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ABSTRACT OF THE DISSERTATION 

 

A Quantitative Analysis of Genetic Transcriptional 

and Post-Transcriptional Regulation in Escherichia coli 

 

by 

 

Thomas Edward Kuhlman 

Doctor of Philosophy in Physics 

University of California, San Diego, 2007 

Professor Terence Hwa, Chair 

 
It is the goal of systems biology to understand the behavior of the whole in terms 

of knowledge of the parts. This is hard to achieve in many cases due to the difficulty of 

characterizing the many constituents and their complex web of interactions involved in 

biological systems. In this dissertation we report attempts to confront this difficulty by 

applying quantitative methods to experimentally characterize and theoretically model the 

web of interactions involved in transcriptional and post-transcriptional regulation in E. 

coli. 

In Chapters 1 and 2, Combinatorial Transcriptional Control of the Lactose 

Operon of Escherichia coli, we study the combinatorial control of the lac promoter by 



 

xvi 

the regulators LacR and CRP. We are able to account for the combinatorial control of the 

lac promoter quantitatively. Specifically, our analysis indicates that the sensitivity of the 

inducer response results from LacR-mediated DNA looping, which is significantly 

enhanced by CRP. 

In Chapter 3, Autoregulation as a Strategy in Synthetic Reporter Constructs, we 

predict that autoregulation of a transcription factor used to control expression of a 

reporter gene can lead to significantly decreased sensitivity of the response of the 

reporter to inducer. We show that this is indeed the case by constructing and assaying the 

response of two autoregulated reporter systems using the transcription factors LacR and 

TetR. 

In Chapter 4, Quantitative Characteristics of Gene Regulation by Small RNA, we 

study quantitatively two classes of bacterial small RNAs (sRNA) in Escherichia coli. We 

demonstrate that sRNA provide a novel mode of gene regulation with characteristics 

distinct from those of protein-mediated gene regulation. These include a threshold-linear 

response with a tuneable threshold and a built-in capability for hierarchical cross talk. 

In Chapter 5, Noise and Silence in Small RNA Regulation, we study in detail noise 

properties of a gene targeted by an sRNA. We predict that sRNA-mediated gene 

silencing is efficient in attenuating noise. In contrast, the onset of gene expression is 

dominated by fluctuations, leading to noise induced phenotypic diversity. Using a 

plasmid-borne synthetic sRNA-target pair in E. coli, we present evidence for possible 

realization of the expected bi-modality in growing cells. 

 



 

1 

CHAPTER 1 
Combinatorial Transcriptional Control of the Lactose Operon 

of Escherichia coli 
 

1.1 Introduction 

The lac promoter of E. coli is one of the most extensively studied systems of 

molecular biology 1-6. Knowledge and insight gained from these studies have shaped 

much of how we now think about gene regulation. It is well known that E. coli cells 

repress the expression of the lac operon when glucose is abundant in the growth medium. 

Only when the glucose level is low and the lactose level is high is the operon fully 

expressed. Thus the regulation of this operon represents an example of “combinatorial 

control” widely seen in prokaryotes and eukaryotes 7,8. In this case, the combinatorial 

control is implemented molecularly by two transcription factors, the Lac repressor LacR 

which represses transcription and the cyclic-AMP receptor protein CRP which activates 

transcription. Activation by CRP requires the inducer cAMP, which is used by E. coli 

cells as a signal of glucose shortage 9-15. Repression by LacR is activated in a nearly all-

or-none manner upon varying the amount of lactose or one of the several synthetic 

inducers in growth medium with poor carbon sources 16,17. The fold-change in repression 

is very large, (> 1000-fold), and has been shown to involve LacR-mediated DNA 

looping 5,6,18-21.  

Here we investigate quantitatively the competing effects of activation and 

repression on the lac promoter in vivo. We focus on two perplexing issues: (i) According 

to biochemical studies 22-25, LacR-inducer interaction is only weakly cooperative. By 
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what mechanism(s) does the observed induction response become so abrupt 26,27? (ii) 

Despite the well-known role CRP plays in activating transcription 28, structural 

studies 29,30 suggest that CRP enhances repression by facilitating the LacR-mediated 

DNA looping. Moreover, in vitro biochemical studies indicate that CRP stabilizes LacR-

DNA binding 31-33. What functional role(s) does CRP actually play in the control of this 

operon? We approached these issues by first identifying mutants of E. coli MG1655 that 

allowed us to directly control the activities of the activators and repressors by varying the 

levels of two inducers in the growth medium. We then characterized the promoter 

activity systematically for numerous combinations of the inducers. The gene expression 

data obtained clearly reveal the effect of CRP in enhancing the steepness of the inducer 

response.  We developed a thermodynamic model of gene regulation 8,34-36, incorporating 

the known molecular mechanisms of LacR-induced DNA looping and its coupling to 

CRP through DNA bending 32,33. The success of the model is manifested in its ability to 

describe the complex co-dependence of gene expression on the two inducer levels 

quantitatively by invoking a single parameter, the cooperativity between CRP and LacR-

mediated DNA looping, with the fitted value of the cooperativity agreeing well with that 

determined from in vitro biochemical measurements 32,33. Our study presents a proof of 

concept that the complicated web of interactions coupling repressors, activators, 

promoters, and DNA loops in vivo can be quantitatively dissected, provided that the right 

modeling, together with a precise sequence of experiments on a systematically picked set 

of mutants are carried out. 
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1.2 Repression by LacR 

We first characterized quantitatively the activity of the lac promoter (Plac) 

subject to varying degrees of repression by the Lac repressor, LacR, for E. coli cells in 

the exponential growth phase. In our experiments, the activity of LacR was modulated by 

the synthetic gratuitous inducer isopropyl-β-D-thiogalactopyranoside (IPTG) 37. We 

performed the β-galactosidase assays for wild-type E. coli MG1655 cells in M9 minimal 

medium with 0.5% glucose as the carbon source and up to 1 mM of IPTG. “Plac 

activity”, defined here as the product of the β-galactosidase activity and the cell-doubling 

rate (see Ch. 2.1, β-galactosidase assay), is plotted against the corresponding IPTG 

concentrations as the black crosses in Fig. 1.1a. 

The data points are fitted to the Hill function 

 α IPTG = bIPTG ⋅
1+ fIPTG ⋅ [IPTG] / CIPTG( )mIPTG

1+ [IPTG] / CIPTG( )mIPTG
, [1.2.1] 

shown as the black line in Fig. 1.1a. The Hill function is used here (and elsewhere in the 

Results section) merely to extract the qualitative features of the promoter activity; the 

appropriate quantitative description of the data presented will be provided below in the 

Analysis section. The features of the IPTG-dependent promoter activity (the “IPTG 

response”) are conveyed by the best-fit Hill parameters listed in Table 1.2 (row 1): The 

overall fold change, quantified by fIPTG ~1200, is in good agreement with previous 

studies 5,6,18-20,38,39. However, the “sensitivity” of the response, quantified by the slope of 

the transition region in a log-log plot and given approximately by the Hill coefficient 
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(mIPTG ≈ 4.5), is much larger than the expected behavior based on the known 

biochemistry; see below.  

One factor contributing to the hyper-sensitivity observed is a positive-feedback 

effect due to the expression of lacY which encodes the Lac permease. This effect is 

analogous to the well known effect on the induction of the lac promoter due to LacY 

expression 16. Although the uptake of IPTG does not require LacY, Jensen et al 40 showed 

that the expression of LacY by the lac promoter nevertheless led to enhanced sensitivity. 

We therefore deleted lacY from E. coli MG1655 to form strain TK150 (see Table 1.1), 

and repeated the β-galactosidase assays for this strain. Plac activities obtained are plotted 

as the cyan crosses in Fig. 1.1a. Fitting again to the Hill form yields the cyan line with 

the best-fit parameters shown in Table 1.2 (row 2). The IPTG response of the ΔlacY 

mutant exhibits a broader transition, with mIPTG ≈ 2.6. 

Another possible cause of this hyper-sensitivity is a suggested cooperative 

interaction between the Lac repressor and the activator CRP which also binds in the 

promoter region 31-33. To investigate this possibility, we deleted the crp gene from E. coli 

TK150 to form strain TK230 (Table 1.1), and repeated the β-galactosidase assays for this 

strain. Plac activities obtained are plotted as the green circles in Fig. 1.1a. Fitting again to 

the Hill form yields the green line with the best-fit parameters shown in Table 1.2 (row 

3). The IPTG response of the Δcrp ΔlacY double mutant is broader still, with mIPTG ≈ 2. 
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Table 1.1: List of strains and plasmids used in this study. 
 

Strain Genotype Derived From Comments 
TK110 ∆cpdA MG1655 deletion from 3174100 to 3174793 

TK120 ∆crp MG1655 deletion from 3483856 to 3484369 

TK130 ∆cyaA MG1655 deletion from 3988871 to 3991173 

TK140 ∆lacI MG1655 deletion from 365748 to 366642 

TK150 ∆lacY MG1655 deletion from 361259 to 362274 

TK200 ∆lacI ∆lacY TK140  

TK210 ∆cpdA ∆lacY TK110, TK150   

TK220 ∆crp ∆lacI TK110, TK140   

TK230 ∆crp ∆lacY TK120, TK150   

TK240 ∆cyaA ∆lacI TK130, TK140   

TK250 ∆cyaA ∆lacY TK130, TK150   

TK310 ∆cyaA ∆cpdA ∆lacY TK110, TK130, TK150   

TK320 ∆cyaA ∆lacI ∆lacY TK130, TK200   

TK330 ∆crp ∆lacI ∆lacY TK120, TK200   

BW25113 lacIq rrnBT14 

∆lacZWJ16 hsdR514 

araBADAH33 

∆rhaBADLD78 

K12 BD792 Ref. 73 

TK400 ∆cyaA BW25113 deletion from 3988871 to 3991173 

TK500 ∆cyaA Φ(Pcrp-lacZ) TK400 Pcrp amplified from 3483424 to 

3483721 

TK600 ∆cyaA Φ(Plac∆crp-

lacZ) 

TK400 CRP operator at -61.5 altered from 

TGTGAGTTAGCTCACT to 

CAGACGTTAGCTCACT 
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Table 1.2: Hill parameters for the IPTG response. Parameters derived from fit of the IPTG 
dependence of the Plac activity to the Hill form (Eq. [1.2.1]), for various strains of E. coli 
derived from MG1655, grown in medium with 0.5% glucose and varying amounts of IPTG. For 
the last row, 1mM cAMP was also added to the growth medium. 
 
Strain bIPTG (MU/hr) fIPTG CIPTG (μM) mIPTG 

MG1655 0.5 1200 ± 80 20 ± 4 4.5 ± 0.7 

TK150 (∆lacY) 0.4 1445 ± 185 100 ± 18 2.6 ± 0.2 

TK230 (∆crp ∆lacY) 0.05 255 ± 19 150 ± 15 2.0 ± 0.1 

TK310 (∆cyaA ∆cpdA ∆lacY) 
no cAMP 

0.02 238 ± 26 90 ± 5 2.0 ± 0.2 

TK310, 1 mM cAMP 0.7 1600 ± 180 70 ± 8 2.8 ± 0.1 

 

Table 1.3: Hill parameters for the cAMP response.  The first two rows give parameters 
derived from fit of cAMP response of cyaA mutants to the Hill function (Eq. [1.3.1]). The last 
row gives best estimates of these parameters according to the thermodynamic model and the 
known biochemical parameters; see Chapter 2.6, Activation by cAMP-CRP for details. 

Strain bcAMP (MU/hr) fcAMP CcAMP (μM) mcAMP 
TK250 (∆cyaA ∆lacY) 9.1 91 ± 5 645 ± 43 2.1 ± 0.1 

TK310(∆cyaA ∆cpdA ∆lacY) 5.9 240 ± 13 320 ± 32 1.0 ± 0.1 

Prediction based on thermodynamics --- > 20 10 – 1000 1 

 

Table 1.4: Parameters for model with DNA looping.  Parameters derived from the fit of 
IPTG response of given strains to the thermodynamic model with DNA looping (Eq. [1.7.1]). 

Strain KIPTG (μM) L0 

TK230 (∆crp ∆lacY) 15.7 ± 1.5 4.1 

TK310 (∆cyaA ∆cpdA ∆lacY) 12.3 ± 1.4 3.7 

TK250 (∆cyaA ∆lacY) 17.8 ± 1.7 5.0 
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1.3 Activation by CRP 

We next characterized the dependence of the Plac activity to different degrees of 

activation by cAMP-CRP (the “cAMP response”). To avoid possible complications due 

to interaction between LacR and CRP, all experiments were performed under saturating 

IPTG concentration (1 mM) to disable LacR-operator interaction. This was 

complemented by direct deletion of LacR in some cases (see below). We also deleted 

lacY in all subsequent experiments in order to avoid possible feedback. In all cases 

discussed below where we directly compared the Plac activity of lacY - and lacY+ cells, 

differences of no more than 2-fold were obtained (data not shown). 

One way to manipulate the cellular level of cAMP-CRP is to subject cells to 

different levels of cAMP in the medium, and rely on the diffusion of cAMP into cells. 

This approach requires shutting off the endogenous synthesis of cAMP by the enzyme 

adenylate cyclase (AC), encoded by cyaA 41-44. Setty et al 27 attempted this approach by 

growing cells in medium with 0.2% glucose and varying levels of cAMP, expecting that 

AC activity would be repressed via catabolite repression 10,14,15,45-49. However, they 

observed only a few-fold change in Plac activity despite large variations in the 

extracellular cAMP levels (0 to 20 mM) 27. The observed change was surprisingly small 

given that > 50-fold difference in Plac activity was obtained between the wild-type and 

Δcrp strains 3. In fact, a nearly 10-fold difference in Plac activity can be seen by simply 

growing wild-type cells on various sugars; see Fig. 1.2 (blue bars). 

We reasoned that the small change in Plac activity obtained by Setty et al might 

have resulted from the incomplete repression of AC activity by glucose uptake, and 
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hence repeated the experiment with the deletion of cyaA. E. coli TK250 strain (ΔcyaA 

ΔlacY, see Table 1.1) was grown in M9 minimal medium with 0.5% glucose, 1mM IPTG, 

and up to 10mM cAMP. β-galactosidase activity was assayed as described above. The 

resulting Plac activity displays a smooth sigmoidal dependence as shown in Fig. 1.1b 

(blue squares). [Almost identical results (not shown) were obtained for LacR null mutant 

(strain TK320), indicating that LacR is indeed not a factor with saturating IPTG (1 mM) 

in the growth medium.] A ~100-fold difference is seen between the low and high cAMP 

concentrations, comparable to the difference in Plac activity reported between crp null 

mutant and wild-type strains of E. coli 3. In contrast, Plac activity of the wild-type (black 

symbols in Fig. 1.1b) as well as the ΔlacY mutant (not shown) grown in glucose 

displayed only ~ 3-fold change over the same range of cAMP levels, similar to the afore-

mentioned finding by Setty et al 27. As a negative control, we show in Fig. 1.1b (green 

circles) the promoter activity obtained for the crp- strain (TK230); its lack of cAMP 

dependence indicates that the observed cAMP dependence for the crp+ strain was 

mediated primarily by cAMP-CRP. Additional negative controls on possible indirect 

effects of cAMP variations on Plac activity are shown in Fig. 1.3b. We found the 

variation of CRP expression and the non-specific effects of CRP on Plac activity to be 

small (~2-fold), compared to the 100-fold difference observed for the ΔcyaA mutants 

over the same range of cAMP concentrations. 

The cAMP response exhibited by strain TK250 was analyzed by fitting to the Hill 

function, 

 αcAMP = b0 ⋅
1+ fcAMP ⋅ [cAMP] / CcAMP( )mcAMP

1+ [cAMP] / CcAMP( )mcAMP
, [1.3.1] 
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and plotted as the blue line in Fig. 1.1b. The best-fit parameters are shown in Table 1.3 

(row 1). The sensitivity of the cAMP response, characterized by the Hill coefficient 

mcAMP ≈ 2, is in disagreement with the non-cooperative nature of cAMP-CRP 

interaction 50-53. This suggests a nonlinear relationship between the extracellular and 

intracellular cAMP concentrations in ΔcyaA strain, and prompted us to look for 

additional factors regulating intracellular cAMP levels.  

One such factor is cAMP degradation catalyzed by the enzyme cAMP-

phosphodiesterase (PDE) 54-58, encoded by cpdA 59. We deleted the cpdA gene to obtain 

strain TK310 (ΔcyaA ΔlacY ΔcpdA) (see Table 1.1) and repeated the β-galactosidase 

assay and analysis. The cAMP response obtained (red circles in Fig. 1.1b) is more 

gradual than that of cpdA+ cells (blue squares). Fitting the data to the Hill form [1.3.1] 

yielded the red line with the Hill parameters listed in Table 1.3 (row 2). Specifically, the 

Hill coefficient mcAMP ≈ 1 is consistent with the naïve expectation based on the non-

cooperative nature of cAMP-CRP interaction 50-53. 
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Figure 1.3: Indirect effect of cAMP. (a) The doubling time 1/λ1/2 of various mutant strains of 
E. coli MG1655 grown in M9 minimal medium with 0.5% glucose and varying amounts of 
cAMP. For the cyaA- strains (blue and red symbols), the growth rate varied by as much as 40%, 
with the most rapid growth in medium with 1mM cAMP. (b) The activity of the crp promoter was 
determined by the β-galactosidase assay for strain TK500 (BW25113 cells bearing cyaA deletion 
and chromosomal insertion of the crp promoter transcriptionally fused to lacZ.).  The activity was 
found to vary by no more than 2-fold in medium containing 0-10 mM cAMP, with maximal 
activity at ≈1mM cAMP. The indirect effect of cAMP-CRP on the lac promoter was determined 
by the β-galactosidase assay for strain TK600 (BW25113 cells bearing cyaA deletion and 
chromosomal insertion of a mutated lac promoter:lacZ construct, with the promoter containing a 
mutated CRP operator site; see Table 1.1). The activity of this promoter was nearly unchanged in 
media containing 0-1mM cAMP, and decreasing only by 2-fold in medium with 1-10 mM cAMP. 
(1mM IPTG was added to the medium to alleviate repression by LacR.) The results indicate that 
the cAMP dependence observed for wild-type lac promoter (Fig. 1.1b) is primarily due to cAMP-
CRP exerted through the CRP operator site. 

(a) 

(b) 
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1.4 Combinatorial Control 

We next investigated the co-dependence of Plac activity on the two regulators, 

LacR and cAMP-CRP. We showed above that the Δcrp ΔlacY strain (TK230) could be 

used to characterize the bare IPTG response, while the ΔlacY ΔcyaA ΔcpdA strain 

(TK310) could be used to characterize the bare cAMP response. In order to characterize 

the co-dependence of the promoter on IPTG and cAMP, we first verified that strain 

TK310 exhibited nearly the same IPTG dependence as TK230 in growth medium with no 

cAMP added; compare† the red squares and green circles in Fig. 1.1a. Fitting the IPTG-

response of TK310 (red squares) to the Hill form [1.2.1] yields the solid red line; the 

corresponding parameters are provided in Table 1.3 (row 4). 

We repeated the β-galactosidase assay and analysis for TK310 cells grown in 

media with various combinations of IPTG and cAMP concentrations. As evidence of 

interaction between IPTG-mediated and cAMP-mediated regulations, we show in 

Fig. 1.1a (red triangles) the IPTG response for TK310 strain in growth medium 

containing 1 mM cAMP. This response is nearly indistinguishable from the physiological 

Plac activity exhibited by cyaA+ cpdA+ cells in glycerol medium (cyan circles). The 

dashed red line is the best fit to the Hill function [1.2.1], with parameters listed in 

Table 1.3 (row 5). Note that the overall fold-change (fIPTG) is increased from < 250x 

when no cAMP was added in the medium, to > 1500x with 1mM cAMP in the medium. 

The latter fold-change is comparable to those obtained for wild-type E. coli cells grown 

in the absence or saturating concentration of IPTG (black crosses in Fig. 1.1a, and 

Refs. 5,6,18-20,38,39). Additionally, the sensitivity of the IPTG response increased from 
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mIPTG ≈ 2.0 (Table 1.2 row 4) for TK310 cells grown in the absence of cAMP to 

mIPTG ≈ 2.8 (Table 1.2 row 5) for the same cells grown in 1mM cAMP. Fitting the IPTG 

responses of these cells obtained at a variety of cAMP concentrations, we found a trend 

of increasing Hill coefficient (from 2 to 3) and fold-change (from 250x to 1800x) for 

cAMP levels from 1 μM to 1 mM; see Figs. 1.4. The complete co-dependence of Plac 

activity on IPTG and cAMP is shown as the 3D plot in Fig. 1.5a.  

                                                                                                                                                 
† However, cpdA mutants show a 2-fold overall reduction in gene expression for unknown reasons.  
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Figure 1.4: cAMP dependence of IPTG response. Values of the Hill parameters mIPTG (a)  and 
fIPTG  (b) obtained from fitting the IPTG response of TK310 cells grown in media with the 

indicated cAMP concentrations 
 

 

 

 
 

Figure 1.5: Combinatorial control of Plac activity for strain TK310. (a) Three-dimensional 
plot of Plac activity for strain TK310 (ΔlacY ΔcyaA ΔcpdA) grown in M9 medium with varying 
amounts of cAMP and IPTG. (b) Predicted form of Plac activity according to the extended 
thermodynamic model. The function is generated using only five parameters: KIPTG and L0 
(Table 1.4, row 2) for the bare IPTG response, CcAMP and fcAMP (Table 1.3, row 2) for the bare 
cAMP response, and Ω = 10.3 for the co-dependence. 

 

(a) 

(b) (a) 

(b) 
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Analysis 

We have seen that the IPTG and cAMP responses of various mutant strains of 

E. coli MG1655 fitted well to Hill functions, with the Hill parameters summarized in 

Tables 1.2 and 1.3. However, the Hill function itself has been invoked so far without 

justification; it was merely a familiar form used to quantify key features of the response, 

e.g., the overall fold-change and sensitivity. Below we will analyze and interpret the 

results obtained in light of the rich knowledge on the molecular biology of the lac 

promoter and the biochemistry of the associated components using a thermodynamic 

model of transcriptional regulation; see Refs. 8,36 and Chapter 2.5, Thermodynamic 

modeling. 

 

1.5 Activation by cAMP-CRP is non-cooperative 

The cAMP response found for strain TK310 (ΔcyaA ΔcpdA ΔlacY) exhibited a 

broad transition (red circles in Fig. 1.1b), well fitted by the Hill form (Fig. 1b, red line). 

This is in agreement with the thermodynamic model which predicts the Hill form for 

response to simple activation by cAMP-CRP; see Bintu et al 35 and Chapter 2.6, 

Activation by cAMP-CRP. The Hill coefficient mcAMP ≈ 1  obtained is in good agreement 

with the biochemistry finding that it takes one cAMP molecule to activate the CRP 

dimer 51-53.  

The thermodynamic model further relates the other Hill parameters fcAMP and 

CcAMP to the biochemical parameters that describe CRP-mediated transcriptional 

activation; see Chapter 2.6, Activation by cAMP-CRP. Best estimates of fcAMP and CcAMP 
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based on knowledge of the biochemical parameters are given in Table 1.3 (row 3). The 

available information is not sufficient for a quantitative comparison of the parameter 

CcAMP, whose value depends on the CRP-operator binding affinity in vivo as well as the 

relation between the intra- and extra- cellular cAMP concentrations, both of which can be 

estimated only very crudely 9,60; see Chapter 2.6, Activation by cAMP-CRP. The 

parameter fcAMP, which describes the maximal fold-change in the cAMP response, is 

given by the cooperativity of CRP and RNA polymerase (RNAp) interaction according to 

the thermodynamic model. Our result fcAMP = 240 ± 13 is significantly larger than the 

cooperativity factor of ~20 obtained from in vitro biochemical measurements 61,62. This 

discrepancy is analogous to one noted earlier by Beckwith et al 3. It may have resulted 

from the accumulation of a number of small factors. For example, in addition to 

recruiting RNAp, CRP was shown to stimulate the transition of promoter DNA from the 

close to open conformation, thereby enhancing the transcription rate by ~50% 61. Also, 

the autoregulation of CRP expression may account for ~2-fold difference (see Fig. 1.3b 

and caption), and another 2~3 fold difference may be attributed to the deletion of cpdA 

(compare the vertical ranges of the blue and red lines in Fig. 1.1b).  

