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Abstract 

The classical barrier height for the H + H2 exchange reaction, as 

well as the energies at two other points along the reaction path, are 

calculated using fixed-node quantum Monte Carlo (FNQMC). Several 

single-determinant importance functions are used at the saddle-point in 

order to relate the quality of the importance function to the accuracy 

and precision of the final result. The computed barrier is an upper 

bound since the energy of H and of H2 is obtained exactly by FNQMC. 

Our best upper bound, 9.70 ~ 0.13 kcal/mole, has a mean within 0.1 

kcal/mole of the presumed exact value. This best bound is obtained with 

a single determinant, double-zeta basis importance function. Contrary to 

experience with expansion methods, it is found that an importance 

function with a basis set of near Hartree-Fock quality, as well as one 

derived from a spin-unrestricted SCF calculation, are among the least 

efficient and least accurate of the importance functions used. 

Specifically, a nodal surface appearing in the lowest energy molecular 

orbital in these functions apparently increases the FNQMC energy. The 

FNQMC energy at the two other points along the reaction path is found to 

agree with the most accurate CI results of Liu to within statistical 

error. 
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I. Introduction 

The accurate determination of potential energy surfaces for chemical 

reactions is of great importance in chemical kinetics. The hydrogen 

exchange reaction, H + H2 ~ H2 + H, is probably the simplest of chemical 

reactions. Its ground state potential-energy surface (pes) possesses a 

classical barrier to reaction. This interesting feature is the primary 

determiner of the rate constant at low energies. The computation of this 

barrier is often used as a test case for theoretical methods of deter-

mining potential-energy surfaces. Indeed, there have been a great many 

ab initio and semiempirical calculations attempting to determine the pes 

for three hydrogen atoms and, most importantly, the barrier to H-atom 

exchange. A thorough review of these efforts is given in Ref. 1. Liu2 

and Siegbahn and Liu 3 have performed extended CI calculations of the 

H3 surface, making it the most accurately determined surface to date. 

More recently, Liu4 has reported an improved saddle-point energy which 

he estimates to lie within 0.1 kcal/mole of the exact non-relativisitic 

result. 

For most polyatomic systems, however, the accurate determination of 

potential-energy surfaces and other properties remains a formidable 

task. Thus the development of alternative approaches remains of interest. 

A recent method involves the application of Monte Carlo techniques. Monte 

Carlo methods for molecules generally fall into one of two categories: 

variational Monte Carlo and the so-called "exact" Monte Carlo. 



2 

Variational Monte Carlo involves Monte Carlo evaluation of the energy 

and other expectation values for a given trial wave function. One varies 

parameters in the trial function, and by the variational principle 

obtains an upper bound to the exact total energy. The advantage of this 

method over traditional ab initio approaches is that it can easily treat 

correlated wave functions which include the interelectronic coordinates 

explicitly. This method has been applied to He, H2, Be, LiH, Li 2 and 

H
20

_5-7a 

The development of an exact Monte Carlo method for quantum systems, 

which can be accurate to within statistical error, is due primarily to 

Kalos. 8 In one of its first applications, Kalos, et al., 9 applied 

this method, now known as Green•s function Monte Carlo (GFMC), to liquid 

helium at 0°K. Difficulty arises in applying GFMC to a many-electron 

system, however, because of the required antisymmetry of the wave 

function. A method of handling the antisymmetry--the fixed-node 

approximation--was introduced by Ceperley and Alder in their study of the 

electron gas. 1° Fixed-node quantum Monte Carlo (FNQMC) provides a very 

good approximation to the true Fermi ground state, as seen from the 

· accurate energies computed for 2-10 electron molecules. 7, 11 , 12 It 

should be noted that several variants of the GFMC approach exist, 11-14 

as well as a method of "releasing the nodes.•• 10' 13 ' 22 A review of 

these is given in Ref. 15. 

The initial success of FNQMC for many-electron systems raises the 

question of its capability to calculate accurately energy differences, 
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such as classical barrier heights, binding energies, level splittings, 

electron affinities, and so on. Also of interest is its ability to 

compute potential-energy surfaces. Since the H3 pes has been 

determined to great accuracy, it serves as a excellent test case for the 

FNQMC method. The most accurately determined point on the pes is the 

saddle-point, and thus we focus our major effort on it; however we also 

compute energies at two other points along the reaction path. 

