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ABSTRACT
Simplified expressions for the matrix elements of electrostatic
interactions both within and between several types of complex electron con-
figurations have been obtained by the application of angular-momenta re-
coupling techniquesv, The use of these recoupling techniques avdids the
usual extensive calculation of the sums of products of the matrix elements
of tensors of the types VKk and Uk., The derived expressions involve the

sums of products of coefficients of fractional parentage and n-j symbols,

- and as such are amenable to machine computation,
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ELECTROSTATIC INTERACTIONS
.IN COMPLEX ELECTRON CONFIGURATIONS

B. G. WybourneT
Lawrence Radiation Laboratory:
- University of California

Berkeley, California

August 1962

INTRODUCTION
Studies of the complex spectra of rare-earth and actinide ions
are complicated by the frequent requirement of a detailed knowledge of the
complex
structure of quite/\electron configurations, and in some cases a knowledge

of the electrostatic interactions between the configurations is necessary.

i ron
The configurations of greatest interest are typified by fn, iy , %4 4 , and

1
£y 2, The electrostatic matrices of all the fn..configurations are well

known and will not be discussed. Of primary interest will be the interactions
of the electrons outside the f  core with those.of the f° core. The number
of states occurring for these configurations is v.ery large, and hence it is

desirable to be able to compute the matrix elements on a high-speed computer,

‘However, before calculations such as these are attempted, it is essential that

the expressiéns for the matrix elements be put in as simple a form as is
possible,

Raca,h1 and Arima et al. ¢ have given general procedures for cal-
culating the matrix elements of ''direct''-and "exchange' -type interactions
between outer electrons and an equivalent electron core, Their treatmeht of
exchange-type interactions requires the expanding of the exchange inter-.
actions into the sums of direct interactions. This approach--although equiv-

alent, in its final results, to the method outlined in this paper--is complicated
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by the appearance of sums of products of tensors of the types ka and Uk.
In seeking simplifications of their formulae and in making the formulae
amenable to rhacbine computation, it is desirable to avoid having to evaluate
the matfix;e‘léments of ‘seve;al tensorial quantities prior to the actual eval-
uation of the electrostatic matrix elements. In the present formulation of

. the problem the need to e';ra.l-uate the _matrix'.elements of the double tensors
VKk 'is overcome by suitably recoupling the angular momenta of the electrons
in.volved in the electrostatic interactions., As a result the formulae may be

expressed in a concise manner that displays clearly the properties.of the

angular momenta involved by the use. of n-j symbols, 3

R t o1t
44 4 CONFIGURATIONS
It will be assumed that the two inequivalent electrons are coupled
together and then coupled to the 2" core to form a total-orbital and a total-
spin quantum number., For complete generality consider the matrix elements
of the angular part of the electrostatic interaction between a configuration
n ' M n 1 iv

% £ £ and a second configuration § £ 4 . We may write, for the matrix
elements of the electrostatic interactions of the inequivalent electrons with

the £~ equivalent electron core,

n ' "o 1 1 k k n 113 1V 1 l.
<12 S\ Li(s£,sf )S, L, ,s_21J2|i>:<j(ci "GN eS8 Lg(s 4, s87)S; Ly ,S4L4>

= nZz @ {{ P {F)

P i B ' 1 o F o ot e
X (ﬁn 1331, 54, S,L,(s4,s£)S, L, ;sZLZI(cf-c.k)l 1S Y

Tt 1 '

iv .
sl , sk )S3 3,S4L4> , | (1)
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where the ( §{ [@) are the usual coefficients of fractional pa'rentage’4’ 5 and
the scalar products, (Cik- Cjk), are'tensorial sets of spherical harmonics.
The matrix ele'meht in (1) may now be examined. First a series of recoup-.

ling36 of the type

" & 1/2 s, 8,8,
((s‘s)sl,_(ss)sl;SZB(ssl)o, >_( 1)S+S+S +S7_([S][g] {gl 2 }(2)

s 0

is made, where [g] etc., are understood as (20+1) etc. Upon recoupling in
both spin and orbital spacé, the matrix element in right-hand side (rhs) of

