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Universitat Politècnica de Catalunya (UPC) Barcelona, Spain

Bachelor of Science in Mathematics 2020
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This dissertation studies collaborative learning when communication is limited. The chal-

lenge is: data are spread across many devices, but the model should improve as if the network

were working together. Moreover, the devices may be connected by a network with limited

bandwidth, and links may be delayed or unavailable. The algorithms in this dissertation are

designed to address these issues.

The first part considers online kernel learning over a graph. We extend distributed online

multi-kernel learning beyond complete graphs by combining gossip with a hidden-state quan-

tization scheme, and we prove sublinear regret with finite-bit messages.

We then study asynchronous federated learning with bidirectional quantization. The result-

ing algorithm uses a shared hidden state to prevent quantization errors from accumulating

between the server and clients, and it retains the standard ergodic convergence rate for

non-convex stochastic optimization.

The next part focuses on compression in distributed learning. Previous literature has shown

that error-feedback can be used to correct for compression errors, but it requires clients to

store local hidden states. We propose two methods that remove this requirement and allow

clients to be stateless while still using error-feedback.

xviii



The final part moves to decentralized online learning. We show that we can use a coin-betting

framework, previously proposed for the single-agent case, to remove learning-rate tuning from

decentralized online convex optimization, and we give comparator-adaptive network-regret

guarantees. We also extend this framework to compressed gossip, giving parameter-free

network-regret bounds under compressed communication.

Together, these results improve our understanding of how compression, hidden states, gos-

sip, and parameter-free online learning can affect collaborative learning in communication-

constrained networks, and how we can co-design algorithms to work around communication

bottlenecks.
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Chapter 1

Introduction

Machine learning is no longer a centralized endeavor. Models are trained and used on phones,

sensors, hospitals, laboratories, and data centers, to name a few examples. The data are

local, the devices are different from each other, and the network is often the bottleneck. On

top of this, often times there are multiple stakeholders involved in the learning process, and

this discourages the use of a central server that can coordinate the learning process. In these

settings, learning algorithms need to take into account the communication constraints to

guarantee good performance.

This dissertation uses the term collaborative learning for this family of problems. The com-

mon thread is that many agents contribute to one learning task. Sometimes there is a server,

as in federated learning. Sometimes there is no server, and agents only communicate with

their neighbors. In both cases, the basic tension is the same: the learning method needs

information from the network, but communication is expensive, delayed, compressed, or all

of the above.

Two constraints appear throughout the dissertation. The first is communication. Sending

full-precision models or gradients at every round is often unrealistic, especially at the edge.
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Quantization, sparsification, and other compressed messages help, but they also introduce

error that can accumulate if the protocol is not designed carefully. We take inspiration from

video compression, where instead of compressing frame by frame, the encoder and decoder

maintain a shared hidden state that they update with compressed differences. Several chap-

ters therefore use hidden states or feedback variables to make compressed communication

behave well.

The second constraint is tuning. Many online and decentralized methods require learning

rates or schedules that depend on quantities that are not known in advance. This is incon-

venient in centralized learning and worse in networks, where the right choice can depend on

the graph, the losses, the horizon, and the scale of the comparator. Chapters 5 and 6 use

parameter-free online learning to reduce this dependence on manual tuning. This enables

drop-in algorithms that can be deployed without worrying about learning rates.

Chapter 2 studies gossiped and quantized online multi-kernel learning [6]. Earlier distributed

online multi-kernel learning guarantees relied on complete communication graphs. We re-

place this requirement with a gossip mechanism and a hidden-state quantization scheme,

allowing agents to communicate only with their neighbors while still achieving sublinear

regret.

Chapter 3 studies Quantized and Asynchronous Federated Learning (QAFeL) [7, 8]. Asyn-

chrony helps avoid waiting for slow clients, but direct quantization can create persistent

disagreement between the server and clients. QAFeL uses bidirectional quantization with

a shared hidden state, so both sides track the same compressed model state. The anal-

ysis shows that the method keeps the usual non-convex convergence order while reducing

communication.

Chapter 4 studies communication compression for distributed learning with aggregate and

server-guided feedback [9, 10]. The main idea is to avoid per-client error-feedback memory.
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We propose an algorithm, Compressed Aggregate Feedback (CAFe), and its server-guided

variant CAFe-S. CAFe uses the previous aggregate update as a shared predictor, and CAFe-

S uses a server-side data set to build a more targeted predictor. Both methods let clients

compress differences from a common reference, which is useful when clients should remain

stateless.

Chapter 5 studies Decentralized Coin-Betting (DECO) [11]. DECO addresses decentralized

online convex optimization without learning-rate tuning. The algorithm combines gossip

with coin-betting ideas from parameter-free online learning and gives comparator-adaptive

network-regret guarantees.

Chapter 6 studies DECO-EF, which is DECO with Error Feedback. It adds compressed

gossip to the parameter-free decentralized setting. Each agent maintains a clean accumu-

lated state and a compressed tracker, and communicates compressed state differences during

gossip. The result is a parameter-free decentralized online learning method with compressed

communication and network-regret guarantees.

Some research completed during the Ph.D. is listed in the curriculum vitae but is not de-

veloped as dissertation chapters. This includes work on decentralized optimization with

delays [12, 13], quasi-cyclic LDPC codes [14–16], and liquid electron microscopy video anal-

ysis [17]. These projects fall outside the main narrative of this dissertation, whose chapters

focus on collaborative learning under communication constraints.

Together, the chapters develop a set of tools for learning over networks where communication

is not free. The tools are different in each setting, but the design principle is the same: the

communication protocol and the learning rule have to be designed together.

We also acknowledge the limitations of the theory presented in this work, which often relies

on (standard) simplifying assumptions, such as convexity, bounded gradients, or bounded

loss heterogeneity across agents. While these assumptions do not necessarily hold in practice,
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especially for learning tasks involving neural nets, they provide a starting point for under-

standing the behavior of these algorithms and help guide designs in practice. Each chapter

includes experiments that show the practical performance of the proposed methods, and we

hope that the theoretical insights can inspire further research.
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Chapter 2

Gossiped and Quantized Online

Multi-Kernel Learning

2.1 Introduction

Many of the latest efforts in machine learning are focused on bringing learning as close to data

collection as possible. This is of practical interest in a diverse array of applications, sensor

networks in particular. In sensor networks, nodes are often communication-constrained,

operate distributively, and can send only a few bits to their neighbors.

There are several papers in the literature that consider the problem of designing distributed

learning methods for Online Multi-Kernel Learning (OMKL). In particular, [1] contains

the design and regret analysis of quantized and distributed OMKL for a fully connected

(complete) graph. Although the fully connected case is important, it is not applicable in

many sensor networks. This chapter designs a new algorithm that expands the theoretical

guarantees of the distributed and quantized OMKL in [1] to an arbitrary general non-fully

connected graph. Unlike [1], our method uses a novel hidden state quantization scheme
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in conjunction with a gossip algorithm [18]. One major advantage, compared with [1], is

that our algorithm does not need to communicate the loss function. Another example of a

distributed OMKL that works for a non-fully connected graph is presented in [19]. It requires

communicating an unlimited number of bits between neighbors, and its assumptions are

stricter than those of [1]. To manage the required communication throughput, which is often

a performance bottleneck [20, 21], this chapter provides the properties of [19] under looser

assumptions and while communicating only a limited number of bits between neighboring

nodes.

In [2], a distributed stochastic gradient descent scheme with quantized communication is

discussed. The proposed algorithm uses an extra shared “hidden” state and can be used

for the single-kernel case, but not multi-kernel settings. In addition to extending [1] to

general non-fully connected networks, our work can be considered as the extension of [2] to

multi-kernel cases.

There are a variety of learning tasks that OMKL is suited for, such as multi-kernel clas-

sification, regression, and clustering [22–24]. For a more in-depth review of the literature,

see [1].

2.2 Problem Formulation

Let us consider a network with J nodes and model it as an undirected connected graph,

where two nodes are connected if and only if they can communicate. Our set of nodes V ,

and the set of edges E, define a communication graph G = (V,E). At each instant of time t,

Node j receives the data string xj
t ∈ Rd and the desired response yjt ∈ R. Our task is to find

an approximating function f(xj
t) for y

j
t . As in [1], f belongs to a Reproducing Kernel Hilbert

Space (RKHS) H =
{
f | f(x) =∑∞

t=1

∑J
j=1 α

j
tκ(x,x

j
t)
}
, where κ(x,xj

t) : Rd×Rd → R is a

kernel function that measures the similarity between x and xj
t . Let us consider the following
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optimization problem

min
f∈H

T∑
t=1

J∑
j=1

C
(
f(xj

t), y
j
t

)
+ λΩ

(
∥f∥2H

)
, (2.1)

where C is a cost function and λ > 0 is a regularization parameter that controls an in-

creasing function Ω. An optimal solution for this problem exists in the form f̂(x) =∑T
t=1

∑J
j=1 α

j
tκ(x,x

j
t), where α

j
t are real numbers [25].

In multi-kernel learning, a weighted combination of several kernels is selected to improve

the performance, compared to single-kernel learning. A convex combination of the kernels

{κp} Pp=1, where κp ∈ Hp is an RKHS, is also an RKHS, denoted by H̄ = H1 ⊕ · · · ⊕HP [25].

Here, ⊕ indicates the direct sum of Hilbert spaces. Using H̄ instead of H, we turn problem

Equation (2.1) into:

min
{w̄j

p},{fp}

T∑
t=1

J∑
j=1

C
(

P∑
p=1

w̄j
pfp(x

j
t), y

j
t

)
+

λΩ

(
∥

P∑
p=1

w̄j
pfp∥2H̄

)
, (2.2a)

s.t.
P∑

p=1

w̄j
p = 1, w̄j

p ≥ 0, fp ∈ Hp. (2.2b)

To evade the curse of dimensionality, a Random Feature (RF) approximation is used [1, 26].

For normalized shift-invariant kernels, i.e., κ(x,x′) = κ(x − x′), their Fourier transforms

πκ(v) exist, and due to normalization, πκ(0) = 1. Also, viewing πκ as a pdf, κ(x − x′) =∫
πκ(v)e

jv⊤(x−x′) dv = Ev[e
jv⊤(x−x′)]. Gaussian, Laplacian, and Cauchy kernels are three

examples of normalized shift-invariant kernels that we can use [27]. However, any family of

shift invariant kernels can be used for the RF approximation we describe next. Drawing D
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i.i.d. samples {vi}Di=1 from πκ(v), we define

zV (x) =
1√
D



sin(v⊤
1 x)

...

sin(v⊤
Dx)

cos(v⊤
1 x)

...

cos(v⊤
Dx)


, (2.3)

which has the property that κ(x,x′) = Ev

[
zV (x

′)⊤zV (x)
]
. So, given a fixed {vi}Di=1, we can

approximate κ(x,x′) ≈ zV (x
′)⊤zV (x). This is called the RF approximation, and it is an

unbiased and consistent estimation of κ(x,x′) [26]. Thus, a weight vector θ ∈ R2D can be

constructed such that

f̂(x) =
T∑
t=1

J∑
j=1

αj
tκ(x,x

j
t) ≈

T∑
t=1

J∑
j=1

αj
tzV (x

j
t)

⊤zV (x)

= θ⊤zV (x). (2.4)

Then, the loss function is defined as

L(f(x)) = C(θ⊤zV (x), y) + λΩ(∥θ∥2), (2.5)

and the following equations are obtained for Kernel p and Node j:

f̂ j
p,t(x

j
t) = θj

p,t

⊤
zVp(x

j
t), (2.6)

θj
p,t+1 = θj

p,t − η∇L(θj
p,t

⊤
zVp(x

j
t), y

j
t ), (2.7)

wj
p,t+1 = wj

p,t exp−ηL
(
f̂ j
p,t(x

j
t)
)
, (2.8)

where η ∈ (0, 1) is a learning rate. The weights are normalized as w̄j
p,t = wj

p,t/
∑P

p=1w
j
p,t to
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have

f̂ j
t (x) =

P∑
p=1

w̄j
p,tf̂

j
p,t(x

j
t). (2.9)

The above equations represent how local online multi-kernel learning models can be built [1,

26]. In contrast to previous research, each node j in our scenario can only communicate with

its neighboring nodes in the set Sj ⊆ V . Thus, the local model θj
p,t of each node may be

different from node to node. Therefore, our algorithm must ensure that all nodes converge to

the same model. For this purpose, the local models are propagated using a gossip algorithm.

The nodes calculate the weighted average of the information provided by their neighbors at

each communication round and use it to update their local information. The weight Node

j assigns to the information coming from Node i is defined as w′
ij. Notice that the sum of

weights
∑

i∈Sj
w′

ij = 1 for all j since the weights of a weighted average must add up to one.

We impose w′
ij = w′

ji such that we can associate the weights to the edges of the undirected

communication graph G. Thus, the weights define the gossip matrix W ′, which is J × J

and doubly stochastic [28–30]. The spectral gap of W ′ is denoted by ρ = 1− λ2(W ′) and

satisfies 0 < ρ ≤ 1, where λ2(W
′) represents the second eigenvalue of W ′ in descending

order.

Such a gossip algorithm works very well when the nodes communicate their states perfectly

with their neighbors. However, practically, only a few bits can be communicated, i.e., in-

formation needs to be quantized before being shared with the neighbors. We use a random

quantizer Q : Rn → Rn, to represent an arbitrary vector x ∈ Rn with Q(x) in an efficient

way. Our results work for any random quantizer that satisfies

EQ∥Q(x)− x∥2 ≤ (1− δ)∥x∥2, ∀x ∈ Rn, (2.10)

for some δ > 0, which we will call the compression parameter. Here, EQ denotes the expected
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value with respect to the internal randomness of Q(·). In simulations, we use the randomized

quantizer of [3]. Each element of a non-zero vector v ∈ Rn, i.e., vi, is quantized by

QM(vi) = ∥v∥ sign(vi)ξi(v,M), (2.11)

where M = 2b − 1 is the number of quantization levels and defining l = ⌊M vi
∥v∥⌋,

ξi(v,M) =


l
M

with probability 1−M vi
∥v∥ + l,

l+1
M

otherwise,

(2.12)

is represented by b bits. Following [3, Lemma 3.1], Equation (2.10) holds for δ = 1 −

min
(

2D
M2 ,

√
2D
M

)
> 0.

2.3 Algorithm and Regret Analysis

We present Algorithm 1 for gossiped and quantized OMKL. For ease of notation, we will

denote L(θj
p,t

⊤
zVp(x

j
t), yt) as L(θj

p,t) from now on. In Algorithm 1, at each time instance,

nodes collect their local data and transform them according to the RF approximation. Then,

the kernel losses are computed and used to update the kernel weights. For the gossip step, we

define a hidden state hj
p,t ∈ R2D for each node j that is known for all neighbors in Sj because

it is updated by the same quantized values known to all neighbors. The new local state, θj
p,t,

will be a sum of θ′j
p,t−1, which is an auxiliary variable where we store the local learning, plus

a gossip step of size γ with the information from the hidden states. Subsequently, each node

j prepares the update to the hidden state by quantizing the difference between its local state

θj
p,t and the common hidden state hj

p,t. This quantized difference is sent to the neighbors

and is used by them to collectively update the hidden state. Finally, each node performs

local learning with a step size η, and stores it in the auxiliary variable θ′j
p,t.
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The role of a hidden state and quantized update is to have an accurate representation of the

neighbor’s states without the need for broadcasting the full state at each time instance.

Algorithm 1 Gossiped and Quantized OMKL at Node j

1: Initialize wj
p = 1/P and hj

p = θj
p = θ′j

p = 0 for all p.
2: for t = 1, . . . , T do
3: Obtain data xj

t and construct zp(x
j
t) for all p.

4: Compute L(f̂ j
p,t(x

j
t)) for all p.

5: Update wj
p,t according to Equation (2.8).

6: Compute L(f̂ j
t (x

j
t))

7: for p = 1, . . . , P do
8: Update using the hidden states θj

p,t = θ′j
p,t−1 + γ

∑J
i=1w

′
ij(h

i
p,t − hj

p,t).

9: Compress qj
p,t = Q(θj

p,t − hj
p,t).

10: for i neighbor of j, including j do
11: Send qj

p,t to i and receive qi
p,t.

12: Update hi
p,t+1 = hi

p,t + qi
p,t.

13: end for
14: As in Equation (2.7), update θ′j

p,t = θj
p,t − η∇L(θj

p,t).
15: end for
16: end for

In what follows, we provide regret analysis to study the performance of our algorithm. First,

we make the following assumptions similar to what is done in the literature.

Assumption 2.1. Let us assume a K-smooth loss function

∥∇L(θ1)−∇L(θ2)∥ ≤ K∥θ1 − θ2∥ ∀θ1,θ2 ∈ R2D, (2.13)

with a bounded gradient ∥∇L(θ)∥ ≤ L.

Assumption 2.2. Let us assume a convex loss function with respect to θ, i.e.,

L(θj
p,t)− L(θ) ≤ ∇L(θj

p,t)
⊤(θj

p,t − θ) ∀θ ∈ R2D. (2.14)

Assumption 2.3. Let us assume that we have a connected communication graph and a doubly

stochastic gossip matrix W ′ whose entries are zero if and only if their corresponding edges
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are not present in the communication graph.

Theorem 2.4. Under Assumptions 2.1 to 2.3, the sequences {f̂ j
p,t} and {w̄p,t} generated by

the gossiped and quantized OMKL satisfy

J∑
j=1

T∑
t=1

E

[
L
(

P∑
p=1

w̄j
p,tf̂

j
p,t(x

j
t)

)]
−

J∑
j=1

T∑
t=1

L
(
f̂ ∗
p (x

j
t)
)
≤

J
∥θ∗

p∥2
2η

+ η
JTL2

2
+ η

JTL
√
12

c
+
J lnP

η
+ ηJT, (2.15)

where θ∗
p is the optimal solution to the problem for the p-th kernel, c = ρ2δ

82
, ρ is the spectral

gap of the gossip matrix W ′, and δ > 0 is the quantizer’s compression parameter.

To prove Theorem 2.4, we first need to present Lemma 2.5, which bounds the difference

between a single kernel loss and the optimal loss, and Lemma 2.6, which bounds the error

added by the kernel weights.

Lemma 2.5. Let us choose the consensus step size as in [31, Thm. 4.1], i.e., γ = ρ2δ
16ρ+ρ2+4β2+2ρβ2−8ρδ

,

where we have defined β = ∥I −W ′∥2 ∈ [0, 2]. Then, for 0 < η ≤ 1 and under Assump-

tions 2.1 to 2.3, we have

J∑
j=1

T∑
t=1

E
[
L
(
f̂ j
p,t(x

j
t)
)]
−

J∑
j=1

T∑
t=1

L
(
f̂ ∗
p (x

j
t)
)
≤

J
∥θ∗

p∥2
2η

+ η
JTL2

2
+ η

JTL
√
12

c
. (2.16)

Proof. Similar to [1], let us consider an arbitrary θ ∈ R2D. Define θ̄p,t =
1
J

∑J
j=1 θ

j
p,t, and

θ̄′
p,t and ∇L̄(θp,t) analogously. Since our gossip scheme preserves averages, we can deduce
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θ̄p,t+1 = θ̄′
p,t = θ̄p,t − η∇L̄(θp,t). Thus,

∥θ̄p,t+1 − θ∥2 = ∥θ̄p,t − η∇L̄(θp,t)− θ∥2 (2.17)

= ∥θ̄p,t − θ∥2 + η2∥∇L̄(θp,t)∥2 (2.18)

− 2η∇L̄(θp,t)
⊤(θ̄p,t − θ). (2.19)

By Assumption 2.2, we have

L(θj
p,t)− L(θ) ≤ ∇L(θj

p,t)
⊤(θj

p,t + θ̄p,t − θ̄p,t − θ)

≤ ∇L(θj
p,t)

⊤(θ̄p,t − θ) + L∥θj
p,t − θ̄p,t∥. (2.20)

Inserting Equation (2.20) into Equation (2.19) and summing over j, we obtain

J∑
j=1

(
L(θj

p,t)− L(θ)
)
≤ η

2
J∥∇L̄(θp,t)∥2+

J
∥θ̄p,t − θ∥2 − ∥θ̄p,t+1 − θ∥2

2η
+ L

J∑
j=1

∥θj
p,t − θ̄p,t∥, (2.21)

where we have used Assumption 2.1 to bound the gradient. Summing over t and bounding

again, we derive

T∑
t=1

J∑
j=1

(
L(θj

p,t)− L(θ)
)
≤ η

2
JTL2 + L

T∑
t=1

J∑
j=1

∥θj
p,t − θ̄p,t∥

+ J
∥θ̄p,1 − θ∥2 − ∥θ̄p,T+1 − θ∥2

2η
. (2.22)
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Applying [31, Lemma A.2] and Cauchy-Schwarz results in

J∑
j=1

E∥θj
p,t − θ̄p,t∥2 ≤ η2

12JL2

c2
=⇒ (2.23)

J∑
j=1

E∥θj
p,t − θ̄p,t∥ ≤ η

JL
√
12

c
. (2.24)

The proof is complete, by using Equation (2.24) to bound Equation (2.22) and choosing

θj
p,1 = 0 and θ = θ∗

p.
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Figure 2.1: Comparison between the gossiped OMKL, OMKL from [1] and the single-kernel
SGD, labelled Koloskova, from [2]. We have used σ = 1 for the latter. The labels indicate
the used topology for each algorithm.

Lemma 2.6. Under the same conditions as Theorem 2.4,

J∑
j=1

T∑
t=1

P∑
p=1

w̄j
p,tL

(
f̂ j
p,t(x

j
t)
)
−

J∑
j=1

T∑
t=1

L
(
f̂ j
p′,t(x

j
t)
)

≤ J lnP

η
+ ηJT. (2.25)

The proof of Lemma 2.6 follows the same steps as in [1, Lemma 3].

From the convexity of L(·),

L
(

P∑
p=1

w̄p,tf̂
j
p,t(xt)

)
≤

P∑
p=1

w̄p,tL
(
f̂ j
p,t(xt)

)
, (2.26)
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and Theorem 2.4 follows immediately using Lemma 2.5 and Lemma 2.6.

2.4 Experimental Results and Conclusions

To validate Theorem 2.4, we have tested Algorithm 1 with real datasets for binary classifica-

tion, with different topologies, and using different values of quantization level. We have used

the well-known Kernel Logistic Regression (KLR) loss function [25], i.e., the loss function

Equation (2.5) is defined as

ln
(
1 + exp(−y · θ⊤zV (x))

)
+ λ∥θ∥2, (2.27)

where we have used Ω(∥θ∥2) = ∥θ∥2. We have conducted our experiments with three

datasets: Banana, Credit-Card, and MNIST. The synthetic data from the Banana dataset [32]

(n = 5300, d = 2) are two non-linearly separable clusters. The Credit-Card dataset [33]

(n = 30000, d = 2) contains data from credit card users, such as their credit history and

whether they have defaulted or not. It is obtained from the UCI machine learning repos-

itory [34]. The MNIST dataset [35] (n = 70000, d = 784) is a labeled set of handwritten

digits from 0 to 9. We divide them into two classes, those that are number 8 and those that

are not.

Our experimental setup has J = 20 nodes, dimension D = 20 for our RF approximation,

regularization parameter λ = 0.001, and three Gaussian kernels with σ ∈ {1, 3, 5}, where

a Gaussian kernel with parameter σ is defined as κ(x,x′) = exp(−∥x− x′∥2/(2σ2)). Sim-

ulations have been performed 100 times with different sets of Random Features and the

corresponding mean of the loss function is plotted. We report the loss instead of the classifi-

cation accuracy because the difference in the latter is minimal. We have used the quantizer

described in Equation (2.12) with 7 levels of quantization, that is, 3 bits per element in any

transmitted array. Our learning rates are η = 0.01 and γ = 0.9η = 0.009.
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Figure 2.1 compares the performance of our algorithm versus two benchmarks. Since Algo-

rithm 1 can be viewed as an extension of [1] to non-complete graphs, the first benchmark

for comparison is the OMKL algorithm from [1]. There is a small difference between the

performance of OMKL and that of our gossiped OMKL although OMKL requires many

more inter-node communications. This is despite the fact that OMKL is run over a com-

plete topology, but the gossiped OMKL is executed over the worst-case scenario, i.e., a path

topology that includes much smaller number of connections and as a result requires much

less communication.

Gossiped OMKL can also be considered as an extension of [2] to multi-kernel learning, which

justifies using the single-kernel SGD from [2] as our second benchmark. Gossiped OMKL

using three kernels clearly outperforms the single-kernel approach, named Koloskova in Fig-

ure 2.1.
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Figure 2.2: The effect of graph topology, without quantization. Average loss function at
each iteration, with the Credit-Card dataset. Since the Credit-Card dataset has n = 30000
data observations, and J = 20 nodes, we have run the algorithm 1500 iterations.

Although not shown in the figure, we have observed that, for values of η and γ chosen in

Figure 2.1, or smaller values, the choice of topology does not affect the performance of our
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algorithm. To observe the effect of topology on algorithm performance, larger step sizes

(η = 0.1 and γ = 0.09) are chosen in Figure 2.2. The figure shows simulations using the

Credit-Card dataset and without quantization on three different topologies: the complete

graph, the ring, and the path. We can observe that more densely connected communication

graphs lead to better performance. We have also tested the algorithm for M ≥ 7 levels of

quantization, that satisfies the condition δ > 0 in Equation (2.12), and all of them perform

as well as the non-quantized version, with the loss function differences in the order of 10−6.

The results show that our gossiped OMKL algorithm can successfully extend the OMKL

algorithm [1] to non-complete graphs and the distributed learning algorithm in [2] to multi-

kernel learning.
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Chapter 3

Quantized and Asynchronous

Federated Learning

3.1 Introduction

In a traditional machine learning (ML) pipeline, data is collected from clients at a central

server. Then, a model is trained on the collected data and is deployed for use. This has

two major drawbacks: (i) it requires a large amount of storage at a central server, and more

importantly, (ii) it raises privacy concerns when collecting sensitive data. Decentralized

learning techniques can deal with these concerns [1, 2, 36]. One of the mechanisms to

inherently address these drawbacks is federated learning (FL) where clients train local models

and send them to the server for aggregation [37]. In FL, client data is used exclusively to

train local models, ensuring it never leaves the client side. Instead, the clients send their local

models’ updates to the server and the server aggregates the updates to create a global model.

Including new updates improves the global model’s accuracy. FL is gaining momentum in

healthcare, finance, and natural language processing, to name a few areas [21, 38].
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FL characteristics are different from those of the traditional distributed optimization. First,

the data originates from the clients and cannot be shared with the server. Second, clients are

heterogeneous, i.e., they have access to different amount of data and operate with different

speeds and communication bandwidths [39]. Since the size of ML models is large, and

becoming larger with time (particularly with language models) [40], communicating model

updates from edge devices with bandwidth constraints is a costly operation.

3.1.1 Related Work

Multiple FL algorithms have been proposed in the literature such as FedSGD [37], Fe-

dAvg [41], and FedProx [42], to name a few. In FedSGD, first, each client completes a

stochastic gradient descent (SGD) step with its local data and sends the update to the

server. Then, the updated local models are averaged at the server to create a global model.

Finally, the global averaged model is sent back to clients and the process is repeated. To

reduce communication costs, FedAvg allows multiple SGD steps at each client before ex-

changing the model, proving effective in real-world scenarios. FedProx builds upon FedAvg,

introducing a proximal term to account for disparities in local data distributions and device

characteristics.

Synchronous vs. Asynchronous Federated Learning

A common assumption is that these methods operate in rounds, leading to synchronous

federated learning (FL), where the server waits for a predetermined time to receive updates

from all clients. Should a client miss the time window, its update is considered stale and is

discarded. While FedProx allows clients to perform different number of local steps, it still

requires them to communicate before the round ends. Since FL is designed for massive-scale

networks, it is natural for clients to have different update times [43]. As a result, interest

has grown in asynchronous FL, which allows the server to update the global model without

waiting for all clients. There is no idle time in asynchronous FL and the clients restart
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calculating a new update after each transmission. A comparison between synchronous and

asynchronous FL is shown in Figure 3.1.

Computing update

Time

Client A

Client B

Client C

Client D

Synchronous

IdleTransmitting update

...

...

...

...

...

...

...

...

Asynchronous

Figure 3.1: Flowchart comparing synchronous and asynchronous FL.

Despite its challenges, like the need to handle stragglers and stale gradients, asynchronous FL

is attractive because it eliminates the burden of fitting clients into time slots. This enables

slow clients to participate in the training process and enables the use of larger training

cohorts [44, 45]. A naive approach to asynchronous FL is to have the server update the

global model every time it receives a client update. However, this method is not scalable, as

the communication cost of broadcasting the global model grows too much with the number

of clients. To address this issue, client updates are buffered at the server before performing

a global model update. FedBuff [46, 47], an asynchronous and scalable version of FedAvg, is

an example of such an algorithm suitable for heterogeneous clients. It allows multiple local

steps at each client and is compatible with privacy-preserving mechanisms. It is also fairer

and more efficient compared to synchronous FL methods [45].

Other asynchronous FL works include algorithms that consider time-weighted schemes for

stale model aggregation [48, 49]. In another approach, [50] proposes a client uploading policy,

which avoids sending updates where the previous and current models are sufficiently similar.

However, these solutions do not consider quantization, which is indispensable to reduce the
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communication bottleneck in many practical FL systems.

Quantization in Federated Learning

Apart from allowing multiple local steps, quantization can further reduce the communica-

tion overhead. There is a vast literature on synchronous FL with quantized communica-

tions [4, 51–53]. Quantization can reduce the number of transmitted bits in both directions:

(i) the server can quantize the global model prior to sending it to clients, and (ii) clients can

quantize the model updates before transmitting them to the server. Moreover, quantizing

client updates enhances the privacy guarantees [54]. On the other hand, directly quantizing

the models results in error propagation over time. For example, since clients only access the

quantized global model, there will be a drift between the global models at the server and

clients. This phenomenon is illustrated in Figure 3.2. We observe that a naive use of quan-

tization results in suboptimal loss. This is particularly egregious in the biased quantization

case, where FedBuff diverges when a server sends the top 50% of coordinates in absolute

value, setting the rest to zero. This is a popular quantizer with a low compression ratio of

1/2 and the fact that it diverges is devastating.

The use of quantization in asynchronous FL remains unexplored. It is of particular inter-

est to investigate the error produced by the compounded effects of model staleness due to

asynchrony and quantization error, since the former is absent in the synchronous FL setting.

Managing Error Propagation

To manage the error propagation while quantizing the model, the server and clients should

operate on the same model [18]. Therefore, we define a common model state and keep it at

all nodes. The difference between the updated server model and the common model state is

quantized and communicated after every server update. Similar ideas exist in other signal

processing fields, for example in handling the drifts caused by motion compensation in video

coding [55–57]. In quantization theory, the general framework to manage error propagation

21



0 2000 4000 6000 8000 10000

Global model iteration

10−3

10−2

10−1

f
(x

)
−
f
∗

Naive, server 3-bit QSGD

Naive, server 50% top-k

Unquantized

Figure 3.2: Numerical example of the effect of direct quantization (Naive) vs. the unquantized
counterpart. No client quantization is performed. We show unbiased (QSGD [3]) and biased
(top-k [4]) server quantizer examples. We consider a logistic regression problem with ℓ2
regularization on the mushrooms dataset from LIBSVM [5]. The simulation parameters are:
100 clients, delays following a half-normal distribution, server buffer size of 10, client learning
rate of 2, server learning rate of 0.1, and ℓ2 regularization strength of 1/8124, where 8124 is
the number of samples in the dataset. The y-axis illustrates the difference f(x)− f ⋆, where
f(x) is the global model cost at a given iteration, and f ∗ is the optimal cost.
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is discussed under predictive coding [58]. There has been some efforts in managing error

propagation in synchronous FL [2, 6, 59–62], but, to the best of our knowledge, this is the

first effort in handling the error propagation in asynchronous FL.

3.1.2 Contributions

Motivated by the need to reduce communication overhead and the appeal of asynchronous FL,

we propose a new algorithm, called Quantized Asynchronous Federated Learning (QAFeL),

which includes a bidirectional quantization scheme for asynchronous FL with buffered aggre-

gation. To address the error propagation, we introduce a common hidden-state by aggregat-

ing all communicated messages as shown in Figure 3.3. The server quantizes and broadcasts

∑
−

+
Model Quantizer

Hidden State

Figure 3.3: Block diagram for updating the hidden-state.

the difference between the hidden-state and its updated model. Similarly, clients quantize

the difference between their updated model and the corresponding hidden-state version. Us-

ing the mechanism in Figure 3.3, QAFeL avoids error propagation and is scalable as it only

needs to track one hidden-state. Furthermore, it is a privacy-aware system since it does not

track client states. We also investigate the QAFeL’s compound error produced by staleness

and quantization to gain insights not present in separate analysis of the staleness and quan-

tization effects. Table 3.1 compares the characteristics of our work with respect to others.

