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Sofic entropy is an isomorphism invariant of measure-preserving actions of sofic groups in-
troduced by Lewis Bowen in [BowlI0Od|. Its classical analogue was introduced in the 1950s
by Kolmogorov and Sinai in order to show that Bernoulli shifts over Z are nonisomorphic
when their base measures have different Shannon entropies. This entropy rate was actively

studied over the next few decades and extended to arbitrary amenable groups by [OWRX7)].

On the one hand, amenable groups provide an appropriate setting for entropy theory
since they have a way of performing the kind of average used to define an entropy rate.
On the other hand, statistical physicists have long been interested in some nonamenable
structures, such as the Bethe lattice. The problem of finding an appropriate entropy notion
for nonamenable group actions, and in particular the problem of isomorphism of Bernoulli
shifts in this setting, remained open until Bowen’s work. One way to briefly summarize
the idea of sofic entropy is to say that we consider the entropy per site along a sequence of
large finite systems which locally approximate the infinite one (called a sofic approximation)
rather than large finite subsystems of the infinite one. An interesting problem which arises

is what effect the choice of sofic approximation can have on the sofic entropy rate.
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This thesis presents related work on several different problems of sofic entropy theory.
In Chapter B (based on [Shr205]) we study the f-invariant, a variant of sofic entropy for
free-group actions introduced in [BowTOHK] which can be defined using a kind of uniform
random sofic approximation. We use a relative version of the f-invariant to show that the
sofic entropy over a kind of “stochastic block model” random sofic approximation is given by
the solution to an entropy-maximization problem. Understanding this optimization problem

may shed further light on the dependence of sofic entropy on the sofic approximation.

Chapter B, based on [Shr20a], uses a new notion of sofic free energy density to study
Gibbs measures and Glauber dynamics for nearest-neighbor interacting particle systems on
some nonamenable groups. The main results are that, under certain reasonable conditions,
every Glauber-invariant, shift-invariant measure is Gibbs and that the Glauber evolution of
any shift-invariant measure converges to the set of Gibbs measures. These extend results of

[HoI71)] for the Ising model on integer lattices.

Chapter B, based on [Shr21], begins by proving a metastability result for states on finite
graphs which are locally similar to the Cayley graph of a finitely-generated group: the
Glauber evolution of any state on a finite graph will converge to the unique Gibbs state,
but we show that if the initial state is “pseudo-Gibbs” in that it is in some sense consistent
with some Gibbs measure on the infinite group, then that consistency will tend to persist
for a long time. We then return to the entropy-maximization problem raised in Chapter
B. We show that a maximal-entropy joining of two Gibbs measures for nearest-neighbor
interactions (not necessarily the same interaction) must be a relative product over the tail
o-algebra, unless every joining has entropy —oo. In particular, if either is tail-trivial then
the unique maximal-entropy joining is the product. In the latter case, this provides examples
where the sofic entropy over a stochastic block model is equal to the f-invariant. We conclude
by using recent results on bisections of random regular graphs [DMST7] to show that, for
the free-boundary Ising model, the product self-joining has less than maximal f-invariant

for some nontrivial temperature range.
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CHAPTER 1

Introduction

This chapter serves as an introduction to the main results of the dissertation. Most of them

are stated precisely here; all are (re)stated in the following chapters.

In Section I we discuss notions of equilibrium in interacting particle systems. The
situation is well-understood in the euclidean lattice setting, at least under the assumption
of shift-invariance, but problems have persisted in the nonamenable setting. The standard
approach to the problems we consider here uses a definition of free energy density (or relative
entropy density) which fails when applied to trees and other nonamenable graphs. We discuss
how, using ideas from sofic entropy theory, we can define a notion of free energy density on
trees and use it to prove that a shift-invariant state is Gibbs if and only if it is Glauber-
invariant, and that any shift-invariant state converges to the set of Gibbs states when evolved

under Glauber dynamics.

In Section 12 we discuss sofic entropy and the f-invariant for shift systems. We provide
a formula for the relative f-invariant in terms of a random sofic approximation which is a
type of stochastic block model. We also show that the sofic entropy over this stochastic block
model is the solution to an entropy-maximization problem, and provide a partial solution

using the preceding results on Glauber dynamics.



1.1 Equilibrium in statistical mechanics

1.1.1 The Ising model on an integer lattice

The prototypical example of the relevant type of system is the Ising model, an old and well-
studied model of magnetism introduced in [Isi25]. In this model we have a rectangular grid
R C Z" of particles, each of which can have ‘spin’ either +1 or —1. Each particle interacts
only with its nearest neighbors, and possibly with an external field. The particles should

tend to align with the field and, in the ferromagnetic case, with their neighbors.

We distinguish between a specific ‘microstate’ in {41} describing the exact configuration

of the system, and a ‘state’ in Prob({£1}#) which describes the statistics of the system.

More generally, we can allow the local state space {1} to be any finite set A, and replace
the rectangular grid with a locally finite graph G = (V, E). If V is finite, the interaction is
defined using an energy function of the form

Ux)=> hx@®)+ Y Jx@),xw) xeia’
veV {v,w}eFE
where h: A — R is an arbitrary function representing interaction with an ‘external field,’
J: A> — R is a symmetric function representing the ‘pairwise interaction’, and the second
sum is over unordered pairs of adjacent vertices. We can think of the interaction as an
ordered pair (h, J). Given a state ¢ € Prob(AY), we write ((U) for the average energy, that

is, the expectation of U.
For such systems there are several notions of ‘equilibrium.

The first equilibrium notion is that of a (variational) equilibrium state. This is defined
using the free energy of a state which, for finite systems, is given by A({) = ¢(U) — H(().
The free energy often includes a dependence on a temperature T' (or inverse temperature
B), but for our purposes that would unnecessarily complicate many expressions. For infinite

systems the energy of a microstate may not be well-defined. In the case G = Z" we instead



use the free energy density defined by

a(p) = limsup A(p™) (1.1)

N—o0 (2N+ ]_)r
where p is the marginal on [—N, N]" C Z", which we interpret as the state of that subsys-

tem. An equilibrium state is one which minimizes the free energy (density).

For finite systems the free energy is a strictly convex function, so has a unique minimizer.
This is called the Gibbs state, and it assigns a microstate x € AY probability proportional
to exp(—U(x)). For infinite systems, the energy is typically infinite so we cannot use the
same formula to define an ‘infinite-volume Gibbs state.” Instead, we note that the finitary
Gibbs state is uniquely determined by specifying the conditional distributions of the spins at
individual vertices given the spins elsewhere; this point of view extends naturally to infinite
systems. The collection of these conditional distributions is called the ‘Gibbs specification,’
and the convention is to define infinite-volume Gibbs measures using this specification. A
good reference for this framework is [GeoITl]; see also Chapter B below. In general the Gibbs
states form a compact, convex set which we denote 4. If we wish to reference a particular

interaction ® = (h, J) we may write 4(®). The set of shift-invariant Gibbs measures will be

denoted 47 (®).

A third notion of equilibrium relates to the Glauber dynamics, a standard model for
how a system evolves over time which may be described as follows: assign each v € V' an
alarm clock which rings at random intervals which are distributed as exponential random
variables with mean 1 (i.e. a Poisson clock). Different clocks and different time intervals are
independent. Each time a clock rings, we rerandomize the associated vertex conditioned on
the spins elsewhere using the Gibbs specification. In this setting it is natural to say that a
system is in equilibrium if it is invariant under the dynamics. A good reference is [Lig05];

see also Chapter B below.

The invariance of Gibbs states under Glauber dynamics is fairly straightforward; see
for example [Lig03, Theorem IV.2.15]. Other relationships between these three equilibrium

notions are less clear for infinite systems.



Holley [HoI7T] showed for the Ising model on Z" that free energy density is nonincreas-
ing under Glauber dynamics. Furthermore, if the initial state is shift-invariant and non-
Gibbs then the free energy density strictly decreases and the state weakly converges to ¥.
This implies that any shift-invariant state which is either a variational equilibrium state or

Glauber-invariant must also be Gibbs.

His approach appears to rely essentially on the fact that a large finite subsystem can,
to a good approximation, be treated as isolated. This is because the subsystem can only
interact with its surroundings through its boundary, which is relatively small. This property

has long been known to be important in statistical physics. For example, as stated in [LL58]:

the particles which take part in the interaction of a subsystem with neighboring
parts of the system, are mainly those nearest its surface. Their number in com-
parison with the total number of particles quickly falls with an increase in size
of the latter. This fact [...] implies that we can consider [separate subsystems]

as independent in a statistical sense.

In other words, the essential fact is really that Z" is amenable; this is evidenced by the
sequence of boxes ([—N , N ]“) ney being a ‘Folner sequence,” which is a sequence of finite
sets that exhausts the full group and whose boundaries are vanishingly small in proportion
to the interiors. When available, such sequences are typically appropriate for averages as in

Equation 0.

1.1.2 Free energy density beyond integer lattices

The rectangular grid is natural for modeling an arrangement of particles in euclidean space.
However, it is also natural to study similar systems with other dependence structures. A
particular case of interest is the infinite regular tree, sometimes called the Bethe lattice.
Slightly more generally, we could consider a finitely-generated group I' with generating set

S ={s1,...,s} and identity e.



As mentioned above, Holley’s methods do not work when I' is nonamenable. Lewis
Bowen’s work on sofic entropy, initiated in [BowT0OH, BowT(d|, suggests a solution may be
found by replacing ‘finite subsystems’ with ‘finite systems which locally look like the infinite
system. In Z", finite subsystems satisfy the latter description because a large neighborhood
of any vertex far enough away from the boundary looks like Z", and most vertices are far
from the boundary. For I' = T, typical large random 2r-regular graphs have the desired

property (they tend not to have very many small loops).

An immediate problem is that, while we can pass from the state of a system to the state
of a subsystem by taking a marginal, there is no obvious analogue of this operation that will
produce a state on a separate finite system. More concretely, we must answer a question
like: if G = (V, E) is a large 2r-regular graph and u € Prob(A"), when can we think of a

state ¢ € Prob(AY) as a finitary version of u?

Again, we can provide a useful answer to this using the framework of Bowen’s sofic
entropy theory, with more similarity to recent variants [Alpl6, AusT6, AbeT8]: the idea is
to require that the ‘local statistics’ of ( are in some sense consistent with . To make this
more precise, fix R € N and suppose that for most v € V the radius-R ball B¢(v, R) in
G is isomorphic to the ball BY(e, R) centered at the identity. Then we can identify each
of these balls in the finite graph with B (e, R), so that the marginal of ¢ on each of them
can be thought of as a measure on AB"(eR) The average of these marginals is the empirical

distribution, denoted PCG = Prob(ABF(e,R))_

There is one problem with this description: the choices of isomorphisms BY(v, R) =2
BY(e, R) do make a difference in general. We therefore assume more structure of G in order
to ensure that there is a canonical isomorphism, and in particular a canonical way to lift

marginals of (.

The structure can be described as follows: the edges of the Cayley graph of I' naturally
come directed and labeled by the generators. Assume that the edges of G are also directed

and labeled, with one s;-labeled edge coming in and one going out of each vertex for each



i. Now for any v € V with B¢(v, R) = BY(e, R), there is exactly one isomorphism which
respects edge labelings and directions. Using these canonical isomorphisms, we end up with

a well-defined empirical distribution.

We will encode such a structure on G' by a homomorphism o: I' — Sym(V'), where each
o(s;) is the permutation that sends each v € V' to the vertex on the other end of the s;-
labeled edge coming out of v. Below, we will always refer to elements of Hom(I", Sym(V'))
rather than directed, edge-labeled graphs with vertex set V', but one should keep this graph-
homomorphism correspondence in mind. See Chapter B for a more explicit definition of the

empirical distribution of a state (.

In fact, using such a structure we can pull back labelings of G to labelings of I' without
regard for local similarity; although this local similarity will be very important for other
purposes it is convenient to be able to ignore it here. Specifically, given x € AY and v € V

we define the pullback name I19x € A" by
I2x() = x(a"v).

Our version of the “marginal of ¢ at v” is then the pushforward [x — I17x].(, and we define
the empirical distribution to be the average over choices of v:
Py = iZ[X = 119x].¢
<V T
veV
Instead of truncating at radius R, the “localness” will come from making comparisons in the

weak topology on Prob(Al).

For a weak-open neighborhood O of pu, we say that ¢ is O-consistent with p (over o) if
P? € O. Let Q(0,O) denote the set of such (; we can think of these as suitable finitary
versions of p with quality parameter O. Note that the finite set V' for which Q(o,O) C

Prob(AY) is implicitly specified by o via its codomain.

We can now define our notion of free energy density: let ¥ = (o, € Hom(T', Sym(V},)))nen

be a sequence of homomorphisms such that for each R € N the fraction of v € V,, such that



B (v, R) = B'(e, R) approaches 1 as n — oo. The letter ¥ reflects that this is a sofic

approximation to I'. We then define the free energy density of u € Prob(A") relative to ¥ by

A(Q),

(1) I 1 f
a = sup lmsup —— 111
> ll/ Os3p n—oo ‘Vn| CGQ(U'ruO)

where the supremum is over weak-open neighborhoods of pu.
Note that ax(p) has an implicit dependence on a specific nearest-neighbor interaction,

via the energy functions U: AY» — R.

Remark. The constraint “¢ € Q(o,,O)” will typically prevent the infimum from simply
being attained by the true finitary Gibbs state, which has minimal free energy among all
states on the graph of o,, rather than just among those whose empirical distributions are

close to p.

However, in the special case where p is the local limit of the Gibbs states on o, this

constraint becomes irrelevant. In particular, we have

ax(p) = limsup 1 [—log Z,]

nooo | Val
where Z,, is the ‘partition function,’ i.e. the normalizing factor which appears in the definition
of the Gibbs state on o,. A strong enough mode of convergence to an explicit limit was
established for the Ising model in [DMT0] for nonzero external field and in [MMST2] for zero
external field. The former paper also shows how to provide an expression for the limiting

free energy density. m
Using this notion of free energy density along with ideas from Holley’s paper, in Chapter

A we will prove the following:

Theorem A. For any choice of ¥ and any nearest-neighbor interaction, every yu € Prob(Al)

minimizing ax, is Gibbs for that interaction, unless ayx, is identically +oo.

This will follow from monotonicity of free energy density (Proposition B2272) and from
the fact that free energy density is always strictly decreasing under Glauber dynamics as

long as the measure is not Gibbs (and ayg # +00).
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We also show that, under some conditions, Glauber dynamics converges to the set of

Gibbs measures:

Theorem B. Suppose ji € Prob" (A"), and let yi; denote its evolution under Glauber dynam-
ics. If there exist s > 0 and ¥ such that ag(ps) < 400, then p; converges weakly to the set

of Gibbs measures ast — oo.

Here, shift-invariance means invariance under the natural action of I'. It is not necessary

for p to be invariant under the full automorphism group of the Cayley graph of I'.

The requirement that us have finite free energy density with respect to some sofic ap-
proximation is always satisfied for many groups, including amenable groups and finite-rank

free groups. See Corollary BT

A key step in the proof of Theorem B is to show that if a finitary state ( is consistent
with p then (; is also consistent with p;; see Theorem B=Z1l. There is some decay in the
quality parameters over time, but this is controlled by the degree of local similarity of the
finite system to I'. This is an analogue of the fact that a large finite subsystem in Z” can be

treated as isolated from its surroundings.

One application of Theorem B is Theorem [E below.

1.2 Entropy of nonamenable group actions

Amenability, mentioned above in the context of free energy density, also plays a central role
in entropy theory. If I' is a countable amenable group, the entropy rate of an element of
Prob(A") is defined by an averaging process analogous to Equation 0. Again, it turns out

to be important that the average is taken over a Fglner sequence.

The problem of nonamenability stood for several decades until work by Lewis Bowen
[BowT10H, BowT(0d] extended entropy theory to sofic groups. Most reasonable groups are
known to be sofic; there are currently no known non-sofic groups. A sofic group is one which

admits a sofic approximation. Sofic approximations were essentially introduced above: a

8



sequence of homomorphisms from I" to finite symmetric groups such that the graphs of these
homomorphisms locally look like the Cayley graph of I" is a sofic approximation to I'. More
generally the maps should only be required to be asymptotically homomorphisms in some

sense, but for simplicity we only consider true homomorphisms here.

Let 0 € Hom(I',Sym(V')) be a homomorphism, and let A be a finite set. Given a mi-
crostate x € AV, we can define its empirical distribution by

o o 1
Px = Péx:mzangx.

We say x is an O-good model for u € Prob(AY) if P7 € O. Call the set of such microstates
Q(o,0).
The sofic entropy of a measure . € Prob(A") is the exponential growth rate of the number

of good models for u: given a sofic approximation > = (an)neN,

1
hy () = igf lim sup log|2(a,,, O)].

nooo |Vl
A measure with many good models could be seen as being “more random,” since more
microstates are consistent with it. However, standard intuition about entropy does not
always apply for nonamenable groups: in particular, sofic entropy can increase under factor
maps (so one system can generate another which is “more random”). Ornstein and Weiss
had already observed in [OWS7, Appendix C] that any reasonable notion of entropy for

free-group actions would have this property.

Sofic entropy may take different values depending on X, but in all known occurrences
of this phenomenon one of the values is —oco. This is typically considered degenerate, since
it means that one of the approximations supports no good models for . It is an open
problem whether two sofic approximations may assign distinct finite entropy values to the

salne measure.



1.2.1 The f-invariant and its relative version

A related, but more tractable, problem is to count the expected number of good models over

a sequence of random homomorphisms. In [BowT0a], Bowen studied the following case:

Let I' = F,, and for each n let V;, = {1,...,n} and let o, be a random permutation
distributed uniformly on Hom(I', Sym(V},)). We consider ¥ = (0,)nen to be a random sofic
approximation. The exponential growth rate of the expected number of good models for

p € Prob(A) may then be written

1
hsy(p1) == inf li — _1ogE|Q(0n, O)].
=(p) = ipf limsup AR Q(0, O))]

Bowen showed that this coincides with the f-invariant of p, which he had introduced in

[Bow10d]. If p is a homogeneous Markov chain then f(u) can be easily calculated.

Now suppose we have two finite sets A, B, and let u € Prob((A x B)") be shift-invariant.

Write the marginals on A", B as u, ps. The relative f-invariant is given by

fQu|B) = f(p) — fus),

as long as f(usg) is finite; see Chapter B. We may try to interpret this as the growth rate of
the average number of good models for u per good model for pg. Theorem O may be seen

as a precise version of this statement.

Each good model for u, as an element of (A x B), can naturally be split into a pair of
good models for py,pug. The converse is not quite true: a pair of good models for p,, up
combine to form a good model for some joining (i.e. shift-invariant coupling) of the two,
but not necessarily . Thus it makes sense to ask: given a good model for g, how many

extensions does it admit to a good model for u?

In Chapter 2 we introduce a type of ‘stochastic block model’ random sofic approximation.
This consists of a fixed sequence (y, € B""),en and a sequence of random homomorphisms
o, € Hom(I', Sym(V},)). The distribution of o, is uniform on a particular set of homomor-

phisms chosen to ensure that for any quality parameter O we have y, € Q(o,,O) for all

10



large n. Thus y, is a planted partition of V,,, and ug controls the statistics of edges between

the parts.

More specifically, we will define a family of pseudometrics {dj }reny which generate the

weak* topology on Prob(Al) and, for oy € Hom(T', Sym(V')), yo € BV, and k € N, define

SBM(00, yo, k) = Unif({o € Hom(T', Sym(V)) : d(Py,, Py7) = 0}).

Yo’

Theorem C. Let a: X — A and 5: X — B be finite observables. Let m,, approach infinity
as n goes to infinity while satisfying m, = o(loglogn). For each n lety, € B" and o, €
Hom(G, Sym(n)) be such that

dy, (Pyr, 55 1) = O(5a7)-
Suppose that f,(T, ) > —oo. With ji,, = SBM(0y, Yn, My),

1
fu(T,a ] )= inf limsupﬁlog E {x€A" : (x,y,) € Q(0,0)}].
o~

03(af)fp n—oo

Using this result, we obtain a formula for the growth rate of the average number of good
models a stochastic block model admits for p,. If we do not require them to combine with
the planted good model y,, for ug to form a good model for a particular joining p, then we

end up with an optimization over all joinings:

Theorem D. Let u,,a, 3 be as in the statement of Theorem . Then

1
inf limsup —log E [Q(c,0)| = sup  fa(S,a| D).

O3a8u n—oo T ohin Aed(aGu, BE 1)

The left-hand side here is just the sofic entropy of p, with respect to the random sofic
approximation g = (u,). Taking A to be the product joining p, X pg, we see in particular

that
hsy (pa) 2> f(pa X p) — f(us) = f(a)-

Thus any stochastic block model supports at least as many good models (on average) as a

uniformly random graph.

11



Now suppose puy and g are both the free-boundary Ising state at low enough temperature

that f(us) < 0 [Bow20a, Section 3.3]. We can take A to be the diagonal joining to get

th (/’LA) > 0.

But with 3 defined as at the beginning of this section, we have

hs, (1a) > f(1a) = hs(pa)-

This is one way to see that there exist random sofic approximations with distinct entropy
values, but the difference may be explained by the fact that 3 has a possibility of not

supporting any good models for p, at all (otherwise the f-invariant would be nonnegative).

Question: can we find some p, and two stochastic block models ¥, ¥ which both

guarantee good models for py and with hs, (1) > hsy (pa)?

If ‘yes’, it should be possible to extract two (nonrandom) sofic approximations which give

distinct finite entropy values to p,.

1.2.2 Maximal-entropy joinings

To answer this question, we will need to understand better the optimization problem which
appears in Theorem M. The following theorem is progress in that direction. To state it we
need to introduce one last concept: Suppose we have two nearest-neighbor interactions ®*, ®®
on Al and B! defined as above using ‘external fields’ h,, hg and ‘pair interactions’ J,, Js. We
can produce a nearest-neighbor interaction ®* @ ®® on (A x B)' by setting hys((a,b)) =
ha(a) + hg(b) and Jyp((a, b1), (az,b2)) = Jy(a, az) + Jp(by,by). We will call this the sum
interaction; see also the closely-related definition of a “product specification” in [Geolll,

Example 7.18].

Theorem E. Let \ be a joining of two shift-invariant Gibbs measures py € G¥(®*), ug €
GV (D) for nearest-neighbor interactions ®*, ®2. Let ¥ be a random sofic approzimation to

[, and assume that there is some joining \ of py, s with hy(\) > —oo.

12



If X mazimizes hy, among all joinings of p, s, then A € G (P* @ ).

Note that, for our purposes, deterministic sofic approximations will be considered to be

a special case of random sofic approximations.

The proof uses the results above regarding Gibbs states and Glauber dynamics. An
additional key result, possibly of independent interest, is that a good model for a Gibbs
state pu is likely to stay a good model for u for a long time when evolved under the associated
Glauber dynamics, as long as the finite system has enough local similarity to ['. This is proven
using the main technical result used to prove Theorem B combined with a concentration
argument which relies on the fact that the Gibbs states form a face of the simplex of shift-
invariant probability measures (Lemma B=3). For a precise statement of this metastability

result, see Theorem G.

The extreme (i.e. tail-trivial) Gibbs states for the product interaction are exactly the

products of extreme Gibbs states for the factors [Geall, Equation 7.19]. It follows that

1. The supremum is attained by a joining whose disintegration over the tail o-algebra
consists of product measures, i.e. a relatively independent joining over the tail; see

Proposition b=31 for the precise interpretation of this.

2. If either u, or ug is extreme then the product joining attains the supremum. In

particular, the sofic entropy of u, over a stochastic block model generated by ug is

equal to f(uy).
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CHAPTER 2

The relative f-invariant

The f-invariant is an isomorphism invariant of free-group measure-preserving actions in-
troduced by Lewis Bowen in [BowI0H], where it was used to show that two finite-entropy
Bernoulli shifts over a finitely generated free group can be isomorphic only if their base
measures have the same Shannon entropy. In [BowT0a] Bowen showed that the f-invariant
is a variant of sofic entropy; in particular it is the exponential growth rate of the expected

number of good models over a uniform random homomorphism.

In this chapter we present an analogous formula for the relative f-invariant and use it
to prove a formula for the exponential growth rate of the expected number of good models

over a random sofic approximation which is a type of stochastic block model.

2.1 Introduction, main results

Let T' denote the the rank-r free group with generating set {si,...,s,} and identity e, and
let (X, u,T) be a measure-preserving I'-system, i.e. T is a homomorphism from T" to the
automorphism group of the standard probability space (X, ). We will not need to make

explicit use of the g-algebra on X, so we leave it unnamed.

An observable on X is a measurable map with domain X. In this dissertation the
codomain will be a finite set endowed with the discrete sigma algebra; in this case we call

the map a finite observable and the codomain an alphabet.

