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UNIQUENESS AND STABILITY OF RICCI FLOW THROUGH
SINGULARITIES

RICHARD H. BAMLER AND BRUCE KLEINER

ABSTRACT. We verify a conjecture of Perelman, which states that there exists a
canonical Ricci flow through singularities starting from an arbitrary compact Rie-
mannian 3-manifold. Our main result is a uniqueness theorem for such flows, which,
together with an earlier existence theorem of Lott and the second named author,
implies Perelman’s conjecture. We also show that this flow through singularities
depends continuously on its initial condition and that it may be obtained as a limit
of Ricci flows with surgery.

Our results have applications to the study of diffeomorphism groups of three
manifolds — in particular to the Generalized Smale Conjecture — which will appear
in a subsequent paper.
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1. INTRODUCTION

1.1. Overview. The understanding of many aspects of Ricci flow has advanced dra-
matically in the last 15 years. This has led to numerous applications, the most notable
being Perelman’s landmark proof of the Geometrization and Poincaré Conjectures.
Nonetheless, from an analytical viewpoint, a number of fundamental questions re-
main, even for 3-dimensional Ricci flow. One of these concerns the nature of Ricci
flow with surgery, a modification of Ricci flow that was central to Perelman’s proof.
Surgery, an idea initially developed by Hamilton, removes singularities as they form,
allowing one to continue the flow. While Perelman’s construction of Ricci flow with
surgery was spectacularly successful, it is not entirely satisfying due to its ad hoc
character and the fact that it depends on a number of non-canonical choices. Fur-
thermore, from a PDE viewpoint, Ricci flow with surgery does not provide a theory
of solutions to the Ricci flow PDE itself, since surgery violates the equation. In fact,
Perelman himself was aware of these drawbacks and drew attention to them in both
of his Ricci flow preprints:

“It is likely that by passing to the limit in this construction [of Ricci
flow with surgery] one would get a canonically defined Ricci flow through
singularities, but at the moment I don’t have a proof of that.” —
[Per02] p.37]

“Our approach . . . is aimed at eventually constructing a canonical Ricci
flow ... a goal, that has not been achieved yet in the present work.” —
[Per03] p.1]

Motivated by the above, the paper [KL17] introduced a new notion of weak (or
generalized) solutions to Ricci flow in dimension 3 and proved the existence within
this class of solutions for arbitrary initial data, as well as a number of results about
their geometric and analytical properties.

In this paper we show that the weak solutions of [KL17] are uniquely determined
by their initial data (see Theorem |1.3| below). In combination with [KL17], this im-
plies that the associated initial value problem has a canonical weak solution, thereby
proving Perelman’s conjecture (see Corollary . We also show that this weak so-
lution depends continuously on its initial data, and that it is a limit of Ricci flows
with surgery (see Corollary . In summary, our results provide an answer to the
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long-standing problem of finding a satisfactory theory of weak solutions to the Ricci
flow equation in the 3-dimensional case.

From a broader perspective, it is interesting to compare the results in this paper
with work on weak solutions to other geometric PDEs.

The theory of existence and partial regularity of such weak solutions has been stud-
ied extensively. As with PDEs in general, proving existence of solutions requires a
choice of objects and a topology that is strong enough to respect the equation, but
weak enough to satisfy certain compactness properties. Establishing the finer struc-
ture of solutions (e.g. partial regularity) requires, generally speaking, a mechanism
for restricting blow-ups. For minimal surfaces, harmonic maps and harmonic map
heat flow, good notions of weak solutions with accompanying existence and partial
regularity theorems were developed long ago [AIm66] [Sim68|, [SU82, [CS89]. By con-
trast, the theory of weak solutions to mean curvature flow, the Einstein equation
and Ricci flow, are at earlier stages of development. For mean curvature flow, for
instance, different approaches to weak solutions (e.g. (enhanced) Brakke flows and
level set flow) were introduced over the last 40 years [Bra78| [ES91, [CGGI1l Tlm94].
Yet, in spite of deep results for the cases of mean convex or generic initial conditions
[Whi00), Whi03, Whi05l, [CM16], to our knowledge, the best results known for flows
starting from a general compact smooth surface in R? are essentially those of [Bra7g],
which are presumably far from optimal. For the (Riemannian) Einstein equation
many results have been obtained in the Kéhler case and on limits of smooth Einstein
manifolds, but otherwise progress toward even a viable definition of weak solutions
has been rather limited. Progress on Ricci flow has been limited to the study of spe-
cific models for an isolated singularity [FIK03| [AKO07, [ACK12] and the Kéahler case,
which has advanced rapidly in the last 10 years after the appearance of [ST17].

Regarding uniqueness of weak solutions, our focus in this paper, much less is known.
The paper [[Im95] describes a mechanism for non-uniqueness, stemming from the
dynamical instability of cones, which is applicable to a number of geometric flows.
For example, for mean curvature flow of hypersurfaces in R this mechanism provides
examples of non-uniqueness in high dimensions. Ilmanen and White [Whi02] found
examples of non-uniqueness starting from compact smooth surfaces in R?. Examples
for harmonic map heat flow are constructed in [GR11, [GGMI17], and for Ricci flow in
higher dimensions there are examples in [FIK03], which suggest non-uniqueness. Since
any discussion of uniqueness must refer to a particular class of admissible solutions,
the interpretation of some of the above examples is not entirely clear, especially in
the case of higher dimensional Ricci flow, where a definition of weak solutions is
lacking. In the other direction, uniqueness has been proven to hold in only a few
cases: harmonic map heat flow with 2-dimensional domain [Str85], mean convex
mean curvature flow [Whi03] and Kéhler-Ricci flow [ST17, [EGZ16]. The proofs of
these theorems rely on special features of these flows. In [Str85], the flow develops
singularities only at a finite set of times, and at isolated points. The striking proof
of uniqueness in [Whi03] is based on comparison techniques for scalar equations and
a geometric monotonicity property specific to mean convex flow (see also the recent
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paper [HW17], which localizes the mean convexity assumption). Lastly, Kéhler-Ricci
flow has many remarkable features that play a crucial role in its uniqueness argument:
the singularities, whose form is quite rigid, arise at a finite set of times determined
by the evolution of the Kéhler class; also, techniques specific to scalar equations play
an important role.

The method of proving uniqueness used in this paper is completely different in spirit
from earlier work. Uniqueness is deduced by comparing two flows with nearby initial
condition and estimating the rate at which they diverge from one another. Due to the
nature of the singularities, which might in principle occur at a Cantor set of times,
the flows can only be compared after the removal of their almost singular regions.
Since one knows nothing about the correlation between the almost singular parts of
the two flows, the crux of the proof is to control the influence of effects emanating
from the boundary of the truncated flows. This control implies a strong stability
property, which roughly speaking states that both flows are close away from their
almost singular parts if they are sufficiently close initially. A surprising consequence
of our analysis is that this strong stability result applies not just to Ricci flows with
surgery and the weak solutions of [KL17], but to flows whose almost singular parts are
allowed to evolve in an arbitrary fashion, possibly violating the Ricci flow equation
at small scales.

The main ideas of our proof may throw light on uniqueness problems in general.
When distilled down to its essentials, our proof is based on the following ingredients:

(1) A structure theory for the almost singular part of the flow, which is based on
a classification of all blow-ups, not just shrinking solitons.

(2) Uniform strict stability for solutions to the linearized equation, for all blow-
ups.

(3) An additional quantitative rigidity property for blow-ups that makes it pos-
sible to fill in missing data to the evolution problem, after recently resolved
singularities.

This list, which is not specific to Ricci flow, suggests a tentative criterion for when one
might expect, and possibly prove, uniqueness for weak solutions to a given geometric
flow. From a philosophical point of view, it is natural to expect (1) and (2) to be
necessary conditions for uniqueness. However, implementation of even (1) can be
quite difficult. Indeed, to date there are few situations where such a classification is
known. It turns out that (3) is by far the most delicate part of the proof in our setting
and it is responsible for much of the complexity in the argument (see the overview of
the proof in Section [2| for more discussion of this point). Another context where the
above criteria may be satisfied is the case of mean curvature flow of 2-spheres in R3,
where uniqueness is conjectured to hold [Whi02].

We mention that our main result implies that weak solutions to Ricci flow behave
well even when one considers continuous families of initial conditions. This contin-
uous dependence leads to new results for diffeomorphism groups of 3-manifolds, in
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particular for the Generalized Smale Conjecture, which will be discussed elsewhere
[BK17T].

1.2. Background and setup. In preparation for the statements of our main results,
which will be presented in the next subsection, we now recall in greater detail some
facts about Perelman’s Ricci flow with surgery [Per03) [KLOS, MT07, BBM™10] and
the weak solutions from [KL17], which will be needed for our setup. As these con-
structions are generally very technical, we will continue in a relatively informal style.
The reader who is already familiar with this material may skip this subsection and
proceed to the presentation of the main results in Subsection [I.3]

In his seminal paper [Ham82], Hamilton introduced the Ricci flow equation

dig(t) = —2Ric(g(t)),  9(0) = go

and showed that any Riemannian metric gy on a compact manifold can be evolved
into a unique solution (g(t)):cjo,r)- This solution may, however, develop a singularity
in finite time. In [Per02], Perelman analyzed such finite-time singularities in the
3-dimensional case and showed that those are essentially caused by two behaviors:

e FExtinction (e.g. the flow becomes asymptotic to a shrinking round sphere).

e The development of neck pinches (i.e. there are regions of the manifold that
become more and more cylindrical, ~ S? x R, modulo rescaling, while the
diameter of the cross-sectional 2-sphere shrinks to zero).

Based on this knowledge, and inspired by a program suggested by Hamilton, Perel-
man specified a surgery process in which the manifold is cut open along small cross-
sectional 2-spheres, the high curvature part of the manifold and extinct components
are removed, and the resulting spherical boundary components are filled in with 3-
disks endowed with a standard cap metric. This produces a new smooth metric on a
closed manifold, from which the Ricci flow can be restarted. The process may then be
iterated to yield a Ricci flow with surgery. More specifically, a Ricci flow with surgery
is a sequence of conventional Ricci flows (g1(t))icio,n]s (92(t))eerr 1), (93(8) )teim,rs)s - - -
on compact manifolds My, My, M3, ..., where (M; 1, g;+1(1;)) arises from (M;, g;(T))
by a surgery process, as described before.

As mentioned in Subsection the construction of a Ricci flow with surgery
depends on a variety of auxiliary parameters, for which there does not seem to be a
canonical choice, such as:

e The scale of the cross-sectional 2-sphere along which a neck pinch singularity
is excised; this scale is often called the surgery scale.

e The precise position and number of these 2-spheres.

e The standard cap metric that is placed on the 3-disks which are glued into
the 2-sphere boundary components.

e The method used to interpolate between this metric and the metric on the
nearby necks.
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FIGURE 1. In a Ricci flow with surgery (left figure) surgeries are per-
formed at a positive scale, whereas a singular Ricci flow (right figure)
“flows through” a singularity at an infinitesimal scale. The hatched
regions in the left figure mark the surgery points, i.e. the points that
are removed or added during a surgery.

{

Different choices of these parameters may influence the future development of the
flow significantly (as well as the space of future surgery parameters). Hence a Ricci
flow with surgery cannot be constructed in a canonical way or, in other words, a Ricci
flow with surgery is not uniquely determined by its initial metric.

It is therefore a natural question whether a Ricci flow with surgery can be replaced
by a more canonical object, which one may hope is uniquely determined by its initial
data. This question was first addressed in [KL17], where the notion of a singular
Ricci flow, a kind of weak solution to the Ricci flow equation, was introduced. In
these flows, surgeries have been replaced by singular structure, i.e. regions with
unbounded curvature, which may be thought of as “surgery at an infinitesimal scale”
(see Figure [1).

In order to present the definition and summarize the construction of a singular
Ricci flow, we need to introduce the spacetime picture of a Ricci flow or a Ricci
flow with surgery. For this purpose, consider a Ricci flow with surgery consisting of
the conventional Ricci flows (M, (g1(t))com]), (Ma, (92(t))teiri 1)) - - - and form the
following 4-dimensional spacetime manifold (see Figure [2| for an illustration):

(1.1) M= (My x [0, T1] Uy, Mo x [T1,To] Uy, M3 x [T5, T3] Ug, ... ) \ S

Here S denotes the set of surgery points, i.e. the set of points that are removed or
added during a surgery step and ¢; : M; D U; — U;y1 C M,y are isometric gluing
maps, which are defined on the complement of the surgery points in M; x {T;} and
M; 1 x{T;}. The above construction induces a natural time-function t : M — [0, 00),
whose level-sets are called time-slices, as well as a time-vector field 0y on M with
Oy -t = 1. The Ricci flows (91(t))ico,n]s (92(t))ieiry 1), - - - induce a metric g on the
horizontal distribution {dt = 0} C T'M, which satisfies the Ricci flow equation

Ls.g = —2Ric(g).

The tuple (M, t, 0y, g) is called a Ricci flow spacetime (see Definition for further
details). We will often abbreviate this tuple by M.
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FIGURE 2. A Ricci flow with surgery (left figure) can be converted to a
Ricci flow spacetime (right figure) by identifying pre and post-surgery
time-slices and removing surgery points. The white circles in the right
figure indicate that surgery points were removed at times 7} and 7T5.

Note that a Ricci flow spacetime M that is constructed from a Ricci flow with
surgery by the procedure above is incomplete (see Definition for more details).
More specifically, the time-slices corresponding to surgery times are incomplete Rie-
mannian manifolds, because surgery points, consisting of necks near neck pinches or
standard caps are not included in M. So these time-slices have “holes” whose “diam-
eters” are < (9, where ¢ is the surgery scale and C' is a universal constant. A Ricci
flow with this property is called C'd-complete (see again Definition for further
details).

In [KL17] it was shown that every Riemannian manifold is the initial time-slice of
a Ricci flow spacetime M whose time-slices are 0-complete, which we also refer to
as complete (see Figure |3| for an illustration). This means that the time-slices of M
may be incomplete, but each time-slice can be completed as a metric space by adding
a countable set of points. Note that since the curvature after a singularity is not
uniformly bounded, we cannot easily control the time until a subsequent singularity
arises. In fact, it is possible — although not known at this point — that the set of
singular times on a finite time-interval is infinite or even uncountable. See [KIJ] for a
proof that this set has Minkowski dimension < %

We briefly review the construction of the (0-complete) Ricci flow spacetime M in
[KL17]. Consider a sequence of Ricci flows with surgery with surgery scale §; — 0,
starting from the same given initial metric, and construct the corresponding Ricci
flow spacetimes M, as in . Using a compactness argument, it was shown in
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t A

FiGUre 3. Example of a 0-complete Ricci flow spacetime with initial
time-slice (M, go).

[KL17] that, after passing to a subsequence, we have convergence
(1.2) M, — M

in a certain sense. The Ricci flow spacetime M can then be shown to be O-complete.

We remark that even though the surgery scale in this flow is effectively 0, which
seems more canonical than in a Ricci flow with surgery, the entire flow may a priori
not be canonical; i.e. the flow is a priori not uniquely determined by its initial data.

We also remind the reader that, while a Ricci flow spacetime describes a singular
flow, the metric tensor field g on M is not singular itself, since the spacetime manifold
M does not “contain the singular points”. In other words, M describes the flow only
on its regular part. A flow that includes singular points can be obtained, for example,
by taking the metric completion of the time-slices. However, we do not take this
approach, in order to avoid having to formulate the Ricci flow equation at the added
singular points. This is in contrast to weak forms of other geometric flows, such as the
Brakke flow (generalizing mean curvature flow), which is defined at singular points
and therefore not smooth everywhere.

In lieu of an interpretation of the Ricci flow equation at the (nonexistent) singular
points of a Ricci flow spacetime, it becomes necessary to characterize the asymptotic
geometry in its almost singular regions. This is achieved via the canonical neighbor-
hood assumption, which states that regions of high curvature are geometrically close
to model solutions — k-solutions — modulo rescaling (see Definition [5.7| for more de-
tails). Roughly speaking, this implies that these regions are either spherical, neck-like
or cap-like. k-solutions (see Definition for more details) arise naturally as blow-up



UNIQUENESS AND STABILITY OF RICCI FLOW 9

limits of conventional 3-dimensional Ricci flows and have also been shown to char-
acterize high curvature regions in Ricci flows with surgery. Moreover, the Ricci flow
spacetimes constructed in [KL17] also satisfy the canonical neighborhood assumption
in an even stronger sense (for more details see the discussion after Definition [5.7)).

1.3. Statement of the main results. We now state the main results of this paper
in their full generality. Some of the terminology used in the following was informally
introduced in the previous subsection. For precise definitions and further discussions
we refer the reader to Section Bl

Our first main result is the uniqueness of complete Ricci flow spacetimes that sat-
isfy the canonical neighborhood assumptions. These spacetimes were also sometimes
called “weak Ricci flows” in the previous two subsections.

Theorem 1.3 (Uniqueness of Ricci flow spacetimes, general form). There is a uni-
versal constant €., > 0 such that the following holds.

Let (M, t,0, g) and (M, ¥ ,0p,¢") be two Ricci flow spacetimes that are both (0,T)-
complete for some T € (0,00] and satisfy the €an-canonical neighborhood assumption
at scales (0,r) for some r > 0. If the initial time-slices (Mo, go) and (Mg, g,) are
isometric, then the flows (M, 4,0, g) and (M’ ¥ 0y, q’) are isometric as well.

More precisely, assume that there is an isometry ¢ : (Mo, go) — (Mg, g0). Then
there is a unique smooth diffeomorphism ¢ : My ) — M{O’T] such that

o9 =9, Ol =0  hO=0, tob=t

A Ricci flow spacetime is “(0,7T)-complete” if the 0-completeness property holds
up to time T (see Definition [5.4).

Both properties that are imposed on M and M’ in Theorem hold naturally for
the Ricci flow spacetimes constructed in [KL17]. So we obtain the following corollary.

Corollary 1.4. There is a universal constant €.., > 0 such that the following holds.

For every compact Riemannian manifold (M, g) there is a unique (i.e. canoni-
cal) Ricei flow spacetime (M, t, 0y, g) whose initial time-slice (Mo, go) is isometric to
(M, g) and that is 0-complete, and such that for every T > 0 the time-slab My 1)
satisfies the €can-canonical neighborhood assumption at scales (0,rr) for some rp > 0.

While we will not discuss this here, we remark that it is possible to modify the
arguments in [Bam18e, Bam18a, Bam18bl, [Bam18c, Bam18d| to show that the flow
M becomes non-singular past some time 7" > 0 and we have a curvature bound of the
form |Rm| < C/t. So the scale ry in Corollary [1.4] can even be chosen independently
of T.

Coming back to Theorem we draw attention to the fact that the time-slices of
M and M’ including the initial time-slices, may have infinite diameter or volume.
Also, they may have unbounded curvature even in bounded subsets, for instance when
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the flow starts from a manifold with finite diameter cuspidal ends. We also emphasize
that the constant e.,, is universal and does not depend on any geometric quantities.

Theorem will follow from a stability result for Ricci flow spacetimes. We first
present a slightly less general, but more accessible version of this stability result. In
the following theorem, we only require the completeness and the canonical neighbor-
hood assumption to hold above some small scale ¢, i.e. where the curvature is < e2
As such, the theorem can also be used to compare two Ricci flows with surgery or a
Ricci flow with surgery and a Ricci flow spacetime, via the construction . Fur-
thermore, we only require the initial time-slices of M and M’ be close in the sense
that there is a sufficiently precise bilipschitz map ¢, which may only be defined on
regions where the curvature is not too large. As a consequence, the two Ricci flow
spacetimes M, M’ can only be shown to be geometrically close. More specifically,
the map éﬁ\ that compares M with M’ can only shown to be bilipschitz and may not
be defined on high curvature regions. The map éﬁ\ is also not necessarily d-preserving
(see Definition [6.18), but it satisfies the harmonic map heat flow equation (see Defi-

nition [6.19)).
Theorem 1.5 (Stability of Ricci flow spacetimes, weak form). For every 6 > 0 and
T < oo there is an € = €(3,T) > 0 such that the following holds.

Consider two (e,T)-complete Ricci flow spacetimes M, M’ that each satisfy the
e-canonical neighborhood assumption at scales (e, 1).

Let ¢ : U — U’ be a diffeomorphism between two open subsets U C Mg, U C M.
Assume that |Rm| > e 2 on Mo\ U and

|9%g0 — g0l < €.
Assume moreover that the e-canonical neighborhood assumption holds on U’ at scales
(0,1).
Then there is a time-preserving diffeomorphism gb U — U between two open
subsets U C M[OT and U’ C M’O 0.7] that evolves by the harmonic map heat flow and
that satisfies gb =¢ponUnN U and

679" — g| < 6.
Moreover, [Rm| > 62 on M\ U.

We remark that the condition that the e-canonical neighborhood assumption holds
on U’ at scales (0,1) is automatically satisfied if the curvature scale on U’ is > ¢,
which is implied by a bound of the form |[Rm| < ce™2 on U’ (see Definition for
further details).

Theorem is formulated using only C°-bounds on the quantity ¢*¢’ — g, which
measures the deviation from an isometry. Using a standard argument involving local
gradient estimates for non-linear parabolic equations, these bounds can be improved
to higher derivative bounds as follows:
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Addendum to Theorem [1.5] Let mg > 1 and C' < oo. If in Theorem we
additionally require that

V™ (696 — 90)| < €

and
IV"Rm| < C
on U for allm=0,...,mg+ 2 and allow € to depend on my, C, then
V™o —g)| <
on[/jfor allm=20,...,mg.

A similar addendum applies to Theorem [1.7] below.
Combining Theorem [1.5 with [KLI7, Thm. 1.2] (see also [KLI7, p.6]) we obtain:

Corollary 1.6. Let (M,g) be a compact Riemannian manifold, and consider a se-
quence of Ricci flows with surgery starting from (M, g), for a sequence of surgery
scales 9; — 0. Let Ms, be the corresponding Ricci flow spacetimes, as defined in
. Then the Ms, converge to a unique Ricci flow spacetime as in .

We remark that in the case of mean curvature flow a similar result holds: In
[Heal3, [Laul3] it was shown that the 2-convex mean curvature flow with surgery
constructed in [HS09] converges to the level set flow as the surgery parameter tends to
zero. However, their proofs, which are remarkably elementary, are entirely different
from ours: they use a quantitative variant of the barrier argument from White’s
uniqueness theorem [Whi03]. A similar convergence result holds for mean convex
mean curvature flow with surgery in R3, as constructed in [BHI6, [HK17].

Lastly, we state the stability theorem for Ricci flow spacetimes in its full generality.
The following theorem is an improvement of Theorem for the following reasons:

e It provides additional information on the bilipschitz constant and establishes
a polynomial dependence on the curvature.

e [t states that the precision of the canonical neighborhood assumption can be
chosen independently of time and bilipschitz constant.

e In provides a condition under which the map ¢ is almost surjective.

Theorem 1.7 (Strong Stability of Ricci flow spacetimes). There is a constant E < 0o
such that for every 6 > 0, T < oo and E < E < oo there are constants €ca, =
€can(E), € = €(0, T, E) > 0 such that for all 0 < r <1 the following holds.

Consider two (er,T)-complete Ricci flow spacetimes M, M’ that each satisfy the
€can-canonical neighborhood assumption at scales (er, 1).

Let ¢ : U — U’ be a diffeomorphism between two open subsets U C Mg, U C M.
Assume that |Rm| > (er)™2 on My \ U and

(6”96 — gol < € r**(|Rm]| +1)"

on U. Assume moreover that the €..,-canonical neighborhood assumption holds on U’
at scales (0,1).
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Then there is a time-preserving diffeomorphism gb U — U’ between two open
subsets U C Mo and U c ./\/l 0.7] that evolves by the harmonic map heat flow,

satisfies gb =¢ onlUnN U and that satisfies
6°9' — 9] <& -r*"(|Rm| + 1)"
on U. Moreover, we have [Rm| > r=2 on Mo \ U.
If additionally |Rm| > (er)™2 on My \ U’, then we also have |Rm| > r72 on
o \ U

1.4. A brief sketch of the proof, and further discussion. We now give a very
brief and informal outline of the proof. See Section |2| for a more detailed overview.

Theorem [I.3], the main uniqueness theorem, is obtained from the Strong Stability
Theorem [1.5] or [1.7] via a limit argument. In Theorems [1.5|and [I.7] we are given a pair
of Ricci flow spacetimes M, M’ and an almost isometry ¢ : My D U — U’ C M,
between open subsets of thelr initial conditions, and our goal is to construct an almost
isometry ¢ M > U — U’ C M’ that extends ¢ forward in time. The construction
of ¢ involves a procedure for choosing the domain U of ¢, and the map ¢ on this
domain. These two procedures interact in a complex way, and for this reason they
are implemented by means of a simultaneous induction argument.

We now indicate some of the highlights in the two steps of the induction.

The domain U is chosen to contain all points in M whose curvature |Rm| lies
(roughly) below a certain threshold and is obtained from M by means of a delicate
truncation argument. The truncation uses the fact that, roughly speaking, the part
of M with large curvature looks locally either like a neck, or like a cap region. We
cut along neck regions so that the time-slices of U have spherical boundary. A critical
complication stems from the occurrence of moments in time when the presence of cap
regions interferes with the need to cut along neck regions. This occurrence necessitates
modification of the domain by either insertion or removal of cap regions.

The map 5 is constructed by solving the harmonic map heat flow equation for its
inverse ¢~!. There are many interrelated issues connected with this step, of which
the three most important are:

e The distortion of the map gg must be controlled under the harmonic map heat
flow. For this, our main tool is an interior decay estimate, which may be
applied away from the spacetime boundary of U.

e The presence of boundary in U introduces boundary effects, which must be
controlled. It turns out that the geometry of shrinking necks implies that the
neck boundary recedes rapidly, which helps to stabilize the construction.

e The insertion of the cap regions alluded to above necessitates the extension of
the map ¢ over the newly added region. The implementation of this extension
procedure relies on a delicate interpolation argument, in which the geometric
models for the cap regions must be aligned with the existing comparison map
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5 within tolerances fine enough to prolong the construction. This step hinges
on several ingredients and their precise compatibility — rigidity theorems for
the models of the cap regions [Ham93bl, Brel3], quantitative asymptotics of
the models [Bry05], and strong decay estimates for the distortion of the map

o.
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2. OVERVIEW OF THE PROOF

In this section we will describe the proof of the main theorem. Our aim here is to
cover the most important ideas in an informal way, with many technicalities omitted.
The first subsection of this overview provides an initial glimpse of the argument. It
is intended to be accessible to readers outside the field who would like to gain some
sense of how the proof goes. The remaining subsections delve into the proof in greater
detail and are primarily intended for people working in the area.

The main part of the paper is concerned with the proof of the Strong Stability
Theorem, Theorem or [[.7, which asserts that two Ricci flow spacetimes are ge-
ometrically close, given that their initial data are geometrically close and we have
completeness as well as the canonical neighborhood assumption in both spacetimes
above a sufficiently small scale. All other results of this paper will follow from this
theorem; in particular, the Uniqueness Theorem, Theorem [1.3] will follow from The-
orem [1.5| or [1.7] via a limit argument.