The main contributions of the chapter are:

1. We introduce QAFeL, an asynchronous FL algorithm with multiple local steps and

limited number of communication bits that avoids error propagation using hidden-state
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Table 3.1: Related work comparison. The number of algorithm rounds is denoted by T .

Algorithm Work
Characteristics Analysis

Asynchronous
Buffered Quantized Mitigates Unbounded Arbitrary Client Non-convex objective

Aggregation Communication Error Propagation Gradient Update Distribution O
(
1/
√
T
)
rate

FedAvg
[37] ✗ ✓ ✗ ✗ ✗ - ✗

[63] ✗ ✓ ✗ ✗ ✓ - ✓

MCM [62] ✗ ✓ ✓ ✓ ✓ - ✗

FedAsync [64] ✓ ✗ ✗ ✗ ✗ ✗ ✓

FedBuff
[46] ✓ ✓ ✗ ✗ ✗ ✗ ✓

[47] ✓ ✓ ✗ ✗ ✓ ✗ ✓

QAFeL This work ✓ ✓ ✓ ✓ ✓ ✓ ✓

updates.

2. We analytically prove that quantization using QAFeL does not affect the complexity

order. More precisely, QAFeL’s convergence rate achieves the optimal O
(
1/
√
T
)

complexity order for non-convex objectives [65] even without assuming uniform client

arrival.

3. We present FedBuff as a special case of QAFeL and fix an error from the original

FedBuff manuscript. We analytically show that asymptotically the convergence rate

of QAFeL is the same as that of FedBuff, without assuming bounded gradients.

4. We show that the cross-term error caused by staleness and quantization is of smaller

order than the errors introduced by each of these factors alone and does not affect the

complexity order.

Finally, we validate our theoretical results through experimental evaluation standard bench-

marks for FL [66, 67].

The rest of the chapter is organized as follows. Section 3.2 presents the system model as well

as a description of our proposed algorithm. Section 3.3 presents the analysis of our algorithm

and discusses the derived convergence guarantees. The auxiliary proofs are relegated to

Appendix A.1. Section 3.4 includes experimental results and Section 3.5 concludes the

chapter.
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3.2 System Model

In this section, first, we describe our general quantizer model and then present QAFeL in

detail.

3.2.1 General Quantizer Model

A quantizer is composed of an encoder, which receives blocks of information and outputs

blocks of bits, and a decoder, which receives blocks of bits and reconstructs blocks of infor-

mation. If the encoder and decoder are designed carefully, the mean square error between

the original and the reconstructed symbols is small, for example smaller than the norm of the

original symbols. Obviously, the mean square error grows as the compression ratio increases.

Let us denote the combination of the encoder and decoder as a single function Q which is in

agreement with the following standard definition of a quantizer in the FL literature [4, 52, 61].

Definition 3.1. A quantizer Q : Rd → Rd (which is a combination of an encoder and a

decoder) with a compression parameter δ ∈ (0, 1] is a (possibly random) function that satisfies

EQ

[
∥x−Q(x)∥2

]
≤ (1− δ) ∥x∥2 , (3.1)

where EQ is the expectation with respect to the possible internal randomness of the quantizer.

3.2.2 Proposed Algorithm

QAFeL is comprised of three processes that run concurrently: QAFeL-server, QAFeL-client

and QAFeL-client-background. The three processes are depicted in Figure 3.4 as a block

diagram. The algorithm works as follows. First, clients initialize the hidden-states with x̂0,

which is the same as the initial server model, x0. Then, the server waits for a client update.
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Figure 3.4: QAFeL block diagram. Shaded parts occur on the client side. Dashed lines
indicate communication between the clients and the server.
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To start training, the client copies the locally stored hidden-state into a variable y0 ← x̂t,

and performs P local model update steps of the type

yp+1 = yp − ηℓ · g(yp), (3.2)

where g(yp) is a noisy, unbiased estimator of the gradient at yp based on the local dataset

and ηℓ is a local step-size. Then, the client sends the quantized update Qc(y0 − yP ) to the

server, where Qc is the client’s quantizer. The server adds the received updates to its buffer.

We denote the k-th update in the buffer as ∆k. The server keeps receiving updates until its

buffer is full, i.e., the server has received K updates. Then, the server updates the global

model by averaging the received updates:

xt+1 = xt − ηg∆t
, ∆

t
:=

1

K

K−1∑
k=0

∆k. (3.3)

When the pre-defined number of iterations T is reached, the server outputs the model and the

training stops. Otherwise, the server computes the quantized difference between its updated

model and the hidden-state,

qt = Qs(x
t+1 − x̂t), (3.4)

where Qs is the server’s quantizer. The server broadcasts q
t to all clients. Finally, the clients

and the server update their copies of the hidden-state using the same equation, x̂t+1 = x̂t+qt.

For further details on the algorithm design see Appendix A.2, where we have included the

pseudocode for all components of QAFeL. The highlighted lines in the pseudocode represent

the novel hidden-state mechanism.
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3.3 Algorithm Analysis

In this section, we analyze the convergence of QAFeL. First, we formulate the non-convex

optimization problem that QAFeL solves. Then, we present convergence upper bounds for

QAFeL.

3.3.1 Problem Formulation

We consider the weighted FL problem setting to find a model x ∈ Rd such that

min
x∈Rd

f(x) :=
N∑

n=1

wnFn(x), (3.5)

where Fn is Client n’s loss function, wn is the client’s weight, and N is the total number of

clients. Note that each function Fn implicitly depends on the local data at Client n. The

weights wn can be any arbitrary set of numbers chosen to weigh the importance of each client

or to strategically differentiate different clients. For example, one can assign a larger weight

to clients that have a larger dataset. Obviously, this setting is more general than the equal-

weight setting, which is also covered in our setup by choosing wn = 1/N . Alternatively, one

can enforce a uniform request for updates from the server, a technique employed in FedBuff.

While enforcing uniform client participation guarantees that all weights are identical, it

slows down the fastest clients’ update frequency. Our analysis considers the case that f is

non-convex, which is prevalent in FL applications.

Let us make the following standard assumptions:

Assumption 3.2. Unbiased Stochastic Gradients Assumption: We have an unbiased stochas-

tic estimator gn(x) of the true gradient ∇Fn(x), i.e., E [gn(x)] = ∇Fn(x) for all x, at every

client.

28



Assumption 3.3. Bounded Local Variance Assumption: At every client,

E
[
∥gn(x)−∇Fn(x)∥2

]
≤ σ2

ℓ , ∀x ∈ Rd. (3.6)

Assumption 3.4. L-smoothness Assumption: At every client, Fn is L-smooth, i.e., Fn is

differentiable and its gradient is Lipschitz continuous. Thus, ∇Fn satisfies

∥∇Fn(x)−∇Fn(x
′)∥ ≤ L ∥x− x′∥ , ∀x, x′ ∈ Rd. (3.7)

Assumption 3.5. Bounded Client Heterogeneity Assumption: The gradients ∇Fn at every

client satisfy

∥∇f(x)−∇Fn(x)∥2 ≤ B, ∀x ∈ Rd. (3.8)

In the proof, we only use bounded heterogeneity at each buffer set St, i.e., each set of clients

that fills the buffer. Therefore, we can relax the assumption to

1

K

∑
k∈St

∥∇f(x)−∇Fk(x)∥2 ≤ B, ∀x ∈ Rd, (3.9)

and the results still hold. However, for the clearness of exposition, we will use the first version

in the proof.

Assumption 3.6. Lower Bounded Objective Assumption: There exists a lower bound f ∗ ≤

f(x) for all x ∈ Rd.

In an asynchronous setting, different nodes may operate on different versions of the model

causing staleness [46]. The definition of the staleness for QAFeL and a bounded staleness

assumption similar to that of FedBuff are presented below.
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Definition. For Client n, at server step t, the difference between the current hidden-state

x̂t and the hidden-state version that was used to start the current local training is called

staleness, and is denoted τn(t).

Assumption 3.7. Bounded Staleness Assumption: At every server step t, and for each client

n, the staleness τn(t) is less than or equal to a maximum allowed staleness, τmax,K, where K

is the server buffer size.

Note that as the buffer size increases, the server updates less frequently, which reduces the

number of server steps between when a client starts training and when its updates are applied

at the server. If Assumption 3.7 is met for any K > 1, the maximum delay, τmax,K , is at

most ⌈τmax,1/K⌉; this is proven in [46, Appendix A].

In most ML applications, the objective function is highly non-convex [68]. With such func-

tions, we cannot guarantee the existence of a global minimum. Instead, as is standard in

non-convex optimization, our goal is to find a first-order ε-stationary point, that is, x ∈ Rd

such that ∥∇f(x)∥2 ≤ ε. With such a goal in mind, we study the ergodic squared norm of

the gradient after T iterations:

1

T

T−1∑
t=0

E
[∥∥∇f(xt)∥∥2] . (3.10)

We call this quantity the ergodic convergence rate of our algorithm. Upper bounding the

rate by ε ensures that our algorithm finds a first-order ε-stationary point in expectation.

Throughout the chapter, we use the notation from Table 3.2.

3.3.2 Convergence Analysis for QAFeL

In this section, we present our main result, as well as a corollary that analyzes the convergence

rate in detail.
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Table 3.2: Summary of notation.

xt, x̂t server, shared hidden-state at time t

L L-smoothness constant of the loss function

P, p number, index of local steps at client

K, k number, index of clients at the buffer

N, n number, index of total clients

ηg, ηℓ server, client learning rates

Qs, Qc server, client quantizers

∆
t
,∆t

k server, client k’s update at time t

St set of client indices at the buffer at time t

ytk,p local state at client k, during local step p at time t

± plus and minus a quantity, i.e., a± b = a+ b− b = a

Theorem 3.8. Consider the optimization problem in Equation (3.5) satisfying Assump-

tions 3.2 to 3.5 and 3.7. Then, QAFeL’s iterations satisfy

1

T

T−1∑
t=0

E
[∥∥∇f(xt)∥∥2] ≤ 4

f(0)− f(xT )
TηgPηℓ

+ 8L2
η2gPη

2
ℓ (2− δc)(τ 2max,K + 8

δ2s
)σ2

ℓ

K

+ 80L2P 2η2ℓ (σ
2
ℓ +B)

+ 2L
ηgηℓ(2− δc)σ2

ℓ

K
, (3.11)

as long as

η2g(τ
2
max,K +

8

δ2s
) + (1 +

1− δs
K

)ηℓηgL ≤
1

P
(3.12)

and

η2ℓ ≤
1

80L2P 2τmax,K

, ηℓ ≤
1

4L(P + 1)
. (3.13)
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Proof. QAFeL’s iterations are

xt+1 = xt − ηg∆t
, (3.14)

x̂t+1 = x̂t +Qs(x
t − x̂t). (3.15)

A special case of QAFeL is when the server quantizer Qs is the identity, for which the hidden-

state is the same as the server’s state. This special case covers FedBuff. In other words, our

results are applicable to FebBuff as a special case.

Assumption 3.4 implies

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2
∥y − x∥2 , (3.16)

for all x, y ∈ Rd. This follows immediately from [69, Lemma 1.2.3]. Plugging Equation (3.14)

into Equation (3.16) yields

f(xt+1) ≤ f(xt) + ⟨∇f(xt), xt+1 − xt⟩+ L

2

∥∥xt+1 − xt
∥∥2

= f(xt)− ηg⟨∇f(xt),∆t⟩+ η2g
L

2

∥∥∥∆t
∥∥∥2 . (3.17)

Using Lemma A.2 and Corollary A.4 from Appendix A.1, we can add the terms for t =

0, . . . , T − 1 and obtain

f(xT ) ≤ f(0)− ηg
ηℓP

4

T−1∑
t=0

E
[∥∥∇f(xt)∥∥2]

+ ηg
ηℓP

2
4L2

T−1∑
t=0

η2g(τ
2
max,K +

8

δ2s
)
Pη2ℓ
K

(2− δc)σ2
ℓ

+ ηg
ηℓP

2
4L2

T−1∑
t=0

10P 2η2ℓ (σ
2
ℓ +B)

+
T−1∑
t=0

η2g
L

2

Pη2ℓ
K

(2− δc)σ2
ℓ , (3.18)
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as long as

Pη2g(τ
2
max,K +

8

δ2s
) + (1 +

1− δs
K

)PηℓηgL ≤ 1 (3.19)

and

40L2P 2η2ℓ τmax,K ≤
1

2
, ηℓ ≤

1

4L(P + 1)
. (3.20)

The theorem statement is obtained by re-arranging Equation (3.18).

Corollary 3.9 (QAFeL’s Order of Complexity). Consider the optimization problem Equa-

tion (3.5) satisfying Assumptions 3.2 to 3.7 and define F ∗ := f(x0)−f ∗, where f ∗ minimizes

f . Choosing ηℓ = O
(
K−1P−1/2T−1/3

)
, ηg = O

(
KT−1/6

)
, and a large enough T , QAFeL’s

iterations satisfy

1

T

T−1∑
t=0

E
[∥∥∇f(xt)∥∥2] ≤ O( F ∗

√
PT

)
+O

(
L2σ2

ℓ (2− δc)
K
√
PT

)
︸ ︷︷ ︸

main error terms

+O
(
L2P (σ2

ℓ +B)

K2T 2/3

)
︸ ︷︷ ︸

heterogeneity term

(3.21)

+O
(
L(2− δc)(τ 2max,K + 1

δ2s
)σ2

ℓ

KT

)
︸ ︷︷ ︸

staleness term

.

Note that the terms with (2 − δc) could have been absorbed by the O (·) notation, but we

have purposefully kept them to highlight the minimal effect of the client quantization.

Corollary 3.9 yields several insights:

• The main error term is O
(
1/
√
T
)
, which is the optimal ergodic convergence rate of

SGD for non-convex objectives [65].
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• The effect of the client quantizer, controlled by δc, is relatively small compared to the

main error term, since it is divided by the buffer size. Intuitively, we average K client

updates at the buffer and it is reasonable that the quantization error order is divided

by K.

• Our theory corroborates the well-established observation in the context of synchronous

and unquantized scenarios: increasing the number of local steps, P , leads to a faster

convergence when the model is far from a good solution, but introduces more drift [70].

Such a drift is also exacerbated by a higher heterogeneity (higher B). This is reflected

in the heterogeneity error term, as a larger P is beneficial as long as the main error

terms dominate. Experiments that showcase the effect of the client drift are presented

in Section 3.4.1.

• The effect of the server quantizer is a term of order O (1/T ), which is negligible for

even a moderate number of server steps T .

• The error added by staleness, controlled by τmax,K , and the cross-term error between

staleness and quantization are of order O (1/T ), which are also negligible compared to

the O
(
1/
√
T
)
terms.

As a special case, taking the limit δc, δs → 1 provides the complexity order of FedBuff, i.e.,

QAFeL without any quantization scheme, as follows:

1

T

T−1∑
t=0

E
[∥∥∇f(xt)∥∥2] ≤ O( F ∗

√
PT

)
+O

(
L2σ2

ℓ

K
√
PT

)
︸ ︷︷ ︸

main error terms

+O
(
L2P (σ2

ℓ +B)

K2T 2/3

)
︸ ︷︷ ︸

heterogeneity term

(3.22)

+O
(
L(τ 2max,K + 1)σ2

ℓ

KT

)
︸ ︷︷ ︸

staleness term

.
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Note that our assumptions are weaker than those in FedBuff. The above corrected con-

vergence rate1 includes a higher-order (T−2/3) heterogeneity term because of our weaker

assumptions.

3.4 Results and Discussion

We present results with two methods of compression. The first method, QSGD, is an unbiased

stochastic quantizer that uses a fixed number of bits per dimension [3]. A higher bit-rate

results in a more precise quantizer. The second method, top-k, is biased and only sends the

k largest coordinates in absolute value, and does not send the rest [60]. The receiver sets

the unsent missing coordinates to zero.

3.4.1 Logistic Regression Experiments

To illustrate the fact that QAFeL addresses the error propagation caused by naive direct

quantization, we present a set of experiments on a standard logistic regression task and run

both algorithms for a comparison.

We consider a logistic regression problem with ℓ2 regularization on the mushrooms dataset

from LIBSVM [5]. The simulation parameters are: 100 clients, delays following a half-normal

distribution, server buffer size of 10, client learning rate of 2, server learning rate of 0.1, and

ℓ2 regularization strength of 1/8124, where 8124 is the number of samples in the dataset.

Figure 3.5 illustrates both the unbiased server quantizer case (Figure 3.5a, QSGD quantiza-

tion) and the more drastic biased server quantization case (Figure 3.5b, top-k quantization).

In Figure 3.5a, a quantizer with 3 bits is used for both direct quantization and QAFeL. While

QAFeL provides results very close to that of the unquantized case, the direct quantization

approach does not converge. Similarly, in the case of top-k quantization in Figure 3.5b,

1The rate that appears in the original AISTATS 2022 paper [46] has a minor error resulted from inaccuracy
in Eq. (20) of that paper.
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QAFeL elegantly manages the error propagation while a direct quantization suffers from

error propagation. More specifically, with direct quantization, the algorithm diverges when

the server sends the top 50% of coordinates in absolute value. Meanwhile, with QAFeL, a

server that sends only the top 1% of coordinates in absolute value converges.
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QAFeL, server 3-bit QSGD
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Figure 3.5: Numerical example of the effect of naive quantization vs. our proposed algorithm
(QAFeL). No client quantization is performed. The y-axis illustrates the difference f(x)−f ⋆,
where f(x) is the global model cost at a given iteration, and f ∗ is the optimal cost. Subfigure
(a) illustrates the unbiased server quantizer case. Subfigure (b) illustrates the biased server
quantizer case.

Figure 3.6 presents a numerical illustration of the effect of the local step values, without

quantization. For an analogous figure in the synchronous and unquantized case, see [71,

Figure 6]. Observe that a larger amount of local steps implies faster convergence, but higher

suboptimality. The noise around the optimum is due to the randomness introduced by the

delays. Also, note that the noise does not increase for smaller local steps. Such an appearance

is because of the y-axis logarithmic scale.
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Figure 3.6: Numerical example of the effect of local steps. The y-axis illustrates the difference
f(x) − f ⋆, where f(x) is the global model cost at a given iteration, and f ∗ is the optimal
cost. QAFeL is run without quantization and a varying quantity of local steps. More local
steps lead to larger client drift and faster convergence, but to a less optimal solution.

3.4.2 Neural Network Experiments

Experiment Setup

We have implemented QAFeL using FL Simulator (FLSim) [72], a library written in Py-

Torch [73]. To verify our theoretical results, we consider two image classification tasks using

the CIFAR-10 [67] and CelebA [74] datasets, as well as a next-word prediction task using

the Shakespeare dataset [37].

The CIFAR-10 dataset consists of labeled images pertaining to one of 10 classes. As is

standard in image classification, we first normalize the images using the dataset mean and

standard deviation such that each color channel has mean 0 and standard deviation 1. To

simulate a FL scenario, we follow the approach of [75] to synthesize non-identical clients.

Specifically, we split the dataset into 5,000 clients where each client has a number of samples

that follows a symmetric Dirichlet distribution with parameter 0.1. This parameter controls

the correlation of the data distribution, i.e., how close the distribution is to an i.i.d. random
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process. When the parameter is 0, each client holds data from only one class chosen at

random. On the other hand, when it tends to ∞, all clients have identical distributions.

The CelebA dataset contains labeled images of celebrities. We detect whether they are

smiling or not. We resize and crop the images to 32× 32 pixels before normalizing them to

have 0.5 mean and 0.5 standard deviation, as done in previous work [46]. We also use the

default data-heterogeneous client partition from LEAF.

The Shakespeare dataset contains Shakespeare’s plays, separated by play and character.

This was proposed as a good FL scenario in [37] as different characters have different word

distributions. We use LEAF’s default client partition for this task as well.

For both image datasets, we train the image classification model used in LEAF, that is, a

four-layer convolutional neural network (CNN) classifier, slightly modified by replacing batch

normalization layers with group normalization layers [76] following the approach of [77]. We

use a 0.1 dropout regularization rate, stride of 1, and padding of 2. We compare FedBuff

and QAFeL with the hyperparameter selection from [46], which we re-state in Table 3.3 for

completeness. Note that we have used server momentum β in two of our experiment settings,

which we have found to help convergence in practice.

In our image experiments, we simulate QAFeL training until we reach a pre-specified target

evaluation accuracy, which is 60% for CIFAR-10 and 90% for CelebA. These quantities are

the same as previous benchmarks [46, 66], i.e., the pre-defined architectures from our LEAF

benchmark converge to these percentages on the centralized setting.

For the Shakespeare dataset, we use the 2-layer stacked LSTM model proposed in [37, 66], as

well as their proposed target accuracy of 54%. We use Bayesian optimization [78] to obtain

the hyperparameters reported in Table 3.3.

We simulate client arrival times and training durations based on Meta’s production FL
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Table 3.3: Chosen hyperparameters

FedBuff and QAFeL FedAsync

ηℓ = 4.7 · 10−6 ηℓ = 5.7
CelebA ηg = 1.0 · 103 ηg = 2.8 · 10−3

β = 3.0 · 10−1 β = 0

ηℓ = 1.95 · 10−4 ηℓ = 1.0 · 102
CIFAR-10 ηg = 4.09 · 101 ηg = 6.4 · 10−5

β = 0 β = 0

ηℓ = 1.17 ηℓ = 1.7 · 101
Shakespeare ηg = 2.64 · 10−1 ηg = 2.03 · 10−1

β = 0 β = 5.0 · 10−1

system [46, Appendix C]. In this model, clients arrive at a constant rate and their training

durations are sampled from a half-normal distribution denoted as Y , where Y = |X| and

X ∼ N (0, 1). To achieve varying concurrencies (the maximum number of users training

in parallel) of 100, 500, and 1,000 users, we adjust the arrival rates of clients to 125, 627,

and 1,253 clients per unit of time, respectively. These rates are determined based on the

expected value
√

2/π of the half-normal distribution Y . As done in previous work [46, 64],

we use weight scaling to penalize staleness. More precisely, an update with staleness τ is

scaled down by a 1/
√
1 + τ factor. For all scenarios, we use a batch size of 32 and a buffer

size K = 10.

To justify our choice of 4-bit QSGD quantizer for server and client in our concurrency exper-

iments, we perform a set of experiments displayed in Table 3.4, where we assume a constant

client arrival rate of 100 clients per unit of time, without performing any weight scaling.

These experiments show that using a 4-bit QSGD at both client and server does not sig-

nificantly alter the number of client uploads to reach a target accuracy, yet approximately

provides an eight-fold reduction in the number of communicated bits.
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Experimental Results

We conduct experiments three times and provide the mean and standard deviation of the

results. Alongside the conventional metric of comparing synchronous and asynchronous FL

methods, which is the number of client trips, we also report the number of bytes sent per

message to emphasize QAFeL’s advantages.
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Figure 3.7: Comparison of communication metrics for QAFeL and FedBuff across varying
concurrency levels (clients training in parallel) to reach 60% target accuracy on the CIFAR-
10 dataset. QAFeL employs 4-bit QSGD quantization at both the server and client: (a) the
number of client updates in thousands, (b) the total GB uploaded by the clients, and (c) the
GB broadcasted by the server.
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Figure 3.8: Comparison of communication metrics for QAFeL and FedBuff across varying
concurrency levels (clients training in parallel) to reach 90% target accuracy on the CelebA
dataset. QAFeL employs 4-bit QSGD quantization at both the server and client: (a) the
number of client updates in thousands, (b) the total GB uploaded by the clients, and (c) the
GB broadcasted by the server.
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Figure 3.9: Comparison of communication metrics for QAFeL, FedBuff, FedAsync, FedBuff
with direct quantization, and FedAsync with direct quantization across varying concurrency
levels (clients training in parallel) to reach 54% target accuracy on the Shakespeare dataset.
QAFeL employs 4-bit QSGD quantization at both the server and client: (a) the number
of client updates in thousands, (b) the total GB uploaded by the clients, and (c) the GB
broadcasted by the server. FedBuff with direct quantization only has one data-point because
for concurrencies 500 and 1000 the algorithm diverged for at least one of the three seeds.

Figures 3.7 and 3.8 illustrate the benefits of QAFeL for various concurrency values over

CIFAR-10 and CelebA datasets, respectively. As shown in Figures 3.7b and 3.8b, for all

concurrencies, QAFeL clients use less uploaded bytes compared to FedBuff. For example,

reduction factors of 5.2 to 8 for the CelebA dataset and 6 to 7.7 for the CIFAR-10 dataset are

observed. Similar reductions for the number of broadcasted bytes by the server are seen in

Figures 3.7c and 3.8c. Note that the total number of bytes includes the extra client updates

that occur by adding quantization. Notably, the number of client updates remains similar

for QAFeL and FedBuff for both datasets. For example, the maximum increase is about 1.5

times in the CelebA case in Figure 3.8a. For both tasks, a 4-bit QSGD quantizer [3] was

used in both upload and download.

Figure 3.9 illustrates similar results by comparing QAFeL with FedBuff, FedAsync [64], and

FedBuff with direct quantization (4-bit QSGD for both client and server quantizers). The

latter is not plotted for concurrencies 500 and 1000 as it diverged for at least one of the

three experiments that we average over. Figure 3.10 shows the results for FedBuff with

direct quantization at concurrency 500. The figure clearly shows that FedBuff with direct
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quantization does not converge for the random seed 0. This is consistent with the theory and
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Figure 3.10: Evaluation curves for the Shakespeare experiments with concurrency 500 and
FedBuff with direct 4-bit quantization for both client and server. We observe that one of
the three runs diverges.

the results shown in the logistic regression experiments of Figure 3.2, which also showed a

divergence for the direct quantization case. Moreover, Figure 3.9 also corroborates the results

shown in Figures 3.7 and 3.8, as QAFeL performs markedly better than existing algorithms

in terms of both uploaded and broadcasted bytes and maintains approximately the same

amount of client uploads. Note that FedAsync is not massively scalable as it does not have

a buffer to accumulate client updates, which is reflected in the number of broadcasted bytes.

With the three random seeds that we picked, FedAsync with direct quantization performs

close to the unquantized FedAsync in number of client uploads. However, note that using

FedAsync, the number of server broadcasts is ten times more than those of FedBuff and

QAFeL, due to the lack of buffer. Also, even with quantization, FedAsync still broadcasts

more bytes compared to FedBuff without quantization and an order of magnitude more than

QAFeL. If one were to combine a hidden-state scheme with FedAsync, this would require

more computations at the client side, as they would update their hidden states more often

due to the high frequency of server updates.

Results for a simple scenario with client arrival rate of 100 and different number of quantiza-
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tion bits are presented in Table 3.4. Using fewer quantization bits at the server always leads

Table 3.4: Communication metrics of QAFeL to reach the CelebA target validation accuracy
(90%) with different QSGD combinations.

Algorithm Uploads
(thousands)

kB/upload kB/download
(client, server)
QSGD bits

(8,8) 27.6± 4.82 29.924 29.924
(8,4) 29.8± 2.76 29.924 15.380
(8,2) 35.7± 14.5 29.924 8.108

QAFeL (4,8) 39.7± 3.32 15.380 29.924
(4,4) 27.8± 10.4 15.380 15.380
(4,2) 37.7± 9.10 15.380 8.108
(2,8) 58.6± 7.16 8.108 29.924
(2,4) 74.6± 35.7 8.108 15.380
(2,2) 91.9± 34.4 8.108 8.108

FedBuff 26.1± 6.7 117.128 117.128

to fewer total downloaded bytes. However, using less precision at the client-side, for example

reducing the number of quantization bits from 4 to 2 while keeping the server’s quantizer at

2 bits per sample, may result in more total uploaded bytes. Moreover, Table 3.4 shows an

increase in the number of uploads by switching from 4 to 2 bits per sample at the client-side

resulting in similar total upload bytes. This situation highlights a trade-off between the level

of quantization and how quickly the system converges.

In simpler terms, while reducing the compression ratio means transmitting fewer bytes, it

may require more messages to achieve the desired accuracy. Therefore, it is important to

find the right trade-off between the two factors. Nevertheless, QAFeL generally uses fewer

total communication bits compared to FedBuff. Also, our simulation results indicate that

the best compression ratio depends on the chosen quantization method.
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3.5 Conclusion

We propose a practical, scalable, and communication-efficient FL algorithm that allows client

asynchrony and quantized communications. Using a hidden-state scheme, we avoid error

propagation. We provide optimal ergodic convergence rates for SGD on non-convex objec-

tives, without assuming bounded gradients or uniform client arrival. We also show that

the cross-term error between staleness and quantization is negligible compared to each of

the error terms. These are achieved without assuming uniform client arrival or imposing

restrictions on step-size choices. The presented theoretical analysis can guide the design of

quantizers to achieve a specific convergence rate and has been corroborated empirically. A

common application is the design of FL systems with bandwidth constraints. Our simulation

results show that the effects of the client quantization are larger than those of the server

quantization.
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Chapter 4

Communication Compression for

Distributed Learning with Aggregate

and Server-Guided Feedback

4.1 Introduction

In distributed learning, a central server coordinates the training of a global model using

data distributed across multiple clients. The objective is to minimize a global loss function

f , which is the average of the local loss functions of the clients

f(x) =
1

N

N∑
n=1

fn(x), (4.1)

where x ∈ Rd is the global model, fn : Rd → R is the loss function of Client n, and N is

the total number of clients. This formulation is prevalent in Federated Learning (FL) [37],

a distributed learning paradigm designed for privacy preservation, where clients train the

global model on their local data and send updates to the server for aggregation.
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+
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Figure 4.1: Error feedback block diagram. Typically, each client stores its own control variate
and must update it after each training round. The server stores its own copy of each client’s
control variate.

A primary bottleneck in distributed learning is communication overhead. Given that com-

munication at edge devices is not symmetric, with the upload (client to server) link being

significantly more constrained [79], the download cost is considered negligible in the dis-

tributed learning literature. Thus, the primary concern is the cost of uploading model

updates from clients to the server [21]. To mitigate this, various lossy compression tech-

niques, such as quantization [3], sparsification [80], and low-rank approximation [81], have

been proposed. While unbiased compressors are easier to analyze, biased compressors are

frequently preferred in practice for their superior empirical performance and computational

efficiency [21, 82].

To guarantee the convergence of algorithms using biased compression, a mechanism known

as error feedback (or error compensation) is typically required [4]. This involves each client

tracking the accumulated compression error locally and correcting for it in subsequent up-

dates. Figure 4.1 shows the block diagram for an error feedback mechanism. The control

variate shown in the figure is precisely the variable responsible for accumulating the com-

pression error at each client. However, standard error feedback requires both parties (clients

and server) to store these error vectors in their respective control variates. In other words,

the clients and the server must maintain a state between rounds to be able to compensate

for past compression errors. This introduces two problems: (i) storing control variates at

the clients and (ii) storing control variates at the server. For the first issue, in many large-

scale distributed learning scenarios, such as cross-device FL, clients are very unreliable and
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are thus continuously added to and dropped from the training pool throughout the rounds.

Therefore, in most deployments, clients are assumed to be stateless and cannot maintain

the state between communication rounds [21]. For the latter issue, having the server store a

control variate for each client introduces privacy risks by tracking individual client behavior

over time, which completely defeats the purpose of many distributed training applications.

This chapter addresses these challenges by proposing two novel frameworks that enable biased

compression without requiring client-side state or per-client server-side tracking. The core

idea is to provide clients with a globally consistent predictor vector. Clients then compress

the difference between their local update and this predictor. If the predictor is a good

approximation of the local update, the difference vector will be sparse or will have a small

magnitude, making it highly compressible.

We propose two distinct sources for this predictor, Compressed Aggregate Feedback (CAFe)

and Server-Guided Compressed Aggregate Feedback (CAFe-S). The first, CAFe, uses the

aggregated and decoded update from the previous communication round as a predictor for

the current round k. This approach is entirely self-contained, requires no additional data,

and is suitable for any FL setting. Clients receive this shared vector from the server along

with the new model, use it for compression, and then discard it, thus remaining stateless.

The second framework, CAFe-S, is designed for scenarios where the server has access to a

small private dataset relevant to the global learning task. The server uses this dataset to

compute a “candidate update” which serves as a more timely and potentially more accurate

predictor than the lagged aggregate from CAFe.

Both frameworks are inspired by the use of temporal prediction in video coding, where com-

pressing the difference between consecutive frames yields significant gains [57]. We analyze

both methods in the Distributed Gradient Descent (DGD) setting for non-convex objectives.

