In this setting, we view the system (2.6) as a family of autonomous subsystems defined

for each constant input u ∈ U by

x+ = fu(x) := f(x, u).

Each constant-input subsystem is autonomous, so that (2.2) defines an associated Koop-

man operator K(u) : F → F by

K(u)ϕ := ϕ ◦ fu, ∀ϕ ∈ F .

The collection of operators {K(u)}u∈U then constitutes the “Koopman control family”

defined in [27].

In this context, we discuss Koopman-invariance as a property of the Koopman control

family as a whole, rather than of an individual operator K(u).

Definition 2.6. A subspace F̃ ⊆ F is Koopman-invariant if it is K(u)-invariant for

all u ∈ U , i.e. if

K(u)ϕ ∈ F̃ , ∀ϕ ∈ F̃ , ∀u ∈ U .

For a dictionary Ψ ∈ FN such that FΨ is Koopman-invariant, Proposition 2.5 pro-

vides us with a family of matrices A(u) ∈ FN×N , u ∈ U such that

K(u)Ψ(x) = A(u)Ψ(x), ∀x ∈ X , ∀u ∈ U . (2.10)

We remark that this seemingly small change leads to significant consequences. For ex-

ample, we recall that the relation KΨ(x) = AΨ(x) for an autonomous system allows us

15
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to identify eigenfunctions via the left eigenvectors of A. However, we do not get this nice

property for (2.10), since there is generally no relation between the left eigenvectors of

A(u1), A[u2] for distinct inputs u1, u2. Even in general, a notion of a “joint eigenfunction”

with K(u)φ = λ(u)φ for all u ∈ U would be highly restrictive, since then

K(u1)K(u2)φ = K(u1)λ(u2)φ = λ(u1)λ(u2)φ = K(u2)λ(u1)φ = K(u2)K(u1)φ,

implying that φ must be invariant to permutations of the input sequence.

We further remark that, although (2.10) most naturally describes a switched system

representation, it is also general enough to include linear and bilinear representations.

Specifically, by considering a dictionary augmented with the constant function 1(x) := 1,

the linear representation (2.8) is expressed equivalently in the form of (2.10) as

[
Ψ(x+)
1(x+)

]
=

[
A Bu
0 1

] [
Ψ(x)
1(x)

]
.

Similarly, the bilinear representation (2.9) is expressed equivalently as

[
Ψ(x+)
1(x+)

]
=



A0 +

m∑

j=1

ujAj Bu

0 1



[
Ψ(x)
1(x)

]
.

In fact, the input-parameterized Koopman operator has equivalent descriptive power to

the Koopman operator for the extended state space system (2.7), as studied in [28].

2.3 Output Representations

Given a dictionary Ψ spanning a Koopman-invariant subspace, we are able to accu-

rately predict future values of observables within that subspace as linear combinations

16
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of the lifted state Ψ(x). However, the utility of this relies on the underlying subspace

being “useful” in some sense. For example, the subspace of constant functions is trivially

Koopman-invariant for any system, but the only “prediction” this allows us to make is

that constant functions will remain constant.

If the state has a vector representation x = [x1 · · · xn]T ∈ Rn, then it is reasonable

to consider state-inclusive dictionaries Ψ, i.e. those which (after a possible reordering)

have ψj(x) = xj for j ∈ {1, . . . , n}. A state-inclusive dictionary spanning a Koopman-

invariant subspace enables linear prediction of future states, which is useful in certain

applications such as forecasting or state regulation.

Depending on desired application, the requirement of a state-inclusive dictionary

may be stronger than necessary (if we only need to predict certain components of the

state) or weaker than necessary (if we need to predict observables other than the state-

components). Moreover, the states x ∈ X may in general be abstract objects that lack a

natural numeric representation, in which case this notion of state-inclusivity is ill-defined.

In the most general setting, we may augment the system (2.6) with an output mapping

g : X × U → Rny , denoting the functions that we are interested in predicting. Thus, we

consider a dynamical system with state x ∈ X , input u ∈ U , and output y ∈ Rny , that

are related to each other as follows.

x+ = f(x, u), (2.11a)

y = g(x, u). (2.11b)

Note that, although we still consider the state and input may be non-numeric in general,

the output is a user-defined vector of numeric measurements. This is difference is reflected

in the boldface notation for y.

Our goal is then to identify a linear representation of the system with the following

17
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form.

Definition 2.7. Given a dictionary Ψ ∈ FN and matrix-valued functions A : U →

RN×N , C : U → Rny×N , we say that (Ψ, A, C) is an exact Koopman representation

for (2.11) if

Ψ(f(x, u)) = A(u)Ψ(x), (2.12a)

g(x, u) = C(u)Ψ(x), (2.12b)

for all x ∈ X and u ∈ U .

To obtain such a representation, we require that subspace spanned by Ψ is both

Koopman-invariant in the sense of Definition 2.6 and output-inclusive in the following

sense.

Definition 2.8. A subspace F̃ ⊆ F is output-inclusive for the system (2.11) if gu,j ∈ F̃

for all u ∈ U and j ∈ {1, . . . , ny}, where gu,j denotes the jth component of the map

gu(x) := g(x, u).

Proposition 2.9. A dictionary Ψ ∈ FN admits an exact Koopman representation (i.e.

there exist A : U → RN×N and C : U → Rny×N such that (Ψ, A, C) is an exact Koopman

representation) if and only if FΨ is both Koopman-invariant and output-inclusive.

The proof of this statement very closely follows that of Proposition 2.5.

Recall that, for any system, we can always identify a finite-dimensional Koopman-

invariant subspace (the space of constant functions), but this subspace is not output-

inclusive. Similarly, for a system with a finite input set U = {u1, . . . , unu} the space

spanned by Ψ(x) = [gu1(x)
T · · · gunu

(x)T ]T is output-inclusive, but in general is not

Koopman-invariant. It is also always possible to identify a subspace satisfying both

properties, but any such subspace will generally be infinite-dimensional.

18
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Proposition 2.10. Let

G0 := {gu,j : u ∈ U , j ∈ {1, . . . , ny}} ,

Gk+1 := {K(u)ϕ : u ∈ U , ϕ ∈ Gk} , ∀k ≥ 0.

Then the subspace G∞ := span
⋃∞

k=0 Gk is both Koopman-invariant and output-inclusive.

Moreover, it is the smallest such subspace, in the sense that if F̃ ⊆ F is a Koopman-

invariant and output-inclusive subspace, then G∞ ⊆ F̃ .

Proof: It is clear that G∞ is output-inclusive, since for any u ∈ U , j ∈ {1, . . . , nu}

we have gu,j ∈ G0 ⊆ G∞. Now, let ψ ∈ G∞. Thus, we may write ψ =
∑∞

j=1 αjϕj for

some αj ∈ R, ϕj ∈
⋃∞

k=0 Gk. For each j, there then exists k such that ϕj ∈ Gk, and

thus K(u)ϕj ∈ Gk+1 for any u ∈ U . Therefore, we have K(u)ψ =
∑∞

j=1 αjK(u)ϕj ∈

span
⋃∞

k=0 Gk = G∞, so that G∞ is Koopman-invariant.

We now show that G∞ is the smallest such subspace. Let F̃ ⊆ F be a Koopman-

invariant and output-inclusive subspace. Since F̃ is output-inclusive, then gu,j ∈ F̃ for

all u ∈ U , j ∈ {1, . . . , ny}, and so G0 ⊆ F̃ . Suppose now, for some k ≥ 0, that Gk ⊆ F̃ .

Then, since F̃ is Koopman-invariant, we have that K(u)ϕ ∈ F̃ for all u ∈ U and ϕ ∈ Gk,

and so Gk+1 ⊆ F̃ . By induction, we then have Gk ⊆ F̃ for all k ≥ 0. Since F̃ is a

subspace, then it contains all linear combinations of the observables in the sets Gk, and

so we conclude that G∞ = span
⋃∞

k=0 Gk ⊆ F̃ .

In general, the infinite union of the sets Gk consists of infinitely many linearly indepen-

dent observables, so that G∞ is infinite-dimensional. As a consequence, there generally

does not exist a finite-dimensional subspace that is both Koopman-invariant and output-

inclusive. In practice, we must then work with dictionaries that yield only approximate

Koopman representations, i.e. representations for which at least one of (2.12a) and

(2.12b) is not satisfied.
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The matrices A(u) and C(u) can be approximately learned from data via a slight

modification to the EDMD algorithm described in Section 2.1.3. Suppose we have a

dictionary Ψ ∈ FN and a set of data snapshots

{(xj, x+j , uj,yj)}Mj=1 (2.13)

satisfying

x+j = f(xj, uj), yj = g(xj, uj), ∀j ∈ {1, . . . ,M} .

We partition the full set of snapshots into constant input sets {(xj, x+j , uj,yj)}j∈J (u),

where J (u) := {j ∈ {1, . . . ,M} : uj = u}. Each partition then corresponds to an

autonomous subsystem, for which we may apply the standard EDMD algorithm (2.5).

The matrices C(u) may be learned in the same way, but with the outputs yj in place

of the lifted states Ψ(x+j ). However, since we consider the output functions to be user-

specified, it may be known that certain functions depend only on the state and not on

the input. In this case, we may partition the output y ∈ Rny (after a possible reordering)

as

y =

[
ỹ
ȳ

]
=

[
g̃(x, u)
ḡ(x)

]
,

where ỹ ∈ Rnỹ , ȳ ∈ Rnȳ with nỹ+nȳ = ny. We then approximate ỹ via input-dependent

matrices learned from the partitioned snapshots, and approximate ȳ via a single matrix

learned from the full set of snapshots.
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We thus obtain the matrices A(u) and C(u) for systems with inputs and outputs as

A(u) = argmin
A∈RN×N

∑

j∈J (u)

∥Ψ(x+j )− AΨ(xj)∥22, (2.14a)

C(u) =



C̃(u)

C̄


 =




argmin
C̃∈Rnỹ×N

∑

j∈J (u)

∥ỹj − C̃Ψ(xj)∥22

argmin
C̄∈Rnȳ×N

M∑

j=1

∥ȳj − C̄Ψ(xj)∥22


 . (2.14b)
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Chapter 3

Entity-Based Systems

This chapter discusses a novel class of “entity-based” systems as introduced in [9] and

expanded upon in [10]. We first describe the concepts in a general sense, and then

we define types of observables that allow them to be represented and modeled via the

Koopman operator.

3.1 Motivating Examples

Before defining the concept of an entity-based system, it is helpful to introduce con-

crete examples to serve as illustrative examples. These example systems will also be used

to demonstrate numerical results through the remainder of this work.

