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Abstract

Support in tensor triangular geometry
by
Changhan Zou

For a rigidly-compactly generated tensor triangulated category, we construct
a support theory valued in the homogeneous Zariski spectrum of the graded en-
domorphism ring of the unit object, extending earlier work of Benson—Iyengar—
Krause by removing the Noetherian hypothesis on the endomorphism ring. This
allows us to define a non-Noetherian stratification theory. As an example, we
show that the stable module category of a finite group is stratified by the canon-
ical action of the Tate cohomology ring, which is typically non-noetherian.

We also compare this support theory with the extension of the Balmer—Favi
support by Sanders, which takes values in the Balmer spectrum of the category.
When the comparison map from the Balmer spectrum to the homogeneous Zariski
spectrum of the endomorphism ring is a homeomorphism, the two support theories
agree, as do their corresponding stratification theories.

As an application of this comparison, we show that the dualizable localizing
ideals of a rigidly-compactly generated tt-oo-category are classified by the convex
subsets of the Balmer spectrum of the category, assuming that the category is

locally cohomologically stratified. This generalizes a recent classification theorem

of Efimov.
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Chapter 1

Introduction®

Tensor triangular geometry provides a unifying framework for understanding the
structure of tensor triangulated categories in algebra and topology. Analogous
to the classical Hilbert’s Nullstellensatz in algebraic geometry, which sets up a
correspondence between closed subsets of an affine variety and radical ideals of its
coordinate ring, the fundamental theorem of tensor triangular geometry | ]
states that radical thick ideals of an essentially small tensor triangulated category
XK correspond bijectively to certain subsets of the Balmer spectrum Spc(K): There

is an inclusion-preserving bijection
{radical thick ideals of X} = {Thomason subsets of Spc(X)}.

This abstract classification theorem recovers and unifies classical results in stable
homotopy theory | ], algebraic geometry | ], and modular representation
theory | ].

Key to Balmer’s theorem is the notion of support. Each object a € K has a

support which is a closed subset in the spectrum Spc(XK) defined as

supp(a) = {T € Spc(K) ‘ agP },

*This dissertation is based on the author’s previous papers [ , ].
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the set of prime ideals not containing a. The bijection in Balmer’s theorem sends
a radical thick ideal J to its support supp(J) = U,eysupp(a). Thus, two objects
generate the same radical thick ideal if and only if they have the same support.
Therefore, by computing the supports, we obtain a complete classification of ob-
jects in K up to tensor triangular equivalence.

Moreover, Balmer established a universal property for the space Spc(KX) to-
gether with the support supp, which shows that if there is any space X with an
assignment o of a closed subset of X to each object in K that classifies the radical
thick ideals of K in the way above, then X must be homeomorphic to Spc(X) and
o coincides with supp under this homemorphism. This indicates that one should
consider only the Balmer spectrum Spc(X) and support supp when one wants to
classify objects of K up to tensor triangular equivalence.

For example, consider K = DP(R), the perfect derived category of a commu-
tative ring R. The cohomological support of a complex Z € DP*f(R) is defined

as
{p € Spec(R) ‘ H*(Z), #0 }
Hopkins | | and Neeman | ] showed that the cohomological support

induces an inclusion-preserving bijection
{radical thick ideals of DP**(R)} = {Thomason subsets of Spec(R)}.

In other words, the Zariski spectrum Spec(R) is recovered by the Balmer spectrum
Spc(DP(R)) and the cohomological support is an instance of the Balmer support
supp.

Balmer’s work provides a satisfactory solution to the problem of classifying

objects in an essentially small tensor triangulated category K with respect to its



tensor triangular structure. However, one often encounters X as the subcategory
T¢ of compact objects of a larger tensor triangulated category T. For example,
the category DP*(R) sits inside the unbounded derived category D(R) as the full
subcategory of compact objects. A natural question, then, is how to classify the
objects of T with respect to its tensor triangular structure.

Indeed, Neeman answered this question for D(R) when R is Noetherian. For

any complex Z € D(R), Foxby’s small support of Z is defined as

{p€Spec(R)| Z@r(p) #£0}

where ® is the usual derived tensor product and k(p) denotes the residue field
regarded as a stalk complex. In | |, it is proved that Foxby’s small support

induces an inclusion-preserving bijection
{localizing ideals of D(R)} = {subsets of Spec(R)}.

Unfortunately, Neeman | | also gave an example of a non-Noetherian ring
such that the classification of localizing ideals fails. Therefore, for a general T, we
should not expect an unconditional classification of the localizing ideals via the
subsets of the Balmer spectrum Spc(T¢). Nevertheless, there are several support
theories on T developed under certain Noetherian type assumption, and they
have been used to successfully establish classification of localizing ideals of tensor
triangulated categories other than D(R).

For example, inspired by the work of Neeman | | and Hovey—Palmieri—
Strickland | |, Benson, Iyengar, and Krause | , , | de-
veloped a theory of support for objects in a compactly generated triangulated
category T equipped with an action of a graded-commutative Noetherian graded

ring R. The BIK support Suppgk assigns to every object t € T a subset of the



homogeneous Zariski spectrum Spec?(R). It, therefore, induces a map

Suppgk

{localizing ideals of T} ——= {subsets of Suppg(T)}

where Suppgk(T) = User Supppk (t) € Spec?(R) is called the space of supports.
When this map is a bijection, we say that T is BIK-stratified by R. With this
machinery, BIK managed to classify the localizing ideals of the stable module
category StMod(kG) of a finite group G over a field k, equipped with an action
by the group cohomology ring H*(G, k). In short, StMod(kG) is BIK-stratified
by H*(G, k); see | ]

In [ ], Balmer—Favi defined a notion of support for a rigidly-compactly gen-
erated tensor triangulated category T. Instead of relying on an auxiliary Noethe-
rian ring action on T, their support takes values in the Balmer spectrum Spc(T¢)
which is required to satisify a topological assumption called weakly Noetherian.
Later on, Barthel-Heard—Sanders | ] established a theory of stratification
using the Balmer—Favi support. More precisely, T is said to be BHS-stratified

(or simply, stratified) if the Balmer—Favi support induces an inclusion-preserving

bijection
{localizing ideals of T} Suppor, {subsets of Spc(T°)}.
In [ |, many categories in algebra and topology were shown to be stratified.

Our goal in this dissertation is to study the BIK support and the BF support
beyond the Noetherian situation. In | |, Sanders gave a generalization of
the BF support which removes the weakly Noetherian assumption on Spc(T¢).
We call the support defined by Sanders the BFS support and denote it by Supp.
Inspired by this work, we propose a generalization of the BIK support which

does not require the ring R acting on the category to be Noetherian. For any



rigidly-compactly generated tensor triangulated category T, the endomorphism
ring End3(1) of the unit object canonically acts on T. Therefore, we obtain a
canonical BIK support for T without any additional choice of ring action or any
Noetherian hypothesis. We then study how the canonical BIK support and the
BF'S support relate to each other. By the work of Balmer | |, there is a

natural comparison map
p: Spc(T¢) — Spec”(End% (1))

between the spaces in which the BFS and BIK support theories take values. We

prove the following:

Theorem A (Theorem 4.2.8). Let T be a rigidly-compactly generated tensor trian-
gulated category such that p is a homeomorphism. Then p(Supp(t)) = Suppgk(t)

foranyteT.

We also discuss the two associated stratifcation theories. A surprising result
(Theorem 4.1.14) is that if T is stratified by the BFS support then Spc(T°) is
necessarily weakly Noetherian. Therefore, the BF'S support cannot provide strat-
ified examples beyond the weakly Noetherian context as discussed in | ].
However, this support still gives us interesting information for categories whose
Balmer spectra are not weakly Noetherian; see Section 3.3. On the other hand,
stratifcation by the canonical BIK support does provide us with a non-Noetherian
example. In BIK’s stratification of StMod(kG), the action of H*(G, k) is not the
canonical action by the graded endomorphism ring Endggqkq)(k) of the unit
object. The latter is the Tate cohomology ring H *(G, k), which is typically non-
Noetherian. Applying our generalized BIK machinery, we show that StMod(kG)
is indeed BIK-stratified by the Tate cohomology ring H*(G, k) (Theorem 5.1.2).



As an application of the comparison theorem, we explore the notion of convexity
in tensor triangular geometry. We prove that for any rigidly-compactly generated
tt-oo-category C that is nicely stratified, the BFS support induces a bijection

between the dualizable localizing ideals of € and the convex subsets of Spe(C¢):

Theorem B (Theorem 5.2.17). Let C be a rigidly-compactly generated tt-o0o-
category with Spc(C¢) Noetherian. If C is locally cohomologically stratified then

the BFS support induces a bijection
{dualizable localizing ideals of €} = {convex subsets of Spc(€C®)}.

Moreover, in this case, the dualizable localizing ideals of € are themselves com-

pactly generated.

See Definition 5.2.12 for the definition of locally cohomologically stratified. The-
orem B is motivated by Efimov’s recent result | , Theorem 3.10] which treats
the special case € = D(R) for a commutative Noetherian ring R. However, not all
arguments in his proof extend to the tensor triangular setting. A key ingredient is
[ , Lemma 3.12], which shows that, under certain assumptions, a complex in
D(R) is perfect. In our setting, the analogous conclusion is that an object t € C
is compact under similar hypotheses. As our proof of Theorem B demonstrates,
the crucial point is that the BF'S support of ¢ is specialization closed. Using The-

orem A, we establish this property by invoking results on the BIK support from

[ J

Outline of the dissertation

Chapter II starts with a review of spectral space. We then define a new notion of

small support for modules, based on the notion of weakly associated prime. This
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will be the key to the proof of Theorem A. We finish this chapter with a review
of tensor triangular geometry and related terminology.

Chatper III deals with support theories. We first develop our general BIK
support. After a quick review of the BF'S support, we study the detection property
in terms of this support, showing that the detection property can be checked
locally in an algebraic sense.

In Chapter IV, we consider the stratification theory based on the BFS support.
In particular, we show that stratification by the BFS support forces the Balmer
spectrum to be weakly Noetherian. We then prove Theorem A.

Chapter V is devoted to applications. We first show that the stable module
category canonically BIK-stratified by its Tate cohomology ring, and then prove
Theorem B.



Chapter 2

Preliminaries

2.1 Spectral spaces

We start by recalling some basic concepts concerning spectral spaces, which will

be used throughout this thesis.

2.1.1 Definition. Let X be a spectral space in the sense of | ]. The special-
ization order on X is defined by x < y if and only if y is a specialization of z,
that is, y € {z}.

2.1.2 Definition. Let S be a subset of a spectral space X. We say that S is
specialization closed if for all x € S and every specialization z < y in X, we
have y € S. We say that S is generalization closed if for all y € S and every

specialization x <y in X, we have x € S.

2.1.3 Remark. Note that the specialization closed subsets are exactly the unions
of closed subsets. By definition, the generalization closed subsets are precisely the

complements of the specialization closed subsets.

2.1.4 Definition. Let X be a spectral space. A subset S of X is said to be convex



if it is convex with respect to the specialization order on X, that is
r<y<czandzr,z€eS — yes.

2.1.5 Remark. Specialization closed subsets are clearly convex. More generally,

we have:

2.1.6 Lemma. A subset S of a spectral space X is convez if and only if there

exist specialization closed subsets Sy C Sy of X such that S = Sy \ Sa.

Proof. For the “if” part, suppose © < y < z in X such that z,z € S = 51\ Ss.
Since S; is specialization closed and contains z, it also contains y. Since the
complement of Sy is generalization closed (recall Remark 2.1.3) and contains z, it
also contains y. Hence, y € 51\ So = S. For the “only if” part, we can take S;
to be the specialization closure of S, that is, U,cs {357}, and S5 to be 51\ S. To
see that S, is specialization closed, consider a specialization y < 2z with y € Ss.
Since y € S; = Uzeg {2}, we have z € S; and there exists some z € S with
x < y. Hence, if z ¢ Sy, we must have z € S, but then the convexity of S forces
y € S, which is absurd. Thus, z € S5. This establishes that Sy is specialization
closed. O]

2.1.7 Remark. The first part of the proof demonstrates that the set difference
S1\ S is convex for any two specialization closed subsets, regardless of whether
Sy C 55.

2.1.8 Definition. Let X be a spectral space. A subset of X is said to be Thomason
if it is a union of closed subsets, each of which has quasi-compact complement.

The Thomason subsets form the open subsets of a dual spectral topology on X

called the Hochster dual topology*. We write X* for X equipped with the Hochster

*The Hochster dual topology is called the inverse topology in | ].
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dual topology.

2.1.9 Remark. Every Thomason subset is specialization closed, but not every spe-
cialization closed subset is Thomason. However, if X is a Noetherian topological

space, then the Thomason subsets coincide with the specialization closed subsets.

2.1.10 Definition. Let X be a spectral space. A subset W of X is said to be
weakly visible if there exist Thomason subsets U and V such that W = U NnV*.
In particular, we say a point x € X is weakly visible if the singleton {z} is weakly
visible. The spectral space X is said to be weakly Noetherian if every point of X

is weakly visible.

2.1.11 Remark. Every weakly visible subset is convex; the converse holds if X is

Noetherian. This follows from Remark 2.1.7 and Remark 2.1.9.

2.1.12 Example. Every Noetherian spectral space and every profinite space is

weakly Noetherian; see | , Remarks 2.2 and 2.4].

2.1.13 Remark. Let X be a spectral space. A Thomason subset of X is a union
of Thomason closed subsets of X. This follows from | , Lemma 3.3] which
states that the Thomason closed subsets are precisely the closed subsets with
quasi-compact complements. As a consequence, the closure @ of a point y € X
is the intersection of all Thomason closed subsets containing y, since the quasi-
compact open subsets form a basis for the spectral topology. Therefore, for any

point x € X, the generalization closure

gen(x) ::{yeX’ygx}

is the complement of the largest Thomason subset not containing x. Given the

discussion above, we see that a point z € X is weakly visible if and only if

{z} = Z N gen(z)

10



for some Thomason closed subset Z.

2.1.1} Remark. The notion of a weakly visible subset leads to the following defi-

nition introduced by Sanders | ]:

2.1.15 Definition. Let X be a spectral space. The weakly visible subsets of X
form a basis of open subsets for a topology on X called the localizing topology.
We write X for X equipped with the localizing topology, and for any subset S

of X we write §°° for the closure of S in Xje.

2.1.16 Remark. Note that a spectral space X is weakly Noetherian if and only if
its localizing topology is discrete. We will call a subset of X localizing closed if it
is closed with respect to the localizing topology. Thus, X is weakly Noetherian if

and only if every subset of X is localizing closed.

