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ABSTRACT OF THE DISSERTATION

ODEs in mathematical medicine:
New virus dynamics in the presence of multiple infection;
Evolution of genetic instability in heterogeneous tumors

By

Ani D. Asatryan

Doctor of Philosophy in Mathematics

University of California, Irvine, 2015

Professor Natalia L. Komarova, Chair

In this dissertation two independent studies are presented in the field of ordinary dif-

ferential equations. In the first part we introduce a novel model of viral dynamics to

describe the phenomenon of multiple infection. An important parameter in determin-

ing the properties of the model is the viral output of multiply infected cells compared

to that of singly infected cells. If multiply infected cells produce more virus during

their life-span than singly infected cells, then the properties of the viral dynamics can

change fundamentally. The first part of this study presents a detailed mathematical

analysis of this scenario.

In the second part we develop a class of mathematical models to study the evolu-

tionary competition dynamics among different sub-populations in a heterogeneous

tumor. We observe that despite the complexity of this system there are only a small

number of scenarios expected in the context of the evolution of instability. Here we

discuss these scenarios and their dependence on the subtle interplay among mutation

rates and the death toll associated with instability. We also present possible patterns

of instability for cancer lineages corresponding to different stages of progression and

determine whether instability plays a causal role in tumor evolution.
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Introduction

Mathematical medicine is a fast growing area, where mathematical models and con-

cepts are applied to address a variety of problems in biology and medicine. Among

the different modeling approaches ODE models play a significant role in describing

dynamical processes in various biomedical research fields.

In particular, two areas of mathematical medicine have been prominently represented

in the ODE modeling. One is the study of virus dynamics, and the other is math-

ematical oncology. In the field of virus dynamics, ODE models have been used in

studying the within host dynamics including host defenses, anti-viral drug therapy,

mutations, and drug resistance, as well as epidemics of infectious diseases (Nowak

& May, 2000; Swanson et al., 2003; Castillo-Chávez et al., 2002). A basic model for

virus dynamics is described by Nowak & Bangham (1996) and Nowak & May (1991).

In this model the interactions between vial particles and cells susceptible to infection

is given by the following equations:
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dT

dt
= λ− dT − βV T

dI

dt
= βV T − δI (1)

dV

dt
= pI − cV.

Here, T denotes the concentration of target cells, I the concentration of infected cells,

and V the viral load. The basic model presented in (1) has been expanded to include

cell-based immune response, separation between long-and-short lived infected cells,

and the incubation period before production and release of new virions (see Ledzewicz

et al. (2012)). The applications of these ODE models to the experimental data have

improved our knowledge of viral dynamics significantly.

In this thesis we extend the basic ODE model given in (1) and constructed a multistep

model to study the effects of multiple infection.

The second prominent field of ODE application is cancer modeling. According to

Bellomo et al. (2008) the paper by Gyllenberg & Webb (1990), initiated a system-

atic development of population dynamics models focused on cancer. This approach

has been used by various authors to describe different aspects of tumor growth and

investigate treatment options (for details see Bellomo et al. (2008)).

It is well established (Vogelstein & Kinzler, 2004) that the onset of cancer is caused

by under-or over-expression of genes that are responsible for tumourigenesis. This

can result from failure to repair DNA damage, interactions with other genes, and the

external environment. However, modeling gene activations and interactions remains

a challenging problem. A simple way to incorporate these gene alterations without

considering the dynamics at the molecular level is modeling cancerous mutations

using deterministic models. ODEs can be used to describe a simplified set of rules
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that transform normal cells to malignant cells without incorporating the underlying

gene interactions. This mathematical approach treats onset of tumorigenesis as an

evolutionary process with competition between altered cellular genotypes arising from

different mutations (Gatenby et al., 2007; Smallbone et al., 2005).

In this theses we use a similar approach to model evolution and progression of genetic

instability treating cancer as a multistep process. Although ode models are relatively

simple, they still capture the essence of complicated interactions and give valuable

insights about the dynamics of the system. Below the two parts of this thesis are

briefly described. The first part addresses questions in virus dynamics, and the second

part in cancer modeling.

In Part I of this work we present a detailed mathematical analysis of the effects of

multiple infection in the viral dynamics. Most work on virus dynamics was performed

under the assumption that only a single copy of the virus can infect a cell. However, it

has been demonstrated experimentally that a cell can be infected with multiple copies

of the virus (Levy et al., 2004; Dang et al., 2004; Chen et al., 2005; Jung et al., 2002;

Neher & Leitner, 2010). While most aspects of virus dynamics are well understood in

standard models, the phenomenon of multiple infection (or coinfection) can change

the properties of the dynamics, and this has so far not been fully explored. An

important parameter in determining the properties of the model is the virus output

from multiply infected cells compared to that from singly infected cells. If the amount

of virus produced by infected cells during their life-span is independent of the infection

multiplicity, then multiple infection does not change the dynamics (Dixit & Perelson,

2005, 2004). In Cummings et al. (2012) it was assumed that multiple infections

result in increased burst size and it was shown that the properties of the dynamics

can change fundamentally. In particular, in this case the basic reproductive ratio

R0 alone is no longer enough to determine conditions for establishment of successful

3



infection: establishment of successful infection can also depend on the initial viral

load. This novel properties of the virus dynamics observed under the assumption that

multiply infected cells produce more virus than singly infected cells are not studied

mathematically in Cummings et al. (2012). In this work we extend the particular

coinfection model used in Cummings et al. (2012) and present a detailed mathematical

analysis for a very general class of models. We demonstrate some realistic condition

under which, the equilibrium structure of the solutions acquires novel properties. In

particular, we present conditions for which the infection can persist even for values

of the basic reproductive number, R0, smaller than unity. In this regime, we observe

the phenomenon of bistability, when two stable equilibria are present simultaneously,

and the outcome is determined by the initial conditions. The two possible solutions

are the virus-free equilibrium, which is exactly the same as the one observed in the

absence of multiple infection, and a novel infection equilibrium. In the presence of

this outcome, it is clear that the meaning of the parameter R0 changes, as it no

longer simply indicates the possibility of successful infection. This provides further

insights about conditions that can lead to virus extinction rather than persistence.

We provide a general condition that informs us whether or not bistability occurs, and

define what needs to be measured when examining the dynamics of multiple infection

in specific biological systems.

It turns out that conditions for bistability depend (in a fully specified way) on the

model structure, particularly on the way the infection term is formulated. The in-

fection term can take a variety of forms. For example, it can be assumed that the

probability of infection is simply proportional to the abundance of target cells and

the number of free virus. This simple formulation is used very widely, see e.g. Nowak

& May (2000). We will refer to this model as a “no-saturation” model. If the num-

ber of cells is limiting one can assume, for example, a frequency-dependent infection

model (McCallum et al., 2001). Many other functional forms for the infection term
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have been explored. For examples see McCallum et al. (2001); Wodarz & Komarova

(2009); Komarova & Wodarz (2010).

In Chapter 1, we consider models with no-saturation in target or infected cells. We

first present a simple system where only three types of populations are present: target

cells, cells infected with one virus, and cells infected with two viruses and demonstrate

that it is possible to establish successful infection in the region where the infection

free equilibrium is stable. This simple case paves the way for the more general system

with N infected populations. We study three different functional dependencies of the

virus production rate, ki, on the multiplicity of infection. For each choice of viral

production rate function we find conditions to establish successful infection in the

bistable regime.

In Chapter 2, we extend the analysis to models with a general infection term and

discuss how the conditions presented in Chapter 1 change in the presence of saturation

with respect to infected and target cells. We take the infection term to be a smooth

function and use bifurcation techniques to study the existence and stability of virus

persistence equilibrium. We demonstrate that doubly infected cells play a crucial

role in the establishment of successful infection and present a threshold value of

virus production rate by doubly infected cells. Finally, we discuss conditions on the

infection rates of cells infected with more than two copies of the virus to establish

bistability when the virus production rate of doubly infected cells is not large enough.

Part II of this work presents a class of mathematical models to study the evolutionary

competition dynamics among different sub-populations in a heterogeneous tumor and

the temporal changes of the instability in tumors.

Genetic instability is an important characteristic of cancer. The mechanisms leading

to instability can be studied by looking into various processes involved in maintaining
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and replicating the genome. Much theoretical work has been done to understand the

role of genetic instability in cancer initiation and progression, for examples see intro-

ductions of the following chapters (sections 3.1 and 4.1). In this thesis we present a

wide class of models that view tumor progression as accumulation of genome alter-

ations during a series of cell divisions. Our models allow for a detailed characterization

of the process of instability generation and take into account the fact that mutations

of different critical genes, different abnormalities, etc., give rise to different levels of

instability and contribute to tumor progression with different rates.

We demonstrate that in the context of the evolution of instability, there is only a

small number of predictable scenarios expected. If the penalty incurred by unstable

cells (the decrease in the growth due to deleterious mutations) is high compared with

the gain (the production rate of advantageous mutations), then instability does not

evolve. In the opposite case, instability evolves and comes to dominate the system.

While most cancers develop genetic instability at some stage of their progression,

sometimes a temporary rise of instability is followed by the return to a relatively

stable genome. Similar patterns for temporal dynamics of genetic instability were

observed in Komarova et al. (2008) where optimal control theory was used to find

scenarios that can lead to the fastest growing tumors (see section 3.1). All these

patterns of instability are realistic; details on the return of stability to a previously

unstable tumor and biological evidence supporting it is presented in section 3.4.

In Chapter 3 we discuss these three scenarios and present analysis of the parameter

regimes corresponding to each case. Using several dynamical formulations of the

model we demonstrate that our results remain qualitatively robust with respect the

different formulations.

Although all cancers arise as a result of changes in the DNA of cancer cells, not all

the abnormalities present in a cancer genome have been involved in development of
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the cancer. To embody this concept, the terms “driver” and “passenger” mutation

have been coined. A driver mutation is causally implicated in oncogenesis. It has

conferred growth advantage on the cancer cell and has been positively selected in the

microenvironment of the tissue in which the cancer arises. A passenger mutation does

not have a conferred growth advantage, has not been selected, and has therefore not

contributed to cancer development (Stratton et al., 2009). Typically, tumor growth

is initiated by one or more driver mutations resulting in the expansion of the clone

derived from this cell. Successive driver mutations cause waves of clonal expansion,

followed by growth plateaus as discussed e.g. in Tomlinson et al. (1996).

In Chapter 4 we consider cancer evolution for mutation networks with multiple driver

mutations. Here we present several patterns of instability for cancer lineages cor-

responding to different stages of progression and discuss whether genetic instability

plays a causal role in tumor progression. Our models predict that mutations causing

instability are merely passengers in tumors that have undergone only a small number

of malignant mutations. Further down the path of carcinogenesis, however, unstable

cells are more likely to give rise to the winning clonal wave that takes over the tumor

and carries the evolution forward, thus conferring a causal role of the instability in

such cases. Finally, we determine that each individual clonal wave (i.e. cells harbor-

ing a fixed number of malignant driver mutations) experiences its own evolutionary

history. It can fall under one of three types of temporal behavior: stable throughout,

unstable to stable, or unstable throughout. Which scenario is realized depends on

the subtle (but predictable) interplay among mutation rates and the death toll as-

sociated with the instability. The modeling approach provided here sheds light onto

important aspects of the evolutionary dynamics of instability, which may be relevant

to treatment scenarios that target instability or damage repair.
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Part I

New virus dynamics in the

presence of multiple infections
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Chapter 1

No-saturation model

1.1 Introduction

Standard models of virus dynamics traditionally assume that each cell is infected with

a single copy of the virus, see e.g. Nowak & May (2000); Perelson (2002); Perelson

& Ribeiro (2013); De Boer & Perelson (1998); Wodarz & Nowak (2002). With this

assumption, the basic reproductive ratio, R0, can be calculated by standard methods,

which determines whether or not the virus can establish an infection in the host.

Namely, if R0 > 1, successful infection can be established, and if R0 < 1, virus goes

extinct independent of the initial viral load (Anderson & May, 1991; Nowak & May,

2000; Heffernan et al., 2005).

It has been proposed, however, that in different infections, multiple viruses can infect

the same cell. This is thought to occur in adenovirus infections, and this has been

suggested to be a factor that can drive the dynamics of virus growth (Hofacre et al.,

2012). In HIV infection, the occurrence of multiple infection of cells has been clearly

shown to occur in vitro (Levy et al., 2004; Dang et al., 2004; Chen et al., 2005). In
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vivo, it has also been suggested to occur, with infected cells harboring on average

3-4 viruses in the spleen of patients (Jung et al., 2002; Dang et al., 2004). Further,

recombination, which required multiple infection, is thought to contribute to genetic

diversity in vivo (Jung et al., 2002; Neher & Leitner, 2010). Other data, on the other

hand, argued that most cells in HIV infected patients are singly infected (Josefsson

et al., 2011, 2013), although this might be influenced by the particular subtypes of T

cells examined.

In the light of this complexity, it becomes important to gain a better understanding of

the consequences of multiple infection for basic virus dynamics. The first coinfection

model was proposed by Dixit & Perelson (2005, 2004), which assumed that adding

more virus to the cell reduces the replicative output of the individual viruses, such

that multiply-infected cells produce the same number of virus as singly infected cells.

The properties of this model are very similar to those of the basic model in the

absence of multiple infection. In this case also, conditions for successful infection are

provided by basic reproductive ratio R0, which is the same as in the models with no

coinfection.

In Cummings et al. (2012), an opposite assumption was made. It was postulated

that multiply infected cells produce more virus than singly infected cells. As a con-

sequence of this assumption, the basic properties of virus dynamics were found to be

significantly altered. In this case the basic reproductive ratio alone is not enough to

determine whether or not successful infection will be established. In particular, it was

found that if R0 > 1, then infection can be established similar to the standard models.

For R0 < 1, however, persistence of virus also depends on the initial viral load, with

higher virus loads promoting successful infection. Mathematically, this behavior is

explained by the existence of two equlibria in the system which are stable simultane-

ously, for the same parameter values. This phenomenon is referred to as “bistability”.
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Bistability is not observed in the standard model of virus dynamics, but can be part

of the model explored in Cummings et al. (2012). The existence of bistability depends

on the replication rate of the virus in multiply infected cells. Namely, bistability is

observed if the addition of a virus to the cell increases the overall viral output by a

sufficiently large margin, although this phenomenon was not studied mathematically

in Cummings et al. (2012).