In the Strong Stability Theorem, we consider two Ricci flow spacetimes M and
M, whose initial time-slices, (Mo, go) and (M, g(), are geometrically close or even
isometric. Our goal is the construction of a map ¢ : M D U — M’, defined on a
sufficiently large domain U, whose bilipschitz constant is sufficiently close to 1. In
Theorems and , this map is denoted by qg However, in the main part of this

paper, as well as in this overview, the hat will be omitted.

Our basic method for constructing ¢, which goes back to DeTurck [DeT83], is to
solve the harmonic map heat flow equation for the inverse ¢~*. In the nonsingular case
when both Ricci flow spacetimes M and M’ may be represented by ordinary smooth
Ricci flows on compact manifolds (M, g(t)) and (M’, ¢'(t)), this reduces to finding a
solution ¢(t) : M — M’ to the equation 9;(¢~1) = A(¢™'). As DeTurck observed, the
family of difference tensors h(t) := (é(t))*g'(t) — g(t), which quantify the deviation of
¢(t) from being an isometry, then satisfies the Ricci-DeTurck perturbation equation:

(21)  Oh(t) = Dyyh(t) + 2Ry (h(t)) + VA(E) * VA(E) + h(t) * V2h(t)

If $(0) is an isometry, then h(0) = 0. So by the uniqueness of solutions to the strictly
parabolic equation ({2.1]) one gets that h(t) = 0 for all ¢ > 0, and hence the two given
Ricci flows are isometric. In our case we are given that h(0) is small, and want to
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\

M M

FIGURE 4. Comparison domain N’ C M and comparison ¢ between
M and M’. The extension cap on the initial time-slice of N7 is outlined
in bold.

show that it remains small. Equation (2.1) has several properties that are important
for maintaining control over of the size of the perturbation h, as the construction
proceeds.

2.1. The construction process, an initial glimpse. In the general case, in which
M and M’ may be singular, the domain of the map ¢ will be the part of M that is
not too singular, i.e. the set of points whose curvature is not too large. Note that
this means that we will effectively be solving the harmonic map heat flow equation
with a boundary condition.

The main objects of our construction are a subset N' C M, called the comparison
domain, and a time-preserving diffeomorphism onto its image ¢ : N' — M/’, called
the comparison (map). We construct N and ¢ by a simultaneous induction argument
using discrete time increments [t;_1,¢;]. The domain N is the union

N=N'UN?*U...UN’,

where N7 lies in the time-slab of M corresponding to the time-interval [t;_1,¢;]. The
restriction of ¢ to each time-slab A7 is denoted by ¢/ : N7 — M’. In the induction
step, we enlarge A/ and ¢ in two stages: in the first we determine N'/*!, and in the
second we define the map ¢/ : N/+1 — M’

Before proceeding, we introduce the curvature scale p, which will be used through-
out the paper. The precise definition may be found in Subsection but for the
purposes of this overview, p can be any function that agrees up to a fixed factor with

R~Y/2 wherever |Rm| is sufficiently large. Here R denotes the scalar curvature. Note
that p has the dimension of length.

We will now provide further details on the geometry of N and ¢.
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Fix a small comparison scale Tcomp > 0. Our goal is to choose the comparison
domain A such that it roughly contains the points for which p 2 7comp. So we will
have R < Crzh,, on N and R > cr )}, on M\ N for some constants C,c > 0. The
constant 7¢omp Will also determine the length of our time steps: we set ¢; = jrfomp, SO

that the time steps have duration 2, .

Each time-slab A7 will be chosen to be a product domain on the time-interval
[tj—1,t;]. That is, the flow restricted to N7 can be described by an ordinary Ricci
flow parameterized by the time-interval [¢;_1,¢;], on the initial time-slice of N7. We
will sometimes denote this initial time-slice of N7 by N/, and the final time-slice
by /\ftjj Note that /\/;’F
domain N7 will moreover be chosen in such a way that its time-slices N7 are bounded

by 2-spheres of diameter ~ 7, that are central 2-spheres of sufficiently precise necks
(i.e. cylindrical regions) in M.

, and /\ftJJ are diffeomorphic, as N7 is a product domain. Each

We now discuss the inductive construction of N” and ¢. For this purpose, assume
that N1, ..., N7 and ¢',..., ¢’ have already been constructed. Our goal is now to
construct N/ and ¢/

We first outline the construction of N/*1. Our construction relies on the canonical
neighborhood assumption, which guarantees that the large curvature part of the Ricci
flow looks, roughly speaking, locally either neck-like or like a cap region diffeomorphic
to a 3-ball. Using this geometric characterization, the final time-slice ./\f,;‘]]il1 of N'/+1
is obtained by truncating the time-t;,;-slice M, , along a suitable collection of
central 2-spheres of necks of scale ~ 7¢omp. Due to the fact that a neck region shrinks
substantially in a single time step and our neck regions have nearly constant scale,
this process will ensure that the boundaries of successive time steps are separated
by a distance > r¢omp. So our truncation process typically yields a rapidly receding
“staircase” pattern (see Figure . However, it can happen that a cap region evolves
in such a way that its scale increases slowly over a time-interval of duration >> rfomp,
so that at time t;, this cap region is not contained in the final time-slice ./\/’ti , but
is contained in the initial time-slice /\/gﬁ“. This behavior occurs, for instance, a
short time after a generic neck pinch singularity. In such a situation, the comparison
domain N is enlarged at time ¢; by a cap region, which we call an extension cap (see
again Figure . It then becomes necessary to extend the comparison map ¢ over the
inserted region.

We now turn to the second stage of the induction step — the construction of the
comparison map ¢’/ : N/ 5 M/,

As mentioned above, we will construct ¢’+! by solving the harmonic map heat flow
equation for the inverse diffeomorphism (¢7*1)~!. For now, we will only provide a
brief indication of a few of the obstacles that arise, leaving more detailed discussion
to the subsequent subsections of this overview:

e (Controlling h, Subsection Since our objective is to produce a map that
is almost an isometry, one of the key ingredients in our argument is a scheme
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for maintaining control on the size of the metric perturbation h = ¢*¢' — g as
the map ¢ evolves. Our main tool for this is an interior decay estimate for |A|
with respect to a certain weight.

o (Treatment of the boundary, Subsection The Ricci flow spacetime re-
stricted to the product domain N/*! is given by an ordinary Ricci flow on
the manifold with boundary .A/;“]]ill The process for solving the harmonic map
heat flow equation must take this boundary into account and maintain control
on any influence it may have on the rest of the evolution.

e (Extending the comparison, Subsections and As mentioned above,
it may be necessary to extend the comparison map ¢ over an extension cap
at time t;. This requires a careful analysis of the geometry of M and M’ in
neighborhoods of the cap and its image, showing that both are well approx-
imated by rescaled Bryant solitons. Then the extension of ¢ is obtained by
gluing the pre-existing comparison map with suitably normalized Bryant soli-
ton “charts”. This gluing construction is particularly delicate, since it must
maintain sufficient control over the quality of the comparison map.

The actual construction of the comparison map ¢ is implemented using a continuity
argument. The above issues interact with one another in a variety of different ways.
For instance, both the treatment of the boundary and the procedure for extending ¢
over cap regions are feasible only under certain assumptions on the smallness of h,
and both cause potential deterioration of h, which must be absorbed by the argument
for controlling h. We defer further discussion of these interactions, and other points
of a more technical nature, to Subsection |2.6]

2.2. Controlling the perturbation h. In order to control the perturbation h =
¢*g’ — g in the inductive argument described above, we will consider the following
weighted quantity:

(2.2) Qe MR PP e Mol |h|.

Here R denotes the scalar curvature and H > 0, £ > 2. We will show that this
quantity satisfies an interior decay estimate, which may be thought of as a quantitative
semi-local version of a maximum principle: rather than asserting that () cannot attain
an interior maximum, it roughly states that @), evaluated at a point (z,t), must be
a definite amount smaller than its maximum over a suitable parabolic neighborhood
around (x,t) (see below for a more precise statement). This interior decay estimate
will allow us to promote, and sometimes improve, a bound of the form @ < @ forward
in time. We emphasize that the presence of the factor p¥, and the fact that £ is
strictly larger than 2, are both essential for the interior decay estimate. Moreover,
the freedom to choose E large (> 100 say) will be of crucial importance at a later
point in our proof (see Subsection [2.5).

Before providing further details on this estimate, we want to illustrate the function
of the weights in the definition of Q. The weight e * serves a technical purpose,
which we will neglect in this overview. To appreciate the role of the weight R—%/2,
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FIGURE 5. A parabolic ball B(x,t,7) x [t — 72, t] of radius .

consider for a moment a classical Ricci flow (M, g(t)) with a perturbation h(t) that
evolves by (2.1). Suppose that ~(0) is bounded and supported in a region of large
scalar curvature. So, due to the existence of the weight R~?/2, the quantity Q is
small at time 0. Our estimates will imply that ) remains small throughout the
flow. Therefore, at any later time, the perturbation A must be small at points where
the curvature is controlled. In the following we will exploit this phenomenon, since,
heuristically, we are considering two Ricci flow spacetimes M and M’ whose initial
data is either equal or very similar away from the almost singular regions, where the
scalar curvature is large. So even if M and M’ were a priori significantly different at
those almost singular scales — resulting in a large perturbation h(t) there — then @
would still be small, initially. Thus the perturbation is expected to decay as we move
forward in time and towards regions of bounded curvature, establishing an improved
closeness there. More specifically, as remarked in the previous subsection, h may a
priori only satisfy a rough bound near the neck-like boundary of each AV7. However,
as R ~ rc_ofnp near such a boundary and rq.mp, is assumed to be small, our estimate
suggests a significant improvement of this bound in regions where R ~ 1.

We now explain the statement of the interior decay estimate in more detail, in the
case of a classical Ricci flow on M x [0,T"). Assume that the perturbation A is defined
on a sufficiently large backwards parabolic region P C M x [0,7") around some point
(x,t). If H is chosen sufficiently large and |h| < my, on P for some sufficiently small
Min, Where both H and ny;, depend on E, then our estimate states that

(2.3) Qx,t) < ﬁsgp@.

Here “P sufficiently large” means, roughly speaking, that the parabolic region P
contains a product domain of the form B(z,t,7) x [t —r? t] (a parabolic ball), where
B(x,t,r) is the r-ball centered at (z,t) in the time-¢ slice M x {t} and r is equal to
a large constant times the scale p(z,t) (see Figure [5)).

In fact, the choice of the factor ﬁ in |D is arbitrary: for any a > 0 we have the
estimate

(2.4) Qz,t) < asup@,
P
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as long as we increase the size of the parabolic neighborhood P accordingly. An
important detail here is that the constant 7y, in the bound |h| < n;, can be chosen
independently of a.

The decay estimate (2.3]) will be used to propagate a bound of the form
(2.5) Q<@

throughout most parts of the comparison domain . Here we will choose the constant
Q in such a way that holds automatically near the neck-like boundary of the
N7 and such that (2.5) implies |h] < my, wherever p > Teomp. Note that at scales
p > Teomp, the bound implies a more precise bound on |h|, whose quality
improves polynomially in p.

We will prove the interior decay estimate using a limit argument combined with
a vanishing theorem for solutions of the linearized Ricci-DeTurck equation on k-
solutions, which uses an estimate of Anderson and Chow [AC05]. See Section [9] for
more details.

2.3. Treatment of the boundary. We now discuss aspects of the inductive con-
struction of the map ¢/*1 : N/T1 — M’ (sketched in Subsection that are related
to the presence of a boundary in the time-slices N;/™'. While the actual approach
used in the body of the paper is guided by considerations that are beyond the scope
of this overview, we will describe some of the main points in a form that is faithful
to the spirit of the actual proof.

Recall from Subsection that we wish to construct ¢’/*! by solving the harmonic
map heat flow equation (for the inverse (¢/71)7!), in such a way that ¢ yields a
perturbation h = ¢*¢’ — ¢ satisfying the bound @ < @Q near the neck-like boundary
of N7, where Q is as in Subsection . Thus we need to specify boundary conditions
so that the resulting evolution respects the bound @ < Q.

Our strategy exploits the geometry of the boundary of N/*1. Recall from Sub-
section that A'/*1 is a product domain, and its boundary is collared by regions
that look very close to shrinking round half-cylinders (half-necks) with scale compa-
rable to 7¢omp. Under a smallness condition on h imposed in the vicinity of boundary
components of ./\f,;frl, we argue that at time t;, our map ¢ must map the half-neck
collar regions around the boundary to regions in the time-t;-slice M;  that are nearly
isometric to half-necks. Moreover, we will show that both half-necks evolve over the
time-interval [t;, ;.1 nearly like round half-necks. We then use this characterization
and a truncation procedure to find an approximate product domain N"/*! C M’
that serves as the domain for the evolving inverse map ¢~—!. It turns out that if the
half-neck regions in M and M’ are sufficiently cylindrical, and ¢ is initially (at time
t;) sufficiently close to an isometry near the collar regions, then the map ¢”/*! pro-
duced by harmonic map heat flow remains sufficiently close to an isometry near the
boundary of N/*1, in the sense that Q < Q.

The above construction is feasible only under improved initial control on |h|, which
necessitates an improved bound of the form ) < a@), for some o < 1, near the
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FIGURE 6. A parabolic neighborhood (hatched region) inside a com-
parison domain (shaded region). In order to apply the interior estimate
at time t; near the boundary of N/*1, a large parabolic neighborhood
must fit underneath the staircase pattern.

boundary components of /\/’gﬁ“. To verify this improved bound, we apply the strong
form of the interior decay estimate, , using parabolic regions that are large de-
pending on «. This requires the geometry of the staircase pattern of the comparison
domain to be “flat enough” to create enough space for such a parabolic region “under
the staircase” (see Figure @ Such flatness can be guaranteed, provided the half-neck
collars are sufficiently precise.

2.4. Defining ¢ on extension caps. We recall from Subsection that in the
inductive construction of the time slab N/*! we sometimes encounter eztension
caps, i.e. 3-disks C in the time-t-slice M, of M that belong to time slab A//*1 but
that were not present in the preceding time slab A//. In this and the next subsection,
we discuss how these extension caps are handled in the second stage of the induction
step, in which ¢7*! is defined on N'/*1.

Recall that we assume inductively that the map ¢”, as constructed in the previous
step, restricts to an almost isometric map of the final time-slice N’t{, of N/ into M J
We would like to proceed with the construction of ¢/*! on A//*! using harmonic map
heat flow, as described in the previous subsection. However, in order to do this, ¢”/*!
must be defined on the initial time-slice /\/t“]]H, whereas the previous induction step
only determined ¢’ on the complement of the extension caps. Thus we must first
extend ¢’ over the extension caps to an almost isometry defined on N JH.

A priori, it is unclear why such an extension should exist; after all, since ¢ has thus
far only been defined on ./\/;J] , one might not expect an extension cap C C ./\/;gfrl to be
nearly isometric to a corresponding 3-ball region in M’.

To obtain such an extension, we will need to combine several ingredients. The first
is the canonical neighborhood assumption, which asserts that the geometry of M and
M’ near any point of large curvature is well-approximated by a model Ricci flow —
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a k-solution. For regions such as extension caps, the k-soliton model is a Ricci flow
on R3. Up to rescaling, the only known example of this type is the Bryant soliton, a
rotationally symmetric steady gradient soliton, which can be expressed as a warped
product

gBry = er + a2 (7’)952,

where a(r) ~ /r as r — 0o. Bryant solitons commonly occur as singularity models of
Type-1II blowups of singularity models, for example in the formation of a degenerate
neck pinch [GZ08|, [ATK15]. Moreover, they also occur in Ricci flow spacetimes when a
singularity resolves. It is a well-known conjecture of Perelman that the Bryant soliton
is the only s-solution on R?, up to rescaling and isometry. This conjecture would imply
that a Bryant soliton always describes singularity formation/resolution processes as
above, and in particular the geometry of extension caps. Although this conjecture
remains open, by using a combination of rigidity results of Hamilton and Brendle
[Ham93bl Brel3], it is possible to show that Bryant solitons always describe the
geometry at points where the curvature scale increases in time (i.e. where the scalar
curvature decreases). Such points are abundant near a resolution of a singularity, as
the curvature scale increases from zero to a positive value.

The above observation will be central to our treatment of extension caps. We will
show that it is possible to choose the time slabs {7} so that each extension cap arises
“at the right time”, meaning at a time when the geometry near the extension cap in
M and its counterpart in M’ is sufficiently close to the Bryant soliton — at possibly
different scales. The main strategy behind this choice of time will be to choose two
different thresholds for the curvature scale on N, specifying when an extension cap
may, and when it must, be constructed. As curvature scales only grow slowly in time
(with respect to the time scale corresponding to the curvature), this extra play will
produce sufficiently many time-steps during which an extension cap may, but need
not necessarily be constructed. It can be shown that at one of these time-steps the
geometry in both M and M’ is in fact close to a Bryant soliton. This time-step will
then be chosen as the “right time” for the construction of the extension cap.

The fact that the geometry near both the extension caps in M and the corre-
sponding regions in M’ can be described by the same singularity model (the Bryant
soliton) is necessary in order to construct the initial time-slice of ¢/!. However,
it is not sufficient, as it is still not guaranteed that ¢/ at time t; extends over the
extension caps almost isometrically, due to the following reasons:

e The scales of the approximate Bryant soliton regions in M and M’ may differ,
so that they are not almost isometric.

e Even if there is an almost isometry of the approximate Bryant soliton regions,
in order to define a global map, there must be an almost isometry that is close
enough to the existing almost isometry (given by ¢”) on the overlap, so that
the two maps may be glued together to form an almost isometry.

These issues will be resolved by the Bryant Ezxtension Principle, which will be dis-
cussed in the next subsection.
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FiGURE 7. Extending the map ¢I{V\C over the extension cap C to an
almost isometry ¢ : W — W’.

2.5. The Bryant Extension Principle. In the process of determining the initial
data (at time t;) of ¢’/*! on or near the extension caps, as mentioned in the previous
subsection, we are faced with the following task (see Figure [7] for an illustration).
We can find two regions W C M;, and W' C M;, in the time-¢;-slices of M and
M’ that are each geometrically close to a Bryant soliton modulo rescaling by some
constants A and )\, respectively. Moreover, the region W contains an extension cap
C C M;,. The map ¢’ restricted to W \ C is an almost isometric map W\ C — W".
Our task is then to find another almost isometric map ¢ : W — W’ which is defined
on the entire region W, and that coincides with ¢/ away from some neighborhood
of C. Although in this overview we have largely avoided any mention of quantitative
features of the proof, we point out that this step hinges on careful consideration of
asymptotics, in order to make our construction independent of the diameters of W,
W' and C. In particular, it turns out to be of fundamental importance that we have
the freedom to choose the exponent E in the definition of () in to be large.

We obtain 1) as follows. We use the fact that W and W' are approximate (rescaled)
Bryant soliton regions to define an approximate homothety vy : W — W’ that scales
distances by the factor X'/A, possibly after shrinking W, W’ somewhat. The map
o is unique up to pre/post-composition with almost isometries, i.e. approximate
rotations around the respective tips. We then compare 1y with ¢7 on W\ C, and
argue that 1)y may be chosen so that it may be glued to ¢”, to yield the desired map
1. To do this, we must show that:

e 1) is an approximate isometry not just an approximate homothety, i.e. the
ratio of the scales \'/\ nearly equals 1.
e 1y may be chosen to be sufficiently close to ¢’ on a suitably chosen transition

zone V. C W\ C.
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However, we are only given information on the map ¢’ far away from tip of the
extension cap C, where the metric is close to a round cylinder. Using this information,
we must determine to within small error the scale of the tips and the discrepancy
between the two maps. This aspect makes our construction quite delicate, because
the only means of detecting the scale of the tip is to measure the deviation from a
cylindrical geometry near V', which is decaying polynomially in terms of the distance
to the tip. The crucial point in our construction is that we can arrange things so that
this deviation can be measured to within an error that decays at a faster polynomial
rate.

We now explain in some more detail the delicacy of the construction and our
strategy for the case of showing that \'/\ is nearly equal to 1. The problem of
matching ¢’ and 1)y on V will be handled similarly. The only means to compare \
and ) is the almost isometry ¢” : W\ C — W'. This almost isometry implies that the
cross-sectional spheres of W\ C have approximately the same diameter as their images
in W’. Unfortunately, the closeness of these diameters does not imply a bound on
N /A, since these diameters vary — and even diverge — as we move away from the tips
of W and W', and ¢/ may map cross-sectional spheres of W to other almost-cross-
sectional spheres in W’ that are closer or farther from the tip. This fact requires us
to estimate the deviations from the cylindrical geometry in W and W’ by analyzing
the precise asymptotics of the Bryant soliton. If the precision of ¢’ is smaller than
these deviations, then ¢’ can be used to compare further geometric quantities on W
and W', not just the diameters of the cross-sectional spheres. Combined with the
almost preservation of the diameters of these spheres, this will imply that \'/A ~ 1.

The precision of the almost isometry ¢’ is measured in terms of |h|. Using the
bound @ < @, as discussed in Subsection , we obtain a bound of the form

(2.6) hl S RFP S p7®.

Since W is an approximate rescaled Bryant soliton region and p — oo as one goes
to infinity on the Bryant soliton, the bound improves as we move further away
from the tip of W. If the exponent E is chosen large enough, then the precision of
the almost isometry ¢’ in the transition zone V C W is good enough to compare the
deviations from a cylinder in V' and its image, to very high accuracy. As mentioned
before, this will imply that \'/\ ~ 1.

For more details, we refer to Section [10]

We mention that the mechanism that we are exploiting here can be illustrated
using a cantilever: the longer the cantilever, and the less rigid it is, the more its tip
may wiggle. However, the rigidity of a cantilever depends not only on its length, but
also on the rigidity of the attachment at its base. A longer cantilever may be more
stable than a short one, as long as the attachment at its base is chosen rigid enough
to compensate for the increase in length. (Here we are assuming the lever itself to be
infinitely rigid.)
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2.6. Further discussion of the proof. In this subsection we touch on a few ad-
ditional features of the induction argument sketched in Subsection 2.1, Due to the
complexity of the underlying issues, our explanations will be brief and relatively
vague. For more details, we refer to Section [7]}

We recall the bound Q < @Q from Subsection which enabled us to guarantee a
bound of the form || < ny, in most parts of the comparison domain A. As discussed
in that subsection, this bound is propagated forward in time using the interior decay
estimate. The bound Q < Q, especially the factor p” in its definition, was also
crucial in the Bryant Extension process. In fact, it could be used to construct the
initial time-slice of a new almost isometry ¢’*!, defined on the extension caps, that
is precise enough such that a bound of the form |h| < ny;, holds on or near each
extension cap.

However, the bound @ < @, which is typically stronger than |h| < 7y,, may not
remain preserved during the Bryant Extension Process; it may deteriorate by a fixed
factor. In order to control the quality of the comparison map, measured by |h|, after
the Bryant Extension process has been performed, we will consider an additional
bound of the form

] —y |h _ ek
Q %(EH(T t) | | %€H(T t)p3|h‘<Q

The constant @* will be chosen such that this bound implies the bound |h| < my,
wherever it holds on A/. Due to the small exponent 3 < E, which makes the bound
Q* < Q" weaker than Q < Q at large scales, this bound still holds on and near each
extension cap after the Bryant Extension process has been carried out.

Both bounds, Q < Q and Q* < Q" will be propagated forward in time via the
interior decay estimate from Subsection The bound Q < @ will hold at all points
on the comparison domain A that are sufficiently far (in space and forward in time)
from an extension cap, while the bound Q* < Q" will hold sufficiently far (in space)
from the neck-like boundary of NV. It will follow that, for a good choice of parameters,
at least one of these bounds holds at each point of the comparison domain A. This
fact will enable us to guarantee that |h| < my, everywhere on N.

Even though the bound @ < @ may not hold in the near future of an extension cap,
it may be important that it holds at some time in the future, thus allowing us to con-
trol the comparison map near a future neck-like boundary component, as described in
Subsection [2.3] In order to guarantee this bound near such neck-like boundary com-
ponents, in the future of extension caps, we first ensure that the neck-like boundary
and the extension caps of the comparison domain are sufficiently separated (in space
and time). Then we use the strong form of the interior decay estimate to show that
a weak bound of the form @ < WQ, W >> 1, which holds after a Bryant Extension
process, improves as we move forward in time and eventually implies @ < Q. This
interior decay estimate relies on the fact that |h| < my,, which is guaranteed by the
bound Q* < Q.
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3. ORGANIZATION OF THE PAPER

The theorems stated in the introduction are proven in Section [13] They are all
consequences of a more technical stability theorem, Theorem [I3.1], which first appears
in Section This theorem asserts the existence of a comparison map between
two Ricci flow spacetimes, satisfying a (large) number of geometric and analytic
bounds. As explained in the overview in the preceding section, Theorem is proven
using a simultaneous induction argument, in which the domain of this comparison
map and the comparison map itself are constructed. The induction step consists of
two stages; the first one is concerned with the comparison domain, and the second
with the comparison map. These two stages are implemented in Sections and
12} respectively, and the induction hypotheses are collected beforehand as a set of a
priori assumptions, in Section [7] Both induction steps are formulated using objects
and terminology that are introduced in preliminaries sections, Sections [f] and [l The
arguments in Section rely on two main ingredients: the interior decay estimate,
which is discussed in Section[d] and the Bryant Extension Principle, which is presented
in Section [I0}, We will also make use of a number of technical tools, which appear in
Section

To facilitate readability and verifiability, we have made an effort to make the proof
modular and hierarchical. This eliminates unnecessary interdependencies, and mini-
mizes the number of details the reader must bear in mind at any given stage of the
proof. For instance, the two stages of the induction argument are formulated so as
to be completely logically independent of each other. Also, within Section |12 which
constructs the inductive extension of the comparison map, the argument is split into
several pieces, which have been made as independent of one another as possible.

4. CONVENTIONS

4.1. Orientability. Throughout the paper we impose a blanket assumption that all
3-manifolds are orientable. The results remain true without this assumption — for
instance Theorem [1.3| can be deduced from the orientable case by passing to the
orientation cover. However, proving the main result without assuming orientability
would complicate the exposition by increasing the number of special cases in many
places. It is fairly straightforward, albeit time consuming, to modify the argument to
obtain this extra generality.

4.2. Conventions regarding parameters. The statements of the a priori assump-
tions in Section (7] involve a number of parameters, which will have to be chosen
carefully. We will not assume these parameters to be fixed throughout the paper;
instead, in each theorem, lemma or proposition we will include a list of restrictions
on these parameters that serve as conditions for the hypothesis to hold. These re-
strictions state that certain parameters must be bounded from below or above by
functions depending on certain other parameters. When we prove the main stability
result, Theorem [13.1] by combining our two main propositions, Propositions and
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12.1], we will need to verify that these restrictions are compatible with one another.
This can be verified most easily via the parameter order, as introduced and discussed
in Subsection This parameter order is chosen in such a way that the required
bounds from below/above on each parameter, if any, are given by a function depend-
ing on parameters that precede it. Hence, in order to verify the compatibility of all
restrictions, it suffices to check that each parameter restriction is compatible with the
parameter order in this way.