14



Any observable ov: X — A induces a map o' : X — Al by setting
(' (x))y = a(Tyz) forallgeT.

We call the A-coloring o' (z) of T' the itinerary of x, since it records the observations that
will be made over the entire orbit of  under the action of I'. We also similarly define the
map a’: X — A" for any subset H of I'. We abbreviate o” := o™ where B(e, n) is the
closed ball of radius n centered at the identity in I', which is endowed with the word-length

metric. If f: X — B is a second finite observable, we denote by aff: X — A x B the map

afi(z) = (a(z), 5(z)).
The (Shannon) entropy of a finite observable a.: X — A is defined by
Hu(a) = =) awp(a)log ap(a),

where a,p € Prob(A) is the pushforward measure, with the convention 0log0 = 0. The
entropy of a can be interpreted as the expected amount of information revealed by observing

a, assuming its distribution o, u is known.

An early application of Shannon’s entropy to ergodic theory was its use by Kolmogorov
and Sinai to show that there exist nonisomorphic Bernoulli shifts over Z. A Bernoulli shift
over Z is a system of the form (AZ, u%,S) for some alphabet A and p € Prob(A); S is the
shift action of Z. They did this by defining an entropy rate for Z-systems, which can be
interpreted as the average information per unit time revealed by observing the system. For
a Bernoulli shift (A%, u%,S), the entropy rate is simply the “base entropy” H,(«), where

a: A" — A is the “time zero” observable.

Isomorphism invariance of the KS entropy rate is typically proven using the fact that
entropy rate is nonincreasing under factor maps (which are surjective homomorphisms of
measure-preserving systems). This fact can be interpreted as stating that a system cannot

simulate another system that is “more random.”

The entropy rate was soon generalized to systems acted on by an arbitrary amenable

group (such as Z?). Extending beyond amenable groups proved more difficult, and in fact
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it was found to be impossible for such an extension to preserve all desirable properties of
the KS entropy rate. In particular, an entropy rate for nonamenable group actions which
assigns Bernoulli shifts their base entropy cannot be nonincreasing under factor maps [OW&7,

Appendix C].

The first invariant to distinguish between Bernoulli shifts over free groups is Lewis

Bowen’s f-invariant. Following [Bow10a], this can be defined by
F,(T,a) = (1 —2r)H,(a) + ZH atesih)

fu(T,a) =inf F,(T,a") = lim F,(T,a").

n—oo

The main theorem of [Bowl0H] is that f,(7, «) depends on the observable o only through
the o-algebra it generates. In particular, the common value of f, (7, «) among all & which
generate the o-algebra of the measurable space X (assuming such « exist) is a measure-
conjugacy invariant of the system (X, p,T). In the same paper, he showed that the f-
invariant of a Bernoulli shift is the Shannon entropy of the base measure; in particular,

Bernoulli shifts with different base entropies are nonisomorphic.

In [BowT10a], Bowen gave an alternate formula for the f-invariant, which we now intro-

duce.

For any homomorphism o: I' — Sym(n) we have a I'-system ([n], Unif(n), ), and we can
consider a labeling x € A™ as an A-valued observable on this system. We denote the law of
its itinerary by P? = x% Unif(n) and call this the empirical distribution of x. We say that
x is a good model for a over o if it is difficult to distinguish the I-systems (X, u,T") and

([n], Unif(n), o) via their respective observables o and x. To make this precise, we denote
Q0,0) ={xeA" : P} € O},

which is a set of good models for o over ¢ if O is a weak*-open neighborhood of a%pu €

Prob(A"); the particular set O quantifies how good the models are. The alphabet A is given
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the discrete topology and Al the product topology, so “weak*-close” means marginals on

some finite sets are close in total variation norm.

For each n € N, let y,, = Unif(Hom(I', Sym(n))). Bowen showed in [BowI0a] that the

f-invariant is given by

1
fu(T,a) = inf limsup —log E [Q(c,O)|.

OBO[?,LL n—soo N o~ fin

To make an analogy with statistical physics, we can think of a%u as a macroscopic
statistical distribution of the state of a system; then the f-invariant is the exponential
growth rate of the expected number of microstates on a sequence of finite random graphs
that are consistent with these statistics.

o0

More generally, given any random or deterministic sofic approximation ¥ = {1, }5° ,,

we

can define the sofic entropy relative to ¥ by

1
hy ,(T,a) = inf limsup—log E |Q(c,O)|.

Here each p,, is a probability measure on the set of functions I' — Sym(n) which is supported

on functions which are approximately free homomorphisms.

This dissertation is motivated by a desire to better understand the dependence of sofic
entropy on the sofic approximation .. For any choice of 3, the sofic entropy agrees with KS
entropy if the acting group is amenable [Bow12] and with the Shannon entropy of the base
if the system is a Bernoulli shift [BowT0d]. For some systems, the sofic entropy can be finite
relative to some sofic approximations and —oo relative to others. It is unknown whether
two deterministic sofic approximations can yield different finite entropy values for the same

system.

In this chapter, we express the entropy relative to a type of stochastic block model in

terms of the relative f-invariant, which we now introduce.

If a, B are two finite observables, the conditional entropy is

HM(O‘W) = Hu(aﬁ) - Hu(ﬁ)
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This can be interpreted as the expected amount of information revealed by observing « if
both the value of 5 and the joint distribution of o and  are known. The relative f-invariant
is defined by

Fu(T,a|f) = F(T, af) = F,(T, §)

T

= (1 —2r)H,(a|B) + ZHM(O‘{&SZ} ’ B{e’si})

=1

fu(T,a|B) = inf sup F,(T, ot | gk2),

k1€N g, eN

Both the infimum and supremum can be replaced by limits; this follows from Lemma PZ32

below. It follows from Corollary P23 that we could also directly define

Ju(T,alB) = fu(T, aB) = [u(T, B),

as long as f,(T,8) > —oo.

We now define the relevant type of stochastic block model. If H is a finite subset of T,
we denote by d* (i, v) the total variation distance between the marginals of 4 and v on A,
Our convention for the total variation distance between measures p, v € Prob(A) is

1
I =vlirv =5 > _lufa} = v{a}].
ach

For each k € N we define a pseudometric on Prob(Al) by
di(p,v) =Y dPERBER (),
i€[r]

Note that {d} }ren together generate the weak* topology on Prob(Al). These generalize the
function d* from [BowT0a], which corresponds to the case k = 0. For O = {v € Prob(A") :
di(aSp,v) < e} we write

Qo,0) = Qi (0,a,e) C A",

Our stochastic block model is now defined as follows: givenyy € B", 0y € Hom(I", Sym(n)),

and k € N, let

SBM(00, yo, k) = Unif({o € Hom(T', Sym(n)) : di(Py,, Py0) = 0}).

Yo’
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The labeling y, partitions the elements of [n] into |B| communities, and we can think of
the random homomorphism ¢ as a random choice of directed edges between and within the
communities. Certain statistics of these random edge choices are determined by the reference
homomorphism og; note that for k& > 0 these statistics are more precise than those specified
by a standard stochastic block model. In Section 222 we define weights, which are the objects

used to record the relevant statistics.

2.1.1 Main results

Our main theorems show that the relative f-invariant can be interpreted as the growth rate
of the expected number of ways to extend a planted good model for § to a good model
for a3, over a stochastic block model which has statistics determined by 8 and its planted

model.

We first prove that if %y is Markov then we can use a stochastic block model which

only takes into account “one-step statistics.”

Theorem F. Let a: X — A and B: X — B be finite observables, and for each n let y, € B"

and o, € Hom(I', Sym(n)) be such that

lim dg(Pyr, B ) = 0.

n—oo

Suppose that B%u is a Markov measure. With p,, = SBM(0,, ¥, 0), we have

1
fu(T,a| B) = inf limsup—log E |[{x € A" : (x,y,) € Q(0,0)}|.
o~y

O03(af)S n—ooo N

Proposition 2.1.1. The assumptions of Theorem [H are nonvacuous; that is, for any finite
observable 3: X — B there exist sequences {y, € B"};2; and {0, € Hom(I',Sym(n))}2,
such that lim, . dj(Pg", 8%p) = 0.

This follows from the fact that free group actions are “sofic,” which is proven for example

in [Paull, DKPT3, Popl4]. A more elementary proof is given in Section 24 below.
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If 5% is not Markov, then the same formula holds with a more precise type of stochastic

block model:

Theorem C. Let a: X — A and 5: X — B be finite observables. Let m,, approach infinity
as m goes to infinity while satisfying m,, = o(loglogn). For each n let y, € B" and o, €

Hom(G, Sym(n)) be such that
o Pyt B21) = O (1557) -
Suppose that f,(T,B) > —oo. With i, = SBM(0y,, Y, M),

fu(T,a| )= inf limsup — " log IE |{X €A (x,yn) € Qo,O0)}.

03(aB)fu n—oo

Proposition 2.1.2. The assumptions of Theorem [d are nonvacuous; that is, for any finite
observable : X — B and any sequence {m, € N}, approaching infinity while satisfying
my, = o(loglogn), there exist sequences {y, € B"}>>, and {0, € Hom(I',Sym(n))}5>, such
that lim,, o0 dy, (P, S 1) = O ( L )

logn

The expressions appearing on the right-hand sides of Theorems E and O are very compa-
rable to Ben Hayes’s definition of “relative sofic entropy in the presence” [Hay16, Definition
2.5]. Some differences are that we consider ezpected numbers of good models over random
sofic approximations, and that Hayes takes a supremum inside the logarithm over which
good model is to be extended, while we fix a sequence {y,} of planted good models. Hayes

also does not restrict to shift systems as we do here.

Using Theorem [ we prove the following formula for the growth rate of the expected

number of good models over a stochastic block model:

Theorem D. Let p,,a, 3 be as in the statement of Theorem [d. Then

inf hmsup—log E [Q(0,0)] = sup  fa(S,a| D).

O3afp nooo M T Hn AeJ(al p, B 1)
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Here J(alp, u) is the set of joinings of the I'-systems (AT, a%pu, S) and (BY, 3%y, S),
i.e. shift-invariant probability measures on (A x B)' whose A, B! marginals are ol u, 5 p,

respectively. S denotes the shift action of I'. We use a,b to denote the maps

a: (AxB)' — A b: (AxB) =B
((ag, bg))ger = Qe ((agv b9>)g€F = be
which observe the A (resp. B) label at the identity.

Remark. The supremum is always greater than or equal to f,(7, ), with equality attained
by the product joining; this means that the expected number of good models for o over a
block model with built-in good models for any  is at least the expected number of good
models over a uniformly random homomorphism. It is possible for the supremum to be
strictly larger, however. For example, suppose f,(7,a) < 0 and o = 3, and let A be the
diagonal joining. Then

H(S,a|b)=0> f,(T,a).

See Chapter B for more discussion of this optimization problem.

2.1.2 Random sofic approximations

As noted above, the f-invariant is closely related to another invariant of measure-preserving

systems called sofic entropy, which was introduced by Lewis Bowen in [Bow10d].

A homomorphism o € Hom(I', Sym(n)) is called (D, d)-sofic for some finite D C I' and
6 >0 if

{j€ln] - o(v)j #3VyeD\{e}} > (1=d)n

A sequence of homomorphisms ¥ = (an € Hom(T, Sym(n)))ne is called a sofic approxima-

N

tion if for every (D, d) the homomorphism o, is (D, d)-sofic for all large enough n.

The sofic entropy relative to ¥ is the exponential growth rate of the number of good

21



models over o,. Specifically, for any finite observable & on X we have

1
hy, (T, ) = inf limsup — log|Q(o,, O)|.
n

O30l p pnosco
This is an isomorphism invariant of the system (X, u,T) if « is any generating observable,
i.e. if the o-algebra of the measurable space X is the coarsest one which is shift-invariant

and a-measurable.

By analogy with this expression, we might call the sequences of random homomophisms

b}

appearing in expressions above “random sofic approximations.” The following proposition

provides further justification for this terminology.

Proposition 2.1.3. If (u,) is any of the sequences appearing in Theorems B, [, and @O,
then for any (D, d) there ezists € > 0 such that

P (a 15 (D,5)—50ﬁc) >1-—n""

o~

for all large enough n.

In particular, if oy ~ u1, o9 ~ s ete. are independent then (o,,) is a sofic approximation

with probability 1.

Organization

In Section 2 we define weights and discuss some of their useful properties. In Section P23
we prove a few basic results about the functions f and F. Some of the results of these
two sections are used in Section 24 to show that the assumptions of the main theorems
are not vacuous. In Section ZZ3 we show how the function F' is related to the number of
homomorphism-labeling pairs (o, y) that realize a given weight, which is the main ingredient
of the proofs of Theorems H and 0 given in the next two sections. In Section 8 we show
how to deduce Theorem D from Theorem 0. Section 29 contains a proof of Proposition
2Z13. The final section contains a proof of Lemma =273, which asserts that a weight can be

approximated by a denominator-n weight with a specified marginal.
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2.2 Weights

If a: X — A is a finite observable, for a,a’ € A and i € [r] let
Wala,d';i) = ol p(a,d) = p{z € X : a(z) =a, a(Ty,z) = d'}
and also denote
Wy (a) = ap(a).

For x € A" and ¢ € Hom(I", Sym(n)) let
W,x(a,d’;i) = P23 (a, a')

and W, (a) = PO (a).

More abstractly, any W € (Prob(AQ))r is called an A-weight if

ZW(a,a’z ZW@ a;j)

a’ €A a’eA

for all 4,5 € [r] and a € A. For each a € A we denote this common value W (a). Note that
the objects W, and W, x defined above satisfy this condition.

We say that W has denominator n if n - W(a,a';i) € N for all a,d’, 1.

The measures W (-, ;i) for i € [r] are called the edge measures of W, and W(-) is called

the vertex measure.

For any alphabet A, we use the metric on A-weights defined by

Wl,WQ = ZHWI y 5 b W2(7 ’ )HTV
i€r]
= —Z Z |W1 a, a Z WQ(aaa/;iN‘
ZE[T CL(IGA

We can use weights to count good models up to equivalence under the pseudometrics dj,

using the following proposition:
Proposition 2.2.1. If o € Hom(I',Sym(n)) and x € A", then for any observable a: X — A
AWy s, W) = di (P2, oS p).
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Note this implies also that
dp(PY, ol p) = dy(Pg. (a*)7 p).
Proof. By definition of the distance between weights,

d(Wa,xka Wak) = % Z Z ‘Wa,xk <a7 al; Z) - Wak (aa al; Z)‘

i€[r] a,a’ €AB(ek)

1 1) . (x*);=a
5y oy w0
i€[r] a,a’ cAB(ek) (X )U(si)j =a
ak(z) =a

—pure X :
a*(Ty,x) = a

For many ‘incompatible’ pairs a,a’, both terms will be zero: suppose g € B(e, k) N B(s;, k),
so that gs; ' € B(e, k). If the second term in the absolute value is nonzero, then for some

r € X we have of(z) = a and o*(T,,z) = a’, and therefore

o 1= (0} (T2)yr = a(T, 1 Toz) = ol Tyr) = (0*(2)), = a,.

9s;
The same argument shows that a; 1 = a, forall g € B(e, k) N B(s;, k) whenever the first

term is nonzero. Therefore we can restrict the sum to pairs a,a’ with a; 1= Ay for all
i

g € B(e, k) N B(s;, k). Equivalently, we can sum over all A € AB(ERUBGoR) £ oot

d(Wa,xkv Wozk) = %Z Z

i€[r] AcaB(eR)UB(s;,k)

1 : e Si
fo e - e, - a)

—u{xEX:oz(ekUle A}‘
_ ZdB (e,k)UB (s;,k) PO’ E,LL) H
1€[r]

It will be useful to consider the pushforward map induced by a map between alphabets:

if m: A — B is a measurable map and W is an A-weight, then 7W is the B-weight given by

Wb, Vi) = Z Z Wia,ad';1).

aen—1{b} a’enr—1{b'}
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Note that this implies that the vertex measure of W is

AW = Y Wla).
aen—1{b}

For example, let m5: A X B — B be the projection map. If W is an A x B-weight then mgW

is given by

7TBW<b1) = Z W((a, b1>) FBW(bl, bg, Z) == Z W(((ll, bl>, (CLQ, bQ), Z) .

ach ai,az€A

We call this the B-marginal of .
All weights in the present chapter will be over alphabets of the form AB(&*) x BB(&A)  We

use this fact to introduce some simplified notation for projections:

e 14 denotes projection onto the entire A factor AB(*): 75 is used similarly.
e For m < k and m' < k', T denotes projection onto ABE™) x pB(em’),

e T, denotes the projection AB(F) — AB(e™) except that if m = 0 we write 7.
We define F(W) for an abstract weight W by

F(W) = (1=20)H(W()) + Y H(W(, 1))
i€[r]
where H is the Shannon entropy. Note that this is consistent with the above definitions in

that, for example,

F(W,) = F,(T, ).

We can revisit the definition of our version of the stochastic block model using weights:
Let H C I' and let W be a denominator-n BB(¢*)_weight. Suppose there exist y € B” and
o € Hom(I', Sym(n)) such that W = W, ,«. Then

SBM(o,y, k) = Unif({o’ € Hom(T', Sym(n)) : W,y = W}),

so we can also denote this distribution by SBM(y, W). Specifying the distribution by a weight

rather than a specific homomorphism will occasionally be more convenient.
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2.2.1 Constructing weights and good models

We borrow the first result of this type from [Bow10al; it allows us to find a denominator-n

approximation to a given weight.

Lemma 2.2.2 (Lemma 2.3 of [Bow10a]). There is a constant C such that for any A-weight

W there is a denominator-n A-weight within distance C|A|*r/n of W.

The following lemma allows us not only to construct a denominator-n approximation to

a given weight, but also to specify a marginal of this approximation:

Lemma 2.2.3. Let W be an A x B-weight. If Wy is a B-weight of denominator n with
d(Wy, mgW) < & then there is an A X B-weight Wyp with denominator n such that mgWys = Wp
and d(Wys, W) < 265r(]A X B|?/n + 9).

The construction is fairly involved, so is postponed to Section ZZI0. The constant 265 is

not intended to be optimal.

The definition of a weight W, . in terms of a homomorphism o and a labeling x is
straightforward. However, we will also need to know whether a given weight can be realized

in this way. The next two results address this inverse problem.

Proposition 2.2.4. If W is a denominator-n A-weight, then there exist x € A" and o €
Hom(T', Sym(n)) such that W = W, «.

Proof. This is implied by Proposition 2.1 of [BowT0al]. O

Unfortunately, this does not imply that for every denominator-n AB(*)_weight W there
is some o € Hom(I', Sym(n)) and x € A" such that W = W, ,; instead it provides X €
(ABER™ guch that W = W, x.

However, if we already know that W is close to a weight of the form W_x for some
observable «, then the following proposition shows that W is also close to a weight of the

form W, xx.
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Proposition 2.2.5. Let a: X — A, 0 € Hom(I', Sym(n)), and X € (ABER)™ be such that

dWox,War) <€ for some e > 0. Writing x = m.X € A", we have
dWox, Wy xr) < 2r|B(e, k)|e.

An immediate consequence is that X € Q(o,a*, ) implies 7.X € Qj (0, a, ce) where

c=1+2r|B(e, k)|; cf. Claim 2 in the proof of Proposition 3.2 of [Bow10al].

Proof. Claim 4 in the proof of Proposition 3.2 of [BowT0a] implies that

{7 € [n] « X(5) #x"(5)}| < niBle,k)e.
It follows that for any i € [r]
{7 €[]« Xt (j) # (M) ()}

< i€ ln] : X() #x* G+ i € [n] : X(o(si)g) # x"(o(s:)7)}]
< 2n|B(e, k)le,

SO

A(Wox, Wose) = > _[[(XI*H) Unif(n) — ((x*){*) Unif(n)|| .,

i€[r]

< 2[B(e, k)|e = 2r|B(e, k)|e. O

1€[r]
2.3 Properties of F' and f

Lemma 2.3.1 (Continuity as weight function). If Wy, Wy are A-weights with d(W;, Ws) <
e <1 then

F(Wy) — F(W))| < 4 (H(e) + = log, |A]).

where H(p) denotes the entropy of the probability measure (p,1 — p) € Prob({0,1}).
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Proof. We use Fano’s inequality in the following form (Equation (2.139) of [CT06]): suppose
X,Y are A-valued random variables defined on the same probability space and let p, =

P(X #Y') be their probability of disagreement. Then
H(X [Y) < H(pe) + pe log]A].
Using the chain rule and nonnegativity of Shannon entropy, we can deduce that
[H(X) — H(Y)| < H(pe) + pe log|A].

Let 1, pa € Prob(A) be the respective distributions of X, X5. Because ||py — po||Tv is the

minimum value of P(X # Y') over all possible couplings, if |1 — pe|lrv < € then
[H(p1) — H(p2)| < H(e) + logy|Al.

The assumed bound d(W;, W) < e implies that each vertex and edge measure of W is

within total variation distance € of its counterpart in W5, so

|F(Wy) — F(Wa)| < [1—2r|- [H(Wi(-)) — H(Wa(-))]
+ SV 5) — B(Wa(-.51)

1€[r]
< (2r — 1) (H(e) + € log,|A])
+ 7. (H(s) + 510g2|A|2)

< 4r(H(e) + e logy|Al). O

Let a: X — A and 3: X — B be observables. We say that (3 is a coarsening of « if each
part of the partition of X induced by [ is a union of parts of the partition induced by «
(up to null sets). Equivalently, there is some function g: A — B such that § = g o « almost

surely. In this situation we can also call a a refinement of (.

A useful property of the Shannon entropy H,(«) is monotonicity under refinement. The
function F' does not share this property, but it is monotone under the following particular

kind of refinement introduced in [BowT0Hh]:
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We say that [ is a simple splitting of « if there is some s € {sfﬂ, ..., 821} and a coarsening
a of ae such that, up to null sets, the partition induced by [ is the coarsest common refinement

of the partitions induced by a and & o Tj.

We say that [ is a splitting of « if there are observables a = By, 51, ..., B, = [ such that
B; is a simple splitting of §; ;1 for i = 1,2,...,n. We will use the following monotonicity

properties of the relative version of F"

Lemma 2.3.2 (Monotonicity under splitting).

1. If aq is a splitting of ag then F(aq|f) < F(az|f).

2. If By is a splitting of Py then F(«|f1) > F(a|fs).

Proof. 1. This is essentially Proposition 5.1 of [Bowl0h]; conditioning on 5 makes no

difference to the proof.

2. The proof is based on the proof of Part 1, but in place of the chain rule for conditional

entropy we use the following bound:

H(a | B2) < H(a, 1 | B2) (monotonicity)
=H(p1 | B2) + H(a | f1, B2) (chain rule)
<H(B: | )+ Hla | By) (monotonicity).

We will also use the following consequence of the previous bound:

H(a{evsi} | ﬂl{e,sz'}) _ H(a{e,si} | Bz{e’si})

> —H(B{" | gy (previous bound)
> —(H(BP | pI ) + H(By | 1)) (subadditivity)
= —(H(6 | B h + H(B | ﬁé{e’si})) (T-invariance of ).

It suffices to check the case where 3, is a simple splitting of Bo: let t € {s7,... s*!

»er

and let 3 be a coarsening of S, such that the partition induced by $3; is the same as
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the coarsest common refinement of the partitions induced by S8 and 3o T, up to null

sets. Then, using the two bounds just derived,

F(alfy) = F(alf) = (1 = 2r) (H(alf1) — H(a[f2))

+ Z (H {e,s;} ﬂl{e,si}> . H(a{e,si} Bi{e,si})>
i€[r]
Z (1 — 2T) (_H(ﬂl|ﬁ2)) — Z < (61 | ,8268 ) + H(/Bl | 5{5 sl})>

1€[r]

=@ —DHBIAR) — > H(B | B

36{511 P
But
H(B1 | B3 < H(B | 5251 = 0

so we can remove the ¢ term from the sum to get

F(alf) — F(al) > (2r = DH(BB) — Y HB |5

se{stl sFI N\ {1}

= Y (HG) - H | A)

se{st st N\ {1}

> 0. [l

One corollary is the following convenient formula:

Corollary 2.3.3. Let o, 3 be finite observables such that 3% u is a Markov measure. Then
F,(T,a"™ | B*2) is independent of ke. In particular,

fu(Tl,a| B) = i%fFM<T’ o | B).
Proof. By the previous proposition, for any k£ < ks we have
Fu(T, o | B%) < Fu(T. o™ | B*).
On the other hand, by Theorem 6.1 of [BowT0d] F,(T, 8%) = F,(T, **) so

F(T.a™ | %) = F,(T,a™ %) — F, (T, 3*).
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Applying monotonicity under splitting to the first term on the right gives
Fu(T.of | ) = F,(T, o™ %) = F,(T, %) = F(T, o | 8*).
This establishes independence of ks; the formula for f follows. Il
Proposition 2.3.4. Let «, B be finite observables. Then for any k € N,
F(T,0" | B) < H,(a | B).

