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Implici t  understandin g o f  function s i n quantitativ e reasoning ' 

Joyce L. Moore and James G. Greeno 

School of Education 
Stanfor d Universit y 
Stanford ,  C A 9430 5 

moore @ leland.stanford.ed u 

Abstrac t 
We presen t  a  theoretica l  analysi s o f  students '  implici t  under -
standin g o f  th e concep U o f  variable s an d functions ,  an d presen t 
a cognitiv e mode l  o f  thi s understandin g base d o n th e ide a tha t 
reasonin g involve s a  successfu l  interactio n betwee n psycho -
logica l  agent s an d th e thing s an d othe r  peopl e i n a  situation .  I n 
th e firs t  par t  o f  th e paper ,  w e provid e evidenc e tha t  middle-an d 
high-schoo l  student s demonstrat e implici t  understandin g o f 
functiona l  relation s amon g quantitie s whe n the y reaso n abou t 
a physica l  mode l  o f  linea r  fimctions .  Implici t  understandin g i s 
knowledg e o f  concept s o r  principle s tfiat  oiable s an d con -
strain s performance ,  bu t  i s no t  articulate .  I n th e secon d par t  o f 
th e pa^r ,  w e describ e severa l  theoretica l  propertie s o f  ou r 
compuUtioTu d model :  a. )  activitie s ar e modelle d a s interac -
tion s betwee n a  parso n an d a  situation ;  b. )  reasonin g i s mod -
elle d a s a  for m o f  activit y tha t  produce s ne w information ;  an d 
c. )  understandin g i s modelle d a s attunemen t  t o th e constraint s 
of  conceptua l  activities . 

I n mos t  information-processin g models ,  th e symboli c ex -

pression s o f  som e programmin g languag e ar e assimie d t o 

correspon d l o cognitiv e representation s tha t  ar e constructe d 

throug h perceptio n an d reasoning .  W e hav e develope d a 

model  base d o n th e ide a tha t  reasonin g involve s a  successfu l 

interactio n betwee n psychologica l  agent s an d th e thing s an d 

othe r  peopl e i n a  situation ,  i n whic h onl y som e symboli c 

expression s ar e int^prete d a s cognitiv e representations .  W e 

interpre t  othe r  symboli c expression s a s statement s tha t  ar e 

assumed t o b e tru e abou t  th e situation ,  bu t  w e d o no t  assum e 

tha t  thes e expression s correspon d t o rqiresentation s con -

structe d b y th e perso n whos e reasonin g th e mode l  simulates . 

We mak e thi s distinctio n i n orde r  t o captur e severa l  importan t 

theoretica l  prc^rtie s i n ou r  model .  Firstly ,  activitie s ar e 

modelle d a s interaction s betwee n a  perso n an d a  situation . 

Secondly ,  reasonin g i s modelle d a s a  for m o f  activit y tha t 

produce s ne w information .  Finally ,  understandin g i s mod -

elle d a s attunemen t  t o th e constraint s o f  conceptua l  activities . 

The conceptua l  domai n tha t  w e mode l  involve s th e con -

cept s o f  variable s an d functions .  Th e first  par t  o f  thi s pape r 

summarize s a n empirica l  investigatio n o f  middle -  an d high -

schoo l  students '  implici t  understandin g o f  functiona l  rela -
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tion s i n th e contex t  (r f  a  physica l  model .  I n th e secon d par t  o f 

th e paper ,  w e provid e a  theoretica l  analysi s o f  students ' 

understanding ,  an d describ e h o w ou r  mode l  function s withi n 

thi s theoretica l  framework . 

Implicit Understanding 

We us e th e ter m "implici t  understanding "  o f  a  concq) t  o r 

principl e t o refe r  t o reasonin g i n whic h th e concep t  o r  prin -

cipl e play s a  functiona l  role ,  bu t  th e perso n doe s no t  giv e 

evidenc e o f  havin g a n explici t  rq}resentatio n o f  th e concep t 

or  principle .  Tha t  is ,  implici t  understandin g i s knowledg e o f 

concept s o r  principle s tha t  enable s an d constrain s perfor -

mance,  bu t  i s  no t  articulate .  Th e concep t  o f  implici t  under -

standin g ha s bee n use d t o account  fo r  successfu l  reasonin g i n 

severa l  domains .  Fo r  instance ,  Gelma n an d Galliste l  (1978 ) 

inferre d fro m pie-schoo l  children' s countin g perfcxmanc e 

tha t  the y hav e implici t  understandin g o f  th e priiKiple s o f  one -

to-on e correspondence ,  th e orde r  o i  numerals ,  an d cardinal -

ity .  Children' s implici t  understandin g als o ha s bee n studie d 

i n th e area s o f  biolog y (Carey ,  I98S ;  Hatan o &  Inagaki , 

1987) ,  physica l  causalit y (Bullock ,  Gelma n &  Baillargeon , 

1982) ,  theor y o f  min d (Wellma n &  Estes ,  1986) ,  ontologica l 

categorie s (Keil ,  I979),andphysica l  forc e an d motio n (diSessa , 

1983 ;  McCloskey .  1983) . 