Throughout the entire paper, we will adhere to the convention that small (greek or
arabic) letters stand for parameters that have to be chosen small enough and capital
(greek or arabic) letters stand for parameters that have to be chosen sufficiently large.
When stating theorems, lemmas or propositions, we will often express restrictions on
parameters in the form

y<yl@), Z=Z(x).

By this we mean that there are constants ¥ and Z, depending only on z such that
if 0 <y <yand Z > Z, then the subsequent statements hold. Furthermore, in
longer proofs, we will introduce a restriction on parameters in the same form as
a displayed equation. This makes it possible for the reader to check quickly that
these restrictions are accurately reflected in the preamble of the theorem, lemma or
proposition. Therefore, she/he may direct their full attention to the remaining details
of the proof during the first reading.

5. PRELIMINARIES I

In the following we define most of the notions that are needed in the statement of
the main results of this paper, as stated in Subsection [1.3]

Definition 5.1 (Ricci flow spacetimes). A Ricci flow spacetime is a tuple (M, ¢,
O, g) with the following properties:

(1) M is a smooth 4-manifold with (smooth) boundary O.M.

(2) t : M — [0,00) is a smooth function without critical points (called time
function). For any ¢ > 0 we denote by M, := t"(t) C M the time-t-slice
of M.

(3) My =t"1(0) = OM, i.e. the initial time-slice is equal to the boundary of M.

(4) 0 is a smooth vector field (the time vector field), which satisfies Ot = 1.

(5) ¢ is a smooth inner product on the spatial subbundle ker(dt) C TM. For any
t > 0 we denote by g; the restriction of g to the time-t-slice M, (note that g,
is a Riemannian metric on M,).

(6) g satisfies the Ricci flow equation: L£5,9 = —2Ric(g). Here Ric(g) denotes the
symmetric (0, 2)-tensor on ker(dt) that restricts to the Ricci tensor of (M, g¢)
for all t > 0.

For any interval I C [0,00) we also write M; = t (/) and call this subset the
time-slab of M over the time-interval /. Curvature quantities on M, such as the
Riemannian curvature tensor Rm, the Ricci curvature Ric, or the scalar curvature R
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will refer to the corresponding quantities with respect to the metric g; on each time-
slice. Tensorial quantities will be imbedded using the splitting TM = ker(dt) @ (0y).

When there is no chance of confusion, we will sometimes abbreviate the tuple

(Mvta a’ng) by M

Ricci flow spacetimes were introduced by Lott and the second author (see [KLOS]).
The definition above is almost verbatim that of [KLOS| with the exception that we
require Ricci flow spacetimes to have initial time-slice at time 0 and no final time-
slice. This can always be achieved by applying a time-shift and removing the final
time-slice from M. Ricci flows with surgery, as constructed by Perelman in [Per03],
can be turned easily into Ricci flow spacetimes by removing a relatively small subset
of surgery points. See in Subsection for further explanation.

We emphasize that, while a Ricci flow spacetime may have singularities — in fact
the sole purpose of our definition is to understand flows with singularities — such
singularities are not directly captured by a Ricci flow spacetime, as “singular points”
are not contained in the spacetime manifold M. Instead, the idea behind the defini-
tion of a Ricci flow spacetime is to understand a possibly singular flow by analyzing
its asymptotic behavior on its regular part.

Any (classical) Ricci flow of the form (g:)icpr), 0 < T° < oo on a 3-manifold M
can be converted into a Ricci flow spacetime by setting M = M x [0,T), letting t be
the projection to the second factor and letting 0; correspond to the unit vector field
on [0,T). Vice versa, if (M,t, 0, g) is a Ricci flow spacetime with t(M) = [0,T) for
some 0 < T < oo and the property that every trajectory of 0 is defined on the entire
time-interval [0,7), then M comes from such a classical Ricci flow.

We now generalize some basic geometric notions to Ricci flow spacetimes.

Definition 5.2 (Length, distance and metric balls in Ricci flow spacetimes). Let
(M, t,0,g) be a Ricci flow spacetime. For any two points x,y € M, in the same
time-slice of M we denote by d(z,y) or di(z,y) the distance between z,y within
(M, g¢). The distance between points in different time-slices is not defined.

Similarly, we define the length length(y) or length,() of a path v : [0,1] — M,
whose image lies in a single time-slice to be the length of this path when viewed as a
path inside the Riemannian manifold (M, g¢).

For any x € M; and r > 0 we denote by B(x,r) C M, the r-ball around = with
respect to the Riemannian metric g;.

Our next goal is to characterize the (microscopic) geometry of a Ricci flow spacetime
near a singularity or at an almost singular point. For this purpose, we will introduce
a (curvature) scale function p: M — (0, 00| with the property that

(5.3) C™'p™® <|Rm| < Cp~?
for some universal constant C' < co. The quantity p will be a (pointwise) function of

the curvature tensor and therefore it can also be defined on (3-dimensional) Riemann-
ian manifolds. For the purpose of this section, it suffices to assume that p = [Rm|~'/2.
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However, in order to simplify several proofs in subsequent sections, we will work with
a slightly more complicated definition of p, which we will present in Subsection 6.1
(see Definition [6.1)). Nonetheless, the discussion in the remainder of this subsection
and the main results of the paper, as presented in Subsection [1.3 remain valid for
any definition of p that satisfies ([5.3).

We now define what we mean by completeness for Ricci flow spacetimes. Intu-
itively, a Ricci flow spacetime is called complete if its time-slices can be completed by
adding countably many “singular points” and if no component appears or disappears
suddenly without the formation of a singularity.

Definition 5.4 (Completeness of Ricci flow spacetimes). We say that a Ricci flow
spacetime (M, t, 0, g) is (1o, tp)-complete, for some 7,y > 0, if the following holds:
Consider a path 7 : [0, s9) = Mg, such that infcp 5,y p(7(5)) > 7 for all s € [0, s0)
and such that:

(1) Its image ([0, sp)) lies in a time-slice M; and the time-¢ length of v is finite
or
(2) v is a trajectory of d; or of —0.

Then the limit lim, x5, y(s) exists.

If (M,t,0,q) is (ro,to)-complete for all ¢, > 0, then we also say that it is ro-
complete. Likewise, if (M, t,d;, g) is 0-complete, then we say that it is complete.

Note that the Ricci flow spacetimes constructed [KL17] are 0-complete, see [KL17,
Prop. 5.11(a), Def. 1.8]. A Ricci flow with surgery and J-cutoff, as constructed by
Perelman in [Per03|], can be turned into a Ricci flow spacetime as in that is
cor-complete for some universal constant ¢ > 0, as long as the cutoff is performed in
an appropriate wayl], see [KL17, Section 3].

Lastly, we need to characterize the asymptotic geometry of a Ricci flow spacetime
near its singularities. This is done by the canonical neighborhood assumption, a
notion which is inspired by Perelman’s work ([Per03]) and which appears naturally
in the study of 3-dimensional Ricci flows. The idea is to impose the same asymp-
totic behavior near singular points in Ricci flow spacetimes as is encountered in the
singularity formation of a classical (smooth) 3-dimensional Ricci flow. The same char-
acterization also holds in high curvature regions of Perelman’s Ricci flow with surgery
that are far enough from “man-made” surgery points. Furthermore, an even stronger
asymptotic behavior was shown to hold on Ricci flow spacetimes as constructed by
Lott and the second author in [KL17].

TAs Perelman’s objective was the characterization of the underlying topology, he allowed (but did
not require) the removal of macroscopic spherical components during a surgery step. In contrast,
Kleiner and Lott’s version (cf [KLO08]) of the cutoff process does not allow this. However, both cutoff
approaches allow some flexibility on the choice of the cutoff spheres inside the e-horns. Some of these
choices may result in the removal of points of scale larger than cdr; in such a case cér-completeness
cannot be guaranteed. Nevertheless, in both approaches it is always possible to perform the cutoff
in such a way that the resulting Ricci flow spacetime is cér-complete.
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The singularity formation in 3-dimensional Ricci flows is usually understood via
singularity models called k-solutions (see [Per02, Sec. 11]). The definition of a k-
solution consists of a list of properties that are known to be true for 3-dimensional
singularity models. Interestingly, these properties are sufficient to allow a qualita-
tive (and sometimes quantitative) analysis of k-solutions. We refer the reader to
Appendix [C] and [Per03, [KLOS] for further details.

Let us recall the definition of a k-solution.

Definition 5.5 (x-solution). An ancient Ricci flow (M, (g¢)e(-o0,0)) On a 3-dimensional
manifold M is called a (3-dimensional) k-solution, for k > 0, if the following holds:

(1) (M, g;) is complete for all t € (—o0, 0],
2) |Rm| is bounded on M x I for all compact I C (—o0, 0],
) secg, > 0 on M for all t € (—o0, 0],
) R>0o0on M x (—o0,0],
) (M, g;) is k-noncollapsed at all scales for all ¢t € (—o0, 0]
(This means that for any (z,t) € M x (—00,0] and any r > 0 if [Rm| < r2
on the time-¢ ball B(x,t,r), then we have |B(z,t,r)| > xr™ for its volume.)

(

(3
(4
(5

We will compare the local geometry of a Ricci flow spacetime to the geometry of
k-solution using the following concept of pointed closeness.

Definition 5.6 (Geometric closeness). We say that a pointed Riemannian manifold
(M, g, z) is e-close to another pointed Riemannian manifold (M, g,7) at scale A > 0
if there is a diffeomorphism onto its image

v BM(Z, e ) — M
such that (Z) = x and
-2 * —
HA Vg — 9”0[(1](3?(5,6—1)) <0

Here the Cl€ 'l-norm of a tensor A is defined to be the sum of the C%-norms of the
tensors h, VIh, VI2h, ..., V&l ] with respect to the metric g.

We can now define the canonical neighborhood assumption. The main statement of
this assumption is that regions of small scale (i.e. high curvature) are geometrically
close to regions of k-solutions.

Definition 5.7 (Canonical neighborhood assumption). Let (M, g) be a (possibly
incomplete) Riemannian manifold. We say that (M, g) satisfies the e-canonical
neighborhood assumption at some point  if there is a x > 0, a s-solution (M,
(G¢)te(—o00)) and a point T € M such that p(T,0) = 1 and such that (M, g, z) is e-close
to (M, gy, T) at some (unspecified) scale A > 0.

We say that (M, g) satisfies the e-canonical neighborhood assumption at
scales (r1,72), for some 0 < 71 < 1y, if every point x € M with m < p(x) < 79
satisfies the e-canonical neighborhood assumption.
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We say that a Ricci flow spacetime (M, t, 0, g) satisfies the e-canonical neigh-
borhood assumption at a point x € M if the same is true at x in the time-slice
(M), 9i(z))- Moreover, we say that (M, t, 0, g) satisfies the e-canonical neighbor-
hood assumption at scales (71, 79) if the same is true for all its time-slices. Lastly,
we say that a subset X C M satisfies the e-canonical neighborhood assumption
at scales (r1,7), if the e-canonical neighborhood assumption holds at all x € X with

p(z) € (r1,72).

Note that if M is a Ricci flow spacetime as constructed in [KLIT7], then My
satisfies the e-canonical neighborhood assumption at scales (0, ), where r = r(¢,T) >
0 [KL17, Thm. 1.3, Prop. 5.30]. If M is the Ricci flow spacetime of a Ricci flow
with surgery and d-cutoff, as constructed by Perelman in [Per03], then M satisfies
the e-canonical neighborhood assumption at x € M, provided the scale of z lies in
the interval (10h,7). Here h = h(e,t) and r(e, t) are decreasing functions of time,
which appear in Perelman’s construction, h < §%r, and § = (¢, t) may be chosen as
small as desired.

Observe that we do not assume a global lower bound on s in Definition 5.7
This slight generalization from other notions of the canonical neighborhood assump-
tion does not create any serious issues, since by Perelman’s work [Per03|, every 3-
dimensional k-solution is a kg-solution for some universal ko > 0, unless it homothetic
to a quotient of a round sphere (see assertion I@] of Lemma for further details).

We also remark that in Definition we have put extra care in describing how
the Cl< 'l-norm has to be understood. The reason for this is that the model metric q
in Definition is not fixed. So it would be problematic, for example, to define the
Cl -norm using coordinate charts on M, as the number and sizes of those coordinate
charts may depend on the Riemannian manifold (M, g).

It may seem more standard to require spacetime closeness to a k-solution on a
backwards parabolic neighborhood — as opposed to closeness on a ball in a single
time-slice — in the definition of the canonical neighborhood assumption. Such a
condition would be stronger and, as our goal is to establish a uniqueness property, it
would lead to a formally less general statement. We point out that spacetime closeness
to a k-solution is a rather straight forward consequence of time-slice closeness. The
main purpose of the use of time-slice closeness in our work is because our uniqueness
property also applies to Ricci flow spacetime with singular initial data. For this
reason the canonical neighborhood assumption also has to be applicable to the initial
time-slice M or to time-slices M, for small ¢.

6. PRELIMINARIES 11

In this section we present basic definitions and concepts that will be important for
the proofs of the main results of this paper.

6.1. Curvature scale. As mentioned in Section [5, we will now define a notion of a
curvature scale p that will be convenient for our proofs. The main objective in our



30 RICHARD H. BAMLER AND BRUCE KLEINER

definition will be to ensure that p = (3R)~!/? wherever the sectional curvature is

almost positive. For this purpose, observe that there is a constant ¢y > 0 such that
the following holds. Whenever Rm is an algebraic curvature tensor with the property
that its scalar curvature R is positive and all its sectional curvatures are bounded
from below by —<:R, then ¢o|Rm| < $R. We will fix ¢ for the remainder of this

paper.

Definition 6.1 (Curvature scale). Let (M, g) be a 3-dimensional Riemannian mani-
fold and z € M a point. We define the (curvature) scale at z to be

(6.2) p(x) = min { (1R, (2)) ", (co|Rm|(x)) ~*/*}.

Here R, (z) := max{R(x),0} and we use the convention 0~!/2

If o > 0, then we set p,,(z) := min{p(z),ro}. Lastly, if (M,t,d,,¢g) is a Ricci flow
spacetime, then we define p, p,, : M — R such that they restrict to the corresponding
scale functions on the time-slices.

= OQ.

Lemma 6.3. There is a universal constant C < oo such that
(6.4) C™'p*(z) < Rml(z) < Cp~?(x).

Moreover, there is a universal constant ey > 0 such that if x satisfies the €..n-canonical
neighborhood assumption for some € < €o, then R(x) = 3p~%(z).

Proof. The bound (6.4]) is obvious. For the second part of the lemma observe that for
sufficiently small €, we have R(z) > 0 and sec > —+R(z) at z. So (1R, (z)) /2 <
(colRm] ()72, [

The normalization constant % in front of the scalar curvature in 1) is chosen
purely for convenience. More specifically, we will frequently consider the following
round shrinking cylinder evolving by Ricci flow:

(52 X R, (gt = (% — 215)952 + g]R)te(—oo,%}).

The scale of this cylinder and the normalization of the curvature scale have been
chosen in such a way that p(-,0) = 1 and p(-, —1) = 2 hold, which can be remembered
easily; more generally, we have

p(-,t) =1 — 3t.

Definition 6.5 ((Weakly) thick and thin subsets). Let X be a subset of a Riemannian
manifold (M, g) or Ricci flow spacetime (M, t,0;, g) and r > 0 a number. We say
that X is r-thick if p(X) > r and weakly r-thick if p(X) > r. Similarly, we say
that X is r-thin or weakly r-thin if p(X) < r or p(X) < r, respectively.

6.2. Basic facts about the Bryant soliton. In the following, we will denote by
(Mpry, (gBry,t)ter) the Bryant soliton and with tip zp,, € Mp,, normalized in such
a way that p(xp,y) = 1. The Bryant soliton was first constructed [Bry05]. A more
elementary construction can also be found in [App17]. Recall that (Mp,y, (gBry.t)ter)
is a steady gradient soliton all whose time-slices are rotationally symmetric with
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center zp,y,. More specifically, (Mg,y, gpry,1) can be expressed as a warped product of
the form

Gorye = do” + wi(0)gs>
where wy(o) ~ /o for large . We refer to Lemma for a more extensive list of
properties of the Bryant soliton that are being used in this paper. Note that, due to

the normalization of Mg,y, the definition of p and (B.3)) of Lemma [B.1] we have p > 1
on Mg,y. This fact will be important in this paper.

We will set gpry := gBry,0 for the time-O-slice of the Bryant soliton. Furthermore,
we will denote by Mg,y (1) := B(Zpyy, ) the r-ball around the tip with respect to gpyy
and for 0 < r; < r9, we will denote by Mg,y (71, 72) the open (71, rs)-annulus around
TBry-

6.3. Geometry of Ricci flow spacetimes. The goal of this subsection is to intro-
duce several notions that we will frequently use in order to describe points or subsets
in Ricci flow spacetimes.

Definition 6.6 (Points in Ricci flow spacetimes). Let (M, t, 0, g) be a Ricci flow
spacetime and z € M be a point. Set ¢ := t(x). Consider the maximal trajectory
Yo : I — M, I C [0,00) of the time-vector field J; such that 7,(t) = z. Note that
then t(v,(t')) =t for all ¢ € I. For any ¢’ € I we say that x survives until time #'
and we write

(") = v (t).

Similarly, if X C M; is a subset in the time-t time-slice, then we say that X
survives until time ¢ if this is true for every x € X and we set X (t') := {z(t')
re X}

We will also use the following two notions.

Definition 6.7 (Time-slice of a subset). Let (M, t, 0, g) be a Ricci flow spacetime
and let X C M be a subset. For any time ¢t € [0,00) we define the time-t-slice of
X to be X; := X N M, and for any interval I C [0, 00) we define the /-time-slab of
X to be X7 := X N M,;.

Definition 6.8 (Product domain). Let (M, t,d;, g) be a Ricci flow spacetime and let
X C M be a subset. We call X a product domain if there is an interval I C [0, 00)
such that for any ¢ € I any point € X survives until time ¢ and x(t) € X.

Note that a product domain X can be identified with the product X, x I for an
arbitrary to € I. If X;, is sufficiently regular (e.g. open or a domain with smooth
boundary in My, ), then the metric ¢ induces a classical Ricci flow (g;)ier on Xy,. We
will often use the metric g and the Ricci flow (g;)e; synonymously when our analysis
is restricted to a product domain.

Definition 6.9 (Parabolic neighborhood). Let (M, t, d;, g) be a Ricci flow spacetime.
For any y € M let I, C [0,00) be the set of all times until which y survives. Now
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consider a point x € M and two numbers a > 0, b € R. Set t := t(z). Then we define
the parabolic neighborhood P(z,a,b) C M as follows:

P(z,a,b) U U y(t').

yEB(z,a) /€[t t+b]NIy

If b < 0, then we replace [t,t+b] by [t +b,t]. We call P(x,a,b) unscathed if B(z,a)
is relatively compact in M, and if I, D [t,t +b] or I, D [t + b,t] N [0,00) for all
y € B(x,a). Lastly, for any r > 0 we introduce the simplified notation

P(z,r) == P(x,r,—1r?)

for the (backward) parabolic ball with center x and radius r.

Note that if P(x,a,b) is unscathed, then it is a product domain of the form B(z, a)x
I, for any y € B(x,a). We emphasize that P(z, a,b) can be unscathed even if t+b < 0,
that is when it hits the initial time-slice earlier than expected. So an unscathed
parabolic neighborhood is not necessarily of the form B(z,a) X [t +b,t] if b < 0.

6.4. Necks. Borrowing from Definition we will introduce the notion of a d-neck.

Definition 6.10 (d-neck). Let (M, g) be a Riemannian manifold and U C M an
open subset. We say that U is a J-neck at scale \ > 0 if there is a diffeomorphism

W S% x (—5_1,5_1) — U
such that
H>\_2w*g — (3952 + gr) Hc[sfl](szx(fa—l,a—l)) <0

We call the image 1/(S? x {0}) a central 2-sphere of U and every point on a central
2-sphere a center of U.

Note that by our convention (see Deﬁnition we have p = 1 on (S2xR, %ggz +9r).
So on a d-neck at scale A we have p ~ A, where the accuracy depends on the smallness
of 4. We also remark that a d-neck U has infinitely many central 2-spheres, as we
may perturb v slightly. This is why we speak of a central 2-sphere of U, as opposed
to the central 2-sphere. Similarly, the centers of U are not unique, but form an open
subset of U.

6.5. Ricci-DeTurck flow and harmonic map heat flow. In this subsection we
recall some of the basic facts about the harmonic map heat flow and the Ricci-
DeTurck flow equation in the classical setting, which were first observed by DeTurck
[DeT83] and Hamilton [Ham95l, Sec.6]. More details, including precise statements of
short-time existence and regularity of these flows, can be found in Appendix [A]

Consider two n-dimensional manifolds M, M’, each equipped with a smooth family
of Riemannian metrics (g¢):cjo,77, (9;)tefo,r)- Let moreover (x¢)icpo1), Xt : M' — M be
a smooth family of maps.
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Definition 6.11. We say that the family (x¢):co,;) moves by harmonic map heat
flow between (M’,g;) and (M, g,) if it satisfies the following evolution equation:

n

(6.12) Oxe = Dgrgxe = Y (Ve diales) — dxa(Viier)),

=1

where {e;}!"; is a local frame on M’ that is orthonormal with respect to g.

Assume now for the remainder of this subsection that (g;)¢cpo,r) and (g;)icpp,r) evolve
by the Ricci flow equations

3tgt =-2 Ricgt, @gz =-2 Rngé .

Furthermore, assume for the rest of this subsection that all the maps y; are diffeomor-
phisms and consider their inverses ¢, := x; *. A basic calculation (see Appendix
for more details) reveals that the pullback g; := ¢} g, evolves by the Ricci-DeTurck
flow equation

(6.13) Owgr = —2Ricg; —Lix,, 5191
where the vector field X, (g;) is defined by

n

(614) th (g:) = Agf;!]t idy = Z (Vg:el - Vggei)v

i=1
for a local frame {e;}!; that is orthonormal with respect to g;.

The advantage of the Ricci-DeTurck flow equation over the Ricci flow equation is
that it is a non-linear, strongly parabolic equation in the metric g;. More specifically,
if we express g; in terms of the perturbation h; := g; — g, then becomes the
Ricci-DeTurck flow equation for perturbations

(615) Vcht = Agtht —+ 2 ngt(ht) + Qgt [ht]

Here we view ¢; as a background metric. All curvature quantities and covariant
derivatives are taken with respect to g;. On the left-hand side of (6.15]), we moreover
use Uhlenbeck’s trick:

(Voche)ij = (Oeha)i; + g1 (Ric (he)ig + Rict (he)g;)
The expressions on the right-hand side of (6.15)) are to be interpreted as follows:
(ngt(ht))ij = gqupiju(ht>qu
and Qg [h] is an algebraic expression in g;, hy, Vhy, V2hy of the form

Qg [e] = (g + he) ™" (g1 + he) ™15 Vhy x Vg
+ (g + he) 7% (gr + he) Ttk Ry, by k< by + (g + he) ™' % (g0 + he) 7 by x V2

See (|A.11) in Appendix [A| for an explicit formula for Q. The precise structure of
the quantity 9, will, however, not be of essence in this paper.

We remark that in the classical setting and in the compact case, the uniqueness of
solutions to the Ricci flow equation follows from the existence of solutions to (|6.12)
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and the uniqueness of solutions to (6.15)). More specifically, for any two Ricci flows
(9¢)tejo,r) and (g))tejo.r) on M and M’ for which there is an isometry x : M' — M
with x*go = g¢ one first constructs a solution (x¢)sefo,r) of (6.12), for some maximal
7 < T, with initial condition yo = x. The resulting perturbation h; = ¢;g; — g,
for ¢, = x; !, solves , as long as it is well defined. As hy = 0, we obtain by
uniqueness that h; = 0, as long as it is defined. It then follows that y; is an isometry
for all t € [0, 7] = [0, 7] and by that dyx; = 0.

In this paper we will mostly analyze solutions h; to (6.15)) of small norm. Via a limit
argument, such solutions can be understood in terms the linearized Ricci-DeTurck
equation

Vo, hy = Dy hy + 2Rmy, (hy).

For more details on this, see Section [9}

6.6. Maps between Ricci flow spacetimes. In this subsection consider two Ricci
flow spacetimes (M, t, 0, g) and (M’ ¥, 0y, g’), which we will abbreviate in the fol-
lowing by M and M’. Our goal will be to characterize maps between subsets of
these spacetimes. Using the terminology introduced above, we will then generalize
the notions introduced in the previous subsection to Ricci flow spacetimes.

Definition 6.16 (Time-preserving and time-equivariant maps). Let X C M be a
subset and ¢ : X — M’ be a map. We say that ¢ is time-preserving if t'(¢(z)) =
t(x) for all z € X. We say that ¢ is a-time-equivariant, for some a € R, if there is
some ty € R such that t'(¢(z)) = at(z) + to for all x € X.

Observe that a time-preserving map is also 1-time-equivariant.

Definition 6.17 (Time-slices of a map). If ¢ : X € M — M’ is time-equivariant
and ¢ € [0, 00) such that X; = X N M, # ), then we denote by

o= ¢lx, : Xo — My, Cc M’
the time-t-slice of ¢. Here t’ is chosen such that ¢(X;) C M,,.

Definition 6.18 (0;-preserving maps). Let ¢ : X — M’ be a differentiable map
defined on a sufficiently regular domain X C M. If (d¢).0; = Oy, then we say that ¢
is Oi-preserving.

Note that the image of a product domain under a time-equivariant and O;-preserving
map is again a product domain.

Definition 6.19 (Harmonic map heat flow). Let Y C M’ be a subset. We say that
amap x : Y — M evolves by harmonic map heat flow if it is 1-time-equivariant
and if at all times ¢,¢ € [0, 00) with Y; # 0 and x(Y}) C M, the identity

(6.20) dx(0v) = O+ Dgr g Xt

holds on the interior of Y. The last term in this equation denotes the Laplacian of

the map ¢, : (M}, g;) = (My, g:) (see (6.12) for further details).
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It is not difficult to see that the notions of harmonic map heat flow in Definition|6.19
corresponds to Definition in the case in which M and M’ can be described in
terms of classical Ricci flows (M, (g¢)er) and (M, (g})er), respectively. The same is
true in the case in which y is the inverse of a diffeomorphism ¢ : X — Y € M’, where
X is a product domain in M whose time-slices are domains with smooth boundary.
In this case, which will be of main interest for us (see Definition , the equation
(6.20) makes sense and holds, by continuity, on all of Y.

Next, we generalize the concept of Ricci-DeTurck flow to the setting of Ricci flow
spacetimes.

Definition 6.21. Consider a smooth symmetric (0, 2)-tensor field & on the subbundle
ker(dt) C T’M over a sufficiently regular domain N C M (in this paper we will only
consider the case in which N is a domain with smooth boundary or is a product
domain whose time-slices are domains with smooth boundary). We say that h is a
Ricci-DeTurck perturbation (on N) if

(6.22) La(g+h) = —2Ric(g + h) = Lx,(g+n (9 + N),
where X (g + h) is defined on each time-slice X; as in (6.14)).