2.1.17 Remark. Recall that the constructible topology on a spectral space X is the
topology generated by the sets U N V¢ with U and V' Thomason closed subsets
of X. We write X, for X equipped with the constructible topology. From
the definitions we see that the localizing topology is finer than the constructible
topology. Note that the constructible topology is discrete if and only if the spectral
space is finite; see | , Example 1.3.12 and Theorem 1.3.14]. Therefore, any
infinite weakly Noetherian spectral space provides an example whose localizing
topology is strictly finer than the constructible topology. An explicit example is

given as follows.

2.1.18 Ezample. Let ST denote the one-point compactification of a discrete infinite
space S. We denote the point at infinity by co. Observe that the space S™ is a

profinite space. We now define a partial order on S* by

s<t < s=oors=t¢cSs.

11



This is a spectral order and hence yields a Priestly space whose associated spectral
space is denoted by S.; see | , 1.6.13] for details. Note that the constructible
topology on Sy, coincides with the original topology on S*. However, by | ,
1.6.15(iv) and (v)] the localizing topology on S is discrete and is therefore strictly

finer than the constructible topology on S.

2.1.19 Remark. On the other hand, there are examples where the localizing and

constructible topologies coincide:

2.1.20 Ezample. Consider the space NU {oco} of extended natural numbers whose
nonempty open subsets are of the form [n, o] for n € N. This is a spectral space
and we denote its Hochster dual by X. The space X coincides with the Balmer
spectrum Spc(SH{, ) of the p-local stable homotopy category SH,); see | ] and
[ , Corollary 9.5]. Since every Thomason subset of X is closed, the localizing

topology coincides with the constructible topology.

2.1.21 Remark. In general, the localizing topology is not a spectral topology. In
fact, the localizing topology is quasi-compact if and only if it coincides with the
constructible topology. Indeed, this follows from the fact that a continuous sur-
jection from a quasi-compact space to a Hausdorff space is a topological quotient,

in light of the continuous bijection Xj,c — Xcon-

2.2 Support for modules

We now introduce a notion of small support for graded modules over graded-
commutative graded rings. This will be used to develop a (non-Noetherian) strat-
ification theory in the sense of | , | The key point is that we do
not assume that the rings are Noetherian. Our definition relies on weakly asso-

ciated primes, which behave better than associated primes in the absence of the

12



Noetherian assumption.

2.2.1 Notation. For this section, R will denote a Z-graded graded-commutative
ring. Ideals and modules will always be graded. The abelian category of R-
modules and degree-zero homomorphisms will be denoted Mod(R). We write
Spec(R) for the homogeneous Zariski spectrum of R. It is a spectral space.
For any subset S of Spec"(R), we write cl(S) for the specialization closure of S.
Given any ideal a of R and any prime ideal p in Spec®(R), we write V(a) for the
set of prime ideals containing a and gen(p) for the generalization closure of p.
The complement of gen(p) is denoted by Z(p). We refer the reader to | :

Section 1.5] and | , Section 2] for more on graded commutative algebra.

2.2.2 Definition. The big support of an R-module M is defined as

Suppp M = {p € Spec™(R) ‘ M, # 0}

where M, is the graded localization of M at p.

2.2.8 Definition. Let M be an R-module. A prime p € Spec’(R) is said to be
associated to M if there exists a homogeneous element m in M such that p =
Ann(m), the annihilator of m. We denote the set of associated primes of M by
Ass(M). More generally, a prime p is said to be weakly associated to M if there
exists a homogeneous element m in M such that p is minimal among the primes

containing Ann(m). The set of weakly associated primes of M is denoted by

WeakAss(M).
2.2.4 Lemma. Let M be an R-module and p € Spec'(R). The following hold:
(a) Ass(M) C WeakAss(M) C Suppy M. If R is Noetherian then we have

Ass(M) = WeakAss(M).

13



(b) M =0 if and only if WeakAss(M) = @.
(c) WeakAss(M,) = WeakAss(M) N gen(p).

(d) cl(WeakAss(M)) = Suppy M.

Proof. For parts (a), (b), and (c), the proofs in | , Lemma 0589, Lemma
058A, Lemma 0588, Lemma 05C9] carry over to the graded setting. Part (d) is a

direct consequence of (b) and (c) since Suppy M is always specialization closed.

See also | , IV, Exercise 17, page 289]. ]

2.2.5 Remark. When R is not Noetherian, there can exist a nonzero R-module M
such that Ass(M) = @; see | , Remark 05BX], for example. We now define

the (small) support for modules:

2.2.6 Definition. The support of an R-module M is the set
suppp M = WeakAss(M).

2.2.7 Remark. From Lemma 2.2.4(b) we see that the support detects vanishing of
a module:

suppp M =@ <= M =0. (2.2.8)

2.2.9 Remark. Definition 2.2.6 is different from the small support defined in
[ | when R is Noetherian. Assume that R is Noetherian. We have suppy M =
Ass(M) by Lemma 2.2.4(a). In | , Section 2] the authors defined the small
support of a module M by choosing a minimal injective resolution I* of M and
then invoking the structure theorem for injective modules over Noetherian rings.

More precisely, their small support of M is defined as

Ji > 0: I' has a direct summand isomorphic to
p € Spec™(R)
a shifted copy of the injective hull E(R/p)

14
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By [ , Theorem 3.6.3] this is equal to U;>q Ass(/"), which contains Ass(M)
since M is a submodule of I°. Nevertheless, our notion of support still satisfies

some of the properties derived in | , Section 2]:

2.2.10 Lemma. Let M be an R-module and V C Spec®(R) a specialization closed

subset. The following hold:
(a) suppp M C cl(suppg M) = Suppy M.

(b) suppg M, = suppg M N gen(p).
(c) suppp M CV <= M, =0 forallp ¢ V.

Proof. The equality in (a) is just Lemma 2.2.4(d) and the inclusion is clear. Part

(b) is Lemma 2.2.4(c). Part (c) follows immediately from (a). O

2.2.11 Definition. Let V be a specialization closed subset of Spec?(R). Define the

full subcategory
Mod(R)y := { M € Mod(R) | supps M C V }.

2.2.12 Lemma. IfV C Spec®(R) is specialization closed then Mod(R)y is a local-
izing Serre subcategory of Mod(R). That is, Mod(R)y is closed under coproducts,
and for any exact sequence 0 — M’ — M — M" — 0 of R-modules, M is in

Mod(R)y if and only if M' and M" are in Mod(R)y.

Proof. This follows from Lemma 2.2.10(c) and the fact that the localization func-

tor at any prime p is exact and preserves coproducts. ]

2.2.13 Definition. Let M be an R-module and a an ideal of R. The module M is

said to be a-torsion if every element of M is annihilated by a power of a.

2.2.14 Lemma. Let M be an R-module and a an ideal of R. We have:

15



(a) If M is a-torsion then suppyp M C V(a).

(b) suppr M C V(a) if and only if M is b-torsion for any finitely generated

ideal b C a.

Proof. For part (a), if M is a-torsion then we have M, = 0 for every p ¢ V(a)
and thus suppy M C Suppp M C V(a). For part (b), recall that by definition
supprp M = WeakAss(M ). Hence if suppp M C V(a) then
aC N »
peWeakAss(M)
Note that for any homogeneous element m of M, we have
\Ann(m) = N p.
p minimal over Ann(m)
By definition, if p is minimal over Ann(m) then p € WeakAss(M). Therefore
ac () »pC N p = /Ann(m).
peWeakAss(M) p minimal over Ann(m)
It follows that M is b-torsion for any finitely generated ideal b C a. The other

direction follows from part (a). O

2.2.15 Remark. We see from the lemma above that for a finitely generated ideal
a, an R-module M is a-torsion if and only if suppy M C V(a). However, this
does not always hold when a is not finitely generated. Indeed, in | | the
author studied two torsion functors for an ideal a of a commutative ring R (in the
ungraded setting): the small a-torsion functor Iy and the large a-torsion functor

Ty, which are defined as

FaM::{mEM‘a"QAnn(m) forsomenEN}

16



and

T M = {m € M‘a C /Ann(m) }

Hence M = I,M if and only if M is a-torsion. On the other hand, M =
T'wM if and only if suppy M C V(a); this follows from | , (3.3)(B)] and
Lemma 2.2.10(a). It is clear that I}, is a subfunctor of I'y and that I, = I, if a
is finitely generated. However, these two functors do not coincide in general; see

[ , Section 4].

2.3 Tensor triangular geometry

In this section, we recall the basics of tensor triangular geometry. Our main

reference is | ]

2.8.1 Definition. A tensor triangulated category (or tt-category) is a triangulated
category equipped with a compatible closed symmetric monoidal structure. Here,
compatible means that the tensor product functor is exact in each variable. A
tensor triangulated functor (or ti-functor) is an exact functor which is a strong

monoidal functor.

2.3.2 Notation. We fix a tensor triangulated category X and assume that X is

essentially small for the rest of this section.

2.3.83 Definition. A thick ideal J of K is a thick subcategory of X that is also a

tensor ideal meaning that a ® b € J whenever a € J and b € K.

2.3.4 Definition. Let J be a thick ideal of K. The radical of J is defined to be
V7= {aEﬂC’HnZ 1 such that a®”€3}.
A thick ideal J is called radical if vJ = 1.
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2.3.5 Definition. A prime ideal P of K is a proper thick ideal of XK satisfying the

prime condition: a @ b€ P = a € PorbeP.

2.3.6 Remark. As in commutative algebra, the radical of a thick ideal J is the

intersection of all the prime ideals containing it:

Vi= (2.

P2J
2.3.7 Definition. The Balmer spectrum of K, denoted by Spc(X), is a topological
space whose points are the prime ideals of K. For any object a € X, the Balmer

support of a is a closed subset
supp(a) = {fP cX ’ a ¢ iP} C Spe(X).

The supports of objects form a basis of closed sets for the topology on Spc(X).

2.3.8 Remark. As in commutative algebra, a tt-functor F': X — £ induces a
continuous map Spc(F): Spc(L) — Spe(XK) by sending a Balmer prime P to its

preimage under F'. For every a € K, we have supp(F(a)) = Spc(F)~*(supp(a)).

2.8.9 Definition. A support datum on X is a pair (X, o) where X is a topological
space and o is an assignment which associates to any object a € K a closed subset

o(a) of X satisfying the following axioms:
(a) 0(0) = @ and o(1) = X;
(b) ola®b) = o(a) Uo(b);
(c) o(Sa) = o(a);
(d) o(a) C o(b) U o(c) for any exact triangle a — b — ¢ — Sa;
(c) o(a®b) = o(a) N o(b).
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A morphism (X,0) — (Y, 7) of support data on X is given by a continuous map

f: X — Y such that o(a) = f~*(7(a)) for all objects a € X.

2.3.10 Theorem. The Balmer support datum (Spc(X),supp) is the final support
datum on XK. In other words, it satisfies the axioms listed above, and for any
support datum (X, o) on K there exists a unique continuous map ¢: X — Spc(XK)

such that o(a) = ¢~ (supp(a)) for all objects a € K.
Proof. See | , Theorem 3.2]. O

2.8.11 Remark. The Balmer spectrum Spc(K) is a spectral space. The Thomason
closed subsets of Spc(XK) are precisely the supports supp(a) of objects a € K. By

Remark 2.1.13, the Thomason subsets of Spc(X) are sets of the form

supp(€) = U supp(a)
a€l

for a collection & C X of objects.

2.3.12 Theorem. The Balmer support induces an inclusion-preserving bijection
{radical thick ideals of X} = { Thomason subsets of Spc(X)}

by sending a radical thick ideal I to supp(J). The converse sends a Thomason

subset Y to the radical thick ideal Ky = {a € iK‘ supp(a) CY }
Proof. See | , Theorem 4.10]. O

2.3.18 Remark. 1f K is rigid, i.e., each object of X is dualizable, then every thick

ideal of K is automatically radical. See [ , Remark 4.3].

2.8.14 Definition. If a support datum (X, o) classifies the radical thick ideals of

X as in Theorem 2.3.12, then we call it a classifying support datum.
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2.3.15 Theorem. Any classifying support datum (X, o) on K with X spectral is
isomorphic to the Balmer support datum (Spc(X),supp). In other words, if (X, o)
is a classifying support datum, then the map ¢: X — Spc(XK) in Theorem 2.5.10

18 a homeomorphism and hence o coincides with the Balmer support under this

homeomorphism.
Proof. The was originally proved in | , Theorem 5.2] under the hypothesis
that X is a Noetherian space. For the general case, see | , Corollary 5.2]. [

2.3.16 Example. Let X be a quasi-compact, quasi-separated scheme. Consider
the derived category DP'!(X) of perfect complexes over X. This is a tensor
triangulated category whose monoidal structure is given by the usual derived

tensor product ®6X. For any perfect complex a € DP" (X)), we write

supp”(a) = {ac cX

a, # 0in D*(Ox,) }.

By | , Theorem 3.15], the pair (X,supp”) is a classifying support datum
on DPf(X). Consequently, we obtain a homeomorphism X = Spc(DP(X)) by

Theorem 2.3.15.

2.3.17 Example. Let G be a finite group (or more genearlly, a finite group scheme)
over a field k of characteristic p. Consider the stable module category stmod(kG)
of finitely generated kG-modules. This is a tensor triangulated category whose
monoidal structure is given by tensoring over k. We denote by H*(G, k) the
graded-commutative cohomology ring. For any finitely generated £G-module M,
we write o(M) C Proj(H*(G,k)) for its II-support as defined in | , Defini-
tion 4.1]. By [ , Proposition 4.2 and Theorem 5.3], the pair (Proj(H*(G, k)), o)
is a classifying support datum. Therefore, by Theorem 2.3.15, we have a homem-

orphism Proj(H*(G, k)) = Spc(stmod(kG)).
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2.3.18 Remark. In fact, there is a sheaf Ox of commutative rings on Spc(K)
making it a locally ringed space. The homeomorphisms in the two examples

above can be upgraded to isomorphisms of schemes. See | , Theorem 6.3].

2.8.19 Example. Let SH denote the stable homotopy category of finite spectra. By
[ ] and | , Corollary 9.5], the Balmer spectrum Spc(SH€) can be depicted

as the space

?2,00 :])3,00 e (:Pp,oo
T T T
T T T

:PQ,n-H (PB,n-H e :Pp,n-l-l
T T T

?2,71 :PB,n e :Pp,n
T T T
T T T

TQ,l TB,I T ﬂ)p,l

\ /
Pro

where each arrow a — b indicates that b is a specialization of a. The prime P, ,
is defined to be the kernel in SH® of the p-local n-th Morava K-theory. In other
words, P, = {x € SH*

r® K(p,n) = 0} where K (p,n) denotes the p-local

c
tor

n-th Morava K-theory spectrum. In particular, P, = SHf , is the subcategory of

finite torsion spectra, which is independent of p.

