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Abstrac t 

The lepresentation of ignorance is a long standing chal-
leng e fo r  researcher s i n probabilit y  an d decisio n the -
ory .  Durin g th e pas t  decade ,  Artificia l  Intelligenc e re -
searcher s hav e develope d a  clas s o f  reasonin g systems , 
calle d Trut h Maintenanc e Systems ,  whic h ar e abl e t o 
reaso n o n th e basi s o f  incomplet e information .  I n thi s 
paper  w e wil l  describ e a  ne w metho d fo r  dealin g wit h 
partiall y  specifie d probabilisti c  models ,  b y extendin g 
a logic-base d trut h maintenanc e metho d fro m Boolea n 
truth-value s t o probabilit y  intervals .  The n w e wil l  illus -
trat e ho w thi s metho d ca n b e use d t o represen t  Bayesi& n 
Belie f  Network s — on e o f  th e bes t  know n formalism s t o 
reaso n unde r  uncertaint y — thu s producin g a  ne w clas s 
of  Bayesia n Belie f  Networks ,  caUe d Ignoran t  Belie f  Net -
works ,  abl e t o reaso n o n th e basi s o f  partiall y  specifie d 
prio r  an d conditiona l  probabilities .  Finally ,  w e wil l  dis -
cuss ho w thi s ne w metho d relate s t o som e theoretica l 
intuition s an d empirica l  findings  i n decisio n theor y an d 
cognitiv e science . 

Introduction 

It  i s  wel l  know n tha t  classica l  Bayesia n probabilit y  the -
or y provide s a  normativ e theor y o f  rationa l  belief ,  bu t  i t 
fail s  t o provid e a n adequat e descriptiv e accoun t  o f  ho w 
human agent s actuall y behave .  Thi s tensio n betwee n it s 
normativ e an d it s descriptiv e character s arises ,  a t  leas t 
i n part ,  fro m th e inabilit y  t o distinguis h betwee n uncer -
taint y an d ignorance ,  sinc e i t  require s t o expres s i n a 
singl e numbe r  bot h th e belie f  abou t  a n even t  an d th e 
reliabilit y  o f  suc h a  belief .  Moreover ,  representin g un -
certaint y i n a  probabilisti c  framewor k require s a  larg e 
amount  o f  information :  th e amoun t  o f  probabilit y  esti -
mates neede d t o defin e a  complet e join t  probabilit y  dis -
tributio n grow s exponentiall y  wit h th e numbe r  o f  ele -
ments involve d i n th e distribution ,  an d thi s informatio n 
is no t  alway s available . 

Durin g th e pas t  decade .  Artificia l  Intelligenc e re -
searcher s hav e develope d a  clas s o f  reasonin g systems , 
calle d Trut h Maintenanc e System s (tmss )  (Forbu s an d 
de Kieer ,  1992) ,  whic h ar e abl e t o dea l  wit h partiall y 
specifie d knowledg e an d t o perfor m inference s i n th e 
growt h o f  information . 

Thi s pape r  describe s a  ne w metho d fo r  dealin g wit h 
partia l  informatio n i n probabilisti c  reasoning ,  b y extend -
in g t o interval s a  logic-base d trut h maintenanc e metho d 
calle d Booiea n Constrain t  Propagatio n (McAllester , 
1990) .  Thi s metho d wil l  allo w u s t o explicitl y  distin -

guis h betwee n uncertaint y an d ignorance .  Afte r  th e de -
scriptio n o f  som e o f  th e theoretica l  an d empirica l  mo -
tivation s behin d th e effor t  o f  representin g ignoranc e i n 
probabilisti c reasoning ,  w e wil l  outlin e thi s metho d an d 
the n w e wil l  sho w ho w i t  ca n b e use d t o represen t  a 
clas s o f  probabilisti c  reasonin g system s calle d Bayesia n 
Belie f  Network s (bbns )  (Pearl ,  1988) ,  thu s producin g a 
new clas s o f  bbn s calle d Ignorem t  Belie f  Network s (ibns) , 
abl e t o reaso n o n th e basi s o f  partiall y  specifie d prio r  jin d 
conditiona l  probabilities .  Finally ,  w e wil l  discus s ho w 
thi s ne w metho d relate s t o som e theoretica l  intuition s 
and empirica l  findings  i n decisio n theor y an d cognitiv e 
science . 

Background 

A fundamenta l  axio m o f  th e classica l  Bayesia n theor y 
assumes tha t  th e belief s o f  a  rationa l  agen t  ca n b e ex -
presse d b y a  singl e probabilit y  distribution .  Th e bes t 
known suppor t  fo r  thi s "singl e distribution "  assumptio n 
i s th e Dutc h Boo k Theorem ,  whic h state s tha t  i f  some -
body violate s thi s assumption ,  h e "coul d hav e a  boo k 
agains t  hi m b y a  cunnin g bettor ,  an d woul d the n stan d 
t o los e i n an y event "  (Ramsey ,  1931) .  Thi s theore m 
provide s th e classica l  Bayesia n theor y wit h a  normativ e 
character ,  b y provin g tha t  a  rationa l  agen t  shoul d behav e 
accordin g t o it s axioms ,  includin g th e "singl e distribu -
tion "  assumption . 