If X is a product domain of the form X’ x I, and if we identify g and h with smooth
families of the form (g;)ier and (h¢)er, then (6.22)) is equivalent to the classical Ricci-

DeTurck equation ([6.13)).

The following lemma is an immediate consequence of our discussion from Subsec-
tion [6.5

Lemma 6.23. Let X C M be open or a product domain whose time-slices are do-
mains with smooth boundary and consider a diffeomorphism ¢ : X =Y := ¢(X) C
M. Assume that the inverse map ¢! :Y — X evolves by harmonic map heat flow.
Then the perturbation h := ¢*g' — g is a Ricci-DeTurck perturbation in the sense of
Definition 6.21].

7. A PRIORI ASSUMPTIONS

In this section we introduce the objects and conditions that will be used to formulate
and prove the main result, Theorem [13.1] which asserts the existence of a certain
type of map between subsets of Ricci flow spacetimes. The domain of the map will
be called a comparison domain (Definition , and the map itself a comparison
(Definition [7.2). The comparison and its domain will be subject to a number of a
priori assumptions (Definitions and . These definitions have been tailored to
facilitate an existence proof by induction over time steps.

We recommend reading the overview in Section [2| prior to reading this section, be-
cause it provides motivation for the structures defined here, and gives some indication
of the role they play in the proof. We refer the reader to Sections [5] and [6] for the
definitions relevant to this section.
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Y extension cap

NQ

Nl

FiGURE 8. Example of a comparison domain defined over the time-
interval [0, 5] and a cut. The dark shaded regions indicate the picture of
the comparison domain at integral time-steps %o, ..., t5. The extension
cap at time t3 is shaded very dark. This extension cap is contained in
a cut D, which is outlined in bold. Note that cuts, such as D, occur in
the definition of a comparison, not of a comparison domain.

7.1. Comparison domains. We begin with a definition that collects the qualita-
tive features of the domain of our comparison map. Additional assumptions of a
quantitative nature are imposed later, in the a priori assumptions. Loosely speak-
ing, a comparison domain is a sequence of product domains N, ..., N/ defined on
successive time-intervals, whose time-slices have spherical boundary (see Figure
for an illustration). Omne observes two types of behavior near the boundary as one
transitions from one product domain to the next: boundary components can either
“recede”, or they can be filled in by 3-balls. In the main existence proof, the latter
case corresponds to the situation when the comparison map is extended over a cap
region lying in a subset that is approximated by a Bryant soliton; for this reason, we
call the closures of such 3-balls extension caps.

Definition 7.1 (Comparison domain). A comparison domain (defined over the
time-interval [0,,]) in a Ricci flow spacetime M is a triple (N, {N7} <<y, {t;}1_,),
where:
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(1) The times 0 = t; < ... < t; partition the time-interval [0,¢,]. Each N7 (for
1 <j<J)is asubset of Mg,y ¢,), and N =Uicj< N7 C Mo,

(2) For all 1 < j < J the subset N7 is closed in M, and is a product domain, in
the sense of Definition 6.8, . .

(3) For all 1 < j < J, we have 8./\@7],Jrl C Int N . Here Int NV}, denotes the interior

of ./\/;J] inside M,,. Consequently, the difference ./\/;JJ',H\Int ./\ft]] is a closed subset
of My, that is a domain with smooth boundary, with boundary contained in
v

(4) For every 1 < j < J, the components of ./\ft]]',Jrl \ Int ./\ft]] are 3-disks, which are
called extension caps.

For any t < t;, we define the forward time-t slice Ny, of N to be the set of accumula-
tion points of N as ¢ \,t, and if t = t; we define N;, = N;. We define the backward
time-slices NV;_ similarly, but taking accumulation points as t Nt and when ¢ = 0,
we put No— = Ny. Thusif ¢t € (t;_1,t;) then Niw = N and Ny, _ = ./\/;j], Nyt = ./\/’tj],Jrl
if 1 < j < J. Observe that N; = N;_ UN;,.

In the case J = 0 the comparison domain (N = 0,{},{to}) is called the empty
comparison domain.

J

When there is no chance of confusion, we will sometimes abbreviate (N, {N7}/_;,

{tj}}']:()) by N.

7.2. Comparisons. Next, we collect the basic properties of our comparison maps
between Ricci flow spacetimes. Roughly speaking, a comparison is a map between
Ricci flow spacetimes that is defined on a comparison domain. Away from the tran-
sition times, the inverse of this map solves the harmonic map heat flow equation for
the evolving metrics, or equivalently, the pullback metric satisfies the Ricci-DeTurck
equation. At a transition time, the comparison is extended over the extension caps.
In order to guarantee a good interpolation, it is necessary to adjust the comparison
over a region that is much larger than the extension cap. As a consequence, the com-
parison, when viewed as a map between spacetimes, may have jump discontinuities
near every extension cap. The discontinuity locus is contained in a disjoint union of
closed disks, which we will call cuts (see Figure |8 for an illustration).

In the following definition, we allow a comparison to be defined on a shorter time-
interval than the comparison domain. This is done for technical reasons having to
do with a two part induction argument. More specifically, in Section we will
analyze a comparison that is defined on an entire comparison domain (over a time-
interval [0,7;]) and then extend the comparison domain by one time-step (to the
time-interval [0,¢;41]), without extending the comparison itself. So we will end up
with a comparison domain that is defined up to some time t;;, while the comparison
itself still remains defined only up to time ¢;.
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Definition 7.2 (Comparison). Let M, M’ be Ricci flow spacetimes and consider a
comparison domain (N, {N7}/_;, {t;}7_;) defined over the time-interval [0,,] in M.

j=1>
A triple (Cut,¢,{¢’'}/ ) is a comparison from M to M’ defined on (N,
{NI}_ {t;})_) (over the time-interval [0, ,-]) if:
(1) J* < J.

(2) Cut = Cut' U...UCut’ !, where each Cut’ is a collection of pairwise disjoint
3-disks inside Int N, .
3) Each D € Cut contains exactly one extension cap of the domain (N, {N7}/_,,
7=1
{t;}/_o) and every extension cap of (N, {N7}/_,, {t;}/_,) that is contained in
Mo,._,) is contained in one element of Cut.
4) Each ¢/ : N7 — M’ is a time-preserving diffeomorphism onto its image. More
p g p g
precisely, ¢’ may be extended to a diffeomorphism onto its image defined on
an open neighborhood of A7 in the manifold with boundary M1ty
(5) If J* > 1, then ¢ : U/, N7 \ UpecutD — M’ is a continuous map that is
smooth on the interior of Uj;/\/'j \ UpecutD. If J* =0, then we assume that
¢ : 0 — (0 is the trivial map. 4
(6) ¢ = ¢’ on the open time slab /\/(jtj_1 o forall j=1,...,J"
(7) For all j = 1,...,J* the inverse map (¢/)~! : ¢/(N?) — N7 evolves by
harmonic map heat flow (according to Definition [6.19)).
We define ¢, to be ¢]|Ngj if 0 < j < J* and ¢} if j = 0. Similarly, we define Gt;4 to

be qu\NjH if 0 <j<J*and ¢/ |- if j = J*
tj t yx

We remark that Definition implies that ¢ is injective, and that ¢! satisfies the
harmonic map heat flow equation everywhere it is defined.

Note that by Definition [7.2] the only comparison in the case J* = 0 is the trivial
comparison (Cut =0, ¢ : ) — 0,0).

As explained in Subsection [6.5] a map whose inverse is evolving by harmonic map
heat flow induces a Ricci-DeTurck flow on its domain. We will now use this fact to
define the Ricci-DeTurck perturbation associated with a comparison.

Definition 7.3 (Associated Ricci-DeTurck perturbation). Consider a comparison
domain (N, {N7}/_,, {t;}7_y) in a Ricci flow spacetime M that is defined over the
time-interval [0, ¢,] and a comparison (Cut, ¢, {¢’}7_,) from M to M’ defined on this
domain over the time-interval [0, ¢+ for some J* < J.

Define h := ¢*g' — g on N\ UpecutD and b/ := (¢’ )*g —gon N7 forall 1 < j < J*.
Then we say that (h,{h?}/_,) is the associated Ricci-DeTurck perturbation for
(Cut, ¢, {¢?}7_,). Moreover, for 1 < j < J* we set hy,_ := h{j, and define hy,_ = h}.
Likewise, for 0 < j < J* — 1 we set hy,4 = h{;“l and hy,.4 = hi*.

t

Note that by Lemma the tensors h and h/ are Ricci-DeTurck perturbations in
the sense of Definition [6.21]
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7.3. A priori assumptions I: the geometry of the comparison domain. Next,
we introduce a priori assumptions for a comparison (Cut, ¢, {¢’ 37:1) defined on a

comparison domain (N, {N7}7_,, {t;}/_). We first state the first six a priori as-
sumptions, (APA 1)H(APA 6)| which characterize the more geometric properties of
the comparison domain and the comparison. These are the only a priori assumptions

needed to implement the first part of the main induction argument, in Section [11]

To make it easier to absorb the list of conditions, we make some informal prelimi-
nary remarks. The construction of the comparison domain and comparison involves a
comparison scale reomp. Most of the a priori assumptions impose conditions at scales
that are defined relative to 7¢omp. For instance, the final time-slice of each prod-
uct domain A7 of the comparison domain is assumed to have boundary components
that are central 2-spheres of necks at scale r¢omp,. Moreover, we assume the com-
parison domain to be Areomp-thick and to contain all Argemp-thick points at integral
time-slices. These and similar characterizations will be made in a priori assumptions

[(APA 1) [[APA 3)|

In addition, we impose two assumptions, [(APA 4)[ and |(APA 5)| that restrict the
situations when a component can be discarded or added, respectively. To appreciate
the role of these two conditions, the reader may wish to imagine a scenario when a
Bryant-like cap region in M evolves through a range of scales, initially well below
ATcomp, then well above Arcomp, possibly fluctuating between these over a time scale
> r?omp. Then initially the cap region will lie outside the comparison domain, because
its scale is too small, and later it will necessarily lie in the comparison domain,
because it has scale > Arcomp. A priori assumptions [(APA 4) and [(APA 5)| ensure
that these events occurs when the tip of the cap has scale in the range approximately
(AT comps 10ATcomp ), and that they do not occur unnecessarily too often.

Finally, a priori assumption |(APA 6)|states that the comparison itself is an almost
isometry of high enough precision.

We mention that a priori assumptions [(APA 1)H(APA 6)[ depend on a number of
parameters, which will be chosen in the course of this paper. Also, as with Defini-
tion [7.2] in the following definition we do not require a comparison to be defined on
the entire comparison domain (see the discussion before Definition [7.2).

Definition 7.4 (A priori assumptions [(APA 1)H(APA 6)). Let (N, {N7}7_, {t;}1_0)
be a comparison domain in a Ricci flow spacetime M that is defined over the time-
interval [0,%,] and consider a comparison (Cut,¢, {¢’}7_) from M to M’ on this
domain to another Ricci flow spacetime M’ that is defined over the time-interval

0,t+] for some J* < J.

We say that (N, {N7}/_, {t;}]_,) and (Cut,¢,{¢’}/_,) satisfy a priori as-
sumptions [(APA 1)H(APA 6)| with respect to the tuple of parameters (7,
Ons A, Deap, A, 61, €can, Teomp) if the following holds:

(APA 1) We have t; = j - r2  foreach 0 <j < J.

comp

(APA 2) All points in N are Areomp-thick.
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(APA 3) For every 1 < j < J, the backward time-slice N}, _ = ./\/tjJ has the following
properties:
(a) The boundary components of Mj_ are central 2-spheres of d,-necks at
scale Toomp-
(b) Ni,— contains all A7 comp-thick points of M, .
(c) Each component of Ny, contains a A7comp-thick point.
(d) Each component of M, \ Int NV;,_ with non-empty boundary contains
a 10A7¢omp-thin point.
(e) The points on each cut D € Cut are Arcomp-thin.
(APA 4) (Discarded disks become thin)  Suppose 1 < j < J, and C is a component
of Ny, - \Int Ny, 4+ (if j > 2) or My \ Int Mo (if j = 1) such that:
(a) C is diffeomorphic to a 3-disk.
(b) 0C C Ny, 4.
Then either C does not survive until time ¢; (as in Deﬁnition or for some
time ¢ € [t;_1,t;] we can find a weakly Arcomp-thin point on C(t) (recall the
notation C(t) from Definition [6.6])
(APA 5) (Geometry of extension caps) For each 1 < j < J* and every component
C of My, \ Int V;, _ the following holds.
C is an extension cap of (N, {N7}/_, {t;}]_,) if and only if there is a
component C" of M.\ ¢y, (Int NV, ) such that:
(a) C and C’" are 3-disks.
(b) 9C" = ¢,-(9C).
(c) There is a point x € C such that (M,,,x) is d,-close to the pointed
Bryant soliton (Mp,y, gBry, TBry) at scale 10A7comp-
(d) There is a point 2’ € M;j, at distance < Deapreomp from C’, such that
( ;j,x’ ) is dp-close to the pointed Bryant soliton (Mp,y, gBry; TBry) at
some scale in the interval [D(;;Tcomp, D capTcomp) -
(e) C and C' have diameter < DapTcomp-
(APA 6) Consider the Ricci-DeTurck perturbation (h, {h}7_,) associated to the com-
parison (Cut, ¢, {¢’}7_,). If J* > 1, then |h| < my, on U/Z N7\ UpecuD.
Moreover, the €..,-canonical neighborhood assumption holds at scales (0, 1)

on UJZ, ¢ (N7).

We point out that a priori assumptions |[(APA 1)H(APA 4) are conditions on the
comparison domain only. On the other hand, a priori assumption places
restrictions on extension caps in terms of the comparison map and the local geometry
of the image. This is to ensure that extension caps arise only when the geometry of
the domain and target are nice enough to allow an extension of a comparison on that
is a precise enough almost isometry.

7.4. A priori assumptions II: analytic conditions on the comparison. Lastly,
we introduce a further set of a priori assumptions, a priori assumptions|(APA 7)H(APA|
13)|, which characterize the behavior of the perturbation h and the geometry of the
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FIGURE 9. The bound @ < @ in|(APA 7)|holds on all of A/ except for
the hatched region. The bound Q* < @* in |[(APA 9) holds on all of N/
except for the dotted region.

cuts more precisely. These assumptions will become important in Section [12], where
we will extend the comparison by one time-step onto a larger comparison domain.

We now give a brief overview of a priori assumptions [(APA 7)H(APA 13). A priori
assumptions [(APA 7)H(APA 10)|impose global bounds on the Ricci-DeTurck pertur-
bation h via two quantities ) and QQ*. These bounds essentially introduce a pointwise
weight, which depends on the curvature scale p and time. A priori assumption
imposes a bound on () on the comparison domain, on the complement of forward
parabolic neighborhoods of cuts. Similarly, a priori assumption imposes a
bound on * at points of the comparison domain that are far enough away from its
neck-like boundary. For an illustration of the domains on which these bounds do or
do not hold, see Figure |§| A priori assumption introduces a weaker bound
on (), which holds essentially everywhere on the comparison domain. Note that the
constant W in this bound will be chosen to be large. Therefore, a priori assumption
will not directly imply a priori assumption .

A priori assumption [[APA 10)| states that Q* is small on each cut and a priori
assumption |[(APA 12)[guarantees a good bound on ) and @* on the initial time-slice.

A priori assumption [(APA 11)| controls the geometry of the cuts. Lastly, a priori
assumption [(APA 13)[imposes a bound on ¢;.
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Definition 7.5 (A priori assumptions|(APA 7)H(APA 13))). Let (N, {N7}/_}, {t;}]_)
be a comparison domain in a Ricci flow spacetime M that is defined on the time-
interval [0,¢,] and consider a comparison (Cut, ¢, {¢”}7_,) on this domain to another

Ricci flow spacetime M that is defined on the same time-interval [0, ¢;].

We say that (N, {N7}/_, {t;}7_,) and (Cut,¢,{¢’}/_,) satisfy a priori as-
sumptions [[APA 7)H(APA 13)| with respect to the tuple of parameters (T,
E, H, M, Vs A\, Deuts Dewt, W, A, rcomp) if the following holds. Define the functions

Q= MTER], Q= TV

on N\ UpecuD, where t : M — [0, 00) is the time-function. On /\/tji we denote by
Q)+ and Q7 the corresponding values for iy, +. We also set Q1 := @ on N\ UpeccuD.
Set

@ = 10_E_17711n7“5)mp7 G* = 10_1771in()\7“comp)3-
Then
(APA 7) (Q < Q if no cuts in nearby past) For all z € N\ UpecyD for which
P(xz, Api(z)) N D = () for all D € Cut, we have
Qx) < Q.
Note that the bound is also required to hold if P(z, Api(x)) ¢ N.
(APA 8) We have
Q<W-Q on N\ Upecut D.
(APA 9) (Q* < Q" away from time-slice boundary) For all x € N\ UpecuD for
which B(z, Api(z)) C Nyg)-, we have
Q@) <Q"
(APA 10) On every cut D € Cut, we have
Q*_A,_ S ncut@*'
(APA 11) For every cut D € Cut, D C My, the following holds: The diameter of

D is less than Dcyrcomp and D contains a %Dcutrcomp—neighborhood of the
extension cap C =D \ Int Ny, _.

(APA 12) We have Q < vQ and Q* < vQ" on N (i.e. at time 0).
(APA 13) We have t; <T.

Note that a priori assumptions [(APA 7)H(APA 13)|are vacuous if J = 0.
We briefly comment on the purpose of a priori assumptions [(APA 7)H(APA 9)|

As explained in Section 7 a priori assumption [(APA 7)| the bound @ < @, serves
as a main ingredient for the Bryant Extension Principle, as long as E is chosen large

enough. It will also be used to ensure that |h| < n;, at most points of the comparison
domain.

Note however that @ is chosen such that the bound @ < @ only implies |h| < i,
when p1 2 Teomp. S0 it does not imply |h| < ny, everywhere on the comparison

~
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domain. Unfortunately, we will not be able to remedy this issue by replacing Q in
a priori assumption by a smaller constant, as our solution of the harmonic
map heat flow will introduce an error of magnitude depending on ¢, near the neck-like
boundary of N.

More specifically, assuming that the bound @ < Q holds near the neck-line bound-
ary, which has scale & 'comp, then errors would force @ 2 rf 7' where i/ = 1/(6y).

On the other hand, since we would want the inequality @ < Q to enforce the bound
|h| < mn everywhere in N, and since N’ may contain points of scale = Areomp,
we would need to have Q < (/\Tcomp)Emin. Combining the two inequalities, we get
7' (0,) < My, so we end up with a condition of the form d§, < &, (i, A). However, to
construct the comparison domain so that its boundary consists of (roughly) d,-necks,
we need a condition of the form A < A(9,,), which is incompatible. In summary, the
constant @ cannot be chosen such that a priori assumption is both weak
enough to hold near the boundary of A/ and strong enough to imply |h| < my, at all
points of scale 2 Areomp-

The bound Q* < Q" in a priori assumption [(APA 9)| on the other hand, automat-
ically implies |h| < my, everywhere on N. However, we are not imposing it near the
neck-like boundary of N.

Lastly, note that the bound @ < @ may be violated after a Bryant Extension
construction. Therefore, we have not imposed it in a priori assumption [(APA 7)| at
points that lie in the near future of cuts. At these points, the bound Q* < Q" will be
used to guarantee |h| < my,. Moreover, the bound @Q < W(Q from a priori assumption

(APA 8)|will be used to partially retain a priori assumption |(APA 7)|in the future of a

cut. Using the interior decay from Subsection [9} this bound can in turn be improved
to the bound @ < @ from a priori assumption |(APA 7)| after a sufficient time.

7.5. Parameter order. As mentioned earlier, the a priori assumptions, as intro-
duced in the last two subsections, involve several parameters, which will need to be
chosen carefully in the course of this paper. Each step of our construction will require
that certain parameters be chosen sufficiently small/large depending on certain other
parameters. In order to show that these parameters can eventually be chosen such
that all restrictions are met, we need to ensure that these restrictions are not circular.
For this purpose, we introduce the following parameter order:

T7 E7 -H7 Min, V, 5n7 >\7 Dcap7 Tcut, Dcu‘m VV; A7 A7 5b7 €can) Tcomp

In the entire paper, we will require each parameter to be chosen depending only on
preceding parameters in this list. So parameters can eventually be chosen successively
in the order indicated by this list.

For a more detailed picture of all the parameter restrictions imposed in this paper
see Figure These restrictions also appear in the preamble of our main technical
result, Theorem [I3.1] Note that, as these restrictions are not completely linear, there
are several admissible parameter orders. We have chosen the above parameter order,
because we found it to be most intuitive.
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Tcut

w A A 5]9 €can

|

Tcomp

FiGURE 10. All restrictions on the parameters that will be imposed
throughout this paper. Each parameter in this graph can be chosen
depending only on the parameters that can be reached by following the
arrows backwards. Note that the graph does not contain any oriented
circles.

We advise the first-time reader that it is not necessary to follow all parameter
restrictions in detail when going through the proofs of this paper. Instead, it suffices
to check that the above parameter order is obeyed in each step.

8. PREPARATORY RESULTS

In this section we collect a variety of technical results that will be needed in the
proof of the main theorem. These are based on definitions from Sections [5H7] The
reader may wish to skim (or skip) this section on a first reading.

8.1. Consequences of the canonical neighborhood assumption. The com-
pleteness and canonical neighborhood assumptions, as introduced in Definitions
and lead in a straightforward way to local bounds on geometry, including local
control on curvature and its derivatives, as well as control on neck and non-neck
structure. We begin this subsection with a few such results (Lemmas [8.1{8.13)), and
then use them to deduce control on scale distortion of bilipschitz maps (Lemma|8.22)),
self-improvement of necks (Lemma[8.30)) and scale bounds near necks (Lemma (8.31)).

Our first two results are direct consequences of the definition of the canonical
neighborhood assumption, and properties of k-solutions.

Lemma 8.1. The following hold:
(a) For every A < oo there is a constant C' = C'(A) < oo such that if
€can S ECan (A)
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and a Riemannian manifold M satisfies the €can-canonical neighborhood as-
sumption at x € M, then the following holds on the ball B(x, Ap(x)) for all
0<m<A

p=V3R":,  C7lp(x)<p<Cplx),  |V"Rm|<Cp?"(x).
(b) There is a C' < oo such that if

ecan S Ecan

and M is a Ricci flow spacetime that satisfies the €can-canonical neighborhood
assumption at some point v € M, then

0% () = 3|0 R () < C.
(¢) Given 6 > 0, if
€can S Ecan(é)

and M is a Ricct flow spacetime that satisfies the €..n-canonical neighborhood
assumption at some point x € M, then

Oip*(z) = 30, R (x) < 4.

Proof. Assertion @ follows from the definition of the canonical neighborhood as-

sumption, assertions and @ of Lemma and Lemma .

For assertions @ and |(c)| we recall that in a Ricci flow the time derivative 0, R(x)
may be expressed as a universal continuous function F(Rm(z), V Rm(x), V? Rm(z))
of spatial curvature derivatives. Now assertions|(b)] and [(c)| follow from the definition
of the canonical neighborhood assumption, and assertion |(e)| of Lemma [C.1] O

Lemma 8.2. For every § > 0 there is a constant Cy = Cy(9) < oo such that if

€can S Ecaun(5>7
then the following holds.

Assume that (M,qg) is a Riemannian manifold that satisfies the €can-canonical
netghborhood assumption at some point x € M. Then one of the following hold:

(a) x is the center of a d-neck at scale p(x).
(b) There is a compact, connected domain V- C M, with connected (possibly empty
boundary) such that the following hold:
(1) B(x,6 'p(z)) C V.
(2) p(y1) < Cop(yz) for all yr,y2 € V.
(3) diamV < Cyp(x).
(4) If OV £ 0, then:
(i) OV is a central 2-sphere of a §-neck.
(i1) Either V is a 3-disk or is diffeomorphic to a twisted interval bundle
over RP?.
(111) Any two points z1,zy € OV can be connected by a continuous path
inside OV whose length is less than

min{d(z1,x),d(x, z2)} — 100p(x).
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(5) If V is diffeomorphic to a twisted interval bundle over RP?, then p(y;) <
2p(ye2) for all yi,y, € V.

Proof. This follows immediately from Lemma [C.2] using the definition of the canonical
neighborhood assumption. 0J

Lemma 8.3. Suppose M is an (ro,ty)-complete Ricci flow spacetime. If for some
r > 19 we have p > r on a parabolic neighborhood P(x,a,b) C My, then it is
unscathed.

Proof. Let t = t(x). From the (rg,ty)-completeness of M, any unit speed geodesic
in M, starting at  can be extended up to a length of at least a. Therefore the
exponential map exp, : T, M; D B(0,a) — M, is well-defined, and has compact
image exp,(B(0,a)) = B(z,a). If y € B(x,a), then since p > r on P(z, a,b), it follows
from (rg, ty)-completeness that y(¢) is defined on [t, ¢+ b] if b > 0 or [t + b, ¢] N[0, 00)
if b < 0. O

Next, we derive a few results based on the bounds in Lemma [8.1]

Lemma 8.4 (Scale nearly constant on small two-sided parabolic balls). If L > 1 and
n S ﬁ(L) y €can S Ecama
then the following holds.

Suppose 0 < r < 1 and M is an (€canT, to)-complete Ricci flow spacetime sat-
isfying the €can-canonical neighborhood assumption at scales (€cant, 1). If for some
point x € M, with t € [0,ty] we have pi(x) > r, then the parabolic neighborhoods
Py = P(z,npi(z), £(np1(2))?) N Moy, are unscathed and

(8.5) L™ pi(x) < p1 < Lpa(2)
on PL UP_.
Proof. 1f

Ecan S Ecana

then by Lemma and assertions @ and @ of Lemma there is a constant
Cy < oo such that near any point that satisfies the e.,,-canonical neighborhood
assumption we have

(8.6) Vol 10p?| < Co.

Now choose a point y € Py, and let v : [0,a] — M be a curve from z to y that
is a concatenation of curves 71,7, where 7 is a unit speed curve from x to y(t) of
length < np1(x), and 72 is the integral curve of £0; from y(t) to y. Then by ,
for i = 1,2, we have

(8.7) [(prom) () <Co,  Ipio)(s)] < Co

wherever the derivatives are defined and p; o ¥;(s) > €canr. Therefore if

n <n(L),
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then (8.5)) follows by integrating the derivative bound (8.7). The fact that Py are
unscathed follows from Lemma [8.3] O

Lemma 8.8 (Backward survival control). Ifé >0, A < oo and
€can S Ecaun(& A) y
then the following holds.

Suppose r > 0 and M is an (€canr, to)-complete Ricci flow spacetime satisfying the
€can-canonical neighborhood assumption at scales (€eant, 7). Let x € M, with t € [0, o]
and assume that p(x) > r. Then x(t') exists for allt € [t — Ar?,t] N [0,00) and we
have p(x(t)) > (1 — d)r.

