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HIFAN 1369 LBNL-61171

Accurate iterative analytic solution of the Kapchinskij-Vladimirskij equations
for the case of a matched beam

Oscar A. Anderson
Lowrence Berkeley National Laboratory
University of Colifornin, Berkeley,
Californic 24720, USA
(Dated: October 1, 2008)

The well-known Kapchinskij-Vladimirskij (KV) equations are difficult to solve in general, but
the problem is simplified for the matched-beam case with sufficient symmetry. We show that the
interdependence of the two KV equations is eliminated, so that only one needs to be solved—a
greaf simplification. We present an iterative method of solution which can potentially yield any
desired level of aceuracy. The lowest level, the well-known smooth approximation, yields simple,
explicit results with good aceuracy for weak or moderate focusing fields. The next lavel improves
the accuracy for high fields; we previously showed [Part. Acesl. 52, 133 (1996)} how to maintain a
simple explicit format for the results. That paper used expansion in a small parameter to obtain the
second level. The present paper, using straightforward iteration, obtains equations of first, second,
and third lavels of accuracy. For a periodic lattice with beam matched to lattice, we use the lattice
and beam parameters as input and solve for phese advances and envelope waveforms. We find
excellent agreement with numerical sclutions over a wide range of beam emittences and intensities.

I INTRODUCTION

Thie paper analyzes matched beams in alternating-
gradient {A-G) systems. Such beams have smaller ex-
cursions than mismatched beams, thus requiring smelier
transport aperfures, and are the starting point for anal-
ysis of mismatched beams. Designers and experimenters
who work with A-G systems need simple, accurate ways
to predict the performance of matched beams. One usu-
ally begins with the coupled Kapchinskij-Vladimirskij
(KV) equations [1]. For weak focusing fields, solution
by the smoocth approximation {2), [3], [4] is reasonably
accurate. Methods of solution for strong felds [5], [6], [7]
heve tended to be indirect or complex. Lee, using a dou-
ble expansion in focus strength and emitiance, demon-
strated high aceuracy for & special case [8]. Qur previous
paper [9] presented meneral resulis in a simple explicit
format, but with only moderate accuracy.

The present, paper, which was summarized in Ref. [10],
uses a convenient iteration method to obtain explicit re-
sults. High accuracy is demonstrated for a wide range
of parameters, which are: the A-G field strength; beam
emittance; and beam charge or current. These would
be small parameters if normalized (cf. App. J), but we
. use physical units throughout. We assume the lattice to
be periodic with the beam matched to the lattice, ie.,
having the same periodicity. The lattice is assumed sym-
metric. (Asymmetric cases are treated with a novel nu-
merical technique by Lund et al. in Ref. 11].)

We solve explicitly for average radius [Eq. (30)], peak
radius [Eqg. (36)], end the phase advances [Eqs. (40) and
(43)]. We give these results for three levels of accuracy
and complexity. All these formulas apply to arbiirary
symmefric lattices. They require at most the 3rd and
oth harmonics of the lattice profile, becoming simpler for
smooth profiles (App. Q). Envelope waveforms are given
in Appendix E and illustrated in Fig. 2.

Summary: We begin with the coupled KV equations
and show in Sec. I11 thet the matching assumption decou-
ples them so that only one equation needs to be solved.
(We are not aware that this simplification has been pre-
viously nqted.) Section IV expands the a(z) envelope
about its mean and then splits the resulting equation
into its everage part A and periodic part p. The differ-
ential equation for p(z) is solved (Sec. V) by iteration.
These results are combined to obtain a matching equa-
tion for the average radius A. This equation is written
to various orders of accuracy; our special definition of
“order” is given in Sec. V. The results (Sec. VI) are
compared to the results of numerical solution of the full
KV equations. The first-order case is usually called the
smooth approximation. Second- and third-order terms
increasingly improve the accuracy. Over a wide range
of parameters, our third-order versions provide a great
improvement aver those previously published [2}~[6]. .

Section VII combines results from Secs. V and VI to
give the maximum and minimum radii, The phase ad-
vances o and g are given in See. VIIL There is a useful
appraximation for ag in Sec. IX. Appendices F, G, and H
discuss the use of Fourier analysis of the A-G focusing
waveform to facilitate the solution. Some exact formulas
for the FODO case are given in Appendix 1.

II. THE KV EQUATIONS AND SYMMETRIC
' LATTICE MODEL

The KV equations for envelopes oz} and b{z) are [1]
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with normealized beam current ¢, emittance €, and lat-
tice focus-sfrength function K'(z). The latter is peri-
odic over the lattice cell length, defined ss 2L, so that
K{z + 2L} = K(z). In practice, the lattice cell has one
or two syminetries. The double symmetry occurs if the
focus drift speces are equal in length. In this paper we
assume that the function K (z) has odd symmetry at the
center of the drift spaces and even symmetry at mid-
electrode points, These symmetry points necessarily al-
ternate at intervals L/2. Tt is convenient in what, follows
to choose one of the even points for the 2 origin. (The
odd choice is appropriate for the case of unequal drift
lengths; that case is not discussed in the present paper.)
Then the double symmatry is expressed as

K(L—z)=K(L+z), (3a)
K(L/2~z) = —K(L/2 + 2). (3b)

It follows that K(2) is anti-symmetric about 3L/2 and
that K'(z) obeys the shift relations

K(z+ L) = -K(2), (3c)

K(z+2L) = +X{z2). (3d)
It also follows that
K(—z)= K(z). (3e)

Equation (3d) confirms the lattice periodicity which was
sssumed above. Equations (3a) and (3b) indicate that
K (2) can be expanded as a cosine series containing anly
odd-numbered harmonics.