2.4 Big tt-categories

In this section, we recall the notion of a big tt-category. Our main references are

[BETLL J
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2.4.1 Definition. A big tt-category is a tt-category which admits coproducts.

2.4.2 Definition. A morphism of big tt-categories is a tt-functor F': T — 8 pre-

serving coproducts. Such functor is called a geometric functor.

2.4.3 Definition. Let T be a big tt-category. A localizing subcategory of T is a
thick subcategory closed under coproducts. A localizing ideal of T is a localizing
subcategory which is also a tensor ideal. We write Loc(€) and Locg(E) for the
localizing subcategory and localizing ideal generated by a collection € C T of

objects.

2.4.4 Definition. A localizing subcategory £ of T is strictly localizing if the inclu-
sion £ — T admits a right adjoint. In other words, £ is the kernel of a Bousfield

localization on T; see | , Proposition 9.1.8], for example.

2.4.5 Notation. Let T be a big tt-category. We denote by T¢ the thick subcategory
of compact objects, i.e., objects x such that Homg(z, —): T — Ab preserves co-
products. We write T¢ for the subcategory of dualizable objects, that is, objects
with the property that for all y € T, the canonical map hom(z,1)®y — hom(z,y)
is an isomorphism where hom denotes the interal hom functor. The subcategory
T is again a tt-category.

2.4.6 Remark. A geometric functor F': T — 8 restricts to a tt-functor 7¢ — §¢
between dualizable objects. However, it does not necessarily restrict to a functor

T¢ — 8¢ between compact objects.

2.4.7 Definition. Let T be a big tt-category. We say that T is compactly generated
if there exists a set € C T¢ of compact objects such that Loc(€) = T. We call T

rigidly-compactly generated is it is compactly generated and T¢ = T

2.4.8 Recollection. A geometric functor F': T — § between rigidly-compactly gen-

erated tt-categories enjoys nice properties. For example, it restricts to a tt-functor
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T¢ = T4 — 81 = §¢ between rigid-compact objects, thereby inducing a continuous
map ¢: Spc(8°¢) — Spe(T¢) between Balmer spectra. Moreover, F' admits a right

adjoint U such that the projection formula
UF(z)®y) ~z®U(y) (2.4.9)

holds for all x € T and y € 8.

2.4.10 Notation. Let T be a rigidly-compactly generated tt-category and Y a

Thomason subset of Spc(T¢). By Theorem 2.3.12, Y give rises to a thick ideal

7o ={acT

supp(a) C Y }

of T¢. We write Ty = Locg(T$) for the localizing ideal of T generated by T%,.

2.4.11 Recollection. Let T and Y be as above. By the results of | | (see
[ , Theorem 2.13] for more detail), Ty is strictly localizing. The associated

Bousfield localization

Ty <5 T 5 T/Ty

is called a finite localization. Denoting ey = #i¥(1) and fy = ¢®q(1), we obtain
a localization triangle

ey — 1— fy — Eey (2412)

in T such that
Ty =ey @T =Ker(fy ® =) and T/Ty = fy @ 7T. (2.4.13)

Moreover, q: T — T /Ty is a geometric functor whose induced map on spectra
w: Spc((T/Ty)¢) — Spc(T¢) is a topological embedding with image being the
complement of Y in Spc(T°).

2.4.14 Ezxample. Let P € Spc(T¢). We write Yy := gen(P)¢ for the complement of
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the set of generalizations of P. Note that Yp = supp(P) and hence
Ker(fy, ® —) = Ty, = Locg(Ty,,) = Locg(P) (2.4.15)
by (2.4.13) and (2.3.12). Therefore, the finite localization
T—=T/Ty, = Tp

is obtained by killing Locg(P). The induced spectral map pp: Spc(T5) < Spe(T°)
identifies Spc(T§) with its image gen(P). Hence, the category Ty is local in the
sense that the spetrum Spc(T5) admits a unique closed point. We call T the

localization of T at P and write tp for the image of an object ¢t € T in Tsp.

2.4.16 Example. Let A be a commutative ring. The derived category D(A) is a
rigidly-compactly generated tt-category. Its rigid-compact objects are the perfect
complexes over A. By Example 2.3.16, we have Spc(DP(A)) = Spec(A). For
a prime ideal p € Spec(A), let P be the corresponding Balmer prime. The local
category D(A)y is equivalent to the derived category D(A,) of the local ring A,.
See [ , Example 1.36].

2.5 Higher tt-categories

We now introduce the higher-categorical counterparts of the notions in the previ-

ous section. We refer the reader to | , | for the basics of co-categories.

2.5.1 Notation. For any oo-category €, we write Map, for the mapping space and
Ho(@) for its homotopy category. If € admits a symmetric monoidal structure, we
write CAlg(C) for the oo-category of commutative algebras in €. We denote by

Sp the oo-category of spectra.
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2.5.2 Notation. Let PrsLt denote the co-category of presentable stable co-categories

and colimit-preserving functors.

2.5.8 Definition. A big tt-co-category is an object € € CAlg(Prk). In other
words, a big tt-oo-category is a symmetric monoidal presentable stable co-category
whose tensor commutes with colimits in each variable. A morphism of big tt-oo-
categories is a morphism in CAlg(Pr%), that is, a colimit-preserving symmetric

monoidal functor.

2.5.4 Remark. Any big tt-oo-category C is automatically closed symmetric monoidal.
This follows from the adjoint functor theorem | , Corollary 5.5.2.9], since the

tensor on € is assumed to preserve colimits. We denote by home the interal hom.

2.5.5 Definition. Let € be a big tt-oo-category. A localizing subcategory of C is
a stable full subcategory closed under colimits (or equivalently, coproducts). A
localizing ideal of C is a localizing subcategory of € that is closed under tensor

product with objects in C.

2.5.6 Definition. Let C be a big tt-oo-category. An object © € C is compact if
the functor home(x, —): € — € preserves filtered colimits (or equivalently, coprod-
ucts). The subcategory € of compact objects is a stable subcategory closed under
retracts. We say that C is a compactly generated tt-oo-category if it is compactly

generated as an oo-category, that is, € = Ind(C¢).

2.5.7 Definition. Let € be a big tt-co-category. An object x € € is dualizable if

the canonical map home(z,1) ® y — home(z,y) is an equivalence for all y € C.

2.5.8 Notation. For € € CAlg(Prk) we write Mode = Mode(Pr%) for the oo-
category of C-modules. The relative Lurie tensor product ®e makes Mode into a

closed symmetric monoidal oo-category with unit € and internal hom Funé.
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2.5.9 Definition. We say that a C-module M is dualizable over C if M is a dualiz-
able object in Mode, that is, the canonical map Fung (M, @) @N — Fung (M, N) is

L

an equivalence for every €-module N. In particular, we say that M € Prg ~ Mods,

is dualizable when it is dualizable over the co-category of spectra.
2.5.10 FExample. Every compactly generated M &€ PrSLt is dualizable. Conversely,
every dualizable M is a retract of a compactly generated category. See | ,

D.7.3.1].

2.5.11 Definition. A big tt-oo-category € € CAlg(Prk) is locally rigid if € is
dualizable and the multiplication € ® € — € is an internal left adjoint in Modege.

We say that € is rigid if it is locally rigid and its tensor unit 1 is compact.

2.5.12 Remark. Suppose that C &€ CAlg(PrSLt) is compactly generated. Then C
is locally rigid if and only if C¢ C €4. This follows from | , Example 4.6].
Hence, C is rigid if and only if € C €? and 1 € €. This is the case exactly when

€= e by | , Lemma 4.50].

2.5.13 Definition. We say that a big tt-oo-category € € CAlg(Prk) is rigidly-

compactly generated if it is both rigid and compactly generated.

2.5.14 Remark. The terminology above is compatible with the terminology com-
monly used in the literature on tensor triangular geometry. Recall that a stable
oo-category C is presentable if and only if the triangulated category Ho(C@) is well
generated, and that € is compactly generated as an co-category if and only if Ho(C)
is compactly generated as a triangulated category; see [ , Section 1.3] and
[ , Lemma A.8 and Remark A.9]. Moreover, it follows from Remark 2.5.12
that a big tt-oo-category € is a rigidly-compactly generated tt-oo-category if and

only if Ho(C) is a rigidly-compactly generated tt-category*. Furthermore, a func-

*In the terminology of | ], this is equivalent to Ho(€) being a unital algebraic stable
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tor € — D is a morphism of big tt-oo-categories if and only if the induced functor
Ho(€) — Ho(D) is a geometric functor; a stable full subcategory £ of € is a

localizing ideal if and only if Ho(L) is a localizing ideal of Ho(C).

2.5.15 Lemma. Let C — D be a morphism of big tt-oo-categories. Suppose
that D is dualizable and C is locally rigid. The relative tensor product functor

— ®e D: Mode — Modyp preserves fully faithful morphisms.

Proof. By | , Proposition 4.17], D is dualizable over €, so we have an equiv-
alence — ®e D ~ Funl(Fung (D, €), —). The latter preserves fully faithful mor-

phisms, which completes the proof. O

2.5.16 Lemma. Consider @ € CAlg(Prk) and C-modules M and N. If C, M,
and N are dualizable, then so is M ®e N.

Proof. Recall from | , Section 4.4] that the relative tensor product is com-
puted as the colimit of the geometric realization of a two-sided Bar construction
in which the tensors are over 8p. Therefore, M ®e N is a colimit of dualizable

categories and hence is itself dualizable by | , Proposition 1.65]. O]

homotopy category. More generally, C is locally rigid and compactly generated if and only if
Ho(C) is an algebraic stable homotopy category.
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Chapter 3

Support theories

3.1 BIK support

Benson, Iyengar, and Krause | ] developed a theory of support for any
compactly generated triangulated category equipped with a central action by a
Noetherian graded-commutative graded ring. In this section we show how the

Noetherian hypothesis can be removed.

3.1.1 Terminology. For the rest of the section, we fix a compactly generated R-
linear triangulated category T. That is, a compactly generated triangulated cate-
gory T equipped with a homomorphism of graded rings R — Z(7T) where Z(7) is
the graded center of J. The full subcategory of compact objects in T is denoted
by T¢. Given any two objects x and ¢ in 7T, the graded abelian group
Hom(z,t) = ][] Homg(z, £"t)
nez
has a graded Z(7T)-module structure and hence is a graded module over R; see

[ , Section 4] for further details.
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3.1.2 Lemma. Let V C Spec®(R) be specialization closed. The subcategory
Ty = {t € TJ" suppp Hom3(x,t) CV for each x € ‘J'C}
is strictly localizing.

Proof. Note that Ty, is a localizing subcategory of T by Lemma 2.2.12. The proof of

[ , Proposition 4.5] then carries over verbatim, due to Lemma 2.2.10(c). O

3.1.3 Notation. Let t € T and V C Spec(R) be specialization closed. Since Ty
is strictly lcoalizing by the lemma above, we have a corresponding localization
triangle

Fyt—)t—)Lvt

where Ly and I, are the Bousfield localization and colocalization functor, respec-
tively. We think of It as the part of ¢ supported on V and Lyt as the part of ¢

supported away from V.

3.1.4 Remark. Recall from Remark 2.2.9 that our suppy differs from the small
support defined in | | even when R is Noetherian. In any case, they have
the same specialization closure, namely Supppg; see Lemma 2.2.10(a) and | ,

Lemma 2.2(1)]. Thus,
Ty = {t € ‘J" Suppy Homj(z,t) C V for each x € ‘J'C}

is the same as the category defined in | , Lemma 4.3]. Therefore, the local-
ization functor Ly is equal to the one in | , Definition 4.6]. In particular,

these localization functors satisfy the following composition rules:

3.1.5 Lemma. Let V and W be specialization closed subsets of Spect(R). The
following hold:
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(a) Iy = Tyry = Dyl
(b) LyLy = Lyow = LyyLy.
(c) TvLy = Lyly.
Proof. See | , Proposition 6.1]. 0

3.1.6 Remark. In Remark 3.1.4 we have noted that the construction of the lo-
calization functors in | , Definition 4.6] depends only on the notion of big
support of modules, which does not require the ring R to be Noetherian. However,
to show that such a localization functor is a finite localization we want to have a
more concrete description of the category Ty. For example, the objects in Ty q) for
a finitely generated ideal a should be those t € T with the property that Homz(z, t)
is a-torsion for every x € T¢. This was established in | , Lemma 2.4(2)] under
the Noetherian hypothesis on the ring R. Thanks to Lemma 2.2.14, this remains

true for general commutative rings.

3.1.7 Remark. Our next goal is to show that for any finitely generated ideal a
of R and any prime ideal p € Spec?(R) the localization functors corresponding
to V(a) and Z(p) are finite localizations, that is, the localizing subcategories Ty (g
and Tz, are generated by compact objects in J. Let us first recall the notion of

Koszul objects.
3.1.8 Definition. Let r € R be a homogeneous element of degree d and let ¢ be an
object of T. We denote by t/r any object that fits into an exact triangle

t5 X% = t)r.
This is called a Koszul object of r on t. Given a finite sequence r = (ry,...,r,) of
homogeneous elements, a Koszul object of r on t is defined iteratively and denoted
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by t//r. For a finitely generated ideal a of R, we write ¢//a for any Koszul object of
any finite sequence of homogeneous generators for a; see | , Definition 5.10]
for further discussion. A Koszul object ¢/a depends on the choice of generating
sequence for the ideal a. Nevertheless, the thick subcategory generated by ¢/a
depends only on the radical of a by | , Lemma 3.4(2)]. Note also that ¢/ a

is compact if ¢ is compact.

3.1.9 Lemma. For every object t € T and every finitely generated ideal a of R

we have tjfa € Tyq).

Proof. By | , Lemma 5.11(1)] the R-module Homj(z,t/a) is a-torsion for

every x € J°. Lemma 2.2.14 then yields the desired result. [l

3.1.10 Proposition. For any finitely generated ideal a of R and any p € Spec®(R),

the categories Ty and Tz are compactly generated subcategories of T
(a) Ty@ = Loc(zfa |z e TC).
(b) Tz = Loc(xz)r | v € T¢ and r € R\ p homogeneous).

Proof. By Lemma 3.1.9 we have § = Loc(z/a | z € T° C Ty. Since 8
is a compactly generated subcategory of Ty, it is strictly localizing | ,
Proposition 9.1.19]. Denoting the corresponding colocalization functor by I', we

have for any t € Jy(q) an exact triangle
I't —t—s

for some s € 8*. It remains to prove s = 0. Let r1,...,7, be a sequence of

homogeneous generators for a. Note that for any x € T° we have

Homi(z//(r1,...,7m0),s) = 0.
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We claim

Homi(z/(r1,...,rn-1),s) = 0.