The observed phenomenon of bistability is a strong indicator that points to funda-

mental differences in the virus dynamics with and without multiple infection, in the

case of increased viral output from multiply infected cells. In particular, the presence

of multiple infection can change the structure of the equilibria such that infection be-

comes possible to maintain even below the R0 = 1 threshold. In the first two chapters

of this thesis, we examine the phenomenon of bistability in more detail. We extend

the particular coinfection model presented in Cummings et al. (2012) and consider

a very general class of virus dynamics models. An important parameter turns out

to be the virus production rate, ki, of cells of multiplicity of infection i. We present

a detailed mathematical analysis of several specific cases, and then give the general

conditions for the existence of bistability for virus dynamics systems in the presence

of multiple infection.

These considerations require a more detailed discussion of the basic reproductive ratio

of the virus, R0, and its definition. R0 is typically defined as the average number of

newly infected cells produced by one infected cell during its life-span, when placed

into a large pool of uninfected cells. In this setting, the occurrence of multiply infected

cells is extremely unlikely. Even if we start off with a multiply infected cell, most

offspring will be singly infected cells under these circumstances. A central focus of

this work is the finding that if we start from a number of infected cells that is large

relative to the number of uninfected cells, then establishment of infection can occur

11



even if R0, as defined above, is less than one. This indicates that the concept of

R0 may have limited use in such cases as an indicator whether a persistent infection

is established or not. Note that the definition of R0 does not apply to a situation

where we start with an initial number of infected cells that is large compared to

the number of uninfected cells, since then target cell limitation is in place. These

concepts will be explored mathematically throughout this study, and it will be shown

that the expression for R0 in the multiple infection model where the rate of virus

output increases with infection multiplicity is basically the same as in the simpler

virus dynamics models that do not take into account multiple infection. This will

be shown in the context of different methods to calculate R0, including the next

generation matrix method.

1.2 The modeling framework

1.2.1 Model formulation

In this work we use the term ”multiple infection” to refer to cells that contain more

than one copy of a given virus (regardless of how far apart in time they have entered

the cell). We model the effects of multiple infection on basic viral dynamics by using

ordinary differential equations, which describe the average population sizes of infected

and uninfected cells. We take into account N + 1 populations: uninfected cells, x0,

and cells infected with i copies of the virus, xi, with 1 ≤ i ≤ N , where N is the

maximum multiplicity of infection. The variable v describes the amount of virus in

the system. Instead of a single model, we perform the analysis on a very general class

12



of models, which are described as follows:

ẋ0 = λ− dx0 − βx0G0v

ẋi = βxi−1Gi−1v − βxiGiv − aixi, 1 ≤ i ≤ N − 1 (1.1)

ẋN = βxN−1GN−1v − aNxN ,

where the virus is described by equation

v̇ =
N∑
i=1

k̃ixi − uv. (1.2)

Below we explain various components of this system.

Infection terms. The functions Gi = Gi(x0, . . . , xN) describe the rate at which

cells having i copies of the virus get infected with an additional virus. These functions

can take a variety of forms. For example, in the simplest case, we have Gi = 1, such

that the probability of infection is simply proportional to the abundance of target

cells and the number of free viruses, v. The coefficient β in front of the infection term

represents the infectivity of the virus. This simple formulation is used very widely, see

e.g. Nowak & May (2000). We will refer to this model as a “no-saturation” model.

Other forms of the infection term Gi are presented in the next chapter.

Virus. The amount of free virus is described by ordinary differential equation (1.2),

where cells infected with i copies of the virus produce free virus with rate k̃i, and

viruses die at rate u. Assuming that the virus is at quasi-steady state, we can solve
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equation (1.2) for v and denote ki = k̃i/u to obtain

v =
N∑
i=1

kixi, (1.3)

where coefficients ki are the virus production rates. In system (1.1), the variable v

and the parameter β occur only as a product βv. Therefore, by a proper rescaling

of the parameter β, we can set k1 = 1. For the rest of this work we will assume

that the virus is at quasi-steady state, and the virus production rates for the cells of

multiplicity of infection (1, 2, 3, . . . , N) are given by (1, k2, k3, . . . , kN).

Production and death of cells. In system (1.1), uninfected cells are produced

with rate λ and die with rate d. Cells infected by i copies of the virus die with rate

ai. We make the assumption that the replication rate of the virus can increase in

multiply infected cells. More generally, we can say that the burst size of the infected

cell increases with infection multiplicity. The burst size of an infected cell is given

by ki/ai. For simplicity we will assume that only the replication rate of the virus

contributes to the increased burst size of the infected cell. Thus, we will assume that

the death rate of infected cells is independent of the number of viruses present in the

cell, ai = a. In reality, however, an increased rate of viral replication can also lead to

a higher death rate of infected cells. Our results remain robust if the death rate of the

infected cells increases to a lesser degree than the viral replication rate, because then

the overall burst size is still increased. If the rate of infected cell death increases more

than the rate of viral replication at higher infection multiplicities, then the burst size

of the infected cells is lower at higher infection multiplicities, which is not a regime

studied here.
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1.2.2 Preliminary results

Equilibria. In general, the class of models described by system (1.1, 1.3) is charac-

terized by at least two equilibria, where the virus extinction equilibrium is given by

the following equations:

x0 =
λ

d
, xi = 0, 1 ≤ i ≤ N.

The basic reproductive ratio of the system can be calculated in a number of ways

(see e.g. Li et al. (2011)), with the same result. For example, it can be defined as the

spectral radius of the next generation matrix, R0 = ρ(FV −1), where the matrices F

and V are given by

Fij =


λβG̃0ki

d
j = 1, 1 ≤ i ≤ N

0 otherwise,
Vij =

 a i = j

0 otherwise

see Van den Driessche & Watmough (2002). The next generation matrix K = FV −1

is given by

Kij =


λβG̃0ki
ad

j = 1, 1 ≤ i ≤ N

0 otherwise

where we define G̃i = Gi(λ/d, 0, . . . , 0).

K has eigenvalues 0 and R0 = λβG̃0

ad
. The disease free equilibrium is stable when

R0 < 1. The number and nature of virus persisting equilibria depend on the infection

terms Gi and virus production rate ki. In the following sections, we will analyze these

equilibria and their properties for specific infection terms. We also will explore the

number and stability of these equilibria for general classes of models.
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Simple case: virus production is independent of infection multiplicity. Let

us first suppose that Gi = 1 and assume that virus production does not depend on

the number of viruses the cell is infected with, ki = 1 for 1 ≤ i ≤ N . Then (1.1, 1.3)

becomes

ẋ = λ− dx− βxy (1.4)

ẏ = βxy − ay,

where x = x0 and y =
N∑
i=1

xi is the total number of infected cells. Therefore, the

model reduces to the standard model in the absence of multiple infection given by

Nowak & May (2000).

As we show next, the results change significantly when the virus production rate, ki,

becomes a function of the multiplicity of infection, i. In the following two sections

we present conditions on the dependence ki to obtain bistability in the case where

Gi = 1 (the no-saturation models). Subsequently, we will examine how introducing

saturation with respect to the target and infected cells influences those conditions.

1.3 A no-saturation model with two infected cell

populations

Consider the model with no saturation in target or infected cells, i.e., Gi = 1 for all

i, and assume that the virus production ki is a non-constant, non-decreasing function

of i, accounting for an increased virus output for multiply infected cells. We start our

analysis with a simple case, where only three cell populations are present: uninfected

cells, x0, cells infected with one copy of the virus, x1, and cells infected with two
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copies of the virus, x2.

The system given in (1.1, 1.3) has the trivial steady state,

x0 =
λ

d
, x1 = 0, x2 = 0, (1.5)

which is stable when the basic reproductive ratio, R0 ≡ βλ
ad
< 1. To identify additional

steady states, we let W = βv, and find that the nontrivial equilibria of system (1.1,

1.3) correspond to positive solutions of the quadratic equation

W 2 +BW + C = 0,

where

B = a+ d− λβk2
a

= a+ d− dk2R0, C = ad− λβ = ad(1−R0).

Using Routh-Hurwitz criterion, we find a critical value of the virus production rate

of doubly infected cells, k2, that determines whether the system has a positive, stable

virus persistence equilibrium. This critical value is given by

kc2 ≡
a+ d+ 2

√
ad(1−R0)

dR0

. (1.6)

When k2 < kc2, the system does not have a positive virus persistence equilibrium and

when k2 > kc2 there are two positive equilibria, one of which is stable. Figure 1.1

shows this condition on the plane of parameters (R0, k2).

In figure 1.2 two bifurcation diagrams for system (1.1, 1.3) are shown. If k2 < kc2,
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R0

k2
c (R0 )

Figure 1.1: The number of positive, stable equilibria for the system with G0 = 1, G1 = 1, in the
plane of parameters (k2, R0). In the shaded region there is a unique positive, stable virus persistence
equilibrium. Outside the shaded region only the disease-free equilibrium is stable. Here, we take R0

to be a function of β and all other parameters are taken to be positive constants.

there is only the stable infection-free equilibrium when R0 < 1 and at R0 = 1 a unique

stable virus persistence equilibrium bifurcates away from the infection-free one. This

type of bifurcation is called forward bifurcation and is shown in figure 1.2(a). On

the other hand, if k2 > kc2, two virus persistence equilibria co-exist with a stable

infection-free equilibrium in the region R0 < 1. The higher of these virus persistence

equilibria is locally stable and the lower is unstable, which coalesces with the virus-free

equilibrium at R0 = 1. This type of bifurcation is called backward bifurcation and is

shown in figure 1.2(b). Similar behavior in the context of epidemiological models has

been described in the literature, see e.g. Brauer (2004); Feng et al. (2000); Greenhalgh

et al. (2000); Martcheva & Thieme (2003); Gómez-Acevedo & Li (2005); Sharomi et al.

(2007); Greenhalgh & Griffiths (2009); Buonomo & Lacitignola (2011). When R0 > 1

there is a unique positive virus persistence equilibrium which is stable. In this region

successful infection can be established by singly infected cells alone. In short, we have

demonstrated the following:

Result 1: In the presence of singly and doubly infected cells, in the model without
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Figure 1.2: Bifurcation diagrams for the system with Gi = 1 and N = 2:Plotted is the total
infected population as a function of R0. The bifurcation parameter is β and R0 is a function of β.
The two plots differ only by the value of k2. The rest of the parameters are a = 0.9, d = 0.6, λ = 1.
(a) Forward bifurcation: k2 = 2, k2 < kc2(R0) for all R0. There is only the stable infection-free
equilibrium when R0 < 1. (b) Backward Bifurcation: k2 = 6, k2 = kc2(R∗

0), R∗
0 = 0.65. In addition

to the stable virus free-equilibrium, there is a stable virus persistence equilibrium in the region
R∗

0 ≤ R0 ≤ 1.

saturation, bistability is observed for R0 < 1 if k2 is greater than a threshold (given

by equation (1.6)).

1.4 A no-saturation model with N infected cell

populations

From the basic analysis discussed above, it is predicted that bistability is possible,

whenever there is a significant difference between the k-values for single and multiple

infection. To investigate how large this difference should be when N populations

of infected cells are present, we consider different functions for the virus production

rates ki and discuss conditions for obtaining bistabilty. Letting W = βv, the system

in (1.1, 1.3) becomes:
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ẋ0 = λ− dx0 −Wx0

ẋi = Wxi−1 −Wxi − axi (1.7)

˙xN = WxN−1 − axN .

The steady state values are xi = λW i

(a+W )i(d+W )
, for 0 ≤ i ≤ N − 1 and xN =

λWN

a(a+W )N−1(d+W )
. In the most general sense, the equilibria of the system are given

by the following equation:

W = β
N∑
i=1

kixi = β
N−1∑
i=1

ki
λW i

(a+W )i(d+W )
+

βkNλW
N

a(a+W )N−1(d+W )
. (1.8)

In the following sections, we explore these equilibria and their properties depending

on the infection term ki. We provide a detailed study of three different dependencies

of the virus production term on the multiplicity of infection, which are depicted in

figure 1.3.

To study the phenomenon of bistability, we will focus on the parameter region where

R0 ≤ 1. In this case, the virus free equilibrium is guaranteed to be stable, and the

virus persistence equilibria cannot be established by singly-infected cells alone.

1.4.1 Virus production: a power law

We start with the case ki = iα, where α is a positive constant, which could be smaller,

equal, or lager than unity; figure 1.3 (squares) shows a graph of this function with

α = 1/2. Here we assume that with addition of more copies of the virus to the cell,

the virus production grows without bounds.
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Figure 1.3: Plotted are three different functions for the virus production rate, ki vs. the multiplicity

of infection, i. Squares: ki = iα, with α = 1/2. Circles: ki = 1 + g(i−1)(η+1)
i−1+η , with η = 1, g = 2.

Diamonds: ki = 1 for i ≤ m and ki = C for i > m, with m = 4, C = 5.

For this choice of ki, equation (1.8) becomes

W (d+W )

λ
= β

(
N−1∑
i=1

iα
W i

(a+W )i
+

NαWN

a(a+W )N−1

)
(1.9)

= β

(
Nα
(

W
a+W

)N
(a+W )

a
−
(

W

a+W

)N
Φ

(
W

a+W
,−α,N

)
+ Li−α

(
W

a+W

))
,

where Φ(z, s, a) =
∞∑
k=0

zk

(a+k)s
is the Lerch transcendent and Lis(z) =

∞∑
k=1

zk

ks
is the

polylogarithm function. When α = 1, equation (1.9) simplifies to

W (d+W )

λ
=
βW (a+W )

(
1−

(
W

a+W

)N)
a2

. (1.10)

In the region R0 < 1, λβ(a + W )
(

1−
(

W
a+W

)N)
< da2 + a2W for all values of N .
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Figure 1.4: Solution dynamics for the case ki = iα with α = 1.5, in the case of bistability. The
components x0, x1, . . . , xN are plotted vs time. (a) The system reaches the infection-free equilibrium,
x0 = λ/d, xi = 0 for i > 0. (b) The system reaches an infection equilibrium, where the main weight
of the solution is concentrated in xN . The two simulations only differ by the initial conditions. The
rest of the parameters are λ = 1, d = 0.6, β = 0.2, a = 0.9, N = 100.

