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ABSTRACT OF THE DISSERTATION

Multilevel Time Dynamic Modeling of Hospitalization Risk in Patients on Dialysis

by

Yihao Li

Doctor of Philosophy in Biostatistics

University of California, Los Angeles, 2021

Professor Damla Şentürk, Chair

For chronic dialysis patients, a unique population requiring continuous medical care, hospi-

talizations remain a major risk factor for mortality and morbidity. Methodologies to monitor

patient hospitalizations over time, after transition to dialysis, are of particular interest. We

utilize data from a large national database, United States Renal Data System (USRDS),

to model patients’ hospitalization risks in the dialysis cohort as a function of time since

initiation of dialysis. In the first chapter of this work, we study the time-varying effects

of multilevel covariates on dialysis patient hospitalization risks. The covariates considered

include demographics and comorbidities at patient-level and facility size and staffing com-

position at the dialysis facility-level. We develop a varying coefficient model for multilevel

risk factors (VCM-MR) that includes subject-specific random effects to account for within-

subject correlation and dialysis facility-specific fixed effect varying coefficient functions to

allow for modeling of flexible time-varying facility-specific risk trajectories. An approxi-

mate EM algorithm and an iterative Newton-Raphson approach are proposed to address

the challenge of estimation of high-dimensional parameters (varying coefficient functions)

for thousands of dialysis facilities across the United States. The proposed modeling allows

for comparisons between time-varying effects of multilevel risk factors as well as testing of

facility-specific fixed effects.

In the second chapter of this work, we propose a multilevel mixed effects varying coef-

ficient model (MME-VCM) where multilevel (patient- and facility-level) random effects are
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used to model the dependence structure of the data, accounting for the three-level hier-

archical structure where hospitalizations are nested in patients and patients are nested in

dialysis facilities. The proposed MME-VCM also includes multilevel covariates, similar to

the first chapter. To address the challenge of evaluating high-dimensional integrals due to

the hierarchical structure of the random effects, we propose a novel two-step approximate

EM algorithm based on the fully exponential Laplace approximation. Inference for the vary-

ing coefficient functions and variance components is achieved via derivation of the standard

errors using score contributions. In the USRDS data application, VCM-MR and MME-VCM

identify significant multilevel risk factors for patient hospitalizations, providing insights into

health care strategies for the reduction of patient hospitalization risk.

In the third chapter of this work, we develop a novel multilevel spatiotemporal functional

model (MST-FM) to study spatiotemporal patterns of hospitalization rates among dialysis

facilities. Hospitalization rates of dialysis facilities are considered as spatially nested func-

tional data with longitudinal hospitalizations nested in dialysis facilities and dialysis facilities

nested in geographic regions. A multilevel Karhunen-Loéve expansion is utilized to model the

two-level (facility and region) functional data, where spatial correlations are induced among

region-specific principal component scores accounting for regional variation. A new efficient

algorithm based on functional principal component analysis and Markov Chain Monte Carlo

is proposed for estimation and inference. The analysis using USRDS data identified specific

regions and dialysis facilities therein, as well as specific time periods such as the first year

after transitioning to dialysis, with high hospitalizations for further investigation in an effort

to reduce the hospitalization burden in the dialysis population.
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CHAPTER 1

Modeling Time-Varying Effects of Multilevel Risk

Factors of Hospitalizations in Patients on Dialysis

1.1 Introduction

The United States Renal Data System (USRDS) annual report (United States Renal Data

System, 2016) shows that there were over 678,000 individuals with end-stage-renal disease

(ESRD) in the United States (US) as of December 31, 2014. About 70% of patients with

ESRD were on dialysis, a life-sustaining treatment. Patients on dialysis are typically hospi-

talized twice a year, and hospitalization in this population remains a major mortality and

morbidity burden. Modeling time-varying effects on patient outcomes, such as hospitaliza-

tions, is especially important in this unique cohort of patients because ESRD patients remain

on dialysis for long periods of time (for the remainder of their lifetime or until receiving a

kidney transplant). Hence studying leading risk factors of hospitalizations and characterizing

their effects as a function of time on dialysis is essential in assessing health care improvement

strategies, as the needs of dialysis patients may change the longer they remain on dialysis.

In addition to the need for time-dynamic modeling, another challenging aspect of study-

ing hospitalization risk factors is the hierarchical structure of the data and the multilevel

nature of the risk factors themselves. The rich hospitalization data available through US-

RDS is hierarchical where hospitalizations over time are nested within patients, and patients

are nested within dialysis facilities across the US. There are a number of risk factors for

hospitalizations at both the patient-level and facility-level in the hierarchy. The patients’

baseline demographics and comorbidities at initiation of dialysis as well as facility staff level

and composition are among the covariates that potentially affect hospitalization risk. Hence
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the desired modeling has to account for dependencies in the data within subjects and within

facilities to facilitate efficient inference for the time-varying effects of multilevel risk factors.

Varying coefficient models are an effective tool in modeling time-varying regression effects

(Cleveland et al., 1991; Hastie and Tibshirani, 1993) and there is a rich literature on their

applications to longitudinal data (Fan and Zhang, 2008; Hoover et al., 1998; Qu and Li,

2006; Estes et al., 2014; Chen and Wang, 2011). However most of the literature is on a

two-level hierarchy where observations over time are nested in subjects and is not applicable

to data with higher levels of hierarchy such as observations over time nested in patients, and

patients nested in dialysis facilities (Zhang, 2004; Liang et al., 2003; Wu and Zhang, 2002;

Crainiceanu et al., 2009; Serban, 2011; Chen and Wang, 2011). The few works that consider

higher levels of hierarchy do not consider multilevel predictors or multilevel regression effects

modeled through multilevel varying coefficient functions. You et al. (2015) consider varying

coefficient models with a three-level hierarchy, but only model time-varying effects of subject-

level predictors and do not assume a particular structure for the dependencies within the

hierarchy, utilizing an unstructured error covariance, which may not scale up well in large

data applications.

As a novel departure from existing literature, we propose a varying coefficient model for

multilevel risk factors (VCM-MR) with multilevel varying coefficient functions that are asso-

ciated with them. We model the within-subject correlation via a subject-specific random ef-

fect. However, rather than a facility-level random effect, we model facility-specific deviations

in hospitalization risk via facility-specific fixed varying coefficient functions. This is partly

motivated by the fact that the correlation between predictors and a random effect higher

in the hierarchy may lead to bias in estimation of regression effects in multilevel regression

models (Gelman, 2006). While the inclusion of the facility-specific fixed varying coefficient

functions add flexibility in modeling time-varying facility-specific risk trajectories, they also

pose a major computational challenge in estimation yielding a large number of varying coeffi-

cient functions, hence high dimensionality in the parameter space. Hence we propose a novel

iterative estimation algorithm tailored to the specific computational challenges posed by our

data application namely the high-dimensional parameter space and the large size of the data
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from USRDS, based on an approximate EM algorithm and Newton-Raphson maximization.

We rely on bootstrap confidence intervals, constructed by resampling from facilities, for as-

sessing variation in the estimated subject- and facility-level time-varying effects and develop

a hypothesis testing procedure to assess whether facility-specific fixed effects are significant or

time-varying. Finally, taking advantage of the multilevel structure of VCM-MR, we propose

predicted multilevel (patient- and facility-level) hospitalization risk trajectories throughout

dialysis treatment. Patient-level predictions can help guide patients in choosing a suitable

dialysis facility at the initiation of dialysis and can further provide subject-specific predicted

risk trajectories utilizing the patients’ case-mix at baseline and facility-level covariates from

facilities of interest. The goal of facility-level predictions is to provide feedback to a facility

for improvement of patient care.

The proposed VCM-MR as well as the iterative estimation procedure based on the ap-

proximate EM algorithm and inference for the model components are developed in Section

1.2, with technical details included in the Appendix. The proposed estimation framework is

an extension of the iterative estimation algorithm of Estes et al. (2018), recently proposed

for a multilevel varying coefficient model used for time-dynamic facility profiling; see also He

et al. (2013) for time-static profiling. The goal of the previous work (Estes et al., 2018) was

to develop a time-dynamic risk-standardized index to compare a facility’s performance to

a national norm. Hence the multilevel varying coefficient model of Estes et al. (2018) does

not model time-varying effects of subject- or facility-level covariates and only adjusts for

non-time-varying effects of subject case-mix, suitable for the goal of facility profiling. Our

modeling and overarching goals are quite different in this paper where the main focus is on

studying the effects of multilevel (subject- and facility-level) covariates on dialysis patient

outcomes as a function of the time indexing the change in patient needs (i.e. time on dial-

ysis), rather than modeling facility quality of care. Applications to USRDS data to model

hospitalization risk of patients over time on dialysis and simulation studies are presented in

Sections 1.3 and 1.4, respectively.
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1.2 Varying Coefficient Model for Multilevel Risk Factors

1.2.1 Model Specification

Let i = 1, . . . , I index dialysis facilities and j = 1, . . . , Ni index subjects belonging to the ith

facility with Ni number of total subjects. Further let Zi(j) = {Z1i(j), . . . , Zpi(j)}T denote the

vector of p facility-level predictors of facility i and Xij = (X1ij, . . . , Xrij)
T denote the vector

of r subject-level predictors. Note that the facility-level predictors, such as total number of

subjects or staff decomposition, are reported only once a year. Hence they are also indexed

by the subject counter j, since their values are assigned using reported facility characteristics

in the previous calendar year from the time the jth subject within facility i initiates dialysis.

To study the effect of multilevel risk factors, Zi(j) and Xij, on a patient’s hospitalization risk,

we model the binary outcome of having a hospitalization within a three month interval in the

follow-up time after initiation of dialysis. The outcome Yijk ≡ Yij(tijk) equals one if the jth

patient within facility i experienced a hospitalization during the kth three month follow-up

interval and equals zero otherwise, where k = 1, . . . , Nij, with Nij denoting the total number

of three month intervals in the follow-up of subject j and tijk denoting the midpoint of the

kth three month interval. A similar approach of modeling grouped response in intervals over

follow-up time was considered by Liu et al. (2012) in studying hospitalization days among

dialysis patients using an event rate model. The goal is to model the expected outcome:

pij(t) = E{Yij(t) | Zi(j), Xij, bij, Sij > t},

where bij ∼ N(0, σ2
b ) denotes the subject-specific random effects to account for within-subject

correlation and Sij denotes the death time of subject j. The expected outcome pij(t) defines

a ‘partly conditional’ target conditional on the patients being alive Sij > t. Note that since

our target is only conditional on the patient being alive, we assume that the probability pij(t)

conditioning on Sij > t is the same as conditioning on Sij > t∗ for any t∗ > t, i.e., conditioning

on different time points is exchangeable as long as the patient is alive at both time points

(similar to most frailty models). For the outcome defined in three month intervals, the
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expected outcome is defined for follow-up intervals such that Sij > tijk, i.e. for intervals

where the subject survived at least half of the three month interval. The 45 day cutoff

is used as a compromise between having too few days in the interval for hospitalization

opportunities if the cutoff is lower and eliminating more last intervals in the follow-up of

patients where the death occurred (leading to data loss) if the cutoff is higher. A sensitivity

analysis with cut-offs of 30 and 60 days in our applications to USRDS data lead to similar

inference as the chosen cutoff of 45 days. Partly conditional models study the dynamic

cohort of survivors and have been considered in the context of generalized linear models for

longitudinal data where missingness is primarily due to truncation by death (Kurland and

Heagerty, 2005). Estes et al. (2014, 2016) considered partly conditional target of inference

for varying coefficient models.

In the proposed VCM-MR, the facility-level effects have two parts. The first part explains

the time-varying effects of the facility-level covariates, denoted by θ(t) and the second part

represents the facility-specific fixed effects, denoted by γi(t). The logit link function, denoted

by g{pij(t)} = log[pij(t)/{1 − pij(t)}], is used to connect the conditional expected outcome

to the time-varying effects of the predictors via

g[E{Yij(t, c)|Xij, Zi(j), bij, Sij > t}] = g{pij(t, c)} = η(c) + γi(t) + ZT
i(j)θ(t) +XT

ijβ(t) + bij,

(1.1)

where β(t) = {β1(t), . . . , βr(t)}T and θ(t) = {θ1(t), . . . , θp(t)}T denote the time-varying

effects of the subject- and facility-level covariates, respectively. Note that hospitalization

risk is assumed not to depend on the subject’s actual survival time, but rather only on the

length of time in the follow-up after initiation of dialysis. Even though this assumption may

be a strong one depending on the the target of inference that is of interest, it is standard in

‘partly conditional’ models (Kurland and Heagerty, 2005). In addition, η(c) denotes calendar

time effects with c denoting calendar time at initiation of dialysis, for cases where the cohort

includes patients initiating dialysis over multiple calendar years. Hence, while η(c) adjusts

for potential differences in the overall hospitalization risk of cohorts of patients initiating

dialysis over different calendar years, γi(t) captures facility effects over time on dialysis, a
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time period over which the needs of dialysis patients may change. Note that γi(t) may still

include some changes in facility performance over follow-up calendar time as well but such

an effect is at best an average effect over the dialysis initiation years since it is estimated

using cohorts initiating dialysis over multiple calendar years. Also, since both η(c) and γi(t)

are playing the role of a y-intercept, they are not identifiable without restrictions. Therefore,

we normalize η(c) such that
∫ C
0
η(c)dc = 0 and allow γi(t) to carry the magnitude of the

y-intercept.

Finally, note that the proposed model in (1.1) is a partially pooled model for facility

effects. In other words, it strikes a balance between complete pooling and no pooling, where

complete pooling would pool data without keeping track of which facility they belong to

and would not consider facility-specific effects γi(t) +ZT
i(j)θ(t) and in no pooling, estimation

of the facility effects would only use facility-specific data, i.e., facility-level effects would be

modeled only by γi(t), which may cause over-fitting problems, especially in small facilities.

Partial pooling stabilizes the estimation of facility-level effects through inclusion of facility-

level covariates while still producing facility-specific predictions.

1.2.2 Estimation Procedure

We outline the proposed estimation procedure, based on an approximate EM algorithm, for

the proposed VCM-MR. Let LYij{γi(t), θ(t), β(t), η(c)} denote the joint distribution of the

outcome of the jth subject (Yij1, . . . , YijNij
) observed at the time points tij = (tij1, . . . , tijNij

),

conditional on bij, Xij, Zi(j) and Sij > tij. For mathematical convenience, we assume that the

within-subject correlation among (Yij1, . . . , YijNij
) is explained by two independent sources:

the subject-specific random effects bij and the dependency of Yijk, k = 1, . . . , Nij, on the

patient’s death time Sij. A similar assumption is made in Liu et al. (2012) who also consider

a partly conditional model (referred to as a partial marginal model), where the death time

is assumed to be independent of the frailty (represented by a within-subject random effect)

capturing the within-subject correlation. Using the independence between bij and Sij, the

joint distribution of (Yij1, . . . , YijNij
, bij) conditional on Xij, Zi(j) and Sij > tij, denoted by
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Lij{bij, σb, γi(t), θ(t), β(t), η(c)}, can be given as

Lij{bij, σb, γi(t), θ(t), β(t), η(c)} = LYij{γi(t), θ(t), β(t), η(c)} ×
exp{−b2ij/(2σ2

b )}√
2πσ2

b

,

for a normally distributed subject-specific random effect bij. Hence, the complete likelihood

corresponding to the VCM-MR in (1.1) is

L{b, σb, γ1(t), . . . , γI(t), θ(t), β(t), η(c)} =
I∏
i=1

Ni∏
j=1

Lij{bij, σb, γi(t), θ(t), β(t), η(c)}.

In addition, viewing the subject-specific random effects as unobserved covariates, the incom-

plete likelihood available for estimation of {σb, γ1(t), . . . , γI(t), θ(t), β(t), η(c)} is

L{σb, γ1(t), . . . , γI(t), θ(t), β(t), η(c)} =
I∏
i=1

Ni∏
j=1

[∫ ∞
−∞

Lij{bij, σb, γi(t), θ(t), β(t), η(c)}dbij
]
.

We propose an approximate EM algorithm, where the expectation step targets the ap-

proximate conditional expectation of the complete likelihood by utilizing a Taylor’s expansion

and the first two moments of the subject-specific random effects. Then the maximization

step optimizes the approximate expected likelihood with respect to model parameters. For

the expectation step, the posterior distribution of bij can be given as

Dij{bij|Yij, σb, γi(t), θ(t), β(t), η(c), Sij > tij} =
Lij{bij, σb, γi(t), θ(t), β(t), η(c)}∫∞

−∞ Lij{bij, σb, γi(t), θ(t), β(t), η(c)}dbij
.

Using this posterior distribution, we define the posterior mean and variance of bij, denoted

by bij0 and vij0, respectively, as

bij0 =

∫ ∞
−∞

bijDij{bij|Yij, σb, γi(t), θ(t), β(t), η(c), Sij > tij}dbij and (1.2)

vij0 =

∫ ∞
−∞

(bij − bij0)2Dij{bij|Yij, σb, γi(t), θ(t), β(t), η(c), Sij > tij}dbij. (1.3)

The integrals in (1.2) and (1.3) are approximated numerically via a Gauss-Hermite quadra-

7



ture calculation with 20 sample points. Assuming that the within-subject correlation intro-

duced by the dependence on death time Sij is weak compared to that introduced by the

random effect bij, we can approximate the joint likelihood LYij{γi(t), θ(t), β(t), η(c)} condi-

tional on bij (needed in (1.2) and (1.3)) utilizing the working independence assumption:

LYij{γi(t), θ(t), β(t), η(c)} ≈
Nij∏
k=1

exp[{γi(tijk) + bij + ZT
i(j)θ(tijk) +XT

ijβ(tijk) + η(cij)}Yijk]
1 + exp{γi(tijk) + bij + ZT

i(j)θ(tijk) +XT
ijβ(tijk) + η(cij)}

.

The working independence assumption will also be used in the M-step of the proposed EM

algorithm to estimate the partly conditional target. Kurland and Heagerty (2005) point

out that a standard likelihood-based method or an estimating equation approach without

a working independence structure will not lead to valid inference for a partly conditional

target.

For approximating the conditional expectation of the complete likelihood in the E-step, let

{σ∗b , γ∗1(t), . . . , γ∗I (t), θ
∗(t), β∗(t), η∗(c)} be the current parameter estimates, b∗ij0, v∗ij0 denote

the estimated posterior mean and variance of bij based on the current parameter estimates

and `ij{bij, σb, γi(t), θ(t), β(t), η(c)} denote the log of Lij{bij, σb, γi(t), θ(t), β(t), η(c)}. Be-

cause the closed form for
∑I

i=1

∑Ni

j=1E[`ij{bij, σb, γi(t), θ(t), β(t), η(c)}|Yij, σ∗b , γ∗i (t), θ∗(t),

β∗(t), η∗(c), Sij > tij] is not available, we use the second order Taylor series expansion to

approximate the expected log-likelihood around b∗ij0 by

I∑
i=1

Ni∑
j=1

(
Nij∑
k=1

[
Yijk{g(p∗0,ijk)}+ log(q∗0,ijk)−

v∗ij0
2
p∗0,ijkq

∗
0,ijk

]
−

(b∗ij0)
2 + v∗ij0

2(σ∗b )
2

(1.4)

−1

2
log{2π(σ∗b )

2}

)
≡

I∑
i=1

Li{σ∗b , γ∗i (t), θ∗(t), β∗(t), η∗(c)},

where p∗0,ijk = g−1{γ∗i (tijk) + b∗ij0 +ZT
i(j)θ

∗(tijk) +XT
ijβ
∗(tijk) + η∗(cij)}, q∗0,ijk = 1− p∗0,ijk and

Li{σ∗b , γ∗i (t), θ∗(t), β∗(t), η∗(c)} is defined implicitly. (For details, see Appendix A.1.)

The main challenge in maximizing the approximate expected log-likelihood in (1.4) (M-

step) is the high dimensionality of the parameter space when the number of facilities is

large. Nonetheless, the approximate expected log-likelihood is separable into I components,
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denoted by Li{σ∗b , γ∗i (t), θ∗(t), β∗(t), η∗(c)}. Hence, maximizing the approximate expected

log-likelihood with respect to γi(t) is equivalent to maximizing Li{σ∗b , γ∗i (t), θ∗(t), β∗(t), η∗(c)}

with respect to γi(t) and therefore γi(t) can be estimated utilizing data from the ith facility.

Hence for a fixed set of {σb, θ(t), β(t), η(c)}, γi(t) is updated based on data from the ith

facility. To estimate {σb, θ(t), β(t), η(c)}, for fixed γi(t), i = 1, . . . , I, we maximize the entire

approximate expected log-likelihood. Therefore, we propose an iterative Newton-Raphson

algorithm which iterates between estimation of γi(t) and {σb, θ(t), β(t), η(c)}. This iterative

nature, separating the maximization of γi(t) and the rest of the model parameters is the key

to the computational feasibility of the proposed algorithm, since updating of γi(t) estimates

only uses data within facilities. The computational time for fitting VCM-MR is 2.0 and 9.7

minutes in our simulation set-up introduced in Section 1.3 for I = 100 and I = 500 facilities,

respectively, and 1.3 hours for the application to USRDS data in Section 1.4 on a modest

DELL XPS 8910 desktop with 6th generation Intel® Core™ i7-6700 processor.

For estimation of the varying coefficient functions γi(t), β(t), θ(t) and η(c), we utilize their

local linear expansions in time (follow-up time or calendar year at initiation of dialysis) and

target the parameters in these expansions by maximizing the approximate local log-likelihood

defined in a local neighborhood in time, by a one-step Newton-Raphson iteration. We begin

by estimation of σb via maximizing the approximate expected log-likelihood, followed by the

estimation of γi(t) with fixed {σb, θ(t), β(t), η(c)}. Then γi(t), η(c), σb are fixed and β(t) and

θ(t) are updated. Finally, we update η(c) with fixed {σb, γi(t), θ(t), β(t)}. The estimation

steps of the proposed algorithm are provided in Appendix A.1.

1.2.3 Inference for Model Parameters

For inference on the effects of the multilevel risk factors (θ(t), β(t)) and the calendar year at

initiation of dialysis (η(c)), we utilize a bootstrap procedure which samples from facilities,

the highest level of the hierarchy in the data. For each bootstrap dataset, we sample the same

number of total facilities as the original data and repeat the proposed estimation procedure

to obtain the bootstrap estimates of the varying coefficient functions of interest. Bootstrap
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confidence intervals are constructed using the pointwise percentiles of the set of bootstrap

estimates.

While our main inferential focus is on the effects of multilevel risk factors for hospital-

izations, we also propose a computationally efficient hypothesis testing algorithm for the

significance of the facility-specific effects captured by γi(t). Testing for H0 : γi(t) = 0 can

be interpreted as testing whether the facility performance deviates from what would be ex-

plained or expected based on its facility- and subject-level covariates. Since the proposed

bootstrap procedure for inference on the multilevel risk factors samples from facilities to

preserve the correlation structure in the data, it cannot be used for inference on the facility-

specific effects. The proposed hypothesis testing procedure utilizes the fact that estimation

of β(t), θ(t), η(c) and σ2
b is quite precise, based on the entire data which is large, made

up of hospitalizations of patients from all dialysis facilities across the U.S., and fixes these

estimates once they are estimated throughout the algorithm. Hence the proposed hypothesis

testing procedure only resamples data for subjects within the ith facility and is therefore

computationally efficient. The proposed testing procedure measures departures of γ̂i(t) from

0, under the null H0 : γi(t) = 0 via the test statistic ri =
√∫
{γ̂i(t)− 0}2dt. The specific

steps are as follows.

(a) Estimate all model parameters from the initial data fit and compute the test statistic

ri based on the observed data. Denote this observed test statistic by rOi . Fix θ(t), β(t),

η(c) and σb at their estimated values θ̂(t), β̂(t), η̂(c) and σ̂b.

(b) Resample subject-specific random effects from the posterior distribution Dij{bij |

Y, σ̂b, θ̂(t), β̂(t), η̂(c), γi(t) = 0, Sij > tij} defined under the null. Compute the posterior

mean and variance, bij0 and vij0 using the fixed θ̂(t), β̂(t), η̂(c) and σ̂b values from step

(a). Approximate the posterior distribution by a normal density with mean bij0 and

variance vij0 and draw an independent sample of size F for each subject j = 1, . . . , Ni

within facility i: b(f)ij ∼ N(bij0, vij0), f = 1, . . . , F .

(c) Draw F samples of the outcome {Y (f)
ijk : j = 1, . . . , Ni, k = 1, . . . , Nij, f = 1, . . . , F}

where each observation, conditional on the resampled subject-specific random effects,
10



is generated from a Bernoulli distribution under the null (H0 : γi(t) = 0):

Y
(f)
ijk | b

(f)
ij ∼ Ber

[
exp{η̂(cij) + b

(f)
ij + ZT

i(j)θ̂(tijk) +XT
ijβ̂(tijk)}

1 + exp{η̂(cij) + b
(f)
ij + ZT

i(j)θ̂(tijk) +XT
ijβ̂(tijk)}

]
.

(d) Estimate bij0, vij0 and γi(t) and the test statistic, r(f)i , based on each resampled dataset

f = 1, . . . , F . Note that since θ(t), β(t), η(c) and σb are fixed in step (a), we only need

to iterate between estimation steps 2, 4 and 7 to obtain the parameter estimates.

(e) Calculate the nominal p-value Pr(ri > rOi | H0) by (1/F )
∑F

f=1 I{r
(f)
i > rOi }, where

I{·} denotes the indicator function.

Note that the hypothesis testing procedure can be extended for also testing whether the

facility-specific fixed effect is time-varying, i.e., H0 : γi(t) = c, by substituting c for 0 above,

using the test statistic ri =
√∫
{γ̂i(t)− c}2dt.

1.3 Multilevel Risk Factors of Hospitalization Among Patients on

Dialysis

1.3.1 Description of the USRDS Study Cohort

We utilize hospitalization data from the United States Renal Data System (USRDS), which

collects information on nearly all patients with end-stage renal disease (ESRD), including

patient demographics and comorbidities prior to the initiation of dialysis. The study cohort

includes dialysis patients 18 years of age or older who initiated dialysis between January 1,

2006 and December 31, 2008. The follow-up is until December 31, 2013, where the follow-up

time is truncated five years after initiation of dialysis. The detailed descriptions of the study

cohort and the exclusion rules are provided in Appendix A.2. Our final study cohort includes

89, 889 patients receiving dialysis at a total of 2, 201 facilities. The number of patients per

facility varies between 20 and 162 where we refer to facilities with 20-31, 31-44 and > 44

patients as small, medium and large facilities, respectively (the cutoff values are taken to be
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the tertiles of the distribution).

1.3.2 Time-Varying Effects of Multilevel Risk Factors

To study the effects of multilevel risk factors, 27 patient-level and three facility-level co-

variates are considered for the proposed VCM-MR. The patient-level covariates include age,

gender, body mass index (BMI), whether diabetes is the cause of ESRD and 23 comorbidi-

ties, ranging from chronic obstructive pulmonary disease (COPD), seizure disorder, ulcers,

drug and alcohol disorders, end-stage liver disease, severe cancer to psychiatric comorbidities

and transplants. Each of the 23 comorbidities (indicator variables) are determined based on

the presence of the condition from the previous 12 months prior to the initiation of dialysis

treatment for each person based on Medicare claims. Total number of patients, nurse-to-staff

ratio and non-nurse-to-patient ratio (i.e., patient care technician (PCT)-to-patient ratio) are

included for the facility-level covariates. For convenience of interpretation, we consider nurse-

to-patient ratio and non-nurse-to-patient ratio as percentages, by multiplying the relevant

ratios by 100. The standard deviation of the subject-specific random effects is estimated to

be σ̂b = 1.12, larger than the magnitude of most estimated γi(t) values, signaling that the

variation of the overall hospitalization risk across patients is generally larger than the vari-

ation across dialysis facilities. For details on the selection of the bandwidths of the varying

coefficient functions, corresponding to the multilevel risk factors, see Appendix A.3.

All of the patient-level risk factors are found to have significant effects on patient hos-

pitalization risk except for the two comorbidities considered, fibrosis of the lung or other

chronic lung disorders and respirator dependence. In addition, all of the comorbidities that

are found significant are associated with an increase in hospitalization risk, as expected.

Figure 1.1 displays the estimated varying coefficient functions for a sample of eight patient-

level risk factors which are found significant, (a) age, (b) BMI, (c) whether diabetes is the

cause of ESRD, (d) gender, (e) COPD, (f) ulcers, (g) transplants and (h) seizure disorders

and convulsions. The pointwise 95% bootstrap confidence intervals based on 200 bootstrap

replications are also provided (dashed lines). For easier comparison, we plot effect sizes cor-
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responding to the changes in age and BMI in 10-year and 5-unit increments, respectively

(close to their respective unit standard deviations). Older age at initiation of dialysis is

associated with higher hospitalization risk except for the first few years on dialysis. Al-

though time-varying effects of age on the risk of hospitalization has not been examined in

this population, this finding may be partly attributed to the cumulative burden of dialysis

treatment which typically leads to the deteriorating conditions of end stage renal disease.

Diabetes being the cause of ESRD is associated with higher hospitalization risk with the

effect getting stronger as patients stay longer on dialysis. Females have more hospitaliza-

tions than males, but this difference in hospitalization risk gets smaller in the later years of

dialysis treatment. As observed also in other chronic conditions, higher BMI is associated

with lower hospitalization risk, with a protective effect. All four comorbidities displayed are

associated with higher hospitalization risk, with some time-varying effects throughout the

course of dialysis. For example, the association between seizure disorders and convulsions

and increased hospitalization risk gets weaker as patients stay longer on dialysis.

At the facility-level, Figure 1.2(a)-(c) display the time-varying effects of the three risk

factors considered: (a) nurse-to-patient ratio (in percent), (b) non-nurse-to-patient ratio (in

percent) and (c) total number of patients. The effect sizes plotted correspond to changes

of 5-percentage point increments in both nurse-to-patient and non-nurse-to-patient ratios

and a change by 50 patients in the total number of patients. Higher number of total pa-

tients (hence larger facility size) is significantly correlated with lower hospitalization risk.