Let m € Homgy(x//(r1,...,rn-1),5). Since s € Ty@) = Niz; Tve) € Ty, there
exists a positive integer k with 7m = 0 by Lemma 2.2.14. Let d be the degree of

rn. Applying Hom3(—, s) to the exact triangle

) (ry, . Taet) = S0 (ry, ) = a1, )

yields an exact sequence

0 = Hom3(z//a,s) — Homz(z /) (r1,...,rn1),$)[—d]

2 Homi(z )/ (r1, ..., 7n1), 8) — Homk(z //a, s)[—1] = 0.

Thus, multiplying by r, is an isomorphism, so m = 0. The claim follows. An
induction yields Hom3(z,s) = 0. This is true for all x € J°. Therefore s = 0,
which establishes (a).

For part (b), set § := Loc(xz/r | € T¢ and r € R\ p is homogeneous) C Tz(y).

Similarly, for any ¢ € Tz(,) we have an exact triangle
I't —-t—s

with s € 8+, where I" is the corresponding colocalization functor. It remains to
show that s = 0. Since s € Tz(,), we have suppp Homg(x,s) C Z(p) and hence
Homg(z, s), = 0 by Lemma 2.2.10(b) and (2.2.8), for every x € T°. It follows that
for any homogeneous element m € Homj(z,s) there exists some homogeneous

element r ¢ p with 7m = 0. Let d be the degree of . The exact sequence

0 = Hom(zr, s)[—1] — Homi(z, s)[—d] = Homi(z,s) — Hom}(x)r,s) =0
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implies that m = 0. Therefore s = 0, which completes the proof. [

3.1.11 Remark. We are now ready to define the BIK support for objects in 7.

3.1.12 Definition. The BIK support of an object t in T is defined as

. Iv@ Lzt # 0 for any finitely
Suppgik (t) = {p € Spec’(R)
generated ideal a contained in p

3.1.13 Remark. If p € Spec(R) is finitely generated then Lemma 3.1.5(a) implies
that Supppk(t) = {p € Spech(R)‘FV(p)Lg(p)t + O}. Therefore, the support
Suppgk coincides with that in | | when R is Noetherian, keeping in mind

Remark 3.1.4.

3.1.14 Remark. We give the following more flexible description of the BIK support.

3.1.15 Proposition. We have

. IV Lzt # 0 for any Thomason
Suppgik (t) = { p € Spec'(R)
subsets V, Z such thatp € VN Z°¢

foranyt e 7.

Proof. Recall from Remark 2.1.13 that a Thomason subset of a spectral space
is a union of Thomason closed subsets and that Z(p) = gen(p)© is the largest
Thomason subset not containing p. Moreover, the Thomason closed subsets of
Spect(R) are exactly subsets of the form V(a) for some finitely generated ideal a.

Therefore the result follows from Lemma 3.1.5. O

8.1.16 Notation. For S C Spec"(R) we write min S for the set of prime ideals in

S that are minimal (with respect to inclusion) among the prime ideals in S.
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3.1.17 Theorem. For anyt € T we have

|J minsuppy Hom?(z,t) C Suppgk(t) € |J Suppy Homj(z, t)
zeTe x€§G

where G is any set of compact generators for T.

Proof. Suppose p € minsuppy Hom3(x,t) for some z € T¢ By Lemma 2.2.10(a)
we have Homz(z,t), # 0 and hence suppp Hom3(z,t), = {p} by the minimality
of p and Lemma 2.2.10(b). It then follows from Lemma 2.2.14 that Homg(x, t),
is a-torsion for any homogeneous element a € p. Now let € p be a homogeneous

element of degree d. Applying Hom3(—,?), to the exact triangle
r 5 Y = a)r
yields a long exact sequence

RN Hom;(:p, t)p[—l] — HOIH;-(QZ//T, t)p

— Homg(x,t),[—d] - Homi(z, ) —> -

Hence Homi(x//r,t), is also a-torsion for any homogeneous element a € p and
Homg(z//r,t), # 0. An induction shows that Homs(x /a,t), # 0 for any finitely

generated ideal a C p. On the other hand, since 'zt € Tz(y) it follows that
suppp Homg (z/a, I'zt) € Z(p)

which implies suppr Hom3(z/a, I'zt), = @ by Lemma 2.2.10(b). In view of

(2.2.8), we then have Hom3(z/a, I'z(y)t), = 0 and thus

Homy(z /a, Lzy)t), = Homy(x /a,t), # 0.

34



Since x/a € Ty (Lemma 3.1.9), we have
Hom;(l‘//a, Fy(a)LZ(p)t)p = Homé}(m//a, Lz(p)t)p # 0

and therefore I )Lzt # 0. This is true for every finitely generated ideal a C p,
SO p € Suppgk(t), which establishes the first inclusion. For the second, note that
p ¢ | Suppg Hom’(z,t) <= t € Tz <= Lzt =0.

z€$

This implies p ¢ Suppgk(t). O

3.1.18 Remark. The theorem above generalizes | , Corollary 5.3]. In | :
Theorem 5.2] it was shown that the first inclusion is an equality under the assump-
tion that R is Noetherian. It is not clear if the equality still holds without the

Noetherian assumption.

3.1.19 Definition. We say that the BIK support satisfies the detection property if

Suppgk(t) = @ implies t = 0 for every t € 7.

3.1.20 Corollary. If the descending chain condition holds for the prime ideals of

R then the BIK support satisfies the detection property.

Proof. The hypothesis implies that if a subset S of Spec?(R) is nonempty then

min S is nonempty. The result then follows from Theorem 3.1.17 and (2.2.8). O

3.1.21 Remark. If R is Noetherian then the descending chain condition on the
prime ideals of R holds (see | , Corollary 12.4.5(1)], for example) and thus
the BIK support has the detection property. However, we do not know if the

detection property is always satisfied when R is not Noetherian.

3.1.22 Remark. In the following we record some basic properties of the BIK sup-

port, which are inspired by | , Theorems 4.2 and 4.7].
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3.1.23 Proposition. The following hold:
(a) Suppgk(0) = 2.
(b) Suppgk(t) = Suppgk(Xt) for every t € T.

(¢) Suppgk(c) € Suppg(a) U Suppgk(b) if a — b — ¢ — Xa is an ezact

triangle in T.

(d) Suppgyk (t1 @ t2) = Supppk (t1) U Suppgk (t2) for any t1,t; € 7.

(e) Supppk(Ivt) = V N Suppgk(t) and Suppgk(Lyt) = V¢ N Suppgk(t) for

any t € T and any specialization closed subset V of Spec®(R).

Proof. Part (a) is clear. Parts (b) and (d) follow from the fact that the localization
and colocalization functors preserve finite direct sums and are exact.

For part (c), if p ¢ Suppgk(a) U Suppgk(b), then there exist finitely gener-
ated ideals a,b C p such that Iy Lzpa = 0 and Iy Lzgb = 0. Thus by

Lemma 3.1.5 we have
Ivatioy Lzpya = Iy Ive) Lzeya = 0 = Iy Ive) Lzep)b = Ivare) Lzp)b.

It then follows from the exactness of localization functors that Iy (e Lzgyc = 0.
Therefore p ¢ Suppgk(c), which establishes (c).

For (e), note that I'specn(gyLy(Ivt) = 0 = I, Lg(Lyt). Thus Suppgk (Ivt) €V
and Suppgk(Lyt) € V. Applying (c) to the exact triangle Iyt — ¢t — Lyt we

obtain

SUPPBIK(FVt) - SUPPBIK(t) U SUPPBIK(LVt) - SUPPBIK@) uve

Intersecting with V leads to Suppp (I vt) = Suppg () N V. A similar argument

shows that Suppg(Lyt) = Suppgk () N V¢, which completes the proof. O
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3.1.24 Notation. For any class € of objects in T we write Loc(€) for the localizing

subcategory generated by € and define Suppg (€) = Usece Supppk (t)-
3.1.25 Proposition. The following hold:
(a) Suppgk(t) is localizing closed (recall Remark 2.1.16) for any t € 7.
(b) Suppgk (L) is localizing closed for any localizing subcategory £ of 7.

(c) If the BIK support satisfies the detection property then for any class of ob-

jects € of T we have

loc

Suppgik (Loc(€)) = Supppk(€)

where SuppBIK(E)bC denotes the closure of Suppp(€) in Spec®(R) with

respect to the localizing topology.

(d) If the BIK support satisfies the detection property then for any set of objects
{t:}icr of T we have

loc

SUPPBIK(H ti) = U SUPPBIK(ti) . (3-1-26)

il il

Proof. (a): If p & Supppk(t) then by Proposition 3.1.15 there exist Thomason
subsets V and Z with p € VN Z° and I, Lzt = 0. Hence V N Z¢ is an open
neighborhood of p (with respect to the localizing topology) for which V N Z¢N
Supppk (t) = @. Therefore, Suppgk(t) is localizing closed.

(b): We write S for Suppgk(£). For every p € S we choose an object t(p) € £
such that p € Suppg(t(p)). Now we have

S = U Supppk (t(p)) = SuPpBIK(H t(p)),

pesS pesS
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where the second equality follows from Proposition 3.1.23(d) and that [],cqt(p)
belongs to £. Therefore, Suppg (L) is localizing closed by (a).

(c): Note that (b) implies

loc

Supppk (Loc(€)) 2 Suppgk (€)

Ifp ¢ SuppBIK(S)IOC then there exist Thomason subsets V and Z with p € VN Z¢

and Suppgk(€) NV N Z¢ = @. By Proposition 3.1.23(e) we have
Supppk(IVYLz(€)) = Suppg(E) NV N Z¢ = o.

The detection property then implies I, Lz(€) = 0 and hence I',Lz(Loc(€)) = 0,

which implies p ¢ Suppgk(Loc(€)). We thus obtain

loc

Supppk (Loc(€)) = Suppgk (€)

(d): Let {t;}ier be a set of objects in T. Observe that

lo

U Suppgik(t:)) = Suppgk (Loc(t; | i € I)) = Suppgk (Loc(] ] t:))

il i€l

= SUPPBIK(H tz’) = SUPPBIK(H ti)- L

el el

3.2 BFS support

In | |, Balmer—Favi defined a notion of support for objects in any rigidly-
compactly generated tt-category J. This support takes values in the Balmer spec-
trum Spc(T¢) but requires the spectrum to be (weakly) Noetherian. In | ],
Sanders proposed a generalization of the Balmer—Favi support theory which does
not require any topological assumption. In this section, we summarize some basic

properties of support theory by Sanders and then study how the support behaves
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under geometric functors.

3.2.1 Hypothesis. Throughout this section, we fix a rigidly-compactly generated

tt-category 7.

3.2.2 Notation. Let W = U N V¢ be a weakly visible subset of Spc(T¢) where U

and V' are Thomason subsets. Define gy == ey ® fir (recall Recollection 2.4.11).

By | , Remark 7.6] the idempotent object gy does not depend on the choice
of U and V up to isomorphism. Moreover, it follows from | , Lemma 1.27]
that

gy =0 <<= W =02. (3.2.3)

3.2.4 Remark. Let F': T — 8 be a geometric functor between rigidly-compactly
generated tt-categories and let ¢: Spc(8¢) — Spc(T¢) be the induced spectral

map. By | , Proposition 5.11] we have

Fgw) == go—1w) (3.2.5)

for any weakly visible subset W of Spc(T°).

3.2.6 Remark. A point P in the Balmer spectrum Spc(T¢) is not always weakly
visible. However, since the Thomason closed subsets of Spc(T¢) form a basis of

closed subsets it follows that

{P} = () supp(a) and hence {P}= () supp(a)N gen(P).
acT* acTe
a¢P ag?P

In other words, {P} is always an intersection of weakly visible subsets. This leads

to the following:
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3.2.7 Definition. The BFS support of an object ¢t € T is

gw @t # 0 for every weakly
Supp(t) == ¢ P € Spc(T°)
visible subset W containing P

3.2.8 Remark. By | , Lemma 1.27] we have

gW1ﬂW2 - ng ® gW2 (329)

for any weakly visible subsets W; and W5. By Remark 2.1.13 every Thomason
subset of Spc(T°) is a union of Thomason closed subsets and Yy = gen(P)° is
the largest Thomason subset not containing P. Therefore, a Balmer prime P is
in Supp(¢) if and only if esppa @ fr, @t # 0 for every Thomason closed subset

supp a that contains P (cf. Definition 3.1.12).

3.2.10 Remark. If Spc(T¢) is weakly Noetherian, that is, every point of Spc(T¢)
is weakly visible, then the BFS support coincides with the Balmer—Favi support
in | , Definition 2.11]. Indeed, if P € Spc(T*) is weakly visible then (3.2.9)

implies that P € Supp(t) if and only if gp ® ¢ # 0.

3.2.11 Proposition. The BFS support satisfies the following basic properties:
(a) Supp(0) = @ and Supp(1l) = Spc(T°).
(b) Supp(Xt) = Supp(t) for everyt € T.
(c) Supp(c) € Supp(a) U Supp(b) for any exact triangle a — b — ¢ — Xa in T.
(d) Supp(t; ® to) = Supp(t1) U Supp(ts) for any ty,ts € T.
(e) Supp(t; ® t3) C Supp(ty) N Supp(ts) for any t1,t2 € T.

(f) Supp(t ® ey) = Supp(t) NY and Supp(t ® fy) = Supp(t) NY* for every

object t € T and every Thomason subset’ Y C Spc(T°).
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Proof. Parts (a), (b), (d), and (e) are immediate from the definitions. The proofs

for parts (c) and (f) can be found in | , Theorem 4.2]. O

3.2.12 Remark. The half-tensor formula | , Lemma 2.18] still holds without

the weakly Noetherian assumption:

3.2.13 Lemma. For any compact object x € T¢ and arbitrary object t € T we

have
Supp(z @ t) = supp(x) N Supp(t).

In particular, for any compact object x € T¢, the BF'S support coincides with the

Balmer support: Supp(x) = supp(x).

Proof. Observe that

P ¢ Supp(z ®@1t) <= z®1t&® gw = 0 for some weakly visible W > P
= Coupp(e) @1 Q@ gw =0 (Locg(x) = €supp(x) @ T)

< P ¢ Supp(esupp(z) ® t) = supp(z) N Supp(t)
where the last equality is due to Proposition 3.2.11(f). O

3.2.14 Remark. By Remark 2.1.16, Spc(T¢) is weakly Noetherian if and only if
its localizing topology is discrete. Thus, the localizing topology becomes relevant

when Spc(T¢) is not weakly Noetherian, as the following shows.

