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ABSTRACT OF THE THESIS 

Enhanced Estimation of Battery State of Charge Based on Combination of Simplified 

Electrochemical Model and Bidirectional Gated Recurrent Unit Network 

By 

Quanquan Zhang 

Master of Science in Chemical and Biomolecular Engineering 

University of California, Irvine, 2022 

Professor Iryna Zenyuk, Chair 

 

The state of charge (SOC) estimation of lithium-ion battery is a core function of the 

battery management system, which reflects the remaining charge of the battery and is 

an important parameter for predicting the remaining driving range of an electric vehicle. 

The accuracy of the battery SOC estimation depends on the precision of the battery 

model and the validity of the estimation method. In practice, the complex 

electrochemical characteristics inside the battery and the dynamic changes of the 

external environment make it difficult to estimate the battery SOC with high accuracy. 

To enable high accuracy SOC estimation, this paper proposes a method to estimate 

battery SOC based on the combination of simplified electrochemical model and Bi-

directional gated recurrent unit (Bi-GRU) network. In the model simulation, we 

compare the simplified electrochemical model, the pseudo-two-dimensional model, and 

the equivalent circuit model and verify that the simplified electrochemical model is 

more precise than the equivalent circuit model and less precise than the pseudo-two-

dimensional model. In the SOC estimation, we compare our proposed method, ampere 
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hour integral, particle surface utilization rate based on simplified electrochemical 

model, and extended Kalman filter based on equivalent circuit model. The results show 

that the accuracy of SOC estimation based on the proposed method is as high as 99.97% 

and this method outperforms the other methods studied in this work. This work reveals 

the important role of data-driven and simplified models in the field of battery cloud 

digital twin and provides a promising strategy for real-time state estimation for next-

generation cell-level battery management systems.
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Introduction 

With the progress of technology, energy and environmental issues are becoming more 

and more prominent, and development of technologies with low-carbon footprint is 

gradually becoming a major global trend [1]. Lithium-ion batteries are widely used in 

electric vehicles and energy storage due to their high specific energy, low self-discharge 

rate, light weight, and environmental friendliness [2]. Usually, battery packs consist of 

many individual cells connected by series and parallel structures, what can raise issues 

such as consistency, safety and performance. Therefore, an advanced battery 

management system (BMS) is needed to optimize the performance of the battery in use 

[3]. As one of the most important functions in a BMS, accurate battery state of charge 

(SOC) estimation can better predict the remaining driving range of an electric vehicle 

and also avoid overcharge and over-discharge of the battery to prolong the battery life 

[4][5]. However, the highly nonlinear electrochemical properties inside the battery as 

well as thermal, aging, and external environmental factors make accurate SOC 

estimation a challenge. Therefore, battery SOC estimation requires an appropriate 

battery model and an exact estimation method [6][7]. 

At present, three types of battery models are often used: mechanistic model, equivalent 

circuit model, and data-driven model [8]. Mechanistic model is based on first-principle 

modeling and take into account the physical, electronic, and chemical phenomena in 

the battery [9]. Mechanistic model is the most accurate and provide deep insight into 

the internal physical and chemical processes of the battery. The most common 

mechanistic model is the pseudo-two-dimensional (P2D) model [10]. P2D model 

contains a large number of partial differential equations and usually require finite 

element analysis methods to solve them, which is time-consuming and thus does not 

guarantee real-time response in engineering [11]. To solve this problem, many scholars 

have developed simplified electrochemical models. The single-particle (SP) model is 
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the most primitive simplified model, which considers only the open-circuit voltage and 

the kinetic overpotential. Although the calculation is simple, the oversimplification 

leads to low accuracy of the model when large current is applied [12]. To make the SP 

model applicable to high current, the simplified P2D (SP2D) model incorporates liquid-

phase potential and solid-phase potential. In fact, there are many different forms of 

SP2D models, for example, Yuan et al. [13] simplified the mass balance equation by 

Padé approximation and the charge balance equation by double integration. Equivalent 

circuit model (ECM) maps the ionic and electric processes inside the cell to a net-work 

of electric circuit components, such as resistors and capacitors [14]. ECM has a simple 

structure and a small number of parameters, so the parameters are easy to identify and 

easy to scale up to pack-level management. However, ECM is generally not very 

accurate and has a weak interpretation of battery electrochemical and transfer processes 

[15]. Data-driven model treats the battery as a black-box problem and uses historical or 

real-time data to monitor and diagnose the battery. It has the advantage of being a good 

approximation of complex, highly nonlinear battery systems and ignores battery types. 

However, this approach lacks a full understanding of the battery at the physical level. 

In addition, being data-driven, it requires a large amount of reliable training data, which 

makes preliminary experiments costly and time-consuming [16]. 

There are four widely popular methods for battery SOC estimation: open-circuit voltage, 

ampere hour integral, model-based solution, and data-driven approach [17]. The open-

circuit voltage method uses the relationship between the open-circuit voltage (OCV) 

and SOC to estimate the SOC of batteries. Although this method is simple, it cannot 

achieve complete cell resting state in practical applications, and the polarization 

phenomenon will impact the accuracy of the estimation [18]. The ampere hour integral 

method, also called coulomb counting method, estimates SOC by accumulating the 

charged and discharged power. This method is simple and stable in performing 

calculations. However, the low accuracy of SOC estimation by this method is due to 

the effects of current sampling error, initial SOC, capacity variation, etc. [19]. Model-

based estimation method usually includes Kalman filter (KF) and its derivative 

optimization filter, particle filter (PF), etc. [20]. For example, Cui et al. [21] used the 

extended Kalman filter (EKF) based on ECM to estimate the battery SOC. The key idea 

of the EKF is to linearize the measurement equation using Taylor expansion to improve 

computational efficiency and make it easy to use. However, the drawback of the EKF 
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is that it does not take into account the uncertainty that arises during the linearization 

process, especially when there are large fluctuations of the input, the SOC prediction 

results will also be unstable accordingly. To avoid the problem of linearization, He et 

al. [22] used the unscented Kalman filter (UKF) based on ECM to estimate SOC. UKF 

uses sigma points to describe the statistical properties of the vectors based on the 

unscented transform (UT transform). This method does not require linearization but 

may lead to non-convergence of results due to improper selection of sigma points. To 

improve the SOC accuracy and capture the internal electrochemical state of the cell, 

Speltino et al. [23] designed an observer based on a simplified electrochemical model 

using the EKF. However, the reliable identification of electrochemical parameters is 

still problematic. In recent years, due to the rapid development of artificial intelligence, 

many studies use data-driven methods to estimate the battery SOC so as to avoid the 

imprecision of the model. Common data-driven methods include neural networks, 

support vector machine, deep learning, etc. [24]. Reference [25] used back propagation 

neural network (BPNN) to predict the battery SOC. The neural network takes the 

battery current, voltage, temperature, etc. features as input and approximates the battery 

complex mathematical model by learning itself continuously. However, neural 

networks tend to fall into local optimum and are slow in convergence. To avoid this 

challenge, Reference [26] applied support vector regression machine (SVR) to estimate 

SOC. SVR has a better generalization capability because it uses a structural risk 

minimization criterion. Due to the kernel function, it approximates well the nonlinear 

functions. However, considering the large amount of data and time dependence during 

the actual use of the battery, Reference [27] proposed long short-term memory recurrent 

neural networks (LSTM-RNN) for SOC estimation and achieved a high accuracy 

estimation result. Regardless of the data-driven approach, a common problem they all 

face is the quality of the training data. If the training data contains large noise, then the 

prediction effect will be greatly affected. To solve this problem, many studies have 

proposed hybrid methods. The most typical hybrid method is combining filtering and 

data-driven. Cui et al. [28] proposed a combined SOC estimation method using an 

improved Bi-directional gated recurrent unit (Bi-GRU) network and UKF. They used 

UKF to denoise the prediction results of Bi-GRU. The disadvantage of this combination 

approach is that the rapid response of the estimation results cannot be guaranteed 

because the algorithm is usually loaded in the cloud. Shin et al. [29] used LSTM to 
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compensate for the SOC based on the EKF estimator. This combination is not only 

effective in improving the accuracy of the estimation but also ensures the real-time 

performance of the estimation results. 

Inspired by model-based methods and hybrid compensation structures, this paper 

proposes a method to estimate the battery SOC based on simplified electrochemical 

model (SP2D) combined with Bi-directional gated recurrent unit network correction, 

where the SP2D model uses the simplification method in Reference [13]. We expect 

the proposed method to be suitable for real-time calculations in the engineering field, 

which not only effectively improves the accuracy of the estimation but also provides 

some insight into the internal physical and chemical processes of the cell. Figure 1 

shows the framework of our proposed method. The input of Bi-GRU is the voltage error 

and current, and the output is the SOC error. Finally, the prediction error is compensated 

against the SOC error based on the particle surface utilization rate of SP2D. The novelty 

of this framework has three points. First, the accuracy of SOC estimation can be 

effectively improved by compensating for electrode-level SOC errors. Second, using a 

simplified electrochemical model allows monitoring internal electrochemical variables, 

especially solid and liquid phase concentrations, while estimating SOC. This helps 

manufacturers to understand the internal changes in the battery during use. Third, 

leveraging a deep learning algorithm to get rid of the linearization problem in filtering 

techniques, which allows the model to consider more diverse features and apply to more 

complex conditions in the future. 
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Figure 1. Framework of combining SP2D and Bi-GRU (𝜑௦,௜ and 𝜑௘ are respectively 
the potential of solid phase and liquid phase. 𝐶௘ and 𝐶௦,௜ are respectively the lithium 
concentration of liquid phase and solid phase. 𝜂௜ is the kinetic overpotential. The input 
is the applied current and the output is the predicted SOC of the cell.) 
 