Proof. Set t := t(x) and let 6x > 0 be a constant whose value we will choose at the
end of the proof. Recall that p, = min{p,r}. By assertion of Lemma , and
assuming

€can S Ecan(é#)a
we have

(8.9) %(ﬂ?(x(f))) < 0y

for all # < ¢ for which both z(f) and the derivative exist and p?(z(f)) > (€canr)?.
Therefore, if

54 <35, 4),
then we may integrate to obtain that p?(z(t)) > (1 — d)r for all £ <t for which
t —t < Ar? and z(t) is defined. Assuming

€can < 1 — 0,

we can use the (€canr, to)-completeness to show that x(¢) is defined for all ¢ € [t —
Ar? ] N[0, 00). O

Lemma 8.10 (Bounded curvature at bounded distance). For every A < oo there is
a constant C' = C(A) < oo such that if

€can S Ecan(AA)a
then the following holds.

Let 0 < r < 1 and consider an (€canr, to)-complete Ricci flow spacetime M that
satisfies the €qan-canonical neighborhood assumption at scales (€cant, 1). If £ € Mgy
and pi(x) > r, then P(x, Api(x)) is unscathed and we have

(8.11) C'pi(z) < p1 < Cpy(z) on P(z, Ap(2)).
Proof. We claim that there is a constant €y = C1(A) < oo such that
(8.12) Ciipi(zr) <pr < Cipr(z)  on Bz, Api(z)).

This is immediate if p; = 1 on B(x, Api(x)), so suppose p1(y) < 1 for some y €
B(x, Api(x)). By the continuity of p;, we may choose y such that p;(y) € (501(2), 1).



48 RICHARD H. BAMLER AND BRUCE KLEINER

Applying assertion [(a)] of Lemmal8.1] to the ball B(y,4Ap(y)) D B(z, Api(z)), we get
B.12).

If
€can S ECan(14)7
then using (8.12), we may apply Lemma[3.§ at any point z € B(xz, Ap:(z)) to conclude
that v(f) is defined and
pi(z(1) = 307 pr(w) > ecanr
for all £ € [t — Api(x)?,t] N[0, 00). Thus P(z, Ap;()) is unscathed by Lemma

Next, by assertion of Lemma there is a universal constant Cy < oo such
that if

€can S ECan(AA)v
then for all £ € [t— Ap}(2)]N[0, 00) we have |£(p3(2(t))] < Cs, provided the derivative
is defined. Integrating this bound yields p?(z(t)) < C?p}(z) for C = C(A) < co. Thus
(8.11) holds. O

In the next result we combine the bounded curvature at bounded distance esti-
mate (Lemma with a distance distortion estimate to find a parabolic neigh-
borhood centered at a point x that contains all parabolic neighborhoods of the form
P(y, Aspi(y)), where y varies over some parabolic neighborhood P(x, Ayp;(x)).

Lemma 8.13 (Containment of parabolic neighborhoods). For any Ay, Ay < oo there
is a constant A’ = A'(Ay, Ay) < oo with A" > Ay + Ay such that if

€can S Ecan(Ah A2)7
then the following holds.

Let 0 < r < 1 and consider an (€canr, to)-complete Ricci flow spacetime M that
satisfies the €can-canonical neighborhood assumption at scales (€cant, 1). If & € Mgy
and pi(x) > r, then the parabolic neighborhood P(x, A'pi(x)) is unscathed and we
have

(8.14) P(y, Asp1(y)) C P(z, A'pi(2))
for all y € P(z, A1p1(x)).

Proof. We first use Lemma [8.10] assuming
€can < €can(A1),
to argue that P(z, A1p1(z)) is unscathed and
(8.15) p1 < C1(A1)p1(x) on Pz, Aipi(x))
for some C; = C1(4;) < oc.

The constant A’ will be determined in the course of the proof. Again, by Lemma[3.10]
assuming

(8.16) €can < Ecan(A'),
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we find that P(xz,2A'p;(z)) is unscathed and that p; > co(A")p1(x) > cor > €canr On
it. At any point z € P(x,2A'p;(x)) with pi(z) < 1 the curvature operator is close
to that of a k-solution. Since k-solutions have non-negative Ricci curvature, we can
argue that
Ric > —&(4)p~2(2) > —p;*(x)

at z if we assume a bound of the form . On the other hand, at any 2z €
P(x,2A'p1(x)) with p;(2) = 1 we have p(z) > 1 and therefore Ric > —C, at z for
some universal constant C5. So, in summary, we have

(8.17) Ric > —Cyp; % () on  P(x,2Ap(x)).

Now consider a point y € P(z, Ajpi(x)). Set t, := t(z) and ¢, := t(y). We first
claim that for
Al Z A,<A17 AZ)

we have

(8.18) B(y, Aap1(y)) € Pz, A'pi ().

Assume not and choose a smooth curve 7 : [0,1] = (P(x,2A4'p(x));, between y and
a point in z € P(z,2A'p:(x)) \ P(x, A'pi(x)) such that £, (v) < Azpi(y). Note that
for all ¢’ € [t,,t,] the curve vy : [0,1] = M, with y(s) := (7(s))(t) is defined and
its image is contained in P(z,2A'p(x)). So by and we have

di, (y(t2), 2(tz)) < by, (7,) < exp (Copy*(x)ATpi(x)) - Aspi(y)
< C1 Ay exp(CyAT) py ()

So
A'pi(x) < di,(,y) + di, (y, 2(t2)) < Aipr(z) + CrAs exp(CoAT) pa ().

Now set

A/(Al, Ag) = A1 + ClAQ exp(CgA%) + \/ A% + A%

Then we obtain a contradiction and thus (8.18)) holds. Since A2 > A2+ A2, we obtain
®.14). 0

The next two results concern the behavior of the curvature scale p under nearly
isometric mappings. We begin with a convergence lemma that shows that an im-
mersion between Riemannian manifolds must nearly preserve the scale, provided it
is nearly an isometry, and we have sufficient control on the curvature and possibly
curvature derivatives on the domain and target. The main point is that the map is
only assumed to be an almost isometry in the C°-sense.

Lemma 8.19. Suppose {(Z}, i, 21152, {(Z2, g2, 23)}52, are sequences of pointed
smooth Riemannian manifolds such that for some ro > 0 and for each i = 1,2 the
ball B(z.,r0) C Z 1is relatively compact for all k, and one of the following holds:

(i) Supp (i vy [Rmlg; — 0 as k — oo.

(1) Hm supy, o SUP (s ) [V/ Ry < oo for 0 < j <5.
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Let {¢r : Z} — Z32}2, be a sequence of smooth maps such that ¢y(z}) = z7 and

(8.20) sup |(Shgr — 1)‘ , —0 as k— 0.
B(z},r0) Ik

Then, after passing to a subsequence, the scale functions converge to the same limit:

lim p(z;,) = lim p(z}) € [0,00) U {oc}.
k—oo k—o0

Proof. We first prove the lemma under the additional conditions that the ¢xs are
diffeomorphisms and the injectivity radii at z; satisfy

(8.21) lim inf InjRad(Z}, g, 2) > 0.
—00

Using standard injectivity radius estimates, conditions , , , and
imply that for every r < rg, and sufficiently large k, the injectivity radius is bounded
uniformly from below on B(z},r) C Zi. By standard compactness arguments, after
passing to a subsequence, the sequence of pointed balls {(B(z},70), g, 25)}3>, con-
verges to a pointed C*-Riemannian manifold (Z¢_, g_, 2_) that is a proper ro-ball (i.e.
balls of radius < rg are relatively compact), and there is a basepoint preserving map
boo 1 (Z1,2L) — (Z2,,2%) that is an isometry of the Riemannian distance functions,
where for each ¢ = 1, 2:

o If {g.} satisfies |(i) . then the pointed convergence (B(z},ro), gk, 2t) — (Z%,,
2! ) is with respect to the Gromov-Hausdorff topology and Z'_ is flat.

o If {g;} satisfies |(ii) [} then the pointed convergence (B(z}, ), gk,zk) — (Z,
i) is with respect to the C*-topology.

goo7 00

In view of the above we have p(zi) — p(z%) € [0,00) U {oo} as k — oo for i = 1,2.
Since ¢, is an isometry (of distance functions) between C* Riemannian manifolds, it
is a C3-isometry of Riemannian manifolds, and hence it preserves curvature tensors:

', (Rm(z2)) = Rm(zl). Tt follows that p( L)y =p(z2).

We now return to the general case. We may assume after shrinking ry that the
conjugate radius of Z} at z} is > 2rg. Fori = 1,2 let (W}, wk,) be the ball B(0,2ry) C
T.1 7, with basepoint w, = 0 € B(0, 2ro), and let hj, = exp* 1 Gi» M3 = (Proexp,1)*gi.
Then the injectivity radius at w;, satisfies InjRad (W}, hy., wk) > 1o, and B(wi, 1) C
W} is relatively compact. Therefore, applying the above argument to the identity
maps W} — W7, we obtain the lemma. O

Lemma 8.22 (Scale distortion of bilipschitz maps). There is a constant 103 < Csp <
oo such that the following holds if

MNin S ﬁ]im 511 S 5n7 €can S Ecana Tcomp S Fcomp'

Let M, M’ be (€cancomps to)-complete Ricci flow spacetimes. C’onsider a closed

product domain X C M) on a time-interval of the form [t — ri 0. t], t > 12,
such that the following holds:

comp’
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(1) 0X: consists of embedded 2-spheres that are each centers of d,-necks at scale

Tcomp -
(11) Each connected component of X; contains a 2romp-thick point.

Lett e [t — rgomp, t], ' > 0 and consider a diffeomorphism onto its image ¢ : Xz —
M, such that |¢* g, — gi| < min. We assume that M satisfies the €can-canonical neigh-
borhood assumption at scales (0,1) on X, and that M’ satisfies the €can-canonical
neighborhood assumption at scales (0,1) on ¢(X3).

Then for any x € X; we have
(8.23) Coppi(r) < pr(e(x)) < Csppr().

This lemma will later be applied whenever a bound on the distortion of the scale
function under a comparison (as defined in Definition is needed. The product
domain X in this lemma will later be taken to be a time-slab A7 of a comparison
domain (as defined in Definition and ¢ will denote the time-slice of a comparison.

Assumptions |(i)| and correspond to a priori assumptions [(APA 3)[(a) and
3)l(d), respectively (see Definition [7.4).

In order to avoid confusion, we point out that usually it is possible to derive stronger
scale distortion bounds than (8.23]), with Csp replaced by a constant that can be
chosen arbitrarily close to 1. These stronger bounds follow simply via local gradient
estimates, due to the parabolic nature of the comparison. This approach, however,
fails if the point x lies close to the spatial or time-like boundary of X. This is why
we have to work with a larger constant Csp in this paper.

Proof. Assume that the lemma was false. Then there are sequences M, — 0, oy —
07 €can,k — O) Tcomp,k — 07 {Mk}a {M,k}a {Xk}v {xk}a {tk}v {tk}a {t;g}> ¢k : Xi -
M;’fk satisfying the assumptions of the lemma, such that

p1(xk)
p1(dr(Tr))

To simplify notation, we let M; = ./\/lé—“k and M, = M;Z denote the time-slices,
with metrics g and g, respectively, and let Y}, := Xi C Mj, be the relevant time-slice

of the product domain X*.

Let ri := min{p;(zx), p1(ér(x))}. In view of (8.24) we have rp — 0. Note that
by our assumptions, for each of zy, ¢i(xy), either the €cap -canonical neighborhood
assumption holds or we have p;(zg) = 1 or py(¢r(zx)) = 1, respectively. In the first

case we may use the estimates on the derivatives of curvature in assertion |(a)| of
Lemma 8.1 and we have

(8.25) |V/Rm| < Cyry > on  B(xg,rp) or B(og(xy),ry),

respectively for some universal C'; < oo and large k£ and 0 < j < 5, and in the second
case we may apply Lemma to obtain

(8.26) [Rm| <Cy,  on  B(xg,m) or B(éw(wr), k),

(8.24) — 0 or oo as k— 0.
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respectively, for some universal (5 < oo and large k.
Case 1: liminfj_ o r,;ld(xk,ﬁYk) > 0.
If we let Gy, = 7}, %k, G} = T}, “d, then the assumptions of Lemma 8.19| hold for

the sequence {¢y : (Int Y, gk, zx) — (ML, G, dr(xr))} by (8.24), (8.25), (8.26) and
the fact that r, — 0. Hence, after passing to a subsequence,

Jim pg, (2x) = lim pg (9r(24)) -

Since for every k the e,y g-canonical neighborhood assumption holds at one of the
points x, ¢ (xy), the above limit must equal 1. This contradicts (8.24)).
Case 2:  liminfi_, r,;ld(:zzk, dYy) = 0.

After passing to a subsequence, we may assume that

(8.27) Jim o td(zg, 0Y)) = 0.

For each k£ we may choose a boundary component > C Xf;‘c such that limy_, r,;ld(xk,
Yi(tr)) = 0. Let Uy be the 107 ¢omp g-neighborhood of 3y in thk. If k is large, then
%rcomnk < p < 27eompr o0 Up. So by assumption and the fact that d,; — 0,
it follows that U, does not fully contain the component of th,’; in which it lies, and
moreover it does not intersect any other boundary components of Xf; . Therefore,
we can pick iy € XZZ with d(yk, Xk) = Tcompk. By Lemma m there is a universal
constant C3 < oo such that for large k we have

(828) C;‘:lrcomp,k S P S C?)Tcornp,k

on Uy(t), in particular on Xy (¢x). By (8.25) or (8.26) and the fact that B(xy,ry) N
Y (tx) # 0 for large k, we get 1p < CyTcomp for large k, where Cy < oo is a universal
constant. By ({8.28)), (8.27), and a distance distortion estimate, we have xy € Uy(ty),
and therefore r, < p1(x)) < CsTeompk for large k. Hence limy,_, o rc_ohlpkd(:pk, dYy) = 0.

By a distance distortion estimate, there is a universal constant C5 < oo such that for
large k

(8.29) Cs Teompar < d(yr(te), 1), d(yr(tr), 0Ye) < CsTcompy:
So using (8.29) and Case 1, we can find a uniform C < oo such that

Cy 'O reompr < Cg ' p1(yn(tr) < pr(dn(ye(tr)) < Copr(yr(tr)) < C3C6T compi-

Since d(pr(yr(tr)), dr(zr)) < 2C37compr for large k, Lemma gives C’;lrcompyk <
p1(or(xr)) < Crreompr for some uniform C7 < oo and large k. This contradicts
(8.24). [

In the following lemma we show that a region that is bilipschitz close to a cylinder
contains a smaller region on which we have closeness to a cylinder in the C™-sense,
provided that the canonical neighborhood assumption holds. So the smaller region
is a neck of arbitrarily high accuracy, as long as the bilipschitz control on the larger
region is strong enough.
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Lemma 8.30 (Self-improvement of necks). If
6# > 07 o S 3(5#>7 €can S ECan(6#>7

then the following holds.

Let (M,g) be a Riemannian manifold and © € M be a point that satisfies the
€can-canonical neighborhood assumption. Let v > 0 be a constant and 1 : S? x
(=671, 671 — M be a diffeomorphism onto its image that satisfies x € ¥(S* x {0})
and

9 ik 2
=260 — 95 o < 8

where g5 *® denotes the round cylindrical metric with p =1 and the C°-norm is taken
over the domain of 1.

Then x is a center of a dx-neck in M at scale r.

Proof. Without loss of generality we may assume that r = 1.

Assume that the lemma was false for some 64 > 0. Then we can find sequences
0 — 0, €canr — 0, as well as a sequence {(Mj, gx,xx)} of pointed Riemannian
manifolds and a sequence {¢), : S? x (=8, ',0;') — M} of diffeomorphisms onto
their images such that for all k:

(1) (My, gx) satisfies the €can x canonical neighborhood assumption at xy.
(2) =y € Pi(S? x {0}),

(3) vigr — g% *Flloo < 0 — 0.

(4) xy is not a center of a dx-neck at scale 1.

Let 7% := p1(zg). Then letting
(Zlia gli) Zli) = (S2 X (_6];17 516_1)a ;’:2952XR7 wk_l(‘rk)) ;
(Zlfagl?w Z;z) = (Mk,%zzgk,,l'k) y

and ¢y := vy, the assumptions of Lemma hold by (3) above and assertion [(a)] of
Lemmatogether with the choice of 7. Therefore we have p(zy) — p(¢;  (7x)) = 1
as k — oo. It follows that (Mg, gk, Tk) 1S €cank-close at scale tending to 1 to the

final time-slice (]\/Jk,:cik,/x\k) of a kp-solution with p(Zy) = 1, as k — oo. Hence
diam([\/i\k,ﬁk) — 00. Since p(Zy) = 1, it follows that (]\//Tk,:q\k) cannot be a round
metric for large k. Hence, by assertions @ and @ of Lemma , after passing to a
subsequence, the sequence {(Mg, gk, )} converges in the pointed smooth topology
to the final time-slice (Muo, goo, Too) Of some k-solution. However, by property (3)
above we conclude that (Mu, goo) is isometric as a metric space to (S% x R, g% *F)
equipped with the induced length metric. So (My, goo) is isometric as a Riemannian
manifold to (52 x R, ¢5**®). Thus z;, is a center of a d4-neck at scale 1 for large k,

contradicting (4). O

The next lemma gives control on the scale at bounded distance to a neck, assuming
the canonical neighborhood assumption.
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Lemma 8.31 (Scale bounds near necks). There is a constant g > 0 such that for
every X < oo there is a constant Y =Y (X) < oo such that if

€can S Ecan()()a
then the following holds.

Let (M, g) be a (possibly incomplete) Riemannian manifold and let ¥ C M be a
central 2-sphere of a dg-neck at scale 1 in M. Assume that M satisfies the €can-
canonical neighborhood assumption at some point in 3.

Consider a point x € M \ X and let C be the component of M \ ¥ containing x.
If d(z,%) < X and diamC > Y, then p\(z) > &. Here the diameter is taken with
respect to the distance function of (M, g).

The proof uses the geometry of non-negatively curved manifolds to bound neck
scales from below. The argument is a variation on part of Perelman’s proof of com-
pactness of k-solutions (see [Per(2]).

Proof. Fix X < oo and some small constant g > 0. The precise conditions on the
smallness of dy will become clear in the course of the proof.

Assume that the statement of the lemma was false (for fixed X)) and choose se-
quences Yy — 00 and €can p — 0. Then we can find counterexamples (Mg, gx), Xk, Tk,
Cr. C M\ X such that (M, gi) satisfies the €can g-canonical neighborhood assumption
at some point y, € Xy, d(zg, Xy) < X, diam Cy > Y, but p(xy) < %.

If

do < do,
then the injectivity radius at y; is uniformly bounded from below by a positive con-
stant. So, after passing to a subsequence, we may assume that:

e The sequence of pointed Riemannian manifolds (Mg, gk, yx) converges to the
pointed final time-slice (Muo, goo, Yoo) Of some r-solution.

e The 2-spheres Y, C Mj converge to a central 2-sphere Y., of a 2dg-neck
Uy, C M., at scale 1.

e The points x converge to a point x, € My, such that p(zy) < %.

o d(Too,Yoo) = iéo_l, since we may assume that p > 3 on the 26p-neck Us.

As diam C;, > Y, — oo, the k-solution M., must be non-compact. If
8o < do,

then M., cannot be isometric to a quotient of a round cylinder, because U, is a
25p-neck of scale 1, while p(z.) < %. Therefore M, is diffeomorphic to R?, and the
2-sphere Y, bounds a compact domain, and a non-compact domain Z. We cannot
have 2o, € My \ Z, since this would imply that diam C, < 2diam(M \ Z) for large
k, contradicting the fact that diamC, — oco. So z, € Z.

Let v C M., be a minimizing geodesic ray starting from y.,, and pick z € yN Z,
to be determined later. Let Y2, ZZo, and Ty be minimizing geodesic segments
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between the corresponding pairs of points. Assuming
do < do,

the segments Yoz, Yooloo May intersect >, at most once and are nearly parallel to
the R-factor of the neck U,. Therefore both segments are contained in Z apart
from the endpoint y.., and they form an angle of at most § at y... By Toponogov’s

theorem, this implies that the comparison angle Zyoc (oo, 2) is at most §. Provided
that d(z, ys) is sufficiently large, we therefore have Z, (Yoo, 2) > 7.

Fix some small §; > 0 whose value we will determine later. If
do < b9

and d(z, Yoo ) is sufficiently large, then p~ (24) min{d(zeo, 2), d(Zoo, Yoo ) } is large enough
that we may apply [KLOS|, Corollary 49.1] to conclude that x, is a center of a d;-neck,
with central 2-sphere ¥, C M. If §; < 01, then the segments TooZ, oo, Yoo intersect
Y., only at x,, and are nearly parallel to the R-factor the neck at z,,. Since their
angle at z, is > 7, it follows that y., and z lie in distinct connected components of
Mo\ 2.

Let ¢y be the diameter of a central 2-sphere of a round cylinder of scale 1. If
§o < 8y, we may choose a point Yh, € Yoo such that d(y.,, yYso) > .99¢o. Now consider
geodesic segments Joz, y'_z. If 6y < &y, both segments are contained in Z, and since
Y., separates 9o, from z, both segments intersect ¥, . If §y < 0¢ then |d(z, yso) —
d(z,y..)| < .0lc, as follows by applying the triangle inequality to points on 7z,
Y’z at distance %50_ ! Therefore, after swapping the labels of y., and 3/, if necessary,

we may assume without loss of generality that there is a point y” € y/_z such that

d(z,9y") = d(z,Ys) and d(yso,y") > .98co. Similarly, if §; < &, there are points
Woo € Uno?, Wh € Yy z such that

d(Woo, why) < 1.01cop(To0) < 3c0,

d(Weo, 2) = d(wl,,z) and one of wy, w., lies on 3, . By Toponogov’s theorem
(monotonicity of comparison angles) we have

Ay v) _ dun, )
A(Yoso, 2) —  d(Weo, 2)
So if d(z, ys) is sufficiently large, then
98¢y < d(Yoo, Yr) < 2d(weo, wly) < %co,

which is a contradiction. O

8.2. Promoting time-slice models to spacetime models. Our next two results
show that under appropriate completeness and canonical neighborhood assumptions,
if a time-slice of a Ricci flow spacetime is close to a neck or a Bryant soliton, then
a parabolic region is also close to a neck or Bryant soliton, respectively. The proofs
are standard convergence arguments based on a rigidity property of necks and Bryant
solitons among k-solutions.
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Lemma 8.32 (Time-slice necks imply spacetime necks). If
54 >0, 0<d<8(64), 0 < €can < ean(04), 0<r<T,
then the following holds.

Assume that M is an (€can, to)-complete Ricci flow spacetime that satisfies the €can-

canonical neighborhood assumption at scales (€cant, 1). Let a € [—1, %] and consider a

"1
time t > 0 such that t + ar? € [0, to].

Assume that U C Myyq2 is a d-neck at scale /1 — 3ar. So there is a diffeomor-
phism
PSP x (=076 ) — U
such that
“o ik 2
(833) HT 2¢1gt+ar2 - gaS ><RHC’[5_1] < 0.
Here (gf2XR)te(_OO%) denotes the shrinking round cylinder with p(-,0) = 1 at time 0

and the C1'1-norm is taken over the domain of 1.
Then there is a product domain U* C M[t—r2,t+ir2}m[o,to] and an r*-time-equivariant
and O-preserving diffeomorphism
Wy 0 8% x (=041, 050) x [t*, 7] — U™,
with t + t*r? = max{t — r?,0} and t + ¢**r* = min{t + 1% o}, such that

w2‘52x(75§,5;1)x{a} - wl‘sw(fa;,a;)
and ,
Ir*v3g — ¢ XRHC[@H <Oy

Here the C% L_norm is taken over the domain of 1s.

Note that the lemma can be generalized to larger time-intervals. We have omitted
this aspect, as it will not be important for us later. We also remark that one may prove
a more general result to the effect that any parabolic region is close to a parabolic
region in a k-solution.

Proof. For the following proof, we may assume that 7 and €., are chosen small
enough such that any point x € M with 15r < p(x) < 10r satisfies the €can-canonical
neighborhood assumption.

Assuming B
0 <0,
we have the following bound on the image of 1);:
(8.34) Allfrg%\/1—3ar<p<2\/1—3ar§4r.
Assume now that the statement of the lemma was false for some fixed 64 > 0. So

there are sequences €eanr — 0, 0 — 0, 1, < T, tp > 13, ax € [—1, }1], tox >0, 1} €
[—1,0], t;* € [0, 3] with ¢, +t;rf = max{t,—r¢,0} and tj,+ 57 = min{t,+ 377, tox},
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as well as a sequence {./\/lk} of Ricci flow spacetimes that satisfy the €.,y x-canonical
neighborhood assumption at scales (€can 7%, 1) and maps 11 ;. belonging to d,-necks at
time t; and scale /1 — 3ay 7, but for which the conclusion of the lemma fails. After
passing to a subsequence, we may assume that t_ = limy_,. ¢}, t5 = limy_o0 7
and ao = limy_,o. a5 exist.

Choose a}, € [th,, 4] and af € [as, t5F] minimal and maximal, respectively, such
that for any d > 0 and any compact interval [s1, s3] C (ak,,akk) the following holds
for large k (possibly depending on d, s1,s): For all z € ¢ 4(S? x (—d,d)), t
[ty + s17%,t) + sori] the point z(¢') is defined and we have

(8.35) Ere < pla(t')) < 107y

Note that by the remark in the beginning of the proof, this implies that z(¢') satisfies
the canonical €g,y ;-canonical neighborhood assumption. By (8.34) and Lemma
we know that a’, < aw if as > 1%, and aXf > ax if aoe < 5.

By the choices of a}_,a% we can find sequences dy — oo, aj € [—1,a;] and a}* €
lag, 4] with limg_,oo af = a, and limy_, af* = aX} such that the set

Py = (1x(S? x (=dy, dy))) ([ts + apris te + ai"r7))

is well defined and such that —Tk < p < 10r; on P. For every k consider the
parabolically rescaled flow (gk’s)se( ¢ grey on S? X (—dy, di) with

ak,ak

(836> g;c,s - T];2/g\tk+sr )

where g, tsr2 denotes the pullback of g, tsr2 under the composition of 1; ; with the
map

@ZJL]{;(SQ X (—dk,dk)) — Pk
that is given by the time (s — a)ri-flow of d,.

By (8.35)) and the €y g-canonical neighborhood assumption (see assertion @ of
Lemma [8.1]), we obtain that the curvature of (gks)se( + ar+), along with its covariant
derivatives, is uniformly bounded. Together with - these bounds imply uniform
cm- bounds on the tensor fields (g, ,) themselves. So, by passing to a subsequence,
we obtain that the (g ,) converge to a Ricci flow (Gho.s)se(ar, azz) o0 S? X R, which
extends smoothly to the time-interval [a?_, a®].

OO’ o0

The €can x-canonical neighborhood assumptlon implies that all time-slices of this

limit are final time-slices of x-solutions. By (8 we know that g, , = gfooXR.

Since S? x R has two ends, g/ s splits off an R factor for all s € (aZ,, s%,) and must

therefore be homothetic to a round cylinder. It follows that ¢/ gS *R for all
s € [a},,a%]. Since this limit is unique, we obtain that the (g; ) converge to (9l.)
even without passing to a subsequence.