3.1.1 MultiPong

We first consider the MultiPong system as introduced in [10], which a relatively

simple game implemented in Julia. It consists of a 1×1 box containing some number of

“balls” and “paddles”. Balls are denoted by points with associated velocity vectors, and

paddles are denoted by vertical line segments with length 0.1. The balls move according
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Figure 3.1: A sample state from a MultiPong game with three balls and two paddles.

Figure 3.2: An example game of MultiPong with one ball and one paddle. A depiction
of the future trajectory of the ball illustrates how it collides with the walls and with
the paddle.

to their velocity, and collide elastically with the walls of the box and with the paddles.

The paddles move up and down according to a chosen input. Figure 3.1 illustrates an

example state of the system with multiple balls and paddles, and Figure 3.2 illustrates

how the ball moves within in the box.

Paddles move up and down between twelve fixed y-positions between 0.05 and 0.95
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utop = down

ubottom = up

Figure 3.3: An illustration of the control input for MultiPong. The paddles move
among the fixed coordinates marked by the crosses. Paddles above the dashed line
move according to the input utop, while paddles below the dashed line move according
the input ubottom.

Inputs to the system are in the form of pairs

u = (utop, ubottom) ∈ {up, down, stay}2.

The chosen utop and ubottom are broadcast to paddles in the top and bottom halves of

the box respectively, as illustrated in Figure 3.3. Paddles that receive an input of ‘up’ or

‘down’ move in the corresponding direction (unless they are already at the topmost or

bottommost position respectively). Paddles that receive the input ‘stay’ do not move.

One property of the MultiPong system that will be helpful for our analysis is that we

can specify the initial state in such a way that only a finite number of states are reachable.

This will guarantee that we are able to identify and exact Koopman representation.

Letting mx,my ∈ N, we choose initial positions and velocities of each ball as

bx =
1

2mx

, by ∈
{
2k − 1

2my

}my

k=1

, bvx =
1

mx

, bvy ∈
{
− 1

my

,
1

my

}
. (3.1)

Without paddle collisions, the positions reachable by the ball then form an mx × my

grid as shown in Figure 3.4. This grid of reachable states is preserved if the paddles are
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Figure 3.4: An illustration of the trajectory of a ball initialized according to (3.1)
with mx = 5 and my = 3. The future positions of the ball remain confined to the
5× 3 grid of points as shown.

placed at x-positions exactly halfway between consecutive points on the grid. We do this

by choosing the position as

px =
round(2mx/3)

mx

,

which places the paddles at the nearest such position to x = 2/3.

Restricted to this finite set of states, there are only finitely many linearly independent

observables, and so there exists a finite-dimensional subspace that is both Koopman-

invariant and output-inclusive. By introducing a tunable perturbation to the initial

state, we can tune the proximity of the reachable state set to the finite state set, thus

tuning the accuracy of Koopman model we are able to obtain. We do this by choosing a

small perturbation scale δ > 0, and then replacing the initial ball velocities in (3.1) with

bvx =
α

mx

, bvy ∈
{
− β

my

,
β

my

}
, (3.2)

for α, β chosen uniformly from the interval [1− δ, 1+ δ]. Examples of the perturbed ball

trajectories for multiple values of δ are illustrated in Figure 3.5.
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δ = 0.0001 δ = 0.001 δ = 0.01

Figure 3.5: A visualization of sample trajectories of balls with perturbed initial
velocities as in (3.2).

3.1.2 Assault

We next consider the Atari 2600 game Assault, shown in Figure 3.6. In this game,

the player controls a ship near the bottom of the screen, and wishes to fire at and defeat

enemies that appear above them. At each moment, the player may take one of the

following six action: move left, move right, fire left, fire right, fire up, or do nothing. If

the player fires at and hits an enemy, then that enemy is defeated and the player scores

a fixed number of points. Conversely, if the player is hit by enemy fire, then they are

killed and lose a life. A gauge in the bottom right also increases when the player fires,

and slowly decreases over time when the player does not. This serves to limit how often

the player may fire, since they lose a life if they fire when the gauge is already full. The

game ends when the player loses all four of their lives.

3.2 Entity-Based Representations

We now define the concept of an entity-based system, as introduced in [9]. This term

refers to dynamical system of the form (2.11) whose state x consists of some (possibly

varying) number of components, which we shall refer to as “entities”. Each such entity

has its own individual state, and multiple entities may be organized into distinct classes
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Figure 3.6: An example screen of the game Assault.

for which we assume the following:

• Each entity in class i has an individual state that may be represented by a vector

in Rmi ;

• Entities within the same class have similar behavior, and thus may be treated

anonymously;

• The number of entity classes is fixed, although the number of entities within each

class may vary.

Given these assumptions, it is natural to associate each class of entities with a set-valued

mapping Ei : X ⇒ Rmi , with the understanding that the set Ei(x) includes the states of

all entities of class i.

Formally, we define an entity-based system as follows.

Definition 3.1. An entity-based representation for the system (2.11) is a mapping

of the form

E (x) := (E1(x), . . . , Ene(x)),
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for set-valued mappings Ei : X ⇒ Rmi , i ∈ {1, . . . , ne}. We denote the codomain of E by

X := 2R
m1×· · ·×2Rmne . An entity-based system is then a system with an entity-based

representation E such that there exist mappings F : X ×U →X and G : X ×U → Rny

such that

E (f(x, u)) = F (E (x), u), (3.3a)

g(x, u) = G (E (x), u), (3.3b)

for all x ∈ X and u ∈ U .

More generally, for systems where multiple entities may have identical states, the

mappings Ei may be viewed as multiset-valued, i.e. with each Ei(x) being a set that

allows for repeated elements. In either case, we assume that each Ei(x) contains only

finitely entities.

As with the Koopman-based representations described by Definition 2.7, both condi-

tions (3.3a) and (3.3b) are necessary in order to ensure that we have a “useful” represen-

tation of the system (2.11). Figure 3.7 illustrates how both entity-based representations

and Koopman-based representations capture the same state-input-output relations of the

underlying system.

We shall now this framework in relation to the previously introduced system. Specif-

ically, we describe limitations imposed by a traditional state-space representation, and

then propose an alternative representation via entities.

3.2.1 Entities for MultiPong

Each ball has an individual state b = [bx by bvx bvy]
T ∈ R4, where (bx, by) denotes

its (x, y)-position and (bvx, bvy) denotes its (x, y)-velocity. Each paddle has an individual
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xtyt

Ψ(xt)

E (xt)

xt+1 yt+1

Ψ(xt+1)

E (xt+1)

g(·, ut)

Ψ

E

C(ut)

G (·, ut)

g(·, ut+1)

Ψ

E

C(ut+1)

G (·, ut+1)

f(·, ut)

A(ut)

F (·, ut)

Figure 3.7: A diagram illustrating the relations between states, inputs, and outputs
for the exact Koopman representations described by Definition 2.7, entity-based rep-
resentations described by Definition 3.1, and the underlying dynamical system (2.11).

state p = [px py]
T ∈ R2, denoting the (x, y)-position of its center. A state-space rep-

resentation for the system could be constructed via a concatenation of these individual

states. For example, consider the system state shown in Figure 3.1. One could label the

ball states as

b1 =




0.267
0.712
0.148
−0.135


 , b2 =




0.563
0.179
−0.181
0.085


 , b3 =




0.834
0.273
0.111
0.166


 ,

and the paddle states as

p1 =

[
0.7
0.295

]
, p2 =

[
0.7
0.786

]
.

A concatenation of these individual entity states would yield a vector representation as

x =
[
bT
1 bT

2 bT
3 pT

1 pT
2

]T ∈ R16. (3.4)

We note two key shortcomings with this vector representation. First, this repre-
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sentation contains inherent redundancies due to the arbitrary labeling of the states.

For example, the state vector in (3.4) is numerically distinct from the vector x =

[bT
3 bT

1 bT
2 pT

2 pT
1 ]

T , even though both describe the same state shown in Figure 3.1.

Second, the dimension of the state vector x is dependent on the number of entities. For

example, a state with three balls and two paddles would have x ∈ R16 as in (3.4). In

contrast, a state with, say, two balls and one paddle would have x = [bT
1 bT

2 pT
1 ]

T ∈ R10.

This may be particularly problematic if the number of entities may vary over a single

trajectory. However, even if this is not the case, a representation that is independent of

the number of entities may be preferable to enable the same Koopman dictionary and

representation to be reused for different numbers of entities.

In contrast, consider an entity-based representation with two entity classes, where

E1(x) ⊆ R4 contains the states of the balls and E2(x) ⊆ R2 contains the states of the

paddles. For the system state shown in Figure 3.1, we then have

E (x) = (E1(x), E2(x)) = ({b1,b2,b3}, {p1,p2}) ∈ 2R
4 × 2R

2

.

We note that relabeling the states has no effect on representation E (x), since the sets

are unordered and so e.g. {b1,b2,b3} = {b3,b1,b2}. Moreover, we always have E (x) ∈

2R
4 × 2R

2
regardless of how many balls and paddles are present.

3.2.2 Entities for Assault

For Assault, the description of the state is more complicated. In principle, the state is

described by the 1024-bit memory of the Atari 2600 console, and so could be represented

by a vector in R1024. However, the system memory is not directly accessible, and would

be difficult to interpret even if it were. Instead, we observe the game screen as a proxy

for the state, which consists of a 160-by-210 grid of pixels with three color channels each.
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Table 3.1: Summary of the five entity classes for Assault.

i Entity class
1 Player ship
2 Player fire
3 Enemy ships
4 Enemy fire
5 Attack gauge

The screen observation may then be represented by an array in R3×160×210. Rather than

working directly with this large array, we would like to identify and extract a smaller set

of meaningful features.

Various on-screen objects may be described as entities belonging to a number of

distinct classes as listed in Table 3.1 and annotated in Figure 3.8. Since the number

of objects present changes within a single episode of the game, it is not feasible to

concatenate them into a fixed-length state vector. However, this is not an issue for our

entity-based representation. A similar description of Atari 2600 games via classes of

objects is described in [50], which may be viewed as a specific type of our more general

entity-based framework.

We remark that we may describe the individual pixels of objects in each class as

separate entities, eliminating the need to extract separate “blobs” of connected pixels.

For example, consider the three enemy ships belonging to entity class 3 in Figure 3.8.