In this case, equation (1.10) does not have a nontrivial positive solution. As ki is

an increasing function of α, the right hand side equation of (1.9) also increases with

α. It follows that for 0 < α < 1, the only non-negative steady state is the virus-free

equilibrium; hence, bistability is not possible. This demonstrates that interestingly,

even when ki is an increasing function of i with limi→∞ ki =∞, if it does not increase

fast enough, bistability may not be possible.

On the other hand, it can be shown graphically that for any α > 1, when N is

large enough, we obtain a positive virus persistence equilibrium which is numerically

shown to be stable in the region R0 < 1. In other words, bistability is observed for the

values α > 1. This result however does not represent a biologically relevant situation.

Figure 1.4 shows the solution dynamics in the bistable regime. The plots in (a) and

(b) differ by the initial conditions, and in (a) we observe convergence to the virus-free

equilibrium, while in (b), an infection equilibrium is achieved. The problem is that in

the latter case most of the weight of the solution is concentrated in the last member

of the cascade, the component xN . This is an artifact of the finiteness of N . No

matter where we “cut” the cascade, the cells will predominantly have multiplicity N ,

resulting in a biologically implausible solution. The reason for this behavior is that
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the function ki increases unrealistically fast with i. The next sections are devoted to

more realistic situations. To summarize, we have demonstrated the following

Result 2: In the presence of N infected populations, in the model without saturation

where ki = iα, bistability can be observed for R0 < 1 if α > 1, but this model possesses

biologically unrealistic properties.

1.4.2 Virus production: a growing function with saturation

An example of a more biologically relevant function for ki’s, is described in Cummings

et al. (2012) and given by ki = 1 + g(i−1)(η+1)
i−1+η , figure 1.3 (circles). As the multiplicity

of infection, i, increases, the virus productions rate, ki, increases and saturates at a

constant level for large multiplicities of infection. The parameter g determines by

how much addition of further viruses increases the rate of virus production by the

cell. If g = 1, an additional virus is expressed independently of the first one. That is,

a doubly infected cell produces twice as much virus as a singly infected cell. If g < 1,

a doubly infected cell produces less than twice as much virus as a singly infected

cell. If g > 1, a doubly infected cell produces more than twice as much virus as a

singly infected cell (Cummings et al., 2012). As more viruses are added to the cell, it

would be biologically unrealistic to assume that the rate of virus production steadily

increased. Hence, a saturation term is included determined by parameter η.

Figure 1.5 shows a numerical example of the phenomenon of bistability in this case.

As in figure 1.4, in (a) the solution converges to a virus-free equilibrium, and in (b)

we have a stable virus persistence solution. In contrast to figure 1.4(b), we observe a

more biologically plausible behavior of the solution: the number of cells at equilibrium

is an (exponentially) decreasing function of their multiplicity. For this infection term,
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Figure 1.5: Solution dynamics for the case ki = 1 + g(i−1)(η+1)
i−1+η in the case of bistability. The

components x0, x1, . . . , xN are plotted vs time. (a) The system reaches the infection-free equilibrium,
x0 = λ/d, xi = 0 for i > 0. (b) The system reaches an infection equilibrium, where all the
components xi are represented and decay exponentially with i. The two simulations only differ by
the initial conditions. The rest of the parameters are λ = 1, d = 0.6, β = 0.53, a = 0.9, η = 1, g = 2,
N = 20.

equation (1.8) becomes

W =
N∑
i=1

βkixi =
N−1∑
i=1

βki
λW i

(a+W )i(d+W )
+

βkNλW
N

a(a+W )N−1(d+W )
. (1.11)

For large enough N , the contribution of the last term of equation (1.11) becomes

insignificant. Using this fact, we analyze the solutions of (1.11) for R0 = 1 and η ≥ 1

and find a critical value for g :

gc ≡
a

d
.

When g > gc equation (1.11) has two positive solutions and when g < gc the solutions

are negative. Detailed analysis is presented in Appendix A.1. Numerical simulations

confirm that at least one of these virus persistence solutions is stable. Hence, addition

of further viruses must increase the virus production by g > gc for bistability to be

possible. Given that a > d (the death rate of infected cells is larger than the death

rate of uninfected cells), we can see that the threshold value gc > 1. This means that

in this model of infection, doubly infected cells must produce at least twice as much

virus as singly infected cells to maintain infection below the R0 = 1 threshold. To
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summarize, we have demonstrated the following

Result 3: In the presence of N infected populations, in the model without saturation

where ki = 1 + g(i−1)(η+1)
i−1+η , bistability is observed for R0 < 1 if doubly infected cells

produce at least twice as much virus as singly infected cells.

1.4.3 Virus production: a step function

We would also like to get some information about the contribution of cell populations

of different multiplicity of infection to the process of bistability. As follows from our

results so far, when virus production by doubly-infected cells, k2, satisfies certain

conditions, the system behaves as if there were only two infected cell populations (x1

and x2). This is discussed in more detail in the next sections. On the other hand,

when infection cannot be established by singly and doubly infected cells alone, cells

infected with more than two copies of the virus can play an essential role in the process

of establishing successful infection. Our goal now is to determine how large the virus

production rate should be for the ith infected cell population to establish successful

infection in the case where virus cannot persist with 1, 2, . . . , i− 1 populations alone.

To this end, we consider the following function for ki

ki =


1 if i ≤ m,

C if i > m

(1.12)

given in figure 1.3 (diamonds). This choice of ki assumes that cells infected with

1, 2, . . . ,m−1 copies produce virus at the same rate, which we assume is 1, and when

the number of viral particles present in the cell reaches m, the virus production rate

increases to C. Letting W =
m∑
i=1

xi and Z =
N∑

i=m+1

xi, system (1.1, 1.3) becomes
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ẋ0 = λ− dx0 − β(W + CZ)x0 (1.13)

Ẇ = β(W + CZ)x0 − β(W + CZ)xm − aW

˙xm = β(W + CZ)xm−1 − β(W + CZ)xm − axm

Ż = β(W + CZ)xm − aZ.

Recursively finding the steady state values for each xi, we find two equilibria in terms

of xm. Analyzing this equilibria, we find an approximation for the value of C necessary

to obtain bistability for a given m. This approximation is given below

C∗(m) = 1 +
2ad− 2λβ + a2(m− 1) + a

√
a2(m− 1)2 + 4adm

2m+1βλ

(
dm

a−am+2dm+
√
a2(m−1)2+4adm

)m (1.14)

(detailed analysis can be found in Appendix A.2). As C∗(m) is an increasing function

of m, we can see that for larger multiplicities the “gap” has to be larger to achieve

bistability. In other words, when successful infection cannot be established by the first

m− 1 populations of infected cells, the virus production rate of xm has to be larger

when m is large, to guarantee bistability. The solution dynamics look qualitatively

similar to the case of a saturating function ki considered in the previous section, see

figure 1.5. Again, the virus equilibrium contains all components xi, and their values

decay exponentially with their multiplicity of infection, i. To summarize, we have

demonstrated the following

Result 4: In the presence of N infected populations, in the model without saturation

where ki = 1 for i ≤ m and ki = C for i > m, bistability is observed for R0 < 1 if the

gap in k between singly and multiply infected cells is sufficiently large.
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1.5 Discussion and conclusions

When multiple infection of cells occurs, assumptions have to be made about the rate

of virus production in multiply infected cells. On the one hand, one can assume

that the total amount of virus produced by an infected cell during its life-span (its

“burst size”) remains constant regardless of the infection multiplicity. This situation

has been analyzed mathematically and is well understood (Dixit & Perelson, 2005).

The overall dynamics of the infection remain unchanged by multiple infection. On

the other hand, it can be assumed that the burst size of infected cells increases

with higher infection multiplicities. In this case, previous modeling approaches have

found that the properties of the infection dynamics can change (Cummings et al.,

2012). In particular, the basic reproductive ratio of the virus, R0 > 1, is no longer a

necessary condition for establishment of infection, which can now occur even if R0 < 1,

depending on initial virus load (the phenomenon of bistability). These trends were

observed for one specific model of virus dynamics where the infection term was a

particular growing and saturating function of the target cells.

The purpose of the current work is to develop a general theory of virus dynamics in

the presence of multiple infection, and to discover under what circumstances one can

expect to find stable infection solutions for values of R0 below 1. The basic result is

the existence of a threshold value, kc2, for the virus production rate of doubly-infected

cells (relative to that of singly-infected cells), above which bistability is possible, and

infection can be established for R0 < 1.

Our work adds to other studies that have found the concept of R0 to be problematic

as a unique determinant of whether an infection can become established or not. In the

interesting paper Li et al. (2011), the authors talk about “a failure” of the parameter

R0 to correctly characterize the threshold for a successful establishment of infection.
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The issues described in this review are backward bifurcations, stochastic effects, and

network/spatial effects. In the examples presented in this review, as well as other

papers, the existence of the backward bifurcations is often connected with multiple

compartments in an epidemic model. For instance, there could be several groups

of the population that differ by their properties in the context of infectivity and/or

susceptibility to the infection, or there could be different ways of transmission (such

as transmission a single strain of dengue by exposed humans and vectors, see Garba

et al. (2008)). Other examples include models of vaccination (Brauer, 2004; Sharomi

et al., 2007; Buonomo & Lacitignola, 2011), a model for tuberculosis with exogenous

reinfection (Feng et al., 2000), models for animal infections with incomplete immunity

(Greenhalgh et al., 2000), an epidemic model with super-infection (Martcheva &

Thieme, 2003), etc. Our study describes the phenomenon of bistability with R0 < 1

for inside-host virus dynamics, and provides a new context (namely, the presence of

multiple infection) for the phenomenon of the backward bifurcation.
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Chapter 2

Models with general infection

terms

2.1 Introduction

In chapter 1, we have considered several systems with Gi = 1 (an infection term with-

out saturation), and found conditions on the virus production rates for establishment

of successful infection in the bistable regime. As the number of target cells increases,

the simple model with Gi = 1 assumes that the rate of infection will continue to

increase indefinitely. This is a simplification. If the number of target cells is limiting,

one can assume, for example, the frequency-dependent infection model, where

Gi =
1∑N
i=0 xi

,
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see McCallum et al. (2001). Other formulations of the infection term have been

proposed. For example, in Cummings et al. (2012), formulation

Gi =
1 + ε

xi + ε

was used. In this case, the rate of infection is a saturating function of the number

of target cells with multiplicity i. The degree of saturation is determined by the

parameter ε. If ε = 0, the infection rate is independent of the cell number. For

large values of ε, the rate of infection converges to the case Gi = 1. The parameter ε

appears in the numerator such that other parameters do not have to be rescaled if the

value of ε is changed. In Wodarz & Komarova (2009); Komarova & Wodarz (2010),

many other functional forms of the term Gi have been explored. For other examples,

see McCallum et al. (2001).

Again, similar to the no-saturation model, if the functions Gi only depend on x and

y and ki = 1, then system (1.1, 1.3) reduces to two equations. For example, consider

Gi =
1

A(x+ y) + 1
,

where A is a constant. This formulation allows continues variation between the stan-

dard infection term βxy and the frequency-dependent infection term βxy/(x + y).

For large values of A, the infection term becomes frequency dependent (see e.g. Mc-

Callum et al. (2001); Berezovskaya et al. (2007); Komarova & Wodarz (2010). For

small values of A, the infection term converges to βxy. In this case, system (1.1, 1.3)

becomes

ẋ = λ− dx− βxy

A(x+ y) + 1

ẏ =
βxy

A(x+ y) + 1
− ay. (2.1)
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In this case, the basic reproductive ratio R0 = λβ
a(Aλ+d)

determines whether or not

successful infection can be established. For the above Gi’s, when virus production in

multiply infected cells is the same as in singly infected cells, bistability is not possible.

In this chapter we extend our analysis of chapter 1 to more general models and

discuss how the conditions found for bistability change in the presence of saturation

with respect to infected and uninfected cells. Again, we consider the model described

in (1.1, 1.3), and assume the infection term to be some smooth function of the cell

populations, Gi(x0, . . . , xN). What are the requirements on the virus production

rates, ki, of cells of multiplicity i, to guarantee bistability?

2.2 Conditions for bistability

2.2.1 Preliminary analysis

First we restrict our attention to the simplest case when N = 2 and discuss conditions

on k2 for establishment of successful infection. Letting W = βv, the steady states of

the system in (1.1, 1.3) satisfy the following equations

x0(t) =
λ

d+W +G0

, x1(t) =
λG0

(d+WG0)(a+WG1)
(2.2)

x2(t) =
λW 2G0G1

a(d+WG0)(a+WG1)

where

Gi = Gi(x0, x1, x2).
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The system has the virus free equilibrium

S0 : x0 =
λ

d
, x1 = 0, x2 = 0,

and the virus persistence equilibria satisfy the quadratic equation,

AW 2 +BW + C = 0, (2.3)

with

A = aG0, B = a2G0 + adG1 − λβk2G0G1, C = a(ad− λβG0).

Note that the solutions of (2.3) are in terms of the infection term Gi(x0, x1, x2) and

non-constant choices of Gi(x0, x1, x2) may result in multiple solutions. Further note

that when R0 = 1, (x0, x1, x2) = (λ/d, 0, 0) is a solution of (2.3). We can use bifurca-

tion techniques to study the existence and stability of virus persistence equilibria.

2.2.2 Sufficient conditions for bistability

From this point on we let R0 = 1 and use k2 as a bifurcation parameter. First we find

a critical value of k2 for which a virus persistence solution to equation (2.3) becomes

trivial. Then we find conditions to determine whether the bifurcation at the critical

point (kc2) is forward or backward.

Note that when the bifurcation is forward, a nontrivial negative equilibrium changes

sign at the point kc2 and when the bifurcation is backward, an unstable equilibrium

changes sign from positive to negative as shown in figure 2.1.