Both nurse-to-patient ratio and PCT-to-patient ratio have a significant effect on the pa-

tients’ hospitalization risk, where the higher ratio of nurse-to-patient and PCT-to-patient

are both correlated with a lower risk of hospitalization, as expected. Note that the effect

size of PCT-to-patient ratio is found to be larger than that for the nurse-to-patient ratio on

hospitalization risk. For example, at the end of the first year of dialysis, a five percentage

points increase in the PCT-to-patient ratio is associated with a seven percent decrease in

the odds of hospitalizations, whereas the same amount increase in the nurse-to-patient ratio

is only associated with a 4 percent decrease in the odds. The effects of all significant risk

factors at the facility-level increase with time on dialysis, i.e. for patients who have been on

13
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Figure 1.1: Estimated patient-level effects β̂(t) (solid) on hospitalization risk corresponding
to (a) a change of 10-years in age at initiation of dialysis, (b) a change of 5-units in BMI, (c)
whether diabetes is the cause of ESRD, (d) gender, (e) COPD, (f) ulcers, (g) transplants,
(h) seizure disorders and convulsions along with their 95% confidence intervals (dashed).
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dialysis longer, an increase in facility size or nurse-to-patient ratio is associated with larger

reductions in hospitalization risk. Also plotted in Figure 1.2 is the estimated varying coeffi-

cient function for the calendar year effect at initiation of dialysis. The bootstrap confidence

interval for η(c) contains a constant function around zero except at the boundaries, providing

evidence for non-significant calendar year effects in the study cohort.
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Figure 1.2: Estimated facility-level effects θ̂(t) (solid) on hospitalization risk corresponding
to a change of (a) 5-percentage points in nurse-to-patient ratio, (b) 5-percentage points
in patient care technician (PCT)-to-patient ratio and (c) 50 patients in total number of
patients, along with their 95% confidence intervals (dashed). Horizontal lines at zero are
plotted in gray for reference and positive numbers on the y-axis correspond to increased risk
of hospitalization. All three facility-level covariates are associated with protective effects
on risk of hospitalization where PCT-to-patient ratio has a stronger association than nurse-
to-patient ratio. Estimated calendar year effect η̂(c) and its corresponding 95% confidence
interval are plotted in (d).

In addition, as explained in Section 1.2.3, γi(t) captures facility-specific fixed effects. We
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want to caution the reader that in the presence of facility-level covariates in the model, γi(t)

alone does not reflect facility performance and should not be used for facility comparisons;

instead it should be interpreted as a residual facility-specific deviation captured beyond

what is explained by baseline case-mix and facility-level covariates. Hence, positive γ̂i(t)

correspond to higher risks of hospitalization after adjusting for patient case-mix and facility-

level risk factors, while negative γ̂i(t) correspond to lower risks of hospitalization. All facilities

have been tested for significant effects (H0 : γi(t) = 0). Overall 15% of facilities have

significant effects, where the significant facility effects represent 16.2% of small facilities

(0.1% always positive, 15.7% always negative and 0.4% mixed), 14.8% of medium facilities

(0.1% always positive, 14.4% always negative and 0.3% mixed) and 13.9% of large facilities

(13.8% always negative and 0.1% mixed). For illustration of the different trends, we plot a

sample of facilities whose time-varying effect γi(t) estimates are found significantly different

than zero and are always negative, always positive or mixed in the Figure A.1.

1.3.3 Predicted Multilevel Hospitalization Trajectories

Using the estimated model components, the proposed VCM-MR can also be used for ob-

taining predictions of hospitalization risk trajectories. Similar to the hierarchical nature

of the proposed modeling, prediction obtained from VCM-MR is also multilevel, at the

patient- and facility-levels. The goal of the patient-level prediction considered is to pro-

vide information to patients in selecting facilities at initiation of dialysis and for patients

to predict their specific risk trajectories after initiation of dialysis based on their base-

line covariates. While for selecting facilities, multiple risk trajectories can be obtained

using facility characteristics from multiple facilities and ‘average’ case-mix values, for the

second goal of creating subject-specific predicted hospitalization risk trajectories, subject-

specific case-mix would be utilized in obtaining risk predictions. For illustration, we plot

the patient-level hospitalization risk predictions for a single patient from the USRDS co-

hort using three facilities including the patient’s current facility (Figure 1.3(a)). Because

calendar year effect η(c) is not found significant, it does not contribute to patient-level pre-

dictions given by p̂′ij(t) = g−1{γ̂i(t) +ZT
i(j)θ̂(t) +XT

ijβ̂(t)} for patient j at facility i, targeting
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p′ij(t) = g−1{γi(t) + ZT
i(j)θ(t) + XT

ijβ(t)}. Note that the dependence on calendar year c

is suppressed due to the nonsignificance of η(c) and that patient-specific predictions only

use information at baseline (initiation of dialysis) and therefore do not include estimates of

subject-specific random effects.

Figure 1.3(a) displays the three predicted risk trajectories for the patient from the US-

RDS study cohort along with the observed risk trajectory. As expected, the predicted risk

trajectory using the current case-mix and facility-level risk factors is found to be the closest

to the smooth of the observed outcome. Also, the two predicted risk trajectories correspond-

ing to a medium (with 32-44 patients) and a small (with 20-31 patients) facility are above

the predictions from the current large facility (with > 44 patients), showing that smaller

facilities have higher risk of hospitalization, which agrees with data analysis results outlined

in Section 1.3.2. For a new patient who is outside the study cohort used to build the model,

patient-level prediction would use the patient’s current case-mix at the initiation of dialy-

sis and facility-level covariates from facilities which the patient is considering for receiving

dialysis. While we assume these candidate facilities would exist in the original data used to

build the model (with their estimated γi(t)), their Zi(j) would have to be obtained to reflect

facility characteristics from the time of predictions. Note that the predicted hospitalization

risk based on the partly conditional VCM-MR, conditions on the patient being alive, with

the predicted patient-level trajectory representing the patient’s hospitalization risk t years

after initiation of dialysis if the patient were alive at that time.

Prediction at the facility-level provides information to facilities for improving patient care.

More specifically, it provides guidance on how much decrease in patient hospitalization risk

is associated with the change in a modifiable facility-level risk factor while keeping the de-

composition of the patients whom the facility is serving fixed. In facility-level prediction, the

patient case-mix of the facility, including patient comorbidities, are assumed to be known and

fixed, while the differing predictions correspond to the differing choices of the facility-level

characteristics considered. Define the mean hospitalization risk as p′′i (t) = (1/Nit)
∑Nit

j=1 p
′′
ij(t)

where Nit is the number of patients who are alive and receiving dialysis treatment at facility

i at time t and p′′ij(t) = g−1{γi(t) +ZT
i(j)θ(t) +XT

ijβ(t) + bij}. Note that different from p′ij(t),
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Predicted hospitalization trajectories
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Figure 1.3: (a) Patient-level predicted hospitalization probability. The smooth of a patient’s
observed outcomes is given in solid black. Predicted hospitalization risk trajectories from
the patient’s current large facility (> 44 patients) and two new facilities of sizes medium (32-
44 patients) and small (20-31 patients) are given in gray, dashed and dotted, respectively.
(b) Facility-level predicted hospitalization probability for a large facility. The observed risk
given in solid black represents the smooth of observations from all patients within a facility.
Predicted mean hospitalization risk trajectories with the current PCT-to-patient (ptp) ratio
(4.5%) and higher ptp ratios of 9.5% and 14.5%, are given in gray, dashed and dotted,
respectively.
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p
′′
ij(t) includes patient-specific random effects bij since the decomposition of the patient-level

characteristics are assumed known and fixed in facility-level prediction. The mean hospi-

talization risk can be interpreted as the average hospitalization risk of all patients who are

receiving treatment at facility i at time t. Using the mean risk trajectory defined above, we

obtain the facility-level predicted hospitalization risk trajectory as p̂′′i (t) = (1/Nit)
∑Nit

j=1 p̂
′′
ij(t)

with p̂′′ij(t) = g−1{γ̂i(t) +ZT
i(j)θ̂(t) +XT

ijβ̂(t) + b̂ij}. Note that different from p̂
′
ij(t) in patient-

level prediction obtained throughout the entire follow-up, conditional on the patient being

alive, the p̂′′ij(t) is obtained only over the time period for which the patient is alive, based on

the assumption that the patients’ survival time (Sij) is known.

Figure 1.3(b) shows three facility-level predicted mean risk trajectories for a large facility

with current PCT-to-patient (ptp) ratio of 4.5%, along with two predictions that correspond

to an increase in the facility’s ptp ratio to 9.5% and 14.5%. Also plotted is the observed

risk, which is the smooth of observations from all patients within the facility. The predicted

mean risk trajectory using the current data (in gray) is the closest to the observed risk,

as expected. Increasing the ptp ratio within the facility is associated with a decrease in

its predicted average patient hospitalization risk, consistent with the data analysis findings

of Section 1.3.2. Facility- and patient-level prediction can be assessed using relative mean

squared deviation error (MSDE), [
∫
{p̂′′i (t)−p

′′
i (t)}2dt]/

∫
{p′′i (t)}2dt, and mean squared error

(MSE), [
∑Nij

k=1{p̂
′
ij(tijk)−Yijk}2]/Nij, respectively. For the facility-level prediction, p

′′
i (t) is set

to the observed hospitalization risk in facility i. MSE is used instead of MSDE for patient-

level prediction since it is well-defined even for subjects with no hospitalizations in their

follow-up (where the denominator of MSDE would be zero) and for subjects with a single

observation (where the integral in the denominator of MSDE cannot be computed). The

(25%, 50%, 75%) percentiles of the MSDE for facility-level prediction are (.021, .044, .077),

(.018, .034, .061) and (.014, .025, .043) for small, medium and large facilities, respectively.

Note that the facility-level prediction gets smaller with increasing facility size, mainly due

to more precise estimation of γi(t) for larger facilities. The (25%, 50%, 75%) percentiles

of the MSE for patient-level prediction are (.100, .200, .291) in the data application. The

mean of the patient-level prediction error (.218) is slightly below the benchmark approach of
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using the overall mean hospitalization rate 0.27 in place of all p̂′ij(tijk), yielding an average

prediction error of .232.

1.4 Simulation Studies

We carry out simulation studies to examine the finite sample properties of the proposed

estimation and inference procedures. Studies include assessment of the validity of the hy-

pothesis testing procedure, performance of the bootstrap confidence intervals and multilevel

predictions. Similar to our modeling in applications to USRDS data, we consider the follow-

ing partly conditional model: g[E{Yij(t, c) | Zi(j), Xij, bij, Sij > t}] = η(c)+γi(t)+ZT
i(j)θ(t)+

XT
ijβ(t) + bij for t ∈ [0, 5] and c ∈ [0, 3]. The details of the simulation design are deferred to

Appendix A.4.

1.4.1 Estimation

A preliminary simulation using the sequential 10-fold cross-validation described in Appendix

A.2 is conducted for choosing the bandwidths of the varying coefficient functions in the

full simulations. The most commonly selected bandwidths for small, medium and large

facilities are fixed at 1.85, 1.65 and 1.35, respectively, for estimation of γi(t). In addition,

the selected bandwidths for {θ(t), β(t)} and η(c) are 1.8 and 2.4, respectively. Mean squared

error (MSE) is used to assess estimation of the time-invariant model parameter σ2
b , and

relative mean squared deviation error (MSDE), MSDEξ̂ = [
∫ {

ξ̂(t)− ξ(t)
}2
dt]/

∫
ξ2(t)dt (for

a generic function ξ(t)), is used to assess estimation of the time-varying functions, γi(t),

θ(t), β(t) and η(c). In addition, multilevel prediction is assessed by MSE and MSDE for

patient- and facility-level prediction as defined in Section 1.3.3, with the difference that

true p′i(t, c) and p
′′
ij(tijk, cij) available in the simulation setting replace the observed values

utilized in data analysis. More specifically, for patient-level prediction, p′ij(t, c) = g−1{γi(t)+

ZT
i(j)θ(t) + XT

ijβ(t) + η(c)} and p̂′ij(t, c) = g−1{γ̂i(t) + ZT
i(j)θ̂(t) + XT

ijβ̂(t) + η̂(c)} and for

facility-level prediction p′′ij(t, c) = g−1{γi(t) + ZT
i(j)θ(t) +XT

ijβ(t) + bij + η(c)} and p̂′′ij(t, c) =

g−1{γ̂i(t) + ZT
i(j)θ̂(t) +XT

ijβ̂(t) + b̂ij + η̂(c)}.
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Simulations are conducted for two cases with I = 100 and 500 total number of facilities

and results are presented based on 200 Monte Carlo runs. Figure A.2 displays the estimated

time-varying coefficient functions of the multilevel risk factors and η(c), along with their

95% bootstrap CIs from the simulation run with the median MSDE based on I = 100 total

facilities. The estimates track the true functions which lie within the CIs for most of the time

points. The (25th, 50th, 75th) percentiles of the MSDEs obtained for the varying coefficient

functions from both simulation cases are summarized in Table 1.1. Also given in Table 1.1

are the MSDE and MSE for facility- and patient-level prediction, respectively. The increase

in the total number of facilities leads to smaller MSDE values in estimation of β(t), θ(t)

and η(c), as expected, but does not affect MSDEs for γi(t), since their estimation is based

only on within facility data. The results for γi(t) are categorized by facility size where the

precision in estimation of γi(t) improves for larger facilities. This is also the reason for the

decrease in the MSE and MSDEs of patient- and facility-level predictions with increasing

facility size. Since γi(t) is the component estimated with the least precision (based on facility-

specific data) among the varying coefficient functions, the improvement in their estimation

has the largest effect on the improvement observed in the multilevel prediction. Multilevel

prediction is less affected by the increase in the total number of facilities. Note that MSDE

values from estimation of η(c) are higher compared to other varying coefficient functions

due to the smaller norm of the varying coefficient function which is centered around zero for

identifiability. Overall, the estimation is on target as illustrated in Figure A.2.

1.4.2 Inference: Bootstrap Confidence Intervals and Hypothesis Testing

We also examine the performance of the bootstrap confidence intervals proposed for the

varying coefficient functions β(t), θ(t), η(c) and the validity of the proposed hypothesis testing

procedure to identify significant facility-specific effects.

To study the coverage and length of the proposed bootstrap CIs for β(t), θ(t), η(c), results

are reported from 200 Monte Carlo runs for I = 100 and I = 500 total number of facilities, at

three time points in Table 1.2. As expected, the length of the CIs decrease with increasing
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Table 1.1: Percentiles of the mean squared deviation error (MSDE) for the time-varying
coefficient estimates of facility-specific fixed effects γi(t), effects of facility-level covariates
θ(t), effects of subject-level covariates β(t), calendar time effect at initiation of dialysis
η(c) and for facility-level prediction, based on 200 Monte Carlo runs. Percentiles of mean
squared error (MSE) are reported for patient-level prediction error. MSDE for γi(t) and
facility-level prediction and MSE for patient-level prediction are stratified by small (20-34
patients), medium (35-54 patients) and large (> 54 patients) facility sizes.

Part I I=100 I=500
MSDE 25% 50% 75% 25% 50% 75%
θ̂1(t) 0.012 0.023 0.04 0.003 0.005 0.009
θ̂2(t) 0.014 0.027 0.041 0.003 0.006 0.008
β̂1(t) 0.011 0.02 0.032 0.002 0.005 0.008
β̂2(t) 0.01 0.018 0.032 0.003 0.005 0.008
η̂(c) 0.382 0.583 0.917 0.29 0.425 0.53

Part II MSDE γ̂i(t)
Facility-level

prediction (MSDE)
Patient-level

prediction (MSE)
I=100 25% 50% 75% 25% 50% 75% 25% 50% 75%
All .022 .045 .099 .008 .015 .028 <.001 .001 .003

Small .035 .077 .158 .013 .024 .044 .001 .002 .006
Medium .024 .045 .095 .008 .015 .027 <.001 .002 .004
Large .012 .028 .056 .005 .009 .016 <.001 <.001 .002
I=500
All .020 .044 .096 .007 .014 .028 <.001 .001 .003

Small .033 .073 .154 .012 .023 .043 <.001 .002 .005
Medium .022 .046 .093 .008 .015 .027 <.001 .002 .003
Large .013 .027 .053 .005 .009 .016 <.001 <.001 .002

number of facilities. Observed coverage probabilities (CPs) typically range between 85%-

95% with a low of 77% (Table 1.2). This is to be expected since the proposed CIs are

pointwise CIs. To assess the validity of the proposed hypothesis testing procedure for H0 :

γi(t) = γ0(t), data for all facilities were generated from the simulation design described in

Appendix A.4 except for the first facility with facility-specific effects γ1(t) = γ0δ(t), where

γ0δ(t) = (1− δ)γ0(t) + δ(−
√
t/5− 1) for δ = 0, .25, .50, .75, and 1, and γ0(t) = 0. Under this

setup, the first facility effect deviates more fromH0 with increasing δ, where γ0δ(t) = γ0(t) for

δ = 0, and γ0δ(t) = −
√
t/5− 1 for δ = 1. We tested H0 : γ1(t) = γ0(t) for δ = 0, .25, .50, .75

and 1, to assess the level and power of the proposed hypothesis test. In addition to varying δ,
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Table 1.2: Coverage probability (CP, in %) and length (LEN) of the 95% bootstrap con-
fidence intervals at three time points (beginning, middle and end of follow-up) for varying
coefficient functions (VCFs) associated with facility-level covariates (θ(t)), subject-level co-
variates (β(t)) and calendar time effects at initiation of dialysis (η(c)).

I = 100 I = 500
Year t = 0 t = 2.5 t = 5 t = 0 t = 2.5 t = 5
VCF CP LEN CP LEN CP LEN CP LEN CP LEN CP LEN
θ1(t) 87.0 .464 76.5 .233 89.5 1.04 92.0 .221 80.0 .119 93.5 .496
θ2(t) 91.0 .468 79.0 .235 93.0 1.05 86.0 .222 83.5 .117 92.0 .492
β1(t) 85.0 .426 77.5 .234 94.0 .974 83.5 .202 77.0 .115 95.0 .472
β2(t) 89.0 .426 82.5 .233 94.0 .976 87.0 .202 78.0 .115 92.0 .467
η(c) 94.0 .272 90.0 .126 90.0 .265 91.5 .182 92.5 .091 93.5 .181

we also generated the first facility at three different facility sizes (N1 = 27, 43 and 69 subjects

similar to real data, referred to as the small, medium and large facility, respectively). We

considered two simulation cases with I = 100 and 500 facilities and calculated the test

statistics r1 and the associated p-values from 500 Monte-Carlo runs. Figure A.3 displays

three power curves from varying δ based on I = 100 total facilities corresponding to small,

medium and large facilities that are tested (results from I = 500 facilities are similar).

The level of the test is on target at .028, .030, .052 for small, medium, and large facilities,

respectively; and the power increases with increasing δ, as expected. More specifically, note

that the power at δ = 1 are .452, .682 and .924 for small, medium and large facilities,

respectively, and that the power increases more rapidly with increasing facility size.

1.5 Discussion

Studying leading risk factors of hospitalizations for patients on dialysis is important for

identifying strategies that can improve their health. Due to the multilevel (subject- and

facility-level) nature of the risk factors, we propose a novel varying coefficient model for

multilevel risk factors to characterize effects as a function of the time patients are on dialysis.

In addition to capturing multilevel effects, the proposed model allows for comparison of
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the effects of significant subject- and facility-level factors. To handle the computational

challenges due to the high-dimensional parameter space and the large size of the data from

USRDS, we develop a novel iterative estimation algorithm and an efficient hypothesis testing

procedure. In the USRDS application, VCM-MR identifies significant multilevel risk factors

for patient hospitalizations and leads to insights on modifiable facility-level risk factors (e.g.

nurse-to-patient and PCT-to-patient ratios) which are associated with reductions in patient

hospitalization risk. We note that the proposed partly conditional modeling targets the

hospitalization risk directly as the patient outcome. This can be extended through joint

modeling to also handle patient survival. However, this extension requires further research

as the multilevel varying coefficient models for joint modeling have not been considered to

date. Finally, the goal of the proposed multilevel predictions, especially at the subject-level,

is to make an entire risk trajectory prediction over the course of dialysis treatment using

patient characteristics from initiation of dialysis. Time-dynamic predictions using time-

varying multilevel covariates during dialysis, while also of interest, require further research.

Additional issues to be considered for time-dynamic predictions would be the nature of

the dependency of the time-varying response on the time-varying covariates, whether it be

contemporaneous, or involving delayed covariate values or dependent on the entire covariate

history.

We provide R codes for running our VCM-MR algorithm on simulated datasets on Github

(https://github.com/yihao-li-0/VCM-MR).
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CHAPTER 2

A Multilevel Mixed Effects Varying Coefficient Model

with Multilevel Predictors and Random Effects for

Modeling Hospitalization Risk in Patients on Dialysis

2.1 Introduction

As of 2016, more than 726,000 individuals in the United States (US) were affected by end-

stage renal disease (ESRD). Of those, about 458,000 were on dialysis, a life-sustaining treat-

ment (United States Renal Data System, 2018). On average, a dialysis patient is hospitalized

twice a year, and hospitalizations in this population contribute substantially to the cost of

patient care. Studying the impact of leading risk factors on the probability of hospitaliza-

tions, particularly modifiable factors, will contribute to formulation of hospitalization risk

reduction strategies that can improve patient care.

We analyze data from the United States Renal Data System (USRDS) where the data

is structured hierarchically: longitudinal hospitalizations are nested within patients and

patients are nested within dialysis facilities of which there are thousands across the US.

Moreover, both patient-level (e.g., baseline demographics and comorbidities) and facility-

level characteristics (e.g., staffing level) are potential risk factors that affect the likelihood

of hospitalization. Hence, our modeling needs to account for the hierarchical structure in

the data and quantify the effects of both patient- and facility-level risk factors. In addition,

for ESRD patients, dialysis is a long-term life-sustaining treatment until death or kidney

transplantation. Since patients’ needs and clinical characteristics may change as they persist

on dialysis, our desired model needs to model hospitalization risk over time and characterize
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the effects of multilevel risk factors as a function of time from initiation of dialysis.

Varying coefficient models have been used in the study of time-varying regression ef-

fects (Cleveland et al., 1991; Hastie and Tibshirani, 1993) and generalized varying coefficient

models are useful tools in modeling generalized longitudinal outcomes, including binary and

count data (Cai et al., 2000). Wu and Zhang (2002), Zhang (2004) and Chen and Wang

(2011) all consider subject-specific random effects in varying coefficient models, which are

applicable to only a two-level hierarchy where longitudinal outcomes are nested within sub-

jects. Most of the existing works are not applicable to data with three or more levels in the

hierarchy, such as longitudinal measurements nested in subjects and subjects nested in dial-

ysis facilities. The few works that consider a three-level hierarchy do not propose correlation

structures that are scalable to large data applications and do not have complex multilevel

predictors (You et al., 2015). Li et al. (2018) considers a varying coefficient model for mul-

tilevel risk factors (VCM-MR) for three-level hierarchical data; however, only a single-level

random effect at the subject-level is included. They account for within-facility correlations

through facility-specific varying coefficient functions. Although useful, this leads to a large

number of varying coefficient functions to be estimated, increasing the computational bur-

den. As a novel departure from existing literature, we propose a multilevel mixed effects

varying coefficient model (MME-VCM) for three-level hierarchical data using a two-level

random effects structure. The hierarchical dependence is modeled via hierarchical random

effects (at the patient- and facility-levels). In addition, we include multilevel (patient- and

facility-level) predictors in the regression model. Inclusion of multilevel predictors allows

direct comparisons of time-varying effects of multilevel risk factors. To address truncation

of the longitudinal follow-up by death, we propose a partly conditional MME-VCM, model-

ing time-varying hospitalization risk conditional on the patients being alive. Similar partly

conditional varying coefficient models have been considered in the analysis of USRDS data

(Estes et al. 2014, 2018).

Advances in estimation of multilevel models are limited by the severe challenge of high-

dimensional random effects. For estimation in the MME-VCM, we propose a two-step ap-

proximate EM algorithm that resolves this computational challenge. Briefly, in the E-step,
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we compute the posterior means and variances of the patient- and facility-level random ef-

fects. In the M-step, we maximize the approximated global or local expected log-likelihoods

to target the model parameters based on estimates from the E-step. Note that the integrals

involved in the E-step need to be computed at the highest level of the hierarchy in the

data, i.e., at the facility-level. More specifically, we need to integrate over the facility-level

random effect as well as all patient-level random effects nested within a particular facility.

That is, if a facility has Ni patients, we need to integrate over Ni patient-level random ef-

fects and one facility-level random effect, leading to a (Ni + 1)-dimensional integral where

traditional numerical integration methods (e.g., Gauss quadrature) are not feasible. This

is a rather significant challenge hindering the estimation in multilevel models in general

with high-dimensional random effects. To address this problem, we use the Laplace ap-

proximation method which has less computational burden than other numerical integration

methods such as Gauss quadrature or Monte Carlo approaches. Nevertheless, one limitation

of the standard Laplace method is that the error associated with the approximation can get

large in sparse longitudinal applications with small number of repeated measurements within

subjects. Since the USRDS data has subjects with only a few (<5) repetitions during the

follow-up period, we take advantage of the fact that in the proposed EM algorithm the poste-

rior mean and variance of the random effects are in the form of a ratio between two integrals,

and apply the fully exponential Laplace approximations (Tierney et al., 1989; Rizopoulos

et al., 2009) which lead to lower order approximation errors for computing the integrals

with respect to the facility- and patient-level random effects. For inference, the standard

errors of the proposed multilevel varying coefficient functions and the variance components

are derived using the inverse of the empirical Fisher information matrix computed by score

contributions (Tutz and Kauermann, 2003).

Hence, the paper makes novel contributions both in the proposal of MME-VCM, a varying

coefficient model with multilevel random effects and multilevel predictors, but also in the

proposal of a computationally efficient EM algorithm based on fully exponential Laplace

approximations to address the challenge of multilevel random effects. The paper is organized

as follows. The proposed MME-VCM formulation, estimation and inference for analyzing
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multilevel risk factors on dialysis patients’ hospitalization risk based on USRDS data are

described in Section 2.2. Extensive simulations are presented in Section 2.3. We provide the

cohort description and data analysis results with interpretations in Section 2.4, followed by

a discussion in Section 2.5.

2.2 Proposed Multilevel Mixed Effects Varying Coefficient Model

2.2.1 Model Specification

Consider a cohort of incident dialysis patients followed over time from initiation of dialysis.

Let i = 1, . . . , I, index dialysis facilities; j = 1, . . . , Ni, index subjects belonging to the ith

facility with Ni total subjects; and k = 1, . . . , Nij, index observations on the jth subject

receiving dialysis at the ith facility, who has Nij total observations. Subjects’ follow-up time

is grouped into three month intervals where the outcome is the binary indicator of an all-

cause hospitalization in a three month interval. More specifically, the outcome Yijk ≡ Yij(tijk)

equals one if the jth patient within facility i experiences one or more hospitalizations during

the kth three month follow-up interval and equals zero otherwise. The index t denotes time

after initiation of dialysis and tijk is defined as the midpoint of the kth three month interval

in subject i’s follow-up. The proposed MME-VCM includes both facility-level (γi ∼ N(0, σ2
γ))

and subject-level (bij ∼ N(0, σ2
b )) random effects:

g[E{Yij(t)|Xij, Zi(j), bij, γi, Sij > t}] ≡ g{pij(t)} = XT
ijβ(t) + ZT

i(j)θ(t) + bij + γi, (2.1)

where g is the logit link function, Sij is the death time of subject j in facility i, and Xij =

(X1ij, . . . , Xrij)
T and Zi(j) = {Z1i(j), . . . , Zpi(j)}T denote the vector of r subject-level and p

facility-level predictors with the varying coefficient functions β(t) = {β1(t), . . . , βr(t)}T and

θ(t) = {θ1(t), . . . , θp(t)}T, respectively. For our data application, the facility characteristics

(Zi(j)) are recorded at the end of each calendar year, and for a particular patient, their value

will be determined by dialysis facility data from the prior calendar year to their initiation of

dialysis. Hence these covariates are indexed not only by the dialysis facility index i, but also
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by the subject index j. The MME-VCM in (2.1) is a partly conditional model (Estes et al.,

2014, 2016; Kurland and Heagerty, 2005), conditioning on the patients being alive Sij > t,

instead of their actual survival time. Motivated by the observation that for USRDS data

missingness is mainly due to truncation by death, partly conditional target of inference has

been considered previously by Estes et al. (2014, 2016) in the context of generalized linear

varying coefficient models.

Multilevel modeling with non-time-varying coefficients has been studied extensively (Gel-

man, 2006) and is considered a tradeoff between complete pooling and no pooling. In the

complete pooling framework, data from all facilities is analyzed without any facility-specific

regression parameters. On the other hand, no pooling analyzes data within each facility

separately and may lead to overfitting, especially for small facilities. In the proposed MME-

VCM, the facility data is pooled through the facility-specific predictors Zi(j), leading to stable

estimation through partial pooling of information.

2.2.2 Proposed Estimation and Inference

Estimation in the proposed MME-VCM is hindered by the high dimension of the ran-

dom effects. Integrating the likelihood with respect to the random effects vector ui =

(bi1, . . . , biNi
, γi)

T within facility i, is a substantial computational challenge since the di-

mensionality of ui grows with the number of subjects within a facility (Ni in the 100s for

USRDS applications). We propose an approximate EM algorithm which considers the high-

dimensional random effects missing and iterates between estimation of the expected value of

the complete likelihood (E-step) and its maximization with respect to the multilevel model

parameters (M-step). The challenge of the high-dimensional integration in the E-step is

resolved by the use of the fully exponential Laplace approximations in estimation of the

moments of the random effects. For estimation of the varying coefficient functions associ-

ated with patient- and facility-level predictors in the M-step, a computationally feasible local

linear smoothing procedure (Hoover et al., 1998; Wu et al., 1998; Fan and Zhang, 1999) is

utilized which only uses local data available in sliding windows of follow-up time.
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2.2.2.1 E-step and the Fully Exponential Laplace Approximations

Let LYij{β(t), θ(t)} denote the joint distribution of the outcome (Yij1, . . . , YijNij
) of the jth

subject observed at the time points tij = (tij1, . . . , tijNij
), conditional on ui, Xij, Zi(j) and

Sij > tij, j = 1, 2, . . . , Ni. For mathematical convenience, we assume that the within-subject

correlation among (Yij1, . . . , YijNij
) is explained by two independent sources: the random

effects ui and the dependency of Yijk, k = 1, . . . , Nij, on the patient’s death time Sij. Using

the independence between ui and Sij, the complete likelihood within facility i, corresponding

to the joint distribution of {(Yij1, . . . , YijNij
, ui) : j = 1, . . . , Ni} conditional on Xij, Zi(j) and

Sij > tij, can be given as

Li{ui, β(t), θ(t), σb, σγ} =

Ni∏
j=1

[
LYij{β(t), θ(t)} ×

exp{−b2ij/(2σ2
b )}√

2πσ2
b

]
×

exp{−γ2i /(2σ2
γ)}√

2πσ2
γ

,

for normally distributed random effects ui = (bi1, . . . , biNi
, γi)

T. Hence the total complete

likelihood is L{u1, . . . uI , β(t), θ(t), σb, σγ} =
∏I

i=1 Li{ui, β(t), θ(t), σb, σγ}. In addition, view-

ing the random effects as missing, the incomplete likelihood available for estimation of

{β(t), θ(t), σb, σγ} is L{β(t), θ(t), σb, σγ} =
∏I

i=1[
∫
Li{ui, β(t), θ(t), σb, σγ}dui].