In this paper we solve Egs. (1) and (2) for the beam
envelopes in the special case where the beam is matched,
ie., a(z) and b(z) have the same periodicity as the lattice.
The initial conditions with the symmetry of Eq. (3e) are
a’'(0) =0, ¥'(0) =0, a(0) = ag, b(0) = by.

For given @ and € and given lattice parameters, ag
and bp can be chosen over wide ranges but the beam will
be matched only for particular values, which we cell ap,
and by, such that a(2L) = ay and 8(2L) = by,. In this
case, the initial conditions are

a'(0} =0, ¥{0) =0, a(0) = an, b(0) = by,.

If we substitute a;(z) = a{z + L) and by(z) = b(z + L)
in Eqgs. (1) and (2) and use Eq. (3c), we find that az(z)
and bz (z) also satisfy the KV equations with transposed
initial conditions: ar(0) = by, br(0) = 2m.

We deduce that for a matched beam b(z) = a{z + L),
go that the denominator of the last term in Eq. (1) can be
written a{z)4-b(z) = a{z) +a(z+ L). Then b(z) does not
appear and Eg. (1) is deconpled. In Sec. III and App. A
we find an expression for the function fa(z) + a(z+L)]*
in terms of integrals involving the piven lattice function
K (z). After that, Eq. (2) is not needed for our matched-
beam case. The mein work of this paper will be to find
@m and byn—see Secs. IV through VII. First we introduce
some definitions.

Cperators, Functions, Parameters, Derived Quantities

To aid the solution of Egs. (1) and (2), we de
fine in Teble I the operators (...}, {...}, fi [I
which operate on even, periodic functions; the funec-
tions h{z), g(z), 8(z), p(z); and the constants
k, @, B, g, A, K°%, &, and py. In Eq. (19), h; is the
first Fourier coefficient of h(z)—cf. App. F.

TABLE I: Collection of definitions to be used in this paper

(£) = (1/2L) [ (=) d, @
{Fr=5-{f> (5)

For even $(z)3 () =0: fv= [F(z")d2’ (6)
and [f={fd [u(")="}. ()
k= K(0), (8)

h(z) = K(2)/k, (9)

g= [fh, (10)

8(z) = ff{hgl, (11}
A= {(a(2)), (12)

p(z) = (afz) — 4)/4, (13)

a = 3E%/4%, (14)

8 = al’/n?, (15)

g = Q/A% (16)

K = K[ fh]*), (17)

& = 3k*(g%), (18)

pm = kL7, (19)

In Table I, the operator {...) performs an average
over a cell length 2L. The operator {...} removes the
average part of a periodic function: e.g., 2 {cos’z} =
{1+ cos2z} = cos2zr. The operator [f operates on even
periodic functions that have zero average. It gives the re-
peated indefinite integral and removes the average part,
if any, of the result. This removal can be implemented by
constructing a suitable lower limit for the outer integral.
To iliustrate, Eq. (10} can be written

g= ) dz"/~ h(z") dz",
Lz Jo

which subtracts the value at L/2, so that g(L/2) = 0.
Alternatively, one can start both integrals at zero and
then apply the operator {. ..}, as in Bq. (7). For example,
ffeosz = {sinz} = {1 —~cosz} = —cosz. Note that,
from Eq. (9), h(0) = 1.



IIl. DECOUPLING THE KV EQUATIONS FOR
SYMMETRIC MATCHED-BEAM INITIAL
CONDITIONS

For a matched beam with the symmetries of Eq. (3),
we showed in Sec, IT that b{z) = a(z+ L), implying that
Egs. (1) and (2) are decoupled and that (o} = (b) = A.
We write

a(z) = A(1+p(z), B(z)=A(1+p(z+L), (20)

with p(z) > —1 for all z. Then the @ term in Eq. (1) can
be written

2Q
L =2 (- Fla), 1)

where F' is obtained from an expansion and iterations.
All terms consist of integrations of the focus-strength
profile h(z) [Appeudix Al:

—B[{Afh} 4= 8 4. (22)

Additional terms are shown in the appendix. With the
Iattice symmetries of Eg. (3), all the series terms for
F(z), including #(z), have only even-numbered cosine
harmonics—in contrast to h(z), which has only odd ones.

Egnations ( ) and (2) are decoupled to all orders so
that Eq. (2) is superfluous from here on. Equations (1)
and (2} are replaced by

a(z)"

—K(z)a+— + = < (1- Ba(z)+---), (1%

b(z) = a(z + L). (2)

IV. EXPANDING AND DECOMPOSING INTO
AVERAGE AND PERIQDIC PARTS

Substituting a = A(1+p(z)) in the first three terms of
Eq. (1), expending 1/a®, dividing by A4, and using (22)
and (14), Eq. (1¥) is equivalent to

p(2)" = —kh(2) — kh{z)p +
%(l- 30+ 6p°—~100°+ 150" - )+ ¢ (1— K28(z)+ ).
(23)

To solve for the ripple p(z) and for the mean radins A
(which appears in the definition of o and g), we de-
comnpose Eq. (23) into a pair of equations. Avereging
Eg. (23),

n 10
= —k{hg) +% +2a(p”) — —?)—a(pa) +5a(p") -+ +q.