Our theoretical contributions show that CAFe improves the convergence rate over standard

compressed DGD, while CAFe-S achieves a convergence rate that depends on the similarity
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between the server’s data and the clients’ data. Experimental results on standard FL bench-

marks confirm that our proposed methods outperform existing compression schemes.

To the best of our knowledge, this is the first work to propose a globally shared error feedback

mechanism that eliminates the need for client-side memory. Our main contributions are

summarized as follows:

• Stateless Error Feedback: We propose CAFe, a framework that leverages the ag-

gregated update from the previous round as a global predictor. This allows clients to

transmit compressed difference vectors without maintaining local error accumulation

vectors, making it uniquely suitable for cross-device FL with stateless clients.

• Server-Guided Optimization: We introduce CAFe-S, which utilizes a server-side

auxiliary dataset to generate candidate updates. This transforms the server from

a passive aggregator into an active participant that guides the compression process,

reducing uplink variance.

• Theoretical Guarantees: We provide a rigorous convergence analysis for both frame-

works in the non-convex setting. We prove that CAFe achieves a convergence rate supe-

rior to standard DCGD by a factor of (1−ω), and CAFe-S achieves a rate that improves

linearly with the representativeness of the server’s data.

The remainder of this chapter is organized as follows. We review related work in communi-

cation compression and error feedback in Section 4.2. We then formally introduce the CAFe

and CAFe-S frameworks in Section 4.3. In Section 4.4, we provide a detailed convergence

analysis for both methods, comparing their theoretical guarantees with the DCGD baseline.

Finally, we present our experimental validation in Section 4.5 and conclude in Section 4.6.
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4.2 Related Work

Communication compression is a well-studied topic in distributed learning, and error feed-

back is often suggested to improve convergence guarantees [83]. In [4], the authors study the

error feedback mechanism for one-bit per coordinate biased compression. For general sparse

compressors, error feedback was studied in [59, 60]. For the decentralized setting, [2, 6]

proposed variants of error feedback with general compression operators. For asynchronous

methods, [7, 8] also showed that a modified error feedback with general compression oper-

ators has good convergence guarantees. In the non-convex setting, [61] showed that error

feedback can be used in arbitrarily heterogeneous settings, which was later extended to the

stochastic and convex settings in [82]. All these methods, however, adhere to the traditional

model of per-client error accumulation, making them unsuitable for stateless FL environ-

ments. Our work departs from this by using a global, shared predictor, eliminating the need

for client-specific states.

Table 4.1 positions our work against key state-of-the-art baselines. While MARINA [84]

offers variance reduction for unbiased compression, and recent methods like EF21-P [85]

and ADEF [86] push the boundaries of convergence speed through bidirectional feedback

and acceleration, they all share a common limitation: the requirement for client-side state.

Whether storing error vectors, gradient estimators, or momentum buffers, these requirements

hinder participation in stateless, cross-device Federated Learning. Our frameworks, CAFe and

CAFe-S, eliminate this dependency by using global, server-side predictors.

4.3 Proposed Frameworks

To discuss the algorithm design, first, we must cover some compression preliminaries. When

clients send a message to the server, they first encode it using a function E. The server

decodes the received information using a function D. We call these functions the encoder and
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Table 4.1: Feature comparison with state-of-the-art distributed learning frameworks

Algorithm Compression Error Feedback Client State Server Data

Standard Baselines
DGD [37] None N/A No No
DCGD [3] Possibly Biased None No No

State-of-the-Art (Stateful)
EF21 [61] Possibly Biased Local Control Variate Yes No
MARINA [84] Unbiased Gradient Estimator Yes No
EF21-P [85] Possibly Biased Bidirectional EF Yes No
ADEF [86] Possibly Biased Accelerated Local EF Yes No

Proposed Frameworks (Stateless)
CAFe (Ours) Possibly Biased Global Aggregated No No
CAFe-S (Ours) Possibly Biased Global Server-Guided No Yes

Client State: Indicates if clients must persist a vector (e.g., error accumulator ekn, gradient estimator hk
n, or momentum buffer)

between rounds.
ADEF integrates Nesterov acceleration with error feedback, which requires maintaining local momentum states.

decoder, respectively. For a general compression mechanism, the composition D(E(x)) :=

C (x) is called a compression operator [59].

Definition 4.1. A compression operator is a function C : Rd → Rd, paired with a positive

compression parameter ω < 1, such that for any vector x,

E
[
∥C (x)− x∥2

]
≤ ω∥x∥2. (4.2)

Example 4.2 (Top-k Compression [3]). The top-k operator zeroes out all but the k largest-

magnitude elements of a vector. It satisfies Equation (4.2) with ω = 1− k/d.

Next, we describe how compression operators are used when minimizing the global loss

function from Equation (4.1) in a distributed learning setting. The fundamental algorithm

for this purpose is Distributed Compressed Gradient Descent (DCGD) — see Algorithm 2.

The pseudocode shows how, at each round, the global model is sent to the clients, which

train it using gradients computed with local data. Clients then compress these gradients

and send them to the server, which averages them to update the global model. This process

is repeated for any desired number of rounds. Note that DCGD is a specific instance of the
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Algorithm 2 Distributed Compressed Gradient Descent (DCGD)

Input: Initial model x0, Rounds K, Encoder-Decoder (E,D) pair for compression, learning
rate γ

1: Initialize global model x0, and aggregate ∆0
s ← 0

2: for round k from 0 to K − 1 do
3: Send xk to all clients
4: for each client n in parallel do
5: ykn ← xk − γ∇fn(xk) // Train xk using local data, store the output in ykn
6: ∆k

n ← ykn − xk = −γ∇fn(xk) // Compute local update
7: Send E(∆k

n) to server // Upload local update
8: end for
9: Server decodes each client n via qkn ← D(E(∆k

n))
10: Server aggregates client updates ∆k

s :=
1
N

∑
qkn

11: Server updates model xk+1 := xk +∆k
s .

12: end for

general distributed learning framework, where we have chosen Gradient Descent (GD) as the

optimizer for local models, and equal-weight averaging for the aggregation strategy. We can

derive a general strategy by not determining the aggregation strategy for client updates, nor

the optimizer for on-client training.

4.3.1 CAFe Overview

Our framework, CAFe, leverages the previous aggregated update ∆k−1
s to help clients compute

a more compressible update. Namely, clients compress the difference between their local

update ∆k
n and the previous aggregated update

E(∆k
n −∆k−1

s ).

On the server side, the server will add the previous aggregated update when decoding the

received messages

qkn ← D(E(∆k
n −∆k−1

s )) + ∆k−1
s . (4.3)
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The pseudocode for this procedure is in Algorithm 3, where the novelty with respect to the

general distributed learning framework is highlighted in green boxes.

Algorithm 3 Compressed Aggregate Feedback (CAFe)

Input: Initial model x0, Rounds K, Encoder-Decoder (E,D) pair for compression, learning
rate γ

1: Initialize global model x0, and aggregate ∆−1
s ← 0

2: for round k from 0 to K − 1 do

3: Send xk and ∆k−1
s to all clients // In the stateful version ∆k−1

s may be omitted

4: for each client n in parallel do
5: Compute local update ∆k

n ← −γ∇fn(xk)
6: Upload difference: send E(∆k

n −∆k−1
s ) to server

7: end for
8: Server decodes each client n via qkn ← D(E(∆k

n −∆k−1
s )) + ∆k−1

s

9: Server aggregates ∆k
s :=

1
N

∑N
n=1 q

k
n

10: Server updates model xk+1 := xk +∆k
s

11: end for

The intuition is that if the client gradients do not change drastically between rounds, ∆k
n

will be close to the average update ∆k−1
s , making their difference highly compressible.

This method allows for stateless participation, as the predictor ∆k−1
s is provided by the server.

However, if a client participated in the previous round and retained the model xk−1, they

can locally recover the predictor via ∆k−1
s = xk − xk−1 without additional communication.

Explicit transmission of the predictor is therefore only strictly necessary for clients that are

dropping in, returning after absence, or strictly memory-constrained.

In many popular distributed learning algorithms, xk and xk−1 determine ∆k−1
s , like Dis-

tributed Gradient Descent, FedAvg, etc. In other words, since the predictor ∆k−1
s represents

the net global model update, this framework naturally accommodates server-side momen-

tum or adaptive optimizers (e.g., Adam). In such cases, ∆k−1
s captures the momentum-

accumulated velocity, which stabilizes the update trajectory and often serves as a more

accurate predictor of the next step than raw gradients alone.
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Note that the error feedback mechanism in [61] is a special case of CAFe with a single client.

In this case, the aggregated update at the server is simply the client update, and we can

analyze it as a control variate. However, in the multi-client setting, the aggregated update is

a combination of all client updates, which acts as a proxy for client-specific control variates

and requires novel analysis, shown in Section 4.4.

4.3.2 CAFe-S Overview

Our second proposal, CAFe-S, is designed for scenarios where the server holds a small private

dataset, with a corresponding loss function fs(x). Instead of using the lagged update ∆k−1
s ,

the server computes a candidate update, ∆k
c = −γ∇fs(xk), using its own data and the

current model xk. This candidate update is sent to clients as the predictor. The procedure

is detailed in Algorithm 4.

Algorithm 4 Server-Guided Compressed Aggregate Feedback (CAFe-S)

Input: Initial model x0, rounds K, compression (E,D), learning rate γ, server loss fs

1: for round k from 0 to K − 1 do

2: Server computes candidate ∆k
c ← −γ∇fs(xk)

3: Server sends xk and ∆k
c to all clients

4: for each client n in parallel do
5: Compute local update ∆k

n ← −γ∇fn(xk)
6: Upload difference: send E(∆k

n −∆k
c ) to server

7: end for
8: Server decodes each client n via qkn ← D(E(∆k

n −∆k
c )) + ∆k

c

9: Server aggregates ∆k
s :=

1
N

∑N
n=1 q

k
n

10: Server updates model xk+1 := xk +∆k
s

11: end for

If the server’s data distribution is similar to the average distribution of clients, ∆k
c will be a

highly accurate predictor of ∆k
n, leading to greater compression gains.

Remark 4.3 (Communication Trade-Off). In the stateless configuration, the server must

transmit the predictor ∆k−1
s (for CAFe) or ∆k

c (for CAFe-S) to the clients alongside the global

53



model xk. While this effectively doubles the downlink payload compared to standard DGD, the

trade-off is favorable in Federated Learning for several reasons. First, edge client connections

(e.g., LTE/5G, residential broadband) are typically highly asymmetric, with downlink band-

width significantly exceeding uplink bandwidth [79]. Second, the predictor is a single global

vector broadcast to all participants, whereas client updates are unique unicast transmissions.

Therefore, maximizing the compression of the scarce unicast uplink capacity at the expense

of the abundant broadcast downlink capacity is potentially a net-positive strategy.

4.4 Analysis

Having formally defined both frameworks, we now proceed to analyze their convergence

properties. We choose GD as the optimizer for local training, as it is representative of a

wide range of distributed learning algorithms [21]. We proceed with the following standard

assumptions [21, 83]:

Assumption 4.4 (L-Smoothness). See [69, Lemma 1.2.3.].

The objective function f is L-smooth, which implies that it is differentiable, ∇f is L-Lipschitz,

and

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2
∥y − x∥2. (4.4)

Also, the objective function f is lower-bounded by f ⋆.

Assumption 4.5 (Bounded Local Dissimilarity). The local gradients have bounded dissimi-

larity, that is, there exists a B2 ≥ 1 such that

1

N

N∑
n=1

∥∇fn(x)∥2 ≤ B2∥∇f(x)∥2. (4.5)
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For reference, we first state the convergence of the baseline DCGD algorithm.

Theorem 4.6. [DCGD Convergence] Under Assumptions 4.4 and 4.5, with a learning rate

γ ≤ 1
L
and a compression parameter ω such that ωB2 < 1, DCGD satisfies

1

K

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ 2(f(x0)− f ⋆)

γK
· 1

1− ωB2
. (4.6)

Proof Sketch. The proof relies on a standard descent lemma [69, Section 1.2.3]. The main

challenge is to bound the variance introduced by compression, E
[∥∥ek∥∥2], which represents

the average compression error. Using Assumption 4.5, we can show this error is bounded by

the gradient norm: E
[∥∥ek∥∥2] ≤ ωB2E

[∥∥∇f(xk)∥∥2]. Plugging this bound into the descent

lemma and telescoping the sum over K iterations yields the final result. The full proof with

details is in Appendix B.2

4.4.1 Analysis of CAFe

The key benefit of CAFe is that it improves the dependency on the compression parameter

ω. The required learning-rate condition is

γ ≤ 1− ω
L(1 + ω)

. (4.7)

Theorem 4.7. [CAFe + DGD Convergence] Under Assumptions 4.4 and 4.5, with a learning

rate satisfying Equation (4.7) and ωB2 < 1, CAFe with DGD satisfies

1

K

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ 2(f(x0)− f ⋆)

γK
· 1− ω
1− ωB2

. (4.8)

Proof Sketch. The analysis for CAFe is more involved because the predictor ∆k−1
s creates a
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temporal dependency: the compression error at Round k is linked to the aggregate update

(and thus the error) from Round k − 1. We cannot bound the error at Step k purely by the

state at Step k, as we do for DCGD.

The proof, detailed in Appendix B.2, proceeds in two main parts. We first derive a bound

that links the expected error at Step k + 1, E
[∥∥ek+1

∥∥2], to the error at Step k, E
[∥∥ek∥∥2]

and the model gradients. Second, we define a Lyapunov function Ψk := E
[
f(xk) + C

∥∥ek∥∥2]
for a carefully chosen constant C = γ

2(1−ω)
. By combining our recursive error bound with

the standard descent lemma, we show that this Lyapunov function decreases at each step

(Ψk+1 ≤ Ψk − (progress term)). Telescoping this inequality proves convergence.

Comparing Theorem 4.7 to Theorem 4.6, CAFe introduces an improvement factor of (1− ω).

This is significant for aggressive compression where ω is close to 1.

4.4.2 Analysis of CAFe-S

The analysis for CAFe-S requires an additional assumption that quantifies the similarity

between the server’s data and the clients’ data.

Assumption 4.8 (Bounded Server-Client Dissimilarity). The local gradients and the server

gradient have bounded dissimilarity, that is, there exists a G2 ≥ 0 such that

1

N

N∑
n=1

∥∇fn(x)−∇fs(x)∥2 ≤ G2 1

N

N∑
n=1

∥∇fn(x)∥2. (4.9)

A small G2 implies that the server’s data is a good proxy for the aggregate client data.

Theorem 4.9. [CAFe-S + DGD Convergence] Under Assumptions 4.4, 4.5 and 4.8, with a

learning rate γ ≤ 1
L
, and a compression parameter ω such that ωG2B2 < 1, CAFe-S with DGD
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satisfies

1

K

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ 2(f(x0)− f ⋆)

γK(1− ωG2B2)
. (4.10)

Proof Sketch. The proof for CAFe-S has a structure very similar to that of DCGD (Theo-

rem 4.6). The key difference is in how we bound the compression error E
[∥∥ek∥∥2].

Instead of compressing the raw update ∆k
n, clients compress the difference ∆k

n − ∆k
c . We

bound the error of this compression using Assumptions 4.5 and 4.8, which shows that

E
[∥∥ek∥∥2] ≤ (ωG2B2)E

[∥∥∇f(xk)∥∥2]. This error bound has the exact same form as the

DCGD bound, but with the factor ωB2 replaced by the (potentially much smaller) factor

ωG2B2. The rest of the proof is identical to that of Theorem 4.6. The full proof is in

Appendix B.2.

Theorem 4.9 shows that CAFe-S achieves a convergence rate that depends on the similarity

between the server’s data and the clients’ data. This result is intuitive: if the server’s data

is a perfect match (G2 = 0), the algorithm achieves the same convergence rate as DCGD. For

all values of G2 < 1, CAFe-S outperforms DCGD, which reflects the advantage of having a

representative dataset at the server.

4.4.3 Discussion of the Theoretical Results

Let us highlight the implications of our theoretical findings. Comparing CAFe (Theorem 4.7)

with the baseline DCGD (Theorem 4.6), we observe an improvement factor of (1 − ω) in the

convergence bound for the same learning rate, which becomes significant as compression

becomes more aggressive (i.e., as ω approaches 1). This gain comes at the cost of a stricter

learning rate condition, γ ≤ 1−ω
L(1+ω)

, which is common for error-feedback methods. In practice,

however, we usually chose learning rates much smaller than 1
L
, so this condition is not a

significant limitation.

57



Comparing CAFe-S (Theorem 4.9) with DCGD (Theorem 4.6), we see a different kind of

improvement. The convergence rate of CAFe-S depends on 1 − ωG2B2 instead of 1 − ωB2.

The new term G2, defined in Assumption 4.8, quantifies the dissimilarity between the server’s

gradient and the average of the clients’ gradients. If the server’s data represent the global

data distribution, G2 will be small (G2 < 1), resulting in a faster convergence rate compared

to DCGD. In the ideal case where the server’s data is a perfect proxy (G2 → 0), the negative

impact of both compression (ω) and client heterogeneity (B2) on the convergence rate is

eliminated. Importantly, CAFe-S achieves this improvement without imposing additional

constraints on the learning rate, keeping the standard DCGD condition, γ ≤ 1
L
.

In short, the main take-aways from this analysis are as follows: CAFe is a data-free method.

It provides a guaranteed convergence improvement of (1 − ω) over standard compression,

making it desirable for aggressive compression, but it requires a smaller learning rate. In

contrast, CAFe-S is a data-dependent method. It provides a conditional improvement if the

server’s data represent the population (low G2). It has no learning rate penalty, but its

performance depends on the quality of the server-side dataset.

4.5 Experimental Results

We now empirically validate the theoretical findings of Section 4.4. Our experiments are

designed to: (i) demonstrate the core working principle that our difference-based compression

is effective, (ii) compare the end-to-end performance of CAFe against baselines with various

datasets and compression methods, and (iii) validate the CAFe-S hypothesis (Theorem 4.9)

that convergence performance is directly tied to the quality of the server’s data. The code

to reproduce all experiments is publicly available [87].

58



4.5.1 Experimental Setup

We conducted FL experiments with 10 clients on MNIST [88], EMNIST [89], CIFAR-10 and

CIFAR-100 [67] datasets. We used CONV4 models for MNIST/EMNIST, a Dense6 model

for CIFAR-10, and a ResNet-20 model for CIFAR-100, following the setup in [90]. We

present results for both homogeneous and heterogeneous data cases, denoted iid and non-

iid, respectively. For the latter, we randomly sampled 40% of the total classes for each client.

For each round of communication, which we refer to as a global training round, all clients

participated in training. Clients performed one local GD training epoch with a batch size

of 64 per global training round. We varied the number of global training rounds for each

experiment. We ran each experiment with 3 random seeds and report the accuracy means

and standard deviations.

The learning rates for each dataset and model combination were tuned by performing a sweep

over a set of seven log-spaced candidate values, ranging from 10−3 to 100. We selected the

rate that yielded the highest accuracy during the specified number of rounds. This process

was performed independently for each method (combination of task and compressor), and

we found that the optimal rates were approximately consistent across both frameworks. The

exact learning rates used in each experiment are tabulated in Table B.1. We also provide a

detailed sensitivity analysis for the learning rate and further details on the compressor setup

in Appendix B.1.

4.5.2 Validation of Working Principle

The premise of our proposed frameworks is that the difference between the local update and

a shared predictor is more compressible than the raw update itself. To quantify this, we

define the Compression Gain Ratio for a predictor P at Round k as

∥∥∆k
n − P

∥∥
∥∆k

n∥
. (4.11)
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A ratio smaller than one indicates that the predictor reduces the magnitude of the vector to

be compressed.

To visualize this principle, we simulated a Federated Logistic Regression task using synthetic

data (D = 200, 10 clients, iid data, and a server-side dataset of the same size) over 500 com-

munication rounds, with no compression. We log the updates that would be sent with no

modification, with CAFe, and with CAFe-S. Figure 4.2 presents the analysis of the training

dynamics and the corresponding logs. The left panel displays the global training loss, con-

firming that the model converges to the optimum. The middle panel plots the Compression

Gain Ratio. During the active training phase, CAFe consistently achieves a ratio below 1.0,

confirming that the difference vector’s magnitude is smaller than that of the raw gradient.

We observe that as the model converges and the gradients vanish (approaching Round 500),

the ratio trends toward 1.0. This occurs because both the update ∆k
n and the predictor ∆k−1

s

approach zero, and the relative benefit of the predictor diminishes as the updates become

dominated by stochastic noise. The right panel shows the log-density histogram of the up-

date values aggregated across the entire training process. The CAFe distribution (blue) is

significantly narrower compared to the direct updates (red). For clarity, we omit the CAFe-S

distribution, which closely resembles that of CAFe. This increased sparsity suggests that the

difference vectors are more efficient to compress.

4.5.3 Performance of CAFe

Having validated the premise, we now evaluate the end-to-end performance of CAFe against

direct compression in FL. We test four biased compression methods. First, we use Top-k

(see Example 4.2), which retains only the k elements with the largest magnitudes. Second,

we use Low-rank approximation via PowerSGD [81], which compresses the update matrix by

decomposing it into the product of two smaller matrices of rank r (which we vary from 1 to

3), effectively projecting the update onto a lower-dimensional subspace. We also evaluate
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Figure 4.2: Analysis of the CAFe working principle on a synthetic logistic regression task.
Left: Global training loss showing convergence. Middle: The Compression Gain Ratio (ρ)
remains below 1.0 for the majority of training, indicating that the difference vector has a
smaller norm than the raw update. The ratio approaches 1.0 as the model converges. Right:
The log-density histogram shows that CAFe updates are more peaked at zero (sparser) than
direct updates.
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Figure 4.3: Learning curves comparing direct compression (Direct) and CAFe with low-rank
compression in the CIFAR-10 task for iid and non-iid settings. CAFe results are presented with
solid lines, and Direct compression results are presented with dashed lines. CAFe demonstrates
faster convergence and higher accuracy.
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Table 4.2: Accuracy for CAFe and Direct compression (MNIST, EMNIST).

MNIST (CONV4, 50 rounds) EMNIST (CONV4, 50 rounds)

iid non-iid iid non-iid
10 classes/client 4 classes/client 47 classes/client 4 classes/client

Compressor Param. Direct CAFe Direct CAFe Direct CAFe Direct CAFe

None — 99.3± 0.0 99.0± 0.0 88.9± 0.1 82.2± 0.2

Top-k
k=10% 99.4± 0.0 99.4± 0.0 99.0± 0.1 99.0± 0.1 88.9± 0.0 88.9± 0.1 81.8± 0.6 81.7± 0.1
k=1% 99.2± 0.0 99.3± 0.0 98.7± 0.1 98.9± 0.1 88.0± 0.1 88.3± 0.1 79.5± 0.2 81.4± 0.3
k=0.1% 98.7± 0.1 99.0± 0.1 97.6± 0.3 98.1± 0.1 85.6± 0.3 86.9± 0.2 69.0± 2.3 75.2± 0.2

Top-1% +
Quantizer

6 bits 99.3± 0.0 99.2± 0.1 98.7± 0.1 98.9± 0.1 88.1± 0.1 88.3± 0.1 79.7± 0.7 81.3± 0.2
5 bits 99.3± 0.0 99.3± 0.0 98.6± 0.1 98.9± 0.1 88.2± 0.1 88.5± 0.1 80.6± 0.2 81.7± 0.8
4 bits 99.3± 0.0 99.2± 0.1 98.5± 0.1 98.8± 0.1 88.0± 0.2 88.4± 0.1 79.1± 0.6 81.2± 0.3

Low-rank
rank=3 99.0± 0.1 99.2± 0.1 98.4± 0.1 98.8± 0.0 86.5± 0.1 88.3± 0.1 74.6± 1.1 79.7± 0.6
rank=2 98.9± 0.1 99.2± 0.1 98.2± 0.1 98.8± 0.0 85.8± 0.3 87.9± 0.0 67.3± 2.5 76.7± 0.2
rank=1 98.5± 0.0 99.2± 0.1 97.4± 0.1 98.5± 0.2 83.5± 0.2 87.0± 0.1 50.0± 3.2 71.0± 0.4

Rank-1 +
Quantizer

5 bits 98.5± 0.0 99.2± 0.0 97.2± 0.4 98.5± 0.2 83.4± 0.5 87.0± 0.1 49.6± 3.4 71.6± 0.9
4 bits 98.6± 0.1 99.2± 0.0 97.4± 0.1 98.6± 0.0 83.6± 0.3 87.0± 0.0 48.1± 3.4 71.3± 0.6
3 bits 98.6± 0.1 99.2± 0.0 97.3± 0.2 98.6± 0.0 83.7± 0.2 87.0± 0.2 44.7± 3.1 70.3± 0.7

Table 4.3: Accuracy for CAFe and Direct compression (CIFAR-10, CIFAR-100).

CIFAR-10 (CONV6, 200 rounds) CIFAR-100 (ResNet-20, 200 rounds)

iid non-iid iid non-iid
10 classes/client 4 classes/client 100 classes/client 40 classes/client

Compressor Param. Direct CAFe Direct CAFe Direct CAFe Direct CAFe

None — 88.5± 0.3 84.4± 0.3 41.3± 1.6 39.3± 1.3

Top-k
k=10% 86.3± 0.2 87.5± 0.5 81.5± 1.0 83.9± 0.6 33.1± 0.8 37.0± 0.4 32.1± 1.0 34.4± 2.3
k=1% 74.1± 0.7 80.5± 0.8 70.3± 0.3 76.8± 0.6 19.8± 0.8 23.1± 0.7 19.9± 0.4 21.7± 2.0
k=0.1% 52.9± 1.6 61.9± 2.4 48.2± 1.5 60.8± 2.8 12.1± 0.7 12.3± 1.2 11.0± 0.4 10.7± 0.3

Top-1% +
Quantizer

6 bits 74.5± 0.8 77.5± 1.5 69.4± 1.4 77.0± 0.9 20.1± 0.1 23.4± 1.2 20.0± 0.6 22.0± 0.5
5 bits 72.9± 0.3 75.3± 0.6 69.7± 2.1 76.5± 1.1 20.0± 0.8 24.0± 0.5 20.7± 0.7 22.0± 0.7
4 bits 13.1± 2.7 72.5± 2.0 69.2± 0.3 77.0± 0.9 20.7± 0.0 24.3± 0.2 19.1± 0.7 21.7± 0.4

Low-rank
rank=3 65.0± 0.4 80.8± 0.4 62.7± 0.9 76.0± 0.8 19.3± 0.3 32.4± 0.5 19.5± 0.7 26.6± 0.6
rank=2 59.9± 1.2 78.2± 0.1 57.0± 0.7 72.8± 1.1 16.5± 1.2 29.8± 0.2 17.4± 0.2 24.6± 1.0
rank=1 53.6± 1.9 72.2± 0.4 45.8± 2.6 62.2± 2.4 12.9± 0.5 24.1± 0.6 13.3± 0.8 17.6± 1.2

Rank-1 +
Quantizer

5 bits 52.5± 0.8 71.8± 0.4 43.6± 1.4 62.8± 1.8 13.1± 0.7 24.3± 0.5 12.2± 0.3 17.4± 0.9
4 bits 53.5± 1.4 70.7± 0.5 46.2± 2.3 62.7± 0.9 13.2± 0.2 23.5± 0.7 14.0± 0.5 16.5± 1.1
3 bits 53.6± 1.7 68.4± 0.7 44.1± 1.5 61.7± 1.4 13.4± 0.3 22.6± 0.8 13.6± 1.1 17.3± 0.7

variants where these compressed outputs are further quantized to lower bit-widths. Sparsifi-

cation is performed before quantization since it is optimal for FL [91]. We also include an

uncompressed baseline as a reference. The results for various compression parameter settings

are reported in Tables 4.2 and 4.3. The communication cost in bits per parameter (bpp) for

each compression method and parameter setting is reported in Tables 4.4 and 4.5.

The results align with our theory: CAFe consistently outperforms or matches existing direct
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Table 4.4: Communication cost (bits per parameter) for CAFe and Direct compression
(MNIST, EMNIST).

MNIST (CONV4, 50 rounds) EMNIST (CONV4, 50 rounds)

iid non-iid iid non-iid
10 classes/client 4 classes/client 47 classes/client 4 classes/client

Compressor Param. Direct CAFe Direct CAFe Direct CAFe Direct CAFe

None — 3.20 · 101 3.20 · 101 3.20 · 101 3.20 · 101

Top-k
k=10% 5.40 · 100 5.40 · 100 5.40 · 100 5.40 · 100 5.40 · 100 5.40 · 100 5.40 · 100 5.40 · 100
k=1% 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1

k=0.1% 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2

Top-1% +
Quantizer

6 bits 2.80 · 10−1 2.80 · 10−1 2.77 · 10−1 2.76 · 10−1 2.80 · 10−1 2.80 · 10−1 2.76 · 10−1 2.78 · 10−1

5 bits 2.66 · 10−1 2.64 · 10−1 2.55 · 10−1 2.59 · 10−1 2.68 · 10−1 2.68 · 10−1 2.46 · 10−1 2.55 · 10−1

4 bits 1.96 · 10−1 2.55 · 10−1 1.38 · 10−1 2.13 · 10−1 2.47 · 10−1 2.51 · 10−1 1.57 · 10−1 1.83 · 10−1

Low-rank
rank=3 4.79 · 10−1 4.79 · 10−1 4.79 · 10−1 4.79 · 10−1 4.80 · 10−1 4.80 · 10−1 4.80 · 10−1 4.80 · 10−1

rank=2 3.22 · 10−1 3.22 · 10−1 3.22 · 10−1 3.22 · 10−1 3.22 · 10−1 3.22 · 10−1 3.22 · 10−1 3.22 · 10−1

rank=1 1.64 · 10−1 1.64 · 10−1 1.64 · 10−1 1.64 · 10−1 1.65 · 10−1 1.65 · 10−1 1.65 · 10−1 1.65 · 10−1

Rank-1 +
Quantizer

5 bits 2.59 · 10−2 2.59 · 10−2 2.59 · 10−2 2.59 · 10−2 2.60 · 10−2 2.60 · 10−2 2.60 · 10−2 2.60 · 10−2

4 bits 2.08 · 10−2 2.08 · 10−2 2.08 · 10−2 2.08 · 10−2 2.08 · 10−2 2.08 · 10−2 2.08 · 10−2 2.08 · 10−2

3 bits 1.56 · 10−2 1.56 · 10−2 1.56 · 10−2 1.56 · 10−2 1.57 · 10−2 1.57 · 10−2 1.57 · 10−2 1.57 · 10−2

Table 4.5: Communication cost (bits per parameter) for CAFe and Direct compression
(CIFAR-10, CIFAR-100).

CIFAR-10 (CONV6, 200 rounds) CIFAR-100 (ResNet-20, 200 rounds)

iid non-iid iid non-iid
10 classes/client 4 classes/client 100 classes/client 40 classes/client

Compressor Param. Direct CAFe Direct CAFe Direct CAFe Direct CAFe

None — 3.20 · 101 3.20 · 101 3.20 · 101 3.20 · 101

Top-k
k=10% 5.40 · 100 5.40 · 100 5.40 · 100 5.40 · 100 5.10 · 100 5.10 · 100 5.10 · 100 5.10 · 100
k=1% 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.40 · 10−1 5.10 · 10−1 5.10 · 10−1 5.10 · 10−1 5.10 · 10−1

k=0.1% 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.40 · 10−2 5.11 · 10−2 5.11 · 10−2 5.11 · 10−2 5.11 · 10−2

Top-1% +
Quantizer

6 bits 2.59 · 10−1 2.17 · 10−1 2.71 · 10−1 2.75 · 10−1 2.50 · 10−1 2.50 · 10−1 2.49 · 10−1 2.48 · 10−1

5 bits 2.40 · 10−1 2.41 · 10−1 2.30 · 10−1 2.57 · 10−1 2.38 · 10−1 2.40 · 10−1 1.91 · 10−1 2.12 · 10−1

4 bits 6.60 · 10−4 1.64 · 10−1 1.88 · 10−1 2.08 · 10−1 2.21 · 10−1 2.22 · 10−1 1.07 · 10−1 1.74 · 10−1

Low-rank
rank=3 5.21 · 10−1 5.21 · 10−1 5.21 · 10−1 5.21 · 10−1 2.43 · 100 2.43 · 100 2.43 · 100 2.43 · 100
rank=2 3.54 · 10−1 3.54 · 10−1 3.54 · 10−1 3.54 · 10−1 1.68 · 100 1.68 · 100 1.68 · 100 1.68 · 100
rank=1 1.87 · 10−1 1.87 · 10−1 1.87 · 10−1 1.87 · 10−1 9.26 · 10−1 9.26 · 10−1 9.26 · 10−1 9.26 · 10−1

Rank-1 +
Quantizer

5 bits 2.96 · 10−2 2.96 · 10−2 2.96 · 10−2 2.96 · 10−2 1.54 · 10−1 1.54 · 10−1 1.54 · 10−1 1.54 · 10−1

4 bits 2.38 · 10−2 2.38 · 10−2 2.38 · 10−2 2.38 · 10−2 1.25 · 10−1 1.25 · 10−1 1.25 · 10−1 1.25 · 10−1

3 bits 1.79 · 10−2 1.79 · 10−2 1.79 · 10−2 1.79 · 10−2 9.59 · 10−2 9.59 · 10−2 9.59 · 10−2 9.59 · 10−2

compression methods. This is particularly stark in aggressive compression settings (low

bpp). For instance, in the CIFAR-10 iid task with Top-1% + 4-bit Quantization, Direct

compression collapses to random chance (13.0%), whereas CAFe recovers a performance of

72.5%. Similarly, with Rank-1 Low-rank compression on CIFAR-10 (non-iid), CAFe improves

accuracy from 45.8% to 62.2%. We plot the learning curves using Low-rank compression
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in Figure 4.3 to provide a visual comparison of convergence speed and accuracy.