Lithium-ion Battery Operation Principle 

Figure 2 shows the geometry of a lithium-ion battery. A lithium-ion battery consists of 

three parts: anode, cathode and a separator. Generally, the current collector for the 

anode is copper foil and the current collector for the cathode is aluminum foil. The 

electrolyte is the connecting substance of the positive and negative electrodes of the 

battery, which has high ionic conductivity and mainly provides a carrier for the 

transport of lithium ions between the positive and negative electrodes. During the 

discharge of Li-ion battery, lithium ions come out of the negative electrode particles, 

flow into the positive electrode after diffusion and migration in the electrolyte, and are 

intercalated into the positive electrode particles. At the same time, current in the 

external circuit flows from the positive electrode to the negative electrode. The 

discharging process leads to a change in the concentration of lithium ions and also 

results in a voltage difference between the positive and negative electrodes. The 

lithium-ion battery charging process is the reverse of the above process. The following 

electrochemical equations describe the electrochemical reactions of the battery during 

the charging and discharging process. 

Negative： 

                        𝐿𝑖௡𝐶଺

ischarge

arg

D

Ch e
  𝐶଺ + 𝑛𝐿𝑖ା + 𝑛𝑒ି 

Positive： 

                  𝐿𝑖௠ି௡𝑀𝑛ଶ𝑂ସ + 𝑛𝐿𝑖ା +  𝑛𝑒ି
ischarge

arg

D

Ch e
 𝐿𝑖௠𝑀𝑛ଶ𝑂ସ 

Total： 

                    𝐿𝑖௠ି௡𝑀𝑛ଶ𝑂ସ + 𝐿𝑖௡𝐶଺

ischarge

arg

D

Ch e
 𝐿𝑖௠𝑀𝑛ଶ𝑂ସ + 𝐶଺ 
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Lithium Battery Model 

A. pseudo-two-dimensional (P2D) model 
           

 

Figure 2. Geometry of lithium battery (𝐿௡ , 𝐿௦ , and 𝐿௣  are respectively the anode, 
separator and cathode thickness, 𝐿 is thickness of the electrodes and separator assembly. 
The movement direction of electrons and lithium ions is determined by the charge or 
discharge of the cell.) 
 

Doyle and Newman proposed a pseudo-two-dimensional model based on porous 

electrode theory and concentrated solution theory [30]. The P2D model describes the 

two-phase and three-region reaction process inside a lithium-ion battery. In the Figure 

2, the 𝑥-axis is established from the anode to cathode, and the 𝑟-axis is established from 

the inside of the particle to the outside. The geometry thickness and phases are shown 

in Table 1. 

Table 1. Thickness and phases of geometry 
 Anode Cathode Separator 

Thickness 𝐿௡ 𝐿௣ 𝐿௦ 

Phases S, L S, L L 

The P2D model consists of five equations: two mass balance equations, two charge 

balance equations, and one kinetic equation. The mass and charge governing equations 

and boundary conditions of the P2D model are summarized in Table 2 and Table 

3Table 3. Boundary conditions of the P2D Model. The expressions of all effective 

parameters in the equations are summarized in Table 4.The meanings of all parameters 
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and variables are presented in Appendix A. 

Table 2. Governing equations of the P2D model 
Variable Governing Equation Eq. Region 

𝐶௦,௜ 𝜕𝐶௦,௜

𝜕𝑡
=

𝐷௦,௜

𝑟ଶ

𝜕

𝜕𝑟
൬𝑟ଶ

𝜕𝐶௦,௜

𝜕𝑟
൰ (1) Anode, Cathode 

𝐶௘ 𝜀௘,௜

𝜕𝐶௘

𝜕𝑡
= 𝐷௘,௜

௘௙௙ 𝜕ଶ𝐶௘

𝜕𝑥ଶ
+ (1 − 𝑡ା)

𝑗௙,௜

𝐹
 (2) Anode, Separator, Cathode 

𝜑௦,௜ 𝜎௜
௘௙௙ 𝜕ଶ𝜑௦,௜

𝜕𝑥ଶ
= 𝑗௙,௜ 

(3) Anode, Cathode 

𝜑௘ 𝐾௜
௘௙௙ 𝜕ଶ𝜑௘

𝜕𝑥ଶ
= 𝐾௜

௘௙௙ 2𝑅𝑇

𝐹
(1 − 𝑡ା)

𝜕ଶ ln 𝐶௘

𝜕𝑥ଶ
− 𝑗௙,௜ 

(4) Anode, Separator, Cathode 

 

Table 3. Boundary conditions of the P2D Model 
Variable Boundary Condition Boundary 

𝐶௦,௜ 𝐷௦,௜

𝜕𝐶௦,௜

𝜕𝑟
ฬ

௥ୀ଴
= 0 

 

Center of active particle 

𝐷௦,௜

𝜕𝐶௦,௜

𝜕𝑟
ฬ

௥ୀோೞ,೔

= −
𝑗௙,௜

𝑎௦,௜𝐹
 

 

Surface of active particle 

𝐶௘ 𝐷௘,௡௘௚
௘௙௙ 𝜕𝐶௘

𝜕𝑥
ฬ

௫ୀ଴
= 0 

 

Current Collector | Negative Electrode 

𝐷௘,௣௢௦
௘௙௙ 𝜕𝐶௘

𝜕𝑥
ฬ

௫ୀ௅೛శ௅ೞା௅೙

= 0 
Positive Electrode | Current Collector 

𝐷௘,௡௘௚
௘௙௙ 𝜕𝐶௘

𝜕𝑥
ฬ

௫ୀ௅೙
ష

= 𝐷௘,௦௘௣
௘௙௙ 𝜕𝐶௘

𝜕𝑥
ฬ

௫ୀ௅೙
శ
 

Negative | Separator 

𝐷௘,௦௘௣
௘௙௙ 𝜕𝐶௘

𝜕𝑥
ฬ

௫ୀ(௅೙ା௅ೞ)ష
= 𝐷௘,௣௢௦

௘௙௙ 𝜕𝐶௘

𝜕𝑥
ฬ

௫ୀ(௅೙ା௅ೞ)శ
 

Separator | Positive 

𝐶௘|௫ୀ௅೙
ష = 𝐶௘|௫ୀ௅೙

శ Negative | Separator 

𝐶௘|௫ୀ(௅೙ା௅ೞ)ష = 𝐶௘|௫ୀ(௅೙ା௅ೞ)శ Separator | Positive 

𝜑௦,௜ 𝜎௡௘௚
௘௙௙ 𝜕𝜑௦,௡௘௚

𝜕𝑥
ቤ

௫ୀ଴

= −
𝐼(𝑡)

𝐴
 

Current Collector | Negative Electrode 

𝜎௣௢௦
௘௙௙ 𝜕𝜑௦,௣௢௦

𝜕𝑥
ฬ

௫ୀ௅೛శ௅ೞା௅೙

= −
𝐼(𝑡)

𝐴
 

Positive Electrode | Current Collector 

𝜎௡௘௚
௘௙௙ 𝜕𝜑௦,௡௘௚

𝜕𝑥
ቤ

௫ୀ௅೙

= 0 
Negative | Separator 

𝜎௣௢௦
௘௙௙ 𝜕𝜑௦,௣௢௦

𝜕𝑥
ฬ

௫ୀ௅ೞା௅೙

= 0 
Separator | Positive 

𝜑௘ −𝐾௡௘௚
௘௙௙ 𝜕𝜑௘

𝜕𝑥
ฬ

௫ୀ଴
= 0 

Current Collector | Negative Electrode 

− 𝐾௣௢௦
௘௙௙ 𝜕𝜑௘

𝜕𝑥
ฬ

௫ୀ௅೛శ௅ೞା௅೙

= 0 
Positive Electrode | Current Collector 
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(𝐾௡௘௚
௘௙௙ 𝜕𝜑௘

𝜕𝑥
− 𝐾௡௘௚

௘௙௙ 2𝑅𝑇

𝐹
(1 − 𝑡ା)

𝜕 ln 𝐶௘

𝜕𝑥
)ฬ

௫ୀ௅೙
ష
 

= 

𝐾௦௘௣
௘௙௙ 𝜕𝜑௘

𝜕𝑥
− 𝐾௦௘௣

௘௙௙ 2𝑅𝑇

𝐹
(1 − 𝑡ା)

𝜕 ln 𝐶௘

𝜕𝑥
)ฬ

௫ୀ௅೙
శ
 

Negative | Separator 

(𝐾௦௘௣
௘௙௙ 𝜕𝜑௘

𝜕𝑥
− 𝐾௦௘௣

௘௙௙ 2𝑅𝑇

𝐹
(1 − 𝑡ା)