Theoretical Arguments 

Severa l  theoretica l  argument s hav e bee n addresse d 
agains t  th e assumptio n tha t  a  rationa l  agent' s belief s 
can b e expresse d b y a  singl e probabilit y  distribution .  A 
stron g argumen t  i s  that ,  unde r  thi s assumption ,  classica l 
Bayesia n theor y i s unabl e t o represen t  th e reliability ,  o r 
ambiguity ,  o f  th e availabl e information ,  bu t  nonetheles s 
thi s reliabilit y  affect s th e choice s o f  a  rationa l  agent . 

The mos t  famou s exampl e o f  thi s effec t  i s  a  well-know n 
parado x du e t o Danie l  EUsber g (l96l) .  Imagin e a n ur n 
containin g 3 0 re d ball s an d 6 0 ball s tha t  ca n b e eithe r 
blac k o r  yellow ,  i n unknow n proportion .  A  bal l  i s draw n 
at  rando m fro m th e urn .  Ellsber g describe s tw o choic e 
situations ,  eac h containin g tw o alternatives ,  summarize d 
i n Tabl e 1 .  I n th e first  situation ,  th e agen t  i s aske d t o 
choos e betwee n tw o alternatives :  i n th e first  alternativ e 
(I) ,  h e wil l  receiv e 10 0 i f  th e draw n bal l  i s re d an d noth -
in g i f  i t  i s  blac k o r  yellow ;  i n th e secon d cas e (II) ,  h e 
wil l  receiv e 10 0 i f  th e draw n bal l  i s re d an d nothin g oth -
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I 
I I 
111 
I V 

R ed 
30 
100 

0 
100 

0 

Blac k Yello w 
60 

0 
100 

0 
100 

0 
0 

100 
100 

Tabl e 1 :  Matri x fo r  EUsberg' s Parado x 

erwise .  Th e secon d choic e situatio n present s agai n tw o 
alternatives :  i n th e first  alternativ e (III) ,  th e agen t  wil l 
receiv e 10 0 i f  th e draw n bal l  i s  re d o r  yellow ,  an d nothin g 
i f  i t  i s  black ,  whil e i n th e secon d on e (IV) ,  h e wil l  receiv e 
100 i f  th e bal l  i s  blac k o r  yellow ,  an d nothin g otherwise . 

Ellsber g claim s tha t  th e intuitiv e respons e t o thes e de -
cisio n situation s i s tha t  I  i s  preferre d ove r  I I  an d I V i s 
preferre d ove r  III .  Thi s respons e violate s th e Sure-thin g 
Principle ,  whic h require s th e orderin g o f  I  t o I I  t o b e 
preserve d i n II I  an d IV ,  sinc e th e tw o pair s diffe r  onl y i n 
thei r  thir d column ,  constan t  fo r  eac h pair .  Ellsber g sug -
gest s tha t  thi s patter n o f  behavio r  i s du e t o th e qualit y 
of  availabl e information :  th e agen t  i s  sur e abou t  th e pro -
portio n o f  th e re d ball s i n th e urns ,  bu t  th e proportio n 
of  blac k ball s i s underconstraine d (i t  coul d b e anythin g 
betwee n zer o an d two-thirds) ,  thu s preventin g th e agen t 
t o rul e ou t  a  numbe r  o f  possibl e distributions . 

Severa l  author s (Good ,  1962 ;  Kyburg ,  1968 ;  D e m p -
ster ,  1967 ;  Schick ,  1979 )  hav e suggeste d tha t  thi s ambi -
guit y o r  ignoranc e abou t  th e reliabilit y o f  probabilisti c 
informatio n ca n b e represente d i n term s o f  probabilit y 
intervals .  Lev i  (1974 )  interpret s thes e interval s a s set s 
of  probabilit y  distributions .  T h e intuitio n behin d thi s 
theor y i s  tha t  eve n i f  a n agen t  canno t  choos e a  singl e 
probabilit y  distribution ,  hi s knowledg e ca n constrai n th e 
set  o f  possibl e distributions .  Kybur g (1983 )  outline s a 
complet e decisio n theor y i n whic h th e standar d probabil -
it y  functio n associate d t o a  propositio n i s constraine d be -
twee n th e function s definin g th e lowe r  an d uppe r  bound s 
of  a  probabilit y  interval . 

Empirical Findings 

Since the seminal work by Becker and Brownson 
(1964) ,  severa l  empirica l  studie s sugges t  tha t  th e "single -
distribution "  assumptio n ha s n o descriptiv e value .  I n 
thei r  work ,  Becke r  an d Brownso n provide d th e subject s 
wit h limite d informatio n abou t  th e distribution s o f  whit e 
an d blac k ball s i n a n urn ,  givin g the m jus t  range s o f 
possibl e distributions ,  an d the y foun d a  kin d o f  mone -
tar y "payof f  o f  ignorance" :  th e amoun t  o f  mone y tha t 
th e subject s wa s willin g t o pa y t o avoi d ambiguit y wa s 
consistentl y relate d t o th e amoun t  o f  ambiguit y o f  th e 
availabl e information . 