Thi s stud y i s a n attemp t  t o demonstrat e th e sam e kin d o f 

understandin g b y middle -  an d high-schoo l  student s o f  th e 

concept s o f  variable s an d function s whe n the y reaso n abou t  a 

physica l  mode l  o f  linea r  function .  Th e particula r  physica l 

model  tha t  w e use d i s sketche d i n Figur e I ,  an d i s a  variatio n 

of  adevic e use d b y Piaget ,  Grize ,  Szeminska ,  &  Ban g (1977) . 

The devic e consist s o f  a  board ,  abou t  a  yar d long ,  wit h tw o 

grooves  tha t  ru n lengthwise .  Besid e eac h groov e i s a  ruler , 

marke d i n inches ,  an d insid e eac h groov e i s a  smal l  meta l 

bloc k wit h a  pointe r  o n it s to p sur£ace .  A t  th e en d o f  eac h 

groov e a n axl e wit h a  handl e i s attache d t o a  whee l  s o tha t  th e 

axl e ca n b e turned .  Meta l  spool s o f  variou s circumference s 

ca n b e place d o n th e tw o axles ,  an d eac h spoo l  i s  attache d b y 

a strin g t o a  block .  A s a  spoo l  turns ,  th e strin g wind s aroun d 

th e spoo l  an d th e bloc k move s towar d th e spool .  Th e tw o 

axle s ca n b e linke d togethe r  s o th e spool s tur n simulta -

neously ,  o r  separate d s o tha t  the y tur n indq)endently . 

221 

http://leland.stanford.edu


/ 

y o 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 H  1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 252 6 2 7 2 8 2 9 303 1 3 2 3 3 34^^^S i 

/ 

0 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 H  1 5 1 6 1 7 1 8 1 9 2 0 2 1 2 2 2 3 2 4 2 5 2 6 272 8 2 9 3 0 3 1 3 2 3 3 3 4 
^ / J - ^ 

^ K 
1 1  j y > 

Figur e 1 .  Physica l  mode l  o f  linea r  functions . 

I n thi s physica l  model ,  th e distanc e tha t  a  bloc k move s i s 

directl y proportiona l  t o th e numbe r  er f  turn s o f  th e spool ,  an d 

th e positio n o f  a  bloc k afte r  a  give n numbe r  o f  turn s ca n b e 

foun d b y addin g th e initia l  positio n t o th e distanc e travelled . 

Becaus e o f  thes e properties ,  th e winc h devic e ca n b e though t 

of  a s a n embodimen t  o f  th e linea r  functio n y  =  m x +  b ,  wher e 

y i s th e positio n o f  th e bloc k afte r  a  certai n numbe r  o f  turns , 

b i s th e block' s startin g position ,  m i s th e circumferenc e o f  th e 

spool ,  an d x  i s th e numbe r  o f  turns . 

Participants and Procedure 

Ther e wer e thre e group s o f  students :  fou r  pair s o f  sevent h 

grader s w h o ha d n o prio r  algebr a instruction ,  seve n pair s o f 

nint h grado ^  w h o ha d on e yea r  o f  algebr a instruction ,  an d 

fou r  pair s o f  11t h grader s w h o ha d tw o year s o f  algebr a 

instruction .  Session s o f  approximatel y 4 5 minute s wer e 

conducte d wit h pair s o f  student s o f  th e sam e sex .  Student s 

wer e aske d a  serie s o f  increasingl y difficul t  problem s b y a n 

intCTviewer . 

Results 

Overall ,  student s wer e quit e successfu l  o n thes e tasks .  Tran -

scription s o f  th e intervie w session s wer e use d t o infe r  whethe r 

student s demonstrate d implici t  understandin g o f  linea r  func -

tions .  T w o example s ar e discusse d belo w t o provid e a  sens e 

of  th e kin d o f  interaction s tha t  w e observed . 