In the neighborhood of kc2 (k2 = kc2 + δ) we can expand the equilibrium (x0, x1, x2)
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Figure 2.1: Bifurcation diagrams for system (1.1, 1.3) with general Gi, N = 2: Plotted is the
total infected population as a function of the bifurcation parameter k2 for two different infection
terms. For both choices of Gi, at kc2 a nontrivial equilibrium becomes trivial. The parameters used
are λ = 1, β = 0.54, a = 0.9, d = 0.6, A = 1. (a) Forward bifurcation: F2 > 0. The infection term is
Gi = 1 for all i. In this case kc2 = 2.5, F2 = 0.14. (b) Backward Bifurcation: F2 < 0. The infection
term is G0 = 1

A(x1+x2)+1 , G1 = 1
A(x0+x2)+1 . In this case kc2 = 9.4, F2 = −0.68.

with the following equations in terms of small δ:

x0 =
λ

d
+ x10δ + x20δ

2 + . . .

x1 = x11δ + x21δ
2 + . . . (2.4)

x2 = x22δ
2 + . . .

Using expansion (2.4), we substitute x0, x1, x2 in equation (1.1) and solve for the

steady states. From the equation of ẋ0 we obtain in steady state,

x11 = −dx10/a. (2.5)

It is convenient to define the differential operator L0i for i ∈ {1, 2} as follows:

L0i[G̃i] = a
∂Gi

∂x0
− d∂Gi

∂xi

∣∣∣∣
(λ/d,0,...,0)

. (2.6)
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Using (2.5) in the equation of ẋ1, we get in steady state,

x22 =
d(x10)

2

a2kc2λG̃0

(
d[aG̃0 + dG̃1] + λL01[G̃0]

)
. (2.7)

Substituting (2.5) and (2.7) in the equation for ẋ2, we obtain the following expression

for kc2:

kc2 = 1 +
a

d

G̃0

G̃1

+
λ

d2G̃1

L01[G̃0]. (2.8)

When Gi = 1, from (2.8) we get kc2 = 1 + a
d
, which is the same as expression (1.6),

with R0 = 1. To summarize, we have demonstrated the following

Result 5: In the presence of N infected populations, in the model with a general

infection term, bistability is observed for R0 < 1 if k2 > kc2, where threshold Kc
2 is

given by expression (2.8).

In the next section we determine the bifurcation type to find out whether the threshold

value kc2 given in (2.8) is indeed a determining factor for bistability.

2.2.3 Different scenarios for bistability

We note that kc2 given in equation (2.8) is a determining factor for bistability if the

bifurcation at the point (λ/d, 0, 0) is a forward bifurcation. On the other hand, when

the bifurcation observed is backward, there exists a smaller value of k2, k
∗
2, such that

the virus can invade in the region k2 > k∗2. The two types of bifurcation diagrams,

kc2, and k∗2 are shown in figure 2.1.

To check whether the bifurcation observed is forward or backward we consider the
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steady state value of x1 as a function of k2. The bifurcation at the point k2 = kc2 is

forward if ∂x1
∂k2

(kc2) > 0 and it is backward if ∂x1
∂k2

(kc2) < 0. Whether we will get forward

or backward bifurcation depends on the sign of x11 in (2.4).

To determine the sign of x11, we go back to the expansions in (2.4) and consider higher

order terms. Using the value of kc2 from (2.8) and expanding ẋ0 to order δ2 and ẋ2 to

order δ3, we obtain the following equations for x21 and x32:

ax21 + dx20 = −d
3G̃0(x

1
0)

2

aλG̃0

(2.9)

x32 = − d3x10
a2λ2G̃2

0

((x10)
2(dG̃1(aG̃0 − dG̃1 − dG̃2) (2.10)

+ λG̃1L01[G̃0]− λG̃0L01[G̃1])− 2aλG̃0G̃1x
2
0).

Finally, equation for ẋ1 at order δ3 gives an equation for x10, whose nontrivial solution

is

x10 =
−d3G̃1

F2aλG̃0

,

where

F2 =
d4

λ2a

G̃1

G̃0

− d

λa2
1

G̃0G̃1

L01[G̃0]
(
adG̃1 − λL01[G̃1]

)
+

d2

λa

1

G̃1

L01[G̃1] +
d3

λa2
G̃1

G̃2
0

L02[G̃0]−
d

2a2
1

G̃0

L2
01[G̃0]. (2.11)

When F2 > 0, x10 < 0 and therefore, from (2.5), x11 > 0. On the other hand, when

F2 < 0, we have x10 > 0. This suggests the following

Result 6: If F2 > 0 (see equation (2.11)), the bifurcation is forward. If F2 < 0, the
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Description Gi(x0, . . . , xN) kc2 F2

No-saturation 1 1 + a
d

d4

aλ2

Saturation in one population (Axi + 1)−1 1 + a
d
− aD

d
(1 + dD

Aλ
) d4

aλ2
+ d4D

aλ2

(
1 + aD

Aλ

)
Saturation in all populations (

∑N
i=0Axi + 1)−1 1 + a

d
−D

(
a
d
− 1
)

d5D
a2λ2

(
1 + a

Aλ

)

Table 2.1: Comparison of three examples of the infection term, Gi. The corresponding critical
value of kc2 is calculated by our methodology. Here D = (1 + d/Aλ)−1. To determine the type of
bifurcation, the expression for F2 for each Gi is given in the last column.

bifurcation is backward.

Table 2.1 presents three examples of Gi for which kc2 is calculated. These are: the

constant (no saturation) infection term, the term that saturates in terms of only one

population, and finally, the term that saturates in all populations. From the last

column of table 2.1 we can see that the bifurcation for all three examples is forward

(F2 > 0). Hence, to compare these models we only need to consider kc2 for each

example. In both models with saturation the value of kc2 is smaller compared to the

no-satruration model. In other words, it is easier to obtain successful infection when

saturation is present.

To compare the two models with saturation we denote the critical values of k2 for

saturation in one population and satruation in all populations k
c(one)
2 and k

c(all)
2 re-

spectively and study the difference given below

k
c(all)
2 − kc(one)2 = D

(
1 +

aD

Aλ

)
, (2.12)

where D = (1 + d/Aλ)−1. The right hand side in equation (2.12) is positive for all

values of A which means that models with saturation in only one population produce

bi-stability more readily than models with saturation in all populations.
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Figure 2.2: The number of positive, stable equilibria in the plane of parameters (k2, k3), when
R0 = 1. In the shaded region there is a positive, stable equilibrium for system (1.1, 1.3). Outside
the shaded region only the disease-free equilibrium is stable. k2 ≥ kc2 bistability is observed for
all values of k3. k2 < kc2, bistability is possible if k3 > kc3(k2). The number and stability
of equilibria is obtained numerically. Here Gi = 1 for all i and the rest of the parameters are
a = 0.9, d = 0.6, β = 0.54, λ = 1.

2.3 Obtaining bistability when k2 is smaller than

the threshold

Although the above equations for finding kc2 were obtained for the case with two types

of infected cell populations, the analysis holds for the case of more than two popula-

tions. For any N , bistability is observed when k2 > kc2, independent of the infection

rates ki, i > 2. When only two infected cell populations are present, bistability is not

possible when k2 < kc2 in the case of forward bifurcation and k2 < k∗2 in the case of

backwards bifurcation as shown in figure 2.1.

For the case of N > 2, the following question arises: what are the conditions on

infection rates ki, i > 2 to establish bistatility when k2 < kc2?.

Extending the above analysis, we find a critical value for k3 such that successful

infection can be obtained when the virus production rate of cells infected with three
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copies of the virus is larger than kc3. Detailed analysis and the equation of kc3 are

given in Appendix B.1.

Similar to the critical viral production rate in doubly infected cells, if cells infected

with three copies of the virus have large enough viral production rate, cells infected

with more copies of the virus do not play a role in establishment of successful infection.

On the other hand, when triply infected cells do not produce enough virus, the analysis

above can be extended to show that cells infected with more copies of the virus can

“step-up” to shift the system to a virus persisting equilibria. To illustrate this, we

consider the non-saturation model again, where

Gi = 1, i ≤ N, R0 = 1.

In this case we can solve for the steady states analytically. Using the fact that at kc3

the nontrivial steady states are equal, we obtain the following equation for kc3 as a

function of k2

kc3(k2) =
2a+ d+ 2

√
a(a+ d− dk2)
d

. (2.13)

Figure 2.2 shows by how much virus production should be enhanced in triply infected

cells to obtain successful infection depending on the rate with which doubly infected

cells produce virus. We can see that the lower virus production by doubly infected

cells, the more viral replication in triply infected cells should be enhanced for success-

ful infection to be possible. Figure 2.2 also shows that when the virus production in

doubly infected cells reaches the critical value, successful infection is possible even in

the absence of triply infected cells. On the other hand even when the virus production

rate in doubly infected cells is very small, if virus production in triply infected cells

is sufficiently enhanced, bistablity becomes possible in the system.
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2.4 Discussion and conclusions

We have developed a general approach to investigate how the structure of equilibria

depends on the model formulation and system parameters. We have provided an

analysis of model properties assuming that multiply infected cells produce more virus

during their life-span than singly infected cells. An important result is that the

occurrence of bistability crucially depends on the exact formulation of the infection

term.

The basic result is the existence of a threshold value, kc2, for the virus production

rate of doubly-infected cells (relative to that of singly-infected cells), above which

bistability is possible, and infection can be established for R0 < 1. Condition (2.8)

can be used to calculate whether bistability occurs for any specific functional form

of the infection term and specific model parameters. It specifies by how much the

rate of virus output has to increase in multiply compared to singly infected cells.

If this condition is not satisfied (that is, the productivity of doubly-infected cells is

insufficient to support infection under R0 < 1), further conditions can be derived for

virus production rates of triply-infected cells etc, to guarantee the effect of bistability.

All the conditions were obtained for a general infection term, and illustrated for

specific examples.

The nature of the infection term is a source of uncertainty in virus dynamics models.

In many models, the simplest infection term is used, which is of the form (infection

rate) × (number of uninfected cells) × (number of viruses). In this case, condition

(2.8) indicates that the rate of virus production in doubly infected cells needs to be

more than twice that in singly infected cells. This might be an unlikely scenario unless

some form of cooperation occurs among the viruses in the cell. For other infection

terms, e.g. those that include saturation in one or more variables, the increase in
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virus output from multiply infected cells needs to be much less in order to observe

bistability. Therefore, whether the properties of the dynamics are fundamentally

changed by multiple infection depends in a crucial way on the laws of infection in

the particular scenario under investigation, as well as on specific parameters such as

death rates of cells. The laws of infection and the most appropriate infection term in

different conditions have so far not been fully characterized (see e.g. Wodarz et al.

(2014)). Our analysis suggests that such investigation will be crucial to obtain a full

understanding of the effect of multiple infection on basic virus dynamics. Without

this, we cannot use theory to state whether multiple infection fundamentally changes

the dynamics in specific infections, even if parameters, such as the magnitude of the

viral replication rate increase in multiply infected cells, have been measured. Once

more information about the form of the infection term has been obtained for specific

infections, condition (2.8) can be used to make definitive statements about the role

of multiple infection for basic virus dynamics.

A particular experimental system in which this could be further examined is ade-

novirus infection, where multiple infection is thought to readily occur and where

multiple infection is thought to allow the virus to replicate at a faster rate. In a set

of experiments, a culture of 293 cells, arranged in a 2-dimensional monolayer with

agar layover, was infected with an engineered fluorescent adenovirus at very low mul-

tiplicities of infection (Hofacre et al., 2012). This allowed the very early spread of

the infection from a single infected cell to be monitored over time. It was found that

once at least three infected cell were generated, virus spread became significantly

faster and the virus population never went extinct anymore. This was inconsistent

with the expected extinction probabilities calculated from parameters that were es-

timated from singly infected cells. Thus, early generation of multiply infected cells

accelerated the rate of viral replication, accounting for the experimental observations.

Such a system would be well-suited to examine appropriate infection terms that can
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describe those dynamics well, and to measure parameters associated with the model.

In addition, it would be interesting for future research to study these kinds of mod-

els in spatial settings, because spatial virus spread might enhance the production of

multiply infected cells, which can produce virus with a faster rate.
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Part II

Evolution of genetic instability in

heterogenous tumors
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Chapter 3

Models with one driver mutation

3.1 Introduction

Genome instability and mutations have been identified as enabling characteristic of

cancer (Hanahan & Weinberg, 2011). Significant progress has been made in the last

decades in our understanding of very complex and variable causes of genomic insta-

bility in cancer. It has been proposed that instability is caused by abrogated mitotic

checkpoints (Thompson et al., 1997), hypoxia (Coquelle et al., 1998; Bristow & Hill,

2008), chromosomal segregation errors (Duensing et al., 2000), defective DNA damage

repair (Duensing & Münger, 2002), shortening of telomeres (Plug-DeMaggio et al.,

2004), reactive oxygen species (Klaunig & Kamendulis, 2004), and oncogene-induced

DNA replication stress (Halazonetis et al., 2008). The genetic mechanisms leading

to instability can be studied by looking into the diverse array of defects associated

with different components of the DNA-maintenance machinery (the “caretakers” of

the genome (Kinzler & Vogelstein, 1997)). For several decades, scientists have been

trying to answer questions related to genetic instability. What is the genetic basis of
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instability? What is the correlation between instability and disease course/severity?

What is the role of instability in cancer initiation and progression? Ultimately the

hope is that this information can be used to identify new cancer treatment targets.

Specifically, researchers focused on chromosomal instability (CIN) and microsatellite

instability (MSI), which are prevalent in many cancers (e.g., 85% of colorectal cancers

(CRCs) are characterized by CIN, and the remaining15% show MSI Fearon (2011)).

In Nowak et al. (2002), the dynamics of CIN in colon cancer was formulated by means

of a modification of a two-step model of Moolgavkar et al. (1988). In Komarova

et al. (2002), the dynamics of instability generation was investigated in the context

of sporadic and familial colon cancers. Two different pathways to instability were

assumed: a number of single point mutations leading to the generation of CIN, and a

two-hit process of MSI gene inactivation leading to phenotypes characterized by MSI.