In Sec. II we outline the theory behind the FNQMC method. The 

importance functions used are discussed in Sec. III, and the results are 

presented and discussed in Sec. IV. Finally, our conclusions are given 

in Sec. V. In the Appendix a property of the exchange nodes of our 

importance functions, which makes them easier to represent, is discussed 

and demonstrated. 

II. Fixed-Node Quantum Monte Carlo 

A complete description of the theory and of its implementation is 

found in Ref. 7a. Here we provide primarily an overview. It can be 

readily shown that the Schrodinger equation written in imaginary time 

will have a solution that at large times t approaches a steady-state 

eigenfunction of the Hamiltonian. Thus 

and 

(la) 

(lb) 
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Here V(~) is the potential energy, D = .() 2t2me, D\72 is the negative 

of the full kinetic energy operator, and ET is a shift in the zero of 

energy. The time t is measured in units of i-rl, and ta is some 

asymptotically large value oft. The function ~i(~) to which 'l'(~,t) 

converges, is the lowest energy eigenstate not othogonal to the initial 

state, '¥(8,t = 0). 

Note that Eq. (la) has the form of a diffusion equation combined with 

a branching (or first-order rate) process. This formal analogy may be 

exploited by simulating the diffusion process, and 11 measuring 11 properties 

of the system as it evolves. Unfortunately, V(~) (and hence the rate 

process in Eq. (la)) is unbounded at points, causing large fluctuations 

in <V(~)>, from which one obtains the energy of the system. These 

fluctuations result in large statistical errors in the computed energy 

unless lengthy computations are performed. 16 

One technique for reducing the statistical error is importance 

sampling. 17 A particularly elegant way of incorporating importance 

sampling for QMC was introduced by Kalas, et a1. 9 Instead of evolving 

'l'(R,t), a new density (of diffusers) f(R,t) is introduced, where f(R,t) _ - - -
'l' 1(,8)'l'(_B,t), and the importance function 'l'I is a known function. 

Recasting Eq. (la) in terms of f results in 

with the local energy EL = H'l'1t'l'1• Equation (2), like Eq. (1), is 

(2) 

a diffusion equation with branching, though with an additional 11 drift 11 

li 



• 

5 

term. Branching is now much better behaved, however, since the local 

energy, EL(~) is much smoother than V(~). In this formulation, it is 

the average of EL sampled from the asymptotic distribution f00(~) that 

gives the energy. This leads to a reduction of the statistical error. 

Unless ~(~,t = 0} is orthogonal to all of the states of energy lower 

than the desired state, ~(~,t) will converge to an undesired state as 

t ~ oo. In particular, the Bose ground state as well as possibly other 

Bose states, have lower energy than the Fermi ground state. To insure 

that the Monte Carlo procedure does not converge to these Bose states, 

one imposes antisymmetry on ~. One way to do this is to include exchange 

nodes as additional boundary conditions to the solution of Eq. (2). 

Since the true nodal structure of a system is generally not known exactly, 

one must either have an algorithm that ••finds" the true nodes, 10 or one 
' 

that approximates the true nodal structure in some way. The latter is 

the essence of the fixed-node approximation. It is simplest to impose 

the nodes of the importance function ~I· Although by this procedure 

Eq. (2) is solved with inexact boundary conditions, the error has been 

found to be quite small.l,ll,l2 This is because the fixed-node 

solution is inaccurate only in regions of low probability (near the 

nodes). Moreover, it can be shown that the fixed-node energy is an upper 

bound to the exact energy. 7,l4a 

Implementing FNQMC involves creating a statistical ensemble of the 

system being considered. For an N-electron system in the Born-Oppenheimer 

approximation, each member of the ensemble (called a configuration) is a 
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3N dimensional vector of the positions of the N electrons. A Green's 

function, G(E ~ E', T), is used to evolve the ensemble through time 

according to the diffusion process described by Eq. (2). In this work we 

employ an analytic short-time approximation for G which is exact in the 

limit T ~ 0. Antisymmetry is enforced by deleting configurations which 

cross a node. In this way one evolves to, and then samples from, the 

asymptotic distribution18 f (R) = ~I(R) ~ (R). 
oo~ ~ o~ 

III. Importance Functions 

Ideally the importance function should have the following properties: 