3.2.15 Proposition. For any object t € T and any localizing subcategory £ of T

we have
(a) Supp(t) is localizing closed.

(b) Supp(L) = User Supp(s) is localizing closed.
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Proof. See | , Theorems 4.2]. O

3.2.16 Remark. We now study how the BFS support behaves under geometric

functors.
3.2.17 Proposition. Let F': T — § be a geometric functor between rigidly-
compactly generated tt-categories, U its right adjoint, and ¢: Spc(8¢) — Spc(T°)

the induced spectral map. We have

Supp(U(1)) = im ¢

where im <ploc denotes the closure of im @ in Spc(T€) with respect to the localizing

topology.

Proof. 1f Q ¢ Supp(U(1)) then there exists some weakly visible subset W > Q
such that gw ® U(1) = 0 and thus U(F(gw)) = 0 by the projection formula
(2.4.9). It follows that

0 = Hom(gw, UF(gw)) ~ Hom(F(gw), F(gw))

and hence F(gy ) = 0. We then have o~} (W) = & in view of (3.2.3) and (3.2.5).
Therefore Q ¢ im . We have established im ¢ C Supp(U(1)). This implies, by
Proposition 3.2.15, that Im ¢ °° C Supp(U(1)).

For the other inclusion, if Q ¢ mloc then there exists a weakly visible subset
W > Q such that W Nimy = @. This means ¢ (W) = @, which implies
F(gw) = 0. By the projection formula we obtain gy ® U(1) = 0 and hence

Q ¢ Supp(U(1)). 0

3.2.18 Remark. In | , Corollary 13.15] it was shown that if Spc(T¢) is
weakly Noetherian then Supp(U(1)) = im ¢, which is a special case of the propo-

sition above.
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3.2.19 Proposition. Let F', U, and ¢ be as in Proposition 3.2.17. The following
hold:

(a) Supp(F(t)) € ¢~ (Supp(t)) for any t € T.
(b) ¢(Supp(s)) C Supp(U(s)) for any s € 8 if U is conservative.

Proof. For part (a), let P € Supp(F'(t)). If Q := ©(P) ¢ Supp(t) then there exists

a weakly visible subset W 3 Q with gy ® ¢t = 0. Hence
0=Flgw ®1t) ~ F(gw) ® F(t) >~ g1 w) ® F (1)

which contradicts P € Supp(#(t)). This establishes (a).

To prove part (b), suppose that P € Supp(s) but Q = p(P) ¢ Supp(U(s)). By
definition there exists a weakly visible subset W 3 Q such that gy ®@U(s) = 0. We
then have U(F(gw)®s) = 0 by the projection formula and thus g,-1w)®s = 0 by
the conservativity of U. Proposition 3.2.11(f) then implies ¢! (W)NSupp(s) = &,

which contradicts P € Supp(s). O

3.2.20 Corollary. Let F', U, and ¢ be as in Proposition 3.2.17. If F' is a finite

localization then we have
(a) (Supp(s)) = Supp(U(s)) for any s € S.
(b) Supp(F(t)) = ¢~ ' (Supp(t)) for anyt € T.

Proof. For part (a), it suffices to show that Supp(U(s)) € ¢(Supp(s)) by Propo-
sition 3.2.19(b). To this end, suppose Q = ¢(P) € Supp(U(s)) but P ¢ Supp(s).
By definition there exists a weakly visible subset W C Spc(8¢) such that P € W
and gy ® s = 0. The map ¢: Spc(8°) < Spc(T€) exhibits Spc(8€) as a spectral

subspace of Spc(T¢) since F is a finite localization. We thus have W = ¢~1(Z) for
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some weakly visible subset Z C Spc(T°) by | , Theorem 2.1.3]. It follows

from the projection formula and (3.2.5) that
9z @ U(s) ~ U(F(gz) ©@ 5) ~ U(gw @ 5) = 0.

This contradicts Q € Supp(U(s)).

For part (b), suppose that F is the finite localization associated to a Thomason
subset Y C Spc(T°¢) and let V' be the complement of Y. We then have an induced
embedding ¢: Spc(T(V)°) — Spc(T¢) with image V. For any ¢ € T we have
Supp(F(t)) = ¢ ' (Supp(UF(t))) by part (a). Observe that

¢~ (Supp(UF (1)) = ¢~ (Supp(U(1) @ )) = ¢~ (Supp(fy @ 1))
= ¢~ (Y° N Supp(t)) = ¢~ (Supp(t))
where the first equality uses the projection formula, the second equality uses the

fact that U(1) = UF(1) = fy, and the third equality is due to Lemma 3.2.13.

This completes the proof. n

3.3 The detection property

In this section, we use algebraic localizations of a rigidly-compactly generated tt-
category T to study the detection property for the BFS support. Our main result
is that the detection property can be checked at the algebraic localizations of T
at the closed points of the Zariski spectrum of the graded endomorphism ring of

the unit object.

3.3.1 Notation. Throughout this section, J denotes a rigidly-compactly generated
tt-category. Let End3(1) denote the graded endomorphism ring of the unit object

in 7. Denote by Endi®™(1) the set of homogeneous elements in End}(1). By
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[ , Theorem 5.3], there is a natural continuous map
p: Spe(T¢) — Spec”(End(1))
P — (f € End5*™(1) | cone(f) ¢ P)
such that p=*(V(s)) = supp(cone(s)) for any s € End3*™(1).

3.8.2 Definition (Graded algebraic localization). Let S C End3*™(1) be a mul-
tiplicative subset of homogeneous elements. The algebraic localization of T with
respect to S is the finite localization of T associated to the Thomason subset
o (L V(s)) = | supp(cone(s)).
ses ses

We denote this localization by T — S~'T. The corresponding localization functor
and colocalization functor are denoted by Lg and ['s, respectively.

In particular, for a prime ideal p € Spec"(End;(1)) we define the multiplica-
tive subset S, = {s € End}™(1) ‘ s ¢ p} and call T, = ST the algebraic

localization of T at p.

3.3.3 Notation. For any t € T we write m,(t) for

Homz*(1,¢) = J] Homg(1,57"¢).

neZ
3.3.4 Remark. The following proposition generalizes both | , Theorem 3.3.7]
and | , Corollary 3.10]. The ungraded version of it can be found in | ,

Theorem 2.33(h)].

3.3.5 Proposition. Let S C End™(1) be a multiplicative subset of homogeneous

elements. There is a natural isomorphism

Homi(z, Lst) = S~ Homi(z, )
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forx € T¢ and t € T. In particular, we have
m.(Lst) = S 7, (t)
foranyt e 7.

Proof. Tf x is compact then S~! Hom(x, —) is a coproduct-preserving homological
functor on T which vanishes on ¢ ® cone(s) for all ¢ € T and s € S and hence on
Loc(T ® cone(s) | s € S) = Locg(cone(s) | s € §) = I'sT. It follows from the
localization triangle

Fsﬂf—)t%[;st

that there is a natural isomorphism
S~ Homi(x,t) = S~ Hom}(x, Lst)

for any x € T¢ and t € T. Let d be the degree of s. Applying Hom3(—, ) to the
exact triangle

r 2 Y42 — cone(s) @ x

yields an exact sequence

0 = Hom?(cone(s) ® x, Lst) — Hom3(x, Lgt)[—d]

= Hom}(x, Lst) — Homi(cone(s) ® x, Lgt)[1] = 0.
Thus multiplying by s is an isomorphism on Hom(x, Lgt). Therefore we have
S~ Homi(x, Lst) = Hom?(z, Lgt)
which completes the proof. O

3.3.6 Example. Recall from | , Corollary 9.5] that the Balmer spectrum
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Spc(SH) of the stable homotopy category together with its comparison map can

be depicted as follows:

:PQ,oo :PS,oo T pr,oo
T T T
Spe(SH®) = : s :
T T T

:])2,n+1 i]:)3,n+1 e ﬂ)p,nJrl
T T T

iPZ,n g)3,n e Tp,n
T T T
psue : : :

T T

Pai P31

%
P,
‘\ﬂ)o/ 1

Spec(Z) = 2Z 3Z e pZ
(x o /

See Example 2.3.19 for the explanation of the notion. Recall that for any prime
number p, the p-local stable homotopy category SH,) is defined as the Bousfield
localization of the stable homotopy category SH with respect to the mod-p Moore
spectrum. By Proposition 3.3.5, SH ;) can be realized as the algebraic localization

at pZ € Spect(Endgy (1)) = Spec(Z) of SH. Moreover, since we have
Py o = thickg(cone(s) | s ¢ pZ)

by | , Corollary 9.5(c)], the algebraic localization at pZ coincides with the lo-

calization at P, o in the sense of Example 2.4.14. Therefore, the Balmer spectrum
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Spc(SH‘(:p)) can be identified with
gen(Pp o) = {Ppn | 0 < n < oo} C Spe(SH?).

For any spectrum ¢ € SH, we write £(,) == t,z = tp, . for the corresponding p-local

spectrum.

3.3.7 Remark. The space Spc(SH) is not weakly Noetherian. Indeed, by | ,
Corollary 9.5] any Thomason subset of Spc(SH) is the union of subsets of the
form m where p is a prime number and 0 < n, < co. Thus the closed point
Pp.0o is not weakly visible for any prime number p. In particular, any Thomason
subset of Spc(SH{,)) is of the form {P,n} for 0 < n < oo and therefore P, is

the only point in Spc(SH{,)) that is not weakly visible.

3.3.8 Remark. In | , Remark 11.11] the authors considered the Balmer—Favi
support for SH,) excluding P, . since it is not weakly visible. More precisely, for

any t(,) € SH(y) they defined

SUPP oo () = { Py |0 < 10 < 00 and g5, , @ 1) # 0 }.

They then extended this support to the point P, ., by declaring that P, o is in
the support of a p-local spectrum ¢, if and only if HF, ® ¢,y # 0. We denote
their extended support function by Supp. .

Let I € SH be the Brown-Comenetz dual of the sphere spectrum. Note that the
p-local Brown-Comenetz dual of the sphere spectrum I,y € SH(,) is isomorphic
to the Brown-Comenetz dual of the p-local sphere spectrum as defined in | ,
Section 7]. In | , Remark 11.11] it was explained that Supp__ (/) = @

and HF, ® I,y = 0. Hence Supp..(/(»)) = &. This motivates the following:

3.3.9 Definition (The detection property). We say that T has the detection prop-

48



erty if Supp(t) = @ implies t = 0 for every t € 7.

3.3.10 Remark. If the space Spc(T*) is Noetherian then T has the detection prop-
erty by | , Theorem 3.22 and Remark 3.9]. For example, the derived cate-
gory D(R) of a commutative Noetherian ring has the detection property. However,
we do not know in what generality the detection property holds; see, for example,

the discussion in | , Section 8.1] and | , Remark 6.6].
3.3.11 Example. In Remark 3.3.8 we see that the function Supp.,,, does not detect
vanishing of objects in SH,). In contrast, the BEF'S support Supp does:

3.3.12 Proposition. The category SHy,) satisfies the detection property.

Proof. Suppose Supp(t(,)) = @ for some t(,) € SH,). Since P, ¢ Supp(t(y)), we
have e ® t(;) = 0 for some 0 < n < oo and thus ty) ~ fG—~ ® ). fn=0

then ¢, = 0 as desired. Now suppose n > 0. By P,,—1 & Supp(ty)) we have

0=em 3@ /g @te ~ em, 5 @ o)
An induction shows that 0 = S Y t(p) = t(p), which completes the proof. [

3.3.13 FExample. By Remark 3.3.8 and Proposition 3.3.12, the p-local Brown-
Comenetz dual of the sphere spectrum has support Supp(/()) = {Pp.«}-

3.3.14 Remark. The following corollary says that the BFS support of an object
can be computed at its localizations at all closed points in the Balmer spectrum.

Keep in mind the notation introduced in Example 2.4.14.

3.3.15 Corollary. For every object t € T we have

Supp(t) = |J  ¢x(Supp(tar))

MeSpe(T€)
M closed

where i == Spc(T§) < Spe(TC) is the map induced by the localization at M.
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Proof. By Corollary 3.2.20(b), for any ¢t € T we have Supp(ty) = 57 (Supp(t))
and therefore @y (Supp(ty)) = Supp(t) N im ey = Supp(t) N gen(M). The result

then follows from | , Proposition 2.11]. O

3.3.16 Fxample. From Example 3.3.6, Example 3.3.13, and Corollary 3.3.15 we
obtain Supp(/) = {pr,OO ‘ p prime } In other words, the Brown-Comenetz dual

of the sphere spectrum [ is supported on the line at infinity in the picture of

Spc(SH?).

3.3.17 Theorem. The category T has the detection property if and only if for ev-
ery closed point m € Spec?(End}(1)) the algebraic localization Ty, has the detection

property .

Proof. 1f T satisfies the detection property then so does the algebraic localization
T, for every p € Spec”(End3(1)) by Corollary 3.2.20(a). Conversely, suppose that
T satisfies the detection property for every closed point m € Spec®(End3(1)). If
t € T with Supp(t) = @, then by Proposition 3.2.19(a) we have Supp(t,) = @ and
thus t, = 0. It follows from Proposition 3.3.5 that Hom(z,t),, = Hom(z,ty,) =0
for every x € T¢. Since m ranges over all the closed points, we have Hom(z,t) = 0

for every x € T¢ and therefore ¢ = 0, which completes the proof. O

3.3.18 Example. The stable homotopy category SH,) of p-local spectra satisfies
the detection property (Proposition 3.3.12). The theorem above thus implies that

the stable homotopy category SH of all spectra satisfies the detection property.

3.3.19 Corollary. Any spectrum whose support is contained in {prm ‘ P pm’me}

1s dissonant.

Proof. According to [ , Definition 4.1], a spectrum ¢ € SH is called dissonant

if t® K (p,n) = 0 for every prime number p and every n with 0 < n < co. Suppose
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that ¢ € SH is a spectrum with Supp(t) C {iPpm ’ p prime } It follows that for

any prime number p and any n with 0 < n < oo we have

@ = Supp(t) N gen(Py,) = Supp(t ® fY:Pp,n)

where the second equality is due to Proposition 3.2.11(f). By Example 3.3.18, we
have t ® fy, =~ = 0, which is equivalent to ¢ € Locg(P,,) by (2.4.15). It then
follows from the definition of P,, that ¢ ® K(p,n) = 0. This is true for every

prime number p and every n with 0 < n < co. Therefore ¢ is dissonant. O]

o1



Chapter 4

Stratification

4.1 Stratification

In this section, we use the BFS support theory in Section 3.2 to define a notion
of stratification as in | ]. Our main result (Theorem 4.1.14) justifies the

weakly Noetherian hypothesis in | ]-

4.1.1 Hypothesis. Throughout this section, J denotes a rigidly-compactly gener-

ated tt-category.