4.5.4 Validation of CAFe-S
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Figure 4.4: Accuracy of CAFe-S as a function of server’s data representativeness (β) on
CIFAR-100. While CAFe-S improves as the server’s data become more representative, CAFe
remains superior due to the stability of the aggregated predictor.

To validate our second proposed framework, CAFe-S, we designed an experiment to test the

hypothesis of Theorem 4.9: that the convergence rate depends on the server-client dissimi-

larity, G2. We designed a sensitivity experiment using CIFAR-100. Note that CIFAR-100 is

an image classification dataset that has 100 classes grouped into 20 superclasses, making it

suitable for creating related but distinct data distributions.

Clients received data from superclasses 0–9. We then created a server-side dataset and tuned

its “representativeness” using a parameter β ∈ [0, 1]. For β = 1.0, the server’s data were

drawn entirely from superclasses 0–9 (the same as the clients), which makes the server a

good proxy for the clients’ data distribution (G2 ≈ 0). For β = 0.0, the server’s data were

drawn entirely from superclasses 10–19, which makes the server a non-representative proxy.

For β ∈ (0, 1), the server’s data were drawn from both superclasses, creating a mixed proxy.

In all cases, the server’s dataset size was fixed at 10% of the total data.

We plot the accuracy of CAFe-S with rank-3 approximation compression against β in Fig-
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ure 4.4, with horizontal baselines corresponding to the CAFe and uncompressed methods. As

predicted by our theory, the performance of CAFe-S improves monotonically as the server’s

data become more representative (increasing β). However, we observe that CAFe outper-

forms CAFe-S even when β = 1.0. This reveals a trade-off between staleness and variance.

Although the CAFe-S predictor ∆k
c is “fresh” (computed at Round k), it is generated from

a small server split (10% of the total data), leading to higher variance. In contrast, the

CAFe predictor ∆k−1
s is “stale” (from Round k − 1), but is aggregated over all clients (90%

of the data), making it a significantly more stable estimator of the global gradient direction.

This result suggests that while CAFe-S effectively leverages server’s data, its advantage over

the data-free CAFe is conditional on having a large enough dataset at the server to reduce

variance below that of the aggregated history.

4.6 Conclusion

We proposed two novel frameworks, CAFe and CAFe-S, to improve the efficiency of biased

communication compression in distributed learning without relying on stateful clients or

per-client error tracking. CAFe leverages the previous global update as a shared predictor,

making client updates more compressible. CAFe-S extends this concept by using a candidate

update generated from a server-side dataset, which can serve as a more accurate predictor.

We provided convergence guarantees for both methods in the non-convex setting, highlight-

ing a trade-off between the data-free convergence improvement of CAFe and the potentially

faster convergence of CAFe-S, which leverages a representative server-side dataset to miti-

gate the impact of inter-client heterogeneity. Our experimental results for CAFe confirmed

its practicality, showing significant improvements in convergence speed and model accuracy

over standard compressed methods.
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Chapter 5

Decentralized Parameter-Free Online

Learning

5.1 Introduction

Online learning algorithms are essential for adapting to streaming data and changing envi-

ronments, such as in online routing, ad selection, and spam filtering [92, 93]. In the standard

Online Convex Optimization (OCO) framework, a learner makes a decision xt from a convex

set X at each round t. It then incurs a loss lt(xt), determined by a convex loss function

lt that is unknown in advance. The goal is to minimize the regret after T rounds, which

measures the cumulative loss difference between the learner’s decisions and those of a single

decision in hindsight

RT (u) :=
T∑
t=1

lt(xt)−
T∑
t=1

lt(u), (5.1)

where u ∈ X is an arbitrary comparator point.
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The Challenge of Parameter Tuning

Classic algorithms like Online Gradient Descent (OGD) achieve optimal regret, but this

performance hinges on careful hyperparameter tuning [92]. Typically, an algorithm’s

learning rate must be set based on prior knowledge of problem parameters, such as the

total time horizon T , bounds on the comparator’s norm ∥u∥, or properties of the loss func-

tions. This dependency is a significant practical drawback. In many real-world applications,

these parameters are unknown, or the environment is non-stationary, making a single, fixed

learning rate suboptimal. Incorrect tuning can lead to poor performance, requiring costly

trial-and-error to find a suitable setting [94].

Parameter-Free Learning

To overcome this limitation, parameter-free algorithms have been developed [94–97].

These methods are based on an analogy to coin-betting, where minimizing regret is re-

framed as maximizing a gambler’s wealth in a sequential betting game. These algorithms

achieve excellent bounds (which are optimal in some settings) without requiring any hyperpa-

rameter tuning. They automatically adapt to the characteristics of the problem, giving regret

guarantees that depend on the unknown comparator u, hence why they are also known as

comparator-adaptive algorithms [98, 99]. When the decision set X is unbounded and losses

are L-Lipschitz, it has been shown that no algorithm can guarantee a regret better than

Ω
(
∥u∥L

√
T ln(∥u∥LT + 1)

)
. Parameter-free algorithms can achieve this bound [95].

The Decentralized Setting

While parameter-free methods solve the tuning problem for a single learner, many modern

applications require collaboration among multiple agents in a network. For example, today’s

large-scale systems, from sensor networks to collaborative machine learning, are inherently

decentralized [100, 101]. In these systems, a network of N agents must collaborate to solve

a global learning task without a central coordinator. Each agent n makes its own decisions
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xn,t, incurs a local loss ln,t(xn,t), and can only communicate with its immediate neighbors

over a network graph G. The collective goal is to minimize the network regret1

Rnet
T (u) :=

T∑
t=1

1

N

N∑
n=1

lt(xn,t)−
T∑
t=1

lt(u), (5.2)

where lt(x) = 1
N

∑N
m=1 lm,t(x) is the global loss function. This formulation measures the

performance of the entire network’s decisions against a single best-in-hindsight comparator

u.

There have been recent efforts to solve variants of this problem in graphs where agents are

available intermittently [102], or where a single agent is activated per round [99], but to the

best of our knowledge, no parameter-free decentralized approach with network regret guar-

antees has been proposed to date. Note that the decentralized formulation described above

also encompasses distributed scenarios with a central coordinator and various computing

nodes. This is simply a special case of the topology of G.

Contributions

This chapter introduces the first decentralized online learning algorithms that are parameter-

free and come with network regret guarantees. We bridge the gap between adaptive single-

agent learning and multi-agent coordination by combining the coin-betting framework with

decentralized gossip protocols.

Our main contributions are:

• We propose a novel family of decentralized algorithms that allow agents to collabora-

tively minimize cumulative loss without any hyperparameter tuning.

• We provide theoretical analysis showing that our algorithms achieve sublinear regret,

1We use the nomenclature from [102], but similar notions have been previously called collective re-
gret [103].
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comparable to centralized methods.

• We introduce a new betting function formulation that simplifies the analysis of coin-

betting algorithms in the multi-agent context.

We also validate our approach with experiments on synthetic and real-world datasets, demon-

strating its effectiveness in decentralized networks.

The remainder of the chapter is organized as follows. Section 5.2 introduces our proposed

algorithm and its underlying intuition. Section 5.3 provides the necessary technical back-

ground for our analysis. Section 5.4 presents the main theoretical results and proofs. Sec-

tion 5.5 provides operational details to ease implementation. Finally, Section 5.6 discusses

our experimental findings, and Section 5.7 concludes the chapter.

5.2 The Decentralized Coin-Betting Algorithm

In this section, we present our decentralized parameter-free algorithm. We begin with a

high-level and intuitive explanation of its mechanics before providing the formal algorithm

description and performance analysis.

5.2.1 High-Level Idea: Local Betting and Global Gossiping

The main idea behind our approach is that each agent in the network plays a personalized

betting game. The goal is to maximize wealth, which, through the lens of online learning

theory, is equivalent to minimizing regret.

At each round, every agent n uses its accumulated knowledge of past losses (summarized in

a vector Gn,t−1) to decide on its next action, xn,t. This decision is analogous to a gambler

placing a bet. The size and direction of the bet are determined by a parameter-free

strategy derived from the coin-betting framework, which automatically adapts to observed
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data without needing a learning rate.

After making a decision, each agent observes a local subgradient gn,t of its loss function. This

subgradient acts as the “outcome” of the betting round, informing the agent how good its

bet was. The agent then updates its internal state (its accumulated knowledge Gn,t) based

on this new information.

If agents only acted on their local information, they might never achieve a globally good

solution. To promote consensus, agents communicate with their neighbors after each round.

They engage in a gossip protocol, where they exchange and average their internal states.

This process spreads information across the network, ensuring that over time, all agents’

decisions are guided by the collective knowledge of the entire system.

The core of our contribution lies in exploiting the best properties of both tools. The coin-

betting mechanism provides local, adaptive, and parameter-free decisions, while the gossip

protocol provides a decentralized mechanism for global consensus.

5.2.2 Algorithm Description

Inspired by the coin-betting aspect, we name our algorithms DECO, for Decentralized Coin-

betting. The formal procedure, performed at each agent, is detailed in Algorithm 5. Each

agent n maintains a state vector Gn,t, which accumulates the subgradients it has observed,

updated by the gossip process. At the start of each round t, the agent uses this state to

compute its decision xn,t.

We propose two closely related variants for making this decision:

• DECO-iii: This version simply adds a gossip step to the standard coin-betting ap-

proach from [94], where the decision xn,t depends on both the agent’s state Gn,t−1 and

its current wealth, Wealthn,t−1. While effective, tracking and gossiping wealth adds
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Algorithm 5 Decentralized Coin-Betting (DECO), Variants ( iii ) and ( iiiiii )

Input: For each agent n = 1, . . . , N :
1: Gn,0 = 0.

2: (iii) Wealthn,0 = ϵ > 0.

3: for t = 1, 2, . . . , T do
4: for each agent n = 1, . . . , N in parallel do
5: (iii) Compute bet: xn,t = βt(Gn,t−1) ·Wealthn,t−1.

6: (iiiiii) Compute bet using betting function: xn,t = ht(Gn,t−1).

7: Play xn,t and receive subgradient gn,t.

8: Update local accumulated gradient: Ĝn,t = Gn,t−1 − gn,t.
9: (iii) Update local wealth: ˆWealthn,t = Wealthn,t−1 − ⟨gn,t, xn,t⟩.
10: end for
11: Gossip Step: Perform q(t) rounds of gossip.
12: for each agent n = 1, . . . , N in parallel do
13: Gn,t =

∑N
m=1 (W

q(t))nmĜm,t.

14: (iii) Wealthn,t =
∑N

m=1 (W
q(t))nm

ˆWealthm,t.

15: end for
16: end for

complexity to the algorithm and analysis.

• DECO-iiiiii: This is a novel formulation, which uses a betting function ht(·) (defined

in Section 5.3) to compute the decision xn,t solely from the state Gn,t−1. This simplifies

the algorithm, as only the state vectors need to be gossiped, and makes the network

regret analysis more tractable.

After receiving the subgradient gn,t, each agent performs a local update on its state. Then,

all agents execute one or more rounds of gossip by applying a gossip matrix W . This

matrix is doubly stochastic and reflects the network topology, meaning agents only need

to communicate with their direct neighbors. This gossip step averages the states across

neighbors, driving the entire system toward consensus.
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5.2.3 Summary of Main Results

Before diving into the detailed description and mathematical proofs, we discuss our main

theoretical guarantees.

The Average Local Regret Is Independent of the Topology

Our first key result (Theorem 5.10) shows that the average of local regrets across all agents

is sublinear and matches the bounds for centralized parameter-free algorithms. Remarkably,

this guarantee holds regardless of the network’s topology or connectivity. Even if the agents

never communicate (W = I), their average performance is still optimal. The only necessary

condition is that the gossip matrix W must be doubly stochastic.

Network Regret and Disagreement

Our second key result (Theorem 5.14) characterizes the more challenging network regret.

We prove that it consists of two components: the sublinear average local regret mentioned

above, plus a non-negative disagreement term. The latter term measures the cumulative

cost incurred because agents’ decisions differ from one another. For a complete graph, G, the

disagreement term is null, recovering both the single-agent scenario and the regret guarantees.

Controlling Disagreement with Gossip

Finally, we show that the disagreement term is controlled by the rate of information mixing

in the network, which is determined by the spectral properties of the gossip matrixW and the

number of gossip steps performed. By performing a number of gossip steps that grows slowly

with time (e.g. linearly with the round number t), we can ensure that the disagreement term

also grows sublinearly, leading to an overall sublinear network regret (Lemma 5.15). This

shows that given enough communication, we can achieve sublinear network regret.
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5.3 Preliminaries for the Analysis

To formally prove the guarantees stated in the previous section, we now introduce the key

mathematical concepts upon which our algorithm is built. We describe each component

(subgradients, coin-betting, and gossip) that plays a role in our framework separately.

5.3.1 Subgradients and Online Convex Optimization

Our analysis applies to the general problem of Online Convex Optimization (OCO). A stan-

dard technique for analyzing OCO problems is to linearize the convex loss functions using

subgradients. This allows us to bound the regret of the convex problem by analyzing an

equivalent Online Linear Optimization (OLO) problem.

Definition 5.1 (Subgradient). For a convex function f : X → R, a vector g ∈ X is a

subgradient of f at a point x ∈ X if for all y ∈ X :

f(y) ≥ f(x) + ⟨g, y − x⟩.

This inequality implies that the regret is upper-bounded by the sum of linear losses

RT (u) ≤
T∑
t=1

⟨gt, xt − u⟩. (5.3)

Our algorithm uses the subgradients gn,t of the local loss functions as the primary feed-

back signal for learning. Note that through online-to-batch conversion results [104], OLO

algorithms can also solve convex stochastic optimization problems.

5.3.2 The Coin-Betting Framework

The coin-betting framework is the engine that drives the local, adaptive learning of each

agent. It provides a powerful method for designing parameter-free algorithms by establishing
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a duality between online learning and a sequential betting game. The formal connection is

established by the reward-regret relationship, which states that an upper bound on regret is

mathematically equivalent to a lower bound on cumulative reward (or wealth in the betting

analogy).

Lemma 5.2 (Reward-Regret Relationship [96]). Let V , V ∗ be a pair of dual vector spaces.

Let F : V → R ∪ {+∞} be a proper convex lower semi-continuous function and let F ∗ :

V ∗ → R ∪ {+∞} be its Fenchel conjugate. Let x1, x2, . . . , xT ∈ V and g1, g2, . . . , gT ∈ V ∗.

For any ϵ > 0,

T∑
t=1

⟨gt, xt⟩︸ ︷︷ ︸
Reward

≥ F

(
−

T∑
t=1

gt

)
− ϵ (5.4)

if and only if

∀u ∈ V ∗,
T∑
t=1

⟨gt, xt − u⟩︸ ︷︷ ︸
Regret

≤ F ∗(u) + ϵ. (5.5)

This lemma tells us that if we can guarantee that our cumulative earnings (reward) are lower-

bounded by some function F of the cumulative outcomes, then our regret is automatically

upper-bounded by its conjugate F ∗.

The function F is constructed using a sequence of coin-betting potentials. These are

carefully designed functions that represent a guaranteed lower bound on a gambler’s wealth.

Definition 5.3 (Coin-Betting Potential [94]). Let ϵ > 0. Let {Ft}∞t=0 be a sequence of

functions Ft : (−at, at) → R+ where at > t. The sequence {Ft}∞t=0 is called a sequence of

coin betting potentials for initial endowment ϵ if it satisfies the following conditions:
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(a) F0(0) = ϵ.

(b) For every t ≥ 0, Ft(x) is even, logarithmically convex, strictly increasing on [0, at), and

limx→at Ft(x) = +∞.

(c) For every t ≥ 1, every x ∈ [−(t− 1), t− 1], and every c ∈ [−1, 1], it holds that

(1 + cβt)Ft−1(x) ≥ Ft(x+ c), (5.6)

where

βt =
Ft(x+ 1)− Ft(x− 1)

Ft(x+ 1) + Ft(x− 1)
. (5.7)

Moreover, it is an excellent sequence of coin betting potentials if it also satisfies

(d) For every t ≥ 0, Ft is twice-differentiable and satisfies x · F ′′
t (x) ≥ F ′

t(x) for every

x ∈ [0, at).

Popular choices for these potentials, such as the Krichevsky-Trofimov (KT) potential or the

exponential potential (see Table 5.1), lead to betting strategies that produce near-optimal

regret bounds of the form O(∥u∥
√
T ln (1 + T )).

Table 5.1: Mappings from Ft(x) to βt(x).

Name Ft(x) βt(x)

Exponential ϵ√
t
exp

(
x2

2t

)
tanh

(
x
t

)
Krichevsky-Trofimov

2t·Γ( t+1
2

+x
2 )·Γ(

t+1
2

−x
2 )

π·t!
x
t
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Betting Functions

For our decentralized analysis, we introduce a new tool called a betting function. This

function, derived from the potentials, maps the accumulated subgradients directly to a de-

cision (a bet). This decouples the betting decision from the agent’s wealth, simplifying the

algorithm and its analysis.

Definition 5.4 (Betting Function). Let {Ft} be a sequence of coin-betting potentials. The

betting function at time t > 0 is defined as ht(x) = βt(x) · Ft−1(x), where βt(x) is the betting

fraction derived from Ft.

This function ht is used in DECO-iiiiii to determine xn,t based only on the gossiped state Gn,t−1.

5.3.3 Gossip Algorithms for Consensus

Gossip algorithms are the communication backbone of our method, enabling agents to co-

ordinate and reach a consensus. They are decentralized protocols for averaging information

across a network.

An agent’s communication with its neighbors is defined by a gossip matrix W .

Definition 5.5 (Gossip Matrix). Given a connected graph G = (V , E), a real N ×N matrix

W is a gossip matrix if it is doubly stochastic (
∑

mWmn =
∑

nWmn = 1), its non-zero

entries correspond to the edges of the graph (Wmn > 0 only if (m,n) ∈ E or m = n), and its

spectral radius ρ(W − 1
N
11⊤) is less than 1.

Crucially, such a matrix can be constructed using only local information (e.g., via the

Metropolis-Hastings method [105]), making it suitable for decentralized systems. When

a vector of N values is multiplied by W , each agent’s value becomes a weighted average

of its own and its neighbors’ values. Repeated application of W causes all agents’ values

to converge to the network-wide average. The rate of this convergence is geometric and is
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determined by the spectral properties of the network graph, captured by ρ.

Lemma 5.6 (Gossip Convergence Rate [105]). LetW be a gossip matrix and let x̄ = 1
N

∑N
n=1 xn,0.

After k applications of W , the vector xk = W kx0 converges to the average value x̄⊗ 1:

∥xk − x̄⊗ 1∥ ≤ ρk ∥x0 − x̄⊗ 1∥ . (5.8)

This exponential convergence is what allows our algorithm to efficiently control the disagree-

ment between agents and ensure the entire network collaborates effectively on the global

learning task.

For our analysis, we will need the following corollary, proved using the triangle inequality

∥xn,k − x̄∥ ≤ ∥xk − x̄⊗ 1∥.

Corollary 5.7 (Gossip Component-Wise Convergence Rate). Given the conditions in Lemma 5.6,

the components of the gossip iterations converge to the mean as

∥xn,k − x̄∥ ≤ ρk ∥x0 − x̄∥ . (5.9)

To ease the analysis, without loss of generality, we will often write that DECO does one round

of gossip per round of coin-betting. The reasoning is identical for q(t) rounds of gossip per

round of coin-betting, since the multiplication of two gossip matrices is also a gossip matrix.

5.4 Analysis

5.4.1 Multi-Agent Betting Game

In this subsection, we extend the single-agent coin-betting framework to a multi-agent setting

suitable for decentralized online learning.
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Single-Agent Coin-Betting Recap

In the single-agent coin-betting game [94], a gambler starts with an initial wealth Wealth0 =

ϵ > 0. At each round t, the gambler decides how much to bet xt on the outcome of a coin flip.

The coin outcome ct ∈ [−1, 1], which is a real number2 between -1 and 1, satisfies ct = −gt,

where gt is the subgradient from the OLO formulation, assuming gt is a scalar.3 The wealth

updates according to

Wealtht = Wealtht−1 + ctxt (5.10)

= Wealtht−1 − gtxt. (5.11)

By using a betting strategy based on coin-betting potentials Ft as in Definition 5.3, we can

lower-bound the wealth and thereby upper-bound the regret through Lemma 5.2.

Extension to Multi-Agent Setting

In our multi-agent setting, each agent n acts as a gambler with initial wealth Wealthn,0 =

ϵ > 0. At each round t, each agent decides its own betting amount xn,t based on its local

information. After the betting decision, agents exchange information with their neighbors

via a gossip protocol.

More formally, for the local betting strategy, each agent n computes its betting fraction using

the coin-betting potential

βn,t =
Ft(Cn,t−1 + 1)− Ft(Cn,t−1 − 1)

Ft(Cn,t−1 + 1) + Ft(Cn,t−1 − 1)
, (5.12)

2Although the outcome is not binary, we use the terminology of flipping a coin to be consistent with the
existing literature.

3We refer the reader to [94] for the extension to vectors in a Hilbert space.
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and sets

xn,t = βn,tWealthn,t−1. (5.13)

Next, upon receiving the coin outcome cn,t ∈ [−1, 1], each agent updates its wealth and

accumulated coin output

ˆWealthn,t = Wealthn,t−1 + cn,txn,t, (5.14)

Ĉn,t = Cn,t−1 + cn,t. (5.15)

Finally, agents exchange their wealth ˆWealthn,t, and accumulated coin outputs Ĉn,t with

their neighbors. The updated variables after gossip are

Wealthn,t =
N∑

m=1

Wmn
ˆWealthm,t, (5.16)

Cn,t =
N∑

m=1

WmnĈm,t. (5.17)

Notice how the gossip exchange step ensures that agents’ decisions and coin outputs are

mixed and averaged across the network, preserving the network-wide accumulated coin out-

put
∑t

s=1 c̄s, where c̄t denotes the average coin outcome at time t.

Wealth Lower Bound in Multi-Agent Setting

Our goal is to establish a wealth lower bound similar to the single-agent case. Specifically,

we aim to show that

Wealthn,t ≥ Ft(Cn,t). (5.18)
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By averaging this equation across all agents, we obtain

Wealtht =
1

N

N∑
n=1

Wealthn,t (5.19)

≥ 1

N

N∑
n=1

Ft(Cn,t) (5.20)

≥ Ft

(
1

N

N∑
n=1

Cn,t

)
(5.21)

= Ft

(
t∑

s=1

c̄s

)
, (5.22)

where we have used the log-convexity of Ft and the fact that the average of the accumulated

coin outputs is equal to the accumulated average coin output.

To prove Equation (5.18), we proceed by induction.

Lemma 5.8 (Wealth Lower Bound in Multi-Agent Setting). Under the proposed multi-agent

betting game and assuming the coin-betting potential Ft satisfies the conditions in Defini-

tion 5.3, the wealth of each agent satisfies:

Wealthn,t ≥ Ft(Cn,t), (5.23)

as long as the gossip matrix W is doubly stochastic.

Proof. We use induction on t. For the base case, t = 0, for any agent n, we have Wealthn,0 =

ϵ = F0(0) and Cn,0 = 0, so the inequality holds.

For the inductive step, we assume the inequality holds at time t− 1. At time t, the wealth
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update at Agent n is given by:

Wealthn,t =
N∑

m=1

Wmn
ˆWealthm,t (5.24)

=
N∑

m=1

Wmn (Wealthm,t−1 + cm,txm,t) (5.25)

=
N∑

m=1

WmnWealthm,t−1 (1 + βm,tcm,t) (5.26)

≥
N∑

m=1

WmnFt−1(Cm,t−1) (1 + βm,tcm,t) . (5.27)

The last step is derived by the induction hypothesis, Wealthm,t−1 ≥ Ft−1(Cm,t−1). Using the

coin-betting potential property (c) in Definition 5.3, we have:

Ft−1(Cm,t−1) (1 + βm,tcm,t) ≥ Ft(Cm,t−1 + cm,t) (5.28)

= Ft(Ĉm,t). (5.29)

Since Ft is logarithmically convex and W is doubly stochastic, applying Jensen’s inequality

yields:

Wealthn,t ≥
N∑

m=1

WmnFt(Ĉm,t) (5.30)

≥ Ft

(
N∑

m=1

WmnĈm,t

)
(5.31)

= Ft (Cn,t) . (5.32)

This lemma shows that each agent’s wealth is lower bounded by the coin-betting potential

evaluated at its accumulated coin output. This relationship forms the basis for the regret

bounds of our algorithm.
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Remark 5.9. Note that Lemma 5.8 also applies for a betting-function based decision. The

proof follows identically.

5.4.2 Regret Analysis

Using Lemma 5.8, we can derive regret bounds for our algorithms. Note that we have shown

its proof for the case where {gt} are scalars, but the proof can be extended to elements of

any Hilbert space H as in [94, Theorem 3].

Theorem 5.10 (Average Local Regret Bound). Assuming that the coin-betting potential Ft

satisfies the conditions in Definition 5.3, both versions of DECO achieve the following regret

bound for any comparator u ∈ H:

Rlocal
T (u) :=

1

N

N∑
n=1

T∑
t=1

ln,t(xn,t)− ln,t(u) (5.33)

≤ F ∗
T (u) + ϵ, (5.34)

where F ∗
T is the Fenchel conjugate of FT , and ϵ > 0 is the initial endowment.

Proof. Notice that, due to convexity, we have:

1

N

N∑
n=1

T∑
t=1

ln,t(xn,t)− ln,t(u) ≤
1

N

N∑
n=1

T∑
t=1

⟨gn,t, xn,t − u⟩.

Now, similar to the reward-regret relationship (Lemma 5.2) and the wealth lower bounds

established in Lemma 5.8, we can relate the cumulative wealth to the linear regret. Specif-

ically, since Equation (5.22) holds and the gossip step preserves averages, we set ct = −gt
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and obtain

1

N

N∑
n=1

T∑
t=1

⟨gn,t, xn,t⟩ = −WealthT (5.35)

≤ −FT

(
−

T∑
t=1

ḡt

)
+ ϵ. (5.36)

Therefore,

1

N

N∑
n=1

T∑
t=1

⟨gn,t, xn,t − u⟩ (5.37)

≤ − 1

N

N∑
n=1

T∑
t=1

⟨gn,t, u⟩ − FT

(
−

T∑
t=1

ḡt

)
+ ϵ (5.38)

=

〈
−

T∑
t=1

ḡt, u

〉
− FT

(
−

T∑
t=1

ḡt

)
+ ϵ (5.39)

≤ sup
θ∈H
⟨θ, u⟩ − FT (θ) + ϵ (5.40)

= F ∗
T (u) + ϵ. (5.41)

Remark 5.11. Applying [94, Corollary 5], any potential from Table 5.1 satisfies

Rlocal
T (u) ≤ ∥u∥

√√√√T ln

(
1 +

24T 2 ∥u∥2
ϵ2

)
+ ϵ,

which gives sublinear regret when ϵ = O
(√

T
)
.

Remark 5.12. Note that the regret bound in Theorem 5.10 only uses the double stochasticity

of the gossip matrix W , so it holds for any gossip algorithm that preserves averages. Notably,

this includes the case where agents do not communicate with each other, that is, W = IN .

This means that no matter the network topology, the average local loss is minimized.
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The effect of the network topology is reflected in the average network regret, which is analyzed

in Theorem 5.14.

We now prove that the network regret is related to the local regret, with a disagreement

term that depends on the network topology. This disagreement will become larger when the

output decisions at each node differ more, which in turn is a consequence of the difference

between the node losses. The output decisions are a function of the accumulated subgradient

variable at each node. These are gossiped at each round and their difference is bounded as

follows.

Lemma 5.13. Let W be a gossip matrix as in Definition 5.5. Let Gn,t be the accumulated

subgradient at Agent n, and let gt = (g1,t, . . . , gN,t) be the vector of subgradients at time t. If

we perform q(t) gossip steps at each round t, the error with respect to the average accumulated

subgradient at time t evolves as

∥∥Gn,t − Ḡt

∥∥ ≤ t∑
s=1

ρQ(s,t) ∥gs − ḡs ⊗ 1∥ , (5.42)

where ρ < 1 is the spectral radius of W − 1
N
11⊤, and

Q(s, t) =
t∑

r=s

q(r). (5.43)

Since each gn,t ∈ (−1, 1), we can further bound

∥∥Gn,t − Ḡt

∥∥ ≤ √N t∑
s=1

ρQ(s,t). (5.44)

Proof. The lemma immediately follows from the triangle inequality and Lemma 5.6.

Theorem 5.14 (Network loss regret bound). Let {Ft} be a family of excellent coin-betting

potentials as in Definition 5.3, and let W be a gossip matrix as in Definition 5.5. Then, the
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proposed DECO-iiiiii achieves the following regret bound for any comparator u ∈ H:

Rnet
T (u) =

1

N

N∑
n=1

Rlocal
T (u)

+ 2
√
N

T∑
t=1

Lht

t−1∑
s=1

ρQ(s,t)

︸ ︷︷ ︸
Disagreement

,

where Lht is the Lipschitz constant of ht in [−(t− 1), (t− 1)].

Proof. Using the definition of network regret in Equation (5.2), we have:

Rnet
T (u) =

T∑
t=1

1

N

N∑
n=1

lt(xn,t)−
T∑
t=1

lt(u). (5.45)

Next, we add and subtract the average local loss to obtain:

Rnet
T (u) =

T∑
t=1

1

N

N∑
n=1

lt(xn,t)±
T∑
t=1

1

N

N∑
n=1

ln,t(xn,t)

−
T∑
t=1

lt(u),

which we can re-arrange to

Rnet
T (u) =

1

N

N∑
n=1

Rlocal
T (u)

+
T∑
t=1

1

N

N∑
n=1

(lt(xn,t)− ln,t(xn,t))︸ ︷︷ ︸
Disagreement

.

Note that the local regret term can be bounded using Theorem 5.10, so we just have to

bound the disagreement term, which we will denote as D. We can further re-arrange the
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disagreement term as

D :=
T∑
t=1

1

N

N∑
n=1

1

N

N∑
m=1

(ln,t(xm,t)− ln,t(xn,t)) . (5.46)

Note that we can now use the 1-Lipschitz property to bound each term, that is,

ln,t(xm,t)− ln,t(xn,t) ≤ ∥xm,t − xn,t∥

= ∥ht(Gm,t−1)− ht(Gn,t−1)∥ ,

where we have used the definition of xm,t according to DECO-iiiiii. Next, we use the property

that ht is Lht-Lipschitz in its domain, and we obtain

∥xm,t − xn,t∥ ≤ Lht ∥Gm,t−1 −Gn,t−1∥ . (5.47)

Now, using the triangle inequality and Lemma 5.13, we derive

∥xm,t − xn,t∥ ≤ Lht · 2
√
N

t−1∑
s=1

ρQ(s,t). (5.48)

Finally, we plug this back into Equation (5.46) to show

D ≤ 2
√
N

T∑
t=1

Lht

t−1∑
s=1

ρQ(s,t). (5.49)

Lemma 5.15 (Square-Root Disagreement Bound). Let W be a gossip matrix as in Defini-

tion 5.5, where ρ is the spectral radius of W − 1
N
11⊤, and let {Ft} be a family of excellent

coin-betting potentials, as in Definition 5.3, where {Lht} are the Lipschitz constants of {ht}
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derived from {Ft} in [−(t− 1), (t− 1)]. If we perform q(t) gossip steps at round t, such that

∀t ≥ 1, Lht

t−1∑
s=1

ρQ(s,t) ≤ C · 1√
t
, (5.50)

where Q(s, t) :=
∑t

r=s q(r), we obtain sublinear regret and the disagreement is upper-bounded

by 4C
√
N
√
T .