Einhor n an d Hogart h (1985 )  propose d a n influentia l 
descriptiv e mode l  o f  reasonin g unde r  ignoranc e i n whic h 
an initia l  estimat e provide s th e ancho r  an d adjustment s 
ar e m a d e t o cop e wit h th e missin g information ,  an d the y 
describ e severa l  experiment s supportin g th e basi c clai m 
of  EUsberg' s Paradox .  Recen t  result s wer e foun d consis -

ten t  wit h th e prediction s derive d fro m thei r  conceptual -
izatio n o f  ambiguit y (Hins z an d Tindale ,  1992) . 

Result s obtaine d b y Curl y an d Yate s (1989 )  an d b y 
Stasson ,  Hawkes ,  Smit h an d Lake y (1993 )  sho w tha t 
ignoranc e play s a n importan t  an d autonomou s rol e i n 
decisio n processe s unde r  uncertainty ,  an d the y provid e 
furthe r  evidenc e fo r  th e intuitio n behin d EUsberg' s Para r 
dox . 

Belief Maintenance 

TMSs ar e reasonin g system s tha t  incrementall y recor d 
justification s fo r  belief s an d propagat e binar y truth -
value s alon g chain s o f  justifications .  TMSs tha t  ar e abl e 
t o reaso n o n th e basi s o f  probabilisti c  rathe r  tha n bi -
nar y truth-value s ar e calle d Belie f  Maintenanc e System s 
(bmss) .  Thi s sectio n summarize s th e descriptio n o f  a 
B MS base d o n probabilisti c  logi c abl e t o reaso n o n th e 
basi s o f  incomplet e probabilisti c  information .  Fro m a 
logica l  poin t  o f  view ,  i t  ca n b e regarde d a s a n exten -
siona l  syste m base d o n a  set-theoreti c interpretatio n o f 
probability . 

Logic-based Belief Maintenance 

A logic-base d B M S (lbms )  (Ramon i  an d Riva ,  1993 )  i s a 
B MS i n whic h Boolea n connective s o f  standar d logi c ac t 
as constraint s o n th e probabilisti c truth-value s o f  propo -
sitions .  Th e LBM S ca n b e regarde d a s a  generalizatio n t o 
interva l  truth-value s o f  th e Boolea n Constrain t  Propaga -
tio n metho d (McAUester ,  1990) .  Th e lbm s manipulate s 
tw o basi c kind s o f  structures :  propositions ,  ai,...,a„ , 
representin g atomi c proposition s o f  a  propositiona l  lan -
guage ,  an d clauses ,  o f  th e for m (o i  V  0 2 V . . . ) ,  represent -
in g finite  disjunction s o f  (negate d o r  unnegated )  atomi c 
propositions . 

Probabilisti c  logi c (Nilsson ,  1986 )  provide s a  semainti c 
framewor k fo r  extendin g th e standar d (Boolean )  con -
cep t  o f  satisfactio n t o a  probabilisti c  one ,  tha t  ca n b e 
regarde d a s a  generalizatio n o f  th e set-theoreti c interpre -
tatio n o f  th e probabilit y  o f  a  proposition .  Th e probabil -
it y P{ai )  o f  a  propositio n Oj  i s bounde d b y th e followin g 
inequality : 

P{aj) + P{aj Dai)-l< F(a.) < P{aj D a.) (1) 

Inequality  (1) may be regarded as the probabilistic inter-
pretatio n o f  m o d u s ponens .  Sinc e {o j  3  a, )  =  (-lO y Va,) , 
(2 )  i s a  specia l  cas e o f  a  mor e genera l  inequalit y tha t  ap -
plie s t o an y se t  o f  proposition s i n disjunctiv e for m (i.e . 
a clause) .  Le t  C  =  V"= i  ̂ i  b e a  clause .  T h e probabilit y 
of  Oi  i s  bounde d b y th e followin g inequality : 

PiC)-'£P<^J<Pi<^i)<PiC) (2) 

The right hand side of (2) is straightforward: no proposi-
tio n m a y hav e a  probabilit y  greate r  tha n th e probabilit y 
of  an y disjunctio n i t  i s a  par t  of .  I n set-theoreti c terms , 
thi s mean s tha t  a  se t  canno t  b e large r  tha n it s  unio n 
wit h othe r  sets .  T h e lef t  han d sid e state s that ,  whe n th e 
s u m o f  th e m a x i m u m probabilit y o f  al l  th e proposition s 
i n C  bu t  on e doe s no t  reac h th e probabilit y  o f  th e clause . 
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th e m in imu m probabilit y  o f  th e remainin g propositio n i s 
force d t o cove r  th e difference . 