(24)
Subtracting Eg. (24) from (23),
p" = —kh(z) — k{hp} — ap+ 2a{p*}
- 1?Ou{pa} +5e{p'} +- - gk?6(z) +---, (25)

3

with the {---} operator defined by Eq. (5). There are
now two equations, each containing p(z) and A—the lat-
ter represented by o. These represent the KV equs-
tions (1) and (2) for our matched beam. We will abtain
A and p{z) fo good accuracy in Secs. IV—VI and App, E.

V. ITERATIVE SOLUTION: ARBITRARY
SYMMETRIC FOCUSING PROFILE

On the right-hand side of Eq. {25), the kh{z) term
dominates the terms involving the unlknown function
p(z). Therefore, we use only kh(z) in the initial inte-
grations which give pa). Then we insert po) into (25)
and integrate again to obtain pg;y. (A miniscule term,
gk*s(z), in f(0) is omitted.) This process is repeated to
Bet p2):

Py = —kg, (26a)
Py =Py +okflg+ kS + o ahaffg : (26D)
Py = oy — o kf[[fg — K], h5 Aokfgs.  (260)

In (26c), ff[f stands for two applications of the operator [[
defined by Eg. (7).

To complete the approximate solution of the KV equa-
tions, p(z) from Eq. (26) is put into the matching equa-
tion (24). In Eq. (26) we included no items (e.g.,
20k([{g}?) that would give terms in (24) higher than
third power in the parameters k2, @, and g. That is, we
go no higher than third order as defined below.

Some terms vanish by orthogonality, sinee h(z), g(z),
¢, ete., possess only odd harmonics while 8(z), {¢*},
{g*} have only even ones for symmetric quadrupales.

A term not shown, gk [[§(z), involves multiple integra-
tions of an already small funciion and would contribute
<'0.04% to the maximum radius g, even at o = 120° -
and affect A by less than 2 parts in 10,000. This is much
smaller than the two parts per thousand criterion used
for significant terms in Appendix E.

Order: We reckon the order of a term in the match-
ing equation by counting the number of factors &2, o,
and g. These would become small parameters in a non-
dimensional formalism (Appendix J). We prefer to re-
tain physical units for quantities such as the axial coor-
dinate z. Note that Lee [8] defines order using % and
& so that our third order corresponds approximately to
his fifth order. Appendix B evaluates the combination
of Fgs. (24) and (26). The result, in simplified form, is
shown in the next section,

VI. MATCHING EQUATION TO VARIOUS
ORDERS FOR AN ARBITRARY SYMMETRIC
LATTICE

Third Order: Inserting Eq. (26) into Eq. (24) yields
seven terms [App. B, Eq. (B7)]. Some terms combine,
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FIG. 1: Hlustration of resulis for special case of FODO lattice, compared with simulation resnlts. (a) Accuracy of mean radius,
from Egs. (30), (32), (33). (b} Accuracy of maximum radius, from Eqs. (36), (37), (38).

Input quantities: ), €, and quad voltage V(xK). Other parameters: sse Teble IL Vg, fixed at 20 kV, gives phase advance
oo of 83.37%; € and Q are varied so that depressed tune o ranges between 0° and 76.5°; exact 6o and o are obtained mumerically.

TABLE II: Parameters used in Figs. 1a and 1b, based on the actual MFE ESQ accelerator [12).

Quad cell length

20 em Quad voltege (Figs. 1, 3a) 20 kV
Occupaney factor 0.5 Quad voltage (Fig. 2) 25 kV
Quad radius (g} 1.75 cm Beam current (Fig. 2) 0.5 Amp
Beam energy 200 KeV Norm emittance (Fig. 2) 1.55 % mrad-cm
Beam particles H™ ions
resulting in (Appendix C) Second Order: Eq. (B7) has two second-order terms,
2 One yields the correction to K*% seen in Eq. (28). The
K 6_1114 - ,_Q_q. =0, (27)  other term is ck® (g*), or, using definition (18), a®/3.
Am®  Am We define

where

Ef = <[ fI{(z)]2> [1 + 2%@ (1 + %Ca)] . (28)

€m® = €* [1 +@ (1 + %@ + 3ﬁ:)] . (29)
In Eq. (28), c3 is of order unity (see Apps. G, H); in
Eq. (29), A is defined by Eq. (35). Roman-numera] sub-
scripts on A and € signify the order of approximation—
third order in this case. The subscript on § ~ A~* indi-
cates that 4; [Eq. (33)] is used to approximate 4. The
matching equation (27) is in the standard form of the
smoath approximation, Eqg. (33), and can be solved to
find the third-order A:

Q Q \ em?]”
A = - 115 I
T {(21{;5 ) TR ] (830)

If the input quantity is the mean radius Aip, then
BEq. (27) gives the allowable @ to third order,

Qm = Ay K57 — —EHIE
= Ajn, 7.
32 t Alnp_

€’ = €341+ 9), (31)
and gat
en: Q@
Kgf - —— — *_ =, 32
t ../‘1114 AH2 ( )

Eq. (32). can be solved for Ap or Qp in the same way
as for the third order, giving useful approximations when
K(z) and € produce gy and o less than about 80°.