𝜕 ln 𝐶௘

𝜕𝑥
)ฬ

௫ୀ(௅೙ା௅ೞ)ష

= 

𝐾௣௢௦
௘௙௙ 𝜕𝜑௘

𝜕𝑥
− 𝐾௣௢௦

௘௙௙ 2𝑅𝑇

𝐹
(1 − 𝑡ା)

𝜕 ln 𝐶௘

𝜕𝑥
)ฬ

௫ୀ(௅೙ା௅ೞ)శ
 

Separator | Positive 

𝜑௘|௫ୀ௅೙
ష = 𝜑௘|௫ୀ௅೙

శ Negative | Separator 

𝜑௘|௫ୀ(௅೙ା௅ೞ)ష = 𝜑௘|௫ୀ(௅೙ା௅ೞ)శ Separator | Positive 

 

Table 4. Effective parameter 
Effective Parameter Expression Region 

𝐷௘,௜
௘௙௙ 𝐷௘,௜

௘௙௙
= 𝐷௘,௜𝜀௘,௜

஻௥௨௚௚ Anode, Separator, Cathode 

𝜎௜
௘௙௙ 𝜎௜

௘௙௙
= 𝜎௜𝜀௦,௜

஻௥௨௚௚ Anode, Cathode 

𝐾௜
௘௙௙ 𝐾௜

௘௙௙
= 𝐾௜𝜀௘,௜

஻௥௨௚௚ Anode, Separator, Cathode 

 

The Butler-Volmer equation describes the electrochemical reaction at the interface of 

the solid-liquid phase in the positive and negative electrodes of lithium batteries, 

through which the relationship between the overpotential of the particle surface and the 

volumetric current density can be obtained as follow. 

𝑗௙,௜ = 𝑎௦,௜𝐹𝑘௜𝐶௘
ఈೌ(𝐶௦,௜,௠௔௫ − 𝐶௦,௜,௦௨௥௙)ఈೌ𝐶௦,௜,௦௨௥௙

ఈ೎ ൤exp ൬
𝛼௔𝐹𝜂௜

𝑅𝑇
൰ − exp ൬−

𝛼௖𝐹𝜂௜

𝑅𝑇
൰൨ (5) 

where, the kinetic overpotential 𝜂௜ can be calculated by the following expression. 

𝜂௜ = 𝜑௦,௜ − 𝜑௘,௜ − 𝑈௢௖௩,௜ ቆ
𝐶௦,௜,௦௨௥௙

𝐶௦,௜,௠௔௫
ቇ (6) 

The output voltage of cell is given by 

𝑉 =  𝜑௦,௣௢௦(𝐿) − 𝜑௦,௡௘௚(0) (7) 

B. Simplified P2D (SP2D) model 

The SP2D model is an extended form of the single-particle model. The single particle 

model uses a single spherical particle to represent the overall properties of the positive 

and negative active materials. The single-particle model has the output voltage being 
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related to the open circuit voltage and the overpotential, neglecting the effects of liquid 

phase concentration, liquid phase potential, and solid phase potential. Because the 

single-particle model is too simplified, the single-particle model is only suitable for 

small C-rate and constant current conditions. In order to adapt the model to large C-rate 

and dynamic conditions, the liquid phase concentration, liquid phase potential and solid 

phase potential should be added to the single particle model. All parameters in the 

simplified model are the same as in the P2D model. 

1) Simplification of Solid-phase Lithium Diffusion 

Since the electrode is a single particle, here we do not need to consider the position of 

the particle in the electrode. The Laplace transformation of Eq. (1) and the 

corresponding boundary conditions leads to the following expressions: 

𝑠𝐶௦,௜(𝑟, 𝑠) = 𝐷௦,௜

𝑑ଶ𝐶௦,௜(𝑟, 𝑠)

𝑑𝑟ଶ
+

2𝐷௦,௜

𝑟

𝑑𝐶௦,௜(𝑟, 𝑠)

𝑑𝑟
(8) 

𝐷௦,௜

𝑑𝐶௦,௜(𝑟, 𝑠)

𝑑𝑟
ቤ

௥ୀ଴

= 0 (9) 

𝐷௦,௜

𝑑𝐶௦,௜(𝑟, 𝑠)

𝑑𝑟
ቤ

௥ୀோೞ,௜

= −
𝑗௙,௜(𝑠)

𝑎௦,௜𝐹
(10) 

The transfer function of the particle surface lithium concentration 𝐶௦,௜,௦௨௥௙(𝑡) to the 

volumetric current density 𝑗௙,௜(𝑡) can be obtained by solving Eq. (8) and using [1, 2] 

Padé Approximation as follow. 

𝐶௦,௜,௦௨௥௙(𝑠)

𝑗௙,௜(𝑠)
= −

3
𝑅௦,௜

+
2
7

𝑅௦,௜

𝐷௦,௜

𝑎௦,௜𝐹 ቆ1 +
1

35
𝑅௦,௜

ଶ

𝐷௦,௜
𝑠ቇ 𝑠

(11) 

2) Simplification of Liquid-phase Lithium Diffusion 

For the liquid phase mass balance equation, it has six boundary conditions and three 

governing equations (negative, separator, and positive) are coupled together, which 

makes it difficult to solve. In this paper, the modified boundary conditions from 

Reference [13] are used to solve for the electrolyte lithium concentration. Therefore, 

the Laplace transformation of Eq. (2) and its boundary conditions leads to the following 
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equations. 

𝑠𝜀௘,௜𝐶௘(𝑥, 𝑠) = 𝐷௘,௜
௘௙௙ 𝑑ଶ𝐶௘(𝑥, 𝑠)

𝑑𝑥ଶ
+ (1 − 𝑡ା)

𝑗௙,௜(𝑥, 𝑠)

𝐹
(12) 

𝑑𝐶௘(𝑥, 𝑠)

𝑑𝑥
ቤ

௫ୀ଴

= 0 (13) 

𝑑𝐶௘(𝑥, 𝑠)

𝑑𝑥
ቤ

௫ୀ௅೙

= −
𝐶௘(𝐿௡, 𝑠)

𝐿௦

2
+

𝐿௣ − 𝐿௡

4

(14) 

𝑑𝐶௘(𝑥, 𝑠)

𝑑𝑥
ቤ

௫ୀ௅

= 0 (15) 

𝑑𝐶௘(𝑥, 𝑠)

𝑑𝑥
ቤ

௫ୀ௅೙ା௅ೞ

= −
𝐶௘(𝐿௡ + 𝐿௦, 𝑠)

𝐿௦

2
−

𝐿௣ − 𝐿௡

4

(16) 

The transfer function of the electrolyte concentration 𝐶௘(0, 𝑡) at 𝑥 = 0 to the negative 

volumetric current density 𝑗௙,௡௘௚(𝑡) can be obtained by solving Eq. (12) and using 

Padé Approximation： 

𝐶௘(0, 𝑠)

𝑗௙,௡௘௚(𝑠)
=

−3(𝐾 − 2𝐿௡)ଶ(1 − 𝑡ା)

𝐿௡𝜀௘,௡௘௚൫−3𝐾ଶ + 10𝐾𝐿௡ − 10𝐿௡
ଶ൯𝑠 + (12𝐾 − 24𝐿௡)𝐷௘,௡௘௚

௘௙௙
(17) 

where, 𝐾 = −2𝐿௦ − 𝐿௣ + 𝐿௡. 

Similarly, we can obtain the transfer function of the electrolyte concentration 𝐶௘(𝐿, 𝑡) 

at 𝑥 = 𝐿 to the positive volumetric current density 𝑗௙,௣௢௦(𝑡): 

𝐶௘(𝐿, 𝑠)

𝑗௙,௡௘௚(𝑠)
=

−3൫𝐾ᇱ + 2𝐿௣൯
ଶ

(1 − 𝑡ା)

𝐿௣𝜀௘,௣௢௦൫−3𝐾ᇱଶ + 10𝐾ᇱ𝐿௣ + 10𝐿௣
ଶ൯𝑠 + ൫12𝐾ᇱ + 24𝐿௣൯𝐷௘,௣௢௦

௘௙௙
(18) 

where, 𝐾 = 2𝐿௦ − 𝐿௣ + 𝐿௡. 

3) Simplification of Liquid-phase Charge Balance Equation 

Since the liquid phase concentration 𝐶௘ and the liquid phase potential 𝜑௘ in Eq. (4) and 

its boundary conditions are only derived with respect to the position variable𝑥, but not 

the time variable 𝑡, here we use the method of double integration and thus removing 

the second order differential form. 
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In the anode part, Eq. (4) can be simplified by applying double integration of 𝑥 from 0 

to 𝐿௡ and boundary conditions.  