 

1.6 PDE provides insulation to variations in cAMP 

We are not aware of any significant phenotype reported for cells with a PDE 

deletion. Only small differences of 2 – 3 fold in Plac activity were seen between the wild-

type and ΔcpdA strains (blue and red bars in Fig. 1.2), while no systematic trend can be 

seen in the growth rates of the two strains (the numbers on top of the bars in Fig. 1.2) 
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either. However, the effect of cpdA expression on the cyaA mutant is striking. 

Comparison of the blue and red lines in Fig. 1.1b suggests that PDE expression insulates 

the cell from extracellular cAMP variations of up to 100 μM. This may be important for 

cells in environments where AC activity is significantly repressed. 

 

1.7 DNA looping increases the sensitivity of the IPTG response 

The IPTG response of the Δcrp ΔlacY double mutant (TK230) exhibited a 

reduced sensitivity (Fig. 1.1a green circles) compared to the lacY mutant (TK150, cyan 

crosses in Fig. 1.1a). The difference is due to the activated CRP in the latter strain (which 

has cyaA intact and hence synthesizes cAMP endogenously). We will discuss the effect 

of CRP shortly; for now, we first discuss the IPTG response in the absence of CRP, i.e., 

that of strain TK230. This response is well fitted by the Hill form (green line), with the 

Hill coefficient mIPTG ≈ 2.0 (Table 1.2 row 3). While a cooperative IPTG response with 

Hill coefficient ~2 is widely quoted in the molecular biology literature 26, and moreover a 

cooperative IPTG-LacR interaction was suggested based on a structural study of LacR 29, 

in vitro biochemical studies of IPTG-LacR binding in fact found a non-cooperative 

IPTG-LacR interaction, which became only weakly cooperative (Hill coefficient = 1.4 

~1.6) in the presence of operator DNA fragments 22-25. We reasoned that the apparent 

cooperativity (mIPTG ~ 2) observed in vivo might have resulted from LacR-mediated DNA 

looping‡ known to occur in wild-type E. coli cells 6,18-20. The corresponding 

                                                 
‡ We note that the increased in cooperativity by DNA looping was discussed recently by Vilar & Saiz 63. in 

the context of the lysis-lysogeny control of Phage λ. However, the mechanism of cooperativity there is 
the oligomerization of regulatory proteins made possible through DNA looping. In contrast here, the 
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thermodynamic model is developed in Chapter 2.8, LacR-mediated DNA looping, with 

the following form of the IPTG response 

 α IPTG = α 0 1 +
R

1 + [IPTG] / K IPTG( )2 +
R ⋅ L0

1 + [IPTG] / K IPTG( )4

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

. [1.7.1] 

Although Eq. [1.7.1] is not of the Hill form, it resembles a spectrum of different Hill 

functions, with the maximal fold-change 

 fIPTG = 1 + R ⋅ (L0 + 1) , [1.7.2] 

and with the sensitivity also increasing with the parameters R and L0; see Chapter 2.8, 

LacR-mediated DNA looping. The parameter R depends on the LacR concentration and 

LacR-operator affinity; it gives the fold-repression between zero and saturating IPTG 

levels in the absence of DNA looping (L0 = 0). The values of R ≈ 20 - 50 can be inferred 

from two previous studies by Oehler et al 6,20, who characterized the activities of lac 

promoters bearing various Lac operator mutations; see Chapter 2.8, LacR-mediated 

looping. In the analysis below, we will use R ≈ 50; results of similar quality (not shown) 

can be obtained for R ≈ 20. The parameter L0 describes the enhancement in the “local 

concentration” of LacR molecules due to DNA looping 6,35. There is currently no direct 

measurement of L0 for the lac promoter in the absence of CRP binding. 

Before applying Eq. [1.7.1] to our results, we first discuss its form in the absence 

of DNA looping (L0 = 0). In a very recent report, Oehler et al 64 used various mutants to 

characterize the IPTG responses of the lac promoter incapable of DNA looping. Their 

                                                                                                                                                 
tetramerization of LacR is independent of DNA looping. What DNA looping enhances here is the 
sensitivity to IPTG rather than LacR. 
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data are reproduced in Fig. 1.6a (red triangles and blue squares) and shown to fit well to 

Eq. [1.7.1] with L0 = 0 (solid line). The data are equally well-fitted in Fig. 1.6b by the 

Hill form [1.2.1] with an effective Hill coefficient of 1.5, in agreement with results of 

previous in vitro studies 24. Together, the goodness of these fits validates the above 

quantitative description of LacR-operator interaction based on the thermodynamic model. 

We next confront DNA looping by fitting the IPTG response of strain TK230 (the 

green circles in Fig. 1.1a) to Eq. [1.7.1], with two fitting parameters, KIPTG and L0. (The 

saturation value α0 is fixed by the promoter activity at 1mM IPTG.) The best-fit curve 

(not shown) is nearly indistinguishable from the green line in Fig. 1.1a even though 

Eq. [1.7.1] contains one fewer fitting parameter than Eq. [1.2.1]. In particular, the 

observed sensitivity of the IPTG dependence is well reproduced. The best-fit parameters 

obtained are shown in Table 1.4 (row 1). The value of the loop parameter simply reflects 

the maximal fold-change of the IPTG response as given by Eq. [1.7.2]. The value of the 

IPTG-LacR dissociation constant KIPTG obtained is comparable to the results of in vitro 

biochemical studies; see Refs. 4, 65, 66 and Chapter 2.4, Activation of the regulatory 

proteins. Similarly, we found that the DNA looping model described the IPTG response 

of strain TK310 (ΔcyaA ΔcpdA ΔlacY) very well in medium with no cAMP. The 

corresponding best-fit parameters are given in Table 1.4 row 2; the best-fit curve (not 

shown) is nearly indistinguishable from the lower red line in Fig. 1.1a. 

1.8 Cooperativity between CRP and LacR enhances sensitivity to IPTG 

Strain TK310, which exhibited the expected cAMP response in medium with 

1mM IPTG, and the expected IPTG response in medium with no cAMP added, was used 
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to investigate the combinatorial control of Plac activity by LacR and cAMP-CRP. 

According to the thermodynamic model, if there is no interaction between cAMP-CRP 

mediated activation and LacR mediated repression, then the co-dependence of Plac 

activity on IPTG and cAMP would simply be the algebraic product of the IPTG response 

and the cAMP response, i.e., the product of the red lines in Fig. 1.1a and Fig. 1.1b. A 

manifestation of this product form is a simple vertical shift of the IPTG responses of the 

same strain at different cAMP concentrations in the log-log plots. However, this clearly 

cannot be the case for strain TK310, as both the sensitivity and the maximal fold-change 

of its IPTG response increase with increasing cAMP levels (Figs. 1.4 and Fig. 1.2); see 

also Fig. 2.3a for a direct comparison. 

Various forms of interactions between CRP and LacR in the lac promoter region 

have been previously proposed or reported 29,31-33,67,68: Since CRP causes a 90o-130o bend 

in DNA 20,69,70, the binding of CRP to its site in the lac promoter could potentially bring 

the Lac operators O1 and O3 into closer proximity, promoting the formation of a DNA 

loop between them 29; see Figs. 1.7. The existence of this interaction is supported by a 

computational study based on the available LacR-operator and CRP-operator co-crystal 

structures 30. Moreover, Hudson & Fried 32 and Vossen et al 33 found cooperativity in the 

formation of a ternary complex of CRP, LacR, and lac promoter DNA in vitro, with the 

simultaneous presence of LacR and cAMP-CRP increasing the affinity of both proteins 

for their respective binding sites by a cooperative factor (Ω) of 4-12 fold. 
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Figure 1.6: IPTG response in the absence of DNA looping. Data from Oehler et al.64  with 
overexpressed LacR. Strains include wild-type promoter and repressor (LacR tetramer; magenta 
crosses), wild-type promoter with dimeric repressor (LacR dimer; blue squares), and wild-type 
repressor with promoter including O1 binding site only (O1 only; red triangles); (a) fit of the 
nonlooping mutants, red triangles and blue squares, to Eq. [1.7.1] with L0 = 0, yielding R ≈ 200 
and KIPTG ≈ 6 μM. The wild-type fit to the looping model (with R = 200 and L0 fixed by the fold-
change); (b) Fit of the same data to the Hill form. O1 only and LacR dimer strains yield Hill 
coefficient mIPTG = 1.5; wild-type strain yields mIPTG = 2.5. 

 
 
Figure 1.7: Schematics of the lac promoter. (a) The main Lac operator O1 is located at 
position +11 from the transcriptional start. The auxiliary Lac operator O2 is located at +411 and 
O3 at -81. The CRP operator, at position -62.5, is located in between O1 and O3. (b) Illustration 
of the hypothesized interaction between CRP and LacR: The binding of CRP to its operator site 
bends the DNA in a way to facilitate the looping between O1 and O3.  

(a) (b) 
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To see whether CRP-assisted DNA looping may quantitatively explain the 

observed co-dependency of Plac activity, we extended the thermodynamic model with 

DNA looping to include the CRP-dependent looping effect; see Chapter 2.9, 

Combinatorial control by LacR and cAMP-CRP. The extended model predicts the IPTG 

response to have the same form as Eq. [1.7.1], but with the prefactor α0 replaced by the 

Hill function αcAMP for strain TK310 (Eq. [1.3.1] with parameters given by Table 1.3 row 

2), and with the loop parameter L0 replaced by  

 L = L0 ⋅
1 + Ω ⋅[cAMP] / CcAMP

1 + [cAMP] / CcAMP

 [1.8.1] 

where Ω is the cooperativity factor of the CRP-LacR-loop interaction.  

To test the predictions of the extended thermodynamic model, we used Eq. [1.7.2] 

to infer the value of the loop parameter L from the maximal fold-change of the IPTG 

response at each cAMP value; the result is plotted as the circles in Fig. 1.8a. We then 

used Eq. [1.7.1] to compute the expected IPTG responses using these values of L. The 

results are shown as the dashed lines in Fig. 1.8b for several representative cAMP values, 

together with the experimental data for TK310 cells grown in media with the 

corresponding cAMP concentrations. Note that the dashed lines are not fits of the data to 

the model. The striking congruence between the dashed lines and the data points (for 

[cAMP] ≤ 1 mM) shows that the cAMP-dependent sensitivity, which requires a series of 

different Hill coefficients within the Hill function description (Fig. 1.8a), can be naturally 

described by the DNA looping model in terms of the cAMP-dependent loop parameter L 

with no other adjustable parameters.  
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To further examine whether the cAMP-dependence of L conforms to the known 

energetics of CRP-assisted DNA looping, we fitted the inferred values of L (Fig. 1.8a 

circles) to Eq. [1.8.1], by allowing only the parameter Ω to vary. The result of the fit 

(Fig. 1.8a solid line) described the data well, except again at the highest cAMP level 

(10 mM) where cell growth significantly slowed down and other effects (e.g., over 

expression of nucleoid proteins) might significantly affect DNA bending and looping 71. 

The value of the best-fit parameter obtained, Ω = 10.3 ± 0.1, is in agreement with the 4-

12 fold cooperativity found in vitro 31,33; Fig. 1.5b shows the 3D plot of the expected Plac 

activity according to the extended thermodynamic model. Collectively, these results 

provide strong quantitative support for the hypothesis of CRP-assisted repression by 

DNA looping 31-33. 

Finally, we repeated the analysis for the combinatorial control of TK250 cells 

which are cpdA+. Despite the unexpected cooperative nature of the cAMP response of 

this strain (blue symbols in Fig. 1.1b with mcAMP ≈ 2 ), the IPTG responses at various 

cAMP levels (Fig. 1.9b) are still well described by Eq. [1.7.1] (with the best-fit values of 

KIPTG and L0 given in Table 1.4 row 3). Moreover, except for the highest cAMP 

concentrations again, the cAMP-dependence of the loop parameter L agrees well with the 

corresponding Hill function, with similar value of the cooperativity factor,Ω ≈ 9.7 ; see 

Fig. 1.9a and caption. These results indicate that cpdA expression only affects the 

activation of CRP by extracellular cAMP, but not the interaction of cAMP-CRP with 

DNA looping itself. 
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Discussion 

Systematic, quantitative characterization of gene expression may yield unique 

insights on the mechanisms of gene regulation. A major obstacle in this effort is to 

quantify the amount of active transcription factors in cells in a given environment. As 

attempted earlier by Setty et al 27, we tackled this problem for the lac promoter by 

controlling the amount of inducers IPTG and cAMP extracellularly, but using cyaA 

mutant of E. coli which cannot synthesize cAMP endogenously. One danger of this 

approach is the array of mechanisms the cell may employ to control the intracellular 

effector levels. We encountered two such mechanisms in our study: Through the positive 

feedback of the Lac permease, E. coli cells sensitize themselves to the presence of 

inducers of the Lac repressor, while through the activity of cAMP-phosphodiesterase 

(PDE), E. coli cells appear to insulate themselves from low levels of cAMP in the 

environment. The LacY effect is well known for induction with lactose in the growth 

medium 16,17. However, the PDE effect observed here is previously unknown. It may 

yield important clues towards a comprehensive understanding of cAMP transport and 

control central to carbon metabolism in E. coli. 

 

1.9 DNA looping is assisted by CRP 

The innate regulation of Plac activity is revealed in E. coli cells bearing cyaA 

lacY cpdA triple deletion. We found that with a saturating amount of IPTG in the 

medium, the cAMP-CRP-mediated activation behaved in accordance with the 

thermodynamic model, given the non-cooperative nature of the cAMP-CRP interaction. 
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Also, in the absence of cAMP, the LacR-mediated repression behaved in accordance with 

the thermodynamic model with DNA looping. Moreover, the co-dependence on IPTG 

and cAMP can be explained by the extended thermodynamic model with a single 

cooperativity parameter Ω whose value is of the order found by in vitro experiments. 

Both the quality of the fit and the simplicity of the model (i.e., one parameter for co-

dependence) are superior compared to other simple but ad-hoc models, as we show 

explicitly in Chapter 2.10, Comparison to alternative models, (Figs. 2.3). These results 

strongly support the hypothesis of CRP-assisted DNA looping 29,31, and also shed light on 

the seemingly conflicting roles CRP plays in the regulation of the lac promoter: CRP is 

an activator in that it increases gene expression at each IPTG level. However it increases 

gene expression in a nonlinear way such that the maximal fold-change and the sensitivity 

of the IPTG response are both enhanced. 

 

1.10 Hyper-sensitivity of IPTG response resulted from multiple factors 

Even in the absence of lacY mediated feedback, Plac activity depended 

sensitively on the IPTG level with apparent Hill coefficient of 2.5 ~ 3 at physiological 

intracellular cAMP concentrations. This is rather remarkable given that the basic 

interaction of IPTG with the Lac tetramer is not cooperative at all in the absence of 

operator DNA 24. While the involvement of DNA looping in the IPTG hyper-sensitivity 

is shown qualitatively by the experiment of Oehler et al 64,  the results and analysis of this 

study reveal the complex way in which this hyper-sensitivity is attained: First, the non-

cooperative IPTG-LacR binding becomes weakly cooperative (effective Hill coefficient ~ 
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1.5) in the presence of operator DNA [Ref. 22-25 and Fig. 1.6], due presumably to the 

allosteric coupling between inducer and operator binding (see Chapter 2.4, Activation of 

the regulatory proteins). The involvement of DNA looping then increases the 

cooperativity (effective Hill coefficient ~ 2), as both dimeric units of the Lac tetramer are 

required to bind specifically to operators in order to form DNA loops. Finally, in the 

physiological range of intracellular cAMP concentrations where CRP is activated, the 

cooperative interplay between DNA looping and CRP-mediated DNA bending further 

enhances the looping-induced cooperativity to the observed effective Hill coefficient of 

2.5 ~ 3.  

As shown by Novick & Weiner and by Ozbudak et al 16,17, the hyper-sensitivity of 

Plac activity to the inducer of LacR is crucial for the bistable (i.e., the all-or-none) nature 

of E. coli’s lactose utilization strategy 16,17. The latter is the molecular basis of important 

physiological effects such as the diauxie shift 72. It is interesting that hyper-sensitivity 

resulted in this case from an agglomeration of weak interactions. This distributed way of 

implementing an important molecular function (instead of, e.g., a highly cooperative 

LacR-inducer interaction) may reflect the serendipity of the evolutionary dynamics, or 

alternatively a robust evolutionary strategy to preserve important system-level functions. 

 

1.11 The importance of being quantitative 

Critical to this study was the recognition of various “artifacts” produced by 

processes not directly related to the regulation of the lac promoter. The key 

discriminating feature we used was the quantitative comparison of the observed 
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responses to the expectations of the thermodynamic model, in light of the known 

biochemical processes. Although fitting the experimental data to a Hill form is in itself 

not a very discriminating task, we find that the “reasonableness” of the numerical values 

of the fitting parameters, especially the apparent Hill coefficients of the responses, can be 

quite revealing. Nevertheless, the power of the quantitative analysis is by itself limited, as 

it can only suggest the existence of problems but does not identify the sources. It is 

through the quantitative comparison of the characteristics of a series of key mutants that 

the major conclusions of this study are established. It is important to note that some of 

our most discriminating mutants did not display much difference in the high/low states of 

expression, but exhibited clear differences in the abruptness of the transition between 

states. 

The lac promoter is one of the prototypical model systems of gene regulation. 

Classic studies on the regulation of this promoter have established numerous fundamental 

concepts as well as laying down the appropriate methodology for studying the molecular 

biology of gene regulation. Quantitative studies of the lac promoter can again play 

important roles in laying down the foundation of quantitative systems biology, whose 

goal is to understand the behavior of a “system” in terms of the relevant properties of its 

components. The lac promoter is admittedly a rather simple system. Nevertheless, we see 

from this study that system-level properties such as the sensitivity of the IPTG response 

resulted from a closely intertwined set of interactions among the molecular constituents. 

We demonstrated how this system can be dissected by careful quantitative 

characterization and targeted genetic manipulations, along with guidance from 

quantitative modeling and the knowledge of the biochemistry of the molecular 
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constituents. The experience gained here may be of value to the study of other more 

complex biological systems. 
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CHAPTER 2 
Combinatorial Transcriptional Control of the Lactose 

Operon of Escherichia coli: 

Experimental and Theoretical Methods 

2.1 Plasmids and Strains 

E. coli K-12 MG1655 and derived mutants were used in all experiments reported 

in Chapter 1. Chromosomal deletions were performed using the method of Datsenko & 

Wanner 1. For each deletion the kanamycin resistance gene kan was amplified from the 

template plasmid pKD4 using primer sites P0 and P2 including 45 bp homology 

extensions. The PCR products were then transformed into electrocompetent MG1655 

cells, and kan was eliminated using plasmid pCP20 bearing FLP recombinase 1. The 

resulting strains TK110, TK120, TK130, TK140, and TK150 are listed in Table 1.1 

together with the start and end coordinates of the respective deletions. All mutations were 

verified using PCR. Multiple deletion strains were constructed by serially transferring 

and eliminating the TK100 series of kan insertion mutants into the target strain using P1 

transduction in the order indicated in column 3 of Table 1.1, with the exception of strain 

TK200 carrying ΔlacI ΔlacY double mutation. The close proximity of lacI to lacY 

necessitated the de novo synthesis of both mutations in the same host strain.  

Measurements of the variation of CRP levels were performed on strain TK500. 

This strain was derived from strain TK400, which was derived in turn from E. coli 

BW25113 1, with cyaA deletion performed as explained above. The crp promoter Pcrp 

was amplified from MG1655 genomic DNA from start coordinate 3483424 to end 
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coordinate 3483721 and inserted into the EcoRI and BamHI sites of PRS551 2. The 

resulting Pcrp-lacZ fusion was inserted into the chromosome of TK400 using the method 

of Simons et al. 2. Measurements of the effect of the CRP operator on the lac promoter 

were performed using strain TK600 which is also derived from strain TK400. The lac 

promoter was amplified from start coordinate 365438 to end coordinate 365669 and 

cloned into the EcoRI and BamHI sites of pRS551. The CRP operator site at position       

-61.5 was altered from TGTGAGTTAGCTCACT to CAGACGTTAGCTCACT using 

site-directed mutagenesis (Stratagene) and the resulting construct was inserted into the 

chromosome of strain TK400 using the method of Simons et al. 2.  

 

2.2 β-galactosidase assay 

Assays of β-galactosidase activity were performed according to Miller 3 and 

Griffith and Wolf 4 with changes as follows. Overnight cultures of bacterial strains were 

grown in 3 ml M9 minimal medium (M9, 1 mM MgSO4, 0.1 mM CaCl2) containing 0.5% 

glucose as the sole carbon source and the standard concentrations of any necessary 

antibiotics in a 37oC water bath until saturation. This culture was diluted§ into 24-well 

plates (Costar) containing 1 ml M9 medium in each well with glucose, antibiotics, and 

varying concentrations of 3’,5’-cyclic adenosine monophosphate (cAMP) (0-10 mM) and 

isopropyl β-D thiogalactopyranoside (IPTG) (0-1 mM). The plates were then grown with 

                                                 
§ In M9 medium, the growth rate of ΔcyaA strains increases from 0.4 doubling/hour at 0 cAMP to a 

maximum of 0.6 doubling/hour at ~1 mM cAMP; see Fig. 1.3a. As such, the initial inoculation of 
samples was performed at different dilutions (~1000x dilution for samples in 1 mM cAMP and ~ 100x 
dilution for samples at lower cAMP concentrations) such that all samples would reach OD600 = 0.2-0.4 in 
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vigorous shaking in a humidity-controlled incubator, with OD600 measurements taken 

every two hours in a Tecan Genios Pro plate reader. The cell-doubling rate ( 1 2λ ) for each 

sample was calculated as the slope of log2(OD600) vs. time plot via linear regression 

analysis. 

When OD600 of a sample reaches 0.2-0.4, 0.5 ml of the sample was transferred to 

a 2-ml 96 well polypropylene block containing 0.5 ml Z-buffer 3, 20 μl 0.1% SDS, and 40 

μl chloroform. All samples were thoroughly disrupted by repeated agitation with a 

multichannel pipettor. 200 μl of each sample was transferred to a flat-bottom transparent 

96 well plate (Costar). 40 μl of Z-buffer containing 4 mg/ml o-nitrophenyl-β-D-

galactopyranoside (ONPG) was added to each well and OD420 measurements were 

performed in a Tecan Genios Pro plate reader, at 1-minute intervals for the first 10 

minutes, and at increasing intervals (1 hour, 5 hour, etc.) thereafter** until sufficient color 

had developed in all samples for measurement, and the measured OD420 showed an 

extended regime of linear dependence on time (data not shown). Samples were 

maintained at 25oC throughout incubation. All assays were performed in triplicate or 

more. 

 

2.3 Promoter activity 

In the regime where the OD420 readings were sufficiently large to ensure a linear 

dependence on time of measurements but below 1.0 (above which the OD420 readings 

                                                                                                                                                 
approximately 12-15 hours. We verified that samples assayed with various initial dilutions in the given 
range gave no measurable systematic variations in results (data not shown). 
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saturate), the slope (s) of OD420 versus time (in minutes) was calculated via linear 

regression. β-galactosidase activity (A) was expressed in Miller Units (MU) according to 

the formula A = (1000 ⋅ s) / (0.5 ⋅ OD600 ) . To verify the reliability of the deduced activity 

for the weakly expressed promoters, we performed a serial dilution experiment, using 

MG1655 grown in M9 medium with 0.5% glucose and 1 mM IPTG, which yielded a β-

galactosidase activity of ~1000 MU. We mixed this strain with strain BW25113, deleted 

of the lac operon, in varying proportions (up to 106-fold dilution), and measured the 

apparent β-galactosidase activity of the mixture using the procedure specified above. We 

found a nearly perfect inverse dependence of the observed β-galactosidase activity with 

the fold-dilution applied down to ~0.03 MU (Fig. 2.1). As the lowest β-galactosidase 

activity encountered in the experiments was ~0.1 MU, our data lay completely in the 

responsive regime of the measurements. 