Multiple-solutio n Problem .  Approximatel y 2 0 minute s int o 

th e interview ,  afie r  a n introductio n t o th e winch ,  student s 

wer e aske d " H o w coul d yo u mak e bot h block s ge t  t o 2 4 a t  th e 

same time?" ,  an d the n "Ca n yo u thin k o f  anothe r  way?" .  W e 

the n aske d fo r  solution s wit h unequa l  startin g positions ,  wit h 

differen t  spoo l  sizes ,  an d wit h differen t  number s o f  turns . 

Symbolically ,  thi s questio n require d fmdin g condition s suc h 

tha t  nijX ,  +  bj.tb c expressio n fo r  on e trac k o f  th e winch , 

equals/ryT j  + 6 ^  ,  th e expressio n fo r  th e secon d trac k o f  th e 

winch ,  an d bot h equa l  24 .  Th e easies t  solutio n i s t o hav e al l 

th e variable s equal ,  whic h i s th e solutio n tha t  ever y pai r  o f 

student s chos e initially .  I f  on e o f  th e variable s i s  mad e 

unequal ,  suc h a s makin g on e spoo l  siz e large r  tha n th e other , 

the n anothe r  variabl e ha s t o b e mad e unequa l  i n th e opposit e 

directio n b y a n appropriat e amount . 

Th e operation s tha t  student s performe d t o arriv e a t  thei r 

answer s wer e functionall y equivalen t  t o algebrai c operations ; 

however ,  th e understandin g the y showe d abou t  variable s an d 

function s wa s implici t  i n thei r  reasonin g abou t  quantitie s i n 

th e physica l  system ,  rathe r  tha n bein g abou t  th e symboli c 

expression s o f  algebra .  W e analyze d students '  solution s t o 

infe r  feature s o f  th e proble m space s i n whic h the y reasone d 

abou t  th e winch .  Implici t  understandin g o f  a  concep t  wil l  b e 

reflected  i n th e problem-solvin g operator s tha t  ar e par t  o f  a 

person' s proble m space . 

For  thi s problem ,  w e focusse d o n students '  implici t  under -

standin g o f  variables .  Fo r  example ,  on e 7th-grad e pai r  said ; 
S2:  Yo u coul d pu t  a  bigge r  on e [spool ]  an d pu t  th e othe r  on e 

[block ]  ahead .  [... ]  24 ,  thisone[a6-spool ]  willbeiq ) 
ther e i n 4  turns ,  thi s on e [ a 3-spool ]  i n 8 . 

INT :  Okay . 
S2:  Sothat'slike2tumsofthis[red'sspool]toltumofthi s 

[blue' s spool] . 

T o sa y h o w th e tw o block s ca n ge t  t o 2 4 a t  th e sam e time , 

give n tha t  on e o f  th e spool s i s large r  tha n th e otho- ,  suident s 

nee d t o understand :  (a )  tha t  a  specifie d propert y function s a s 

a variable ,  i n thi s example ,  tha t  spoo l  siz e i s a  paramete r  d  th e 

system ;  (b )  th e w a y i n whic h a  variabl e influence s th e behav -

io r  o f  th e system ,  i n thi s case ,  tha t  th e bloc k wit h th e largo -

spoo l  wil l  m o v e furthe r  o n eac h turn ;  an d (c )  ho w th e 

variable s interact ,  fo r  instance ,  tha t  a  variabl e othe r  tha n spoo l 

siz e ca n b e varie d t o compensat e fo r  th e effec t  o f  th e differ -

enc e i n spoo l  sizes .  Al l  student s wer e abl e t o giv e answer s i n 

whic h variable s compensate d fo r  on e another . 

Quantitative Inference Problem. The second example 

occurre d approximatel y 3 5 minute s int o th e intervie w an d 

had a  situatio n wit h a  3-spoo l  fo r  th e re d bloc k an d a  6-̂ )oo l 

fo r  th e blu e block .  Th e axle s wer e linke d an d bot h block s 

starte d a t  0 .  Th e formulai c representatio n fo r  thi s questio n i s 

y l  =  3 x an d y 2 =  6x .  Th e questio n ha d five  parts ,  th e fus t  tw o 

ar e discusse d briefly : 

(a )  W h e n yo u tur n th e handle ,  wil l  th e re d bkx: k eve r  ge t 

ahead ? (Whe n o r  w h y not? ) 

(b )  H o w fa r  ahea d wil l  th e blu e bloc k b e afte r  4  turns ? 