It follows that
f#(T,oz | B) < Hu(a | B)

Proof. By Lemma 2232, F,(T,o* | ) < F,(T,a | B). Using elementary properties of

Shannon entropy, we have

Fu(T,o| B) = (1= 2r)H(a | B) + > Hy(alod | glosd)
1€]r]
< (1=2rHy(a|B)+ Y [Hu(a| gl) + Hy (ol | glosd)]
i€]r]
< (1 -2r)H,(a| B) —1—2 a\ﬁ +H({Si {s¢})]'
i€[r]

By T-invariance of 1 we have

Hy (a5 [ 17) = Hy(a | B),

so the first inequality follows.

For any kq, ks € N this gives
F (T, o* | f*) < H,(a| %) < Hy(a | ),
so the second inequality follows upon taking the supremum over ko then the infimum over

ky. [l
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We can use this bound to give a proof of the chain rule for the relative f-invariant, a
version of which first appeared in [BowT0d] (there it is called the Abramov-Rokhlin formula;

see also [BGT3)):
Corollary 2.3.5 (Chain rule).
ST aB) = fu(T, o0 | B) + fu(T, ).

Proof. By definition of the relative version of F' and the chain rule for conditional entropy,

for each kq, ko we have
E (T, a™B*) = F,(T,o" | g¥) + F, (T, 8*).

By Lemma 232 each term is monotone in ks, so the limits as ky — oo exist. By Proposition
2234 all terms are bounded above (recall we only consider finite observables, so in particular

all observables have finite entropy), so we can split the limit across the sum on the right to

get
lim F,(T,a™p") = lim F,(T,a™ | g*) + f.(T, B).
k2—>oo k2—>00
Taking ki to infinity gives the result. m

2.4 Non-vacuity of main theorems

2.4.1 Theorem [H

Here we prove Proposition 22171, which asserts the nonvacuity of Theorem H. Given 5: X —

B, we need to show that there exist y,, € B" and 0, € Hom(I', Sym(n)) such that

lim d3(Pgr, 5%u) = 0.

n—oo

By Lemma 222, there is a sequence {W,, }22 , of B-weights such that W,, has denominator
n for each n and d(W,,, W3) = o(1). By Proposition =24, for each n we can pick y,, o, such
that W, y, = Wy. Since di(PZr, 8% p) = d(Ws, y,., W), these suffice.
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2.4.2 Theorems O and D

Here we prove Proposition 2172, which asserts the nonvacuity of Theorem O (and by exten-

sion Theorem D, since the assumptions are the same).

Let m, approach infinity as n approaches infinity while satisfying m,, = o(loglogn)
and let 5: X — B be a finite observable. We need to show that there exist y, € B" and
0, € Hom(T, Sym(n)) such that d, (Pgr, 55u) = O(z5)-

logn

By Lemma P22, there is a sequence {W,,}>° | of weights such that W, is a denominator-n

BE(emn)_yweight for each n and d(W,, Wam.) = O(

IBB(e,mn) |2

). By Proposition 224, for each

n we can pick Y, o, such that W, vy, = W,. Let y, = n.Y,,. By Proposition 2223,

&5, (P2, 890) — (W, e Wiam) = O([B(e,ma)] - BB (L
mn \L yn o x« M) = On,Yn ) pmn ) — €, My n - logn .

2.5 Counting Lemmas

For a B-weight W, let Z,,(W) denote the number of pairs (o,y) € Hom(I', Sym(n)) x B” such
that W,y = W.

Proposition 2.5.1. If W is a B-weight with denominator n then

Zn(W)

—r|B|? r|B|?
(3y/n) "B < T () (=772 < (3v/n) B

Proof. We write
ZW) =) Hy €B" : Woy =W} = (nl) E[{y €B" : W,y =W}].

where E, denotes the expectation over a uniform choice of o € Hom(I", Sym(n)).

Proposition 2.1 of [Bow10a] states that

A TTyep (R (B))12
I Hb,b’EB (nW (b, V/;4))!"

Lemma 2.2 of the same paper gives an estimate of this quantity, but for our purposes we

El{y € B" : Woy = W}| =

need to be more careful about how the estimate depends on the size of the alphabet.
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We use the version of Stirling’s approximation

k_k:Jrl/Qefk < k! <3. kk+1/267k7

valid for £ > 1. To estimate the products that appear in the expectation, we will need to
omit all factors which equal 0! = 1 since Stirling’s approximation is not valid for these. To
do this carefully, let

B ={beB: W() +#0}

and for each i € [r] let
B; = {(b,V) €B* : W(b,V;i) # 0}

For the numerator of the above expectation we get

nll=" H(nW(b))!QT_l < (3nn+1/2 6—71)1—7‘ H (g(nw(b))nW(b)+1/2e_nW(b))27"—1

bep’ beB!

_ 3177‘+|B’|(2r71) nrn+1/27r/2+(2r71)|B’\/2

« 6—rn+(2r—1)[n > pen W(b)log W(b)—‘r% > pep log W(b)]

and a lower bound which is identical except missing the first factor. For the denominator,

let S =73 c,[Bil. We get

H H (nW (b, V51 H 3(nW (b, b'; '))nW (0.30)+1/2 —nW (b))

i=1 (b,b')€B, i=1 (b,V/)

— 35 nTLT+S/2

x e > Zb,b’ W (b,b';7) log W(b,b’;i)—f—% Zi,b,b/ log W (b,b";3)—nr
)

and again we have a lower bound which is identical except missing the first factor 3°. There-

fore the quotient is bounded above by

gL=r+[B|(2r=1) ,, (1=7)/24+(2r—=1)[B'|/2=/2 ,—nF(W)+(2r—1)3 5, log W(b) =3 3, 4 4 log W (b,8'30)

and below by

3=5 (1) /2+(2r=D)B'|/2=5/2 ,—nF(W)+(2r—1)% ¥, log W (b) =3 5, ,  log W (b,V'5i)
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Since W has denominator n, we have

1 1 12
02 (2r =15y logW(b) = (2r —1)5 ) log ~ = — i

beB’ beB’

and

1 , 1 1S
OS_EZ Z logW(b,b;Z)S—QZ Z 10gﬁ:§10gn‘
i (bb)EB] i (bb)eB;

Therefore Z, (W) satisfies

3—Sn((1—r)—S)/2€F(W)n(n!>r < Zn(W) < 31_T+|Bl‘(QT_I)TZ((I_T)J'_(QT_D‘B/D/QeF(W)n(n!)T.

Since S < r|BJ? and |B| < |BJ, we conclude that

§r1B 1, (1) =T B) 2 FOWIn (1) < 7 (1) < 317 Bl (=) +r=DIB)/2 F (W) 1y
and the stated inequality follows. ]

The following proposition establishes the connection between the relative version of F

and expected numbers of good models over stochastic block models.

Proposition 2.5.2. Given any denominator-n (A x BB(®))-weight Wy, let Wy denote the
BB(HR) _weight msWs. Let 'y € B" be a fized labeling with py = 7. Ws(+), and let

p = SBM(y, Ws) = Unif({c € Hom(I', Sym(n)) : W, & = Ws}),
assuming Wy is such that the desired support is nonempty. Then
Zn(Whs)
E=E €A Wy =W,
UNMHX AB}| (WB>

In particular,

—r[B|?(|A]2+1) r[B]2(|A]241)
en(F(Was)—F (W) < ((9n) , (9n) > _

Lemma 2.5.3. Let Wy be a A x BB weight of denominator n. Then

‘{<U7X7y) : WU,(X,yk) = WABH {0

(0,%,Y) : Woxv) = WABH}-
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Proof. Suppose ‘{(O’,X,y) P W xyh) = WAB}| # 0; we then need to show
|{(U> X, Y) : WU,(x,yk) = WAB}‘ = |{(O’, X7Y) : WU,(X,Y) = WAB}"

The inequality < is clear, since we have an injection (o,x,y) — (o, %, y").

The converse inequality holds because (0,%,Y) — (0,x,Y,) in an injection from the set
on the right to the set on the left. This follows from the remark at the beginning of the
proof of Proposition ZZ23. [

Proof of Proposition. Let
p= Unlf({<07 S’) : Wo,yk = WB});
then, since ‘{x €A W, gk = WAB}‘ is independent of the choice of ¥ with py = 7. W5(-),

E= B [xer: Wogegn = Wil

(0,3)~id
_ Xoglx e Wopgh = Wis}|
|{(0, y) : Wa,yk = WB}|
‘{(a, X,¥) 1 Woxgk) = WAB}‘
{(0,5) : W50 = Ws}|
H(U’ x,Y) : Wo x,y) = WABH ]
= {0 Y) - Woy = Wal| (previous lemma)
Zn(Wyp)

Zn(WB) ‘

Note that our assumption that the intended support of i is nonempty allows us to rule out

the “0” case in the application of the lemma.

The rest of the result then follows from our estimates on Z,, in Proposition 222 m

2.6 Proof of Theorem [H

2.6.1 Upper bound

Note that we will not rely on the Markov assumption for the upper bound.
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For each k € N,

1
inf  limsup —lo E x €A (x,y,) € Q0,0
Jnf limsuplog E [{x€ 4" : (x.,) € Q0. 0]

< 1nf11msup—log E |{x €A (X,¥n) € Qi(0,a8,¢)}]

€ npooo N

= inf lim sup —log E |{X cA” : (x",yF) e O (o, (ap)F, o)}

€ nooo N

<1nfhmsupﬁlog E |{Xe(ABe’f) (X, y5) € Qi(o, (ap)*,e)}].

€  n—oo

Write

Eu(n,e) = E [{X e aED)": (X, yp) € (o, (aB)*,e)}|

o~ ln

= E ’{X c (AB(e,kz))n : d(Wg7(X7y£),W(aﬁ)k) < 6)}‘

o~ fn,
and assume that n is large enough that m,, > k.

Writing W, (a8, k, €) for the set of all denominator-n weights W with d(W, W,sx) < e

E(n,e)= E > X e (AP W, x iy = W
T W W (aB,ke)

= Y [LE (X e PO Wy = W[ Wy = V]
WeWn(abhe) "

x P (W

o
o~ in Yn

= WBW)}

since if W, x # mW then W, xyry # W. But p, conditioned on {W,x = mgW} is
SBM(y ., msW), so we can bound the expectation above using Proposition EZ32, getting

gk(n’ 5) < (9n)r\BB(e,k)|2(|AB(e,k)|+1) Z en(F(W)—F(ﬂ'BW)) UEPL (Wa'y
WeWn (aB,k,e) "

o WBW)

Note (9n)rB* PPN < gonseo(n) - Pix § > 0. By continuity of F, for all small

enough ¢ (possibly depending on k) we have

gk(n7 5) S en(Fu(T,Ozk‘ﬁk)—‘,—(s-f—on—)oo(l)) Z ]P) (W

O ¥n
T~lln
WeWn (ab,k,e)

o WBW)
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Bounding each probability by 1, we get
gk(n’ E) < 6n(F"(T’O‘k|5k)+5+0"H°°(1))|Wn(0éﬁ, k),€>|.

But

B(e,k) |2

WalaB,k,e)| < wl@@™ I < gonoot,
so this implies
. 1 k| ak
limsup —log & (n, ) < F,(T,a" | %)+ 0
n—oo N

< FH(T,O/C ‘ 5k2) +9

for any ko > k, by monotonicity under splitting. Taking the limit as ks — oo followed by

the infimum over ¢ (which takes ¢ to 0) and k gives

1
inflimsupalogé'k(n,s) < fu(T,a | B).

&k nooo

Since

1 1
inf  limsup—log E |{x€ A" : (x,y,) € Qo,0)}| < inflimsup — log & (n, €)
n o~ n £

O03(aB)S1 n—oo n—oo T

for every k, this completes the upper bound.

2.6.2 Lower bound

Fix k € N. To estimate

E= E |{XE A" <X7Yn) € Qz<07a67€)}|

o~lin

we bound below using the expected size of
Xi(o,08,2 | ) = {X € (ABED)" : (X,y5) € Q3o (aB)F, o)}

This is not a true lower bound but, by Equation E1 below, there are constants C,d,c

independent of n such that
|X(0,ap,e | yn)| < Cexp (nde + nH(2|B(e, k)|e)) - {x € A" : (x,y,) € Qi(0,aB,¢)}.
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The ‘error’ factor has an exponential growth rate which vanishes as ¢ — 0, so will not be a

problem.

We now find a lower bound for the expectation of |Xy|. Applying Proposition 232 as

above, we have

UE% |Xk(0-7 O[ﬂ,& | Yn>|

= Z E {X e (aPM) Wo.xyt) = WH

WeWn(abihke) "
> S exp[n(F(V) = FlaW) —0,(1)] P (malV = Woyy).
WeEWn (af,k,e) o

For any 0 > 0, for small enough ¢ > 0 (independent of n), by continuity of F' this is at

least

exp [n(F,(a* | %) — 8§ — 0,(1))] Z UEP’ (meW = W, ).
WeWn(abke)

We give a lower bound for the sum by first rewriting it as

> HW e Wa(aB k) : mW = W} P (Woys = Wa).

Wg denom.-n BB(e’k)fweight

Fix n > 0. By Lemma 2223, for all large enough n the B-weight W, ., can be ex-
tended to a BB(F)_weight W; with d(Ws, Wsr) < n; to apply the lemma we can think
of the extended weight W5 as having alphabet BB(¢#)\Me} x B and recall that we assume

lim,, o0 AWy, y.. W5) = 0. Choose o,Y such that Wy = W, y. Since W5 is an extension of

W, y., We can make this choice in such a way that 7. Y =y,.

Let VTA/; = W, yx. By Proposition 223,
d(Wa, W) < d(Wa, Wa) + d(Wa, We) < 2r[B(e, k)l + 1.
So, as long as 7 is small enough and n is large enough (depending on ¢, k), by Lemma 2223

|{W S Wn(aﬂ,k‘7€> . WBW = WB}| Z 1.
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Now consider the probability appearing in the V[A/; term:

— {o : Woyr = WB}'
P (W, = W) = v :
O~ n Yn B | {0 . Wa,yn = Wo'ruyn } |

By symmetry in choice of y with the correct letter frequencies, we can write this as

P (W, =W, {(0,) + Woyr = W}
e Work = W) = e W = Wb
{(0,Y) : Woy =Ws}

= (Prop. EZ23)
{(o,y) : Woy = Wo, v}
ZZKLL%> ..
= —-——" (definition of Z,,)
Zn<WUn,}’n)

> exp(nF(Ws) = F(Wo,.y,)]) - (3v/) 7" F B (Prop. g

— exp (n[F(WB) — F(W,, ) — 0(1)]) .

By continuity of F', we then get

P (Woyr = f/VVB> 2 expn(FH(ﬁk) — Fu(B) —20 + 0(1))

T~lhn

for all large enough n and small enough 7 (again depending on k, ), with § > 0 the same as

chosen above. Since ¢u is a Markov chain, F,(3%) = F,(3).
p p

Putting this all together: for any k € N, for all § > 0 we have

JE |Xi(o, 0B, e [ yn)| = exp [n(Fu(a® | B%) =38 — o(1))]

for all large enough n and small enough ¢ > 0.

It follows that for any k£ € N

1
inflimsup —log E [{x € A" : (x,y.) € Qi(0,aB,¢)}| > F.(T,a* | g¥).

€ npooo N T~ fin
Taking the limit as k — oo gives the desired bound, using Corollary 22323 and that the

family of pseudometrics {d} : k € N} generates the weak* topology.
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2.7 Proof of Theorem C

Let W, = W, ymn, so that
fn, = SBM(y,, Wi).

Note that, by definition of p,,

ag
O~fin Yn

Lemma 2.7.1. With W,, as just defined in terms of m,, o,, and y,, we have

lim F(W,) = f.(T, ).

n—oo

Proof. The assumption in the theorem statement that d, (P;,’;, BE ) = O(@) implies the

existence of a constant C' such that

C
AW, Wimn) < ——.
( mn ) og

By Lemma =31 we have

| F(Woymn) = F(Wann)| < 4r(H(55) + 1551 B (e, ma) | log,[B|) = o(1)

logn logn

using that m, = o(loglogn). Since m, approaches infinity as n goes to infinity we have

[u(T, ) = lim,,_yo0 F(Wgmn ), so the result follows. O

Lemma 2.7.2. If m, = o(loglogn), then for any k > 0 and ¢ > 0 we have [BBEm)|F =

o(n®).

Proof. This is certainly true if |B| = 1; assume therefore that |B| > 2.

Our assumption m,, = o(loglogn) guarantees that

r—1
2r—1)"m < —————1
(2r=1) r  klog|B| oen
for all large enough n. Therefore
r(2r—1)" —1 £
B 2| = log n.
B(e,m,)] 1 Flogs] %"



This inequality can be rearranged to give

€

|BB(evmn) k < n-.

Since € > 0 is arbitrary, the result follows. O]

In the remainder of this section we prove Theorem O by first proving the right-hand side

is an upper bound for the left, then proving it is also lower bound.

2.7.1 Upper bound

Just as in the proof of the upper bound in Theorem E, for each k£ € N and ¢ > 0 we have

1 1
inf  limsup—log E {x € A" : (x,y,) € Q0,0)}| < limsup — log & (n,€),
o~ n

O03(af)lu nooo N n—00

where

Ex(n,e) = E [{X e (a%0)" : (X,yy) € (o, (af)*, )}

T~lln

= E |{X € (AB(e,k))n : d(WJ,(X,yﬁ)aw(aﬁ)k) < 5)}|

o~y

We assume that n is large enough that m,, > k.

Since p,, is SBM(0,, Y, m,) rather than SBM(o,,y.,, k), we cannot apply Proposition 252

directly to this expression. We get around this as follows: Let
Wi (m,m') = {Wa,(xjym,) . o € Hom(T, Sym(n)), X € (ABE™)", y ¢ B”} .
All elements of this set are denominator-n AB(¢™) x BB(e™)_weights; we avoid the question
of exactly which weights are in this set, but call such weights attainable. For k < m and
K <m'let
Wi(m,m';aB, k, k';e) = {W € Wy(m,m') : d(ﬂk,k/VV, Waklgk’) < 5}
denote the set of such weights whose appropriate marginal is within € of the (AB(evk) X BB(evk'))—

weight W xgw. For now we take m = k = k' but we will need more generality below. Then

E(n,e) = E > {X € (AP W, x gy = W

o~ n
WeWn, (k,mn;af,k,k;e)
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so we can apply Proposition 2222 to get

r B(e,mn) B(e,k) n — (7B
Ex(n,e) < (On)E T PR 3 Wy
W EWn (k,mn;a8,k kie)

By Lemma P72 we have (9n)7B” " PIREPI1) < gonmoe(m) - Using this and Lemma

P71 we have

£(n. <) < 3 FON AT A o)y
WeWy, (k,mp;aB,k,k;e)

where the little o is uniform over all terms in the sum. Here we use the assumption that

fu(T, 8) is finite.

By definition of W, (k,m,,), for any W € W, (k,m,;ap, k, k;e) we can pick some o €
Hom(T', Sym(n)), X € (ABR)" and y € B" so that W = W, x ymn). Then since Xy™ is a

splitting of Xy*, by Lemma 232 we have
F(W) = F(0,Xy™) < F(0,Xy") = F(m,x V).
By continuity of F, for all small enough e (depending on k) we have
F(mp W) < F(Wiagy) + 6 = Fu (T, (aB8)*) + 6.
Along with the above, this implies that

Ex(n,e) < M (F(T(aB)*)—f(T,B)+on(1)+0) Z | PRI
WeWn (k,mn;08,k,kie)

Bounding all terms in the sum by 1, we get
Ex(n,) < " FEEOINIuTE om0 W) (ke af, e, ks e)].

Using Lemma 2”72 we have

2
T‘AB(e’k)XBB(e’m”) < 60nﬁoo(n)’

IWh (kymu; oy k ks e)| < IWh(kymy)| <n

so this implies

lim sup % log E(n,e) < F (T, (aB)*) — fu(T, B) + 4.

n—o0
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Taking the infimum over ¢ and &, and using the chain rule for f (Corollary 2233, again using

the assumption that f,(7 5) is finite), gives

inflimsup%logé’k(n,g) < fu(T,aB) — fu(T,5) = fu(T,a | B).

Evk n—oo
Since
1 1
inf hmsup—log IE \{x €A (X,¥,) € Qo,0)} < 1nfhmsup 1Oggk(n €),
03(aB)Sp n—oo N n—o00

for every k, this completes the upper bound.

2.7.2 Lower bound

In this section we denote
KXo (0,0B,2 | y) = {X € (APER)" (X, y*?) € O (0, ™ 8, £)}

Di(0,08,2 | y) = {x €A+ (x,y) € (0, ab,2)}
(note the dependence on n is implicitly specified by ¢ € Hom(I", Sym(n)) and y € B"), and
with 2 = {u. }72,
hy  (T,a | B ¢ k,e) = llmsupn log E |{x €A (x,y) € Qlo,ab,¢)}
n—oo

= limsup — log ]E |Q*(0 af.e|y)l

n—oo T

The following two claims are used to relate the sizes of the sets defined above.

Claim 2.7.3. Let k < min(ky, ko). For any o,y we have

Te [ Xy ko (0,8, | )] C Qi(0,aB,ce | y)
where ¢ = 1+ |B(e, k)|.
Proof. Tf (X,y*) € Qi(0,a*1 B2 ), then

7Tk7k(X7 ka) € QS(U> (aﬁ)ka 5);
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this follows from the fact that total variation distance is nonincreasing under pushforwards.

Applying Proposition 2228, we get
(meX,y) = me (T (X,¥™)) € Qi (0, aB, ce). O

Claim 2.7.4. Fiz 0,y, and k < min(ky, ky). As established in the previous claim, we can
consider m. as a map from X, y, (0,08, |y) to Qi (o,ab,ce | y). There are constants C.,d

independent of n such that . is at most C'exp (nde + nH(2|B(e, k)|e))-to-one.

Proof. If Q% (o, af,ce | y) is empty, then the claim is vacuously true. Otherwise, fix x €
Qi (o,aB,ce | y). If X € m'{x}, then 7.(X,y*) = (x,y). By Claim 3 in the proof of
Proposition 3.2 of [Bowl0a] the number of such pairs (X,y*), and therefore the number of

such X, is bounded above by
3v/2|A x B|BERI (ABEI1) oo (nH(2(B(e, k)[¢))

where H is the Shannon entropy. (We give more explicit constants here than in [Bow10a] to

make the dependence on n clear). O

Claim 2 implies that
Xk, (0, 0B, | y)] < Cexp (nde + nH(2[B(e, k)le)) - [Q(o, 0B, cc | y)l,  (2.1)

where C d are independent of n.

We now find a lower bound for the expectation of |X|. Fix ky, ko € N, and suppose n is
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large enough that m,, > max(k, k2). Using Proposition 252 and Lemma P72, we have

Ul% |Xk1,k2(07 04675 ’ yn)'

= 2 E [{X e (A% o W xypmy = WH
WeWn(kl,mn;aﬁ,k‘hkz;&)UN#n

> 3 exp[n(F(W) = F(msW) = 04(1)] Lpmaw=w, .}
Wewn(k17mn;aﬁ7klvk2;8)

> inf FW) — F(mgW) — o,(1

- WeWn(kl,irIllniaﬁykth?E) P [n( ( ) (WB ) o ( ))]
X Z 1{7TBW:WO,7y;{Ln }

WeWn (k1,mn;aB,k1,k2;e)

We bound the infimum below as follows: Given any W € W, (ki, m,; a3, k1, ks; €), we can

let X,y,o be such that W = W, x ymn). Then by Lemma 2232 and continuity of F’

FW) = F(mgW) = F(o, X]y™)

> F(o, X|y"?)
= F(mp, 1, W) — F(mp78, 1, W)
> F,(T, a™|g*) = ¢

for any 6 > 0 for all small enough ¢ (with “small enough” dependent only on ki, ks). This

implies that the infimum is bounded below by
exp[n(E,(T, oM B*2) — 0, (1) — 5)].
We bound the sum below by first rewriting it as
|{W € W (ki,mp; o, ki, ko) @ mpW = Wo-7y;f{1n}‘.
The following claim, then, implies that the sum is bounded below by 1.
Claim 2.7.5. For all large enough n,
{W € Wy k1, my; af, ki, kose) @ mgW = ngy;;m} #+ .
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Proof. By Lemma 27273, if
n > 680|AB(e’k1) X BB(e,mn)’Z?ﬂ/8

and d(W,, ymn, Wamn ) < === then there is a (AB(“F1) x BB(&m)) weight W with 7V = W, ymn
and d(W, W, gm, ) < €. By definition of 4, and Lemma 2772, both conditions are met for

all large enough n.
The claim will follow if we show that W is attainable.