In the text, we report the “promoter activity” (α) as 

 α = A ⋅ λ1
2
, [2.3.1] 

where λ 1
2
 is the cell-doubling rate defined above (in unit of 1/hr). This measure of the 

promoter activity is motivated by the fact that the enzyme β-galactosidase is very stable 5 

so that in the balanced exponential growth phase, its “turnover” is governed by dilution 

due to cell growth; see discussion below. Note that with the definition Eq. [2.3.1], we 

take into account some straightforward growth-dependent effects on β-galactosidase 

activity as previously reported 6,7. There are of course other residual effects, e.g., 

                                                                                                                                                 
** For the lowest expression encountered this took up to 50 hours; see Fig. 2.1. 
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variation in the cellular levels of RNA polymerase, ribosomes, etc at the different growth 

rates. However, these effects are apparently quite limited in magnitude and will be 

neglected in our analysis: As seen in Fig. 1.3b (triangles), the growth-rate adjusted 

activity of β-galactosidase expressed by the (constitutive) PlacΔcrp promoter in cyaA- 

cells changed very little in growth medium with various cAMP concentrations, even 

though the growth rate itself changed appreciably over this range of cAMP 

concentrations (Fig. 1.3a). 
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2.4 Activation of the regulatory proteins 

The concentrations of the active regulators are controlled by the total 

concentrations of the regulators, the intracellular inducer concentrations, and the 

biochemistry of inducer-regulator interaction. The interaction of CRP with cAMP is quite 

straightforward 8-11 and will be discussed first. The active component is the CRP dimer 

associated with one cAMP molecule 10-12. For simplicity, we will assume that all the CRP 

monomers associate in the dimer form, as justified by the very small dimer dissociation 

constant [0.1 – 1 nM; 13]  The concentration of the activated CRP dimer (denoted 

by[CRP*]) is then given by 

  CRP*⎡⎣ ⎤⎦ ≡ [cAMP − CRP] = [CRP] ⋅
[cAMP]in

*

[cAMP]in
* + KcAMP

,   [2.4.1] 

where [CRP] denotes the total CRP dimer concentration, KcAMP = 10 μM is the relevant 

dissociation constant 10, and *[ ]incAMP  is the intracellular concentration of cAMP. 

Intracellular cAMP is believed to be rapidly exported by PMF pumps 14,15. For cyaA 

strains which cannot synthesize cAMP endogenously, the high export/import ratio leads 

to a much smaller intracellular cAMP concentration compared to the extracellular 

concentration. It is this intracellular cAMP concentration which dictates the degree of 

CRP activation (assuming that cAMP-CRP equilibration is much faster than cAMP 

transport.) The details of cAMP transport are not understood; even the cAMP pump has 

not been identified despite many years of study. Here, we appeal to the results of Epstein 

et al. 16 and assume that the intracellular cAMP concentration is linearly related to the 

extracellular concentration across the range of concentrations used, i.e., 
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*[ ] [ ]in cAMPcAMP cAMPγ= ⋅ , where [cAMP] is the cAMP level of the medium. Since 

  γ cAMP ≈ 10−3
 according to ref. 16, we have  [cAMP]in

* = γ cAMP ⋅[cAMP] = KcAMP  for most 

of the range of cAMP used in our experiment (0 – 10 mM). Hence Eq. [2.4.1] is 

simplified to  

 CRP*⎡⎣ ⎤⎦ ≈ [CRP] ⋅[cAMP] ⋅ γ cAMP / KcAMP . [2.4.2] 

Obtaining the active concentration of the Lac repressor is more involved. The Lac 

repressor is a dimer of dimers 17. Co-crystal structure of LacR and operator DNA 

indicates that the dimer binds specifically to the operator sequence as a unit in the 

absence of IPTG, while the IPTG-bound dimers do not have the required structure to bind 

specifically to operator DNA. Additionally, since the two dimeric units of the LacR 

tetramer interact very weakly 18, we do not expect the IPTG binding by one dimeric unit 

to affect the specific DNA binding of the other dimeric unit. Finally, we do not expect a 

dimeric unit to be able to bind specifically to operator sites if either one of its monomeric 

subunit is bound to IPTG. This assumption is based on the work of Winter, Berg, and von 

Hippel 19, who showed that sequence specific binding would only occur if the energy 

gained from sequence-specific binding more than compensates the loss of electrostatic 

energy the repressor molecule could gain in a conformation that does not allow specific 

DNA binding. When one of the monomers bind to IPTG, that monomer could not 

contribute to specific DNA binding, and the other monomer would not be able to 

contribute enough to compensate given what we know about the energetics of LacR-

DNA binding 19. The last feature described above, that both monomers of a dimeric unit 

need to be free of IPTG binding in order for the dimeric unit to bind specifically to 
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operator DNA, is a crucial source of cooperativity in our model. While there is no direct 

biochemical proof of this feature, a MWC model incorporating this feature of LacR-DNA 

binding is able to reproduce the effective Hill coefficient of 1.4 ~ 1.6 which describes the 

IPTG dependence of specific operator binding 20. It then follows that there are two 

species of “active repressors” in our model: (i) Only one of the two dimeric units is not 

bound at all by IPTG (denoted by LacR*), and (ii) neither of the dimeric units is bound 

by IPTG (denoted by LacR**). 

To find the concentrations of these two active species (denoted by [LacR*]  and 

[LacR**]  respectively) in terms of the total LacR tetramer concentration [LacR] and the 

IPTG concentration[IPTG] , we need to keep track of all possible molecular species of 

LacR-IPTG complex. As illustrated in Fig. 2.2, there is one species with no IPTG 

(denoted by LacR-0), four sub-species with one IPTG bound (LacR-1), two sub-species 

with two IPTG bound to a single dimer (LacR-2a), four sub-species with two IPTG 

bound to two different dimers (LacR-2b), four subspecies with three IPTG bound (LacR-

3) and one subspecies with four IPTG bound (LacR-4). Since the IPTG-LacR binding is 

non-cooperative 20, the equilibrium between any two subspecies linked by a line in 

Fig. 2.2 is described by the same dissociation constant K IPTG . Taking into account of the 

indistinguishability of the subspecies, we arrive at the following equilibrium relations 

among the species of LacR-IPTG complex: 
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2 2

[ 1] 4[ ] [ 2 ] [ ] [ 2 ] [ ];  2 ;  4 ;
[ 0] [ 0] [ 0]IPTG IPTG IPTG

LacR IPTG LacR a IPTG LacR b IPTG
LacR K LacR K LacR K

⎛ ⎞ ⎛ ⎞− − −
= = ⋅ = ⋅⎜ ⎟ ⎜ ⎟− − −⎝ ⎠ ⎝ ⎠

 

3 4
[ 3] [ ] [ 4] [ ]4 ;  .
[ 0] [ 0]IPTG IPTG

LacR IPTG LacR IPTG
LacR K LacR K

⎛ ⎞ ⎛ ⎞− −
= ⋅ =⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

 

 

Since the total LacR concentration is the sum of the concentrations of the individual 

species, we have  

 LacR**⎡⎣ ⎤⎦ ≡ [LacR − 0] = [LacR] 1 + [IPTG] / KIPTG( )4  [2.4.3] 

and  

 ( ) ( )
( )

*

2

4

[ 1] [ 2 ]

4 [ ] / 2 [ ] /
              [ ]

1 [ ] /
IPTG IPTG

IPTG

LacR LacR LacR a

IPTG K IPTG K
LacR

IPTG K

⎡ ⎤ ≡ − + −⎣ ⎦

+
= ⋅

+

. [2.4.4] 
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Figure 2.2: Different states of LacR-IPTG binding. The ellipses represent the LacR 
monomers. Two monomers form a dimeric unit (joined by the thick solid line). Two dimers 
form a tetramer. The open ellipses indicate LacR monomers not bound to IPTG; filled ellipses 
indicate LacR monomers bound to IPTG. Each line indicates an allowed direct transition 
between two states. From left to right, the different columns represent subspecies denoted as 
LacR-0, LacR-1, LacR-2, LacR-3, and LacR-4, respectively. The active species LacR** and 
LacR* are indicated by the red and cyan boxes respectively.  
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2.5 Thermodynamic modeling 

The transcriptional activity of a given promoter controlled by the binding and 

interaction of transcription factors (TF) can be modeled using a generalized Shea-Ackers 

like thermodynamic model 21 as described in Buchler et al. 22 and Bintu et al. 23,24. 

Briefly, we assume that the rate of protein expression, G, is proportional to the 

equilibrium probability P of the RNA polymerase (RNAP) binding to its DNA target, the 

promoter, given the cellular concentrations of all of the relevant transcript factors. The 

probability P can be written as 

P =
ZON

ZON + ZOFF

, 

where ZON and ZOFF are the partition sums of the Boltzmann weights over all states of 

transcription factor binding for the promoter bound and not bound, respectively, by the 

RNA polymerase. Given the knowledge of the cellular concentrations of the TFs, the 

partition function of the TFs themselves (ZOFF) is simply 

 ZOFF =
[TFs(i )

Ki

⎛

⎝⎜
⎞

⎠⎟

σ i

⋅
[TFs( j )

K j

⎛

⎝
⎜

⎞

⎠
⎟

σ j

⋅ω i, j
σ iσ j

(i, j )∏
all  σ i ={0.1}

∑ , [2.5.1] 

where Ki  refers to the dissociation constant of operator site i  with its TF [of type s as 

indicated by subscript s(i) ], and ωi, j  is the cooperativity factor between the two TFs 

bound to operator sites i and j. It is important to note that Ki  is the effective in vivo 

binding constant including the effect of binding of its TF to all other possible binding 

sites on the chromosome, and is typically not the value of in vitro measurement 25. The 

values of the ωi, j  depend on the spacing between sites i and j. If two sites are 
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overlapping, ωi, j = 0, reflecting the fact that they cannot be simultaneously occupied. If 

two sites are positioned such that the two bound TFs cannot contact each other, then 

ωi, j =1, indicating the lack of interactions between the bound TFs. For two TFs that can 

bind cooperatively and their binding sites are positioned such that the bound TFs do 

interact, then the value of ωi, j  is the cooperativity factor of that interaction, and is 

typically of the order 10~100 22. The expression for ZON is similar to [2.5.1], but with one 

of the sites being the promoter, and one of the [TFs] being [RNAP].   

As an example, consider a promoter with a single binding site for an activator 

protein A, which binds to its site with dissociation constant KA and interacts with RNAP 

via a cooperativity factor ω >1. The equilibrium promoter occupation probability P can 

then be written as 

[ ] / (1 [ ] / ) 1 [ ] /[ ]
1 [ ] / [ ] / (1 [ ] / ) 1 [ ] /

RNAP A A

A RNAP A RNAP A

RNAP K A K A KRNAPP
A K RNAP K A K K A K

ω ω
ω

⋅ + ⋅ + ⋅
= ⋅

+ + ⋅ + ⋅ +
�  

where the approximation above is justified by the fact that typical core promoters are 

very weak such that  [RNAP] / KRNAP = 1 22-24. The rate of protein expression, G ∝ P , can 

then be written as  

 G ≈ G0 ⋅
1 + ω ⋅[A] / KA

1 + [A] / KA

. [2.5.2] 

where G0 is a basal protein expression rate, involving the rate of transcription, translation 

as well as mRNA turnover, in the absence of any regulatory proteins. It is not a number 

computable from the thermodynamic model; on the other hand, the knowledge of this 
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overall prefactor is not necessary for characterizing the relative effect of transcriptional 

control. 

In the case of a repressor protein R which binds to its operator with dissociation 

constant KR and precludes RNAP binding at the core promoter, the transcription rate can 

be written as 

   
P =

[RNAP] / K RNAP

1+ [R] / K R + [RNAP] / K RNAP

; [RNAP]
K RNAP

⋅
1

1+ [R] / KR

 

and the rate of protein expression as 

 G ≈ G0 ⋅
1

1 + [R] / KR

. [2.5.3] 

For a promoter which is controlled by both a repressor and an activator, the simplest case 

would be that the two exert their influence on the RNAP independently and do not 

interact with each other. In this case, the combined response would simply be the product 

of the two expressions given above, i.e., 

 0
1 [ ] / 1

1 [ ] / 1 [ ] /
A

A R

A KG G
A K R K

ω⎛ ⎞ ⎛ ⎞+ ⋅
≈ ⋅ ⋅⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠

. [2.5.4] 

Below, we apply the general thermodynamic to the lac promoter.  

 

2.6 Activation by cAMP-CRP 

We first address activation by cAMP-CRP, whose concentration is [CRP*]  as 

given by Eq. [2.4.2]. cAMP-CRP binds to the operator site at position -61.5 (see Fig. 1.7) 

and recruits the RNA polymerase to the core promoter. In the absence of LacR, this is 
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just the case of “simple activation” considered in Eq. [2.5.2]. Denoting the in vivo 

binding constant 25 of cAMP-CRP to the operator site by KCRP , and the cooperativity 

factor of CRP-RNAp interaction by ω, then the rate of LacZ synthesis is 

 G = G0 ⋅
1+ ω ⋅[CRP*] / KCRP

1+ [CRP*] / KCRP

. [2.6.1] 

where G0  is the same basal rate introduced in Eq. [2.5.2]. Eq. [2.6.1] describes the rate of 

LacZ synthesis.  What we measure is the enzymatic activity (A) of LacZ (see Section 2.2, 

β-galactosidase assay) in the steady state of balanced exponential growth. We take A to 

be proportional to the steady-state LacZ concentration [LacZ ]* . The latter is given 

through the kinetic equation 

 d
dt

[LacZ ] = G − λ ⋅[LacZ ] , 

with the steady-state solution G = λ ⋅[LacZ]* ∝ λ ⋅ A , where λ is the cell growth rate. In 

our study, we defined the promoter activity to be α ≡ A ⋅ λ1
2
 where λ1

2
= λ / ln2  is the 

doubling rate of the culture; see Eq. [2.3.1]. Hence, G ∝ α  as expected. Inserting the 

cAMP-dependence of [CRP*]  as given by Eq. [2.4.2], we have 

 α cAMP = b0 ⋅
1 + ω ⋅[cAMP] /κ cAMP

1 + [cAMP] /κ cAMP

, [2.6.2] 

where b0 ∝ G0 ⋅ λ  and 

 κ cAMP = KcAMP ⋅ KCRP / [CRP] ⋅ γ cAMP . [2.6.3] 
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Eq. [2.6.2] is the Hill form used in chapter one for the cAMP response (Eq. [1.3.1]), 

with fcAMP = ω , and CcAMP = κ cAMP . The predicted range for CcAMP  listed in Table 1.3 is 

obtained by using Eq. [2.6.3] with KcAMP = 10 μM  10, KCRP = 5 − 50 nM 10, 

γ cAMP = 0.001 (see discussion above), and [CRP] = 1500 nM 26. 

 

2.7 Simple repression by LacR 

Let us first consider the case of “simple repression” by the operator O1 alone (see 

Fig. 1.7), without the involvement of DNA looping and without activation by cAMP-

CRP. In this case, repression is due solely to the direct steric interference between the 

binding of LacR to O1 and RNAp to the core promoter 17,27,28. Specifically, both 

activated species LacR* and LacR** can bind to O1 and block the promoter. Denoting 

the in vivo binding constant between either activated species and O1 by K1 , the rate of 

LacZ synthesis is given by Eq. [2.5.3] with [R = [LacR*] + 2[LacR**] , with the factor of 2 

in the second term arising from the fact that there are two ways for LacR** to bind to O1. 

Thus, 

 G = G0 1+ [LacR*] / K1 + 2 [LacR**] / K1( ). [2.7.1] 

Inserting into Eq. [2.7.1] the IPTG dependences of [LacR**]  and [LacR*]  as given by 

Eqs. [2.4.3] and [2.4.4], we obtain the result 

 G = G0 1 +
2 [LacR] / K1

1 + [IPTG] / K IPTG( )2

⎛

⎝
⎜

⎞

⎠
⎟ . [2.7.2] 
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Note that the factor 2[LacR] / 1+ [IPTG] / KIPTG( )2  in the denominator of Eq. [2.7.2] 

simply gives the concentration of the dimeric units of LacR tetramers which are not 

bound by IPTG.  

The value of the factor 2 [LacR] / K1  (denoted by R in Ch. 1) can be inferred by 

noting that the degree of repression f, defined as the ratio of LacZ expression for cells 

grown in medium with saturating and zero IPTG, is simply given by 1+ R  accord to Eq. 

[2.7.2]. Oehler et al. reported in a 1990 paper 29 that the degree of repression was ~20 for 

a mutant lac promoter containing only the operator O1. In a later paper 30, they reported 

degrees of repression of 200 and 4700 for the same mutant lac promoter in cells 

expressing 5x and 90x respectively of the amount of Lac tetramers of wild-type cells. 

These results yield an estimate of R ≈ 20  or R ≈ 50  for wild-type cells. In the following 

analysis we use R ≈ 50 , although results of similar quality are obtained for R ≈ 20 . 

 

2.8 LacR-mediated DNA looping 

To include repression due to DNA looping, we take into account the additional 

possibility that a completely uninduced LacR tetramer (i.e., LacR**) may bind to two 

operator sites, the main operator O1 and one of the two auxiliary operator sites O2 or O3; 

see Fig. 1.7. This is incorporated into the thermodynamic model by adding two looping 

terms to the denominator of the expression in Eq. [2.7.1], i.e.,  

 G = G0 1 +
[LacR* ]

K1

+
2 [LacR** ]

K1

+
 [LacR** ][L12 ]

K1K2

+
 [LacR** ][L13 ]

K1K3

⎛
⎝⎜

⎞
⎠⎟

 [2.8.1] 
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with K2  and K3  being the dissociation constant of the LacR tetramer with O2 and O3 

respectively, and [L12 ]  and [L13 ]  describing the effective “local concentration” of the 

repressor at O2 and O3 respectively given that the tetramer is bound at O1; see refs. 22-

24. In the full thermodynamic treatment, each of the two looping terms, 

[LacR**][L1i]/K1Ki, where i = 2 or 3, is further divided by the factor  (1+[LacR*]/Ki + 2 

[LacR**]/Ki). This factor takes into account of the fact that looping of O1 with the 

auxiliary operator Oi is not possible if Oi is occupied itself (referred to as the 

“squelching” effect). We neglected this effect here as the LacR concentration is 

sufficiently low in wild-type cells. [Note: the squelching term for O1-O3 looping is 

completely negligible as 2[LacR] ≪ K3. O1-O2 looping is actually negligible only for 

[IPTG] > KIPTG. This is indeed the regime where most of the data were taken, i.e., most of 

the data in Fig. 1.8a (squares) are larger than KIPTG ~ 10 μM. However, the fact that the 

data point for [IPTG] = 0 also falls on the same curve (bottom red) suggests that 

[L12]/2K2 ≪ [L13]/2K3.]. 

The effective concentrations [L12 ]  and [L13 ]  involve the free energy cost of DNA 

looping and have not been directly characterized†† by biochemical or biophysical 

methods for the lac promoter in the absence of CRP binding. Inserting again the IPTG-

dependence of[LacR**] , we obtain 

G = G0 1 +
2 [LacR] / K1

1 + [IPTG] / KIPTG( )2 +
 [LacR] / K1( )⋅ [L12 ] / K2 + [L13 ] / K3( )

1 + [IPTG] / KIPTG( )4

⎛

⎝
⎜

⎞

⎠
⎟ . [2.8.2] 
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As the Plac activity α is proportional to G (see above), we have  

 α IPTG = b0 1 +
R

1 + [IPTG] / KIPTG( )2 +
 R ⋅ L0

1 + [IPTG] / KIPTG( )4

⎛

⎝
⎜

⎞

⎠
⎟  [2.8.3] 

as quoted in Eq. [1.7.1] for the IPTG response, with R = 2 [LacR] / K1  

and L0 = 1
2 [L12 ] / K2 + [L13 ] / K3( ). With DNA looping, the degree of repression becomes 

 f = 1 + R ⋅ (L0 + 1) . [2.8.4] 

From Eq. [2.8.3], it is also straightforward to compute the dependence of 

sensitivity (defined e.g., as the maximum logarithmic derivative of the transition region) 

on the loop parameter L0. We find a monotonic function increasing from ~1.2 for small 

values of L0 to ~2.5 at L0 = 50. 

In a recent study, Oehler et al. 32 characterized the IPTG response for Lac systems 

incapable of DNA looping (either by the removal of the auxiliary operator O3 or by using 

mutant LacR incapable of tetramerization) resulted in a noticeable decrease in the 

cooperativity of the IPTG response of the lac promoter. We analyzed the data published 

in ref. 31 quantitatively and found those results to match very well with the expected 

behavior developed in this work: As shown in Fig. 1.6a, the IPTG responses for the two 

systems incapable of DNA looping (red triangles and blue squares) are well-fitted by 

Eq. [2.8.3] with the looping term L0 set to zero (solid line). The two fitting parameters 

R ~ 200 and KIPTG ~ 6 μM obtained are consistent with that expected for strains 

                                                                                                                                                 
†† Their values can be indirectly inferred from the experiments of Oehler et al. 30 and Muller et al. 38 as 

was done by Vilar and Leibler31. However the estimates from the two experiments differ by a factor of 
~5. 
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overproducing LacR 5-10x. The ~1000-fold change of the wild-type strain is a 

consequence of residual affinity of overexpressed LacR for the operator sequences 33; a 

previous study by Oehler in which the fold change is determined by LacR+/- comparison 

shows an 8000-fold change as predicted by the model 30. 

 

2.9 Combinatorial control by LacR and cAMP-CRP 

We now consider the combined control of the lac promoter by both LacR and 

CRP. According to the thermodynamic model, if there is no interaction between CRP-

cAMP mediated activation and LacR mediated repression, then the joint dependence 

would simply be the algebraic product of the activation and repression functions 

(Eqs. [2.6.1] and [2.8.1]) in a way analogous to Eq. [2.5.4], i.e.,  

 

*

*

0 ***** **
1312

1 1 1 2 1 3

1 [ ] /
1 [ ] /

[ ][ ] [ ][ ][ ] 2 [ ]1

CRP

CRP

CRP K
CRP K

G G
LacR LLacR LLacR LacR

K K K K K K

ω⎛ ⎞+ ⋅
⎜ ⎟+⎝ ⎠= ⋅

⎛ ⎞
+ + + +⎜ ⎟

⎝ ⎠

 [2.9.1] 

Alternatively, the co-dependence of the promoter activity on cAMP and IPTG can be 

obtained from the product of Eq. [2.6.2] and Eq. [2.8.3], 
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Note that Eq. [2.9.2] is of the same form as the IPTG response of Eq. [2.8.3], but with the 

basal activity b0  replaced by α cAMP  of Eq. [2.6.2]. This corresponds to a simple cAMP-

dependent vertical shift of the IPTG response in the log-log plot. 

As the data shown in Fig. 1.8b clearly deviated from the above product form (see 

below), we examined the consequence of a previously proposed interaction between CRP 

and DNA looping 18,34-36. As proposed by Lewis et al. 18, upon binding to its operator, 

CRP induces a 90-130o bend in the DNA, bringing O1 and O3 into closer proximity. This 

is thought to increase the local concentration[L13 ] , thereby increasing the strength of the 

looping interaction between them. Experimental evidence for such CRP enhancement of 

O1-O3 looping has been found in vitro 34-36, but no supporting evidence has been 

reported so far in vivo. 

This effect can be incorporated into the thermodynamic model developed above 

simply by including a cooperativity factor Ω0 > 1 into the term in the denominator of Eq. 

[2.9.1] involving the product of [CRP*]  and[L13 ] . This amounts to changing the factor 

[L13 ] appearing in Eq. [2.9.1] to 

 [L13] ⋅ 1+ Ω0 ⋅[CRP*] / KCRP( ) 1+ [CRP*] / KCRP( ). [2.9.3] 

It then follows that the cAMP and IPTG dependence of the promoter activity can be 

written in the same form as Eq. [2.9.2], but with the looping factor L0  changed to 

 L = L0 ⋅
1 + Ω ⋅[cAMP] /κ cAMP

1+ [cAMP] /κ cAMP

, [2.9.4] 

where Ω is an effective cooperativity factor given by  
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The parameters[L12 ] , [L13 ] , andΩ0  have not been determined from direct biochemical 

studies. However, Fried et al. 34,36 have measured an effective cooperativity factor 

defined as the ratio of concentration of the cAMP-CRP-LacR-DNA ternary product with 

the product of the concentrations of cAMP-CRP-DNA and LacR-DNA binary products. 