Unfortunately ,  th e constraint s directl y derive d fro m 
inequalit y (2 )  tur n ou t  t o b e to o weak :  th e bound s the y 
produc e ar e to o wide ,  thu s includin g inconsisten t  vjdues . 
The weaknes s o f  th e constraint s derive d fro m (2 )  arise s 
fro m to o stron g a n enforcemen t  o f  thei r  locsdit y base d o n 
th e assumptio n that ,  i n th e set-theoreti c interpretatio n 
of  a  clause ,  th e intersectio n o f  al l  proposition s i s alway s 
empty .  I t  i s  apparen t  tha t  thi s assumptio n i s to o strong . 

Generalizin g definitio n (2 )  t o interva l  truth-values ,  w e 
derive d a  se t  o f  constraint s o n th e m i n i m u m an d majc -
imu m probabilit y  o f  proposition s (Ramon i  an d Riva , 
1993) .  I f  w e defin e P,(()ai )  an d P*ii)ai )  a s denotin g th e 
minimu m an d th e m a x i m u m probabilit y  o f  th e proposi -
tio n Oj ,  the n fo r  eac h claus e C  i n whic h i t  appears : 

1.  P.{a i )>P,{C )  +  Tc -Y : j ^ iP * i a j ) 

2.  P , ( a O > l - E i ( l - ^ . ( - « . V V ; ) ) (3 ) 

Inequalit y (3.1 )  simpl y enforce s th e lef t  han d sid e o f  (2 ) 
by droppin g th e assumptio n tha t  al l  th e proposition s 
hav e t o b e pairwis e disjoin t  an d tha t  thei r  intersectio n 
i n a  set-theoreti c interpretatio n (w e cal l  i t  overlappin g 
hcto T o f  th e claus e C  an d denot e i t  wit h J^c )  ha s t o b e 
empty . 

Inequalit y (3.2 )  i s  directl y derive d fro m th e wel l  know n 
Additivit y axio m an d state s tha t  i f  a ^  i s a n atomi c propo -
sition ,  an d {<Pi, -  •  •,<l>2' }  i s  th e se t  o f  all,th e conjunc -
tion s tha t  contai n al l  possibl e combination s o f  th e sam e 
n atomi c proposition s negate d an d unnegated ,  then : 

P{ai )  =  '^PiaiA<i>j ) (4 ) 
j= i 

The constrain t  (3.2 )  subsume s th e righ t  han d sid e o f 
(2) ,  whic h state s tha t  th e m a x i m u m probabilit y  o f  eac h 
propositio n i n a  claus e C  canno t  b e highe r  tha n th e max -
imu m probabilit y  o f  C  Henceforth ,  constrain t  (3.2 )  ca n 
be regarde d a s a n enforcemen t  o f  th e inequalit y  (2) . 

Propagatin g th e constraint s (3 )  ove r  a  networ k o f 
clause s i s quit e easy .  I n th e LBMS,  eac h propositio n i s la -
bele d wit h a  se t  o f  possibl e values ,  an d th e constraint s (i n 
our  case ,  th e applicatio n o f  th e abov e define d constraint s 
t o th e clauses )  ar e use d t o restric t  thi s set .  Th e LBM S 
can exhibi t  thi s behavio r  becaus e i f  a  claus e i s satisfie d 
fo r  a  give n truth-valu e o f  a  propositio n P(a, )  =  [a. ,  a*] , 
i t  wil l  b e satisfie d fo r  an y subse t  o f  [a, ,  a*] .  Thi s prop -
erty ,  whic h i s implici t  i n th e for m o f  th e inequalitie s i n 
constraint s (3) ,  implie s a  monotoni c narrowin g o f  th e 
intervals ,  thu s ensurin g th e incrementalit y o f  th e LBMS. 

The mos t  importan t  featur e o f  th e LBM S i s th e abilit y 
t o reaso n fro m an y subse t  o f  th e se t  o f  clause s repre -
sentin g a  join t  probabilit y  distribution ,  b y boundin g th e 
probabilit y  o f  th e proposition s withi n probabilit y  inter -
vals ,  an d incrementall y narrowin g thes e interval s a s mor e 
informatio n become s available .  Th e assignmen t  o f  prob -
abilit y  bound s t o proposition s an d clause s expresse s th e 
degre e o f  ignoranc e abou t  them . 

R e p r e s e n t i n g Cond i t i ona l s 

A c o m m o n criticis m addresse d t o extensiona l  system s 
base d o n probabilisti c  logi c i s thei r  difficult y i n repre -
sentin g assignment s o f  conditiona l  rathe r  tha n absolut e 
probabilities .  Pear l  (1988 )  point s ou t  tha t  a  mor e in -
tuitiv e representatio n o f  th e m o d u s ponen s i n a  probe r 
bilisti c  framewor k i s give n b y th e specificatio n o f  P{aj ) 
and P{ai\aj )  rathe r  tha n b y implicatio n P{a j  D  a,) , 
becaus e P{a j  D  a, )  doe s no t  properl y captur e th e mean -
in g o f  th e linguisti c statemen t  "i f  O j  the n Oj" .  Fo r  in -
stance ,  i f  w e wan t  t o expres s tha t  som e rar e even t  O j  ha s 
a likel y consequenc e a ,  an d w e stat e P{aj )  =  [.0 1 .01 ] 
and P{a j  D  Oi )  =  [. 9 .9] ,  w e find  tha t  th e tw o sentence s 
ar e inconsistent .  I f  w e represen t  m o d u s ponen s usin g 
th e conditiona l  probabilit y  P{ai\aj )  rathe r  tha n impli -
catio n P{a j  D  ai) ,  th e probabilit y  o f  a, -  i s  boun d b y th e 
followin g inequality : 