Asi<p<2 on (5?2 x R) x (a’,,a%), we obtain that for any d > 0 and [sy, s5] €

OO’ o0

(ak a**) we have 1r, < p < 4rp on (¢14(S? X (—d, d)))([sl,SQ]) for large k. So by

07 Yoo

Lemma [8.4] and the minimal and maximal choices of a ,a*, we have a*, = t% and

00) oo7
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atr = t%. Moreover, after adjusting the sequence dj — oo, we may assume that

ay =t} and a;* = t;* for large k.

For large k we now define ¢», by extending 1 restricted to S? x (—5;,53;1)
forward and backward using the flow of 729, Then we have r ¢35, g, = Gk ON
(5% x (—57;1,5;)) x [ty, t5*]. So it suffices to show that g; , converges to g5 ® on
(5% x (=o', (57;1)) X [tr, t7*] uniformly in the % sense. To see this, note that g;
from (8.36)) is uniformly bounded on (S? x (—5;,5;)) x [—1, 1] in every C™-norm

74

and that we have uniform convergence of g; , to g5 *® on every subset of the form
(9% x (—5;1,(57;1)) X [s1, 89| for [sy1, so] C (t%,,t5), in every C™-norm. O

For notation and facts about the Bryant soliton, see Subsection[6.2land Appendix[B]
In the following result, it is important that p > 1 on the normalized Bryant soliton.

Lemma 8.37 (Propagating Bryant-like geometry). If

64 >0, T < oo, 6§ < 6864T), €an < Eum(dp,T), 1 < T,
then the following holds.

Assume that M is an (€canT, to)-complete Ricci flow spacetime that satisfies the €can-
canonical neighborhood assumption at scales (€cant, 1). Let t € [0,t9] and consider a
diffeomorphism onto its image

(DI MBry((Sil) X {O} - M,

=3

with the property that
—2 /%
(8:38) [r=*eig. - gBryHc[rlJ(MBry(afl)x{o}) <.
Then there is an r*-time equivariant and Oy-preserving diffeomorphism onto its image
¢2 : MBry((S;:l) X [t*,t**] — M[t—Tr2,t+Tr2}m[0,to]a
where t* < 0 < t** are chosen such that t + t*r* = max{t — Tr% 0} and t + t**r* =
min{t + Tr% to}. The map 1by has the property that 1y = 1y on MBry((;l) x {0} and
Hr72w>2kg - gBryHC[J;I] < 5#7
where the norm is taken over the domain of 5.

Proof. The proof is similar to the proof of Lemma |8.32]

In the following, we may assume that 7 and €.,, are chosen small enough such that
any point with x € M with %r < p(x) < 10r satisfies the €,,-canonical neighborhood
assumption.

Assuming

we have
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Assume now that the statement of the lemma was false for some fixed d4 > 0,
T < 0. So there are a sequences {€cank}, {0}, {tox}, {re}, {tx}, {t;}, {t;*} such
that €canr — 0, 0 — 0, as well as a sequence {M*} of (€can k7K, to,k)-complete Ricci
flow spacetimes that satisfy the e.,,-canonical neighborhood assumption at scales
(€can Tk, 1) and a sequence of maps {1y} satisfying the hypotheses of the lemma,
but for which the conclusion of the lemma fails for all k. By passing to a subsequence,
we may assume that ¢% = limy_, t; and ¢3} = limj_, t;* exist.

Choose a’, € [t ,0], a¥¥ € [0,¢] minimal and maximal, respectively, such that for
any d > 0 and any compact interval [s1, s3] C (aZ,,a%) the following holds for large
k: For every x € 1 (Mpyy(d)) and t' € [ty + s173, tr + sor7] the point z(¢) is well
defined and we have p(x(t')) > 1575 and p((¢14(@Bey))(t')) < 10ry,. Note that af, <0
if tf, < 0 and a¥ > 0 if 5% > 0 due to Lemma [8.4]

As in the proof of Lemma|8.32 we can now find sequences dy — oo and aj, € [t}, 0],

ay € [0,t] with limg,oo af = af, and limg_,o a = aX, such that the product
domains

Pk = (@/}Lk (MBry(dk))) ([tk + CL]:T]%, tk + CL;;*T’]%])
are well defined and such that

R
p((@/}l,k(mBry))(t’)) <10r, forall t € [ty +ajri, tp + ap ry).

So (Y16(xpry))(t') satisfies the €cap p-canonical neighborhood assumption for all ¢’ €
[tk + CLZT]%, tk + CL}Z*T’,%].

For every k consider the parabolically rescaled flow (g; ;)sefaz ar+) o0 Mpyy (di) with
Ghs = r,;Q/g\tk 12, Where O, 1125 denotes the pullback of g, ;2 under the composition
of Y with the map

Mfk D) @Z)l,k (MBry(dk) X {O}) — ij

given by the time T,%S—ﬂOW of 0. By the €an r-canonical neighborhood assumption at

(V1 (Bry)) (') (see assertion [(a)]of Lemma and a distance distortion estimate on

Py, we obtain that the curvature of this flow, along with its derivatives, is uniformly

bounded by a constant that may only depend on the spatial direction. Together

with , these bounds imply uniform local C™-bounds on the tensor fields (g, ,)
Vi

themselves.

So, by passing to a subsequence, we obtain that (92,3) converges to a Ricci flow
(g!)o,s)se(aéo,aéé) on Mg,y with uniformly bounded curvature, which extends smoothly
to the time-interval [af,a’}]. By the € -canonical neighborhood assumption at

(V1,(ry)) (') and the compactness of r-solutions (see assertions [(a)] and [(b)] of

Lemma/|C.1)), we find that all time-slices of this limit are final time-slices of k-solutions.
By (8.38)), we furthermore know that g, = gBuy.o-

We now claim that g, , = gpry,s for all s € [a,, aX}]. For s > 0, this follows from the
uniqueness of Ricci flows with uniformly bounded curvature. To verify this in the case
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s < 0, recall that there is a r-solution (gy)se(—co,0) 01 Mpyy such that gy = g;. . Set
9y = g sifai, < s <0and gy :=g; .. if s <al. Then (g,")se(~o0,0 Is @ smooth r-
solution (possibly after adjusting ). Since O, Ry» (2, 0) = 0, it follows from Propo-
sition that (Mp:y, (97')se(—o0,01: TBry) 1s isometric to (Mpry, (9Bry,t)te(—o0,0]> TBry)-

k3%

Thus g/, , = gBry,s for all s € [aZ,a’l]. As in the proof of Lemma [8.32} the unique-

ness of the limit implies that the (gj, ,) converge to (g ) even without passing to a
subsequence.

S0 (9h.s)selaz, azz] satisfies p > 1 everywhere and p(zp.y, s) = 1 for all s € [a,, aZ].
Therefore, by the minimal and maximal choices of ¢’  and a’ and Lemma we
obtain that a’, =t and a}} = tX>. Moreover, after possibly adjusting the sequence
dr, — oo, we may assume that a; = t; and a;* = t;* for large k. The claim now

follows as in the proof of Lemma [8.32] 0J

8.3. Identifying approximate Bryant structure. In the next result, we exploit
the rigidity theorems of Hamilton and Brendle to show that a large region must be
well approximated by a Bryant soliton if the scale is nearly increasing at a point.

Lemma 8.39. If
5# >0, 0 < 5((5#> ) €can < Ecan(5#> )
then the following holds.

If M is a Ricci flow spacetime satisfying the €can-canonical neighborhood assumption
at & € M, and dyp*(x) > =0, then (My,z) is dy-close to (Mpyy, gry, Tnry) at any
scale a € ((1 —9)p(z), (1 + d)p(x)).

Note that dp? is scaling invariant.

Proof. Suppose the lemma was false for some d4 > 0. Then there a sequence {M*}
of Ricci flow spacetimes satisfying the %—canonical neighborhood assumption at x; €
./\/lfk, such that dyp?(xy,) > —%, but (./\/l,’fk,xk) is not dg-close to (Mpyy, gBry; TBry) at
some scale a; € ((1 — %)p(:vk), (1+ %)p(xk))

By the definition of the canonical neighborhood assumption, for every k there is a
pointed ry-solution (M, (Gy4)te(—oc,0) Tk) With p(Zy) = 1 and a diffeomorphism onto
its image

¥y, : B(Tx, 0,k) — ME
with ¢y (Ty) =  such that for some A\, > 0 with A\;/p(xx) — 1 we have
H)\EQ@ngk - ngC’k(B(fk,k)) <k
So we also have
—2 % —
[z, *Yrgr — ngC’k(B(Ek,k:)) — 0.

Hence liminfy . 0;p*(Ty) > 0. Therefore (My, (G, )ie(—o00)) cannot be a shrink-
ing round spherical space form for large k. So by assertions @, @ and @ of
Lemma , after passing to a subsequence, (M, (G ;)te(—c0,0), Tk) converges in the
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pointed smooth topology to a r-solution (M, (Gae ¢)te(—000], Too) With 0;p*(Too) = 0.
By Proposition it follows that (M s, (Goo 4 )te(—00,0), Too) iS isometric to a Bryant
soliton. This is a contradiction. U

By combining Lemma [8.39 with Lemma [8.37], we can deduce closeness to a Bryant
soliton on a parabolic region.

Lemma 8.40 (Nearly increasing scale implies Bryant-like geometry). If
a,d >0, 1<J < o0, B < pB(a,d,J),
€can < €can(@, 0, J), r <7(a)
then the following holds.

Let 0 < r < 1. Assume that M is an (€canT, to)-complete Ricci flow spacetime that
satisfies the €can-canonical neighborhood assumption at scales (€canr, 1).

Let t € [Jr? ty] and x € M;. Assume that x survives until time t — r* and that
ar < p(z) <a”lr
p(a(t —1%)) < p(x) + pr.
Let a € [p(z(t —r?)), p(x) + Br]. Then (My,z(t')) is d-close to (Mpyy, gBrys TBry)

at scale a for all t' € [t — r* t]. Furthermore, there is an a®-time-equivariant and
Oy-preserving diffeomorphism onto its image

U Mpy(0°1) x [=J - (ar™)7%,0] — M
such that Y (xp,y,0) = x and

Ha_Q@/)*g — GBry

where the norm s taken over the domain of .

0[571] < (S,

Proof. Let 2 > L > 1, & > 0 be constants whose values will be determined in the
course of this proof. By Lemma [8.8] and assuming

€can < Ean(, L), 7 <T(a),
we obtain that for all ' € [t — r?, t] we have
sar < L7'p(x) < p(a(t')) < Lp(a(t —r?)).

If moreover

8 < B(a, L),
then

pla(t —1r*)) < p(x) + Br < p(z) + (L — L)ar < Lp(z).

So L71p(x) < p(x(t)) < L?p(z) and a € [L™ p(x(t)), L2p(z(t'))] for all ' € [t —r?,t].
We also obtain that x(t') satisfies the €.an-canonical neighborhood assumption for all
t' € [t — r?,t], assuming

<

Ecan — ECE),II? r S F
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By the Mean Value Theorem, we can find a t' € [t — r?t] at which
L2 _ Lfl
0 (a(t) > —2p(ax(t)) - L E )

2 —_—
Therefore, if

—2a %(L* — L™ YL.
.

L<1+L(),  €ean < Eean(d),
then Lemma implies that (My,x) is ¢"-close to (Mpyy, gry, Trry) at scale a.
Assuming
8 <8(,6,]), o < Cean(@,0,0), 1 <T(a),
the claim now follows from Lemma R.37 O

8.4. The geometry of comparison domains. The results in this subsection an-
alyze the structure of comparison domains (and related subsets) of spacetimes that

satisfy completeness and canonical neighborhood conditions, as well as some of the a
priori assumptions [[APA T)H(APA 6)] as introduced in Section [7]

The first two results — the Bryant Slice Lemma and the Bryant Slab Lemma
8.42|— describe the structure of comparison domains in approximate Bryant regions.
These results are helpful in showing that neck-like boundaries of comparison domains
and cuts are far apart (Lemma , and in facilitating the construction of the
comparison domain in Section [11]

The Bryant Slice Lemma characterizes how a domain X in a time-slice M, that
is bounded by a central 2-sphere of a sufficiently precise neck intersects a domain
W C M, that is geometrically close to a Bryant soliton. The domain X will later
be equal to either backward time-slice N, _ of a comparison domain or the domain
Q from Section 11l

Lemma 8.41 (Bryant Slice Lemma). If
5 < O, 0<\<l1, A > A, § <5\ A),
then the following holds for some Dy = Do(\) < oo.

Consider a Ricci flow spacetime M and let r > 0 and t > 0. Consider a subset
X C M; such that the following holds:

(i) X is a closed subset and is a domain with smooth boundary.
(ii) The boundary components of X are central 2-spheres of o,-necks at scale .
(i1i) X contains all Ar-thick points of M;.
(iv) Every component of X contains a Ar-thick point.
Consider the image W of a diffeomorphism
w W= MBry(d) — W C Mt,
such that d > 6~ and
|| (10)\7")72’[7&*91‘/ - gBry||C[571](W*) < 6

Then Y(xpyy) is 11Ar-thin. Moreover, if C := W \ Int X # (), then
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(a) C is a 3-disk containing ¢ (Tpyy).
(b) C is a component of M, \ Int X, and OC C 0X.
(¢) C is 9\r-thick and 1.1r-thin.

Proof. Assuming
§ <3\,
it follows from the definition of W* that OW is Ar-thick, W is 9Ar-thick, and the
image of the tip ¢ (zp,y) is 11Ar-thin. The fact that OW is Ar-thick and assumption
imply that OW C Int X.
Consider a boundary component ¥ C X with X NW # (). Let Us C M; be a
on-neck at scale r that has X as a central 2-sphere. If

On < O,
then we have .99r < p < 1.017 on Uy. Assuming
A > 10,
we find that, then Uy N OW = () and hence Uy, C W.

Next, if

< o(A)
then .98(10A\) ™! < p < 1.02(10\) "' on ¢y~ (Us). Moreover, the 2-sphere 3* := (%)
is 1sotoplc within the set {98(10)\) S < 1.02(10A) "'} € W* to the 2-sphere
= {p=1.02(10\)"'} in W*.
By Alexander’s theorem, >* bounds a 3-disk V51 C W*. By the previous paragraph,
we have V3 C Vg := {p < 1.02(10A)~'}. Thus, if

5 < 8(N),

then Vi := h(V3) C 1(V4) is 1.1r-thin and contains Y(XByry)-

Lastly, suppose that >, >5 are distinct components of 0X that intersect W. Let
Vs,, Vs, be the corresponding 3-disk components, as defined in the discussion above.
Since Y (xpry) € Vi, N Vs, we may assume (after reindexing) that Vs, C Vy,.

If Xy is the component of X containing ¥; = dV%,, then it must be contained in
Vs, since every arc leaving Vs, must intersect 0X D 0Vy,. Thus X is 1.1r-thin,
contradicting assumption for

A>1.1.

Thus W intersects at most one component of 0.X.

Now suppose C := W \ Int X is nonempty. Since OW C Int X, we have C # W.
By the discussion above we see that 0X NW consists of a single 2-sphere component
¥, where 3 bounds a 3-disk Vi which contains ¢)(zp,y). Thus C = V5, and assertions
now follow immediately. For assertion @ recall that C C @/J(‘/}E* ) =9v({p <
1.02(10A)71}), which can easily be converted into the desired bound. O
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Next we consider a parabolic region W C My, inside a time-slab of a Ricci
flow spacetime that is geometrically close to an evolving Bryant soliton. Moreover,
we consider two domains X, X; that are contained in the initial and final time-
slices M, My, of this time-slab, respectively, and whose boundary components are
central 2-spheres of sufficiently precise necks. The Bryant Slab Lemma describes the
complements of these domains in W and characterizes their relative position.

Lemma 8.42 (Bryant Slab Lemma). If
5 < O, 0<\<1, A > A, § <O\ A),

then the following holds.

Consider a Ricci flow spacetime M and let r > 0 and to > 0. Set t| :==to+1r?. For
1= 20,1 let X; C M, be a closed subset that is a domain with boundary, satisfying

conditions from Lemma and in addition:
(v) X1(t) is defined for all t € [to,t1], and 0X1(to) C Int Xp.
Consider a “6-good Bryant slab” in My, i.e. the image W of a map
¥ W* = Mgy (d) x [—(10X)7%,0] — M0

where d > 61 and 1 is a (10A\r)*-time equivariant and Oy-preserving diffeomorphism
onto its image and

“(10)\7")_27/)*9 — OBry <.

Set C;:= Wi, \Int X; C My, fori=0,1. Then

(a) Ci(t) is well-defined and 9Ar-thick.
(b) IfC1 7é @, then Cy C Cl(to) and Cy = Cl(to) \ Int Xj.

cu(wx)

Proof. Assuming
0<A<l, A > A, 5 < O, § <6(\A),

Lemma may be applied in the ¢;-time-slice for ¢ = 0,1 and W is 9Ar-thick. Since
by definition C; C W,,, assertion @ now follows from the fact that W is a product
domain.

We now verify assertion [(D)] If C; # 0, then ¢(zp,y,0) € Ci, by Lemma [8.41] So
since W is a product domain, we get that ¢ (zp,y, —(10X)72) € Ci(t). If Cy # 0, then
both Cy(tp) and Cy are 3-disks in W;, containing ¢ (zp,y, —(10A\)~2). By assumption
we have 0Cy(ty) C 0X1(tp) C Int Xy and hence 9C(to) is disjoint from Cy C
M, \ Int Xo. Therefore Cy C Cy(tp). This gives Cp = (Wi, \ Int Xo) N Cyi(ty) =
Cl(tO) \ Int Xo. ]

We now show that a parabolic region P(z,a, —b) lies in a comparison domain (N,
{NI}_, {t;}]_0), provided the ball B(z,a,b) lies in N and P(x,a,—b) “avoids the
cuts”; see below for further discussion.
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Lemma 8.43 (Parabolic neighborhoods inside the comparison domain). Consider
a Ricci flow spacetime M, a comparison domain (N, {N7}/_,, {t;}]_y) in M and a
set Cut = Cut' U... U Cut’™!, where Cut? is a collection of pairwise disjoint 3-disks
inside Mj+ in such a way that each extension cap of N is contained in some D € Cut.

Let x € M, a,b > 0 and assume that B(x,a) C N and that P(x,a,—b) N'D = )
for all D € Cut. Then

(8.44) P(z,a,—b) C N\ UpecutD.

As the notation suggests, the set Cut will later denote the set of cuts of a compar-
ison, according to Definition However, we will use Lemma [8.43| at a stage of the
proof when this comparison will not have been fully constructed. More specifically,
we will later consider a comparison domain defined over the time-interval [0,%;1]
and have to take Cut to be the union CutUCut’. Here Cut is the set of cuts of a
comparison that is only defined on the time-interval [0,¢;] and Cut” is a set of freshly
constructed cuts at time t;, which will not be part of a comparison yet. For this
reason we have phrased Lemma [8.43] — and similarly Lemma below — with-
out using the terminology of a comparison and have instead only listed the essential
properties of Cut.

Proof. Set t := t(x). Consider a point y € B(x,a) and choose j minimal with the
property that y(t) is defined and y(t) € N for all ¢ € [t;,t]. Assume that ¢; > 0 and
t; >t —0b. Then y(t;) € Ny,4 \ V;,—. So y(t;) is contained in an extension cap and
therefore y(¢;) € D for some D € Cut in contradiction to our assumption. So t; = 0
or t; <t —b. It follows that P(z,a,—b) C N. Combining this with the assumption

of the lemma yields (8.44]). O

The following result shows that any point near the neck-like boundary of a com-
parison domain is far from cuts, in the sense that there is a large backward parabolic
region that is disjoint from the cuts. This result plays an important role in Section [12]
where it allows us to isolate behavior occurring at the cuts from behavior that occurs
near the neck-like boundary.

Lemma 8.45 (Boundaries and cuts are far apart). If
Min >0, 6 <dn,  A<A, Doy >0, Ag>0, A=A,
Op < 3lo()\7 Dy, Ao, A)7 €can < Ecan()\; Dy, Ao, A)> Tcomp <

then the following holds.

Suppose 0 < T < 0o, and consider Ricci flow spacetimes M, M’ that are (€canTcomps
T)-complete and that satisfy the €can-canonical neighborhood assumption at scales
(€canTeomp, 1). Let (N, {NTYAL {t;}/20) be a comparison domain on the time-interval
[0,t41], and (Cut, ¢, {¢’}]_,) be a comparison from M to M’ defined on this compar-
ison domain over the interval [0,t;]. Assume that t;.1 < T and that this comparison
domain and comparison satisfy a priori assumptions |(APA 1)H(APA 6) for the tuple

of parameters (Min, 6n, A, Deap, A, Ob, €cans Tcomp) -
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Let Cut” be a set of pairwise disjoint 3-disks in Int Ny, such that each D € Cut’
contains an extension cap of the comparison domain. Assume that the diameter of
each D € CutU Cut’ is less than DT comp-

Suppose ¥ € Ny = N;_ UNy and P(x, Agp1(2))ND # O for some D € Cut U Cut”,
where D C My, .

Then B(z, Aop1(z)) C Nix NN if t > ty,, and B(x, Aop1(z)) C Ny if t = ty.

As in Lemma we have introduced a set Cut”’ of “synthetic” cuts at time t; in
order to avoid complications due to the possible lack of a map ¢’*! that extends the
comparison (Cut, ¢, {¢’ }3-]:1) past time t;.

The sketch of the proof is as follows. The cut D contains an extension cap, which
by a priori assumption and Lemma implies that a large future parabolic
region is Bryant-like. Then the Bryant Slice and Slab Lemmas, applied inductively
on time steps, imply that the comparison domain contains this Bryant-like region for
many time steps, which excludes neck-like boundary in the vicinity.

Proof. Pick y € P(z, Aop1(z)) N D. By Lemma and a priori assumption
2)| if

€can S ECan()\y AO) 3
then

(8.46) Ciipi(x) < piy) < Cipa(z),
for some C; = C}(A4y) < oc.

By Definition and our assumptions regarding Cut’, we know that D contains
an extension cap C. A priori assumption [(APA 5)[implies that there is a point z € C
such that (M,,, 2) is dp-close to a Bryant soliton at scale 10A7comp-

Let 04 > 0 be a constant that will be chosen at the end of the proof.

Choose [ € {2,...,J + 1} such that ¢ € [t;_1,t;) or [t;_1,t] if | = J + 1. Since
D C My,, we have k <1 —1. By a priori assumption (e) and we have
(8.47) t;—tr < (Aopr())? + r?omp < ((AOC’lA)2 + 1)7”20mp.
Assuming

§b < 0u(A, Ao, A, 64), €can < €can(A, Ao, A, 04), Teomp < Tcomps
we can use (8.47), a priori assumption [[APA 2)|and Lemma to find a (107 comp)*
time equivariant and O-preserving diffeomorphism
U W= Mpry (05,1) % [0, (f — ti) - (10ATcomp) 2] — M

onto its image, such that ¢(zp,y,0) = 2z and

||(10)\7ﬂcomp)_2¢*g - gBry}}C[(s;l](W*) < 5#'

Let W = y(W*).
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In the following we will apply the Bryant Slice Lemma[8.41]at time ¢; for X = N}, _,
using the time-slice W;,, where k < j < [. We will also apply the Bryant Slab
Lemma for Xo = M,_,— and X; = N, _, using the time slab Wy, _, ;, where
k+1 < j <. Note that assumptions |(i)H(iv)| of the Bryant Slice Lemma hold due to
a priori assumptions [(APA 3)[(a)—(c) and assumption of the Bryant Slab Lemma
holds due to Definition [7.1{(3]). If

O < O, 0< A<, A>A, 04 < 04(X, Ag, M),

then the remaining assumptions of both the Bryant Slice and the Bryant Slab Lemma
are satisfied. This means, in particular, that the time-slice W;, and the slab W, +;
satisfy the assumptions of the Bryant Slice/Slab Lemma for all £ < j < [ and all
k+1 < j <, respectively.

Claim.

(a) Wy, CN,— forallk+1<j<1.
(b)) Wy CNiy NN if t > tg, and Wy C Ny if t = ty,.

Proof. Let C; := Wy, \ Int Ny, _ for k < j < I. By assertion @ of the Bryant Slice
Lemma we know that C; is either empty or is a 3-disk in Int Wi, forall £ < j <.
Furthermore, assertion @ of the Bryant Slice Lemma implies that C, = C.

We will now show by induction that C; = () for all £+ 1 < j <. This will imply

assertion @
To see this, observe first that if Cp,1 # (), then by the Bryant Slab Lemma we

have C = C; C Cy41(tx). However, since C is an extension cap, we have C C N, 4, in
contradiction to the fact that Int Cpiq(tx) C My, \ N+

Next, assume that k+2 < j <[l and that C;_y = (), but C; # ). Then, by the Bryant
Slab Lemma, C;(t) is defined and 9Arcomp-thick for all ¢ € [t;_4,t;]. Since C;_1 = 0,
W is a product domain and C; C Int Wy, we have C;(t;—1) C Int W;,_, C M;,_,_. So
Cj(tj—1) is a component of Ny, _,_ \Int N}, ; and 9C;(t;_1) C N;,_ 4. This, however,
contradicts a priori assumption [[APA 4)| finishing the induction.

To see assertion @, observe that by assertion @ for j =1 > k+ 1 we have
Wy = Wy (t) C Nyy—(t). Ast < t;ifl # J+1and Nyy = N, if | = J + 1, this
implies that W; C N;,.. Assume now that ¢t > t;. If ¢ > t;_;, then we trivially have
W, C Niy = N;_. Lastly, if t = t;_; > t;, then [ — 1 > k + 1 and therefore assertion
yields that W;,_ C N;,_, . d

We will now show that B(z, Agpi(z)) C W;. In combination with assertion [(b)] of
the claim, this completes the proof of the lemma.

By the assumption of the lemma we have d;, (v, 2) < DeutTcomp- S0 if

5# < S#()H Dcut)a
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then y € D C W,,. Recall that Ric > 0 on (Mp,y, gpry). SO gBry is decreasing in time.
Therefore, if

5# S 3#()\7 Dcut)a
then d;(y(t), 2(t)) < 2dy, (v, 2) < 2DcutTcomp- Now by [(APA 3)|(e)

di(x, 2(t)) < diz, y(t) + diy(t), (1))
< Aop1(7) + 2Dcutcomp
< AoCip1(y) + 2Dcut T comp
< (AgC1A 4 2Dcut)Tcomp -

Therefore, assuming
64 < 64 (N, Dews, Ao, A),
we have B(x, Aopi(z)) C W4, as desired. O

The next lemma characterizes parabolic neighborhoods whose initial time-slices
intersect a cut of a comparison. It states that points that belong to such an initial
time-slice, but not to the corresponding cut, must have large scale if certain parame-
ters are chosen appropriately. We also obtain that such an initial time-slice must be
far from cuts that occur at earlier times. The first assertion will follow from the fact
that the geometry on and near a cut is geometrically sufficiently close to a Bryant
soliton and the second assertion will be a consequence of Lemma [8.45]

The results of the following lemma are specific for the proof in Subsection [12.4]
As in the previous lemmas, we will use a set Cut’ of “synthetic” cuts in time-t-

slice. Instead, we have listed the relevant properties of the cuts as assumptions of the
lemma.