In terms of the parameters defined above, this effective cooperativity factor can be 

written as  

 
1+ [CRP* ]

KCRP( )⋅ 1+ R + R ⋅ L( )+ Ω0 − 1( )⋅ [CRP* ]
KCRP

R ⋅ [ L13 ]
2K3

1+ [CRP* ]
KCRP( )⋅ 1+ R + R ⋅ L( )

. [2.9.6] 

For saturating amounts of cAMP-CRP and LacR such that [ ] CRPCRP K�  and 1R � , the 

expression in Eq. [2.9.6] is identical to the right hand side of Eq. [2.9.5]. Hence, the 

effective cooperativity factor Ω introduced in Eq. [2.9.4] is just the cooperativity factor 

of the range 4–12 determined experimentally by Fried et al. 34,36. 

Finally, we consider the case where [CRP*]  depends nonlinearly on the cAMP 

concentration of the medium such that the observed cAMP response is described by the 

general Hill form 

 αcAMP = b0 ⋅
1+ ω ⋅ [cAMP] / CcAMP( )m

1+ [cAMP] / CcAMP( )m  [2.9.7] 

with Hill coefficient m > 1. This is for example the situation for TK250 cells bearing the 

cpdA gene (see blue symbols in Fig. 1.9b). Working backward from Eq. [2.6.1], we have 
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 [CRP*] = KCRP [cAMP] / CcAMP( )m  [2.9.8] 

Using Eq. [2.9.8] instead of Eq. [2.4.2] in the combinatorial control function (Eq. [2.9.1] 

with [L13 ]  replaced by the expression in Eq. [2.9.3], we obtain the following for the co-

dependence of the promoter activity: 
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 [2.9.9] 

with the loop parameter L in Eq. [2.9.9] being  

 L = L0 ⋅
1+ Ω ⋅ [cAMP] / CcAMP( )m

1+ [cAMP] / CcAMP( )m , [2.9.10] 

and the cooperativity factor Ω in Eq. [2.9.10] still given by Eq. [2.9.5]. 

 

2.10 Comparison to alternative models 

While our model described by Eqs. [2.9.2] and [2.9.4] appears to accurately 

describe the data (see Fig. 1.8b), one might question whether conceptually simpler 

models (e.g., generalized Hill functions) might explain the data equally well. Below, we 

construct several such models and fit to the data surface from strain TK310 using non-

linear least squares minimization in MATLAB (Mathworks). The points at [IPTG] = 0 

are weighted to increase their significance (to simulate the wide range (in log scale) of 

low IPTG concentrations (< 5 μM) over which the baseline expression from the promoter 
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does not significantly increase). For each model the specified parameters are allowed to 

vary freely to obtain the optimum fit.  

 

Model a. A naïve 6-parameter model based on generic Hill functions and assuming no 

interaction between LacR and CRP: 
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 [2.10.1] 

As can be seen from Fig. 2.3a, neither the fold change nor the sensitivity to IPTG 

response is properly captured by this model for the range of cAMP concentrations 

studied. 

 

Model b. A 7-parameter model in which the coefficient of the IPTG dependent term, i.e., 

R in Eq. [2.10.1] above, is a four-parameter cAMP-dependent Hill function, 

 0
1 '([ ] / ' )
1 ([ ] / ' )

cAMP

cAMP

m
cAMP

m
cAMP

cAMP CR R
cAMP C

ω+
= ⋅

+
, [2.10.2] 

where we assume ' ,  and 'cAMP cAMP cAMP cAMPC C m m= = , but allow R0 and 'ω  to vary freely. 

From Fig. 2.3b,  we see that the fold change of the IPTG response is better reproduced 

than Model a, but the overall correspondence between data and model prediction is still 

poor, particularly for intermediate IPTG concentrations (10-500 μM) for both the high 

and low cAMP levels. 
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Model c. The same as model Model b, but with C 'cAMP ,  and m 'cAMP  both varying freely. 

From Fig. 2.3c it is seen that the fit to the data is further improved. However the number 

of parameters is increased to nine while the fit to data points at intermediate IPTG 

concentrations is still problematic, especially at low cAMP levels. 

 

Model d. The model Eq. [2.10.1] with the modification to R made in Eq. [2.10.2], and 

with the Hill coefficient IPTGm  in Eq. [2.10.1] also cAMP dependent. The latter is 

specified by another Hill function 
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cAMP C
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+
.  [2.10.3] 

Here, we use '' ' ,Ê '' 'cAMP cAMP cAMP cAMP cAMP cAMPC C C m m m= = = =  but allow both ''ω  and 

'ω  to vary freely. This 8-parameter model is able to describe the full data set well; see 

Fig. 2.3d. This finding is not surprising given the result in Fig. 1.4a, that the effective 

Hill coefficient of the IPTG response is strongly cAMP dependent.  

 We see that while both our model (i.e. Eqs. [2.9.2] and [2.9.4]) and Model d 

above (i.e., Eqs. [2.10.1]-[2.10.3]) adequately describe the experimental data, our model 

requires seven parameters while Model d requires eight. More importantly, the form used 

in our model is well founded on known biochemical facts as described above, and the 

values of fitted parameters compare favorably with the known range in all cases when 

comparison can be made. (Note: The loop cost L0 is the only parameter where 

independent estimate is not available.) On the other hand, it is difficult to justify 

biochemically the cAMP-dependence of the Hill coefficient in Model d. The above 
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results therefore demonstrate that our model based on the thermodynamic treatment of 

DNA looping and its interaction with CRP is the minimal model describing the activity 

of the lac promoter.
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Figure 2.3: Comparison to alternative models. (a) A naïve model assuming no interaction 
between CRP and LacR. (b) A model assuming cAMP dependent fold change with 

  C '
cAMP

= C
cAMP

,  m '
cAMP

= m
cAMP

 (see Eq. [2.10.2]). (c) Same as b, but with freely varying cAMP 
related parameters. (d) Same as b, but assuming a LacR-IPTG Hill coefficient, mIPTG, governed 
by a Hill function (Eq. [2.10.3]). 

 

(b) (a) 

(d) (c) 
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2.11 Data Analysis 

For each strain and medium used, the promoter activity α was computed from the 

raw data (i.e., β-galactosidase activity and growth curves) according to [2.3.1]. Its 

dependence on either the concentrations of cAMP or IPTG in the medium was then fitted 

to an effective Hill form  

 α X = bX ⋅
1+ fX [X] / CX( )mX

1+ [X] / CX( )mX
 [2.11.1] 

where [X] refers to the concentration of the inducer X (cAMP or IPTG) in the medium. In 

the fits, the basal activity bX  was directly fixed by the promoter activity obtained for 

[X] = 0 . The other three Hill parameters were obtained by fitting to Eq. [2.11.1] using 

nonlinear least-square minimization (MATLAB 7). Reported errors are the 68.3% (1 

standard deviation) confidence intervals for the given parameters.  

Because DNA looping is involved in repression of the lac promoter by the Lac 

tetramer 17,29,30,37,38, the IPTG responses of strains TK230 and TK310 (in medium with no 

cAMP added) were also fitted to the form Eq. [2.8.3] predicted by the DNA looping 

model above. In the fit, we fixed the value of R to 50 as discussed above. We then used 

the experimentally determined promoter activity in saturating 1 mM IPTG condition to 

fix the coefficient b0 , and used the remaining data to fit the two parameters K IPTG , and L0 

according the procedure described above. The results are listed in Table 1.3 (rows 1 and 

2). [The values of the IPTG-LacR dissociation constant KIPTG obtained are comparable to 

the results of in vitro biochemical studies: In the absence of DNA, the LacR-IPTG 
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interaction was characterized by KIPTG = 0.8 – 4 μM at physiologically relevant pH 

values 33,39,40. In the presence of a saturating amount of operator DNA however, a much 

weaker LacR-IPTG affinity characterized by KIPTG ≈ 80 μM was found, although with 

non-specific DNA fragments the smaller value of KIPTG was obtained as before 20. Our 

results with KIPTG = 15 ~ 20 μM lie in between this range, presumably reflecting the 

interaction of LacR with both specific and non-specific sequences in vivo.] 

For the IPTG response of strain TK310 and TK250 grown in medium with 

various cAMP concentrations (the data in Fig. 1.8b and Fig. 1.9b), we determined the 

looping parameter L for the IPTG dependence at each cAMP concentration by first 

computing the degree of repression f as the ratio of b0  (determined as above) and the 

value of the promoter activity at [IPTG] = 0, and then extracting the loop parameter from 

f using Eq. [2.8.4]. The values of L obtained were plotted in Fig. 1.8a and Fig. 1.9a for 

strain TK310 and TK250 respectively. Then for the IPTG response of strain TK310, the 

predicted form Eq. [2.9.2] was plotted as the dashed line in Fig. 1.8b using the values of 

L shown in Fig. 1.8a and other parameter values as listed in Table 1.3 (row 2) and 

Table 1.4 (row 2). Similarly, for the IPTG response of strain TK250, the predicted form 

Eq. [2.9.9] was plotted as the dashed line in Fig. 1.9b using the values of L shown in 

Fig. 1.9a and other parameter values as listed in Table 1.3 (row 1) and Table 1.4 (row 3).  

Finally, the cAMP dependence of the loop parameter L was analyzed by fitting 

their values to the expected form according to the extended thermodynamic model, 

Eq. [2.9.4] for strain TK310 and Eq. [2.9.10] for strain TK250. In these fits, we varied 

only the effective cooperativity factor Ω, taking the values of the other parameters from 
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Table 1.3 (row 2) and Table 1.4 (row 2) for strain TK310, and Table 1.3 (row 1) and 

Table 1.4 (row 3) for strain TK250. Estimate of error on Ω was again obtained using the 

procedure described above. 
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 CHAPTER 3 

Autoregulation as a Strategy in Synthetic Reporter 

Constructs 
 

3.1 Introduction 

Synthetic constructs able to express a gene of interest at easily controllable levels 

from inducible promoters in E. coli are some of the most useful tools of experimental 

quantitative biology. These inducible promoters are generally regulated by a transcription 

factor, such as LacR 1 or AraC 2,3, whose ability to enhance or repress transcription from 

a promoter is either significantly reduced or enhanced when the transcription factor is 

induced via some mechanism, such as heat shock or binding to a small molecule. As 

such, using modern molecular cloning techniques it is a simple matter to place a gene to 

be studied under the regulation of an inducible promoter, and then characterize the 

response of a system to increasing or decreasing amounts of the gene as a function of 

induction. For example, these constructs can potentially be used as controllable nodes in 

a network 4 or to quantitatively explore the response of the cell or network to varying 

amounts of the gene (Ref. 5 and Chapters 4 and 5), among myriad other uses. 

Unfortunately, the number of simple, effective promoters able to drive the 

expression of genes in response to easily achieved induction conditions is rather limited. 

There are a number of inducible promoters available in E. coli which respond to damage 

to the cell 6, change in temperature 7,8, or introduction of compounds which may or may 

not affect the physiology or growth rate of the cell 9-11 (see also Fig. 1.3a). However, in 

many of these instances the changes in conditions required to induce expression from the 
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promoter lead to extensive physiological changes resulting in altered growth conditions 

or rates, making comparison of the effect of gene expression difficult or impossible at 

different levels. It is therefore advantageous to use an inducer with limited toxicity and/or 

physiological effects such that the effects of expression of the gene of interest can be 

easily compared under identical circumstances across a wide dynamic range. In E. coli, 

the most popular and readily available promoters inducible by small molecules with 

limited side-effects are usually regulated by the transcription factors LacR 12, TetR 12, 

and AraC 12,13, inducible by isopropyl-β-D-1-thiogalactopyranoside (IPTG), 

anhydrotetracycline (aTc), and L-arabinose respectively. 

Of these, when the response of the promoter to varying concentrations of the 

small molecule inducer is assayed, it is generally seen that the response is very sensitive; 

expression from the promoter is either completely on or completely off, with only a very 

narrow range of inducer concentrations able to give intermediate values of promoter 

expression 12 (for example, see Fig. 3.3, blue circles). While in many cases a degree of 

this sensitivity can be attributed to feedback effects from membrane bound transporters 

enhancing uptake of the inducer in a nonlinear fashion 14,15 or other effects such as DNA 

looping (Refs. 16,17 and Chapters 1 and 2), removal or modification of the responsible 

system often leads to only a small decrease in the sensitivity of the response or a 

corresponding decrease in the dynamic range of the promoter 13,16,18. It is therefore 

currently extremely difficult to accurately measure the effect of expression of the 

inducible promoter at intermediate expression values. 

 In this chapter we propose a scheme to elicit a more gradual response from 

inducible promoters while maintaining a wide dynamic range based on the concept of 
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autoregulation, in which the repressor proteins regulate their own expression as well that 

of the reporter. First, it is shown using a thermodynamic model of genetic regulation by 

transcription factors (see Refs. 19-21 and Chapters 1 and 2) that autoregulation of the 

transcription factor generally leads to less sensitive expression of the reporter than an 

equivalent system in which the transcription factor is supplied in constant amounts by a 

constitutive source. We then experimentally demonstrate this concept using the synthetic 

inducible promoters PLtetO-1 and PLlacO-1 of Lutz and Bujard 12. With the theory used to 

describe the system in hand, we are then able to discuss ways to further improve the 

performance of the system. We note that the strategy of autoregulation is widely used in 

nature 22,23 and suggest the potential added control over gene expression levels in 

response to environmental conditions afforded by autoregulation as a motivation for its 

widespread adoption. 

  

 

3.2 Sensitivity and dynamic range of a system with constitutive 

expression of repressor 

 Consider a system composed of two genes, one encoding a transcription factor R 

and the other a gene encoding a reporter protein E such as GFP or LacZ, or any other 

protein of interest. We will assume that the expression of R is constitutive and that the 

promoter for the gene E, PE, contains binding sites for the transcription factor R. When 

the transcription factor R binds to any of the operators contained within PE it will repress 

transcription from that gene, i.e. R is a transcriptional repressor protein (Fig. 3.1a). We 

will throughout refer to this system as the “constitutive system”. 
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We further assume that, like other transcription factors such as LacR and the tet 

repressor TetR, that the operator binding specificity of the repressor R is relieved upon 

binding to a small inducer molecule A (such as IPTG or aTc). The cooperative binding of 

the inducer molecule to m binding sites of the transcription factor can be modeled with a 

Hill function (see Chapter 2): 
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1 [ ] /
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 [3.2.1] 

where [R] is the total concentration of transcription factor in the cell, [R0] is the 

concentration of transcription factor not bound to inducer, and [Rm] is the concentration 

of transcription factor bound to m inducer molecules. 

We now wish to investigate the expression profile of this system as a function of 

the inducer concentration. The system is modeled with a simple mass-action model 

consisting of the regulatory transcription factor (R) and the protein (E): 
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[ ] [ ] / [ ],
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d R R
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d E g R K E
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γ β

γ β

= −

= ⋅ −
 [3.2.2] 

where the basal synthesis and degradation rates are given by the parameters γi and βi 

respectively. Assuming that PE contains nE identical, independent binding sites for the 

repressor (as is the case for PLtet-O1 and PLlac-O1; Ref 12 and Fig. 3.5), the regulatory 

function g([R0] /KE) is given by 
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Using Eq. [3.2.1], this can be written in terms of the total repressor concentration [R] and 

inducer concentration [A] as 
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The steady state concentrations of R and E are then obtained by setting Eqs. [3.2.2] to 

zero: 
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Examining the behavior of this function in the exponentially increasing regime 

[ ] AA K� , we see that 
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i.e. that the sensitivity of the system is characterized by an effective Hill coefficient 

const Em m n= ⋅ . Additionally, exploring expression levels in the limits [A]→0 and [A]→∞, 

we see that the fold change is given by 
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Figure 3.1: Architecture of constitutive and autoregulatory expression systems. (a) The 
constitutive expression system, with repressor R being constitutively expressed and regulating the 
promoter of the reporter gene, PE, containing nE operators Oi. (b) The autoregulated expression 
system, with the repressor R regulating its own expression from promoter PR (containing nR 
operators) as well as the reporter expression from PE. 

(a) 

(b) 
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3.3 Sensitivity and dynamic range of a system with autoregulatory 

control 

To examine the effects of autoregulation on the behavior of the system as a 

function of applied inducer concentration, we now place the repressor R under the control 

of a self-inhibitory feedback loop by replacing the constitutive promoter by a promoter 

PR repressible by R. Like PE, we again assume nR identical, independent binding sites for 

the repressor (See Fig 3.1b). We will throughout refer to this system as the 

“autoregulated system”. Eqs. [3.2.2] are then modified according to 
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with g([R0]/Ki) again given by Eq. [3.2.4] with the appropriate parameters. We further 

assume that the operator sites are sufficiently strong that the total amount of repressor is 

at all times sufficient to efficiently repress the system, i.e. that [ ] iR K� . 

We again inspect the behavior of this function in the regime of exponentially 

increasing expression, when [ ] AA K� . In this regime, the regulatory function 

g([R]/Ki,[A]) can be approximated as 

 [ ] [ ]([ ] / ,[ ]) .
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The steady state concentrations for R and E are found to be 
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 [3.3.3] 

Comparing the result Eq. [3.3.3] to that of the constitutive system, Eq. [3.2.6], we see that 

the effect of autoregulation on the system is to decrease the effective Hill coefficient 

from const Em m n= ⋅  to ( 1)auto E Rm m n n= ⋅ + , i.e. by a factor dependent upon the number 

of repressor binding sites at the promoter PR. As the requirement for autoregulation is 

that there be at least one binding site for R within the promoter PR, the effective Hill 

coefficient is at least half that of the constitutive system, with the sensitivity decreasing 

further with increasing nR (see Fig. 3.2). 

 To determine the dynamic range of the system, we examine the behavior of the 

system in the limit [ ] iR K� . Solving for the steady state of Eqs. [3.3.1] and taking the 

limits [A]→0 and [A] →∞, the fold change is given by 
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If the repressed transcription rate of PR is equivalent to the constitutive promoter rate in 

the constitutive system (i.e. * *[ ] [ ]Min constR R= ), Eq. [3.3.4] is identical to Eq. [3.2.7]. 



80 

 

 

 

 

Figure 3.2: Effect of autoregulation on reporter expression. For all curves, m = nE = 2, 
γE = 10 nM·s-1, βE = βR = 1 s-1, KE = KR = KA = 0.01 nM;  γR is adjusted in each case to yield 
identical fold changes for ease of comparison. The black curve is the situation with constitutive 
expression of R, i.e. Eq. [3.2.5]. The other three curves describe increasing degrees of 
autoregulation.  The curves plotted are numerical steady state solutions of Eqs. [3.3.1] with 
nR = 1 (red), nR = 2 (blue),  and nR = 4 (green). 



81 

 

3.4 Experimental implementation of autoregulatory control 

 In the previous section, it was shown that the sensitivity of an expression system 

composed of a reporter whose expression is controlled by an autoregulated transcription 

factor can theoretically be greatly reduced compared to that of a simpler system in which 

the transcription factor is expressed constitutively. To test this hypothesis, we constructed 

the reporter plasmid pZE12T-E using the synthetic promoter PLtet-O1 12, which is regulated 

by TetR, driving the reporter gfp. Additionally, plasmids pZA31T-R and pZA31L-R were 

constructed which express TetR from either the promoter PLtet-O1 or the promoter        

PLlac-O1 
12 respectively. 

 We first characterized GFP expression from the constitutive expression system by 

transforming strain TK200 (MG1655 ΔlacI ΔlacY; see Table 1.1) with the plasmids 

pZE12T-E and pZA31L-R. Expression of the target was assayed by measuring GFP 

fluorescence in the resulting cells grown in minimal M63 medium with various amounts 

of aTc (0 – 100 ng/ml). The resulting GFP expression is plotted as the blue circles in 

Fig. 3.3a. The resulting expression pattern from the constitutive system is very sensitive, 

with a Hill coefficient mtet = 5.9 ± 0.3 and a fold change of fconst = 194 ± 12. 

 We next characterized expression from the autoregulated expression system by 

transforming strain TK200 with the plasmids pZE12T-E and pZA31T-R. GFP expression 

was again measured as a function of aTc, and the result is plotted as the red squares in 

Fig. 3.3a. The abruptness of the transition is significantly reduced, with a fitted effective 

Hill coefficient of 1.7 ± 0.2 and a fold change of fauto = 52.2 ± 6. 

 The test the generality of this result, we repeated these experiments with plasmids 

constructed using LacR as the repressor [expressed from either PLtet-O1 (plasmid  
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pZA31T-L) or PLlac-O1 (plasmid pZA31L-L)] and replacing the promoter driving gfp to 

the LacR repressible promoter PLlac-O1 (plasmid pZE12L-E). After transformation into 

strain TK200, the resulting cells were again assayed in minimal M63 medium with 

various amounts of IPTG (0 – 2 mM). The result is shown in Fig. 3.3b: again, the 

sensitivity of the response of the autoregulated system with LacR expressed from PLlac-O1 

(red squares; m = 1.8 ± 0.1) is significantly reduced from that of the constitutive system 

with LacR expressed from PLtet-O1 (blue circles; m = 2.4 ± 0.2). In this case, however, the 

fold change of the autoregulated response is also reduced ~30x compared to that of the 

constitutive system, from fconst = 275 ±15 to only fauto = 9.6 ±1.5. 

 It is a possibility that the high sensitivity observed in the response of the 

constitutive system is the result of averaging over a bimodal population exhibiting 

autocatalytic all-or-none expression rather than arising as a result of the cooperative 

interactions of the components of the system. Such behavior has been documented and 

extensively studied in both the lac 14,24 and ara 13,15,18 systems. In such a situation, 

populations of induced cells exhibit a bimodal distribution of cells exhibiting low and 

high expression, with the response to inducer merely corresponding to repartitioning of 

the population into the two expression states 13,18. To verify that the population of cells 

shows a gradual unimodal increase of fluorescence in response to inducer, we performed 

flow cytometry on populations of cells harboring the PLtet-O1 autoregulatory expression 

system to determine the distribution. As seen in Fig. 3.4, the population shows a 

unimodal distribution of cells homogeneously increasing fluorescence in response to 

increasing concentrations of inducer. 
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Figure 3.3: Expression profiles of experimental constitutive and autoregulated expression 
systems. Plasmids expressing GFP from inducible promoters were transformed into TK200 
(MG1655 ΔlacI ΔlacY) with plasmids expressing the corresponding repressor protein from either 
a constitutive source (blue circles) or an autoregulated source (red squares). (a) GFP expressed 
from PLtet-O1, regulated by TetR. Hill coefficient of constitutive system mconst = 5.9 ± 0.3; 
autoregulated system mauto = 1.7 ± 0.2. Fold change of constitutive system fconst = 194 ± 12; 
autoregulated system fauto = 52.2 ± 6. (b) GFP expressed from PLlac-O1, regulated by LacR. Hill 
coefficient of constitutive system mconst = 2.4 ± 0.2; autoregulated system mauto = 1.8 ± 0.1. Fold 
change of constitutive system  fconst = 275 ± 15; autoregulated system fauto = 9.6 ± 1.5. 
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Figure 3.4: Population distribution of PLtet-O1 autoregulatory expression system as 
determined by flow cytometry.  The population distribution of cells was determined across a 
range of expression values at representative aTc concentrations (see Fig. 3.3a). Curves 
correspond to [aTc] = 1 ng/ml (black), 4 ng/ml (blue), 8 ng/ml (red), 10 ng/ml (green). 
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3.5 Autoregulation decreases the effective sensitivity of PL promoters 

 As shown in Sections 3.2-3.3, thermodynamic modeling theoretically predicts that 

autoregulation leads to a reporter response with reduced sensitivity compared to an 

equivalent system in which the repressor is supplied in constant concentration by a 

constitutive promoter (Figs. 3.1 and 3.2). In the previous section, we showed that simple 

experimental systems constructed using the synthetic inducible promoters PLtet-O1 and 

PLlac-O1 of Lutz and Bujard 12 appear to support this theoretical prediction; we here 

explore this in detail. 