Then, the liquid phase potential difference between 𝑥 = 0 and 𝑥 = 𝐿௡ is expressed as 

𝜑௘(𝐿௡, 𝑡) − 𝜑௘(0, 𝑡) =
2𝑅𝑇(1 − 𝑡ା)

𝐹𝐶௘,଴

[𝐶௘(𝐿௡, 𝑡) − 𝐶௘(0, 𝑡)] −
𝐼(𝑡)

2𝐴𝐾௡௘௚
௘௙௙

𝐿௡ (19) 

Using the same method to simplify the liquid phase potential in separator (from 𝑥 = 𝐿௡ 

to 𝑥 = 𝐿௡ + 𝐿௦) and cathode (from 𝑥 = 𝐿௡ + 𝐿௦  to 𝑥 = 𝐿). Then, the corresponding 

liquid phase potential difference are expressed as: 

𝜑௘(𝐿௡ + 𝐿௦, 𝑡) − 𝜑௘(𝐿௡, 𝑡) =
2𝑅𝑇(1 − 𝑡ା)

𝐹𝐶௘,଴

[𝐶௘(𝐿௡ + 𝐿௦, 𝑡) − 𝐶௘(𝐿௡, 𝑡)] −
𝐼(𝑡)

𝐴𝐾௦௘௣
௘௙௙

𝐿௦(20) 

𝜑௘(𝐿, 𝑡) − 𝜑௘(𝐿௡ + 𝐿௦, 𝑡) =
2𝑅𝑇(1 − 𝑡ା)

𝐹𝐶௘,଴

[𝐶௘(𝐿, 𝑡) − 𝐶௘(𝐿௡ + 𝐿௦, 𝑡)] −
𝐼(𝑡)

2𝐴𝐾௣௢௦
௘௙௙

𝐿௣(21) 

So, the overall liquid phase potential difference 𝜑௘(𝐿, 𝑡) − 𝜑௘(0, 𝑡) can be expressed 

as:  

2𝑅𝑇(1 − 𝑡ା)

𝐹𝐶௘,଴

[𝐶௘(𝐿, 𝑡) − 𝐶௘(0, 𝑡)] −
𝐼(𝑡)

2𝐴
൭

𝐿௡

𝐾௡௘௚
௘௙௙

+
2𝐿௦

𝐾௦௘௣
௘௙௙

+
𝐿௣

𝐾௣௢௦
௘௙௙

൱ (22) 

4) Simplification of Solid-phase Charge Balance Equation 

The solid phase charge balance equation (Eq. (3)) (3)can also be simplified by applying 

double integration of 𝑥  in the anode and cathode. Then, the solid phase potential 

difference of anode and cathode are described as: 

𝜑௦(𝑥, 𝑡)|௫ୀ௅ − 𝜑௦(𝑥, 𝑡)|௫ୀ௅೙ା௅ೞ
= −

𝐼(𝑡)

2𝐴

𝐿௣

𝜎௣௢௦
௘௙௙

(23) 

𝜑௦(𝑥, 𝑡)|௫ୀ௅೙
− 𝜑௦(𝑥, 𝑡)|௫ୀ଴ =

𝐼(𝑡)

2𝐴

𝐿௡

𝜎௡௘௚
௘௙௙

(24) 

5) Simplification of Butler-Volmer Equation 

Since the Butler-Volmer equation does not contain a differential form, here we simply 

take out the kinetic overpotential mention 𝜂௜ and obtain its expression as follow. 
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𝜂௜ =
𝑅𝑇

𝛼𝐹
ln ቀ𝛽௜ + ඥ(𝛽௜)

ଶ + 1ቁ (25) 

where, 𝛽௜ = 
௝೑,೔

ଶ௜బ,೔
. 

6) Volumetric Current Density 

𝑗௙,௡௘௚ =
𝐼(𝑡)

𝐴𝐿௡

(26) 

𝑗௙,௦௘௣ = 0 (27) 

𝑗௙,௣௢௦ = −
𝐼(𝑡)

𝐴𝐿௣

(28) 

Ultimately, the output voltage of the cell can be expressed as： 

𝑉(𝑡) = 𝑈௣௢௦൫𝜃௣௢௦൯ − 𝑈௡௘௚൫𝜃௡௘௚൯ +
𝑅𝑇

𝛼𝐹
ln ቆ

𝛽௣௢௦ + ඥ(𝛽௣௢௦)ଶ + 1

𝛽௡௘௚ + ඥ(𝛽௡௘௚)ଶ + 1
ቇ

+
2𝑅𝑇(1 − 𝑡ା)

𝐹𝐶௘,଴

[𝐶௘(𝐿, 𝑡) − 𝐶௘(0, 𝑡)]

−
𝐼(𝑡)

2𝐴
൭

𝐿௡

𝐾௡௘௚
௘௙௙

+
2𝐿௦

𝐾௦௘௣
௘௙௙

+
𝐿௣

𝐾௣௢௦
௘௙௙

൱ −
𝐼(𝑡)

2𝐴
൭

𝐿௣

𝜎௣௢௦
௘௙௙

+
𝐿௡

𝜎௡௘௚
௘௙௙

൱ (29)

 

where, electrode surface utilization rate 𝜃௜ =
஼ೞ,೔,ೞೠೝ೑

஼ೞ,೔,೘ೌೣ
. 

C. Equivalent Circuit Model（ECM） 

The modeling idea of the ECM is mainly based on using the electrical components to 

equate the electrochemical reactions that occur inside the cell. The ECM has a variety 

of structural forms, of which the second-order Thevenin model is the most widely used 

[31]. Figure 3 shows the second-order Thevenin model of the cell system. Generally 

speaking, the first RC step (𝑅௣ଵ||𝐶௣ଵ) represents the kinetic polarization, which reflects 

the double layer structure of the interface between electrode and electrolyte. The second 

RC step ( 𝑅௣ଶ  || 𝐶௣ଶ ) represents the concentration polarization, which describes 

concentration difference between the electrode surface and the reactants or products of 

the electrolyte bulk. 𝑅଴ represents ohmic polarization, which refers to the combination 

of resistance from charge transfer, electron flow and contact between components. 
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Figure 3. Equivalent Circuit Model (𝑈௢௖ is the open circuit voltage of the cell, 𝐼 is the 
external current, 𝑅଴  is the ohmic internal resistance, 𝑅௣ଵ  and 𝑅௣ଶ  are polarization 
resistance, 𝐶௣ଵ  and 𝐶௣ଶ  are polarization capacitance. 𝑈ଵ  and  𝑈ଶ  are respectively the 
voltage of the first RC step and the second RC step.) 
 

According to ohm’s Law, the state equation of the model can be described as 

൦

𝑑𝑈ଵ

𝑑𝑡
𝑑𝑈ଶ

𝑑𝑡

൪ =

⎣
⎢
⎢
⎢
⎡

−1

𝑅௣ଵ𝐶௣ଵ
0

0
−1

𝑅௣ଶ𝐶௣ଶ⎦
⎥
⎥
⎥
⎤

× ൤
𝑈ଵ

𝑈ଶ
൨ +

⎣
⎢
⎢
⎢
⎡

1

𝐶௣ଵ

1

𝐶௣ଶ⎦
⎥
⎥
⎥
⎤

× 𝐼(𝑡) (30) 

ቂ
𝑦ଵ

𝑦ଶ
ቃ = ቂ

1 0
0 1

ቃ × ൤
𝑈ଵ

𝑈ଶ
൨ + [0] × 𝐼(𝑡) (31) 

The cell output voltage can be expressed as: 

𝑉(𝑡) = 𝑈௢௖ − 𝑈ଵ − 𝑈ଶ − 𝑅଴𝐼(𝑡) (32) 

 

Method of Battery State of Charge Estimation 

A. Ampere Hour Integral 

The ampere hour integral method is the most common method for battery SOC 

estimation, and it has the advantage of being easy to calculate. The weakness is that the 

ampere hour integral method regards the battery as a black box, it has no explanation 
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for the battery physical mechanisms and internal changes, and it only considers the 

current and coulombic efficiency. Besides, the error of the estimated SOC of this 

method will increase with time. The expression for the SOC is as follow: 

𝑆𝑂𝐶(𝑡) = 𝑆𝑂𝐶଴ −
𝜂 ∫ 𝐼𝑑𝑡

௧

଴

𝑄௖

(33) 

where, 𝑆𝑂𝐶଴ is the battery initial SOC; 𝜂 is the columbic coefficient; 𝑄௖ is the battery 

nominal capacity. 

B. ECM-based Extended Kalman Filter (EKF) 

Extended Kalman filter is a popular method to realize nonlinear state prediction 

currently. The merit of this method is that it can well solve the nonlinear relationship 

between the open-circuit voltage and SOC of the battery. In addition, the filter makes 

the system covariance decrease, thus the error of the predicted SOC is controlled within 

a certain range. However, for the battery model, the ECM is still weak in explaining the 

internal phenomenon of the battery. Besides, the stability of the prediction results is 

affected due to the Jacobi matrix. The discrete state space equations can be obtained by 

solving the linear system equations of ECM (Eq. (30)  and Eq. (31) ) as follows: 

቎

𝑈ଵ(𝑘 + 1)

𝑈ଶ(𝑘 + 1)

𝑆𝑂𝐶(𝑘 + 1)
቏ = ൦

𝑒
ି

೅

ೃ೛భ಴೛భ 0 0

0 𝑒
ି

೅

ೃ೛మ಴೛మ 0
0 0 1

൪ × ቎

𝑈ଵ(𝑘)

𝑈ଶ(𝑘)

𝑆𝑂𝐶(𝑘)
቏ +

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑅௣ଵ ቆ1 − 𝑒

ି
೅

ೃ೛భ಴೛భቇ

𝑅௣ଶ ቆ1 − 𝑒
ି

೅

ೃ೛మ಴೛మቇ

−
ఎ்

ொ೎ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

𝐼௞ + 𝑤௞(34) 

The discrete output equation can be expressed as: 

𝑉௞ = 𝑈௢௖௩(𝑘) − 𝑈ଵ(𝑘) − 𝑈ଶ(𝑘) − 𝑅଴𝐼௞ + 𝑣௞ (35) 

where, 𝑤௞  is system noise, 𝑣௞  is measurement noise. So, the system variance 𝑄 =

𝐼𝐸[𝑤௞𝑤௞
்] and the measurement variance 𝑅 = 𝐼𝐸[𝑣௞𝑣௞

்]. 