With W as chosen above, by Proposition 224 we can choose & € Hom(I', Sym(n)),
X € (ABEM) and Y e (BBemn))" such that W = Ws &3

Let y = .Y € B". To complete the proof we show that y™» =Y, i.e.
3(5(0)) = (Y()
for all ¢ € [n] and g € B(e,m,). We prove this by induction on the word length |g|.

The base case |g| = 0 (i.e. g = e) follows immediately from the definition of y.

For the inductive step, write g = ht with |h| = |g| — 1 and t € {s{',...,s"}. Then,

assuming the result holds for h,
7(5(9)i) = 5 (5(h)a(0)i) = (Y(E0)0) -

Now since W ¢ = W, ymn, we can pick j € [n] such that

Y(i) =yy(j) and Y(5(0)i) =y (o(t)j).
This implies
(V@)

= 7 00i), = valolo)) = (3 0), = (Y0)) - 0

Hence for all large enough n we have
U’IE’L |Xk1,k2(0-7 Ozﬂ,{-? | YH)| > exp [n(Fu(T7 akl | Bk2> - On(l) - 6)}7
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and therefore

1
hmsup—log E \Xkl k(o aB,e | yn)| > Fu(T, a*t | 5k2) —

n—oo N

Combining this lower bound with Equation (270) and the definition of hy, ,(T,« | 8 :

k,ce), we get
de +H(2|B(e, k)|e) + he (T, | B ¢ kyce) > E (T, ™ | g2) =6
Taking the inf in £ then letting d go to zero gives

mfhmsup log E |{X €A" : (x,y,) € Qlo,aB,e)} > F,(T,a™ | p7)

€ n—oo T

for k& < min(ky, k2). First take ks — oo, then k; — oo, then take the infimum over k. We

get

1
(T | B) < mfhmsup log ]E ]{X €A (X,¥,) € Q(o,ap,¢)}]

n—oo

1
= inf limsup—lo IE xeh" : (x,y,) € Q0,0
ostamen P 85N (x,y2) € o, O)}

where the last line follows because the collection of pseudometrics {dj : k € N} generates

the weak* topology on Prob((A x B)Y).

2.8 Proof of Theorem D)

By analogy with sofic entropy, we denote ¥ = {1, }°°, and denote the left-hand side of the

formula in the theorem statement as hy, , (T, @).

Endow Prob(A") with the metric

v) = ZQ*TdB(e’T)()\, V).
r=1

Note that this induces the weak* topology (where A is given the discrete topology and Al

the product topology).
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Writing jy = o € Prob(A), we then have
g x

1
hy, ,(T, ) = inflimsup —log E [{x € A" : d(P7, ) < €}|.
o~

>0 pso N

We will similarly denote ug = 3%u € Prob(Bl).

2.8.1 Lower bound

Let A € Prob((A x B)'') be any joining of (the shift systems with respective measures) p, and

ps. Then for any x € A™ and y € B"” we have

d(P;:muA) S d(PU /\)7

(x,y)”

where d is defined on Prob((A x B)'') analogously to the definition given on Prob(A") above.
This inequality holds because total variation distance is nonincreasing under pushforwards.

Consequently
1
hy (T, o) > inflimsup —log E [{x € A" : d(P,, ), A) <e}| = fi(S,a| D).
e>0 00 N O~ W
Taking the supremum over joinings A gives the lower bound.
2.8.2 Upper bound
For € > 0, let

Jo = {\ € Prob”((A x B)") : d(a%\, puy) < € and d(bE\, ) < €}

be the set of shift-invariant “approximate joinings” of p, and ps. Since Prob((A x B)l) is

compact, for each € > 0 there exist A\{, ..., \,, € J. such that

Ja Q CJ B()\HE)
=1



By definition of y, we have P, (d(Py, ,us) < ¢) = 1 for all large enough n. Therefore

1
hy (T, ) = inflimsup—log E ]{X €A" Py €}
n wn

€ n—00

< inf limsup ~ logz E Hxea: PLy,) € B o)}

n—00

= inf max limsup — log ]E |{x €A Pl €B\, )}

g 1<z<m n—oo n

< inf sup lim sup — log E |{X €A" : Pl €B e}

€ X\eJ: n—

Note that the entire expression in the inf is decreasing as € — 0, so we may replace the inf

with a limit. Rather than taking a continuous limit we write

1
hy ,(T,a) < lim  sup limsup—log E [{x € A" : P5 )€ B(\1/m)}|.

M=ONedy )y n—oo T T~ fim

For each m pick A,, € Ji/, to get within 1/m of the supremum. Then the right-hand

side is equal to

lim limsup — log E {x€A”: P, €BA,1/m)}. (%)

mM—=00 o N O~ lin (X:Yn)

Let Ay, be a subsequence with weak™® limit A\g. By weak™ continuity of pushforwards
under projection we have A\g € J(uy, ). Now for any § > 0, for all large enough j we have

both 1/m; < 0/2 and d(A,;, Ao) < §/2, so by the triangle inequality
B(Am,, 1/m;) € B(Xo,9).
It follows that the expression in (x), and hence hy(«), is bounded above by
lim sup — log E |{x €A Pl € B, d)}.

n—oo 1

Taking the infimum over § shows that

hZ(l%Oé) Sf)\o(S?a|b) < sup f)\(S7a|b)'

AEJ(pa,pm)
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2.9 Proof of Proposition

All sequences of interest are of the form
pin = SBM(0n, ¥, my) = Unif({o € Hom(I', Sym(n)) : W, ymn = W, })

with y, € B", 0,, € Sym(n), m, = o(loglogn), and where W,, is the BB(™)_weight W, m»

In the case of Theorem [E we simply have m,, = 0 for all n.

The theorem will follow from the following;:

Lemma 2.9.1. Let ¢, denote the uniform measure on Hom(I', Sym(n)). Then for any finite

D C T and é > 0 there exists € > 0 such that

P (o is (D,d)-sofic) > 1 —n""

o~(n

for all large enough n. ]

This can be proven by making superficial changes to the proof of the similar result in

[Bow?20H].

To prove Proposition 2713, it now suffices to show that for any € > 0

P (W,ymn = W,) >n "

o
o~ Yn

for all large enough n. To do this, first note that the left-hand side here depends only on
the vector py, € Prob(B) of letter frequencies. Therefore
P (3y €B"st. Woyma =Wo) < Y P (Woymn = W)

o~Cn, o~Cn
Y :Py=Pyn

= exp{n(py,) +o(n)} B (Woygn = Wo).

But by Proposition ZZ3, if ¢ € Hom(I', Sym(n)) and Y € (BB(&™))" are such that W,y =

W, = W, ymn, then the projection Y, € B" satisfies (Y.)™" =Y. Therefore for each o

n,y
{Y € B*m™ N W,y =W, } = [{y €B" : Woymn = W, }].
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Hence

E [{Y € )" Woy =W} = E [{y €8 : Wy = W}

o~Cn o~Cn

< B P (3y € B" s.t. Wyyma = W,).

o~(n

Combining these last few statements, we see that

P (Wyymn = W,) > exp{—2nlog|B| + o(n)}giEt {Y € (BBlemayn . W,y = W}

o~Cn

We can ignore the first factor here since it only decays exponentially fast. By Proposition

25T,

Z,(W,)
(nl)"

The third factor is clearly not a problem and can also be ignored. For the first factor,

E {Y € (BPC™)" s Woy = W} =

o~Cn

2 (3\/ﬁ)irlBB(e,mn)|26F(Wn)nn(1*7ﬂ)/2'

—0asn— o0

1 eimn BB(emn)|2]og 3
10g(3\/ﬁ)_r‘BB( i —7’| [“log3vn
nlogn n logn

using Lemma 2Z72. For the second factor, first note that by definition of F'(W,,) we have

F(W,) = (1= 2r)H(W,(-) + > H(Wa(,+54))

1€[r]

v

—2rH(Wa())

> —2r log}BB(e’m")|.

So
Waln _ FW,) > _2r10g}BB(e,mn)|

log e
logn logn

— 0 as n — oo,
nlogn

again using Lemma ZZ72. This implies that for every ¢ > 0 we have
(3y/) TR EOn > e

for all large enough n, which implies the result.
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a a1
bo | = [] L]
b | = [ ]

- L

Figure 2.1: Picking entries of the vertex measure Wyg(-). First choose entries of the form
Wis((a,b)) for a # ag by rounding down W ((a, b)), then fill in the first column in a way that

guarantees the correct B-marginal.

2.10 Proof of Lemma

We show how to construct a denominator-n weight W) that has a given B-marginal W5 and
is close to a given (A x B)-weight W whose B-marginal mgWW is close to W5. As in the theorem
statement, we assume

d(WBW, WB) < 5

1

5, in this section we work with the /' distance

To minimize the appearance of factors of
on weights, which is twice the distance defined above. Therefore the previous assumption

becomes

dy(meW, We) = Y Y |maW (b, 154) — Wy (b, V3)] < 26.

i€[r] bb’eB
We fix distinguished elements ag € A and by € B which will be referred to throughout

this section.

2.10.1 The vertex measure

We first define the weight’s vertex measure by

Wis((a, b)) = Ln-W((a,b))] ach\{a}, bcB
Wie((a0, b)) = Wa(b) = Y Wis((a,b)) b€ B.
a#ag

See Figure 2.
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Note that |Wys((a,b)) — W((a,b))| < 1/n for a # ay and
[Wis((ao, b)) — W((ao,b))| < [Ws(b) — msW ()| + |A|/n.
Therefore the ¢! distance between the vertex measures is

> Was((a,b)) = W((a,))| < [A][BI/n+ ) ([Wa(b) — meW (b)] + [A]/n)

beB

< 20 + 2|A||B|/n.

2.10.1.1 Nonnegativity

The terms defined by rounding down W using the floor function are guaranteed to be non-

negative, but the others are not. In the following we show how to repair any negativity.

Let —R/n denote the sum of all negative terms in the vertex measure. Since W contains

only nonnegative terms we have
Liwie((ab) <0} - | Wae((a,b))| < [Wis((a, b)) — W((a,b))| for all a,b.

Therefore

R/n <) |Wis((ag, b)) — W((ao,))| < 25 + [A][B| /n.

beB
Suppose there is some b € B such that Wyg((ag,b)) < 0. Since Wy has denominator n,

we must have Wyp((ag, b)) < —1/n. By construction, we have

ZWAB a, b WB(b) = ,

acA
so there exists some at € A with Wys((at,b)) > 1/n. Increase Wyg((ao,b)) by 1/n and
decrease Wy((a™, b)) by 1/n.

The number of times we must repeat this step before all terms are nonnegative is exactly
R, and each step moves the measure by ¢! distance 2/n; therefore the final edited vertex

measure is distance at most 2R/n from the original Wyp. If we now let W)yp denote the new,
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nonnegative vertex measure, by the above bound on R/n we get

> Wis((a.b)) = W((a,b))| < 66 + 4|a|[B|/n.

2.10.2 The B half-marginal

For the purposes of this construction we use the B “half-marginal,” which we denote

Wb, (', b);i) :=> W((a,b), (d,¥);).

ach

This is an element of Prob ((B x (A X B))").

Before constructing the edge measure of W)g, in this section we first construct what will

be its half-marginal.

For each i € [r], b,b’ € B, and o’ € A we define

Was(b, (o, 0);1) = [n- W (b, (d,b');1)] for a’ # ag, b # by, (2.2)

Wie(b, (ao, b); 1) = Wa(b,05) — > Wia(b, (d',V); ) for b#by,  (2.3)
a’#ag

Wia(bo, (a',1);8) = Wie((a/, ) = > Wis(b, (a/, )5 4). (2.4)
bbg

See Figure 22 for a representation of which terms are defined by each equation.

The definition of the terms in (24) ensures that

> Wis(b, (', b);i) = Wig((a', 1)) for all o', V', i

beB

This will ensure that Wyp has the correct vertex measure. Note also that by line (223)

ZWAB (a/,b');3) = Wa(b,b';4) forallbeBand b €B\ {b}.

Using this and definition (24) we also get

Z WAB(b07 (ala b/)v Z) = WB(bOa b/a Z)

a’ €A
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(ao,bo) (a1,bo) (az,bo) | (ao,b1) (a1,b1) (az,b1) | (a0,b2) (a1,b2) (az,b2)
bo I \ 4 4 I \ \ 4 I
by | — -] -] — -] -] - -] -]
by | — -] -] - -] -] - -] -]

Figure 2.2: A diagram of how the half-marginal Wyp(-, (+,-);4) is chosen if A = {ao, a1, as}
and B = {by, by, by }. First obtain the entries marked |-| by rounding down . Then choose
the entries marked — according to Equation P23 which ensures that the B-marginal is Ws.
Then choose the entries marked | according to Equation 22 which ensures that the vertex

weight is the one we chose above.

This will ensure that the B-marginal of Wz is W5.

We show now that the half-marginal Wz (-, (-, -);7) is £*-close to W (-, (+,+);4) by consider-
ing separately the contributions to the ¢! distance from terms defined using Equations (222),

(233), and (22).

(22) terms: Each of the terms of Wy defined using the floor in Equation (22) is distance at
most 1/n from the corresponding term of W; therefore the total contribution

of these terms to the ¢! distance is

D

beB\{bo}
a’eA\{ap},b'€B
i€[r]

[Was(b, (@', 0);3) = W(b, (', 8); 0)] < |A||B*r/n.

(233) terms: By the triangle inequality,

[Was (b, (a0, V'); 1) — W(b, (ag, b'); 1)

<WBbb" ZWAB
(a',b'); ))‘

a’#ag
< |Wa(d, Vi) — meW (0,05 0)[ + Y [Waa(b, (', V);4) — W (b, (d,1);4))].
a’#ag

(a',b'); )> —

(WBW (b, V51

- > W,

a’#ag
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The total contribution of such terms is therefore

Z |WAB(b> (a0> b/); Z) - W(ba (CLO, b/); Z)|
beB\{bo}, b'€B
i€[r]
<di(Ws,msW)

7 N\

<D Wb Vd) — ()W (b, b54)|

beB\{bo}, b'€B
i€[r]

=contribution from (E=2) terms

+ Y Wb, (d,1);i) — Wb, (d,1); )]
beB\{bo}
a’eM\{ao}, b'eB
i€[r]

< 26 + |A||B|*r/n.

(22) terms: Again applying the triangle inequality,

|Wg(bo, (a, b/)é i) — W (b, (a, b/)i i)l

< Was((a,8) = W((a, 1) + Y [Was(b, (a,); ) = W (b, (a,);3)].
b£bo

Summing over all a € A, ¥ € B and ¢ € [r], we see that the total contribution
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of such terms is bounded by

Z [Was((a, b)) = W((a, )| + Z’WABG)? (a,b);1) = W(b, (a,);9)]

acAb’ €B b#bo
1€[r]
vertex Eeasure
= > > Wis((a,)) = W((a, b))
i 32l
(EZ32) terms
+> Wb, (db)i) — Wb, (d,b);)]
beB\{bo }
a’eM\{ap}, V'EB
1€[r]
(E3) terms

A\
7 N

+ ) Wb, (a0, b);4) — W(b, (ag, b');4)|

beB\{bo}, b'eB
1€][r]

< r-[66 + 4|A||B|/n] + [|A||B|*r/n] + [26 + |A||B|*r/n]

< 874 + 6|A|[B|*r/n.

Adding up the contributions of the three types of terms, we see that the ¢! distance between
the half-marginals of W and W) is bounded by

1076 + 8|A|[B[*r/n.

2.10.2.1 Nonnegativity

Again, the preceding construction does not guarantee that all terms are nonnegative. In the

following we describe how to correct negativity.

Let —R/n be the sum of all negative terms of the half-marginal. As above, we get

R/n < 1078 + 7|A||B|*r /n.

Suppose there is some b_ € B, (a’_,b" ) € AxB, and i € [r] such that Wyg(b_, (a’_,b");i) <
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0. Then Wyg(b_, (a’,b");i) < —1/n. Since

> Wis(b_, (a6 );i) = Wa(b_, 0 ;i) > 0

a’ A

and

> Wis(b, (0, b );i) = Wia((a', b)) >0
there exist a/, € A and b, € B such that
Wis(b_, (a0 );i) > 1/n and Wye(bs, (a0 );i) > 1/n.
Decrease both of these terms by 1/n, and increase Wy (b_, (a’_,b");4) and Wig(by, (a,, b ); 1)

by 1/n. This moves the half-marginal by ¢! distance 4/n.

> Wis(b, (', b);i) = Wa(b,b5d) and Y Wis(b, (d,0);4) = Wia((a', V).

a’€eA beB
This step must be done at most R times to eliminate all negative entries, so the final

half-marginal satisfies

DY D (Wasld, (d,b);i) = W(b, (', b);8)] < (10r6 + 8[A[|B*r/n) + R - 4/n

i€[r] bEB (a’,b/)EAXB

< 5074 + 36|A||B|*r/n.

2.10.3 The edge measure

Finally, we define the edge measure of W)y by
Wie((a,b), (@', 0);4) = ;[n- W((a,b), (a',0); )]
for a # ag and (a',b") # (ag, by),

(2.5)

Wie((ao,b), (', V);1) = Wag(b, (', '); 1) = Y Wis((a,b), (a',1);4)
a#ag (26)

for (a',b") # (ag, bo),

Wie((a,b), (ao, bo); 1) = Wis((a, b)) — Z Wis((a,b), (a',0);1). (2.7)
(a’,b")#(ao0,bo)
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(a0, bo) (a1,b0) (az,b0) | (ao,b1) (a1,b1) (a2,b1) | (ao,b2) (a1,b2) (a2,b2)
(ag,bo) | — \ ) ) 1 } } \J 1
(a1,b0) |  — -] -] -] -] -] -] -] -]
(a2,bo) | — -] -] -] -] -] -] -] -]
(ao,b1) | — 3 ) ) 3 } i \J 1
(a1,b1) | — -] -] -] -] -] -] -] -]
(az,b1) |  — -] -] -] -] -] -] -] -]
(ao,b2) | — 3 ) ) 1 } } ) 1
(a1,b2) |  — -] -] -] -] -] -] -] -]
(a2,b2) | — -] -] -] -] -] -] -] -]

Figure 2.3: A diagram of how the edge measure Wy((+, ), (+,);4) is chosen if A = {ao, a1, a2}
and B = {bp, b1, by }. First obtain the entries marked |- | by rounding down entries of W. Then
choose entries marked | according to Equation 28, which ensures that the B half-marginal

is the one chosen above. Then choose entries marked — according to Equation 274, which

ensures that the vertex measure is the one chosen above.
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See Figure 3.
It follows from this definition that W) is a (signed) weight with B-marginal Wjs.

We now check that W, is £!-close to W. We consider separately the contribution to the
(' distance of terms defined in equations (2), (26), and (222):

(23) terms: Each term of W)g defined using the floor function in equation (23) is distance
at most 1/n from the corresponding W term. The total contribution of these

terms to the ¢! distance is therefore at most |A|?[B|*r/n.

(23) terms: Applying the triangle inequality to terms defined in equation (E8),

[Wie((ao, b), (a', 0);7) — W((ao, b), (a, 1'); 1)]
< |WAB(b7 (a/a b/)§ Z) - W(b’ (alv b/); Z)|
+ Z |WAB<<a7 b)> (ala bl); Z) - W((CL, b)? (alv b/); Z)'

a#agp

< |WAB(b7 (ala bl)Si) - W(bu (@Ivb,)ﬂ')‘ + ‘A’/n

By the ¢! bound on the distance between the half-marginals, the total contri-

bution of all such terms is therefore

3D (Wb, (d,¥);4) — Wb, (a,1);4)] + |Al/n)

i€[r] b (a’,b/)#(ao,bo)
< [50rd + 36‘A]2‘B]27"/n] + ]AWB‘Q?”/H

= 50ré + 37|A]*B|*r/n
(270) terms: Applying the triangle inequality to terms defined in equation (272):

[Wis((a,b), (ao, bo); i) — Wis((a, b), (ao, bo); 1)
< |[Wis((a, b)) = W((a,b))|

+ > [Wae((a,b), (@, b);:d) — W((a,b), (d,b);d)].
(a’,b’);ﬁ(ao,bo)
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Therefore the total contribution of all such terms is

Z Z|WAB((G7 b)’ (aOa bO); 2) - WAB((av b)7 (a()? bO); Z)|

i€lr] a,b

=33 [ Wis((a,0)) — W((a,b))]

i€[r] ab

+ Z |WAB((a7b)a<alab/);i) - W((aab)a(a,ab/);i)’
(a,vb,)7é(a07b0)

vertex measure

Ve

=) [Was((a, b)) = W((a,b))]

i€lr] a,b

~

(E3) terms

A

XD > Wasl(ab), (@, 6):d) = W((a,b), (,);4)]

i€[r] a#ao b (a’,b')#(a0,bo)

(Em) terms

A

~

£35S Wasl(ao, ), (@ 6); ) — W(lao, b), (¢!, 6); )

i€lr] b (a’,b)#(ao,bo)
< r-[66+ 3|A||B|/n] + [|A\2|B\2T/n] + [507"(5 + 37]A\2]B\2r/n]

< 5676 + 41|A]*|B*r/n.

Summing up the contributions from terms of all three types, we get that

dy(Wg, W) < 10676 + 79|A][B|*r /n.

2.10.3.1 Nonnegativity

We can modify a solution with negative entries to get a nonnegative one similarly to above.

Let —R/n be the sum of all negative entries; then
R/n < 10676 + 78|A|*B|*r/n.
Suppose there is some entry

Wis((a—,b-), (a0 );1) < —1/n.
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We want to increment this term by 1/n without affecting the vertex measure or the B

marginal. Since

> Wis((a,bo), (', 6);4) = Was((a—, b)) > 0

(a’,b')eAXB

there exists some (a/,,¥/,) € A x B such that Wyg((a_,b_), (a/,, ¥, );4) > 1/n; similarly since

ZWAB((CL> b*)» (a,>b/—);i) = WAB(b77 (a/—7b,—)§i) >0

acA

there exists some ay such that Wiyg((ay,b_), (a’_,b");i) > 1/n. Increase
Was((a—,b-),(a”,0");4) and Wig((ay,b-), (a1, );1)
by 1/n, and decrease
Wis((a—,b_), (a,,b));1) and Wiys((as,bo), (a’,b");1)

by 1/n. This moves the weight by ¢! distance 4/n.

Since R is the maximum number of times we need to do this before there are no more

negative entries, the final weight satisfies
dy(Whe, W) < 10676 + 79|A[%|B|>r/n + 4R/n < 53076 + 391|A|*[B|*r/n.

To simplify, we write

dy(Wyg, W) < 530r(6 + |A x B]>/n),

or

d(Ws, W) < 2657(5 + |A x B]*/n).
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CHAPTER 3

Gibbs measures and Glauber dynamics

This chapter contains definitions and fundamental results which are common to Chapters &

and A.

As above, I will denote a group with a fixed set of r generators {sy,...,s.}. We will
also use the symbol I' to denote the group’s left Cayley graph, which has vertex set I' and

an i-labeled directed edge (v, s;7v) for every i € [r] and v € I'.

For some finite alphabet A, we define the shift action of I' on A" by

By)(v) =y(vB)

for 3,7 € I'. We can think of this as moving the center of the labeling to 3~!. We say that
a measure i € Prob(Al) is shift-invariant if 8,u = u for any 8 € T, where 3, denotes the

pushforward. We denote the set of shift-invariant probability measures by Prob' (Al).

If V' is a finite set, we can consider the set Hom(I", Sym(V")) of homomorphisms from I"
to the group of permutations of V. Given o € Hom(I', Sym(V')), we write the permutation
which is the image of v € I' by either o7 or o(7y). We can associate to o a directed graph

with vertex set V' and an i-labeled edge (v, 0% (v)) for each i € [r] and v € V.

The graph of any ¢ can be thought of as a finite system which locally looks like I'; just
as a large rectangular grid locally looks like the integer lattice Z". The labeling of the edges

gives a canonical way to lift elements of A" to elements of A'; see below.

Either I" or the graph of some o can be endowed with a natural graph distance: the

distance between a pair of vertices is defined to be the minimal number of edges in a path
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between them, ignoring edge directions. Let B7(v, R) denote the closed radius-R ball cen-

tered at v € V, and similarly define BY(v, R) for v € T.

Give A the metric

d(x,y) = > _Br) Ly

yel

the factor 3 is chosen to ensure convergence. Note that diam A" < 3. This metric induces

the product topology (with A having the discrete topology).