,(1) becomes

Z( S+S+L+L

1)°1 ~3 8(o, o) 8\ \) 8(S,,S,) 8(Ly, L)
0|)\q ‘ .
r A
’ 1/2 s's.s.1[s. s, s
x@[sn[ssum[%n [o]0M] {_1 2 1}{_3 * ?}
o 1S s 0 . S s ¢
L' L. L L. L, L o
x;{_l 2 1} {_3= 4 .3} (or [(CS ¢ o x)>, O (3)
T 2 x VT 2 n ) !
where

(ax | cvjk)| o x') = »(M(ssl') o, (4L, ) x|(Cik.,cjk) [(s5, )0, (JZL'3'))\>.
| | - (4)
Thus there remains only to evaluate the matrix elements in (4) for three
electrons and then perform the sum over o and X in (3). For direct inter-
actions the calculation is quite straightforward, 6 and after application of the

Biedenharn-Elliott sum rule3 to the sum over )\, the matrix element on the
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rhs of Eq. (1) becomes, for direct interactions,

(-1l Ty Ltk <g )(L HC L, ){I]j liL f(hb HU [|5),

where

1/2 = E+Li+z+k {

W U8 [eg) = n (L JIL) - 20 {RE, (B (-1

P2
Y
(6)

e

] 3 . .
If the coefficients of the radial integral RR(EJZ ;84 ) are required, the matrix

element in (5) is evaluated by putting

T oo | o 1/2
(@2 Ly lle e 4V, = (-1 y? Ly g L, 1L, D

dxs ) L L3k } TP |
‘l" [ [ 6 ¢e .
(0 00 > {ﬁ 2 £, 27, (7)

"whereas if the coefficients of Rk( 24 m”) are required, we write

£+ +£ +L "tk 1/2

e A e R (R IVASIE PSR

AR S TR AN Do
X L3 s, ). - (8)
\0 0 0 AV R
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’ ton e .
The coefficients of Rk.(u i L zl")- are trivial and need not be considered

here; 6 If the electrons external to the core are equivalent, we need only

' N
replace the matrix:element (Li H Cij L3') in (5) by

PR L k 2 ¥ '
v 0 0 0
where
1 k 1 | 1 1/2 le_*_k LI‘ L3' k
(L, [[UT][Lg) =2 ML, 1) (1) 2 . o)
£ L £

. . . n,2 n," iv , .
If the direct interactions between f f ~ and 474 4 are of interest,
k
(

AN

' :
we may evaluate the coefficients of the radial integrals R (4 ; £§ ) and .
k ' ivy L : '
R( ££%5 42 ) by putting/ =4 in Eq. (7) and (8).

The exchange-~-type interactions may be treated by performing a re-
coupling of the angular momentum such as to interchange the positions of two
particles, The angular part of the interactions will give rise to the coeffi-

k i Tt f k te -
(2052 0), R(24 5 £70),

cients of three basic types of radial integrals . R
and Rk(z'ﬁ"; zivz" }.- The third type is amenable te the usual two-electron
treatment6 and will not be discussed.- The calculation of the 'matrix elements
of the exchange interactions proceeds, 'in a manner similar to that used for the
direct interactions, by first performing a recoupling on the right-hand side of
(4), summing over and elimina,tihg the new angular momenta (spin and orbit)

that enter the expression, returning the result to equation (3), and performing

the summation over ¢ and A. The procedure is lengthy though quite straight-

forward, and hence only the results are given,
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! tre
- For Rk(Eﬁ ; £ f), the matrix elements on the rhs of Eq. (1) are