First Order: In Eq. (B7), the three terms of lowest
order in @, g, k* produce what is called the first-order
matching equation in this paper (Ref. [9] used another
terminclogy). This is the classic smooth approximation.
These terms give k* ([fh]?) = /3 -+ g, or, using the
definitions (14), (16}, and (17),

e Q
Keff _ -
At A7

The equations derived in this paper apply to arhitrary
focusing profiles satisfying Eqg. (3), such as the smooth
profiles in Appendix G, but for illustration (Figs. 1, 2,
and 3), we use the FODO model (Appendix H) with pa-
rameters from Table II. First-, second-, and third-order

=0. (33)



results for A, from (33), (32) and (30), are plotted in
Fig. 1a for FODO. The smooth approximation is seen to
be relatively inaccurate except nesr the point where its
error curve crosses the 0% line.

VII. EXPLICIT THIRD-ORDER RESULT FOR
ama.x.

Knowing the matched mean radius A4, one can com-
plete the solution for the beam envelope a(z) = A(1 +
p(z)) using p(z) from Eq. (26); b(z) can be found by
changing the sign of the terms that contain odd powers
of k.

Some terms of Eq. (26) can be written in exact form
[Appendix I} for models such as FODO, but Fourier ex-
pansion is more useful in general:

hiz}=Mh [CDS -1;;—3 + C—; cos

3Imz  c5 bwz
T+€°°S—L"+"‘]
{34)

Values (usually of order unity) of h; and e, for both
smooth and FODO profiles are given in Appendices G
and H. With the definition

2 2 el
,61 = Q}Tr—z = SFA_I‘!, (35)
we have
o =Am[1 +pa(l+ 5+ )+
1 /.  25cs 5,
gPm (1 + =1 ) + Bipmn (1 + 5 Pm +)5'1)] (36)

using results from Appendix E. The accuracy of Eq. (36)
(applied to the special case of FODO model) is shown in
Fig. 1b, along with that of the truncations

alE* = Ay [1 + P (1 + -él—,?ca + %cs) + .Blpm] (37)
and (the smooth approximation)

af®* = A1 (1 + p)- (38)

The time dependence of Eq. {36}, from App. E, is plotted

in Fig. 2

VIII. PHASE ADVANCES: ARBITRARY
SYMMETRIC A-G WAVEFORMS

From the well-known phase-amplitude result [13], the
phase advance per quadrupole cell of length 2L is

2L d'_’-
g=e/ — =2LE{a?).
0o @

We approximate a(z) by Amfl + p(z)] with A from
Eq. (30) and p(z) to third order from Eq. (26). Subscripts

2

=

&

)

E

2

=

2

3. 05 - a(z)/A bzl A
. aoc  Fimst Order
| soo Third Order

— Exact
0.0 | | |
0 03l L L3L 2L
Axial Distonce

FIG. 2: Nlustration of matched envelopes a(z) and b(z) for
special case of FODO model. Parameters from Table I,
giving tunes og = 112.2" and ¢ = 86.8". Exact envelopes
{salid curves) were obtained numerically. Third-order results
[Eqe. (E6)~(E10)] give an amax error of —2.37%. The smooth
approximation error [Eq. (E6) only] is —13.0%. Amplitude of
halF-period ripple is 5.6% of amplitude of full-period ripple.

are omitted for brevity. Expanding a2 and taking the
average gives

U=2LA€2 [1+3(*) ~4(p*) +5(a*) ~--]. (39)
giig

(The 2p term has zero average by definition.) Ap-
pendix D shows that to third-order accuracy

om = 2L— [1 +& (1 + ?’—@ <+ 2,3{)] . (40)
AIII- 4

for arbitrary symmeiric A-G waveforms. Errors with re-
spect to exact values from simulations are illustrated in
Fig, 3a for the particular case of & FODO lattice. Usaful
accuracy is retained after dropping two terms and using
lower-order A from Eq. (32):

o = 2L-S_(1 + ). (41)
An”

Figure 3a shows large errors for the first-order result
{smooth approximation):

(42)

The undepressed tune og for the general case is found
by setting @ = 0 in Eq. (27), then eliminating € from
Eq. (40). Details are in Appendix D. The third-order
resulf is

1/2
opm = 2L (K;ff) [1 + %@ + 5@32] (43)
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FIG. 3: Phase advances for special case of FODO model with parameters from Table 11,
(8) Accuracy of depressed tune o from Fqs, (40)—{42). Vg is fixed at 20 kV as in Fig. 1.
(b) Accuracy of phase advance oo from Egs. (43)-(45), Vg ranges from 5 KV to 22 kV.

for arbitrary symmetric A-G waveforms. To second-
order,

1/2
oon = 2L (K5*) [1+%@]. (44)
The smooth approximation is
oor = 21 (E=F)*. (45)

IX. UNDEPRESSED TUNE: SPECIAL CASE OF
FODO WAVEFORM

Figure 3 compares the aceuracy of Egs. (43), {44), and
(45) for the special case of FODO focusing {with occu-
pancy 1 = 0.5), but gives an idea of the relative accuracy
for arbitrary waveforms. At op = 100°, the smooth ap-
proximation is off by 12% but this improves to 1% for
third order.