Let d denote the corresponding transportation metric on Prob(Al) (the set of Borel
probability measures); specifically, with Lip, (A') denoting the set of 1-Lipschitz real-valued
functions, we define

d(p,v) =sup{|uf —vf| : f€Lip,(A")}.

Here pf denotes the integral of f with respect to u. Note that d generates the product
topology on A" (which is compact), and d generates the weak topology induced by the pair-

ing with continuous functions (which is also compact).

For any set V and any x € AV, v € V, a € A we let x"72 € AV be given by

v () = x(w), w#v

a, w = .

Recall that an element of AV is referred to as a microstate and an element of Prob(A") as a

state.

3.1 Interaction

Let V be an at most countable set and fix ¢ € Hom(I',Sym(V")). We will apply this in
two cases: when V is finite, and when V' = T" and o is the action of I on itself by right
multiplication. We will distinguish between these cases by giving notation superscripts of o

or I respectively (e.g. Q7 versus Q).
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A nearest-neighbor interaction with alphabet A is a pair ® = (J, h) where J: A> — R is
symmetric and h: A — R. With S = {sy,...,8,,57",...,5.'}, forv € V let ®,: AY — R be

given by

®,(x) = h(x(v)) + Y J(x(v), x(°)).

ses
If V is finite then we can define the energy U: AY — R by
Ux) =Y h(x()+ > > J(x(v), x(c*v)).
veV veV iglr]

This can also be written
where

Note that U, can be thought of as “energy per vertex at v.” In contrast, ®, might be

described as “energy due to interactions involving v.”

Note that if we define

u™™ = max (h(a) + rmax J(a, b))

ach becA

and

u™™ = min (h(a) + 7 Iéleiil J(a, b))

achA

then for any V, o and any x € AY we have

; 1
min < —U(X) < X
V]

An Ising model with no external field has A = {—1,1}, J(x) = fab, and h = 0 for some
B > 0 (the inverse temperature). The Bernoulli shift with base measure p € Prob(A) also

fits into this framework by taking J = 0 and h(a) = —logp({a}).

The present framework does not include systems with hard constraints, like the 0-

temperature Ising model or the hardcore model.
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3.2 Glauber dynamics

For a € A let
co(x,a) = Z,(x) L exp{—®,(x"7*)},

where Z,(x) is the normalizing factor which makes ¢,(x, ) a probability measure on A. We
can think of ¢,(x, -) as the transition rates for the spin at v conditioned on the current state
of the system being x. Note that this only depends on the coordinates of x at vertices

adjacent to v.

The Glauber dynamics is the continuous-time Markov process with state space A" and
generator €2 given by

Qf(x) =D > elx,a)[f(x"7%) = f(x)].

veEV acA
If V is finite then this gives a well-defined linear operator on C'(AY). Otherwise we need to
first define 2 on a ‘core’ of ‘smooth’ functions for which the sum converges, then take the
closure of €2; see [Lig05] for details. The generator induces a Markov semigroup denoted
{S(t) :t > 0}.
Given x € AV, random or deterministic, we let x; denote the AY-valued random variable

which is the evolution of x to time ¢.

For any continuous function f: AY — R we interpret S(t)f(x) as the expected value of
f(xt).

The semigroup also acts on probability measures, but on the right: ©S(t) is interpreted
as the evolution of p € Prob(AY) to time t. We will also often write j1; :== pS(t); the relevant
semigroup will typically be clear from context. The right action convention is appropriate

because [pS(t)]f = p[S(t) f], where pf denotes the integral of f.

Further details of the construction of the dynamics will only be needed for proofs of the

following two results. The relevant details are contained in Section BZa.
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There is an approximate equivariance between the Glauber semigroups and the empirical

distribution:

Theorem 3.2.1. There is a constant M > 0 such that for anyx € AV, ¢ € Hom(I", Sym(V)),
andt >0
d(S7(t)PZ, PIS" (1)) < A7 - teM.

A proof is given in Section BZZI.

It may be helpful to clarify that the first term on the left, S7(¢)P?, is the evolution to

X

time ¢ of the function P7: AV — Prob(Al) evaluated at x € AY. The second term is the
evolution of the empirical distribution PJ. So this theorem says that the expected empirical
distribution after running the finitary dynamics for time ¢ is close to the result of evolving

the original empirical distribution for time ¢, as long as o locally looks like I'.

We also use the following Lipschitz bound on the Markov semigroup:

Lemma 3.2.2. If u, v € Prob(Al) then

d(pS"(t), vS*(t)) < exp(Mt)d(u,v).

3.3 Gibbs measures

If V is finite, the Gibbs measure & € Prob(A") is defined by

vix} = Z, exp{-U(x)}

where Zy is the normalizing constant. Note that

= a w) = X(w w V) = eXp{—U(XQHa)} = Cyl|X,a
vy (0) = al ylw) =x(w) Yo # ) = =0T = xa),

exp{-U(x""%)} _ exp{-®,(x"7*)}
exp{—U(x"7?)}  exp{—®,(x"7?)}
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On the infinite graph I' we must use a different approach, since the sum defining the
total energy will not converge. We use a natural generalization of [Lig05, Definition IV.1.5];

see also [GealT] for a much more general treatment of infinite-volume Gibbs measures.

Let 7, denote the o-algebra on A" generated by the coordinate maps corresponding to
all vertices except for v € I'. We call u € Prob(A) a Gibbs measure if for each v € " and
a € A, the function y — ¢,(y,a) is a version of the conditional expectation p({x : x(v) =

a} | Z,)(y). This means that for every integrable f: A" — R and v € I we have

[ et @i tan) = [ 16 nti).

achA
We may also describe this relation by saying that p is invariant under re-randomizing the

spin at «y using the kernel c,.

Note that [Geall] requires all finite-dimensional conditional expectations to be specified
by the potential in a particular way, not just the single-site ones; see Proposition 252 below

for a proof that the definitions are equivalent in this setting.

If u is Gibbs then for any ‘smooth’ f
per's = [ (Z e, (x,2) [[(x7%) - f(X)]> p(dx) = 0.

It follows that QY = 0, which means Gibbs measures are Glauber-invariant.

We will denote the set of all Gibbs measures for the interaction ® by 4(®), or just ¥ if
the specific ® is clear from context or irrelevant. The shift-invariant Gibbs measures will be

denoted by 4'(®) or 4"

The fact that @' is a face of the simplex Prob" (A") will be important:

Lemma 3.3.1. Let 0 € Prob(Prob' (A")) and suppose [ 1 6(du) € 9*. Then 6(4") = 1.

This is stated in the case I' = Z" in Georgii’s book [Geolll, Theorem 14.15(c)]. The

proof works just as well in our generality, and goes as follows: It suffices to show that if
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u,v € Prob(Al) are shift-invariant, u € ¢*, and v is absolutely continuous to u then v is
also Gibbs. Under these assumptions, since v < p we can write v = fu for some measurable
f. But since v, p are shift-invariant, f must be u-a.s. equal to a shift-invariant function. Since
4 is shift-invariant, the o-algebra of shift-invariant measurable subsets of Al is contained in
the tail o-algebra up to p-null sets. Therefore f is u-a.s. equal to a tail-measurable function.

From this we can conclude that v is Gibbs.

3.4 Good models for measures on A"

Let V be a finite set and let ¢ € Hom(T',Sym(V)). A labeling x € AV is said to be a
good model for p € Prob(Al) over o if the empirical distribution P? is close to p in the
weak topology. More precisely, we can say x is O-good if P € O for some weak-open
neighborhood © > pu. The set of such x is denoted (o, O). An interpretation of this

relationship is that average local quantities of the finite system are consistent with .

We define the empirical distribution of a state ¢ € Prob(A") by
P? = (P = / P? ((dx) € Prob" (")

and say that ¢ is O-consistent with p (for some neighborhood O > 1) over o if PZ € O. We
can still interpret this in terms of averages of local quantities: now the average also involves
a random microstate x with law (. We denote the set of such states by €2(o, O). This way
of lifting a finitary state is used in [AIp16]; it also essentially appears in the notion of “local

convergence on average” introduced in [MMST2, Definition 2.3].
This consistency is stable under Glauber dynamics in the following sense:

Proposition 3.4.1. Suppose o € Hom(I', Sym(V)), ¢ € Prob(A), and p € Prob(Al). Let
(i, g denote their evolutions under Glauber dynamics on o, respectively. Then for any
t>0

J(Pg, ,ut) < [Agt + J(Pg, u)} exp(Mt),

where M > 0 depends only on the interaction and T.
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We give the proof here, since it uses only results already stated:

Proof. For any f € Lip,(A"), the triangle inequality gives
PSS = mf| < PSS = PEST(OF |+ |PZST(Df — |
= [¢[s7(t)Pgf — PZST@)f]] + |P2ST (1) f — uST (1) f].
Using that ( is a probability measure and the definition of d, this implies the bound
|PZf = e f| < maxd(S7(t)Pg, PZST(t)) + d(PZS"(t), S (t)).
xeAV
The first term may be controlled with Theorem B=1 and the second with Lemma B2 to
get
!ng — utf‘ < [A%t+ J(Pg, ()] exp(Mt).

The result then follows by taking the supremum over f € Lip, (A). O

3.5 Free energy density

Given o € Hom(T", Sym(V)), the free energy of ¢ € Prob(AY) is given by

where ((U) = [ U(x)((dx) is the average energy and H(() is the Shannon entropy.

Given a sequence % = (0,)nen with o, € Hom(I', Sym(V,,)) such that |V,,| — oo and

A% — 0, we define the free energy density of i € Prob® (A) relative to ¥ by

1
= lim i ft —A
20 = BRI el W 1

We follow the convention that the infimum of the empty set is +oo.

The outermost limit is over the net of weak-open neighborhoods of pu, partially ordered

by inclusion. Note that for each n the expression inf.cq(,,0) 777A4(¢) is nondecreasing as

1
[Vl

O | u, so the limit exists and is equal to the supremum over O > pu.
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It is straightforward to check from the definitions that ((U)/|V| = P¢Z(U,). Consequently

we have

an(p) = p(Ue) — hg* (),
where h™°? is the ‘modified sofic entropy’ in [AIp16], except with a lim inf instead of lim sup.
Since this connection will not be used below, we omit the proof. It may also be interesting

to investigate other sofic free energy densities with h™°? replaced by a different type of sofic

entropy.

Since the map p +— ax(p) is defined in terms of a supremum over neighborhoods of y, it

is lower semi-continuous. Consequently, it attains its minimum on Prob® (Al).

Note also that as long as (o, Q) is nonempty, for every ¢ in this set we have

w — log|a| <

[C(U) = H(Q)] < um.

In particular,

as(p) € [w™ —loglA], w™*] U {+o0}.

The case ax,(1) = +00 can actually occur, for example if 4 is ergodic and the sofic entropy
relative to Y is —oo. This is because, in the ergodic case, ( being consistent with y is the
same as being mostly supported on labelings which are good models for u, but if the sofic

entropy is —oo then there are no good models.

Note, however, that the function p — ax(u) is not identically +oo for any choice of 3,

since the point mass at a constant labeling in A" always has good models.

If ;1 were not shift-invariant then the expression defining ax(u) would still make sense,
but would take the value 400 for any . This is because empirical distributions are always
shift-invariant and ProbF(AF) is closed so, no matter what > we choose, any small enough
neighborhood of p contains no empirical distributions. In fact, we will see below that for
some I' (for example I' = Fy x Fy) there even exist shift-invariant measures which cannot be
approximated by empirical distributions over any ¥. In these cases the obstruction is that

empirical distributions always have finite support.
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Following [Bow(3], a shift-invariant measure in Prob' (A) is called periodic if it has finite
support, and a group I' is said to have property PA if the set of periodic measures is dense
in ProbF(AF) for every finite alphabet A; in other words, if every shift-invariant probability

measure on A" has Periodic Approximations.

In Section B=3 we prove the following:

Proposition 3.5.1. A group I has property PA if and only if for every finite alphabet A
and every i € Prob' (AY) there exists a sequence ¥ = (o, € Hom(T, Sym(Vn)))neN such that
A% — 0 and ax(u) < +oo.

Property PA was proved to hold for free groups by Bowen in [Bow(3, Theorem 3.4].
Kechris later studied another equivalent property in [KecI?2] which he called “MD”; see also
the survey [BK20] for more recent information on which groups are known to have this

property. In particular:

e Amenable groups have property PA.

e If two nontrivial groups are both either finite or property-pA, then their free product

has property PA.

e The recent negative solution to Connes’ embedding conjecture [INV20] implies that

the direct product Fy x Fy does not have property PA.

3.5.0.1 Calculation

In some cases it can be possible to calculate the free energy density. Fix a sequence ¥ with
A" — 0, and for each n let &, € Prob(A") denote the unique finitary Gibbs measure.
Suppose that P7" why g Then for any O > p we have &, € Q(0,, Q) for all large enough n.
But &,, by virtue of being the Gibbs measure, has minimal free energy among all probability
measures on A", so

inf  A(C) = A(E,) = —log Z,,
el o) (€) (&n) 0g
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where Z,, is the normalizing constant appearing in the definition of &,. It follows that

log Z,,.

The main theorem of [MMST?] implies that, for the Ising model with no external field
on a regular tree, the weak limit of PJ" is (s + po) for any ¥, where gy, pu_ are the
Gibbs measures with +, — boundary conditions respectively. In this case ﬁ log Z,, actually

converges, and the limit can be written down explicitly; see [DNMTQ)].

3.6 Measuring non-Gibbs-ness

As in [Hol71], we make use of the function

s—slogs—1, s>0
Fole) = 1 0
—1, S =

which appears in an expression for the time derivative of free energy [Proposition B=271]. This
function is concave, nonpositive, and equal to 0 if and only if s = 1. A graph is included in

Figure B0 If gz € Prob(AB(®R)) has full support, we define

( exp{—®.(y)} MR{yﬁa})

A (pr) = Z paly}- Fo exp{—®.(y*7*)} ur{y}

yeAB (e,R)

This measures the average failure of ug to be consistent with the Gibbs specification.

Lemma 3.6.1. Suppose yu € Prob(A') is a translation-invariant measure such that for every
R > 1 the marginal pur € Prob(AB™) has full support and AF(ug) = 0 for every a € A.
Then p is Gibbs.

Proof. Fix R > 1, and let /¢, r)\ (¢} denote the o-algebra generated by sites in B(e, R)\ {e}.
Then by definition of conditional expectation, for any a € A

e—)a}

M({X e Al . X(e) = a} ’ yB(e,R)\{e})(y) = Zufi};{yeab}’
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10.25

Figure 3.1: Graph of Fj

where on the right-hand side we use the shorthand pg{y} = pr{y Ise,r } for y € A'. Our

assumption that pup has full support and AZ(ug) = 0 implies that

pr{y "} prly=\ exp{—P.(y“ ")} _1_0 R
Poea iy (Z MR{YH> : (Z eXp{—cbe<yHa>}> o

beA

Taking R to infinity, by martingale convergence we get

p(- | Z)y) = cely, )

By translation invariance, it follows that p is Gibbs. [

3.7 Proofs of statements involving infinitary dynamics

We first give some additional setup regarding the Glauber dynamics on A'. First, recall
that on an infinite graph we must first define the Markov generator on a ‘core’ of ‘smooth’
functions. Let C'(A") denote the space of continuous real-valued functions on A", with the

supremum norm ||-||s. The smooth functions are defined as follows: given f € C(Al') and
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vel,let
Ag(v) =sup{[f(m) — f(n2)] + m(u) = na(u) Vu # v},

IF1l = As(v),

vel

and

DY) ={f € C(&") + |If]l < oo}

Every function which depends on only finitely many coordinates is in D(AY), so D(A) is
dense in C(AY). For every f € D(A') the series defining Qf converges absolutely, and
Qf € C(Ah).

Note that the condition |||f||| < oo does not imply that f is continuous; in fact for every

tail-measurable f we have || f]| = 0.

Continuing to follow mostly the notation from Liggett’s book, let

cu(v) = sup {flea(m, ) — cu(nz. )lov = m(y) = m2(v) Vy # v}

Then
OB8(u) = Bv)eu(v)
defines a bounded linear operator on ¢*(T).

The closure QF is a Markov generator, so its domain is a dense subset of the continuous
functions C'(A) and the range of I — AQ is all of C'(A) for all A > 0. We also have
1£1l < [[(I=XQF) f]| for all A > 0 [Lig05, comment after Definition 2.1]. In particular I —AQF
is injective. An important consequence is that we have a contraction (I —AQ)~1: C(Al) —

C(aAh).

3.7.1 Approximate equivariance (Proof of Theorem B:2T)

For 3 € RY, let
18]l = sggww(?»r)‘”‘-
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Lemma 3.7.1. For any continuous g: AY — R,
1
sllall < 1Ag] = lglwip.
In particular, every Lipschitz function is in D(AL).

Proof. For the inequality:

mgmzzAg(v)s(sgpA )(3r) M)ZST )H < 3sup A, ()30

~

Now similarly, for any x,y € AT

l9(x) —g(y)| < Z Ag(7) (using continuity)
v:x(M#y(Y)

SsgpAg(v)(?ﬂ“)'”' > B

v:x(M#AY ()
= sup Ag(7)(3r)" - d(x,y),
¥

SO

|9|Lip < sup Ag(V)(g’r)M = ||AQ||'
¥

The converse inequality follows from the fact that for any v € I’

Ag(v) < (3r) M g|Lip. O

Lemma 3.7.2. With respect to the norm ||-|| on RY, © has operator norm at most

—suchh h7)<oo
7 her

Proof. For any v € T,

©8](7) - (3r)"T <> " |B(A)[en(v)(3r)

her
< Zw Y en () (3r)lFdt)
hel’
<1181 ) en()(3r)* -,
her
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so, taking the supremum over v, we see that ||©5|| < ||3]|M and hence the operator norm is

bounded by M.

Finiteness of M follows from the fact that always ¢, () < 2, and ¢, (y) = 0 if A,y are not

adjacent. So for any

Zch('y)(?)r)d(h”) <2-2r-(3r)t = 1212 O
hel

We can now give a proof of Lemma B=22:

Proof of Lemma B2Z2. By [Lig05, Theorem 3.9(c)],
Agriyy < exp(t©)Ay Vf e D(A").
Taking ||-|| norms of both sides gives, by Lemma B7,
ST (1) fluip < exp(Mt)] f|Lip-
The result follows from this and the definition of d. O

Proposition 3.7.3. For all small enough A\ > 0, for all g € D(A") we have
(1= 2) *glup < [1 = AM]7|gluip.
Proof. Recall from [Lig05, proof of Theorem 3.9] that for all small enough A > 0
Aoag)-rg < (14 Ae)] — X0 FA,
for any g € D(AY). If we apply the ||-|| norm to both sides we get, by Lemma BZ1,
(7= 2) Fgluip < [1 = MM — )] ™*[g]vip-
The stated bound follows after dropping e, which is positive. O

Define
Al =D As().

[vI>R
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If f € D(A") then limg_,o0 || | = 0; if f is Lipschitz then for any R >0

£l < 31f|uip(2/3)".

The following result establishes an approximate equivariance of P? with the generator:

Proposition 3.7.4. Let V be a finite set and o € Hom(T, Sym(V)). For any f € D(A"),
ReN, andx € AV,
7Py f = PLQNF| < Bl fll 5 + 2071111

Proof. From the definitions of 2 and P?,

CPIf =Y c(x,2)[Phaf — PLf]

veV a€cA

= 2 e a) [T - (T3,

v,weV achA
We can compare this to if the sum is restricted to pairs v, w which are nearby in the graph

o.

Q"P;jf—%z S Y alxa) [FIgx) — F(11x)]

weV veB? (w,R—1) a€hA

gﬁz S Y e a)l I — F(II)|

weV vgB7 (w,R—1) a€A
Now since the labelings x"7* and x differ only at v, their lifted labelings 117 x"7* and 1I{x
differ only at preimages of v under the map v +— o7w. Let [I7{v} C I' denote the set of
these preimages. Then the above is bounded by
Y Y Yaka X AM=mY XY AL
weV vgB7 (w,R—1) ach ~ellg, {v} weV vgBe (w,R—1) y€llg {v}
Since for each w the sets in the collection {II7{v} : v & B?(w,R — 1)} are disjoint and

contained in the complement of B' (e, R — 1), we can bound this by

‘%Z S A = Il

weV 'ygBF(E,R—l)
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Now suppose w € V is such that B?(w, R) = B (e, R): then for each v € B°(w, R — 1)
the intersection B (e, R — 1) N 119 {v} consists of a single point, which we call v*. We then
have ¢,(x,a) = c¢,»(1I7x,a). From this we can get

Z ch x,a) [ f(II7x"7?) — f(II]x)]

vEB? (w,R—1) a€A

— Z ch (Il x, a) (HZX)V_”‘) — f(Hfo)} (%)

YEBT (e,R—1) acA

=Y Y axa)lfgxt) - (X))

vEB? (w,R—1) a€A

< Z ZCU X, a ‘f HO’ v—>a _f<(HZx)7v—>a)‘

vEB? (w,R—1) acA
Now our construction also guarantees that the labelings 1179x*~® and (I19x)?"~2 differ only

at sites in I19{v} other than ~*, all of which lie outside B (e, R — 1). Therefore we can

continue

(%)

IA

Z chxa ZAf

vEB? (w,R—1) acA ~ellg {v}

yIZR
<D As)

[VI>R

= [/l -

In the second-to-last line, we have again used that I1¢ {v; } and 117 {v, } are disjoint if v; # vs.

For other ‘bad’” w where B?(w, R) % B'(e, R), approximating the sum over v by the
sum over vy in this way may be inaccurate, but the fraction of w € V which are bad is

only 6%. For these w we note that the magnitudes of both sums in (%) can be bounded by
2 ver Ar(7) = I

So far we have shown that

WPIf - v Z > > e gxa) [f((Igx)7) = F(Ix)]] < 201 £l + 2070 £1]-

weV |y|<R a€h
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To finish, we compare the second term on the left-hand side to PZQL f using an approach

similar to above:

ﬁ SN o1, a) [F((115x)72) - f(117x)]

weV |y|<R a€ch

_ ﬁ DX e (gx,a)[f((Tgx)772) — f(15x)]

weV vyel' achA

< 7 20 2 e ()| (M) — £ (113

weV |y|>R a€A

< %Z > M)

weV |y|>R
= lI7 1l - O
Lemma 3.7.5. For all small enough X\ > 0, for any m € N and g € Lip(A") we have
(I = A7) "™ Pgg — PI(I — AQ") gl mqavy < AA7|gluip D (1 — AM) 7",
k=1

Proof. We use induction on m, starting with the base case m = 1. Throughout, we assume

A is small enough for Proposition to apply.
Given g € Lip(A"), let f = (I — AQY)~!g. Then for any R € N
1PZg — (I = X)) [P fllleeavy = IPILf = AQ" ] = (1 = AQ7) [P [l av)
= NQ7PLf — PIQ" fll e (avy
< AGIIf g + 20171 (Prop. B74)
< A9 (2/3)" + 607)|f|Lip.
Taking the infimum over R gives
1P2g — (I = A7) [P fllleeavy < AA7|fip
< AAT(1 = AM) gl (Prop. GT)
Since (I — MQ2%)~! is a contraction on ¢*(AY),
I(1 = A7) Plg = PL(I = AQ") " glles = [I(1 = AQ7) 7 [PPg — (I = AQ7)[PY f]][le

< AAT(1 = AM) 7Y glnip-
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This proves the base case.

Now assuming the m case and the base case, we prove the m + 1 case:

|(1 = 2Q7) ="V Pgg — PI(I = X" Vgl
= ||(1 = XQ7) " [(I = AQ7) " Plg — P{(I — XQ") "]

+ (1= A7) P (1 = AQF) ™™g — PZ(1 — AQ) 7T = AQ") ™g] ||

< | =X2°)"™P7g — P2(I — A2Y) "¢|ls0 (contraction)
+AAT(1 = AM) (T = 2QY) ™ g|Lip (base case)
m+1
< AA[glup > (1= AM)", (inductive hyp., Prop. B-73)
k=1
This completes the induction. Il

Proof of Theorem B 21

Given g € Lip;(Al), for all large enough m we can apply the previous lemma with A = ¢ /m,
which gives

I(7 = 5Q) ™ Pgg = PL(I = £Q°) gy < £A[glup y (1 — £M) 7"
k=1

Let m — oo. The left-hand side converges (by Hille-Yosida; [Lig03, Theorem 2.9(b)]) to
159 (t) P2 g— P2 S (t)g| o while the lim sup of the right-hand side is bounded by A%teM?|g|p,,

since
m

1 1
lim sup — 1— LM% <limsup — 1— L)k = Mt
w3500 £ < s LS50 -

Since g € Lip(Al) was arbitrary, the inequality of transportation distance follows.
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CHAPTER 4

Free energy, Gibbs measures, and Glauber dynamics

for nearest-neighbor interactions on trees

We extend results of R. Holley beyond the integer lattice to a large class of groups which
includes free groups. In particular we show that a shift-invariant measure is Gibbs if and
only if it is Glauber invariant. Moreover, any shift-invariant measure converges weakly to
the set of Gibbs measures when evolved under Glauber dynamics. These results are proven
using the notion of free energy density relative to a sofic approximation by homomorphisms,
introduced in Chapter B. We also show that any shift-invariant measure which minimizes

free energy density is Gibbs.