Assuming that the within-subject correlation introduced by the dependence on death

time Sij is weak compared to that introduced by the random effect ui, we can approximate

the joint likelihood LYij{β(t), θ(t)} conditional on ui utilizing the working independence

assumption:

LYij{β(t), θ(t)} ≈
Nij∏
k=1

exp[{XT
ijβ(tijk) + ZT

i(j)θ(tijk) + bij + γi}Yijk]
1 + exp{XT

ijβ(tijk) + ZT
i(j)θ(tijk) + bij + γi}

.

The working independence assumption will also be used in the M-step of the proposed EM

algorithm to estimate the partly conditional target. Kurland and Heagerty (2005) point

out that a standard likelihood-based method or an estimating equation approach without

a working independence structure will not lead to valid inference for a partly conditional

target.
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The variance components σb and σγ can be estimated via maximizing the incomplete

likelihood directly, but the closed form solutions for maximizing the incomplete likelihood

with respect to β(t) and θ(t) are not available. Hence, we propose an approximate EM

algorithm, where the expectation step targets the approximate conditional expectation of the

complete likelihood by utilizing a Taylor’s expansion. Then the maximization step optimizes

the approximate expected likelihood with respect to β(t) and θ(t).

For the expectation step, the posterior mean and variance of ui, denoted by ui0 and vi0,

respectively, are

ui0 =

∫
uiLi{ui, β(t), θ(t), σb, σγ}dui∫
Li{ui, β(t), θ(t), σb, σγ}dui

, vi0 =

∫
(ui − ui0)(ui − ui0)TLi{ui, β(t), θ(t), σb, σγ}dui∫

Li{ui, β(t), θ(t), σb, σγ}dui
.

(2.2)

To evaluate the high-dimensional integrals in (2.2), we will utilize the fully exponential

Laplace approximation proposed by Tierney et al. (1989). Since the integrand in (2.2),

namely ui, may not always be positive, and the fully exponential Laplace approximation is

applied only to strictly positive functions, we follow Rizopoulos et al. (2009) in targeting

E{exp(cTui)}, which is always positive. Here c = (c1, . . . , cNi+1)
T denotes a (Ni + 1) × 1

constant vector. We obtain the required expectations through differentiating the cumulant-

generating function, defined by log[E{exp(cTui)}], via ui0 = ∂log[E{exp(cTui)}]/∂cT|c=0

and vi0 = ∂2log[E{exp(cTui)}]/∂cT∂c|c=0. The approximations are computed in two steps,

where in the first step the complete likelihood is maximized via Newton-Raphson to obtain

the mode of ui. The second step uses the mode to obtain ui0 and vi0 through approximation

of the cumulant-generating function.

Let `i(ui, α) denote the log of Li{ui, β(t), θ(t), σb, σγ} where α denotes the set of model pa-

rameters {β(t), θ(t), σb, σγ} for notational convenience. Further let û(c)i = argmaxui{`i(ui, α)+

cTui}. The mode ûi = û
(c)
i |c=0 is estimated by maximizing the log-likelihood `i(ui, α) with

safeguarded Newton-Raphson algorithm according to ûit+1
i = ûit

i − s(Σit
i )−1J(ûit

i ), where

‘it’ denotes the iteration number, J(ûit
i ) = −∂`i(ui, α)/∂uTi |ui=ûit

i
, Σit

i = Σ
(c)
i |(c,ui)=(0,ûit

i )
,

Σ
(c)
i = −∂2{`i(ui, α) + cTui}/∂uTi ∂ui = −∂2`i(ui, α)/∂uTi ∂ui and s is the step size along

the Newton-Raphson updating direction. Using the estimated mode ûi, the approximated
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posterior mean and variance of ui are obtained by differentiating the cumulant-generating

function and evaluating at c = 0,

ui0 = ûi −
1

2
tr(V), vi0 = Σ−1i −

1

2
tr
{
− VVT + Σ−1i

∂2Σ
(c)
i

∂cT∂c
|(c,ui)=(0,ûi)

}
, (2.3)

where V = Σ−1i {∂Σ
(c)
i /∂c

T}|(c,ui)=(0,ûi), Σi = Σ
(c)
i |c=0, and the values of ûi and Σ−1i in (2.3) are

obtained from the last iteration of the Newton-Raphson algorithm for finding the mode (i.e.

ûit
i and (Σit

i )−1). Details of derivatives of `i(ui, α) with respect to ui as well as the explicit

forms of the correction terms tr(V)/2 and tr{−VVT+Σ−1i ∂2Σ
(c)
i /∂c

T∂c|(c,ui)=(0,ûi)}/2 in (2.3)

are deferred to Appendix B.

For approximating the conditional expectation of the complete likelihood in the E-

step, let α∗ denote the set of current parameter estimates {β∗(t), θ∗(t), σ∗b , σ∗γ}, and u∗i0 =

(b∗i10, . . . , b
∗
iNi0

, γ∗i0)
T, v∗b,ij0, v∗γ,i0 and r∗ij0 denote the estimated posterior mean of ui, posterior

variances of bij and γi, and the posterior covariance of bij and γi based on the current param-

eter estimates, respectively. Because the closed form for
∑I

i=1E{`i(ui, α)|Yi, α∗, Sij > tij} is

not available, we use the second order Taylor series expansion to approximate the expected

log-likelihood around u∗i0 by

I∑
i=1

`i(u
∗
i0, α

∗) + `′i(u
∗
i0, α

∗)E(ui − u∗i0)−
1

2
E(ui − u∗i0)TΣ∗i (ui − u∗i0)

=
I∑
i=1

{
Ni∑
j=1

(
Nij∑
k=1

[
Yijk{g(p∗0,ijk)}+ log(q∗0,ijk)−

v∗b,ij0 + 2r∗ij0 + v∗γ,i0
2

p∗0,ijkq
∗
0,ijk

]

−
(b∗ij0)

2 + v∗b,ij0
2(σ∗b )

2
− 1

2
log{2π(σ∗b )

2}

)
−

(γ∗i0)
2 + v∗γ,i0

2(σ∗γ)
2

− 1

2
log{2π(σ∗γ)

2}

}
, (2.4)

where p∗0,ijk = g−1{XT
ijβ
∗(tijk)+ZT

i(j)θ
∗(tijk)+b∗ij0+γ∗i0}, q∗0,ijk = 1−p∗0,ijk, Σ∗i = Σi|ui=u∗i0,α=α∗ ,

`′(u∗i0, α
∗) = ∂`i(ui, α)/∂uTi |ui=u∗i0,α=α∗ , and E(ui − u∗i0) = 0.
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2.2.2.2 M-step and Estimation of the Standard Errors

The steps of the proposed EM algorithm are as follows:

1. Initialize the estimates for model parameters and denote them by β(0)(t), θ(0)(t), σ(0)
b

and σ(0)
γ .

2. (E-step) In the mth iteration, update posterior means and variances of random effects

ui using the fully exponential Laplace approximation and current parameter estimates

β(m−1)(t), θ(m−1)(t), σ(m−1)
b and σ(m−1)

γ . Let b(m)
ij0 , v

(m)
b,ij0, γ

(m)
i0 , v(m)

γ,i0 and r(m)
ij0 denote the

estimated posterior mean and variance of bij, γi and the posterior covariance of bij and

γi, respectively.

3. (M-step) Maximize the incomplete log-likelihood with respect to σb and σγ to obtain

σ
(m)
b and σ(m)

γ based on b(m)
ij0 , γ

(m)
i0 , v(m)

b,ij0 and v(m)
γ,i0 from step 2.

4. (M-step) At each time point t0, define φ(t) = [{β(t)}T, {θ(t)}T]T and expand it by

φ(t) ≈ φ0+φ1(t−t0), where β0 = (β01, . . . , β0r)
T, β1 = (β11, . . . , β1r)

T, θ0 = (θ01, . . . , θ0p)
T,

θ1 = (θ11, . . . , θ1p)
T, φ0 = (βT

0 , θ
T
0 )T and φ1 = (βT

1 , θ
T
1 )T. Maximize the approximated

expected local log-likelihood with respect to (φ0, φ1) to obtain (φ
(m)
0 , φ

(m)
1 ) and set

φ(m)(t0) = φ
(m)
0 .

5. Iterate between steps 2 and 4 until max
i,j,k
|p(m)

0,ijk − p
(m−1)
0,ijk | < ε, where ε is a predefined

tolerance level and p(m)
0,ijk = g−1{XT

ijβ
(m)(tijk) + ZT

i(j)θ
(m)(tijk) + b

(m)
ij + γ

(m)
i }. (For our

application, ε = .001.)

In the first step described above, the initial values for β(t), θ(t), σb and σγ are es-

timated through fitting a non-time-varying multilevel generalized linear model g[E{Yijk |

Xij, Zi(j), bij, γi}] = XT
ijβ + ZT

i(j)θ + bij + γi using the glmer function from R package lme4.

The σ(m)
b and σ

(m)
γ in step 3 are obtained by setting the score functions based on incom-

plete log-likelihood to zero. Let `(α) denote the log of the incomplete likelihood L(α) =

L{β(t), θ(t), σb, σγ}, where α is used to denote the set of parameters {β(t), θ(t), σb, σγ} as
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before. The score functions with respect to σb and σγ can be given as:

V (σ2
b ) =

∂`(α)

∂σ2
b

=
I∑
i=1

∂

∂σ2
b

log
{∫

Li(ui, α)dui

}
=

I∑
i=1

∫ Ni∑
j=1

(
b2ij
2σ4

b

− 1

2σ2
b

)
Di(ui)dui ≡

I∑
i=1

Vi(σ
2
b )

and

V (σ2
γ) =

∂`(α)

∂σ2
γ

=
I∑
i=1

∂

∂σ2
γ

log
{∫

Li(ui, α)dui

}
=

I∑
i=1

∫ (
γ2i
2σ4

γ

− 1

2σ2
γ

)
Di(ui)dui ≡

I∑
i=1

Vi(σ
2
γ),

where Di(ui) = Li(ui, α)/
∫
Li(ui, α)dui is the posterior density of ui. Setting the score

functions V (σ2
b ) and V (σ2

γ) equal to zero leads to σ(m)
b = ((

∑I
i=1Ni)

−1∑I
i=1

∑Ni

j=1[{b
(m)
ij0 }2 +

v
(m)
b,ij0])

1/2 and σ
(m)
γ = (I−1

∑I
i=1[{γ

(m)
i0 }2 + v

(m)
γ,i0])

1/2. For inference, we rely on standard

errors obtained from the inverse of the appropriate empirical Fisher information matrix for

all model parameters. For σ̂2
b and σ̂2

γ, the standard errors are equal to the square root of

diagonal elements of (
∑I

i=1 ViV
T
i )−1 where Vi = {Vi(σ̂2

b ), Vi(σ̂
2
γ)}T.

In step 4, the approximated expected local log-likelihood at t0 can be given as:

I∑
i=1

Ni∑
j=1

Nij∑
k=1

(
Yijk[X

T
ij{β0 + β1(tijk − t0)}+ ZT

i(j){θ0 + θ1(tijk − t0)}+ b
(m)
ij0 + γ

(m)
i0 ]

+ log{q̃(m)
φ,ijk} −

v
(m)
b,ij0 + 2r

(m)
ij0 + v

(m)
γ,i0

2
p̃
(m)
φ,ijkq̃

(m)
φ,ijk −

{b(m)
ij0 }2 + v

(m)
b,ij0

2Nij{σ(m)
b }2

− 1

2Nij

log[2π{σ(m)
b }

2]

−
{γ(m)

i0 }2 + v
(m)
γ,i0

2(
∑Ni

j=1Nij){σ(m)
γ }2

− 1

2
∑Ni

j=1Nij

log[2π{σ(m)
γ }2]

)
Kh(tijk − t0), (2.5)

where p̃(m)
φ,ijk = g−1[XT

ij{β0+β1(tijk−t0)}+ZT
i(j){θ0+θ1(tijk−t0)}+b

(m)
ij0 +γ

(m)
i0 ], q̃(m)

φ,ijk = 1−p̃(m)
φ,ijk

andKh(·) = K(·/h)/h withK(·) denoting the kernel function and h denoting the bandwidth.

For selection of bandwidth, we use cross-validation methods (Hoover et al., 1998; Wu et al.,

1998). We use a safeguarded one-step Newton-Raphson iteration to maximize the above ap-

proximated expected local log-likelihood. The updated estimator φ(m) = [{φ(m)
0 }T, {φ

(m)
1 }T]T

can be given as φ(m) = φ(m−1) +s{I(m)
φ (t0)}−1V (m)

φ (t0), where the score function with respect

to φ is equal to V (m)
φ (t0) =

∑I
i=1 V

(m)
φi (t0) =

∑I
i=1

∑Ni

j=1

∑Nij

k=1 a
(m)
φ,ijkKh(tijk−t0){XT

ij, Z
T
i(j), (tijk−
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t0)X
T
ij, (tijk − t0)Z

T
i(j)}T with a

(m)
φ,ijk = Yijk − p

(m)
φ,ijk − {v

(m)
b,ij0 + 2r

(m)
ij0 + v

(m)
γ,i0}{p

(m)
φ,ijk(q

(m)
φ,ijk)

2 −

q
(m)
φ,ijk(p

(m)
φ,ijk)

2}/2, p(m)
φ,ijk = g−1[XT

ij{β
(m−1)
0 + β

(m−1)
1 (tijk − t0) + ZT

i(j){θ
(m−1)
0 + θ

(m−1)
1 (tijk −

t0)} + b
(m)
ij0 + γ

(m)
i0 }] and q

(m)
φ,ijk = 1 − p(m)

φ,ijk. The explicit expression for I(m)
φ (t0) and further

discussions on the safeguarded Newton-Raphson algorithm are deferred to Appendix B.2.

For inference on the varying coefficient functions, we propose pointwise standard errors for

β̂(t) and θ̂(t). At a fixed time point t0, the standard errors of β̂(t0) and θ̂(t0) can be obtained

from the inverse of the empirical Fisher information matrix
∑I

i=1 Vi(t0)Vi(t0)
T where Vi(t0)

is equal to V (m)
φi (t0) from the last iteration.

Note that standard errors based on information matrices have been reported to potentially

underestimate their targeted values in the EM algorithm framework due to not taking into

account the variability in the estimation of the random effects (Kass and Steffey, 1989).

We study the accuracy of the proposed standard errors in simulation studies outlined in

the next section and observe that standard errors for only β0(t) are underestimated in the

proposed MME-VCM, which does not directly affect the inference on the time-varying effects

of subject- and facility-level risk factors as well as the variance components.

2.3 Simulation

We conduct simulations to study the finite sample performance of the proposed estimators

and standard errors based on the proposed EM algorithm. The robustness of the proposed

estimators under violations of the distribution assumptions of the multilevel random effects

is also studied. Finally, the effects of ignoring facility-level dependence is considered via a

direct comparison of the proposed MME-VCM with a multilevel varying coefficient model

including single-level random effects, denoted by MVCM. We defer details on simulation

design to Appendix B.
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2.3.1 Finite Sample Performance and Robustness to Violation of Distribution

Assumptions

Two cases with I = 100 and I = 500 total number of facilities are considered. The band-

widths used for estimating the subject- and facility-level varying coefficient functions β(t)

and θ(t), respectively, are chosen in a preliminary simulation study with 50 Monte Carlo runs

using 10-fold cross-validation and are kept fixed for the main simulation. The bandwidths se-

lected for I = 100 and I = 500 are 1.1 and .6 years, respectively. Mean squared error (MSE)

and relative mean squared deviation error (MSDE), MSDEf̂ = [
∫ {

f̂(t)−f(t)
}2
dt]/

∫
f 2(t)dt

(for a generic function f(t)) are used to assess the estimation of the time-invariant model pa-

rameters σ2
b and σ2

γ and time-varying coefficient functions, β(t) and θ(t), respectively. MSDE

is a commonly used measure to assess overall estimation accuracy of functional parameters.

It can be thought of as a standardized MSE measure for functions, combining information

on bias and standard deviation. The simulation results presented are based on 200 Monte

Carlo runs.

Figure 2.1 displays the estimated time-varying coefficient functions of the multilevel risk

factors β(t) and θ(t) along with their pointwise confidence intervals (± 2 SEs) from the sim-

ulation runs with the median MSDE based on I = 100 total facilities. The estimates (solid

curves) track the true functions (dashed curves) which lie within the pointwise confidence

intervals (± 2 SEs, shaded) for all varying coefficient functions except the y-intercept β0(t).

As explained before in Section 2.2.2.2, the standard errors have been reported to potentially

underestimate their targeted values in an EM framework due to not taking into account the

variability in the estimation of the random effects (Kass and Steffey, 1989). Note that this

underestimation is only observed for β0(t) in MME-VCM and does not affect the inference

on time-varying effects of subject- and facility-level covariates, as well as the variance compo-

nents. The (25th, 50th, 75th) percentiles of the MSDEs for the varying coefficient functions

and of the MSEs for the variance components σ2
b and σ2

γ from both simulation cases are

summarized in Table 2.1. The two error measures both get smaller with increasing number

of facilities, as expected.
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Figure 2.1: The varying coefficient function estimates (solid) from the runs with the median
MSDE among 200 Monte Carlo runs for I = 100 facilities. Also plotted are the pointwise
confidence intervals (± 2 SEs, shaded) and the true varying coefficient functions (dashed).
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Table 2.1: Percentiles of the mean squared deviation error (MSDE) for the time-varying
coefficient estimates of effects of subject-level covariates β(t) and effects of facility-level
covariates θ(t) based on 200 Monte Carlo runs. Percentiles of mean squared error (MSE) are
reported for variance components σ2

b and σ2
γ.

I=100 I=500
MSDE 25% 50% 75% 25% 50% 75%
β̂0(t) .002 .005 .012 .001 .002 .003
β̂1(t) .012 .019 .031 .003 .005 .007
β̂2(t) .012 .018 .032 .003 .005 .008
θ̂1(t) .014 .024 .043 .004 .007 .011
θ̂2(t) .015 .026 .046 .004 .007 .012
MSE
σ̂2
b <.001 <.001 .003 <.001 <.001 <.001
σ̂2
γ .002 .010 .029 <.001 .002 .006

The performance of the proposed standard error estimates of the varying coefficient

functions β(t) and θ(t) and the variance components σ2
b and σ2

γ are also studied. The bias,

sample average (denoted by SE) and sample standard deviation (denoted by SDSE) of the

estimated standard errors at three time points are given in Table 2.2. Also given in Table

2.2 are the standard deviations of the estimates β̂(t) and θ̂(t) (denoted by SD) which can

be regarded as the true standard errors. Note that the estimation bias is less than SD,

implying that the proposed estimator targets the true function. In addition, for subject-

and facility-level varying coefficient functions and the variance components, although the

proposed standard error formula slightly overestimates the actual one (similar to the results

reported in (Tutz and Kauermann, 2003)), the differences between SE and SD are typically

smaller than twice SDSE, except for β0(t), showing that the proposed standard error formula

works reasonably well. Also note that reported SE gets closer to SD and the reported bias

gets smaller with increasing number of facilities, as expected.

In the context of generalized mixed effects models with one-level random effects, it has

been shown that estimation of the fixed effects parameters, except for the y-intercept, are

quite robust to misspecification of the random effects distribution (Neuhaus et al., 1992;

Heagerty and Kurland, 2001; McCulloch and Neuhaus, 2011). To study the impact of mis-
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specification of the random effect distributions at the facility- or the subject- or at both the

facility- and the subject-levels on estimation of MME-VCM, we conduct additional simula-

tion studies, where deviations from normality are induced by assuming a gamma distribu-

tion for the random effects. Data are generated using the the same setup as described in

Appendix B.3 with the exception that the random effects equal γi = σγ(ai − λ)/
√
λ and

bij = σb(wij − λ)/
√
λ where ai and wij are generated from gamma distributions with shape

parameter λ and rate parameter 1. We explore simulation setups with varying values of

λ, where smaller λ correspond to further deviations from normality. Since the random ef-

fects are multilevel, we consider four scenarios: (1) the distribution of only the subject-level

random effects is misspecified, (2) the distribution of only the facility-level random effects

is misspecified, (3) the distributions of both subject- and facility-level random effects are

misspecified and (4) no violations in the random effects distributions. For the first three

scenarios, three different values of λ are considered: λ = .5, λ = 2 and λ = 4.

Table 2.3 reports the average bias (
∫
|f ∗(t) − f(t)|dt, where f ∗(t) is the mean of the

estimated functions f̂(t) targeting a generic function f(t)) for varying coefficient functions

associated with subject-level covariates (β(t)) and facility-level covariates (θ(t)). Also re-

ported is the bias for variance components σ2
b and σ2

γ. The results show that the proposed

EM algorithm is quite robust to misspecification of the random effects distribution at the

facility-level. The proposed estimators are also robust to violations at the subject-level with

the exception of the intercept term β0(t). The bias of the intercept estimator (β̂0(t)) de-

creases as deviations from normality decrease (corresponding to larger λ values in the gamma

distribution), as expected. These results are consistent with the results of Neuhaus et al.

(1992), Heagerty and Kurland (2001), and McCulloch and Neuhaus (2011) on robustness to

misspecification of the random effects distribution in generalized mixed effects models. In

addition, the fact that the bias is observed only when the distribution of the subject-level

random effects is misspecified can be explained by the fact that in the proposed EM algo-

rithm, misspecified facility-level random effect affects only one element of the random effects

vector ui = (bi1, . . . , biNi
, γi)

T within facility i, when the rest of the subject-level random

effects are still normal. Hence the deviation of the distribution of the random effects vector
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from multivariate normality is minimal. However, misspecification of the distribution of the

subject-level random effects, affects almost all the elements of the random effects vector,

leading to significant deviation from normality.

Table 2.2: The bias, true standard errors (SD), sample average (SE) and sample standard
deviation (SDSE) of the estimated standard errors at three time points (beginning, middle
and end of follow-up) for varying coefficient functions (VCFs) associated with subject-level
covariates β(t) and facility-level covariates θ(t), as well as the variance components σ2

b and
σ2
γ.

I = 100 I = 500
t VCFs Bias SD SE SDSE Bias SD SE SDSE

0

β0(t) -.057 .110 .046 .004 -.012 .051 .022 .001
β1(t) .026 .141 .146 .014 .024 .069 .068 .003
β2(t) -.020 .140 .144 .012 -.027 .067 .068 .002
θ1(t) .032 .144 .148 .018 .016 .074 .068 .003
θ2(t) -.029 .138 .148 .017 -.021 .069 .068 .004

2.5

β0(t) -.005 .107 .030 .003 .002 .049 .015 .001
β1(t) .011 .073 .087 .007 -.001 .040 .046 .002
β2(t) -.007 .076 .088 .007 -.004 .040 .046 .002
θ1(t) .083 .087 .093 .011 .039 .045 .046 .002
θ2(t) -.082 .091 .091 .011 -.043 .045 .046 .002

5

β0(t) -.081 .127 .094 .008 -.077 .062 .046 .002
β1(t) -.004 .254 .304 .031 -.007 .124 .147 .006
β2(t) -.012 .265 .304 .032 .007 .140 .148 .007
θ1(t) .014 .258 .303 .039 < .001 .135 .146 .008
θ2(t) -.028 .266 .303 .037 -.017 .135 .147 .008

Variances
σ2
b -.014 .042 .039 .004 -.009 .019 .017 .001
σ2
γ -.042 .140 .151 .027 -.017 .063 .068 .005

2.3.2 Effects of Ignoring Facility-level Dependence

Finally, we conduct simulations to study the effects of ignoring facility-level correlation in

the data. We compare the proposed MME-VCM with a varying coefficient model with

multilevel covariates and only subject-level random effects (referred to as MVCM). Data

are generated using the setup of Appendix B.3 under three different variance ratios of the

random effects: (1) σ2
γ/σ

2
b = 1, (2) σ2

γ/σ
2
b = .25 and (3) σ2

γ/σ
2
b = .07. Results from the third
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Table 2.3: The average bias for varying coefficient functions associated with subject- (β(t))
and facility-level covariates (θ(t)). Also reported is the bias for variance components σ2

b

and σ2
γ under misspecified random effects distributions based on 200 Monte Carlo runs with

I = 100 facilities. Scenarios (1), (2) and (3) correspond to misspecified subject-level, facility-
level and both subject- and facility-level random effects, respectively. The last column shows
results under no violation with normally distributed random effects.

Scenario (1) (2) (3) (4)
λ .5 2 4 .5 2 4 .5 2 4

β̂0(t) .068 .061 .041 .029 .026 .028 .104 .058 .034 .031
β̂1(t) .035 .035 .035 .034 .033 .034 .033 .034 .032 .032
β̂2(t) .034 .036 .032 .033 .031 .033 .034 .039 .036 .032
θ̂1(t) .058 .062 .065 .033 .062 .065 .061 .054 .064 .064
θ̂2(t) .060 .054 .070 .072 .062 .069 .056 .062 .071 .051
σ̂2
b .007 -.100 -.084 .010 .010 .008 -.065 -.120 -.104 .019
σ̂2
γ .024 .008 .015 .076 .001 .025 .024 -.027 -.004 .034

case with σ2
γ/σ

2
b = .07, mimicking the random effects variance ratio from the USRDS data

application, are deferred to Appendix Table B.1 and B.2. Results show no differences in

the bias of the estimated multilevel varying coefficient functions between the two models,

however there are differences observed in the true (SD) and estimated (SE) standard errors

of the facility-level varying coefficient functions (θ̂(t)) (Table 2.4, Table B.1). Table 2.4 and

Table B.1 show the bias, the empirical standard deviations (SD) and the sample average

(SE) and sample standard deviation (SDSE) of the estimated standard errors of the varying

coefficient functions at three time points from both models. Note that the empirical standard

deviations (which can be regarded as the true standard errors) of the facility-level varying

coefficient functions θ̂(t), are smaller in MME-VCM compared to MVCM, implying that the

MME-VCM is more efficient in estimation of the effects of facility-level risk factors than

the single-level random effects model. This is also reflected in the MSDE results shown

in Table 2.5 and Table B.2, with MME-VCM leading to reduced MSDE for facility-level

varying coefficient functions. In addition, for the facility-level varying coefficient functions,

the differences between SE and SD are typically larger than twice SDSE in MVCM except for

σ2
γ/σ

2
b = .07, indicating that the estimated standard errors do not target the true standard
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errors when the within-facility correlation is ignored. Note that the differences observed in

standard error estimates only apply to facility-level varying coefficient functions, and are not

observed for subject-level estimates. Also, the difference between standard error estimation

of the two models in targeting facility-level varying coefficient functions decreases as the

variance of the facility-level random effects gets smaller compared to the variance of the

subject-level random effects, as expected. However, even with facility-level random effects

variance one fourth or 7% of the subject-level random effects variance, gains from accounting

for the facility-level correlation via MME-VCM are visible (Table 2.4, Table B.1).

2.4 Modeling Hospitalization Risk Among Patients on Dialysis

2.4.1 Description of the USRDS Study Cohort and Patient- and Facility-level

Predictors

Our study utilizes the United States Renal Data System (USRDS), a national database

that collects data on nearly all patients with end-stage renal disease (ESRD) in the US.

Patient demographics, hospitalizations, as well as comorbidities at initiation of dialysis are

all included in the USRDS. The cohort in our study includes patients of age 18 years or older

who initiated dialysis between January 1, 2006 and December 31, 2008. Patients are followed

up for a maximum period of five years where the last date of follow-up is December 31, 2013.

The final study cohort includes 102,342 patients and 2,618 facilities with an overall three

month hospitalization risk of 27.14%. We defer detailed descriptions of the study cohort and

exclusion rules to Appendix B.

Time-varying effects of 27 patient-level and three facility-level covariates on patients’

hospitalization risk are studied with the proposed MME-VCM. Patients’ age, gender, body

mass index (BMI), whether diabetes is the cause of ESRD and 23 additional comorbidities,

ranging from chronic obstructive pulmonary disease (COPD), septicemia, ulcers, drug and

alcohol disorders, end-stage liver disease, severe cancer, psychiatric disorders to arthritis are

included in the patient-level covariates. The facility-level covariates include total number of
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Table 2.4: The bias, true standard errors (SD), sample average (SE) and sample standard
deviation (SDSE) of the estimated standard errors at three time points (beginning, middle
and end of follow-up) for varying coefficient functions (VCFs) associated with subject-level
covariates β(t) and facility-level covariates θ(t), as well as the variance components σ2

b and
σ2
γ. Both results from MVCM and MME-VCM are reported based on 200 Monte Carlo runs

with I = 100 facilities.