By linearization, we define the discrete state equation and discrete output equation are 

as follows: 

𝑋௞ାଵ = 𝐴௞𝑋௞ + 𝐵௞𝐼௞ + 𝑤௞ (36) 

𝑉௞ = 𝐶௞𝑋௞ + 𝐷௞𝐼௞ + 𝑣௞ (37) 
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Where, 𝑋௞ = [𝑈ଵ(𝑘) 𝑈ଶ(𝑘) 𝑆𝑂𝐶(𝑘)]்，The expressions of the coefficients of the 

equations are as follows. 

𝐴௞ =

⎣
⎢
⎢
⎡𝑒

ି
்

ோ೛భ஼೛భ 0 0

0 𝑒
ି

்
ோ೛మ஼೛మ 0

0 0 1⎦
⎥
⎥
⎤
 𝐵௞ =

⎣
⎢
⎢
⎢
⎡𝑅௣ଵ(1 − 𝑒

ି
்

ோ೛భ஼೛భ)

𝑅௣ଶ(1 − 𝑒
ି

்
ோ೛మ஼೛మ)

−𝜂𝑇/𝑄௖ ⎦
⎥
⎥
⎥
⎤

 

𝐶௞ = ቈ−1 −1
𝑑𝑈௢௖௩

𝑑𝑆𝑂𝐶
ฬ
ௌை஼(௞ାଵ|௞)

቉ 𝐷௞ = [−𝑅଴] 

Then, we apply the extended Kalman filter to estimate the battery SOC. the following 

are the steps of the EKF algorithm.： 

1) Filter Initialization 

𝑋଴|଴ = 𝐼𝐸[𝑋଴],   𝑃଴|଴ = 𝐼𝐸 ቂ൫𝑋଴ − 𝑋଴|଴൯൫𝑋଴ − 𝑋଴|଴൯
்

ቃ (38) 

Where 𝑋଴ is the initial state, 𝑃଴|଴ is initial system covariance. The precision of 𝑋଴ 

and 𝑃଴|଴ has little effect on the accuracy of the state estimation. This is because the 

EKF algorithm uses the error between the system measurement and the output value 

to correct for the initial error in the state value, so that it can quickly eliminate the 

error and stabilize the predicted state around the true value. 

2) State Variable and Covariance Prediction 

𝑋௞ାଵ|௞ = 𝐴௞𝑋௞|௞ + 𝐵௞𝐼௞ (39) 

𝑃௞ାଵ|௞ = 𝐴௞𝑃௞|௞𝐴௞
் + 𝑄 (40) 

3) Kalman Gain Update 

𝐾௞ାଵ|௞ =
𝑃௞ାଵ|௞𝐶௞

்

𝐶௞𝑃௞ାଵ|௞𝐶௞
் + 𝑅

(41) 

4) State Variable and Covariance Update 

𝑋௞ାଵ|௞ାଵ = 𝑋௞ାଵ|௞ + 𝐾௞ାଵ|௞ൣ𝑉௞ାଵ − 𝑉௞ାଵ|௞൧ (42) 

𝑃௞ାଵ|௞ାଵ = ൣ1 − 𝐾௞ାଵ|௞𝐶௞൧𝑃௞ାଵ|௞ (43) 

By constantly predicting and updating the state matrix in the time domain, we can 

obtain the estimated SOC of the battery at each sampling period, meanwhile, the system 

covariance decreases and stays around a stable value. 
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C. SP2D-based Particle Surface Utilization Rate 

During cell charge and discharge, lithium ions diffuse between the positive and negative 

electrodes through the electrolyte, and at the same time, lithium ions de-intercalation 

and intercalation occurs continuously on the positive and negative active material 

particles. In this process, the lithium concentration on the particle surface will change, 

so the cell SOC can be defined as a function of the surface utilization rate of the cathode 

particles 𝜃௣௢௦, which is expressed as follow: 

𝑆𝑂𝐶(𝑡) =
𝜃௣௢௦(𝑡) − 𝜃௣௢௦,଴%

𝜃௣௢௦,ଵ଴଴% − 𝜃௣௢௦,଴%

(44) 

where, 𝜃௣௢௦,଴% and 𝜃௣௢௦,ଵ଴଴% are the surface utilization rate of positive particles after 

the battery is fully discharged and fully charged, respectively. 

D. SP2D-based Bi-directional Gated Recurrent Unit (Bi-GRU) Correction 

Since the battery operation is affected by C-rate, thermal effect, aging effect and 

external environment, which makes either model will not reflect the real situation of 

battery operation very well. In particular, in this paper, we only study the electrical 

model and do not introduce the thermal and aging models, so the internal parameters of 

the battery will be changed by these influencing factors, which in turn leads to 

inaccurate SOC estimation. To solve this problem, we propose a SOC correction 

method. The principle is to use Bi-GRU to predict the error between the estimated SOC 

of the SP2D model (Prior SOC) and the real SOC of the cell in each sampling cycle, 

and then output the final estimated cell SOC after compensating this error to the Prior 

SOC. So, the expression of the cell SOC is as follow. 

𝑆𝑂𝐶(𝑡) = 𝑃𝑟𝑖𝑜𝑟 𝑆𝑂𝐶(𝑡) + 𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛 𝑆𝑂𝐶 𝐸𝑟𝑟𝑜𝑟(𝑡) (45) 

Cell SOC is a time-dependent state variable, so it is better to use a time-series algorithm 

in deep learning for SOC correction. Recurrent neural network (RNN) is a typical time-

series algorithm that uses the idea of weight sharing, which makes it possible to greatly 

reduce the number of parameters at the time scale. However, the cumulative 

multiplication of weights in RNN at long time scales leads to gradient disappearance or 

gradient explosion and severely degrades the performance and prediction accuracy of 

the algorithm. However, the problem of gradient disappearance or gradient explosion 

in long sequences can be effectively solved by introducing the idea of gating in long 
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short time memory recurrent neural network (LSTM-RNN) and gated recurrent unit 

network (GRU). In this work, we prefer to use GRU because GRU has fewer parameters 

and is easier to train. In the field of computer science, a typical application of the time-

series problem is natural language processing (NLP). Generally, the computer needs to 

combine the text above and the text below to determine the semantics, which will 

improve the accuracy of prediction. In this paper, we transfer this idea to the battery 

control domain and use Bi-directional GRU to predict the cell SOC error, which will 

improve the SOC prediction accuracy. 

 

Figure 4. Bi-GRU (+  represents concatenate. ∙  represents the multiplication of the 
corresponding elements of two matrices. 𝜎 and tanh represent the Sigmoid and Tanh 
activation functions, respectively. 𝐹𝐶 𝐿𝑎𝑦𝑒𝑟 represents the fully connected layer. 𝑋௧ is 
the input of the algorithm. ℎ௧ is the hidden state, and its practical meaning is the output 
of each cell. 𝑌௧ is the output of the algorithm) 
 

The architecture of a typical Bi-directional gated recurrent unit (Bi-GRU) is shown in 

Figure 4. The two features selected in this paper are the current 𝐼 and voltage error ∆𝑉, 

The output is the SOC error of the cell at each moment. Our choice of these two features 

was inspired by the Kalman filter, which uses the difference between measured and 

predicted voltages to compensate for the predicted state based on the previous moment. 

However, due to the linearization, the output is unstable and less accurate. Therefore, 

we choose the same features as the Kalman filter to train Bi-GRU, expecting to 

eliminate the downside effects of linearization. The structure of Bi-GRU consists of a 
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reset gate and an update gate in each cell. 