In Komarova & Wodarz (2004), the question of optimality of the rate of chromosomal

loss, from the point of view of cancer was asked. Specifically, a model of cancer

initiation was formulated where two hits lead to the creation of a phenotype that

escaped homeostatic control. This is reflective of the mechanism of the loss-of-function

mutation, which is observed in cancers driven by the inactivation of tumor suppressor

genes. The following optimization problem was posed. On the one hand, genetic

instability, which is characterized by an elevated rate of genetic change, leads to

the creation of many harmful or deleterious mutations, thus lowering the effective

growth rate of the cell colony. On the other hand, CIN with its increased rate of

chromosomal loss can facilitate the acquisition of the second inactivation mutation,

thus accelerating progress toward cancer. What is the chromosomal loss rate which

leads to the fastest cancer initiation and growth? The idea is that out of many

lineages that simultaneously coexist in tissues, the ones that are characterized by this

optimal chromosomal loss rate are most likely to harbor cancerous growth which is
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ultimately observed.

The simple initial model was then refined to include the possibility of the mutation

rate being a function of time Komarova et al. (2008). What is the optimal (again,

from cancer’s prospective) temporal course of instability that leads to the fastest

growing tumors? This problem was solved by the methods of optimal control theory,

yielding a simple and intuitive solution. It was shown that three types of scenarios

can be optimal, depending on system parameters, namely, the cost of instability (the

instability-associated death rate) and the benefit of instability (the increase in the

rate of double-hit mutant production): (a) For high death rates and relatively low

gain in mutation rates, the level of instability stays low throughout the growth. In this

case instability is disadvantageous for the cancer population at all times and the best

strategy is to stay stable. (b) In an intermediate case, the level of instability increases

at the beginning of cancer growth and decreases as tumor cells progress more. In this

case, it is advantageous for the population to keep cells with high mutation rates at

first, then switch to stability. (c) For low instability-associated death rates and high

gain in mutations, it is optimal for the cancer cells to stay unstable throughout the

growth. All these patterns of instability are realistic; the time-dependent stable – to

unstable – back to stable pattern is especially interesting, given biological evidence

supporting it (see the Discussion section for more details). The ideas presented in

Komarova et al. (2008) were further developed mathematically and given analytical

rigor in Wan et al. (2010); Sanchez-Tapia & Wan (2014).

In the approach of Komarova & Wodarz (2004); Komarova et al. (2008); Sanchez-

Tapia & Wan (2014), the instability-induced mutation rate, p, was treated as a func-

tion of time, and the optimization procedure sought the function p(t) that maximized

tumor growth. The colony of cells was considered homogeneous with respect to the

time-dependent mutation rate, p(t), that is, all cells were assumed to have the same
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mutation rate. At the same time, cellular heterogeneity is extremely common in tu-

mors, see e.g. Swanton (2012); Almendro et al. (2013). It is rooted in the evolutionary

nature of the process of tumorigenesis, and is especially prevalent in unstable tumors

(Stewart et al., 2011; Burrell et al., 2013). In this thesis, we include genetic hetero-

geneity in the description on the tumor evolution, and investigate if the patterns of

instability identified in Komarova et al. (2008) can still be discovered in this more

complex and more realistic system.

We consider cancer evolution on a mutation-selection network that allows for “mu-

tator” mutations (the ones that give rise to genetic instability at different levels).

We examine the relative abundances of different subpopulations in a highly hetero-

geneous colony and identify the changes in the level of genetic instability, as a result

of mutations and selection, at various stages of tumor progression. We find that the

three patterns obtained by the method of optimization in Komarova et al. (2008) are

observed in this much more complex, heterogeneous, multi-step system. In particu-

lar, we find that genetic instability may or may not evolve, or it may evolve early on

during tumorigenesis and later get eliminated, giving way to a more stable popula-

tion. In contrast with the methodology of Komarova et al. (2008), we do not perform

an optimization procedure but instead just observe the natural evolution of various

phenotypes in a heterogeneous setting.

3.2 The scope of modeling

There are different types of genetic alterations contributing to genetic stability. Some

of these alterations are mutations of specific genes, amplifications, deletions or rear-

rangements of chromosome segments, gain or loss of entire chromosomes, etc. Dif-

ferent genetic changes can accumulate in distinct subsets of cell populations and all
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can contribute the progression of cancer with different mutation rates (Shen, 2011;

Cahill et al., 1999). We present a wide class of models that view tumor progression

as accumulation of genome alterations during a series of cell divisions. Compared to

Komarova et al. (2008), the present models provide an alternative way to describe the

dynamics of instability. They allow for a more detailed characterization of the pro-

cess of instability generation and take into account the fact that mutations of different

critical genes, different abnormalities, etc., give rise to different levels of instability

and contribute to tumor progression with different rates.

3.2.1 General formulation

During a cell division, genomic stability is maintained by four major mechanisms

(Shen, 2011): high-fidelity DNA replication in S-phase, precise chromosome segrega-

tion in mitosis, error free repair of sporadic DNA damage, and a coordinated cell cycle

progression. According to the classification given in Hanahan & Weinberg (2011),

there are three types of defects in the caretaker genes: (i) defects in mechanisms de-

tecting DNA damage and activating the repair machinery, (ii) defects in mechanisms

that directly repair damaged DNA, and (iii) defects in mechanisms that inactivate/

intercept mutagenic molecules before they have damaged the DNA. All this results in

a number of possible pathways to instability. Therefore, we will assume that there are

n different types of instability that can be acquired by means of various (epi-)genetic

events. Let us call these types x0, . . . , xn, where type x0 is stable, and the subscripts

allow to distinguish different levels or types of instability. In general, the phenotypes

of different stability properties are connected by means of a mutation network, which

specifies what types can give rise to which other types via mutations. This results in

a matrix description,

ẋ = Mx− δx,
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where x is a vector (x0, . . . , xn)T , the first term on the right corresponds to produc-

tion, and the second to the death of cells. The equation above describes unlimited

exponential growth; the competition dynamics will be introduced shortly. The matrix

δ is a diagonal matrix with the entries being death rates of the different types,

δ = diag {d0, . . . , dn} .

The (n+1)×(n+1) matrix M represents reproduction and is generally dominated by

the diagonal elements, with off-diagonal elements indicating mutations. For example,

consider the following two matrices:

Mrad =



1− nµ 0 . . . 0

µ 1 . . . 0

µ 0 . . . 0

. . .

µ 0 . . . 1


, Mseq =



1− µ0 0 . . . 0

µ0 1− µ1 . . . 0

0 µ1 . . . 0

. . .

0 0 . . . 1


. (3.1)

The matrix Mrad corresponds to the types x1, . . . , xn each produced by a single mu-

tation directly from the stable type. The matrix Mseq describes a sequence of types

x0, . . . , xn, such that each of them is produced by a mutation from the previous one.

The subscripts “rad” and “seq” stand for “radial” and “sequential”, see below. The

division rate of cells has been normalized to one. Clearly, many other possibilities for

the mutation matrix M exist, including the processes with back mutations.

Next, we introduce the cancerous transformation. If we only include the first rate-

limiting step in malignant transformation, the linear dynamics can be described by

two types of population, x0, . . . , xn and y0, . . . , yn, where the first group is “benign”

and the second group is “cancerous”. Suppose that the benign cells divide at a rate

normalized to 1, and the cancerous cells have an elevated division rate, a. Then the

48



linear dynamics are given by

Ż = QZ ≡ (MR−D)Z, (3.2)

where Z is the vector containing all the populations, Z = (x0, . . . , xn, y0, . . . , yn)T ,

and matrices M, D, and R have a 2 × 2 block structure. The matrix M describes

cell divisions and mutations, R provides division rates, and D is the death matrix.

These matrices are given by:

M =

 Mx 0

0 My

+

 −P 0

P 0

 , D =

 δ 0

0 δ

 , R =

 I 0

0 aI

 .

As before, Mx and My capture the mutation networks generating the unstable types in

the benign and malignant populations, and P describes the cancerous transformation.

We denote by pi the rate at which cells in the population xi undergo genetic alterations

and transform into cancerous type yi as a result of instability. Then P is an (n+ 1)×

(n+ 1) diagonal matrix with entries (p0, . . . , pn),

P = diag {p0, . . . , pn} .

The alterations captured by this matrix include but are not limited to various forms

of specific gene mutations, amplifications or rearrangements of chromosome segments,

gain or lose of entire chromosomes. pi can be chosen to be the rate of basic point mu-

tations if we assume transformation results from small scale change in DNA sequence

(Benhamou & Sarasin, 2000) or it can be taken to represent the rate of chromosomal

loss. For more detailed discussion see Komarova & Wodarz (2004); Komarova et al.

(2008).

We assume that the cell types xi are characterized by higher levels of genetic insta-
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bility for larger i. Therefore, the mutation rates pi comprise an increasing function of

i. On the other hand, genetic instability can lead to high death toll in the population

(Cahill et al., 1999). Therefore, the death rates denoted by di also comprise an in-

creasing sequence. This is discussed in more detail in the following sections. Figures

3.1 Does genetic instability cause cancer?and 3.2 show schematic representations of

the two types of models corresponding to the two matrices in (3.1).

So far we only presented equations that describe exponential growth of the popula-

tions. In order to account for homeostatic control and competition among the cells,

we will use two alternative nonlinear models: (a) the quasispecies-type equations, and

(b) the logistic growth equations. Quasispecies equations can be obtained from an ex-

ponential growth model, Ż = QZ by subtracting a term that represents competition

and is related to the mean fitness of the types:

Ż = QZ − φZ,

where

φ = (1, . . . , 1)Q diag
{
ρ
(x)
0 , . . . , ρ(x)n , ρ

(y)
0 , . . . , ρ(y)n

}
Z,

with the four multipliers on the right having dimensions 1×2(n+1), 2(n+1)×2(n+1),

2(n + 1) × 2(n + 1), and 2(n + 1) × 1. This definition of φ is slightly different from

the usual one. Quantities ρ
(x)
i and ρ

(y)
i characterize the degree of participation of the

corresponding population in the competition dynamics. For example, if all the types

are under homeostatic control, then we take ρ
(x)
i = ρ

(y)
i = 1 for all i, and the term

φ equals the mean fitness of all types (this is the conventional definition of φ). We

however assume that populations y0, . . . , yn are malignant, and unlike populations

x0, . . . , xn, they are not under homeostatic control, but expand indefinitely. This

corresponds to ρ
(x)
i = 1, ρ

(y)
i = 0 for all i.
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The second way to introduce competition is to use the logistic growth model by

replacing the matrix R in equation (3.2) with the following,

R =

 Kx 0

0 aKy

 .

Here, we set

Kx = diag

{
1− F

Kx0

, 1− F

Kx1

, . . . , 1− F

Kxn

}
,

Ky = diag

{
1− F

Ky0

, 1− F

K11

, . . . , 1− F

Kyn

}
,

F =
n∑
j=0

(xj + yj),

and the quantities Kxi , Kyi are carrying capacities of the corresponding populations.

The above formalisms can be generalized in a straightforward way if we were to take

into account more driver mutations leading to cancer development. This corresponds

to more rows in figure 4.1 and is described in section 4.3.

3.2.2 Radial mutation network model

As it is described above, there are many possibilities for the particular form of the

mutations network that connects types xi (and yi) together. One possibility is pre-

sented in diagram 3.1, see matrix Mrad, equation (3.1). There, cell types of various

levels of instability can be produced by means of single mutation events from the

original type, x0. This gives rise to a fan-like, or radial, mutation network. The

mutation network topology must be coupled with further assumptions on the system
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Figure 3.1: Diagram for radial mutation network model.

dynamics. As the first possibility, we will use the quasispecies-type equations. In this

case, the processes of growth and mutations illustrated in diagram 3.1 are given by

the following equations:

ẋ0 = (1− d0 − p0 − nµ)x0 − φx0, (3.3)

ẋi = µx0 + (1− di − pi)xi − φxi, 1 ≤ i ≤ n, (3.4)

ẏ0 = p0x0 + a(1− nν)y0 − d0y0 − φy0, (3.5)

ẏi = pixi + a(1 + ν)y0 − diyi − φyi, 1 ≤ i ≤ n. (3.6)

The term containing φ, with

φ =
n∑
i=0

(1− di)xi, (3.7)

accounts for the homeostatic control present in a system of xi cells. In the absence

of cancerous mutations the total number cells in the populations xi near equilibrium
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stays constant and is normalized to 1. yi cells break out of regulation and grow

exponentially. The term φ in the equations for yi is added to represent a partial,

non-symmetric, homeostatic control that may play some role at the beginning of the

growth of yi cells. Later on that term becomes simply a correction to the growth rate

of the yi cells, similar to Komarova et al. (2008).

This way of modeling the above dynamics with quasispecies-type equations is not

unique. We also considered the model with the φ−term removed from the equations

for the cancerous populations yi in (3.5, 3.6). The results obtained are qualitatively

similar.

Another way of formulating the dynamics on diagram 3.1 is to assume logistic growth

in both non-cancerous and cancerous cell populations. With logistic growth the equa-

tions (3.3,3.6) will change as follows

ẋ0 = (1− d0 − p0 − nµ)x0

(
1− F

Kx0

)
, (3.8)

ẋi = µx0

(
1− F

Kx0

)
+ (1− di − pi)xi

(
1− F

Kxi

)
, 1 ≤ i ≤ n, (3.9)

ẏ0 = p0x0

(
1− F

Kx0

)
+ (a− anν − d0)y0

(
1− F

Ky0

)
, (3.10)

ẏi = pixi

(
1− F

Kxi

)
+ aνy0

(
1− F

Ky0

)
+ (a− di)yi

(
1− F

Kyi

)
, 1 ≤ i ≤ n,(3.11)

where Kxi , Kyi and F are defined in section 3.2.1. All these models give similar

outcomes, as discussed in the following sections.
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Figure 3.2: Diagram for sequential mutation network.

3.2.3 Sequential mutation network model

The second mutation network considered here is depicted in figure 3.2 and expressed

by matrix Mseq, equation (3.1). It assumes that high levels of genetic instability are

results of accumulation of genetic alterations in a cell during a series of cell divisions.

As before, x0 is the population size of non-cancerous stable cells.

We group the offspring of type x0 that have a single mutation of a critical gene as type

x1. Unlike the radial mutation network model, where different levels of instability in

populations xi result from different types of point mutations of stable cells, here the

increased level of instability in xi is a result of mutations of population xi−1 that occur

with rate µi−1. Cancerous cells can undergo similar subsequent point mutations with

rate νi. Under the quasispecies-like dynamics, the model is given by the following

ODEs:

ẋ0 = (1− d0 − p0 − µ0)x0 − φx0, (3.12)

ẋi = µi−1xi−1 + (1− di − pi − µi)xi − φxi, 1 ≤ i ≤ n, (3.13)

ẏ0 = p0x0 + a(1− ν0)y0 − d0y0 − φy0, (3.14)

ẏi = pixi + aνi−1yi−1 + (a− aνi − di)yi − φyi, 1 ≤ i ≤ n. (3.15)
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φ is given in (3.7).