σ2γ = 1 MVCM MME-VCM
t VCFs Bias SD SE SDSE Bias SD SE SDSE

0

β0(t) -.066 .108 .042 .001 -.067 .097 .046 .004
β1(t) .002 .138 .135 .005 .004 .133 .144 .013
β2(t) -.023 .135 .134 .005 -.002 .129 .144 .012
θ1(t) .032 .232 .133 .008 .021 .135 .146 .018
θ2(t) -.001 .235 .134 .008 -.003 .135 .146 .017

2.5

β0(t) -.014 .106 .026 .001 -.013 .094 .030 .003
β1(t) -.004 .092 .084 .003 .002 .079 .086 .007
β2(t) .004 .099 .084 .003 -.001 .083 .087 .008
θ1(t) .097 .206 .084 .005 .084 .095 .091 .011
θ2(t) -.073 .207 .084 .005 -.072 .090 .091 .011

5

β0(t) -.111 .125 .088 .004 -.101 .118 .093 .008
β1(t) -.014 .263 .283 .019 .001 .257 .301 .032
β2(t) -.008 .249 .283 .017 -.002 .238 .304 .029
θ1(t) .014 .319 .280 .019 .002 .257 .303 .037
θ2(t) -.001 .350 .280 .019 .002 .255 .303 .035

Variances
σ2b .942 .165 .065 .005 -.019 .037 .038 .003
σ2γ -.034 .141 .154 .027

σ2γ = .25

t VCFs Bias SD SE SDSE Bias SD SE SDSE

0

β0(t) -.055 .062 .042 .001 -.042 .060 .046 .004
β1(t) .030 .131 .134 .004 .020 .129 .144 .012
β2(t) -.020 .135 .134 .004 -.014 .133 .143 .012
θ1(t) .024 .156 .133 .007 .045 .138 .145 .015
θ2(t) -.009 .154 .132 .008 -.030 .135 .145 .016

2.5

β0(t) -.007 .054 .025 .001 .003 .052 .029 .002
β1(t) .013 .079 .080 .002 .012 .076 .085 .007
β2(t) -.012 .076 .080 .002 -.015 .071 .085 .006
θ1(t) .075 .134 .080 .004 .091 .095 .088 .010
θ2(t) -.075 .121 .080 .004 -.089 .088 .089 .010

5

β0(t) -.086 .089 .085 .004 -.078 .088 .092 .009
β1(t) -.026 .243 .274 .016 -.017 .242 .292 .027
β2(t) -.018 .235 .276 .015 -.032 .236 .296 .027
θ1(t) .027 .311 .272 .020 .043 .282 .295 .037
θ2(t) -.017 .283 .270 .020 -.033 .270 .296 .037

Variances
σ2b .242 .063 .044 .002 -.001 .039 .039 .003
σ2γ .006 .043 .045 .008
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Table 2.5: Percentiles of the mean squared deviation error (MSDE) for the time-varying
coefficient estimates of effects of subject-level covariates β(t) and facility-level covariates
θ(t) from MVCM and MME-VCM based on 200 Monte Carlo runs with I = 100 facilities.

σ2
γ = 1 MVCM MME-VCM

MSDE 25% 50% 75% 25% 50% 75%
β̂0(t) .003 .006 .013 .002 .004 .011
β̂1(t) .014 .022 .032 .012 .018 .029
β̂2(t) .013 .020 .037 .011 .018 .029
θ̂1(t) .022 .065 .146 .013 .025 .044
θ̂2(t) .028 .059 .148 .014 .025 .041

σ2
γ = .25

MSDE 25% 50% 75% 25% 50% 75%
β̂0(t) .001 .002 .004 .001 .002 .004
β̂1(t) .012 .019 .029 .011 .019 .028
β̂2(t) .011 .019 .028 .010 .018 .028
θ̂1(t) .016 .031 .067 .015 .029 .050
θ̂2(t) .013 .032 .066 .013 .026 .048

patients, nurse-to-patient ratio, and patient care technician (PCT)-to-patient ratio. For ease

of interpretation, we transform facility-level covariates nurse-to-patient ratio and PCT-to-

patient ratio into percentages by multiplying the ratios by 100 and truncating percentages

larger than 100 at 100 (12 facilities in total). In addition, all continuous covariates (age,

BMI, total number of patients, nurse-to-patient ratio, and PCT-to-patient ratio) are mean-

centered before modeling.

2.4.2 Results

The variances of the subject- and facility-level random effects are estimated to be σ̂2
b = 1.277

and σ̂2
γ = 0.089 with standard errors 0.011 and 0.005, respectively. Hence, a large portion of

the total variation is explained at the subject-level, nevertheless, both subject- and facility-

level random effects explain parts of the variation in the multilevel modeling. For selection

of the bandwidth of the varying coefficient functions corresponding to the multilevel risk

factors, we utilize a 10-fold cross-validation. The prediction error used for cross-validation is∑I
i=1{

∑Ni

j=1

∑Nij

k=1(Yijk − p̂ijk)2/
∑Ni

j=1Nij}, where p̂ijk = g−1{XT
ijβ̂(tijk) + ZT

i(j)θ̂(tijk)}. The
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predictions p̂ijk for facilities left out, are estimated without the subject- and facility-level

random effects where β̂(t) and θ̂(t) are estimated using data on all facilities, except for

facilities in the leave-out group. A bandwidth of 3.25 years in the five year follow-up is

chosen for estimation of the varying coefficient functions β(t) and θ(t).

Among the 27 patient-level risk factors, 25 are found to have significant effects on patient

hospitalization risk. The two nonsignificant patient-level risk factors are fibrosis of the lung or

other chronic lung disorders and respirator dependence. As expected, all of the comorbidities

(prior to dialysis) that are significant are associated with an increase in hospitalization risk.

Figure 2.2 displays the estimated varying coefficient functions for (a) the y-intercept and a

selection of several patient-level risk factors which are found to be significant: (b) gender

(female), (c) age, (d) BMI, (e) whether diabetes is the cause of ESRD, (f) COPD, (g)

septicemia and (h) arthritis. The pointwise confidence intervals (± 2 SEs) are shaded in gray.

The estimated y-intercept β̂0(t) is increasing over t, showing that the hospitalization risk of a

male patient initiating dialysis at mean age 65, with mean BMI of 29, no comorbidities, not

having diabetes as the cause of ESRD, and treated at an average facility (with mean size of 93

patients, nurse-to-patient ratio of 7.5% and PCT-to-patient ratio of 9.5%), is increasing over

time on dialysis, conditional on survival. Females have higher estimated hospitalization risk

than males, but this difference in hospitalization risk gets smaller as patients stay longer on

dialysis. Older age at initiation of dialysis is associated with higher hospitalization risk except

during the first year on dialysis. Diabetes as the cause of ESRD is associated with higher

hospitalization risk with the effect getting stronger in the later years of dialysis treatment

(e.g., > 2 years). Higher BMI is associated with lower hospitalization risk but the protective

effect is getting weaker in later years of dialysis. This protective effect of BMI is also found in

other studies on adverse events such as cardiovascular risk (Kalantar-Zadeh et al., 2003) and

mortality (Kalantar-Zadeh et al., 2005) among patients on dialysis. All three comorbidities

displayed (COPD, septicemia and arthritis) are associated with higher hospitalization risk,

with different time-varying effects throughout the course of dialysis. Chronic conditions

seem to have longer lasting effects on hospitalization, with effects getting stronger over

time on dialysis. For example, the association between COPD and hospitalization risk gets
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stronger as patients stay longer on dialysis, whereas the association between septicemia and

hospitalization risk gets weaker.

To visualize the combined effects of patient-level covariates on hospitalization risk, the

estimated risk trajectories p̂ij(t) = g−1{XT
ijβ̂(t)+ZT

i(j)θ̂(t)} for three hypothetical subjects are

displayed in Figure 2.3. The three subjects compared are chosen to be female patients who

initiated dialysis at 65 years of age, with diabetes as the cause of ESRD and having BMI of

29, receiving dialysis at a typical (‘median’) facility (with 86 patients, 6.8% nurse-to patient

ratio and 9.4% PCT-to-patient ratio). The three subjects differ in their comorbidities at

initiation of dialysis, where one of the subjects has no comorbidities (representing a ‘healthy’

patient), one has only arthritis (‘moderate’) and the last patient has both septicemia and

a lung disorder (‘severe’). The largest difference in hospitalization risk appears in the first

year of dialysis, since the effects of septicemia are the largest at initiation of dialysis. The

differences between the three risk trajectories are found significant within the first two years.

However, the pointwise confidence intervals (± 2 SEs) start to overlap for later years on

dialysis. While differences in hospitalization risk are typically not significant for later years

on dialysis for patients with nonchronic comorbidities (such as septicemia), for patients

with chronic comorbidities at initiation of dialysis such as COPD, the significant increase in

hospitalization risk is found to be sustained during all five years of follow-up.

At the facility-level, the time-varying effects of the three risk factors considered are dis-

played in Figure 2.4: (a) nurse-to-patient ratio (in percent), (b) patient care technician

(PCT)-to-patient ratio (in percent) and (c) total number of patients. The number of total

patients (i.e., facility size) is not found to be significantly correlated with hospitalization

risk. However, both nurse-to-patient and PCT-to-patient ratios are found significant in the

first year of dialysis, where higher percent of staff are correlated with a lower risk of hospi-

talization. This effect is not found significant in the later years of dialysis. Note also that

the magnitude of the significant effects on hospitalization in the first year are comparable

for nurse-to-patient and PCT-to-patient ratios. Nevertheless, the magnitude of facility-level

effects are small relative to the effects of patient-level factors, as expected.

Time-varying effects of multilevel risk factors on hospitalizations of dialysis patients have
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Figure 2.2: Estimated patient-level effects β̂(t) (black) corresponding to (a) the intercept,
(b) gender (female), (c) age, (d) BMI, (e) whether diabetes is the cause of ESRD, (f) COPD,
(g) septicemia, and (h) arthritis along with their pointwise confidence intervals (± 2 SEs,
shaded).
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Figure 2.3: Estimated hospitalization risk trajectories for three patients receiving dialysis at
a typical (‘median’) facility who are ‘healthy’, ‘moderate’ and ‘severe’ at initiation of dialysis,
given in solid, dashed and dotted, respectively, along with their pointwise confidence intervals
(± 2 SEs, shaded).
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Figure 2.4: Estimated facility-level effects θ̂(t) corresponding to (a) nurse-to-patient ratio,
(b) patient care technician (PCT)-to-patient ratio and (c) total number of patients, along
with their pointwise confidence intervals (± 2 SEs, shaded).
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been studied before by Li et al. (2018) where a varying coefficient model for multilevel

risk factors (VCM-MR) was proposed for three-level hierarchical data. The MME-VCM

and VCM-MR consider the same set of patient- and facility-level risk factors in modeling

hospitalization risk using the USRDS data, where the results from MME-VCM largely agree

with findings from the VCM-MR. Both models identify the same patient-level demographics

and comorbidities as having significant effects on hospitalization (with similar time-varying

trends). Both models find that the large proportion of variation is explained at the subject-

level and that the magnitude of effects of facility-level factors are small relative to the effects

of patient-level factors. However, the two models differ in their findings on effects of facility-

level covariates. While the VCM-MR finds all three facility-level risk factors significant

throughout the first five years of dialysis, MME-VCM does not find facility size to have

significant effects on hospitalization, and finds that nurse-to-patient and PCT-to-patient

ratios are significant (negatively correlated) for hospitalization risk only in the first year of

dialysis.

Rigorous studies of dialysis facility-level effects on patients’ hospitalization risk are sparse

and time-varying effects of these risk factors have not been studied before in literature except

Li et al. (2018). Nevertheless, Chen et al. (2019) studied the association of dialysis facility

staffing factors with profiling results with respect to yearly 30-day unplanned hospitalization

readmission rates. Both nurse-to-patient and total staff-to-patient ratios have been consid-

ered and the study found that dialysis facilities with significantly worse 30-day readmission

rates had lower nurse-to-patient ratios and total staff-to-patient ratios, with only the dis-

parities in nurse-to-patient ratio from 2010 reported as significant. Hence the association

identified between the two facility-level staffing ratios (nurse-to-patient and PCT-to-patient

ratios) considered in MME-VCM and VCM-MR agree with the previous findings of Chen

et al. (2019).

The differences found in the time-varying effects of facility-level risk factors are likely due

to the main difference between the two models, that is while VCM-MR includes only patient-

level random effects, the proposed MME-VCM includes random effects at both the patient-

and facility-levels. The VCM-MR models within-facility correlation through facility-specific
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fixed effects instead of random effects, which adds flexibility in modeling facility-specific risk

trajectories when the main goal centers around inference for facility-specific time-varying

effects. There is extensive discussion on modeling facility effects via fixed or random effects

in the time-static facility profiling literature where the goal is to identify facilities with

significantly worse (or better) performance than a reference standard (Kalbfleisch and Wolf,

2013). For profiling purposes, i.e. for identifying facility performance deviating from a norm,

fixed facility effects have been reported to be more effective, where models with facility-level

random effects shrink estimates to an overall mean leading to more reliable estimation of the

facility effects near the center of the distribution but not away from the center (He et al.,

2013).

For the main goal of the current paper, which is to study effects of multilevel risk factors

on patient hospitalizations, multilevel random effects in MME-VCM lead to more stable and

reliable inference, making facility-level effects found in applications to the USRDS data using

MME-VCMmore trustworthy, due to the stabilization through the random effects. Moreover,

multilevel random effects lead to additional stabilization for estimation of effects of small

facilities (with a low number of patients), since estimating facility-specific fixed effects based

on data from a small facility is challenging (Kalbfleisch and Wolf, 2013). In addition, while

the inference for MME-VCM is based on the inverse of the empirical information matrix,

Li et al. (2018) proposes inference for VCM-MR via bootstrap. This leads to additional

computational savings for inference in MME-VCM, where for simulations with 100 facilities,

the run times of the estimation and inference procedures proposed for MME-VCM and VCM-

MR (inference based on 200 bootstrap samples), on a DELL XPS 8910 PC (3.4 GHz CPU,

16 GB RAM), are 2.5 minutes and 4 hours and 50 minutes, respectively.

2.5 Discussion

We proposed a generalized multilevel mixed effects varying coefficient model (MME-VCM)

to study time-varying effects of multilevel risk factors for longitudinal data. Due to the three-

level hierarchical structure in the USRDS data where longitudinal measurements are nested
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in patients and patients are nested in dialysis facilities, we model the hierarchical dependence

via a two-level random effects structure. In addition, both patient- and facility-level predic-

tors are included in the regression model to characterize their effects on hospitalization risk

as functions of time that patients are on dialysis. To handle the high-dimensional integra-

tion resulting from the hierarchical random effects structure, we utilize a fully exponential

Laplace approximation approach which leads to lower order approximation errors than the

standard Laplace method without a substantial increase in the computational burden. For

inference on the multilevel varying coefficient functions and the variance components, we

derive standard errors based on the inverse of the empirical Fisher information matrices.

In the USRDS data application, MME-VCM identifies significant multilevel risk factors for

patient hospitalizations, providing insights into health care strategies for the reduction of

patient hospitalization risk.

Note that even though the application to the USRDS data considered in Section 2.4 only

includes baseline covariates, the proposed estimation and inference procedures for MME-

VCM can easily be extended to accommodate time-varying covariates. Finally, the proposed

model targets the hospitalization risk of a dynamic cohort of survivors through a partly

conditional modeling approach, conditional on the patients being alive. The model can be

extended to include the patients’ death as part of the outcome, leading to time-dynamic

joint modeling of survival and multilevel longitudinal data. This extension requires further

research and is identified as a future direction.

We provide R code for running the proposed MME-VCM algorithm on simulated datasets

on Github (https://github.com/yihao-li-0/MME-VCM).
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CHAPTER 3

Multilevel Modeling of Spatially Nested Functional Data:

Spatiotemporal Patterns of Hospitalization Rates in the

U.S. Dialysis Population

3.1 Introduction

End-stage renal disease (ESRD) affected more than 746,000 individuals in the United States

as of 2018 and about 70% of patients were on dialysis, a life-sustaining treatment (United

States Renal Data System, 2019). Patients on dialysis have a high burden of complex co-

morbid conditions and patients experience frequent hospitalizations over time, about twice a

year on average. Hospitalization is a major contributor to morbidity, mortality, and health-

care cost in the dialysis population. In addition, ESRD patients typically remain on dialysis

for the duration of their lives (or until kidney transplantation) and their hospitalization risks

change over time after transitioning to dialysis. Indeed, temporal variations in hospitaliza-

tion rates have been documented, with substantially elevated rates especially in the first

year after transition to dialysis (United States Renal Data System, 2019). Characterizing

hospitalization patterns as a function of time after transitioning to dialysis contributes to

understanding of time periods of increased hospitalization risk for more targeted patient

monitoring.

In addition to temporal changes, variations in hospitalizations among dialysis facilities

across the U.S. contribute to spatial variation. In recent years, efforts to understand spatial

patterns of hospitalizations in the U.S. for identification of “hot spot” regions have been

recognized by the USRDS (United States Renal Data System, 2019). Understanding the
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geospatial patterns of hospitalizations and other patient outcomes is one of the key national

USRDS objectives in annual reporting of the epidemiology of kidney diseases in the U.S.

However, current initial efforts to date are largely descriptive, reporting time-static raw or

simple adjusted rates by regions (e.g., maps of rates). These approaches (1) do not consider

the critical temporal variation after transition to dialysis and (2) cannot model variation

among dialysis facilities within regions. Thus, there is a compelling need to developmultilevel

spatiotemporal models for hospitalization rates in the dialysis population, where variations

across regions and dialysis facilities nested in regions are both estimated.

To address both the aforementioned scientific and methodology gaps in knowledge, we

develop a novel multilevel spatiotemporal functional model (MST-FM). MST-FM utilizes

multilevel data from the USRDS where longitudinal hospitalizations over time are nested in

dialysis facilities and dialysis facilities are nested within geographic regions. Consistent with

national reporting standards in this population, we consider the unit for geographic region as

health service areas (HSAs), which are regions with relatively self-contained infrastructure

for the provision of hospital care. We note that rather than modeling time- and region-

aggregated rates directly as a spatiotemporal process to examine hot spots of hospitalizations

across the U.S. over time, MST-FM models hospitalization patterns at the facility-level (i.e.,

using facility-specific rates). This approach is taken to target a more granular estimate of the

spatial variation; specifically, variation in hospitalizations among facilities within a region,

which is not possible with traditional spatiotemporal analysis with aggregated data at the

region level (Li et al., 2021). For instance, a hot spot region could be due to extremely

high hospitalization rates from a few facilities or due to consistently high hospitalization

rates across a high percentage of the facilities within a region. The proposed MST-FM

aims to study these underlying facility-level contribution to spatial variations observed in

hospitalization patterns across regions.

Conceptualizing multilevel spatiotemporal data as spatially nested functional data, MST-

FM involves multilevel Karhunen-Loève (KL) expansions. Furthermore, to capture spatial

dependencies among regions that are complex, such as facility- and region-specific practice

patterns and infrastructure, a conditional autoregressive (CAR) structure is induced among
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region-specific principal component (PC) scores to model region-level correlations.

Our proposed MST-FM is distinct from models proposed in the extensive spatiotemporal

modeling literature in the fields of environmental health, criminology, and disease mapping

(Gelfand et al., 2010; Cressie and Wikle, 2011). In these developments, the primary interest

is prediction, either for time points in the future or for unmeasured spatial locations (Zhang

et al., 2016; Quick et al., 2013). In contrast, the literature on multilevel spatiotemporal mod-

eling is limited. The few works on multilevel spatiotemporal modeling take a functional data

analysis (FDA) approach, although with different goals than prediction, specifically to draw

valid multilevel inference accounting for multilevel spatial and temporal correlations and to

study spatiotemporal patterns at a granular level (Morris et al., 2003; Baladandayuthapani

et al., 2008; Staicu et al., 2010). The literature on FDA (Ramsay and Silverman, 2005) has

seen rapid growth over the past two decades, with a focus on applications to longitudinal

data (Shi et al., 1996; James et al., 2000; Rice, 2004; Şentürk and Müller, 2010; Şentürk

and Nguyen, 2011). More recent works have considered modeling of structured functional

trajectories with spatial or temporal proximity induced dependencies among curves (Morris

et al., 2003; Morris and Carroll, 2006; Crainiceanu et al., 2009; Di et al., 2009; Zipunnikov

et al., 2011; Kundu et al., 2016). Functional variability is typically decomposed via func-

tional principal components analysis (FPCA) using the KL representation. For functional

data (FD) that is collected over multiple longitudinal visits, Di et al. (2009) proposed decom-

posing sources of functional variation in an additive fashion via multilevel ANOVA (referred

to as multilevel FPCA, MFPCA), with extensions to nonparametric dynamic trends over

time (Crainiceanu et al., 2009; Chen and Müller, 2012; Park and Staicu, 2015). For spatially

correlated multilevel FD, spatial correlations have typically been induced at a lower level in

the hierarchy, nested within independent subjects. Examples include electroencephalogram

data recorded at electrodes placed on the scalp (spatially correlated) nested within subjects

(Hasenstab et al., 2017; Scheffler et al., 2020), and inhibitor protein measured as a function

of the cell positions within the colon crypt (spatially correlated) nested within rats (Morris

et al., 2003; Baladandayuthapani et al., 2008; Staicu et al., 2010).

In contrast to previous functional approaches to multilevel spatiotemporal data, we con-
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sider spatial correlations at the highest level of the hierarchy (i.e., among regions) motivated

by the USRDS data. Spatial correlations at the highest level of the hierarchy pose two

unique challenges. First, sample realizations at the highest level are observed only once

(without repetition) and hence spatial correlations at this level cannot be handled with

nonparametric modeling approaches typically used in FDA. Second, the data structure in-

duces correlations throughout the entire data set (with lack of independent components),

leading to the challenge of modeling high-dimensional correlation structures. This hinders

estimation of PC scores and therefore best linear unbiased prediction (BLUP) estimation

of PC scores becomes infeasible due to inversion of very large covariance matrices. A key

innovation here is that our proposed MST-FM incorporates a parametric CAR model into

the nonparametric multilevel KL expansions in order to handle spatial correlations at the

highest level of the hierarchy, combining a continuous time index, representing time after

transition to dialysis, with a discrete spatial dependency structure at the region-level as

outlined in Section 3.2.1. This, to the best of our knowledge, has hitherto remained un-

explored. While the CAR model has been considered in the context of basis expansions

(Zhang et al., 2016), such methods have been proposed for single-level functional data in

a parametric setting for modeling spatially correlated genomic changes as a function of ge-

nomic location (time) and areal regions of the bladder tissue (space). More critically, the

problem/focus in Zhang et al. (2016) did not require addressing the challenges of multilevel

spatiotemporal modeling, and therefore did not offer multilevel inference. These are unique

challenges faced with spatiotemporal modeling with the USRDS data. Therefore, to address

the estimation challenge due to multilevel high-dimensional correlated data, we propose a

new efficient algorithm based on FPCA and Markov Chain Monte Carlo (MCMC) methods,

in targeting the parameters of the MST-FM. The estimation and multilevel inference tools

are outlined in Sections 3.2.2 and 3.2.3. Spatiotemporal modeling of hospitalizations using

the USRDS data, a national database containing data on nearly all dialysis patients in the

U.S., is described in Section 3.3. Simulation studies are summarized in Section 3.4, where

comparisons of the proposed MST-FM with MFPCA (ignoring spatial correlations) are also

included, followed by a discussion in Section 3.5.

56



3.2 The Proposed MST-FM

3.2.1 Model Specification

Let i = 1, 2, . . . , n index regions, j = 1, 2, . . . , Ni index dialysis facilities within the ith

region and k = 1, 2, . . . , T index the kth month after transition to dialysis. The outcome,

Yijk = Yij(tijk), denotes the hospitalization rate of the jth facility from region i at time

(month) k. This rate is defined as the ratio of the total number of patient hospitalizations to

the total patient follow-up time for the jth facility in month k, multiplied by 12 (so that the

rate unit can be readily interpreted as a rate per person-year consistent with annual national

reporting from the USRDS). For our analysis of the USRDS data in Section 3.3, we consider

region units as HSAs across the U.S. and aggregate hospitalization data monthly, for a total

of 24 observations per facility over the first two years of follow-up after transitioning to

dialysis. Also, for our spatiotemporal approach we opt to model the response as continuous

(e.g., via Gaussian spatiotemporal model) similar to previous seminal works (Quick et al.,

2013) and amenable with the proposed FDA framework.

To study both temporal and spatial variations in hospitalization rates after transition to

dialysis and to accommodate the multilevel structure of the data where hospitalization rates

over time are nested within facilities and facilities are nested within regions, the proposed

MST-FM is given by

Yij(t) = µ(t) + U
(1)
i (t) + U

(2)
ij (t) + εij(t). (3.1)

In (3.1), µ(t) denotes the overall mean hospitalization rate, U (1)
i (t) and U

(2)
ij (t) denote the

first-level (region-level) and second-level (facility-level) deviations from the overall mean,

respectively, and εij(t) denotes the measurement error. KL expansions are used to decompose

both the first- and second-level deviations as:

U
(1)
i (t) =

∞∑
`=1

ξi`ψ
(1)
` (t), U

(2)
ij (t) =

∞∑
m=1

ζijmψ
(2)
m (t), (3.2)

where ξi` and ζijm are the region-level and the facility-level principal component (PC) scores,
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and ψ(1)
` (t) and ψ(2)

m (t) are the region-level and facility-level eigenfunctions, respectively. Un-

der the standard functional principal component analysis (FPCA) framework, eigenfunctions

at the first-, {ψ(1)
` (t), ` = 1, 2, . . .}, and second-level, {ψ(2)

m (t),m = 1, 2, . . .}, are assumed

to be orthonormal (not necessarily mutually orthogonal across levels) and the PC scores

{ξi` : ` = 1, 2, . . .} and {ζijm : m = 1, 2, . . .} are assumed to be uncorrelated with zero means

and finite variances. In practice, the KL expansions in (3.2) are truncated to include finite

numbers of eigen components, denoted by L (first-level) and M (second-level), which are

typically chosen by the fraction of variance explained (FVE).

To capture the spatial correlation among regions, we introduce a conditional autoregres-

sive (CAR) structure on the region-specific PC scores ξi`. More specifically, suppose that the

neighborhood structure of the regions is described by an n×n adjacency matrixW = {wii′},

where wii′ = 1 if regions i and i′ (i 6= i′) are neighbors, denoted by i ∼ i′, and wii′ = 0

otherwise. By convention, the diagonal elements of W are set to zero. Further let D be

the diagonal matrix consisting of elements di =
∑

i′∼iwii′ , denoting the number of neighbors

of region i. A Markov Random Field (MRF) for region units specifies the full conditional

distribution for the `th PC score for region i, ξi`, as a weighted average of the `th PC scores

from neighbors of region i: ξi`|{ξi′`}i′ 6=i ∼ N (ν
∑

i′∼iwii′ξi′`/di, α`/di) with a variance com-

ponent α` and a spatial correlation parameter ν. Through Brook’s lemma (Brook, 1964;

Besag, 1974), the joint distribution of the `th PC scores ξ` = (ξ1`, . . . , ξn`)
T takes the form

ξ` ∼ N{0, α`(D − νW )−1}. A sufficient condition for the precision matrix (D − νW )/α`

to be positive definite is when the spatial correlation parameter ν is in (0, 1); see, e.g., the

discussion on p82 in Banerjee et al. (2014). The CAR model can be thought of as a smoother

over neighboring regions where spatial information is borrowed across neighbors.

At the second-level, the facility-specific PC scores, ζijm, are assumed to be uncorrelated

with E(ζijm) = 0 and var(ζijm) = λim, leading to the following covariance structure (C1)

between facilities j and j′ from neighboring regions i and i′, (C2) between facilities j and j′

from the same region i (i.e., between facility covariance, denoted by GBi(t, t
′)) and finally
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(C3) within facility j from region i (i.e., total facility covariance, denoted by GT i(t, t
′)):

cov{Yij(t), Yi′j′(t′)} =
L∑
`=1

cov(ξi`, ξi′`)ψ
(1)
` (t)ψ

(1)
` (t′), (C1)

GBi(t, t
′) ≡ cov{Yij(t), Yij′(t′)} =

L∑
`=1

var(ξi`)ψ
(1)
` (t)ψ

(1)
` (t′), (C2)

GT i(t, t
′) ≡ cov{Yij(t), Yij(t′)} = GBi(t, t

′) +GWi(t, t
′), (C3)

where GBi(t, t
′) and GWi(t, t

′) =
∑M

m=1 var(ζijm)ψ
(2)
m (t)ψ

(2)
m (t′) are between- and within-

facility covariance components, respectively. Hence, while first-level dependencies induce

spatiotemporal correlation among different facilities within the same region or neighbor-

ing regions (C1, C2), the second-level dependencies induce additional temporal correlation

within a given facility (C3). In addition, the total facility variance, GT i(t, t
′), is allowed to

vary across regions, partly determined by the neighboring structure (first-level dependencies)

and partly by the additional region-specific variation (second-level dependencies) (C3).

While data from all facilities across all regions contribute to estimation of the first-

and second-level eigenfunctions, ψ(1)
` (t) and ψ

(2)
m (t) as well as the first-level PC score vari-

ance parameters, only within region data is available to target region-specific variations,

var(ζijm) = λim at the second-level (in (C3)). To bring stability to region-specific variance

estimation, we model the second-level eigenvalues λim with two components: λim = λmτ
2
i .

Note that the first component λm, which is assumed to be the same across regions, satis-

fies λ1 ≥ λ2 ≥ · · · ≥ λM ,
∑M

m=1 λm < ∞, implying that the ordering of the second-level

eigencomponents according to FVE and their respective FVE stays the same across regions.

The second component τ 2i , which is region-specific, contributes to heterogeneity of variances

across regions. Finally, the measurement error εij(t)’s are i.i.d with mean zero and variance

σ2 and are uncorrelated with both region- and facility-specific PC scores.
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3.2.2 Estimation Procedure

The proposed estimation algorithm starts by decomposing the total facility variation within

region i, GT i(t, t
′), into between-facility (GBi(t, t

′)) and within-facility (GWi(t, t
′)) covariance

components: GT i(t, t
′) = GBi(t, t

′)+GWi(t, t
′) as given in (C3). While the total and between-

facility covariances can be targeted directly through the empirical covariances within region i,

the within facility covariance is targeted by the difference GWi(t, t
′) = GT i(t, t

′)−GBi(t, t
′).

Once the information on between- and within-facility covariances is pooled across regions,

FPCA of these pooled covariances leads to the estimation of the first- and second-level

eigenfunctions: {ψ(1)
` (t) : ` = 1, 2, . . . , L} and {ψ(2)

m (t) : m = 1, 2, . . . ,M}, respectively. We

note that the covariance of facilities across regions (C1) is not used in estimation of the first-

level eigenfunctions and that estimation of the eigenfunctions from both levels are restricted

to covariances within regions. This apt choice is mainly due to smaller observed between-

region covariance relative to within-region variance. Hence, there is limited gain in including

covariance of facilities across regions in eigenfunction estimation, but their inclusion would

increase the computational cost. After estimation of region-specific eigenvalues λim, first-

level spatial variance parameters (α` and ν), measurement error variance (σ2), and region-

and facility-specific PC scores (ξi` and ζijm) are all targeted using MCMC under a mixed

effects model framework, using the estimated µ(t), ψ(1)
` (t), ψ(2)

m (t) and λim. Table 3.1 outlines

the steps of the proposed estimation algorithm, with key details provided below.