T o answe r  question s suc h a s these ,  student s neede d t o 

make inference s base d o n functiona l  relations  amon g quanti -

tativ e prc^rtie s o f  th e systems .  T o th e exten t  tha t  the y 

reasone d successfully ,  w e ca n infe r  tha t  the y ha d (a t  least ) 

implici t  understandin g o f  thos e functions . 
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Th e first  par t  o f  thi s questio n i s abou t  a  genera l  propert y o f 

th e tw o function s -  on e o f  th e function s i s monotonicall y 

greate r  tha n th e other .  A n 11t h grade r  sai d tha t  th e re d bloc k 

woul d neve r  ge t  ahead ,  an d w h e n aske d " W h y ? "  replied : 
S1:  Becaus e righ t  of f  from  th e start ,  afte r  th e Tirs t  tur n thi s 

one [6-5pool ]  ha s a  3-inc h lead ,  s o i t  ca n neve r  ge t 
ahead .  Ever y tur n it'l l  gai n 3  inches . 

Th e secon d par t  o f  thi s question ,  whic h calle d fo r  a  calcu -

lation ,  wa s " H o w fa r  ahea d wil l  th e blu e bloc k b e afte r  fou r 

turns? "  or ,  i n symboli c terms ,  evaluat e 6 x -  3 x fo r  x  =  4 .  O n e 

of  th e 7th-grad e pair s said : 
S2:  Let' s se e [measure s interval s wit h fingers  from  0  o n 

blu e side ]  1,2.3 ,  s o 24 .  An d the n thi s on e wil l  b e — 
what  wa s that ,  3 ? — s o 3  time s 4  i s  12 .  S o it'l l  b e — 

SI :  1 2 inche s — doubl e th e amoun t 
S2:  So ,  howeve r  man y turn s w e tur n together ,  thi s on e 

[blue ]  wil l  alway s b e doubl e th e amount ,  s o lik e i f  i t  wa s 
30 ,  the n thi s on e woul d b e a t  15 . 

INT :  Ok ,  an d ho w fa r  ahea d woul d th e blu e bloc k b e afte r  4 
turns ? 

S1&2:  12 . 

Thi s pai r  foun d th e blu e block' s positio n b y countin g 

increment s o n th e winch ,  an d inferre d th e re d block' s positio n 

by multiplication .  The y the n state d a  genera l  propert y o f  th e 

tw o functions :  tha t  th e positio n o f  th e blu e bloc k wil l  alway s 

be twic e th e positio n o f  th e red .  O n thi s problem ,  al l  student s 

recognize d genera l  propertie s o f  th e relationshi p betwee n th e 

tw o functions ,  an d wer e abl e t o us e th e functiona l  relation s t o 

calculat e specifi c  answers . 

Ow&aXL,  ou r  result s indicat e tha t  childre n hav e th e capacit y 

fo r  reasonin g abou t  functiona l  relation s amon g quantitie s i n 

th e contex t  o f  a  physica l  model .  W e ar e currentl y explorin g 

th e hypothesi s tha t  thi s implici t  understandin g coul d b e use d 

as a  foundatio n fo r  learnin g abou t  symboli c representation s o f 

algebra ,  an d thu s provid e a n environmen t  fo r  developin g 

conceptua l  understandin g o f  th e mathematica l  symbol s tha t 

denot e variable s an d functions . 

Theoretical Analysis 

I n thi s section ,  w e discus s th e theoretica l  framewor k tha t  w e 

ar e usin g t o develo p a  computationa l  mode l  o f  th e reasonin g 

describe d above .  W e discus s implici t  understandin g b y 

developin g th e ide a tha t  reasonin g involve s a  successfu l 

interactio n betwee n a  perso n an d a  situation ,  whic h include s 

bot h object s an d peopl e (Brown ,  Collin s &  Duguid ,  1989 ; 

Greeno ,  1989 ;  Jordan ,  1987 ;  Laborator y o f  Comparativ e 

H u m an Cognition ,  1983 ;  Lave ,  1988 ;  M c C a b e &  Balzano , 

1986 ;  Shaw.Turvey ,  &  Mace ,  1982 ;  Suchman ,  1987) ,  Withi n 

our  analysi s representation s pla y a  significan t  role  i n reason -

ing ;  however ,  w e als o assum e som e feature s o f  th e environ -

ment  ca n suppor t  cognitiv e activit y withou t  bein g mentall y 

rq}resented .  Gibson' s (1979 )  concept s o f  direc t  percq)tio n 

of  a f  fordance s ar e use d t o describ e thi s suppor t  Ou r  analysi s 

extend s Gibson' s concq>to f  affordance s t o includ e a f  fordance s 

fo r  reasonin g sinc e w e conside r  reasonin g t o b e a  for m o f 

activit y tha t  produce s ne w information . 