Proof. From Theorem 5.14, the disagreement term D is upper bounded as

D ≤ 2
√
N

T∑
t=1

Lht

t−1∑
s=1

ρQ(s,t). (5.51)

Given the condition (5.50), we can upper bound

D ≤ 2
√
N

T∑
t=1

C · 1√
t
. (5.52)

Note that

T∑
t=1

1√
t
:= HT,1/2 (5.53)

is the generalized harmonic number HT,1/2. From the classic square root reciprocals sum

inequality,

HT,1/2 ≤ 2
√
T − 1, (5.54)

and, thus, we obtain that

D ≤ 4C
√
N
√
T . (5.55)
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Theorem 5.16 (Exponential Potentials and Sublinear Disagreement). DECO-iiiiii, choosing

{Ft} to be the exponential potentials from Table 5.1, defined as

Ft(x) =
ϵ√
t
exp

(
x2

2t

)
, (5.56)

and choosing the gossip step function to be

q(t) = ⌈c · t⌉, (5.57)

for any c ≥ −3
2 ln ρ

has sublinear regret and disagreement.

Proof. The betting function derived from the exponential potential is

ht(x) = tanh
(x
t

)
· Ft−1(x), (5.58)

which is odd and has derivative

h′t(x) = Ft(x)
sech2 x

t
+ x tanh x

t

t
. (5.59)

For t ≥ 1, and |x| ≤ t− 1, we can derive that

|h′t(x)| ≤ Ft(t− 1)

(
1− 2

1 + e2

)
(5.60)

≤ ϵ√
t
exp

(
(t− 1)2

2t

)
·
(
1− 2

1 + e2

)
, (5.61)

and we can use this quantity as Lht , needed in Lemma 5.15. The proof is complete if Lemma 5.15

holds and we apply it with C := ϵ ·
(
1− 2

1+e2

)
. To use Lemma 5.15, we need to show the
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validity of Ineq. (5.50), i.e.,

∀t ≥ 1, exp

(
(t− 1)2

2t

)
t−1∑
s=1

ρQ(s,t) ≤ 1.

For t = 1, Ineq. (5.50) is trivial. Next, for t ≥ 2, we can ensure that

exp

(
(t− 1)2

2t

)
t−1∑
s=1

ρQ(s,t) ≤ exp

(
t

2

) t−1∑
s=1

ρQ(s,t),

so the condition is satisfied if

et/2
t−1∑
s=1

ρQ(s,t) ≤ 1.

Now, let q(t) = c · t. In practice, we can take the ceiling of this quantity, since the number

of gossip iterations has to be an integer. For ease of analysis, we will disregard the ceiling,

but the logic follows analogously. Notice that we can express

Q(s, t) = c · (t− s+ 1)(s+ t)

2
, (5.62)

which is smallest when s = t− 1. Thus, we can upper bound

et/2
t−1∑
s=1

ρQ(s,t) ≤ et/2(t− 1)ρc(2t−1).

We want to ensure that

et/2(t− 1)ρc(2t−1) ≤ 1

for all t ≥ 2. Taking logarithms, we obtain

t

2
+ ln(t− 1) +

c ln ρ

2
(2t− 1) ≤ 0 (5.63)
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Notice that if the LHS is non-increasing, we only need to verify Ineq. (5.63) at t = 2. The

derivative of the LHS is

1

2
+

1

t− 1
+ c ln(ρ),

and ensuring

c ≥ −3
2 ln(ρ)

, (5.64)

it is non-positive for all t ≥ 2, which ensures the non-increasing property. If Ineq. (5.64)

is satisfied, we can substitute t = 2 in Ineq. (5.63) and verify that the bound holds, which

concludes our proof.

Theorem 5.17 (KT Potentials and Sublinear Disagreement). DECO-iiiiii, choosing {Ft} to be

the KT potentials from Table 5.1, defined as

Ft(x) = ϵ
2t · Γ

(
t+1
2

+ x
2

)
· Γ
(
t+1
2
− x

2

)
π · t! , (5.65)

and choosing the gossip step function to be

q(t) = ⌈c · t⌉, (5.66)

for any c ≥ −2 ln(2)
ln(ρ)

has sublinear regret and disagreement.

Proof. The betting function derived from the KT potential is

ht(x) =
x

t
· Ft−1(x). (5.67)

Following a similar procedure to the one in Theorem 5.16, we obtain that for t ≥ 1, and
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|x| ≤ t− 1, |h′t| is upper bounded by

2t−2(ln t− ψ(1/2))√
πt

, (5.68)

where ψ is the digamma function. Thus, we can set C := 4
√
π, and apply Lemma 5.15. For

a valid Lemma 5.15, we need to verify Ineq. (5.50), which in this case means ensuring

∀t ≥ 1, 2t(ln t− ψ(1/2))
t−1∑
s=1

ρQ(s,t) ≤ 1. (5.69)

We set q(t) = c · t and check that

2t(ln t− ψ(1/2))(t− 1)ρc(2t−1) ≤ 1. (5.70)

For t = 1, this is trivial. For t ≥ 2, we can take logarithms and obtain

t ln(2) + ln(ln t− ψ(1/2)) + ln(t− 1) +
c ln ρ

2
(2t− 1) ≤ 0.

Next, we use the bound

t ln(2) + ln(ln t− ψ(1/2)) + ln(t− 1) ≤ 2t ln(2)

for all t ≥ 2, and the condition simplifies to

2t ln(2) +
c ln ρ

2
(2t− 1) ≤ 0,

which is satisfied when c ≥ −2 ln(2)
ln(ρ)

. This concludes our proof.

Remark 5.18. Theorems 5.16 and 5.17 provide a clear trade-off between communication

and performance. They establish that by performing O (t) gossip steps at each round, a

91



communication cost that grows linearly with time, the disagreement term can be controlled to

be at most in the order of the local regret term, thus ensuring sublinear network regret.

5.5 Operational Details

To bridge the gap between our theoretical analysis and practical implementation, this section

details the operational flow of DECO. We illustrate how the algorithm operates in a fully

decentralized manner using an online linear regression task, which is common in applications

like distributed sensing, as an example.

Consider a weather sensor network deployed in a large agricultural field. Each sensor acts

as an agent, forming a wireless mesh network with nearby sensors. The collective goal is

to learn a single robust model to predict a value, such as air temperature or soil moisture,

based on other local readings.

At each time step t, every sensor n makes a prediction using its current model parameters

xn,t and a vector of local features zn,t (e.g., [humidity, pressure]). After observing the

true value of the temperature or soil moisture, yn,t, it computes its loss. For this example,

we use the absolute loss

ℓn,t(x) = |⟨x, zn,t⟩ − yn,t|, (5.71)

with subgradient

gn,t = sign(⟨x, zn,t⟩ − yn,t) · zn,t. (5.72)

The sensors then use this subgradient to update their internal state and communicate with

neighbors to collaboratively refine their models.

The operational flow at each agent is a four-step loop. First, the agent makes a prediction
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by computing its decision xn,t from its current internal state. Following this, it observes

feedback from the environment (e.g., by measuring the true temperature or soil moisture)

and computes the local subgradient gn,t. This subgradient is then used to perform a local

update on the agent’s internal state, creating a temporary version. The round concludes by

communicating this temporary state with the agent’s direct neighbors through a gossip

protocol, averaging their information to produce the final state for the next round.

The key to decentralization lies in the communication step. This is a multi-round process

where information propagates across the network. For q(t) rounds of gossip, each agent n

only exchanges its current state with its immediate neighbors N (n). The state is updated

using a weighted average, with weights defined by the gossip matrix W . These weights can

be constructed locally using, for example, the Metropolis-Hastings rule, which only requires

an agent to know its own degree and the degrees of its neighbors:

Wmn =


1−∑j∈N (n)\{n}Wjn, if m = n,

1
max{dn,dm}+1

, if m ∈ N (n),

0, otherwise.

(5.73)

After q(t) local exchanges, the agent has its final state for round t, ready for the next

prediction.

In practice, the two variants of DECO differ in what constitutes the agent’s state and how

the decision is computed, which in turn affects the local update and communication steps.

In Figure 5.1, we illustrate the operational loop for DECO-iii, which directly adapts the

standard single-agent coin-betting algorithm. In this variant, an agent’s state consists of its

wealth and accumulated gradients, (Wealthn,t−1, Gn,t−1). The prediction is computed from

93



State at start of round t
(Wealthn,t−1, Gn,t−1)

Compute decision xn,t

as in Equation (5.74)

Observe outcome yn,t
and compute subgradient
gn,t as in Equation (5.72)

Local update to get

( ˆWealthn,t, Ĝn,t) as

in Equations (5.75) and (5.76)

Perform q(t) gossip
rounds with neighbors

on the pair ( ˆWealthn,t, Ĝn,t)

t→ t+ 1

Figure 5.1: Operational loop for an agent using DECO-iii. Key elements specific to this
variant, related to tracking and communicating wealth, are highlighted in red.

this pair. For the exponential potential, it is

xn,t = tanh

(∥Gn,t−1∥
t

)
·Wealthn,t−1 ·

Gn,t−1

∥Gn,t−1∥
. (5.74)

The local update then affects both state components:

ˆWealthn,t = Wealthn,t−1 − ⟨gn,t, xn,t⟩, (5.75)

Ĝn,t = Gn,t−1 + gn,t. (5.76)

For communication, the agent gossips the pair ( ˆWealthn,t, Ĝn,t). Although this increases

the communication load, the wealth is a scalar, which is often negligible compared to the

dimension of the gradient vector.

Figure 5.2 depicts the operational loop for DECO-iiiiii, which is designed to be more communication-

efficient and analytically tractable. However, the performance of DECO-iiiiii is often worse than

that of DECO-iii. Here, the agent’s state only consists of the accumulated gradients Gn,t−1.
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State at start of round t
(Gn,t−1)

Compute decision xn,t

as in Equation (5.77)

Observe outcome yn,t
and compute subgradient
gn,t as in Equation (5.72)

Local update to get

(Ĝn,t) as

in Equation (5.76)

Perform q(t) gossip
rounds with neighbors

on the vector Ĝn,t

t→ t+ 1

Figure 5.2: Operational loop for DECO-iiiiii. The process is simplified by decoupling from
wealth, requiring only the accumulated gradients to be maintained and gossiped. Differences
from DECO-iii are highlighted in green.

The prediction is computed directly from this state using the betting function ht(·). For the

exponential potential, this is

xn,t = tanh

(∥Gn,t−1∥
t

)
· ϵe
∥Gn,t−1∥2

2(t−1)

√
t− 1︸ ︷︷ ︸

ht(∥Gn,t−1∥)

· Gn,t−1

∥Gn,t−1∥
. (5.77)

Then, the local update is only applied to the accumulated gradient vector as in Equa-

tion (5.76). Thus, the agent only needs to gossip the vector Ĝn,t.

5.6 Experiments

To validate our theoretical findings, we conduct a series of experiments on both synthetic

and real-world datasets. Our implementation is publicly available.4 All experiments compare

our decentralized coin-betting algorithms, which we will refer to as DECO-i and DECO-ii,

4Code available at: https://github.com/TomasOrtega/Deco
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against standard baselines.

5.6.1 Experimental Setup

Algorithms Compared

We evaluate the performance of our two proposed variants from DECO, with two different

potential functions from Table 5.1. Therefore, we have four distinct parameter-free algo-

rithms:

• DECO-i (exp): Version (iii) using the exponential potential, generating a tanh betting

fraction.

• DECO-ii (exp): Version (iiiiii) using the exponential potential.

• DECO-i (KT): Version (iii) using the KT potential, based on the Krichevsky-Trofimov

bettor, which produces a linear betting fraction, βt(x) = x/t.

• DECO-ii (KT): Version (iiiiii) using the KT potential.

We compare them against two baselines:

• Decentralized Online Gradient Descent (DOGD): A standard decentralized al-

gorithm where each agent performs a gradient step followed by a gossip step. The

learning rate follows a decreasing schedule ηt = η0/
√
t.

• Centralized: An idealized oracle in which a single coin-betting agent (using the KT

potential) has access to the average gradient ḡt =
1
N

∑N
n=1 gn,t at each round.

Network and Evaluation

Unless otherwise specified, all experiments are conducted in a network of N = 20 agents.

Performance is measured by cumulative network loss, defined as
∑T

t=1
1
N

∑N
n=1 lt(xn,t).
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For the gossip step, we use a single round of communication (q(t) = 1) by default to represent

a communication-constrained scenario.

Datasets

We use both a synthetic dataset for controlled experiments and several real-world datasets

to test for robustness.

• Synthetic data: We simulate an online linear regression task. First, a true parameter

vector u∗ ∈ R10 is drawn from a standard normal distribution and fixed. To model data

heterogeneity, each agent n is assigned a unique feature center µn ∈ R10, drawn from a

normal distribution. At each round t, a common base feature vector z′t is drawn from

a standard normal distribution. Agent n then observes a personalized feature vector

zn,t = z′t + µn, which is subsequently normalized to have a unit ℓ2-norm (∥zn,t∥2 = 1).

Each agent n observes a label yn,t = ⟨u∗, zn,t⟩ + νn,t, where νn,t is a small Gaussian

noise term. The loss function is the absolute loss, ℓn,t(x) = |⟨x, zn,t⟩ − yn,t|.

• Real-world data: We use four regression datasets from the LIBSVM library: cadata,

cpusmall, space ga, and abalone [5]. The features of these datasets are pre-normalized.

Implementation Note

A notable challenge while computing quantities involving factorial or Gamma functions,

such as in the KT potential shown in Table 5.1, is numerical stability. Direct computation of

the Gamma function, Γ(z), can easily lead to numerical overflow for even moderately large

arguments.

To address this, the KT potential can be expressed in a more stable form using the Beta

function, B(a, b) = Γ(a)Γ(b)
Γ(a+b)

. Namely,

Ft(x) =
ϵ · 2t
π

B

(
t+ 1 + |x|

2
,
t+ 1− |x|

2

)
. (5.78)
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Figure 5.3: Final cumulative network loss of DOGD as a function of its initial learning
rate (η0) on synthetic data, compared to the constant performance of our parameter-free
DECO algorithms. The U-shaped curve for DOGD highlights its extreme sensitivity to
hyperparameter choice, where a suboptimal setting leads to loss that is orders of magnitude
worse. Our DECO algorithms achieve good performance without any tuning, regardless of
the potential function used.

However, even the Beta function can underflow to zero. Our implementation avoids these

issues by performing calculations in the log-domain:

lnFt(x) = ln (ϵ/π) + t ln(2) + lnB (a, b) . (5.79)

The term lnB(a, b) is computed using a highly optimized log-beta function, Python’s scipy-

.special.betaln, which sidesteps the intermediate calculation of large or small numbers.

The final value of Ft(x) is then recovered by exponentiating the result.

5.6.2 The Challenge of Hyperparameter Tuning

A primary motivation for our work is the brittleness of traditional algorithms that require

manual tuning. To illustrate this, we first conduct an experiment focusing on the sensitivity

of DOGD to its initial learning rate, η0. We run the DOGD algorithm on our synthetic
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dataset over a wide range of learning rates, from 10−3 to 103, and plot the final cumulative

network loss after T = 3000 iterations.

As shown in Figure 5.3, the performance of DOGD highly depends on η0. The loss forms a

sharp “U” shape, indicating that only a narrow range of values leads to good performance.

In contrast, the performance of all four DECO variants is represented by flat horizontal lines,

as they do not require such tuning. This plot showcases the advantage of a parameter-free

approach, which reliably achieves low loss.

Since KT and exponential potentials provide very similar performance, for clarity of the

plots, we only show the centralized results using the KT potential. Also, since the difference

between the two potential functions for DECO is small, in what follows, we only focus on

results using the KT potential.

5.6.3 Impact of Network Connectivity

Our theoretical analysis in Theorem 5.14 shows that network regret is influenced by a dis-

agreement term, which should decrease as network connectivity improves. To test this em-

pirically, we evaluate the DECO-ii (KT) algorithm on several Erdős-Rényi (ER) random

graphs [106] with different edge probabilities, p. A higher p results in a denser graph with a

smaller spectral radius ρ, facilitating faster information mixing.

The results are presented in Figure 5.4. The top panel shows that, as predicted by the theory,

the cumulative network loss decreases with better connectivity. On the sparsely connected

graph (p = 0.1), the cumulative loss is highest due to slower consensus. Note that there is

an initial jump that results in the deviation of the gossiped algorithms from the centralized

oracle, which is due to the lag time of the gossiped algorithms in achieving consensus. As

connectivity increases (p = 0.3 and p = 1.0), the growth of the cumulative loss curves ap-

proaches that of the centralized oracle, demonstrating that improved communication directly
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Figure 5.4: Performance of DECO-ii (KT) on synthetic data for Erdős-Rényi random graphs
with varying edge probability p. Top: Cumulative network loss. Cumulative loss growth
improves with better connectivity, as faster information mixing reduces the disagreement
among agents. Bottom: Per-round network loss (smoothed with a 250-round moving aver-
age). The smoothed loss shows that more connected networks not only accumulate less total
loss but also converge faster to the centralized ideal’s steady-state per-round loss.

mitigates the cost of decentralization.

The bottom panel, which displays the smoothed per-round network loss, provides further

insight. It illustrates that not only do more connected networks accumulate less total loss,

but they also converge faster to the steady-state loss rate of the centralized ideal.
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Figure 5.5: Cumulative network loss of DECO-ii (KT) on a cycle graph with different gossip
schedules, q(t). Increasing the communication budget from constant to logarithmic and
linear progressively reduces loss, allowing the algorithm to approach the centralized oracle’s
performance. This highlights the explicit trade-off between communication cost and learning
performance.

5.6.4 The Communication-Regret Trade-Off

Our theory suggests that performing more gossip steps per round, q(t), can further reduce

disagreement and improve regret, at the cost of increased communication. We investigate this

trade-off by running DECO-ii (KT) on a cycle graph with three different gossip schedules:

• Constant: q(t) = 1 (minimal communication).

• Logarithmic: q(t) = ⌈ln(t+ 1)⌉.

• Linear: q(t) = ⌈0.1 · t⌉.

Figure 5.5 shows a clear trade-off between communication and performance. While a single

gossip step already performs well, increasing the number of communications over time sys-

tematically lowers the cumulative loss curves. A linear schedule, as suggested by our theory,

allows the decentralized algorithm to closely track the performance of the centralized oracle.
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Figure 5.6: Final cumulative network loss on four real-world LIBSVM datasets. Each panel
shows the sensitivity of DOGD to its initial learning rate (η0), producing a characteristic
U-shaped curve. Note that we do not plot loss values that are five times the minimum value
to allow for good visualization. The horizontal lines show the performance of the parameter-
free DECO variants, which achieve competitive loss without any tuning. This highlights the
unreliability of DOGD when its hyperparameters are not properly set for a specific dataset.

5.6.5 Performance on Real-World Datasets

Finally, to assess robustness, we evaluate all variants of the algorithm on four real-world

LIBSVM regression datasets. These experiments are run on a cycle graph with a constant

gossip schedule (q(t) = 1). For the DOGD baseline, we perform a hyperparameter sweep

over a wider range of initial learning rates, from 10−3 to 107, to account for the diverse

characteristics of these datasets.
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The results in Figure 5.6 reinforce our findings. For each dataset, DOGD’s performance

exhibits a sharp U-shaped dependence on its initial learning rate η0. Note that we do not

plot loss values that are five times the minimum value to allow good visualization. The

optimal value for η0 varies significantly from one dataset to another, making it impossible

to choose a single reliable setting. In contrast, the DECO variants (using the KT potential)

consistently achieve low cumulative loss across all datasets without requiring any parameter

selection. This shows that our framework is applicable to the diverse characteristics of real-

world data.

5.7 Conclusion

This chapter introduced a family of decentralized, parameter-free online learning algorithms,

termed DECO, designed to address the challenge of hyperparameter tuning in multi-agent

systems. By combining the comparator-adaptive mechanism of coin-betting with information

mixing via gossip protocols, our approach removes the need for setting a learning rate, a

significant practical barrier for standard methods like Decentralized Online Gradient Descent

(DOGD). A novel betting function formulation was also proposed to facilitate the theoretical

analysis in the multi-agent context.

We provided a theoretical analysis showing that our algorithms achieve sublinear network

regret. The regret bounds characterize the influence of network connectivity and communi-

cation effort through a disagreement term. Theoretically, a key open question is whether a

constant number of gossip steps per round, q(t) = O(1), is sufficient to guarantee sublinear

network regret. We conjecture that this is the case. Our theoretical findings were supported

by a series of experiments on both synthetic and real-world datasets. The results demon-

strated that DECO achieves performance comparable to a well-tuned DOGD baseline across

various datasets and network topologies without requiring any parameter selection.
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Chapter 6

Decentralized Parameter-Free Online

Learning with Compressed Gossip

6.1 Introduction

Networked signal processing and learning systems increasingly make decisions from data

streams instead of stored data sets. Online Convex Optimization (OCO) provides a standard

adversarial model for such sequential decisions: at each round, a learner chooses a point

before observing the current convex loss and performance is measured by regret with respect

to the best fixed comparator in hindsight [92, 93].

Two practical issues arise in this context. First, classical OCO methods such as online gra-

dient descent (OGD) and follow-the-regularized-leader (FTRL) require learning-rate choices

that depend on the horizon, the comparator norm, or loss-scale parameters [92]. These quan-

tities are usually unknown before the stream is observed, and a mis-specified learning rate

can dominate the realized performance. Parameter-free OCO addresses this issue by replac-

ing tuned learning rates with comparator-adaptive regret guarantees [107]. A parameter-free
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guarantee is especially useful in streaming and edge deployments: the same algorithm can be

run without a horizon estimate, without a comparator-scale guess, and without an expensive

learning-rate sweep for every graph, device class, or data stream. A prominent mechanism

is coin betting, which proves regret by lower-bounding a sequential wealth process and then

converting this wealth certificate through a Fenchel conjugate [94–98]. For unbounded do-

mains with Lipschitz losses, these methods obtain the optimal dependence on the comparator

norm up to logarithmic factors [96].

Second, modern learning systems are often decentralized. Each agent observes only a local

loss stream, communicates only with neighbors in a graph, and nevertheless contributes

decisions that should be good for the network as a whole [100, 101, 108–111]. Communication

is also lossy in many signal-processing and edge-learning deployments. The difficulty is that

parameter-free learning and compressed decentralized communication interact in a nontrivial

way. Coin-betting predictions are nonlinear functions of accumulated gradients, so small

disagreement in the accumulated state can be amplified by the prediction map. At the same

time, biased compressors create tracking error that ordinary gossip does not remove unless

the communication protocol explicitly corrects it.

This chapter studies whether comparator-adaptive OCO guarantees can be retained when

all communication is decentralized and compressed. We consider N agents on a connected

graph. At round t, agent n predicts xn,t, observes a local convex loss ℓn,t, and exchanges

compressed messages with its neighbors. The objective is to minimize the network regret,

defined as follows. For a comparator u in a Hilbert space H, the network regret after T OCO

rounds is

Rnet
T (u) =

T−1∑
t=0

1

N

N∑
n=1

ℓ̄t(xn,t)−
T−1∑
t=0

ℓ̄t(u), (6.1)
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where

ℓ̄t(x) =
1

N

N∑
n=1

ℓn,t(x) (6.2)

is defined as the network loss at round t. The network regret evaluates all local predictions

under the averaged network loss and compares them with one fixed comparator u. This is the

natural collaborative benchmark for a network that learns a shared decision from distributed

local observations.1

We propose DECO-EF (DEcentralized COin-betting with Error Feedback), a decentralized

parameter-free OCO algorithm with compressed gossip. Each agent maintains a clean accu-

mulated state and a compressed tracker. Predictions are generated by a radial Hilbert-space

coin-betting rule, while communication sends only compressed differences between the clean

state and the tracker. The clean state is mixed through a relaxed gossip step applied to the

updated trackers, so the clean network average remains the cumulative sum of the averaged

negative subgradients used by the centralized comparison learner. The term parameter-free

is used in the standard OCO sense: the algorithm does not tune a learning rate to the

horizon or comparator norm. The graph-dependent gossip step size and the number of com-

pressed gossip substeps remain communication parameters that depend only on the graph

and compressor properties, not on the horizon, loss sequence, or comparator.

The main contributions are as follows.

• We introduce DECO-EF, a family of decentralized coin-betting algorithms in which

agents communicate compressed state differences.

• We prove a network-regret decomposition that separates the centralized Hilbert-space

coin-betting term from the prediction disagreement caused by decentralization and

compression.

1We take the name from [102], related work uses collective regret [103].
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• We establish expected compressed-gossip tracking bounds for randomized mean-square

compressors.

• We prove that DECO-EF with Krichevsky-Trofimov (KT) and shifted-exponential coin-

betting potentials achieves expected Õ(max{1, ∥u∥}
√
T ) network-regret bounds under

a linear compressed-gossip schedule.

• We validate our results on both synthetic and real data, illustrating the trade-offs

between communication and accuracy for DECO-EF.

To the best of our knowledge, we present the first algorithm family to achieve expected

sublinear network-regret guarantees for parameter-free decentralized online learning with

compressed gossip messages for the synchronous gossip setting.

The remainder of the chapter is organized as follows. Section 6.2 reviews related work.

Section 6.3 defines the problem model and communication assumptions. Section 6.4 describes

the high-level algorithm logic, prediction rule, and DECO-EF update. Section 6.5 states the

main regret guarantees. Section 6.6 provides the proof idea for the main regret guarantees,

with technical details in the appendices. Section 6.7 records implementation choices such as

the potential, gossip schedule, step size, and compressor. Section 6.8 describes the empirical

evaluation and Section 6.9 concludes.

6.2 Related Work

Online Convex Optimization and Parameter-Free Learning OCO formalizes the

worst-case sequential prediction through regret minimization [92, 93]. Classical algorithms

such as OGD, mirror descent, dual averaging, and FTRL achieve sublinear regret with ap-

propriately tuned step sizes, but their guarantees depend on parameters such as the horizon,

gradient scale, domain diameter, or comparator norm. Parameter-free online learning re-
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moves this tuning by proving comparator-adaptive bounds. Coin-betting methods are a

central approach: they maintain a wealth process, select predictions as bets, and obtain

regret by duality from the wealth lower bound [94–98]. Our analysis uses this machinery,

but the regret is for a network of learners rather than a single agent.

Decentralized Online Optimization Distributed and decentralized optimization over

graphs is a long-standing topic in signal processing, control, and machine learning [101, 108,

112–114]. In online variants, agents observe time-varying losses and communicate through

graph-supported averaging or dual-averaging steps, and the resulting regret bounds depend

on the spectral properties of the graph and problem-specific parameters [100, 115]. Recent

parameter-free distributed online-learning results address related but different models, includ-

ing delayed information, activated agents, and the availability of random agents [99, 102, 103].

The present work focuses on the synchronous and fully decentralized setting in which every

agent acts each round, communication is graph-local, and the benchmark is network regret.

Compressed Decentralized Online Learning Communication-efficient distributed learn-

ing uses quantization, sparsification, and other lossy compressors to reduce message sizes [3,

21, 59]. Because biased compressors such as Top-k and sign compression can accumulate

error, error-feedback (EF) methods track residuals or differences rather than compressing

full updates [4, 7, 8, 53, 61]. In decentralized optimization, several methods combine this

difference-tracking idea with compressed proxies and gossip dynamics to obtain consensus

and optimization convergence under lossy communication [31, 116]. Related online-learning

work has studied collaborative regret under limited communication, including quantized

online multi-kernel learning and gossiped online prediction [1, 6], as well as compressed

federated or distributed optimization variants [9, 10]. The uncompressed DECO (DEcentral-

ized COin-betting) algorithm gave parameter-free decentralized OCO with network-regret

guarantees [11], while parameter-free compressed algorithms were previously obtained for

the weaker joint-regret criterion [99, 103]. Other communication-constrained online-learning
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Table 6.1: Positioning of representative algorithm families. Comparator-adaptive (CA) de-
notes explicit dependence on ∥u∥.

Method family Decentralized Compressed gossip CA Sublinear Network Regret Representative guarantee

OGD/FTRL [92, 93] × × × ✓ tuned network regret

Coin betting [94, 95] × × ✓ N/A single-agent CA regret

Distributed CA OCO [99] ✓ ✓ ✓ × joint regret

Decentralized OGD [100, 101, 113] ✓ × × ✓ tuned network regret

EF-style compression [61, 116] ✓ ✓ × N/A optimization convergence

DECO [11] ✓ × ✓ ✓ CA network regret

DECO-EF ✓ ✓ ✓ ✓ expected CA network regret

methods do not provide comparator-adaptive network regret [117, 118]. DECO-EF combines

these directions by importing the difference-tracked compressed gossip into adversarial decen-

tralized OCO, preserving the comparator-adaptive network regret while allowing compressed

messages.

Table 6.1 summarizes the related work. The rows differ in the feedback model, synchrony,

and objective. Its purpose is to isolate the three properties combined here: decentralized

communication, compressed gossip, and comparator-adaptive sublinear network regret.

The network-regret notion in Equation (6.1) is a global-performance criterion. It differs

from per-agent regret, which certifies each node only against its own observed loss stream,

and from consensus error, which does not by itself measure predictive performance. As

noted in [102], it is also different from the average of per-agent regrets, which is a weaker

criterion that can be sublinear even if the network regret is not. The uncompressed DECO

algorithm [11] is recovered from DECO-EF by taking the identity compressor and the exact-

message communication.

6.3 Model and Setup

This section provides the mathematical model, network objective, communication graph,

and compressor assumptions.
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6.3.1 Problem Model

There are N agents that learn from local data streams while communicating over a fixed

graph. Rounds are indexed by t = 0, . . . , T − 1, and all horizon-dependent statements below

are for positive integer horizons T . At each round, agent n chooses xn,t ∈ H, observes a

convex 1-Lipschitz local loss ℓn,t : H → R, and receives a subgradient gn,t ∈ ∂ℓn,t(xn,t). We

aim to bound the network regret defined in Equation (6.1). This is an evaluation criterion

for collaborative prediction: agent n observes and differentiates its own local loss ℓn,t, but

the regret score evaluates every local prediction under the averaged network loss ℓ̄t.

6.3.2 Communication Graph and Compression

Agents communicate on a fixed undirected communication graph G = ([N ], E), which we

assume to be connected. A valid gossip matrix for G is a nonnegative, symmetric, doubly

stochastic matrix W whose off-diagonal support is exactly the edge set:

Wij > 0 if {i, j} ∈ E, Wij = 0 if i ̸= j and {i, j} /∈ E.

We also require positive self-weights Wii > 0. For Z ∈ HN , we define the product network

norm

∥Z∥2,H =

(
N∑

n=1

∥Zn∥2
)

1/2, (6.3)

and we define

(WZ)n =
N∑
j=1

WnjZj.

For such a gossip matrix, the usual finite-dimensional spectral-gap theorem [105] gives a

zero-mean contraction factor satisfying 0 ≤ ρ < 1. Equivalently, the spectral gap µ = 1− ρ
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satisfies 0 < µ ≤ 1, with ρ = 0 for exact averaging. The Hilbert lift of W is nonexpansive in

this product ℓ2 norm and contracts the zero-mean subspace:

∥WZ∥2,H ≤ ∥Z∥2,H for all Z ∈ HN ,

∥WZ∥2,H ≤ ρ ∥Z∥2,H if
N∑

n=1

Zn = 0.
(6.4)

Messages sent in our graph are compressed.

Definition 6.1 (Compressor). A randomized compressor on H consists of a sample space

Ω, a map C : Ω×H → H, and a parameter 0 ≤ αstoch < 1 such that for every input v ∈ H,

E
ω
∥C(ω, v)− v∥2 ≤ αstoch ∥v∥2 . (6.5)

Fix a compressor in the sense of Definition 6.1. Table 6.2 lists representative mean-square

residual coefficients αstoch for compressors that take inputs in v ∈ Rd. For the low-rank

approximation entry, v is reshaped to an a × b matrix with d = ab, p = min{a, b}, and

the compressor keeps the best rank-r approximation with r < p. For b-bit uniform scalar

quantization, one bit stores the sign and the remaining b− 1 bits store the magnitude: after

normalizing by ∥v∥∞, each coordinate magnitude is rounded to one of 2b−1 the equally spaced

values in [0, 1]. For top-k and random-k sparsification, k coordinates are kept and the rest

are zeroed out. Top-k keeps the k largest-magnitude coordinates, and the random-k chooses

k coordinates uniformly at random. For the scaled sign compressor, the output is
∥v∥1
d

times

the sign vector of v.
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Table 6.2: Representative mean-square compressor coefficients.