Lemma 8.48. For all Cy < oo, if

0 <0n  ASA Dew>Deye(NCy),  A>A
&b < Op(A, Cy, Deyt, Ao, N), €can < €can(A; Deut, Ao, A),
Teomp < Teomp(C#),
then the following holds.

Suppose 0 < T < 0o, and consider Ricci flow spacetimes M, M’ that are (€canTcomps
T)-complete and that satisfy the €can-canonical neighborhood assumption at scales
(€canTeomp, 1)- Let (N, {NTYAL {t;}720) be a comparison domain on the time-interval
[0,t41], and (Cut, ¢, {¢’}]_,) be a comparison from M to M’ defined on this com-
parison domain over the time-interval [0,t;]. Assume that t;11 < T and that this
comparison domain and comparison satisfy a priori assumptions |(APA 1)H(APA 0)
for the tuple of parameters (Min, dns A, Deaps A, b, €cany Teomp) - Let Cut” be a set of pair-
wise disjoint 3-disks in N, such that each D € Cut’ contains evactly one extension
cap of the comparison domain.
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Assume that the diameter of every D € CutUCut? is less than Dewtrcomp and
that the %Dcutrcomp—neighborhood of every extension cap is contained in some D €
Cut U Cut”.

Let x € N and t :== t(z). Let By_1, := (B(z, Aop1(2)))(t — To) be the initial time-
slice of the parabolic neighborhood P(x, Agp1(z), —Ty) for some 0 < Ty < (Agpi(z))?
and assume that By_1, N Dy # O for some Dy € Cut U Cut”’.

Then
P1 2 C1#¢comp on Btho \DO
Moreover, for all y € B,_g, we have
Py, Aopr(y)) N D =0
for all D € Cut with D C Mg y))-

Proof. Let t := t(x) and choose j € {1,...,J} such that t; =t —Tp, so By_g, UDy C
My,. Let Cy be the extension cap that is contained in Dj.

By Lemma and a priori assumption , and assuming
€can < €can(A, Ao),
we find that the parabolic neighborhood P(z, Agp;(z)) is unscathed and that
(8.49) Cripi(x) < p1 < Cipa(2)

on P(z, Agpi(z)), where C; = C1(Ap) < co. By a distance distortion estimate this
implies that B,_g, C B(z(t;), Aip1(x)) for some A; = A;(Ay) < .

Choose a point z € 9Cy C N;,— N Dy. By a priori assumption [(APA 3){a) and

assuming
On < On,
we have lrcomp < p1(2) < 2reomp. S0, again by Lemma , and assuming

2
€can < €can(Deut),
we obtain that
Cy  eomp < p1 < CoTcomp on Dy

for some Cy = Cy(Deyt) < oco. Combining this bound with (8.49) and the fact that
By, N Dy # (), we obtain that

(8.50) Cr2C5  reomp < p1 < C3C9comp o By,
Therefore for all y € B;_g,
(851) dtj (ya Z) S (201202141 + Dcut)rcomp S C(3rcomp>

for some C3 = C3(Deyt, Ag) < 0.

By a priori assumption [(APA 5)|(c) there is a diffeomorphism
U Mpry(85) — W C My,
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such that ¥ (zp,) C Cp and
2
||(10)‘Tcomp) w*gt]‘ - gBry||C[5g1](MBry(5g1))

So by (8.51), and the fact that z € dCy and that the diameter of Cqy C Dy is bounded
by DeutTcomp We have
(852) Bt—To c W,

assuming that

< (Sb.

dp < Sb()\a Doy, Ao).

Choose Dy = Dy(\,Cy) < oo such that p > 20A\Cy on Mg,y \ Mp,y(Dy) (see
Lemma [B.1)). So if

5b S gb(>\, C#), Tcomp S Fcomp(cfsvf)ﬁ)a
then
(853) p1 = C'#Tcomp on 44 \ w(MBYY(D#))
If

Dcut >D (>‘a D#()\,C#)), 5b < gba

— —cut

then Mg,y (D4) C Dy. Together with (8.52) and (8.53)) this implies the first assertion
of this lemma.

For the second assertion note that by (8.50|) and (8.51)) we have
B(y, CiC:Cspi(y)) ¢ N, -
for all y € B;_7;,. So the second assertion follows from Lemma [8.45 assuming
8y < On, A <A, A=A, 8 < 0n(A, Deur, Ao, A),
€can < Ecan()‘v Dy, Ao, A), Tcomp < T comp-
This finishes the proof. U

9. SEMILOCAL MAXIMUM PRINCIPLE

In this section we will show that small Ricci-DeTurck perturbations satisfy a uni-
form decay estimate when weighted by a suitable function of time and scale. More
precisely, we show that quantities of the form

Q =" Yp7 ||

satisfy a semi-local maximum principle as long as the Ricci-DeTurck perturbation
h is small enough, and the Ricci flow background satisfies appropriate geometric
assumptions. The estimates of this section are based on a vanishing theorem for
solutions h of the linearized Ricci-DeTurck equation on a k-solution background, for
which |h|R~'7X is uniformly bounded, where x > 0 (see Theorem . The most
important ingredient for the proof of this vanishing theorem is a maximum principle

due to Chow and Anderson (see [AC03]).
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We first present the two main results of this section, Proposition [9.1] and Proposi-
tion (9.3} The first result states that a Ricci-DeTurck perturbation decays by a factor
of at least 100 in the interior of a large enough neighborhood, in a weighted sense,
as long as the solution is small enough. The factor 100 is chosen arbitrarily here and
can be replaced by any number > 1.

Proposition 9.1 (Semi-local maximum principle). If
E > 27 H Z E(E), Min S ﬁlin(E)a €can S Ecan(-E’)7

then there are constants L = L(E),C = C(E) < oo such that the following holds.

Let M be a Ricci flow spacetime and pick x € My. Assume that M is (€canp1(T),t)-
complete and satisfies the €can-canonical neighborhood assumption at scales (€canpr (),
1).

Then the parabolic neighborhood P := P(x, Lpi(x)) is unscathed and the following is
true. Let h be a Ricci-DeTurck perturbation on P. Assume that |h| < ny, everywhere
on P and define the scalar function

(9.2) Q = TP ||

on P, where T' >t is some arbitrary number.

Then in the case t > (Lpi(z))? (i.e. if P does not intersect the time-0 slice) we
have

Q) < — sup Q.

In the case t < (Lpy(x))? (i.e. if P intersects the time-0 slice) we have

1
Qz) < MSUPQ+C sup Q.
P PNMy

Note that the parabolic neighborhood P may be defined on a time-interval of size
less than (Lp;(x))? if P intersects the initial time-slice M. By performing a time
shift, Proposition [9.1] can be generalized to the case in which P is defined on a time-
interval of size less than (Lp;(x))? that does not necessarily intersect M. This fact
will be used in Section 12 when P intersects a cut, i.e. a discontinuity locus of h, at
some positive time.

We also remark that the constant 7" in Proposition [9.1] does not have any math-
ematical significance and could be eliminated from the statement. It is present in
Proposition 0.1 only to conform with the notation later in the paper where it is used.

In the next result, we improve the interior estimate and replace the factor 100 by
an arbitrary factor. As a trade-off, we need to choose the parabolic neighborhood on
which h and @) are defined large enough; note however that we don’t need to change
the bound on |h| appearing in the assumptions.
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Proposition 9.3 (Interior decay). If
E > 27 H 2 E(E)J Min S ﬁlin(E)J o> 07
A Z A(Ea Oé), €can S Ecan(Fja Of),

then there is a constant C' = C(E) < oo such that the following holds.

Let M be a Ricci flow spacetime and x € M. Assume that M is (€canpr(T),t)-
complete and satisfies the €can-canonical neighborhood assumption at scales (€canpr (),
1).

Consider the parabolic neighborhood P := P(x,Api(x)) and let h be a Ricci-
DeTurck perturbation on P such that |h| < my, everywhere. Define Q as in .

Then in the case t > (Ar)? (i.e. if P does not intersect the time-0 slice) we have

Q(x) < asup Q.
P

In the case t < (Ar)? (i.e. if P intersects the time-0 slice) we have

Q(z) <asup@ + C sup Q.
P PNMo

We remark that it follows from the proof that the parabolic neighborhood P(z,
Api(x)) is unscathed, although we cannot guarantee this for P(x, Ap;(x)). Due to
the way the proposition will be applied later, it is more convenient to state the
conditions using the possibly larger scale A.

The proofs of Propositions and are based on the following strong maximum
principle for solutions of the linearized Ricci-DeTurck flow. This maximum principle is
a special case of a result of Anderson and Chow (cf [AC05]). The proof of Anderson
and Chow’s result simplifies in this special case, which is why we have decided to
include it in this paper.

Lemma 9.4 (Strong maximum principle of Anderson-Chow). Let (M, (g¢)te(-1,0]),
T > 0, be a Ricci flow on a connected 3-manifold M such that (M, g,) has non-
negative sectional curvature for allt € (=T,0].

Consider a solution (h:)ic|-1,0) of the linearized Ricci-DeTurck equation on M, i.e.
Othy = Ap g, My — Vo, he = Dg,hy +2Rmy, (hy).
Assume that
|h| < CR on M x (=T,0]
for some C > 0 and that |h|(xo,0) = CR(z0,0) for some xy € M. Then
|h| = CR on M x (=T,0].

Proof. Using Kato’s inequality it is not hard to see that wherever |h| # 0 we have

R (h, h)

O|h| < Ay, |h| + 2 e

- |h-
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On the other hand, whenever R > 0 we have

<12
OH(CR) = A, (CR) + 2% CR.

So the claim follows by the strong maximum principle applied to |h| — C'R if we can
show that for any symmetric 2-tensor h
Rm(h, h) < |Ric|?

p? = R

(9.5)

To see (9.5)) let h;; # 0 be a non-zero 3-dimensional symmetric 2-tensor and Rmy; ;i
a 3-dimensional algebraic curvature tensor with non-negative sectional curvature. We
denote by Ric;; and R its Ricci and scalar curvatures. Without loss of generality, we
may assume that |h| = 1 and that Ric;; is diagonal. Then Rm;;); is only non-zero
if {i,j, k,l} has Cardinality 2. Set a; ‘= ngggg,ag = leggl,a3 = leggl and
z; := hy. Then
Rm(h, h) = Rmyj hihji

= —2a1h§3 — 2@2]1%3 — 2&3]1%2 + 2a1h22h33 + 2(12h11h33 + 2a3h11h22

< 2((11.%’21}3 + a2x1x3 + agl'll’g) .
On the other hand

|RiC|2 = (CL2 + Clg)z + (al + CL3)2 + (CLl + a2)2
and
R = 2((11 + as + Clg).

Since 7% + 3 + x3 < |h]? = 1 the next lemma implies (9.5)). O

Lemma 9.6. If 23 + 23 + 22 < 1 and a;,a3,a3 > 0 and a; + as + a3 > 0, then

((12 + CL3)2 + (CLl + CL3)2 + (a1 + CL2>2
4(@1 + a9 —+ CL3)

(97) a1T9T3 + A2X1T3 + A3T1T2 S

Y

Proof. Let \; < Ay < A3 be the eigenvalues of the symmetric matrix

0 az as

A= - as 0 aq
2

Ao Q1 0

and denote by v1,v9,v3 € R? the corresponding orthonormal basis of eigenvectors.
The left-hand side of (9.7)) is bounded from above by As.

Since the trace of A vanishes and its determinant equals %alagag > 0, we must
have A\, Ay < 0 and A3 > 0. In the case \3 = 0 we are done. So assume from now on
that A3 > 0. Consider the vector

u:=\|1] =civ1 + covg + c3vs.
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Since
a9 + as
Au= - | a; + a3 and ulAu = a1 + as + as,
ap + as
we obtain

AN+ BN+ 3N, (a2 +a3) 4 (ay + a3)® + (a1 + ap)?

M+ Bl + B3 4(ay + ag + az) ’
Since A\i, A2 < 0 and numerator and denominator of the first fraction are both positive,
we obtain

c2\3 < (ag + az)* + (ay + a3)® + (a1 + as)?
A3 4(ay + az + ag) .
This is what we wanted to show. OJ

Theorem 9.8 (Vanishing Theorem). Consider a 3-dimensional k-solution (M, (g¢)ie(—o0,0])
and a smooth, time-dependent tensor field (hi)ic(—oo,0) 0n M that satisfies the lin-
earized Ricci-DeTurck equation

Ohy = Ap g, hy.
Assume that there are numbers x > 0 and C' < oo such that
(9.9) || < CR'fX on M x (—o0,0].
Then h = 0 everywhere.

Proof. Assume that hy # 0. Since (M, (g¢)te(—o0,0) has uniformly bounded curvature,
we have

h < C'R
for some C” < co. Choose a sequence (z,t;) € (—o0, 0] x M such that

o Lt Jh

k—o0 R(l‘k,tk> M x(—00,0] E

It follows from that
|h|(zy, tr)
R(Ik,tk) ’

So there is a ¢ > 0 such that R(xy,t;) > c for all k. Consider the sequence of pointed
flows (M, (Gi+t, )te(—o0,0), Tk). After passing to a subsequence, this sequence converges
to a pointed r-solution (Ms, (goo,t)te(—00,0]s Too)- Similarly, consider the sequence of
time-dependent tensor fields hg(-, ¢ + ). After passing to another subsequence, these
tensor fields converge to a solution (A t)te(—oo,0) Of the linearized Ricci-DeTurck flow
on My, x (—00,0]. The bound carries over in the limit to

CRX(xy, t) >

(9.10) hae| < CR'D
and by the choice of the points (xy, tx) we obtain the extra property that
Pl (Too, 0) Ao A '
S A— Sup —_— = Sup —::C >0
R(%o; 0) Moo X (—00,0] R M x (—00,0] R
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We can now apply the strong maximum principle, Lemma [9.4] and obtain that
|hool|=C'R on My X (—00,0].
Combining this with yields that on M, x (—o0,0]
C'R < CR'™X,

So R is uniformly bounded from below on M, X (—o00,0]. It follows that (M,
(Goot)te(—o0y0)) cannot be the round shrinking cylinder or a quotient thereof. If My
was non-compact, then we can obtain the round shrinking cylinder as a pointed limit
of (M, (goo,t)te(—0,0]), Which contradicts the positive lower bound on R. If, on the
other hand, M., was compact, then the maximum principle applied to the evolution
equation of R would imply that miny,_ R(-,t) — 0 as t — —o0, again contradicting
the positive lower bound on R. 0]

Proof of Proposition (9.1 Fix some E > 2 for the remainder of the proof. By linearity
of the desired bounds, we may assume for simplicity that 7" = t(x).

Next, observe that, by bounded curvature at bounded distance, Lemma for
any choice of L < oo we may choose €can < €an(L) small enough such the para-
bolic neighborhood P(x, Lp;(z)) is unscathed and such that p; > ¢y(L)p1(x) on this
parabolic neighborhood for some ¢y = ¢o(L) > 0.

Assume now that the statement was false (for fixed £ > 2). Choose sequences
Min,k» €cane — 0 and Hy, Ly, Cy, — oo such that €gan is small enough depending on
Ly, as discussed in the preceding paragraph. For each k we can choose a Ricci flow
spacetime My, points x, € My, an (unscathed) parabolic neighborhood Py :=
P(zg, Lipi(zx)) and a Ricci-DeTurck perturbation hy on Py such that |hy| < minx on
Py, which violate the conclusion of the proposition. Thus, setting

Qr(y) = MOl )lhl(y)  for y € P,
either t; := t(zy) > (Lyp1(zx))? and

1
A1 —
(9.11) Qr(zk) > 100 SE,}) Qs
or ty = t(zy) < (Lip1(zx))? and
1
(9.12) Qr(wg) > —=supQy + Cx sup Q.
100 Py Pp,nMy o

Let us rephrase the bounds (9.11)) and (9.12)) in a more convenient form. To do
this, let ag := |hg(xr)| < Mminx — 0 and consider the tensor field hj, := a,;lhk. Then
h}. is a solution to the rescaled Ricci-DeTurck equation (A.12) for a = ay,

(9.13) B (g) = 1
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and on P
-E
=t = () e
hi|(xy, P1( Tk Qr(xy
So by (9.11)) and (9.12)) we have
“E
9.14 B | < 100e~Hr b= [ 2L P
( ) ’ k| — € ,Ol(xk> on k
and if P, N My # 0, then
-E
(915) |h;€| S ij €7Hk(tk7t) (ﬁ) on Pk; N Mho.

We now distinguish two cases.
Case 1:  t, > cp?(xy,) for all k and some ¢ > 0.

The metric gy restricted to P, can be expressed in terms of a classical Ricci flow
(gk,t)te[tk—Atk,tk] on By 1= B<xk7 Lkpl(xk))u where

Aty := min{ty,, (Lpp1(z1))?} .
Let ry := p1(zx) and Ty := limsup,_, r,fAtk > ¢ > 0. Consider the parabolically
rescaled flows
(gé,t = Tk_ng,rﬁtthk)te[—r,fAtk,o] .
By bounded curvature at bounded distance, Lemma [8.10] and since €can i — 0, for
any s < oo, T" < T, for sufficiently large k we find uniform bounds on the curvature
on the curvature of g; , on the g; ,-ball B(xy,0,s) over the time-interval [—T",0].

Case la: We have liminfy_,o, p1(xx) > 0, and the injectivity radius satisfies
lim infy_ o Ianad(g}aO, xy) > 0.

After passing to a subsequence, we may extract a smooth limiting pointed flow
(Moo, (goost)te(—Tm 0], Toc)- Due to (9.14) and the local gradient estimates from Lemma
A.14] the reparameterized tensor fields (rk_Qh;wi - tk)te[ﬂ,;z Atp0) converge, after pass-
ing to another subsequence, to a smooth solution (Al ;)ie(-1..,0) On Mo of the lin-
earized Ricci-DeTurck equation with background metric (goo)ie(—1.,0 (see (A.13)),
such that

(9.16) W |(00,0) = 1.

Since limy_,oo Hpp?(x) = 00, we can use the exponential factor in (9.14) to show
that Al = 0 on My X (—T%,0), which implies h!_(z~,0) = 0. This contradicts
(9.16).

Case 1a': We have liminfy_,o p1(zx) > 0, and the injectivity radius satisfies
lim infx_,o InjRad(g;, xx) = 0.

For some 7 > 0 we may pull back g to the 7-ball in the tangent space at z;, via
the exponential map to reduce to Case 1la. Note that in Case la it was not important
that the time-slices of the limiting flow (M, (goo,t)te(—T00 0], Too) Were complete.
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Case 1b:  liminfy_, p1(zx) = 0, and the injectivity radius satisfies liminfy_,
InjRad(g;.(0), zx) > 0.

As explained in the beginning of Case 1a, by passing to a subsequence, we may as-
sume that the pointed flows (B, (g}, )k, Z1) converge to a smooth pointed flow (M,

(Goo,t)te(—Te 0] Too) and, moreover, the tensor fields (rj, *h/, 2At,,0] COLIVEIge

, §t+tk)t€[—7";
to a smooth solution (hl, ;)ie(~7..,0 0N My of the linearized Ricci-DeTurck equation
with background metric (goot)te(—7.,0) (see (A.13)), such that (9.16) holds.

Using Lemma [8.10] and the canonical neighborhood assumption, it follows that
R > 0 everywhere on M, x (—Tw,0]. By assertion [(a)] of Lemma there is a
ko > 0 such that every x-solution is either a shrinking round spherical space form or
is a rg-solution. Therefore, in view of the injectivity radius bound, there is a k1 > 0
such that by the canonical neighborhood assumption every time-slice (Moo, goot),
t € (=T, 0] is isometric to the final time-slice of a k;-solution. Since by assertion
of Lemma we have 9,R > 0 on k-solutions, we get that (Muo, (goo,t)te(—Tm,0]> Too)
has bounded curvature, so it is a x-solution if T, = oc.

Passing to the limit yields
W] <100p7F < (CEPRFZ on My x (—Th, 0],

for some universal constant C’ < oo.

If T, = oo, then the Vanishing Theorem yields that k. = 0, in contradiction
to .

Now suppose that T,, < co. We will show that for some constant C” < oo we have
(9.17) |h (z,t)] < C"(t+ Tw) -
forall z € My, t € (=T, 0].

As (M, goo) is isometric to the final time-slice of a x-solution, and therefore has
uniformly bounded curvature, we can find a constant a; > 0 such that for any L’ we
have

p>api(zy) on  Blay, Lpi(zk)),
as long as k is chosen large enough. So, by bounded curvature at bounded distance,
Lemma [8.10], there is a constant as > 0 such that for any L' < oo we have

p>axpi(zy)  on  Plag, L'pi(xr), —ti)
for large k. By (9.14]), (9.15) and Proposition we find a sequence ¢, — 0 and a

constant C” < oo such that for any L' < oo we have
(9.18) \hy| < C"p%(xg) - t+ e on  P(xy, L'pi(xr), —tx)
for large k. Passing this bound to the limit implies .

Since sup |h.,| < oo this forces kL, = 0, again contradicting (9.16)).

Case 1b':  liminfy_, p1(zr) = 0, and the injectivity radius satisfies lim infy_,

InjRad(g;(0), zx) = 0.
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After passing to a subsequence, we may assume that InjRad(g,(0),zx) — 0 as
k — oo. By Lemma the universal covers of the flows (M, g; ;) converge to
shrinking round spheres on the time-interval (—oo,0]. We may now pull back the
tensor fields hj to the universal covers and reduce to Case 1b.

Case 2:  liminfy_,o py2(as)t; = 0.

In this case, by combining the curvature bounds from Lemma with
and -, we can apply Proposition 2| to show that there is a sequence ¢, —
0 and constants C”, L' < oo such that l-b holds for large k. It follows that
limy 00 | R4|(zx) = 0, in contradiction to O

Proof of Proposition[9.5 The bound follows by iterating the bound from Proposi-
tion [@.11

Assume that
E > 27 H Z ﬂ(E), Min S ﬁlin(E>7 €can S Ecam(E’)7

and set C' = 2C(E) and L = L(E) according to Proposition 0.1} So Proposition
holds if o > lé—o. Assume now by induction that ay < ﬁ and that Proposition
holds for a« = 100y under an assumption of the form

A> A = A(E,100ay), €can < Ecan(F, 100cy).

Consider the point € M. By Lemma [8.13 we can find a constant A” =
A"(L(E), A(E,1000y)) < oo such that if

€ean < Ecan(L(E), A'(E,100a0)),
then the parabolic neighborhood P(z, A'p;(x)) is unscathed and we have
Ply, Api(y)) € Ple, A"pi(2))  forall g€ Pz, Lpi(x)).
Also, by bounded curvature at bounded distance, Lemma [8.10, assuming €., <
€can(L(E)), we know that p; > cpi(z) on P(x, Lpi(z)) for some ¢ = ¢(L(E)) > 0.

Assume now that A > A” and apply Proposition at each y € P(z, Lpi(x))
a = 100ag. Note that in order to do this, we need to ensure that M is (€canp1(y), t(y)
complete and satisfies the canonical neighborhood assumption at scales (€canp1(y), 1
This can always be guaranteed if we assume that €., < ¢(L(FE))écan(E, 100ay).
Proposition [0.3] for o = 100ayq gives us

sup @ <100cy sup Q+C sup Q.
P(a,Lp1 (2)) P(2,A% py () P(@,A%p1(2))0 Mo

9

Applying Proposition then implies (recall that we have replaced C' by 2C)

100¢ ( C )
sup Q4+ (-—+ C’ sup Q
100 p(a,Lp1(2)) 100 2 ) pre,arp ()Mo

<ay sup Q+C sup Q.
P(2,4" p1 () P(2,4% p1 (2)) Mo

This finishes the induction. [l

Q(r) <
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10. EXTENDING MAPS BETWEEN BRYANT SOLITONS

In this section we consider two regions that are close to Bryant solitons, at possibly
different scales, and an almost isometry between annular subdomains inside these
regions. We will then prove that the scales of both Bryant soliton regions are almost
equal and that the given almost isometry can be extended to an almost isometry, of
possibly lesser accuracy, over the entire Bryant soliton regions. An important aspect
of the main result of this section is that the accuracy that is required from the given
almost isometry depends only polynomially on the local scale — or on the distance
from the tip.

Our main result, the Bryant Extension Proposition (Proposition , will be
needed in the proof of Proposition[I2.3]in Section[I2} In this proposition, we extend an
almost isometry between two Ricci flow spacetime time-slices over an extension cap.
By assumption, the accuracy of this almost isometry improves at a large polynomial
rate as we move away from the extension cap. As long as this polynomial rate is
sufficiently large, we can use Proposition to construct an extension of the almost
isometry over the extension cap whose accuracy still improves at a large polynomial
rate. This enables us to retain the fine geometric bounds needed to prolong our
comparison.

In this section we will use the notation (Mp,y, gpry, TBry) for the pointed Bryant soli-
ton with p(xp,y) = 1; for this and other notation related to the geometry of the Bryant
soliton, we refer to Subsection [6.2] We will also frequently use the curvature scale
function p : Mg,y — (0,00) as introduced in Definition . Recall that (Mg,y, gBry)
is an O(3)-invariant gradient steady soliton diffeomorphic to R?* and p(z) — oo as
T — 0.

We first present a version of the Bryant comparison result in a form that is most
useful for its application in the proof of Proposition [12.3|

Proposition 10.1 (Bryant Extension). If
E>E, C>0, (>0, D>D(EC,DPp),

0<b<C, 0<d<4(E,C,j3,D,b),

then the following holds for any D' > 0.
Let g and ¢' be Riemannian metrics on Mg,y (D) and Mg,y (D"), respectively, such

that for some A € [C~1, C]
(10.2) 19 = gBevllc11 (0t oy X729 = IBeyll 11 a0y < O-
Consider a diffeomorphism onto its image ¢ : Mpyy (3D, D) — Mp,y (D') such that
for h == ¢*q — g we have for allm =0,... 4

PEIVIR, b on Man(3D.D).
where pg denotes the scale func@on with respect to the metric g. Then there is a

diffeomorphism onto its image ¢ : Mpyy(D) — Mpy(D') such that the following
holds:
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(a) 5: ¢ on Mg,y (D —1,D).
(b) For h:=¢*q — g we have

pgm‘g < Bb on Mp,y(D).

We remark that there are several ways in which one could strengthen or sharpen this
proposition. We chose the statement above, because it is adequate for our purposes
and keeps the complications in the proof to a minimum. For example, the constant
E in this proposition could be taken to be equal to 100, or even smaller. Also, the
choice of the exponent 3 in assertion @ is arbitrary. This exponent is needed in the
proof of Proposition [12.3] but it could be replaced by any other number, assuming
that F is chosen sufficiently large.

The Bryant Extension Proposition [10.1] is a consequence of the following simpler
result, on which we will focus for the larger part of this section. A proof that Propo-
sition [10.3| implies Proposition [10.1]is provided at the end of this section.