4.1 Introduction, main results

In the present chapter we focus on extending results of Holley in [HoI71] to the nonamenable
setting. He studied a natural notion of free energy density for systems with sites indexed
by Z", and used it to relate Gibbs measures and Glauber dynamics. His approach does not
seem to work for nonamenable groups due to non-negligibility of the boundary of large finite

subsystems.

More specifically, his approach can be viewed as dependent on the following approximate

equivariance:
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Glauber dynamics
state on Z" > state on Z"

lmarginal ~0) lmarginal

Glauber dynamics
state on large rectangle state on large rectangle

We can imagine that this works because, in a large rectangle, most vertices are far from the
boundary. Therefore the dynamics in the rectangle can, to a good approximation, be treated

as isolated from the exterior of the rectangle. The composition _>4‘, corresponds to running

the infinitary dynamics with influence from outside the rectangle while the composition |
R
corresponds to first isolating the rectangle then running the finitary dynamics.

There is no stated result in Holley’s paper which directly corresponds to this phenomenon,

but it can be compared to Theorem B=21 above.

To work with nonamenable groups we will instead use an “extrinsic” approach to free
energy density which is inspired by recent work on the entropy theory of nonamenable group
actions, initiated by Lewis Bowen [BowI0d] to solve similar problems which appear in that

area.

4.1.1 Related work

In one respect, Holley [Hol71] worked in slightly more generality than we do here: he con-
sidered finite-range interactions, not just nearest-neighbor interactions. Higuchi and Shida
[HS75] extended his results to spin systems on Z" which may have infinite-range interactions,

but the strength of the interactions is assumed to decay sufficiently quickly.

The method of the present thesis may be compatible with such generalizations, but for
the sake of simplicity we choose not to pursue them here.

to non-reversible dynamics on integer-lattice systems.

Caputo and Martinelli [CMO6] have shown that if we evolve the product of plus-biased
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Bernoulli measures by Ising Glauber dynamics on an infinite tree, then it converges weakly

to the “plus boundary conditions” Gibbs measure.

There has been some other work on notions of free energy density for Ising models on
nonamenable groups, but these notions do not appear to have the properties we want for
our present purposes. Dembo and Montanari [DMT(] consider, as we do below, a sequence
of finite graphs that locally converge to an infinite tree. Their work differs from ours in
that they study the limiting free energy density of the (unique) Gibbs measures on these
finite graphs, while we study the free energy density of finitary measures which are locally

consistent with a chosen infinitary measure (which is not necessarily Gibbs).

4.1.2 Precise statements of basic definitions and main theorems

The correspondence between finite and infinite systems is established using empirical distri-
butions, which we recall here. Let 0 € Hom(T', Sym(V)) and x € AY. For any v € V there
is a natural way to lift x to a labeling I1%x € A"'| starting by lifting x, to the root e. More

precisely,
(I17x) (v) = x (07 (v)).

The empirical distribution of x is defined by
1
P! = (v~ II7x), Unif(V) = — Z drgx € Prob(A").
|V‘ veV
This captures the ‘local statistics’ of x. This notation was used in the approach to sofic

entropy in [AusTf].

To state our results we use the following way of measuring local similarity of a finite graph
o to I': for 0 € Hom(T', Sym(V)), we say B (v, R) = BY(e, R) if there is an isomorphism
of the induced subgraphs B (v, R), B! (e, R) which respects both edge labels and directions.
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Define
1
U= gy eV BT R) # Bl (e R)Y
o __ - . R o
A7 =inf (9-(2/3)" + 60%).

The constants which appear here are connected to the choice of metric d in Chapter B above.
If A% is small, then o looks like I' to a large radius near most vertices. This is a way of saying
that the action of ¢ is approximately free. Note also that a sequence o,, Benjamini-Schramm
converges to the infinite tree I' (or equivalently is a sofic approximation to the group I') if

and only if A7 — 0.

As mentioned above, our central tool is a notion of “free energy density” of a measure
p € Prob(Al) with respect to a nearest-neighbor potential. This free energy density is
defined relative to a choice of ¥ = (0, € Hom(I', Sym(V},))neny with A% — 0. It may be
+00, but if it is finite then it is nonincreasing as p evolves according to Glauber dynamics
(Proposition B2272). Moreover if i is not Gibbs then it is strictly decreasing; Proposition B=2-3
gives a stronger version of this claim. For every choice of ¥ there exist measures with finite

free energy density, so this implies the following:

Theorem A. For any choice of ¥ and any nearest-neighbor interaction, every p € Prob(Al)

minimizing ax, is Gibbs for that interaction, unless ax, is identically +oo.

The converse is false, since a Gibbs measure may have free energy density +oo with
respect to some Y. It is unclear whether a Gibbs measure may have finite but non-minimal

free energy density.

Theorem B. Suppose i1 € Prob (A"), and let yi; denote its evolution under Glauber dynam-
ics. If there exist s > 0 and ¥ such that ax(us) < 400, then p; converges weakly to the set

of Gibbs measures as t — 0o.

It is possible to avoid the degenerate case of infinite free energy density by an appropriate
choice of ¥ when I' has a property called “property PA”; see Section B3 for a definition and

the relevant result (Proposition BZa). Hence we have the following:

86



Corollary 4.1.1. If ' has property PA, then a shift-invariant measure is Gibbs if and only

if it is Glauber-invariant.

4.2 Proof of Theorem

Proposition 4.2.1. Let {; € Prob(AY), and let {; denote its evolution under Glauber dy-

namics. Then for all t > 0, {; has full support and

a expl @00} G
O =R (b G ) ket

Our proof of this proposition is based on the proof of the analogous result in Holley’s

paper [Hol7T], with some minor changes.
For x € A", write
P(x) = exp{~U(x)}.

This is just the Gibbs measure on V', except without the normalizing factor. It is easy to

see that

A(0) = 3 ¢{x}log ;{(’;}).

Proof of proposition. A calculation using the Markov generator shows that
d v a v a
Soixt = Z [G{x"7 e (x"7%, x(v)) — G{x}eu(x, 2) .

In particular, if x is such that (;{x} = 0 but there exist v, a such that (;{x"72} > 0, then
%Q{X} > 0. Unless ¢t = 0 this would imply the existence of times where (; gives negative

mass to {x}. Therefore (; has full support for all ¢ > 0.
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Therefore

d Gix}
EA(Q) E dt {Ct{ }1 (X)}
Gii{x}

- 3 S

Gi{x}

= Z Z [G{x""2 e (72, x(v)) — G {x}eu(x, a)] log P’

xeAV wv,a

For x,y € AV, define

(
- Z CU(Y? a)u X=Y
Ay =]
7 co(y,a), xZy, x=y""* forsomev € V,a€A
0, else.

\

This has the following useful properties:
> Ax,y)=0 Vy.

Proof. For any vy,

ZQ{( yy_i_ZZQl v~>a

X vEV azy(v)

Z A(x,y)P(y) =0 Vx.

y

Proof. For any x,

> Axy)P(y) = @)+ ) Axx"7?)

veV a#x(v)

(4.1)

+0=0. q

(4.2)

(x"7*) +0=0

- Z [ B Cv(X, a) eXp{_U<X)} + CU<XUHa, X(’U)) eXp{_U(XvHa)}}

au
a#x(v)

=0.
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In fact every term of this last sum is zero because

cwxa)exp{-U(x)}  exp{=®,(x""*)}exp{-U(x)}

o (x0=2, x(0)) exp{—U (x"~2)}  exp{—y(x)} exp{—U(x*~2)} =L q

Using these two properties of 2, and the fact that ¢; has full support, we see that

A = > Ay o e

= Plx) Gix"*} x}e,(x, a
_ZFO <P(X’v—>a) Cx} )Ct{ beo(x, ).

X,V,a

P(x)  _ _exp{—®u(x)}
&) expl-Tu(x}

The desired formula follows from the fact that 5 also used above. [

We first use the previous result to show that free energy density is nonincreasing.

Proposition 4.2.2. Suppose p € Prob(A"), and let ¥ = (o, € Hom(T, Sym(Vn)))nEN such
that A% — 0.

Then ax(po) > ax(ue) for all t > 0.

Proof. If ag(po) = +oo then the result is trivial, so suppose ax (1) < +0o. This means that

for any O 3 pp we have Q(0,, Q) # @ for all large enough n.

Let U; be an arbitrary weak-open neighborhood of y;. By Proposition B2 there exists

Uy > 1o such that, for all large enough n, we have ¢; € Q(o,,U;) whenever (, € (o, Up).

Suppose n is large enough that Q(o,,Uy) # . Since Fy < 0, the previous proposition

implies that for any ¢y € Prob(A"") and any ¢ > 0

d
%A(Q) <0.

Therefore for any ¢ > 0
A(CO) 2 A(Ct)a

and hence

inf  A(¢) > inf A(().

CeQ(on,Uo) CEQ(on Ut)
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Now by definition of ay we have

A(¢)

a = sup limsu
E<MO) (’)BEO n—)oop | n| CEQ on,0)

1
> lim su inf A
n—)oop ‘ n’ CeQ(on Uo) (g)

1
> lim su inf  A(0).
n%oop ‘ n| Ce(onUt) (C)

Taking the supremum over U; gives the result. Il

By a more careful analysis we can get the following proposition, the second part of which
may be interpreted as semicontinuity of the time derivative of ag(p;) as a function of the

measure:

Proposition 4.2.3. Suppose j € ProbF(AF) is not Gibbs. Then there exist ¢, T > 0 and an
open neighborhood O > p such that if pg € O then

1. There exists 6 > 0 such that for any ¢ € Hom(I', Sym(V)) with A° < § and any
Co € (o, 0) we have A((y) > A(¢r) + ct|V| for all t € [0,T].

2. If £ = (0, € Hom(T', Sym(V,,)))
for allt €10, T].

ey 18 such that A% — 0 then as(po) > as(p) + ct

Here we take the convention that +o0o + ¢t = +00.

Proof. Since p is not Gibbs, there exists R such that either ur does not have full support
or A'(ug) < 0 for some a € A. We will come back to these two cases in a moment, but for

now let R be fixed so that one of them occurs. We may assume R > 1.

Fix o € Hom(I', Sym(V)). Let
5= min{ exp{—@e(x)}ﬁb DX E AB(e’l)} > 0,
2 _ven EXP{—Pe(x7?)}
and call v € V good if B? (v, R) = Bl (e, R), and let V' be the set of such v. Then
exp{—®,(x)} Ct{X’Ha})
—A )<s Fy X}.
0= 3 (ot om0

v good
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Let PCU’R € Prob(AB" (©R)) be given by

Jiﬁ%{y}zﬁ S dx)

v g;)od
X[B(v,R)=Y

Note that P/ R is close to the BY (e, R)-marginal of F¢ in total variation distance if most

vertices are good. Then, applying Jensen’s inequality,

i exp{—,(0} G {x")
asey L& P (Sotmtemy o) &

X[B(v,R)=Y

T i eplauy)) PO
< |V|Z Z I v} Fo exp{—P.(y"?)} f’éTR{y}

ach yeABF(e,R)

We now consider the two cases mentioned above. First, if ur does not have full support,
there exist y € AB(&®) ¢ € B(e, R) and a € A such that up{y} # 0 but ur{y*>?*} = 0.
Using translation-invariance of p, we may assume v = e. Then

e%a}

_ exp{—Pc(y)} nrfy
natyd- £ (eXp{—@xyHa)} wnly)

By continuity of Fj, there exists ¢ > 0 such that

) = —pr{y} <0.

la — pr{y} <eand 0 <b<e = a-Fy ( exp{ =P (y)} é) < —MR—{y}.

exp{—®.(y**)} a 2
In particular, if HP&’R — pig||Tv < € then

d / MR{y}
%A(Ct) < —slV !T-

In this case we will take ¢ = s ur{y}/4.

Now consider the other case, in which Af(ug) < 0 for some a. By definition of AR (ug),

we can pick y such that

._ . exp{—=Pc(y)} pr{y“ ™}
€= nriy} F(’(exp{—@xymn iy} )<0'
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and proceed in the same way, picking € > 0 such that

exp{—P.(y)} 9) . ¢

- d |b— pr{y=® 'R .
o= pnfy)] < and o= punfy Y < & = -y (SPETELD) <

In particular, if ||Pg’R — pr|lTv < € then
d C
—A —s|V'|—=.
L AG) < —sV'1S

In this case we will take ¢ = s C'/4.

In either case, we now have chosen € > 0 such that if ||P£’R — prllTv < € then

d
—A —2|V'|e.
9 AG) < ~2V'e
Let O; = {v € Prob(A") : ||lvg — pr|Tv < €}. By continuity of (jg,t) — p, we can pick
O, T such that if g € O then p, € O for all t € [0, T].

Fix pug € O. By Proposition B2, for any 1 > 0 there exists U > pp and § > 0 such that
if (o € R0y, U) and A7 < § then d(PZ, py) < n for all ¢t € [0,T]. If we pick 7 small enough,
this implies (; € (o, O) for all t € [0,T]. Hence if {y € 2(0,,U) and A7 < ¢ then for any
tel0,T]

A(G) = A(Go) < =2[V7et.
Now by definition we have
V| = (1 =0R)V]
If § is small enough then A% < § implies 6% < 1/2, so that 2|V’| > |V|. This completes the
proof of the first part.

For the second part, for all large enough n we have A" < § and therefore

A(Go) = A(G) + [Valet
> inf AQ) + [Vylet

T (eQ(on,B(ue,m))
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for all t € [0, T]. Then, since the first limit in the definition of ay, is a supremum

1
a > limsu inf —A
E(MO) - n~>oop GEQ(on U) |Vn| (CO)

> lim sup inf
n—oo CEQ(on,B(ue,n)) |Vn’

Taking 7 to zero gives the result. O

Proof of Theorem. Suppose for the sake of contradiction that p; does not converge to the
set of Gibbs measures; then we can pick some v € Prob' (A") which is a limit point of

{p: : t > 0} but not a Gibbs measure.

By Proposition B223, we can pick 6,7 > 0 and an open neighborhood O > v such that
for every t with p; € O we have ax (1) > as (1) + 07T

On the other hand, under the assumption that ax(us) < +00, the set {ax(u:) : ¢ > s} is
bounded: an upper bound is ax(jus) by Proposition B222, and a lower bound is «™" — log]A|.

This is a contradiction, so the theorem follows. Il

4.3 Connection to property PA

We first prove the following;:

Proposition 4.3.1. A group T has property PA if and only if for any u € Prob' (A there
exists a sequence ¥ = (o, € Horn(F,Sym(Vn)))nEN and a sequence (x, € AV"),cn with

P 2ok w and A% — 0.
Some ideas for this proof were shared with me by Lewis Bowen.

Proof. The ‘if’ direction is clear, since each P¢» is periodic.

For the other direction, suppose I' has property PA and let u € ProbF(AF). By definition

of property PA, we can pick a sequence of periodic measures (p,)nen converging to p.
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Fix n € N. The support of p,, consists of finitely many orbits under I'; let {y1,...,yx} C
A" be a set which contains exactly one element of each orbit, and denote the (finite) orbits

by I'y;. Then we can write

az Unif(Ty;).

\\Mw

Pick natural numbers mq, ..., my, and let V,, be the disjoint union of m; copies of I'y; for

each i. Let o,, € Hom(G, Sym(V},)) act separately on each copy of each orbit. Let x,, € AV

be given by
Xn(v) = v(e)
Then
k .
Pl = —— Unif(I'yy),
i=1 24j=1""j
so if my, ..., my are chosen appropriately then we can ensure PJ" — p.

Now we need to show that we can ensure A%» — 0. Let v € Prob({0,1}') be the
product measure with uniform base. Then then above argument implies the existence of

sequences (0, € Hom(T',Sym(V;))) _ and z, € (A x {0,1})" with PJ» — p x v. If we

neN
write z, = (X,,y,) with x, € AY" and y,, € {0, 1}, then P{" — p and PJ» — v. We will
show that the latter fact implies A?* — 0. Suppose v € V,,, v € I" are such that o)v = v.

Then for any g € T,
(Hgn}’vn) (67) =Y¥Yn (0570) =Yn (05U> = (HZ"Yn) (B)
In particular, for any finite set D C I'" we have

Py{w € {0,1}" : w(By) =w(B3) VB € D} > ||{v eV, : olv=uv}.

Vi

But by assumption, as n — oo the left-hand side converges to

v{iw € {0,1}" : w(By) =w(B) VB € D} <vi{w : w(By) =w(B) VB € Ds.t. By ¢ D}

_ 9 IDNDI
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and hence

lim sup {fveV, : olv=u} <27IPNDI,

=
As long as 7y # e, the set D can be chosen to make | D~ \ D] arbitrarily large, so that

1
nh_)n(;lo ’an\{v eV, :olv=uv}=0.

For any R € N, it can be checked that if ov # v for all 4 # e such that |y| < 2R+ 1

then the map

B'(e, R) — B (v, R)

v ol

is an isomorphism of the (labeled, directed) induced subgraphs. Therefore

1
87 < > W‘|{UEVnzagv:v}|—>O,
VEBT(e2R+1)\{e} | "

which, since R is arbitrary, implies A7 — 0. O

4.3.1 Proof of Proposition B51

Note ag(n) = +oo if and only if there exists an open neighborhood O > pu such that
Q(0,,O) is empty for infinitely many n. Therefore if ax () < +oo there exists a sequence
(n € Prob(A") with PZ" — p. Since each PZ" is periodic, this shows that if for every p

there exists ¥ with ax(p) < 400 then I' has property PA.

Conversely, if I' has property PA and u € Prob' (A”) is given, then by the above proposi-
tion we can pick ¥ and (X, )neny With A% — 0 and P» — p. But then for any open O 3 p

we have 0y, € Q(o,,O) for all large enough n, so ag(u) < +00.
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CHAPTER 5

Metastability and maximal-entropy joinings of Gibbs

measures on finitely-generated groups

We prove a metastability result for finitary microstates which are good models for a Gibbs
measure for a nearest-neighbor interaction on a finitely-generated group. This is used to
show that any maximal-entropy joining of two such Gibbs states is a relative product over

the tail o-algebra, except in degenerate cases.

We also use results on extremal cuts of random graphs to further investigate optimal

self-joinings of the Ising model on a free group.

5.1 Introduction, main results

As above, let I' be a countably infinite group with r generators si,...,s,, and let A be a
finite set. We will also use I' to denote the left Cayley graph of the group, which has vertex
set I" and an s;-labeled directed edge (v, s;) for each ¢ € [r] = {1,2,...,r}.

The group I' acts on itself by right multiplication; note that this action consists of
isomorphisms of the Cayley graph which preserve edge labels and directions. We also let T"

act on the set of labelings A': given x € Al and 8 € I, the shifted labeling 8x is given by

(8x)(v) = x(7B).

This also induces an action on Prob(A!) by pushforwards. A probability measure invariant

under this action will be called shift-invariant; the set of such measures will be denoted

Prob' (A).
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We will think of a measure 1 € Prob' (A) as specifying local statistics of finite systems

according to the following paradigm:

Given a finite set V' and a homomorphism ¢ € Hom(I',Sym(V)), we can construct a
multigraph with an s;-labeled directed edge (v, 0% v) for each v € V' and i € [r|; this will be

called the graph of o.

If x € A is any labeling of V by elements of A, we can pull back x to a labeling of T.

This is called a pullback name of x, and is denoted

IIx = (x(cr”v))76F c A"

The empirical distribution of x over o is the distribution of these pullback names if the
basepoint v is chosen uniformly at random:

1

Pg = (v IIx), Unif(V) = Gl

X

> gx € Prob"(a").

veV

The shift-invariance of every empirical distribution is the reason we assumed p above was

shift-invariant.

By analogy with statistical physics we will call x a microstate, and we will call it a good
model for p if its empirical distribution (over some given o) is close to p. More specifically,
it O is some weak-open neighborhood of ;1 then we say x is an O-microstate if P7 € O. We

call the set of such x
Q(0,0) ={xe AV : P7 € O}

This is equivalent to Lewis Bowen’s framework of “approximating partitions” introduced in

[Bow10d] to define sofic entropy. We will discuss entropy below.

This notion of “good model” is most meaningful when the graph of ¢ has a high degree

of local similarity to I'. We will measure this in the following way: given R € N, define
1
0 = ;Hv eV : B7(v, R) 2 B (e, R)}].
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Here the isomorphism is between the subgraphs induced by the radius-R balls centered at v
in the graph of ¢ and those centered at the identity in the Cayley graph of I'. Recall that
we consider edges of the graph of o and of the Cayley graph to be directed and labeled by

the generators of I'; we require isomorphisms to respect this structure.

We then make the slightly more ad hoc definition
o __ . R o
A7 = inf (9-(2/3)" + 667,).

The particular constants appearing here come from our choice of metric on A" (see Chapter
B) and from the proof of Theorem B271. If A7 is small, then the graph of ¢ looks like I to a
large radius near most vertices. Note that the notation A” does not need to explicitly specify

which I' the graph of ¢ is being compared to, since the relevant I' is always the domain of o.

Let ¥ = (0, € Hom(I', Sym(V},))nen be a sequence of homomorphisms, with V,, finite
sets. Recall that ¥ is a sofic approzimation to I' if lim,, .., A = 0. The sofic entropy of
1 € Prob" (AT) relative to ¥ is defined by

1
hy(p) = inf lim sup — log|Q2(0,,, O)],

O3 p—soo |Vn’

where the infimum is over weak-open neighborhoods of p. Informally, we would expect
|Q2(0,, O)| to grow exponentially with |V,|, with a higher exponential growth rate indicating
fewer constraints imposed by p on its good models (so p is “more random”). In general,
though, sofic entropy may behave in counterintuitive ways. While it is an isomorphism
invariant, an example of Ornstein and Weiss [OWS7] shows that it may increase under

factor maps when I'" is not amenable.

The assumption A" — 0 is interpreted here as a kind of Benjamini-Schramm conver-
gence, but we can also view it as requiring the actions I' ~7" V,, to be “asymptotically free.”
More generally we could only require that they be “asymptotically actions” (see for example

[Bow?20al]) but for simplicity we only consider true homomorphisms here.
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Here, we restrict attention to measures p which are Gibbs for some nearest-neighbor
interaction; relevant definitions are given in Chapter B. For a nearest-neighbor interaction
®, we denote the set of Gibbs measures by 4(®) C Prob(A"). The set of shift-invariant
Gibbs measures is denoted ¢'(®). An interaction also comes with an associated “Glauber
dynamics” which is a natural and useful model for the random evolution of a system over
time. We will use subscripts to denote evolution under Glauber dynamics; for example x; is

the (random) evolution of the microstate xj.

Our first main result, Theorem O, establishes the metastability of Gibbs microstates

under Glauber dynamics:

Theorem G. Let i € GV (D) for some nearest-neighbor interaction ®. Denote its evolution

under the Glauber dynamics for ® as {u; : t > 0}.

Given any neighborhood Uy of 1 andt,e > 0, there exists a neighborhood Uy of 1 and 6 > 0
such that, for any finite set V' and any homomorphism o: T' — Sym(V'), if xo € Q(o,Up)
and A7 < § then x5 € Q(o,Uy) for all s € [0,t] with probability at least 1 — .

We call this “metastability” because, if we let the Glauber dynamics run forever, the law
of x will converge to the (unique) Gibbs measure on AV. In particular, we will eventually
lose control of its empirical distribution. Theorem @G only says that for any fized time ¢, it
can be arranged for the empirical distribution to stay close to p for time ¢ with probability
as close to 1 as desired. The only requirements are that A? be small enough and that PJ

start close enough to .

Recall that Theorem B=Z1 gives a type of equivariance between the Glauber dynamics on
I' and on graphs of homomorphisms ¢ with small A?: it implies that if x is a good model for
i (not necessarily Gibbs) then the ezpected empirical distribution of the evolved microstate
x; stays close to the evolved measure p;. The rate at which it drifts away is controlled by A°.
But if p is Gibbs then it is Glauber-invariant, so in fact the expected empirical distribution

stays close to p.