Compressor αstoch

Identity [11] 0

Top-k [3, 59] 1− k/d

Scaled sign [4] 1− 1/d

Low-rank, rank r < p [81] 1− r/p

b-bit quant. [3] d

4(2b−1−1)2

Random-k, unscaled [59] 1− k/d

local loss streams
ℓn,t and gn,t

agent
1

agent
n

agent
N

local state and tracker
local prediction xn,t

network loss average ℓ̄t
compare with one comparator u

Figure 6.1: System model for DECO-EF. Agents make local predictions, observe local
convex losses, and exchange compressed state differences over the communication graph.
The analysis evaluates the averaged network loss against a single comparator u.

6.4 Algorithm

This section describes the algorithmic idea and the concrete DECO-EF update analyzed in

this chapter.

6.4.1 High-Level Idea

DECO-EF combines parameter-free coin-betting prediction with compressed error-feedback

gossip. The full one-round update appears in Algorithm 6, and its high-level system model

is sketched in Figure 6.1. At the beginning of a round, each agent predicts from its local

accumulated state using the coin-betting map defined in Section 6.4.2. After observing a

local subgradient, the agent updates a clean state and then performs q(t) compressed gossip

substeps. Each communication substep sends the compressed difference between the clean
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state and a tracker, rather than compressing the clean state itself. This design preserves

the clean network average while the tracker absorbs compression error through repeated

difference updates. The communication step size γ is a communication parameter that

should be chosen according to the graph and compressor, but it does not depend on the

loss sequence or comparator. A larger γ gives faster consensus but can amplify compression

error, while a smaller γ reduces compression error but slows consensus. The gossip steps

reduce clean-state disagreement, while the compressed difference updates keep the trackers

close enough to the clean states for the Lyapunov contraction used in the proof.

The remaining subsections define the prediction map and state update.

6.4.2 Coin-Betting Potentials and Predictions

The algorithm is parameter-free in the usual OCO sense: it does not choose a learning rate

as a function of T , or ∥u∥. It still has a coin-betting endowment ε > 0, which fixes the initial

wealth scale and communication parameters determined by the graph and compressor. The

prediction rule converts accumulated signed gradients into decisions through a coin-betting

potential [11, 94, 107].

Definition 6.2 (Coin-Betting Potential). Let ε > 0. A family of functions Ft, indexed by

integers t ≥ 0, with domains Ft : (−at, at)→ R is a coin-betting potential if:

(a) F0(0) = ε and at > t.

(b) Each Ft is even, positive in (−at, at), and logFt is convex in (−at, at).

(c) For every t ≥ 1, |x| ≤ t− 1, and |c| ≤ 1,

(1 + cβt(x))Ft−1(x) ≥ Ft(x+ c), (6.6)

113



where

βt(x) =
Ft(x+ 1)− Ft(x− 1)

Ft(x+ 1) + Ft(x− 1)
. (6.7)

It is excellent if, additionally, for every t and every 0 < R < at, the square-root lift

z 7→ Ft(
√
z) (6.8)

is convex on [0, R2]. This extra condition is needed to lift scalar coin betting to a Hilbert

space.

Remark 6.3. In [94], the excellence condition required Ft to be twice-differentiable and

xF ′′
t (x) ≥ F ′

t(x). When potentials are twice-differentiable, both conditions are equivalent.

However, we argue that the square-root formulation is better since it only requires convexity

of (6.8), not differentiability.

The coin-betting function [11] converts wealth into a one-dimensional wager through

ht(x) = βt(x)Ft−1(x). (6.9)

For a Hilbert-space state G ∈ H, we use the radial lift of this function: the prediction points

in the direction of G and has magnitude ht(∥G∥),

Bett(G) =


0, G = 0,

ht(∥G∥)
∥G∥ G, G ̸= 0.

(6.10)

The potential formulas are only used on their reachable domain. To keep the prediction

input in that domain, the algorithm clips the norm of the state at radius t while preserving
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its direction:

clipt(G) =


G, ∥G∥ ≤ t,

t

∥G∥G, ∥G∥ > t.

(6.11)

Thus ∥clipt(G)∥ ≤ t and clipt is the metric projection onto the closed ball of radius t. In the

one-dimensional case, norm clipping is exactly the usual scalar clipping map

clipt(z) = min{t,max{−t, z}}. (6.12)

Both maps are 1-Lipschitz. This clipping affects only the prediction query Bett+1(clipt(Gn,t)),

the clean state used for gradient accumulation and compressed gossip remains the unclipped

Gn,t. To give explicit examples of potentials, we introduce the two that we use throughout

this chapter:

FKT
t (x) = ε

2tΓ
(
t+1
2

+ x
2

)
Γ
(
t+1
2
− x

2

)
π t!

, (6.13)

F SE
t (x) =

ε√
t+ 1

exp

(
x2

2(t+ 1)

)
. (6.14)

Here KT abbreviates Krichevsky-Trofimov and SE abbreviates shifted-exponential. The

verification that these choices are excellent coin-betting potentials follows the standard KT

and exponential-potential calculations, see [11, 94]. The KT betting fraction is βKT
t (x) = x/t

for t ≥ 1, and the SE betting fraction is βSE
t (x) = tanh(x/(t+ 1)).2

2The SE potential in Equation (6.14) is a shifted version of the original exponential potential [94], which
was defined as Ft(x) = ε exp(x2/(2t)) for t ≥ 1 and F0(0) = ε. However, the reader might notice that the
unshifted exponential potential is not a coin-betting potential according to Definition 6.2, since condition (c)
fails at t = 1, x = 0, and any c ̸= 0. Indeed, β1(0) = 0, so the required inequality would imply ε ≥ ε exp(c2/2),
which is false for c ̸= 0.
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Algorithm 6 DECO-EF: One Round at Agent n

Input: State (Gn,t, Ĝn,t), potential F , gossip matrix W , step size γ, gossip count q(t).
1: Predict xn,t = Bett+1(clipt(Gn,t)).
2: Observe gn,t ∈ ∂ℓn,t(xn,t) and set δn,t = −gn,t.
3: Local movement: Z0

n,t = Gn,t + δn,t and Ẑ
0
n,t = Ĝn,t.

4: for k = 0, . . . , q(t)− 1 do

5: Difference payload: vkn,t = Zk
n,t − Ẑk

n,t.
6: Compress and broadcast to neighbors:

mk
n,t = C(ωk

n,t, v
k
n,t).

7: Tracker update: Ẑk+1
n,t = Ẑk

n,t +mk
n,t.

8: Relaxed gossip update:

Zk+1
n,t = Zk

n,t + γ
N∑
j=1

Wnj

(
Ẑk+1

j,t − Ẑk+1
n,t

)
.

9: end for
10: State update: Gn,t+1 = Z

q(t)
n,t and Ĝn,t+1 = Ẑ

q(t)
n,t .

6.4.3 DECO-EF State and Update

The DECO-EF update gossips compressed difference messages inside every communication

substep. Each agent stores two vectors:

• Gn,t: the true local accumulated state after the consensus correction;

• Ĝn,t: the compressed tracker shared through gossip.

Both are initialized to zero.

At round t, agent n applies the following update with δn,t = −gn,t. The communication step

size 0 < γ ≤ 1 controls how aggressively agents mix compressed tracker information, and

the gossip schedule q : N → N specifies how many compressed communication substeps are

performed after the local gradient observation in round t.

The communication model is synchronous and reliable. At substep k, node n computes one

compressed payload mk
n,t and broadcasts the same payload to all neighbors with Wjn > 0.
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Receivers update their local copy of node n’s tracker by the same increment. Equivalently,

the matrix update is the shared-tracker view after all messages in that substep have arrived.

The Laplacian form of the last line is important: since W is doubly stochastic,

N∑
n=1

N∑
j=1

Wnj

(
Ẑk+1

j,t − Ẑk+1
n,t

)
= 0,

so every compressed gossip substep preserves the average of the clean state Zk.

6.4.4 Notation Used in the Analysis

Individual vectors in the decision space use the Hilbert norm. For Z ∈ HN , we define

the product network norm as in Equation (6.3). We write JZ for the consensus vector

whose coordinates are all N−1
∑

m Zm, and P⊥Z = Z − JZ for centered disagreement. The

compression parameter αstoch is the mean-square residual coefficient from Definition 6.1. We

also use the spectral gap µ = 1 − ρ, the Lyapunov weight χ = µ/4, and the expected

compressed-gossip contraction rate η̄ = 1 − γµ/2. A longer reference table appears in

Table C.1.

6.5 Main Results

The analysis uses two reusable statements. First, the network argument only needs a Hilbert-

space coin-betting regret bound for the radial prediction map. For a terminal potential,

namely the potential function at time T , we write its restricted Fenchel conjugate on the

reachable interval as

F ∗
T (θ) = sup

0≤s≤T
{θs− FT (s)}. (6.15)
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Square-root convex excellence (see Definition 6.2) turns the scalar wealth telescope into a

Hilbert-space reward telescope, and the final comparator conversion is exactly the conjugate

in (6.15). The main theorems are stated in terms of this exact conjugate. The elementary

envelope, used only to turn the KT and shifted-exponential conjugates into closed-form

corollaries, is discussed in Lemma C.6.

Theorem 6.4 (General Network Regret Template). Let H be a real Hilbert space. Suppose

a DECO-EF run uses a coin-betting potential whose radial Hilbert-space regret is controlled

by its restricted terminal conjugate. Let Ḡt = N−1
∑

nGn,t and yt = Bett+1(Ḡt). If its

prediction disagreement satisfies

T−1∑
t=0

1

N

N∑
n=1

∥xn,t − yt∥ ≤ Cnet

√
T ,

then for all u ∈ H and all T > 0,

Rnet
T (u) ≤ F ∗

T (∥u∥) + ε+ 3Cnet

√
T . (6.16)

Second, for both concrete potentials with a linear gossip schedule, Theorem 6.5 uses the

effective tracker rate

η̄ = 1− γµ

2
(6.17)

rather than the clean relaxed-gossip rate 1 − γµ, which is the ideal zero-mean contraction

rate without compression.

Theorem 6.5 (Expected Network Regret). Let DECO-EF run over a real Hilbert space

H with either the KT potential (6.13) or the shifted-exponential potential (6.14). Assume

W is a valid gossip matrix for a connected communication graph, and let ρ be the graph-

derived product-ℓ2 zero-mean contraction factor satisfying 0 ≤ ρ < 1. Let the compressor, as

118



in Definition 6.1, have mean-square residual parameter αstoch. Put

µ = 1− ρ, σ̄ =
√
αstoch.

Here, µ is the spectral gap. Let P ∈ {KT, SE} denote the chosen potential, and let F ∗
T be its

restricted terminal conjugate. Choose

0 < γ ≤ min

1,
1− σ̄

2σ̄
(
1 + 4

µ

)
+ µ

2

 ,

define η̄ = 1− γµ/2, and use a linear gossip schedule q(t) = ⌈ct⌉, where c ≥ −2 log 2
log η̄

for KT

and c ≥ − 3
2 log η̄

for the shifted-exponential potential. Put χ = µ/4 and

CKT
sched = 48

(
(ε+ 1)

(
1 +

2

log 2

)
+ 1

)
,

CSE
sched = 4e3/2(2ε+ 1).

With CP
sched selecting the matching constant above, set

CP
net = (2 + χ)

CP
sched

2

√
N, CP,stoch

reg = 3CP
net.

Then, for every comparator u ∈ H and every T > 0,

ERnet
T (u) ≤ F ∗

T (∥u∥) + ε+ CP,stoch
reg

√
T , (6.18)

where the expectation is over the compressor randomness. The constants are independent of

u and T .

The proof uses the conditional compressed-tracker contraction in Theorem C.13, the ex-

pected state-disagreement unrolling in Lemma C.15, and the potential-specific Lipschitz and
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schedule-tail estimates in Appendices C.5 and C.6.

Corollary 6.6 (Closed-Form KT and Shifted-Exponential Bounds). In the setting of The-

orem 6.5, the KT potential satisfies

ERnet
T (u) ≤ ∥u∥

√
2(T + 1)

×

√√√√log

(
1 +

2e2πT (T + 1) ∥u∥2
ε2

)

+ ε

(
1− 1

e
√
πT

)
+ CKT,stoch

reg

√
T , (6.19)

and the shifted-exponential potential satisfies

ERnet
T (u) ≤ ∥u∥

√√√√(T + 1) log

(
1 +

(T + 1)2 ∥u∥2
ε2

)

+ ε

(
1− 1√

T + 1

)
+ CSE,stoch

reg

√
T . (6.20)

Corollary 6.7 (Polylogarithmic Comparator Scale). The two expected regret bounds in

Equations (6.19) and (6.20) are Õ(max{1, ∥u∥}
√
T ), where Õ suppresses polylogarithmic

factors in T and ∥u∥.

Corollary 6.8 (Communication Cost of the Proved Schedule). For the linear schedule

q(t) = ⌈ct⌉, the total number of compressed gossip substeps through horizon T is

MT =
T−1∑
t=0

q(t),
cT (T − 1)

2
≤MT ≤

cT (T − 1)

2
+ T.

Thus, the linear schedule in Theorem 6.5 uses Θ(T 2) compressed gossip substeps.
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6.6 Analysis

This section provides the proof idea for the main regret guarantees. The auxiliary inequalities,

Lyapunov algebra, and potential-specific estimates are proved in the appendices. The main

argument is as follows: reduce network regret to a centralized coin-betting term plus a

prediction-disagreement term, bound the centralized term by Hilbert-space coin betting,

and then use compressed-gossip tracking to show that the disagreement term is only O(
√
T )

under the stated schedule.

6.6.1 Regret Decomposition

Let

ḡt =
1

N

N∑
n=1

gn,t, Ḡt =
1

N

N∑
n=1

Gn,t,

and define the centralized prediction

yt = Bett+1(Ḡt).

Since Ḡt is the sum of t averaged negative subgradients of norm at most one,
∥∥Ḡt

∥∥ ≤ t.

Hence, the centralized prediction lies in the reachable domain and no clipping is needed.

The average clean state is exactly the centralized cumulative negative gradient,

Ḡt =
t−1∑
s=0

(−ḡs),

because every gossip correction has zero network average. Thus, the network can be com-

pared with a fictitious centralized coin-betting learner that sees the averaged gradients. This

centralized learner is the bridge between the parameter-free OCO analysis and the decen-

tralized protocol: all remaining network effects enter only through the distance from xn,t to
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yt.

Convexity and Lipschitzness give, round by round,

1

N

N∑
n=1

ℓ̄t(xn,t)− ℓ̄t(u) ≤ ⟨ḡt, yt − u⟩+
3

N

N∑
n=1

∥xn,t − yt∥ . (6.21)

The constant 3 comes from comparing the global loss at xn,t to the centralized prediction yt,

replacing local subgradients by their network average, and using the 1-Lipschitz assumption.

The first term is the regret of the centralized radial coin-betting learner. The second term

is the price of decentralization: it vanishes if all agents predict exactly at the average state.

Summing (6.21) results in

Rnet
T (u) ≤

T−1∑
t=0

⟨ḡt, yt − u⟩+ 3
T−1∑
t=0

1

N

N∑
n=1

∥xn,t − yt∥ . (6.22)

This is the central proof split used throughout this chapter. The detailed one-round compar-

ison is given in Lemma C.27. We analyze these two terms in what follows.

6.6.2 Centralized Coin-Betting

We first handle the term that would remain even if every agent predicted at the network

average. Set ct = −ḡt. Since each local loss is 1-Lipschitz, ∥ct∥ ≤ 1, and the centralized state

above is Ḡt =
∑

s<t cs. Square-root convex excellence lets the scalar coin-betting potential

lift radially to a Hilbert space: the one-dimensional wealth telescoping argument applies to∥∥Ḡt

∥∥, while Jensen’s inequality controls the change in squared norm after adding the vector

ct. The terminal Fenchel conjugate (6.15) then converts the wealth lower bound into

T−1∑
t=0

⟨ḡt, yt − u⟩ ≤ F ∗
T (∥u∥) + ε. (6.23)
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The scalar telescoping, Fenchel conversion, and Hilbert-space lift are proved in Appendix C.2.

It remains to show that the actual local predictions stay close enough to this centralized

trajectory.

6.6.3 Compressed Tracking

The disagreement term in (6.22) is controlled first at the state level. At a fixed outer round,

suppress the round index and write Zk and Ẑk for the inner-loop clean state and tracker.

Formally, let us define the inner-loop index k to run from 0 to q(t) − 1 for the q(t) gossip

substeps at outer-loop time t. The inner gossip loop tracks two quantities: the clean-state

disagreement Dk and the compression residual Ek, defined by

Dk =
∥∥P⊥Z

k
∥∥
2,H , Ek =

∥∥∥Zk − Ẑk
∥∥∥
2,H

. (6.24)

With µ = 1− ρ, σ̄ =
√
αstoch, and χ = µ/4, the Lyapunov quantity

V k = Dk + χEk

contracts in conditional expectation by the effective rate

η̄ = 1− γµ

2

whenever γ satisfies the step-size condition in Theorem 6.5. The important point is that

the rate is the compressed-tracker rate, not the cleaner relaxed-gossip rate one would obtain

without residuals. More precisely, conditionally on the history Ft,k before gossip substep k,

E[V k+1 | Ft,k] ≤ η̄V k.

Each outer round injects a bounded gradient perturbation, and then q(t) gossip substeps
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contract it. Unrolling these injections in expectation gives

E
1

N

N∑
n=1

∥∥Gn,t − Ḡt

∥∥ ≤ (2 + χ)
√
N
∑
s<t

η̄Q(s,t),

Q(s, t) =
t−1∑
r=s

q(r).

(6.25)

The Lyapunov contraction and unrolling details are collected in Appendix C.3. The final

step is to pass this state estimate through the nonlinear coin-betting prediction map.

6.6.4 From State Disagreement to Regret

The prediction map is Lipschitz on the clipped ball of radius t. If L(t) denotes a valid

envelope for the potential in use, then (6.25) implies

E
1

N

N∑
n=1

∥xn,t − yt∥ ≤ (2 + χ)
√
N L(t)

∑
s<t

η̄Q(s,t).

For the KT potential, the envelope grows like 2t log(t+2)/
√
t+ 1. For the shifted-exponential

potential, it grows like exp(t/2)/
√
t+ 1. For P ∈ {KT, SE} denoting the chosen potential,

the stated linear schedules make the gossip tail small enough that

E
T−1∑
t=0

1

N

N∑
n=1

∥xn,t − yt∥ ≤ CP
net

√
T . (6.26)

Taking expectations in (6.22) and substituting (6.23) and (6.26) proves Theorem 6.5. The

centralized coin-betting term pays the comparator-adaptive part, while compressed tracking

contributes only the stated network constant times
√
T .

The KT and shifted-exponential analytic checks, including square-root convexity and the

schedule-tail estimates, appear in Appendices C.5 and C.6.
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6.7 Operational Details

To help practitioners act on the theoretical results, this section guides the operational choices

required by DECO-EF.

6.7.1 Choosing the Potential

The above theory applies to both potentials in Equations (6.13) and (6.14). The shifted-

exponential option is attractive computationally because it avoids Gamma-function evalua-

tions and has βSE
t (x) = tanh(x/(t+ 1)).

6.7.2 Choosing the Gossip Schedule

Theorem 6.5 uses a linear schedule, q(t) = ⌈ct⌉, with c chosen as a function of the com-

pressed effective rate from Equation (6.17). The KT proof requires c ≥ −2 log 2
log η̄

. The shifted-

exponential proof uses c ≥ − 3
2 log η̄

. Operationally, larger c increases communication but

reduces disagreement faster. By Corollary 6.8, the proved schedule costs Θ(T 2) compressed

gossip substeps through horizon T , so the guarantee should be read as a high-communication

theorem rather than a constant communication theorem. Constant gossip schedules are em-

pirically appealing, but Theorem 6.5 certifies the linear schedule.

6.7.3 Communication/Contraction Trade-Off

The step size γ controls the compressed-tracker contraction from Equation (6.17). Smaller

γ makes each compressed gossip step smoother, but it also makes η̄ closer to one, so the

schedule must use more gossip rounds. Write µ = 1− ρ for the spectral gap. The expected

stability proof uses the sufficient condition

0 < γ ≤ min

1,
1−
√
αstoch

2
√
αstoch

(
1 + 4

µ

)
+ µ

2

 .
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This is the product-ℓ2 sufficient condition used in the contraction argument, provided the

residual vector bound is available in expectation for the agent-wise randomness. When γµ

is small,

− log η̄ ≈ γµ

2
,

cKT ≈ 4 log 2

γµ
, cSE ≈ 3

γµ
.

Thus choosing γ is primarily a communication/contraction tradeoff. For parameter choices

certified by Theorem 6.5, one should take γ as large as the graph/compressor bound permits,

since this makes η̄ = 1 − γµ/2 smaller and therefore lowers the required linear-schedule

constant c. If γ is chosen smaller, the compressed tracker changes more cautiously and the

proof still applies, but the schedule must compensate with more gossip substeps. Conversely,

choosing γ above the sufficient bound may work empirically but is outside the stated Lya-

punov contraction argument. The constant-q(t) experiments in Section 6.8 therefore use a

fixed relaxation as an empirical low-communication regime, not as the schedule certified by

Theorem 6.5.

6.7.4 Compression and Communication

The compressor interface is exactly Definition 6.1: a mean-square residual bound with

αstoch < 1. Theorem 6.5 uses αstoch after taking expectation over the compressed messages.

Each outer round first moves the clean state by the new local gradient. Then, each of the q(t)

communication substeps sends only the compressed difference C(ωk
n, Z

k
n − Ẑk

n), updates the

tracker Ẑ, and applies the Laplacian correction to Z using the updated trackers. The analy-

sis above shows that, under the stated small-γ condition, these compressed-message substeps

imply the prediction-disagreement estimate needed for the KT and shifted-exponential regret

bounds.
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6.8 Experiments
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Figure 6.2: LIBSVM online-regression experiments, showing decentralized online gradient
descent (DOGD) tuning sensitivity on the ring graph against parameter-free methods.

We evaluate two complementary effects. First, real LIBSVM [5] streams test the tuning

sensitivity of DOGD against the parameter-free coin-betting methods. Second, a controlled

heterogeneous synthetic stream isolates the effect of quantized communication on loss, bit

budget, and consensus. Following the previous DECO evaluation protocol, we use the abso-

lute linear prediction loss

ℓn,t(x) = |⟨x, zn,t⟩ − yn,t|, ∥zn,t∥ ≤ 1,

where the norm of every subgradient is at most one. The real-data tasks use the LIBSVM re-

gression datasets cadata, cpusmall, space ga, and abalone. Each dataset is row-scaled so

that ∥zn,t∥ ≤ 1. The ordered stream is not reshuffled, samples are assigned to N = 20 agents

in round-robin order, and each run uses the maximum number of complete synchronous

rounds available without reusing samples. The communication graph in the LIBSVM panels

is the ring, with a single communication round q(t) = 1. DOGD is swept over 500 loga-

rithmically spaced initial learning rates from 10−2 to 108. The DECO-EF curves use the

127



6 7 8 9
Mbits

-0.05

0.00

0.05

fin
al

 lo
ss

 d
iff

er
en

ce
 L
b

−
L e

xa
ct

b=3
b=4 b=5 b=6

(a) Loss difference

mean ± std.

6 7 8 9
Mbits

0.4

0.5

0.6

0.7

cu
m

ul
at

iv
e 

di
sa

gr
ee

m
en

t

b=3
b=4 b=5 b=6

(b) Consensus cost

0 1000 2000 3000
round

10−5

10−4

10−3

10−2

pr
ed

ic
tio

n 
di

sa
gr

ee
m

en
t

(c) Topology effect

ring
grid
complete

Figure 6.3: Synthetic quantized-communication diagnostics for DECO-EF. All decentralized
runs use γ = 1/2, and the compressed runs use b-bit quantization. Each plotted point or
curve is the average over one hundred independent synthetic streams, with error bars or
shaded bands showing one standard deviation. Panels (a) and (b) use the complete graph
with q(t) = 1, the topology that most clearly separates quantization resolution from slow
graph mixing. Panel (a) reports the paired final cumulative network loss difference Lb−Lexact

against the no-quantization reference run with the same stream seed and relaxation. Panel
(b) reports cumulative prediction disagreement against transmitted Mbits. Panel (c) fixes
b = 3 and q(t) = 1, and compares the disagreement on the ring, 4 × 5 toroidal grid, and
complete graph.

shifted-exponential potential with b = 5-bit uniform scalar quantization. The centralized

coin-betting reference uses the KT potential. For this centralized baseline, all agents use

the common centralized prediction. The baseline averages the N = 20 local subgradients

evaluated at that common prediction, runs a single KT coin-betting learner, and evaluates

the resulting common prediction under the same network loss. It removes graph mixing and

disagreement effects, so it should be read as a non-decentralized parameter-free reference

rather than a communication-limited method. All decentralized coin-betting runs in the

plots use the same γ = 1/2.

Since our topologies are regular graphs, we use the uniform gossip matrix: Wij = 1/ deg

when j is in the neighborhood of i, and Wij = 0 otherwise, where deg includes the self-

loop. This results in a valid gossip matrix. For the synthetic compression diagnostics, all

runs use shifted-exponential DECO-EF, and the compressed runs use b-bit uniform scalar

quantization with b ∈ {3, 4, 5, 6}. Communication costs count raw dense uniform-scalar-

quantization codes, i.e., one 32-bit scale plus b bits per coordinate. They are reported as the

total payload emitted by all agents over all gossip substeps, not multiplied by the number
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of graph edges. Thus, for a fixed dataset, method, compressor, and q(t), the Mbits value is

the same across ring, grid, and complete graphs. Topology changes the mixing operator and

disagreement, not this payload-count convention.

The synthetic stream has dimension 20 and T = 3000 rounds. For each seed r ∈ {0, . . . , 99},

a pseudorandom generator with seed r draws u⋆ ∼ N (0, I20) and normalizes it. We then

draw shared base vectors bt ∼ N (0, I20) and agent centers µn ∼ N (0, 2.02I20), and set

zn,t = an,tmin{1, 1/ ∥an,t∥} with an,t = bt + µn. Labels are

yn,t = ⟨u⋆, zn,t⟩+ νn,t, νn,t ∼ N (0, 0.032),

with independent label noise across agents and rounds. This construction preserves a com-

mon regression signal while making the local streams heterogeneous enough for consensus

effects to be visible.

Figure 6.2 shows DOGD tuning sensitivity across the four ordered LIBSVM streams. The

DOGD curves confirm that the best learning rate varies widely across datasets, and that

a poorly chosen learning rate can lead to much worse performance than the parameter-

free methods. DECO-EF and the centralized coin-betting baseline show consistent perfor-

mance. Figure 6.3 illustrates communication and topology aspects. The complete-graph

loss-difference panel shows that coarse quantization has the largest observable effect on fi-

nal cumulative loss variance. The disagreement panel reveals the expected resolution effect:

b = 3 leaves more cumulative disagreement than b = 4, 5, 6. The topology panel recovers the

expected network effect: the grid and complete graph remove prediction disagreement much

faster than the ring.
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6.9 Conclusion

This chapter introduced DECO-EF, a decentralized online learning algorithm family that

avoids OCO learning-rate tuning while communicating compressed state differences. Each

node maintains both a clean accumulated state and a compressed tracker. The analysis shows

that, under a linear gossip schedule, DECO-EF achieves the same expected Õ(max{1, ∥u∥}
√
T )

regret rate as the best known centralized parameter-free methods, with a constant factor that

depends on the network and compressor but not on T or ∥u∥. Synthetic and real-data ex-

periments illustrate the tuning sensitivity of a standard decentralized OCO method and

the communication/disagreement tradeoffs of DECO-EF. A natural next target is the gap

between the linear-schedule guarantee and the attractive constant communication regime

q(t) = O(1).
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Chapter 7

Conclusion

This dissertation studied collaborative learning under communication constraints. The set-

ting changed from chapter to chapter: online kernel learning over a graph, asynchronous

federated learning, server-client distributed learning, and fully decentralized online optimiza-

tion. The main point stayed the same. When data and computation are spread across a

network, the learning rule and the communication rule cannot be designed separately.

The first part of the dissertation focused on compression. For online multi-kernel learn-

ing, gossip and hidden-state quantization removed the need for a complete communication

graph while preserving sublinear regret. For asynchronous federated learning, QAFeL used a

shared hidden state between the server and clients so that quantized communication did not

accumulate uncontrolled error. These results show that compression can be built into the

protocol without simply accepting the loss of accuracy that direct quantization may cause.

The next part studied feedback mechanisms for distributed learning. CAFe and CAFe-S used

shared predictors to make client updates easier to compress. The important feature is that

clients do not need to store their own error-feedback variables. This is useful in cross-device

settings, where clients may appear only briefly and should not be assumed to maintain state
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across rounds.

The last part considered decentralized online learning. DECO used coin-betting ideas to

remove learning-rate tuning from decentralized online convex optimization. DECO-EF then

added compressed gossip by tracking compressed state differences. Together, these chapters

show that parameter-free online learning can be made compatible with decentralized com-

munication, and that compressed messages can be handled without giving up network-regret

guarantees.

There are still clear gaps between the theory and the regimes one would like to use in

practice. The compressed DECO-EF guarantees use a growing gossip schedule, while the

most attractive implementations use only a small number of communication rounds per step.

The experiments suggest that these low-communication regimes can work, but the current

proof does not fully explain them. Closing that gap is a natural next problem.

Another open direction is to combine the constraints treated separately here. Real systems

can be asynchronous, compressed, decentralized, heterogeneous, and unreliable at the same

time. The algorithms in this dissertation isolate parts of that picture. The longer-term goal

is a theory and practice of collaborative learning that treats these constraints together.

The work in this dissertation is a step in that direction. It shows that careful state tracking,

feedback, gossip, and parameter-free prediction can make distributed learning methods more

tolerant of the networks they run on.
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Appendix A

Supporting Material for Chapter 3

A.1 Additional Derivations

This appendix contains the derivations of the necessary lemmas for the main result. First,

we present some useful remarks:

Remark A.1. Given an unbiased quantizer Q with parameter δ, for any set of N ≥ 1 vectors

{xn ∈ Rd, n = 1, . . . , N}, we have

EQ

∥∥∥∥∥
N∑

n=1

Q(xn)

∥∥∥∥∥
2
 ≤ ∥∥∥∥∥

N∑
n=1

xn

∥∥∥∥∥
2

+ (1− δ)
N∑

n=1

∥xn∥2 .

The remark follows immediately from the unbiasedness of Q and our definition of a quantizer,

see Definition 3.1.

Lemma A.2. Consider the optimization problem in Equation (3.5) satisfying Assumptions 3.2
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to 3.5 and 3.7. Then, QAFeL’s iterations satisfy

E
[
−⟨∇f(xt),∆t⟩

]
≤ −Pηℓ

2
E
[∥∥∇f(xt)∥∥2]− ηℓ

2
rt

+ PηℓL
2E
[
2τmax,Kη

2
g

t−1∑
s=t−τmax,K

∥∥∆s∥∥2
+

12

δs
η2g

t−1∑
s=1

(
1− δs

2

)s ∥∥∥∆t−s−1
∥∥∥2

+ 20P 2η2ℓ (σ
2
ℓ +B +

τmax,K∑
s=1

∥∥∇f(xt−s)
∥∥2)],

(A.1)

where rt =
∑P−1

p=0 E
[

1
K

∑
k∈St

∥∥∇Fk(y
t−τk
k,p )

∥∥2].
Proof. Let us start by expanding the definition of the server update, which is the average of

client updates,

∆
t
=

1

K

∑
k∈St

∆t−τk
k . (A.2)

We have defined the set of clients that participate in the update at time t as St and the

update from Client k as ∆t−τk
k , where t − τk represents the time index of the hidden-state

used for the update. Also, ∆t−τk
k = Qc(y

t−τk
k,0 − yt−τk

k,P ), where yt−τk
k,p is the local model after p

local updates. The initial model used for updating ∆t−τk
k is yt−τk

k,0 = x̂t−τk . Now, since the

client quantizer Qc is unbiased, we have

E
[
∆t−τk

k

]
= E

[
yt−τk
k,0 − yt−τk

k,P

]
= E

[
P−1∑
p=0

ηℓgk(y
t−τk
k,p )

]

= E

[
P−1∑
p=0

ηℓ∇Fk(y
t−τk
k,p )

]
,

(A.3)

where the last equality is derived from Assumption 3.2. Then, applying the linearity of the
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expectation and using the last two equations show that E
[
⟨∇f(xt),∆t⟩

]
is

E

[〈
∇f(xt), 1

K

∑
k∈St

P−1∑
p=0

ηℓ∇Fk(y
t−τk
k,p )

〉]
. (A.4)

We re-arrange and obtain

P−1∑
p=0

ηℓE

[
1

K

∑
k∈St

〈
∇f(xt),∇Fk(y

t−τk
k,p )

〉]
. (A.5)

Using the well-known identity ⟨a, b⟩ = 1
2
(∥a∥2+ ∥b∥2−∥a− b∥2), and the definition of rt, we

obtain

E
[
−⟨∇f(xt),∆t⟩

]
= −Pηℓ

2
E
[∥∥∇f(xt)∥∥2]− ηℓ

2
rt

+
P−1∑
p=0

ηℓ
2
E

[
1

K

∑
k∈St

∥∥∇f(xt)−∇Fk(y
t−τk
k,p )

∥∥2] . (A.6)

For the last term, we can add and subtract ∇f(yt−τk
k,p ), apply Cauchy-Schwarz and use As-

sumption 3.4 to obtain

E
∥∥∇f(xt)−∇Fk(y

t−τk
k,p )

∥∥2 ≤ 2L2E
∥∥xt − yt−τk

k,p

∥∥2 . (A.7)

Applying Cauchy-Schwarz once again, we obtain a decomposition in two error terms

∥∥xt − yt−τk
k,p

∥∥2 ≤ 2
∥∥xt − xt−τk

∥∥2︸ ︷︷ ︸
staleness

+2
∥∥xt−τk − yt−τk

k,p

∥∥2︸ ︷︷ ︸
local drift

.