4.1.2 Definition. We say that T is stratified if the map

{localizing ideals of ‘J'} — {localizing closed subsets of Spc(ﬂ'c)}
L +— Supp(L)
is a bijection.

4.1.83 Remark. The map above is well-defined by Proposition 3.2.15(b). If Spc(T¢)
is weakly Noetherian then Definition 4.1.2 recovers | , Definition 4.4]. In
fact, we will see that if T is stratified in the sense of Definition 4.1.2 then Spc(T°)
is necessarily weakly Noetherian. Our proof is based on the comparison between

the BF'S support and the homological support, which was studied in detail under
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the weakly Noetherian assumption in [ ].

4.1.4 Recollection. Recall that each homological prime B € Spch(‘TC) gives rise to

a pure-injective object F3 € T and the homological support of an object ¢ € T is

given by

Supp" (t) == { B € Spc™(T%) | [t, Es] # 0 }
where [—, —] denotes the internal hom. For every homological prime B € Spc”(T¢)
we have Supp”(Es) = {B}. By | , Theorem 1.2] the homological support

satisfies the tensor product formula
Supp”(t; ® to) = Supp”(t1) N Supp”(t;) for any ty,t, € 7.

Moreover, there exists a surjective continuous map ¢: Spc”(T¢) — Spe(T€); see

[ , Corollary 3.9].

4.1.5 Lemma. If W C Spc(T¢) is weakly visible then Supp”(gw) = ¢~ (W),
Proof. Apply | , Lemma 3.8] and the tensor-product formula. ]
4.1.6 Lemma. For cveryt € T we have ¢(Supp”(t)) C Supp(t).

Proof. If B € Supp”(t) then for any weakly visible subset W 3 P = $(B) we
have B € ¢~ (W) = Supp"(gw) by Lemma 4.1.5 and hence B € Supp"(t @ gw)
in view of the tensor-product formula. In particular, t ® gy # 0. This is true for

every weakly visible subset W containing P, so P € Supp(t). m
4.1.7 Lemma. For every B € Spc™(T¢) we have Supp(E3z) = {¢(B)}.

Proof. Let P := ¢(B). First we show that Eg is P-local, i.e., By ~ E3 ® fy,. For
any object x € P we have P ¢ supp(z). By Lemma 4.1.6 we have B ¢ Supp”(z),

that is, [z, F3] = 0. This holds for every z € P, so Eg € Loc(P)t = fy, ® T
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is P-local. Thus Supp(Ez) C gen(P). On the other hand, we claim that Fy €

Locg(esupp(a)) for any object a ¢ P. Indeed, we have

a ¢ P < P esupp(a)
— B¢ qb_l(supp(a)c) = Supph(fsupp(a)) by Lemma 4.1.5
< FE3® fouppa) =0

<= FEg € Locg(Csupp(a)) by (2.4.13)

where the second-to-last equivalence is due to | , Theorem 1.8] and the fact
that feupp(a) is & (Weak) ring object. Therefore we have Ez ® esupp(a) =~ Es for any
a ¢ P. Invoking the half-tensor formula (Lemma 3.2.13) we obtain
Supp(Es) C () supp(a) = {P}.
ag?P
Therefore

Supp(Es) C {P} Ngen(P) = {P}.

It remains to prove P € Supp(Ez). From what we have shown it follows that
0# Bz ~ Eg ® fy, ~ Ez ® esuppa) @ fy, for any a ¢ P. By Remark 3.2.8 we

conclude that P € Supp(Es3). O

4.1.8 Example. By | , Corollary 3.6], the Morava K-theory spectrum K (p,n),
for a prime p and 0 < n < oo, is isomorphic to Eg, ., where B, € Spc™(SH®)
is the homological prime corresponding to the Balmer prime P,, € Spc(SH).
We then have Supp(K (p,n)) = {P,,} by Lemma 4.1.7. In particular, the mod-p

Eilenberg-Maclane spectrum HF, = K (p, 00) is supported on the singleton {P, . }.

4.1.9 Corollary. If T satisfies the detection property then the map in Defini-

tion 4.1.2 is surjective.
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Proof. Let F' C Spc(T€) be a localizing closed subset. Choosing a homological
prime By € ¢~ ({P}) for every P € F, by Lemma 4.1.7 and | , Theo-

rem 4.7(4)] we have

loc

Supp(Loce(Bs, | P € F)) = | Supp(Es,) =F"=F. O
PeF
4.1.10 Remark. In | , Lemma 3.4] it was proved that if Spc(T¢) is weakly

Noetherian then the map above is surjective (without assuming the detection
property).

4.1.11 Ezample. The Balmer spectrum Spc(SH{,)) is not weakly Noetherian (Re-
mark 3.3.7) but SHy,) satisfies the detection property (Proposition 3.3.12). Thus
every localizing closed subset of Spc(Spr)) can be realized as the support of some
localizing ideal of SH{;,. Moreover, a subset S C Spc(SH{,)) is localizing closed if
and only if either P, ., € S or P, ¢ S and S is finite. This follows from that fact
that the Thomason subsets of Spc(SH{,) are of the form {P,:} for 0 < i < oo;

see Remark 3.3.7.
4.1.12 Remark. The following result indicates that the weakly Noetherian hypoth-
esis in | , Theorem 4.7] is unnecessary.

4.1.13 Proposition. If T is stratified then ¢(Supp”(t)) = Supp(t) for anyt € T.

Proof. By Lemma 4.1.6 the inclusion ¢(Supp”(t)) C Supp(t) always holds. To
prove the other inclusion, let P € Supp(¢) and choose any B € ¢~ '({P}). In light
of Lemma 4.1.7, we have Supp(FEs) = {P} C Supp(t) and thus Eg € Locg(t) due
to stratification, which implies [t, Eg] # 0 since [Eg, Eg] # 0. This completes the

proof. O

4.1.14 Theorem. If T is stratified then Spc(T¢) is weakly Noetherian.
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Proof. Let W be any subset of Spc(7T¢). It suffices to show that W is localizing
closed by Remark 2.1.16. To see this, we choose a By € ¢~ ({P}) for every
P € W and consider the object tw = [Ipew Es,. By | , Proposition 4.3(b)]
we have Supp”(ty) = { By ’ PeWw } It then follows from Proposition 4.1.13 and

Proposition 3.2.15(a) that W = Supp(tw) is localizing closed. O

4.1.15 Remark. The theorem above shows that the generalization of the Balmer—
Favi support to the BEFS support does not broaden the scope of the stratification

theory developed in | .

4.1.16 Ezample. The Balmer spectrum Spc(SH¢) is not weakly Noetherian and

therefore the stable homotopy category SH is not stratified.

4.2 BIK vs BFS

In this section, we apply the machinery developed in Section 3.1 to a rigidly-
compactly generated tt-category J. This gives rise to a stratification theory in
the sense of | , | but without requiring any additional Noetherian
assumptions. We then compare it with the stratifcation theory in the previous

section.

4.2.1 Notation. Throughout this section, T will denote a rigidly-compactly gen-
erated tt-category. Recall that the graded endomorphism ring Endi(1) of the
unit object is graded-commutative and it canonically acts on T; see [ , Ex-

ample 2.5(2)] and | , Section 7).

4.2.2 Remark. By applying Section 3.1 to the canonical action by End(1), we ob-
tain a BIK support function Suppg;x on I which takes values in Spec”(End%(1)).

Moreover, the tensor structure gives another way of describing the BIK support:
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4.2.3 Proposition. For any object t € T we have

, . Il ® Lzl @t #0 for any finitely
SuppBIK(t) =4qPpc Spec (EndT(l))
generated ideal a contained in p

Proof. By Proposition 3.1.10 we have
Ty = Loc(zfa |z € T°)
for any finitely generated ideal a and
Tz = Loc(z/r | v € T¢ and r € Endy(1) \ p homogeneous)

for any prime ideal p. Note that for any = € T°¢ we have z//a ~ = ® 1/a.
This follows from the definition of Koszul object and the exactness of tensor
product. Hence Loc(z/a | x € T¢) = Locg(1/a). Therefore Ty () is a compactly
generated localizing ideal of T and thus a smashing localizing ideal of T by | ,
Theorem 4.1]. Similarly, Tz, is a smashing localizing ideal of T. It then follows
from | , Theorem 2.13] that the functor I, is isomorphic to Iyl ® — and

that the functor Lz, is isomorphic to Lz)1 ® —. This finishes the proof. O

4.2.4 Remark. Next, we relate the BIK support to the BFS support via the com-

parison map p : Spc(T¢) — Spec®(End%(1)).

4.2.5 Lemma. Let p € Spec(End}(1)). The BIK localization functor Lz is

the finite localization functor associated to the Thomason subset p~'(Z(p)).

Proof. Observe that
Tz = Loc(z s | v € T% s € Sy) = Locg(cone(s) | s € Sp)
where the first equality follows from Proposition 3.1.10(b) and the second equality

57



is explained in the proof of Proposition 4.2.3. Therefore, the localization functor
Lz is identical to the algebraic localization functor Lg, which is associated to

the Thomason subset p~" (Uses, V(5)) = p~ (Z(p)). O

4.2.6 Lemma. Let a be a finitely generated homogeneous ideal of End3(1). The
BIK colocalization functor Iy is the finite colocalization functor associated to

the Thomason subset p~*(V(a)).

Proof. Let a = (z1,...,x,) be a finitely generated homogeneous ideal of End;(1)

with homogeneous generators {z; }1<i<,. We then have
Tv@ = Loc(zfa | x € T¢) = Locg(1l/a) = Locg( Q) cone(z;))

where the first equality is due to Proposition 3.1.10(a) and the second equality is
explained in the proof of Proposition 4.2.3. It follows that the BIK colocalization

functor Iy, is the finite colocalization functor associated to the Thomason subset

N supp(eone(z)) = ) o' V(@) = o~ (V(a)). =

1<i<n 1<i<n

4.2.7 Corollary. We have

v Lzt = ep1v@) ® fr1zp) @t

for every t € T and every finitely generated homogeneous ideal a and every prime

ideal p of End3(1).
Proof. Combine Lemma 4.2.5 and Lemma 4.2.6. [

4.2.8 Theorem. Consider the comparison map p : Spc(T¢) — Spec(Endj(1)).
We have:

(a) p(Supp(t)) € Suppgik(t) for everyt € 7.

58



(b) If p is a homeomorphism then p(Supp(t)) = Suppgk(t) for everyt € T.

Proof. Let P € Supp(t). If p == p(P) ¢ Supppk(t) then by Corollary 4.2.7 there

exists a finitely generated homogeneous ideal a C p such that

0= IV Lzpt = €1(0(0) © for(zm) @ L

Since the point P is contained in the weakly visible subset p='(V(a))Np~ 1 (Z(p)),
we have P ¢ Supp(t), which establishes (a). To show (b), let p € Spec?(End}(1))
correspond to some P € Spc(T¢). Note that p~'(Z(p)) = Yp because p is a

homeomorphism. Then observe that

p & Supppk(t) <= 3 a Thomason closed V3 p:e, 1) ® fr1zp) @t =0
<= da Thomason closed V> P:ey ® fy, ®t =0

<= P ¢ Supp(?). O
4.2.9 Corollary. For any compact object x € T¢ we have

p(supp(x)) € Suppgk () C Suppgg: 1) Endy ().
Moreover, if p is a homeomorphism then these inclusions are equalities.

Proof. The first inclusion is a special case of Theorem 4.2.8(a). For the second
inclusion, let p & Suppgqx (1) Endy(z). By | , (2.2)] we have Lzq)z =0 and
thus p ¢ Supppk(x). This establishes the second inclusion. The equalities follow

from | , Proposition 2.10]. O

4.2.10 Remark. We now give a notion of stratification with respect to the canonical

BIK support function which takes values in Suppgk(T) C Spec”(End3(1)):
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4.2.11 Definition. We say that T is canonically BIK-stratified if the map

{localizing ideals of ‘J'} — {closed subsets of SuppBIK(‘T)}

L — Suppgk (L)

is a bijection, where Suppg(T) is equipped with the subspace topology of the

localizing topology on Spec?(End’(1)).

4.2.12 Remark. The map above is well-defined by Proposition 3.1.25(b). More-
over, if the comparison map p: Spc(T¢) — Spect(Endj(1)) is surjective then we

have Suppgk (T) = Suppgk (1) = Spec(End3(1)) by part (a) of Theorem 4.2.8.

4.2.13 Example. If End;(1) is Noetherian then p is surjective by [ , Theo-
rem 7.3] and hence Suppgk(T) = Spec®(End}(1)).

4.2.14 Example. For a commutative ring A, the unbounded derived category D(A)
is rigidly-compactly generated and the derived category DP®'{( A) of perfect com-
plexes can be identified with its subcategory of rigid-compact objects. The asso-
ciated comparison map Spc(DPf(A)) — Spec(A) is a homeomorphism by | :

Proposition 8.1], so we have Suppgk(D(A)) = Spec(A).

4.2.15 Corollary. If the comparison map p is a homeomorphism then T is canon-

ically BIK-stratified if and only if it is stratified.

Proof. By Remark 4.2.12 the BIK space of supports Supppgi (7) is Spec?(End’(1)).

The result thus follows from Theorem 4.2.8(b). O

4.2.16 Ezample. Let A be a commutative ring. By Example 4.2.14 we can iden-
tify Spe(DPef(A)) with Spec(A) via the comparison map, under which the BFS
support and the canonical BIK support coincide, according to Theorem 4.2.8. For

any prime p = p(P) € Spec(A) and any finitely generated ideal a C p, it follows
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from | , Lemma 5.1] that

forrzen = fro = Ap and €10 = Esupp(aye) = K> (a)

where K*(a) is the stable Koszul complex of a. Hence for a complex X € D(A)

we have

K*(a) ® X, # 0 for any finitely
Supp(X) = {p € Spec(A)

generated ideal a contained in p

This notion of support for complexes over a (non-Noetherian) commutative ring
was first proposed and studied in | |]. The condition K*(a) ® X, # 0 is
equivalent to A/a ® X, # 0 since Locg(K*>(a)) = Locg(A/a) by | , Propo-
sition 5.6]. If the ideal p itself is finitely generated then this condition amounts
to k(p) ® X # 0. Therefore, when A is Noetherian the BFS support recovers the

support defined in | ].