it should (a) be reasonably ~ompact so that the evaluation of ~ and 

its derivatives can be done quickly, (b) have a local energy, H~I/~I' 

that is a smooth and well behaved function of E' and (c) possess a nodal 

structure sufficiently close to the true structure to give energies of 

high accuracy. The latter two conditions are better satisfied as ~I 

approaches the exact solution. This makes it advantageous to incorporate 

into ~I any knowledge of the exact solution, such as symmetry and cusp 

conditions. 

In constructing the importance functions, we form molecular orbitals 

(MO's) from linear combinations of Slater-type basis functions. Generally 

these are centered on the nuclei, although we have also explored the use 

of basis functions centered between nuclei. The basis sets used in this 

study are presented in Table 1. The MO coefficients (not shown) are 

readily obtained using standard molecular codes, e.g., GAMESS and HOND0. 19 
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The lowest two MQ•s obtained in this way have ag and au symmetry, 

respectively. 

In this study we have investigated the degree of accuracy obtainable 

from a single determinant importance function. Since the particles in a 

simulation can be assigned a specific spin arrangement with no loss of 

generality, the full Slater determinant reduces to a product of an up-spin 

determinant and a down-spin determinant. For H3 this becomes a single 

MO multiplying a 2 x 2 determinant. A single determinant importance 

function satisfies our first desired property of "compactness." In order 

to satisfy the second condition, i.e., a smooth local energy function, it 

is important to represent the true wave function as accurately as 

possible. Thus it has become conventional to multiply the determinantal 

product by a correlation function, or Jastrow factor, which is a function 

of electron-electron separation. A form frequently adopted for the 

importance function 5- 7 is: 

'¥I = Det ll/Jk (r ,q) I Det ll/J~ (r Q,) I exp ( Lu ( r i j ) ) ' 

i<j 

where l/J~(r) is the kth molecular orbital of spin s, and 

U(r .. ) = ar . . f(l + br .. ) 
lJ lJ lJ 

(3) 

(4) 

The parameter a is chosen so that the local energy remains non-singular 

when two electrons approach each other (the cusp condition). The 

parameter b is optimized variationally by a Monte Carlo procedure. The 

values of a and b used are given in Table II. 
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To describe electron correlation more accurately, we have extended 

U .. to include quadratic terms, i.e., 
lJ 

U • ( r .. ) = ( a1r. . + a2r .. 2) I ( 1 + b1r. . + b2r .. 2) 
lJ lJ lJ lJ lJ (5) 

The value of a1 is again chosen to satisfy the cusp condition. The 

remaining parameters are optimized to yield a minimum in the variational 

energy. In the present study this optimization was performed by hand and 

is thus not complete. The parameters in u• are also given in Table II. 

The Jastrow factor can be thought of as an exponential of a purely 

repulsive pseudopotential [cf., Eqs. (3)-(5)]. Thus the energy lowering 

arising from the correlated motion of the electrons is partially negated 

since the.electrons are also pushed too far from the nuclei, compared to 

the self-consistent-field electron density which is correct on average. 

This suggests that the importance function could be further improved by 

pulling the electrons back towards the nuclei while retaining the 

correlation. This is accomplished with an electron-nuclear Jastrow 

factor, J. , of the form la 

where 

Jia = exp ( L U2(ria)) ' 
ia 

u
2
(r. ) =- xr. /(1 + vr. ) . la la la 

(6) 

(7) 

The sum in (6) is over all electrons and nuclei a, and the coordinate 
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-+ -+ I r. = lr.-r • 
1 a 1 a 

The values of x and v for H3 were hand-optimized, 

and are given in Table II. 

These changes in the Jastrow factor improve the behavior of the local 

energy for only a small increase in computation time. Thus statistical 

error is reduced for a given quantity of computer time. The variational 
l 

energy of the importance functions is also improved (here by about 10-15 

kcal/mole). Since these changes are made only in the positive definite 

factors, the nodal structure of the importance function is unaltered, and 

thus the fixed-node energy is unaffected. 