We bound the staleness term with Assumption 3.7,
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∥∥xt − xt−τk
∥∥2 ≤ τmax,K
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s=t−τmax,K

∥∥xs+1 − xs
∥∥2

= τmax,Kη
2
g
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∥∥∆s∥∥2 . (A.8)

Using Lemma A.5 with z = xt−τk we bound the local drift term with

E
[∥∥yt−τk

k,p − yt−τk
k,0

∥∥2] ≤ 10P 2η2ℓ

(
σ2
ℓ + E

[∥∥∇f(xt−τk)
∥∥2]

+ E
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∥∥2])

+ 3
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server quantization

.

Then, using Assumptions 3.5 and 3.7, we obtain

E
[∥∥yt−τk

k,p − yt−τk
k,0

∥∥2] ≤ 10P 2η2ℓ (σ
2
ℓ +B) + 10P 2η2ℓ
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s=1

E
[∥∥∇f(xt−s)

∥∥2]
+ 3

∥∥x̂t−τk − xt−τk
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server quantization

.

We can bound the server quantization term as

EQ

∥∥xt−τk − x̂t−τk
∥∥2 ≤ (1 + c−1)η2g

∥∥∥∆t−τk−1
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∥∥2 .

Selecting c = δs/2, we obtain

EQ
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Inductively, this yields

EQ
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Substituting the staleness, server quantization, and local drift terms provides
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Substituting in Equation (A.7) and then Equation (A.6) proves the lemma.

Lemma A.3. Consider the optimization problem in Equation (3.5) satisfying Assumptions 3.2

and 3.3. Then, QAFeL’s iterations satisfy

E
[∥∥∥∆t
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(2− δc)σ2
ℓ + (1 +

1− δc
K

)E

 1

K

∑
k∈St

∥∥∥∥∥
P−1∑
p=0

ηℓ∇Fk(y
t−τk
k,p )

∥∥∥∥∥
2
 . (A.10)

Proof. First, using the unbiasedness of the client quantizer, we apply Remark A.1 as follows
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K

∑
k∈St

Qc

(
P−1∑
p=0

ηℓgk(y
t−τk
k,p )

)∥∥∥∥∥
2


≤ E

∥∥∥∥∥ 1

K

∑
k∈St

P−1∑
p=0

ηℓgk(y
t−τk
k,p )

∥∥∥∥∥
2


+ (1− δc)E

 1

K2

∑
k∈St

∥∥∥∥∥
P−1∑
p=0

ηℓgk(y
t−τk
k,p )

∥∥∥∥∥
2
 .
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Then, using the unbiasedness of the stochastic gradient on both terms completes the proof.

Corollary A.4. Consider the optimization problem in Equation (3.5) satisfying Assump-

tions 3.2 and 3.3. Then, QAFeL’s iterations satisfy

E
[∥∥∥∆t

∥∥∥2] ≤ Pη2ℓ
K

(2− δc)σ2
ℓ + (1 +

1− δc
K

)Pη2ℓ rt, (A.11)

where rt =
∑P−1

p=0 E
[

1
K

∑
k∈St

∥∥∇Fk(y
t−τk
k,p )

∥∥2].
The following Lemma is a generalization of [47, Equations (52) to (64)].

Lemma A.5. Given any z ∈ Rd, if Assumptions 3.3 and 3.4 are satisfied and ηℓ ≤ 1
4L(P+1)

,

QAFeL’s k-th local step satisfies

E
[∥∥ysk,p − z∥∥2] ≤ 3E

[∥∥ysk,0 − z∥∥2] (A.12)

+ 10P 2η2ℓE
[
σ2
ℓ + ∥∇f(z)∥2 + ∥∇Fk(z)−∇f(z)∥2

]
.

Proof. We start by expanding the p-th local step:

∥∥ysk,p − z∥∥2 = ∥∥ysk,p−1 − ηℓgk(ysk,p−1)− z
∥∥2 . (A.13)

Next, we add and subtract ηℓ∇Fk(y
s
k,p−1), ηℓ∇Fk(z), and ηℓ∇f(z), and apply Cauchy-
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Schwarz:

∥∥ysk,p − z∥∥2 ≤ (1 + c)
∥∥ysk,p−1 − z

∥∥2
+ 4η2ℓ (1 + c−1)

∥∥gk(ysk,p−1)−∇Fk(y
s
k,p−1)

∥∥2
+ 4η2ℓ (1 + c−1)

∥∥∇Fk(y
s
k,p−1)−∇Fk(z)

∥∥2
+ 4η2ℓ (1 + c−1) ∥∇Fk(z)−∇f(z)∥2

+ 4η2ℓ (1 + c−1) ∥∇f(z)∥2 .

Selecting c = 1
2P

, and applying Assumptions 3.3 to 3.5, we obtain

E
[∥∥ysk,p − z∥∥2] ≤ (1 + 1

2P

)
E
[∥∥ysk,p−1 − z

∥∥2]
+ 4η2ℓ (1 + 2P )σ2

ℓ

+ 4η2ℓ (1 + 2P )L2E
[∥∥ysk,p−1 − z

∥∥2]
+ 4η2ℓ (1 + 2P )E

[
∥∇Fk(z)−∇f(z)∥2

]
+ 4η2ℓ (1 + 2P ) ∥∇f(z)∥2 .

Now, using that ηℓ ≤ 1
4L(P+1)

=⇒ 4η2ℓ (1 + 2P )L2 ≤ 1
2P

, we define the Up series and R term

for ease of notation in the next steps as follows:

E
[∥∥ysk,p − z∥∥2]︸ ︷︷ ︸

Up

≤
(
1 +

1

P

)
E
[∥∥ysk,p−1 − z

∥∥2]︸ ︷︷ ︸
Up−1

+ 4η2ℓ (1 + 2P )(σ2
ℓ + E

[
∥∇Fk(z)−∇f(z)∥2 + ∥∇f(z)∥2

]
)︸ ︷︷ ︸

R

.

150



Finally, we use this recursion p times and obtain

Up ≤ U0

(
1 +

1

P

)p

+R

p−1∑
i=0

(
1 +

1

P

)i

≤ U0e+R(e− 1)P,

(A.14)

where we have used the geometric series sum and basic properties of the exponential function

to obtain the last inequality. To finish the proof, we just apply the definitions of U0 and R,

and bound e < 3, as well as (e− 1)4(1 + 2P )P < 10P 2, given that P is no less than 1.

A.2 Algorithm Pseudocode

This appendix contains the pseudocode for all the components of QAFeL, see Algorithms 7

to 9. The highlighted lines are the key novelties of the algorithm, which constitute the

hidden-state mechanism.
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Algorithm 7 QAFeL-server

Input: server learning rate ηg, client learning rate ηℓ, client SGD steps P , buffer size K,
initial model x0

Output: FL-trained global model

1: x̂0 ← x0 // Initialize shared hidden state

2: while not converged do
3: Run QAFeL-client(ηℓ, P ) on clients // Asynchronous execution
4: if received client update from client n then

5: ∆n ← received quantized update

6: ∆
t ← ∆

t
+∆n

7: k ← k + 1 // Increment clients in buffer
8: end if
9: if k == K then
10: ∆

t ← ∆
t

K

11: xt+1 ← xt + ηg∆
t

12: Broadcast qt ← Qs(x
t+1 − x̂t)

13: x̂t+1 ← x̂t + qt // Update (shared) hidden state

14: ∆
t ← 0, k ← 0, t← t+ 1 // Reset buffer

15: end if
16: end while

Algorithm 8 QAFeL-client

Input: client learning rate ηℓ, number of client SGD steps P
Output: client update ∆

1: y0 ← x̂t // Ensured by Algorithm 9

2: for p← 1 to P do
3: yp ← yp−1 − ηℓgp(yp−1)
4: end for
5: ∆← Qc(y0 − yp) // Using an unbiased quantizer

6: Send ∆ to server

Algorithm 9 QAFeL-client-background

Input: initial model x0

Output: updated shared hidden state x̂
1: x̂0 ← x0

2: repeat
3: wait for quantized update qt from server
4: x̂t+1 ← x̂t + qt

5: until shutdown
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Table B.1: Optimal learning rates for CAFe and Direct compression (MNIST, EMNIST,
CIFAR-10, CIFAR-100).

MNIST (CONV4, 50 rounds) EMNIST (CONV4, 50 rounds) CIFAR-10 (CONV6, 200 rounds) CIFAR-100 (ResNet-20, 200 rounds)

iid non-iid iid non-iid iid non-iid iid non-iid
10 classes/client 4 classes/client 47 classes/client 4 classes/client 10 classes/client 4 classes/client 100 classes/client 40 classes/client

Compressor Param. Direct CAFe Direct CAFe Direct CAFe Direct CAFe Direct CAFe Direct CAFe Direct CAFe Direct CAFe

None — 10−0.5 0.1 10−0.5 0.1 10−0.5 0.1 10−0.5 1

Top-k
k=10% 10−0.5 10−0.5 10−0.5 0.1 10−0.5 10−0.5 0.1 0.1 10−0.5 0.1 10−0.5 0.1 10−0.5 10−0.5 1 1
k=1% 10−0.5 10−0.5 0.1 0.1 10−0.5 10−0.5 0.1 0.1 10−0.5 0.1 10−0.5 0.1 1 10−0.5 1 1
k=0.1% 0.1 0.1 10−0.5 0.1 0.1 0.1 0.1 0.1 10−0.5 0.1 0.1 0.1 1 0.1 1 10−0.5

Top-1% +
Quantizer

6 bits 10−0.5 10−0.5 0.1 0.1 10−0.5 10−0.5 0.1 0.1 10−0.5 0.1 10−0.5 0.1 10−0.5 1 1 1
5 bits 10−0.5 10−0.5 0.1 0.1 10−0.5 10−0.5 10−0.5 0.1 10−0.5 10−0.5 10−0.5 0.1 1 10−0.5 1 1
4 bits 10−0.5 0.1 0.1 0.1 10−0.5 10−0.5 0.1 0.1 0.01 10−0.5 0.1 0.1 10−0.5 10−0.5 1 10−0.5

Low-rank
rank=3 0.1 10−0.5 0.1 0.1 0.1 0.1 0.1 0.1 10−0.5 0.1 0.1 0.1 10−0.5 10−0.5 1 10−0.5

rank=2 0.1 0.1 0.1 0.1 10−0.5 0.1 10−1.5 10−1.5 0.1 0.1 0.1 0.1 10−0.5 10−0.5 1 10−0.5

rank=1 0.1 0.1 0.1 0.1 0.1 0.1 10−1.5 10−1.5 10−0.5 0.1 0.1 0.1 10−0.5 10−0.5 1 10−0.5

Rank-1 +
Quantizer

5 bits 0.1 0.1 0.1 0.1 0.1 0.1 10−1.5 10−1.5 10−0.5 0.1 0.1 0.1 10−0.5 10−0.5 1 10−0.5

4 bits 0.1 0.1 0.1 0.1 0.1 0.1 10−1.5 10−1.5 10−0.5 0.1 10−0.5 0.1 10−0.5 10−0.5 1 10−0.5

3 bits 0.1 0.1 0.1 0.1 0.1 0.1 10−1.5 10−1.5 0.1 0.1 0.1 10−1.5 10−0.5 0.1 1 10−0.5

Appendix B

Supporting Material for CAFe

B.1 Experimental Details

Our experimental setup, including model architectures, best learning rate per scenario, and

data distribution, is summarized in Table B.1.
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B.1.1 Compression Parameter Details

As reported in Tables 4.2 and 4.3, we select k = 10%, 1%, and 0.1% for Top-k methods.

We also choose uniform quantization with 4, 5, and 6 bits for Top-k + Quantization and

uniform quantization with 3, 4, and 5 bits for Low-rank approximation + Quantization.

For our Quantization experiments, we fix k to 1% for Top-k and rank to 1 for Low-rank

approximation. For Top-k + Quantization compression, we aim to test the lower limit of

the choice for the number of bits per coordinate. Notice in Tables 4.2 and 4.3 that when the

number of bits is 4, Direct compression results in performance collapse on CIFAR-10, whereas

CAFe maintains robustness. For Low-rank compression, CAFe consistently outperforms direct

compression by a large margin, regardless of the model architecture and dataset. This is due

to Low-rank approximation’s low compression error, even when using rank 1. With Low-rank

approximation + Quantization, we also test the lower limit and find that CAFe allows for

aggressive quantization (down to 3 bits) where Direct compression typically degrades.

B.1.2 Learning Rate Sensitivity

Table B.1 hints that both CAFe and direct compression tend to select similar learning rates.

In this section, we provide an ablation study on its sensitivity to the learning rate. Theo-

rem 4.7 requires a stricter learning rate condition γ ≤ 1−ω
L(1+ω)

compared to DCGD’s γ ≤ 1
L
. In

Figure B.1, we plot the accuracy of both methods on CIFAR-10 (iid) as a function of the

learning rate γ. Using direct compression or CAFe, we find that both methods have similar

performance curve shapes across a range of learning rates, albeit CAFe’s is always on top.

This suggests that the stricter theoretical bound, required for the Lyapunov proof, may not

reflect the practical reality, and CAFe does not impose an additional hyperparameter tuning

burden.
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Figure B.1: Learning rate sensitivity analysis on CIFAR-10 (iid) with rank-3 low-rank ap-
proximation compression. Both approaches achieve optimal performance around γ = 10−1

and γ = 10−0.5 and show similar shapes, suggesting the stricter theoretical bound for CAFe
may not be a practical limitation.

B.2 Proofs of Convergence Theorems

We now present the detailed proofs for the convergence theorems stated in Section 4.4,

restated for clarity. All three convergence proofs analyze the iterates of the form xk+1 =

xk +∆k
s . We first establish a common notation. Let the local update be

∆k
n = −γ∇fn(xk) (B.1)

and the server’s candidate update (for CAFe-S) be

∆k
c = −γ∇fs(xk). (B.2)

The compression error for a client n at step k is ekn, and the re-scaled error is êkn = ekn/γ.

The average re-scaled error is ek = 1
N

∑
n ê

k
n. Then, the aggregate update ∆k

s can always be

written as:

∆k
s =

1

N

∑
n

(∆k
n + ekn) = −γ∇f(xk) + γek.
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This gives the unified iteration for all algorithms:

xk+1 = xk +∆k
s = xk − γ

(
∇f(xk)− ek

)
. (B.3)

We define the effective gradient as gk := ∇f(xk)− ek, so the iteration is xk+1 = xk − γgk.

All proofs start from the standard descent lemma, which follows from Assumption 4.4 and

a learning rate γ ≤ 1
L
:

f(xk+1) ≤ f(xk) +
〈
∇f(xk), xk+1 − xk

〉
+
L

2

∥∥xk+1 − xk
∥∥2

= f(xk)− γ
〈
∇f(xk), gk

〉
+
Lγ2

2

∥∥gk∥∥2
≤ f(xk)− γ

2

∥∥∇f(xk)∥∥2 − (γ
2
− Lγ2

2

)∥∥gk∥∥2
+
γ

2

∥∥∇f(xk)− gk∥∥2 (B.4)

≤ f(xk)− γ

2

∥∥∇f(xk)∥∥2 + γ

2

∥∥ek∥∥2. (B.5)

The final inequality holds for γ ≤ 1
L

(which makes the
∥∥gk∥∥2 term negative) and uses∥∥∇f(xk)− gk∥∥2 = ∥∥∇f(xk)− (∇f(xk)− ek)

∥∥2 = ∥∥ek∥∥2. The proofs for the three theorems

differ only in how they bound the E
[∥∥ek∥∥2] term.

B.2.1 Proof of Theorem 4.6 (DCGD)

Theorem 4.6. [DCGD Convergence] Under Assumptions 4.4 and 4.5, with a learning rate

γ ≤ 1
L
and a compression parameter ω such that ωB2 < 1, DCGD satisfies

1

K

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ 2(f(x0)− f ⋆)

γK
· 1

1− ωB2
. (4.6)

Proof. For standard DCGD (Algorithm 2), clients compress their raw local update ∆k
n. The

error is ekn = C
(
∆k

n

)
− ∆k

n. We bound the expectation of its squared norm using Jensen’s
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inequality

E
[∥∥ek∥∥2] = E

∥∥∥∥∥ 1

N

∑
n

êkn

∥∥∥∥∥
2
 ≤ 1

N

∑
n

E
[∥∥êkn∥∥2]

=
1

Nγ2

∑
n

E
[∥∥ekn∥∥2]

≤ ω

Nγ2

∑
n

E
[∥∥∆k

n

∥∥2] (by Equation (4.2))

= ω
1

N

∑
n

E
[∥∥∇fn(xk)∥∥2]

≤ ωB2E
[∥∥∇f(xk)∥∥2] . (by Assumption 4.5)

Next, we substitute this error bound into our descent lemma (Equation (B.5)) and take the

expectation:

E
[
f(xk+1)

]
≤ E

[
f(xk)− γ

2

∥∥∇f(xk)∥∥2 + γ

2

∥∥ek∥∥2]
= E

[
f(xk)

]
− γ

2
(1− ωB2)E

[∥∥∇f(xk)∥∥2] .
Re-arranging and telescoping from k = 0 to K − 1 yields

γ

2
(1− ωB2)

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ f(x0)− E

[
f(xK)

]
≤ f(x0)− f ⋆.

Dividing by K and re-arranging finishes the proof.

B.2.2 Proof of Theorem 4.7 (CAFe)

The proof for CAFe is more complex as the error ek depends on the previous update ∆k−1
s ,

which itself contains ek−1. This requires a Lyapunov analysis. We first need three supporting

lemmas.
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Lemma B.1. Given an L-smooth function f , and iterations of the form xk+1 = xk− γgk, we

have

−
〈
∇f(xk+1), gk

〉
≤ −

〈
∇f(xk), gk

〉
+ γL

∥∥gk∥∥2. (B.6)

Proof. We have

−
〈
∇f(xk+1), gk

〉
=−

〈
∇f(xk), gk

〉
+
〈
∇f(xk)−∇f(xk+1), gk

〉
,

and this can be bounded by

〈
∇f(xk+1)−∇f(xk), gk

〉
≤
∥∥∇f(xk+1)−∇f(xk)

∥∥∥∥gk∥∥
≤ γL

∥∥gk∥∥2,
where we have used the L-smoothness of f in the last step. Re-arranging, we obtain the

desired result.

Lemma B.2. Given Assumptions 4.4 and 4.5, the compression error for DGD + CAFe (with

gk = ∇f(xk)− ek) satisfies

E
[∥∥ek+1

∥∥2] ≤ ωE
[
B2
∥∥∇f(xk+1)

∥∥2 − ∥∥∇f(xk)∥∥2]
+ γ2ωLE

[∥∥gk∥∥2]+ ωE
[∥∥ek∥∥2] . (B.7)

Proof. We start by bounding the next-step error:

E
[∥∥ek+1

∥∥2] ≤ 1

N

∑
n

E
[∥∥êk+1

n

∥∥2] (by Jensen’s)

=
1

Nγ2

∑
n

E
[∥∥ek+1

n

∥∥2]
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In CAFe, clients compress (∆k+1
n −∆k

s). So, by Equation (4.2), the last is upper bounded by

ω

Nγ2

∑
n

E
[∥∥∆k+1

n −∆k
s

∥∥2]
=

ω

Nγ2

∑
n

E
[∥∥−γ∇fn(xk+1)− (−γgk)

∥∥2]
=
ω

N

∑
n

E
[∥∥∇fn(xk+1)− gk

∥∥2] .
We add and subtract ∇f(xk+1) inside the norm, and expand. Note that the cross-terms〈
∇fn −∇f,∇f − gk

〉
sum over n is zero, so the last expression equals

ωE

[
1

N

∑
n

∥∥∇fn(xk+1)−∇f(xk+1)
∥∥2]

+ωE
[∥∥∇f(xk+1)− gk

∥∥2] (B.8)

Using Assumption 4.5 we can bound the first term in Equation (B.8) as

1

N

∑
n

∥∇fn −∇f∥2 =
(

1

N

∑
n

∥∇fn∥2
)
− ∥∇f∥2

≤ (B2 − 1)∥∇f∥2.

Thus, to finish we expand the last term in Equation (B.8),

∥∥∇f(xk+1)− gk
∥∥2 =∥∥∇f(xk+1)

∥∥2 + ∥∥gk∥∥2
− 2

〈
∇f(xk+1), gk

〉
,
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and apply Lemma B.1 to bound the inner product term. This gives us

∥∥∇f(xk+1)− gk
∥∥2 ≤ (∥∥∇f(xk+1)

∥∥2 − ∥∥∇f(xk)∥∥2)
+
(∥∥∇f(xk)∥∥2 − 2

〈
∇f(xk), gk

〉
+
∥∥gk∥∥2)

+ 2γL
∥∥gk∥∥2

The middle term is
∥∥∇f(xk)− gk∥∥2 = ∥∥ek∥∥2, so plugging this back into our main inequality

gives the lemma.

Lemma B.3. Let f : Rd → R be an L-smooth function with a lower bound f ⋆. Then, for any

x ∈ Rd,

∥∇f(x)∥2 ≤ 2L (f(x)− f ⋆) .

Proof. By Assumption 4.4, for any y, we have

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2
∥y − x∥2.

We choose y = x− 1
L
∇f(x), and obtain

f (y) ≤ f(x)− 1

2L
∥∇f(x)∥2.

Since f(y) ≥ f ⋆, we re-arrange and obtain the result.

Theorem 4.7. [CAFe + DGD Convergence] Under Assumptions 4.4 and 4.5, with a learning

rate satisfying Equation (4.7) and ωB2 < 1, CAFe with DGD satisfies

1

K

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ 2(f(x0)− f ⋆)

γK
· 1− ω
1− ωB2

. (4.8)
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Proof. First, we define a Lyapunov function to capture both the function value and the

compression error. Let

Ψk := E
[
f(xk) +

γ

2 (1− ω)
∥∥ek∥∥2] . (B.9)

Our goal is to show that Ψk+1 ≤ Ψk − (progress term). We will combine the descent lemma

(Equation (B.5)) and the compression error bound from Lemma B.2. We start with the

expectation of the descent lemma (Equation (B.4))

E
[
f(xk+1)

]
≤E

[
f(xk)

]
− γ

2
E
[∥∥∇f(xk)∥∥2]

+
γ

2
E
[∥∥ek∥∥2]

−
(

1

2γ
− L

2

)
E
[∥∥xk+1 − xk

∥∥2]

and γ
2(1−ω)

· E [Lemma B.2], which yields

γE
[∥∥ek+1

∥∥2]
2(1− ω) ≤

γωE
[∥∥ek∥∥2]

2(1− ω)

+
γω

2(1− ω)E
[
B2
∥∥∇fk+1

∥∥2 − ∥∥∇fk
∥∥2]

+
γ2ωL

1− ωE
[∥∥gk∥∥2] .
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Summing these two inequalities gives

Ψk+1 ≤

E
[
f(xk)

]
+
γωE

[∥∥ek∥∥2]
2(1− ω) +

γ

2
E
[∥∥ek∥∥2]


︸ ︷︷ ︸

=Ψk

+

(
−γ
2
E
[∥∥∇fk

∥∥2]− γω

2(1− ω)E
[∥∥∇fk

∥∥2])︸ ︷︷ ︸
=− γ

2(1−ω)
E
[
∥∇fk∥2

]
−
(

1

2γ
− L

2
− γωL

1− ω

)
E
[∥∥xk+1 − xk

∥∥2]︸ ︷︷ ︸
≤0 by Equation (4.7)

+
γωB2

2(1− ω)E
[∥∥∇f(xk+1)

∥∥2] .
The Ψk term simplifies because γω

2(1−ω)
+γ

2
= γ

2(1−ω)
. The

∥∥∇fk
∥∥2 term simplifies to−γ(1−ω)+γω

2(1−ω)
=

− γ
2(1−ω)

. The
∥∥xk+1 − xk

∥∥2 term is negative due to Equation (4.7), so we can drop it. Thus,

Ψk+1 ≤ Ψk − γ

2(1− ω)E
[∥∥∇f(xk)∥∥2]

+
γωB2

2(1− ω)E
[∥∥∇f(xk+1)

∥∥2] .
Given that ωB2 < 1, this almost gives us our desired Lyapunov decrease. We have taken

the liberty of calling Ψk the Lyapunov function, but it does not strictly decrease due to the

last term, which depends on the next iterate xk+1, instead of xk. We will handle the extra

term by first telescoping the recursion from k = 0 to K − 1,

ΨK ≤ Ψ0 − γ

2(1− ω)
K−1∑
k=0

E
[∥∥∇f(xk)∥∥2]

+
γωB2

2(1− ω)
K−1∑
k=0

E
[∥∥∇f(xk+1)

∥∥2] .

162



Given Ψ0 = f(x0), since e0 = 0, and ΨK ≥ f(xK), we obtain

f(xK) ≤ f(x0)− γ(1− ωB2)

2(1− ω)
K−1∑
k=0

E
[∥∥∇f(xk)∥∥2]

+
γωB2

2(1− ω)E
[∥∥∇f(xK)∥∥2] ,

where we have dropped a negative ∥∇f(x0)∥2 term. Next, we use Lemma B.3 to bound the

E
[∥∥∇f(xK)∥∥2] term,

γ(1− ωB2)

2(1− ω)
K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤

f(x0) +
γωB2

2(1− ω)2L
(
f(xK)− f ⋆

)
− f(xK).

To obtain the theorem statement, it suffices to show that

γωB2

2(1− ω)2L
(
f(xK)− f ⋆

)
− f(xK) ≤ −f ⋆, (B.10)

which holds if

γωB2

1− ωL < 1. (B.11)

Notice that this is equivalent to Equation (4.7), given that ωB2 < 1. Thus, we have com-

pleted the proof.

B.2.3 Proof of Theorem 4.9 (CAFe-S)

Theorem 4.9. [CAFe-S + DGD Convergence] Under Assumptions 4.4, 4.5 and 4.8, with a

learning rate γ ≤ 1
L
, and a compression parameter ω such that ωG2B2 < 1, CAFe-S with DGD
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satisfies

1

K

K−1∑
k=0

E
[∥∥∇f(xk)∥∥2] ≤ 2(f(x0)− f ⋆)

γK(1− ωG2B2)
. (4.10)

Proof. This proof follows the same structure as the DCGD proof. For CAFe-S, clients compress

the difference ∆k
n −∆k

c . The error is ekn = C
(
∆k

n −∆k
c

)
− (∆k

n −∆k
c ).

E
[∥∥ek∥∥2] ≤ 1

N

∑
n

E
[∥∥êkn∥∥2] (by Jensen’s)

=
1

Nγ2

∑
n

E
[∥∥ekn∥∥2]

≤ ω

Nγ2

∑
n

E
[∥∥∆k

n −∆k
c

∥∥2] (by Equation (4.2))

= ω
1

N

∑
n

E
[∥∥∇fn(xk)−∇fs(xk)∥∥2]

≤ ωG2 1

N

∑
n

E
[∥∥∇fn(xk)∥∥2] (by Assumption 4.8)

≤ ωG2B2E
[∥∥∇f(xk)∥∥2] . (by Assumption 4.5)

Now, notice that this error bound has the exact same form as the DCGD error bound, with

the constant ωB2 simply replaced by ωG2B2. The remainder of the proof (telescoping the

sum and re-arranging) is identical to the proof for Theorem 4.6.
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Appendix C

Supporting Material for Chapter 6

C.1 Appendix Roadmap and Notation

The appendices collect the inequalities, coin-betting reductions, compressed-tracking esti-

mates, and potential-specific tail calculations used in Section 6.6. They are organized in

the same order as the main proof: scalar and Hilbert-space coin betting, shared compressed-

gossip recurrences, expected compressed network dynamics, the regret decomposition, the

KT and shifted-exponential specializations, and the final prediction-disagreement details.

We also include a pathwise regret guarantee in Appendix C.8, which is not needed for the

expected-regret theorem but may be of independent interest. For the closed-form corollaries,

we use the following quadratic-exponential envelope:

Φτ,κ(θ) = θ

√
τ log

(
1 +

τθ2

κ2

)
− κ. (C.1)
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Table C.1: Frequently used notation.

Symbol Definition

N,T,H Number of agents, horizon, real Hilbert space

W,ρ, µ Symmetric gossip matrix, zero-mean contraction factor ρ, spectral gap µ =
1− ρ

ℓn,t, gn,t Local convex loss and subgradient

ℓ̄t, R
net
T Network loss (6.2) and network regret (6.1)

Ft, ε Coin-betting potential and initial endowment

βt, ht,Bett Betting fraction, scalar bet, and lifted Hilbert-space prediction

C, αstoch Compressor and mean-square residual coefficient

Gn,t, Ĝn,t Clean state and compressed tracker at agent n

J, P⊥, ∥·∥2,H Consensus projection, centered projection P⊥ = I−J , and product network
norm ∥Z∥2,H = (

∑
n ∥Zn∥2)1/2

q(t), Q(s, t) Number of compressed gossip substeps and Q(s, t) =
∑t−1

r=s q(r)

γ, χ, η, η̄ Consensus step size, Lyapunov weight χ = µ/4, generic contraction rate η,
and expected rate η̄

F ∗
T ,Φτ,κ Restricted Fenchel conjugate (6.15) and quadratic-exponential enve-

lope (C.1)

ΨKT
T ,ΨSE

T KT and shifted-exponential envelope specializations

For the two concrete potentials, set

ΨKT
T (θ) = Φ2(T+1), ε/(e

√
πT )(θ),

ΨSE
T (θ) = ΦT+1, ε/

√
T+1(θ).

We will need the following facts.

Lemma C.1 (Subgradient Regret Inequality). If g ∈ ∂f(x), then for every comparator u,

f(x)− f(u) ≤ ⟨g, x− u⟩.

Proof. By the definition of subgradient, for every y,

f(y) ≥ f(x) + ⟨g, y − x⟩.
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Substitute y = u and rearrange:

f(x)− f(u) ≤ −⟨g, u− x⟩ = ⟨g, x− u⟩.

Lemma C.2 (Subgradient Norm Bound). If f is 1-Lipschitz and g ∈ ∂f(x), then ∥g∥ ≤ 1.

Proof. Suppose, toward a contradiction, that ∥g∥ > 1. Let τ = 1/ ∥g∥ > 0, so that ∥τg∥ = 1.

Lipschitzness gives

f(x+ τg)− f(x) ≤ ∥τg∥ = 1.

Using the subgradient inequality at y = x+ τg gives

f(x+ τg)− f(x) ≥ ⟨g, τg⟩ = τ ∥g∥2 = ∥g∥ > 1,

a contradiction.

C.2 Coin-Betting Reductions

Let P = {Ft} be a coin-betting potential and ht(x) = βt(x)Ft−1(x). For a scalar coin

sequence ct ∈ [−1, 1], define St =
∑t−1

s=0 cs.

Lemma C.3 (Betting Fraction Is Bounded). Whenever Ft(x+ 1) > 0 and Ft(x− 1) > 0,

|βt(x)| ≤ 1.
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Proof. Set a = Ft(x+ 1) and b = Ft(x− 1). Since a, b > 0,

|βt(x)| =
∣∣∣∣a− ba+ b

∣∣∣∣ = |a− b|a+ b
≤ a+ b

a+ b
= 1.