Action Schemata 

Figur e 2  present s a  taxonom y o f  som e o f  th e element s o f  ou r 

model .  Eac h branc h o f  th e tre e wil l  b e discusse d i n turn .  A 

stat e ofaffmrs ,  a  ter m firom  situatio n theor y (Barwise ,  1989 ; 

Devlin ,  1988) ,  i s  represente d b y a  tru e statemen t  abou t  a 

situation ,  suc h a s " E m m y i s eatin g yogurt" .  A  stat e o f  affair s 

i s a  relatio n betwee n object s tha t  hold s i n th e world .  W e 

characteriz e th e spac e i n whic h th e mode l  operate s a s a  se t  o f 

state s o f  affairs ,  an d wil l  late r  distinguis h betwee n type s o f 

state s o f  affair s an d h o w the y ar e use d i n reasoning . 

A n actio n schem a i s a  descriptio n o f  a n agent-situatio n 

intoaction .  Thi s concep t  o f  a  schem a i s differen t  fiom  tha t 

develope d i n cognitiv e scienc e durin g th e 1970's ,  w h a e i t 

was assume d t o consis t  o f  a  representatio n o f  abstrac t  con -

cept s whic h coul d b e use d t o construc t  a  representatio n o f  th e 

curren t  situation .  I n contrast ,  w e assum e tha t  a  schem a i s a 

patter n o f  interactio n tha t  a  perso n ha s learne d t o participat e 

in .  ThisisconsistentwithBartlett'suseo f  theteim :  "'Schema * 

refer s t o a n activ e organisatio n o f  pas t  reactions ,  o r  o f  pas t 

experiences ,  whic h mus t  alway s b e siq)pose d t o b e operatin g 

i n an y well-adapte d organi c response "  (Bartlett ,  1932 ,  p . 

201) . 

Interactio n 

^ /  \ 
Op.  Op .  .. . 

Actio n schemat a 

Interaction ... 
/  /  \ 

Op.  Op .  •• • Winch 

spools / \ 

block s • • 

S T A T ES O F AFFAIR S 

Materia l  state s o f  affair s 

Actua l 

Perso n Othe r 

Potentia l 

Registere d sUt e o f  affair s 

Actual PotenUal 

Figur e 2 .  T a x o n o m y o f  model . 
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We hav e analyze d som e o f  th e activitie s tha t  student s 

engage d i n wit h th e winc h int o a  networ k o f  interaction -

operatio n units .  T h e ter m interactio n wil l  b e use d t o empha -

siz e tha t  activit y i s jointl y constitute d b y a n agen t  an d th e 

settin g i n whic h th e activit y occurs .  I n thi s vie w w e follo w 

othe r  theorists ,  includin g D e w e y an d Bentle y (1949) .  Lav e 

(1988).McCabeandBalzano(1986),andRiegelandMeacha m 

(1978) .  T h e ter m operatio n wil l  b e use d t o refe r  t o a  mean s 

or  metho d o f  a n interaction ,  followin g a  distinctio n m a d e b y 

Leont'e v (1981 )  i n a n analysi s o f  activity .  Th e descriptio n o f 

an interactio n wil l  focu s o n th e functio n o f  activity ,  whil e th e 

descriptio n o f  a n operatio n wil l  focu s o n th e way s i n whic h a n 

activit y  i s performed . 

FcM-  example ,  imagin e a  situatio n i n whic h th e bloc k start s 

at  th e ten-inc h maiic ,  a  4-spoo l  i s  place d o n th e winc h an d th e 

studen t  i s aske d "Wher e wil l  th e bloc k b e afte r  thre e turns?" . 

A n interactio n tha t  migh t  occu r  i n thi s situatio n coul d b e 

describe d a s "determinin g a n en d positio n afte r  som e numbe r 

of  turn s from a  startin g position" .  W e observe d student s us e 

at  leas t  fou r  differen t  operation s fo r  thi s interaction :  (a ) 

turnin g th e handl e o f  th e winch ,  an d the n attendin g t o th e 

resultin g positio n o f  th e block ;  (b )  markin g interval s o f 

distanc e o n th e rule r  t o indicat e wher e th e block(s )  woul d b e 

afte r  eac h tur n o f  th e handle ;  (c )  makin g a  tabl e o f  value s t o 

indicat e th e numerica l  positio n o f  th e bloc k afte r  eac h turn ; 

an d (d )  multiplyin g th e numbe r  o f  turn s time s th e spoo l  size , 

an d addin g tha t  numbe r  t o th e startin g positio n o f  th e block . 