More specifically, in the first step, a penalized spline smoother is used on the entire data

to obtain µ̂(t) where the smoothing parameter is selected by generalized cross validation

(GCV). The estimated mean is then used to center the observed data, Ŷ c
ij(t) = Yij(t)− µ̂(t),

leading to the raw estimators of the total and between-facility covariances, ĜT i(tk, t`) =∑Ni

j=1 Ŷ
c
ij(tk)Ŷ

c
ij(t`)/Ni and ĜBi(tk, t`) =

∑Ni

j=1

∑
j′ 6=j Ŷ

c
ij(tk)Ŷ

c
ij′(t`)/{Ni(Ni − 1)}, within re-

gion i. The within facility variance is obtained by the difference ĜWi(tk, t`) = ĜT i(tk, t`) −

ĜBi(tk, t`). Before the FPCA in Step 4, the between and within facility raw covariances are

aggregated across regions by averaging,
∑n

i=1 ĜBi(t, t
′)/n and

∑n
i=1 ĜWi(t, t

′)/n, followed

by a two-dimensional penalized spline smoother to obtain the between- and within-facility
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Table 3.1: Main steps of the MST-FM estimation algorithm.

MST-FM Estimation Algorithm
Step 1: Estimate µ(t) by applying a penalized spline smoother to all observed data.
Step 2: Obtain raw estimators of the total variance, ĜT i(t, t

′) = ĉov{Yij(t), Yij(t′)}, and
between-facility covariance, ĜBi(t, t

′) = ĉov{Yij(t), Yij′(t′)}, within region i, directly using
empirical covariances. Obtain the raw estimator of within-facility covariance in region i
by the difference ĜWi(t, t

′) = ĜT i(t, t
′)− ĜBi(t, t

′).
Step 3: Obtain estimators of the between-facility (ĜB(t, t′)) and within-facility (ĜW (t, t′))
covariances by smoothing average of between-facility (

∑n
i=1 ĜBi(t, t

′)/n) and within-
facility (

∑n
i=1 ĜWi(t, t

′)/n) raw covariances aggregated across regions.
Step 4: Employ FPCA on ĜB(t, t′) and ĜW (t, t′) to get first- and second-level eigenfunction
estimators: {ψ̂(1)

` (t) : ` = 1, 2, . . . , L} and {ψ̂(2)
m (t) : m = 1, 2, . . . ,M}.

Step 5: Obtain estimators for the region-specific second-level eigenvalues λ̂∗im =∫ ∫
G̃Wi(t, t

′)ψ̂
(2)
m (t)ψ̂

(2)
m (t′)dtdt′, by projecting the smooth within-facility covariance in re-

gion i, denoted by G̃Wi(t, t
′), on the second-level eigenfunctions and additional stabilization

as detailed below.
Step 6: Estimate the first-level spatial variance parameters (α` and ν), measurement error
variance (σ2) and region- and facility-specific PC scores (ξi` and ζijm) by MCMC under
the mixed effects modeling framework, using the estimates of µ(t), ψ(1)

` (t), ψ(2)
m (t) and λim.

covariances ĜB(t, t′) and ĜW (t, t′).

Note that the within-facility covariance function, ĜW (t, t′), is based on the raw within-

facility covariances across regions, obtained as a difference between the total and between-

facility raw covariances, and hence may not be positive definite. To obtain a positive definite

within-facility covariance estimator, the within-facility covariance is reconstructed using only

the eigencomponents with positive eigenvalues (Yao et al., 2005). In addition, the diagonal

entries of
∑n

i=1 ĜWi(t, t
′)/n, which are prone to measurement error, are left out before the

two dimensional smoothing being applied to yield ĜW (t, t′). The diagonal entries of ĜWi(t, t
′)

are similarly left out before smoothing in obtaining G̃Wi(t, t
′) in Step 5.

For the bivariate penalized spline smoothers used in estimation of the covariance op-

erators, smoothing parameters are selected by restricted maximum likelihood (REML), as

proposed by Goldsmith et al. (2013). Once the between- and within-facility covariances are

obtained, first- and second-level eigenfunction estimators: {ψ̂(1)
` (t) : ` = 1, 2, . . . , L} and
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{ψ̂(2)
m (t) : m = 1, 2, . . . ,M} are recovered by FPCA (Step 4). The number of eigencompo-

nents kept is determined by the FVE. We use FVE > 80% in numerical applications. While

the FVE for the region-specific first-level eigencomponents are estimated based on FPCA

employed on ĜB(t, t′), the FVE for the facility-specific second-level eigencomponents are

estimated based on FPCA employed on ĜW (t, t′).

The region-specific second-level eigenvalues are estimated via the projection, λ̂∗im =∫ ∫
G̃Wi(t, t

′)ψ̂
(2)
m (t)ψ̂

(2)
m (t′)dtdt′, where G̃Wi(t, t

′) is obtained by applying a two dimensional

smoother to ĜWi(t, t
′). Since only within-region data is available to target region-specific

variations, we further stabilize these estimates by λ̂im = Λm

∑M
m=1(λ̂

∗
im/Λm)/M , where {Λm :

m = 1, 2, . . . ,M} are the eigenvalues obtained from the FPCA decomposition of ĜW (t, t′). In

our application to the USRDS data, λ̂im estimates for three of 423 regions were negative, and

thus were set to a small positive number 10−6. The proposed form for λ̂im takes advantage

of the assumption that the ordering of the second-level eigenvalues according to the FVE

and their respective FVE stays the same across regions and hence estimates {Λm : m =

1, 2, . . . ,M} based on the FPCA decomposition of ĜW (t, t′).

In the final step 6, the first-level spatial parameters (α` and ν), measurement error

variance (σ2) and region- and facility-specific PC scores (ξi` and ζijm) are targeted by MCMC

using a mixed effects modeling framework where the estimate θ̂ = {µ̂(t), ψ̂
(1)
` (t), ψ̂

(2)
m (t),

λ̂im, L,M} from previous steps are kept fixed. For estimation of the PC scores, we assume

that the scores are independent of the measurement error where both are normally distributed

(similar to Yao et al. (2005) and Di et al. (2009)). Next, the posterior distributions of the

spatial parameters, measurement error variance, and PC scores can then be obtained using

MCMC sampling. With inverse Gamma (IG) priors for variance components α` and σ2 and

Beta priors for the spatial correlation parameter ν, the model can be rewritten as follows:

Yij(tk) = µ(tk) +
L∑
`=1

ξi`ψ
(1)
` (tk) +

M∑
m=1

ζijmψ
(2)
m (tk) + εij(tk),

ξ` ∼ N(0, α`(D − νW )−1), ζijm ∼ N(0, λim), εij(tk) ∼ N(0, σ2),

α` ∼ IG(aα`
, bα`

), σ2 ∼ IG(aσ2 , bσ2), ν ∼ Beta(aν , bν).
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A Gibbs sampler is used to sample from the posterior distributions of PC scores and the

variance components where the full conditional distributions are: ξi`|others ∼ N(µpostξ,i` , v
post
ξ,i` ),

ζijm|others ∼ N(µpostζ,ijm, v
post
ζ,ijm), α`|others ∼ IG(apostα`

, bpostα`
) and σ2|others ∼ IG(apostσ2 , bpostσ2 ).

The above forms specify the conditional posterior distribution of each parameter, condition-

ing on θ̂ and the entire MCMC parameter set {ξi`, ζijm, α`, σ2, ν} and excluding only the

parameter whose conditional distribution is sought after (referred to as “others”). The pos-

terior distribution of the spatial correlation parameter, ν, does not have a closed form, and

hence ν is updated using a Metropolis approach. Details of the posterior distributions and

the sampling methods are deferred to Appendix C.

In order to aid in the inference for the multilevel trajectories proposed in the next section,

the MCMC samples drawn from the posterior distributions of the PC scores specified above

lead to the estimated first- and second-level PC scores as ξ̂i` = E(ξi`|Y , θ̂) and ζ̂ijm =

E(ζijm|Y , θ̂), respectively. These are obtained as the mean of the MCMC samples, where

Y = {Yijk : i = 1, . . . , n, j = 1, . . . , Ni, k = 1, . . . , T}. Note that since facilities from different

regions are correlated through the spatial dependence of the region-specific PC scores, the

conditional expectations of region- and facility-level PC scores for facility j in region i does

not depend on data only from facility j or region i but depends on the entire dataset,

denoted by Y . In addition, the posterior variances of the first-level and second-level PC

scores and their covariance, denoted by Ω̂
(1)
L×L = Var(ξi|Y , θ̂), Ω̂

(2)
M×M = Var(ζij|Y , θ̂) and

Ω̂
(1,2)
L×M = cov(ξi, ζij|Y , θ̂), respectively, are also estimated from the MCMC samples, where

ξ̂i = (ξ̂i1, . . . , ξ̂iL)T and ζ̂ij = (ζ̂ij1, . . . , ζ̂ijM)T.

3.2.3 Inference for Multilevel Trajectories

The multilevel structure of the MST-FM enables us to draw inference on hospitalization

rate trajectories at both the region and facility levels. The estimation of region- and facility-

specific PC scores described in Section 3.2.2 leads to prediction of the region- and facility-
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specific trajectories:

Ŷi(t) = E{Yi(t)|ξ̂i, θ̂} = µ̂(t) +
L∑
`=1

ξ̂i`ψ̂
(1)
` (t) (3.3)

Ŷij(t) = E{Yij(t)|ξ̂i, ζ̂ij, θ̂} = µ̂(t) +
L∑
`=1

ξ̂i`ψ̂
(1)
` (t) +

M∑
m=1

ζ̂ijmψ̂
(2)
m (t).

In addition, using the posterior variances of the region-specific and facility-specific PC scores

and their covariance, the covariances of the predicted trajectories are given by

Var{Ŷi(t)− Yi(t)|θ̂} ≈ Ψ̂(1)TΩ̂(1)Ψ̂(1), Var{Ŷij(t)− Yij(t)|θ̂} ≈ Ψ̂TΩ̂Ψ̂,

where Ψ̂(1) = {ψ̂(1)
1 (t), . . . , ψ̂

(1)
L (t)}T, Ψ̂ = {ψ̂(1)

1 (t), . . . , ψ̂
(1)
L (t), ψ̂

(2)
1 (t), . . . , ψ̂

(2)
M (t)}T and

Ω̂(L+M)×(L+M) = [Ω̂(1), Ω̂(1,2); Ω̂(1,2)T, Ω̂(2)]. Next, the approximate (1 − α) pointwise con-

fidence intervals (CIs) for the predicted region- and facility-specific trajectories are given

by

Ŷi(t)± Φ−1(1− α

2
)

√
diag[Var{Ŷi(t)− Yi(t)|θ̂}],

Ŷij(t)± Φ−1(1− α

2
)

√
diag[Var{Ŷij(t)− Yij(t)|θ̂}],

respectively, where Φ(·) denotes the Gaussian cumulative distribution function.

Note that the above formulation for approximate CIs of the predicted multilevel trajec-

tories relies on effective estimation of the FPCA model parameters θ. While second-level

facility-specific parameters are usually well estimated since there are adequate repetitions

and stabilization across facilities, the first-level region-specific parameters may be more dif-

ficult to estimate for applications with a small number of regions (e.g., when region units

are states). The dependence of the predicted trajectories on accurate estimation of the

FPCA components for single-level functional data have been recognized in the FDA litera-

ture (Yao et al., 2005; Goldsmith et al., 2013). For single-level functional data, Yao et al.

(2005) proposed prediction of subject-specific trajectories based on the BLUP estimators of

the PC scores in a mixed effects modeling framework, conditional on the estimated mean

64



function and eigencomponents. Goldsmith et al. (2013) point out that while this classi-

cal construction takes into account model based uncertainty, it does not take into account

of the FPCA based uncertainty. Especially in applications with small sample sizes where

the uncertainty in the FPCA decomposition is high, the CI construction conditional on the

estimated FPCA components may lead to underestimation of the total variability in the

predicted subject-specific curves (Goldsmith et al., 2013). Hence, Goldsmith et al. (2013)

proposed corrected CIs for subject-specific trajectories for single-level functional data that

also incorporate decomposition-based uncertainty captured by a bootstrap procedure.

Following Goldsmith et al. (2013), we also propose corrected inference for region-specific

hospitalization trajectories. While Goldsmith et al. (2013) uses nonparametric bootstrap,

resampling from subjects with replacement, we rely on parametric bootstrap methods in

order to preserve the neighboring structure between the regions in the bootstrap sam-

ples. The parametric bootstrap samples Yb are generated based on parameter estimates,

{µ̂(t), ψ̂
(1)
` (t), ψ̂

(2)
m (t), λ̂im, α̂`, ν̂, σ̂

2, L,M}, obtained from Section 3.2.2. More specifically,

Yij,b(t) = µ̂(t) +
∑L

`=1 ξi`,bψ̂
(1)
` (t) +

∑M
m=1 ζijm,bψ̂

(2)
m (t) + εij,b(t), where ξ`,b = (ξ1`,b, . . . , ξn`,b)

T

is generated from N{0, α̂`(D − ν̂W )−1}, ζijm,b is generated from N(0, λ̂im) and εij,b(t) is

generated from N(0, σ̂2). Next, the multilevel FPCA decomposition based parameters

θ̂b = {µ̂b(t), ψ̂(1)
`,b (t), ψ̂

(2)
m,b(t), λ̂im,b, Lb,Mb} are estimated based on the bootstrap data Yb as

described in Section 3.2.2. Conditioning on θ̂b, we obtain bootstrap estimates of the first-level

region-specific PC scores, ξ̂i`,b, (via posterior mean of the MCMC samples), region-specific

trajectories, Ŷi,b(t) = µ̂b(t) +
∑Lb

`=1 ξ̂i`,bψ̂
(1)
`,b (t) and Var{Ŷi,b(t) − Yi(t)|θ̂b} = Ψ̂

(1)T
b Ω̂

(1)
b Ψ̂

(1)
b ,

where Ψ̂
(1)
b = {ψ̂(1)

1,b (t), . . . , ψ̂
(1)
Lb

(t)}T and Ω̂
(1)
b = Var(ξi,b|Y , θ̂b). The MCMC samples used in

obtaining the region-specific PC estimates, ξ̂i`,b, and their associated variation, Var(ξi,b|Y , θ̂b),

condition on the original data Y instead of Yb, and θ̂b, since the bootstrap resampling is

used only to assess variability in the FPCA decompositions.

Next, information across bootstrap samples are pooled to target region-specific trajectory

predictions and adjusted variance that account for variability in the FPCA decompositions,

leading to the corrected CIs for region-specific inference. The region-specific trajectory pre-

dictions are obtained using iterative expectations: Ŷ c
i (t) = Eθ̂[EY |θ̂{Yi(t)|ξ̂i, θ̂}], where su-
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perscript c denotes quantities of “corrected” inference. The predicted curves are the mean of

model-based estimates given in (3.3) taken over the distribution of the estimated decompo-

sition parameters in θ̂. Thus, the predicted curves are estimated as averages of Ŷi,b(t) across

bootstrap samples. The variance of the predicted curves is given, based on iterative variance,

as the sum of the expectation of model-based decomposition variance and the variance of

the model-based decomposition expectations:

Var{Ŷ c
i (t)− Yi(t)} = Eθ̂[VarY |θ̂{Ŷi(t)− Yi(t)|θ̂}] + Varθ̂[EY |θ̂{Ŷi(t)− Yi(t)|θ̂}].

While model-based decomposition variance and expectations are estimated separately for

each bootstrap sample via Var{Ŷi,b(t)−Yi(t)|θ̂b} and {Ŷi,b(t)− Ŷi(t)}, respectively, the outer

expectation and variances are taken over the distribution of the estimated decomposition pa-

rameters in θ̂; hence, the average of Var{Ŷi,b(t)−Yi(t)|θ̂b} and the variance of {Ŷi,b(t)−Ŷi(t)}

are taken over all bootstrap samples. The corrected (1 − α) pointwise CI for the predicted

region-level trajectory is given by Ŷ c
i (t)± Φ−1(1− α/2)×(diag[Var{Ŷ c

i (t)− Yi(t)}])1/2. The

proposed algorithm for multilevel trajectory prediction, including the corrected inference for

region-specific trajectory prediction is summarized in Appendix C Table C.1.

3.3 Data Analysis

3.3.1 Description of the USRDS Study Population

The United States Renal Data System collects data on nearly all patients with ESRD in the

U.S. Our study cohort includes patients of age 18 years or older who transitioned to dialysis

between January 1, 2005 and September 30, 2013. The observation period starts from day

91 of dialysis (after a 90-day period to establish stable treatment modality) and patients are

followed up for two years where the last date of follow up is December 31, 2015. Facility

hospitalization rates per person-year are calculated monthly over the two years of follow up,

with a mean hospitalization rate of 1.8 per person-year. Consistent with national annual

USRDS reporting, our analysis consider the region units as HSAs. Also, some HSAs are
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merged to guarantee that each resulting region contains at least 4 facilities, the minimum

number we found to lead to stable region-specific inference. The final study cohort contains

5,494 facilities and 423 regions/HSAs after merging. Detailed descriptions of the study

cohort, exclusion rules, and the region merging algorithm are deferred to Appendix C.3.

3.3.2 Results

3.3.2.1 Estimated FPCA Decomposition Components

Figure 3.1(a) displays the decreasing estimated overall mean hospitalization rate over the

first two years on dialysis treatment, with a gradually slower decreasing rate after the first

∼10-12 months. The highest hospitalization rate of over 2.1 hospitalizations per person-

year is estimated at the start of dialysis transition. The leading eigenfunction, explaining

96.8% of the region-level variation, is given in Figure 3.1(b). The magnitude of the leading

eigenfunction is decreasing over time, with a more rapid decrease in the first ∼10 months

on dialysis, indicating that the largest variation in hospitalization rates among regions are

observed within the first ∼10 months of dialysis. The estimated higher hospitalization rates

and variability within the first ∼10 months of dialysis is consistent with the known fragile

one-year period after transitioning to dialysis with high mortality (Kalantar-Zadeh et al.,

2017).

Figures 3.1(c)-(e) display the three leading facility-level eigenfunctions, explaining in

total more than 88% of the facility-level variation. The leading facility-level eigenfunction

with 72.4% FVE is relatively flat, indicating that the most common direction of variation

across facilities is constant over time. The FVE drops drastically for the second and third

leading eigenfunctions, where the second leading eigenfunction with 10.7% FVE highlights

variation at initiation of dialysis and towards the end of the two-year follow up. The third

leading eigenfunction with 5.2% FVE highlights variation also near the one year post-dialysis

transition in addition to the end of two-year follow up. Thus, variation in hospitalization

rates at the initiation of dialysis is not only captured at the region-level, but is found to also

contribute to explained variation across facilities, although with a much lower FVE (i.e.,
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through the second and third facility-level eigenfunctions). Note that the higher variation

identified at the end of the two year follow up may be due to the decrease in the total number

of patients towards the end of the two year follow up.
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Figure 3.1: (a) Estimated overall mean hospitalization rate per person-year. (b) Leading
region-level eigenfunction with 96.82% fraction variation explained (FVE). (c-e) First, sec-
ond, and third leading facility-level eigenfunctions with 72.35%, 10.70%, and 5.17% FVE,
respectively.
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3.3.2.2 Predicted Hospitalization Rates

Next, the leading region-level and the three leading facility-level eigenfunctions summarized

above are used in multilevel inference for hospitalization rates at the region- and facility-

levels. We begin by studying the region-specific predictions. The raw and predicted region-

specific hospitalization rates from 1st, 12th and 24th months on dialysis are displayed for

all HSAs in Figure 3.2. While the predicted maps correspond closely to the raw maps of

region- and month-specific hospitalization rates, they smooth out the predictions over space

as illustrated in Figure 3.2 (right column). The estimated spatial correlation parameter is

ν̂ = 0.98, leading to correlations between neighboring HSAs ranging from 0.38 to 0.8. Both

raw and estimated maps show a pattern (“band”) of particularly high hospitalization rates

from Massachusetts to southern Texas (dark blue), as well as many HSAs in Nevada, Arizona

and Florida. In addition, as observed in the estimated overall mean function, displayed in

Figure 3.1(a), the rates are highest in the early months after transitioning to dialysis, with

an overall decreasing trend in almost all HSAs throughout the two-year follow up.

For a more detailed examination of the distribution of the region-specific rate predictions,

Table 3.2 displays the 5th and 95th percentiles and median values of the predicted region-

specific hospitalization rates at month 1, 12, and 24 for the West (49 HSAs), Midwest (124

HSAs), Southwest (46 HSAs), Southeast (150 HSAs), and Northeast (54 HSAs) zones of

the U.S. Shortly after transitioning to dialysis at month 1, the highest median predicted

hospitalization rates are in the Southeast and Northeast with 2.14 and 2.32 per person-

year (PPY), respectively, which are 3.4% and 12% higher than the overall median across all

HSAs (2.07 PPY). We note that HSAs in the Northeast and Southeast comprise many of

the HSAs observed in the band of elevated hospitalizations from Massachusetts to southern

Texas in Figure 3.2. In contrast, the West had the lowest median predicted rate of 1.7

PPY, which is nearly 18% lower than the overall median rate. At the 5th percentile, the

predicted hospitalization rate is 27.6% lower in the West (1.34 PPY) compared the Northeast

(1.85 PPY). Also, as illustrated in Figure 3.2, there is an overall decrease in hospitalization

rate over time as the population stabilizes. Indeed, from Table 3.2, the median predicted
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Figure 3.2: Raw (left column) and predicted (right column) region-specific hospitalization
rates at the 1st, 12th and 24th months after initiation of dialysis for 423 health service areas.
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hospitalization rates from month 1 to month 24 declined by about 0.41 to 0.49 PPY across the

five zones, which represent about a 20.2% decline (19.4%, 19.9%, 20.2%, 20.6%, and 21.1%

decline from month 1 to 24 for the West, Midwest, Southwest, Southeast, and Northeast,

respectively).

Table 3.2: The 5th, 50th and 95th percentiles of the predicted region-specific hospitalization
rates (with standard errors in the parentheses) across the health service areas (HSAs)/regions
of the five U.S. zones (West, Midwest, Southwest, Southeast and Northeast) and overall (all
HSAs) at month 1, 12, and 24.

Month Percentile Overall West Midwest Southwest Southeast Northeast
5 1.49 (.15) 1.34 (.08) 1.48 (.13) 1.74 (.12) 1.74 (.10) 1.85 (.08)

1 50 2.07 (.13) 1.70 (.12) 2.06 (.15) 2.03 (.10) 2.14 (.13) 2.32 (.14)
95 2.65 (.09) 2.07 (.09) 2.70 (.07) 2.42 (.06) 2.62 (.14) 2.69 (.07)
5 1.26 (.12) 1.13 (.06) 1.25 (.10) 1.45 (.09) 1.45 (.08) 1.54 (.06)

12 50 1.72 (.10) 1.42 (.10) 1.72 (.11) 1.68 (.08) 1.78 (.09) 1.92 (.11)
95 2.18 (.07) 1.72 (.07) 2.22 (.05) 1.99 (.05) 2.16 (.11) 2.21 (.06)
5 1.22 (.11) 1.11 (.06) 1.21 (.09) 1.40 (.09) 1.40 (.07) 1.48 (.06)

24 50 1.65 (.09) 1.37 (.09) 1.65 (.10) 1.62 (.07) 1.70 (.10) 1.83 (.10)
95 2.08 (.06) 1.65 (.06) 2.12 (.05) 1.90 (.05) 2.06 (.10) 2.11 (.05)

Figure 3.3(d) displays the overall predicted region-specific hospitalization trajectories

over the full 24 months along with approximate 95% CIs for the West and Northeast zones,

as well as results stratified by (a) small (< 7 facilities), (b) medium (7 − 10 facilities), and

(c) large (> 10 facilities) regions/HSAs. The decreasing hospitalization patterns over time,

overall and across HSAs sizes, is apparent. (Similar patterns were observed in the other

geographic zones; results not shown.) The approximate 95% CIs for the region prediction

trajectories from the West and Northeast do not overlap for all HSA sizes, indicating that

HSAs in the West have consistently lower hospitalizations over time compared to those in

the Northeast. (We note that the reported CIs for large regions are narrower, as expected.)

Next, for facility-specific inference, Figure 3.4 displays predicted facility-specific hospi-

talization rate trajectories, along with their approximate 95% CIs, for facilities from large

regions within the five selected major areas: (a) Los Angeles and Orange counties in Cali-

fornia from the West, (b) Cook, Lake, McHenry and Dupage counties in Illinois (containing
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Figure 3.3: Predicted region-specific trajectories for regions (health service areas [HSAs])
with median hospitalization rates from the West (blue) and Northeast (dark blue) zones,
stratified by HSA size: (a) small (< 7 facilities), (b) medium (7 to 10 facilities), and (c) large
(> 10 facilities). Also given is the overall trajectories for all HSAs (d). The approximate
95% CIs are given as shaded areas.

Chicago) from the Midwest, (c) Maricopa, Coconino, Gila, Yavapai and Pinal counties in

Arizona (containing Phoenix) from the Southwest, (d) Fulton, Clayton, Dekalb, Fayette,

Forsyth, Gwinnett, Henry, Rockdale, Walton, Newton and Jasper counties in Georgia (con-

taining Atlanta) from the Southeast, and (e) Kings, Bronx, Richmond, New York and Queens

counties in New York State from the Northeast. The predicted trajectories for facilities with

the highest, median and lowest averaged hospitalization rates from each region are depicted,

where predictions (solid) correspond to smoothed observed facility-specific hospitalization

rates (dashed). Note that facility-specific predictions are more variable in larger regions in
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(a), (b) and (e) (containing Los Angeles, Chicago and New York, respectively), compared to

smaller regions in (c) and (d) (containing Phoenix and Atlanta, respectively), as expected.

This relates to the estimation of the region-specific variations λim, modeled in the MST-

FM, via the two components λm and τ 2i . While λm is assumed to be the same across regions

to stabilize region-specific variance estimation, τ 2i is region-specific and models the hetero-

geneity in variances across regions. More specifically, Appendix C Figure C.2(a) displays

the map of the raw variances of hospitalization rates across facilities (averaged over time)

for each region, while (b) displays the map of the estimated τ 2i . Since the raw variances and

τ 2i are not expected to match in magnitude, they should be compared in relative magnitude,

where the breakpoints of the coloring scheme in both maps correspond to the 20th, 40th,

60th and 80th percentiles. Figure C.2 shows that the estimated τ 2i is able to capture the

relative heterogeneity in observed region-specific hospitalization rates. In addition, all five

selected areas displayed in Figure 3.4 are found to have high τ 2i (above .32), indicating that

facility-level variations are in general higher in large regions.

3.4 Simulation Studies

Simulation studies are conducted to examine the finite sample properties of the proposed

estimation algorithm for model parameters and inference for the multilevel predictions, under

varying error variance, total number of regions and total number of facilities per region. We

defer details on simulation design to Appendix C.5 and outline simulation results below.

We utilize the relative mean squared deviation error (MSDE), i.e., MSDEf̂ = [
∫ {

f̂(t)−

f(t)
}2
dt]/

∫
f 2(t)dt for a generic function f(t), and mean squared error (MSE) to assess

estimation of the time-varying and time-invariant parameters, respectively. Note that for

region-specific variance estimation, we assess estimation of λim = λmτ
2
i directly, since λm and

τ 2i are not identifiable individually. The results are presented for 8 simulation settings with

(a) two error variances σ2 = .02 and .2; (b) two total number of regions: n = 423 (similar to

HSAs in the USRDS data) and n = 49 (similar to analysis utilizing the contiguous U.S. and

D.C. as regions); and (c) two ranges of the number of facilities per region of 4−20 and 10−30.

73



5 10 15 20

0
2

4
6

(a) Los Angeles−Orange (Los Angeles), CA

Month

H
os

pi
ta

liz
at

io
n 

ra
te

high

median

low

5 10 15 20

0
2

4
6

(b) Cook−Dupage (Chicago), IL

Month

H
os

pi
ta

liz
at

io
n 

ra
te

5 10 15 20

0
2

4
6

(c) Maricopa−Pinal (Phoenix), AZ

Month

H
os

pi
ta

liz
at

io
n 

ra
te

5 10 15 20

0
2

4
6

(d) Fulton−Jasper (Atlanta), GA

Month

H
os

pi
ta

liz
at

io
n 

ra
te

5 10 15 20

0
2

4
6

(e) Kings−Queens (New York), NY

Month

H
os

pi
ta

liz
at

io
n 

ra
te

Figure 3.4: Observed (dashed) and predicted (solid) hospitalization rate trajectories, along
with their approximate 95% CIs, for facilities from large regions in five selected areas. Fa-
cilities with the highest (dark blue), median (blue), and lowest (light blue) averaged hospi-
talization rates from five selected areas are depicted.
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Reported results are based on 200 Monte Carlo runs, where for each run, 2500 iterations

(500 for burn-in and 2000 for estimation and inference) are used in the MCMC step. The

Markov chains are verified to have good mixing and convergence properties. More details can

be found in Appendix C.6. Figures C.3 and C.4 (Appendix C) display the estimated mean

function and eigenfunctions from runs with the 5th, 50th and 95th percentile MSDEs, from

the set-up with 423 and 49 regions with number of facilities per region varying from 4 to 20

and σ2 = .2. The estimates track the true functions, indicating that the proposed estimation

effectively identifies multilevel variations, where the first-level region-specific eigenfunctions,

ψ
(1)
1 (t) and ψ

(1)
2 (t), are estimated better, as expected, with increasing number of regions.

(Compare Figure C.3 and C.4.)

The mean MSDE and MSE values from all eight simulation set-ups are reported in Table

3.3. As expected, error measures for all model parameters get smaller with decreasing noise

level σ2. Similarly, all error measures, except MSE of region-specific eigenvalues λim, decrease

with increasing number of regions. This is expected, since estimation of λim largely relies on

region-specific information; hence, MSE for λim gets smaller with increasing total number

of facilities per region and by region size (larger regions have smaller λim MSEs). Finally,

increasing total number of facilities per region also lead to decreasing MSDE for second-

level eigenfuncions ψ̂(2)
m (t) and MSE for facility-specific PC scores ζijm, since they yield more

region-specific information for estimation of the second-level decomposition components.