 The architectures of the promoters PLtet-O1 and PLlac-O1 are very similar: both are 

constructed with a core promoter consisting of -10 and -35 sequences flanked by two 

operator sequences which bind either TetR or LacR (see Figs. 3.5), repressing expression 

of the driven gene. Comparison to Figs. 3.1 shows that these promoters are exactly as 

analyzed in Sections 3.2-3.3 with the number of operators nE = nR = 2. From Eqs. [3.2.6]

and [3.3.3], we therefore expect that the sensitivity of the autoregulated system should be 

reduced 3 fold compared to that of the constitutive system. Indeed, the sensitivity of the 

autoregulated system utilizing TetR is seen to be reduced to mauto = 1.7 ± 0.2, a 3.5 fold 

reduction compared to the sensitivity of mconst = 5.9 ± 0.3 of the constitutive system. The 

sensitivity of the LacR system is much less reduced: an autoregulated Hill coefficient 

mauto = 1.8 ± 0.1 reduced ~1.3 fold compared to the constitutive Hill coefficient 

mconst = 2.4 ± 0.2. The reason for this lack of reduction in the sensitivity is unclear; 

however, other considerations, such as comparatively large residual affinity of induced 

LacR for its operators 25 and especially toxic effects of high over-expression of LacR 

(data not shown) make the LacR system generally less appealing than the TetR system. 
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3.6 Fine tuning for enhanced performance 

 In general, the ideal expression system would have low sensitivity and a large 

dynamic range to allow a wide range of expression values to be thoroughly and 

accurately measured. As seen in Fig. 3.3, the constitutive and autoregulated expression 

systems constructed with the “stock” PLtet-O1 and PLlac-O1 promoters do indeed show 

reduced sensitivity; in the case of PLtet-O1 the sensitivity is reduced to the degree predicted 

by Eq. [3.3.3]. However, in both the TetR and LacR systems, the autoregulated systems 

show reduced fold changes (< 100x) with respect to the constitutive systems (~200x fold 

change), perhaps due to residual affinity of the induced repressors for their operators 25,26. 

However, as the core promoters of both PLtet-O1 and PLlac-O1 are identical, the maximum 

amount of repressor in both the autoregulated and constitutive systems should be 

identical. Therefore, regardless of the residual affinity of induced repressor, both 

constructs should be affected to equal degrees. Another possibility is that, especially in 

the case of the LacR system, that the highest concentration of inducer studied was not 

sufficient to saturate all of the repressor in the cell (red squares, Fig. 3.3b). To study the 

full range of the LacR regulated system may require exposure to IPTG concentrations up 

to > 1M. However, the response of the TetR autoregulated system (Fig. 3.3a, red squares) 

is clearly saturated at a lower maximum expression level than that of the constitutive 

system (Fig. 3.3b, blue circles) for unknown reasons. 

It would be desirable to increase the dynamic range to at least 1000x while 

maintaining the decreased sensitivity afforded by autoregulation. This can potentially be 

accomplished by modification of the promoters to adjust the parameters of the model to 

more favorable values. Four parameters of the system are potentially tunable through 
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mutagenic techniques: the basal transcription rates of the promoters, γE and γR, which can 

be adjusted via modification of the core promoter and/or the ribosomal binding sites, and 

the repressor-operator dissociation constants KE and KR, which can be adjusted via 

modification of the sequence of the operators themselves. 

Of these, modification of the basal transcription rate of the reporter γE would 

result in a trivial overall vertical shift in the response curve. However, modification of the 

other parameters can yield more interesting results. Eq. [3.3.4] suggests that several 

approaches can be taken in order to increase the dynamic range: either *
MinR can be 

increased by increasing the basal transcription rate γR or decreasing the strength of the 

operators within PR, i.e. increasing KR. Additionally, this goal can also be achieved by 

increasing the strength of the operators contained within PE, i.e. decreasing KE. However, 

Eqs. [3.3.2] - [3.3.4] describing the behavior of the autoregulatory system were derived 

under the assumption [ ] / 1iR K � . Increasing the dissociation constant KR could violate 

this assumption and will in general weaken the effect of autoregulation, potentially 

increasing the sensitivity. Thus, the most appealing strategies for increasing the dynamic 

range of these systems are to increase γR or decrease KE. Examining the sequences of 

PLtet-O1 and PLlac-O1 (Figs. 3.5), there are a number of mismatches in both the operators and 

the core promoter itself. Therefore, with a degree of fine tuning, the behavior of these 

systems can potentially be improved. 
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3.7 Autoregulation in nature 

Autoregulation is a strategy widely used in nature to regulate many transcription 

factors, including AraC 27, Crp 28, and TetR 29, among others. In particular, 

autoregulation is a common theme in amino acid biosynthesis. The repressors of leucine 

and serine 30,31, cysteine 32,33, arginine 34-36, methionine 37,38, tryptophan 39, and 

phenylalanine, tyrosine, and tryptophan 40 biosynthesis pathways are all autoregulated to 

some degree. In all, roughly 40% of known transcription factors in E. coli negatively 

autoregulate themselves 22,23. 

Why is autoregulation such a common theme in metabolic pathways? It has been 

suggested that autoregulation may speed the kinetics of the response to induction 41. 

While simple transcription units composed of long-lived transcription factors require 

times on the order of the doubling time to reach steady state 42, a system implementing 

autoregulation is able to reduce this rise-time to a fraction of the doubling time 41. In 

addition, previous studies 22,43 showed that autoregulation affords greater control over 

fluctuations in the levels of network components. As the networks involved must 

withstand exposure to considerable variations and random perturbations from the 

environment, this added stability can protect the cell against small, transient fluctuations 

in the environment of the cell leading to large and potentially detrimental fluctuations in 

levels of various components. 

The present study also suggests a further advantage of autoregulation in metabolic 

pathways. When exposed to changes in the level of an extraneous environmental factor or 

potential nutrient source, it is advantageous to the cell to be able to adapt to and take 

advantage of or protect itself against this change in its environment. Furthermore, it is 
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advantageous to be able to respond to the stimulus in a subtle, graded manner; if the 

fluctuation is small, it would be a great waste of resources and potentially harmful to the 

cell to produce the proteins necessary in inappropriately large or small amounts in an 

extremely sensitive, all-or-none fashion. By being able to respond to greater or lesser 

degrees based on the level of stimulus in the environment, the cell affords itself greater 

control over its use of resources. However, at this point this is merely speculative; a more 

thorough analysis of the parameter values involved in natural autoregulatory pathways is 

required to determine if nature does indeed take advantage of this potential benefit. 

 

 

3.8 Materials and Methods: Plasmids 

pZE12-luc 12 was used to make the reporter plasmids pZE12L-E and pZE12T-E. 

Using site-directed mutagenesis, an EcoRI site was created by adding GAAT 

immediately downstream of +1 of the PLlac-O1 promoter. The region between the newly 

created EcoRI site and the EcoRI site 6 bp upstream of RBS was then deleted by EcoRI 

digestion and subsequent religation, yielding pZE12-lucM. The KpnI-XbaI flanking luc 

gene in pZE12-lucM was replaced by the gfpmut3b structure gene 44. This yields 

pZE12L-E, which harbors the PLlac-O1:gfpmut3b construct with a  5’-UTR defined by an 

EcoRI site immediately downstream of +1 and KpnI site immediately upstream of the 

translation start of gfpmut3b. The 15-base sequence sandwiched by the EcoRI and KpnI 

sites, ATTAAAGAGGAGAAA, contains an RBS indicated by the underlined bases. 

pZE12S therefore contains the ColE1 ori, the PLlac−O1 promoter 12, and the coding 

sequence of the gfpmut3b gene. 
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To construct pZE12T-E, plasmid pZE12L-E was digested with XhoI and KpnI 

and the resulting plasmid fragment was purified via electrophoresis, removing the PLlac-O1 

promoter. The XhoI/KpnI PLtet-O1 promoter was then cloned from the plasmid pZA31 12 

and religated into the purified plasmid fragment, yielding the reporter plasmid pZE12T-

E. 

The repressor source plasmids pZA31T-R and pZA31T-L were constructed by 

cloning the tetR or lacI gene into the KpnI and BamHI sites of plasmid pZA31. lacI was 

amplified using a 5’ primer altered to adjust the first codon from GTG to ATG. The 

corresponding plasmids pZA31L-R and pZA31L-L were constructed by first removing 

the PLtet-O1 promoter by digestion with XhoI and KpnI and purified by electrophoresis. 

The promoter PLlac-O1 was cloned from pZE12-luc and religated into the KpnI and BamHI 

sites of pZA31, yielding plasmids pZA31T-R and pZA31T-L. 

 

  

3.9 Medium, growth, and measurements 

TK200 (MG1655 ΔlacI ΔlacY) strains each containing the reporter and repressor 

plasmids were grown in M63 minimal media with standard concentrations of the 

appropriate antibiotics. The overnight cultures were diluted into fresh M63 media 

(OD600 ≈ 0.002) containing the appropriate antibiotics as well as varying amounts of the 

inducer (aTc or IPTG) in the wells of 48-well plates. The plates were incubated with 

shaking at 37C and taken for OD600 and fluorescence measurements every hour for up to 

15 hours (until a final OD600 of 0.2 - 0.3) using a TECAN Genios-Pro plate reader. Each 

measurement was repeated 3 times and the data was analyzed as discussed below. 
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To obtain single-cell data, 1.7 ml of each culture was spun down and resuspended 

in 1 ml PBS. Expression data were collected using a Becton-Dickinson FACS Calibur 

flow cytometer with a 488-nm argon excitation laser and a 515- to 545-nm emission filter 

(FL1) at a low flow rate. Photomultiplier tube (PMT) voltage was set to 950V, and a 

linear amplifier was set at 9.5X. Forward scatter and fluorescence values were collected 

for 50,000 cells. 

 

 

3.10 Data analysis 

In order to obtain expression patterns for the different strains, we averaged at each 

time point the data obtained from the different repeats for each combination of strain and 

inducer. Fitting log2(OD600) vs. time to a linear function yielded straight lines (data not 

shown) whose slope gave the doubling rate (μ) for each strain and condition (yielding 

doubling time ~2 hours for most strains.) Next, for all of the time points concerning each 

strain and condition, we plotted the average fluorescence vs. average OD600 on linear-

linear plot and extracted the slope (f). Each slope gave the average fluorescence per 

growing cell [in unit of RFU/OD] for that strain and the corresponding growth condition. 

The raw fluorescence production rate per cell was computed as fμ(1+ μτ)  45, taking into 

account the maturation kinetics of GFPmut3 (maturation half-life of ~30 min) 44. We then 

subtracted away from this raw rate the background fluorescence production rate, obtained 

in the same way from data collected from our negative control (TK200). This yielded the 

rate of GFP production synthesis and is referred to as the GFP expression. 
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The dependence of the GFP expression on either the concentrations of aTc or 

IPTG in the medium was then fitted to an effective Hill form  

 α X = bX ⋅
1+ fX [X] / CX( )mX

1+ [X] / CX( )mX
 [3.10.1] 

where [X] refers to the concentration of the inducer X (cAMP or IPTG) in the medium. In 

the fits, the basal activity bX  was directly fixed by the promoter activity obtained for 

[X] = 0 . The other three Hill parameters were obtained by fitting to Eq. [3.10.1] using 

nonlinear least-square minimization (MATLAB 7). Reported errors are the 68.3% (1 

standard deviation) confidence intervals for the given parameters.  
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CHAPTER 4 

Quantitative Characteristics of Gene Regulation by Small 

RNA 

4.1 Introduction 

Small non-coding RNAs (sRNA) have been demonstrated in recent years to play 

central regulatory roles in prokaryotes and eukaryotes 1-4. Organisms that employ sRNA 

in post-transcriptional regulation range from bacteria to mammals. Interestingly, they are 

predominantly implicated in regulating critical pathways, such as stress responses in 

bacteria 5-8, or developmental timing and cell differentiation in plants and metazoans 9,10. 

What makes these regulators unique and indispensable is only starting to be unveiled.  

The regulatory role of small RNAs in bacteria has been a subject of research for 

the last several decades. Early on, sRNAs were mainly recognized for their specialized 

roles in controlling the transposition of insertion elements 11,12, in regulating plasmid 

copy number during plasmid replication 13-16, and in mediating plasmid maintenance 

through the toxin-antidote system 17. These antisense RNAs are typically encoded on the 

opposite strand, in cis with their targets 16,18. In accord with their biological function 18, 

some of these RNAs are metabolically stable (e.g. the ones controlling transposition) 

while others are very unstable (such as the ones controlling plasmid copy number). For 

the latter, it has been demonstrated that the strength of inhibition is strongly related with 

the binding rate of the antisense and its target, rather than the binding affinity 19,20.  

Until recently, only a few cases involving chromosomally-encoded sRNA were 

known 21,22. The advent of large-scale experimental techniques 23-25 and bioinformatic 
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methods 25-28 has led to the identification and the subsequent verification of numerous 

chromosomal sRNAs in a variety of bacterial species in the past five years. Currently, 

there are over 70 identified sRNAs in E. coli 6,8,29. Like regulatory proteins, many of 

these sRNAs act in trans, regulate the expression of multiple target genes, and are 

themselves regulated by one or more factors. They have been found to play important 

roles in the regulation of important pathways including oxidative response 30, osmotic 

response 22,31, acid response 32,33, quorum sensing 7, and more 5,6,8. 

The mechanisms by which sRNAs exert their effect are diverse. Most known 

bacterially encoded sRNAs act in trans by binding at the 5’ untranslated region (UTR) of 

a target mRNA 2,3,6, with specificity achieved through base-pairing between the two RNA 

molecules. Upon binding, the small RNA can reduce the efficiency of translation 

initiation – e.g. by interfering with ribosomal binding - or the stability of the target 

mRNA. This class of sRNAs include RyhB (regulator of iron metabolism) 34 ,35,36, OxyS 

(oxidative stress) 30, MicC and MicF (osmotic stress) 22,31, and many others. Conversely, 

RprA and DsrA promote translation of their target, rpoS (encoding the stationary phase 

sigma factor σs) 5, while GadY – the only sRNA known to bind the 3’-UTR of its target – 

stabilizes its target 33.  

A large class of sRNAs bind tightly to the RNA chaperone Hfq, a highly abundant 

protein which also binds the target mRNA in a number of cases studied 30,37-39. Binding to 

Hfq may protect these RNA molecules from degradation 40,41. While most mRNAs in 

bacteria are short-lived, Hfq-bound mRNAs are atypically stable, thereby allowing for 

the regulation of their turnover rates. Hfq has also been shown to facilitate the pairing of 

the sRNA with its target mRNA 36, leading to the inhibition of translational initiation. In 
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turn, pairing of the two RNA molecules exposes both molecules to rapid degradation.  

Importantly, the interaction between the sRNA and its target is non-catalytic in nature, 

since a given sRNA molecule may be degraded along with its target, and not recycled to 

regulate other targets 35 (Fig. 4.1). 

Are there special features of sRNA-mediated regulation that make it especially 

suitable for intricate regulation? We address this question in the context of two well-

characterized bacterial sRNAs in E. coli.  Using a combination of experimental and 

theoretical approaches, we demonstrate that sRNA provides a novel mode of gene 

regulation, featuring a tunable threshold–linear expression pattern, a robust noise 

resistance characteristic, and a built-in capability for hierarchical cross talk. These 

properties are attributed to the non-catalytic nature of sRNA-mediated regulation, which 

make it qualitatively distinct from the common protein-mediated gene regulation. 

 

 

4.2 Coupled degradation leads to the threshold-linear response. 

In this study we focus on small RNAs which regulate gene expression through base-

pairing with mRNA molecules of their target genes. The formation of RNA duplex may 

lead to inhibition of translation and accelerated degradation of the target. In addition, the 

best studied class of small RNAs in E. coli were shown to be degraded along with their 

target mRNA 35, i.e., the degradation of the target mRNA is coupled to the degradation its 

regulator.  
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This non-catalytic nature of sRNA-mediated regulation suggests a novel 

“threshold-linear” mode of action, by which the expression of, e.g., a stress-response 

gene is silenced below a threshold, and is gradually activated above it. As suggested 

recently by Lenz et al 7 and illustrated in Fig. 4.1a, if the transcription rate for the target 

mRNA (α m ) is below that for the sRNA (α s ), then most of the targets are expected to 

pair with the sRNAs and be rapidly degraded. Conversely, if the transcription rate of the 

mRNA exceeds that of the sRNA (Fig. 4.1b), then most of the sRNAs are expected to 

turnover, while the unconsumed mRNAs are free to be translated into proteins. In this 

latter case, the expressed protein level would reflect the difference between the two 

transcription rates. This scenario is summarized by the blue line in Fig 4.1c, where the 

steady state mRNA level of the target gene (m) is plotted against its transcription rate. 

Messenger RNAs start to accumulate only when the target transcription rate exceeds the 

threshold, given by the transcription rate of the sRNA (vertical dashed line). More 

generally, it is possible that the degradation of the mRNA in the complex does not always 

lead to the co-degradation of the sRNA. Suppose the probability that the sRNA is 

degraded upon the degradation of the mRNA is p < 1. Then as discussed next, a target 

transcription rate that is larger by a factor 1/p would be required to switch from the 

silenced to the linear range. 

The above qualitative model can be formulated quantitatively via a simple kinetic 

model for sRNA-mediated gene silencing. The model is cast in terms of two mass-action 

equations 7,42 for the cellular concentrations of the sRNA (s) and its target mRNA (m): 
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m m

s s

dm m kms
dt
ds s pkms
dt

α β

α β

= − −

= − −
                                         [4.2.1] 

In this model, transcription of mRNAs and sRNAs are characterized by the rates α m  and 

α s , and their turnover by rates βm  and βs  respectively. The coupled degradation 

between sRNA and its target is assumed to be stoichiometric, and is thus described 

through a second-order kinetic constant, k, and the probability p that the sRNA is also 

lost in the process. The levels of Hfq and any endoribonuclease involved are assumed to 

be at saturation and are not tracked explicitly.  

The predicted pattern of gene expression is obtained by solving Eq. [4.2.1] in the 

steady state,  

 21 ( / ) ( / ) 4
2 m s m s m

m

m p pα α λ α α λ α λ
β

⎡ ⎤= − − + − − +⎣ ⎦ ,              [4.2.2] 

expressed in terms of the two control variables, α m  and α s /p, and an effective parameter 

( ) /( )m s kpλ β β=  which balances the rate of mRNA turnover not due to the sRNA and the 

mutual degradation rate, and referred to as the “leakage rate”. This leakage rate is an 

(inverse) measure of the strength of sRNA-mRNA interaction. For strong, rapid sRNA-

mRNA interactions, the leakage rate is small and the solution [4.2.2] is given 

approximately by 1 ( / )
/

s
m s

m m m s

m p
p

α λα α
β β α α

≈ − +
−

 above the threshold 

( /m s pα α> ), and 
/

m

m s m

m
p

α λ
β α α

≈
−

 below. With λ → 0 , this is just the threshold-
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linear function depicted by the blue line of Fig 4.1c. For small but finite λ, the mRNA 

level is somewhat larger, especially near the threshold (where the denominators of the λ-

terms become small). Thus, leakage serves to make the transition smoother, as illustrated 

by the red line of Fig. 4.1c, but does not change the qualitative feature of the threshold-

linear form. We note that the value of the threshold (αs/p) is set by the sRNA 

transcription rate and is hence a “dynamic variable” controllable by the genetic control 

circuit (rather than being a fixed quantity encoded by the genomic sequence.)  In 

particular, the threshold value is not affected by the strength of the interaction parameter 

k (as long as the leakage is reasonably small to preserve the threshold-linear form). With 

p<1, corresponding to the case where a portion of the sRNA may be recycled, the 

transition shifts to higher mRNA expression levels and becomes smoother (via increasing 

the leakage rate). 

The kinetic model [4.2.1] may offer quantitative predictions, given the values of 

the different parameters. Below, we will apply the model to the small RNA RyhB 34-36,43, 

which is one of the best characterized sRNA and for which ample kinetic data exists for 

us to infer realistic values for all of the model parameters; the results are summarized in 

Table 4.1. From these parameter values, we estimate a leakage rate λ ≈ 0.1 nM/min for 

RyhB. This is small but non-negligible compared with the relevant range of the 

transcription rates, αm and αs. In fact, the smoothened threshold-linear expression pattern 

plotted in red in Fig. 4.1c is the steady state solution Eq. [4.2.2] with the RyhB 

parameters listed in Table 4.1. 
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Figure 4.1. Threshold-linear response of a target gene. (a) and (b). Model for the interaction 
between mRNAs of a target gene and a small RNA. In the idealized scenario, when the small 
RNA transcription rate is larger than that of the target (a), gene expression is silenced, whereas 
if sRNA is transcribed less efficiently than its target (b), the unbound mRNAs code for proteins. 
(c). Response curve of a target gene. The blue line depicts the idealized threshold-linear mode of 
regulation in which gene expression is silenced if the target transcription rate is below a 
threshold set by the transcription rate of the sRNA (indicated by the dashed line). Above this 
threshold, gene expression increases linearly with the difference between the mRNA and sRNA 
transcription rates. The idealized scenario is expected when binding between sRNA and mRNA 
occurs extremely rapidly. The red line given by Eq. [4.2.2], with the estimated parameters of 
Table 4.1 ( 1=sα nM/min). 
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Table 4.1: Model Parameters 

Paramete
r 

Meaning Estimated value 
RyhB/sodB RNA-IN/RNA-OUT 

mα  Transcription rate of target 
mRNA 1

10
1

−  nM/min 
25
1

250
1

−  nM/min 

sα  Transcription rate of sRNA 10
10
1

−  nM/min 1-10 nM/min 

mβ  Decay rate of free mRNA 
10
1  (min)-1 

10
3  (min)-1 

sβ  Decay rate of free sRNA 
50
1  (min)-1 

50
1  (min)-1 

k  Binding rate of sRNA:mRNA 
complex 50

1  (nM min)-1 

50
1  (nM min)-1 
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4.3 Quantitative experimental characterization of RyhB  

To validate model Eq. [4.2.1], we test experimentally its direct prediction, namely 

a smoothened threshold-linear response function. To this end, we characterized 

quantitatively the response of a target gene regulated by the small RNA RyhB. RyhB is 

involved in regulation of iron homeostasis in E. coli, and is expressed at low cellular iron 

levels. Its targets include iron-storage and oxidative response genes 34,43 whose 

expressions are needed to combat problems associated with elevated iron levels, but not 

when iron is deficient 44.  

To circumvent the complex regulation of the endogenous system, we constructed 

a synthetic target gene, consisting of the 5’ control-region of sodB (which is the strongest 

known natural target of RyhB 35,43), transcriptionally fused to the coding sequence of the 

reporter gfp. The target gene, crsodB-gfp, was driven by an inducible lac promoter,    

PLlac-O1 45, and placed on the multicopy plasmid pZE12S; see Materials and Methods.  

This construct allowed us to control the transcription rate of the target, α m , by 

changing the concentration of the inducer IPTG in the medium. To quantify the relation 

between IPTG concentration and target transcription rate, we first characterized the bare 

target expression by transforming the pZE12S plasmid into a ryhB- strain of E. coli BW-

RI. Expression of the target was assayed by measuring GFP fluorescence in the resulting 

cells grown in minimal M63 medium with various amounts (0 – 0.5 mM) of IPTG (see 

Fig. 4.2 and its caption). For each concentration of IPTG, we use this fluorescence 

reading to define the “promoter activity”. 

We then repeated these measurements in cells harboring pZE12S and either 

chromosomal or plasmid-encoded ryhB. The expression rate of the small RNA, sα , was 
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controlled by a variety of means, as detailed below. The GFP expression obtained for 

each level of RyhB expression (Fig. 4.2) was then plotted against the promoter activity at 

the corresponding IPTG level; see Fig. 4.3a.  

As a calibration, we first observe that GFP expressions in wild-type cells grown 

in media with 100 μM FeSO4 (Fig. 4.3a, red circles) are indistinguishable from those of 

the ryhB- strain (Fig. 4.3a, dashed black line), indicating the complete repression of 

RyhB activity at such a high iron level as expected. For the same wild-type (ryhB+) cells 

grown in media with no added Fe (red crosses in Fig. 4.3a), GFP expressions were 

moderately reduced across all IPTG levels, and more so for strain carrying the pZA30R 

plasmid which harbors ryhB driven by its native promoter (Fig. 4.3a, green crosses). 

These results are qualitatively consistent with the expected increase of RyhB expression 

upon reducing the iron level and upon adding multi-copy plasmid-bound sources.  