1）Reset gate 𝑟௧ : To control whether the computation of the candidate state ℎ௧
෩  

depends on the previous moment state ℎ௧ିଵ 

𝑟௧ = 𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑊௥𝑋௧ + 𝑈௥ℎ௧ିଵ + 𝑏௥) (46) 

ℎ௧
෩ = 𝑇𝑎𝑛ℎ(𝑊௛𝑋௧ + 𝑈௛(𝑟௧ ∙ ℎ௧ିଵ) + 𝑏௛) (47) 

2）Update gate 𝑧௧ : Control how much information the current state ℎ௧  needs to 

retain from the previous moment state ℎ௧ିଵ (without nonlinear transformation) 

and how much information it needs to accept from the candidate state ℎ௧
෩   

𝑧௧ = 𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑊௭𝑋௧ + 𝑈௭ℎ௧ିଵ + 𝑏௭) (48) 

ℎ௧ = 𝑧௧ ∙ ℎ௧ିଵ + (1 − 𝑧௧) ∙ ℎ௧
෩ (49) 

where, the function expressions for Sigmoid and Tanh are as follows: 

𝑆𝑖𝑔𝑚𝑜𝑖𝑑(𝑥) =
1

1 + 𝑒ି௫
(50) 

𝑇𝑎𝑛ℎ(𝑥) =
𝑒௫ − 𝑒ି௫

𝑒௫ + 𝑒ି௫
(51) 

Since the output of the algorithm contains only one feature, a fully connected layer is 

needed at each moment, thus enabling the dimensional transformation. What is 

important to note for both training and testing dataset of the algorithm is that the input 

is a sequence, and the prediction value is the output of the last moment in this sequence. 

For example, if the length of sequence is 1000, then the SOC correction of the cell 

should start from the 1000th moment. In this work, the parameters of the algorithm are 

as follows: the length of sequence is 2043; the hidden size is 64; the number of layers 

is 3; the hidden size in the fully connected layers are 32, 8, 2, and 1, respectively; and 

the epoch is 200. 

 

Results and Discussion 

I.  Validation of the simplification effect 

The voltage comparison between SP2D and P2D models under 1 C pulse charge and 

discharge cycle is shown in Figure 5. In this simulation, the cell is subjected to: 1) 

discharge at 1 C for 2000 s; 2) rest for 300 s; 3) charge at 1 C for 2000 s; and 4) rest to 
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8000 s. All parameters are the same as the 1D isothermal lithium-ion battery case in 

COMSOL Multiphysics 6.0. P2D model was simulated using COMSOL Multiphysics 

6.0, and the SP2D model was simulated using Simulink. The overall trend of voltage 

profiles from two models is similar, but there are still minor observable differences. 

Figure 6 shows the relative standard deviation (RSD) of the SP2D model compared to 

the P2D model. As can be clearly seen, there are four distinct peak points in this figure. 

The significance of the peak point is that the error caused by the simplification increases 

suddenly at this moment and then decreases immediately. The time corresponding to 

these four peak points are 4 s, 2009 s, 2314 s, and 4305 s. Therefore, it can be 

determined that the phases of severe distortion of the SP2D model come from the initial 

stage of discharge, the initial stage of rest after discharge, the initial stage of charge, 

and the initial stage of rest after charge. respectively. Figure 7 shows the mean relative 

standard deviation (MRSD) of the SP2D model at different periods. Where Rest 1 and 

Rest 2 represent the 300 s rest after discharge and charge, and Rest 3 represents the rest 

from 4600 s to 8000 s. It can be seen that Rest 1 and Rest 2 period have larger MRSD, 

Discharge and Charge period have smaller and almost the same MRSD. So, we 

conclude that the SP2D model can accurately simulate the charge and discharge 

behavior of the cell, but it cannot model the short term of the rest period after charge or 

discharge with high accuracy. Further analysis of the 300 s rest period shows that the 

ohmic and kinetic polarization disappear instantaneously at the moment when the 

applied current is zero, and then the concentration polarization decreases to zero 

gradually during the remaining rest time because it is not related to the current. 

Concentration polarization depends on the electrolyte concentration and is a changing 

state variable over longer time periods. Hence, we deduce that the reason for the large 

MRSD of the SP2D model in Rest 1 and Rest 2 is the weak capability of simulating the 

mass transport polarization voltage. Combining the Voltage RSD curve, we find that 

the worst performance of the SP2D model comes from the concentration relaxation 

stage. 

In order to further investigate the essential cause of the local distortion of the SP2D 

model, the key variables in the electrochemical model need to be visualized. According 

to Eq.(29), the cell output voltage is equal to the sum of the open-circuit voltage and 

the polarization voltage. Generally, the open-circuit voltage is the main contribution to 

the output voltage. The open-circuit voltages for positive and negative electrodes are 
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functions of the particle surface lithium concentration. As a result, the first key variable 

𝐶௦,௜,௦௨௥௙  needs to be visualized. The polarization voltage is composed of kinetic 

polarization, ohmic polarization and concentration polarization. For both P2D and 

SP2D models, all three polarizations are a function of the liquid phase lithium 

concentration. Therefore, the second key variable to be visualized is 𝐶௘. In summary, 

𝐶௦,௜,௦௨௥௙ and 𝐶௘ versus time for the two models are plotted in Figure 8 and Figure 9. 

There are two major observations. First, since the electrode in the P2D model is not a 

single particle, the selected positive particle surface concentration of P2D model is 

located at half of the positive electrode (𝑥 = 𝐿௡ + 𝐿௦ + 𝐿௣/2) and the selected negative 

particle surface concentration of P2D model is located at half of the negative electrode 

( 𝑥 = 𝐿௡/2 ). Second, for the variable 𝐶௘ , two boundary liquid-phase lithium 

concentrations 𝐶௘(𝐿) and 𝐶௘(0) should be selected because only the boundary liquid-

phase lithium concentration needs to be considered in the output voltage equation of 

the SP2D model (Eq. (29)). Let’s take a look at the anode part as an example. During 

the discharge period, lithium is de-intercalated from the anode particles and diffuses 

into the electrolyte, resulting in a decrease in the surface lithium concentration of the 

particles and an increase in the electrolyte lithium concentration. In the discharge rest 

period, the applied current of the cell is zero and the surface concentration of the 

particles increases, which indicates that the simplified model can preserve the physical 

characteristics and has the benefit of estimating the cell SOC. If we use the Ampere 

Hour Integration method, the SOC of the cell stays the same when current is zero. 

However, the electrode-level of the SP2D model for estimating the SOC has a better 

prediction capability. Accordingly, the electrolyte lithium concentration decreases in 

this period. During the charging period, the lithium is continuously intercalated into the 

anode particles from the electrolyte, which leads to an increase in the surface lithium 

concentration of the particles and a decrease in the lithium concentration of the 

electrolyte. In the charging rest period, the lithium concentration on the surface of the 

particles decreases and the electrolyte lithium concentration increases. When the cell is 

at complete rest, both solid and liquid phase lithium concentrations remain constant. At 

the cathode, the particle surface lithium concentration and the electrolyte lithium 

concentration trends are opposite to those of the anode. However, it has to be mentioned 

that the surface lithium concentration of the positive particles in the P2D model 

increases slightly during the discharge rest period, which is related to the Li interactions 
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between the particles. This also indicates that the particles are more densely packed and 

have stronger interactions at 𝑥 = 𝐿௡ + 𝐿௦ + 𝐿௣/2. Although from Figure 8 and Figure 

9 it can be seen that the overall trend of electrolyte lithium concentration and particle 

surface lithium concentration is the same for both models, there are still local 

differences. In particular, for the SP2D model positive electrolyte salt concentration 

profile, it has a significant error compared to the P2D model, which verifies the 

previous conclusion that the worst performance of the SP2D model comes from the 

concentration relaxation period. We analyze that the local differences in the two plots 

are mainly caused by three reasons. First, the Li-ion pore wall flux in the P2D model is 

constantly changing, while the SP2D model uses a constant average Li-ion pore wall 

flux. Second, this paper uses a low order of Padé Approximation to reduce the 

complexity of the system, which leads to a certain degree of distortion in the variables. 

Third, since the input current is discrete, the transfer function in the s domain needs to 

be discretized in the simulation, which will further result in the inaccuracy of the 

governing equations. 

 

Figure 5. P2D model and SP2D model simulation of cell voltage (left y-axis) and of 
current density (right y-axis) as a function of time under 1 C-rate. 
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Figure 6. Relative standard deviation of SP2D model compared to P2D model. The 
time corresponds to the same time as in Figure 5. 

 

Figure 7. Mean relative standard deviation (MRSD) of voltage of SP2D model 
compared to P2D model during charge, discharge and rest periods. 
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Figure 8. Particle surface lithium concentration as a function of time, where results of 
SP2D and P2D models are compared. The time corresponds to the same time as in 
Figure 5. The applied current corresponds to the same current as in Figure 5. 

Figure 9. Electrolyte salt concentration as a function of time for SP2D and P2D models. 
The time corresponds to the same time as in Figure 5. The applied current corresponds 
to the same current as in Figure 5. 
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II. Model Comparison 

In this section, we compare the P2D model, SP2D model, ECM with experiment (EXP) 

data. Some electrochemical parameters are derived from Reference [32]. Some 

electrochemical parameters are adjusted by measurement and matching the P2D model 

with the experiment data. The resistance and capacitance of ECM are calculated by the 

relationship between electrical and electrochemical parameters as mentioned in 

Reference [33]. All parameter values are summarized in Table 5 and Table 6. The cell 

used in the experiment is a 3.01 mAh lithium manganate (LMO) coin cell. The cell was 

tested under 0.1 C, 0.2 C, 0.5 C, 1 C and 2 C discharge conditions. The discharge curves 

for the three models and experiments at five C-rates are shown in Figure 10, and the 

Root Mean Square Error (RMSE) between each model and the experiment data is 

shown in Figure 11. It is clear that the RMSE of the three models grow as the C-rate 

increases, which means that the prediction capability of all models decreases. By 

comparison, the ECM error increases significantly because the capability of the ECM 

for evaluating polarization loss is magnified when the current increases. Although the 

P2D and SP2D models can theoretically model the polarization voltage accurately, they 

still cannot fit the experiment data very well at large C-rates. For the P2D model, the 

reason for this problem is that we do not adjust the parameters with high accuracy, so 

the effect of parameter uncertainty is amplified at large currents. The P2D model is 

complex and has a large number of parameters that are difficult to estimate. Accurate 

parameter identification requires a large number of experiments, precise experimental 

setups for specific parameter measurements and advanced algorithms to 

computationally estimate them. For the SP2D model, in addition to the parameter 

uncertainty, the concentration gradient in solid and liquid phases becomes significant 

at high currents, which questions the validity of the simplification method and Padé 

Approximation. It can be seen from Figure 11 that the RMSE of the SP2D model is 

larger than that of the P2D model and smaller than that of the ECM at each discharge 

C-rate, which verifies that the SP2D model is more accurate than the ECM, but less 

accurate than the P2D model.  