P(a,).P(a,|a,)<P(a,)<l (5) 

I n th e previou s example ,  i f  w e writ e P{aj )  =  [.0 1 .01 ] 
an d P{ai\aj )  =  [. 9 .9] ,  inequalit y (5 )  produce s th e boun d 
P(a, )  =  [.0 9 1] ,  whic h i s mor e intuitive .  M o d u s ponen s 
is ,  i n nature ,  a  metalinguisti c rul e o f  inference .  Hence -
forth ,  followin g th e approac h o f  Kybur g (1983) ,  w e wil l 
represen t  conditional s a s metalinguisti c derivatio n rules , 
rathe r  tha n a s connective s i n th e objec t  language . 

Th e representatio n o f  conditiona l  probabilitie s i n th e 
LBMS i s straightforwar d usin g th e Chai n Rule : 

P{aj).P(ai\aj) = P{aiAaj) (6) 

Th e resultin g conjunctio n i s converte d i n clausa l  for m 
throug h D e Morgan' s law s an d i t  i s  the n communicate d 
t o th e LBMS.  Fo r  instance ,  th e probabilisti c  mode l  de -
fined  b y th e tw o conditional s P{a2\ai )  =  [. 2 .2 ]  an d 
P{a2\->ai )  =  [. 6 .6 ]  wit h P{ai )  =  [. 5 .5 ]  m a y b e expresse d 
by th e se t  o f  clauses :  P(a i  V  02 )  =  [- 8 .8] ,  P(a i  V  -102 ) 
= [. 7 .7] ,  P(-a i  V  a2 )  =  [. 6 .6] ,  P(-a i  V  -.02 )  =  [. 9 .9] . 

Representing Ignorance 

A BB N i s a  direc t  acycli c grap h i n whic h node s represen t 
stochasti c variable s an d link s represen t  causa l  relation -
ship s amon g thos e variables .  Eac h lin k i s define d b y 
th e se t  o f  al l  conditiona l  probabilitie s relatin g th e par -
ent  variable s (th e "cause "  variables )  t o childre n variable s 
(th e "effect "  variables) .  W e ca n identif y tw o differen t 
kind s o f  ignoranc e tha t  ca n b e represente d i n thi s frame -
work :  complet e ignoranc e abou t  a  conditiona l  probabil -
it y  an d partia l  ignoranc e abou t  a  conditiona l  o r  prio r 
probabilit y  i n th e network . 

Ignorant Belief Networks 

Fro m th e theor y o f  th e TMSs ,  th e LBM S inherit s th e con -
cep t  o f  consumer .  A  consume r  i s a  forward-chaine d pro -
cedur e attache d t o eac h proposition ,  tha t  i s  fired  whe n 
th e truth-valu e o f  th e propositio n i s changed .  Th e BMSs 
theor y extend s th e definitio n o f  consumer s fro m Boolea n 
t o probabilisti c  truth-values .  Usin g consumers ,  i t  i s  pos -
sibl e t o develo p a  ne w clas s o f  BBN s base d o n th e LBM S 
an d hencefort h abl e t o reaso n wit h partiall y  specifie d 
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Conditiona l 
[tuberculosis:yes ]  |  [asia:no ] 
[tuberculosis:yes ]  j  [asia:yes ] 
[bronchitis:yes ]  |  [smoker:yes ] 
[bronchitis:yes ]  j  [smoker:no ] 
[lung-camcer:yes ]  |  [smoker:yes ] 
[lung-cancer:yes ]  j  [smoker:no ] 
[dyspnoea:yes ]  |  [bronchitis:yes ]  A  [tuber-or-cancer:ye8 ] 
[dyspnoea:yes ]  j  [bronchitis:yes ]  A  [tuber-or-camcer:no ] 
[dyspnoea:yes ]  j  [bronchitis:no ]  A  [tuber-or-cancer:ye8 ] 
[dyspnoea:yes ]  j  [bronchitis:no ]  A  [tuber-or-cancer:no ] 
[tuber-or-cauicer:yes ]  |  [tuberculosis:yes ]  A  [lung-cancer:yes ] 
[tuber-or-cancer:yes ]  j  [tuberculosis:yes ]  A  [lung-cancer:no ] 
[tuber-or-cancer:yes ]  |  [tuberculosis:no ]  A  [lung-cancer:yes ] 
[tuber-or-cancer:yes ]  j  [tuberculosis:no ]  A  [lung-c2uicer:no ] 
[x-ray:yes ]  |  [tuber-or-cancer:yes ] 
[x-ray:yes ]  |  [tuber-or-ceuicer:no ] 