To see the effect of even higher RyhB expression, we used the pZA31R plasmid 

which harbors the ryhB gene driven by the strong synthetic PLtet-O1 promoter 45 inducible 

by aTc. Reduction in GFP expression was seen already in medium with no aTc added 

(blue circles), due presumably to the leaky expression of this very small gene on a multi-

copy plasmid. The addition of small amounts of aTc (blue crosses, squares, and asterisks) 

drastically reduced GFP expression (up to 30-fold reduction compared to the ryhB- 

strain). In sum, using combination of chromosome and plasmid sources for RyhB, we 

measured the response of the target gene to its promoter activity in the presence of six 

different levels of expression of the small RNA. 

In order to verify that indeed RyhB regulation is achieved mainly by changes in 

target mRNA level, we quantified the mRNA concentration directly at two levels of 



108 

 

sRNA expression using quantitative real-time RT-PCR (Fig. 4.3b). We find that 

reduction in mRNA level is consistent but smaller than the corresponding reduction in 

fluorescence, suggesting some level of translational repression (see below). 

In strains deleted of hfq, GFP expression was reduced ~3-fold. Moreover, aTc 

dependence was completely abolished and GFP expression became the same in ryhB+ and 

ryhB- strains (Fig. 4.3c), indicating that hfq is required for the repression effect observed 

here. This behavior is expected for a RyhB-target, since RyhB accumulation and RyhB-

target interaction requires Hfq 34-36. As a control, we show in Fig. 4.3c the GFP 

expression obtained for a hfq+ strain in which the plasmid pZE12S was replaced by 

pZE12G, harboring the same PLlac-O1:gfp reporter construct except that the 5’-UTR of the 

gfp gene was a short 27-base segment contained in the UTR of the original pZE12 

plasmid instead of from sodB; see Methods. The independence of the observed GFP 

activity to the different degrees of RyhB expression indicates that the sodB control region 

is required for interaction. 
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Figure 4.2: Example of raw data used to compile Fig. 4.3a. (a) GFP fluorescence is plotted 
against OD600 for ryhB- strain (ZZS21). Lines are given by a linear fit. (b) Rate of GFP 
production for the strains of Fig. 4.3a as a function of IPTG concentration. See Materials & 
Methods for details. 
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Figure 4.3. Threshold-linear response of a reporter target of RyhB. (a). GFP expressions of 
various rhyB+ strains (blue: strain ZZS22, green: ZZS24, red: ZZS23) are plotted against the 
“promoter activity”, defined as the GFP expression of the ryhB- strain (ZZS21) grown in 
identical medium; see Table 4.4 for information on the strains. The curves are given by a single 
parameter fit of the data to the steady-state solution of Eq. [4.2.1], as explained in the text and 
Table 4.2. (b). Ratio of GFP expression in ryhB+ (ZZS23) and ryhB- (ZZS21) strains measured 
through GFP fluorescence (dark bars) and RT-PCR (light bars). As expected, most of ryhB 
repression activity is obtained through reduction in mRNA level. (c). Different RyhB levels 
(synthesized from Ptet-ryhB driven by different levels of aTc) do not significantly change GFP 
expression in hfq- strain (ZZS23q), or when gfp is placed immediately downstream of its 
promoter (ZZS13). Presented data were obtained using IPTG at 0.1 mM (solid bars) and 0.5 mM 
(striped bars). 
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Table 4.2: Best-fit parameters of the data in Fig. 4.3a: Parameters 
extracted from the data in Fig. 4.3a to model Eq. [4.2.1], given in 
terms of 50% confidence interval 

RyhB – crsodB-gfp (Fig. 4.3a) 

Fitted values for αs 

Chr-ryhB 0.7 ± 0.17 

PryhB-ryhB 1.3 ± 0.14 

Ptet-ryhB, aTc 1 ng/ml 2.5 ± 0.13 

Ptet-ryhB, aTc 1.5 ng/ml 3.7 ± 0.19 

Ptet-ryhB, aTc 5 ng/ml 10.4 ± 3.4 

Fitted Value for aλ 0.15 ± 0.03 
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4.4 Reporter target of RyhB exhibits threshold-linear expression 

To make the comparison with model Eq. [4.2.1], the data in Fig. 4.3a were fitted 

to the steady-state solution of the model, Eq. [4.2.2]. This fit requires a single global 

parameter (associated with the leakage rate) and one additional free parameter 

(corresponding to the sRNA expression level, αs/p) per curve. The latter characterizes the 

position of the softened threshold, and is listed in Table 4.2 for each RyhB source 

studied. The corresponding best-fit curves are shown as the colored lines in Fig. 4.3a. 

The data of Fig. 4.3a revealed a spectrum of gene expression patterns: For low 

RyhB expressions (blue circles and red crosses), expression of the target gene was mainly 

controlled by its promoter activity, while for high RyhB expression (blue asterisks), 

target expression was greatly reduced regardless of the promoter activity. The threshold-

linear mode of action is best seen for intermediate RyhB expressions (green and blue 

crosses, blue squares) – target expression was strongly repressed at low transcription 

levels, but increased linearly (and with the same slope) with promoter activity at high 

transcription levels for the different RyhB sources.  

Our model predicts that the strength of repression exhibited at a given 

transcription rate of the small RNA, should decrease as the transcription rate of the target 

gets larger. This prediction is verified by the above results for the multicopy synthetic 

target gene. We have further verified that this behavior is retained when the synthetic 

target is encoded in a single copy on the chromosome (Fig. 4.4).  
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Figure 4.4. Activity-dependent repression of chromosomal target. Expression of a single-
copy target gene, crsodB-gfp, inserted to the chromosome was measured by flow-cytometry. 
GFP expression of strains with (ZZS43) and without (ZZS41) plasmid-borne ryhB is compared. 
The regulatory effect of RyhB is characterized by the fold of repression, defined as  

 
GFP expression( +) GFP background expression
GFP expression( ) GFP background expression

ryhB
ryhB

−
− −

 

Here background expression is measured in cells without the target chromosomal insertion 
(ZZS01). These results show that the non-linear effect of RyhB can also be seen in for a single-
copy target gene. See Section 4.11, Materials & Methods for details.
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4.5 Irreversible binding suffices for threshold-linear response  

Small RNAs do not need to promote directly degradation of their target mRNAs 

in order to silence gene expression. Binding of the sRNA at or near the ribosomal binding 

site may block translation initiation, making the RNA duplex inert. This binding step 

may be considered irreversible even if the formation of the RNA complex does not 

accelerate degradation, as long as the duplex does not dissociate into the two intact RNA 

components at relevant time scales. In this case, the system can still be described by the 

model Eq. [4.2.1], if we identify m and s in Eq. [4.2.1] as the free mRNA and sRNA 

concentrations, and set p=1. We thus expect the same smoothened threshold-linear 

response as described above. Here it is the irreversibility of binding – rather than coupled 

degradation – that implements the non-catalytic mode of regulation.  

We tested this hypothesis using RNA-OUT, one of the best characterized 

antisense sRNA that regulates the transposition of the IS10 insertion element in 

E. coli 11,12. The transposase gene, which we refer to as is10in, is driven by the pIN 

promoter. Located only 35 bases downstream on the opposite strand is the pOUT 

promoter, which drives the transcription of the gene is10out encoding RNA-OUT. The 

perfect base pairing between the two RNA molecules at the 5’-UTR of is10in leads to a 

strong irreversible binding 46, which represses the translation of is10in 47 with only mild 

effect on its stability 48. Based on data from previous experiments, we estimated 

parameters for this sRNA-target pair – see Table 4.1. Most of these parameters are 

similar to those obtained for RyhB and its targets. However, the degradation rate of 

transposase mRNA, βm , is larger than the corresponding rate of typical RyhB targets 49, 
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making the leakage rate leakage rate λ larger. We therefore expect is10in to exhibit a 

smoother threshold-linear expression pattern. 

To measure the effect of repression by RNA-OUT, we constructed a synthetic 

target consisting of a modified is10in control region transcriptionally fused to gfp. The 

control region we use differs from that of the native is10in in two nucleotide positions, 

making its RBS stronger (see Ref. 49 and Section 4.11, Materials & Methods). The target 

gene cris10-gfp was inserted immediately downstream of the lac promoter in plasmid 

pZE12IN. Promoter activities at 8 levels of IPTG (0-0.75 mM) were established as before 

by measuring GFP fluorescence, in a strain transformed with pZE12IN and the control 

plasmid pZA31-luc which does not express RNA-OUT.  

As a controlled source of RNA-OUT, we used the pZA31O plasmid which 

harbors the is10out gene driven by the strong synthetic PLtet-O1 promoter 45. We measured 

the response function at four different expression levels of RNA-OUT using different 

concentrations of the inducer aTc (0, 2, 6 and 10 ng/ml), and fitted the data to the steady 

state of model Eq. [4.2.1], as described above (best-fit parameters are given in Table 4.3). 

The data and the corresponding fitted curves are presented in Fig. 4.5a. In absence of the 

inducer, RNA-IN expression coincides with that of the corresponding strain with no 

RNA-OUT source. At higher levels of inducer the threshold-linear response is recovered, 

displaying a smooth transition as expected. These results validate the prediction that 

coupled degradation is not necessary for the threshold-linear form, as long as coupling 

between the sRNA and its target is irreversible. 

To verify that RNA-OUT repressed translation of cris10-gfp mRNA without 

significantly altering its accumulation, we quantify the mRNA concentration of cris10-
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gfp using RT-PCR. Indeed, with 0.3 and 0.75 mM IPTG mRNA levels did not change 

more than 2-fold under different levels of aTc (in is10out+ strains) and in is10out- strain 

(Fig. 4.5b).
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Figure 4.5. Threshold-linear response of a reporter target of RNA-OUT.  (a). GFP 
expressions of is10out+ strain (ZZS35) are plotted against the “promoter activity”, defined as 
the GFP expression of the is10out- strain (ZZS31) grown in identical medium; see caption of 
Fig. 4.3 for details. (b). Ratio of GFP expression in is10out+ (ZZS35) and is10out- (ZZS31) 
strains measured through GFP fluorescence (solid bars) and RT-PCR (striped bars). As expected, 
changes in mRNA level of cris10-gfp are insignificant as compared with GFP protein level. 
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Table 4.3: Best-fit parameters of the data in Fig. 4.5a: Parameters 
extracted from the data in Fig. 4.5a to model Eq. [4.2.1], given in 
terms of 50% confidence interval 

RNA-OUT – cris10-gfp (Fig. 4.5a) 

Fitted values for αs 

Ptet-is10out, aTc 2 ng/ml 1.52 ± 0.05 

Ptet-is10out, aTc 6 ng/ml 2.06 ± 0.11 

Ptet-is10out, aTc 10 ng/ml 2.85 ± 0.10 

Fitted Value for aλ 0.65 ± 0.07 
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4.6 Hierarchical cross-talk between sRNA targets 

Most small RNAs (including RyhB) have multiple targets 6,8,43, whose 

expressions are independently regulated 50. As any one of the targets can reduce the level 

of sRNA, it is plausible for sRNA to mediate indirect interaction (cross-talk) between its 

different targets. It is straightforward to extend model Eq. [4.2.1] to the case of multiple 

targets and account for the indirect interaction between them. For example, for two target 

mRNAs, m1 and m2, one has (assuming p=1 for simplicity)‡‡ 

 

( )1 1 2 2

1 1 1 1 1 1

2 2 2 2 2 2

s s
d s s k m k m s
dt
d m m k m s
dt
d m m k m s
dt

α β

α β

α β

= − − +

= − −

= − −

 [4.6.1] 

We assume that the two genes are expressed from different promoters, and can thus be 

controlled by different signals. We therefore allow for 1α  and 2α  to change 

independently. 

Consider an experiment in which the activity of the reporter gene 1 sα α<  is held 

fixed, while the activity of another target, 2α , is increased (say, by an external stimulus; 

see Fig. 4.6). In the strong interaction limit, 1λ � , we find 

 
( ) ( )

( )

1
* *

1 2 1 2 2 2

* *
1 2 1 2

1 2
21 1

For ,   1  and / ;

For ,    0.

s s

s

sm m

m m

α λ α
αβ λα α α α α β

α α α

−
⎛ ⎞+ = + = −⎜ ⎟
⎝ ⎠

+ < = =

�
 [4.6.2] 

                                                 
‡‡More generally, our model is given by ( )d

dt s s k m sis s i iα β ∑= − −  and 
d
dt m m k m si i i i i iα β= − − , where i enumerates the different targets. 
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With 1α  fixed, one can think of the threshold for gene expression as being set by 1α + sα . 

As long as 2α  is below this threshold, both genes are silenced. Once 2α  exceeds the 

threshold, mRNA molecules of both species survive the sRNA repression, and both genes 

start being expressed. When gene 2 is highly expressed, its expression grows 

proportionally to 2α , with the usual shift due to the sRNA effect. In this limit the 

expression of gene 2 is not affected by the presence of gene 1. At the same time, the 

expression of gene 2 is relieved from the sRNA effect ( )1 1 1m α β� , an effect that is 

amplified if 2 1λ λ� . This can be easily explained, as high abundance of 1m , and/or 

strong interaction with the sRNA, directs all sRNAs to annihilate mRNA molecules of 

gene 2 rather than of gene 1. Indirectly, gene 2 acts as an activator of gene 1. 

In Fig. 4.7a we compare the expression of our reporter target, crsodB-gfp, in 

sodB+ and sodB- cells. In ryhB+
 cells (Fig. 4.7a), sodB expression affected the expression 

of the target reporter: at the same level of promoter activity, the reporter gene was 

repressed more in the absence of chromosomal sodB that in its presence. In comparison, 

no significant difference in expression was observed between sodB+ and sodB-
 in ryhB- 

mutants (data not shown). Fitting the data of Fig 4.7a to this model (black line) highlights 

the fact that the effect of sodB expression on the expression of the GFP reporter is peaked 

at intermediate levels of reporter promoter activity, close to the expression threshold of 

this strain (see the blue line of Fig. 4.3a) where target expression is predicted to be most 

sensitive to changes in sRNA levels.  

Further evidence for a crosstalk between targets of a common sRNA is given in 

Fig. 4.7b. Here the mRNA levels of two chromosomal RyhB-targets (sodB and fumA), as 
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measured by RT-PCR, is shown for different expression levels of the synthetic target 

gene (crsodB-gfp) driven by the PLlac promoter. At basal expression levels of the latter 

(no IPTG added), expression of the chromosomal targets is repressed by RyhB up to 10-

fold (compare the blue and cyan symbols at “promoter activity” = 0). High expression of 

the plasmid target (0.25 mM IPTG) effectively rescues the chromosomal targets from 

repression, as seen by the collapse of all symbols at the highest level of “promoter 

activity”.   

The crosstalk between different targets may allow for one target to relieve sRNA-

mediated repression of another target. To explore this possibility, we used our model to 

calculate the expression level of a reporter target (R), in the presence and in the absence 

of another target gene (T). The ratio between the two levels of expression is displayed in 

Fig. 4.7c. We explore, for instance, the case where transcription of R is smaller than that 

of the small RNA, and therefore in the absence of T its expression level is small. 
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Figure 4.7. Cross talk between different targets of a common sRNA. (a). The fold-change 
between expression of the reporter target crsodB-gfp in strain ZZS22 (sodB+) and strain ZZS22s 
(sodB-) cells. Promoter activity of the reporter is defined as in Fig. 4.3. The black line depicts the 
steady-state solution of a coupled-degradation model which is a straightforward generalization of 
Eq. [4.2.1] to the case of two targets (see Section 4.6, Hierarchical cross-talk between sRNA 
targets). (b). The effect multicopy target expression on chromosomal expression of chromosomal 
targets. mRNA levels of two chromosomal RyhB-targets, sodB and fumA, were measured in cells 
with (ZZS23) and without (ZZS21) the ryhB plasmid. The repression effect of RyhB is measured 
as the ratio between mRNA levels in the two strains. As the expression level of the synthetic 
target, crsodB-gfp, is increased (by increasing IPTG concentration, 0, 0.1, 0.15, 0.25 mM), the 
repression effect on the chromosomal targets is reduced. (c). Predictions of the coupled 
degradation model for the expression of the reporter gene (gene R) to different transcription levels 
of another target (gene T). For generating the figure we arbitrarily choose 15αα =s .  The ratio 
between the leakage parameters of the two genes determined the strength of the interaction and 
the abruptness at the onset of gene R activity, as the expression of gene T crosses the threshold. 
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We mentioned in the context of a single target that the strength of the sRNA-

target interaction (inversely proportional to the leakage parameter λ) is expected to 

influence only the smoothness of the transition but not the threshold value of the 

threshold-linear expression pattern. However, when multiple targets are expressed 

simultaneously, the different mRNA species compete for association with the same pool 

of sRNA, and the relative interaction strength becomes a key determinant of the complex 

interactions that ensue. Our model predicts a novel hierarchical cross talk effect: the 

expression of a weakly interacting target is highly affected by another target that is more 

strongly interacting (see the large TR λλ /  region of Fig. 4.7c), whereas the effect of a 

strongly interacting target is much less affected by a weakly interacting target (small 

TR λλ / ). Interestingly, for large TR λλ / , the response of the reporter target to changes in 

the transcription rate of another target may be very sharp. For example, the data of 

Fig. 4.7c allows for effective Hill coefficient ~ 10 for 5/ ≈TR λλ . Thus, the sensitivity of 

the sRNA-mediated repression is translated into sensitivity in the indirect interaction 

between its targets.  

 

Discussion 

The “standard model” of gene regulation in bacteria involves primarily 

transcriptional initiation control by one or more regulatory proteins. Solid understanding 

of the key mechanistic ingredients of transcriptional regulation 51, stemmed from decades 

of research in molecular biology, lead to a reasonable quantitative description 52,53. While 

such a framework for small RNA is still lacking, the successful description of our 



125 

 

experimental results by the simple kinetic model for sRNA-mediated regulation [Fig. 4.3 

and Eq. [4.2.1]] prompted us to use this model to compare between the two modes of 

regulation.  

 

4.7 Properties of sRNA repression vs. protein repression 

The effect of a transcription factor, which represses transcription initiation by 

blocking binding of the RNA-polymerase has been shown 52,53 to take the form 

 
( )

* 1
1

m
n

m

m
r K

α
β

=
+

 [4.7.1] 

Here r is the concentration of the protein repressor, K its binding affinity to the promoter, 

and n is the Hill coefficient which describes the effect of cooperativity (typically one has 

2n ≤ ). The effect of the protein repressor is multiplicative. The fold of repression is 

determined solely by the properties of the repressor (its binding affinity to the promoter, 

its concentration, etc). 

Proteins can also take part in post-transcriptional regulation. A protein regulator 

can act by destabilizing a target mRNA, either directly (e.g. by recruiting a ribonuclease) 

or indirectly (by blocking translation). For example, the protein CsrA inhibits translation 

of the glgCAP mRNA by binding to its 5’-UTR 64, thus exposing it to degradation. As a 

crucial difference from a small RNA, the protein is assumed to be unaffected by the 

degradation of the RNA molecule, and would be recycled to exert its effect on other 

molecules. In terms of mass-action equations, this can be modeled by 
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d R R k mR k C C
dt
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dt
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α β β

α β

β

+ −

+ −

+ −

= − − + +
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 [4.7.2] 

Here C is the concentration of mRNA:protein complex, k+1 and k−1 are the binding and 

unbinding rates of this complex, and βc is the degradation rate of the mRNA when it is 

attached to the protein. Rα  and Rβ  are, respectively, the production and decay rates of 

the protein. 

Perhaps surprisingly, the solution of model Eq. [4.7.2] suggests that the steady 

state effect of this mode of repression is similar to that of a transcriptional repressor. In 

the case where the protein repressor inhibits translation, we have  

 * 1Protein production
1

m
rc

m Km

m β

β

α
β

=
+

∼  [4.7.3] 

with ( )1
1 1 cK k k β−

+ −= + . If the repressor does not interfere with translation, all mRNA 

are actively translated, and one has 

 * * 1
Protein production

1

r
m K

rc
m Km

m C β

β

α
β

+
+ =

+
∼  [4.7.4] 

More generally, it is possible that multiple proteins can bind cooperatively to the 

mRNA molecule to inhibit its translation or promote its degradation (as is the case of 

CsrA64). It is simple to show that this would result in a Hill coefficient > 1, as in Eq. 

[4.7.1]. 
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In common to all the cases considered, the repressor reduces the abundance of 

mRNA by a constant multiplicative factor (”fold-change”), irrespective of the activity of 

the promoter (Fig. 4.8b). In other words, the effect of an enzymatic regulator is 

multiplicative, whereas the effect of sRNA is additive. However, if a certain target is 

always expressed less efficiently than its sRNA regulator ( )m sα α� , the effect of the 

latter becomes multiplicative, as can be seen from Eq. [4.6.2]. This is due to the fact that 

a weak target cannot change significantly the level of sRNA. 

 

 

4.8 sRNA regulation is subject to dynamic control 

Analysis of a simple model of protein-mediated gene regulation (Section 4.7, 

Properties of sRNA repression vs. protein repression) predicts that regardless of whether 

a protein regulator acts as a transcriptional repressor or as a catalyst of mRNA 

degradation, target expression always increases linearly with the promoter activity. The 

ratio between expression levels at different concentrations of the regulator is independent 

of the target activity – see Fig. 4.8b. Thus, one can safely talk about the “strength” of a 

repressor, or the “fold-change” in gene expression in the presence and absence of the 

repressor.  

This is however not the case for the threshold-linear mode that characterizes 

sRNA-mediated regulation.  Here the “fold-change” depends not only on the presence of 

the repressor, but also on the activity of the target, as illustrated by the arrows in 

Fig. 4.8a. This property may have functional consequences: Small RNA serves to tightly 
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shutdown a gene which is repressed by other means, while at circumstance that allow for 

high expression of the target, sRNA expression has virtually no effect. Moreover, in the 

threshold-linear mode of sRNA-mediated gene regulation, onset of repression is set by 

comparison of transcription rates between sRNA and its target. As a result, the threshold 

value is dynamically tunable through controlling the rate of sRNA transcription. In 

contrast, protein-operator binding affinity which controls the onset of repression in 

protein-mediated regulation is fixed genetically by the operator sequence. Dynamic 

control of the latter would require other co-factor(s) and auxiliary binding sites and 

become more elaborate to implement.  

In some cases a small RNA serves as a node in a regulatory cascade. Expression 

of the small RNA is controlled by a protein regulator that senses (directly or indirectly) 

an environmental signal. For example, the Ferric Uptake Regulator (Fur) is activated by 

free Fe2+ molecules and negatively regulates transcription of RyhB, which in turn 

regulates targets required when Fe2+ is abundant in the medium 34,43. Our results suggest 

that small RNA is more than a simple inverter of such a protein regulator – rather, it acts 

as a “stress-relief” valve. For example, while Fur senses levels of Fe2+ continuously 

(through rapid equilibration between Fur and Fur-Fe2+), we predict that targets of RyhB 

will only respond when these levels cross some threshold. This threshold is set 

dynamically for each target by its own synthesis rate. 

Recently it has been suggested that target of microRNA regulation in eukaryotes 

may be classified as “switch”, “tuning” and “neutral” targets, depending on their 

response to microRNA level 54,55. In the framework presented here, these classes 

correspond to targets whose transcription rate is well below, near, or well above that of 
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the RNA regulator. We emphasize, however, that the threshold linear picture we draw is 

only valid for if the level of the RNA regulator is affected by its interaction with its 

targets. This is yet to be established for microRNA in eukaryotes.  

 

 

4.9 sRNA may exhibit tight repression of fluctuations  

Deep in the repressed state, sRNAs are predicted to strongly repress variations in 

protein expression. The effect of noise on gene expression is a subject of extensive 

current research 56-59. We studied this effect theoretically by generalizing the model Eq. 

[4.2.1] to incorporate stochastic fluctuations. In Fig. 4.8c we compare results of 

stochastic simulations for two genes with the same low mean protein expression: Gene S 

is silenced by a small RNA, and gene R is repressed transcriptionally by a protein 

regulator. Transcriptional repression is mimicked by choosing the transcription rate of 

gene R to be such that the average copy number of mRNA molecules (and thus, of 

proteins) would be the same for the two genes. For the parameters used in our 

simulations with αs = 1 nM/ min, k = 0.02 (nM·min)−1, and αm = 0.1 nM/ min for gene S, 

this corresponds to αm = 0.0043 nM/ min for gene R. Other parameters are as given in 

Table 4.1. Data were collected at t �  1000 min from 104 independent simulations. 