It is straightforward to identify the 165 individual pixels that make up these ships, and

we define the set E3(x) as the set of these pixels’ coordinates. This saves us the work

of determining how many ships are present and classifying which pixels belong to which

ship.
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1

2
3

4

5

Figure 3.8: A screen from the game Assault, labeled to show the relevant entity
classes listed in Table 3.1.

3.3 Density Observables

We now consider the use of the Koopman operator for entity-based systems. First,

we must determine a suitable choice of dictionary. We note that, due to (3.3), it is

sufficient to restrict our focus to observables that depend on the state x only through

the entity-based representation E (x). That is, we may consider a dictionary of the form

Ψ = Ψ̃ ◦ E for some Ψ̃ : X → RN . To this end, we use observables that describe a

spatial “density” of entities within their individual state spaces Rmi .

First, for each entity class i ∈ {1, . . . , ne}, we choose some set of fixed points Bi =

{bij}Ni
k=1 ⊆ Rmi , which we shall refer to as basis centers. For each basis center bij we

define a corresponding observable ϕij as

ϕij(x) :=
∑

e∈Ei(x)
wij(e)κi(e,bij), (3.5)

for a chosen weight function wij : Rmi → R and kernel function κi : Rmi ×Rmi → R. We
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Figure 3.9: A plot of RBF kernels on R1, for different choices of lengthscale σj .

may then define a dictionary Ψ ∈ FN , with N =
∑ne

j=1Ni, as

Ψ :=



Φ1
...

Φne


 , where Φi :=



ϕi1
...

ϕiNi


 , i ∈ {1, . . . , ne}

One appropriate kernel function is the radial basis function (RBF) kernel

κi(x,y) := exp

(
−∥x− y∥22

2σ2
i

)
, (3.6)

where σi > 0 is a chosen lengthscale parameter. As shown in Figure 3.9, the RBF

kernel acts as a smooth indicator of the proximity of its arguments, with κi(x,y) = 1

for x = y, and decreasing toward zero as the distance between x and y increases, at

a rate determined by the parameter σi. Thus, each observable ϕij describes how many

entities are close to the basis center bij. The vector Φi(x) then captures a notion of the

“density” of the entities in the corresponding set Ei(x), as illustrated in Figure 3.10.
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Figure 3.10: A visualization of a “density” of entities in R2. The red circles denote
states of entities in the set Ei(x). A Voronoi diagram for a collection of basis centers
bij is shown, with each cell shaded proportional to the value of the corresponding
observable ϕij(x). The observables use RBF kernels, with a different lengthscale σi
used in each plot.

The weight functions wij may be omitted, which isequivalent to choosing constant

weights wij(e) := 1. However, noting that the value of the kernel κi(e,bij) is very small

when the distance between e and bij is large, it can be numerically beneficial to choose

weights that zero out small terms, to promote sparsity in the vector Φi(x). For example,

consider weight functions given by

wij(e) :=





1, bij ∈ kiNN(e),

0, otherwise,

for some chosen ki ∈ N, where kiNN(e) ⊆ Bi denotes the set of the ki nearest neighbors

to the entity state e ∈ Ei(x). This has an additional benefit of reducing the number of

kernels that must be computed.

The basis centers for the observables ϕij defined in (3.5) may be taken as any set of

points Bi ⊆ Rmi , e.g. via a grid in Rmi . However, this may be inefficient, especially if

the entity states reside only in a small region of a high-dimensional space. We instead

propose a data-driven approach that uses a set of states {xk}MK
k=1 collected across one or
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Figure 3.11: Illustration of the density of enemy ships in the game Assault. The top
and bottom rows correspond to two states with different numbers of entities. On the
left is a zoomed-in version of the game screen, showing the entity positions. In the
middle is a visualization of the density via a Voronoi tessellation of the basis centers,
with each cell shaded proportionally to the corresponding ϕij(x). On the right is a
plot of the same density in the form of the vector Φi(x) = [ϕi1(x) · · · ϕiNi(x)]

T .

more trajectories, akin to the set of data snapshots (2.4) used in EDMD. For each entity

class i ∈ {1, . . . , ne}, we then choose the basis centers via a K-means clustering of the

entity states, i.e.

Bi = K-means
K=Ni

(
MK⋃

k=1

Ei(xk)
)
, i ∈ {1, . . . , ne} .

In this way, the basis centers will be densest in the regions of the state space that the

entities are most likely to visit, enabling the use of fewer total observables to capture the

most important state information.

An example of density observables for one entity class of the game Assault is illus-

trated in Figure 3.11. The K-means clustering results in a non-uniform placement of the

basis centers, such that they are concentrated in the regions where the entities reside.

Furthermore, we see that the densities are adaptable to any number of entities that may

be present.
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We now present an example for the MultiPong system showcasing the use of these

densities observables in Koopman-based representations

Example 3.2. Consider the MultiPong system with one ball and no paddles, where

states are initialized according to (3.1) with mx = 15 and my = 10. Using density

observables for the ball, with basis centers at each of the 4mxmy = 600 reachable ball

states, we can obtain an exact Koopman representation for the dynamics. We learn the

system matrix A via EDMD (2.5), taking the set of snapshots (2.4) as the set of (state,

next-state) pairs for an enumerated list of all reachable states. We may then obtain

eigenfunctions for the system via left eigenvectors of the A matrix, as in (2.3). Such an

eigenfunction with λ = 1 is illustrated in Figure 3.12.

We may also consider inexact Koopman representations by perturbing the initial

states as in (3.2). For three values of δ, we learn the dynamics for the same dictionary

via EDMD, with data collected over 500 episodes (50,000 total snapshots). Then, we

compare the actual ball trajectory with predictions from our learned model, as shown in

Figure 3.13. As the perturbation scale δ increases, the accuracy of the resulting Koopman

model decreases.

3.4 Product Densities

Although the density observables we have defined provide an appropriate description

of the system state, they often are not sufficient for obtaining a linear representation for

the Koopman operator. In the MultiPong system for instance, the interactions between

the ball and the paddle are nonlinear with respect to the separate densities. We illustrate

the problem in the following example.
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Figure 3.12: A visualization of an eigenfunction φ at λ = 1 for the MultiPong system
with one ball and no paddles, with initial states (3.1) with mx = 15 and my = 10.
Each white dot denotes one position reachable by the ball, with the four surrounding
cells shaded according to the value of φ(x) when the ball is at that position and with
the corresponding velocity in that direction. The level sets of φ correspond to distinct
orbits of the ball, which are invariant sets.
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Figure 3.13: Comparison of actual and predicted trajectories using inexact Koopman
representations for the MultiPong system with one ball and no paddles, using the
perturbed initial velocities in (3.2) for different values of δ.
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Example 3.3. Consider a minimal abstraction of the MultiPong system as described by

Figure 3.14. We construct density observables for the ball and paddle, with respective

basis center sets

B1 =
{[

1/4
1/4

]
,

[
1/4
3/4

]
,

[
3/4
1/4

]
,

[
3/4
3/4

]}
and B2 =

{[
1/2
1/4

]
,

[
1/2
3/4

]}
,

and with each using the delta kernel defined by

κδ(x,y) :=





1, x = y,

0, otherwise.

Each observable then acts as an indicator function for whether the corresponding entity is

in the corresponding state. Now, consider the observable Kϕ11. Using the state labeling

in Figure 3.14, we have

Kϕ11(xi) =





1, i ∈ {1, 6},

0, i ∈ {2, 3, 4, 5, 7, 8}.

The observable Kϕ11 then indicates that either the ball is in the bottom left and the

paddle is at the bottom, or the ball is in the bottom right and the paddle is at the

top. The “and”s in this interpretation correspond to nonlinear functions of the sep-

arate density observables ϕij, and so Kϕ11 is not in the span of the dictionary Ψ =

[ϕ11 ϕ12 ϕ13 ϕ14 ϕ21 ϕ22]
T .

What the previous examples show is that separate density observables on their own are

not sufficient for obtaining an exact Koopman representation. The fundamental problem

is that certain interactions between entities depends on their individual states in nonlinear

ways. In this case, to know whether the ball will be deflected by the paddle, we require
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x1 x2 x3 x4

x5 x6 x7 x8

Figure 3.14: An illustration of a minimal MultiPong system, with one large paddle
with two positions and one ball that alternates between the left and right unless
blocked by the paddle. The eight possible states are enumerated, with arrows denoting
the state transitions for the uncontrolled dynamics.

observables that depend on specific combinations of the ball and paddle positions. Such

combinations may be described via products of the separate observables, as shall now

define.

Consider a pair of entity classes i, k ∈ {1, . . . , ne} with separate density observables

denoted by Φi = [ϕi1 · · · ϕiNi
]T and Φk = [ϕk1 · · · ϕkNk

]T . We define the product density

Φi⊗k ∈ FNiNk of classes i and k by

Φi⊗k(x) := Φi(x)⊗Φk(x), (3.7)
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where ⊗ denotes the Kronecker product, such that

Φi(x)⊗Φk(x) =



ϕi1(x)Φk(x)

...
ϕiNi

(x)Φk(x)


 =




ϕi1(x)ϕk1(x)
...

ϕi1(x)ϕkNk
(x)

...

...
ϕiNi

(x)ϕk1(x)
...

ϕiNi
(x)ϕkNk

(x)




.

Thus, the product density Φi⊗k consists of all observables of the form ϕijϕkl for j ∈

{1, . . . , Ni} and l ∈ {1, . . . , Nk}. These observables measure a joint density between the

two entity class, in the sense that the value of each product observable ϕijϕkl will be

large only if there simultaneously exist class i entities near the basis center bij and class

k entities near the basis center bkl.

Example 3.4. We continue the discussion of Example 3.3 regarding the system described

by Figure 3.14. Consider the product of the observables ϕ11 (which indicates whether

the ball is in the bottom left) and ϕ22 (which indicates whether the paddle is at the top).

The product observable ϕ11ϕ22 is then equal to 1 only if both are true. Using the state

labeling of Figure 3.14, we thus have

[ϕ11ϕ22](x) =





1, x = x2,

0, otherwise.

Since f(x) = x2 if and only if x = x6, then we have

K[ϕ11ϕ22](x) = [ϕ11ϕ22](f(x)) =





1, f(x) = x2,

0, otherwise

=





1, x = x6,

0, otherwise

= [ϕ13ϕ22](x),
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and so K[ϕ11ϕ22] is contained in the span of Φ1⊗2. A similar approach for the remaining

products shows that the span is K-invariant. Indeed, it is straightforward to identify and

verify that the matrix

A =




1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1




satisfies KΦ1⊗2(x) = AΦ1⊗2(x) for all states x1, . . . , x8.