T h e distinctio n betwee n interaction s an d operation s i s 

relativ e t o th e leve l  o f  description .  Tha t  is ,  ou r  analyse s ar e 

nested ,  wit h unit s tha t  ar e interaction s a t  on e leve l  o f  descrip -

tio n an d operation s a t  another .  T h e descriptio n a t  an y leve l 

distinguishe s betwee n a n interactio n (wha t  i s  accomplished ) 

an d a n opoatio n (ho w i t  i s  accomplished) .  Th e distinctio n 

provide s a  convenien t  expressio n o f  relation s betwee n alter -

nativ e method s few -  achievin g a  functiona l  resul t 

W h at  doe s i t  m e a n fo r  a n activit y t o b e joinU y constitute d 

b y a n agen t  an d th e situation ? Th e possibilit y  o f  a  perso n 

interactin g i n a  certai n w a y wit h a  physica l  and/o r  conceptua l 

syste m depend s o n th e affordance s provide d b y th e situatio n 

an d th e abilitie s o f  th e person .  Th e ter m c^ordance s (Gibson , 

1979 )  refer s t o feature s o (  a  situatio n tha t  suppor t  certai n 

activitie s -  thes e ar e specifie d relativ e t o a n agen t  actin g i n tha t 

situation .  Abilitie s ar e thos e activitie s tha t  a n agen t  ca n 

perform-theseareqjecifiedrelativetoasituation .  (Weprefe r 

th e ter m abilitie s t o th e ter m effectivitie s tha t  Shaw ,  Turvey , 

an d M a c e (1982 )  coined ,  bu t  w e believ e tha t  w e mea n th e 

same thing. )  Fo t  example ,  i n orde r  fo t  a  studen t  t o tur n th e 

handl e o f  th e winch ,  th e handl e mus t  b e "graspable "  an d 

"tumable" ,  tha t  is ,  i t  mus t  b e a  certai n siz e an d shape ,  an d mus t 

be connecte d t o th e res t  o f  th e devic e i n a  w a y tha t  allow s i t 

t o b e rotated .  However ,  a  handl e i s onl y graspabl e an d 

tumabl e b y a n agen t  wit h a n ̂ propriatel y shape d han d an d 

th e abilit y  t o ttu n somethin g i n a  circula r  motion .  A n 

affordanc e an d a n abilit y  ar e tw o side s o f  th e sam e possibility : 

affordance s fo r  activitie s depen d o n th e characteristic s (r f  a n 

agent ,  an d abilitie s fo r  activitie s depen d o n characteristic s o f 

th e situation . 

Reasoning as a Form of Activity 

Figur e 2  indicate s th e relationship s betwee n sevoa l  kind s o f 

state s o f  affairs .  Materia l  state s o f  affair s ar e thos e tha t  hok l 

i n th e physica l  world .  Befor e distinguishin g h o w differen t 

kind s o f  materia l  state s o f  affair s ar e use d i n reasoning ,  i t  i s 

necessar y t o defln e s o m e terms .  A  situatio n typ e i s a  param -

eterize d stat e o f  affairs ,  tha t  is ,  a  partiall y  specifie d stat e o f 

affair s tha t  applie s i n m a n y situations .  Fo r  instance ,  " E m m y 

i s eatin g yogurt "  i s  a  stat e o f  affair s tha t  m a y o r  m a y no t  hol d 

i n a  give n situation ,  whil e "someon e i s eatin g yogurt "  i s a 

situatio n typ e tha t  hold s i n th e clas s o f  situation s i n whic h a 

perso n i s eatin g yogurt . 

I n an y situation ,  variou s state s o f  affair s hold .  Becaus e o f 

affordance s fo r  activity ,  ther e ar e als o potentia l  state s o f 

affair s tha t  hold .  A  stat e o f  affair s tha t  migh t  occur ,  suc h a s 

" E m my m igh t  ea t  yogurt "  i s  a  potentia l  stat e o f  affairs .  Thes e 

dq)en d o n th e affordance s fo r  a n activit y bein g available ,  a s 

wel l  a s a n agen t  wit h th e appropriat e abilities .  Potentia l  state s 

of  affair s designat e way s i n whic h a n agen t  o r  somethin g i n 

th e situatio n ca n contribut e t o a n interaction . 

A constrain t  i s  a  relatio n betwee n situatio n type s suc h a s "I f 

someon e i s eatin g yogur t  the n tha t  perso n migh t  dro p th e 

spoon" .  I t  i s  thi s relatio n betwee n situatio n type s tha t  sup -

port s inference s b y a  perso n w h o i s attune d t o th e constrain t 

For  example ,  i f  someon e i s eatin g yogur t  wit h a  spoon ,  the n 

i t  ca n b e inferre d tha t  th e spoo n migh t  b e dropped . 