:onj T 
.0 5 .0 5 

.6. 6 

.3. 3 

. 1 . 1 

.1. 1 

.9. 9 

.7. 7 

.8. 8 

.1 . 1 
1 1 
1 1 
1 1 
0 0 

[.9 8 .9 8 
[.0 5 .0 5 

1 
2 ' 
3 
4* 
5 
6* 
7 
8 
9 
10* 
11 
12 
13 
14 
15 
16* 

Tabl e 2 :  Conditiona l  probabilitie s definin g th e networ k o f  th e example . 

causa l  link s (i.e .  lackin g som e conditiona l  probabilities ) 
emd interva l  probabiht y values .  W e cal l  thes e BBNs Ig -
norsLD t  Belie f  Networks .  I n thi s framework ,  iBN s ac t 
as a  high-leve l  knowledg e representatio n language ,  whil e 
th e computatio n an d th e propagatio n o f  probabilitie s ar e 
performe d b y th e lbms . 

I n a  BBN ,  eac h variabl e i s  define d b y a  se t  o f  state s 
representin g th e assignmen t  o f  a  valu e t o th e variable . 
Each stat e i s evaluate d b y a  probabilit y  value .  Al l  th e 
state s o f  a  variabl e ar e mutuall y exclusiv e an d exhaus -
tive :  th e probabilit y  value s assigne d t o al l  th e state s i n 
a variabl e hav e t o su m t o unit .  I n a n IBN ,  whe n a  vari -
abl e i s defined ,  eac h stat e i s communicate d t o th e LBM S 
as a  propositio n an d a  se t  o f  clause s an d consumer s i s 
installe d t o ensur e tha t  it s  state s ar e mutuall y exclusiv e 
and exhaustive . 

Causa l  relation s ar e define d b y conditiona l  probabili -
tie s amon g states .  I n a n ibn ,  a  conditiona l  P{e\Cx )  i s 
represente d a s a  consume r  attache d t o eac h propositio n 
representin g a  stat e i n th e contex t  C x .  W h e n th e prob -
abilit y  valu e o f  al l  state s i n C x i s assigned ,  th e consume r 
communicate s t o th e LBM S th e tw o differen t  clause s re -
sultin g fro m th e applicatio n o f  th e D e Morgan' s law s t o 
( C A e )  an d (CA-.e) .  P ( C A e )  an d F(CA-.e )  ar e calcu -
late d accordin g t o a  versio n o f  th e Chai n Rul e extende d 
t o intervals : 

P.(CAe) = P.(Cx)P.(e|Cx) 
P* i C A  e )  =  P* iCx )  •  P'ie\Cx ) 
P.( C A  -e )  =  P,(Cx )  •  ( 1 -  P*(e|Ci) ) 
P*{ C A  -e )  =  P*(Cx )  •  ( 1 -  P.(e|Cx) ) 

It is worth noting that since the probability of both 
proposition s an d clause s i n th e LBM S i s represente d b y 
probabilit y  intervals ,  IBN s ar e endowe d wit h th e abilit y 
t o expres s bot h interva l  conditiona l  probabilitie s an d in -
terva l  prio r  probabilitie s abou t  states .  Moreover ,  sinc e 
conditional s ar e locall y define d an d propagated ,  th e rea -
sonin g proces s ca n star t  eve n withou t  th e ful l  definitio n 

of  th e join t  probabilit y  distribution .  Thes e feature s en -
abl e IBN s t o represen t  bot h th e complet e ignoranc e o f 
a conditiona l  probabilit y an d th e partia l  ignoranc e o f  a 
conditiona l  o r  a  prio r  probability . 

An Example 

In order to illustrate the functionality of IBNs, we will use 
th e wel l  know n exampl e depicte d i n Figure s 1-4 .  Th e 
pop-u p window s ove r  th e variable s show ,  i n graphica l 
terms ,  th e probabilit y  interva l  (subse t  o f  [ 0 1] )  associate d 
wit h eac h o f  thei r  states .  I n eac h bar ,  th e are a betwee n 0 
and P»(. )  i s  black ,  th e are a betwee n P*(. )  an d 1  i s white , 
and th e are a betwee n P,(. )  an d P*(. )  i s  gray .  I n a  stan -
dar d BBN ,  al l  conditiona l  an d prio r  probabilitie s reporte d 
i n Tabl e 2  ar e neede d befor e an y reasonin g proces s ca n 
start .  Figur e 1  show s a n IB N i n whic h thos e conditiona l 
probabilitie s tha t  ar e denote d b y a n asteris k i n Tabl e 2 
ar e missing ,  an d th e prio r  probabilitie s o f  roo t  node s ar e 
interval s rathe r  tha n point-valued :  P([asia :  yes] )  =[.0 5 
.15 ]  an d P([smoke r  :  yes] )  =[.8 5 .95] . 

