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0(4) SYMMETRY AND REGGE POLE THEORY
Jiunn-Ming Wang
Tawrence Radiation Laboratory
University of California

Berkeley, California

July 27, 1967
ABSTRACT

For reactions in which the initial and final states in the
t-channel contain equal mass particles (e.g. NN - nx) of masses m
and m', we show using analytic continuation and Lorentz invariance
that the on-mass shell helicity amplitudes in the region t = O,

(m - m’)2 < s £ (m+ m’)g, are invariant under the group O(k4).
Decompositions of the amplitudes in irreducible representations of
0(k) (four dimensional partial wave expansions) are obtained and
related to conventional partial wave expansions., Poles classified
according to the O(L4) group are shown to lead to infinite families
of Regge poles. The formalism is developed for arbitrary spins and
the case of nucleon-nucleon scattering is studied in detail. Our
results for fhe Regge pole structure in NN scattering are stronger

than those of the conspirator theory.
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I. INTRODUCTION
A surprising result of recent work on Regge pole theory is
that Regge trajectories really occur in families with definite
requirements on the spacing of members of a family and on the behavior
of residue functions at zero values of the invariant mass. Such re-

sults have been derived explicitly for unequal-mass spin zero scatter-

5,k

ing amplitudesl’2

and for nucleon-nucleon scattering.

Although analyticity properties of scattering amplitudes at
zero values of the Mandelstam invariants are the essential ingredients
in the arguments of References l-h,_we would like to focus our atten-
tion here on an altogether different method by which similar results
can be derived. This method involves the assoclation of the Regge
pole structure with a group invariance property of scattering ampli-
tudes closely connected with the underlying Lorentz invariance of the
theory.

Physical theories are required to be manifestly invariant
under transformations of the Poincaré group. Partial wave expansions
of scattering amplitudes from which the Regge pole classification is
derived should be regarded as decompositions iﬁ irreducible repre-
sentations of the little group of the Poincaré group which preserves
the total eﬁergy-momentum vector X" in the direct channel. In the
physical region, KH is positive time like and the familiar partial

wave expansion is expressed terms of the representation functions of
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the corresponding little group 0(3). When K* = 0 the little group
is enlarged to a group of four dimensional transformations isomorphic
to the homogeneous Lorentz group 0(3,1) or homogeneous four dimen-
sional rotation group, depending on the region in s vwhere the ¥
scattering amplitudes are considered. In order to incorporate the
full symmetry of the amplitude at this point one should really expand
in representation functions and classify poles in terms of the four-
dimensional group. This is the standpoint adopted in this paper.

Consider the process in which momenta Py + Py pl‘ + p2',
and define t = K =-(pl + p2)2, s = (pl - pl')g. If the masses
p12 = p22 = m2 and pl’2 = p2'2 = m“g are pairwise equal, the point
KH = 0 corresponds to forward scattering in the s-channel.‘ In this
péper we restrict ourselves tQ mass configurations of this type.

In more general mass configurations the vector Ku is light-
like whenever t = O and the four-dimensional symmetry does not
strictly apply to the mass shell amplitude. An off-shell continuation
appears necessary in order to formulate the symmetry. It aléo seems
that analyticity arguments similar to thbse of References 1 and 2 can
be used to show directly that the Regge pole spectrum of the mass-
shell amplitude exhibits the symmetry.5 There is then the curious
circumstance that in pairwise equal mass configurations, as previously
defined, group théoretic assumptions are strictly necessary and lead
9

to stronger results than analyticity arguments,6 whereas in more

general mass configurations analyticity arguments yield as much
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inforﬁation as group theoretic methods.l

In our treatment of the four-dimensional symﬁetry we obtain
the compact group O(4) as the invariance group of the mass-shell
amplitude in the unphysical region t =0, (m - m’)2 <s < (m+ m')g.
We emphasize that the way we obtain O(4) symmetry from Lorentz
invariance of the scattering amplitudes is different from "Wick

7

rotation.”" As will be clear in Section II the scattering amplitudes
are never continued "off mass-shell." Our treatment applies to all
spins, and the use of a compact group leads to considerable simplifi-
cation over previous formulations. We are specifically interested in
the case of nucleon-nucleon scattering and in comparing our results
with the conspirator theory of Volkov and Gri'bov.5
In the next section we summarize previous work on this subject,
and briefly discuss the group O(4) in Section III. Section IV is
devoted to the establishment of the O(L4) symmetry of the scattering
amplitude at t = 0. The development of general four dimensional
partial wave decompositions and their relation to conventional three-
dimensional partial wave amplitudes are given in Section V, and in
Section VI we consider explicitly nucleon-nucleon scattering. In
Section VII we show that if Al is coupled to NN channel at t = o,
then no matter how we artificially arrange infinite number of Lorentz
poles in the n-plane, Al must be followed by an infinite sequence
of daughters in the j-plane. In Appendix 1 properties of 0O(4)

representation matrices used in the text are derived, and in Appendix 2



e

analytic continuations of the four dimensional partial wave ampli-
tudes are obtained using techniques similar to those of Froissart

and Gribov.
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ITI. PFREVIOUS WORK

A four dimensional Symmetry at the point k" = 0 has long
been known to be associated with amplitudes which satisfy a Bethe-
Salpeter equation. This symmetry was discovered and utilized in the
early papers on the Bethe-Salpeter equation by Wick7 and Cutkosky,8
and its consequences for complex angular momentum in the equal mass
case were first obtained by Domokos and Surany19 and by‘Nakanishi.lO
For unequal mass spin zero Bethe-Salpeter amplitudes it was shown in
Reference 1 that this symmetry implies that Regge trajectories have
exactly the properties found via the analyticity argument.

The daughter trajectories cbrrespond to what were called
abnormal solutions of the Bethe-Salpeter equation in the older 1lit-
erature.ll The daughter trajectory results shows that the "abnormal
solutions" cannot be dismissed as peculiar features of the Bethe-
Salpeter equations as often suggested;ll they are necessary for the
analyticity of the unequal mass amplitudes. Although conclusions
about the Bethe-Salpeter equation follow most easily from the Wick

7

rotated form, it would seem that most results concerning the four-

dimensional symmetry can also be derived in the original Lorentz

metric.l
Ixpansion theorems in terms of the four dimensiomal group can

be proven in general using the techniqﬁes developed in this paper,

and the Regge poles at t = O can be classified accordingly. Since

for scattering amplitudes with high enough spin we can not alleviate
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the necessity of an infinitevsequence of daughters by artificially
arranging the Lorentz poles in the n-plane, it is reasonable to
assume that the Lorentz poles are more fundamental than the Regge
poles. Or in other words Lorentz poles do not "conspire" in the
n-plane. This assumption is also motivated by the results in the
Bethe-Salpeter models and in the unequal_mass caée.l

TolleI‘:LB”lLL has given an elegant formulation of the four-
dimensional symmetry. He studies the forward scattering amplitude
in the crossed s-channei and obtains expansion theorems tor the
amplitude in terms of the continuum of irreducible unitary repre-
sentations of the non-compact little group O0(3,1). He assumes that
asymptotic terms corresponding to Regge poles are classified according
to this 0(3,1) expansion{ and explicitly obtains the pole structure
of nucleon-nucleon scattering.