IV. Results and Discussion 

The barrier heights we report are obtained by subtracting the exact 

energy of H + H2 from the FNQMC energy at the saddle-point. 20 This 

is done because the ground-states of H and H2 have no nodes and thus 

FNQMC gives exact energies for these systems. Therefore, the present 

FNQMC barrier heights are all upper bounds. We study six importance 

functions in order to ascertain the relevant features of a good 

importance function. To this end we compare the FNQMC barrier heights 

with Liu•s bounded and unbounded results, 4 and, in addition, we compute 

the energies at two other points along the reaction coordinate. 

A. The H + H2 Barrier Height 

As seen in Table I, our importance functions, denoted ~1 -~6 , span 

a wide range in basis set quality. The basis sets range from the single

zeta level (~1 ), to one which is within 0.1 kcal/mole of the Hartree

Fock limit (~6 ). These importance functions, as variational trial wave 
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functions, recover roughly 40-65% of the correlation energy21 (see 

column 3, Eb VAR, of Table III). However, used as importance functions 

in FNQMC they perform far better. Even the single-zeta quality basis 

gives over 90% of the correlation energy, while importance functions 

~3-~6 recover over 99% of the correlation energy, leading to barrier 

heights within 0.1 to 0.3 kcal/mole of Liu's best (unbounded) estimate. 

In fact, our most precise (statistically accurate) barrier height of 9.70 

% 0.13 kcal/mole is significantly lower than Liu's bounded value of 9.86 

kcal/mole, and is in excellent agreement with Liu's unbounded estimate of 

9.59% 0.06 kcal/mole (cf., Table IV). Therefore for the saddle-point 

energy of H3, FNQMC provides bounded energies of quality similar to the 

most accurate CI estimates, using only single-determinant importance 

functions. Moreover, large basis sets are not required. In fact, 
. . 22 

comparison with Ceperley•s value of 9.65% 0.08 kcal/mole obtained by 

relaxing the fixed-node constraint (i.e., "releasing" the nodes), and 

which is in principle exact, shows excellent agreement between his value 

and the fixed-node energies obtained with ~ 3-~6 • The fixed-node 

error, it appears, can be made negligibly small. 

Examination of the FNQMC barrier heights in Table III reveals that 

all our calculations lie within 2.5 kcal/mole of one another. Eliminat

ing ~1 as too simplistic, leads to a variation of only 0.5 kcal/mole. 

Although this is reasonably small, it is still unnecessarily large due to 

~2 • Unlike the others, ~2 is a spin .!!!:!_restricted wave function. A 

more detailed discussion of the FNQMC using this function is found in 

Ref. 23. 
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The unrestricted function yields a poorer barrier height than the 

restricted function of the same basis-set quality. Thus comparing only 

functions ~3-~6 , we find a variation of only% 0.1 kcal/mole, which 

is within the statistical errors of the individual results. The SCF 

barrier height and the Monte Carlo variational barrier height (obtained 

using ~I) are seen to change by significantly greater amounts in 

passing from one basis set to another, while the FNQMC results are 

relatively insensitive to these changes. As we discuss below, this is 

not surprising since it is the nodes as boundary conditions to the 

Schrodinger equation which determine the fixed-node energy; and ~3-~6 
have very similar nodes. 

B. Nodal properties 

In each of Figs. 1-3 we show some representative nodal surfaces, 

obtained from the zeros of the like-spin 2 x 2 determinant. The 

importance function with the noticeably higher fixed-node energy, ~1 , 

has a unique nodal structure (see Fig. 1). The importance functions with 

virtually indistinguishable FNQMC barrier heights, (e.g., ~3-~6 ) have 

nodal surfaces which are indistinguishable on the scale of these figures 

(see e.g., Figs. 2, 3). 