4.2.17 Remark. Neeman proved that D(A) is (canonically BIK-)stratified when-
ever A is Noetherian; see | , Theorem 2.8]. This result was extended to the
absolutely flat approximations of topologically Noetherian commutative rings by
Stevenson; see | , Theorem 4.23]. On the other hand, Neeman | ] gave an
example of a non-Noetherian commutative ring such that the stratification fails.
It remains an open question to determine for which commutative rings stratifi-
cation holds. However, our Corollary 4.2.15 and Theorem 4.1.14 show that for
any commutative ring A, if D(A) is stratified then Spec(A) is necessarily weakly

Noetherian.

4.2.18 Remark. In | , Theorem 5.5(3)] it was shown that if the prime ideals
of a commutative ring A satisfy the descending chain condition then D(A) has

the detection property. This can also be deduced from Theorem 4.2.8 and Corol-
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lary 3.1.20. In fact, our Corollary 3.1.20 generalizes | , Theorem 5.5(2)].

4.2.19 Example. For a Noetherian scheme X, the derived category D.(X) of com-
plexes of Ox-modules with quasi-coherent cohomology is stratified; see | ,
Corollary 5.10]. However, Dg.(X) is not canonically BIK-stratified in general,
since the graded endomorphism ring of the unit object in this category, i.e., the
sheaf cohomology ring H (X, Ox), may not have enough prime ideals when X is

nonaffine; see | , Remark 8.2], for example.

62



Chapter 5

Applications

5.1 The stable module category

As an application of Theorem 4.2.8, we show that the stable module category is

canonically BIK-stratified by the Tate cohomology ring.

5.1.1 Remark. Let G be a finite group and k a field of characteristic p > 0 such
that p divides the order of G. The big stable module category StMod(kG) is BIK-
stratified by H*(G,k) (] , Theorem 10.3]). The associated Balmer spec-
trum Spc(stmod(kG)) is homeomorphic to Proj(H*(G, k)), which is a Noetherian
space since H*(G, k) is a Noetherian ring by the Evens-Venkov theorem | ,
I1(3.10)]. Note that this BIK-stratification for StMod(kG) is not canonical since
the graded endomorphism ring of the unit for StMod(kG) is not H*(G,k) but
rather the Tate cohomology ring H “(G,k); see | , page 26]. The original
statement of Benson—Iyengar—Krause cannot be applied to the canonical action of
H*(G, k) on StMod(kG) since H*(G, k) is rarely Noetherian. In fact, H*(G, k) is
Noetherian if and only if the p-rank of GG is 1 if and only if H *(G, k) is periodic;
see [ , Lemma 10.1].

On the other hand, StMod(kG) is stratified in the sense of Definition 4.1.2 by
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[ , Example 7.12]. In the following we will show that StMod(kG) is in
fact canonically BIK-stratified in the sense of Definition 4.2.11. In other words,
it is canonically stratified by the Tate cohomology ring H *(G, k). Beware that
this does not follow directly from Theorem 4.2.8(b) because in this example the

comparison map p is not a homeomorphism in general, as we shall see below.

5.1.2 Theorem. Let G be a finite group and k a field of characteristic p > 0
such that p divides the order of G. The stable module category StMod(kG) is

canonically BIK-stratified.

Proof. By Rickard | ] the small stable module category stmod(kG) is equiv-
alent to the quotient D®(mod(kG))/ DP{(kG). Note that the graded endomor-
phism ring of the unit object of K := D"(mod(kG)) is isomorphic to the group
cohomology ring. Therefore, we can identify H*(G, k) with End;.(1) and H*(G, k)
with Endg,oqc)(1); see Remark 5.1.1.

Now consider the functor ¢: X — K/ DP(kG) ~ stmod(kG). The naturality

of the comparision map gives us the following commutative diagram:

Spc(stmod(kG)) LSO Spc(XK)
jo zipx (5.1.3)

Spech (1)

Spect(H*(G, k)) =25 Spech(H*(G, k))

where Spc(g) is an open embedding and py is a homeomorphism by | , Propo-
sition 8.5]. Moreover, ¢: H*(G, k) — ﬁ*(G, k) is the first map that appears in
[ , (10.2)], which views H*(G, k) as a subring of H*(G, k); see also | :

(2.1)]. It follows that p is injective. On the other hand, we have the following
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commutative diagram from the proof of | , Proposition 8.5]:

Spc(stmod(kG)) LSO Spe(X)
ziwl o (5.1.4)
Proj(H*(G, k)) —— Spec®(H*(G, k))

in which ¢: Proj(H*(G,k)) = Spec(stmod(kG)) is the homeomorphism described
in [ , Corollary 5.10] and Proj(H*(G, k)) — Spec(H*(G, k)) is the canonical
open embedding which misses the unique closed point H (G, k) in Spect(H*(G, k)).

Combining (5.1.3) and (5.1.4) we obtain a commutative diagram:

Spc(stmod(kG)) —> Proj(H*(G,k))

jp J (5.1.5)

Spect(F1(G, k) 2% Spech (H* (G, k).

If 4 *(G, k) is Noetherian then | , Theorem 7.3] implies that p is surjective
and hence a bijection. By | , Lemma 10.1] H*(G, k) being Noetherian is
equivalent to that the p-rank of GG equals 1, which implies that the Krull dimension
of Spech(H*(G,k)) is equal to 1 by Quillen stratification theorem [ . It
follows that Spc(stmod(kG)) = Proj(H*(G, k)) has zero Krull dimension, that is,
Spc(stmod(kG)) is a discrete space. Moreover, since the trivial representation is
indecomposable, Spc(stmod(kG)) is a singleton by | , Theorem 2.11], which
forces p to be a homeomorphism. Therefore, StMod(kG) is canonically BIK-
stratified by Corollary 4.2.15.

If H*(G, k) is not Noetherian (i.e., the p-rank of G is at least 2) then the negative

part H~(G, k) is nilpotent by | , Proposition 2.4]. It follows that

Spec?(1): Spec®(H*(G, k)) — Spec®(H*(G, k))

p=L(G.k) p=° > p=*
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is a homeomorphism where p=° denotes the nonnegative part of a graded prime p.
On the other hand, by (5.1.5) the map p: Spc(stmod(kG)) < Spec®(H*(G, k)) is
an open embedding which misses the unique closed point m = H #0(@G, k). Since
Spec!(H*(G, k)) = Spech(H*(G,k)) is Noetherian, V(m) = {m} is Thomason
closed. We thus have e,-1ym) @ fr-1zm) = €z @ fspe(stmodha)) =~ 0 ® 1 =
0 and hence m ¢ Supppk(t) for every ¢t € StMod(kG). It then follows from

Theorem 4.2.8(a) that

Supppik () = Supppk (1) = im p. (5.1.6)

Now suppose that p = p(P) € im p is a nonclosed point in Spec®(H*(G, k)). Note
that {p} = V(p) N Z(p)¢, where V(p) is Thomason closed since Spec"(H*(G, k))

is Noetherian. It follows that for every ¢ € StMod(kG) we have

p € Suppgk(t) <= e, 1vp) @ fo1zp) ®t # 0 <= P € Supp(?).

Therefore p(Supp(t)) = Suppgk(t) for all ¢ € StMod(kG). From (5.1.6) and the
fact that StMod(kG) is stratified, we conclude that StMod(kG) is canonically

BIK-stratified. O

5.1.7 Remark. Our definition of cohomological stratification (Definition 4.2.11)
generalizes the one given by | , Definition 2.21] which requires T to be
Noetherian (] , Definition 2.9]) and the comparison map p to be a homeo-
morphism. Indeed, if T is Noetherian then End%(1) is Noetherian and thus every
subset of Suppgk(7) is localizing closed. Moreover, if p is a homeomorphism then
Supppk (T) = Spec®(End%(1)) by Remark 4.2.12. Note, however, that our Defini-
tion 4.2.11 does not put any restriction on p. As Theorem 5.1.2 shows, requiring p

to be a homeomorphism would eliminate interesting examples of canonically BIK-

66



stratified categories in the non-Noetherian context.

5.2 Convexity in tensor triangular geometry

In this section, we further explore the consequence of the comparison of the two
support theories in Section 4.2. In particular, we show that for nicely stratified
big tt-oo-categories €, the dualizable localizing ideals correspond exactly to the
convex subsets of the Balmer spectrum Spc(€°), generalizing a theorem of Efimov

[ , Theorem 3.10] to tensor triangular geometry.

5.2.1 Hypothesis. Throughout this section, T will denote a rigidly-compactly gen-
erated tt-category whose spectrum Spc(T¢) is weakly Noetherian. We will occa-
sionally assume that there is an underlying (rigidly-compactly generated) tt-oo-

category C and write T = Ho(C) to indicate this; see Section 2.5.

5.2.2 Remark. Since Spe(T¢) is weakly Noetherian, the BF'S support recovers the

Balmer—Favi support and is given by

Supp(t) = {CP € Spc(T9)

t®@gp #0 }
for all t € T. In this case, T is stratified if the map
{localizing ideals of ‘J'} — {subsets of Spc(Tc)}
sending £ to Supp(L) is a bijection. The inverse is given by sending S to
Tg = {t € ‘T‘ Supp(t) C S}.

5.2.3 Remark. Assume that T is stratified. For any subset S C Spc(T¢), the
localizing ideal Ty is generated by the set of objects { gy € ‘T‘ Pes }, since we

have S = Upeg Supp(gp). Hence, Tg is well generated; see | , Remark A.9].
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Therefore, if T = Ho(C), then the oo-category Cg underlying T is presentable, in

view of Remark 2.5.14.

5.2.4 Remark. Suppose that T is stratified and let Sy C S; be subsets of Spc(T¢).
Since Tg, and Tg, are well generated, the Verdier quotient ¢q: Tg, — Tg, /Tg, is a
Bousfield localization. This follows from the results of | |; see also | :

Theorem 2.13]. Therefore, we have

Ts,/Ts, = {t € Ts,

Homg(z,t) = 0 for all z € T, } =T NTg. (5.2.5)

If T = Ho(C) then the Verdier quotient Cg, /Cg, can be defined as the cofiber of
the inclusion Cg, — Cg, in Prk. Hence Ts,/Ts, =~ Ho(Cg, /Cs,). See [ :

Section 5| for further details.

5.2.6 Lemma. Suppose that T is stratified. For any subsets So C Sy of Spe(T€)

with Sy Thomason, we have
Ts,/Ts, ~ Tg\ -
Proof. Observe that
Ts,/Ts, =T, NTg, =T, N(TNTg,) = Ts, NT/Ts, = T, N Tge = Taps,

where the first and second equivalence is due to (5.2.5) and the third equivalence

follows from (2.4.13) and stratification. O

5.2.7 Proposition. Suppose that T is stratified with Spc(T¢) Noetherian. If S is

a convex subset of Spc(T€) then Tg is compactly generated.

Proof. By Lemma 2.1.6 there exist some specialization closed subsets Sy, Sy such

that S = S; \ Sy. Since Spc(T¢) is Noetherian, every specialization closed subset
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of Spc(T¢) is Thomason. We thus have Tg ~ Tg, /Ts, by Lemma 5.2.6. More-
over, since both S; and S; are Thomason, both Tg, and Tg, are generated by
compact objects of T. Hence, Tg, is itself compactly generated and Tg, is gener-

ated by compact objects of Ts,. Therefore, T is compactly generated by | ,
Theorem 2.1]. O

5.2.8 Remark. A subtle detail to keep in mind is that a localizing ideal Tg can
be compactly generated (as a triangulated category) without being generated
by compact objects in the ambient category T. In other words, the inclusion
Ts — T need not preserve compact objects. For this reason, we will avoid the term
“compactly generated localizing ideal” used in | ] which means “generated

by compact objects in T

5.2.9 Definition. We say that T is cohomologically stratified if:
(a) T is stratified;

(b) T is Noetherian, meaning that the ring Ry = End3(1) is Noetherian and the

Rs-module Hom3(c, d) is finitely generated for any compact objects ¢, d € T¢;
(c) pr: Spe(T¢) — Spec”(Ry) is a homeomorphism.

5.2.10 Remark. By Corollary 4.2.15, T is cohomologically stratified if and only if

T is Noetherian and canonically BIK-stratified. Therefore, for all ¢ € T, we have
pr(Supp(t)) = Supppx (t).
5.2.11 Ezample. The derived category D(A) of a commutative Noetherian ring is

cohomologically stratified.

5.2.12 Definition. We say that T is locally cohomologically stratified if the local

category Ty is cohomologically stratified for every P € Spc(T°).

69



5.2.13 Exzample. Let X be a Noetherian scheme and D.(X) the derived category
of complexes of O x-modules with quasi-coherent cohomology. Although Dg.(X) is
rarely cohomologically stratified if X is nonaffine, it is always locally cohomolog-
ically stratified. Indeed, for any P € Spc(DP(X)) = X we can choose an affine
open neighborhood U = Spec(A) of P so A is a commutative Noetherian ring.
It then follows from | , Remark 5.9, Proposition 1.32, and Example 1.36]

that we have an equivalence
Dy(X)p ~ D(A,)

where p € Spec(A) = U is the prime corresponding to P. Therefore, Dy (X)gp is

cohomologically stratified since D(A,) is by Example 5.2.11.

5.2.14 Remark. The example above shows that a locally cohomologically strati-
fied category need not be cohomologically stratified. Nevertheless, if Spc(T¢) is

Noetherian, then being locally cohomologically stratified implies being stratified:
5.2.15 Proposition. Consider the following statements:

(a) T is cohomologically stratified;

(b) T is locally cohomologically stratified and Spc(T¢) is Noetherian;

(¢) T is stratified and Spc(T°) is Noetherian.
We have () = (b) = (c).

Proof. For (b) = (c), since Spc(T¢) is Noetherian, the local-to-global principle
holds by | , Theorem 3.22]. Thus, to prove that T is stratified it suffices
to show that Ty satisfies the minimality condition at the unique closed point, by
[ , Corollary 5.3]. This follows from the fact that Ty is stratified since it is

cohomologically stratified by our assumption.
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For (a) = (b), since py is a homeomorphism, the localization T — T3 at
a prime P coincides with the algebraic localization at the prime p = ps(P) by

Definition 3.3.2. Hence, by | , Construction 3.5 and Theorem 3.6] we have

Homy (29, yp) = Homz(x,y),

>~

for any compact objects z,y € T In particular, Ry, = (Ry), is Noetherian.
To check that Tp is Noetherian, suppose that ¢, d are compact objects of T5. By
the Neeman—-Thomason localization theorem there exist compact objects a,b € T¢

such that ap = ¢ ® Yc and bp = d ® Xd. It follows that
Homy, (c © Y, d ® Xd) = Homg(a, b),

is finitely generated over Ry,. Hence, Hom3, (c, d) is also finitely generated. There-
fore, Ty is Noetherian. Since Ry, is Noetherian, pg, is surjective by [ , The-

orem 7.3]. Moreover, the following diagram commutes by the naturality of p

([ , Theorem 5.3(c)]):
Spc(TS) LN Spec(Ry,)
Spc(T¢) —— Spec™(Ry).
It follows that pg, is a bijection and hence a homeomorphism by | , Corol-

lary 2.8]. It remains to show that stratification passes to local categories, but this

was proved in | , Corollary 4.9]. O
5.2.16 Remark. We are now ready to state the main result of this section.