It turns out to be somewhat difficult to conclude that the empirical distribution actually
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stays close to p with high probability. We do this in two steps: first we use the fact that
the Gibbs measures form a face of the convex set Prob' (A”), combined with the mentioned
equivariance result, to show that the empirical distribution of x stays approximately Gibbs
for the desired amount of time with high probability. We then use this approximate Gibbs-

ness to show that the empirical distribution tends to move slowly, so typically stays close .

Using Theorem @ we establish Theorem H, which says that any maximal-entropy joining
of two Gibbs measures (possibly for different interactions) must itself be a Gibbs measure

for a natural “sum interaction,” except in degenerate cases:

Theorem E. Let \ be a joining of two shift-invariant Gibbs measures p, € G5 (P*), ug €
GV (D) for nearest-neighbor interactions ®*, ®B. Let ¥ be a random sofic approzimation to

[, and assume that there is some joining \ of uy, pg with hy(\) > —oo.

If X mazimizes hy, among all joinings of p, i, then A € ' (P* @ PB).

Here, a random sofic approximation is a sequence of random homomorphisms such that
for any § > 0 the probability of the event {A%" < ¢} approaches 1 superexponentially fast;
see Section B33. The f-invariant, introduced in [BowT0H|, can be written as the sofic entropy

relative to a random sofic approximation to a free group [Bowl0al].

By Lemma BZ3T, we can equivalently say that a maximal-entropy joining of two Gibbs

measures must be a relative product over the tail o-algebra.

We also mention two brief corollaries: Corollary 5234 shows that if p, is a shift-invariant
extreme point of 4 (®*) and pp is any element of ¢ (®®), then in fact their product joining is
the only joining which is Gibbs for the sum interaction. In particular, for any ¥ the product
joining is the joining with maximal hy,. By “extreme” here we mean extreme in the convex
set of all Gibbs measures, which is equivalent to triviality on the tail o-algebra. In particular,
ergodicity is not a sufficient condition. As discussed below, one example illustrating this is

the Ising model on a free group, which is ergodic for all ¢ > 0.

100



Corollary 6234 shows that, except in degenerate cases, Gibbs measures have nonzero sofic

entropy over any deterministic sofic approximation.

Our final main result is Theorem H, which asserts that, for free-boundary Ising models
at low temperatures, the self-joining with maximal f-invariant is neither the product nor the
diagonal joining. Non-maximality of the diagonal joining actually follows in much greater
generality from Theorem H, since the diagonal joining is Gibbs only in degenerate cases.
The product joining is always Gibbs for the sum interaction. But for temperatures low
enough that the f-invariant is negative, the product joining cannot be maximal because it

has smaller f-invariant than the diagonal.

Theorem H actually extends non-maximality of the product to slightly higher tempera-
tures. To do this, we show that if the product joining of ;1 has optimal f-invariant, then a
typical random homomorphism supports good models for . We can rule out this possibility

for free-boundary Ising models at low temperatures using [DMST7)].

It remains open whether non-maximality of the product holds all the way up to the
reconstruction threshold, at and above which the product joining is maximal by Corollary

634. A similar type of result in the recent paper [CLM20] suggests that it may.

5.1.1 Overview

In Section b2 we prove Theorem @, our main metastability result. In Section we give an
application of this theorem, characterizing which joinings of two Gibbs states have maximal
sofic entropy over a random sofic approximation. Finally, in Section b4 we show that, below
a certain (nontrivial) temperature, the product self-joining of a free-boundary Ising state

does not have maximal f-invariant.
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5.2 Metastability of near-(zibbs-ness

If we apply Proposition B2 with ¢ = d, and p € ¢4' we get
d(ST ()P, ) < (d(PZ, p) + A%)eM". (5.1)

In particular, if x is a good model over o for a Gibbs measure p, then the expected empirical
distribution of x; stays close to i for a long time. The first main theorem of the present
chapter, Theorem W, states that, in fact, the empirical distribution itself stays close to u for

a long time with high probability.

The remainder of this section is devoted to the proof of this theorem. First we use Lemma
B3 to show that Equation 51 implies P, must stay close to 4" for a long time with high
probability. We then control the ‘lateral motion,” showing that as long as Py, stays close to

@' it does not tend to move much at all.

5.2.1 Concentration from convexity
Let I denote the weak*-continuous map
I: Prob(Prob' (A")) — Prob" (")

& /Uf(dy).

Lemma BZ30 stated that 6(4") = 1 whenever I1() € ¢4*. The following result is an
approximate version of this: if 7(f) is close to ¢', then most of the mass of § must be close

to 9T,

Proposition 5.2.1. Given any weak* neighborhood W of 4* and e > 0, there exists a weak*
neighborhood U of 4* such that if I(§) € U then W) > 1 —¢.

Proof. By the portmanteau theorem, the set &€ = {£ : £(W) > 1 — e} is weak™-open, and

it clearly contains the set Prob(%") of probability measures supported on ¢'. We complete
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the proof by contradiction: suppose that for each neighborhood U of 4% the intersection
(I7'U) N &° is nonempty.

For each n € N, let U, be the set of measures within d-distance 1/n of ¢'. By assumption,
we can pick a sequence &, € (I7'U,) NE°. Now Prob(Prob" (A)) is compact, so &, has some
convergent subsequence &,.. Note the limit of this sequence must still be in the closed set

&¢. By definition of the sets U, and continuity of I, the limit must also be in I=1(47).

But since 4" is a face of Prob' (A") (Lemma B=3), in fact I=1(¥4") = Prob(¢") C &.

This is a contradiction, so there must exist some neighborhood U of ¢' with I='UY C £. O

Proposition 5.2.2. Let W be a weak* neighborhood of 9% . Let e,t > 0. Then there exists
a weak* neighborhood U of 4% and 6 > 0 such that if P €U and A% < 0, then P € W
with probability at least 1 — ¢.

Proof. The previous proposition guarantees the existence of a neighborhood V of 4! such

that if S7(t)P7 €V then P7, € W with probability at least 1 — e.

Since 4" is compact, we can pick > 0 such that U, eor B (1,2n) € V. Let U =
U, eor B (1, ne=M) and let 6 = ne~M*/t. Then by (5) whenever P €U and A7 < § we
have S7(t)PZ € V. O

5.2.2 Controlling lateral motion

Having shown that Glauber dynamics tends to stay within the set of good models for near-

Gibbs measures, we now show that it tends to move slowly within this region.
Given xq € AY, 0 € Hom(T', Sym(V)), g: A" — R, and 7 > 0, we define a martingale
(MI?T)EO:O by
k—1
M{T =P g—PLg—> L.PL g
s=0
where

L,=5(r)—1.
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We first show that the terms in the sum stay small as long as P{ _ stays close to @
(which we know is likely to happen as long as P¢ is close enough to @), then we show that
the martingale itself likely stays small by bounding the variance. This will imply that P{ g

tends to stay near its initial value.

5.2.2.1 Bounding deviation from martingale

It is straightforward from the definitions to show that u € ¢ then uQ2' = 0. We now show

that if p is near ¢' then pQb is near 0.

Let ||flls. = max{|f|Lip, || f]|cc} denote the bounded Lipschitz norm of a real-valued
function on A'. Under this norm, the set {f : ||f||gL < oo} is a Banach space which we call

BL. Every p € Prob(A") induces a continuous linear functional I, on BL defined by

I.f= /fdu-

If we endow the continuous dual BL* with the standard dual (operator) norm, it is easy to

see that
d1,v) = |1, — Lllew-

Since Qg is a continuous function whenever g € BL, for any u € Prob(Al') we can define
2t € BL* by
(MQF)g = /Qrg dp Vg € BL.
Lemma 5.2.3. The map
Prob(A") — BL*
p— pQr
18 continuous.
Proof. We first show that the family F = {QUf : || f|lgr < 1} is uniformly bounded and

equicontinuous. Uniform boundedness is fairly straightforward. We now establish equicon-

tinuity: Suppose x,y € Al are such that d(x,y) < (3r)7%; then x and y agree on B(e, k) so
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for all v € B(e,k — 1) and a € A we have

) (x,2) = ¢, (y.a).
So for such v, if || f||gr, < 1 we have
ey (x,2) [f(x7%) = f(x)] — ey (y. @) [f(y"7*) = f(¥)]]
< o, (x,a) [If (%) = FI) + £ %) = f(y" )]
< ¢y(x,2)

For v ¢ B(e, k — 1) we have d(x"7%,x) = (3r)71l, so

ey (x,2) [f(x772) = f(x)] = ey (y, ) [F(y"7%) = f(W)]] < ey (x,2) — e (3. 2)[(3r) 7.

Hence

QT F) = Q< Y Y 2 (xa) - (3r)7F

vEB(e,k—1) a€A

+ Z Z cy(x,a) + ¢, (y,a))(3r)

v¢B(e,k—1) ach

< 2|B(e,k —1)] +22

= 2|B(e,k —1)|(3r)F +3.37*
Since this bound is uniform over f € F, the family F' is equicontinuous.

Suppose (p,)22, is a sequence of probability measures with weak* limit v. For any
e > 0, by Arzela-Ascoli we can pick a finite collection QY f;, ..., Q' f, € F which is uniformly

e-dense in F. Hence

i supl, O 0 - = timsupsup {| [0y~ [0 ] < 1 <1}
n—00 n—00
< limsup {max{‘/@rfid,un — /Qrfidl/ 1< < k} +2€:|
n—00
= 2¢.
Since ¢ is arbitrary, this shows that 1, Q' converges to v, O
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Proposition 5.2.4. For any x € AV, 7 > 0, and g with |g|Li, < 1

r —
L)l < 7 [aver+ | S0 oy

; HP,ZQFHBL*] .

‘ oo

Proof. For any g,
|L:(Pgg)| = |S7(T)Pyg — Pyl
< |87(r)Pg — PIS"(1)g| + |P{S"(1)g — Plgl.

By Theorem B2, if |g|i, < 1 then the first term here is bounded by A?7eM7. For the

second term, we have

ST -
PZST(7)g — Pigl < 7 [P:: S99 o,

<7

5.2.2.2 Martingale concentration

+ {PfQng

SF(T)g —4g . Ql_‘g

; ||P;’QFHBL*} | 0

o0

Proposition 5.2.5. Fiz t > 0 and g with |g|Li, < 1. Then for any m € Z we have

E [(Mg!™)?] < ot {|_11/| - ﬂ .

Proof. Let 7 =t/m. Let &, &, ... denote the martingale increments given by

§p=M]" — M}, = P] g— P{ g— L. P] g.

X(k—1)7 X(k—1)T

Let Kj be the number of times a spin changes in the Glauber dynamics starting at xg

during the time interval [(k — 1)7, k7). We will use that K} is Poisson with mean 7|V|.

We need the following two lemmas:

Lemma 5.2.6. If x,x’ € AY differ at exactly one site w € V, then
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Proof. Recall that we are assuming |g|ri, < 1. Using the definitions of empirical distribution

and the distance on AV,

|Pgg— Pogl < —ZIQH" ) — g(TI7x))|
vGV
1 ag O'

vEV

IZZ (3r) ML oy (o0

veV yel’

=|~

By assumption, x(c7v) # x'(¢7v) if and only if 67v = w. Using this fact and changing the
order of summation gives
3
‘P g9— P ‘ Z 37” 0 Z ]-{cr’Yv =w}-
vEmET

But ¢7 is a permutation, so ZUEV 1{s7v=wy = 1. The result now follows from the bound

> er(3r)h <3, O
Lemma 5.2.7. For any k € N,

E[¢] < 9|V E[KG).

Proof. For each k let Fy be the o-algebra generated by (xq,Xr, ..., Xgr).

We first expand out &7 using its definition, and then simplify the resulting expression

using that L.PJ g is Fi_1-measurable:

X(k—1)T

E[silﬂ_ﬂ:E[(P” 9P .9 LPL )2|fk_1]
_E {(pa 9-P g )2 | fkl} +E [(L P )2 | fkl}

+]E[2(P" 9P . )( L.FP, . )yF,H}

I 2
—E|(Pg.0- P, .9 ) | Fia| + (L-Pz, ,,.9)

~2L.Pg, g E[Pg g— P, 9| Fi]

—E (P" .y )nyk_l (LP" g)Q.

xk}T X(k—1)7 X(k—1)7
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Dropping the second term, we're left with
) 2
Bl i < B | (P9 P2, ,.0) | Pt

By the previous lemma, each of the K} spin flips moves PZg by at most 3/|V|, so we
have

< 3K,

P2 X<k 1)Tg| Vi

Putting this into the previously obtained bound and taking expectations gives the claimed

result. O
Using Lemma 6270 and that K} ~ Pois(7|V|), we see that
E[¢;] < IV E[KR] = wrlrlV]+ (r[V])?] = 97[5; + 7).
Therefore, since the martingale increments are uncorrelated,

E [(Mg™?] = mEE) < 9t + £ O

By similar methods we can prove the following lemma, which controls the empirical

distribution at times between multiples of ¢/m:

Lemma 5.2.8. For any t,k >0, g with ||g|lpr <1, meN, and0<j<m—1,
P (3s € [jt/m, (j + )t/m] with |[PSg— P2 gl > ) <0 [ 1 4 L
JHL %9 T o —m [|V] m]
Proof. By Lemma B2Z8 the probability is bounded above by

P(K; > |V]k/3).

The result follows from applying Chebyshev’s inequality, using that K; has law Pois(¢|V|/m).
[
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5.2.3 Proof of Theorem G

Fix £ > 0 such that B(u,9x) C U;. Let F' be a finite k-dense (in uniform norm) subset of
{f : |Ifllsr < 1}; we showed above that this set is compact in the uniform norm. Then for
any ju,v € Prob(Al),

d(p,v) <sup{|lpg —vyg| : g € F} + 2k.

For any given t,e > 0, by Proposition 223 and Doob’s maximal inequality we can pick

M € N such that for any xo € AV

P (max max |Mf’t/m\ < /1) >1—¢ (*)

geF 0<j<m

whenever |V|;m > M (recall that the martingale has an implicit dependence on a choice
of initial microstate xq € AY). By Lemma 528 we can make M larger if necessary to also

ensure that for each 0 < 7 < m we have

c. _ po _ Kk
P(mexmax|PLg— Py .91 <K 21-c. (**)

Assume that m is also large enough that

' St (t/m)g — g

—OF
t/m J
for every ¢ € F and that e™/™ < 2. Assume also that A” < k/t and let W = {v :

< K/t

o

|vQ"||gLs < k/t}; this is an open neighborhood of ¢' by continuity of the map v — vQF
(Lemma 6273). Then, by Proposition 65224, PZ € W implies

| Lem(PL9)| < 55

We have also shown (Proposition 5222) that there exist a weak neighborhood U of ¥' and
§ > 0 such that if P7 € U and A < 4, then for each s <t we have P(P7 € W) > 1—¢/m.

Therefore under these assumptions

PP eWVY0<k<m)>1—c. (***)

Xkt/m
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Suppose that xq € Q(o,U). Then the the probability that the events appearing in (*),
(**), and (***) all occur is at least 1 — 3e. Assume they do all occur. Given g € F and

s € [0,¢t], pick j = |sm/t]. Then 0 < j < m so we have

1PLg—pgl <P, 9= ugl+k
j—1

< |M;”t/m| + |Pg g — ng| + Z|Lt/m(Pmeg)| tHR
k=0

<k +d(Pgy,p) +7 -+ k.

So if also d(Pg , ;1) < k then for any s € [0,t] we have

sup{|Px,g —pgl : g € F} <Tx
SO
d(Pg,, p1) < 9w
and hence P € U;.

In summary: let Uy = U N B(p, k). If P € Uy, |V| > M, and A? < 6, then with
probability at least 1 — 3¢ we have P € U, for all s € [0,¢]. Since A can only be small if
|V] is large, we can remove the explicit requirement of a lower bound on |V| by making §

smaller if necessary.

5.3 Maximal-entropy joinings

Recall that we call a sequence of random homomorphisms ¥ = (¢,, € Hom(T', Sym(V},)))nen

a random sofic approximation to I' if for any § > 0 there exists ¢ > 0 such that
P(A > §) < n~ .

Examples include deterministic sofic approximations by homomorphisms, uniformly random

homomorphisms, and stochastic block models (see Proposition ZZ1=3). The assumption that
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the maps be true homomorphisms has been adopted for simplicity and with a particular

application in mind, but is probably not necessary; see [ABLIY] for a more general definition.

Recall also that the exponential growth rate for the expected number of good models for

€ Prob® (A) is the sofic entropy

1
hy(p) = inf limsup — log E|Q2(o,,, O)|.

O3 nosoo |Vn|

If every term of ¥ is deterministic then this is the standard sofic entropy. If I' is a free group

and each term of ¥ is uniform then this is the f-invariant [BowT0Oal].

Given two measures p, € Prob' (A') and pug € Prob' (BY), which joinings of the two
maximize hy, for a fixed X7 This question arose in Chapter @ and may be of more general

interest.

The following theorem provides some information in the case where both systems are
Gibbs measures for nearest-neighbor interactions. To state it we need one definition, which
is essentially equivalent to [Geolll, Example 7.18]: given two nearest-neighbor interactions
QA = (J* ht), @B = (JB hB) with respective finite alphabets A, B, define their sum ®* & OB
to be the pair (J* @ JB, h* & h®), where

[JA D JB](<a1,b1>, (ag,bg)) = JA(al, ag) + JB(bl,bg)

[h* @ h®](a,b) = h*(a) + hP(Db).

This is a nearest-neighbor interaction with alphabet A x B.

We will use ci(x, ) € Prob(A) to refer to the transition rates for the Glauber dynamics of
®* and U*: AV — R to refer to the energy, and similarly for ¢®, UB. Without superscripts,
¢, U will refer to ®* & ®B. Note that if x € (A x B)Y then ¢,(x, (a,b)) = cA(xy,a)cE(xs, b)
and U(x) = U*(xy) + UB(xp). In particular, the Glauber dynamics for ®* @ @ is a coupling
of the Glauber dynamics of the summands.

If py € GV (P*) and pg € 9T (®B), then py x g € G (P @ ®B); in particular, there always

exist joinings which are Gibbs for the sum interaction.
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Theorem E. Let \ be a joining of two shift-invariant Gibbs measures py € 4% (P*), up €
GV (D) for nearest-neighbor interactions ®*, ®B. Let ¥ be a random sofic approximation to

I, and assume that there is some joining A of pa, up with hy(A) > —co.

If X mazimizes hy, among all joinings of pi, pis, then A € ' (d* @ ).

In particular, since hy, is upper semicontinuous, there is a Gibbs joining which has max-

imal hy, among all joinings.

The following proposition shows that we can interpret the conclusion of Theorem H as

saying that A is a relatively independent joining over the tail.

Proposition 5.3.1. Suppose A € G(P* & OB) has A, B-marginals jy € G(P*), ug € 4 (D)
respectively. Then for A-a.e. (x,y) € (A x B)Y', for every measurable Ey C A', E5 C B we

have

A(Ey x EB‘ﬂAB)(X,y) = A\(Ey x EB{§A® TP)(x,y)

= NA(EA|<7A)(X) : NB<E3|9B)(Y)a
where T*, T TB respectively denote the tail o-algebras on (A x B)Y, AV BL.

This proposition is proven in Section BA.

Recall Theorem B, which states that the Glauber evolution of any shift-invariant measure

converges to the set of Gibbs measures, as long as the group I' has property PA.

One could prove our Theorem E using Theorem B roughly as follows: Let & = ®* ¢ OB,
Starting with an arbitrary A € J(uy, ug), if we evolve under Glauber dynamics for ® then
eventually )\; will become as close as we like to ¢* (®), while staying in J(u,, us) (since the
marginals are invariant). If we evolve a collection of good models for A for the same amount
of time, our metastability result (Theorem @) implies that they mostly stay good models for
approximate joinings. It can also be shown that the evolved collection is almost as large as
the initial one, and that most of the evolved states are good models for Gibbs states. From

this we could conclude that there is a Gibbs state with at least as many good models as .
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However, it turns out to be easier to directly use Proposition 2223, which was the main

technical result used to prove Theorem B.
Here is a brief summary of the proof of Theorem [H:

Suppose A is a joining of py, ug which is not Gibbs. Fix n and O 3 \. Let py be the
uniform distribution on Q(o,,0) C (A x B)"", and let p; denote its evolution under the

Glauber dynamics for ®.

Since the marginals of A are Gibbs, and hence invariant under the Glauber dynamics, the
average energy p;(U) is approximately constant over time. But we know that the free energy
A(py) is strictly decreasing since A is not Gibbs. This means that the Shannon entropy
of p; must be strictly increasing (up to a small error). But the Shannon entropy of py is
log|Q(o,, O)], and p; is mostly supported on good models for approximate joinings of iy, s

(with the quality of the approximation getting better as A% — 0).

The evolved measure p; having strictly larger entropy means that its support, which is
mostly good models for approximate joinings of uy,, pug, must be strictly larger than the set

of good models for the particular joining A. This will imply that hy()) is not maximal.

Note that we do not know whether p; stays mostly supported on good models for \;; we
just know that its expected empirical distribution is near \;. So we cannot simply say that

hy(A¢) is increasing.

The connection between entropy and the size of support is made using the following

variant of Fano’s inequality, standard versions of which can be found in [CTO6].

Lemma 5.3.2. Let F be a finite set and let p € Prob(F). If E C F satisfies p(E) > 1 —¢
for some € > 0 then

log|E| > H(p) — [log 2 + € log| F|].

Proof. Using the definition of Shannon entropy and splitting terms according to E and its
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complement,

= p{a}logp{z} — Y p{a}logp{z}

zel g F
—— e X ehog 2yt

log
- [(1 Y P o U 1 p(B) g1~ ()

Let pg € Prob(E) denote the renormalized restriction of p to E, and similarly define pg. €

Prob(E¢). Then the above can be written
H(p) = p(E)H(pe) + (1 — p(E))H(pe) + H(p(E), 1 — p(E))
< log|E| + €log|F| + log 2.

Rearranging gives the claimed inequality. Il

The following proposition shows that the number of good models for any non-Gibbs
joining is strictly smaller (by an exponential factor) than the number of good models for

approximate joinings.

Proposition 5.3.3. Suppose \ € J(pa, pg) is not in 4(®). There exist constants Cy,Cy > 0
such that for any e,m > 0 there exist § > 0 and O > X\ such that if o € Hom([', Sym(V))
satisfies A7 < § then

(0, 3 (n, 116))| = |20, O)] - G exp[|V](C1 — eCs)].

Proof. Note that if Q(o, Q) is empty then the inequality is trivially satisfied, so we will

assume below that this is not the case.

First, using that A is not Gibbs, pick d,¢,7 > 0 and O > X\ as appear in Proposition
23. Fix t € (0, 7] arbitrarily.

Note that for convenience we may assume € < 7. By Theorem @, by making 9, O smaller if
necessary we can ensure that if xo € Q(o, O) and A7 < 6 then PJ, € J*(ua, i) with probabil-
ity at least 1 —e. Consequently, if we let pg = Unif(Q2(o, O)) then p(Q(o, I (pa, ps))) > 1—¢;
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note that since diam A", diam B" < 3 this implies PJ € J*(ju, pg). Also, for convenience we

may shrink O if necessary to ensure O C J*(uy, iip)-

We now show that the entropy of p; is increasing, up to a small error. By choice of
0,¢,t, O we have
A(pe) < A(po) — V2,

or equivalently
H(p:) = H(po) + ¢[V[t = [po(U) — pe(U)].

Since the empirical distributions of py, p; have approximately the same marginals, the differ-

ence in average energy is small. Specifically, since P € J*(ju, pig) and B € J* (g, jtp)

pe(U) = po(U)| = [V| - [P Ue — P Ue|
< V|- (1B, Ue = [1aU} + peUZ]| + |[1aU + pU¢) — P Ue|)
S ’V| . (‘ﬂ'APO—UA —[LAUeA| + |7TBPUUB — /LBUE‘

bt € pt e

+ |7TAPOUA—,MAU6A| + |7TBPUUB —/l,AUf’)

po~ e Pbo~ e

< 5e|VI(|Ug |uip + U2 |Lip)
S0
H(p:) = H(po) + c| VIt = 5e[V[(|Ue[uip + U |Lip)-
By Lemma b=32,
log[€(0, J*(paa, 1e) )|

> H(p:) — [log2 + ¢|V]log|A x B

> H(po) + c|V [t — [BelVI(IUSLip + [UelLip)] — [log 2+ &[V|log|A x B]]

= log|Q(c, O)| + |V|(ct — e[5|U|Lip + 5|UZ|Lip + log|A X BJ]) — log 2.

Since Q(a, J* (s, ps)) C (o, J"(pa, p1s) ), exponentiating both sides gives the claimed inequal-
ity with Cy = ¢t and Cy = 5|UMLip + 5|UZ|Lip + log|A x B|. O
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Proof of Theorem [H. Suppose A is not Gibbs, and pick ,7 > 0. By Proposition 6233 we
can pick 0 > 0 and O 5 X such that if 0 € Hom(I', Sym(V)) satisfies A7 < § then

1920, (n, 1))| > (9o, O)] - 3 exp[[V|(C — £C)].