We now move from this minimal abstraction to the full MultiPong system. As with the

previous examples, we find that product densities allow us to obtain an exact Koopman

representation, whereas separate densities do not.

Example 3.5. Consider the MultiPong system with one ball and one paddle, where

states are initialized according to (3.1) with mx = 5 and my = 3. We define density

observables for the ball and paddle, taking their respective sets of basis centers as the

4mxmy = 60 reachable ball states and the 12 paddle states. We construct two dictio-

naries: Ψsep := [ΦT
1 ΦT

2 ]
T containing only the separate densities, and Ψprod := Φ1⊗2

containing only the product densities.

For each dictionary, we learn the corresponding matrices A(u) and C(u) via (2.14).

The set of snapshots (2.13) is generated via an enumerated list of all combinations of state

and input, using the ball state as the output, i.e. g(x) = [bx by bvx bvy]
T . Figure 3.15 com-

pares the predicted output trajectories from both Koopman models with the true system

trajectories. We see that separate densities are unable to produce accurate predictions,

whereas product densities enable us to predict all outputs exactly.

It should be noted that, since the Kronecker product of vectors in RNi and RNk
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Figure 3.15: Comparison of actual trajectories for the MultiPong system with one
ball and one paddle to those predicted by Koopman models with separate densities
and product densities. Koopman predictions with separate densities are inaccurate
beyond the first few time steps, whereas Koopman predictions with product densities
match the true trajectory exactly for the entire time horizon.
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produces a vector in RNiNk , then the product density can become very large even for

moderately sized separate densities. If the size of the full Kronecker product would

be impractical, one could consider using only a subset of the full Kronecker product.

However, this may prove problematic, as the omitted product may be necessary for

accurately predicting the included ones. An alternative is to use fewer basis centers in

constructing the individual densities. Although this would reduce the precision of the

individual densities, it can be worthwhile if it leads to better prediction of the product

densities.

It is also interesting to examine the structure of the product observables in greater

detail. Using the definition (3.5) of the individual densities, we may write

[ϕijϕkl](x) =


 ∑

e∈Ei(x)
wij(e)κi(e,bij)




 ∑

e∈Ek(x)
wkl(e)κk(e,bkl)




=
∑

ei∈Ei(x)

∑

ei∈Ei(x)
wij(ei)wkl(ek)κi(ei,bij)κk(ek,bkl).

This may be simplified further depending on the specific kernel functions. For instance,

the product of RBF kernels defined by (3.6) is itself an RBF kernel, since

κi(ei,bij)κk(ek,bkl) = exp

(
−∥ei − bij∥22

2σ2
i

)
exp

(
−∥ek − bkl∥22

2σ2
k

)

= exp

(
−∥ei − bij∥22

2σ2
i

− ∥ek − bkl∥22
2σ2

k

)

= exp

(
−σ

2
k∥ei − bij∥22 + σ2

i ∥ek − bkl∥22
2σ2

i σ
2
k

)

= exp

(
−∥σkei − σkbij∥22 + ∥σiek − σibkl∥22

2σ2
i σ

2
k

)

= exp

(
−∥ei,k − bij,kl∥22

2σ2
i σ

2
k

)
,
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where

ei,k =

[
σkei
σiek

]
, bij,kl =

[
σkbij

σibkl

]
.

With appropriate normalization, the product density in (3.7) may then be expressed

equivalently in the form (3.5) on a set of combined entities

{[
ei
ek

]
∈ Rmi+mk : ei ∈ Ei(x), ek ∈ Ek(x)

}
.

In fact, this set constitutes a valid entity class as mathematically defined in Definition 3.1,

and so our description of product densities is in some sense not necessary. However, the

product density interpretation allows us to retain separate, intuitively defined entity

classes.
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Chapter 4

Koopman-Based Controller Design

This chapter discusses the application of our Koopman-based representations for con-

trol. For a nonlinear optimal control problem, we define an equivalent linear problem

via Koopman representations, from which we derive a compact, piecewise linear solution.

Even with this reformulation, finding a global optimum has exponential complexity in

the problem horizon, which we circumvent with a heuristic algorithm for finding a com-

putationally tractable local solution. Lastly, we present extensions to the problem to

incorporate state constraints and robustness.

4.1 Optimal Control

Consider a dynamical system with state x ∈ X and input u ∈ U described by

x+ = f(x, u). (4.1)
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Given an initial state x0, we wish to solve the associated optimal control problem

min
u0,...,uh−1∈U

γh(xh) +
h−1∑

t=0

γt(xt, ut), (4.2a)

s.t. xt+1 = f(xt, ut), t ∈ {0, . . . , h− 1} , (4.2b)

where the function γh : X → R denotes a terminal cost, and the functions γt : X × U →

R, t ∈ {0, . . . , h− 1} denote cumulative stage costs.

The associated optimal cost-to-go from time t is described by the function JNL
t : X →

R defined by

JNL
t (xt) := min

ut,...,uh−1∈U
γh(xh) +

h−1∑

τ=t

γt(xτ , uτ ) (4.3a)

s.t. xτ+1 = f(xτ , uτ ), τ ∈ {t, . . . , h− 1} . (4.3b)

Based on principles of dynamic programming [7], this cost-to-go satisfies the recursive

relation

JNL
h (xh) = γh(xh), (4.4)

JNL
t (xt) = min

ut∈U

{
γt(xt, ut) + JNL

t+1(f(xt, ut))
}
, ∀xt ∈ X , ∀t ∈ {0, . . . , h− 1} .

If the state set X has a finite, computationally tractable size, one can use this relation

to explicitly compute the value of JNL
t (xt) for every xt ∈ X and t ∈ {0, . . . , h− 1}.

Otherwise, we require some special structure of the dynamics and cost functions to obtain

an explicit formula, or a convex problem that can be efficiently solved by numerical

methods. In general, however, the nonlinearities give rise to a nonconvex optimization

problem for which no efficient solution exists.
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The Koopman operator provides us with a way to transform the nonlinear problem

(4.2) into an equivalent linear one. This is possible if we can obtain an exact Koopman

representation (in the sense of Definition 2.7) for the system

x+ = f(x, u), (4.5a)

y = g(x, u) :=
[
γ0(x, u) · · · γh−1(x, u) γh(x)

]T
. (4.5b)

Proposition 4.1. Suppose (Ψ, A, C) is an exact Koopman representation for (4.5) where

C(u) =




c0(u)
T

...
ch−1(u)

T

cTh


 , ∀u ∈ U ,

for mappings ct : U → RN , t ∈ {0, . . . , h− 1} and a vector ch ∈ RN . Define the functions

JK
t : RN → R, t ∈ {0, . . . , h} by

JK
t (ξt) := min

ut,...,uh−1∈U
cThξh +

h−1∑

τ=t

cτ (uτ )
Tξτ (4.6a)

s.t. ξτ+1 = A(uτ )ξτ , τ ∈ {t, . . . , h− 1} . (4.6b)

Then

JNL
t (xt) = JK

t (Ψ(xt)), ∀xt ∈ X , t ∈ {0, . . . , h} .

Proof: Fix an initial state xt ∈ X and a sequence of inputs ut, . . . , uh−1 ∈ U , and

let ξt = Ψ(xt). Then, consider the states xτ ∈ X and lifted states ξτ ∈ RN obtained by

recursive application of (4.3b) and (4.6b) respectively.

Suppose, for some τ ∈ {t, . . . , h− 1}, that ξτ = Ψ(xτ ). Then, since (Ψ, A, C) is an
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exact Koopman representation, we have

ξτ+1 = A(uτ )ξτ = A(uτ )Ψ(xτ ) = K(uτ )Ψ(xτ ) = Ψ(f(xτ , uτ )) = Ψ(xτ+1).

Thus, by induction we have ξτ = Ψ(xτ ) for all τ ∈ {t, . . . , h}.

Now, since (Ψ, A, C) is an exact Koopman representation, we have




γ0(x, u)
...

γh−1(x, u)
γh(x)


 =




c0(u)
T

...
ch−1(u)

T

cTh


Ψ(x), ∀x ∈ X , ∀u ∈ U ,

and so

γh(xh) +
h−1∑

τ=t

γτ (xτ , uτ ) = cThΨ(xh) +
h−1∑

τ=t

cτ (uτ )
TΨ(xτ ) = cThξh +

h−1∑

τ=t

cτ (uτ )
Tξτ .

Since this holds for any xt ∈ X and ut, . . . , uh−1 ∈ U , we conclude that JNL
t (xt) =

JK
t (Ψ(xt)) as desired.

We have shown that, if we can obtain an exact Koopman representation for the

system (4.5), then we can equivalently express the nonlinear cost-to-go function (4.3) for

the problem (4.2) by the linear cost-to-go function (4.6). The benefit in doing this is

that this linearity enables a compact, computationally efficient solution to the original

problem. To express these results, it is helpful to first introduce more compact notation

for discussing finite sequences of inputs.

Given s, t ∈ N with s ≤ t, we use the notation µt
s as an abbreviation of the input

sequence usus+1 · · ·ut−1 ∈ U t−s. Note that us is included at the start but that ut is

excluded from the end, so that µt
s denotes the input sequence that transitions the system

(4.1) from the state xs at time s to the state xt at time t. For the case s = t, this
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represents the empty sequence, which we denote by ϵ.

We let U∗ denote the set of all finite input sequences (including the empty sequence),

i.e. U∗ :=
⋃∞

k=0 Uk with the convention that U0 = {ϵ}. Given a matrix-valued function

A : U → RN×N , we denote its domain extension from inputs u ∈ U to input sequences

µ ∈ U∗ by the function Ā : U∗ → RN×N , defined by

Ā(ϵ) := IN ,

Ā(uµ) := Ā(µ)A(u), ∀u ∈ U , ∀µ ∈ U∗.

Note the reversed order between the sequence concatenation and the matrix products.

In this way, we have

Ā(µt
s) = Ā(usus+1 · · ·ut−1) = A(ut−1) · · ·A(us+1)A(us),

so that Ψ(xt) = Ā(µt
s)Ψ(xs) for an exact Koopman representation (Ψ, A, C).

Using this notation, we may state the following result.