Toller's formulation involves new and perhaps very useful
ideas. It featufes a group theoretic interpretation of the Regge
background integral and the association of the signature of a Regge
pole with the eigenvalue of the TCP reflection operation. A diffi-
culty of the theory is that the expansion theory in terms of the non-

compact group O0(3,1) seems to apply rigorously only to amplitudes
which have no Regge poles to the right of & = -1 at t = 0. A
difficulty.of this type is avoided in our treatment, because the
O(4) group is compact. It also seems that the O(4) formulation is

considerably simpler than that based on the non-compact 0(3,1).
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TII. THE GROUP O(k4)

The Lie group O(k4) of rotations in a four-dimensional
Fuclidean space has six infinitesimal generators, a sef Jl’ JE’ J5
which generate ordinary rotations in the yz, xz, and xy planes,
and a set Ki, Ké, Kf which generate rotations involving the fourth
axis, which we call "boosts" in analogy with standard Lorentz group

terminology. It is convenient to parameterize finite transformations

of 0(k) in the form

o
1l

R(®, 8, O)L5 (8)R(,B,7)

-ipJ, -ieJ, -ib iod,  -ipd,  ~iyd
= e 5 e 2 e KB e 3 2

e e 5 | (l)

where a standard Euler angle parameterization has been assumed for
rotations. The only boost which need be considered explicitly involves
the z axis. 1In this parameterization the invariant volume element

on the group manifold is
dg = do d(cos@) sin28 ad do d(COsB)dy . (2)

It is well known that the generators A, = %(Ji +K;) and
B, = %(Ji - Ki) satisfy independently the commutation relations of
ordinary angular momentum and that there therefore exists a corre-
spondence between 0(4) and SU(2) x SU(2). In the direct product

group pure rotations take the form (U,U) and pure boosts the form

-1
(V,V ) where U and V are arbitrary elements of SuU(2).
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Matrices of the four-component representation can be con-

structed from the expression

[ t'+z' x'-iyi) B < t+z X—iY) T
< xt+iy! t'-z! = U x+iy tez )V ' (3)

For a boost along the 2z axis we take

e-izs/e 0
~1
U = | +-16/2/ v=1U (4)
0] e
and obtain
AR /cosd 0 0 isind Ty
\ A
x! 3 0 1 0 0 x ‘i 5)
v 0 0 1 0 : y
\z '/ igind 0 0 cosd /.

The boost matrix obtained in this way differs from the standard form
by a unitary transformation. However, the form (5) ié best adapted
to our configuration where spatial components of four-vectors are
imaginafy. |

Trreducible representations of O(4) are denoted by the pair
of numbers (a,’b) where a and b are eigenvalues of the Casimir
operators I ala + 1), B - b(b + 1). There are two convenient
basis sets for an irreducible representation, one in which the
operators 'A and B, are diagonal and the other in which the total

3 b

angular momentum J2 and its third compoﬁent J, are diagonal. Trans-

>3

formation between the two bases is simply done by adding angular momenta
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A and B tomake J, and it is easy to see that the I.R. (a,D)
containg ordinary angular momenta J 1in integer intervals from
dpin = Ia - bl to dpax = a + b.

In the basis |(ab)jm) the representation matrix of the

transformation (1) can be written as

(

J

(a,D) N
3ms 3 'm'(g) zﬁ./..,., DmmH((P) G;O)d

"

m

b)

"
'm

()0l (@8,7)  (6)

a
J

where the DY are the ordinary representation matrices of SU(2),

and the boost matrix is found by transformation from the A5’ B

3

basis to be given by the trigonometric polymomial

o s,

(a;b) ' . .
d (6) = s C(a;b:Jiuym"P«) C(a;b:J SlJ«)m"‘u)e

Jd'm
1L ' (7)

-i(2p-m)d

in which ordinary Clebsch-Gordan coefficients appear as coefficients.
The polynomial (7) can be expressed in terms of Gegenbauer functions

(see Appendix 1). The normalization of the boost matrices is

K;"“‘. fT[ (a’—b )* a lb '
2 J’ a5 sin°s d. ., (8) d(.., )(5)
d JJ'm Ji'm
m 0
B x(2g + 1)(23 + 1)
= O 8bb' 2(2a + 1)(2b + 1) ° ()

It will be convenient at a later stage to introduce the quan-
tities n=a +b and M=a - b and to label I.R.'s and represen-

tation matrices by the pairing (n,M) instead of (a,b).
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IV. O(k4) SYMMETRY OF SCATTERING AMPLITUDES

We start by considering t-channel center-of-mass frame helicity

amplitu.des15 (pl'pg‘;plpg) for which we assume»cbnven-

T ! t.
M M T .
tional analyticity properties in the variables +t = (pl + pg) and

s = (pl' - pl)g. The Lorentz transformation law
X‘ 5, -1
Ty 1y 1. (p, 'p,"3Pyp,) = D7, (IR (A, ")ID IR (A, p, )]
Kl AQ ’AIAE 1 -2 12 {ﬁ% kl Hl W 1 7 -A? by' W 2
sy s,
1 1. ’
x T (Apl Ap2 :APlAPQ)Dul}\l[Rw(A)Pl)]D_'ug_}\e[Rw(A)PE)J:

1 t
by Hp s Hp

(9)

tells how to transform to an arbitrary Lorentz frame., The Wigner

rotations are given by

Lt (Ap)AL(p),

-ipJ, -i8J. -id
T3 p "1
e e

it

RW(A; P)

L(p) s - (lO)

e

where the Ji"generate rotations and the Kﬁ generate boosts. The
angles 5;6,@ specify the orientation of momentum four-vector p

according to

p° = m coshd, p = m sinh® 7(6,9) , (11)

where ?(6,@) is a spatial unit vector of polar angles (6,9)., For
physical (positive time-like) momentum vectors we adopt the convention

that &2 0 for particle 1 and B f 0 for particle 2. In the c.m.
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frame in the physical regioi/gf the t-channel, @l = mg, el = 82,
5i = -Sé = sinh~l( Zig - 1) . These conventions are completely
equivalent to those of the second paper of Referehce 15.