Interesting observations is that at 0.1 C-rate, the ECM looks better than the SP2D model 

except for the high depth-of-discharge (DOD) region. This phenomenon is explainable. 

When small current is applied, the polarization loss is not significant in the low and 

medium DOD regions and the output voltage of the cell is almost the same as the open 
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circuit voltage. At this stage, the solid-phase concentration governing equation in the 

SP2D model suffers from simplification and inaccuracy of the electrochemical 

parameters resulting in a slight reduction in the accuracy of the particle surface 

concentration, which in turn affects the open-circuit voltage. However, the open-circuit 

voltage of the ECM is more accurate because it is directly calibrated based on the DOD. 

Therefore, the ECM is more accurate than the SP2D until approximately 30,000 s. 

However, in the high DOD region, where the concentration polarization is significant, 

the ECM cannot continue to predict the output voltage accurately, and the SP2D model 

is more precise the ECM at this point. Next, we compare the rate capabilities of the 

three models. In Figure 12, it is easy to find that both the SP2D model and the P2D 

models reflect the cell's rate capability very well and can predict the final discharge 

capacity. However, the ECM does not capture the cell's rate capability because the 

resistance and capacitance do not vary with the SOC in this paper. If we want the ECM 

to have a better evaluation of respond voltage, in future we need to add more RC steps 

to the model architecture and design Hybrid Pulse Power Characteristic (HPPC) 

experiment to calibrate the relationship between resistance and capacitance with SOC. 

Table 5. Parameters for cell electrochemical model  
Symbol Units Negative Electrode Separator Positive Electrode 

𝐷௦
௙ 𝑚ଶ ∙ 𝑠ିଵ 3.9 × 10ିଵସ — 1 × 10ିଵଷ 

𝑅௦
௔ 𝑚 2.5 × 10ି଺ — 0.8 × 10ି଺ 

𝜀௦
௔ — 0.238 — 0.224 

𝜀௘
௔ — 0.590 0.724 0.517 

𝐶௘,଴
௙ 𝑚𝑜𝑙 ∙ 𝑚ିଷ 2000 2000 2000 

𝐶௦,௠௔௫
௔ 𝑚𝑜𝑙 ∙ 𝑚ିଷ 52932 — 22860 

𝐶௦,଴
௔ 𝑚𝑜𝑙 ∙ 𝑚ିଷ 38516 — 4946.1 

𝜎௙ 𝑆 ∙ 𝑚ିଵ 100 — 3.8 

𝑘௔ 𝑚𝑜𝑙ିଵ/ଶ ∙ 𝑚ହ/ଶ ∙ 𝑠ିଵ 2 × 10ିଵଵ — 5 × 10ିଵ଴ 

𝐿௠ 𝜇𝑚 41 260 85 

𝑏𝑟𝑢𝑔𝑔௙ — 1.5 — 1.5 

𝐴௠ 𝑚ଶ 1.77 × 10ିସ 1.77 × 10ିସ 1.77 × 10ିସ 

𝑡ା
௙ — 0.363 0.363 0.363 

𝐷௘
௙ 𝑚ଶ ∙ 𝑠ିଵ 7.5 × 10ିଵଵ 7.5 × 10ିଵଵ 7.5 × 10ିଵଵ 



26 

 

𝛼௙ — 0.5 — 0.5 

𝑅௙௜௟௠
௙ Ω ∙ 𝑚ଶ 0 — — 

For the upper subscript of the symbols, 𝑎 represents adjustment, 𝑓 represents reference, 

and 𝑚 represents measurement. 

 

Table 6. Parameters for cell equivalent circuit model 
Symbol Units Value 

𝑅௣ଵ Ω ∙ 𝑚ିଶ 4.74 

𝐶௣ଵ 𝐹 ∙ 𝑚ିଶ 66.40 

𝑅௣ଶ Ω ∙ 𝑚ିଶ 3.89 

𝐶௣ଶ 𝐹 ∙ 𝑚ିଶ 38.00 

𝑅଴ Ω ∙ 𝑚ିଶ 8.13 

 

 

Figure 10. Comparison of P2D model, SP2D model, ECM model and experiment for 
3.01 mAh LMO coin cell discharging at 0.1, 0.2, 0.5, 1 and 2 C -rates. 
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 Figure 11. Root mean square error (RMSE) of three models at five C-rates relative to 
experimental data for 3.01 mAh LMO coin cell. 

 

Figure 12. Rate capability test (voltage vs. discharge capacity) of three models 
compared to experimental data for 0.1, 0.2, 0.5, 1 and 2C discharge rates. 
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III. SOC Estimation Comparison 

In this section, we estimate the SOC of the cell by dynamically testing a 10 Ah prismatic 

LMO cell using (Federal Urban Driving Schedule) FUDS condition. Figure 13 shows 

the applied current of the cell. The predicted voltages for the SP2D model and the ECM 

and the measured voltage are shown in Figure 14. As the time increases, the voltage 

difference between the ECM and SP2D models is gradually amplified due to the larger 

polarization that the cell experiences as time progresses. The magnification box shows 

that the voltage curve of the SP2D model is closer to the experimental voltage curve. 

Figure 15 shows the absolute error between the two models and the experimental 

voltage. We can see that the absolute error of the SP2D model is smaller than that of 

the ECM, which indicates that the SP2D model is also more accurate than the ECM 

under dynamic operating conditions. Besides, the absolute error of ECM tends to 

increase, but this phenomenon is not obvious for the SP2D model. This indicates that 

the accuracy of the ECM model decreases with time, while the accuracy of the SP2D 

model is no affected by time.  

Next, we want to compare the cell SOC estimation results of different methods. The 

deep learning algorithm is built and trained in Python. The results of predicting SOC 

error by Bi-GRU network are shown in Figure 16. The accuracy of the SOC error 

prediction is 98%. The SOC comparison of EXP, Ampere-Hour, ECM+EKF, SP2D and 

SP2D+Bi-GRU are shown in Figure 17. The SOC curve based on SP2D + Bi-GRU 

almost overlaps with the experimental curve, while the SOC curve based on Ampere-

Hour is the furthest from the experimental curve. At around 17500 s, the SOC curve 

based on ECM + EKF shows a drastic oscillation because the input data is fluctuating 

greatly during this time which leads to the instability of the EKF algorithm.  Figure 18 

shows the absolute SOC errors for all four methods. For the Ampere-Hour method, the 

estimation error increases with time, which makes the SOC estimation result distorted 

after several cycles. For ECM+EKF, although the error is unstable, it has the benefit 

that the error can be kept within a certain range by filtering. For SP2D, it has the same 

problem as the Ampere-hour method, but with a relatively small error. For SP2D+Bi-

GRU, it is clear that the SOC error is stable and almost zero. Table 7 shows the 

quantitative analysis to evaluate the errors of the four methods.  No matter which 

evaluation criteria are used, the SP2D+Bi-GRU method is the best. The estimation 

accuracy of this method reaches 99.97%, and the maximum absolute value of error is 
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0.001. 

Table 7. Cell SOC estimation score 
           Method             

Score  

Ampere-Hour ECM+EKF SP2D SP2D+BiGRU 

𝑅𝑀𝑆𝐸 5.975 3.029 1.145 0.031 

𝑀𝐴𝐸 0.037 0.019 0.007 0.0001 

𝑀𝐴𝑋 0.072 0.045 0.015 0.001 

𝑀𝑅𝑆𝐷(%) 24.485 7.931 4.891 0.027 

 

 

                        Figure 13. Applied current of FUDS as a function of time. 
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Figure 14. A comparison of predicted voltage of SP2D model, and ECM and 
experimentally measured voltage as a function of time for a current profile shown in 
Figure 13. 

 

                   Figure 15. Voltage absolute error for SP2D model and ECM 
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        Figure 16. Prediction and target SOC error of Bi-GRU based on SP2D model. 

 

Figure 17. Comparison of SOC based on four different estimation methods and 
experimental data. 
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                Figure 18. SOC absolute error for four different estimation methods. 
 