Lemma C.4 (Wealth Lower-Bounds the Potential). For any T ≥ 0,

ε

T−1∏
t=0

(1 + ctβt+1(St)) ≥ FT (ST ).

Proof. We argue by induction on T . For T = 0, S0 = 0 and the claim is F0(0) = ε. Assume

the claim at time T . Since |cT | ≤ 1 and |ST | ≤ T (by the triangle inequality), the potential

inequality with time T + 1, state ST , and coin cT gives

(1 + cTβT+1(ST ))FT (ST )

≥ FT+1(ST + cT ) = FT+1(ST+1).

The factor 1+ cTβT+1(ST ) is nonnegative by Lemma C.3. Multiplying the induction hypoth-

esis by this factor gives the claim at T + 1.

Lemma C.5 (Reward Telescoping). For every T ≥ 0,

T−1∑
t=0

ctht+1(St) ≥ FT (ST )− ε. (C.2)

Proof. The defining potential inequality implies the one-step reward bound

ctht+1(St) ≥ Ft+1(St + ct)− Ft(St) = Ft+1(St+1)− Ft(St).
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Indeed, expanding ht+1 in the inequality

(1 + ctβt+1(St))Ft(St) ≥ Ft+1(St + ct)

and moving Ft(St) to the right gives exactly the one-step bound. Summing from t = 0 to

T − 1 telescopes:

T−1∑
t=0

(Ft+1(St+1)− Ft(St))

= FT (ST )− F0(S0) = FT (ST )− ε.

Lemma C.6 (Quadratic-Exponential Fenchel Envelope). Let τ, κ > 0 and x, y ≥ 0. Then,

xy − κ exp
(
x2

2τ

)
≤ y

√
τ log

(
1 +

τy2

κ2

)
− κ.

Proof. Set

a =
y
√
τ

κ
, v =

x√
τ
, r =

√
log(1 + a2).

It suffices to prove

av − exp(v2/2) ≤ ar − 1.

If v ≤ r, then av ≤ ar and exp(v2/2) ≥ 1. If v > r, write d = v − r ≥ 0. The inequality

q log q ≥ q − 1 for q ≥ 1, applied to q = 1 + a2, gives a ≤ r exp(r2/2). Together with

exp z ≥ 1 + z and r2/2 + rd ≤ v2/2, this yields exp(v2/2) ≥ 1 + ad, which is equivalent to

the desired bound.
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Lemma C.7 (Concrete Terminal Conjugate Envelopes). For every integer T ≥ 1 and every

θ ≥ 0, the KT and shifted-exponential terminal conjugates satisfy

(FKT
T )

∗
(θ) ≤ ΨKT

T (θ), (F SE
T )

∗
(θ) ≤ ΨSE

T (θ).

Proof. For the shifted-exponential potential, the bound follows directly from Lemma C.6

with τ = T + 1 and κ = ε/
√
T + 1.

For the KT potential, one can show using standard Gamma properties, that on 0 ≤ s ≤ T ,

FKT
T (s) ≥ ε

e
√
πT

exp

(
s2

4(T + 1)

)
.

Applying Lemma C.6 with τ = 2(T + 1) and κ = ε/(e
√
πT ) gives the KT envelope.

Theorem C.8 (One-Dimensional Coin-Betting Regret). Suppose the restricted conjugate (6.15)

is finite. Then, for every θ ≥ 0 and every T ≥ 1,

θST −
T−1∑
t=0

ctht+1(St) ≤ F ∗
T (θ) + ε. (C.3)

Proof. By Lemma C.5,

−
T−1∑
t=0

ctht+1(St) ≤ −FT (ST ) + ε.

Since |ST | ≤ T and the potential is even,

θST − FT (ST ) ≤ θ|ST | − FT (|ST |) ≤ F ∗
T (θ).

Combining this with the telescoping inequality proves the claim.

The following is the only place where excellence enters the proof. Once this radial bound is
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available, the decentralized and scalar reductions use only the ordinary coin-betting potential

and the stated Lipschitz estimates.

Theorem C.9 (Radial Hilbert-Space Coin-Betting Regret). Let H be a real Hilbert space

and let ct ∈ H satisfy ∥ct∥ ≤ 1. Put St =
∑t−1

s=0 cs and predict yt = Bett+1(St) using (6.10).

If P is excellent in the square-root sense and has finite restricted conjugates, then for every

u ∈ H and every integer T ≥ 1,

T−1∑
t=0

(⟨u, ct⟩ − ⟨ct, yt⟩) ≤ F ∗
T (∥u∥) + ε.

Proof. The lifted betting map is radial:

Bett(G) =
ht(∥G∥)
∥G∥ G (G ̸= 0).

The square-root convexity condition is used only to compare squared norms. When St ̸= 0,

set r = ∥St∥ and ζ = ⟨ct, St⟩/r. Then, |ζ| ≤ 1, and

∥St + ct∥2 ≤
1 + ζ

2
(r + 1)2 +

1− ζ
2

(r − 1)2.

Convexity of z 7→ Ft+1(
√
z) and the scalar coin-betting inequality at r therefore give the

one-step reward inequality

⟨ct,Bett+1(St)⟩ ≥ Ft+1(∥St + ct∥)− Ft(∥St∥).

The case St = 0 follows directly from the same scalar inequality and evenness of the potential.

Summing over t telescopes results in a cumulative reward that is at least FT (∥ST∥)−ε. Since

∥ST∥ ≤ T , the same Fenchel-conjugate argument as in the scalar theorem, now with θ = ∥u∥

and ⟨u, ST ⟩ ≤ ∥u∥ ∥ST∥, yields the bound.
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C.3 Network Dynamics

We next record the deterministic tracking estimates used by DECO-EF.

Lemma C.10 (Average State Tracks the Average Cumulative Gradient). For every run and

every t,

1

N

N∑
n=1

Gn,t =
t−1∑
s=0

1

N

N∑
n=1

(−gn,s).

Proof. At t = 0 both sides are zero. Suppose the identity holds at time t. The local

movement forms Gt + δt, where δn,t = −gn,t. Each compressed gossip substep changes G by

γ
∑
j

Wnj(Ẑj − Ẑn).

Summing this correction over n gives zero by the row and column stochasticity of W . Hence,

every compressed gossip substep preserves the network average of G. Thus, the average at

time t+ 1 is the previous average plus 1
N

∑
n(−gn,t), proving the induction step.

Lemma C.11 (Lyapunov Tail Unrolling). Let q : N → N, P ≥ 0, and η ≥ 0. Define

Q(s, t) =
∑t−1

r=s q(r). If a0 = 0 and

at+1 ≤ ηq(t)(at + P )

for every t, then

at ≤ P
∑
s<t

ηQ(s,t)

for every t.

Proof. The claim is immediate at t = 0. For the induction step, use Q(s, t+1) = Q(s, t)+q(t)
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for s < t and Q(t, t+ 1) = q(t):

at+1 ≤ ηq(t)

(
P
∑
s<t

ηQ(s,t) + P

)

= P
∑
s<t

ηQ(s,t+1) + PηQ(t,t+1) = P
∑
s<t+1

ηQ(s,t+1).

Lemma C.12 (Raw Compressed-Gossip Recurrences). Let W be a valid gossip matrix for a

connected communication graph, and let L = I −W . Suppose the Hilbert lift of W contracts

the zero-mean subspace by 0 ≤ ρ < 1, and put µ = 1− ρ. Fix one compressed gossip substep

with 0 < γ ≤ 1. Define

ek = Zk − Ẑk, mk = C(ωk, ek), rk = ek −mk,

and let

Dk =
∥∥P⊥Z

k
∥∥
2,H , Ek =

∥∥ek∥∥
2,H .

Then the inner-loop update satisfies

Dk+1 ≤ (1− γµ)Dk + 2γ
∥∥rk∥∥

2,H , (C.4)

Ek+1 ≤ 2γDk + (1 + 2γ)
∥∥rk∥∥

2,H . (C.5)

Proof. Because W is doubly stochastic, LJ = 0, so LZ = LP⊥Z. The product-ℓ2 nonexpan-

siveness of W gives ∥LU∥2,H ≤ 2 ∥U∥2,H for every network vector U . The tracker update

gives

Ẑk+1 = Ẑk +mk = Zk − rk.
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The clean-state update is

Zk+1 = Zk − γLẐk+1 = (I − γL)Zk + γLrk.

Using I − γL = (1− γ)I + γW , the zero-mean contraction for 0 < γ ≤ 1 gives

∥(I − γL)v∥2,H ≤ (1− γ + γρ) ∥v∥2,H = (1− γµ) ∥v∥2,H

whenever v is mean zero. Since
∥∥Lrk∥∥

2,H ≤ 2
∥∥rk∥∥

2,H, this yields Equation (C.4). Also,

Zk+1 − Ẑk+1 = rk − γL(Zk − rk).

Using LZk = LP⊥Zk and ∥LU∥2,H ≤ 2 ∥U∥2,H gives Equation (C.5).

Theorem C.13 (Expected Compressed Tracker Contraction). LetW be a valid gossip matrix

for a connected communication graph. Let 0 ≤ ρ < 1 be the resulting product-ℓ2 zero-mean

contraction factor. Its Hilbert lift satisfies

∥WZ∥2,H ≤ ∥Z∥2,H ,

∥WZ∥2,H ≤ ρ ∥Z∥2,H for zero-mean Z, 0 ≤ ρ < 1.

Put

µ = 1− ρ, σ̄ =
√
αstoch.

Assume

0 < γ ≤ min

1,
1− σ̄

2σ̄
(
1 + 4

µ

)
+ µ

2

 .
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Let

χ =
µ

4
, η̄ = 1− γµ

2
.

For one compressed gossip substep, use Dk and Ek from Equation (6.24) and define

V k = Dk + χEk. (C.6)

Suppose the compressor randomness is fresh conditionally on the current payloads, so that

E
[∥∥rk∥∥

2,H | Z
k, Ẑk

]
≤
√
αstoch

∥∥ek∥∥
2,H .

Then one step satisfies

E
[
V k+1 | Zk, Ẑk

]
≤ η̄V k.

Proof. Apply the raw recurrences in Lemma C.12 to the current inner-loop substep. The

mean-square compressor condition gives the stated vector residual estimate. Indeed, condi-

tionally on ek,

E
[∥∥rk∥∥2

2,H | Z
k, Ẑk

]
=
∑
n

E
∥∥rkn∥∥2 ≤ αstoch

∥∥ek∥∥2
2,H ,

and Jensen’s inequality gives

E
[∥∥rk∥∥

2,H | Z
k, Ẑk

]
≤ σ̄Ek.
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Taking conditional expectations in Equations (C.4) and (C.5) gives

E[Dk+1 | Zk, Ẑk] ≤ (1− γµ)Dk + 2γσ̄Ek, (C.7)

E[Ek+1 | Zk, Ẑk] ≤ 2γDk + σ̄(1 + 2γ)Ek. (C.8)

Combining these recurrences with V k = Dk + χEk,

E[V k+1 | Zk, Ẑk] ≤ (1− γµ+ 2χγ)Dk

+ (2γσ̄ + χσ̄(1 + 2γ))Ek.

By the choice χ = µ/4, the Dk coefficient is 1 − γµ/2 = η̄. The imposed condition on γ is

exactly the condition that

2γσ̄ + χσ̄(1 + 2γ) ≤ χη̄.

After dividing by χ, this requirement is equivalent to

γ

[
2σ̄

(
1 +

4

µ

)
+
µ

2

]
≤ 1− σ̄.

Hence

E[V k+1 | Zk, Ẑk] ≤ η̄V k, 0 < η̄ < 1. (C.9)

Lemma C.14 (Expected One-Round Lyapunov Recurrence). Under the hypotheses of Theo-

rem C.13, let Ft be the history before the compressor randomness in round t, and let Vt be
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the outer-round Lyapunov quantity. Then,

E[Vt+1 | Ft] ≤ η̄q(t)
(
Vt + (2 + χ)

√
N
)
.

Proof. At the start of round t,

Z0
t = Gt + δt, Ẑ0

t = Ĝt, δn,t = −gn,t.

Because every loss is 1-Lipschitz, ∥δt∥2,H ≤
√
N . The disagreement part of the Lyapunov

function increases by at most 2
√
N , while the tracking part increases by at most

√
N . Hence,

after the local movement,

V 0
t ≤ Vt + (2 + χ)

√
N.

After this movement, apply Theorem C.13 to each inner gossip substep. The freshness

assumption makes the next compressor seed conditionally independent of the past given the

current payload, so the tower property iterates the conditional contraction q(t) times.

Lemma C.15 (Expected Compressed State-Disagreement Unrolling). Under the expected hy-

potheses, with Q(s, t) =
∑t−1

r=s q(r),

E
1

N

N∑
n=1

∥∥Gn,t − Ḡt

∥∥ ≤ (2 + χ)
√
N
∑
s<t

η̄Q(s,t).

Proof. Let at = EVt and P = (2 + χ)
√
N . Taking expectation in Lemma C.14 gives

at+1 ≤ η̄q(t)(at + P ), a0 = 0.
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The unrolling in Lemma C.11 applies to this scalar recurrence. Finally,

1

N

∑
n

∥∥Gn,t − Ḡt

∥∥ ≤ ∥P⊥Gt∥2,H ≤ Vt

for every realization, so the same bound holds after expectation.

C.4 Disagreement and Network Regret

The regret proof separates the centralized radial coin-betting term from the disagreement

induced by nonidentical agent predictions. The regret assembly uses the global-loss compar-

ison in Lemma C.27 directly. The following summation lemma is the shared tail estimate

used by both potentials.

Lemma C.16 (Square-Root Disagreement Criterion). Let L(t) be a bound on the prediction-

map Lipschitz constant at time t, and define

Q(s, t) =
t−1∑
r=s

q(r).

If, for all t ≥ 1,

L(t)
∑
s<t

ηQ(s,t) ≤ Clip√
t
,

then

2
√
N

T∑
t=1

L(t)
∑
s<t

ηQ(s,t) ≤ 4Clip

√
N
√
T .

Proof. Apply the assumed pointwise bound term by term:

2
√
N

T∑
t=1

L(t)
∑
s<t

ηQ(s,t) ≤ 2Clip

√
N

T∑
t=1

1√
t
.
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The integral comparison

T∑
t=1

1√
t
≤ 1 +

∫ T

1

x−1/2 dx ≤ 2
√
T

gives the result.

Theorem C.17 (General Network Regret Template). Let

ḡt =
1

N

N∑
n=1

gn,t, Ḡt =
1

N

N∑
n=1

Gn,t, yt = Bett+1(Ḡt).

Suppose the centralized radial coin-betting term satisfies

T−1∑
t=0

⟨ḡt, yt − u⟩ ≤ F ∗
T (∥u∥) + ε

for every u and every integer T ≥ 1. Suppose also that

T−1∑
t=0

1

N

N∑
n=1

∥xn,t − yt∥ ≤ Cnet

√
T .

Then, for every u ∈ H and every integer T ≥ 1,

Rnet
T (u) ≤ F ∗

T (∥u∥) + ε+ 3Cnet

√
T .

Proof. The Hilbert-space global-loss comparison in Lemma C.27 gives, round by round,

1

N

N∑
n=1

ℓ̄t(xn,t)− ℓ̄t(u) ≤ ⟨ḡt, yt − u⟩+
3

N

N∑
n=1

∥xn,t − yt∥ .

Summing over t and applying the two assumed bounds gives the desired exact conjugate

plus disagreement bound.
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Lemma C.18 (Radial Prediction Lipschitz Envelope). Let H(G) = 0 for G = 0 and H(G) =

h(∥G∥)G/ ∥G∥ otherwise. Suppose that on 0 ≤ r ≤ R the scalar profile satisfies

|h′(r)| ≤ A, |h(r)|/r ≤ A (r > 0).

Then H is A-Lipschitz on the closed ball {G : ∥G∥ ≤ R}. Consequently H ◦ clipR is also

A-Lipschitz on all of H.

Proof. Away from the origin, the derivative of the radial map has radial eigenvalue h′(r)

and tangential eigenvalues h(r)/r. The expressions therefore bound the operator norm of

the derivative by A. Continuity at the origin follows from |h(r)| ≤ Ar. Integrating the

derivative along the line segment between two points in the ball gives the Lipschitz bound.

The clipping map is the metric projection onto a closed Hilbert ball, hence is 1-Lipschitz, so

composition with clipR preserves the same envelope.

C.5 KT Specialization

For the KT potential, the regret proof uses the following auxiliary facts.

Lemma C.19 (KT Square-Root Convexity). For the KT potential and every 0 < R < t+ 1,

the map

z 7→ FKT
t (
√
z)

is convex on [0, R2].

The proof follows from the standard KT excellence calculation from the Orabona-Pal coin-

betting paper [94], translated to the square-root convexity formulation of Definition 6.2.
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Lemma C.20 (KT Zero Stirling Lower Bound). For every T ≥ 1,

FKT
T (0) ≥ ε

e
√
πT

.

Proof. At the origin the Gamma recurrence gives the exact two-step relation

FKT
t+2(0) = FKT

t (0)
t+ 1

t+ 2
.

The base cases t = 1, 2 satisfy the lower bound directly. The inequality

t+ 1

t+ 2
· 1√

t
≥ 1√

t+ 2

then propagates the 1/
√
t envelope separately along the odd and even subsequences.

Lemma C.21 (KT Prediction Lipschitz Envelope). Let BKT
t (G) = BetKT

t+1(clipt(G)). For

every t ≥ 1,

∥∥BKT
t (a)−BKT

t (b)
∥∥ ≤ CKT

⋆ (ε)
2t log(t+ 2)√

t+ 1
∥a− b∥ ,

where CKT
⋆ (ε) = (ε+ 1)(1 + 2/ log 2) + 1.

Proof. On the radius-t ball, the KT radial profile is hKT
t+1(r) = βKT

t+1(r)F
KT
t (r). The identity

βKT
t+1(r) = r/(t+1), the Gamma recurrence, and the elementary digamma bound ψ(x+1)−

ψ(x) ≤ 1/x give the two scalar estimates

|(hKT
t+1)

′(r)| ≤ CKT
⋆ (ε)

2t log(t+ 2)√
t+ 1

,

|hKT
t+1(r)|/r ≤ CKT

⋆ (ε)
2t log(t+ 2)√

t+ 1

(0 < r ≤ t).

Applying Lemma C.18 gives this envelope for the radial map on the ball, and the projection
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clipt is 1-Lipschitz. Hence the clipped prediction map has the same envelope.

Lemma C.22 (Linear KT Gossip Schedule). Fix a rate 0 < η < 1 and endowment ε > 0.

Define

CKT
⋆ (ε) = (ε+ 1)

(
1 +

2

log 2

)
+ 1.

If q(t) = ⌈ct⌉ and c ≥ −2 log 2/ log η, then the KT disagreement sum is O(
√
T ):

2
√
N

T∑
t=1

(
CKT

⋆ (ε)
2t log(t+ 2)√

t+ 1

)∑
s<t

ηQ(s,t)

≤ 48CKT
⋆ (ε)

√
N
√
T

for every T ≥ 1.

Proof. Lemma C.21 gives a clipped prediction envelope with scalar part

CKT
⋆ (ε)

2t log(t+ 2)√
t+ 1

.

For the linear schedule,

Q(s, t) =
t−1∑
r=s

⌈cr⌉ ≥ c(t− 1) (s < t).

Since 0 < η < 1, larger exponents make ηQ(s,t) smaller. The condition c ≥ −2 log 2/ log η

ensures that the exponential decay from ηQ(s,t) cancels the 2t factor in LKT(t) uniformly

enough that

CKT
⋆ (ε)

2t log(t+ 2)√
t+ 1

∑
s<t

ηQ(s,t) ≤ 12CKT
⋆ (ε)√
t

.

Applying Lemma C.16 gives the 48CKT
⋆ (ε)

√
N
√
T bound.
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Theorem C.23 (Expected KT Network Regret from Compressed Disagreement). Let DECO-

EF run over a real Hilbert space H with KT potential. Assume the expected compressed-gossip

hypotheses of Theorem C.13, put µ = 1− ρ, χ = µ/4, and η̄ = 1− γµ/2, and let q(t) = ⌈ct⌉,

where c ≥ −2 log 2/ log η̄. Define

CKT
⋆ (ε) = (ε+ 1)

(
1 +

2

log 2

)
+ 1,

CKT
net = (2 + χ) 24CKT

⋆ (ε)
√
N.

Then, for all u ∈ H and all integers T ≥ 1,

ERnet
T (u) ≤ ΨKT

T (∥u∥) + ε+ 3CKT
net

√
T .

Proof. Work with the fixed γ from the statement and the corresponding compressed effective

rate η̄. The proof takes the global-loss route detailed in Appendix C.7: compare every

local prediction to the centralized KT prediction at the network-average state, bound the

centralized term by radial Hilbert-space coin betting on the averaged gradients, and use

Theorem C.28 for the decentralized correction. The tail estimate in Lemma C.22 supplies

the schedule bookkeeping at rate η̄. The final step upper-bounds the exact KT terminal

conjugate by ΨKT
T and adds the prediction-disagreement penalty.

C.6 Shifted-Exponential Specialization

The shifted-exponential potential (6.14) uses the same route. Its verification as an excellent

coin-betting potential is the exponential-potential calculation of [94] with the time index

shifted by one. Its betting fraction is

βSE
t (x) = tanh

(
x

t+ 1

)
.
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Lemma C.24 (Shifted-Exponential Prediction Lipschitz Envelope). Let BSE
t (G) = BetSEt+1(clipt(G)).

For every t ≥ 1,

∥∥BSE
t (a)−BSE

t (b)
∥∥ ≤ (2ε+ 1)

exp(t/2)√
t+ 1

∥a− b∥ .

Proof. The shifted-exponential scalar profile is

hSEt+1(r) = tanh

(
r

t+ 2

)
ε√
t+ 1

exp

(
r2

2(t+ 1)

)
.

On 0 ≤ r ≤ t, the bounds tanhx ≤ x, (tanh x)′ ≤ 1, and exp(r2/(2(t+ 1))) ≤ exp(t/2) give

|(hSEt+1)
′(r)|, |hSEt+1(r)|/r ≤ (2ε+ 1)

exp(t/2)√
t+ 1

.

The radial Lipschitz lemma and nonexpansiveness of clipt give the desired constant.

Lemma C.25 (Linear Shifted-Exponential Gossip Schedule). Fix a rate 0 < η < 1 and

endowment ε > 0. Define

CSE
⋆ (ε) = 2ε+ 1.

If q(t) = ⌈ct⌉ and c ≥ −3/(2 log η), then the shifted-exponential disagreement sum is O(
√
T ):

2
√
N

T∑
t=1

(
CSE

⋆ (ε)
exp(t/2)√
t+ 1

)∑
s<t

ηQ(s,t)

≤ 4e3/2CSE
⋆ (ε)

√
N
√
T .

Proof. The shifted-exponential Lipschitz lemma gives a clipped prediction envelope with

scalar part

CSE
⋆ (ε)

exp(t/2)√
t+ 1

.
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The same lower bound Q(s, t) ≥ c(t− 1) for the linear schedule gives

∑
s<t

ηQ(s,t) ≤ t exp

(
−3

2
(t− 1)

)
.

Thus

CSE
⋆ (ε)

exp(t/2)√
t+ 1

∑
s<t

ηQ(s,t) ≤ e3/2CSE
⋆ (ε)√
t

,

and Lemma C.16 yields the desired constant.

Theorem C.26 (Expected Shifted-Exponential Network Regret). Let DECO-EF run over a

real Hilbert space H with the shifted-exponential potential. Assume the expected compressed-

gossip hypotheses of Theorem C.13, define µ = 1 − ρ, χ = µ/4, and η̄ = 1 − γµ/2, and let

q(t) = ⌈ct⌉ with c ≥ −3/(2 log η̄). Define

CSE
⋆ (ε) = 2ε+ 1, CSE

net = (2 + χ) 2e3/2CSE
⋆ (ε)

√
N.

Then, for all u ∈ H and all integers T ≥ 1,

ERnet
T (u) ≤ ΨSE

T (∥u∥) + ε+ 3CSE
net

√
T .

Proof. Apply the generic network regret template Theorem C.17. The centralized term is

controlled by Theorem C.9, and the closed-form terminal envelope follows from Lemma C.7.

The decentralized term is Theorem C.29, whose constant is supplied by Lemma C.25.
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C.7 Global-Loss and Prediction-Disagreement Details

Lemma C.27 (Global-Loss Comparison Through a Centralized Prediction). Let ℓ̄t be the

network loss from Equation (6.2), and define

ḡt =
1

N

N∑
m=1

gm,t.

Assume each ℓm,t is convex and 1-Lipschitz on H, and gm,t ∈ ∂ℓm,t(xm,t). Then for every

reference point yt ∈ H and every comparator u ∈ H,

1

N

N∑
n=1

ℓ̄t(xn,t)− ℓ̄t(u) ≤ ⟨ḡt, yt − u⟩+
3

N

N∑
n=1

∥xn,t − yt∥ .

Proof. Since ℓ̄t is an average of 1-Lipschitz functions, it is also 1-Lipschitz. Hence

1

N

N∑
n=1

ℓ̄t(xn,t)− ℓ̄t(u) ≤ ℓ̄t(yt)− ℓ̄t(u) +
1

N

N∑
n=1

∥xn,t − yt∥ .

It remains to control ℓ̄t(yt)− ℓ̄t(u). For each agent m, insert and subtract ℓm,t(xm,t):

ℓm,t(yt)− ℓm,t(u) = ℓm,t(xm,t)− ℓm,t(u)

+ ℓm,t(yt)− ℓm,t(xm,t).

By convexity at xm,t,

ℓm,t(xm,t)− ℓm,t(u) ≤ ⟨gm,t, xm,t − u⟩.

By 1-Lipschitzness,

ℓm,t(yt)− ℓm,t(xm,t) ≤ ∥yt − xm,t∥ .
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Therefore

ℓm,t(yt)− ℓm,t(u) ≤ ⟨gm,t, xm,t − u⟩+ ∥xm,t − yt∥ .

Now decompose

⟨gm,t, xm,t − u⟩ = ⟨gm,t, yt − u⟩+ ⟨gm,t, xm,t − yt⟩.

Since ℓm,t is 1-Lipschitz, ∥gm,t∥ ≤ 1. Hence, by the Cauchy Schwarz inequality,

⟨gm,t, xm,t − yt⟩ ≤ ∥xm,t − yt∥ .

Combining the last steps,

ℓm,t(yt)− ℓm,t(u) ≤ ⟨gm,t, yt − u⟩+ 2 ∥xm,t − yt∥ .

Averaging over m yields

ℓ̄t(yt)− ℓ̄t(u) ≤ ⟨ḡt, yt − u⟩+
2

N

N∑
m=1

∥xm,t − yt∥ .

Substituting this into the first step gives the claim.

Theorem C.28 (Expected Compressed KT Prediction Disagreement). Let DECO − EF

run over a real Hilbert space H with the KT potential. Assume the expected compressed-

gossip hypotheses of Theorem C.13, and let µ = 1− ρ, η̄ = 1− γµ
2
. Put χ = µ/4 and

CKT
⋆ (ε) = (ε+ 1)

(
1 +

2

log 2

)
+ 1,

CKT
net = (2 + χ) 24CKT

⋆ (ε)
√
N.
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Let q(t) = ⌈ct⌉ with

c ≥ −2 log 2

log η̄
.

Then

E
T−1∑
t=0

1

N

N∑
n=1

∥∥xn,t − BetKT
t+1(Ḡt)

∥∥ ≤ CKT
net

√
T .

Proof. Write

Ht(z) = BetKT
t+1(z), Bt(z) = Ht(clipt(z)).

The clipped map Bt is the prediction actually used by the agents, the clean state Gn,t itself

is not clipped before gossip. Let

AKT(t) = CKT
⋆ (ε)

2t log(t+ 2)√
t+ 1

.

By Lemma C.21, Bt is A
KT(t)-Lipschitz. Moreover, by Lemma C.10,

Ḡt =
t−1∑
s=0

(−ḡs), ∥ḡs∥ ≤ 1,

and therefore
∥∥Ḡt

∥∥ ≤ t. Hence clipt(Ḡt) = Ḡt. The t = 0 contribution is zero. For t ≥ 1,

E
1

N

N∑
n=1

∥∥Ht(clipt(Gn,t))−Ht(Ḡt)
∥∥

≤ AKT(t)E
1

N

N∑
n=1

∥∥Gn,t − Ḡt

∥∥
≤ (2 + χ)

√
N AKT(t)

∑
s<t

η̄Q(s,t)

by Lemma C.15. Summing over t = 1, . . . , T − 1 and enlarging to t ≤ T , the linear schedule
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estimate Lemma C.22 gives

2
√
N

T∑
t=1

AKT(t)
∑
s<t

η̄Q(s,t) ≤ 48CKT
⋆ (ε)

√
N
√
T .

Taking half of this estimate and multiplying by the state-unrolling factor 2+χ yields exactly

CKT
net

√
T .

Theorem C.29 (Expected Compressed Shifted-Exponential Prediction Disagreement). Let

DECO − EF run over a real Hilbert space H with the shifted-exponential potential. Assume

the expected compressed-gossip hypotheses of Theorem C.13, define µ = 1 − ρ, χ = µ/4,

η̄ = 1− γµ/2, and CSE
⋆ (ε) = 2ε+ 1. Put

CSE
net = (2 + χ) 2e3/2CSE

⋆ (ε)
√
N.

Let q(t) = ⌈ct⌉ with c ≥ −3/(2 log η̄). Then

E
T−1∑
t=0

1

N

N∑
n=1

∥∥BetSEt+1(clipt(Gn,t))− BetSEt+1(Ḡt)
∥∥

≤ CSE
net

√
T .

Proof. Set

ASE(t) = CSE
⋆ (ε)

exp(t/2)√
t+ 1

.

By Lemma C.24, the clipped shifted-exponential prediction map is ASE(t)-Lipschitz. As in

the KT case,
∥∥Ḡt

∥∥ ≤ t, so the centralized prediction is unclipped. For t ≥ 1, the state-
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disagreement unrolling gives

E
1

N

∑
n

∥∥BetSEt+1(clipt(Gn,t))− BetSEt+1(Ḡt)
∥∥

≤ (2 + χ)
√
N ASE(t)

·
∑
s<t

η̄Q(s,t).

The t = 0 contribution is zero. Summing and applying Lemma C.25 yields

(2 + χ) 2e3/2CSE
⋆ (ε)

√
N
√
T = CSE

net

√
T .

The expected network-regret theorem is obtained through the reusable template Theorem C.17:

combine Lemma C.27, the Hilbert coin-betting theorem, the terminal conjugate envelopes

from Lemma C.7, and one of the two expected prediction-disagreement theorems above.

C.8 Pathwise Network-Regret Add-On

Given the expected-regret analysis, we can also obtain worst-case, or pathwise, network-

regret bounds given a stronger pathwise condition on the compressor.

Definition C.30 (Pathwise Compressor Condition). The compressor satisfies a pathwise

residual bound if there is 0 ≤ αpath < 1 such that, for all ω ∈ Ω and all v ∈ H,

∥C(ω, v)− v∥2 ≤ αpath ∥v∥2 . (C.10)

Theorem C.31 (Pathwise Compressed-Message Network Regret). Let DECO-EF run over

a real Hilbert space H with either the KT potential (6.13) or the shifted-exponential poten-
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tial (6.14). Assume W is a valid gossip matrix for a connected communication graph, and let

ρ be the graph-derived product-ℓ2 zero-mean contraction factor satisfying 0 ≤ ρ < 1. Let the

compressor be as in Definition 6.1 and additionally satisfy Definition C.30 with parameter

0 ≤ αpath < 1. Put

µ = 1− ρ, σ =
√
αpath.

Choose

0 < γ ≤ min

1,
1− σ

2σ
(
1 + 4

µ

)
+ µ

2

 .

Define η = 1− γµ/2, and use a linear gossip schedule q(t) = ⌈ct⌉, where c ≥ −2 log 2/ log η

for KT and c ≥ −3/(2 log η) for the shifted-exponential potential. Put χ = µ/4 and

CKT
sched = 48

(
(ε+ 1)

(
1 +

2

log 2

)
+ 1

)
,

CSE
sched = 4e3/2(2ε+ 1).

For the chosen potential P ∈ {KT, SE}, let F ∗
T be its restricted terminal conjugate, with

CP
sched selecting the matching constant above, and set

CP
net = (2 + χ)

CP
sched

2

√
N, CP,path

reg = 3CP
net.

Then, for all comparators u ∈ H and all integers T ≥ 1,

Rnet
T (u) ≤ F ∗

T (∥u∥) + ε+ CP,path
reg

√
T . (C.11)

The constants are independent of u and T .

The proof is a straightforward pathwise adaptation of the expected-regret analysis.
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