By the Hall-Wightman theorem™” Eq. (9) can be extended
analytically to any transformation A of the complex Lorentz group.
Further, Eq. (9) still specifies the Lorentz transformation law in
unphysical regions of the variables s and t. Continuation in t
and s is done via the c.m. frame helicity amplitudes, and Eq. (9)
then specifies the transformation law to any frame connected to the
c.m. frame by the transformation A of the complex Lorentz group.

The first step in obtaining the O0(4) symmetry is to continue
the t~channel helicity amplitudes from the physical region to t = 0
defining B, = -5, = 18 = 1 sin™1(1 - /i )l/2 so that'" 5 = /2
at t = 0. We see from (11) that the vector KH vanishes at t = O,
and that the amplitude there depends only on the relative momeﬁta
D= %(pl - pe) and p' = %(Pl' - pz'). After the continvation process
Jjust describgdrthe relative momentum vector has components

vpo - o

il

p = in r(6,) . (12)

with arbitrary spatial orientation at + = 0. This form defines the
center-of-mass frame at t = O,

The covering group of the complex Lorentz group is SL(2,C) x SL(2,C)
and we restrict ourselves now to transformations g of its compact sub-

group O(4) or rather SU(2) xSU(2). Such a transformation takes the
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relative momentum vector (12) into a vector of the form

-0
b

m cosd

[}

P im sind ?(6',¢') S (13)

where 8,0',9p' specify the polar coordinates of an arbitrary point
on the surface of a four-dimensiénal EMclidean sphere;
By starting froﬁ center-of-mass frame relative momentum vectors
(with initial and final state) of variable spatial orientation, we
apply transformation g of O(4) and use Eq. (9) to obtain scattering
amplitudes for relative momentum vectdrs p' and p with arbitrary
orientations on the sphere. This éet of on-mass-shell amplitudes is
obviously invariant under the group o(4). Veriation of p and p'
over the sphere corresponds to variation of ‘s in the interval
(m - m')2 < s S (m.+ m')2 where m and m' are the masses of
particles in the initial state and the final state of the t-channel.
~In this interval,.the amplitude is analytic except férbpossible poles
due to bound-.states in the s and n channels; and possible annihi-
latién cuts at which the amplitude is bounded. For example, in NN
scatfering there is the deuteron pole in the s-channel and a pion
pole and multi-pion and kaon annihilation cuts in the u-channél.
We subtract out the polé terms and treat them explicitly later.
This subtraction is done in a Loréntz invariant manner so that the

underlying group theory is not destroyed. The amplitude
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T n (p',-p',p,-p) remaining after the subtraction is square
hl x? leé

integrable as a function of the orientation of p and p' on the
sphere. It is therefore a bounded integral operator in gearch of a
Hilbert space, and we now define the Hilbert space as the set of

functions (p) defined on the sphere through Eq. (13) with norm

£
Klke

} fdg:fmg(p)l% . (14)
=

where df = sin°® ab d(cos®)dp is the surface element of the four
dimensional sphere. The introduction of a Hilbert space makes it very
easy to obtain the group-theoretic decomposition of the amplitude.

We change to bra-ket notation and write
LI 1 - — ' ' 1 : .
T, agn, (01 Py 1B P (p'a "N T|oA ) (15)

The ket | p,) = I%(secp)xlx2> is an improper basis ket of the Hilbert
space. It is defined in terms of the ket 1§X1%2) with momentum 5

in the direction of the .north pole of the sphere by

--iCPJ5 -i@J2
e

lonpy) = e S5 IoM) (16)

We have introduced the unit vector e(868¢p) of polar orientation (36¢)

in the four-dimensional space, and our kets are normalized by

1y 1y 300 4 -
R N N A C -e)t“vxlm1 o, (17)
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The ket transform under O(4) according to

N 51 | ®s
U(g)lo, M) =/ Dulxl[RW(g,_p)]D_“E_KQ[RW(&-p)]lgp,ul,ug)
By, (18)

where U(g) is the unitary operator in the Hilbert space corresponding
to the transformation g of O0(4). Invariance under O(L4) is express-

ed simply by the equation

ue ™)) = T . (19)
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V. O(4) DECOMPOSITION OF THE AMPLITUDE

Our goal is to obtain the four-dimensional partial wave
expansion of the amplitudes (15); and we do this by decomposing the
- Hilbert space into finite~dimensional subspaces>whose basis states
transform according to definite irreducible fepresentations of 0(4).
The invariance property (19) ensures a corresponding decomposition
of the matrix elements of the operator T, and this decompésition is
the desired partial wave expansion. Our procedure is well known in
ordinary quantum mechanics.l9

We study first the behavior under ordinary rotations of the
north pole helicity ket [5X1h2>. For an ordinary notation R(q,B,7)

the Wigner rotations (10) are given by

RW[R(OOS)?'))E] = R(Q;B)V)
_ -inks ) +in:K5
RW[R(O‘:ﬁ)?'); -pl = e R(Oﬂ,ﬁ,}’) e
= R(Oé, "B;y)- (20)
_ +inK,
The relation -p = e p is implied by previous conventions.

The last equality in (20) follows from the group structure of O(k).

Using (18) and (20) we obtain

= N Yot 81 ®2 =
R(O,’, B, 7) lphl?‘?) = 4.'/:-.., ('l) Dp‘]_"'\‘]_(a} 6)7)]3_“2, _}\2 (05; 6)7) ,PH11J-2> .
My K
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We define a new set of kets by the equation

27 Cs18,85M s A ) DA N) (22) -

lpsh) = Z (-1)

Mo

of which the north pole ket lﬁéh) transforms under rotations according

to the I.R.'s of 8U(2),

s
UlR(cgy)1lpsN) = /D, (oBy)|Een) (23)
wo

SpMs |
The phase factor (1) is very important to the final results.
The quantum number s, although a purely rotational quantum number,
differs from the total spin normally defined for two-particle systems.
Total spin is usually defined by coupling the two spins in the center-
of -mass frame, whereas our spin s is defined in the "north pole frame."
These frames are connected by the boost exp[-i % K5] which does not
commute with rotations. Hence the relation between the two total

spins is not simple.