Figur e 2  show s a  portio n o f  th e LBM S networ k gener -
ate d b y th e propagation .  Rectangle s represen t  proposi -
tion s an d oval s ar e clauses .  A  soli d ar c linkin g a  propo -
sitio n t o a  claus e mean s tha t  th e propositio n appear s 
unnegate d i n th e clause ,  whil e a  dashe d ar c mean s tha t 
i t  appear s negated .  Th e sid e bar s displa y th e minimu m 
and m a x i m u m probability .  Th e thicke r  borde r  o f  th e 
propositio n [asia:yes ]  indicate s tha t  i t  i s a n assump -
tion .  Th e clause s P ( 
P(-'[asi a :  yes ]  V  - > 

asi a :  yes]V[asi a :  no] )  =  [ 1 1 ]  an d 
asi a :  no] )  =  [ 1 1 ]  an d th e clause s 

P([tuberculosi s :  yes ]  V  [tuberculosi s :  no] )  =  [ 1 1 ] 
and P(-<[tuberculosi s :  yes ]  V  -"[tuberculosi s :  no] ) 
= [11 ]  enforc e th e mutua l  exhaustivit y an d exclusiv -
it y betwee n th e proposition s representin g th e state s o f 
th e variable s Asi a an d Tuberculosis ,  respectively . 

Th e clause s P([asia :  yes ]  V 
-•[asi a :  no ]  V  [tuberculosi s :  yes] )  =  [.059 5 .1585 ]  an d 
P([asi a :  yes ]  V  ->[asi a :  no ]  V  -"[tuberculosi s :  yes] ) 
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Figur e 1 :  Th e IB N define d b y conditional s withou t  th e 
asteris k i n Tabl e 2  an d interva l  prio r  probabilities . 

Figur e 3 :  Th e IB N define d b y conditional s withou t  th e 
asteris k i n Tabl e 2  an d point-value d prio r  probabilities . 

't£i.;,/x:,'fm,fKiA;!im '̂̂ f::l i z i  *̂ * 

a T w t a c K U M S 

aeam 
Figur e 2 :  A  sectio n o f  th e LBM S networ k define d b y th e 
propagatio n o f  consumer s fo r  th e IB N i n Figur e 1 . 

= [.990 5 .9915] ,  name d Condi ,  ar e generate d b y th e ap -
plicatio n o f  th e Chai n Rul e wit h P([asi a :  yes] )  =  [.0 5 
.15 ]  an d P([tuberculosi s  :  yes]|[asi a :  no] )  =  [.0 1 .01] . 
Not e th e absenc e o f  an y claus e representin g th e applica -
tio n o f  th e conditiona l  2  i n Tabl e 2 .  Th e underspecifie d 
probabilit y  o f  th e propositio n [tuberculosis:yes ]  i s 
due bot h t o th e interval-value d probabilit y  o f  th e propo -
sitio n [asia:yes ]  an d t o th e absenc e o f  th e conditiona l 
^([tuberculosi s  :  yes]|[asi a :  yes] )  =  [.0 5 .05] . 

As a  matte r  o f  fact .  Figure  3  show s tha t  whe n point -
value d prio r  probabilitie s fo r  th e state s o f  roo t  variable s 
(P([asi a :  yes] )  =[. 1 .1 ]  an d P([smoke r  :  yes] )  =[. 9 .9] ) 
ar e assumed ,  th e probabilit y  o f  [tuberculosis:yes ]  re -
main s underspecified .  Nonetheless ,  Figur e 3  show s th e 
monotoni c narrowin g o f  al l  probabilit y  interval s i n th e 
network :  du e t o th e incrementa l  characte r  o f  th e LBMS, 
al l  interval s i n Figur e 3  ar e subse t  o f  interval s depicte d 
i n Figur e 1 .  Finally ,  whe n th e missin g conditiona l  prob -
abilitie s o f  Tabl e 2  ar e communicate d t o th e IBN ,  th e 
interval s degenerat e t o point-value d probabilities ,  an d 
th e IB N converge s t o th e value s o f  a  standar d BBN ,  a s 
depicte d i n Figur e 4 . 

Discussion 

We hav e introduce d a  ne w metho d fo r  dealin g wit h par -
tiall y  specifie d probabilisti c  model s i n intelligen t  system s 
and w e hav e applie d i t  t o develo p a  ne w clas s o f  bbn s 
abl e t o reaso n o n th e basi s o f  a n explici t  representatio n 
of  ignorance . 