The performance of the proposed region- and facility-specific predictions are evaluated

using MSDEs of the multilevel predicted trajectories. In addition, to study the effects of

ignoring the spatial correlation at the highest level of the hierarchy, we compare MST-FM

to the multilevel FPCA (MFPCA) proposed by Di et al. (2009) under the eight simulation

set-ups. The MSDEs of the region- and facility-specific predicted trajectories from the two

models are summarized in Table 3.4. All MSDEs for predicted trajectories decrease with

decreasing error variance, as expected. Moreover, MSDEs of region-specific trajectories

decrease with increasing region size and increasing number of regions; the latter due to

better estimation of region-specific eigenfunctions. MSDEs for facility-specific predictions

stay constant across varying region size or number of regions since facility-specific information
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Table 3.3: The mean MSDE and MSE values from all eight simulation settings with varying
measurement error variance σ2, number of regions, and range of the number of facilities per
region. Results are based on 200 Monte Carlo runs.

Number of regions: n = 423 regions n = 49 regions
Number of facilities: 4-20 10-30 4-20 10-30
Noise level, σ2: 0.02 0.2 0.02 0.2 0.02 0.2 0.02 0.2

MSDE
µ̂(t) 0.002 0.002 0.002 0.002 0.016 0.018 0.015 0.020
ψ̂

(1)
1 (t) 0.002 0.002 0.003 0.003 0.027 0.026 0.021 0.031
ψ̂

(1)
2 (t) 0.003 0.004 0.004 0.004 0.035 0.036 0.026 0.038
ψ̂

(2)
1 (t) 0.001 0.001 < .001 < .001 0.010 0.010 0.003 0.005
ψ̂

(2)
2 (t) 0.001 0.001 0.001 0.001 0.012 0.013 0.004 0.006

MSE
α̂1 0.007 0.008 0.006 0.006 0.104 0.110 0.112 0.112
α̂2 0.001 0.001 0.001 < .001 0.025 0.028 0.023 0.028
ν̂ 0.001 0.001 0.001 < .001 0.001 0.001 0.001 0.001
σ̂2 < .001 < .001 < .001 < .001 < .001 < .001 < .001 < .001

ξ̂i1 0.006 0.007 0.005 0.006 0.044 0.052 0.041 0.056
ξ̂i2 0.003 0.008 0.002 0.005 0.018 0.024 0.016 0.024
ζ̂ij1 0.001 0.008 0.001 0.008 0.004 0.011 0.002 0.009
ζ̂ij2 0.002 0.010 0.001 0.009 0.004 0.012 0.002 0.010
λ̂i1 0.008 0.008 0.003 0.004 0.007 0.008 0.003 0.004
Small 0.013 0.014 0.004 0.005 0.010 0.013 0.004 0.005
Medium 0.008 0.007 0.003 0.004 0.007 0.007 0.003 0.004
Large 0.004 0.004 0.002 0.002 0.004 0.004 0.003 0.002
λ̂i2 0.002 0.002 0.001 0.001 0.002 0.002 0.001 0.001
Small 0.003 0.003 0.001 0.001 0.002 0.003 0.001 0.001
Medium 0.002 0.002 0.001 0.001 0.002 0.002 0.001 0.001
Large 0.001 0.001 < .001 < .001 0.001 0.001 0.001 < .001

stays constant under both scenarios. Comparing both models, MSDEs for both region-

and facility-specific predicted trajectories are smaller for MST-FM, indicating that MST-

FM provide more accurate predictions. Note that the differences between the MSDEs are

larger in region-specific predictions compared to facility-specific predictions. This is to be

as expected since ignoring spatial correlation at the region-level has a direct influence on

region-specific trajectory predictions.

Note that for MST-FM, the region-level decomposition components are not estimated as
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Table 3.4: MSDE (%) of region- and facility-level predicted trajectories from MST-FM and
multilevel FPCA (MFPCA) model based on 200 Monte Carlo runs.

423 regions: 4-20 facilities per region 10-30 facilities per region
Noise level, σ2: 0.02 0.2 0.02 0.2 0.02 0.2 0.02 0.2
MSDE (%) MST-FM MFPCA MST-FM MFPCA
Facility-specific 0.042 0.397 0.054 0.408 0.041 0.381 0.045 0.389
Region-specific 0.046 0.238 0.107 0.299 0.022 0.122 0.033 0.144
Small 0.067 0.366 0.132 0.422 0.028 0.162 0.041 0.187
Medium 0.042 0.221 0.107 0.290 0.022 0.121 0.033 0.143
Large 0.027 0.130 0.085 0.190 0.016 0.083 0.026 0.101

49 regions: 4-20 facilities per region 10-30 facilities per region
Noise level, σ2: 0.02 0.2 0.02 0.2 0.02 0.2 0.02 0.2
MSDE (%) MST-FM MFPCA MST-FM MFPCA
Facility-specific 0.043 0.400 0.160 0.526 0.041 0.379 0.120 0.471
Region-specific 0.100 0.303 0.713 0.985 0.052 0.152 0.580 0.710
Small 0.128 0.437 0.855 1.203 0.061 0.199 0.651 0.834
Medium 0.099 0.287 0.748 0.984 0.052 0.145 0.596 0.712
Large 0.081 0.183 0.550 0.760 0.046 0.112 0.507 0.586

accurately as facility-level decomposition components (based on information pooled across

regions), as previously discussed in Section 3.2.3. This can pose a challenge for region-

specific trajectory predictions when the total number of regions is small. Consistent with

this observation, while MSDEs of facility-specific trajectories are larger than region-specific

trajectories across most of the simulation set-ups, as expected, for the simulation set-up with

only 49 regions and σ2 = 0.02, they are smaller than MSDE of region-specific predictions,

due to worse estimation of region-specific eigenfunctions. We assess the proposed inference

for MST-FM, including the corrected CIs for region-specific trajectories for the case with

smaller 49 regions as proposed in Section 3.2.3, by studying the coverage probability (CP)

and length of the proposed confidence intervals (CI). Table C.3 of Appendix C presents the

average MSDE values, CP, and CI length from the eight simulation set-ups. The CPs for the

facility-specific trajectories and region-specific trajectories approximately target the nominal

value of 95% (facility-specific CP: ∼ 95%; region-level CP: 89.3%-94.2% with majority of

values over 92%) under the simulation set-up with 423 regions. However, as expected, the

CPs for region-specific CIs are substantially lower than the nominal 95% (ranging between

65.8%-91.2%) in the simulation set-up with only 49 regions. The corrected CIs correct the
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under coverage with an average CP of 94.6% (CP ranging between 92.8%-96.8%), where they

yield slightly larger MSDEs for region-specific trajectory predictions. For a more detailed

discussion of the simulation results, we refer readers to Appendix C.6.

3.5 Discussion

We proposed a multilevel spatiotemporal functional model to study spatiotemporal pat-

terns of hospitalization rates among dialysis facilities in the U.S. We model these rates at

the facility-level which creates spatially-nested functional data with facility rate trajectories

nested within regions in order to obtain regional hot spots of hospitalizations and time peri-

ods of elevated hospitalizations. Modeling these spatiotemporal rates at the facility level not

only allows for estimation and inference on differences in rates between regions, but also for

assessment of variation in rates among facilities within regions. This key feature of MST-FM

allows for a more granular assessment of variation for the USRDS data, such as identifica-

tion of regions with high rates consistently across facilities or regions with a few extreme

facilities which drive a region-level rate estimate. In addition to identifying intriguing spatial

hot spot regions across the U.S., MST-FM also captures important time-dynamic patterns,

such as the high pattern of hospitalizations in the first year after transitioning to dialysis.

This finding of significant time-dynamic hospitalization trajectories at the population level

adds to the important body of evidence of time-dynamic changes in outcomes at both the

patient-level and dialysis facility-level (Estes et al., 2018; Li et al., 2020). The analysis iden-

tified specific regions and dialysis facilities therein, as well as specific time periods, with high

hospitalizations for further investigation in an effort to reduce the hospitalization burden in

the dialysis population.

A couple of useful extensions of MST-FM for future research include modeling non-

Gaussian outcomes. Multilevel FPCA have been extended for binary data by Serban et al.

(2013), utilizing a latent Gaussian process and Taylor expansions. A generalized mixed effects

model can be used to target variance components following multilevel FPCA for generalized

outcomes, however the posterior distributions of model parameters (PC scores, variance pa-
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rameters) may no longer have closed forms, leading to additional computational complexity

and requires further research. A second particularly useful extension would be modeling of

possibly time-varying multilevel covariate effects in MST-FM. This extension would expand

the mean function µ(t) (and the possibly time-varying covariate effect functions) on a com-

mon set of bases system whose coefficients can be targeted within the proposed Bayesian

mixed effects estimation framework. This extension can offer further valuable insights on

multilevel factors contributing to elevated hospitalization risk across regions and facilities.

The R code and documentation for implementing the MST-FM on simulated datasets

are provided on Github (https://github.com/yihao-li-0/MST-FM).
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Appendix A

Supporting Information for Chapter 1

A.1 Estimation

For derivation of the second order Taylor series approximation of the expected log-likelihood,

note that the log of Lij{bij, σb, γi(t), θ(t), β(t), η(c)} is equal to

`ij{bij, σb, γi(t), θ(t), β(t), η(c)} =

Nij∑
k=1

{g(pijk)Yijk + log(qijk)} −
b2ij
2σ2

b

− 1

2
log(2πσ2

b ),

where pijk ≡ g−1{γi(tijk) + bij + ZT
i(j)θ(tijk) + XT

ijβ(tijk) + η(cij)} and qijk ≡ 1 − pijk.

The first and second derivative of `ij{bij, σb, γi(t), θ(t), β(t), η(c)} with respect to bij are∑Nij

k=1(Yijk − pijk) − bij/σ
2
b and −(

∑Nij

k=1 pijkqijk) − 1/σ2
b , respectively, using the chain rule

since {∂g(x)/∂x} = 1/{x(1−x)} and (∂pijk/∂bij) = pijkqijk. Using the first two derivatives,

the second degree Taylor’s approximation of `ij{bij, σ∗b , γ∗i (t), θ∗(t), β∗(t), η∗(c)} around b∗ij0

yields the expected log-likelihood given in Section 1.2.2.

The estimation algorithm is summarized as follows.

1. Set initial values for parameters θ(0)(t), β(0)(t), γ
(0)
i (t), σ

(0)
b , η(0)(c).

2. (E-step) In the mth iteration, update the posterior means b(m)
ij0 and variances v(m)

ij0 of

the subject-specific random effects using γi(t) = γ
(m−1)
i (t), θ(t) = θ(m−1)(t), β(t) =

β(m−1)(t), σb = σ
(m−1)
b and η(c) = η(m−1)(c). Approximate the expected log-likelihood

in (1.4) with these updated posterior parameters.

3. (M-step) Maximize the approximate expected log-likelihood from step 2 with respect

to σb to obtain σ(m)
b .
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4. (M-step) Expand γi(t) linearly in a neighborhood of a fixed t0, i.e. γi(t) ≈ γ0i +γ1i(t−

t0). Obtain the parameter estimators, denoted by (γ
(m)
0i , γ

(m)
1i ) in the mth step, leading

to γ(m)(t0) = γ
(m)
0i , by maximizing the approximate expected local log-likelihood of the

data from the ith facility.

5. (M-step) Define φ(t) = [{θ(t)}T, {β(t)}T]T and expand it by φ(t) ≈ φ0+φ1(t−t0), where

φ0 = (θ01, . . . , θ0p, β01, . . . , β0r)
T and φ1 = (θ11, . . . , θ1p, β11, . . . , β1r)

T. Maximize the

approximate expected local log-likelihood with respect to (φ0, φ1) to obtain (φ
(m)
0 , φ

(m)
1 )

and hence φ(m)(t0) = φ
(m)
0 .

6. (M-step) Approximate η(c) locally via η(c) ≈ η0 + η1(c − c0) for c in a neighborhood

of a fixed c0 and maximize the approximate expected local likelihood with respect to

(η0, η1) to obtain η(m)(c0) = η
(m)
0 .

7. Stop iterating if max
i,j,k
|p(m)

0,ijk − p
(m−1)
0,ijk | < ε, where ε is a predefined tolerance level and

p
(m)
0,ijk = g−1{γ(m)

i (tijk) + b
(m)
ij + ZT

i(j)θ
(m)(tijk) +XT

ijβ
(m)(tijk) + η(m)(cij)}.

In the first step of the proposed approximate EM algorithm, the initial values for η(c)

and γi(t) are taken to be zero and σb is set to 1. Using these values and setting θ(t) and β(t)

initially also to zero, initial values for θ(t) and β(t) are estimated from the non-time-varying

risk effects generalized linear model g[E{Yij(t)|Xij, Zi(j), t > Sij}] = γi(t)+bij+Z
T
i(j)θ+X

T
ijβ+

η(c). For obtaining σ(m)
b in step 3, the partial derivative,

∑I
i=1

∑Ni

j=1{(b
(m)
ij0 )2+v

(m)
ij0 /σ

3
b−1/σb},

of the approximate expected log-likelihood in (1.4) with respect to σb, is set to 0, leading to

σ
(m)
b =

( I∑
i=1

Ni

)−1 I∑
i=1

Ni∑
j=1

{(
b
(m)
ij0

)2
+ v

(m)
ij0

}1/2

.

In step 4, the varying coefficient function γi(t) is first expanded locally by γi(t) ≈ γ0i +

γ1i(t − t0) for t in a neighborhood of a fixed t0. Recall that the approximate expected log-

likelihood in (1.4) is the sum of I components, and that it is sufficient to maximize only

the ith component for estimation of γi(t). Hence, consider the approximate expected local
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log-likelihood for the ith facility,

Ni∑
j=1

Nij∑
k=1

[
Yijk

{
γ0i + γ1i(tijk − t0) + b

(m)
ij0 + ZT

i(j)θ
(m−1)(tijk) +XT

ijβ
(m−1)(tijk) + η(m−1)(cij)

}
+ log(q̃

(m)
γ,ijk)−

v
(m)
ij0

2
p̃
(m)
γ,ijkq̃

(m)
γ,ijk −

(b
(m)
ij0 )2 + v

(m)
ij0

2Nij(σ
(m)
b )2

− 1

2Nij

log{2π(σ
(m)
b )2}

]
Kh(tijk − t0),

(A.1)

where p̃(m)
γ,ijk = g−1{γ0i+γ1i(tijk− t0)+ b

(m)
ij0 +ZT

i(j)θ
(m−1)(tijk)+XT

ijβ
(m−1)(tijk)+η(m−1)(cij)},

q̃
(m)
γ,ijk = 1 − p̃

(m)
γ,ijk, and Kh(.) = K(./h)/h with K(.) denoting the kernel function and h

denoting the bandwidth. The one-step Newton-Raphson estimator γ(m)
i ≡ (γ

(m)
0i , γ

(m)
1i )T

maximizing (A.1) can be given as γ(m)
i = γ

(m−1)
i + {I(m)

i (t0)}−1U (m)
i (t0), where

U
(m)
i (t0) =

Ni∑
j=1

Nij∑
k=1

{a(m)
γ,ijkKh(tijk − t0), a(m)

γ,ijk(tijk − t0)Kh(tijk − t0)}T,

I
(m)
i (t0) =

Ni∑
j=1

Nij∑
k=1


d
(m)
γ,ijkKh(tijk − t0) d

(m)
γ,ijk(tijk − t0)Kh(tijk − t0)

d
(m)
γ,ijk(tijk − t0)Kh(tijk − t0) d

(m)
γ,ijk(tijk − t0)2Kh(tijk − t0)

 ,
a
(m)
γ,ijk = Yijk − p(m)

γ,ijk − v
(m)
ij0 {p

(m)
γ,ijk(q

(m)
γ,ijk)

2 − q(m)
γ,ijk(p

(m)
γ,ijk)

2}/2, d(m)
γ,ijk = p

(m)
γ,ijkq

(m)
γ,ijk + v

(m)
ij0 {p

(m)
γ,ijk

(q
(m)
γ,ijk)

3− 4(p
(m)
γ,ijk)

2(q
(m)
γ,ijk)

2 + (p
(m)
γ,ijk)

3q
(m)
γ,ijk}/2, p

(m)
γ,ijk = g−1{γ(m−1)0i + γ

(m−1)
1i (tijk− t0) + b

(m)
ij0 +

ZT
i(j)θ

(m−1)(tijk) +XT
ijβ

(m−1)(tijk) + η(m−1)(cij)} and q(m)
γ,ijk = 1− p(m)

γ,ijk .

For estimation of θ(t) and β(t) in step 5, they are both expanded linearly θ(t) ≈ θ0+θ1(t−

t0) and β(t) ≈ β0+β1(t− t0), for t in a neighborhood of a fixed t0, where θ0 = (θ01, . . . , θ0p)
T,

θ1 = (θ11, . . . , θ1p)
T, β0 = (β01, . . . , β0r)

T, and β1 = (β11, . . . , β1r)
T. Merging θ(t) and β(t)

into a single vector, φ(t), the expansion can be written as φ(t) ≈ φ0 + φ1(t − t0), where

φ0 = (θT0 , β
T
0 )T and φ1 = (θT1 , β

T
1 )T. The resulting approximated expected local log-likelihood
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is given as

I∑
i=1

Ni∑
j=1

Nij∑
k=1

[
Yijk

{
γ
(m)
i + b

(m)
ij0 + ZT

i(j){θ0 + θ1(tijk − t0)}+XT
ij{β0 + β1(tijk − t0)}+ η(m−1)(cij)

}
+ log(q̃

(m)
φ,ijk)−

v
(m)
ij0

2
p̃
(m)
φ,ijkq̃

(m)
φ,ijk −

(b
(m)
ij0 )2 + v

(m)
ij0

2Nij(σ
(m)
b )2

− 1

2Nij

log{2π(σ
(m)
b )2}

]
Kh(tijk − t0),

where p̃(m)
φ,ijk = g−1{γ(m)

i +b
(m)
ij0 +ZT

i(j){θ0+θ1(tijk−t0)}+XT
ij{β0+β1(tijk−t0)}+η(m−1)(cij)},

q̃
(m)
φ,ijk = 1 − p̃(m)

φ,ijk. For estimation of φ(t), we use a safeguarded one-step Newton-Raphson

iteration where the estimators are updated along the same direction as in the regular one-

step Newton-Raphson iteration, with the alteration that a step of size s is taken along that

direction. The safeguarded one-step Newton-Raphson estimator φ(m) = {(φ(m)
0 )T, (φ

(m)
1 )T}T

can be given as φ(m) = φ(m−1) + s{I(m)
φ (t0)}−1U (m)

φ (t0), where

φ(m) = {θ(m)
01 , . . . , θ

(m)
0p , β

(m)
01 , . . . , β

(m)
0r , θ

(m)
11 , . . . , θ

(m)
1p , β

(m)
11 , . . . , β

(m)
1r }T,

U
(m)
φ (t0) =

I∑
i=1

Ni∑
j=1

Nij∑
k=1

a
(m)
φ,ijkKh(tijk − t0){ZT

i(j), X
T
ij, (tijk − t0)ZT

i(j), (tijk − t0)XT
ij}T,

and I
(m)
φ (t0) =

∑I
i=1

∑Ni

j=1

∑Nij

k=1[All′ ], where A``′ , `, `
′ = 1, 2, 3, 4, denotes the matrix par-

tition of I(m)
φ (t0). The terms that will be used in definitions of the matrix partitions

a
(m)
φ,ijk, d

(m)
φ,ijk, p

(m)
φ,ijk, q

(m)
φ,ijk are defined as p(m)

φ,ijk = g−1[γ
(m)
i (tijk)+b

(m)
ij0 +ZT

i(j){θ
(m−1)
0 +θ

(m−1)
1 (tijk−

t0)} + XT
ij{β

(m−1)
0 + β

(m−1)
1 (tijk − t0)} + η(m−1)(cij)], q

(m)
φ,ijk = 1 − p

(m)
φ,ijk, a

(m)
φ,ijk = Yijk −

p
(m)
φ,ijk − v

(m)
ij0 {p

(m)
φ,ijk(q

(m)
φ,ijk)

2 − q(m)
φ,ijk(p

(m)
φ,ijk)

2}/2 and d(m)
φ,ijk = [p

(m)
φ,ijkq

(m)
φ,ijk + v

(m)
ij0 {p

(m)
φ,ijk(q

(m)
φ,ijk)

3 −

4(p
(m)
φ,ijk)

2(q
(m)
φ,ijk)

2 + (p
(m)
φ,ijk)

3q
(m)
φ,ijk}/2] Kh(tijk − t0). Four of the partitions are of dimension

p × p: A11 = d
(m)
φ,ijkZi(j)Z

T
i(j), A31 = d

(m)
φ,ijk(tijk − t0)Zi(j)ZT

i(j), A13 = d
(m)
φ,ijk(tijk − t0)Zi(j)ZT

i(j),

A33 = d
(m)
φ,ijk(tijk − t0)2Zi(j)ZT

i(j). Another four are of dimension r × p: A21 = d
(m)
φ,ijkXijZ

T
i(j),

A41 = d
(m)
φ,ijk(tijk − t0)XijZ

T
i(j), A23 = d

(m)
φ,ijk(tijk − t0)XijZ

T
i(j), A43 = d

(m)
φ,ijk(tijk − t0)2XijZ

T
i(j).

Finally A12 = d
(m)
φ,ijkZi(j)X

T
ij, A32 = d

(m)
φ,ijk(tijk − t0)Zi(j)X

T
ij, A14 = d

(m)
φ,ijk(tijk − t0)Zi(j)X

T
ij,

A34 = d
(m)
φ,ijk(tijk − t0)

2Zi(j)X
T
ij are of dimension p × r and A22 = d

(m)
φ,ijkXijX

T
ij, A42 =

d
(m)
φ,ijk(tijk − t0)XijX

T
ij, A24 = d

(m)
φ,ijk(tijk − t0)XijX

T
ij, A44 = d

(m)
φ,ijk(tijk − t0)

2XijX
T
ij are of
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dimension r × r. The value for s in the safeguarded one-step Newton-Raphson is selected

by a backtracking line search. The search starts with s = 1 for all grid points t0, followed

by checking whether the approximate expected log-likelihood in (1.4) has increased for this

choice of s. The search continues until the expected global likelihood has increased or the

lower bound of s, 2−9, is reached, where in each step the value of s is halved from the one

used in the previous step. Note that while the updating direction is derived from the local

log-likelihood, the step size s is chosen based on the increase of the global log-likelihood in

(1.4). The same value of s is used for each time point t0 to guarantee the smoothness of

φ(m)(t).

Finally, the safeguarded one-step Newton-Raphson estimator of η(c) is derived similarly

starting with the expansion of η(c) locally via η(c) ≈ η0 + η1(c− c0), for c in a neighborhood

of a fixed c0, leading to the approximate expected local log-likelihood

I∑
i=1

Ni∑
j=1

Nij∑
k=1

[
Yijk

{
γ
(m)
i (tijk) + b

(m)
ij0 + ZT

i(j)θ
(m)(tijk) +XT

ijβ
(m)(tijk) + η0 + η1(cij − c0)

}
+ log(q̃

(m)
η,ijk)−

v
(m)
ij0

2
p̃
(m)
η,ijkq̃

(m)
η,ijk −

(b
(m)
ij0 )2 + v

(m)
ij0

2Nij(σ
(m)
b )2

− 1

2Nij

log{2π(σ
(m)
b )2}

]
Kh(cij − c0),

where p̃(m)
η,ijk = g−1{γ(m)

i + b
(m)
ij0 +ZT

i(j)θ
(m)(tijk) +XT

ijβ
(m)(tijk) + η0 + η1(cij − c0)} and q̃(m)

η,ijk =

1 − p̃
(m)
η,ijk. The safeguarded one-step Newton-Raphson estimator can be given by η(m) =

η(m−1) + s{I(m)
η (c0)}−1U (m)

η (c0), where

U (m)
η (c0) =

I∑
i=1

Ni∑
j=1

Nij∑
k=1

{a(m)
η,ijkKh(cij − c0), a(m)

η,ijk(cij − c0)Kh(cij − c0)}T,

I(m)
η (c0) =

I∑
i=1

Ni∑
j=1

Nij∑
k=1


d
(m)
η,ijkKh(cij − c0) d

(m)
η,ijk(cij − c0)Kh(cij − c0)

d
(m)
η,ijk(cij − c0)Kh(cij − c0) d

(m)
η,ijk(cij − c0)2Kh(cij − c0)

 ,
a
(m)
η,ijk = Yijk − p(m)

η,ijk − v
(m)
ij0 {p

(m)
η,ijk(q

(m)
η,ijk)

2 − q(m)
η,ijk(p

(m)
η,ijk)

2}/2, d(m)
η,ijk = p

(m)
η,ijkq

(m)
η,ijk + v

(m)
ij0 {p

(m)
η,ijk

(q
(m)
η,ijk)

3 − 4(p
(m)
η,ijk)

2(q
(m)
η,ijk)

2 + (p
(m)
η,ijk)

3q
(m)
η,ijk}/2, p

(m)
η,ijk = g−1{γ(m)

i + b
(m)
ij0 + ZT

i(j)θ
(m)(tijk) +
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XT
ijβ

(m)(tijk) + η
(m−1)
0 + η

(m−1)
1 (cij − c0)} and q(m)

η,ijk = 1− p(m)
η,ijk. Finally, we normalize η(m)(c)

by η(m)(c)−
∫ C
0
η(m)(c)dc.

A.2 Description of the USRDS Study Cohort

The study cohort includes dialysis patients 18 years of age or older who initiated dialysis

between January 1, 2006 and December 31, 2008. Patients are followed up until December 31,

2012, where the total follow-up is truncated at five years after initiation of dialysis. Patients

are eligible for inclusion if they survive the first 90 days of dialysis, do not recover renal

function or receive a kidney transplant and have Medicare as their primary payer. Thus, the

observation period begins on day 91 of dialysis. For simplicity, we truncate the follow-up

after a patient changes dialysis facilities (corresponding to truncation of approximately 27.3%

of the total follow-up time) and exclude patients with missing baseline covariates (0.7%). We

also exclude facilities with sparse longitudinal data hindering the estimation of time-varying

effects. The exclusion criterion for dialysis facilities includes (a) having less than 20 patients

(15.0% patients are excluded) and (b) having less than three patients alive in any three

month follow-up interval (12.6% patients are excluded). The final study cohort excludes

50.8% facilities and 28.3% patients in total, where the majority of the facility loss (38.9%)

is due to criteria (a) above, which essential for nonparametric modeling of time-varying

facility-level effects. Note that hospitalizations visits that end in death are not included in

the hospitalization counts. For convenience of interpretation, we consider nurse-to-patient

ratio and non-nurse-to-patient ratio as percentages, by multiplying the relevant ratios by 100

and truncating percentages larger than 100 at 100 (in a total of 12 facilities). The overall

three month hospitalization rate in the final study cohort is 26.9%.

85



A.3 Bandwidth Selection for the Estimation of the Varying Coeffi-

cient Functions

Bandwidths for the time-varying coefficient functions are selected using a sequential 10-

fold cross-validation, where bandwidths for γi(t) (i = 1, . . . , I) are selected first, followed

by bandwidths for θ(t) and β(t), and finally for η(c). The prediction error used for cross-

validation in estimation of the facility-specific γi(t), i = 1, 2, . . . , I, and θ(t), β(t) and η(c) are∑Ni

j=1{
∑Nij

k=1(Yijk − p̂ijk)2/Nij} and
∑I

i=1

∑Ni

j=1{
∑Nij

k=1(Yijk − p̂ijk)2/Nij}, respectively, where

p̂ijk = g−1{η̂(cij) + γ̂i(tijk) + ZT
i(j)θ̂(tijk) + XTβ̂(tijk)}. The predictions p̂ijk for subjects left

out, are estimated without the subject-specific random effects utilizing data on all subjects,

except for subjects in the leave-out group. While the varying coefficient functions (θ(t)

and β(t)) for the multilevel risk effects share the same bandwidth, bandwidths for facility-

specific effects, γi(t), are allowed to change across facilities. Note that in the sequential

selection process, estimates are kept fixed for all parameters except the quantity for which a

bandwidth is selected. For bandwidth selection of γi(t), only data from facility i is utilized

while other facility-specific effect estimates are kept fixed. In applications to the USRDS

data, a variable bandwidth (of 3.5 years in the five year follow-up for most of the grid

points) is used to reduce boundary effects in estimation of time-varying effects of multilevel

risk factors (θ(t) and β(t)). The selected bandwidths for facility-specific fixed effects, γi(t),

vary between 3.15 and 3.75 years in the five year follow-up and a bandwidth of 1.44 years is

selected for η(c) in the support of three calendar years.

A.4 Simulation Design

The subject-level covariates Xij = (X1ij, X2ij)
T are generated from a bivariate normal dis-

tribution with mean (0, 0)T and covariance matrix cov(Xij) = [.125, .0625; .0625, .125]. To

mimic the USRDS data where facility-level covariates are measured once a year, Zi(j) =

(Z1i(j), Z2i(j))
T are generated in two steps. In the first step, continuous Z∗1i(j) and Z

∗
2i(j) are

generated as a function of cij (cij sampled uniformly from [0, 3] for each subject j): Z∗1i(j) =
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Z∗1i(cij) = cij/30 + ε1, Z
∗
2i(j) = Z∗2i(cij) = −cij/30 + ε2, where (ε1, ε2) are generated from

bivariate normal with mean (0, 0)T and covariance matrix cov(ε) = [.125, .0625; .0625, .125].

Then the facility-level covariates Zi(j) are set to interval truncated Z∗i(j) = (Z∗1i(j), Z
∗
2i(j))

T

at c = [0, 1, 2], such that Zi(j)(cij) = Zi(j)(0), Zi(j)(cij) = Zi(j)(1) and Zi(j)(cij) = Zi(j)(2)

for c ∈ [0, 1), [1, 2) and [2, 3] respectively, corresponding to facility-level covariates available

once a year in the three calendar year span considered for initiation of dialysis in the USRDS

data.