5.2.17 Theorem. If C is locally cohomologically stratified with Noetherian Balmer

71



spectrum Spc(C®) then there is an inclusion-preserving bijection
{dualizable localizing ideals of €} = {convex subsets of Spc(C°)}

sending L to Supp(L) with inverse sending S to Cg. Moreover, in this case, the
dualizable localizing ideals are themselves compactly generated.
5.2.18 Remark. To prove Theorem 5.2.17, we need some preparation.

5.2.19 Notation. Let T be a rigidly-compactly generated tt-category. Recall that
we have the graded ring R := Ry = End3(1) and an R-module HomZ(a, b) for any
objects a,b € T. For any n € Z and any R-module M, we write M|[n] for the

degree shift by n. For example, we have
Homj(a, X"b) = Homi(a, b)[n).

We will also write H}(b) for Hom3(a,b) and think of it as the cohomology of b

with respect to a.

5.2.20 Lemma. Suppose that I is an injective R-module. There exists an object

Iy € T such that for any set {n;}; of integers there is a natural isomorphism
a: Homg(—, [[E" 1) — Hompg(H;(-), P I[ni).

Proof. Since I is injective, Brown representability yields an object I; € T and a

natural isomorphism
®: Homg(—, 1) = Homg(H{(—), 1)

which, by a degree shifting argument, extends to a natural isomorphism of R-

modules

®*: Hom}(—, [1) = Homp(Hi(—),I). (5.2.21)

72



Observe that

D, (idsery ) = @1, (idpy ) ] (5.2.22)

for any n € Z.
Setting u = ¥y, (idy,): Hy(I1) — I, we note that by the Yoneda lemma the
map

v: Hi(J[ S L) = P H; (™ 1h) D vl P 1[ni] (5.2.23)

gives rise to a natural transformation
a: Homg(— HE"’]l — Hompg(H;(— @I n;])

To prove that « is an isomorphism. It suffices to show that «. is an isomorphism
for any compact object ¢ € T°. Indeed, we will show that for any ¢ € T¢, the

following diagram commutes:

@; Homg(c, S 1) @%3 @, Homp(H1(c), I[n])

All? Zl)\Q
Homg(c, [, 2™ 11) —2—~ Hompg(Hj(c), ®; I[ni])
where Ai, Ao are the canonical isomorphisms. It suffices to check that for any

k > 1 the following diagram commutes:

Homg (¢, 5" 1) —22 s Homp(H; (c), I[ng])

L{ }2

Homg(c, [T; % 11) —<— Hompg(H;(c),®; I[ni])
where ¢; and ¢4 are the natural inclusions. Indeed, consider any map h: ¢ — X" ;.
By definition, a. = v o H;(—). Hence, a.t; sends h to the map

H*( )

H(e) =5 Hy (3" 1) > H([[S" 1) % @ 1ny. (5.2.24)

i
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On the other hand, we have
O (h) = Homp(h o gy, (idsnery ), I[ng]) = Hompg(h o ulng], Ing])

where the first equality holds by the naturality of ®™* and the second is due to

(5.2.22). Hence, 15®" sends h to the map

H*( )

Hi(e) 2 mrmmery) A 7, < @1 ny. (5.2.25)

A routine diagram chase shows that (5.2.24) coincides with (5.2.25), which finishes

the proof. O

5.2.26 Lemma. Suppose that T is cohomologically stratified and that T is local
with unique closed point M. Ift is an object of T such that the functor Homg(t, —)

commutes with coproducts in Ty, then the R-module Hi(t) is finitely generated.

Proof. By cohomological stratification the comparison map p: Spc(T¢) — Spec(R)
is a homeomorphism. It follows that the Noetherian ring R is local with unique
maximal ideal m := p(M). We denote by I the injective hull of R/m. Therefore,
the modules {I[n] | n € Z} cogenerate the category of R-modules (cf. | :
Theorem 19.8]). If H;(t) is not finitely generated then we can choose an infinite

sequence of submodules
0=NoC Ny C Ny C---C H(t).

By cogeneration, for every ¢ > 1 there exists a nonzero map f;: N; — I[n;] for
some n; with fi|n,_, = 0. Write N := U;>; IV;. By injectivity, we extend each f;
to a map g;: N — I[n;] to obtain a map N — [[; I[n;]. The image of this map
is contained in @, I[n;]. Indeed, for any nonzero element m € N, there exists

some k such that m ¢ Ny_; and m € Ng, so g; annihilates m whenever i > k.
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Therefore, we obtain a map g: N — @, I[n;] which does not factor through any
finite direct sum since every g; is nonzero. Since R is Noetherian, the target of g
is also injective. Hence, g extends to a map f: Hj(t) — @, I[n;] which does not
factor through any finite direct sum since g does not.

By Lemma 5.2.20 we obtain an isomorphism
HOIIlj‘t HE Il —)HOIHR Hl @Inz

Let f:t — [[; £"I; be the map corresponding to the map f: Hi(t) — @, I[n].
Hence, f = ay(f) = v o Hi(f) where v: Hi(I[; ¥"]1) — @, I[n;] comes from
(5.2.23). We claim that f does not factor through any finite coproduct. Otherwise,
there would exist a map f': ¢t — [[; X" I; where j ranges over a finite set of

positive integers such that the following diagram commutes:

f

1 wn g . _

Applying Lemma 5.2.20 to the integers {n;};, we obtain an isomorphism

: Homg(t, HEnﬂfl = Hompg(H; (¢ @I n;))
J

such that o = v" o Hi(—) where v': Hy(I[; X" 11) — @; I[n;] is the map (5.2.23)

with 7 replaced by j. Setting f' = a}(f") = v'o Hf(f') we observe that the diagram
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below commutes:

T

S (1, R s HE (LS 1)~ @, T,

\ /

®D; I[”J

Hi(t) —

However, this leads to a contradiction since we showed that f does not factor
through any finite direct sum, so the claim follows. That is, f: ¢ — [[; 2%
does not factor through any finite coproduct. This will contradict the hypothesis
that Homg (¢, —) commutes with coproducts in Ty if we can show Iy € Tpg.
Indeed, by (5.2.21) we have H}(I;) = Hompy(Hj(c), I) for any ¢ € T° The latter
is m-torsion since [ is m-torsion and Hj (c) is finitely generated by the Noetherian
assumption (Definition 5.2.9). It then follows from | , Lemma 2.4(2) and
Corollary 5.3] that Suppgk (/1) € {m}, which is equivalent to Supp(/1) € {M}

by Theorem 4.2.8. Therefore I; € Ty, which completes the proof. O

5.2.27 Remark. In the case that T is unigenic, meaning that it is generated by the
unit 1, the lemma above has a much shorter proof by utilizing | , Lemma 2.1].

We leave the details to the interested reader.

5.2.28 Corollary. In the situation of Lemma 5.2.20, the support Supp(t) is a

specialization closed subset of Spe(T°).

Proof. First we claim that H}(t) is finitely generated for any ¢ € T¢. Indeed, since
we have H}\o,(—) = H/(c ® —) by adjunction, ¢ ® t also satisfies the condition

in Lemma 5.2.26, so HX(t) = H;(c’ ®t) is finitely generated. It then follows from
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[ , Corollary 5.3 and Lemma 2.2(1)] that

Supppik (1) € J V(Anng H; (1))

ceTe

Moreover, by [ , Theorem 5.5 and Lemma 2.2(1)] we have

U V(Anng HZ(t)) € Suppgk (1).

ceTe
Hence, Suppgx (t) = Ueege V(Anng H (t)) is specialization closed. Since the com-
parison map p is a homeomorphism by our assumption, we invoke Theorem 4.2.8

to conclude that Supp(t) = p~! (Suppg(t)) is also specialization closed. O

5.2.29 Lemma. Suppose that C is local and cohomologically stratified. Let S
be a subset of Spc(C) which contains the unique closed point M and which also
contains a point Q such that {Q} ¢ S and S N {Q} \ {Q} is specialization closed.

Then the localizing ideal esa@ is not dualizable.

Proof. Write Sy for SN{Q} and S, for SN{Q}\ {Q} and consider the localization
sequence

Cs, <> Cg, — s, /Ca,.

Since S, is specialization closed, it is Thomason by the assumption on €. Lemma 5.2.6
then implies

im qR = 651/652 = 651\52 = G{Q}

Singletons are convex, so Cg, /Cg, is compactly generated by Proposition 5.2.7.
Suppose ab absurdo that Cg, is dualizable. By stratification, Cg, = Locg(Cg,) is
generated by a set of compact objects of €. Hence the objects of €%, are also
compact in Cg,. Therefore, we can invoke the Neeman—-Thomason localization
theorem ([ , Proposition 1.18]): Choosing any nonzero compact object y of

Cs,/Cs,, we find a compact object t of Cg, such that ¢(t) = y @ 3y. Now consider
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the cofiber sequence

i (t) — t — ¢"q(t).

Note that Supp(q®q(t)) € {Q} and Supp(iift(t)) C S,. Since ¢(t) is nonzero, we
have Supp(¢®q(t)) = {Q} by stratification. It then follows from | , Proposi-
tion 7.17(e)] that Q € Supp(t). Moreover, since ¢ is compact in Cg, and S; contains
M, we see that t satisfies the condition in Lemma 5.2.26 and hence Supp(¢) is spe-
cialization closed by Corollary 5.2.28. This implies {Q} C Supp(t) C S, which

contradicts our hypothesis. O

Proof of Theorem 5.2.17. Since € is locally cohomologically stratified and Spc(C€)
is Noetherian, € is stratified by Proposition 5.2.15. By Proposition 5.2.7, if S is
convext then Cg is compactly generated and hence dualizable by Example 2.5.10.
It remains to show that if Cg is dualizable then S is convex. To this end, let S
be a nonconvex subset of Spc(C¢) such that Cg is dualizable. By nonconvexity,
there exist two points Q,P € S such that {Q} N gen(P) ¢ S. Consider the set
{fR €S ‘ {R} N gen(P) Z S } Being a nonempty subset of the Noetherian space
Spc(€°), it admits an element that is maximal with respect to the specialization

order, which we still denote by Q. Hence, we have

{9} Nngen(P) ¢ S and VR € SN {Q}\ {Q}: {R}Ngen(P) C S.

Consider the finite localization ¢q: € — Cp» =t D at the prime P. Recall from
Example 2.4.14 that the associated map ¢: Spc(D€) < Spc(€€) is an embedding
with image gen(P). Writing S’ for ¢p=!(S) and Q" for ¢~1(Q), and working in

Spc(De), we have

{9} ¢ S and VR € ' n{Q}\{Q}: {R}C 9.
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Note that D is cohomologically stratified since C is locally cohomologically strati-
fied. Hence, D, S’, and Q' satisfy the conditions in Lemma 5.2.29. It follows that

D Top is not dualizable.

5'n
On the other hand, applying the functor — ®¢ D to the inclusion Cg — C, by

Lemma 2.5.15 we obtain a fully faithful functor
es®e®‘—>e®e®2®
with essential image ¢(Cg). Note that

Supp(q(€s)) = ¢~ (Supp(€s)) = ¢~ (5) = &

where the first equality follows from Corollary 3.2.20(b) and the second is due to
the stratification of €. This tells us Cs ®e¢ D ~ ¢(Cs) = Dy by the stratifica-
tion of D. Lemma 2.5.16 then implies that Dg/ is dualizable. Now consider the
colocalization ift: D — @m. By Lemma 2.5.15 again, we obtain a fully faithful

functor

Dg@@@m‘%@@@Dmﬁ@m

with essential image i*(Dg/). Note that

Supp(ii™(Dsr)) = {2} N Supp(Dsr) = {2} N S’

where the first equality is by Proposition 3.2.11(f) and the second by the stratifica-
tion of D. We thus have Dg @9 D@ ~ if(Dg) = Ds'm@ by the stratification of
D again. Invoking Lemma 2.5.16 one more time, we see that @S/mm is dualizable,

which is absurd. OJ

5.2.30 Remark. The proof of Theorem 5.2.17 is inspired by | , Theorem 3.10]

where Efimov establishes a one-to-one correspondence between the dualizable lo-
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calizing ideals of the derived category D(A) of any commutative Noetherian ring
A and the convex subsets of the spectrum Spec(A). A key result in Efimov’s proof
is [ , Lemma 3.12] which shows that in the case € = D(A), the object ¢ in
Lemma 5.2.26 is compact in €. This is a strictly stronger statement than our con-
clusion in Corollary 5.2.28 that the support of ¢ is specialization closed in Spc(€°).
However, the latter is sufficient to establish the desired Lemma 5.2.29 which cor-
responds to | , Lemma 3.13]. Another important result due to Efimov is the
extension of the Neeman—Thomason localization theorem from compactly gener-
ated categories to dualizable categories (| , Proposition 1.18]). In the absence
of this generalization, the proof of Theorem 5.2.17 only establishes a one-to-one
correspondence between the convex subsets of Spc(€¢) and the localizing ideals of

C which are compactly generated.

5.2.31 Remark. As explained in | , Remark 3.14], the classification of dual-
izable localizing ideals via convex subsets can fail for derived categories of non-
Noetherian rings. Nevertheless, it does hold in some cases. For example, consider
the derived category D(A) of any non-Noetherian semi-artinian absolutely flat
ring. It is stratified by | , Theorem 6.3]. Moreover, every subset of Spec(A)
is specialization closed since A has Krull dimension 0. Therefore, every localizing
ideal of D(A) is generated by a set of compact objects. In particular, all localizing

ideals of D(A) are dualizable and all subsets of Spec(A) are convex.
5.2.32 Corollary. If C is cohomologically stratified then we have a bijection
{dualizable localizing ideals of €} = {convex subsets of Spc(C°)}

Proof. This follows from Theorem 5.2.17 by Proposition 5.2.15. O]

5.2.33 Example. Cohomologically stratified categories abound. The reader is in-
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vited to consult [BIK11a, BIK11b, DS16, BIKP18, Bar21, Bar22, Lau23, BIKP24,

BCH™ 24, BBIT25, BCHT25] for many such examples.

5.2.84 Example. The derived category Dy.(X) of any Noetherian scheme is locally
cohomologically stratified (Example 5.2.13). Moreover, Spc(DP*f(X)) = X is

Noetherian. Hence, Theorem 5.2.17 applies.
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