The integral over the group

(ab)*

dg Dy Ly (€)0(e) [Psh) | (24)

either vanishes or defines a state transforming according to the I.R.
(a,b). Using (1), (6) and (23), one can easily integrate over the .

angles o, B and 7, and find that the integral vanishes unless

o

J' =8, m' =X and that it is independent of A. It also vanishes
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unless the angular momenta Jj and s are contained in the represen-
tation (a,b), so that |a-b| £ j, s Sa + b. Therefore (24) reduces

to the set of states
-
a)b)j:ms> = Nsab.;}_‘ ds DJ ((PGO) d- (a, )(8 IPS%) (25)
A

for which a,b,j and s satisfy the inequality above, and the setl

of states (25) is complete in the Hilbert space. For fixed a, b

and s, the states |a,b,j,m,s) transform according to the I.R. (a,b).
The spin index s plays a role similar to the helicity in the treat-

15

ment of Jacob and Wick. A state with a given value of s contains
0(4) representations with |M| = |a-b] £ s

The normalization constant which is fixed by the requirement

1 S ) ' t Y -
(a'b'j'm's"' |abjms) = 6a'a6b'béj'jgm'mas’s (26

is given by

2
(v 2P)

-2 -1
. = (ex) (2s +1) (2a + 1)(20 + 1) . (27)

The unitary transformation matrices

S2 %2

("M, [N (& -2

Mg Py 0(5182557‘1’ -7\.2)(—1)

3 (8,0l (e) (28)

1
(o4
2

o
o'

(psh]abims') =
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which can easiiylbe thained from (22) and (25) are very useful in
deriving the decompOsition theorems we need.

Before dbtaihing these expansion theorems it is useful to
study the behavior of the states (25) under the discrete transformations
parity and charge. conjugation. To do so it is simplest to introduce
the direct product notation -

’_ . +iJrK3

o) = I (Xie |70 | (29)
in which the different transformation properties of particles 1 and 2
are manifest. The individual kets le> and v|x2> transform in the
same way under the group.

The parity operator commutes with rotatiohs and.anti-commutes

with boost generators. Therefore

- -iJrK3
Plang) = ) (ce 7 1)
252 ‘ _
= (-1) 7 g, IoMn) (30)
where Ny and n2 are the intrinsic parities of particles 1 and 2.
Charge conjugation is useful only for particle-antiparticle
channels, so we take s, = Sy

1 It commutes both with parity and with

transformations of the proper group O(4), and is equivalent to a factor

2s
(-1) ©  times the exchange operator of the two particles. Therefore
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: 2s i e
BN = (1) B e 3 () by

+im :
€ Kjlg)

Ay N) (31)

From (22), we easily obtain

2s :
pla(aop)an) = (-1) ° qyn,lR(-8,8,9)s\)
+inK
closn) = (1) e pan) . (32)

Using the symmetry properties (A-2) and (A-3) of the boost matrices
we finally find

2<a+b+52)—j-s

Plabjms) M7, (-1) [bajms) (33)
12

2a~-s

Clabjms) (-1) labjms) . (34)

it

The reduced matrix elements (abjms'lTlabjms) are diagonal
in a,b,j, and m and independent of J and m because of Schur's

lemma and O(4) invariance. We introduce the notation

i\ = (abjms'|T|abjms) (35)

s's

where n=2a + b, m= a - b. Parity conservation (55) implies that

n, M 232+282'-S-S' n, -M
! 1
T g 'y g, (<L) T (36)
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For identical particles or for particle-antiparticle channels, this

implies that

n,M s+s' n, ~M
Ts's = (1) Ts's
n, 0 s+s'
T,y = O if (-1) = 1. (37)

These relations restrict the number of independent reduced matrix
elements.

The transformation matrices (28) can be used to construct
expansion theorems in terms of the ngs for amplitudes (p’s'k'lTlst)
or (p’xl‘kg'lT'pklhz) with arbitréry orientation of p and p' on
the four-dimensional sphere. These expansions converge in the L2
topology on the sphere., We write explicit expansions only for the
amplitudes necessary for the further development of the theory.

The conventional c.m. frame helicity amplitude at t = O is
given by

SR i 1t
T, o o (@) = (858,000 A |TIE(5 0,000 0,) - (38)
H T I =)
Inserting complete sets of states (25) and using (27) and (28), we

obtain

i\
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LI 1 -
2, 52 R A
T}\ I (e) = (231) (-l)
1 MM |
. 1 [] > t
s1+5, 5, '¥5; min(s,s") = | i%
L Z Z Z L
s=|sl--.s2 s'=lsl'-52' M=-min(s,s') n=min(s,s') j=|M|
-1/2
x [(28' + l)(gs + l)] C(Sl')sg')S';H’J-}\?')C(Sl) SE)S;?\‘l} ->\'2)
M (M) gy (n,M) j
. 2 2. 1, n, 7 n, T d
X[(l’l + l) - M ]TS'S Js'a! §) Jsh (Z)") dN\,(e) (59)
where A\ = hl - %2, PR hl' -~ N, '. The partial wave helicity

amplitudeseo (xl'xg'llexix2> can be identified as the coefficients
of 'dik,(e) in Eq. (39). Parity conserving helicity amplitudes, the
amplitudes which are Reggeized, can be obtained by forming suitable
linear combinations.

To project out the O(4) partial wave amplitudes ngs we
define the amplitudes |

TS'S?\.(S) = (@(6,0,0),s'%.lTl'e\(0,0,0), SK) (l{-O)

observing that invariance under rotations about the z-axis implies that
these amplitudes are diagonal in A, and that invariance under the
] implies

mirror reflection P exp[-i:rJ2
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© 28,128, '+ '+5-2N

. v _ o) o
T (8) = ny gty (-1) o T8 (k)
which reduces to
s'+s _
TS'S}\.(S) = (-l) TS'S-}\.(b)V | . (42)

for identical particles or particle and antiparticle. These amplitudes

have the simple decomposition

-1/2
TS,SX(S) = (Qﬁ)-g[(Es + 1)(2s' + 1)] /

— n, % M
NS w1 Pl ()T

Lo / s'sA

M n . (43)

| | M

where the sums have the same limits as in (39). T .\, can be
projected out using Eq. (8), and we obtain

min(s',s) it

. .. N i Nl

T = J

=
stg = _ a®'sin® T, (8) d_,, (8). (Lk)

K=-min(s',s) - 0

The O(4) partial wave amplitudes, defined for physical n by Eq. (4k4)

can be continued to complex n using techniquesgl similar to those of

Froissart and Gribov.