Again the dynamics described above can be formulated without the φ− term in the

yi equations in (3.14, 3.15). Another possibility is to replace the expression for φ with

the following term

φ =
n∑
i=0

(1− di)xi +
n∑
i=0

(a− di)yi. (3.16)

Similar to the radial mutation network model, we can also assume logistic growth for

non-cancerous and cancerous cell populations. Changing the model will lead to quan-

titative changes of the outcome as shown below, but the results remain qualitatively

robust.

3.3 Results

3.3.1 Instability index and rates

In this section we investigate how the level of instability changes during the process

of tumor growth in the radial and sequential mutation network models (figures3.1,

3.2), described in (3.3,3.6) and (3.12,3.15). To analyze the dynamics of genetic insta-

bility of the system, we first examine the changes in the population sizes of cancer

subpopulations yi depending on the rate of instability pi and the death rate di.

The death rates di depend upon the level of instability of cells. If a population is

characterized with a small amount of genetic instability the chance of accumulating

deleterious mutations is relatively small. On the other hand, higher levels of instability

increase the generation rate of deleterious mutations, which can reduce the cells’

fitness and lead to death. Therefore, di can be described by a monotonically increasing
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Figure 3.3: Cancerous and non-cancerous populations for radial mutation network, equations (3.3-
3.6). (a) The populations xi, log10D = −1.2. Non-cancerous populations stay relatively stable for
all values of t. (b) Cancerous population for an intermediate death rate, log10D = −1.2. In this
case the more unstable populations are larger at the beginning of growth, but as tumor progress the
system switches to higher number of cells in more stable populations. The rest of parameters are
d0 = 10−4, p0 = 10−7, p1 = 10−4, a = 1.2, µ = 10−7, n = 3.

(non-decreasing) function of i. The behavior of the radial and sequential models were

studied with various functions for the death rates. As all increasing functions of i

give similar results, we will mostly illustrate our analysis using the following linear

function for the death rates of unstable populations:

di = D
i+ 1

n+ 1
, 1 ≤ i ≤ n. (3.17)

The magnitude D in equation (3.17) characterizes the maximum death rate resulting

from genetic instability that is possible in the system. The effect of death on the

solution was investigated by considering several values of the magnitude D. The

reproduction rate of stable cells is normalized to one, and their death rate is taken to

be 10−4.

In stable cells, inactivating point mutations have been estimated to occur at a rate

of 10−7 per gene per cell division, µ = 10−7. We assume that in stable cells the
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Figure 3.4: Dynamics of the instability index for models with a single driver mutation. 1©, 2©, 3©
correspond to the three cases in section 3.3: A single driver mutation model with quasispecies equa-
tions, radial mutation network: n = 3, a = 1.2, µ = 10−7, p0 = 10−7, p1 = 10−5, p2 = 10−3.5, p3 =
10−2, d0 = 10−4, d1 = 10−3, 10−2.5, 10−3.5, d2 = 10−1.5, 10−2, 10−3, d3 = 10−0.5, 10−1.5, 10−2.5 for
cases 1©, 2©, 3© respectively.

mechanism of cancerous mutations is of the same form as basic mutations and let

p0 be the basic mutation rate 10−7. As cells undergo various forms of genetic alter-

ations, they acquire higher rates for cancerous mutations and the probabilities (per

cell division) of these mutations in unstable cells are known to range from 10−7 to

10−2 (Lengauer et al., 1997; Nachman & Crowell, 2000). We assign the rate of genetic

instability, p1, in this range, assuming that the initial transition from stable cells to

an unstable population can increase the rate of cancerous mutations by a few orders

of magnitude. The rest of instability rates are represented by an increasing function

of i. In particular we let p2, p3, . . . , pn be given by the following sequence:

log10(pi) = α− 2 + α

n− 1
i, α = log10(p1), i = 2, . . . , n. (3.18)
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An example of solution curves of the cancerous and non-cancerous populations is

presented in Figure 3.3. Plotted are the simulated time-series of the various popu-

lation levels; stable populations x0 and y0 are depicted by thick black lines in panels

(a) and (b), and populations with higher levels of genetic instability are represented

by gray and dashed lines. We can see in Figure 3.3(a) that the non-cancerous cells,

which do not escape homeostasis, remain genetically stable during tumor progression.

Cancerous cells (Figure 3.3(b)) grow exponentially and are also dominated by stable

cells. For the specific parameter set, at the beginning of growth, a certain fraction of

cancer cells becomes unstable (the line corresponding to i = 3 dominates the unstable

population). As tumor progresses further, the system switches to having more cells

in the populations that are less unstable (the line corresponding to i = 1 becomes

dominant). This is one possible scenario for the dynamics of genetic instability. As

explained below, depending on the parameter regime other scenarios may be observed.

3.3.2 Temporal dynamics of the instability index

In order to quantify the dynamics of genetic instability, we will use the instability

index,

Sinst = log10

n∑
i=0

pi(xi + yi)/
n∑
i=0

(xi + yi), (3.19)

which is simply the logarithm of the mean mutation rate of the population measured

with respect to the driver mutations (quantity pi for each instability type). Analysis

of the solutions of the two models in figures 3.1 and 3.2 for a variety of biologically

meaningful parameter values revealed three possible scenarios for temporal behavior
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Figure 3.5: Level of instability on the parameter plane (D, p1) for radial mutation network model.
Black corresponds to low levels of instability at all times, white to high level of instability at all
times, and gray to high level of instability at first then switching to stability. The parameters are
d0 = 10−4, p0 = 10−7, a = 1.2, µ = 10−7, n = 1.

of the instability index. Interestingly, these three scenarios coincide with the ones

found by a completely different methodology in Komarova et al. (2008). They are

listed below:

1. For some parameter values the level of instability does not evolve and stays low

throughout growth, Figure 3.4 plot 1©.

2. Figure 3.4 plot 2© presents a parameter regime where the level of instability

increases initially and decreases as tumor continues to grow.

3. In some cases, the level of instability increases and remains high at all times,

see Figure 3.4 plot 3©.

In this section we investigate how these three cases depend on the parameter regimes.

In particular, we are interested to determine for what values of mutation rates pi
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Figure 3.6: Three scenarios for different dynamic formulations of the radial mutation network
model.(a) Quasispecies-type equations with partial homeostatic control for y, (b) Quasispecies-type
equations without homeostatic control for y. (c) Logistic growth equations. For all these models
it is possible to get all three scenarios by only changing the magnitude of the death rates D. In
(b) and (c) the cancer population reaches its maximum value faster. The parameters d0 = 10−4,
p0 = 10−7, p1 = 10−4, a = 1.2, µ = 10−7, n = 4.

and death rates di the system falls into the intermediate case, where instability is

transient: it comes up at an early stage and decreases later on.

Manipulation of the death rates di given in (3.17) leads to the conclusion that for a

wide choices of instability rates, it is possible to transition between the three scenarios

by only changing the magnitude of the death rates D. An example of such a transition

is illustrated in Figure 3.4. When fitness reduction due to instability is small, the

cancer population will most likely keep the level of instability high throughout growth,

Figure 3.4 1©. On the other hand, if we assume higher penalty for instability (large

D) cancer will remain stable at all times, Figure 3.4 3©. There also is the intermediate

case given in Figure 3.4 2©, where the death rate is not too large and instability speeds

up tumor growth at first, but appears to become a “burden” for the cancer cells after

the initial growth.

Which of the three scenarios is observed for a particular system? In the model of

Komarova et al. (2008), the strongest determiners of instability were the mutation

rate and the death rate of cells. Using this lead, here we study the effect of the

mutation rates pi by determining if the system undergoes scenarios 1, 2, or 3 for

various points in the (p1, D) plane. We start with the simple case n = 1. Figure 3.5
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presents a typical two-dimensional phase diagram, which quantifies the three cases.

To obtain this figure, for each parameter pair (D, p1) (see equations 3.17, 3.18), we

simulated the ODEs until the tumor population reached a maximum fixed size of

1014. For each simulation, we have to distinguish which of the three behavior classes

(Figure 3.4 ) is observed. Because there is a continuum of dynamical patterns, we

designed a rule to classify the time series of the instability index into one of the three

cases. In particular, we consider any increases of the instability curve that are less

than an order of magnitude as insignificant changes, and categorize these types of

plots as scenario 1. When the increase in the instability level is higher than an order

of magnitude and stays high at the time of simulation termination, the system is in

scenario 3. Otherwise the behavior is classified as scenario 2.

We can see that small values of pi and large values of di correspond to the regime

where genetic instability is never achieved (black cells). On the other hand, when the

death rates are small and instability related mutation rates are large, instability is

generated at an early stage and persists throughout the growth phase (white cells in

the diagram). The intermediate case is represented by gray cells. In this regime, raised

mutation rates result in significant number of mutations at the beginning of growth.

As cancer grows exponentially, after initial growth new cancerous mutations become

insignificant and populations with smaller death rates grow to higher numbers. The

results are similar for larger values of n.

Intuitively, the behavior of the instability index can be explained in the three regimes.

If the penalty for instability (the increase in the death rate) is relatively high, and

the gain (the increased rate of mutant production) is small, unstable cells lose out

in the evolutionary competition, and the system undergoes scenario 1. On the other

hand, if the penalty is relatively small, and the added mutation rate is high, the

colony behaves according to pattern 3. Finally, in the intermediate case, scenario 2 is
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observed. For these parameters, unstable cells are generated relatively fast, thus the

instability index experiences a temporary rise. As the colony continues to grow, the

unstable colony decreases relative to the stable population because of its decreased

net growth rate.

3.3.3 Comparison of several models

To check the robustness of the model, we compared the qualitative shapes of the

instability curve for several dynamical formulations of the model. Figure 3.6 presents

the instability curves for the quasispecies-type equations with partial homeostatic

control for y (Figure 3.6(a)); the quasispecies-type equations without homeostatic

control for y (Figure 3.6(b)); and the logistic growth equations (Figure 3.6(c)). Keep-

ing all the parameters fixed and only varying the magnitude of the death rate, we

are able to obtain all three scenarios for the instability index described above, for

all three models. One major difference between Figure 3.6(a) and (b) is that even

though the population experiences similar changes in the level of instability, when

the homeostatic control term φ is omitted from equations (3.5-3.6) the cancer cell

population reaches its maximum value faster. This result is very intuitive as cancer

cells grow faster without the partial control presented by φ. We get similar results in

the case of logistic growth shown in Figure 3.6(c).

Similar simulations were run for the sequential mutation network model. Again we

let the death rates di be represented by the linear function given in (3.17), and for

cancerous mutation rates we use (3.18). We have investigated two different assump-

tions for the mutation rates µi, νi. First, we set all the rates equal to each other,

µi = νi = 10−7 for all i ≥ 1. This assumes that the molecular mechsms of acquir-

ing different levels of instability are different from mechanisms of cancer initiation
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Figure 3.7: Level of instability depending on the number of unstable types, n for radial mutation
network. Displayed are plots for n = 2, 5, 10, 50. Higher numbers of populations correspond to more
instability in the system. The parameters are log10D = −0.7, d0 = 10−4, p0 = 10−7, a = 1.2, n =
4, µi = pi for i ≥ 1.

(characterized by rates pi). For example, µi could be rates of point mutations, and

pi are rates of chromosomal loss. This situation is similar to that investigated in Ko-

marova & Wodarz (2004); Komarova et al. (2008). For this choice of mutation rates,

we were able to observe all three cases discussed above and the results were similar

to Figure 3.5. The difference between this model and the radial mutation network

model is that in the latter case, scenarios 2© and 3© of Figure 3.4 can be obtained

more easily (for larger ranges of the death rates and mutation rates). The reason

for this difference is that in a sequential model, for a cell to acquire growth inducing

alterations of the genome, it has to undergo a chain of mutations, whereas in the

radial model, the increase in the level of instability results from a single mutation of

stable cells. This difference is more apparent when n is large.

As an alternative choice for the mutation rates µi, νi, we assumed that genetically

unstable cell populations are more prone to further genetic changes that will result in

more instability. Therefore, we took µi = νi = pi. The results are almost identical to

the above choice of µi, νi. After comparing these and other choices for µi, we concluded

that basic mutation rates do not change the dynamics of the system significantly.

Figure 3.7 shows how the shape of the instability curve depends on the number of
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populations present. As expected, both radial and sequential models reach higher

levels of instability when n is larger. This is because higher cancerous mutation rates

compensate for the smaller sizes of more unstable populations.

3.4 Discussion and conclusions

We have formulated a class of mathematical models to study the temporal changes of

the level of instability in tumor progression. In our models we consider mutations of

different critical genes and other types of genetic changes, such as rearrangements or

loss of chromosomes. The non-cancerous and malignant populations are divided into

sub-populations characterized by different levels of instability. These sub-populations

can acquire further genetic changes resulting in further growth advantages, leading

to escape from homeostatic control.

By measuring the level of instability in the system at each time point, we find that

there are several typical patterns that are observed with respect to the evolution of

genetic instability. We found that for small death rates and large mutation rates,

the system generates and keeps high levels of instability throughout the growth. The

opposite scenario is observed when the cells pay a large penalty for being unstable.

When the death rate is large and the mutation rates resulting from instability are

relatively small, instability does not evolve. Finally, the third scenario is observed

when the death rates and the mutation rates are in balance. In this case, the lineage

generates high levels of instability at first, and then switches to a more stable state

as tumor progresses further.

This latter scenario, characterized by a return of stability to a previously unstable

tumor, has been documented in the literature. Brinkley (2001) argue that, while in-
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stability plays an important role in early stages of carcinogenesis, subsequent survival

and perpetuation of the malignant clones require the resumption of mitotic stabil-

ity. In the context of the functioning of the cell centrosomes, the authors suggest

two possible mechanisms, by which stability can be regained: (i) selective inactiva-

tion of the extra centrosomes (“deamplification”) or (ii) their coalescence into two

functional spindle poles, which correct the problem of centrosome excess. A relevant

phenomenon termed “genetic convergence” was first described in Heim et al. (1988).