Since the probability that A" < § approaches 1 superexponentially fast in n, this implies

1 1
lim sup —— log E|Q(0,, J7(pta, pis))| > lim sup 7 log E|Q(0,, O)] + (C1 —eCy)

> inf lim sup log E|Q (0, O)| + C1 — eCy

A pooo ‘ n|

= hg()\) + Cl - 502
Since € > (0 was arbitrary,
, 1
lim sup A log E|Q(0p, 37 (pa, 8))]| > hs(N) + C4.
n—00 n

Taking the infimum over n > 0 gives

1
hy(A) + C; < inf lim sup

70 p oo | n|

log B|2 (0, I (paa, p15)) -

The remainder of the proof is analogous to the proof of Theorem D.

By compactness, we can let 7 C J"(u, pig) be a finite set with J"(pa, p1g) C Uper B4(6, 7).

Then
) 1
hy(A) + C) < limsup — logE|Q | 0y, U B(#,n)
n—o00 |Vn| 0cF
1
= max lim sup A log E[Q (0, B(0,7))]

1
< sup limsup —
0clm n—oo |Vn|

log E[Q2 (0, B(6,7))].

Now for each m € N take n = 1/m, and let 6,, € J"(ua, p1z) get within 1/m of the supremum
in the last line of the previous display. By compactness, we can pass to a weakly-convergent

subsequence 6,,,, with limit 6., which must lie in J(pp, ug). Given O 3 6, for m large
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enough we have B(6,,,1/m) C O. Therefore

1
hy(A) + C; < limsup 7l log E|Q (07, B(6,,1/m))| + £+

n—00 | n|

1
< lim sup Al log E|Q (0, O)] + +.

n—00 | n|

Taking m to infinity then the infimum over O gives
hy(A) + C1 < hg(0y)-

Since C7 > 0 and 0, € J(pa, is), this means that hy () is not maximal, unless every joining

has hy, = —o0. ]

In some cases, this allows us to say exactly which measure maximizes hy:

Corollary 5.3.4. Suppose 1y € [ex¥(®*)] N Prob" (A") and s € 9" (®®). Then

G(®* © D) N JI(pn, pis) = {p1a X pin}.
In particular,

sup  hy(A) = hy(pa X pp).

AEJ(pa,pB)

Note that we require py to be an extreme point of the set of all Gibbs measures, not just

the shift-invariant ones.
Proof. By [Geolll, Equation (7.19)], we have
ex¥(P)={uxv:pucex?(d), veex?d(d®)}.

Let A be a joining of py, ug which is in ¢(®), and write its extreme decomposition in ¢(®)

as
A= /,u x vé(dp,dv).
Then taking the marginal on Al gives

fia = /u&(du,dV),
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so extremality of p, implies that £ gives full mass to the set {(ua,v) : v € ex¥(PB)}.

Therefore

)\:qu/yf(du,dy):quuB. [

For example, at and above the reconstruction threshold, the free-boundary Ising Gibbs
measure uf? is extreme [BRZY5, [of96]. Therefore given any other fixed Gibbs measure
(possibly for another nearest-neighbor potential and temperature), the product joining with

5B has maximal hy..

We also note the following corollary:

Corollary 5.3.5. If u € Prob' (A") is a Gibbs measure and |A| > 1, then for every deter-

ministic sofic approzimation ¥ we have hg(u) # 0.

Since for deterministic sofic approximations we always have hy (1) € {—oc0}U[0, +00) we
could also write the conclusion as “either hy (1) = —oo or hg(p) > 0. Informally, we could
then say that any deterministic sofic approximation either supports no good models for pu
at all, or else the number of good models has a strictly positive (upper) exponential growth

rate.

Proof. Suppose hy(u) # —oo. Since the diagonal self-joining p A p is not Gibbs, Theorem
[E implies the existence of some other self-joining A with hy(A) > hs(u A p). But then

hy(p) = hs(p A p) < hs(A) < 2hs(p),

where the last inequality depends on ¥ being deterministic. O]

5.4 Non-optimal Gibbs joinings

One might wonder whether the converse of Theorem [H is true: does every joining of two

Gibbs measures which is Gibbs for their sum interaction maximize entropy? In particular,
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Theorem D leads us to wonder when the product joining is non-maximal, since in this case

the sofic entropy over the relevant stochastic block model is different from the f-invariant.

In this section we restrict to a particular random sofic approximation: Assume that
[ is the rank-r free group, and let o, € Hom(I',Sym([n])) be uniformly random. The
paper [Bow10a] shows that hy is the f-invariant introduced in [BowI0H]; see also the survey

[Bow?20a]| for more information on the f-invariant.

A particularly useful property, not shared by all variants of sofic entropy, is additivity:
fluxv) = f(u)+ fv).

We also restrict to a particular class of Gibbs measures: the (free boundary conditions)
Ising measure with transition probability e € (0,1/2] is the I'-indexed, {—1,+1}-valued

stationary Markov chain with uniform single-vertex marginals and transition matrix

We denote the distribution by is. € Prob" ({£1}"). For each ¢, the measure is. is Gibbs
for the nearest-neighbor interaction with h = 0 and J(a,b) = —fab, where the “inverse

temperature” (3 is determined by the relation

15
1—¢

= exp(—20).

If £ is small then g is large, so we think of this as “low temperature.” We can also think of
is. as a model for broadcasting information, where we start with a uniformly random bit at

the identity and transmit it across edges with error probability e.

Since is. is a Markov chain, its f-invariant can be easily calculated. It is given by
flisc) =log2 4+ r(H(e) — log 2) (5.2)

where H(e) = —[eloge+ (1 —¢) log(1 —¢)| [Bow20a, Section 3.3|. In particular, f(is.) < 0 for

small enough . It is also not too difficult to show that if is. Ais. is the diagonal self-joining
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then

flise Ais) = f(is2).
Therefore if f(is.) < 0 then the product joining is not optimal, since 2f(is.) < f(is;). We
can extend this to the case f(is.) = 0, since Theorem H implies that the diagonal joining is

non-optimal.

This already answers the question posed at the beginning of this section in the negative:
the product joining is always Gibbs for the sum interaction, but is not maximal for small

enough . In the rest of this section we extend further the range of ¢ where this is true.

To do this, we will use a result of [DMSTT7] to argue that, for some ¢ below the recon-
struction threshold but above where the f-invariant is 0, the optimal Ising self-joining is not

the product or the diagonal joining.

We first introduce some relevant terminology. For a finite graph G = (V, E'), a bisection
is a partition V' = Vj UV, where |Vi| = |V3] if |V] is even, or the sizes differ by 1 if |V is
odd. The cut size of a bipartition V = V; U V5 is the number of edges whose endpoints lie
in different parts. The smallest cut size of any bisection of G is denoted mcut(G). For the

graph of ¢ € Hom(I', Sym(V)), we will simply write mcut(o).
The relevant result we will use is the following:

Theorem 5.4.1 (modification of [DMST7, Theorem 1.5]). Let ¢ € Hom(I',Sym(V)) be

chosen uniformly at random. Then as |V| — oo,

mcut(o) p 1

W T g P T,

1
2 “V2r
where P, = 0.7632.
Here “5” denotes convergence in probability. Note that the existence of some related

limits was established earlier in [BGTT3], but the particular form of the asymptotic e, (found

in [DMST7]) is useful here due to its comparability to £; (defined below).

The constant P, is the limiting ground state energy density of the Sherrington-Kirkpatrick

model; we will not need its precise definition here.
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Proof of Theorem. Let G™8(V,d) denote a d-regular graph with vertex set V', chosen uni-
formly at random (undefined unless |V'|d is even). Theorem 1.5 of [DMST7] states that

reg
mcut(G*&(V, 2r)) E>€c-
\Vir

They actually prove the stronger result that this holds when G™8(V,d) is a random multi-
graph chosen according to the configuration model. By the main theorems of [GJK02], the

same holds with G*™2(V/ d) replaced by a uniformly random ¢ € Hom(I", Sym(V)). O

The main result of this section is the following:

Theorem H. If e < . then the product self-joining of is. has non-mazimal f-invariant.

Let ey < 1/2 be the smaller solution to f(is.) = 0. If ¢ < e then f(is.) < 0; we have
remarked above that this implies non-optimality of the product joining. A Taylor expansion

of H yields from Equation b2

1 1
er == —+/log2—— + 0,00 (r /).
Since /log2 ~ 0.8326 > 0.7632 ~ P,
ey < e, for all large r.

Therefore this theorem does, in fact, extend the range of non-maximality of the product (for

large enough r).

The connection between the Ising model and mcut is that if a graph G admits a good
model for is., then mcut(G) must not be much bigger than e|V|r: since the single-vertex
marginal of is. is uniform, this good model must approximately bisect V', and since the
transition probability is €, the cut size of the corresponding partition must be approximately

e|V|r (since |V]r is the total number of edges). More precisely:

Lemma 5.4.2. For every 6 > 0 there exists a neighborhood O > is. such that for every
o € Hom(I", Sym(V))

Qo,0) £ = mcut(o) < |V]r(e +9).
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Proof. Let p = %ﬂ, and let O be the set of v € Prob' ({#1}") whose marginal on B (e, 1)

is within total variation distance p of the same marginal of is..

Suppose we have x € Q(0,0). Then

1
ﬁ|{v€V:x(v):+1}|—§ <p

so we can pick y € {£1}"V with

1
‘|{v€V:y(v):+1}|—|—V| <1 and —

2 |V||{UEV cy(v) #x(v)} < p.

Now y induces a bisection of V', and

1
Vi DD Lty —€

veV ier

veV ier

i Vr D> Nywsyeny — Lxwexory |-

veV ier

1
=\ DD Lixtoyxiainy — €
1

The first term is at most p by definition of O: to see this, write
1 1 -
Vr 2D Lxtwpxtoron = [ =D Latoyaten) X (d2).
veV ier i€(r]
To bound the second term, write

Y0 ey = Lixwsx@os]

veV ier

< Z Z [1{y(v)#X(v)} + 1{y(0iv);ﬁx(aiv)}}

veV ier

=21 ), Liywyxwy < 2r(V]p.

veV

Therefore the cut size of the bisection induced by y is at most

\V|re +|V]rp+2r|V|p = |V]r(e + §). O

5.4.1 Proof of Theorem H

Non-optimality of the product joining for € < ¢, follows from the next two lemmas.
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Lemma 5.4.3. Suppose that is. X is. has mazimal f among all self-joinings of is.. Then for
any 6 >0
lim mf —logP (mwt(o") <e+4)>0.

n—oo M

Proof. A standard argument shows that

inf hmsup—logE [10,,0)] = sup  f(A) =2f(is.),

O3ise pooo N A€J(ise,ise)

where the second equality uses our assumption that the product joining is optimal. Therefore

for any 7, for all small enough O we have

E [|Q(an, (’))|2] < exp [n(2f(is€) + ?7)]

for all large enough n. Similarly, since f(is.) = infoss, limsup,,_, o %log]E]Q(Un, )|, for any
O > is. we have

E[(0,, 0)| > exp [n(f(is:) — n)]
for infinitely many n.

By Lemma b2, for all small enough O > is. we have

P(™7) < & 4 6) < P00, 0) # 9).

™

Using the Paley-Zygmund inequality,

P(Q(Umo) a @) > P (|Q(‘7n70)| > %E|Q(0mo)|)
[E 1900, O)I
E [|2(on, O)[?]

> }texp [ — an]

>(1-3)°

for infinitely many n. Hence

lim inf — log]P’ (mC“t(C’") <e+46)> -2

n—oo M

and, since n > 0 is arbitrary, the result follows. O]

123



Lemma 5.4.4. If e < e. then for all small enough 6 > 0

1
lim inf = log P(™on) ¢ 4 §) < 0.

n—oo N m

Proof. Theorem b1 implies that lim,, ., [E meut(on) _ €., S0 if 0 is small enough that e+ <

™m

g then for any 0 < t < e.— (e + )

P( mcut(oy, ) <e+ 5) _ P(mcut(an) _E ma;tqicrn) <e+6—E mcutqgan))

™m ™™ s

IN

(mcut(an) _ g meut(on) —t) (for all large n)

™ ™

P
]P)( mcut(on) E mcut(oy, ) > t)

™ ™m

IN

By a standard “switching” argument (Lemma EZ71), we have

I[D(|M — E%fl"n” >t) < 2exp(—t*nr/8) Vt > 0.

r™m

The result follows. 0

5.4.2 Concentration of random homomorphisms

Here we develop an analogue of [Wor99, Theorem 2.19], which proves exponential concen-
tration for functions which are not changed much under “switching.” Similar concentration

techniques also appear in the survey [McD9g|.

Given 7y, 75 € Sym(n), we write 7y ~ Ty if

i €ln] : n(j) # 7m0} =2

Note that 2 is the smallest positive number of disagreements between two permutations. If
71 ~ T and i, j € [n] are the points where they disagree, then it must be that (i) = 72(j)
and 79(i) = 71(j). For this reason we say they differ by a switching.

We extend this to homomorphisms o1, 09: F,, — Sym(n) by saying o, ~ o2 whenever
there is exactly one iy € [r] with ¢i° ~ 0% and for all i # i we have o} = 73,

If o1 ~ 05 then |mcut(oy) —mcut(o2)| < 2. The following lemma establishes concentration

for functions with this property.
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Lemma 5.4.5. Suppose g is a real-valued function on Hom(F,, Sym(n)) such that |g(o1) —

g(02)| < ¢ whenever o1 ~ a9. Then if o is chosen uniformly at random

P slo) - Eglo)] > 1) < 20w (5 ).

nrc?

Proof. We choose o by picking ¢?(j) in lexicographic order on (i,5) € [r] x [n] uniformly
from all allowable choices. Let
(&, Hom(F,, Sym(n))} = Fo C 1 C - - C Fyy = P(Hom(F,, Sym(n)))
be the filtration induced by these choices. If we show that
Elg(o) | Fi] - Elglo) | Fall <c for all k
then the result will follow from Azuma-Hoeffding.

Fix k = igr + jo € [nr], so that F records the choice of 6% (jy) and all previous choices.

It is helpful to think of, for oy € Hom(I', Sym(n)),

Elg(o) | Fil(oo) = Elg(o) | 0 () = 05(5) ¥(i,5) < (io, jo)]
Elg(a) | Fral(oo) = Elg(o) | o'(5) = a5(4) V(i) < (0, jo)]-
We need to show that the difference between these two quantities is bounded by ¢ for each

fixed oy.

Let A C [n] be the set of allowed values for o%(j) given the event U = {o'(j) =
ob(3) V(i,7) < (i0,50)} For each a € A let U, = U N{c'(j) = a}. Note that each U,
has the same probability, namely ‘7}| P(U). For convenience write ag = 0(j). Then we can

rewrite the above quantities as
Elg(0) | Us,] and  Elg(o) | U].
Then

[Elg(0) | Uay] = Elg(o) | U] =

[( ’Uao_ ZE

aEA

< > [Elo(0) | V] ~ Elte) | U
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For 0 € U and a € A, let S,0 denote the unique switching of o with (S,0)*(j) = a (or take
Sq.0 = o if 0 € U, already). Note that o € U implies S,0 € U,. Moreover, if o ~ Unif(U,,)
then S,o ~ Unif(U,) (since S, is a bijection). Therefore

E[g(o-) | Uao} - E[g(a) | Ua]

S E[Q(SQO') | Uao] - E[g(g) | Uao]

+|Blg(S.0) | Uao] — Elg(0) | U]

<c+0,

so the result follows. O

5.5 Proof of Proposition b3

First fix £y C Al and Ep C BY, and let (A,,),en be an increasing sequence of finite subsets of
I' with (J,,cy An = . It suffices to assume that Ej, Ep are cylinder sets, i.e. each depends

on only finitely many coordinates.

Extending the convention used above when defining Gibbs measures (and following
[GeaTd))), for a finite set A C T' we let Z'® be the sub-o-algebra of the Borel o-algebra

on (A x B)!' generated by the coordinate maps for v € I'\ A. We similarly define T 78

Then the tail o-algebra on (A x B)'' is 7% = () _ J{®, so by backwards martingale

n’

convergence we have
A(Ey x Eg| ") (x,y) = lim A\(Ej x B3| 7%)(x,y)
n—o0
for M-a.e. (x,y).

Lemma 5.5.1. If E,, Es C AV, B' are cylinder sets and n is large enough that both depend

only on coordinates in A,,, then
>\(EA X EB"?/.XAT?)(X7 Y) = MA(EA‘WH)(X) : MB(EBL%&)()’)

for A-a.e. (x,y) € (A x B)L.
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The assumption on n may not be necessary, but it is convenient and sufficient for our

purposes.

Proof. If m > n then we write L%‘if\n for the o-algebra generated by coordinates in A, \ A,,.
For w € AM we will write w € E, to mean that any extension of w to an element of AT would
be in F)y; this makes sense because we assume that F, is only determined by coordinates in
A,.. For (x,y) € (A x B)l' we write \,,{(x,y)} for the \-measure of all labelings which agree

with (x,y) on A,,.
The first step is to show that

Syt

weatn s zeBAn
weFE,zeEp

> An{Gryt )

wEAAR zEBAR

ANEy x Eg|F %) (x,y) =

m\n

It is clear that this is ﬂ’ﬁin—measurable. To show that it is a version of the conditional

expectation, let F' € F*8 _ Pick (uy,vy),..., (g, vi) € (A x B)A\A» guch that a labeling is

m\
in F' if and only if its restriction to A,, \ A, is one of those k options. Then

> An{xM Tyt

weAAn s zeBAn

/ wEFE,,z€ER d)\(X, y)
F

> Aw{lM Tyt )

wEAAR ,zEBAn

Z )\m{ (uiw, viz) }

wearn s zeBAn

Z A { (W', viz') wEP, =€
w/EAM 7/ cBAR m{( l Y } Z )\m{(UiW,ViZ)}

wEAAR zEBAR

I
-
I M =
I

N

Z )\m{ (uiw, ViZ) }

1 weahn , zEBAn
wEFE,,z€ER

Z Liwer, ZEEB}/\m{ (U¢W, ViZ) }

wEAAR  zEBAR

i

I

]—{XGEA, yEEB}dA(X7 y> .
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Now let v € A,,. Let A\, be interpreted like A, but looking at agreement on A,, \ {v}.

Then by the (single-site) Gibbs property and product structure

And (%) } _ Ame{ ()} eo(xy x(0)y (v))
Zaa An{ (7% y )} Eaa Am{ (%, ¥) feu(xy, ab)

= ¢,(%,x(0))e5(y, x(v)).

Similarly

/-LAm{X} = C X XV
S ey X))

and similarly for ug. Given (X, y) and (X Y ) which agree on A, \ A, let

(x,¥) = (x0,¥0) -, (x0,31) = (x.¥)

be such that for each « = 0,...,] — 1 the labelings (xi, yi), (XZ-_H, yi+1) differ at exactly one
site v; € A,,, with the former agreeing with (x,y) at that site and the latter with (x,y’).
Then

Am {Xy ﬁ Am {Xz,}’z)}

)\{Xy} ZO)\{XH-IYH-l)}

ey, (%, X3 (v3)) €, (¥, i (vi)
Bl H Xz-i-lv Xit+1 (UZ))CEl (Yit1, Yir1(vi))

-1 -1

_ i(Xsz‘(Uz’)) 51(}’1',}’1(%))
B 11 et (X1, X1 (vi) 211 ¢y, (Vi1 Vi1 (vi)
_ NA,m{X} MB,m{y}

famAX'} s m{y'}

So if we fix (X’ Yy ) then for any (X, y) agreeing with it on A, \ A,, we have

Am { (X y) CmVJA m{X}MB m{y}

where

(XY}
Cn = fam{X F e m{y'}
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Returning to the first result of the present proof, this gives

> ATyt

wehAn  zepAn
weEFE,,z€EER

> An{ Tyt )

wEAAN ZEBAn

Z CmMA,m {XAn—>w }MB,m {yAn—>z }

wenln zeBAn
weEFE,,z€Eg

Z CmﬂA,m {XAn%w }MB,m {yAn%z }

wWEAAN ZEBAR

Z Ham {XAn_)w} Z UBm {yAn_>Z }

MELx B 728, ) (x.5) -

m\n

weahn z€BAR

_ WEE, z€Fg
o Ap—w An—z
> XMV syt

wEAAn zEBAn

= Ha (EA‘E%\J(X) a: (EB‘L%]Z\H) (¥),

where the last line follows from the same argument used above on the conditional expectation

of \.

Taking m to infinity gives the result, by upwards martingale convergence; on the right-
hand side we have convergence for uy-a.e. x and pg-a.e. y, which is A-a.e. (x,y) because A

has marginals pi,, is. O

Throughout the thesis we have used a ‘single-site’ definition of Gibbs states which is a
slight generalization of [Lig0%, Definition IV.1.5]. It is comforting to know, and sometimes
useful above, that in our setting this is equivalent to [Gealll Definition 2.9] which requires
all finite-dimensional conditional distributions to be specified by the potential. The following

proposition establishes this using some work done in the previous proof.

Proposition 5.5.2. If uy, € 9(®) as defined in Chapter B, then all finite-dimensional con-

ditional expectations are specified by ® as in the definition of Gibbs states in [Geall)].

Proof. We begin by recalling from the proof above that if m is large enough that A,, contains

129



A, then for any x,x’ which agree on A

-1

tam{x} H Co, (%3, %3 (v3))

MA,m{X/} -0 vl (Xl—i-l y Xi+1 (UZ))
where xg,...x; € A" and v, ..., v, € A are chosen as above, except now we add the assump-
tion that A = {vy, ..., v}. The normalizing factors from the ¢} terms in the the same factor

of the product cancel (since they are independent of the label at v;), so using the definitions

from Chapter B we can write this as

X} 7o (= Pu(x4)
,uA,m{X,} N H eXp ( — q)vi (Xi+1>)
_ H eXP h(xi(vi)) = Y ges I (xi(vi), xi(0"v:))

eXp XZ_H('UZ)) ees I (Xig1 (), Xis1(0°0;))

Using the definition of the x;’s and v;’s, and separating the h and J terms, we can write this

as
- — s
ﬁ exp h(x(v H > ses I (x(vi), xi(0 UZ))
Pl eXp h(x(vi) -0 exp ZSES J(x'(v3), Xi+1(USUi))
For the first piece, since x,x" only differ at vy, ...,v; we have

|
—

! exp ( — h( (vz))) _ &xp ( — D ver h<X(U)))
oxp (= h(X'(v;)))  exp (=D ,ep h(X(v))

To deal with the second piece, for the numerator we have

-1
Z Z J(x(vy), Xi(asvi))

=0 seS

[

I
o

i

-1

> J(x(v;), x(0%v;)) + > J(x(v;), X' (0°v;))

=0 seS seS
o%v;=v; for some j<i o%v;=v; for some j>i

+ Z J(x(v;), x(c%v;)

seS
otviFv; Vi
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and for the denominator we have

ZZJ i), Xip1(0® vz))

=0 seS
-1
> J(X'(v;), x(0v;)) + > J(X' (v;), X' (0°0;))
=0 seSs seSs
o%v;=v; for some j<i+1 o®v;=v; for some j>i+1
+ Z J(x X' (°v;)
SES
otviFvj Vi

Assuming e ¢ S, the conditions on the first two sums here are equivalent to those on the

first two sums in the numerator.
Now consider the second sum from the exponent in the numerator:

Z > J(x(v;), x'(0"v;) Zzzl{m}l{w o3 (x(7), X (v;))

seS =0 seS j7=0
o’v;=v; for some j>i

i i Z Liiciy L pmoet o,y (X(01), X/ (1))

=0 i=0 seS§
-1

N%

> J(x(0* " 0;), % (v))).

7=0 L ses
o5 vj=v; for some i<j

Since S = {s1,...,8,,57",...,5. '} is closed under taking inverses and .J is symmetric, this is
equal to the first sum from the exponent in the denominator. Therefore these terms cancel,

and we have
i {x}  exp (— Ba(x))
fam{x'}  exp (— @p(x))

where
-1
Pa(x) =D h(x(v)+ ) > J(x(v;), x(0°v;)) + Z J (x(vi), x(0vi)
vEA 1=0 seS
o%v;=v; for some j<i o vz;évj Vj
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Note that the first sum in the square brackets counts pairwise interactions between adjacent
sites in A (counting each pair once) while the second sum counts interactions with the outer

boundary.

By an argument similar to the one at the end of the previous proof, we can use this to

show that p, (-] 7)(x) is specified by ®, in the desired way. O
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