Theorem 4.2. The cost-to-go function JK
t as defined by (4.6) is piecewise linear and

given by

JK
t (ξt) = min

µh
t ∈Uh−t

d(µh
t )

Tξt, (4.7)

where d : U∗ → RN is defined by

d(µh
t ) := Ā(µh

t )
Tch +

h−1∑

τ=t

Ā(µτ
t )

Tcτ (uτ ). (4.8)

Proof: For a fixed input sequence µh
t ∈ Uh−t, recursive application of (4.6b) gives

ξτ = Ā(µτ
t )ξt, ∀τ ∈ {t, . . . , h} .
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Thus, the objective (4.6a) to be minimized is given by

cThξh +
h−1∑

τ=t

cτ (uτ )
Tξτ = cTh Ā(µ

h
t )ξt +

h−1∑

τ=t

cτ (uτ )
T Ā(µτ

t )ξt

=

(
Ā(µh

t )
Tch +

h−1∑

τ=t

Ā(µτ
t )

Tcτ (uτ )

)T

ξt

= d(µh
t )

Tξt.

A key advantage of this form is that the d(µ) vectors are fully independent of the

state, and thus they may be precomputed offline. A runtime controller then only needs

to perform the lifting Ψ(x0) for the initial state, and then compute the inner product

d(µ)TΨ(x0) for each input sequence µ ∈ Uh. In this way, we evaluate the cost without

explicitly computing the lifted state trajectory, which would require a sequence of costly

matrix-vector products ξt+1 = A(ut)ξt.

We further note that the piecewise linear structure of the cost-to-go JK
t is non-

restrictive, since the dictionary Ψ will typically include nonlinear functions of the state.

For example, although the pointwise minimum of linear functions is always concave, this

applies only when viewed as a function of the lifted state Ψ(x). However, when instead

viewed as a function of the original state x, then a nonlinear lifting yields a pointwise

minimum of nonlinear functions, which may be non-concave in general.

Example 4.3. Consider a system with state x = [x1 x2]
T ∈ R2 and input u ∈ {1, 2},

with dynamics given by

x+ = f(x, u) =





[
1.2x1

−0.8x2 + 0.6x21

]
, u = 1,

[
−0.4x1

0.8x2 − 0.2x21

]
, u = 2,
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and an associated optimal control problem (4.2) with horizon h = 10 and cost functions

γt(x, u) =





tx1 + x2, u = 1,

x1 + tx2, u = 2,

γh(x) = 10x21.

The dictionary Ψ(x) = [x1 x2 x
2
1]

T admits an exact Koopman representation, as we have

K(u)Ψ(x) = A(u)Ψ(x) where

A(1) =



1.2 0 0
0 −0.8 0.6
0 0 1.44


 , A(2) =



−0.4 0 0
0 0.8 −0.2
0 0 0.16


 ,

and that γt(x, u) = ct(u)
TΨ(x) and γh(x) = cThΨ(x) where

ct(1) =



t
1
0


 , ct(2) =



1
t
0


 , ch =



0
0
10


 .

Thus, the original nonlinear problem is equivalent to the linear problem (4.6), which may

be solved via the compact form (4.7) provided by Theorem 4.2. A visualization of the

solution structure is provided in Figure 4.1.

4.2 Dynamic Pruning Algorithm

For small horizon lengths h, it is feasible to compute the vectors d(µ) that define the

cost-to-go (4.7) for every input sequence µ ∈ Uh. However, this full enumeration quickly

becomes intractable for longer horizons, since the total number of input sequences grows

exponentially in h. If one insists on finding the global optimum, then this complexity

cannot be avoided, as the problem is known to be NP-hard in general [66]. Instead, we

implement a heuristic algorithm that constructs a tractable subset of sequences by dy-
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Figure 4.1: An illustration of the solution to the optimal control problem posed in
Example 4.3. Left: The optimal cost as a function of the initial state x. The parabolic
surfaces in the original state space correspond to hyperplanes in the lifted state space
defined by the vectors d(µ). Right: A partition of the state space according to the
optimal input sequence, colored blue to red in the lexicographical ordering of the
sequences. Out of 210 = 1,024 total sequences, only 22 are optimal from any state in
the domain shown.
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namically pruning the search space via a combination “exploitation” and “exploration”.

4.2.1 Central Idea

Although the cost-to-go function (4.6) and the equivalent expression (4.7) are defined

in terms of exponentially many µh
t ∈ Uh−t, it may be the case that relatively few are

ever optimal, as we saw in Example 4.3. In principle, there should then exist some much

smaller subset of sequences for which the minimal cost remains optimal or near-optimal.

We propose here a heuristic algorithm for constructing such subsets Ut ⊆ Uh−t.

We note that the vectors d(µh
t ) defined by (4.8) follow the recursive relation

d(µh
t ) = ct(ut) + A(ut)

Td(µh
t+1), t ∈ {0, . . . , h− 1} (4.9)

similar to the Bellman equation (4.4) for the cost-to-go. With the initial condition

d(ϵ) = ch, we may then recursively construct the vectors backward in time via (4.9). It

is reasonable then to construct the subsets Ut ⊆ Uh−t in parallel such that

Ut ⊆ U · Ut+1 := {uµ : u ∈ U ,µ ∈ Ut+1}.

In this way, the computation of the vectors {d(µh
t ) : µh

t ∈ Ut} via (4.9) relies only on

those vectors in the set {d(µh
t+1) : µ

h
t+1 ∈ Ut+1}.

For times t near the end of the horizon, the full set of possible sequences Uh−t is

relatively small, and so it is feasible to consider the full subset, i.e. to let Ut = U · Ut+1.

As we move backward in time, the total number of sequences grows exponentially, and we

must instead take Ut as some “pruned” subset of U · Ut+1. We choose this pruned subset

via a heuristic algorithm that combines the concepts of “exploitation” and “exploration”

as commonly considered in reinforcement learning. For exploitation, we use the already
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computed vectors d(µh
t+1) to dynamically evaluate the costs of the associated sequences

µh
t = utµ

h
t+1 from some number of test states, and we save those that perform well. For

exploration, we randomly select some number of sequences from U · Ut+1 to be saved in

the pruned set Ut.

4.2.2 The Algorithm

The main pruning algorithm is that of Algorithm 1, which contains the high level

logic and calls Algorithm 2 as a subroutine to perform pruning as needed. The algorithm

depends on a number of chosen parameters as follows: a fixed capacity L ∈ N that

denotes the maximum number of sequences to be saved in the set Ut at each iteration t; a

set of initial states X0 = {x1, . . . , xMx} ⊆ X for dynamic cost evaluation; and parameters

Mb,Mr ∈ N that denote how many sequences should be saved in the exploitation and

exploration phases respectively. To ensure that the size of the sets Ut remain within the

capacity L, these parameters must be chosen such that

hMbMx +Mr ≤ L. (4.10)

Algorithm 1 recursively constructs the subsets Ut backward from the end of the hori-

zon. The PruneStep function defined by Algorithm 2 is called to perform pruning if

the full set U ·Ut+1 would be larger than the capacity. At each iteration, it also computes

(via (4.9)) the corresponding vectors dµ for each input sequence µ saved in the pruned

set.

The PruneStep function defined in Algorithm 2 takes a set of input sequences

Ut+1, and a corresponding data set Dt+1 = {dµ : µ ∈ Ut+1}, and returns a subset of

extended sequences from U · Ut+1 constructed in two phases. The first phase, illustrated

in Figure 4.2, is an “exploitation” phase, in which we use the vectors dµ ∈ Dt+1 to evaluate
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Algorithm 1 Dynamic Pruning

1: Uh ← {ϵ}
2: dϵ ← ch

3: for t ∈ {h− 1, . . . , 0} do
4: if nu|Ut+1| ≤ L then

5: Ut ← U · Ut+1

6: else

7: Ut ← PruneStep(Ut+1, Dt+1)

8: for uµ ∈ Ut do

9: duµ ← A(u)Tdµ + ct(u)

10: Dt ← {dµ : µ ∈ Ut}
return U0, D0

the cost associated with each sequence uµ ∈ U · Ut+1 for a number of test states. These

test states are dynamically generated in a receding horizon manner from each state in the

set X0 = {x1, . . . , xMx} ⊆ X . That is, for each xj ∈ X0, we let ξj,0 = Ψ(xj), from which

generate a subsequent state as ξj,1 = A(u∗)ξj,0 where u∗ = argminu∈U{dµ
TA(u)ξj,0 +

ct(u)
Tξj,0}. We obtain a set of lifted states ξj,k by repeating this procedure, and for each

state we save the Mb sequences that achieved the lowest costs. The second “exploration”

phase of the algorithm simply choosesMr additional sequences at random to be included

in the pruned set.

When Algorithm 1 terminates, it returns a subset U0 ⊆ Uh and the corresponding set

of vectors D0 = {dµ : µ ∈ U0}. Using these, we define

ĴK
0 (ξ0) = min

µ∈U0
dµ

Tξ0, (4.11)

which serves as a computationally tractable approximation of (4.7).

Example 4.4. Consider the MultiPong system with one ball and paddle, initialized via

(3.1) with mx = 5 and my = 3. We examine the approximation error of the pruned
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Algorithm 2 PruneStep(Ut+1, Dt+1)

Require: Ut+1 ⊆ Uh−(t+1), Dt+1 = {dµ : µ ∈ Ut+1}
1: for xj ∈ X0 do

2: ξj,0 ← Ψ(xj)

3: for k ∈ {0, . . . , h− 1} do
4: for u ∈ U do

5: ξuj,k ← A(u)ξj,k

6: cuj,k ← ct(u)
Tξj,k

7: for µ ∈ Ut+1 do

8: Juµ ← dµ
Tξuj,k + cuj,k

9: U
j,k
best ← Set of sequences uµ ∈ U · Ut+1 that achieve the Mb lowest costs Juµ

10: u∗ ← argminu∈U minµ∈Ut+1 Juµ

11: ξj,k+1 ← ξu
∗

j,k

12: Ubest ←
⋃Mx

j=1

⋃h−1
k=0 U

j,k
best

13: Urand ← {Mr random samples from U · Ut+1}
return Ubest ∪ Urand

k = 0 k = 1 k = 2

u∗
0 u∗

1
u ∈ U

µ ∈ Ut+1

Juµ

U
j,0
best

= {u1µ1, u1µ3, u3µ2} U
j,1
best

= {u1µ1, u2µ1, u2µ2} U
j,2
best

= {u1µ3, u2µ3, u3µ2}

Ubest =
⋃

j,k U
j,k
best = {u1µ1, u1µ3, u2µ1, u2µ2, u2µ3, u3µ2}

ξj,0 = Ψ(xj)

ξj,0

ξj,1 = A(u∗
0)ξj,0

ξj,0
ξj,1

ξj,2 = A(u∗
1)ξj,1

3 6 2 7 9 5 8 1 4 2 6 5 1 3 8 9 4 7 5 7 2 6 4 1 8 3 9

Figure 4.2: An illustrated example of the first three iterations of the “exploitation”
phase of Algorithm 2, for one initial state xj and with Mb = 3. For each k, we
compute the cost associated to each sequence uµ ∈ U · Ut+1 from the state ξj,k as

Juµ = dµ
TA(u)ξj,k + ct(u)

T ξj,k = duµ
T ξj,k. The first input of the best sequence

(shown in red) is used to generate the test state ξj,k+1 for the next iteration. At the
same time, the Mb best sequences (the best sequence, together with the next best

sequences shown in blue) are saved as the set Uj,kbest, and their union is taken as the set
Ubest.
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Figure 4.3: Relative approximation error between the pruned cost-to-go function
(4.11) and the unpruned cost-to-go function (4.7), computed as ∥ĴK

0 − JK
0 ∥2/∥JK

0 ∥2.

cost-to-go (4.11) for an optimal control problem with horizon h = 8. This horizon is

sufficiently short that we are able to compute the unpruned cost-to-go JK
0 via (4.7).