¢
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VI. NUCLEON-NUCLEON»SCATTERING

- At this point we restrict ourselves explicitly to the process
Nﬁ;* Nﬁ; the simplest spin configuration in which the o(k) symmetry
leads to interesting results. 1In this process s and therefore M- |
are restricted to the values 0O and 1. Parity conservation, (37)
and (42), implies that s = 0 and s = 1 states do not couple.
Therefore we can simplify the notation by setting Tzﬂf = b , T
There are three independent amplitudes Tgo 3 Ti’q and Ti’l for a
givén N

We write expressions for the parity conserving helicity

22
amplitudes of GGMW,

£) = (BEHTILD) - (5D,
O P e
) = (BHTIED G D
el e Bbndh D - G-
e, = 2(biTlh D (15)

‘We identify the partial wave helicity amplitudes in (39) and use (37)

and (A-11) and (A-12) to write



e j'H‘C,O'T( 2 j"‘K'.;O'T'
+ K + l) ]dle (5)' Tl
j+K,) 7 2 tj+K:’ li
+ K+ 2) dle‘ (2)’ T, ,

2(3 + &)@+ e +2)dy, G T ,
(47)
J+k, 0 2 JHk,0F
. 2 s
(3 +x+1) Idjoo =1, ,
k=0 * (48)
even

nemacagu e,

J+k,1 2 J+r,1%

657 (25 + 1)1 :> 205+ 6)(J +w + e)ldjll CI

k=0 : ‘ (49)
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The * superscripts refer to signatures and should be disregarded

TlJ+""O with &
J+6,0
even do not contribute in (46) becuase the corresponding djlo (5

until we discuss them explicitly below. Amplitudes

vanish. Similar remarks apply to the other terms. From (48) and (49)
we see that oﬁly M = O couples to the parity conserving helicity
state 1, and only M = 1 couples to the helicity state 2. Therefore.
the amplitude fig which couples these two states must vanish, a
result which is also ébtained in the conventional theory.22

Formulae (46)-(49) relate the conventional parity conserving
partial wave helicity amplitudes to the O0(4) partial wave amplitudes
for integer values of j . In Appendix B, we study the problem of
obtaining the appropriate continuation of these relations to complex .
We summarize here the results of that study, and then go on to examine
the structure of Regge pole families. There are subtle points
involved in the treatment of Appendix B, and the reader interested
in the detailed implementation of these ideas is urged to read it.

For cpnvenience, we use the generic symbols Tn and fj to
denote any one of the set of corresponding amplitudes. In Appendix B
it is shown that there exist separate continuations TnlL away froﬁ
even and odd integer n respectively, which are holomorphic in the
half-plane Re n > N, where N 1is the number of subtraction necessary
in the forward dispersion relations in nucleon-nucleon scattering.
A simple multiple of 'I‘ni satisfies the requirements of Carlson's

+
theorem and therefore Tn is the unique holomorphic continuation
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in Re n > N with reasonable asymptotic behavior. In particular
asymptotic behavior in Re n assures the convergence of (46)-(L49)

+
uniformly in j . We refer to the Tn— as the amplitudes of even

and odd Lorentz signature respectivély. o

+ .
When the continuations T  are inserted in Egs. (16)-(L9),

these equations may be used to define continued partial wave ampli-
tudes25 fji away from even and odd integral J which are holomorphic
in Re J > N. As simple multiple of the fjir defined in this way
satisfies the hypotheses of Carlson's theorem, and the theorem assures
us that these f‘jlL coincide with the conventional continuations away
from even and odd integers with the same analyticity and asymptotic
properties.

In the region Re n < N very litfie has been proven about
the analyticity properties of the Tni. We adopt as a working
hypothesis the assumption that the Tni have only simple poles in the
region Re n < N. This corresponds to the assumption bf J-plane
meromorphy usually made in phenomenological applications of S-matrix
theory. Other kinds of singularities, for example branch pcints,

would yield families of similar singularities equally spaced in the

J-plane at t = 0. 1In this paper we study only poles.

n=+
A pole in Tn is called a Lorentz pole, following Toller. ¢
: no+ no* nlt '
Since the three independent amplitudes TO » Tl and Tl

@

correspond to transitions from states which transform according to

different I.R.'s of the invariance group O(4) combined with parity,
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the Lorentz poles of each amplitude will be independent. Fach

.{.
Lorentz pole, at n = a gives rise to an infinite family of Regge

poles whose structure can be deduced from Eqs. (46)-(49).
n, O

*
o (M=0, s=0)., Near such a pole the ampli-

T. Lorentz pole of T
tude behaves like

J+r, 0F 71‘
EX T A (50)
J+r -«
s

This amplitude couples only to f,,, and from (46) the Lorentz pole
yields a series of Regge poles spaced by two units of angular

+ o+ o% 2+
momentum at J =0, o - 2, *°*, with residues B , B , **° .

" The ratio of the residues of the parent and daughter poles can be

computed from Eq. (48). We obtain, for example,

a, 0 2 (o, 0) 2
B°/6° = (2o + V)lago B /(e - 3)a o0 E)]
- 20 + 1 . ' (51)

All Regge poles in this family have signature (-l)J equal to Lorentz
signature and P = (-1)Y = 0. An additional series of poles with

opposite signature and parity but the same charge conjugation would

+ +
appear at j=ao -1, o =~ 3, *°° in the unequal mass case.l
n, 0%
II. Lorentz pole of T, (M=0, s=1). This Lorentz pole leads to
3% + 4 0f oy
Regge poles of fl at j=a, a -2, *°* with residues Bl B Bl s
J¥ + +

<+« and to Regge poles of fo at j=ao -1, o - 3, with residues
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Bé;, Bg;, +++ . From Egs. (46)-(147) and Egs. (A7)-(A8) we calculate
ratio -
17 oF a, 0 2. o0 2
By /By = 2o+ a5 (B (e - 1)lay ;B

(co + 1)/ ala + 1) . v (5é)

All Regge poles in this family have a common charge conjugation value
- ' jt
opposite in sign to the Lorentz signature. The Regge poles of fl

. iz .
mave P = -(-1)Y = C and those of fo+ have P = -(-1)Y = -C .

n, 1% '
IIT. Lorentz pole of Tl’ (M=1). This Lorentz pole yields Regge
j+ gt + iT
poles of £ and f at j=a, o -2, ¢++, and poles of T
0 22 1
+ +
at j=ao -1, o -3, ¢+ . The ratio of residues of the leading

members of the singlet and coupled triplet series is, from Eq. (46),

(49) and (A-10).
Bo/By = (w+1)/o . (53)

All poles of this family have charge conjugation equal to Lorentz
s+

a . J
signature. The poles of f, have P = -(-1)Y = -¢c, those of £

. jz 3
have P = (--l)J = C, and those of fl+ have P = -(-l)J = C.

+

2

1

The variation of the discrete gquantum numbers C and P
within a Regge family can be understood easily. The charge conjugation
operation commutes with all the fransformations of the 0(4) group,
and its eigenvalue within a given irreducible representation depends

only on the Casimir operators of O0(4) and not, for example, on the
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J-value of the individual state in the representation. For this
reason a Lofentz pole and all the Regge poles to which it gives
rise have the same charge conjugation. The same remarks apply to
all internal quantum numbers such as iso-~spin.