Actua l  stale s o f  affair s ar e thos e tha t  ar e tru e abou t  th e 

materia l  aspect s o f  a  situation .  Potentia l  state s o f  affair s ar e 

generate d from  a n actua l  stal e o f  affair s throug h a  se t  o f 

constraints .  Figur e 2  show s a  furthe r  breakdow n o f  kind s o f 

actua l  state s o f  affair s tha t  w e us e i n modellin g interaction s 

wit h th e winch .  Th e sam e distinction s coul d b e mad e fo r  th e 

potentia l  state s o f  affairs . 

Th e fina l  distinctio n betwee n state s o f  affair s tha t  w e mak e 

i s betwee n materia l  an d registere d state s o f  affairs ,  indicate d 

i n th e fu^ t  leve l  o f  Figur e 2 .  W e distinguis h tw o aspect s o f  a 

situation :  wha t  i s h^penin g -  th e materia l  situation ,  an d wha t 

i s  recognize d abou t  wha t  i s happenin g -  th e registere d situa -

tion .  Materia l  state s o f  affair s ar e relation s i n th e wcM'ld ,  whil e 

registere d state s o f  affair s ar e thos e state s o f  affair s whic h 

hav e bee n attende d to .  Registerin g a  stat e o f  affair s ofte n 

involve s sayin g i t  an d communicatin g i t  i n a  conversationa l 

groiq) .  I n general ,  i t  i s th e se t  o f  propertie s an d relation s tha t 

hav e symboli c representations .  W e distinguis h registered 

state s o f  affair s mainl y t o analyz e activitie s tha t  includ e 

inference s an d communication .  W e assum e tha t  registration 

makes th e informatio n availabl e fo r  inferences ;  however , 

bot h materia l  an d registere d state s o f  affair s pla y a  rol e i n 
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supportin g certai n kind s o f  activity .  W e ar e assuming , 

therefore ,  tha t  th e rol e o f  representatio n i s t o provid e object s 

tha t  functio n i n inferences ,  an d w e us e th e notatio n o f  regis -

tere d state s o f  affair s t o distinguis h symboli c representation s 

of  informatio n tha t  ar e availabl e fo r  inferentia l  reasoning . 

We characteriz e reasonin g withi n thi s framewor k a s infer -

ence o f  ne w registere d informatio n usin g a n infer̂ tia l  pro -

cess tha t  involve s transformatio n o f  a  representation .  Rea -

sonin g abou t  a  situatio n ca n includ e generatin g potentia l 

stale s o f  affair s an d registerin g thos e potentia l  state s o f 

affairs .  Representation s o f  state s o f  affair s affw d reasonin g 

activitie s tha t  infe r  othe r  state s o f  affairs .  I n thi s view , 

materia l  systems ,  registere d state s o f  affairs ,  an d th e perso n o r 

po^n s participat e interactivel y i n th e activit y o f  reasoning . 

Understanding Based on Constraints 

We hypothesiz e tha t  activities ,  suc h a s th e interaction-ĉ ra -

tio n unit s presente d earlier ,  depen d o n constraints .  Turnin g 

th e handl e t o reac h a n en d positio n work s becaus e certai n 

relationship s exis t  betwee n state s o f  affair s i n th e system , 

suc h a s th e handl e bein g connecte d t o th e spoo l  an d a  strin g 

bein g attache d t o bot h th e spoo l  an d th e block .  Sinc e activitie s 

can b e conceptua l  a s wel l  a s physical ,  'loiowin g a  concq)t "  i n 

thi s framework  i s bein g attune d t o th e constraint s o f  concep -

tua l  activities .  Thi s characterizatio n o f  knowin g a  concep t 

include s implici t  understanding ,  a s wel l  a s mor e explici t 

form s o f  knowing .  A  reasone r  ca n represen t  a  constrain t  an d 

reaso n abou t  i t  explicitly ,  a s wel l  a s simpl y bein g abl e t o us e 

a constrain t  i n a n activity . 