Two major features arise from Fig. 4.8c. First, we find that the number of 

proteins/cell is much more peaked around the mean value (~2.15), i.e. the variance is 

much lower, for the sRNA regulated gene (S). Second, we find that the probability of 

having no proteins at all is much higher in the case of transcription repression. 
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To get a better understanding of these features, we assume a high level of sRNA 

(as expected in the repressed state), and thus neglect fluctuations in its copy number. We 

therefore take ( ) /s m ss α α β= − . With this assumption, one can think of the target mRNA 

as having an effective degradation rate ( )
~

/m m s m skβ β α α β= + − . Following Ref. 60, we 

expect 

 ~   pm

p
m

p
αα
ββ

=  [4.9.1] 
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1 /
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mp
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α β
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β β

Δ
= + +

+
�  [4.9.2] 

where p  is the mean protein number, and 2pΔ  is its variance. The expression in 

[4.9.2] is the Fano factor, a common measure for the magnitude of the noise. Importantly, 

we see that it is linear in the mRNA life-time, which is substantially reduced by the small 

RNA. Moreover, we note that the Fano factor is independent of the transcription rate αm. 

The results [4.9.1]-[4.9.2], with 
~

mβ  as defined above, are compared with our Monte-

Carlo simulations in Fig. 4.9. As expected, our approximation, which neglects 

fluctuations in the sRNA concentration, works quite well as long as the transcription rate 

αs is not too small. We discuss the noise properties of sRNA regulation more extensively 

in Chapter 5, Noise and Silence in sRNA Regulation. 

In general, we predict a much-reduced variance in protein level for sRNA-

mediated regulation. This can be understood by inspecting the time courses of protein 

expression (Fig. 4.8c). With the protein regulator (red curve), any leakage in transcription 
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is amplified through translation, resulting in large bursts of protein expression, as was 

recently observed experimentally 61,62. With the sRNA (blue curve), gene expression is 

much smoother as mRNA molecules are rarely translated. This difference in the noise 

properties may be very important in situations where a large burst of proteins will switch 

a cell from one stable state to another. In cases such as stress responses where 

unintentional entry into the alternative state may be harmful and spontaneous switching is 

to be avoided, sRNA-mediated regulation might possess a distinct advantage. Attenuation 

of noise by decreased burst size may also be accomplished by eukaryotic microRNAs 55, 

through a decrease in mRNA stability or  inhibition of translation. 
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Figure 4.8. Comparison between sRNA- and protein-mediated repression. (a). Steady-state 
solution of model Eq. [4.2.1], with the estimated parameters of Table 4.1. The strength of sRNA 
repression decreases as the target transcription increases. (b). Steady-state solution of a model 
for protein regulators (Section 4.7, Properties of sRNA repression vs. protein repression), where 
the strength of repression is independent of target transcription rate. (c). Temporal behavior in a 
single stochastic simulation of the expression of two model genes S and R, regulated by sRNA 
and protein regulators respectively. The bursty nature of the noise for gene R is compared with 
the smooth fluctuations exhibited by gene S. 
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Figure 4.9. Mean and Fano factor of the protein level in the silenced state. Lines are given 
by [4.9.1]-[4.9.2], and symbols correspond to Monte-Carlo simulations. For gene S we take 
αm = 0.1 nM/sec and αs = 1.0 nM/sec. For gene R we take αm = 0.0043 nM/sec. Other parameters 
are as given in Table 4.1. 
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4.10 Small RNA regulation may be highly sensitive 

Small RNA-mediated regulation was predicted to be ultrasensitive to small 

changes in sRNA expression near the threshold 7. A common measure for the abruptness 

of a transition, or the sensitivity, is the maximal slope of the response curve, )( sm α , in a 

double-log scale. According to model [4.2.1], it is given by 1
2 /mα λ , which quantifies 

our statement that lower leakage makes a sharper transition, and also predicts a sharper 

transition for highly expressed targets. With the parameters of Table 4.1, we find the 

sensitivity to be given approximately by 2.5 for 1=mα  nM/sec, and 4.3 for 

3=mα  nM/sec. In comparison, for a protein repressor the sensitivity is bounded by the 

Hill coefficient, and is typically ≤ 2. On the other hand we note that much higher 

sensitivity can be achieved, e.g., by zeroth-order kinetics 63.  

 

Through quantitative characterization of gene regulation for two distinct classes of 

sRNA regulators, we have shown that sRNA-mediated regulation possesses many 

functional properties that are fundamentally different from the classical, protein-mediated 

mode of gene regulations. Analysis of our model suggests that sRNAs may offer tight 

regulation below the threshold (repressing the average expression and reducing 

fluctuations) accompanied by derepression away from the threshold. Taken together, this 

suggests that sRNAs working in the threshold-linear mode may be particularly suitable 

for a “stress-relief” mechanism, where no action is elicited until a “tolerance threshold” is 

exceeded. Knowledge of these properties is essential to an integrated understanding of 
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gene regulatory systems, and may inspire the design and synthesis of novel genetic 

circuits 65 with properties difficult to obtain by using regulatory proteins alone. 

 

 

4.11 Materials and Methods: Strains & plasmids 

All experiments were performed with BW-RI cells derived from E. coli K-12 

BW25113 66, with the transfer of the spr-lacI-tetR cassette from DH5α-ZI cells 45 by 

phage P1 transduction. This cassette provides the constitutive expression of the lacIq and 

the tetR genes 45. For some experiments, ryhB and/or sodB were deleted from BW-RI 66. 

These strains were then transformed by the following “target” and “source” plasmids. All 

strains and plasmids used are summarized in Table 4.4. 

pZE12-luc 45 was used to make the target plasmid pZE12S. Using site-directed 

mutagenesis, an EcoRI site was created by adding GAAT immediately downstream of +1 

of the PLlac-O1 promoter. The region between the newly created EcoRI site and the EcoRI 

site 6 bp upstream of RBS was then deleted by EcoRI digestion and subsequent 

religation, yielding pZE12-lucM. The KpnI-XbaI flanking luc gene in pZE12-lucM was 

replaced by the gfpmut3b structure gene 67. This yields pZE12G, which harbors the PLlac-

O1:gfpmut3b construct with a  5’-UTR defined by an EcoRI site immediately downstream 

of +1 and KpnI site immediately upstream of the translation start of gfpmut3b. The 15-

base sequence sandwiched by the EcoRI and KpnI sites, ATTAAAGAGGAGAAA, 

contains an RBS indicated by the underlined bases. The 5’-untranslated region from the 

control region of sodB (crsodB, from -1 to +88 relative to the transcriptional start site of 

sodB and including the first 11 codons) was cloned into the EcoRI and KpnI sites of 
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pZE12G, yielding pZE12S. pZE12S therefore contains the ColE1 ori, the PLlac−O1 

promoter 45, and crsodB fused to the coding sequence of the gfpmut3b gene. Similarly, 

the control region of IS10-Right  (from +1 to +36) was substituted for crsodB in pZE12S, 

yielding pZE12IN. To improve the expression level, the RBS in is10in control region 

was modified by changing  TC (+16 to +17) to GG. 

Three sRNA-source plasmids (pZA30R, pZA31R and pZA31O), were derived from 

the pZA31-luc plasmid 45. Each contains the p15A replication ori and is marked by 

chloramphenicol resistance. First, a NdeI site was added immediately downstream the +1 

of the luc gene by inserting ATG between +2 and +3 and a BamHI site was added 

immediately downstream of luc by inserting ATC between the 1772th and 1773th 

nucleotides, yielding pZA31-lucNB. For pZA31R, the ryhB gene (from +1 to +96 cloned 

directly from E. coli K-12) was ligated into the NdeI/BamHI sites of pZA31-lucNB, 

replacing the luc gene. For pZA30R, the PLtet-O1 promoter and the luc gene of pZA31-

lucNB were replaced by PryhB ryhB (from -62 to +96 cloned directly from E. coli K-12 

MG1655). Finally, for pZA31O, the is10out gene (from +1 to +103) was substituted for 

the luc gene  in pZA31-lucNB. 

In addition, we transferred the target crsodB:gfp to the attP site of strain 

BW25113 ryhB chromosome using the method of Diederich et al 68. Briefly a 

SalI/BamHI-flanked  PLlac-O1:gfpmut3b containing the downstream terminator was cloned 

into the same sites of pLDR10 containing the  attachment site attP and encoding the Cm 

resistance. The recombinant plasmid was digested with NotI and the larger portions of the 

plasmids containing the fragment of interest but not the ori were religated. The circular 

DNA molecules were transformed into BW25113 ryhB cells expressing the int gene 
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contained in pLDR8, a helper plasmid bearing a temperature-sensitive ori and encoding 

the km resistance. The transformations were applied on LB +Ap plates that were 

incubated at 42 C. The transformants were tested for sensitivity to Cm and Km. The Ap-

resistant but Cm- and km-sensitive transformants were identified as the clones that carry 

the DNA fragment of interest at the attP site of E. coli chromosome. 
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Table 4.4: Bacterial strains and plasmids used in this study. All coordinates are relative to +1 
position of the given gene 
Strain Genotype Derived From Comments 
BW-RI spr-lacI-tetR BW25113 spr-lacI-tetR cassette derived 

from DH5α-ZI 45 
BW-NULL pNULL BW-RI Negative control 
ZZS00 ΔryhB BW-RI ryhB deletion from -54 to +94 
ZZS02s ΔsodB BW-RI sodB deletion from +1 to +91 
ZZS02q Δhfq BW-RI hfq deletion from +8 to +279 
ZZS22 pZE12S BW-RI  
ZZS20 ΔryhB pZE12S ZZS00  
ZZS23 ΔryhB pZE12S pZA31R ZZS00  
ZZS13 ΔryhB pZE12G pZA31R ZZS00  
ZZS21 ΔryhB pZE12S pZA31-luc ZZS00  
ZZS11 ΔryhB pZE12G pZA31-luc ZZS00  
ZZS24 ΔryhB pZE12S pZA30R ZZS00  
ZZS22s ΔsodB pZE12S ZZS02s  
ZZS23q ΔhfqΔryhB pZE12S pZA31R ZZS00, ZZS02q  
ZZS21q ΔhfqΔryhB pZE12S pZA31-luc ZZS00, ZZS02q  
ZZS35 pZE12IS pZA31O  BW-RI  
ZZS31 pZE12IS pZA31-luc BW-RI  
ZZS01 ΔryhB ΔlacI ΔlacZYB pZA31-luc 

pZS-In-RI 
MG 1655  

ZZS41 ΔryhB ΔlacI ΔlacZYB Φ(crsodB-
gfp) pZA31-luc pZS-In-RI  

MG 1655  

ZZS43 ΔryhB ΔlacI ΔlacZYB Φ(crsodB-
gfp) pZA31-ryhB pZS-In-RI  

MG 1655  

Plasmid    
pZE12   ColE1 ori, Amp marker 45 
pZA31-luc PLTet-O1:luc  p15A ori, Cm marker 45 
pNULL PNULL:gfpmut3b pZE12 Promoterless gfpmut3b - 

negative control;  
pZE12G PLlac-O1: gfpmut3b pZE12  
pZE12S PLlac-O1:crsodB-gfpmut3b pZE12 crsodB amplified from +1 to 

+88 
pZE12IS PLlac-O1:cris10-gfpmut3b pZE12 cris10 amplified from +1 to 

+36; TC at +17 changed to 
GG. 

pZA31R PLTet-O1:ryhB pZA31-luc ryhB amplified from +1 to +96 
pZA31O PLTet-O1:is10out pZA31-luc is10out amplified from +1 to 

+103 
pZA30R PryhB:ryhB pZA31-luc PryhB:ryhB amplified from -

62 to +96 
pZSInRI    
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4.12 Medium, growth, measurements 

BW-RI strains each containing the target and/or source plasmids were grown in 

M63 minimal media with standard concentrations of the appropriate antibiotics. The 

overnight cultures were diluted into fresh M63 media (OD600 ≈ 0.002) containing the 

appropriate antibiotics as well as varying amounts of the inducers (aTc, IPTG, FeSO4) in 

the wells of 48-well plates. The plates were incubated with shaking at 37C and taken for 

OD600 and fluorescence measurements every hour for up to 15 hours (until a final OD600 

of 0.2 - 0.3) using a TECAN Genios-Pro plate reader. Each measurement was repeated 3 

times and the data was analyzed as discussed below.  

For RT-PCR measurements, overnight cultures were used to inoculate M63 

medium with 0.5% glucose, standard concentrations of the appropriate antibiotics, and 

various concentrations of inducers to an initial OD600 of 0.001 and grown in 48 well 

plates (Costar) in a 37oC incubator while monitoring OD600 and GFP fluorescence (if 

applicable). When OD600 of these cultures reached 0.3-0.5, ~109 cells of each culture 

were harvested in a microcentrifuge at 4°C, treated with 10 mg/ml lysozyme in TE buffer 

(pH = 8.0) and RNA was collected using an Absolutely RNA miniprep kit (Stratagene). 

The prepared samples were then treated with Turbo DNA-free DNase (Ambion), and 

PCR controls were performed on each sample to verify the absence of contaminating 

DNA. cDNA was prepared with 1 μg of RNA from each sample using Superscript III 

First Strand Synthesis system (Invitrogen). Dilutions of the resulting samples were then 

used as the template in PCR reactions using iQ SYBR Green Supermix (Bio-Rad) in a 

Smart Cycler thermal cycler (Cepheid). 

To measure expression from a chromosomal target, cells were grown overnight in 
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minimal media with antibiotics. Cultures were then diluted to OD600=0.01, and grown in 

a 12-well plate, 3 ml of culture in each well, with antibiotics and inducers. To establish 

growth rate, OD600 was measured every 60 min. Cultures were grown at 37C with 

constant shaking until they reach OD600=0.3, at which time 1.7 ml of each culture was 

spun down and resuspended in 1 ml PBS. Expression data were collected using a Becton-

Dickinson FACSCalibur flow cytometer with a 488-nm argon excitation laser and a 515- 

to 545-nm emission filter (FL1) at a low flow rate. Photomultiplier tube (PMT) voltage 

was set to 950V, and a linear amplifier was set at 9.5X. Forward scatter and fluorescence 

values were collected for 50,000 cells. 

 

 

4.13 Data analysis  

In order to obtain expression patterns for the different strains, we averaged at each 

time point the data obtained from the different repeats for each combination of strain and 

inducers. Fitting log2(OD600) vs. time to a linear function yielded straight lines (data not 

shown) whose slope gave the doubling rate (μ) for each strain and condition (yielding 

doubling time ~2 hours for most strains.) Next, for all of the time points concerning each 

strain and condition, we plotted the average fluorescence vs. average OD600 on linear-

linear plot and extracted the slope (f). In Fig. 4.2a we show, for example, GFP 

fluorescence against OD600 for ryhB- strain (ZZ21), together with the fitted slopes. Each 

slope gave the average fluorescence per growing cell [in unit of RFU/OD] for that strain 

and the corresponding growth condition. The raw fluorescence production rate per cell 
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was computed as fμ(1+ μτ)  69, upon taking into account of the maturation kinetics of 

GFPmut3 (maturation half-life of ~30 min) 67. We then subtracted away from this raw 

rate the background fluorescence production rate, obtained in the same way from data 

collected from our negative control (BW-NULL). This yielded the rate of GFP 

production synthesis from PLlac-O1, and is referred to as the GFP expression. The results 

are plotted Fig. 4.2b at each IPTG level for each RyhB source.  

To fit the experimental data with the steady-state solution Eq. [4.2.2], we define  

      GFP expression = f (a,as,aλ) =
1
2

a − as − aλ( )+ a − as − aλ( )2 + 4aaλ
⎡ 
⎣ ⎢ 

⎤
⎦⎥. 

Here mmba βα /=  is the promoter activity (set by the IPTG concentration); 

mss ba βα /= is related with the activity of the small RNA (and therefore takes different 

values for different experiments); and kba s /βλ =  is related to the ‘leakage parameter’ 

(defined in the text). The latter is independent of the sRNA activity, and should therefore 

take a single value for all experiments. The coefficient b corresponds to the rate of GFP 

synthesis and its fluorescent activity. We fit the data to ),,( λaaaf s using a standard 

Levenberg-Marquardt algorithm implemented in MATLAB (MathWorks), with the least-

square error defined as  

                  GFP activity − f a([IPTG]),as(e),aλ( )[ ]2

[IPTG ]
∑

experiment(e )
∑ . 

The estimated parameters are given in Table 4.2 in terms of 0.5-confidence 

intervals. 
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The values of the model parameters can be estimated from various experiments. 

Consider first RyhB and its targets 34,35. The Hfq-bound small RNA RyhB is very stable, 

with half-life of ~30 min 35,40, yielding βs ~ 1/50 min-1. Similarly, from the half-life of ~6 

min for sodB mRNA 35, we have βm ~ 1/10min-1. Moreover, DNA microarray 

experiments 50,70 indicated approximately 10-20 copies/cell for the sdhCDAB and sodB 

mRNA in rich medium (where Fe is abundant and RyhB is expected to be repressed). 

This suggests a target transcription rate (αm) of ~1 nM/min in the state where mRNA is 

expressed. In general, αm is controlled by various cellular signals (e.g. sdhCDAB by Crp-

cAMP) and can typically vary ~10 fold. (The DNA microarray study of Zhang et al 50 

showed approximately 5-fold change in sdhCDAB and sodB mRNA levels under various 

physiological conditions.) On the other hand, the activity of the RyhB promoter has a 

broad range since it is strongly regulated by Fur-Fe2+ whose concentration can vary over 

1000-fold 44. We model the latter by allowing αs to take on the range from 0.1/min to 

10/min. Finally the coupled degradation rate k can also be deduced from the results of 

Masse et al 35: Since RyhB is shown to disappear in the presence of its targets within 3 

min, then using an estimated target mRNA concentration of 20 nM, we find 1/50 (nM 

min)-1, which is close to the diffusion-limited association rate for typical small 

proteins 71,72. 

Next, consider RNA-OUT and its target is10in. RNA-OUT itself is extremely 

stable, with half-life dictated by dilution due to growth βs ~  0.02 min-1 73, while half-life 

of  is10in mRNA is typical to bacterial mRNA (2-3 min, βm ~ 0.3 49. Binding of RNA-

OUT to its target mRNA is characterized by a second-order binding constant in the range 

of k ~ 1/50 - 1/20 (nM min)-1. The pOUT promoter is a typical promoter, and we assume 
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that αs is  not very different from that of RyhB 74. The pIN promoter, on the  other hand, 

is atypically weak, and is only enhanced 10-fold upon methylation 74-76. 

Values of the parameters are summarized in Table 4.3. 
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CHAPTER 5 

Noise and Silence in Small RNA Regulation 

5.1 Introduction 

Living cells often retain key molecules, such as proteins and mRNA, at very low 

copy number 1. Fluctuations can therefore be significant, and may have implications on 

cellular regulation 2,3 and lead to phenotypic diversity 4-6. Sources of genetic noise are 

typically divided into two components, intrinsic and extrinsic 2,7,8. The first is attributed 

to the stochastic nature of mRNA and protein synthesis and degradation 9-11, while the 

latter stems from global factors within the cell, such as ribosome concentration or degree 

of DNA supercoiling 7,8. Advances in single-cell technologies of recent years have 

allowed the degree of intrinsic vs. extrinsic noise in single-cell organisms to be 

probed 7,12, as well as to characterize sources of intrinsic noise 13-18. These studies were 

accompanied by theoretical modeling of genetic noise at the level of a single gene 9,10 or 

small modules of gene networks 8,11,19-21. 

Most of the studies mentioned above were done in the context of transcription 

regulation (except for Ref. 19, which studied theoretically protein mediated post-

transcription regulation). In recent years the central role of small regulatory RNA 

(sRNA) molecules in gene regulation has been unveiled. Organisms that employ small 

RNAs for gene silencing range from bacteria to vertebrates 22-25. While the pathways and 

details are different, in all cases small RNAs target specifically messenger RNAs of a 

target gene, based on some base-pair complementarity and secondary structure. Upon 

binding – and with the aid of auxiliary proteins – target mRNA is either directed for 

cleavage or its translation is inhibited. Interestingly, some cases are known where 
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bacteria use small RNAs as activators of gene expression 26,27. However, a eukaryotic 

counterpart is yet to be discovered. 

Are the noise characteristics of genetic regulation by small RNAs significantly 

different than regulation by protein transcription factors? Here we address this question 

in the context of RyhB, one of the best-characterized small RNAs in E. coli 28,29. This 

small RNA, involved in the control of iron homeostasis and oxidative stress 28,30, 

represses the expression of several target genes by targeting the 5’-UTR of their mRNAs. 

Binding of the sRNA to its target promotes degradation of both molecules 29,31. 

Previously, we described the threshold-linear response that characterizes target genes 

under this mode of regulation (see Chapter 4, Quantitative Characteristics of Gene 

Regulation by small RNA). Here we extend our model to incorporate stochastic 

fluctuations. 

When the synthesis rate of the small RNA significantly exceeds that of its target 

mRNA, the average copy number of the latter is kept extremely low. Under these 

circumstances, one might expect that mRNA level should fluctuate considerably. 

However, our model predicts that sRNA regulation keeps the noise level extremely low 

by reducing the burstiness of translation, consistent with the notion that bursty translation 

is a major source of intrinsic noise 10,13,16,17. 

Average mRNA level is expected to remain low even when synthesis of sRNA 

and mRNA occur at comparable rates. However, in this case our model predicts 

overwhelming fluctuations, which may increase mRNA level, even to its unrepressed 

level. Interestingly, the nature of these fluctuations allows for a population diversity, in 

which some cells may possess high mRNA copy number, while others possess almost 
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none. We tested this prediction experimentally, by constructing synthetic sRNA-target 

pairs on plasmids, and transforming them into E. coli cells. Synthetic sRNAs were based 

on RyhB, while targets consisted of fusion of a 5’-control-region of a RyhB target to a 

GFP reporter. Measuring single-cell fluorescence using flow cytometry allowed us to 

identify population diversity at the threshold of gene expression, as predicted by the 

model. 

 

 

5.2 Model for sRNA regulation 

Consider a simplified model for a small regulatory RNA which represses 

expression of a target gene by targeting its 5’-UTR. The two RNA species are coded by 

independent genes on the bacterial chromosome, and their synthesis can be independently 

regulated, e.g. by transcription factors, at the two promoters. Small RNAs and target 

mRNAs are therefore synthesized at two independent rates, denoted αs and αm 

respectively. Typical mRNAs in bacteria are subject to active degradation, which we 

assume to be linear and characterized by a rate βm. Small RNAs may also be subject to 

active degradation or may be diluted due to cell growth. Both processes are coded as a 

linear depletion with rate βs. Finally, binding of the small RNA to its target occludes 

ribosome binding and prevents translation initiation, and promotes degradation of both 

molecules. Within our model, this is summarized as an irreversible second-order binding 

process with rate k, after which the mRNA and sRNA molecules no longer participate in 

any gene expression process. The values of these parameters can be estimated for various 

sRNAs 32 (see also Table 4.1). 
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The master equation for the distribution of mRNA, sRNA and protein copy 

number (m, s and g, resp.) in this model is given by  

 

( ) ( ){ }
( ) ( ){ } ( )
( ) ( ){ }

( , , ) 1 1

    1 1 1

    1 1 ( , , ),

[

]

m m m m

s s s s m s

g g

d P m s g a a m
dt

a a s k a a ms

m a a g P m s g

α β

α β

γ δ

+

+ + +

+

= − + −

+ − + − + −

+ − + −

 [5.2.1] 

where the lowering and raising operators are defined through ( ) ( 1)xa h x h x= − , 

(0) 0xa h = , and ( ) ( 1)xa h x h x+ = +  for any function h(x). In this paper we focus on the 

steady-state properties of gene expression, and therefore all time derivatives are hereafter 

set to zero. 

Multiplying the master equation by either m or by s, and summing over m, s and g 

yields 

 0,   0m m s sm k ms s k msα β α β− − = − − =  [5.2.2] 

Here ⋅  denotes a steady-state ensemble average over different realizations of the 

stochastic process. As usual, one assumes ergodicity and identifies this average with the 

population average, namely the quantity measured in culture. 

 

 

5.3 Mass-action model 

As a first approximation, we ignore correlations between m and s, and replace the 

term ms  on the right hand side of Eq. [5.2.2] by m s . The equations then have the 

same structure as the mass-action model presented in Chapter 4, Quantitative 

Characteristics of Gene Regulation by Small RNA. It is now straightforward to obtain the 
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steady-state concentrations of all molecule species, and investigate their dependence on 

the different parameters. Let us briefly review these results. 