Parity does not commute with 0(4) +transformations containing
boosts, and a Lorentz pole does not therefore have a definite parity.
Inan M= 0 representation there is a definite correlation between
the parity of a basis state and its j-wvalue, Eq. (33). The parity of
a Regge pole in an M = O family is therefore correlated with the j-
value of possible physical states on the trajectory, and this structure
is exhibited in families I and II. The basis states of M # O
representations are not parity eigenstates, and in general have non-
vanishing coupling to angular momentum helicity states of both
parities. Parity doubling, the occurrence of opposite parity states
of the same j-value, should be expected in Regge families corresponding
to M % 0 ILorentz poles; this phenomenon is exhibited in family III.

A given lorentz pole can couple to many different channels
at t = O.”_Bééause of O(4) dnvariance it couples to states of the
same M-value in all the different channels.elL Therefore M 1is a
universal dquantum number of trajectories at t = 0, If M= 0, then
the quantity P-{-l)j, the product of parity and signature, is the
same in all channels to which the trajectories of the corresponding

Regge family couple.
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A1l Regge trajectories at + = O must be classified in O(h)
families, Trajectories‘which couple to pseudoscalar meson pairs at
£t =0 must correspond to Lorentz poles with M =0 and s = O,
since these are the only O0O(L4) states which contribute in the t-
channei process N + N -+ PS + PS because of the final state spins..g5
_Therefore P, P' and p which couple to =z and w, ® and A2
which couple to KK must be the leading trajectories of ‘O(h)
families of type i.

The gquantum numbers of the A, trajectory suggest that it

1
. . . . . . 26,27
_be identified with the leading member of an O0(4) family of type II.

J+
The next leading member is a trajectory of the singlet fo

at t = 0, and its first

amplitude.
This trajectory lies one unit below the Al
physicél manifestation would be a JC = 0 " particle. The O(L4)
symmetry at €t = 0, Qf course, does not require that the subsidiary
trajectories of a fémily rise high enough to make physical particles.
We merely observe here that the x(1640) meson28 is a possible
candidate for the O  meson Just described.

The %, n, and B trajectories couple to the ij amplitude.
If their residues are non—Vanishing at t = 0, the trajectories are
presumably associated with Regge families of type ITII, since
empirically they seem to correspond to leading members of O(4)
A families;. This assignment requires the existence of a trajectory of

J
the f22 amplitude with intercept at t = 0O equal to that of the

original trajectory.
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Since the O+ parity partner of fhe i meson is not observed
at low mass, the fgg trajectory of the pion family would have to have
an extremely shallow or even a negative slope. The ratio 622(0)/Bﬂ(0)
of the residues of triplet and singlet trajectories is negative if
aﬁ(O) < 0, and this may be connected with the behavior of the triplet
trajectory suggested above. The ﬂv(1030) meson28 is a possible
candidate for the O+ state on this trajectory.

Another possibility for = +trajectory is that it corresponds

9

to the leading member of an M= 0, s = 1 family.2 From Egs. (46)-

(47), such a family can not contribute to NN scattering, since the
pion can not couple to the fio amplitude becauge of G-parity.
However such a family certainly can contribute to A A scattering.

A similar argument can be_made for the n and B trajectories.

The O(4) classification of the 1,m,A, and B trajectofies
can in principle be verified in detailed Regge pole analyseé of
processes to which these trajectories couple. Simultaneous analysis
of the processes np - pn, 7Yp ~ ﬂ+n, and K-p - pon would be
Vimportant for a better understanding of this subject. It seems
that successful analyses have not so far been dbtained.BO

3,k

In the conspirator theory of NN scattering roughly

similar results are obtained from the identity22

S T T R T :
£ o-p, L4l T drzedt 2ilL0
0 0 J 22 . J+ 1 ez J3 + 1)1
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which must be satisfied as t = 0 1in order to avoid a kinematic
singularity of the pseudoscalar invariant amplitude. Near a Regge
pole the identity can be satisfied either by a wvanishing residue or
by correlation in position and residue of the Regge poles of the three
partial waves which participate in Eq. (54). Such correlations are
called conspiracies.é There are an infinite number of conspiring
families which can satisfy the identity (54). Gribov and Volkov
admit only two possible finite conspiracies. Because they reject

the possibility of daughter trajectories, their solution must be
regarded as inadequate.

Since the analyticlty requirements are built into our theory
the partial wave identities are autom;tically satisfied. The
predictive power of the O(4) symmetry is much stronger than that of
Eq. (54). Indeed we find on the basis of group theoretic reguire-
ments that families IT and III are the only possible conspiracies.

Although calculation of ratios of Regge pole residues within
a given O(4) family usually requires explicit evaluation of the
coefficients in Eqs. (46)-(L49), the ratio of residues of the leading
members can be obtained very simply from Eq. (54). In fact the moment
of truth in our calculation came when the requirement of agreement
between both methods of calculating the ratio of residues was checked.
It is easy to see that the values (51) and (52), calculated group

theoretically, are exactly the values required by Eq. (54).
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In both the conspirator and O(L4) theories, there is no
a priori requirement (contrary to older theories) that residues of
trajectories of the foj and flj amplitudes vanish at t = O.
From our point of view, whether a trajectory couples or decoupks from
some particular channel at t = 0 is determined by its Lorentz

quantum numbers (M and Lorentz signature) together with the usual

quantum numbers (such as signature, parity and G-parity).
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VII. NECESQITY FOR AN INFINITE SEQUENCE OF DAUGHTERS

We have shown in the previous sections thatva single Lorentz
pole correspbnds to an infinite family of Regge poleé. However one
might also worry that the Lorentz poles are arranged (counter-conspiracy )
so that all_but the single leading member of the Regge family cancels
out. In the previous sections we rejectedvthis possibility by the
assumption that the poles which correspond to the full little group
is fundamental. At +t = 0, the little group is O(L4), and fhe poles
induced by this group are the Lorentz poles and not Regge poles.