In an in vitro study (Chiba et al., 2000), it is shown that centrosomal changes continue

to occur as tumors progress, leading to conversion to relative chromosomal stability.

In several cell types, extensive chromosome instability and centrosome hyperamplifi-

cation were observed during early to mid passages, while at late passages, a distinct

subpopulation of cells became dominant in each culture, and centrosome hyperampli-

fication and chromosome instability were suppressed in these cells. The authors argue

that at “a certain time point when cells have acquired a chromosome composition that

provides appropriate growth advantage in culture, maintenance of the chromosome

composition becomes a selection force.” Evidence of genomic convergence was also

found in the context of prostate cancer (Ta & Gioeli, 2014). In Nicholson & Cimini

(2013), CIN and aneuploidy of cells have been studied. It was shown that once diploid

cells become aneuploid, they also appear to become chromosomally stable, which pro-

vides a mechanism of instability reversal, see also Bakhoum et al. (2009). Another

possible mechanism of return of stability is related to the function of c-Myc. It has

been suggested (see Gordan et al. (2008)) that intermediate c-Myc expression levels

may promote genomic stability, consistent with the observation that DNA damage is

reduced when c-Myc is inhibited by HIF-1α (Huang et al., 2007; Koshiji et al., 2005).

In the context of telomere-induced instability, similar temporal patterns of instability

dynamics have been reported. It has been argued by Chin et al. (2004) that the level

of genetic instability in breast cancers first increases, reaches a peak and then de-
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creases as the cancer passes through telomere crisis. Paper by Rudolph et al. (2001)

studies intestinal carcinoma in mice and humans, and reports data which are consis-

tent with a similar model: telomere dysfunction promotes chromosomal instability,

which in turn drives carcinogenesis at early stages. Later on, telomerase activation

restores stability to allow further tumor progression, see also Samper et al. (2001);

Artandi & DePinho (2000); González-Suárez et al. (2000).
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Chapter 4

Models with multiple driver

mutation

4.1 Introduction

In the theoretical and mathematical literature, the question that is asked most fre-

quently is that of the role of instability in tumor progression. Is it a cause or a

“side-effect” of carcinogenesis? In this context, the concept of mutator phenotype

was introduced by Loeb (2001, 2011), and much theoretical work has been devoted

to understanding the role of genetic instability in cancer initiation and progression,

see e.g. Little (2010) and the references therein.

Important insights into the temporal molecular dynamics of cancer, including the

evolution of instability, have been obtained by comparing stochastic models with

epidemiological data. Meza et al. (2008) fitted a stochastic multistage carcinogenesis

model to the large database of colorectal and pancreatic cancers in the Surveillance

Epidemiology and End Results (SEER) registry. The results are consistent with the

67



idea that chromosomal instability does not come as a first step in carcinogenesis but

arises later one, after the first driver mutation has been obtained. Little et al. (2008)

created a model that allowed multiple types of genomic instability and an arbitrary

number of mutational stages. The model was fitted to US Caucasian colon cancer

incidence data. It was found that the model with just one type of instability provided

a very good fit to the dataset, and therefore it s unlikely that this methodology can

reveal additional information about the types of instability prevalent in colon cancer.

Beerenwinkel et al. (2007) used a Wright-Fisher type model to describe the acquisition

of driver mutations that triggered clonal expansions within a tumor. Cancer progres-

sion was interpreted as the result of multiple sequential mutations, each making a

relatively small but positive effect on net cell growth. It was shown that, as long as

the average selective advantage per mutation was on the order of 1%, carcinogenesis

could occur in a biologically reasonable time even without an elevated mutation rate.

An increased mutation rate reduced the waiting time to cancer accordingly. Anal-

ysis of Schöllnberger et al. (2010) revealed that in the cases of the lung and colon

cancers, the waiting time to cancer was dominated by the selective advantage per

mutation and the net clonal expansion rate (and the mutation rate had less effect).

S Datta et al. (2013) also used a Wright-Fisher type model to investigate under which

circumstances genetic instability evolved during carcinogenesis. Both advantageous

and disadvantageous mutations were included, as well as mutations that increased

the cells’ mutation rate. This model demonstrated that the strength of selection for

additional driver mutations determines whether or not a cancer is likely to evolve a

mutator phenotype. In particular, if the selection for the driver mutations is very

strong, neutral mutator mutations that evolve by drift are effectively removed from

the growing clones. If the selection for the driver mutations is very week, then the

clone dynamics are driven almost entirely by drift (and not clonal selection), such

that selection for unstable cells is weak. Therefore, instability is most likely to be
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generated for an intermediate range of selection for driver mutations.

Here we consider cancer evolution on a mutation-selection network with “mutator”

mutations and multiple driver mutations that lead to the progression to cancer. Ex-

amining the relative abundance of different subpopulations we identify the three pat-

terns for the changes in the level of genetic instability discussed in the previous

chapter. We further study the general evolutionary patterns exhibited by cell clones

at different stages of carcinogenesis. We find that the early clones containing a small

number of driver mutations, are likely to be dominated by stable phenotypes, and

instability may or may not develop as a “passenger”. Intermediate and late clones

containing more transforming mutations are more likely to have originated in an un-

stable cells, thus giving instability a causal role in cancer progression. We compare

our results to relevant recent findings in biological literature, and discuss them in the

context of treatment targets.

4.2 Model formulation

Typically, tumor growth is initiated by one or more mutations, which, in collaboration

with the environment, give the cell selective advantages, resulting in the expansion

of the clone derived from this cell. Successive advantageous mutations (the driver

mutations) cause waves of clonal expansion, followed by growth plateaus, as discussed

e.g. in Tomlinson et al. (1996). In this section we consider this stepwise nature of

tumorigenesis and assume that cells acquire multiple driver mutations giving rise to

tumor growth. These mutations result in subpopulations that are characterized by

more aggressive properties than the parent populations, and have higher growth rates.

We examine the solution curves of the system and analyze the changes in the level of

instability in the radial and sequential mutation network models.

69



x00 µ //
µ

))
µ

((

µ

))

p0

��

x01

p1

��

x02

p2

��

x03

p3

��

. . . x0n

pn

��
x10 µ //

µ
55

µ

66

µ

55

p0

��

x11

��

x12

��

x13

��

. . . x1n

pn

��
...

pm0
��

...

p1

��

...

p2

��

...

p3

��

...

pn

��
xm0 µ //

µ
55

µ

66

µ

55xm1 xm2 xm3 . . . xmn

Figure 4.1: Radial mutation network with multiple driver mutations. Upper index
indicates number of driver mutations and lower index indicates the instability level.

To describe the multi-step dynamics, we first use an extension of the logistic growth

equations Ż = QZ ≡ (MR−D)Z, presented in section 3.2.

Here, Z = (x00, . . . , x
0
n, x

1
0, . . . , x

1
n, . . . , x

m
0 , . . . , x

m
n )T . The lower index varies from 0

to n and corresponds to the degree of instability. The upper index varies from 0

to m and describes the stage in the multistage carcinogenesis; it corresponds to the

number of driver mutations carried by the cell. Therefore, x0i are benign populations

for 0 ≤ i ≤ n and xji are cancerous populations for 0 ≤ i ≤ n, 1 ≤ j ≤ m. M is given

by a block diagonal matrix with blocks Mxj , 0 ≤ j ≤ m, and R is a block diagonal

matrix with blocks Kxj , 0 ≤ j ≤ m, defined in section 3.2.

This mutation network (assuming the radial mutation structure) is presented in Fig-

ure 4.1; sequential mutation network gives similar results. We assume that cells with

the same number of driver mutations undergo similar growth limitations independent

of their instability level, and let the carrying capacity and growth rate of populations

at each step be the same. With further mutations, cells acquire higher growth rates

and are subject to less regulation (can achieve a higher population size).
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Figure 4.2: The dynamics of the instability index for models with multiple driver mutations:
Multiple driver mutations model with logistic growth equations, radial mutation network: n =
3,m = 6,Kx0

i
= 105,Kx1

i
= Kx2

i
= 107,Kx3

i
= Kx4

i
= 1012,Kx5

i
= Kx6

i
= 1015, ai = 1+0.05i, 0 ≤ i ≤

6, µ = 10−7, p0 = 10−7, p1 = 10−5, p2 = 10−3, p3 = 10−2, d0 = 10−4, d1 = 10−0.5, 10−0.5, 10−1, d2 =
10−0.2, 10−0.3, 10−0.5, d3 = 10−0.1, 10−0.15, 10−0.2 for cases 1©, 2©, 3© respectively.

4.3 Results

4.3.1 Temporal dynamics of the instability index

Figure 4.2 plots three typical scenarios of the instability index dynamics in the case of

multiple driver mutations. Again, as in the case of a one-step model, there are three

scenarios: (1) the tumor remains stable throughout the course of its growth; (2)

instability is generated but later declines; (3) instability is generated and the level of

instability remains high all the way through. These three behaviors are demonstrated

in Figure 4.2 graphs 1©, 2©, 3© respectively. The patterns observed in the multiple

driver mutant system are very similar to the ones described for a simpler, single-step

system of Section 3.2.2. Again, high penalty and low gain associated with genetic

instability result in a mostly stable population (scenario 1), the opposite regime leads

to scenario 3 (a high level of instability throughout the growth of the tumor), and

intermediate parameters correspond to a temporary rise of instability.
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Figure 4.3: Temporal dynamics of different sub-populations with multiple driver mutations for ra-
dial mutation network with logistic growth equations. Each plot corresponds to a single step in car-
cinogenesis and plots the subpopulations at different instability levels. m = 3, n = 3, d0 = 10−4, d1 =
10−4, d0 = 10−3, d2 = 10−2, d3 = 10−1, p0 = 10−7, p1 = 10−5, p2 = 10−3.5, p3 = 10−2,Kx0

i
=

105,Kx1
i

= 107,Kx2
i

= 1012,Kx3
i

= 1015, a0 = 1, a1 = 1.05, a2 = 1.1, a3 = 1.15, a4 = 1.2.

There are however some differences between the one-step and multiple-step models,

for example, the existence of additional local maxima (or “bumps”) in the instability

index curve in the case of multiple driver mutations. In order to understand the

differences and get a sense of the reasons for the observed dynamics, we turn to the

detailed dynamics of various sub-populations, see figure 4.3.

Figure 4.3 plots the temporal dynamics of various sub-populations, grouped by the

number of driver mutations that they carry. For example, the upper left graph depicts

non-cancerous populations at different levels of stability (and correspond to the first

row in the diagram of figure 4.1). The upper right plot shows the populations that

have acquired one driver mutation (and correspond to the second row in the diagram

of figure 4.1), and so on. The different lines in each plot correspond to the different

levels of instability, with the black line depicting the stable subpopulations. We

observe that each population with a given number of driver mutations grows until

a certain level (given by the carrying capacity associated with that phenotype) and

then decays, giving rise to the next step in the cancerous evolution, which brings in

the more aggressive and faster growing type with an extra driver mutation. Because
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the process of replacement of one population by another is very fast, it causes drastic

changes in the instability level of the system for a short period of time. This behavior

is at the core of the observed “bumps” visible in the instability index curve, figure 4.2.

The bumps mark the step-wise progression of the ever-changing cancerous colony.

Next, we notice in figure 4.3 that the non-cancer population and the population at

step one are predominantly stable throughout tumor growth (the black lines domi-

nate). For the specific parameter values used in the figure, cells with two and three

driver mutations are dominated by unstable populations. In general, the number of

predominantly stable stages depends on the system parameters; the first two stages

however always remain stable, and, for m > 1, the following stages may become

predominantly unstable.

4.3.2 Cause or consequence?

An important question is whether instability is a “passenger” phenomenon or it is

one of the causal events in carcinogenesis. It is evident that for the parameters of

figure 4.3, the core of the tumor grows out of a genetically unstable cell (level 3

population is dominated by the most unstable cells, the bottom right graph). Our

simulations demonstrate that the strongest determiners of whether or not tumor will

grow from unstable populations are the balance of the increased mutation and death

rates associated with the instability. Other parameters such as the growth regulation

factors encoded in the growth rates and the carrying capacity of the various stages

may also pay a role. In general, instability is more likely to play a causal role if the

carcinogenesis process involves many steps (relatively large values of m).

The reasons for these patterns can be understood from the model analysis. First

let us concentrate of populations x0n and x00 in figure 4.1, which are unstable and

73



stable non-cancerous cells. It is clear that x0n � x00 because the unstable population

is produced from the wild type population and has a lower growth rate due to the

deleterious mutations experienced by unstable cells. Therefore, it is expected that

the non-cancerous population is dominated by stable sub-populations. Let us next

compare the dynamics of populations x1n and x10 in figure 4.1; these are unstable and

stable cells carrying one driver mutations. Population x1n is produced at a relatively

high rate (pn > p0), but it is produced by a smaller pool of cells (x0n � x00) and

it grows slower than population x10, because it has an increased, instability-related

death rate.

It turns out that the gain in production rate is typically not sufficient to offset the loss

in the growth exponent, and population x1n remains smaller than x10 for all realistic

parameter regimes. More precisely, if the mutation rates of the unstable types, pi, are

below 10−2, which is a biologically plausible maximum (Lengauer et al., 1997), and if

the basic mutation rate, µ, is under 10−6, then the majority of the cell populations

that carry a single driver mutation are stable. Only raising the mutation rate µ to

about 10−5 results in the unstable clone overtaking the growing colony at this first

stage of carcinogenesis. This result is consistent with the findings of Tomlinson et al.

(1996).

Even though among the carriers of a single driver mutation, the stable population

comprises the majority, the relative fraction of the unstable population among these

cells is higher than that among the non-cancerous cells. This happens due to the

large difference in the mutation rates pn and p0, and it is important to understand the

further development of tumor dynamics. Consider the next stage of carcinogenesis.

Compared with population x20, population x2n is created by a smaller pool of cells

(x1n < x10), but as mentioned above, the relative fraction of the producing population

x1n is higher. For some parameter combinations, the disadvantage resulting from the
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lowered growth rate of x2n can be compensated by their fast production (pn � p0),

resulting in the dominance of the unstable population at this level (see the bottom

graphs of figure 4.3).