Random effects bij are independently generated from a normal distribution with mean 0

and variance σ2
b = 1.3 (similar to the USRDS data application). The varying coefficient func-

tions are set to β(t) = {β1(t), β2(t)}T = {cos(πt/5),− cos(πt/5)}T, θ(t) = {θ1(t), θ2(t)}T =

{sin(πt/5),− sin(πt/5)}T and η(c) = −c/15 + 0.1 for t ∈ [0, 5] and c ∈ [0, 3]. Facility-

specific fixed effects, {γi(t)}Ii=1 are generated with three different patterns: one-third of

the I facility-specific fixed effects are not time-varying (constant: γi(t) = −1), one-third

increasing (quadratic: γi(t) = (t/5 + 0.5)2 − 2) and one-third decreasing (square-root:

γi(t) = −
√
t/5 − 1). Similar to the data application, the facility size is generated in three

categories (small, medium and large), each in one-third proportion. The number of sub-

jects in each category is generated from a discrete uniform distribution on the set of integers

{20, 21, . . . , 34}, {35, 36, . . . , 54}, and {55, 56, . . . , 120} for small, medium and large facilities,

respectively.

Finally, the response, Yijk and survival time Sij, are generated jointly where Yijk is

generated as the indicator of (Y ∗ijk > 0) where Y ∗ijk is a latent continuous random variable.

Similar to the outcome in USRDS data measured every three months for a maximum of five

years of follow-up, the maximum repeated measures per subject is taken to be 20. The vector

(Y ∗ij1, Y
∗
ij2, . . . , Y

∗
ij20, Sij)

T is generated from a 21-dimensional multivariate normal distribution

with mean vector {µ∗ij1, µ∗ij2, . . . , µ∗ij20, E(Sij) = 0.8}T where (µ∗ij1, µ
∗
ij2, . . . , µ

∗
ij20)

T is equal to

the expected response E{Yij(tij, cij) | Zi(j), Xij, bij}, conditional on risk factors and subject-

specific random effects, but not conditional on survival status. The covariance matrix of

the 21-dimensional multivariate normal distribution is Σ = [Σ11,Σ12; Σ21, .04], where Σ11

is an identity matrix of size 20 and Σ12 = ΣT
21 is a vector of size 20 with −.01 in every
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position. Under the assumption that Sij and bij are independent, we have the following

correspondence:

µijk = E{Yijk | Zi(j), Xij, bij, Sij > tijk} = P{Y ∗ijk > 0 | Zi(j), Xij, bij, Sij > tijk}

=
P{Y ∗ijk > 0, Sij > tijk | Zi(j), Xij, bij}

P (Sij > tijk)

where µijk = g−1{η(cij) + γi(tijk) + ZT
i(j)θ(tijk) + XT

ijβ(tijk) + bij}. Thus, the unconditional

means (µ∗ij1, µ
∗
ij2, . . . , µ

∗
ij20)

T are calculated based on P{Y ∗ijk > 0, Sij > tijk | Zi(j), Xij, bij} =

µijk × P (Sij > tijk) using the bisection method (similar to Kurland and Heagerty (2005)).

The generated outcome vector is then truncated such that tijk ≤ Sij to create the observed

outcomes for k = 1, 2, . . . , Nij. The overall hospitalization rate is approximately 27% and

follow-up on 84% of patients are truncated by death, similar to the USRDS data application.
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Facility-specific fixed effects
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Figure A.1: A sample of estimated significant facility-specific fixed effects γ̂i(t) with p-
values< .05 which are always negative (row 1), always positive (row 2) and mixed (row 3).
Estimates are samples from the 16.2% small (20-31 patients), 14.8% medium (32-44 patients)
and 13.9% large (> 44 patients) facility effects that are found significantly different from zero,
plotted in columns 1 through 3, respectively. There is no significant facility effects that is
always positive among large facilities.
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Simulation results
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Figure A.2: The varying coefficient function estimates (solid black) from the run with the
median MSDE among 200 Monte Carlo runs for I = 100 facilities. Also plotted are the boot-
strap confidence intervals (dashed black) and the true varying coefficient functions (gray).
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Power curves
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Figure A.3: Power curves for testing H0 : γi(t) = 0 at significance level .05 for small, medium
and large facilities.
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Appendix B

Supporting Information for Chapter 2

B.1 Details on the fully exponential Laplace approximation

In this section, we give further details on the fully exponential Laplace approximations used

in the E-step of the proposed EM algorithm. In finding the mode ûi via the Newton-Raphson

algorithm, we maximize the log-likelihood `i(ui, α) with respect to ui, where

`i(ui, α) =

Ni∑
j=1

(
Nij∑
k=1

[Yijk{g(pijk)}+ log(qijk)]−
b2ij
2σ2

b

− 1

2
log(2πσ2

b )

)
− γ2i

2σ2
γ

− 1

2
log(2πσ2

γ),

pijk = g−1{XT
ijβ(tijk) + ZT

i(j)θ(tijk) + bij + γi} and qijk = 1 − pijk. Using the chain rule and

the fact that {∂g(x)/∂x} = 1/{x(1− x)} and (∂pijk/∂bij) = pijkqijk, we get

∂`i(ui, α)

∂uTi
=

{
Ni1∑
k=1

(Yi1k − pi1k)−
bi1
σ2
b

, . . . ,

NiNi∑
k=1

(YiNik − piNik)−
biNi

σ2
b

,

Ni∑
j=1

Nij∑
k=1

(Yijk − pijk)−
γi
σ2
γ

}T

,

∂2`i(ui, α)

∂b2ij
= −

Nij∑
k=1

pijkqijk −
1

σ2
b

,
∂2`i(ui, α)

∂γ2i
= −

Ni∑
j=1

Nij∑
k=1

pijkqijk −
1

σ2
γ

,
∂2`i(ui, α)

∂γi∂bij
= −

Nij∑
k=1

pijkqijk
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and ∂2`i(ui, α)/∂bij∂bij′ = 0 for j 6= j′ ∈ {1, . . . , Ni}. Putting all the terms together, we get

Σ
(c)
i = −



∂2`i(ui,α)

∂b2i1
0 . . . 0 ∂2`i(ui,α)

∂bi1∂γi

0 ∂2`i(ui,α)

∂b2i2
. . . 0 ∂2`i(ui,α)

∂bi2∂γi

...
... . . . ...

...

0 0 . . . ∂2`i(ui,α)

∂b2iNi

∂2`i(ui,α)
∂biNi

∂γi

∂2`i(ui,α)
∂bi1∂γi

∂2`i(ui,α)
∂bi2∂γi

· · · ∂2`i(ui,α)
∂biNi

∂γi

∂2`i(ui,α)

∂γ2i



. (B.1)

Note that the first Ni × Ni block of Σ
(c)
i is diagonal, and its inverse is computed taking

advantage of this simplified structure in order to reduce the computational burden. This

gives us all the terms needed for the Newton-Raphson updates.

For calculation of the correction terms in equation (2.3), we first expand or compute

explicit forms for ∂Σi/∂u
T
i , ∂2Σi/∂u

T
i ∂ui, ∂û

(c)
i /∂c

T, ∂2û(c)i /∂cT∂c and {∂û
(c)
i /∂c}{∂û

(c)
i /∂c

T}

that will be used in (B.2) for computing ∂Σ
(c)
i /∂c

T|(c,ui)=(0,ûi) and ∂2Σ
(c)
i /∂c

T∂c|(c,ui)=(0,ûi).

For computing the elements of the first derivative of Σi with respect to uTi , let Aij = ∂Σi/∂bij

denote the (Ni + 1)× (Ni + 1) matrix that is non zero only in its (j, j)th, (j,Ni + 1)th, (Ni +

1, j)th and (Ni + 1, Ni + 1)th entries which are equal to
∑Nij

k=1 pijkq
2
ijk − p2ijkqijk. In addition,

∂Σi/∂γi =
∑Ni

j=1Aij, leading to the concatenated (Ni + 1)2 × (Ni + 1) matrix ∂Σi/∂u
T
i =

(Ai1, . . . ,AiNi
,
∑Ni

j=1Aij)T. Similarly, for the second derivative, let Bij = ∂2Σi/∂b
2
ij denote

the (Ni+1)×(Ni+1) matrix that is non zero only in its (j, j)th, (j,Ni+1)th, (Ni+1, j)th and

(Ni + 1, Ni + 1)th entries which are equal to
∑Nij

k=1 pijkq
3
ijk − 4p2ijkq

2
ijk + p3ijkqijk. In addition,

∂2Σi/∂bij∂bij′ is a (Ni + 1) × (Ni + 1) zero matrix, ∂2Σi/∂γi∂bij = Bij and ∂2Σi/∂γ
2
i =
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∑Ni

j=1 Bij, leading to the (Ni + 1)2 × (Ni + 1)2 matrix

∂2Σi

∂uTi ∂ui
=



Bi1 0 . . . 0 Bi1

0 Bi2 . . . 0 Bi2

...
... . . . ...

...

0 0 . . . BiNi
BiNi

Bi1 Bi2 · · · BiNi

∑Ni

j=1 Bij



.

The first and second derivatives of û(c)i with respect to c, which are of size (Ni+1)× (Ni+1)

and (Ni + 1)2 × (Ni + 1), respectively, are expanded as follows:

∂û
(c)
i

∂cT
=



∂b̂
(c)
i1

∂c1
. . .

∂b̂
(c)
i1

∂cNi+1

...
...

...

∂b̂
(c)
iNi

∂c1
. . .

∂b̂
(c)
iNi

∂cNi+1

∂γ̂
(c)
i

∂c1
. . .

∂γ̂
(c)
i

∂cNi+1


and

∂2û
(c)
i

∂cT∂c
=



∂2û
(c)
i

∂cT∂c1

∂2û
(c)
i

∂cT∂c2

...

∂2û
(c)
i

∂cT∂cNi+1


.

Based on the results from Appendix B in Rizopoulos et al. (2009), we have ∂û(c)i /∂cT|c=0 =

Σ−1i and ∂2û(c)i /∂cT∂c|c=0 = Σ−1i (−∂Σi/∂u
T
i )Σ−1i Σ−1i where Σi = Σ

(c)
i |c=0 and Σ

(c)
i is as given

in (B.1). Following the notation and expansions from Rizopoulos et al. (2009) and using the
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chain rule, the first and second derivatives of Σ
(c)
i with respect to c are given as:

∂Σ
(c)
i

∂cT
|(c,ui)=(0,ûi) =

∂Σ
(c)
i

∂û
(c)
i

∂û
(c)
i

∂cT
|(c,ui)=(0,ûi) =

∂Σi

∂uTi

∂û
(c)
i

∂cT
|c=0,

∂2Σ
(c)
i

∂cT∂c
|(c,ui)=(0,ûi) =

∂2Σi

∂uTi ∂ui

(
∂û

(c)
i

∂c

∂û
(c)
i

∂cT

)
|c=0 +

∂Σi

∂uTi

∂2û
(c)
i

∂cT∂c
|c=0. (B.2)

More specifically, the first derivative ∂Σ
(c)
i /∂c

T is a concatenated (Ni + 1)2 × (Ni + 1) ma-

trix ∂Σ
(c)
i /∂c

T = {∂Σ
(c)
i /∂c1, . . . , ∂Σ

(c)
i /∂cNi+1}T, where the (Ni + 1) × (Ni + 1) matrix

∂Σ
(c)
i /∂cj|c=0 = (∂Σi/∂u

T
i ){∂û(c)i /∂cj}|c=0 = [

∑Ni

j′=1(∂Σi/∂bij′){∂b̂(c)ij′ /∂cj}+(∂Σi/∂γi){∂γ̂(c)i /∂cj}]|c=0

according to (B.2). The second derivative ∂2Σ(c)
i /∂c

T∂c is a (Ni+1)2× (Ni+1)2 matrix con-

catenating (Ni+1)2 matrices ∂2Σ(c)
i /∂cj∂cj′ of size (Ni+1)×(Ni+1) for j, j′ ∈ {1, . . . , Ni+1},

where ∂2Σ(c)
i /∂cj∂cj′|c=0 = (∂2Σi/∂u

T
i ∂ui){∂û

(c)
i /∂cj}{∂û

(c)
i /∂cj′}|c=0+(∂Σi/∂u

T
i ){∂2û(c)i /∂cj∂cj′}|c=0

according to (B.2) and (∂2Σi/∂u
T
i ∂ui){∂û

(c)
i /∂cj}{∂û

(c)
i /∂cj′}|c=0 is equal to

[
Ni∑
j∗=1

{
∂2Σi

∂b2ij∗

∂b̂
(c)
ij∗

∂cj

∂b̂
(c)
ij∗

∂cj′
+

∂2Σi

∂bij∗∂γi

∂b̂
(c)
ij∗

∂cj

∂γ̂
(c)
i

∂cj′
+

∂2Σi

∂bij∗∂γi

∂γ̂
(c)
i

∂cj

∂b̂
(c)
ij∗

∂cj′

}
+
∂2Σi

∂γ2i

∂γ̂
(c)
i

∂cj

∂γ̂
(c)
i

∂cj′

]
|c=0

and
∂Σi

∂uTi

∂2û
(c)
i

∂cj∂cj′
|c=0 =

{
Ni∑
j∗=1

∂Σi

∂bij∗

∂2b̂
(c)
ij∗

∂cj∂cj′
+
∂Σi

∂γi

∂2γ̂
(c)
i

∂cj∂cj′

}
|c=0.

Finally, the trace terms in equation (2.3) are calculated as follows. Note that in the

correction term for the posterior mean ui0, V is a (Ni + 1)2 × (Ni + 1) matrix that concate-

nates (Ni + 1) matrices of size (Ni + 1) × (Ni + 1), i.e. V = Σ−1i {∂Σ
(c)
i /∂c

T}|(c,ui)=(0,ûi) =

{Σ−1i ∂Σ
(c)
i /∂c1, . . . , Σ−1i ∂Σ

(c)
i /∂cNi+1}T|(c,ui)=(0,ûi) = (V1, . . . ,VNi+1)

T where Σ−1i is (Ni+1)×

(Ni + 1) and the (Ni + 1) × (Ni + 1) matrix ∂Σ
(c)
i /∂cj is as defined above. The trace of V

is then defined as the (Ni + 1) × 1 vector, tr(V) = {tr(V1), . . . , tr(VNi+1)}T. The same

argument is applied to the correction term for the posterior variance vi0, where VVT and

Σ−1i ∂2Σ
(c)
i /∂c

T∂c are the (Ni + 1)2× (Ni + 1)2 concatenated matrices with (j, j′)th elements

equal to the (Ni + 1) × (Ni + 1) matrices VjVj′ and Σ−1i ∂2Σ
(c)
i /∂cj∂cj′ , respectively, for

j, j′ ∈ {1, . . . , Ni + 1}. Therefore, tr{−VVT + Σ−1i ∂2Σ
(c)
i /∂c

T∂c} is a (Ni + 1) × (Ni + 1)

matrix with its (j, j′)th element equal to tr{−VjVj′ + Σ−1i ∂2Σ
(c)
i /∂cj∂cj′}.
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B.2 Maximization of the approximated expected local log-likelihood

We use a safeguarded one-step Newton-Raphson iteration to maximize the approximated ex-

pected local log-likelihood in equation (2.5). The updated estimator φ(m) = {(φ(m)
0 )T, (φ

(m)
1 )T}T

can be given as φ(m) = φ(m−1) + s{I(m)
φ (t0)}−1V (m)

φ (t0), where the information matrix is de-

fined as I(m)
φ (t0) =

∑I
i=1

∑Ni

j=1

∑Nij

k=1[All′ ] with A``′ , `, `′ = 1, 2, 3, 4, denoting the matrix

partition of I(m)
φ (t0). Four of the partitions are of dimension r × r: A11 = d

(m)
φ,ijkXijX

T
ij,

A31 = d
(m)
φ,ijk(tijk− t0)XijX

T
ij, A13 = d

(m)
φ,ijk(tijk− t0)XijX

T
ij, A33 = d

(m)
φ,ijk(tijk− t0)2XijX

T
ij where

d
(m)
φ,ijk = [p

(m)
φ,ijkq

(m)
φ,ijk+(v∗b,ij0+2r∗ij0+v∗γ,i0){p

(m)
φ,ijk(q

(m)
φ,ijk)

3−4(p
(m)
φ,ijk)

2(q
(m)
φ,ijk)

2+(p
(m)
φ,ijk)

3q
(m)
φ,ijk}]/2.

Another four are of dimension p × r: A21 = d
(m)
φ,ijkZi(j)X

T
ij, A41 = d

(m)
φ,ijk(tijk − t0)Zi(j)X

T
ij,

A23 = d
(m)
φ,ijk(tijk − t0)Zi(j)XT

ij, A43 = d
(m)
φ,ijk(tijk − t0)2Zi(j)XT

ij. Finally A12 = d
(m)
φ,ijkXijZ

T
i(j),

A32 = d
(m)
φ,ijk(tijk − t0)XijZ

T
i(j), A14 = d

(m)
φ,ijk(tijk − t0)XijZ

T
i(j), A34 = d

(m)
φ,ijk(tijk − t0)2XijZ

T
i(j)

are of dimension r × p and A22 = d
(m)
φ,ijkZi(j)Z

T
i(j), A42 = d

(m)
φ,ijk(tijk − t0)Zi(j)Z

T
i(j), A24 =

d
(m)
φ,ijk(tijk − t0)Zi(j)ZT

i(j), A44 = d
(m)
φ,ijk(tijk − t0)2Zi(j)ZT

i(j) are of dimension p× p.

In the above safeguarded one-step Newton-Raphson algorithm, the estimators are up-

dated along the same direction as in the regular one-step Newton-Raphson iteration, with

the alteration that a step of size s is taken along that direction. Backtracking line search

method is used to select the value for step size s. To guarantee the smoothness of φ(m)(t),

the same value of s is used for each grid point t0. The search starts with s = 1, followed

by checking whether the approximate expected log-likelihood in equation (2.4) has increased

for this choice of s. If the approximate expected log-likelihood in equation (2.4) has not in-

creased, the step size s is halved and the search continues until the expected global likelihood

has increased or the lower bound of s, 2−9, is reached. Note that the step size s is chosen

based on the increase of the global log-likelihood in equation (2.4) whereas the updating

direction is derived from the local log-likelihood in equation (2.5).
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B.3 Simulation design

We consider the following partly conditional model: g[E{Yij(t) | Xij, Zi(j), bij, γi, Sij > t}] =

XT
ijβ(t) + ZT

i(j)θ(t) + bij + γi. The subject-level covariates Xij = (1, X1ij, X2ij)
T include the

y-intercept term and the bivariate random vector, (X1ij, X2ij)
T, generated from a bivariate

normal distribution with mean (0, 0)T and covariance matrix [.125, .0625; .0625, .125]. To

mimic the USRDS data where facility-level covariates are measured once a year during the

three year period considered for initiation of dialysis, Zi(j) = (Z1i(j), Z2i(j))
T are generated

in two steps. First, we generate the initiation time of dialysis of the jth patient receiving

dialysis at the ith facility, denoted by cij, uniformly from [0, 3]. The continuous facility-level

covariates Z∗i(j) = (Z∗1i(j), Z
∗
2i(j))

T are generated as functions of cij : Z∗1i(j) = Z∗1i(cij) = cij/30+

ε1, Z
∗
2i(j) = Z∗2i(cij) = −cij/30 + ε2, where (ε1, ε2) are generated from bivariate normal with

mean (0, 0)T and covariance matrix cov(ε) = [.125, .0625; .0625, .125]. In the second step, the

continuous Z∗1i(j) and Z
∗
2i(j) are truncated at the beginning of each calendar year to generate

facility-level covariates Zi(j) = Zi(j)(cij) where Zi(j)(cij) = Z∗i(j)(0), Zi(j)(cij) = Z∗i(j)(1) and

Zi(j)(cij) = Z∗i(j)(2) for cij ∈ [0, 1), [1, 2) and [2, 3] respectively.

Random effects bij and γi are independently generated from normal distributions with

means 0 and variances σ2
b = 1 and σ2

γ = 1. The varying coefficient functions are set to β(t) =

{β0(t), β1(t), β2(t)}T = {−1.8 +
√
t/5, cos(πt/5),− cos(πt/5)}T and θ(t) = {θ1(t), θ2(t)}T =

{sin(πt/5),− sin(πt/5)}T for t ∈ [0, 5], mimicking the five year follow-up in the USRDS

data. The total number of subjects within each facility is generated according a truncated

half-normal distribution with σ = 30, left truncated at 20, mimicking the number of patient

distribution of the USRDS data with minimum 20 total number of patients per facility. The

generated half-normal values are rounded to the closest integer to create integer valued total

number of patients.

Finally, the response, Yijk and survival time Sij, are generated jointly where Yijk =

I(Y ∗ijk > 0) is generated as the indicator of (Y ∗ijk > 0) and Y ∗ijk is a latent continuous

random variable (similar to Estes et al. (2018); Kurland and Heagerty (2005)). Mimicking the

hospitalization outcome in the USRDS data, measured every three months for a maximum
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of five years of follow-up, the maximum repeated measures per subject is taken to be 20.

The vector (Y ∗ij1, Y
∗
ij2, . . . , Y

∗
ij20, Sij)

T is generated from a 21-dimensional multivariate normal

distribution with mean vector {µ∗ij1, µ∗ij2, . . . , µ∗ij20, E(Sij) = 0.8}T where the mean µ∗ijk,

unconditional on survival, is equal to the expected response E{Y ∗ijk | Xij, Zi(j), bij, γi} for

k = 1, . . . , 20. The 21 × 21 covariance matrix is Σ = [Σ11,Σ12; Σ21, .04], where Σ11 is a

20× 20 identity matrix and Σ12 = ΣT
21 is a vector of length 20 with −.01 in every position.

Under the assumption that Sij and random effects bij and γi are independent, we have the

following correspondence:

µijk = E{Yijk | Xij, Zi(j), bij, γi, Sij > tijk} = P{Y ∗ijk > 0 | Xij, Zi(j), bij, γi, Sij > tijk}

=
P{Y ∗ijk > 0, Sij > tijk | Xij, Zi(j), bij, γi}

P (Sij > tijk)

where µijk = g−1{XT
ijβ(tijk) + ZT

i(j)θ(tijk) + bij + γi}. Thus, based on the known conditional

mean µijk and the distribution of survival Sij, the unconditional means (µ∗ij1, µ
∗
ij2, . . . , µ

∗
ij20)

T

can be obtained from P{Y ∗ijk > 0, Sij > tijk | Xij, Zi(j), bij, γi} = µijk × P (Sij > tijk) using

the bisection method. The observed outcome Yijk is then generated as I(Y ∗ijk > 0) for

k = 1, 2, . . . , Nij where Nij is the largest k satisfying tijk < Sij. Similar to the USRDS data

application, the overall hospitalization rate is approximately 28% and follow-up on 85% of

patients are truncated by death.

B.4 Description of the USRDS study cohort

The study cohort includes patients of age 18 years or older who initiated dialysis between

January 1, 2006 and December 31, 2008, with a maximum follow-up period of five years and

the last date of follow-up of December 31, 2013. The eligibility criterion are: (a) patients

survive the first 90 days of dialysis and do not recover renal function or receive kidney

transplantation and (b) patients have Medicare as their primary payer on day 91 of dialysis.

Day 91 of dialysis is therefore the start of the observation period. We exclude patients

having missing baseline covariates (0.7%). To obtain reliable estimates of the time-varying

98



effects, facilities are excluded if they have sparse longitudinal data (facilities with less than 20

patients as well as those with no patients in any three month follow-up interval are excluded

leading to the exclusion of 17.7% of patients). In addition, for simplicity, the follow-up

after patients change their dialysis facilities is truncated (corresponding to truncation of

approximately 27.3% of the total follow-up time). Even though the most common reason for

switching facilities is changing place of residence, not directly related to health outcomes,

we compare hospitalization rates as well as the baseline characteristics between patients who

switched facilities and those who did not, to assess potential bias that may be introduced due

to truncation of follow-up. No significant differences are found between the hospitalization

rates from the first year of dialysis of the two groups. In addition baseline demographics

and comorbidities are also similar between the two groups. The final study cohort includes

102,342 patients and 2,618 facilities with an overall three month hospitalization rate of

27.14%.
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Table B.1: The bias, true standard errors (SD), sample average (SE) and sample standard
deviation (SDSE) of the estimated standard errors at three time points (beginning, middle
and end of follow-up) for varying coefficient functions (VCFs) associated with subject-level
covariates β(t) and facility-level covariates θ(t), as well as the variance components σ2

b and
σ2
γ. Both results from MVCM and MME-VCM are reported based on 200 Monte Carlo runs

with I = 100 facilities.

σ2γ = .07 MVCM MME-VCM
t VCFs Bias SD SE SDSE Bias SD SE SDSE

0

β0(t) -.054 .047 .042 .001 -.042 .049 .046 .004
β1(t) .023 .137 .133 .004 .016 .139 .141 .012
β2(t) -.017 .135 .134 .005 -.010 .137 .143 .013
θ1(t) .006 .140 .131 .007 .016 .132 .144 .016
θ2(t) -.007 .142 .131 .007 -.022 .134 .146 .017

2.5

β0(t) -.008 .037 .025 .001 .001 .036 .028 .002
β1(t) .013 .076 .078 .002 .014 .076 .086 .007
β2(t) -.006 .078 .079 .003 -.006 .076 .087 .008
θ1(t) .066 .094 .078 .004 .071 .081 .087 .009
θ2(t) -.065 .107 .078 .004 -.075 .094 .086 .009

5

β0(t) -.086 .078 .084 .003 -.080 .079 .089 .008
β1(t) .020 .258 .272 .015 .031 .258 .289 .027
β2(t) -.018 .257 .271 .015 -.027 .258 .290 .027
θ1(t) .038 .247 .265 .016 .043 .247 .287 .033
θ2(t) -.013 .233 .267 .017 -.023 .236 .293 .033

Variances
σ2b .068 .042 .038 .002 .010 .039 .038 .003
σ2γ .006 .016 .018 .003

Table B.2: Percentiles of the mean squared deviation error (MSDE) for the time-varying
coefficient estimates of effects of subject-level covariates β(t) and facility-level covariates
θ(t) from MVCM and MME-VCM based on 200 Monte Carlo runs with I = 100 facilities.

σ2
γ = .07 MVCM MME-VCM
MSDE 25% 50% 75% 25% 50% 75%
β̂0(t) .001 .002 .003 .001 .002 .003
β̂1(t) .011 .019 .031 .010 .018 .030
β̂2(t) .011 .019 .031 .011 .018 .030
θ̂1(t) .012 .022 .042 .010 .021 .038
θ̂2(t) .013 .022 .043 .014 .022 .040
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Appendix C

Supporting Information for Chapter 3

C.1 Details of Posterior Distributions from the MCMC Step

With Inverse Gamma (IG) priors for variance components α` and σ2 and Beta priors for the

spatial correlation parameter ν, the full model can be rewritten as follows:

Yij(tk) = µ(tk) +
∞∑
`=1

ξi`ψ
(1)
` (tk) +

∞∑
m=1

ζijmψ
(2)
m (tk) + εij(tk),

ξ` ∼ N(0, α`(D − νW )−1), ζijm ∼ N(0, λim), εij(tk) ∼ N(0, σ2),

α` ∼ IG(aα`
, bα`

), σ2 ∼ IG(aσ2 , bσ2), ν ∼ Beta(aν , bν).

The full conditional distributions for this model are as follows.

1. ξi`|others ∼ N(µpostξ,i` , v
post
ξ,i` ), where

µpostξ,i` =
α`σ

2

α`Ni ·
∑

k{ψ
(1)
` (tk)}2 + diσ2

×

{∑
j,k ψ

(1)
` (tk)A

`
ijk

σ2
+
di
α`
·
∑
i∗∼i

ν
wii∗

di
ξi∗`

}
,

vpostξ,i` =
α`σ

2

α`Ni ·
∑

k{ψ
(1)
` (tk)}2 + diσ2

,

and A`ijk = Xij(tk)− µ(tk)−
∑

`∗ 6=` ξi`∗ψ
(1)
`∗ (tk)−

∑
m ζijmψ

(2)
m (tk).

2. ζijm|others ∼ N(µpostζ,ijm, v
post
ζ,ijm), where

µpostζ,ijm =
λim ·

∑
k{ψ

(2)
m (tk)}2

λim ·
∑

k{ψ
(2)
m (tk)}2 + σ2

×
∑

k ψ
(2)
m (tk)B

m
ijk∑

k{ψ
(2)
m (tk)}2

,
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vpostζ,ijm =
λimσ

2

λim ·
∑

k{ψ
(2)
m (tk)}2 + σ2

,

and Bm
ijk = Yij(tk)− µ(tk)−

∑
` ξi`ψ

(1)
` (tk)−

∑
m∗ 6=m ζijm∗ψ

(2)
m∗(tk).

3. α`|others ∼ IG(apostα`
, bpostα`

), where

apostα`
= aα`

+
n

2
, bpostα`

= bα`
+

1

2
ξT` (D − νW )ξ`.

4. σ2|others∼ IG(apostσ2 , bpostσ2 ), where apostσ2 = aσ2+(1/2)T (
∑n

i=1Ni), bpostσ2 = bσ2+(1/2)
∑

i,j,k ε
2
ijk,

and εijk = Yij(tk)− µ(tk)−
∑

` ξi`ψ
(1)
` (tk)−

∑
m ζijmψ

(2)
m (tk).

5. ν|others ∝ Beta(ν|aν , bν)×
∏

`N(ξ`|0, α`(D − νW )−1).

A Gibbs sampler is used to sample from the posterior distribution of PC scores, α`, ν and

σ2. Since the posterior distribution of ν does not have a closed form, we update ν using

a Metropolis approach. More specifically, we first let γ = log{ν/(1 − ν)}, then a normal

random walk is used for sampling γ. Finally, we transform back: ν = eγ/(1 + eγ).

C.2 Proposed Multilevel Inference Algorithm

Table C.1 summarizes the proposed algorithm for multilevel trajectory prediction and infer-

ence described in Section 3.2.3, including the corrected inference for region-specific trajectory

prediction for applications with smaller total number of regions.

C.3 Description of the USRDS Study Cohort

Our study cohort includes patients of age 18 years or older who transitioned to dialysis

between January 1, 2005 and September 30, 2013. The observation period starts from day

91 of dialysis and patients are followed up for two years where the last date of follow-up

is December 31, 2015. The main eligibility criteria are that (a) patients survive the first

90 days of dialysis and do not recover renal function or receive kidney transplantation and
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Table C.1: The proposed multilevel inference algorithm.

Inference for multilevel trajectory predictions
Multilevel inference conditional on multilevel FPCA decompositions:
Step 1: Conditional on the estimated multilevel FPCA parameters θ̂, estimate the first- and
second-level PC scores, ξ̂i` = E(ξi`|Y , θ̂) and ζ̂ijm = E(ζijm|Y , θ̂).