For the FODO waveform, op is obtained exactly by
multiplying transfer matrices [2]:

og = cos™t [cos rcosh i+ (1 — ) K2 L{cos ksinh &
1
—sinkcoshk} — (1 — )2 K L*(sin xsinh H,)], (46)

where & = nK/2L. Equation (46) applies to cases where
op < 180°, This exact solution can be expanded to give
the close approximation

]

o ~ 25in~? [L (ReFyY/ "] , (1)

where for FODO, K®T = L1y2(3 — 2n)k°L2. Equs-
tion (47) resembles Eq. (45), the smooth approximation,
but (for 7 = 0.5, oy = 100°) the error is 0.41% instead
of 12%. The error increases with %, but is still only 1.1%
forp=1.

The approximation (47) may be useful in non-FODO
cases such as the examples in App. G; see App. L.

APPENDIX A: DECOUPLING o AND 5 IN THE
KV EQUATIONS

This appendix caleulates a{z) + b{z) for the @-term
denominators in the KV equations. Dividing Eq. (1) by
A and expanding gives

]

plz)" = —kh(=) — kh(z)p+ %(1 —3p+--)

+ %(1 —R(z) + R*(z)—---), (A1)

where
p(z) + p{z+ L)
5 .

We will find that only lowest order results are needed
and drop the R? term, etc. We subtract the averape of
Eq. (A1), using definitions from Table I, and obtain

p' = —kh(z) — k{hp} —ep—qR(z)+--, (A3)

which we solve by iteration. In the initial step, the only
known quantity is kh(z), so that

R(z) = (A2)

Ploy = —kh,  pp) = —kg. (A4)



Substituting —kg for g in the previous equation,
Py = —kh + & {hg} + akg;
puy(2) = —k + k%6 + ak ffg,

where we used the definition of &.

(A5)
(A6)
Using the shift

Eq. (3c),
oy (z+ L) = +k -+ k%6 — ok f]g. (A7)
Then Egs. (A2), (A6) and (A7) give
R(z) = k%3, (A8)

resulting in Bg. {1*) in Sec. I11.

The expansion and iteration could be extended to pro-
duce more terms [all derived from h(z)] but these would
give even smaller corrections to our results.

APPENDIX B: DETATLS OF DERIVATION OF
THE MATCHING EQUATION

Rearranging Fqg. (24) slightly gives

lhe) “”[%”(PZ)- %q(pa>+5(p4)+~-] +a

(B1)
Inserting g from Eq. (26), the left-hand side of this equa-
tion is

k (hp) = i [— {hg}+a (hffg) + 1—; — ok (hfo%)

— a® (h[[[fg) — ¥ (b [Ih6) — 2ak? (R [[g8) + - ]

where we have dropped the subsdript on g. The orthogo-
nal k?§ term is absent. We simplify by changing the order
of integrations, using the h(z) symmeiries [Eq. (3)]. For

example, — (1 [[[fa) = — (g [fa) = +([[o]*). Applying
this technique throughout gives

lhe) =+ (JHP) + @ (¢2) + 02 () |+
Kt [([f{hg}}z) + —132a (o) + 20 {g*6) + ] (B2)
For the righi-hand side of (B1),

(£} = (%) — 20k*{g [} + 2k*(g [[h8) + -+,

(B3)
(6°) = 31 () +--- , (B4)
() =K et} (85)

The very small k*(§°) term was omitted from (p*).
Again changing the order of integrations, the right-hand

side of {(B1) becomes

ths = a[% +k2(2 (g%) + 4o <Ug]“'>)+

K (4 {gffhs) —10(g"8) +5 (g*))] 4+g+---. (B6)

Four of the terms of (B6) combine with terms of (B2}, so
that

K (LFR%) + 8 ([f{ha}®) =
af[% + i* ((92) + 3node® ([fg]z)) +

k“(’i (a7n6) 12 (%8) + 3 (94)) +] +g  (BY)

the matching equation from Eq. (B1). Each term (except
/3 and g) involves averages of functions of the focusing
profile A(z). Given any h(z)—obtained from a modet
such as FODO or measured on an actual quadrupole
cell—these averages can be caleulated once and for all,
being constant coefficients of the terms in a and k. Ap-
pendix C shows how to write Eq. (B7) in simple form
[Eq. {C9)].

APPENDIX C: SIMPLIFICATION OF THE
MATCHING EQUATION

It is convenient to write the Fourier representation in
the form

7z 1 7z 1 TZ
h(z) =y [cnsf+ §C3 cos 33+ EEE cos 5._L__ . ] .
{C1}

The axial profile of the quadrupole gradient determines
hi and ¢,. Tables III and IV show that h; remains
of the order of unity while ¢y and e5 can change sign
as the profile is varied. For the hard-edge guadrupole
model (FODO) with occupancy 5 = 0.5, Table IV shows
that ¢3 = 1. Because of multiple integrations, terms
containing c; are usually negligible.

Right side of Eq. (B7): By definition, k* (¢°) = ®/3.