given by
. 1/2 xR
¥ 1 ' ! ! ! 4 +k ,@
. nle] Q2110 1L Lyl [0y )Ly 1S 105108, 1S, 1) (- ¥
Zkz’ ,ZI|7-k z N .
X < > < > §(4 , £7)
\000 o 0o/
: gy et 1 ]
_ 3 1/2 £ 4 LyL,
X 2 @ (P, {|§) (s 5,5, £ k g Lip, (1)
v 1/zs 1/2 L 4 L,L
while for RK(Z;@”;.ng), the matrix.elements on the rhs of Eq. (1) are
given by
he e . 1/2
n[4] (£ ][4 ][LI][L3][L 1L, ][S ][53][3 108, ]
2k 8 \[£V k2 |
S +S +L +L +k U R
X 1 1 3 ‘
(-0 _ <ooo><o oo>6(z’£)
5 s, 1/2 g I_,;_.L3
» Xz @ {E) w,{® s, s, s, 2k £ L, (12)
) b ' 1/zs 1/2 Ll' ¢ L, L

where the last factor in each expression is a standard 12-j symbol. 3
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In the case in which the electrons added to the Ve core-are all

H .

equivalent {though / # £), the expression
) 1

1 1/2 k 2k 4

2l (] (L) 105 108,)185)08, UIsy 1) (258
| B s, 1/2 58 L, Ly

x =@, 18 wd]® ¢ s, 8; 8, £k 4Ly (13)
v o 1/28, 1/2 L4 L, T

1t

results,
: n'2 n " oiv ’ '
For the interaction between / f and £ 4 { weput [ =}

in Egs. (11) and (12).
- These formulae undergo considerable simplification when one or

more of the angular momenta in-the n-j symbols are zero.

' ’ ' 1
CONFIGURATION INTERACTION BETWEEN £%¢ and £%¢
Judd' has already treated the electrostatic interaction within-the

. 1
configuration %0 . His expressions may be readily generalized to give for

1 [}
the direct interaction the coefficients of Rk(ﬂ £ 440 ) as
n L va L C_k Ck n ”. L _ ' 1 1/2 s ‘
278 L st ;S, Zliz<_j.< ; 1CiETs Lasp 35,1,  =(0][2 1) 8(S,5,)6(1y,Ly)

2k \/2 ks \[s x4
(W, 1] 0oy (14)

X
000/\00o0 /L LL,
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. t
whereas for the exchange interaction the coefficients of Rk(f,z 1 & B) are

given by

a1 s JIs, L LD it Ss (£ k8| (4 g
l .

x = WA w4, |° S (15)
T s

1
- CONFIGURATION INTERACTION BETWEEN % and ™!y

Ra,ca.h1 has obtained an expression for the matrix elements of the

electrostatic interaction between d" and dn'—1 s. This result may be con-

B
siderably: simplified to give, for the coefficients of Rk,(ﬁ,e; 24 ),

n Ak k n-1 !
(z s, L, ]iz<3(ci - G [ 277" s;Ly 8 S4L4>

V12 [0k O\(Bk &
- enletlats 8(S;, S;) 8(S,, 5,)6(L,, LY £](n[£][£] (o 0 0)(0 0 0)

' L k L
Gy ep, [ 08wy ¢ 2 )

A Xz v s (16)
; L L, } :

1

where by are the parents of the S2 L, state of 2.
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-CONCLUSIONS
The application of simple recoupling techniques results in formulae
that are considerably more amenable to machine calculation, The appearance
of the 9-j and 12 ==j symbols in (9) and (10) need not disturb us, as -théy may
be readily evaluated by standard programming techniques. The present .fgr~

mulae possess the advantage of requiring a. minimum use of the sums over

coefficients of fractional parentage with the emphasis placed on the coupling

" of the electrons. It might be hoped that these formulae could be further sim-

plified. = However, except for the trivial cases in which one (or more of the
inequivalent electrons is an s electron, no fundamental simplification seems
possible without explicit formulae for the coefficients of fractional parentage.
These results are presented with hope that they will eventually lead
to the machine computation of the energy matrices of fnany of the configurations

discussed in this paper.
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