In this section we show that it is in fact'impossible to
cancel out all the dapghter Regge poles in a family by artificially
arranging the Lorentz pole in the n-plane. An infinife number of
daﬁghters must exist as a consequence of Lorentz invariance of the
séattering amplitudes. To show this, we observe that if members of
different O(4) representations interfere destructively in one
amplitude, they must interfere constructively in some other amplitude.
That is, let us suppose that the Regge daughters are in fact absent
in some amflitude; this will give us conditions on'the céunter-
conspiring Lorentz poles. We can then find another amplitude, related
to the first by O(4%) but not by 0(3), in which the daughters must
éppear. Thus the daughter trajectories must exist. We need only
assume that the parent trajectory does not itself decouple at t = 0. v

Tet's éonsider the A, trajectory in NN amplitudes

1

trajectory appears in the amplitude £ J—.

as an ekample. The A 1

1
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If no trajectory appears at exactly one unit above A1 at t =0,

n, 0- at n = a, since the
1

series in Eq. (h?) converges uniformly in n. Let's first show that

there must be a Lorentz pole in Tl

in order to be consistent with Eqs. (46), (47), and (L49), which are

direct consequences of Lorentz invariance of the scattering amplitudes,

there must exist a pole at j = QAJ - 1 in one of the amplitudes
foj+, flj- and f22j+. .

The Lorentz pole of Tln,O— at n = aAl produces a daughter
pole in foj+ at j = aAl - 1, corresponding to x = 1 in Eq. (U46).
In order for this daughter pole to be canceled out, there must exist
a Lorentz pole in Tln’l+ at n = aAl - 1 with the correct residue.
This Lorentz pole with M =1 &also gives a pole in f223+ at
J = aAl - 1 which can never be canceled out. Therefore the non-
existence of a pole at J = aAl - 1 din any of the amplitudes foj+,
flj~, f223+ conflicts with Lorentz invariance,

Similar arguments can be made for the lower lying daughter
trajectories,. and the conclusion is that for any integer « , there

must exist at least k daughters.

MO

Unfortunately in the NN > NN reaction a similar argument
can not be made for the trajectories P, p, ®, etc. which contribute
only to the fllj amplitude, the cofresponding Lorentz poles having
s = 0. However if oﬁe goes to reactions with higher spin, for

example =z —> pp in the t-channel, then these trajectories contribute

to O(4) partial wave amplitudes with s = 2, and the same argument
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-

can be used to establish the existence of an infinite number of
daughters. 'Also, although we have proved the existence of an
infinite number of daughters, we didn't prove the existence of
all the daughters which we expect to exist from the Loréntz pole
hypothesis, This situation can be improved indefinitely when we

go to higher and higher spin channels.
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(n)M)
APPENDIX A. TPROPERTIES OF djj'm (3)

All properties of the boost representation functions needed

in the text can be derived from the defining equation
(n, ) N /oM n-M /;+M - -i(2p-N)3
d,js?» (8) = ¢ - 5 JstsA-p} C \"é_; - 5 My A=l ) e .
/ A
K // (A—l)

by using known properties of the Clebsch-Gordan coefficients., We note

first the properties

(n,M)* (n,M) j-s _(n-M)

G (B) = a7 (-0) = (1) a4y, (B) (a-2)
(nJM) (n)’M)
dig (B) = dyy (8)
M) o M6 )

The boost functions can be expressed in terms of Gegenbauer
functions by using recursion relations for the Clebsch-Gordan

coefficients and the basic relations

1
C, (cosd) = sin(n+1)5/sind

_QE o x( ) - ok (N + k) Ck+k( ) (a-k)
E 7 *)= TN -k /¢ )

The case M=s=A=0 has been treated by Bander and Itzykson.51 Their

result can be written as
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Nl

(n,O) _ {(EJ + 1) (n - + 1)
JOO (3) = z (n+ 1)I'n +J +2)

(A-5)

More general cases can be obtained using (A-5) and the recursion

31 4

2
relations of Bander and Itzyson, (3.7.13) of Edmonds5 and the

relation
1
[T - )T +p+1)1%c(y,3'T,mu-m+l)
_ 1
= [ -p+m)G +p-m+ 1)1% ¢(3,3',T;m, p-m)

1 :
[(5 -m+1)(J +m)]? c(3'T,m-1,p-m+1).

(A-6)
We 1list the results
a6 - (m) & aj0n (6) | (a-7)
(1,0) 5[ 2 (n,0)
djll (3) :an(n+l)%n+2)j(j+l)> p(n+l) + 1 + ;%5-][51n8 a. 500 (8)]
(A-8)
( n,1) : -1 % n-1,0
JlO @) = ((n+27r(1n+3+1)(n J)) [(n+2)cos5 + sin B (-1%] d'jll (&)
(4-9)
agiil)( ) = [83(31)1 7" [Be-ia v et 2o (- iﬁ)] dji;l)( 2
(A10)

for the functions which contribute in NN scattering.

(21)? T(1 + 3)sin’s cifg(cosa).
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To derive Eqs. (46)-(L9) one needs the following symmetry
properties of boost functions of argument n/2 which can be obtained

from (A-5), (A-7)-(A-10):

(n,0) n-j+s+n (n,0)
(n,1) . n-j+A  (n,-1)
dipy (5) = (1) a5y, (%)

n-j+n  (n,1) .

(-1) djl_K é-) . (A-12)

1

These relations are valid for complex J and n with n - j =k a non-
negative integer. These relations can be derived more simply by taking
& = /2 in (A-2) and (A-3) and using Carlson's theorem to extend the

result to complex Jj,n with n - j = k.

For use in Appendix B we list the boost functions with j = s:

d(n’o)(ﬁ) (n + ZL)“l Cnl(cosa)

000
al0)(5) - 3in(ua) @)l e, (eost) - beP_ (cost)]
a0y - 6n(ns1)(n:2) ™" ¢ _ (coss)
- ey
{5 e)

digil)(g) + diiii)(ﬁ) = 5[n(n+l)(n+2)]_l{n(n+l)0nl(cos8) - ECi_g(cosﬁ)l

(2-13)
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These formulas can be derived from (A-5), (A-7)-(A-10) using recursion

relations for the Gegenbauer functions.

¥ )
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APPENDIX B. COMPLEX O(L4) ANGULAR MOMENTUM

In NN scattering Eq. (42) implies

m,,(8) = B, T (x) (8-1)

Tlx(x) = Tl-h(x) (B-2)

where X = cosd, so that there are three independent amplitudes of the

form (40). 0(3) invariance gives

~ N . -1
T (x=1) = <e«moﬁxhgm+k«moﬁxns@+u - A(1)17
= T,0). (-3)
-ixw -ixnK
Using J+e KB = ~e 5J+, the relation
Tsx+l(—l) - —Tsk(-l) (B-M)

can be similarly obtained. Relations (B-3) and (B-Y4) which restrict
to two the number of independent amplitudes at threshold in the s
and u channels reflect the well-known fact that the scattering of
two gpin 1/2 particles at threshold is characterized by two parameters,
the scattering lengths.