For the factor {{[g]*) = ({[[/h]*), the third and higher
harmonics make very small contributions because of
the multiple integrations. Comparing leading terms for

([fa)?) and (g°) gives

3k* ([[al*) = ;E—z?'kz (¢%) = ﬁ—ﬁ: ()



The three k* terms on the rhs of Eq. (B7) are:

4{g[fhd) = %(ng (1 +§ca+~--) N (o)
—12 (925) = -——-z- (g2>2 (1 + -g-ca + .- ) , (C4)
=3 (1rgat). (@

Adding (C3) through (C5) gives 2{g2)°(1 +
(29/243)c3 + - - - ), where the small c3 correction can be
neglected since it corrects a term which is already third
order. Using all these results along with definition (14),

the right-hand side of (B7) (without the g term) becomes

2r2
iﬁé) -

2 12
€ (1+¢>+2c1: g

e? (1 +®+ %@2 + 3131@) = €m*, (C6)
as in the main text. In the last term,
L2 EZ
b= SFA_I"" (C7)

uses the lowest-order value for A because this term is
already of the highest order that we retain.

Left side of Eq. (B7): The ([ f{hg}]?) term is

(Ha?) = 3 (&) (1+

0Ca+ TEea )(Uh}"‘).

(C8)
Dropping the ¢f term in (C8) for simplicity, we define
the LHS of (BT7) as

K7 = LE([ﬂa])(1+24r1>( 22 ))

Altogether,

(C9)

Kt = Em®, Q

= C10
Am* ' Am® (C10)

which is Eq, (27).

APPENDIX ID: DEPRESSED AND
UNDEPRESSED TUNES, GENERAL CASE

Here we evaluate the expansion terms in Eq. (39).
From Eqgs. (B3-BS) in App. B,

3(p%) = 3k (¢) + 6k® {[[a*) + 6k* (g [h8) +---,

)
—4(p®y = =12k (¢*8) + -+, (D2)
5(p*) = 5k* (g"} +. (D3)

From App. C, Egs. (C2}-{C5),

2
6ak® ([[g]*) = %ﬁmkﬂ (g = 2m@, (D4)

(D5)

6k* (g [fhs) = -Z:LA (g° ) (1 + fﬂa +- )
—12k* {g*8) = —-%k“ (g% (1 + %ca + ) v {D8)

15 a 4

L4 fodN T 2 il [N
5k (g%) = ok (g) (1+Blc3+ ) (D7)
‘When the last three are added, the c3 coefficient is only
25/729. Dropping this and using the definitions gives to
third-order accuracy

r=20—S (1+@§@2+2ﬁ@). (D8)
A 4
Undepressed tune: Seiting ) =0, (27) is
_em’_ € ( )1/ 2
KR 14+ & @' 36®@
(D9)

The factor €2/AI* in the last term can be replaced by
K = g2 ([[h]*), according to Eq. (33) with @ = 0.
Comparing with the definition of @ and Fourier expand-
ing as before, the last term, to lowest order, is 3@2 for
@ = 0. Thus, altogether,

E2 1/2
14§+ 82 4 )
At (* +3 )

Making a similar replacement in Eq. {40) for the case

K = (D10)

Q=0
oo = (1+§)+ 3% - ) (D11)
Am®
Using Eq. (D10) to eliminate €/ Am?,
efE\1/2 11 4
og = 2L{K3") 148+ 0%
7 4 2
X (1+@+§¢’"+-~) , {D132)
or, finally, to third order.
ap = 2L{K§T)/ (1 + %@ + gi’g +-- ) (D13)

for arbitrary symmetric A-G profiles. Sometimes it is
convenient to work with the squares of oy and o, which
are for third order

ap® = 4LPKEE (1 + @ + 207) (D14
and
2 _ 452 E° B oo -
o =40 =5 (1+28 {1+ -0 +26; | }. (Dis)
Amm 4



APPENDIX E: CALCULATION OF a(z) AND b(z)
FOR GENERAL CASE

Using Fourier expansion, written as in Appendix C,

kh{z) = khy [cos -+ r_'3 ch3

T 3 —{— C5C055L ],

and recalling pm = h1kL? /72, the terms of Eq. (26) are

1 wZ
—kg(z) = —[fh = pm [COS 7+ gpeacosd—
1 Tz
+ I2_505cc’55f +] (E1)
wE 1 wE
ok f[fg = Bpm [GUS A -+ 5438 cusS—L- +-- ] (E2)
;2 2[Tthg} = ) cos2™
k*6(z) = k°[[{hg} = 8Pm [(1-}- 5708 )cos 7
b wE
+ iqcosdr-i- + ] (E3)
10 ) 3 __ 5 a 1 , -1
?ak .U-q - Tj.ﬁpm [(1 -+ E?Ca + - ) cos 2-—]3-
1 /2 Tz
+“f(§ca+n-.)cossf+...:| (E4)
—c*k [[[fg = B*pm cos 1}—’2 + (E5)

The small final two terms from Eqg. (26) have been omit-
ted here for simplicity.