We note in Table III a seemingly non-monotonic behavior of the 

FNQMC barrier heights as a function of basis set quality from ~3-~6 • 

This behavior may be illusory due to statistical uncertainties. If, 

however, this behavior is real, one might conclude that nodal surfaces do 

not necessarily improve just because the Hartree-Fock limit is approached. 
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This is certainly possible and even reasonable, since the self-consistent

field and Monte Carlo variational minimization is performed for <~ 1 1HI~ 1 > 
and not for <~IHI~>, where~ is the fixed-node eigenfunction. Further-

more, SCF calculations preferentially optimize the wave function where it 

is large, while FNQMC calculations require accuracy in the nodes--where 

the exact solution is zero. Furthermore, in addition to the exchange 

nodes discussed above, importance functions,. ~2 , ~5 , and ~6 , have an 

additional nodal surface in the lcrg MO, even though it is the lowest energy 

MO for ~5 and ~6 • For ~2 , a spin-unrestricted importance function, the 

lcr MO for the electron of unlike spin has this nodal surface. Since these 
g 

nodes are very far from the origin (see Fig. 4), they cut through regions 

of very low electron probability and are seldom, and perhaps never, reached 

during the Monte Carlo simulation. Therefore, these nodes probably affect 

the FNQMC energy only slightly. While the lcrg nodal surface of ~5 remains 

over 20 bohr from the origin, those of ~2 and ~6 are considerably closer 

in. Correspondingly, one sees that the FNQMC barrier heights of ~2 and 

~6 differ from Liu's estimate by more than their statistical error. Al

though this may be due to inaccuracies in the exchange nodes combined with 

statistical error, it is suggestive of an effect due to these incorrect SCF 

nodes in the lcrg orbital. However, importance function ~4 also gives a some

what high FNQMC barrier without having a node in the lcrg orbital. Its 

deficiency may be solely due to statistical error, but possibly the "partial" 

double-zeta basis of ~4 (cf. Table I) may also lead to a slightly poorer 

nod a 1 description than that of ~3 or ~5 . 
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C. Monte Carlo efficiency versus importance function 

In Table V the relative efficiencies of the importance functions are 

shown. The relative efficiency of an importance function is a measure of 

how quickly, relative to ~1 , the statistical error in the FNQMC energy 

is reduced to a given value. We see that the efficiency of ~2 , the 

spin-unrestricted importance function, is much lower than that of its 

spin-restricted counterparts. Most notable is that the efficiency of the 

near Hartree-Fock quality ~6 is only slightly greater than that of 

~1 , and lower than those of ~3-~5 • Therefore, expansion of the 

basis set to near Hartree-Fock quality actually lowers the efficiency 

(and, as we saw earlier, also possibly the accuracy). 

As the variational energy of the importance function decreases it 

should, in some ways, better approximate the exact ground-state wave 

function. Since the statistical error in the FNQMC energy would be zero 

if the exact wave function were used as an importance function, the 

statistical error should decrease as the variational energy decreases. 

Excluding the spin-unrestricted function ~2 , we note that (cf., Table V 

and Fig. 5) the statistical error (for a fixed number of points) is non

increasing as the variational energy decreases. Such a functional 

relationship is useful because an inexpensive (i.e., short) calculation 

of the variational energy of 1 allows one to estimate the statistical 

accuracy obtainable in the FNQMC energy for a given amount of computing. 

On the other hand, comparing ~2 and ~3 (cf., Table V}, one notes 

that ~2 has a 16% larger statistical error but a slightly lower 
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variational energy. Thus the trend involving the statistical error and 

the variational energy holds here only among the spin-restricted 

importance functions. In general there is probably a separate functional 

relationship for different classes of importance functions. Though spin

unrestricted importance functions appear to give a higher statistical 

error for a given variational energy, there may exist other classes of 

importance functions which perform better than our sequence of 

spin-restricted functions. 

D. Reaction coordinate energies 

We have also computed energies for two other points along the reaction 

coordinate. For these points importance function ~3 was used. This 

choice was dictated by the desire to use a small basis set of greater 

than single-zeta quality (see discussion in Sect. A above), and to treat 

all the hydrogen atoms equivalently. (Note, from Table I, that only ~3 
and ~6 treat the central H the same as the outer H's.) In Fig. 6 the 

FNQMC values at the three points are compared with a fit to Liu's reaction 

coordinate results. 2 It should be recalled that FNQMC values are upper 

bounds since the asymptotic energies are exact. Agreement with Liu's 

results is obtained to within statistical error (0.25 kcal/mole). 

E. Finite time-step bias 

The use of a finite time-step biases the FNQMC energy in two ways. 