The projection formulas (44) which define the O(k4) partial wave
amplitudes for integer n can be wfitten

M > dx Y1 Tx%.(X

A=-5 -1

n,M
NON (-5)



~4o-

Using an explicit expression for the NN scattering amplitudes

in terms of Fermi amplitudes,22 one can show that the amplitudes Txx(x)

33

are free of kinematical singularities. They therefore satisfy disper-

sion relations which may be written, ignoring subtractions, as

- 00 A‘(X') [es]
dx' Sh
x" - x

el X

Bsx(x')

x' - x

° (B-6)

dx'

i
2=
A

Txk(x)

3k

where ' 5

Asx(x') is the s-channel discontinuity and BSK(X') 1s the u-channel
discontinuity to which pion annihilation conﬁributes.

We wish to obtain a continuation in n of TEM by substituting
the dispersion relation (B-6) in (B-5) and using arguments similar to

those of Froissart and Gribov. This substitution leads to the result

g -1 ™
nM N7 nM nM
T, = L -j dx Asx(x)ESS)\(x) + dx Bxk(x)Essx(x)
A==5 ~00 XO

(B-7)

where

f é ' )
Vi - xt o . »
Yi-x" 40 x'). (B-8)

m

Al
J

ES'SK(X)
-1

L=

Essk(x) "can be evaluated using (A-13) and the following formulae:
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;—L{jfl dx,\f;;? cnl(x') B Dnl(x) _ < _v;z‘_“)nﬂ (5-9)
-1

1l

- xXex!

1 2 1
1] B Gy ) 1 1 1
;} dx 1 X"X' = ll-( 2 l)[nDn-f-l(X)-(n—f-g)Dn-l(X)]
-1 x =
11 (-1t
T R xa (B-10)

Using (A-13) and (B-7)-(B-10) we can write explicitly

Ty =54~ dx AOO(—X)DH(X) + ———-J/ dx BOO(X)Dn(X) (B-11)
e

n+1
0

[ee]

T = 51512715157(-1>ij ;g%zlglo(-x){(X2_1)nepi(x)-[(n-l)Di(x)-(n+1)Di_2(x)]}
1

0= (2l (0]]

- All(~x)[nDl -

n

-

* ) J/ A {Blo(x){(xg-l)nEDi(x)-[(n-l)Di(x)-(n+l)Di_2(x)]}

- x -1
0

+ Bll(x)[nDi+l(x)—(n+2)Di_l(x)]} (B-12)

+



nl 5
1 - 2n{n+l)(n+2

g (O  ;g§: {;Aié(éx)[nDi+l(#)-(n+2)Di_l(x)}
1

+ All(-x){(x2~l)2n(n+l)Di(x)-[(nfl)Di(x)-(n+l)Di_2(X)]}]
o J

{OO
] dx

b, ] 1
+ P =
2n(n+l)(n+2) j 2
Ix

n+1

(x')-(n#2)D]_ ("))

B. (x)(nD
-1 l 10"

2 1 1, , 1 |
+ Bll(x){En(n+l)(x -l)Dn(x)-[(n-l)Dn(X )-(n+l)Dn_2(x)]}]
(B-13)
The (non-Carlsonian) contributions of the terms of the second bracket

in (B-10) to (B-12) and (B-13) vanish because of the symmetry properties

(B-3) and (B-4). The same symmetry properties, applied to the absorptive

parts, ensure that the integfals (B-12) and (B-13) converge in spite

of the singular factor -(xg-l)—l. The role of the symmetry properties
(B~3) and (B-L4) in ensuring the success of the complex ‘n continuation
of the T?M is very interesting.

The Dnl(x) are entire functions of n, and Eqs. (B-11)-(B-13)
therefore éonverge and define amplitudes TZM analytic in the half-
plane Re n > N, where- N is the number of subtractions necessary in
the dispefsion relations (B-6). To obtaiﬁ amplitudes with reasonable
asymptotic behavior in n, we replace the factor (-l)n by %, in this
way defining amplitudes TZMi, of definite "Lorentz signature, " which

interpolate from even and odd integers, respectively.

i

M
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We now investigate the asymptotic behavior in nb of the
l"1

L
T s, with explicit reference to the amplitude Tg’o of simplest

structure. Introducing the variables x = coshd and x = cosd we

can write (B-11) as

+ -
(n+l)Tno- = a8 sinh®[fA_ (-cosh®)+B (coshg)]e'ﬁ(n+l)
. 0 _ 00t T 00
0 iy
0
+ dd sind Boo(cos6)e+la(n+l) (B-1L4)
e
where @O = cos X We divide the interval of integration of the

first term in (B-14) into two intervals (0,1) and (1,~). The infinite

integral is bounded in magnitude by De-Re n where D 1s a constant.

The integral over (0,1) can be estimated very simply, letting

L N .
¢ (®) = fAOO(cosh6)+BOO(cosh6), we obtain

| ! dB sinhd ci("é)e"g(ml)l = -——3;—2- max lct(5)1[1+o(Rl )
Jo (Re n)° o0s8s1 en
| (B-15)

as Ren— o« and a constant bound as Im n - «,

The second term in (B-14) is only slightly more complicated.
We integrate by parts and easily obtain the estimate

0]

. -0 . Im n
| dd® sind Boo(cos6)e+16(n+l)l s TQT + TE— e © (B-16)
n n
0

where A and B are constants,
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The angle ¢, 1is greater than n/2 and we must multiply

+
Tgo by the factor expl-i(p, - 5-€)n) where € 1is positive

infinitesimal in order to obtain amplitudes which satisfy the

3

requirements of Carlson's theorem in the form pertaining to contin-

uation from alternate integers. Similar asymptotic estimates can be

t 1t

n, 0= n, 1
1 an A
t j+k, ME
By Setting n = j'H’C and TZ’M - Ti K'}M,_

derived for the amplitude T
, it is a straight-

forward matter to use the asymptotic bounds just derived to show that

the infinite series (L6)-(L49) converge uniformly in J and therefore
Jjt

define functions f analytic in Re j > N which coincide with the v
physical partisl wave amplitudes at even and odd integral values of j.
The amplitudes exp[-i(wo- gu-e)]fjt satisfy the asymptotic
requirements of Carlson's theorem and therefore coincide for all J
with the conventional continuations away from>even and odd integers
with the same asymptotic properties. Amplitudes ajt(t) defined by
Froissart-Gribov integrals fail to have the required asymptotic

: 5
behavior near . t=0, but closely related amplitudes do,B’ and one can

show that

.+ _. - -+ .
£ = e gde(go0) (B-17)

Conditionally convergent expansions of the form of Egs. (L46)-
(49) can be written for the bound state pole terms subtracted from
the amplitudes in the group theoretic analysis. The pole contributions

can therefore be included in the final form of the O(4) decompositions.
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