Using Algorithm 1, we also construct pruned versions of the cost-to-go ĴK
0 defined by

(4.11), for several different values of the parameters L, Mb and Mr. We then compute

the relative mean error of each pruned function, shown in Figure 4.3. Larger capacities L

achieve the most accurate approximations, but even smaller capacities achieve low errors.

We also see that a balance between exploitation and exploration consistently yield better

accuracy than pure exploitation or pure exploration.

4.2.3 Computational Complexity

We now analyze the complexity of the dynamic pruning algorithm, working outward

from the innermost loop of Algorithm 2. The computation of dµ
Tξuj,k in step 8 requires

N operations, and is performed for L sequences µ ∈ Ut+1. The computation of A(u)ξj,k
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Table 4.1: The computational complexity for the pruned and unpruned cost-to-go
functions.

Full cost-to-go Pruned cost-to-go
Offline construction O(nu

hN2) O(h2nuMx[N
2 + LN ] + hLN2)

Runtime evaluation O(nu
hN) O(LN)

in step 5 requires an additional N2 operations. These computations are repeated for the

nu inputs u ∈ U , for h values of k, and for Mx states xj ∈ X0. Thus, the complexity of

Algorithm 2 is O(hnuMx[N
2 + LN ]).

We may now consider Algorithm 1. The computation of A(u)Tdµ in step 9 requiresN2

operations, and is performed for L sequences uµ ∈ Ut. These computations, in addition

to those of the PruneStep call in step 7, are repeated for h iterations of the main loop

over t. Thus, the overall complexity of Algorithm 1 is O(h2nuMx[N
2 + LN ] + hLN2).

We further remark that the algorithm for pruning and computing the dµ vectors only

needs to be performed once, and may be done offline. The online implementation of a

control policy then only needs to compute the cost dµ
Tξ0 for each sequence µ ∈ U0.

Thus, the online complexity of evaluating ĴK
0 (ξ0) is O(LN).

For reference, we may compare with the computational complexity of the full cost-

to-go (4.7). The offline computation of all vectors d(µ) may be done via (4.9), which

requires computation of the product A(u)Td(µ) for all sequences uµ ∈ Uh−t, for each

t ∈ {h− 1, . . . , 0}. Thus, the total number of operations is
∑h−1

t=0 nu
h−tN2, which has

complexity O(nu
hN2). The online complexity is O(nu

hN), as it is the same as the pruned

version but with exponentially many sequences.

The offline and online complexities of the pruned and unpruned cost-to-go functions

are summarized in Table 4.1.
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4.2.4 Numerical Results

Effective control of the MultiPong and Assault systems require being able to look

many time steps into the future, which our pruning algorithm is crucial for. Now that

we are no longer limited in the horizon lengths we may consider, we showcase several

experimental results for control of these systems.

MultiPong

We first consider the MultiPong system, initialized with discretized states as in (3.1).

We consider initializations with various values for mx, but we fix my = 3, so that the

ball’s y-velocity is always much faster than the paddle can move, necessitating prediction

of its future trajectory. Our objective is to keep the balls to the left of the paddle as

much as possible.

Following the same process as in Example 3.5, we define two dictionaries Ψsep and

Ψprod, and learn the corresponding matrices A(u), C(u) via EDMD. We do this learning

only for the system with one ball, as our entity-based framework allows them to re-

use them for systems with multiple balls. For each Koopman model, we consider the

optimal control problem optimal control problem (4.2) with a cost function that counts

the number of balls to the right of the paddle, and with a horizon h = 20. With three

possible inputs, there are a total 320 ≈ 3.5 billion possible input sequences. As such,

we construct pruned control policies via Algorithm 1, with capacity L = 10,000, with

Mr = 5,000 random sequences per iteration, with Mb = 25 best sequences per test state,

and with the initial state set X0 taken as a set of 10 random initial states. Due to the

randomness of the exploration phase, we construct ten such policies for each Koopman

model, and we examine their mean performance.

For reference, we compare our Koopman-based policies with two non-Koopman poli-
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cies that we now describe. The first is a “greedy” policy, which moves the paddle toward

the closest ball’s current y-coordinate. If all balls are to the right of the paddle, it instead

moves away from that y-coordinate (to avoid deflecting the ball back toward the right).

The second is a “predictive” policy that instead moves the paddle toward the position

where the closest ball will cross the paddle’s x-coordinate, which is determined exactly via

full knowledge of the nonlinear dynamics. We remark that the predictive policy is nearly

optimal for one ball, but is suboptimal for multiple balls since the optimal prioritization

among the balls is nontrivial.

The results are shown in Figure 4.4. As we might expect based on Example 3.5, the

use of product densities is crucial for effective control of the system. With only separate

densities, we achieve performance comparable to the greedy policy. With product densi-

ties, the Koopman approach matches the predictive policy for one ball, and beats it for

three balls.

We also evaluate the effect of varying the controller capacity L. For systems with

mx ∈ {5, 10, 15}, and using the Koopman model with product densities, we test control

policies with a range of capacities from L = 1,000 to L = 100,000 (while also varying Mb

and Mr proportionally to ensure that (4.10) remains satisfied). The results are shown

in Figure 4.5. Even with relatively small controllers, we are already able to achieve

good performance. The system with three balls and mx = 10 is where we see the

most substantial improvement for larger controllers, but even there we see substantial

diminishing returns for capacities larger than L = 10,000.

Assault

We now consider the game Assault. Since the system is only partially observable via

the current game screen, we use time-delayed observables as in [35]. Letting st denote

the screen at the current time step, we allow observables to depend on both the current
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Figure 4.4: Performance of different control policies for MultiPong, measured in
terms of the mean fraction of time that balls spend to the right of the paddle (lower
is better). The parameter mx used for the discretized initial states in (3.1) is varied,
and the size of the ball density is varied proportionally. The overall dictionary sizes
range from N = 72 to N = 192 for separate densities, and from N = 720 to N = 2160
for product densities. Error bars denote 95% confidence intervals.
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Figure 4.5: Performance of Koopman-based control policies with product densities,
constructed via Algorithm 1 for a range of capacities L.

63



Koopman-Based Controller Design Chapter 4

screen st and the previous screen st−1. We define two dictionaries, Ψsep consisting of

only separate densities and Ψcomb consisting of a combination of separate and product

densities, as

Ψsep(st, st−1) =




Φ1(st)

Φ2(st)

Φ3(st)

Φ4(st)

Φ5(st)

Φ1(st−1)

Φ3(st−1)

Φ4(st−1)




, Ψcomb(st, st−1) =




Φ1(st)

Φ2(st)

Φ3(st)

Φ4(st)

Φ5(st)

Φ1(st−1)

Φ2(st−1)

Φ3(st−1)

Φ4(st−1)

Φ5(st−1)

Φ1⊗3(st)

Φ1⊗4(st)

Φ2⊗3(st)




.

Note that Ψcomb includes product densities for only three pairs of entity classes, rather

than for all ten pairs, to keep the size of the dictionary manageable. The inclusion of the

product density Φ1⊗4 (player ship, enemy fire) is needed to determine when the player is

hit, and vice versa for Φ2⊗3 (enemy ships, player fire). The product density Φ1⊗3 (player

ship, enemy ships) is then needed to know where to insert new fire into Φ1⊗4 and Φ2⊗3.

Both dictionaries use K-means clusterings to choose the basis centers for each entity

class, with differing numbers of centers for each class as listed in Table 4.2. The overall

dictionary sizes are N = 616 for Ψsep, and N = 1,032 for Ψcomb. We specify an output

function g(x) = [k(x) r(x)]T , where k(x) is an indicator of whether the player was killed

in the current time step, and r(x) returns the number of points scored in the current time

step. The A(u) and C matrices for each dictionary are learned via EDMD (2.14), for data

snapshots (2.13) generated via random play. We use 500 episodes (662,668 snapshots)

for Ψsep, and 1,000 episodes (1,320,728 snapshots) for Ψcomb.
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Table 4.2: Numbers of basis centers for each entity class for Ψsep and Ψcomb.

i Entity class Ni for Ψsep Ni for Ψcomb

1 Player ship 50 12
2 Player fire 100 24
3 Enemy ships 185 20
4 Enemy fire 15 12
5 Attack gauge 16 16
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Assault: Performance across many controllers
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Figure 4.6: A histogram of the performance of 50 control policies for each Koopman
model, computed as the mean score achieved across 50 episodes.

We consider the optimal control problem (4.3) with horizon h = 50 and cost function

γ(x) = αk(x) − βr(x) for chosen weights α, β > 0. Using Algorithm 1 with capacity

L = 10,000, we construct 50 different control policies for each Koopman model, and we

test each policy across 50 episodes. We find that we achieve good control policies more

consistently with the Koopman model for Ψcomb, as shown in Figure 4.6.

Interestingly, the best controllers obtained from each Koopman model appear to

achieve comparable performance, which we confirm by testing each on a larger sample

of 1,000 episodes. The limiting factor for both is a game mechanic that first occurs in
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Figure 4.7: A histogram of the scores achieved across 1,000 episodes by the best
controller for each Koopman model, alongside scores from 1,000 episodes of random
play. The vertical dashed line at the score 630 indicates where the fourth level of the
game begins, which introduces a new mechanic that limits our controller performance.

the fourth level of the game, which is reached when at a score of 630. As seen from

Figure 4.7, both controllers reach the fourth level most of the time, whereas it is almost

never reached by random play. The controllers are thus unable to react to this new

mechanic, since it is absent from the training data their models are learned from.