First, during a timeT, there is a non-zero probability that a configura

tion diffusing under Eq. (2), would have crossed and recrossed a node, 

having both end-points on the same side of the node. 11 Not deleting 
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such a configuration with the appropriate probability causes a partial 

removal of the nodal boundary conditions. This creates a "Bose 

perturbation" upon the Fermi ground-state, lowering the energy. (In 

effect the nodeless volume is enlarged. In the limit that none of the 

boundaries are seen, the Bose energy would be recovered.) This effect 

increases with increasing time step. A second source of finite-time-step 

bias results from the approximate functional form of the Green's function, 

even away from the nodes. For the ground state of H2 there are no 

nodes, and only this second bias exists; this leads to an energy which is 

too large. In a plot of energy versus time-step, the energy approaches 

the unbiased limit from above. 7a This asymptotic direction of approach 
24 is also obtained by Mentch and Anderson for H3• If, as it appears, 

the two time-step biases are opposite in sign, the net result can be non-

monotonic behavior of the QMC energy versus the time-step. Such behavior 

is in fact found in Ref. 24, and can be seen here in Fig. 7. At T-

0.04h-l there appears to be a crossover between the "node crossing bias 

regime" (T » 0.04h-1} and the "functional-form bias" regime (T « 

0.04h-1}. The limiting behavior appears to be linear and, at least for 

H3, to approach from above, though almost with zero slope. 

To remove this finite-T bias, one must extrapolate to zero time-step. 

An extrapolation based on four values of T (see Fig. 7} leads to Eb = 

9.86 ~ 0.22 kcal/mole. However, one may estimate the unbiased result from 

a calculation using a time-step small enough that the bias is less than 

the statistical error. In particular, the energy (9.86 ~ 0.20 kcal/mole) 
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obtained at our smallest T (0.005 h-1) differs from the extrapolated Eb 

by significantly less (not at all, in this example) than the statistical 

error in the last point. Thus, the change in energy in going from T = 

0.005 h-1 to T = 0 is masked by this statistical error. This extrapo

lation, illustrating the effect of the time-step bias, is for importance 

function ~4 • We note, however, that our lowest variance estimate for 

Eb comes from ~5 , from which we obtain Eb = 9.70 = 0.13 kcal/mole. 

V. Cooclusions 

In this work we have seen that single determinant importance functions 

with small basis sets can accurately describe the H3 potential-energy 

surface. As a result we have been able to obtain accurate energy 

differences both at the saddle-point and at two other points along the 

reaction coordinate. These results show that FNQMC methods may be used for 

accurately calculating potential-energy surfaces. Monte Carlo methods 

which calculate energy differences directly25 hold promise for the 

efficient computation of these surfaces. 

In the direct approach used here, for one importance function (e.g., 

~3 ) it took about 7.5 hours of CDC 7600 time to reduce the statistical 

error to 0.5 kcal/mole, and 30 hours to reduce it to 0.25 kcal/mole. The 

computation time required, though still high for the precision reported 

here, goes roughly only quadratically with the number of electrons and 

linearly in the number of basis functions. These rates of increase are 

much less than those of more conventional techniques, i.e., SCF, MCSCF, 

and CI. 
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Appendix 

It is useful to calculate the nodal locations of the importance 

functions, since these nodes ultimately determine the FNQMC accuracy. 

Such calculations lead to the diagrams shown in Figs. 1-3. 

Here we demonstrate that a nodal surface, obtained by finding the 

zeroes of the determinantal part of the importance function at a fixed 

position of one like-spin electron, remains invariant for the previously 

fixed electron anywhere on this surface. In other words, the surface is 

the same independent of the position of the like-spin electrons on it. 

This property greatly simplifies the picturing of the exchange nodes. 