We hav e applie d th e iBN s t o forecastin g bloo d glu -
cos e concentratio n i n insulin-dependen t  diabeti c patient s 

Figur e 4 :  Th e IB N define d b y al l  conditional s i n Tabl e 
2 an d point-value d prio r  probabilities . 

usin g underspecifie d probabilisti c  model s directl y de -
rive d fro m a  databas e containin g th e dail y follow-u p o f 
70 insulin-dependen t  diabeti c patients ,  i n whic h a  ver y 
smal l  subse t  o f  th e complet e conditiona l  mode l  neede d 
t o defin e a  BB N wa s available .  Instea d o f  th e 1920 0 con -
ditiona l  probabilit y  required ,  onl y 226 2 wer e availabl e 
(tha t  is ,  les s tha n 1 2 % ) ,  an d mos t  o f  the m wer e affecte d 
by ignoranc e (th e m e a n differenc e betwee n th e mcixi -
m um an d m i n i m u m probabilit y  o f  th e conditional s wa s 
.19 )  (Ramon i  e < o/. ,  1994) .  Still ,  th e syste m wa s abl e t o 
reaso n an d t o predic t  bloo d glucos e values ,  takin g int o 
accoun t  th e ignoranc e abou t  th e distributions . 

Th e crucia l  proble m w e foun d i n th e representatio n 
of  ignoranc e wa s th e discriminatio n betwee n tw o state s 
havin g intersectin g probabilit y  intervals .  Thi s i s a  majo r 
questio n fo r  interval-base d approache s t o decisio n the -
ory .  Kybur g (1983 )  introduce s a  genera l  rul e t o fo r  de -
cisio n makin g unde r  ignorance :  "I t  i s  rationa l  t o rejec t 
any choic e fo r  whic h ther e exist s anothe r  choic e whos e 
m i n i m u m expecte d utilit y  exceed s it s o w n m a x i m u m ex -
pecte d utility. "  I f  w e assum e th e utilit y  functio n a s con -
stant ,  w e ca n choose  a s "predicted "  a  stat e Oj  i f  ther e 
i s n o alternativ e stat e a ^  whos e m a x i m u m probabilit y 
exceed s th e m i n i m u m probabilit y  o f  Cj .  Unfortunately , 
thi s  i s a  ver y rar e case ,  an d th e rul e propose d b y Kybur g 
i s unabl e t o legislat e whe n th e interval s ar e no t  disjoint . 

However ,  interpretin g th e widt h o f  th e interva l  a s a 
measur e o f  ignorance ,  w e ca n ran k th e state s o f  eac h 
variabl e accordin g t o a  scor e tha t  i s  proportiona l  t o thei r 
m e an probabilit y  an d inversel y proportiona l  t o th e igno -
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Claus e 
re d V  blac k V  yello w 
re d V  blac k V  -lyello w 
re d V  ->blac k V  yello w 
re d V  -'blac k V  ->yello w 
-'re d V  6/aci k V  yello w 
-tre d V  -iblac k V  yello w 
-<re d V  6/acf c V  -'yello w 
-<re d V  -'blac k V  -'yello w 

P 

111] 
.33 3 1 
.33 3 1 

[1 1 
[.66 6 .66 6 

1 1 
1 1 
11 

Tabl e 3 :  Clausa l  representatio n o f  th e probabilit y  dis -
tribution s fo r  Ellsberg' s Psiradox . 

rane e abou t  thei r  probability .  O n thi s view ,  th e proba -
bilit y  value s ar e propagate d b y th e L B MS i n a  categor -
ica l  wa y an d th e ignoranc e i s no t  explicitl y  take n int o 
consideratio n durin g th e propagation .  Th e discrimina -
tio n metho d ca m b e regarde d a s a  pos t  ho c evaluatio n o f 
proposition s base d o n a n induce d estimatio n o f  th e igno -
ranc e i n th e networ k an d i t  i s  closed ,  i n it s nature ,  t o th e 
ide a o f  a  "payof f  fo r  ignorance "  foun d i n th e empirica l 
wor k b y Becke r  an d Brownso n (1964) . 

We ca n appl y thi s simpl e rsuikin g functio n t o Ells -
berg' s Paradox ,  sinc e th e assume d monetar y payoff s ar e 
constzint .  Tabl e 3  show s th e clausa l  representatio n o f 
th e probabilit y  distribution s underlin g th e paradox .  Th e 
LB M S calculate s th e followin g probabilit y  interval s fo r 
th e proposition s red ,  black ,  an d yellow :  P{red )  =  [.33 3 
.333] ,  P{black )  =  [ 0 .666] ,  an d P{yellow )  =  [ 0 .666] . 

The mea n value s o f  th e interval s associate d t o th e 
statement s representin g th e alternative s i n Ellsberg' s 
Parado x ar e al l  equal ,  an d jus t  th e widt h o f  th e intervals , 
definin g th e ignoranc e abou t  thei r  probability ,  i s differ -
ent .  I t  i s eas y t o se e that ,  followin g ou r  simpl e rankin g 
rule ,  eve n th e smalles t  penalt y give n t o th e statement s 
affecte d b y ignoranc e wil l  lea d t o prefe r  th e alternativ e 
I  ove r  th e alternativ e I I  an d th e alternativ e I V ove r  th e 
alternativ e II I  i n Tabl e 1 ,  i n agreemen t  wit h th e intu -
itio n behin d Ellsberg' s Parado x an d th e empirica l  find-
ing s supportin g it . 
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