The Significant Terms

‘We drop small quantities in the above equations. The
criterion is that they contribute less than two parts per
thousand to the final result for a bad-case scenario: large
focusing voltage (giving phase advance of 112°) and large
B. 'This leaves

. TE 1 w2 1 Tz
kg = pm [eos T + Eca cos S—E + ﬁcs c055~i- . ]

(E6)

cxlaffg:ﬁpmcusw%+-~- (E7)

k*5(z) = —P cos 222 + -2—5-8 cos 42 4. (EB)
m L5
_1_9 .3 s_é 3 nz

7ok Ife® = 5Bpm" cos 7 (E9)

]

-k ff f[g =ﬁ2pmcus% +eee
Adding all these gives p(z) to third-order accuracy. A fow
small terms were omitted as mentioned before. Setting
z =10 gives pmax B0E Byax = A (14 prnx) 85 presented in
Section VII. Setting 2 = L changes the sign of all terms,
except the even term k28(z), and yields ag;,. o and 4
are only needed to lowest order, i.e., oy and fi; we omit
the subscripts here.

Results from Eqgs. (E8)-(E1D) are shown in Fig. 2 in
the main text.

(E10)

APPENDIX F: FOURIER REPRESENTATION,
ARBITRARY SYMMETRIC CASES

Fourier Coefficients

Recall from Section IT that the focusing force X (z) in
the KV equations is written as

K(2) = kh(z) (F1)

with A(0) = 1. Because of the symmetries [Eq. (3)] and
initial conditions, there are only odd harmonics and no
sine termas:

h(z) = E hn CO8 2 (F2)
1,3,5,.
with the condition
> ha=1 (F3)
1,3,5,..
The Fourier coefficients are
1 [k nwz
=— —idz. F4
hn A h(z) cos I d (F4)
It is often convenient to define
_ha -
Cn =N (Fa)

where ¢; = 1 by definition and where |c3) usually turns
out to be of order unity—see Tables III and IV. Then
Egq. (F2) is written as

h{z)

1 nwz
=hy E —e5 COS —. {¥F8)
135, " L

Solution of Envelope Equation .

In the solution for p(z}, Eq. (26), the largest term is
proy(2) = —kg(2) = —k f i f T hMd,  (F7)
Lf2 o
which with Egs. (F2) and (F5) is

E % —’. (F8)
3,5,..

_kgz =



The next largest term is

akffg—oz?hl Z = cos—-——

(F9)

To achieve 1% aceuracy, the first three series elements of
{F8) are usually required, whereas for Eq. (F9), only the
fundamental is needed [ef. Eq. (E2)].

The additional terms of Eq. (26), shown in Egs. (E3)
and (E4), are found with the help of trigonometric iden-
tities.

The mean square of the integral of Eq. {F2) gives the
effective force

L3 qiu L C2
K = g = np R B S
1,3,5,...

(F10)

which is used in the matching equation and for calculat-
ing undepressed phase advance.

The correction term & (used in evaluating phese ad-
vances, average radius or transportable current, ete.) is

k4L4 k4L4
=922 = o E: 2____
(F11)

since the harmonics contribute practically nothing. Di-
viding this into Eq. (%), we find

2
@—BKEEL (1+81+~-), (F12)

which could be useful in certain caleulations.

APPENDIX G: SOLUTION FOR SOME SMOOTH
LATTICE PROFILES

All our results apply to an arbitrary symmetric focus-
ing profile once its Fourier coefficients are known. Some
simple but representative smooth models are discussed
here. In each case, we use only the lowest required har-
monics.

Field Model 1: h(z) = cos &£,
h] = 1,_ g = 0.
This is the model used by Lee [8].

Field Model 2: K"(0) = 0

h-1 = (Gl)
with all the other coefficients zero except e;, which is

unity by definition. This choice gives a flat field at the
midpoint of the quadrupoles, without the discontinuities

10

TABLE III: b1 and ep = nhy/hy and Tequiv for four smooth
models.

Madel ha €1 €3 [ cr g Teguiv
#1 1 1 — s _ — 0.57
£2  9/8 1 /3 — — — 060
#3- 34 1 1 — — — 040
#4 15/16 1 1/2 —1/2 —_ — 0.53

 of the bard-edge FODO model. From Egs. {G1), (F9)
and (F10) we gt
92 ;212 1
eff _ 7 —
L (1 + 93) , (G2)
92 k1Lt 1

The third-harmonic correction for ® can be neglected in
most cases.

Field Model 8: K'(L/2) =0.

3

hl = I, L3 = 1. (G4)

This model is narrow, pesked at the quadrupole mid-
points, with zero slope at the gap centers. It gives
focusing strength equivalent to FODO [Eq. (I1)] having
about 40% oecupancy. The third-harmonic corractions
to K and @ are 1/81 and 1/243 respectively.

Field Model 4: K7(0) =0 and K'(L/2) == 0.

15 1
- c3 ==

3 ()

€5 = "5:

which gives a fairly realistic profile (Fig. 4) and corre-

sponds to FODO with 7 ~ 53%. The third- and fifth-

harmonic corrections are well under 1% for this case.
Table IIT summarizes the above results.

7\
TN\

Axinl distance
FIG. 4: Axial profile of normalized quadrupole strength A(z)
for Smooth Field Model #44, which uses only the 3rd and 5tk
harmonics. The unit cell length is 3L.
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TABLE IV: ky and cn = nhn/h; for FODO case with four
different occupancies.