In the 2 x 2 case of interest here, the vanishing of the determinant 

implies 

where ~1 and ~ 2 are the two Mo•s. If we now move electron 2 to r2, 

still on the nodal surface for fixed r1, 

Dividing (A1) by (A2) gives 

~2(r2) 

i)J2(r;p 

which may be written as 

(A1) 

(A2) 

(A3) 

.. 
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(A4) 

Thus we find that if (r1, r 2) and (r1, r2) are both on a nodal surface, the 

determinant also vanishes at (r2, r2). In other words any pair of 

points on the locus of points mapped out at fixed r1 is also on the 

nodal surface. 
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Table I. Basis sets for importance functions ~i. The exponents s for 

~1 -~5 are hand-optimized for a minimum in the SCF energy. For ~3 , 

however, the central H is constrained to have the same s•s as the outer 

H•s. The exponents of ~6 are from Ref. 2. The linear coefficient~ used 

to construct the MO•s for all the ~i were calculated self-consistently 

using HONDO. Function ~2 is spin-unrestricted, while the others are 

not. Importance function ~5 has, in addition, a 1s (bond) function 

centered 0.85 bohr on either side of the central nucleus. At the saddle-

point geometry the three hydrogen nuclei are collinear, and separated 

from each other by 1.757 bohr. 

Table II. Parameters used in the Jastrow factors. The parameters a in 

J .. and a1 in J~. are fixed at 0.5 (in a.u.) to satisfy the cusp 
lJ lJ 

condition. The other parameters are only partially optimized, and are 

the same for all the importance functions but ~3 • In ~3 , a2, bl' 

and b2 were further optimized. 

Table III. SCF, variational, and FNQMC barriers. All barriers are in 

kcal/mole and are obtained by subtracting the exact energy of H + H2 

from the computed H3 saddle-point energy. The variational results are 

for the SCF function multiplied by the Jastrow factor(s). Statistical 

errors are in parentheses. From 2.2 to 13.4 x 107 local energies are 

sampled during the course of the simulations. 
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Table IV. Comparison of present work with recent calculations on the 
' '.· ··1 .... 

H + H2 barrier. All values are in kcal/mole, and the statistical· 

errors are shown in parentheses. The CI error bars are an estimated 

probable error. 

Table V. Properties of the importance functions. Computation time (in 

scaled units) is the time required to compute the FNQMC energy for a 

fixed number of Monte Carlo blocks. The FNQMC statistical error is the 

corresponding uncertainty (in kcal/mole) resulting from these runs. The 

relative efficiency, which may be computed from the second and third 

columns, gives the speed of the various functions relative to ~1 , for a 

fixed statistical uncertainty. The relative efficiency of function ~i 

is R. = (CPU) 1 a1
2t(CPU). a? where (CPU). is the computation time 

1 1 1 1 

required to achieve a variance of a~ when using ~i. Finally, 

(E -E) is the unrecovered correlation energy of the variational var 
function ~i' which is the difference between the variational barrier 

height and the exact barrier height. This quantity is in kcal/mole and 

its statistical error is shown in parentheses. The variational energy of 

~. is to be distinguished from the fixed-node energy of ~ .• A plot 
1 . 1 

of the fixed-node uncertainty versus the unrecovered variational 

correlation energy is shown in Fig. 5 and discussed in Sec. IV C. 

') 
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Figure 1. Exchange nodes of ~1 • The circles represent the hydrogen 

nuclei. The curves are cross sections through a selection of nodal 

surfaces arising from the exchange antisymmetry. Full nodal surfaces may 

be obtained by rotating the curves around the internuclear axis. Each 

surface is obtained by fixing the position of one electron on it and 

finding the locus of points for the other like-spin electron at which 

~ 1 = 0. It can easily be shown (see Appendix) that ~1 is zero 

whenever both like-spin electrons are anywhere on this surface. 

Distances are in bohr. 

Figure 2. Exchange nodes of ~ 4 • See Fig. 1 for further explanation. 

Note how different these nodes are from those of ~ 1 , shown in Fig. 1. 

This is consistent with the large difference in the fixed-node energies 

obtained with ~1 and ~4 • 

Figure 3. Exchange nodes of ~5 • See Fig. 1 for further explanation. 

Note the similarity between these nodes and the exchange nodes of ~4 
(Fig. 2), and the dissimilarity between these and the nodes of ~1 (Fig. 

1). The nodes of ~2 , ~3 , and ~6 (not shown) are qualitatively the 

same as those shown here. This is consistent with the close similarity 

in the fixed-node energies obtained with ~2-~6 • 
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Figure 4. Nodes of the crg MO's of ~2 , ~ 5 , and ~6 • The small 

circles represent the hydrogen nuclei. The curves shown are cross 

sections through the nodal surfaces. The functions ~5 and ~6 vanish 

if the unlike-spin or both like-spin electrons are on the corresponding 

nodal surface. Importance function ~ 2 vanishes if the unlike-spin 

electron is on the pictured nodal surface. Distances are in bohr. 