The expression of a target gene depends strongly on the ratio between the 

transcription rate of the target, αm, and that of the small RNA, αs. When the sRNA is 

produced at much higher rate, all mRNAs are rapidly targeted for degradation, and 

protein synthesis cannot take place. Gene expression is then repressed (wαs)-fold, where 

w ≡ k/(βmβs) measures the efficiency of the coupled degradation channel. Based on 

available data, we estimate that for RyhB in E. coli at log phase, wαs can be as large as 

102 − 103 (see Chapter 4, Quantitative Characteristics of Gene Regulation by Small 

RNA). In contrast, if the transcription rate of the target gene significantly exceeds that of 

the small RNA, repression is effectively relieved. The concentration of mRNA is then 

given by ( ) 1/ ( )m s m O wα α β −− + . In summary, for large w gene expression is effectively 

silenced below the threshold m sα α� , and increases linearly with the promoter activity 

above it. The sharpness (‘sensitivity’) of the transition at the threshold increases with w. 

This threshold linear behavior is depicted in the inset of Fig. 5.1. This behavior was 

tested experimentally for RyhB, an endogenous small RNA in E. coli (see Chapter 4, 

Quantitative Characteristics of Gene Regulation by Small RNA), as described below (see 

Fig. 5.6). 
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5.4 Noise in target gene expression 

We now turn to describe internal noise in the expression of a gene regulated by a 

small RNA. We focus on a noise index , /x x xC xη ≡ , where ,x yC xy x y= −  is the 

steady-state correlation between the copy numbers of molecules x and y (so Cx,x is the 

variance of x). Note that xη  has the same dimensions as a molecule number. 

Multiplying the master equation by m2 or s2, summing over all variables, and 

using Eq. [5.2.2], one finds that at steady state 

 , , , ,0,   0.m m m m m ms s s s s s msC kC C kCα β α β− − = − − =  [5.4.1] 

Again, one can make the approximation where m and s are uncorrelated, in which case 

the variance of each species follows the same steady-state equation as its mean (cf. 

Eq. [5.2.2]). For the mRNA, these equations correspond to a birth-death process, with 

birth rate αm and death rate *
m m k sβ β= + . Under this approximation 1m sη η= = , just as 

for a Poisson process. However, it is natural to suspect that at least for some choices of 

parameters m and s should be highly correlated and this approximation should not hold. 

In Fig. 5.1a we plot the noise index ηm as obtained from exact numerical integration of 

the master equation, Eq. [5.2.1]. When the target transcription rate is very high or very 

low compared with that of the small RNA, ηm indeed approaches one. However, when the 

two rates are comparable, correlations between the two species cannot be neglected. In 

fact, strong anti-correlation between the two results in a large noise index. This 

phenomenon will be addressed theoretically and experimentally below. 

In most cases, the essential gene product to the cellular program is the proteins, 

rather than the transcribed RNA. Indeed, the known natural targets of RyhB are all 
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structural proteins 28,30, and accordingly the synthetic reporter we will use below to test 

our model is the green fluorescent protein (GFP). We therefore direct our attention to ηp, 

plotted in Fig. 5.1b. In Fig. 5.1b we also plot the noise index for a protein that is not 

regulated by a small RNA, but otherwise have the same characteristics (upper horizontal 

dashed line). For such a protein it is straightforward to show that ( )1 / 1 /p mbη δ β= + + , 

where / mb γ β≡  is the size the burst of proteins translated from a single mRNA 10. 

Two features of the mRNA noise index propagate to the protein level. First, when 

the target transcription rate is much larger than that of the sRNA, noise is not affected by 

the sRNA regulation. Also, as the transcription levels become comparable, the strong 

noise in the mRNA level is also observed for the protein. One new feature is found as the 

mRNA transcription level becomes even lower. Here, the noise in the protein level is 

significantly reduced as compared with an sRNA-free gene. This will be the focus of the 

next section.  

 

 

5.5 Population diversity at the threshold – Model 

According to the threshold-linear picture presented above (inset of Fig. 5.1), 

whenever transcription of the two genes – the small RNA and its target – occurs at 

similar rates, the steady-state average of both species is considerably suppressed. In this 

case, where all participants in the process are at low numbers, fluctuations can dominate. 

This situation has been studied in another context in Ref. 35 within a linear noise 

approximation. This approximation proved useful in quantifying the strong anti-
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correlation between species, but misses the main feature discussed below, namely the 

population diversity. 

To gain insight into the nature of these fluctuation, Fig. 5.2a shows typical 

temporal evolution of the sRNA and target copy number in our model, as obtained from 

Monte-Carlo simulations 33. While the average mRNA number m  (as obtained by 

numerical solution of the master equation and compared with the simulation) is not very 

different from the one predicted by the mass-action model, these averages do not capture 

the dynamical behavior of the mRNA copy number. In fact, simulations suggest that the 

cell goes through alternating periods of complete mRNA suppression (with high level of 

sRNA) and mRNA expression (with the sRNA suppressed). Starting from a state where 

both RNA species are suppressed, a small fluctuation makes the mRNA the majority 

species. In this state, most mRNAs decay through the sRNA-independent degradation 

pathway. At the same time, the developing mRNA pool keeps the sRNA level 

suppressed. After a while, fluctuations drive the mRNA pool back to a level comparable 

to that of the sRNA. Now, similar fluctuations can drive the cell to another round of 

abundant mRNA, or – as it happens in this particular realization – to a round of abundant 

sRNA, accompanied by mRNA suppression. 

These simulations suggest an appealing scenario, where the transition from the 

silenced regime ( m sα α� ) to the active regime ( m sα α� ) occurs via separation of the 

probability P(m) into two modes: One mode is a reminiscent of the silenced state, while 

the other is the bud of the active state. This scenario is depicted in Fig. 5.2b, where 

P(m) - as obtained from numerical solution of the master equation, Eq. [5.2.1] - is 

followed through the transition. Just above the transition one indeed finds a regime where 
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the population of cells is divided into two sub-populations, which do or do not express 

the target gene. 

To gain insight into the mechanism behind this behavior, consider the following 

picture. The steady-state dynamics of the mRNA molecule number, m(t), can be 

described as a random walker on the positive axis. This number is increased by one due 

to a transcription event, with rate αm. It is decreased by one whenever an mRNA is 

degraded by a ribonuclease, independent of the small RNA interaction, a process that 

occurs with rate ( )mm tβ . Finally, m also decreases by one whenever an sRNA binds to 

an mRNA, a process that occurs with rate km(t)s(t). At steady state, it is tempting to use 

the mass-action equations and let ( ) ( ) [ /( / )]s s skm t s t m m kα β α= + < . Under this 

description the random walker is biased to the right, and is only kept bound by the 

independent degradation. However, at small and intermediate values of m, correlations 

between the small RNA and its target cannot be neglected. A better estimate for the left-

hopping rate due to coupled degradation would therefore be k ms m . This function is 

plotted in Fig. 5.2c, and compared with the mass-action result. The two estimates 

approach αs at high values of m. On the other hand, taking correlations into account 

significantly increases the coupled degradation rate at low – but finite – values of m. 

Thus, (anti-) correlations between the sRNA and its target form a potential barrier, which 

makes it hard for m(t) to escape the origin. This potential barrier shapes the bimodal 

distribution, as seen in Fig. 5.3. 

To study the dependence of this bimodal behavior on the model parameter, we 

draw in Fig. 5.4 the ‘phase diagram’ of the model. Bimodality takes place just above the 

threshold m sα α≥ . Strong interaction between the sRNA and its target (large k) increases 
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the anti-correlations between that two species, and extends the range of αm at which 

bimodality occurs. In addition, slower degradation rate of the target makes this range of 

αm values larger, and also allows for bimodality at smaller k. 

Our estimation of the relevant parameters for RyhB and its targets in E. coli seem, 

in fact, not to allow for bimodality. Nevertheless, as the phenomenon described here is 

induced by noise, other sources of noise may in fact contribute to expand the region of 

bimodality. For example, a more detailed account for the intermediate ribonucleoprotein 

complex formed between the small RNA, its target and Hfq allows for bimodality even 

outside the domain defined in Fig. 5.4 (data not shown). In addition, higher values of the 

synthesis rates of the two RNA genes, which favors bimodality, may be relevant for fast 

growing cells, or in the case where these genes are coded on multicopy plasmids. 
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Figure 5.2: Diversity in gene expression near the transition. (a) Temporal evolution of 
mRNA (black) and sRNA (gray) expression levels in a Monte-Carlo simulation. Here αm = 1.2, 
αs = 1, βm = βs = 0.02, k = 0.5. (b) Probability distribution for the mRNA number at steady-state, 
calculated by direct numerical integration of the master equation Eq. [5.2.1]. The coexistence of 
two populations at the onset of gene expression appears here as two modes in the distribution 
function. (c) Correlations between the numbers of mRNA and sRNA molecules amplify the 
coupled degradation at low but finite m. For comparison, dashed line is the coupled degradation 
strength as predicted by the mass-action model.
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Figure 5.3: Random-walk picture. The random-walk picture maps the dynamics of the mRNA 
number, m, onto a random walker on the positive axis, which takes steps to the right with rate αm 
and steps to the left with rate  βm+kφ(m), where φ(m)=<ms|m>. The steady state distribution of 
such a random walker is given by 

P(m) = P(0) αm

βmn + φ(n)n=1

m

∏ . 

In this picture the shape of φ(m) determines the number of maxima – namely, the number of 
modes – in the distribution function. To demonstrate the applicability of this picture, we 
compare in this figure the steady-state distribution function, as obtained from an exact numerical 
solution to the master equation, with the steady-state distribution function of the random walker. 
The function φ(m) is again obtained from the master equation (in this sense, the random-walker 
picture allows for an intuitive description of the problem, but does not help in solving it). 
Parameters are the same as in Fig. 5.2.
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Figure 5.4: Phase Diagram. The domains of bimodality (filled areas) were determined through 
exact numerical integration of the master equation, with αs = 1/min and βs = 0.02/min. 
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5.6 Population diversity at the threshold – Experiment 

The model presented above is consistent with available data about RyhB, an 

endogenous small RNA in E. coli, involved in regulation of iron homeostasis and 

oxidative stress 24,29,31. Expression of the ryhB gene is regulated by Fur, the ferric uptake 

regulator, which inhibits gene expression in response to high cellular levels of free Fe2+ 

ions. At least 18 genes are directly repressed by RyhB 28-30, resulting in reduced 

accumulation at low concentration of intra-cellular iron 36. Among these genes are iron 

storage genes, building blocks for iron-sulfur clusters, and oxidative stress response 

genes. Most of these genes are subject to complex transcription regulation at their 

promoters, and thus their mRNA expression can be considered independent of that of 

RyhB. RyhB and at least some of its targets bind the RNA chaperone Hfq 31,37-39. Binding 

to Hfq may stabilize the mRNA and promotes the interaction between the small RNA and 

its targets 31,40. Upon binding, the two molecules are degraded through an RNase E 

dependent process 29,31,38. 

To test the results of our model, we constructed a synthetic pair of small RNA and 

its target. The ryhB gene was cloned from the E. coli chromosome onto a medium-copy 

plasmid. Expression of ryhB was driven by the Ptet promoter 41. This promoter is 

inducible by anhydrotetracycline (aTc), which allowed us to control the synthesis rate of 

the small RNA (αs). As a target, we fused the control region of sodB, one of the strongest 

known targets of RyhB, to a gfp gene. The target was driven by the lac promoter, 

inducible by Isopropyl beta-D-1-thiogalactopyranoside (IPTG) 41. 

For each composition of inducers, we estimated the activity of the target promoter 

by measuring fluorescence from cells with no RyhB source. We then plotted the 
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fluorescence from cells with plasmid borne RyhB against the promoter activity (Fig. 5.5). 

The quality of a single-parameter fit of these data to the mass-action model suggested 

that this approximation captures the main features of bulk activity (see Chapter 4, 

Quantitative Characteristics of Gene Regulation by Small RNA). 

Addressing fluctuations refined our predictions for the threshold-linear response 

of a target gene to activity at its promoter. For m sα α� , gene expression is suppressed in 

all cells. At the onset of gene expression, m sα α≥ , a snapshot of a cell population at a 

given point in time is predicted to capture a sub-population of cells expressing the target 

gene, and another sub-population which does not. Finally, above the threshold, m sα α� , 

almost full expression is expected in all cells. 

To test this prediction, we go back to Fig. 5.5, and observe that with no IPTG 

added to the media, αm is very small, much smaller than αs. Also, IPTG concentration 

above 0.5 mM corresponds to m sα α� . According to the fit to our model, the threshold 

is expected around [IPTG] �  0.3 mM. It is around this concentration of IPTG that we 

expect to find two sub-populations of cells. 
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Figure 5.5: Bulk response of a target gene to small RNA regulation. Promoter activity is 
defined as the GFP fluorescence level in a strain with no ryhB gene. This activity is controlled 
by changing the concentration of IPTG in the media (see Section 5.9, Medium, growth, 
measurements). In cells baring ryhB on a plasmid, aTc concentration controls the expression 
level of this gene. Data was fitted to the solution of the mass-action model using one global 
parameter for each pair, and an additional parameter for each aTc level; see Chapter 4, 
Quantitative Characterization of Gene Regulation by Small RNA
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We collected single-cell fluorescence data using flow-cytometry. Typical 

histograms are plotted in Fig. 5.6a. At low IPTG concentrations, all cells show only 

background level of fluorescence, while at high level of IPTG virtually all cells show 

high fluorescence level. However, at intermediate levels of IPTG, the histogram is bi-

modal. One mode corresponds to cells whose fluorescence is at or near the background 

level; the other mode corresponds to cells expressing some amount of GFP. 

In order to show that this effect is the result of an interaction between the reporter 

target and RyhB, we perform a single mutation in the 5’-control region of our target. This 

mutation, C → G, is located one nucleotide away from the start codon in the core 

recognition sequence of RyhB and the SodB mRNA 31. Plasmids harboring this mutated 

target, crsodB*-gfp, were transformed into ryhB- cells with either a ryhB-harboring 

plasmid or a control plasmid. Bulk fluorescence from the two strains was 

indistinguishable (Fig. 5.5), suggesting that interaction between RyhB and the target has 

been completely removed. Single cell crsodB*-gfp fluorescence data is shown in 

Fig. 5.6b. These histograms suggest a homogeneous population of cells at all IPTG 

levels. As promoter activity is turned on, the population mean and variance of protein 

concentrations is smoothly increased. Similar results were obtained by removing the 

control-region altogether (Fig. 5.7). Thus, interaction between the target and RyhB is 

required for the bi-modality at the onset of gene expression. For a comparison of our full 

data sets of the two targets, see Fig. 5.8. 

It is also possible that the observed RyhB-dependent bimodality is an indirect 

effect of RyhB interactions with many endogenous targets. To address this possibility, we 

mutated a single nucleotide in ryhB at the position complementary to the mutation in 



168 

 

crsodB*. Plasmids harboring this small RNA gene, ryhB*, were transformed into ryhB- 

cells along with plasmids coding for either the target with the wild-type control region, 

crsodB-gfp, or the one with the mutated control-region, crsodB*-gfp. Measurements of 

bulk fluorescence are given again in Fig. 5.5. These data suggest that RyhB* interacts 

with crsodB*-gfp, in the same threshold-linear manner that characterizes the interaction 

between RyhB and crsodB-gfp, while RyhB* does not affect the fluorescence of crsodB-

GFP. Using RT-PCR we verified that RyhB* expression has also no effect on the mRNA 

levels of chromosomal sodB and fumA, two endogenous targets of RyhB 28 (data not 

shown). Taken together, these results suggest that RyhB* does not interact with a wild-

type control regions targeted by RyhB. Single-cell data for the RyhB* – crsodB*-gfp pair 

are presented in Fig. 5.6c. As for the wild-type small RNA and control region, we find 

again homogeneous populations of cells in the low and high ends of gene expression, and 

inhomogeneous populations at intermediate levels. 

To test our predictions further, we make use of the fact that RyhB* is expressed 

from the Ptet promoter, inducible by aTc. Thus, keeping the IPTG level constant at some 

intermediate level (i.e., constant αm), we can tune αs by changing the concentration of aTc 

in the media. Typical histograms are shown in Fig. 5.9. As the small RNA transcription 

level is increased, the sub-population of cells which show background fluorescence 

increases on the expanse of the other sub-population, in accordance with our prediction. 
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Figure 5.7: Single cell expression level of PL-lac-gfp. In the absence of any structured 5’-UTR 
the mRNA of the gfp gene does not interact with RyhB, and one observes no bimodality. Here 
aTc concentration is 5 ng/ml. 



171 

 

 

 

Fi
gu

re
 5

.8
: F

lo
w

 c
yt

om
et

ry
 d

at
a 

fo
r 

R
yh

B
/c

rs
od

B
-g

fp
 a

nd
 R

yh
B

/c
rs

od
B

*-
gf

p.
  C

on
to

ur
s 

ar
e 

ba
se

d 
on

 g
·C

(g
), 

w
he

re
 C

(g
) i

s 
th

e 
co

un
t o

f c
el

l o
f f

lu
or

es
ce

nc
e 

g.
 C

on
ce

nt
ra

tio
n 

of
 a

Tc
 in

 b
ot

h 
ex

pe
rim

en
ts

 is
 2

 n
g/

m
l. 



172 

 

 

 

Figure 5.9: Single cell expression levels of PL-lac-crsodb-gfp at different levels of ryhB 
expression. Histograms of single-cell fluorescence in response to small RNA regulation, obtained 
by flow-cytometry. The level transcription of the small RNA, expressed from the tet promoter 41 
is induced by IPTG, while the level of target expression from the lac promoter remains constant 
in these experiments. Concentration of IPTG was 0.2 mM.
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5.7 Noise characteristics of sRNA vs. protein regulation 

When gene expression is silenced by the small RNA, the noise index for mRNA 

approaches the limit of ‘bare’ Poisson noise. For proteins noise is considerably reduced, 

an exciting feature given the fact that in this region the average number of molecules is 

kept very low. 

To gain insight into the mechanism of noise attenuation, let us compare the nature 

of this basal expression – namely gene expression in the repressed state – for two genes. 

Expression of the first, which we call gene gR, is repressed at the transcription level by a 

protein transcription repressor. The second, named gene gS, is repressed post-

transcriptionally by a small RNA. An efficient transcription factor can keep the mRNA 

synthesis rate (which, at steady state, is the same as the rate of transcription initiation) 

very low; the small RNA makes the life-time of its target mRNA very low. We can 

therefore conduct the numerical experiment where the two have the same effect, yielding 

equal mean mRNA copy numbers for the two genes. 

In Fig. 5.10a we present typical results of Monte-Carlo simulations 33 for the two 

genes. Expression of gene gR is characterized by rare ’bursts’ of protein, embedded in 

long periods with not a single protein in the cell. Each burst of proteins corresponds to a 

single transcription event. The stray mRNA is then amplified by a series of translation 

events, until the mRNA molecule is degraded. The burst size is therefore given by 

/ mb γ β= . This type of kinetics has been recently observed experimentally, by tracking 

expression of Venus-Tsr fusion protein from the lac promoter, controlled by the lac 

repressor 17. 
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Let us now follow the kinetics of gene gS. Here the expression level is much 

smoother, in the sense that no two distinct behaviors are observed. Rather, gene 

expression seems to fluctuate around some mean. This is understood by the fact that 

mRNA transcripts are being constantly synthesized. In the silenced regime, the noise 

index 1mη � , which means that m and s are weakly correlated§§. In this case, as 

discussed following Eq. [5.4.1], the moments of m are described by the same equations as 

for a birth-death process, with an effective death rate *
m m k sβ β≡ + . The mRNA 

transcripts are short-lived, resulting in a decreased burst size * */ mb γ β= . This manifests 

itself in a reduced noise index, * * *1 /(1 / ) 1p mb bη δ β= + + +� . Note that the burst size b – 

and with it the noise index ηp – is now increasing with αm: an increased target 

transcription rate results in a smaller sRNA pool s , and therefore in larger bursts. 

Another possible manifestation of the different kinetics in the two cases is the 

shape of the probability distribution, demonstrated in Fig. 5.1b. For a translationally 

repressed gene, the maximum probability occurs at zero protein expression. For an sRNA 

repressed gene with the same average, the probability may be maximized at low but finite 

protein number, as in the example given here. 

Can one probe these noise properties experimentally? Naturally, with multi-copy 

plasmid, noise is expected to become smoother even in the transcription-regulated case, 

as the burst frequency is approximately linear in the plasmid copy number. A single 

chromosomal reporter target is required, accompanied by a single-molecule resolution, as 

                                                 
§§ Using a linear noise approximation34 one can show that for αs << αm the correlation 

coefficient 1 2/( ) /,C wm s m s m sσ σ α α−�  
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in Ref. 17. However, the temporal resolution of a system based on fluorescent reporter is 

estimated at about 3 minutes 17. While this resolution is good enough to track rare bursts, 

it is not expected to suffice for the smooth kinetics of an sRNA target.  
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5.8 Materials and Methods: Strains & plasmids. 

All experiments were performed with BW-RI cells derived from E. coli K-12 

BW2511342, with the transfer of the spr-lacI-tetR cassette from DH5α-ZI cells 41 by 

phage P1 transduction. This cassette provides the constitutive expression of the lacIq and 

the tetR genes 41. Chromosomal ryhB was deleted from BW-RI 42. These strains were 

then transformed by the following "target" and "source" plasmids. All strains and 

plasmids used are summarized in Table 5.1. 

 

 

5.9 Medium, growth, measurements 

BW-RI strains each containing the target and/or source plasmids were grown in 

M63 minimal media with standard concentrations of the appropriate antibiotics. The 

overnight cultures were diluted into fresh M63 media (OD600 �  0.002) containing the 

appropriate antibiotics as well as varying amounts of the inducers (aTc, IPTG) in the 

wells of 12-well plates. The plates were incubated with shaking at 37o C and taken for 

OD600 and fluorescence measurements every hour for up to 8 hours (until a final OD600 

of 0.2 - 0.3) using a TECAN Genios-Pro plate reader. Each measurement was repeated 3 

times and the data was analyzed as described in Chapter 4, Quantitative Characteristics 

of Gene Regulation by Small RNA. 

To obtain single-cell data, 1.7 ml of each culture was spun down and resuspended 

in 1 ml PBS. Expression data were collected using a Becton-Dickinson FACS Calibur 

flow cytometer with a 488-nm argon excitation laser and a 515- to 545-nm emission filter 

(FL1) at a low flow rate. Photomultiplier tube (PMT) voltage was set to 950V, and a 
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linear amplifier was set at 9.5X. Forward scatter and fluorescence values were collected 

for 50,000 cells. 
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Table 5.1. Strains & plasmids. All coordinates are relative to +1 position of the given 
gene. 
Strain Genotype Derived From Comments 
BW-RI spr-lacI-tetR BW25113 spr-lacI-tetR cassette derived from 

DH5α-ZI (Ref. 41) 
BW-NULL pNULL BW-RI Negative control 
ZZS00 ΔryhB BW-RI ryhB deletion from -54 to +94 
ZZS23 ΔryhB pZE12S pZA31R ZZS00  
ZZS23* ΔryhB pZE12S pZA31R* ZZS00  
ZZS2*3 ΔryhB pZE12S* pZA31R ZZS00  
ZZS13 ΔryhB pZE12G pZA31R ZZS00  
ZZS21 ΔryhB pZE12S pZA31-luc ZZS00  

    

Plasmid Genotype Source Comments 
pZE12  Ref. 41 ColE1 ori, Amp marker 
pZA31-luc PLTet-O1:luc Ref. 41 p15A ori, Cm marker 
pNULL PNULL:gfpmut3b Chapter 4 Promoterless gfpmut3b - negative 

control;  
pZE12G PLlac-O1: gfpmut3b Chapter 4  
pZE12S PLlac-O1:crsodB-gfpmut3b Chapter 4 crsodB amplified from +1 to +88 
pZE12S PLlac-O1:crsodB-gfpmut3b This study C→G mutation at +54 of crsodB 
pZA31R PLTet-O1:ryhB Chapter 4 ryhB amplified from +1 to +96  
pZA31R PLTet-O1:ryhB This study G→C mutation at +44 of ryhB  
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