The concep t  o f  linea r  functio n include s sevwa l  constraints : 

1.  proportiona l  quantities :  a  chang e i n on e variabl e cause s 

a proportiona l  chang e i n anothe r  variable ; 

2.  linearly-relate d measures :  eac h incremen t  o f  a  variabl e 

has th e effec t  o f  addin g a  constan t  numbe r  t o th e previou s 

numerica l  valu e o f  th e function ; 

3.  nudtiplicative l  additiv e properties :  th e cumulativ e effec t 

of  n  increment s o f  k  eac h i s equa l  t o n  x  it ;  an d a  fina l 

quantit y measur e i s equa l  t o a n initia l  measur e adde d t o 

nxk . 
I n term s o f  th e winch ,  "proportiona l  quantities "  mean s tha t 

each tur n o f  th e handl e cause s a  constan t  chang e i n th e 

positio n o f  th e block .  "Linearly-relate d measures "  mean s tha t 

fo r  eac h tur n o i  th e handl e a  constan t  numbe r  i s adde d t o th e 

numerica l  positio n o f  th e block .  Th e "multiplicative/addi -

tive "  constrain t  mean s tha t  th e distanc e a  bloc k move s fo r 

some numbe r  o f  turn s ca n b e calculate d b y multiplyin g th e 

spool  siz e time s th e numbe r  o f  turns ,  an d th e fina l  positio n o f 

th e bloc k ca n b e calculate d b y addin g th e startin g positio n t o 

th e distanc e moved . 

Sinc e w e ar e characterizin g activitie s a s bein g jointl y 

constitute d b y affo-dance s an d abilities ,  th e questio n arise s a s 

t o wha t  aspec t  <r f  a  situatio n i s providin g a  certai n constraint . 

We hav e analyze d th e constraint s io t  th e impactio n "deter -

minin g th e locatio n o f  a  bloc k afte r  som e turn s fro m a  startin g 

position" .  Fo r  th e operatio n o f  turnin g th e handle ,  al l  thre e 

constraint s ar e embodie d i n th e mechanis m o f  th e device . 

That  is ,  th e endin g positio n o f  th e bloc k i s determine d b y th e 

physica l  constraint s o f  th e device .  Fo r  th e opoatio n o f 

measurin g increments ,  th e constrain t  o f  propcxtiona l  quanti -

tie s i s provide d throug h th e abilitie s o f  th e student ,  rathe r  tha n 

throug h th e affordance s o i  th e winch .  Th e studen t  mus t 

explicitl y  determin e th e siz e o f  th e intova l  t o b e measured , 

and simulate s th e chang e i n th e positio n o f  th e bloc k fo r  eac h 

turn .  Fo r  th e operatio n o f  creatin g a  table ,  bot h th e constraint s 

of  proportiona l  quantitie s an d linearl y relate d measure s ar e 

supplie d b y th e abilitie s o f  th e studen t  Th e studen t  explicitl y 

determine s a  numerica l  differenc e an d add s tha t  differenc e 

rq)eatedl y t o calculat e wher e th e bloc k woul d b e f w eac h tur n 

of  th e handle .  Th e numbe r  i n th e las t  ro w o f  th e tabl e ca n the n 

be rea d a s th e endin g positio n o f  th e block .  Fo r  th e operatio n 

of  menta l  arithmetic ,  al l  thre e coistraint s hav e shifte d t o th e 

abilitie s o f  th e studen t  Proportiona l  quantitie s an d linearl y 

relate d measure s ar e capture d a s par t  o f  th e calculation s i n th e 

multiplicative/additiv e constrain t 

Conclusions 

The analysi s o f  thi s interactio n indicate s tha t  alternativ e 

operation s fo r  a n interactio n diffe r  i n havin g constraint s 

contribute d b y th e situation' s affordance s o r  th e agent' s abili -

ties .  Acros s th e fou r  operation s discusse d above ,  th e interac -

tio n i s increasingl y abstracte d fro m th e physica l  constraint s o f 

th e device .  Havin g mor e constraint s o f  a  concq) t  embodie d 

i n a  student' s abilities ,  an d reasonin g mate ,  explicitl y  abou t 

constraints ,  constitut e mor e understandin g o f  th e concq) t 

We hypothesiz e tha t  a n importan t  aspec t  o f  undostandin g 

i s a  kin d o f  cwrespondenc e betwee n constraint s o f  interac -

tions .  I n th e handle-turnin g vMstd̂ Xxa a th e proportiona l 

quantitie s constrain t  i s  me t  throug h th e physica l  constraint s o f 

th e device .  I n measurin g increment s th e constrain t  i s me t 

throug h th e siz e o f  th e interva l  tha t  th e studen t  ha s created . 

However ,  th e proces s o f  measurin g a  s^e s o f  interval s alon g 

th e rule r  onl y make s sens e wit h respec t  t o th e constraint s o f 

th e physica l  device .  I t  i s  throug h th e correspondenc e o f  th e 

constraint s o f  th e tw o interaction s tha t  measurin g increment s 

gain s it s meaning . 
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