Figure 5. FNQMC statistical error versus unrecovered variational 

correlation energy21 (Evar - E). The unrecovered variational 

correlation energy is the difference between the variational energy of 

~I and the exact energy. The statistical errors are scaled so that 

each importance function is sampled equally often (see Table V). Shown 

is a least-squares fit through the origin--since the statistical error 

would be zero for the exact~. The fit is seen to be consistent with the 

data. The indicated error bars are the uncertainties on the statistical 

error. The horizontal error bars (due to the statistical uncertainty in 

Evar) are not visible on the scale of this figure. 

Figure 6. Reaction path comparison of FNQMC energies with a fit of the 

best CI results. The reaction coordinate, rc, is the distance of the 

point (r1,r2) from the saddle point. The geometries for the Monte 

Carlo points are r1 = r 2 = 1.757 bohr (rc=O); r1 = 2.084, r 2 = 

1.550 bohr (rc=0.387); and r 1 = 2.572, r 2 = 1.448 bohr (rc=0.872). 

The solid curve is a spline fit to Liu's reaction path data. 
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Figure 7. FNQMC barrier height dependence on time-step size for ~4 • 

The intercept gives an unbiased estimate of the FNQMC barrier height as 

Eb = 9.86 kcal/mole. The curve is the second-order least squares fit 

E(T) = 9.86 + 5.61T- 73.2T2• 
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TABLE I. 

Importance Outer H's Central H bond 

Function STO ~ STO ~ STO ~ 

wl ls 1.040 ls 1.275 --- ---
ls 0.925 

w-2 ls 1.120 --- ---
ls 1 1.250 

ls 0.925 ls 0.925 
Wa --- ---

ls 1 1.275 ls' 1.275 

ls 0.925 
w-4 ls 1.120 --- ---Is' 1.275 

ls 0.925 
Ws ls 1 

ls 1.120 ls 1.175 
1.250 

ls 1.000 ls 1.000 

ls 1 2.200 ls 1 2.200 

28 1.000 2s 1.000 

2s 1 2.200 28 I 2.200 
w-6 --- ---

2p 1.700 2p 1.700 

2p I 2.900 2p I 2.900 

3p 2.900 3p 2.900 

3d 2.700 3d 2.700 

TABLE II. 

Jastrow Function Parameters Wa Other W'; 's 

J;i 
a 0.50 0.50 

b 1.00 1.00 

al 0.50 0.50 

J. .. I b 1 1.00 2.00 
'1 a2 1.12 0.75 

b2 1.13 1.00 

J;OI 
). 0.10 0.10 

v 0.50 0.50 
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TABLE III. 

Importance 
Eb SCF Eb VAR Eb FNQMC 

Function 

wl 60.9 36.0 (0.5) 12.2 (0.5) 

\112 47.0 27.4 (0.2) 10.20 (0.26) 

\113 53.5 27.8 (0.3) 9.70 (0.22) 

\114 53.4 25.9 (0.2) 9.86 (0.20) 

\116 51.6 24.4 (0.2) 9.70 (0.13) 

Wa 50.3 23.6 (0.4) 9.90 (0.24) 

HF Limita 50.1 --- ---
a Derived from Ref. 2. 

TABLE IV 

Method 

Best Cia < 9.86 

~ 9.59±0.06 

FNQMC (present work-\116) < 9.70 (0.13) 

9.65 (0.08) 

a Ref. 4. 
6 Ref. 22. 

TABLEV. 

Importance Computation FNQMC statis- Relative 
( Evar -E ) 

Function Time tical error Efficiency 

wl 35 0.38 1.00 26.4 (0.5) 

\112 40 0.37 0.92 17.8 (0.2) 

\113 44 0.31 1.20 18.2 (0.3) 

\114 39 0.31 1.35 16.3 (0.2) 

Ws 50 0.25 1.62 14.8 (0.2) 

Wa 77 0.25 1.05 14.0 (0.4) 
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