4.3.3 Evolution patterns for cancer populations

This argument outlines an important difference between the one-stage and multi-stage

model. In the single driver mutation model described in Section 3.2.2, even though

genetic instability may evolve in the course of cancer evolution, the population that

eventually takes over is stable (see black line on Figure 3.3(b)). In other words, cells

with elevated mutation rates that come up in the course of tumorigenesis are dead

ends, which themselves do not give rise to tumor growth. Contrary to this, in the

model with multiple driver mutations, instability may play a causal role, giving rise

to the population that eventually wins the evolutionary competition.

Depending on the interplay of the instability-related changes in the mutation and

death rate of cells, we observe three evolution patterns for cancer populations with

two or more driver mutations. Populations that have more than one driver mutation

can originate and evolve according to exactly three different scenarios: (i) originate

from stable cells and stay stable throughout growth, (ii) originate from unstable

populations then stabilize as cancer progresses, or (iii) originate from unstable cells

and remain unstable.

If instability results in a modest increase in the intrinsic mutation rate and a relatively

large increase in the death rate, then instability is disadvantageous. In this case tumor

starts to grow in a stable population and scenario (i) is observed. On the other hand,

when instability yields a high increase in mutation rates, unstable driver mutations

may play a causal role in cancer formation. Here, populations with more than one

75



driver mutations initially start to grow from an unstable cell. Depending on the

relative increase in the instability-related death rate, we observe behavior described

in scenarios (ii) and (iii) above. In case (ii), the death rates of unstable populations

are increased significantly, and after the initial growth the stable populations come

to dominate the colony. Case (iii) corresponds to a relatively small increase in death

rates. In this case the price paid because of the deleterious mutations is insignificant

compared to the advantages gained from high mutation rates.

Finally we comment on the relationship between the instability index curve and the

more detailed, population dynamic curves considered above. High levels of instability

at the end of growth, Figure 4.2 3©, almost always indicate that tumor grows from

unstable cells. Similarly, if instability does not evolve, Figure 4.2 1©, then most likely

instability does not play a causative role in tumor formation. If, however, instability

of the system grows similar to Figure 4.2 2©, the instability curve does not necessarily

reflect whether or when the majority of the cells is unstable. It merely describes the

temporal dynamics of the relative fraction of unstable cells. For example, acquiring

a relatively low percentage of very unstable cells can visibly increase the instability

index, without the majority of the population even acquiring the unstable status.

4.4 Discussion and conclusions

The multi-step model presented in this study provides some important insights into

the complexities of an evolving, heterogeneous cancerous population, which at all

times consists of different sub-populations at different stage of carcinogenesis and

having different levels of instability. These populations are at competition with each

other, which is made more intricate by the different degrees of escape from home-

ostatic control and regulation exhibited by different cellular phenotypes. There are
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some patterns, however, that appear quite general within the constraints of the model.

Mutations causing instability are “passengers” in tumors that have undergone only

a small number of malignant mutations. Further down the path of carcinogenesis,

unstable cells are more likely to give rise to the winning clonal wave that takes over

the tumor and carries the evolution forward. Further, each individual clonal wave

(cells harboring a fixed number of malignant driver mutations) experiences its own

evolution of instability. It can fall under three types of temporal behavior: stable

throughout, unstable to stable, or unstable throughout. Which scenario is realized

again depends on the subtle (but predictable) interplay among mutation rates and

the death toll associated with the instability.

The knowledge gathered on genetic instability in cancer can be helpful in develop-

ing therapeutic approaches (Loeb, 2011). The notion of chromosomal instability is

closely related to the functioning (or malfunctioning) of DNA damage repair path-

ways, which is highly relevant to cancer therapy. For example, radiation therapy

as well as many chemotherapeutic agents are effective in treatment due their abili-

ties to cause DNA damage. This highlights the connection between repair capability

and therapeutic outcome in many treatment scenarios. Targeted inhibition of an

appropriate DNA repair pathway in cancer cells is a promising strategy to increase

treatment efficacy (Begg et al., 2011; Lord & Ashworth, 2012; Bouwman & Jonkers,

2012). Inhibitors of DNA repair could increase the efficacy of DNA-damaging an-

ticancer drugs; small-molecule inhibitors of DNA repair have been combined with

conventional chemotherapy drugs in several phase I-II clinical trials (Helleday et al.,

2008).

There are efforts underway to manipulate the DNA damage responses to selectively

induce tumor cell death through catastrophic genomic instability. It has also been

proposed (Helleday et al., 2008) that DNA repair inhibitors could be used as single
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agent therapies. They can prevent the repair of replication lesions present in tumor

cells and convert them into fatal replication lesions that specifically kill cancer cells.

A potential advantage of such therapy is its selectivity for tumor cells, which would

result in fewer side effects.

Therapeutic potential of DNA damage repair (DDR) has also been discussed in the

context of synthetic lethality; one example is the use of poly(ADP-ribose) poly-

merase (PARP) inhibitors in homologous recombination repair (HRR)-defective tu-

mors (Curtin, 2012). Another possible application for DDR inhibitors is to block

apoptotic events, such as those mediated by CHK2 and p53, thus alleviating toxici-

ties to normal tissues.

The modeling approach provided here sheds light onto some aspects of the evolution-

ary dynamics of instability, which may be relevant to the above treatment scenarios.

While the mean mutation rate of the lineage can be highly elevated, the cell popula-

tion can be extremely heterogeneous, and the majority of cells can actually be stable

(that is, their DDR system intact). Moreover, the composition of the population

with respect to instability and DDR deficiency can change significantly during tumor

progression. Therefore, investigating the particular instability type that develops and

analyzing its effect on both the mutation rate and the death rate of cells may allow us

to understand what pattern of instability is expected, and to what degree the popu-

lation is heterogeneous. This may guide the choice of a targeting strategy, depending

on the disease stage.

The model studied here is a non-spatial deterministic model, and as such, it has

many limitations. For example, including stochasticity is the next obvious step in the

analysis. Spatial effects should also be taken in the account, e.g. by means of a hybrid

multi-scale approach. We regard the present model as a conceptual formulation of a
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question and a sketch of an answer. We expect the clear patterns predicted by the

current model to persist beyond the limitations of ordinary differential equations. If

however future, more complex models show deviations from our predictions, it will

be most instructive to analyze the possible reasons for this. Such work, which would

rely on stepwise incremental complexification of the modeling approach, is likely to

lead to further interesting insights and improved understanding of each component

of the evolution of instability in cancer.
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Appendices

A Appendix for Chapter 1

A.1 A growing function for virus production

For the infection term ki = 1 + g(i−1)(η+1)
i−1+η , (1.8) becomes the equation given in (1.11).

In this case the total viral output of the system does not change for large enough N.

At the steady state the solutions xi are decreasing with i and when N is large enough

the number of cells infected with N copies of the virus becomes very small. Hence,

for large enough N, the contribution of the last term of (1.11) becomes insignificant.

lim
N→∞

βkNλW
N

a(a+W )N−1(d+W )
= lim

N→∞

β
(

1 + g(N−1)(η+1)
N−1+η

)
λWN

a(a+W )N−1(d+W )
= 0, (A.1)

and (1.11) becomes

W =
∞∑
i=1

β

(
1 +

g(i− 1)(η + 1)

i− 1 + η

)
λW i

(a+W )i(d+W )
. (A.2)
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Finding steady states of the system becomes equivalent of solving the following equa-

tion

W (d+W )

λ
= β

(
(1 + g(1 + η))W

a
− g(1 + η)W

a+W
2F1

(
1, η; 1 + η;

W

a+W

))
.(A.3)

Here, 2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
and

(x)n =


1, if n = 0

x(x+ 1)(x+ 2)...(x+ n− 1), if n > 0.

For simplicity, we let

L(W ) ≡ W (d+W )

λ
(A.4)

R(W ) ≡ β

(
(1 + g(1 + η))W

a
− g(1 + η)W

a+W
2F1

(
1, η; 1 + η;

W

a+W

))
.(A.5)

When W → 0, d
dW
L(W ) → d

λ
and d

dW
R(W ) → β

a
. Similarly, when W → ∞,

d
dW
L(W )→∞ and d

dW
R(W )→ β

a
(1 + g(η+ 1)). This shows that for small and large

values of W, L(W ) grows faster than R(W ). This means that there are either two

positive solutions or none. Hence, our goal is to find positive values W1 and W2, such

that for W1 < W < W2, R(W ) > L(W ).

We first analyze (A.3) for the case η = 1 and, to make calculations simple, we let

R0 → 1−. When W is in between W1 and W2 given below, R(W ) grows faster than
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L(W ).

W1 =
−a2 + adg +

√
a2(a− dg)2

2a
(A.6)

W2 =
−a2 + adg −

√
a2(a− dg)2

2a
.

Letting

gc ≡
a

d
, (A.7)

we get W1 = 0, W2 = −a+ dg > 0 and R(W2) > L(W2), when g > gc. On the other

hand, when g < gc, W1 and W2 are both non positive. So, when g > gc, (A.3) has

two positive solutions.

The quantity ki is an increasing function of η, as dki
dη

= g(i2−3i+2)
(η+i−1)2 > 0 ∀i, i ≥ 3.

So, R(W ) is an increasing function of η. This shows that for η ≥ 1, g > gc, equation

(A.3) has two positive solutions.
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A.2 A step function for virus production

Recursively finding the steady state of the system for each xi, we find two equilibria

in terms of xm given by:

S0 : W = 0, Z = 0, x0 =
λ

d
(A.8)

S1 : W = −(a− Cxm)(ad− β(λ− dxm + Cdxm))

aβ(a− β(C − 1)xm)
(A.9)

Z =
xm(−ad+ β(Cdxm + λ− dxm))

a(a− β(C − 1)xm)

x0 =
a

β
+ xm − Cxm

xm =
λ

d+ β(W + CZ)

(
β(W + CZ)

a+ β(W + CZ)

)m
.

Total number of infected cells in the second equilibrium is W + Z, given below

W + Z =
−ad+ β(λ+ (C − 1)dxm)

aβ
. (A.10)

Letting

g(x,m) =
(a− x)

β

(
−ad+ λβ + dx

a2 − ad+ λβ − (a− d)x

)m
, (A.11)
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Figure A.4: Examples of x intersecting g(x,m) at its maximum for an odd and even values of m.
(a) m is odd (m = 1). (b) m is even (m=4).

xm evaluated at S1 becomes

xm = g(β(C − 1)xm,m). (A.12)

Finding steady states of (1.13) is equivalent to finding positive solutions to (A.12),

which is the same as finding positive x, for which the line x
β(C−1) intersects the curve

g(x,m). Our goal becomes to find the smallest value of C > 0, for which equation

(A.12) has a positive solution. The critical points of g(x,m) are a− λβ
d

, a + λβ
a−d , x1,

and x2, where

x1 =
2a2d+ 2dλβ − a(2d2 − λβ(m− 1))−

√
aλβ

√
a(m− 1)2 + 4dm

2(a− d)d
(A.13)

x2 =
2a2d+ 2dλβ − a(2d2 − λβ(m− 1)) +

√
aλβ

√
a(m− 1)2 + 4dm

2(a− d)d
. (A.14)

The value of x1 given in (A.13) is a maximum of g(x,m) for all m and x2 given in
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(A.14) is a maximum of g(x,m) when m is even and a minimum if m is odd. When

m is even, g(x2,m) < x2
β(C−1) for all C and when m is odd, g(x2,m) > x2

β(C−1) for all

C. Hence, all the positive solutions to (A.12) are in the region when x is less than the

asymptote a2−ad+λβ
a−d . It is not easy to find the minimum value of C for which (A.12)

has a positive solution, therefore, instead we find C, for which g(x1,m) = x1
β(C−1) ,

i.e., the line x1
β(C−1) intersects the curve at its maximum x1. This is illustrated in

Figure A.4 for m = 1 and m = 4. The value of C is given by the equation (1.14).

From Figure A.4 we can see that it is possible for the line x
β(C−1) to intersect the

curve g(x,m) for smaller values of C. Even though equation in (1.14) does not give

the smallest C to insure bistability, it gives a good estimate of the gap between km−1

and km needed to obtain bistability.
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B Appendix for Chapter 2

B.1 Obtaining bistability when k2 is not large enough

The analysis for more than two infected cell populations gets very complicated, so to

simplify the equations we choose k2 → (kc2)
− and repeat the analysis above. Choosing

k3 = kc3 + δ, we obtain the following system:

x0 =
λ

d
+ x

1/2
0 δ1/2 + x10δ

1 + x
3/2
0 δ3/2 + . . .

x1 = x
1/2
1 δ1/2 + x11δ

1 + x
3/2
1 δ3/2 + . . . (B.15)

x2 = x12δ
1 + x

3/2
2 δ3/2 + . . .

x3 = x
3/2
3 δ3/2 + . . .

From the equations for ẋ0 at order δ1/2, ẋ1 at order δ, and ẋ0 at order δ, we get the

following equations for x
1/2
1 , x12, and x10:

x
1/2
1 = −d

a
x
1/2
0 (B.16)

x12 =
d3G̃1(x

1/2
0 )2

a2λG̃0

(B.17)

dx10 + ax11 = −d
3G̃1(x

1/2
0 )2

aλG̃0

. (B.18)
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From the equations for ẋ2 and ẋ3 at order δ3/2 we obtain the following equations for

x
3/2
2 and x

3/2
3 :

x
3/2
2 =

d2(x
1/2
0 )2

a3λ2G̃2
0

((d2G̃1(aG̃0 + dG̃1 − dG̃2), (B.19)

+ dλG̃1L01[G0]− dG0λL01[G1]) + 2a2λG̃0G̃1x
1/2
0 x11,

x
3/2
3 = −d

5G̃1G̃2(x
1/2
0 )3

a3λ2G̃2
0

. (B.20)

After expanding x0 to order δ3/2 and solving for x11, the δ3/2 order expansion gives

kc3 = kc2 +
a

d

G̃0

G̃2

+
λ

d2G̃2

L02[G̃0] (B.21)

+
λa

d3
G̃0

G̃2
1G̃2

(G̃0L01[G̃1]− G̃1L01[G̃0])

+
λ2

2d4
G̃0

G̃2
1G̃2

L01[G̃0](2L01[G̃1]− G̃1L01[G̃0]).
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