Step 2: Based on the estimated multilevel PC scores, obtain (1) predictions for region- and
facility-level trajectories: Ŷi(t) = E{Yi(t)|ξ̂i, θ̂} and Ŷij(t) = E{Yij(t)|ξ̂i, ζ̂ij, θ̂} and (2)
their model-based covariances: Var{Ŷi(t)− Yi(t)|θ̂} and Var{Ŷij(t)− Yij(t)|θ̂}.

Step 3: Obtain pointwise CIs for the predicted region- and facility-specific trajectories:

Ŷi(t)± Φ−1(1− α

2
)

√
diag[Var{Ŷi(t)− Yi(t)|θ̂}],

Ŷij(t)± Φ−1(1− α

2
)

√
diag[Var{Ŷij(t)− Yij(t)|θ̂}].

Region-specific inference incorporating variation in multilevel FPCA decompositions:
Step 0: Using the parameter estimates {µ̂(t), ψ̂

(1)
` (t), ψ̂

(2)
m (t), λ̂im, α̂`, ν̂, σ̂

2, L,M}, generate a
parametric bootstrap sample Yb.

Step 1: Estimate θ̂b based on the bootstrap sample Yb. Conditioning on θ̂b, obtain the
bootstrap estimates of the first-level PC scores, ξ̂i`,b, region-specific trajectory predictions,
Ŷi,b(t) and Var{Ŷi,b(t)− Yi(t)|θ̂b}.

Step 2: Obtain corrected region-specific trajectory predictions, Ŷ c
i (t), and their variance,

Var{Ŷ c
i (t) − Yi(t)}, using iterative expectations and variances, based on the distribution

of the decomposition parameters in the bootstrap samples.
Step 3: Obtain the corrected pointwise CIs for the predicted region-specific trajectories:

Ŷ c
i (t)± Φ−1(1− α/2)

√
diag[Var{Ŷ c

i (t)− Yi(t)}].

(b) that they have Medicare as their primary payer on day 91 of dialysis. Hospitalization

rate is aggregated at the facility-level with the rate calculated monthly over the two year

follow up period. As described in Section 3.2.1, the outcome considered is the monthly rates

per person-year. To obtain stable hospitalization rates over time, facilities with less than

10 patients in any one month follow up interval are excluded (17.4%). The histogram of

hospitalization rates are displayed in Figure C.1.

We consider Health Service Areas (HSAs) in the contiguous U.S., including the District of

Columbia, as region units. However, we merge some HSAs to guarantee that each resulting
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region unit contains at least 4 facilities, the minimum number we found to lead to reliable

region-specific inference. The proposed merging algorithm has four steps: step 1) start with

HSAs as regions; step 2) among regions with the lowest number of facilities, randomly select

one region (call it A); step 3) among neighbors of the selected region A, randomly select a

neighbor, among those with the lowest number of facilities, to merge with region A; step 4)

repeat steps 2 and 3 until the lowest number of facilities within a region is 4.

The proposed merging algorithm starts with 724 HSAs and ends with 423 new (merged)

HSAs regions, containing 5,494 facilities, with a mean hospitalization rate of 1.8 per person-

year. We note that the majority (60.5%) of the resulting 423 regions (merged HSAs), were

unaffected, while 21.5%, 9.9%, and 8.0% of the merged regions consisted of merging 2, 3,

and > 3 original HSAs, respectively. Details are summarized in Table C.2.

Table C.2: The distribution of the number of original HSAs and facilities contained in
resulting merged regions/merged HSAs.

# HSAs per region # facilities per region
1 2 3 > 3 [4,7) [7,11) [11,20] > 20

Count of regions (merged HSAs) 256 91 42 34 173 119 73 58

C.4 Additional Results from USRDS Data Application

In this section, we present additional results from the analysis of the USRDS data. As dis-

cussed in Section 3.3.2, higher variations in hospitalization rates across facilities are observed

in larger regions. This heterogeneity in variance across regions is modeled by the proposed

MST-FM through the region-specific parameter τ 2i . In order to assess how well estimates of

τ 2i model the heterogeneity of region-specific variances, Figure C.2 compares τ 2i estimates to

raw region-specific variances. More specifically, Figure C.2 (a) displays the map of the raw

variances of hospitalization rates across facilities (averaged over time) for each region, while

(b) displays the map of the estimated τ 2i . Since the raw variance and τ 2i are not on the same

scale, one should compare them in relative magnitude. Figure C.2 illustrates this with the

breakpoints of the coloring scheme in both maps corresponding to the 20th, 40th, 60th and
104



Hospitalization rate per person−year

−5 0 5 10

0
50

00
10

00
0

15
00

0
20

00
0

Figure C.1: Histogram of the outcome: hospitalization rate per person-year. The average
hospitalization rate is 1.8 per person-year.

80th percentiles. Figure C.2 shows that the estimated τ 2i is able to capture the patterns of

observed heterogeneity in region-specific hospitalization rates.

C.5 Simulation Design

We consider the following simulation model Yij(tijk) = µ(tijk)+
∑L

`=1 ξi`ψ
(1)
` (tijk)+

∑M
m=1 ζijm

ψ
(2)
m (tijk) + εij(tijk) evaluated at k = 24 time points, tijk, taken equidistant between 0 and 1,

mimicking the 24 month follow-up in our data application. The mean function µ(t) is set to

µ(t) = 0.6(t−1)2+1.6, with values ranging from 1.6 to 2.2. Two eigenfunctions are considered

at each level (L = M = 2): ψ
(1)
1 (t) =

√
2sin(2πt), ψ(1)

2 (t) =
√

2cos(2πt) and ψ
(2)
1 (t) =
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(a)

Raw variance
Less than 0.08
0.08 to 0.12
0.12 to 0.17
0.17 to 0.25
0.25 or more
NA/No facility

(b)

τi
2

Less than 0.10
0.10 to 0.17
0.17 to 0.25
0.25 to 0.36
0.36 or more
NA/No facility

Figure C.2: (a) Raw region-specific variance in hospitalization rates across facilities (averaged
over time) and (b) estimated τ 2i for each region in U.S. The breakpoints of the coloring scheme
in each map are the 20th, 40th, 60th and 80th percentiles to facilitate comparison.

√
3(2t− 1), ψ(2)

2 (t) =
√

5(6t2 − 6t + 1). Note that the first- and second-level eigenfunctions

are not mutually orthogonal. Utilizing the same map from our data application with 423

regions, the region-specific PC scores ξi` = (ξ1`, · · · , ξn`)T are generated from a multivariate

normal distribution with mean 0 and covariance matrix (1/α`)(D− νW )−1, where W is the

adjacency matrix and D is a diagonal matrix whose diagonal elements equal to number of

neighbors for each region, as described in Section 3.2.1. The spatial correlation parameter is

set to ν = .9, inducing spatial correlations between neighboring regions ranging from .22 to

.62, and the variance parameters are taken to be α1 = 1 and α2 = .25. The facility-specific

PC scores ζijm are generated from N(0, λim) where λim = λmτ
2
i , λ1 = 2, λ2 = 1 and τ 2i

are generated uniformly from {.15, .1, .05}. The measurement errors, εij(tijk), are generated

from N(0, σ2) where σ2 = .2 or σ2 = .02. For generating the number of facilities for each

region, regions are randomly selected from three groups: small (S), medium (M), and large

(L). The number of total facilities within each region is generated from a discrete uniform

distribution on the set of integers S = {4, 5, 6}, M = {7, 8, 9, 10}, and L = {11, 12, . . . , 20}

for the simulation setting with 4 − 20 facilities per region. In the second setting, with a

larger number of facilities per region of 10 − 20, the number of total facilities within each

region is generated from a discrete uniform distribution on the sets S = {10, 11, 12, 13},

M = {14, 15, 16, 17}, and L = {18, 19, . . . , 30}. Finally, to study the performance of the

proposed corrected CIs for region-specific trajectories in other potential data applications

with a smaller number of regions, we conduct further simulations based on region units as
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the 49 contiguous U.S. (including the District of Columbia).

C.6 Additional Simulation Results

Figures C.3 and Figure C.4 display the estimated mean and eigenfunctions from runs with

the 5th, 50th and 95th percentile MSDEs (among 200 Monte Carlo runs), from the set-up

with 423 and 49 regions with number of facilities per region varying from 4 to 20 and σ2 = .2,

respectively. The estimates track the true functions, indicating that the proposed estimation

effectively identifies multilevel variations, where the first-level region-specific eigenfunctions

ψ
(1)
1 (t) and ψ(1)

2 (t) are estimated better, as expected, with increasing number of regions (423

vs. 49). MCMC histories of the region- and facility-level PC scores for two regions and

facilities from the set-up with 49 regions, number of facilities per region varying from 4 to

20 and σ2 = .2 are given in Figure C.5. The chains mix very well with very small Monte

Carlo standard errors (around .005). The convergence and mixing of Markov chains are also

monitored for σ2 (with Monte Carlo standard error less than .001), α` (with Monte Carlo

standard error around .005) and ν (with Monte Carlo standard error around .002). For

simulations with 49 regions and 4-20 facilities per region, the computational times of FPCA

(steps 1-5 in Table 3.1), MCMC (step 6 in Table 3.1) with 2500 iterations and the corrected

inference procedure with 100 bootstrap samples on a Thinkpad X1 laptop (2.4 GHz CPU, 8

GB RAM) are approximately 10 seconds, 1 minute and 2 hours, respectively.

The performance of the proposed region- and facility-specific predictions are evaluated

using MSDE of the multilevel predicted trajectories and the coverage probability (CP) and

length of their proposed CIs. Mean MSDE values and CP and length of the CIs from the eight

simulation set-ups are given in Table C.3 based on 200 Monte Carlo runs. All MSDEs for

predicted trajectories decrease with decreasing error variance, as expected. Moreover, MS-

DEs of region-specific trajectories decrease with increasing region size and increasing number

of regions; the latter due to better estimation of region-specific eigenfunctions. MSDEs for

facility-specific predictions stay constant across varying region size or number of regions since

facility-specific information stays constant under both scenarios. In addition, while MSDEs
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of facility-specific trajectories are larger than region-specific trajectories across most of the

simulation set-ups, as expected, for the simulation set-up with 49 regions and σ2 = 0.02,

they exceed MSE of region-specific predictions, due to worse estimation of region-specific

eigenfunctions. As expected, all CIs become narrower with decreasing noise variance. In

addition, region-specific CIs get narrower with increasing number of facilities per region (as

one moves from the 4-20 to 10-30 facilities simulation set-up and with increasing region size).

The number of regions or facilities per region, do not effect the length of facility-specific CIs

since facility-specific information stays constant under both scenarios. Regarding coverage,

as discussed in Sections 3.2.3 and 3.4, while CPs for the facility-specific trajectories and

region-specific trajectories from the simulation set-up with 423 regions, target the nominal

value of 95% (region-level CP range between 89.3%-94.2% with majority of values over 92%),

the CPs for region-specific CIs from the simulation set-up with 49 regions are lower than

the nominal 95% (ranging between 65.8%-91.2%). The corrected CIs (based on 100 boot-

strap samples), proposed in Section 3.2.3, are assessed for the region-specific CIs from 49

regions. They correct the under coverage with an average CP of 94.6% (CP ranging between

92.8%-96.8%), with slightly larger MSDEs for region-specific trajectory predictions.
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Figure C.3: Simulation with 432 regions: Estimated (a) mean function, (b)-(c) first-level
eigenfunctions and (d)-(e) second-level eigenfunctions from runs with the 5th (dashed gray),
50th (solid gray) and 95th (dotted gray) percentile MSDEs, from the set-up with the number
of facilities per region varying from 4 to 20 and σ2 = .2. The true functions are given in
solid black.
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Figure C.4: Simulation with 49 regions: Estimated (a) mean function, (b)-(c) first-level
eigenfunctions and (d)-(e) second-level eigenfunctions from runs with the 5th (dashed gray),
50th (solid gray) and 95th (dotted gray) percentile MSDEs, from the set-up with the number
of facilities per region varying from 4 to 20 and σ2 = .2. The true functions are given in
solid black.
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Figure C.5: MCMC histories for region- and facility-level PC scores of two regions ((a)-(d))
and two facilities ((e)-(h)). The true values of the PC scores are represented by the gray
horizontal lines.
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Table C.3: MSDE (%), CP (%), and length of the proposed 95% confidence interval (CI)
of multilevel trajectories based on 200 Monte Carlo runs. The corrected region-specific CIs
from 49 regions are based on 100 bootstrap samples.

423 regions: 4-20 facilities per region 10-30 facilities per region
Noise level, σ2: 0.02 0.2 0.02 0.2

Mean Square Deviation Error (MSDE; %)
Facility-specific 0.042 0.397 0.041 0.381
Region-specific 0.046 0.238 0.022 0.122
Small 0.067 0.366 0.028 0.162
Medium 0.042 0.221 0.022 0.121
Large 0.027 0.130 0.016 0.083

Coverage Probability (CP)
Facility-specific 94.8 94.7 94.9 94.8
Region-specific 90.8 93.4 90.9 94.1
Small 92.0 92.9 92.1 94.1
Medium 91.3 93.6 91.2 94.2
Large 89.3 93.7 89.7 93.9

Length
Facility-specific 0.156 0.472 0.151 0.463
Region-specific 0.139 0.335 0.095 0.248
Small 0.178 0.420 0.112 0.289
Medium 0.141 0.333 0.097 0.251
Large 0.106 0.254 0.080 0.205

49 regions: 4-20 facilities per region 10-30 facilities per region
Noise level, σ2: 0.02 0.2 0.02 0.2 0.02 0.2 0.02 0.2
MSDE (%) Original Corrected Original Corrected
Facility-specific 0.043 0.400 – – 0.041 0.378 – –
Region-specific 0.100 0.303 0.124 0.311 0.052 0.151 0.062 0.155
Small 0.128 0.437 0.174 0.458 0.061 0.193 0.076 0.196
Medium 0.099 0.287 0.117 0.290 0.052 0.146 0.061 0.155
Large 0.081 0.183 0.094 0.188 0.046 0.116 0.054 0.117
CP
Facility-specific 94.2 94.1 – – 94.6 94.6 – –
Region-specific 73.5 88.9 95.0 93.7 73.6 90.0 95.2 94.1
Small 78.5 89.7 96.8 92.9 77.0 91.2 96.6 94.3
Medium 74.1 89.5 96.1 93.8 75.8 90.5 95.9 94.2
Large 65.8 87.3 92.8 94.2 70.3 88.4 94.4 93.8
Length
Facility-specific 0.156 0.472 – – 0.152 0.463 – –
Region-specific 0.140 0.340 0.277 0.396 0.096 0.251 0.197 0.288
Small 0.177 0.428 0.358 0.477 0.111 0.293 0.236 0.326
Medium 0.139 0.338 0.295 0.392 0.099 0.253 0.205 0.290
Large 0.099 0.256 0.222 0.320 0.084 0.207 0.177 0.248

112



Bibliography

Baladandayuthapani, V., Mallick, B. K., Young Hong, M., Lupton, J. R., Turner, N. D., and

Carroll, R. J. (2008). Bayesian hierarchical spatially correlated functional data analysis

with application to colon carcinogenesis. Biometrics, 64(1):64–73.

Banerjee, S., Carlin, B. P., and Gelfand, A. E. (2014). Hierarchical modeling and analysis

for spatial data. CRC Press, Boca Raton, FL.

Besag, J. (1974). Spatial interaction and the statistical analysis of lattice systems. Journal

of the Royal Statistical Society: Series B (Methodological), 36(2):192–225.

Brook, D. (1964). On the distinction between the conditional probability and the joint

probability approaches in the specification of nearest-neighbour systems. Biometrika,

51(3/4):481–483.

Cai, Z., Fan, J., and Li, R. (2000). Efficient estimation and inferences for varying-coefficient

models. Journal of the American Statistical Association, 95(451):888–902.

Chen, H. and Wang, Y. (2011). A penalized spline approach to functional mixed effects

model analysis. Biometrics, 67(3):861–870.

Chen, K. and Müller, H.-G. (2012). Modeling repeated functional observations. Journal of

the American Statistical Association, 107(500):1599–1609.

Chen, Y., Rhee, C., Senturk, D., Kurum, E., Campos, L., Li, Y., Kalantar-Zadeh, K., and

Nguyen, D. (2019). Association of us dialysis facility staffing with profiling of hospital-wide

30-day unplanned readmission. Kidney Diseases, 5(3):153–162.

Cleveland, W. S., Grosse, E., and Shyu, W. M. (1991). Local regression models. In M.,

C. J. and J., H. T., editors, Statistical Models in S, pages 309–376. Wadsworth & Brooks,

Pacific Grove.

Crainiceanu, C. M., Staicu, A.-M., and Di, C.-Z. (2009). Generalized multilevel functional

regression. Journal of the American Statistical Association, 104(488):1550–1561.
113



Cressie, N. and Wikle, C. K. (2011). Statistics for spatio-temporal data. John Wiley and

Sons, Hoboken, NJ.

Di, C.-Z., Crainiceanu, C. M., Caffo, B. S., and Punjabi, N. M. (2009). Multilevel functional

principal component analysis. The Annals of Applied Statistics, 3(1):458.

Estes, J. P., Nguyen, D. V., Chen, Y., Dalrymple, L. S., Rhee, C. M., Kalantar-Zadeh, K.,

and Şentürk, D. (2018). Time-dynamic profiling with application to hospital readmission

among patients on dialysis. Biometrics.

Estes, J. P., Nguyen, D. V., Dalrymple, L. S., Mu, Y., and Şentürk, D. (2014). Cardiovascular

event risk dynamics over time in older patients on dialysis: A generalized multiple-index

varying coefficient model approach. Biometrics, 70(3):751–761.

Estes, J. P., Nguyen, D. V., Dalrymple, L. S., Mu, Y., and Şentürk, D. (2016). Time-

varying effect modeling with longitudinal data truncated by death: conditional models,

interpretations, and inference. Statistics in Medicine, 35(11):1834–1847.

Fan, J. and Zhang, W. (1999). Statistical estimation in varying coefficient models. The

annals of Statistics, 27(5):1491–1518.

Fan, J. and Zhang, W. (2008). Statistical methods with varying coefficient models. Statistics

and its Interface, 1(1):179.

Gelfand, A., Diggle, P., Fuentes, M., and Guttorp, P. (2010). Handbook of Spatial Statistics.

Boca Raton, FL: CRC Press.

Gelman, A. (2006). Multilevel (hierarchical) modeling: what it can and cannot do. Techno-

metrics, 48(3):432–435.

Goldsmith, J., Greven, S., and Crainiceanu, C. (2013). Corrected confidence bands for

functional data using principal components. Biometrics, 69(1):41–51.

Hasenstab, K., Scheffler, A., Telesca, D., Sugar, C. A., Jeste, S., DiStefano, C., and Şentürk,

D. (2017). A multi-dimensional functional principal components analysis of EEG data.

Biometrics, 73(3):999–1009.
114



Hastie, T. and Tibshirani, R. (1993). Varying-coefficient models. Journal of the Royal

Statistical Society. Series B (Methodological), 55(4):757–796.

He, K., Kalbfleisch, J. D., Li, Y., and Li, Y. (2013). Evaluating hospital readmission rates

in dialysis facilities; adjusting for hospital effects. Lifetime Data Analysis, 19(4):490–512.

Heagerty, P. J. and Kurland, B. F. (2001). Misspecified maximum likelihood estimates and

generalised linear mixed models. Biometrika, 88(4):973–985.

Hoover, D. R., Rice, J. A., Wu, C. O., and Yang, L.-P. (1998). Nonparametric smoothing

estimates of time-varying coefficient models with longitudinal data. Biometrika, 85(4):809–

822.

James, G. M., Hastie, T. J., and Sugar, C. A. (2000). Principal component models for sparse

functional data. Biometrika, 87(3):587–602.

Kalantar-Zadeh, K., Abbott, K. C., Salahudeen, A. K., Kilpatrick, R. D., and Horwich,

T. B. (2005). Survival advantages of obesity in dialysis patients. The American journal

of clinical nutrition, 81(3):543–554.

Kalantar-Zadeh, K., Block, G., Humphreys, M. H., and Kopple, J. D. (2003). Reverse

epidemiology of cardiovascular risk factors in maintenance dialysis patients. Kidney in-

ternational, 63(3):793–808.

Kalantar-Zadeh, K., Kovesdy, C. P., Streja, E., Rhee, C. M., Soohoo, M., Chen, J. L. T.,

Molnar, M. Z., Gillen, D., Nguyen, D. V., Norris, K. C., Sim, J. J., and Jacobsen, S. S.

(2017). Transition of care from pre-dialysis prelude to renal replacement therapy: the

blueprints of emerging research in advanced chronic kidney disease. Nephrology Dialysis

Transplantation, 32(2):91–98.

Kalbfleisch, J. D. and Wolf, R. A. (2013). On monitoring outcomes of medical providers.

Statistics in Biosciences, (5):286–302.

115



Kass, R. E. and Steffey, D. (1989). Approximate bayesian inference in conditionally indepen-

dent hierarchical models (parametric empirical bayes models). Journal of the American

Statistical Association, 84(407):717–726.

Kundu, M. G., Harezlak, J., and Randolph, T. W. (2016). Longitudinal functional models

with structured penalties. Statistical modelling, 16(2):114–139.

Kurland, B. F. and Heagerty, P. J. (2005). Directly parameterized regression conditioning on

being alive: analysis of longitudinal data truncated by deaths. Biostatistics, 6(2):241–258.

Li, Y., Nguyen, D. V., Banerjee, S., Rhee, C. M., Kalantar-Zadeh, K., Kürüm, E., and Şen-

türk, D. (2021). Multilevel modeling of spatially nested functional data: Spatiotemporal

patterns of hospitalization rates in the us dialysis population. Statistics in Medicine.

Li, Y., Nguyen, D. V., Chen, Y., Rhee, C. M., Kalantar-Zadeh, K., and Şentürk, D. (2018).

Modeling time-varying effects of multilevel risk factors of hospitalizations in patients on

dialysis. Statistics in Medicine, 37(30):4707–4720.

Li, Y., Nguyen, D. V., Kürüm, E., Rhee, C. M., Chen, Y., Kalantar-Zadeh, K., and Şentürk,

D. (2020). A multilevel mixed effects varying coefficient model with multilevel predictors

and random effects for modeling hospitalization risk in patients on dialysis. Biometrics,

76(3):924–938.

Liang, H., Wu, H., and Carroll, R. J. (2003). The relationship between virologic and im-

munologic responses in aids clinical research using mixed-effects varying-coefficient models

with measurement error. Biostatistics, 4(2):297–312.

Liu, D., Schaubel, D. E., and Kalbfleisch, J. D. (2012). Computationally efficient marginal

models for clustered recurrent event data. Biometrics, 68(2):637–647.

McCulloch, C. E. and Neuhaus, J. M. (2011). Prediction of random effects in linear and

generalized linear models under model misspecification. Biometrics, 67(1):270–279.

Morris, J. S. and Carroll, R. J. (2006). Wavelet-based functional mixed models. Journal of

the Royal Statistical Society: Series B (Statistical Methodology), 68(2):179–199.
116



Morris, J. S., Vannucci, M., Brown, P. J., and Carroll, R. J. (2003). Wavelet-based nonpara-

metric modeling of hierarchical functions in colon carcinogenesis. Journal of the American

Statistical Association, 98(463):573–583.

Neuhaus, J. M., Hauck, W. W., and Kalbfleisch, J. D. (1992). The effects of mixture distribu-

tion misspecification when fitting mixed-effects logistic models. Biometrika, 79(4):755–762.

Park, S. Y. and Staicu, A.-M. (2015). Longitudinal functional data analysis. Stat, 4(1):212–

226.

Qu, A. and Li, R. (2006). Quadratic inference functions for varying-coefficient models with

longitudinal data. Biometrics, 62(2):379–391.

Quick, H., Banerjee, S., and Carlin, B. P. (2013). Modeling temporal gradients in region-

ally aggregated california asthma hospitalization data. The Annals of Applied Statistics,

7(1):154–176.

Ramsay, J. O. and Silverman, B. W. (2005). Functional Data Analysis. Springer, New York.

Rice, J. A. (2004). Functional and longitudinal data analysis: perspectives on smoothing.

Statistica Sinica, 14(3):631–647.

Rizopoulos, D., Verbeke, G., and Lesaffre, E. (2009). Fully exponential laplace approxi-

mations for the joint modelling of survival and longitudinal data. Journal of the Royal

Statistical Society: Series B (Statistical Methodology), 71(3):637–654.

Scheffler, A., Telesca, D., Li, Q., Sugar, C. A., Distefano, C., Jeste, S., and Şentürk, D.

(2020). Hybrid principal components analysis for region-referenced longitudinal functional

eeg data. Biostatistics, 21(1):139–157.

Şentürk, D. and Müller, H.-G. (2010). Functional varying coefficient models for longitudinal

data. Journal of the American Statistical Association, 105(491):1256–1264.

Şentürk, D. and Nguyen, D. V. (2011). Varying coefficient models for sparse noise-

contaminated longitudinal data. Statistica Sinica, 21(4):1831.

117



Serban, N. (2011). A space-time varying coefficient model: The equity of service accessibility.

The Annals of Applied Statistics, 5(3):2024–2051.

Serban, N., Staicu, A.-M., and Carroll, R. J. (2013). Multilevel cross-dependent binary

longitudinal data. Biometrics, 69(4):903–913.

Shi, M., Weiss, R. E., and Taylor, J. M. (1996). An analysis of paediatric CD4 counts for

acquired immune deficiency syndrome using flexible random curves. Journal of the Royal

Statistical Society: Series C (Applied Statistics), 45(2):151–163.

Staicu, A.-M., Crainiceanu, C. M., and Carroll, R. J. (2010). Fast methods for spatially

correlated multilevel functional data. Biostatistics, 11(2):177–194.

Tierney, L., Kass, R. E., and Kadane, J. B. (1989). Fully exponential laplace approximations

to expectations and variances of nonpositive functions. Journal of the American Statistical

Association, 84(407):710–716.

Tutz, G. and Kauermann, G. (2003). Generalized linear random effects models with varying

coefficients. Computational Statistics & Data Analysis, 43(1):13–28.

United States Renal Data System (2016). 2016 USRDS annual data report: “Epidemiology

of kidney disease in the United States”. Technical report, National Institutes of Health,

National Institute of Diabetes and Digestive and Kidney Diseases, Bethesda, MD.

United States Renal Data System (2018). 2018 USRDS annual data report: “Epidemiology

of kidney disease in the United States”. Technical report, National Institutes of Health,

National Institute of Diabetes and Digestive and Kidney Diseases, Bethesda, MD.

United States Renal Data System (2019). 2019 USRDS annual data report: “Epidemiology

of kidney disease in the United States”. Technical report, National Institutes of Health,

National Institute of Diabetes and Digestive and Kidney Diseases, Bethesda, MD.

Wu, C. O., Chiang, C.-T., and Hoover, D. R. (1998). Asymptotic confidence regions for

kernel smoothing of a varying-coefficient model with longitudinal data. Journal of the

American statistical Association, 93(444):1388–1402.
118



Wu, H. and Zhang, J.-T. (2002). Local polynomial mixed-effects models for longitudinal

data. Journal of the American Statistical Association, 97(459):883–897.

Yao, F., Müller, H.-G., and Wang, J.-L. (2005). Functional data analysis for sparse longitu-

dinal data. Journal of the American Statistical Association, 100(470):577–590.

You, J., Wan, A. T. K., Liu, S., and Zhou, Y. (2015). A varying-coefficient approach to

estimating multi-level clustered data models. Test, 24(2):417–440.

Zhang, D. (2004). Generalized linear mixed models with varying coefficients for longitudinal

data. Biometrics, 60(1):8–15.

Zhang, L., Baladandayuthapani, V., Zhu, H., Baggerly, K. A., Majewski, T., Czerniak, B. A.,

and Morris, J. S. (2016). Functional CAR models for large spatially correlated functional

datasets. Journal of the American Statistical Association, 111(514):772–786.

Zipunnikov, V., Caffo, B., Yousem, D. M., Davatzikos, C., Schwartz, B. S., and Crainiceanu,

C. (2011). Multilevel functional principal component analysis for high-dimensional data.

Journal of Computational and Graphical Statistics, 20(4):852–873.

119


	Modeling Time-Varying Effects of Multilevel Risk Factors of Hospitalizations in Patients on Dialysis
	Introduction
	Varying Coefficient Model for Multilevel Risk Factors
	Model Specification
	Estimation Procedure
	Inference for Model Parameters

	Multilevel Risk Factors of Hospitalization Among Patients on Dialysis
	Description of the USRDS Study Cohort
	Time-Varying Effects of Multilevel Risk Factors
	Predicted Multilevel Hospitalization Trajectories

	Simulation Studies
	Estimation
	Inference: Bootstrap Confidence Intervals and Hypothesis Testing

	Discussion

	A Multilevel Mixed Effects Varying Coefficient Model with Multilevel Predictors and Random Effects for Modeling Hospitalization Risk in Patients on Dialysis
	Introduction
	Proposed Multilevel Mixed Effects Varying Coefficient Model
	Model Specification
	Proposed Estimation and Inference

	Simulation
	Finite Sample Performance and Robustness to Violation of Distribution Assumptions
	Effects of Ignoring Facility-level Dependence

	Modeling Hospitalization Risk Among Patients on Dialysis
	Description of the USRDS Study Cohort and Patient- and Facility-level Predictors
	Results

	Discussion

	Multilevel Modeling of Spatially Nested Functional Data: Spatiotemporal Patterns of Hospitalization Rates in the U.S. Dialysis Population
	Introduction
	The Proposed MST-FM
	Model Specification
	Estimation Procedure
	Inference for Multilevel Trajectories

	Data Analysis
	Description of the USRDS Study Population
	Results

	Simulation Studies
	Discussion

	Appendix Supporting Information for Chapter 1
	Estimation
	Description of the USRDS Study Cohort
	Bandwidth Selection for the Estimation of the Varying Coefficient Functions
	Simulation Design

	Appendix Supporting Information for Chapter 2
	Details on the fully exponential Laplace approximation
	Maximization of the approximated expected local log-likelihood
	Simulation design
	Description of the USRDS study cohort

	Appendix Supporting Information for Chapter 3
	Details of Posterior Distributions from the MCMC Step
	Proposed Multilevel Inference Algorithm
	Description of the USRDS Study Cohort
	Additional Results from USRDS Data Application
	Simulation Design
	Additional Simulation Results

	Bibliography