Conclusion 

In this work, we have proposed a method to predict the cell SOC. For this purpose, we 

used a framework that combines simplified electrochemical model with Bi-directional 

gated recurrent unit network, which has been proven to be a promising strategy for 

estimating the battery SOC in the cloud. This framework not only effectively improves 

the accuracy of the SOC estimation in the engineering field, but also helps researchers 

to understand the electrochemical mechanism during battery operation, which provides 

a feasible solution for implementing a cloud digital twin model of the battery in the 

future. In this paper, we evaluated the proposed framework from both model and 

estimation method perspectives and obtain the following conclusions: 1) The relative 

standard deviation of the SP2D model to the P2D model is less than 5%, which is 

mainly attributed to the distortion of the liquid phase lithium concentration. 2) The 

accuracy of the SP2D model is higher than that of the ECM model and lower than that 

of the SP2D model. 3) The accuracy of the SOC estimation based on the proposed 

framework is higher than that of the ampere hour integral method, the EKF method 

based on ECM, and the particle surface utilization method based on SP2D. The 

weaknesses of this framework come from the inaccurate parameters’ adjustment of the 
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electrochemical model and requiring a large amount of data to train the algorithm. 

There are several directions that can be considered in this research in the future to 

further upgrade the proposed framework. We list some of them here. First, the SP2D 

model can be coupled with a thermal model and an aging model since the battery is 

subject to thermal and aging effects during real use. Second, advanced algorithms 

should be designed to accurately identify the electrochemical parameters in order to 

improve the simulation capability of the model. Third, obtaining more high-quality data 

for each type of cell, not only limited to current and voltage, helps improve the general 

performance of the algorithm. 
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Appendix 

Appendix A. Symbol Meaning 

Symbol Meaning 

𝐶௦,௜ Solid phase lithium concentration 

𝐶௘ Electrolyte lithium concentration 

𝜑௦,௜ Solid phase potential 

𝜑௘ Electrolyte potential 

𝐷௘,௜
௘௙௙ Effective electrolyte diffusivity 

𝜎௜
௘௙௙ Effective solid phase conductivity 

𝐾௜
௘௙௙ Effective electrolyte conductivity 

𝜂௜ Kinetic overpotential 

𝐶௘,଴ Initial electrolyte concentration 

𝐶௦,଴ Initial solid phase lithium concentration 

𝐶௦,௜,௦௨௥௙ Particle surface lithium concentration 

𝐶௦,௜,௠௔௫  Particle maximum lithium concentration 

𝛼௔ Anode transfer coefficient 

𝛼௖ Cathode transfer coefficient 

𝐷௦,௜ Solid-phase lithium diffusivity 

𝐷௘  Electrolyte diffusivity 

𝑘௜ Reaction rate constant 

𝜀௘,௜ Liquid phase volume fraction 

𝜀௦,௜ Solid phase volume fraction 

𝑡ା Transport number 

𝐵𝑟𝑢𝑔𝑔 Bruggeman factor 

𝜎௜ Solid phase conductivity 

𝐾௜ Electrolyte conductivity 

𝐿௡ Thickness of anode 

𝐿௣ Thickness of cathode 

𝐿௦ Thickness of separator 

𝑅௦,௜ Particle Radius 

𝑗௙,௜  Volumetric current density 

𝑎௦,௜ Particle relative surface area 

𝐹 Faraday constant 

𝐴 Area of electrode 

𝑅 Ideal gas constant 

𝑇 Temperature 

𝑅௙௜௟௠ Resistance of SEI film 
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𝐼 Applied current 

𝑉 Output voltage 

𝑈௢௖௩,௜ Open circuit voltage 

𝑟 Radial axis 

𝑥 Thickness axis 

𝑡 Time 

𝑖 Anode/Cathode 

𝐶 C-rate 

 

Appendix B. SP2D Model in MATLAB/Simulink

 
Appendix C. Parameter identification for ECM 

For the equivalent circuit model, the Forgetting Factor-Recursive Least Squares 

algorithm (FF-RLS) can be used to identify the parameters 𝐶௣ଵ, 𝑅௣ଵ, 𝐶௣ଶ, 𝑅௣ଶ, 𝑅଴.  

Step 1: Laplace transform of Eq.(30) and discretization: 

𝑈௢௖௩(𝑠) = ൬
𝑅௣ଵ

𝜏ଵ𝑠 + 1
+

𝑅௣ଶ

𝜏ଶ𝑠 + 1
+ 𝑅଴൰ 𝐼(𝑠) + 𝑉(𝑠) 

Where, 𝜏ଵ = 𝑅௣ଵ𝐶௣ଵ and 𝜏ଶ = 𝑅௣ଶ𝐶௣ଶ 
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𝑠 =
[𝑥(𝑘) − 𝑥(𝑘 − 1)]

𝑇
     𝑠ଶ =

[𝑥(𝑘) − 2𝑥(𝑘 − 1) + 𝑥(𝑘 − 2)]

𝑇ଶ
 

Let 𝑎 = 𝜏ଵ𝜏ଶ   𝑏 = 𝜏ଵ + 𝜏ଶ  𝑐 = 𝑅௣ଵ𝜏ଶ + 𝑅௣ଶ𝜏ଵ + 𝑅଴(𝜏ଵ + 𝜏ଶ) 𝑑 = 𝑅଴ + 𝑅௣ଵ + 𝑅௣ଶ 

𝑈௢௖௩(𝑘) −  𝑉(𝑘) = 𝑘ଵ[𝑈௢௖௩(𝑘 − 1) −  𝑉(𝑘 − 1)] + 

𝑘ଶ[𝑈௢௖௩(𝑘 − 2) −  𝑉(𝑘 − 2)] + 𝑘ଷ𝐼(𝑘) + 𝑘ସ𝐼(𝑘 − 1) + 𝑘ହ𝐼(𝑘 − 2) 

𝑘ଵ =
2𝑎 + 𝑏𝑇

𝑎 + 𝑏𝑇 + 𝑇ଶ
   𝑘ଶ =

−𝑎

𝑎 + 𝑏𝑇 + 𝑇ଶ
   𝑘ଷ =

𝑎𝑅଴ + 𝑐𝑇 + 𝑑𝑇ଶ

𝑎 + 𝑏𝑇 + 𝑇ଶ
 

𝑘ସ =
−2𝑎𝑅଴ − 𝑐𝑇

𝑎 + 𝑏𝑇 + 𝑇ଶ
   𝑘ହ =

𝑎𝑅଴

𝑎 + 𝑏𝑇 + 𝑇ଶ
 

Define: 𝑈ௗ(𝑘) = 𝑈௢௖௩(𝑘) −  𝑉(𝑘) 

𝜑௞ = [𝑈ௗ(𝑘 − 1) 𝑈ௗ(𝑘 − 2) 𝐼(𝑘)    𝐼(𝑘 − 1)    𝐼(𝑘 − 2)]் 

𝜃௞ = [𝑘ଵ(𝑘) 𝑘ଶ(𝑘) 𝑘ଷ(𝑘)    𝑘ସ(𝑘)    𝑘ହ(𝑘)]் 

Step 2: FF-RLS Algorithm 

𝜃௞ in Eq. can be solved by RLS algorithm, forgetting factor 𝜆 = [0.95, 1]. 

⎩
⎪
⎨

⎪
⎧ 𝐾௞ାଵ =

𝑃௞𝜑௞ାଵ

𝜆 + 𝜑௞ାଵ
்𝑃௞𝜑௞ାଵ

𝑃௞ାଵ = 𝜆ିଵ(𝑃௞ − 𝐾௞ାଵ𝜑௞ାଵ
்𝑃௞)

𝜃௞ାଵ = 𝜃௞ + 𝐾௞ାଵ(𝑈ௗ(𝑘 + 1) − 𝜑௞ାଵ
்𝜃௞)

 

Step 3: Identify R and C Parameters 

Based on calculated 𝜃௞, parameter 𝐶௣ଵ, 𝑅௣ଵ, 𝐶௣ଶ, 𝑅௣ଶ, 𝑅଴ will be identified. 

𝑘଴ =
𝑇ଶ

1 − (𝑘ଵ + 𝑘ଶ)
     𝑎 = −𝑘଴𝑘ଶ    𝑏 =

𝑘଴(𝑘ଵ + 2𝑘ଶ)

𝑇
    𝑐 =

−𝑘଴(𝑘ସ + 2𝑘ହ)

𝑇
 

𝑑 =
𝑘଴(𝑘ଷ + 𝑘ସ + 𝑘ହ)

𝑇ଶ
    𝑅଴ = −

𝑘ହ

𝑘ଶ
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⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎧ 𝑅଴ = −

𝑘ହ

𝑘ଶ

𝜏ଵ =
𝑏 + √𝑏ଶ − 4𝑎

2

𝜏ଶ =
𝑏 − √𝑏ଶ − 4𝑎

2

𝑅௣ଵ =
𝑐 − 𝜏ଵ𝑑 − 𝑅଴𝜏ଶ

𝜏ଶ − 𝜏ଵ

𝑅௣ଶ = 𝑑 − 𝑅௣ଵ − 𝑅଴

 𝐶௣ଵ =
𝜏ଵ

𝑅௣ଵ

 𝐶௣ଶ =
𝜏ଶ

𝑅௣ଶ

 