7 whf2 o e 5 e £ o1
1/3 1 1 2 1 -1 2 4
/2 2 1 1 -1 a1 1 1
2/3 V3 1 101 0 4

1 2 1 -1 1 11 A

APPENDIX H: FOURIER SOLUTION FOR THE
SPECIAL CASE OF FODO

In the case of the poputar FODO lattice model (Fig. 5),
the Fourier coefficients h, are readily calculated from
Eq. (F4):

(H1)

which satisfies Eq. (F3) for occupancy h over the range
0 < n £ 1. From Eq. {F5),

sin(nwn/2)
sin{rr/2) (H2)
for FODO. All the results from App. F can be used for
FODO by putting hy = sin T} . Values of h; (normalized
with 7/2) and ¢, are shown in Table IV for various 7.

APPENDIX I: S0ME EXACT FORMULAS FOR
THE SPECIAL CASE OF FODO

Results using truncated Fourier representations for the
hard-edge FODO may be compared with exact results hy
integration. (The FODO model is illustrated in Fig. 5.)
Becanse of the symmetries expressed in Eq. (3), the cal-
culation of averages is simplified, requiring only integra-
tion over one-fourth of a cell. One finds for a specified

Quad strength
=

§] L il L
Axinl distance

FIG. 5: Normalized quadrupole strength h{z) vs. z for a
FODO lattice having occupancy 0.5. The unit cell length
is 2L,

1

OCCUpancy 7

: i
f — 1.2 AN 2 2 7 2
K = (") = 3 - mkL%, (1)
b= 3]32(92) —_ ]3"6”2 (1 _n2 ;:_na) k2L4- (12)

One can do the integrals in the first two terms of p(z),
Eq. (26). For the integrations, we divide the cell into
five zones:

Zone 0:
Zone 1:
Zone 2:
Zone 3:
Zone 4:

0<z2<L/2

nLf2 <z<L-—nL/2
L-qL/f2<z<L+nL/2
L4+nL{2<z<2L—nL/2
9L~ nL/2 < z < 2L.

For even-numbered zones, the first integral is

a

=2 (33 fre-n(3) - (o8]
(13)

with n the zone number. P is defined as follows: for any
integer m,

+1 if m is even;
P = ?
(™) {-1 if m is odd.

For odd-nunbered zones the integral is

_ffh=p(”'2*’1) %Ln (z—né’-). (14)

As required by the definition of ff, the average has been
subtracted. The maximum velue of gy (where z = 0,
implying n = 0) is

1
P =~k ffhlo=gn@—mIZ ()

The next term in Eq. (26) includes the integral [[g. For
even-numbered zones

Fo=p()p (-2 ) (4
o= (5) (--n2) +3(-2)]

and for odd-numbered zones

fJla=P (35—1) X

(-] @

The maximum value of ffg is

@59 o

These results, for any value of i, may be compared with
those from Appendices G and H to determine the number
of Fourier terms needed for & given accuracy in each case.




APPENDIX J: NON-DIMENSIONAL
FORMATISM

As mentioned in Section V, we have chosen in this
paper to use physical units for quantities such as the axial
distance z. The result is that the expansion parameters
%*, o, and g are not necessarily small numbers. To show
that they are nevertheless appropriate parameters, we
replace z by

g

I

me
= (1)

The KV equations become

T e — 6_2 26 9
Lza.(ﬂ) = —K{fla -+ pr- e (12)
ey — € 20

Eb(ﬁ) = —I—K(B)b + = + Py {J3)

where the primes now indicate differentiation with re-
spect to 6.
In Table I, averages are now defined by

=5

Similarly, the symbols [ and [f refer to integration with
respeci to #, not z. Other replacements in Table I are

" 0y de. (34)

H0) = g (39
e = gK(D), (18)
ms3%—§, (I7)

_12Q
g= 2 Az (18)

K = Lo, (19)

pm = hak. (J10)

12

All these items are now dimensionless. In Eq. (18), the
quantity 7 is supplanted by a. Equations (35) and (C7)
no longer apply; A must be replaced by « in Egs. (29},
(36), (37), (40), and (C8) as well as four places in App. D
and six places in App. E. The equations thronghont this
paper are otherwise unchanged, and one can verify that
the expansion parameters k°,c, and g are now dimen-
sionless small numbers.

APPENDIX K: ALITERNATIVE MATCHING
AND INITIAT. CONDITIONS

Ancther method of beam matching is convenient for
some simulation studies. The beam is launched at the
midpoint of a guadrupole gap. Using the same lattice
models as before, the matching conditions would become

a(5L/2) = a(L/2),  b(5L/2) = b(L/2),

o' (5L/2) = o'(L/2), " ¥ (5L/2) = b(L/2) (1)
with initial conditions
a(L/2) = b(L/2), ¥ (L[2)=—d'(L/2). {K2)

This choice would be essential for the case of nunequal
drifi spaces (only a single symmetry) but we do not con-
sider this case here.

APPENDIX I: WORK FOR THE FUTURE

Equation (47) is such & convenient approximation that
it wonld be useful to find the types of A-G profiles for
which it gives accurate results.

It would also be useful to investigate the modifications
that would be required to extend the methods of this
paper to non-symmetric A-G profiles.
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