4.3 State Constraints

We now incorporate a set of constraints on the final state xh, expressed in vector

form by a nonlinear function ζ : X → Rnc and vector z ∈ Rnc for which we wish to

enforce that the inequality ζ(xh) ≤ z is satisfied elementwise. Thus, we are interested in
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obtaining a solution to the following constrained optimal control problem.

min
µh

0∈Uh
γh(xh) +

h−1∑

t=0

γt(xt, ut), (4.12a)

s.t. xt+1 = f(xt, ut), t ∈ {0, . . . , h− 1} , (4.12b)

ζ(xh) ≤ z. (4.12c)

The associated optimal cost-to-go for this constrained problem is given by the function

JNL-C
t : X → R ∪ {∞}, defined by

JNL-C
t (xt) := min

µh
t ∈Uh−t

γh(xh) +
h−1∑

τ=t

γτ (xτ , uτ ) (4.13a)

s.t. xτ+1 = f(xτ , uτ ), τ ∈ {t, . . . , h− 1} , (4.13b)

ζ(xh) ≤ z, (4.13c)

with the convention that JNL-C
t (xt) =∞ if the constraints are infeasible.

We now consider both the cost functions and the constraint functions to be outputs

of the system

x+ = f(x, u), (4.14a)

y = g(x, u) :=
[
γ0(x, u) · · · γh−1(x, u) γh(x) ζ(x)T

]T
. (4.14b)

If we can obtain an exact Koopman representation for this system, then we can equiva-

lently represent the constrained nonlinear problem (4.12) by a constrained linear problem.
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Proposition 4.5. Suppose (Ψ, A, C) is an exact Koopman representation for (4.5) where

C(u) =




c0(u)
T

...
ch−1(u)

T

cTh
Z



, ∀u ∈ U ,

for mappings ct : U → RN , t ∈ {0, . . . , h− 1}, and for ch ∈ RN and Z ∈ Rnc×N . For

t ∈ {0, . . . , h}, define the function JK-C
t : RN → R ∪ {∞} by

JK-C
t (ξt) := min

µh
t ∈Uh−t

cThξh +
h−1∑

τ=t

cτ (uτ )
Tξτ (4.15a)

s.t. ξτ+1 = A(uτ )ξτ , τ ∈ {t, . . . , h− 1} , (4.15b)

Zξh ≤ z. (4.15c)

Then

JNL-C
t (xt) = JK-C

t (Ψ(xt)), ∀xt ∈ X , ∀t ∈ {0, . . . , h} .

Proof: Fix xt ∈ X and µh
t ∈ Uh−t, and let ξt = Ψ(xt). The equivalence of the

objectives (4.13a) and (4.15a) follows directly by the proof of Proposition 4.1. We now

also have

ζ(xh) = ZΨ(xh) = Zξh,

so that the constraints (4.13c) and (4.15c) are equivalent. Since both the objectives

and constraints are equivalent for any xt ∈ X and µh
t ∈ Uh−t, then we conclude that

JNL-C
t (xt) = JK-C

t (Ψ(xt)) as desired.

We obtain the following result on the constrained cost-to-go, similar to that of The-

orem 4.2 for the unconstrained case.

Theorem 4.6. The cost-to-go function JK-C
t as defined by (4.15) is piecewise linear and
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given by

JK-C
t (ξt) = min

µh
t ∈Uh−t

d(µh
t )

Tξt, (4.16a)

s.t. W (µh
t )ξt ≤ z (4.16b)

where d is defined as in (4.8) and W : U∗ → Rnc×N is defined as

W (µh
t ) := ZĀ(µh

t ). (4.17)

Proof: The equivalence of the objectives (4.15a) and (4.16a) follows directly from

the proof of Theorem 4.2. We are left only to prove that the constraints (4.15c) and

(4.16b) are equivalent. This follows directly from the fact that ξh = Ā(µh
t )ξt, and thus

Zξh = ZĀ(µh
t )ξt = W (µh

t )ξt.

To consider the constrained problem with longer horizons, we require a modified

version of the dynamic pruning algorithm In Algorithm 1, we insert the step

Wϵ ← Z

after step 2, and we insert the step

Wuµ ← WµA(u)

after step 9 (but still inside the loop). The definition of the set Dt in step 10 is changed
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to

Dt ← {(dµ,Wµ) : µ ∈ Ut}.

An additional consideration is whether we should use the constraints during the ex-

ploitation phase of the PruneStep function. This may be achieved by modifying the

definition of Juµ in step 8 of Algorithm 2 to be

Juµ ←





dµ
Tξuj,k + cuj,k, Wµξ

u
j,k ≤ z,

∞, otherwise.

(4.18)

In this way, the sequences uµ ∈ U · Ut+1 that achieve the Mb lowest costs Juµ will consist

only of those for which the constraint is satisfied from the state ξj,k (unless fewer thanMb

sequences satisfy the constraint). However, this modification is computationally costly

as it adds a matrix-vector multiplication to the innermost loop. As such, it is likely

preferable to do the pruning without constraints, unless there is reason to believe that

constrained pruning would lead to substantially better performance.

In either case, the end result of our modified Algorithm 1 is a set of sequences U0 ∈ Uh

and the corresponding D0 = {(dµ,Wµ) : µ ∈ U0}, with which we approximate the

constrained cost-to-go (4.16) as

ĴK-C
0 (ξ0) = min

µ∈Uh
dµ

Tξ0,

s.t. Wµξt ≤ z.

We now demonstrate the use of constraints via the MultiPong system with multiple

paddles.

Example 4.7. We consider the MultiPong system, initialized with discretized states as
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in (3.1) with mx = 5 and my = 3, and with multiple balls and paddles. Since it is disad-

vantageous for multiple paddles to occupy the same position, we implement constraints

such that each position should have at most one paddle. We solve this constrained prob-

lem with a horizon h = 12 via Koopman models with product density observables that

are each learned via a system with one ball and one paddle. We compare the perfor-

mance of unconstrained and constrained control policies. For the constrained policies,

we consider both constrained pruning via the modification in (4.18), and unconstrained

pruning.

The results are shown in Figure 4.8. We see that constrained policies always perform

better than the unconstrained policies, especially when there are at least as many paddles

as balls. The use of constraints during pruning has negligible impact on the resulting

performance, indicating that it is preferable to ignore constraints during pruning to save

on computation.

4.4 Robust Control

We recall that we generally work with Koopman representations that are not exact,

i.e. for which there is some nonzero error in our predictions of future lifted states. It may

then be desirable to incorporate some form of robustness into our controller design. In

addition to prediction errors, we may also consider error in the initial lifted state, such

as from measurement noise. We consider a version of our optimal control problem in

which we guard against these errors, up to specified bounds on their p-norm for some

p ∈ [1,∞].

Let ε̂ > 0 denote a bound on the initial state error, and let ε : U → R>0 denote an
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Figure 4.8: Performance of constrained and unconstrained Koopman-based control
policies for MultiPong systems with multiple balls and multiple paddles. The con-
strained policies enforce that we never move two paddles into the same position at
the same time.
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ξ̂t

Ψ(xt)

Ψ(xt+1)

Ψ(xt+2)

Ψ(xt+3)

Figure 4.9: A visualization of the uncertain trajectory set described in (4.20). The
blue state trajectory represents the nominal prediction of the Koopman model from ξ̂t,
whereas the red represents two possible sequences and the uncertainty bounds at each
time. The blue regions show the cumulative uncertainty. The true state trajectory is
unknown, but will lie in the set if the bounds (4.19) are satisfied.

input-dependent bound on the prediction error, such that

∥Ψ(xt)− ξ̂t∥p ≤ ε̂, ∥Ψ(xτ+1)− A(uτ )Ψ(xτ )∥p ≤ ε(uτ ), ∀τ ≥ t (4.19)

where ξ̂t denotes our (possibly inaccurate) estimate of Ψ(xt). Similar bounded uncer-

tainties are employed in robust tube-based control approaches such as in [70]. When an

input sequence µh
t ∈ Uh−t is applied from the state xt ∈ X , the set of all possible lifted

state trajectories that satisfy these bounds is given by

T (ξ̂t,µh
t ) :=

{
(ξt, . . . , ξh) ∈ (RN)h−t+1 : ∥ξt − ξ̂t∥p ≤ ε̂, (4.20)

∥ξτ+1 − A(uτ )ξτ∥p ≤ ε(uτ ) ∀τ ∈ {t, . . . , h− 1}
}
.

These uncertainty constraints are illustrated in Figure 4.9.

We now wish to find an input sequence µh
t that minimizes the worst-case cost among

trajectories in this set, while ensuring that the final state constraint is satisfied. This

is equivalent to identifying the argmin of the robust cost-to-go function JK-R
t : X →

73



Koopman-Based Controller Design Chapter 4

R ∪ {∞}, defined by

JK-R
t (xt) := min

µh
t ∈Uh−t

max
(ξt,...,ξh)∈T (xt,µh

t )
cThξh +

h−1∑

τ=t

cτ (uτ )
Tξτ (4.21a)

s.t. Zξh ≤ z, ∀(ξt, . . . , ξh) ∈ T (xt,µh
t ). (4.21b)

It turns out that this function has a piecewise affine structure similar to that of the

unconstrained case, as described by the following result.

Theorem 4.8. The robust cost-to-go JK-R
t is piecewise affine with respect to the estimated

lifted state ξ̂t, and is given by

JK-C
t (ξ̂t) = min

µh
t ∈Uh−t

d(µh
t )

T ξ̂t + β(µh
t ), (4.22a)

s.t. W (µh
t )ξ̂t ≤ ω(µh

t ), (4.22b)

where d and W are as defined in (4.8) and (4.17), and β : U∗ → R and ω : U∗ → Rnc

are defined as

β(µh
t ) := ε̂∥d(µh

t )∥q +
h−1∑

s=t

ε(us)∥d(µh
s+1)∥q,

ω(µh
t ) := z− ε̂ρq(W (µh

t ))−
h−1∑

s=t

ε(us)ρq(W (µh
s+1)),

where q ∈ [1,∞] is such that 1
p
+ 1

q
= 1, and ρq : Rnc×N → Rnc denotes a “row-wise

q-norm” defined by

ρq







wT
1
...

wT
nc





 :=



∥w1∥q

...
∥wnc∥q


 .

Proof: We first note that a lifted state trajectory (ξt, . . . , ξh) belongs to the set

T (xt,µh
t ) if and only if there exist vectors v̂,vt, . . . ,vh−1 ∈ RN with ∥v̂∥p ≤ ε̂ and
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∥vs∥p ≤ ε(us), s ∈ {t, . . . , h− 1} such that

ξt = ξ̂t + v̂,

ξs+1 = A(us)ξs + vs, ∀s ∈ {t, . . . , h− 1} .

Recursively iterating these expressions, we then have

ξτ = Ā(µτ
t )[ξ̂t + v̂] +

τ−1∑

s=t

Ā(µτ
s+1)vs, ∀τ ∈ {t, . . . , h} . (4.23)

Substituting this expression (with τ = h) into the left side of the vector inequality in

(4.21b) yields

Zξh = ZĀ(µh
t )[ξ̂t + v̂] +

τ−1∑

s=t

ZĀ(µh
s+1)vs

= W (µh
t )[ξ̂t + v̂] +

τ−1∑

s=t

W (µh
s+1)vs.

To guarantee that the constraint is satisfied, we must ensure that the worst-case value of

each component remains bounded by the corresponding limit in the vector z. Thus, for

each i ∈ {1, . . . , nc}, we must enforce that

max
∥v̂∥p≤ε̂

∥vs∥p≤ε(us), s∈{t,...,h−1}

wi(µ
h
t )

T [ξ̂t + v̂] +
τ−1∑

s=t

wi(µ
h
s+1)

Tvs ≤ zi, (4.24)

where wi(µ
h
t )

T is the ith row of W (µh
t ), and zi is the ith component of z.

Since the vectors v̂,vt, . . . ,vh−1 are independent and appear in decoupled terms that

are added together, then the maximization in (4.24) is achieved by maximizing each term

individually. We note that, if p, q ∈ [1,∞] are such 1
p
+ 1

q
= 1, then the norms ∥ · ∥p and
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∥ · ∥q are dual to each other. For any vector w and scalar α > 0, we then have that

max
∥v∥p≤α

wTv = α∥w∥q.

Using this fact, we may write (4.24) as

wi(µ
h
t )

T ξ̂t + ε̂∥wi(µ
h
t )∥q +

τ−1∑

s=t

ε(us)∥wi(µ
h
s+1)∥q ≤ zi.

Rearranging this expression yields the ith constraint of (4.22b) as desired.

By a similar argument, substituting (4.23) into (4.21a) yields

cThξh +
h−1∑

τ=t

cτ (uτ )
Tξτ

= cTh

[
Ā(µh

t )[ξ̂t + v̂] +
h−1∑

s=t

Ā(µh
s+1)vs

]

+
h−1∑

τ=t

cτ (uτ )
T

[
Ā(µτ

t )[ξ̂t + v̂] +
τ−1∑

s=t

Ā(µτ
s+1)vs

]

=

[
cTh Ā(µ

h
t ) +

h−1∑

τ=t

cτ (uτ )
T Ā(µτ

t )

]
[ξ̂t + v̂]

+

[
h−1∑

s=t

cTh Ā(µ
h
s+1) +

h−1∑

τ=t

τ−1∑

s=t

cτ (uτ )
T Ā(µτ

s+1)

]
vs

=

[
Ā(µh

t )
Tch +

h−1∑

τ=t

Ā(µτ
t )

Tcτ (uτ )

]T
[ξ̂t + v̂]

+
h−1∑

s=t

[
Ā(µh

s+1)
Tch +

h−1∑

τ=s+1

Ā(µτ
s+1)

Tcτ (uτ )

]T
vs,

= d(µh
t )

T [ξ̂t + v̂] +
h−1∑

s=t

d(µh
s+1)

Tvs.
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Maximizing this expression with respect to the bounds on the vectors v̂,vt, . . . ,vh−1, we

obtain (4.22a) as desired. This completes the proof.

The dynamic pruning algorithm may be further modified for the robust problem as

follows. In Algorithm 1, we insert the steps

βϵ ← ε̂∥ch∥q

ωϵ ← z− ε̂ρq(Z)

after step 2, and we insert the steps

βuµ ← βµ + ε̂∥duµ∥q + [ε(u)− ε̂]∥dµ∥q

ωuµ ← ωµ − ε̂ρq(Wuµ)− [ε(u)− ε̂]ρq(Wµ)

after step 9 (but still inside the loop). The definition of the set Dt in step 10 is changed

to

Dt ← {(dµ,Wµ, βµ,ωµ) : µ ∈ Ut}.

With this modified algorithm, we then approximate the robust worst-case cost-to-go

(4.22) as

ĴK-R
0 (ξ0) = min

µ∈Uh
dµ

Tξ0 + βµ,

s.t. Wµξ0 ≤ ωµ.

Example 4.9. Consider the MultiPong system with the perturbed initialization (3.2)

with mx = 5 and my = 3. The results for the non-robust control policies are shown in

Figure 4.10. The Koopman controllers remain effective for small δ perturbations, but

the performance degrades as δ grows large.
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Figure 4.10: Performance of the non-robust Koopman control policy for the Multi-
Pong system when the initial state is perturbed by an amount proportional to δ.

To combat this, we implement robust control policies with respect to the 1-norm

initial state error. The results of these policies for the one-ball system for two values of δ

are shown in Figure 4.11, for varying robustness bounds ε̂. We see that the robust policies

help us to achieve better performance for both cases, and that the larger δ perturbation

benefits from a larger robustness bound.

We remark that, although EDMD is known to converge to the true Koopman operator

[36], quantification of point-wise prediction errors as in (4.19) in the finite setting remains

an open problem. Probabilistic bounds finite-data and infinite-data EDMD matrices as

in [52] and [55] may serve as a starting point, but these do not account for errors due to

the dictionary not being Koopman-invariant.

Nonetheless, even if true bounds could be obtained for ε(u), the resulting control

policy would likely prove to be overly conservative, unless there is reason to expect that
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Figure 4.11: Performance of the robust Koopman control policy for the MultiPong
system when the initial state is perturbed by an amount proportional to δ. Various
values of robustness bound ε̂ for the initial state 1-norm error are tested. The dashed
lines mark the non-robust performance (i.e. ε̂ = 0).

the true error are closely aligned with the adversarial ones we consider. Instead, one may

treat them as tunable design parameters as in Example 4.9.
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Directions for Future Research

The Koopman operator is a powerful tool that provides a linear description of nonlinear

systems. With appropriate choice of observables, we can learn a finite-dimensional ap-

proximation that allows for practical application. We have shown how we may represent

complex entity-based systems in the Koopman operator framework, and we demonstrated

how we may design control policies that take advantage of the linearity. However, there

remain a number of open questions to be explored by future work.

When including outputs in the Koopman representation, it may be interesting to

consider how the role of the output differs from that of the state. For example, since

output error does not propagate to future time steps, it may be that not all errors are

equally bad. For control application in particular, identification of the optimal input

relies only on the relative costs of different sequences. Thus, when learning the out-

put approximation, it may be beneficial to explore approaches that better preserve this

relative ordering, even if the absolute error is worse.

For representation of entity-based systems via the Koopman operator, we focused on

density observables and their product, and found success for the systems we considered.

However, it would be worth considering other types of observables, particularly since
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product densities can yield large dictionaries. As a starting point, we may note that the

entities in the systems we studied were only loosely coupled through sparse interactions.

By quantifying this sparsity, we may consider how other types of observables may be able

to exploit it to describe the system via a smaller model.

In terms of control, there are a number of directions that could be explored further.

Our approach to control provides a piecewise linear form that is efficiently computable

for small input sets and short horizons. The pruning algorithm we present addresses

the horizon length, but may be poorly suited for large input sets as this would result in

aggressive pruning at each time step. For inexact Koopman models, it is also unclear

how much benefit we gain from extending the horizon. Although a longer horizon allows

more flexibility in planning further ahead, the propagation of errors results in greater

uncertainty as we look further into the future. This trade-off would be worth examining

in future work.

Regarding the pruning algorithm, although it works well for the systems we con-

sidered, it is a heuristic method that does not provide guarantees. Application to other

systems, or further study on quantifying the suboptimality of the pruned cost-to-go func-

tion would be useful in this regard, and may also provide insight on any modifications that

could be made to improve the control performance. We may also consider reformulations

that reduce the computational time, for example by enabling parallelization.

For our robust control policies, we considered error bounds as a design parameter,

rather than attempting to identify a bound on the actual errors. It would be of interest

to further study how these robustness parameters may be chosen, and in what ways

they relate to empirical or analytical quantifications of the actual error. It may also be

beneficial to study how whether a robust formulation could be derived for non-uniform

error bounds, as this may allow us to defend against larger errors in the places where it

matters without being overly conservative in others.
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[38] Y. Lan and I. Mezić, “Linearization in the large of nonlinear systems and Koopman
operator spectrum,” Physica D: Nonlinear Phenomena, vol. 242, no. 1, pp. 42–53,
Jan. 2013.

[39] Y. Li, H. He, J. Wu, D. Katabi, and A. Torralba, “Learning Compositional Koop-
man Operators for Model-Based Control,” in Eighth International Conference on
Learning Representations, Apr. 2020.

[40] E. Ling, L. Ratliff, and S. Coogan, “Koopman Operator Approach for Instability
Detection and Mitigation in Signalized Traffic,” in 2018 21st International Confer-
ence on Intelligent Transportation Systems (ITSC), Nov. 2018, pp. 1297–1302.

[41] Z. Liu, N. Ozay, and E. D. Sontag, “Properties of immersions for systems with mul-
tiple limit sets with implications to learning Koopman embeddings,” Automatica,
vol. 176, p. 112 226, Jun. 2025.

[42] W. A. Manzoor, S. Rawashdeh, and A. Mohammadi, “Vehicular Applications of
Koopman Operator Theory—A Survey,” IEEE Access, vol. 11, pp. 25 917–25 931,
2023.
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[52] F. Nüske, S. Peitz, F. Philipp, M. Schaller, and K. Worthmann, “Finite-Data Error
Bounds for Koopman-Based Prediction and Control,” Journal of Nonlinear Science,
vol. 33, no. 1, p. 14, Feb. 2023.

[53] S. E. Otto and C. W. Rowley, “Koopman operators for estimation and control of
dynamical systems,” Annual Review of Control, Robotics, and Autonomous Sys-
tems, vol. 4, no. 1, pp. 59–87, Feb. 2021.

[54] S. Peitz and S. Klus, “Koopman operator-based model reduction for switched-
system control of PDEs,” Automatica, vol. 106, pp. 184–191, Aug. 2019.

[55] F. M. Philipp, M. Schaller, S. Boshoff, S. Peitz, F. Nüske, and K. Worthmann,
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