Proposition 10.3 (Bryant Extension, simple form). There is a constant C' < o0
such that if

0<a<l, E>FE, D > D(a),
then the following holds. Assume that:

(i) g1 = gpry and ga = N3gpyy is a rescaled Bryant soliton metric.
(ii) Ag € o, a7 1].
(iti) ¢ : My (3D, D) — Mg,y is a diffeomorphism onto its image.
(iv) For h = ¢*gy — g1 and for some b < a™' we have for allm =0, ..., 4

IVithlg, <OD™"  on Mgy (3D, D).
Then there a diffeomorphism onto its image (Z: Mg,y (D) — Mg,y such that:

(a) (Ezib OHMBW(D —1,D).
(b) For h := ¢*gs — g1 we have

|hlgy <b-Ca D7 FFC  on Mg, (D).

The strategy of the proof is as follows. We first show that ¢ almost preserves
the curvature operator and its first covariant derivative, up to an error that decays
polynomially in D. As the scale of a Bryant soliton can be expressed in terms of
the curvature and its derivative, this will imply that the scale Ay of go is close to the
scale 1 of g1, up to an error that decays polynomially in D. Similarly, we can argue
that ¢ preserves the distance function to the tip zg,y up to a polynomially decaying
error. Using this extra information, we can in turn argue that ¢ is sufficiently close
to an isometric rotation of (Mp,y, gBry) around the tip xp,y, again up to an error that
decays polynomially in D. By an interpolation argument, we eventually extend ¢ to
a map on Mg,y (D) that is equal to this isometric rotation sufficiently far away from
the boundary.
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The proof will use some standard properties geometric properties of the Bryant
soliton, which are reviewed in appendix . Recall that xp,y € Mg,y denotes the tip,
i.e. the center of rotational symmetry, of Mg,,. In the following we furthermore
denote by o := dg, (-, TBy) the distance function from the tip.

The remainder of this section will be devoted to the proof of Proposition [10.3]
Until the end of the section we will let g; = ggyy, g2, A2, etc, be as in the statement
of this proposition. Let g3 = ¢*g2. We begin with some estimates on the difference
between geometric quantities for ¢g; and gs.

We will use the convention that 1 < C' < oo denotes a generic universal constant,
which may change from line to line.

Lemma 10.4. If
E>E, D > D(a),
then the following holds.

Let D = V,, — V,, be the difference tensor for the Levi-Civita connections of gs,
g1, respectively. Then we have

T|y, <b-CD™®  on Mg,y (3D, D),
where T is any tensor field from the following list:

{VSI (93 — 91) Yo<k<a, {v§1D}0§k§3
{v’;l (ngs - ngl), V’;I (Rng3 - Ricm)’ V’;l (Rgs - R91)}0§/€§2 :

The bound also holds if we view Ricy,, 1 = 1,3, as a (1, 1)-tensor.

Proof. Consider a point x € MBry(%D, D) and identify T, Mp,, with R? such that g; ,
corresponds to the Euclidean inner product. The tensors h,, Vg by, ... 7V31 h, and
Rmy, o, ..., Vz Rmy, , and T, can be viewed as tensors on R®. As T can be written
in the form of an algebraic expression involving the tensors g, (g1 +h)~", h,..., V} h,
Rm,,, ... ,th Rm,,, there is a smooth tensor-valued function F' such that

T, = F(hg, ...,V he, Rmg, 5, ..., V2 Rmg, ,).
Note that

F(0,...,0,Rmy, 4,...,V; Rmy, ;) = 0.
So by we have

Telgy < Cl(has- -, Vg ha)| | < Cllhalg + -+ Vg haly) < CbD™E,

g

as long as £ > F and D > D(«). O

We now prove that the scales of g; and g, are close, up to an error that decays
polynomially in D.
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Lemma 10.5 (Scale detection). If
E>FE, D > D(a),

then we have
Ay — 1| <b-Ca¢D7EH,

Proof. Set Ay := 1. Then g; = M2gp,y for i = 1,2 and by rescaling (B.3)), (B.4) by \;
we obtain that for i = 1,2

(10.6) Ry, + |V f zi = Ry, (Tpry) = )\;2R9Bry(xBry)7 dRy, = 2Ric,, (Vy, f, ).

In the following, we will express these equations in terms of the metrics g1, g2, by
combining the difference estimates from the previous lemma with some estimates on
the geometry of the normalized Bryant soliton from Lemma [B.1] It will then follow
that A\; and Ay are close.

In the following, we will work on the annulus Mg, (3D, D) and assume that D >
2Cp, where Cp is the constant from Lemm Therefore o > %D > (g on

MBry(%D, D) and thus the bounds of Lemma [B.1| apply for g;. We may also assume
that £ > E and D > D(«a) have been chosen large enough so that g; and g3 are
2-bilipschitz on Mg,y (3D, D).

From in Lemma we obtain the following bound for the Ricci tensor,

viewed as a quadratic form on T*M,

Ric,, > Cz'D %g,.

-1

5> viewed as a map T"M —

Therefore, assuming D large enough, the inverse Ric
T* M, is well-defined and satisfies

(10.7) |Ricy,'|, < CCpD?.
Hence by Lemma [10.4} if £ > E and D > D(«), then
|Ric, ' (Ricg, — Ricgl)‘g1 < ‘Ric;‘gl |Ricy, — Ricy, }gl <b-CD P2
Soif £ > FE and D > D(«), then the inverse of
I + Ric,'(Ricgy, — Ric,, ) = Ric, ' Ricy,

exists and we have
|Ric,,' Ricg, —=I| <b-CD™ "
g1

Therefore again by ((10.7)),
(10.8) |Ric, —Ricy'| | < |Ricy Ricy, —I| |Ricy,'| < b-Ca™ @D,
Using the second relation in ((10.6)) we find that
(10.9) d(f o ¢) — df = 2Ric, (dR,,) — 2Ric,, (dRy,)
= 2(Ric,, —Ric,")(dRy,) + 2Ric, ' (dRy, — dRy,).



UNIQUENESS AND STABILITY OF RICCI FLOW 83

So, as |dRgy,|s < C|dRgls < CA* < Ca™3 we obtain by (10.9), (10.7), (10.8) and
Lemma [10.4] that

|d(f © ¢) = dflg, <b-Ca™“DFH.
It follows using (B.8)) that
\d(f o 9)5, = 1df15,| < |ld(f o D)5, —1df[5, | + [Idf[5, — ldf5,
<|d(f o @) —df| - |d(f 0 6) +df|, +ClhlyldfI2
< b-Ca™ D (|d(f 0 ¢)lgy + ldfg) +b- Ca D"
<b-Ca “DPHM(ld(f o ¢) — df|g, + 2|df|g) +b-Ca D7
<b-Ca “DFH,
Combining this with (10.6) and Lemma yields
A2% = AT| - Rap, (28ry) < Ry — Ry, | + [1d(f 0 d)5, — 1df15,
<b-Ca “D7FH,

So the bound on Ay — 1] follows for large enough D, as A; = 1. O

Next, we prove that ¢ nearly preserves the radial distance function o, up to an
error that decays polynomially in D.

Lemma 10.10 (¢ nearly preserves o). If

(10.11) E>FE, D > D(«),
then we have for k =0,1,2
(10.12) Vg (00op—0)| <b-Ca”“D7FFC.

Proof. Let F': (0,00) — (0,00) be the function with the property that R = F oo on

(Mg,y, gBry). Consider the constant Cp from Lemma . By (B.5)), (B.7) and

we have for s > Cp

(10.13) Cgls ' < F(s) < COps™',  Cz's? < —F'(s) < Cs,
[ (s)], [F"(s)] < Cb.

So there is a ¢y > 0 such that F~1((0,¢q)) = (Cp, 00) and such that there is an inverse
H :(0,c0) = (Cp,00) of Flcy00)- A straight-forward application of the chain rule
gives
|H'(r)| < Cpr2, \H"(r)| < Cr~", |\H" (r)| < Cr1°.
(Note that these bounds are not optimal.)
Assume now that E and D have been chosen large enough, in the sense of ((10.11]),

that 3 < Ay < 2 by Lemma and that by ((10.13) and Lemma we have for

i=1.3
1003 _ll)_1 <R, < 1OCBD_1 < ¢p/10
9i
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on Mg,y (3D, D). Then on Mg, (3D, D)
(10.14) go¢p—o0=DP(Ry, Ry, — Ry, \2),
where

P(r1,r2,\) := HN*(ry +12)) — H(ry).
Note that P(r,0,1) = 0 for all r € (0,¢q) and that on ((10C5)~*D~!,10CpD~1)? x
(3,2) we have

0" P| < CDY

for k =1,2,3. So for £ =0,1,2 we have

0f P|(r1,m2,A) < CD"(ra| + A =1]) on ((10CE)~'D~',10CsD™")* x (1,2)

2
So (10.12)) follows by differentiating ((10.14)) and using Lemmas and [10.5] O

Recall that the Bryant soliton metric is a warped product gp,, = do? + w?gs: on
Mg,y \ {7y} and that C3'y/s < w(s) < Cpy/s for large s (see Lemma for more
details). Fix some D that is sufficiently large such that D > w(D). We now let
ga = do? + wigg: be a warped product metric on Mg,y (D — 3w(D), D + fw(D)) with

2
oc—D

and the warping function
oc—D

w4:w4(0):1+a4:1+ w(D)

Note that there is an isometry
& : Mpyy (D — 3w(D), D + 2w(D)) — Ayu5/ C R®
to a Euclidean annulus such that 1+ o4(z) = |®(z)|gs. So
® (Mg (D — 2w(D), D)) = Ay o

2

Due to Lemma [10.10| we may assume in the following that ¢(Mp,, (D — w(D), D
)) C Mp,y(D — 2w(D), D + tw(D)). So ¢ induces a map

DPogpodt: Aijpr — Avjas)a-

We now show that ¢ restricted to Mg,y (D —3w(D), D) almost preserves the metric
g4 and the function o4. This is equivalent to saying that ® o ¢ o ®~! almost preserves

the Euclidean metric and the radial distance function on R3.
Lemma 10.15. If

(10.16) E>E  D>D),

then for k=10,1

(10.17) ‘V§4(04o¢—04)‘g4 <b-Ca “D7FHC
(10.18) Ve (6791 — g4)|,, <b-Ca™“D7FHC,

on Mg,y (D — 2w(D), D).
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Proof. Let us first consider the rescaled metric g, := w™2(D)g;. This metric is a
warped product of the form
g1 = doj + W gse,

where

. w

w = WD)
Note that for large D the metric g; on Mg,y (D —3w(D), D+ jw(D)) is geometrically
close to S? x (—%, %) equipped with the standard cylindrical metric. More precisely,

if we express w = w(oy4) as a function in gy, then by (B.11)) in Lemma we have
the following bounds when oy € (-3, 1)

—11
dw d*w
10.19 w—1 - — | <cDY2?,
( ) \w |’ doys|’ daz -

Let us now consider the map ¢. We have
¢"G1 — 1 = A\ w (D) (¢ g2 — g1 + (1 = N)gn),

Combining this with the scale detection Lemma [10.5| gives us the following bound for
k = 0,1, assuming an estimate of the form ((10.16)):

k(s = —C n—E+C
(10.20) Ve (¢*7, — gl){yl <b-Ca°D .
Note that here we have taken the covariant derivative with respect to g,, as opposed
to g1. This change produces a factor of the order of O(D*/?), which can be absorbed

in the right-hand side. Similarly, by rescaling (10.12)) in Lemma [10.10[ and assuming
an estimate of the form (10.16]), we obtain that for £ =0, 1,2

(10.21) V5, (0406 — o) <b-Ca“DFC.

This implies (10.17)) for £ = 0 immediately and for k = 1 after observing that g, and
g4 are uniformly bilipschitz for large D.

So it remains to show (10.18). The bound ((10.21]) implies that for £ = 0,1
(10.22) Vi (¢*dof — do) |§1 <b-Ca 9D F+C
Combining ((10.20) and ((10.22)), one gets
(10.23) |VE (6" (@gs2) — Wgs2)|, = |V (65, — 7,) — (¢°do? — o),
<b-Ca “DF+C,

Set now

w3 1404\
=z Uw )

Let us first express x(o4) as a function of o4. Then by (10.19)) we have for k£ = 0,1, 2,
as long as —% <oy < }1,

d2X

x| |4
do?

d0'4

<C.

(10.24) X1,

Y
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It follows using that
(10.25) [Xoos0¢—xo0s <CD V?os0¢— 0y <b-Ca“D7FHC,
[V, (xoou0 ¢ —xo0u)|; <|(X 0oa08)d"dos — (X 00u)dosl,
< |xX' og40¢|-|¢*dos — d<74‘§1
+ ’(X/ 0040¢) — X/(04)| - |doslg,
<b-Ca 9D7EFC
So, assuming a bound of the form , we get using that for £ = 0,1
|VE (6" (wigs2) — wigs2)lg,
= |VE (¢*((x 0 0u)W’gs2) — (x © 04)W’gs2) 5,
< |Vg, (xo 0106 = x000)¢" (@ gs2)) |
+[9E (xo 02) (6" (@gse) — Tgse))|, < b CarCD .
Combining this again with gives us that for £ = 0,1
Vi (6°91 — ga)|, < b-Ca~“D7FHC

This implies (10.18]) for £ = 0, as g4 and g, are uniformly bilipschitz for large D. To
see (|10.18) for £ = 1 note that due to (10.24)) we have |Vy, — V|5, < C. O

In the following lemma we extend the map ®ogpod~!: Aiy21 — A1/as/4 to a map
¢ on the unit ball B; C R3.

Lemma 10.26. If
(10.27) E>E, D2 D),
then there is a diffeomorphism onto its image éﬁ\: B; — R3 such that:

(a) |$*94: 94 g, Sl? .Ca ¢DE+C,

(b) |40 6 — oul, |¢*doy — doyly, < b- Ca~C D EC.

(c) dp=Dopod ! on As /6.1

(d) 6 =1 on By for an orthogonal map ¢ € O(3) of R3.

Proof. By Lemma [10.15| and the fact that g4, = ®*grs we have for £k =0, 1

(10.28) [Vis((Podod ") grs — gra) |gs < b- Ca~“D~E¥C,

(10.29) ‘v%g (ro(®opod) —T)|R3 <b-Ca ¢D7EHC

where r(z) := |z|gs denotes the radial distance function on R3.
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From now on we will only work on R?. To simplify notation, we will write ¢ instead
of ®o¢od . Expressing (10.28) for kK = 1 in Euclidean coordinates yields

a2¢s a¢s 82¢8 a¢s O E
<}- +C
(axkaxi 007 | Orho 8xi) S Camm DT

Permuting the indices 7, j, k£ cyclicly and using
2 82¢S a¢s B 82¢s a¢s N 82¢s aQbS
Oridxi Oxk  \ Oridxi OxkF = Oxidxk Oxi

+ 82¢S a¢s + 82¢s a¢s B 82¢s a¢s + 82¢s a¢s

oxioxk Oxt  Oxioxt Ox* oxkoxt Oxi  Oxkoxi Oxt

gives us
3 52 ¢s a(bs
(%Z@xﬂ Ok

Combining this with ) for & = 0 implies that under a condition of the form
(10.27)

(10.30) |dP¢lgs < b- Ca¢D EFC,

Let now xp € Ay/21 be a point and consider the differential (d¢),, : R3 — R3. By
(10.28)) there is a Euclidean isometry ¢’ : R® — R? with ¢'(z¢) = ¢(zo) and

|(d)zy — (d)ay | s < - Cam “D7FHC.
Combining this with gives us
| (@0 )ao (V7)ag) = (V) (00) s < b+ Ca™ @ DTHHC,
So again by we have
[9/(0)|es = |9'(20) — |olrs (Y )y (V7)) |
< ‘¢(SU0 |20|r3 (VT) g0 ‘RS +b-Ca ¢DFHC
< |d(0) = [6(0) |z (V7) b0 |gs + 0 - Ca™CD7FHC
=b-Ca “D7EHC,
Set now ¢ := 1)’ —9’(0). Then ¢ € O(3) and for k = 0,1
|dv(x0) — do(zo)|ps < b- Ca™CDFHC

<b-Ca —C'D E—i—C’

Integrating (10.30) along paths in A;/; starting from xy implies that under an
assumption of the form ((10.27)) we have for all x € A/,

(10.31) |dip(w) — d(@)] s < |(d)(z0) — d) (o) s

+10 sup |d*¢ — d?¢|,, < b-Ca”“D7FHC,
A1/21
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Integrating this bound once again along paths in Ay, yields that

(10.32) [¢(z) — ¢(w)|gs < [1h(w0) — d(20)]|Rs
+10 sup |dip(z) — dp(a)|zs < b- Ca~“DPFC,

1/2,1

We now let {¢i,(2} be a partition of unity on A;/5; such that ¢(; = 1 on Asjg 4,

G =11in By, and |VgsGlrs < C. Let g/b\ = Go+ CQ@Z) Then assertions |(c)| and .
hold immediately and assertion [(a)| follows from ) and ([10.32)). Assertlon [@]
follows from m the fact that dr = doy and that ro ¢ =r.

Proof of Proposition [10.5 We only need to translate the result of Lemma [10.26] back
to Mg,y. By assertion @ of Lemma [10.26| and the fact that MBry is rotationally

symmetrlc we can find an 1sometry Y Mgy — Mgy, with ¢(mBry) = Tpyy and
Y=>0lopod Set p:=d lopodon MBry(D——w(D) )andgb := 1) on the
closure of Mp,y(D — sw(D)). By assertion |(d)| of Lemma [10.26] we know that ¢ is
smooth. By assertion the map 5 is injective if E>FE.D > D(«a). So it remains to

bound ¢*g2 — g1 on Mp,y(D — sw(D), D). To do this, we first deal with the rescaling
factor Ay using Lemma [10.5

6°92 = q1],, < |&"q1 — g, + |5 = Do an]
<991 — |, +b-Ca~ D7
So it remains to bound (E*gl — ¢g1. For this purpose consider the rescaled metric
79, = w2(D)g; = do? +W3gg:, as used in the proof of Lemma [10.15] and observe that
=2

52
w w

g, = doj +w’gs: = —Q(dai + wiggz) + (1 — —2> doy.
wy Wy

Set Yooy 1= Z—z as in the proof of Lemma/|10.15] As explained in this proof, we obtain
4

using (({10.25)) and assertions @ and @ of Lemma [10.26| that under an assumption
of the form £ > E, D > D(«a)

|$*91 - 91’91 = ‘%?1 _§1‘§1
< (XOU4)‘5*94 —94‘§1 + ‘XOU4O$— XOU4| : |¢~5*94|§1
+ ‘1 — (XOU4>‘ : |5*d04 d04‘

+ ‘X ©040¢p—xO0 04| : |¢*d04|§1
<b-Ca ¢DFFC,

This concludes the proof. O
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Proof that Proposition |10.5 implies Proposition [10.1. Set Ay = A, g1 = gpwy and
(B.5)

g2 := A2gpry. Assuming § < 0(D), we have, using
(10.33) Py > 3pgs, = 1C5'DY? on Mg (3D, D).

Now consider the map ¢ from Proposition and note that by the assumptions of
this proposition and (10.33) we have for m =0, ..., 4

(10.34) V5 (&g = g)|, < bp,© < 4°Cg - bD7".

We now claim that for D > D(E,C) and § < 6(E,C, D, b) we have

(10.35) Vi (6792 — g1)|,, < CL(E)D™"

for all m = 0,...,4 and some constant C] = C](E) < co. To see this, assume first

that D > D(FE,C) and 6 < § such that the pairs of metrics {g, ¢*¢'}, {g, 91}, and
{d’, g2} are each 2-bilipschitz with respect to one another. So ¢1,g,d*q, ¢*go are
pairwise 8-bilipschitz. As A € (C~1,C'), we can find a constant C}, = (C') < oo such
that by we have for allm =0,...,4

(10.36) \vgl 9—g1)l,, <G,

(10.37) Vi, (670 — 0" 92)|,, < 8|Via(g' = g2)|,, 0 b < C36.

We now argue similarly as in the proof of Lemmam The tensor V! (gb* g2 —g1) can
be written as an algebraic expression in terms of the tensors g1, (¢* 92) : V;” (p*g' —

9), V;q/ (9 — ¢g1) and Vgﬁ’m (¢*g' — ¢*g2), m" < m (where we use g; as a background
metric). So, pointwise,

Vi (g2 — 1) = F(¢"g' —g,..., V3 (6*d — 9),
9= 91, Vi (g— 1), 09 — ¢ g, ..., Vi, (079 — 0" g2)).
for some smooth, tensor-valued function F. By (10.34]), (10.36) and (10.37), we
therefore obtain ((10.35)) as long as 2CEbD~F and C"¢ are sufficiently small.

So the conditions of Proposition are fulfilled for o = a(E,C) := min{C] !,
C~!'}. Therefore, if

E>FE, D > D(a),

we obtain a diffeomorphism onto its image 5 : Mg,y (D) — Mg,y such that 5 = ¢ on
Mp,y(D — 1, D) and moreover there is a universal constant C'y < oo such that

‘5*92 _ 91‘91 <b- Céa—CéD—E—s—Cé_

If o < S(E, b, a, D), then we can assume that the metrics g, g1, *¢’, ¢*go are pairwise
sufficiently bilipschitz close to another such that we still have for some universal
C) < o0

;g*g/ i g‘g < b- Célla—CiD—E-l-Cfl'
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By (B.5) we have Cia~%D~ % < 8(10CE)32D~3/2 < Bp,* on Mgy (3D, D), as
long as B
E>Cy+14, D> D(E,a,p), § <(E,a,B,D).
This implies assumption @ of Proposition [10.1] Lastly, note that if
E>FE, D > D(a),

then ¢ is an immersion. So since

¢(MBry(D - 1>D)) = ¢<MBry(D -1, D)) - MBry(D,)

the image of ¢ must be contained in Mg,y (D') as well. O

11. INDUCTIVE STEP: EXTENSION OF THE COMPARISON DOMAIN

11.1. Statement of the main result. Consider two Ricci flow spacetimes M and
M. The goal of this section is to extend a comparison domain N in M that is defined
over a time-interval of the form [0,¢,] by one time-step, to a comparison domain that
is defined over the time-interval [0,¢;41 = t; + 72,,,]. In order to carry out this
construction, we will assume the existence of a comparison from M to M’ defined
on N that together with N satisfies a priori assumptions [[APA 1)H(APA 6)|for some
tuple of parameters. Assuming that these parameters are chosen appropriately, we
will show that the extended comparison domain and the given comparison satisfy the
same a priori assumptions for the same tuple of parameters.

The precise statement of the main result of this section is the following. We remind
the reader that we are using the notation for expressing parameter bounds explained
in Section [4l

Proposition 11.1 (Extending the comparison domain). Suppose that
Mo < Tins 0 <0 A< A(0n),  Deap = Dy (V),
(11.2) A > A0, ), 5 < Sp(A,A),
€can < Eean(0ns A A 00), Teomp < Teomp(A, A)
and assume that

(1) M, M’ are two (€can’comp, I')-complete Ricci flow spacetimes that each satisfy
the €can-canonical neighborhood assumption at scales (€canTcomp, 1)-

(it) (N AN} {t;}=o) is a comparison domain in M that is defined on the time-
interval [0,t;]. We allow the case J = 0, in which this comparison domain is
empty (see Definition [7.1).

(iii) (Cut, p,{¢’}7_,) is a comparison from M to M" defined on (N, {N7}/_,, {t;}]_)
over the (same) time-interval [0,t;]. In the case J = 0, this comparison is the
trivial comparison (see the remark after Definition .

(i) (N ANV At} o) and (Cut, ¢, {¢'}]_,)) satisfy a priori assumptions
for the parameters (Min, On, A, Deaps A, Ob, €cans Teomp ) -

(v) ti =ty + 710, <T.
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Then there is a subset N1 C My, 4., such that (N UNTT NIV {83720

is a comparison domain defined on the time-interval [0,t;41] and such that N U
NIFLANIYL e, Jfl and (Cut, ¢, {gbj} 1) satisfy the a priori assumptions
. (APA 6) for the same parameters (771111,511,/\ Deap, A, Ob, €cans Tcomp) -

We remind the reader that a priori assumptions [(APA 1)H(APA 6)| allow for the
possibility that the comparison (Cut, ¢, {¢’ }‘]-]:1) is defined on a shorter time-interval
than the underlying comparison domain (see Definition . In particular,
and are only required to hold over the time-interval on which the comparison
is defined, which in the context of Proposition is [0, ¢ 4].

We briefly explain the strategy of the proof of Proposition [11.1, which will be car-
ried out in the remainder of this section. In Subsection [11.2] we will first construct
a domain € C M, , such that the corresponding product domain Q([t;,t;41]) C
M, +,.,) satisfies most of the a priori assumptions [(APA 1)H(APA 6), The final
time-slice N}/ JH will later arise from (2 by adding certain components of its comple-
ment M, | \Q This is by far the most delicate part of the proof, because we need to
accommodate both a priori assumption [(APA 3)|(d), which forces certain components
to be added to €2, and a priori assumption [(APA 5)| which imposes strong restric-
tions whenever the addition of such components creates extension caps. The precise
criterion for which components of My, \ © will be added to €2, will be given in Sub-
section and some of the less problematic a priori assumptions will be verified in
Subsection [11.4. The most important and complex step in our proof is Lemma
in Subsection [11.5] which effectively states that cap extensions only arise when a
priori assumption is satisfied. For more details, we refer the reader to the
explanations given before and after the statement of this lemma.

We make the standing assumption that hypotheses |(i) of Proposition hold
for the remainder of this section. The construction of the domain N/*! and the
verification of its properties will proceed in several stages, with each stage requiring
additional inequalities on the parameters. The inequalities on the parameters imposed
in the assumptions of lemmas or in discussions in between lemmas will be retained
for the remainder of this section. So the assertions of these lemmas or the conclusions
of these discussions continue to hold until the end of this section.

We remind the reader that, while the dependence on the parameters may seem
complex, it essentially suffices to observe that the parameter order, as discussed in
Subsection [7.5] is respected. We will continue our practice of introducing parameter
bounds in separate displayed equations, to facilitate verification of the parameter
dependences.

11.2. Choosing an almost minimal domain containing all Arg,,,-thick points.
As a first step toward the construction of N'/*!, we will construct a precursor of its
final time-slice NV;/*! — a subset 2 C M,,,, bounded by central 2-spheres of §,-necks

ty41
at scale reomp that contains all Areomp-thick points. The final time-slice N, J“ of N/+1
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will later emerge from 2 by the addition of certain components of its complement
inside My, ..

Consider the collection § of all embedded 2-spheres ¥ C M,  that occur as
central 2-spheres of d,-necks at scale reomp in My, .

Lemma 11.3. We can find a subcollection 8" C S such that

(a) di,, (X1,59) > 10rcomp for all distinct ¥1,%9 € S'.
(b) For every ¥ € S there is an X' € S such that dy, (3, %") < 1007comp-

Proof. Let {w1,2s,...} C My, , be a countable dense subset. We can successively
construct a sequence of collections ) = S) C S C ... C S by the following algorithm:
If z; is in an reomp-neighborhood of some X € S with the property that d;, (X, %') >
107comp for all ¥ € S/_;, then we set S) :=S;_; U{X}. Otherwise, we set S} := S/_;.

Set & := U, S]. Then assertion [(a)| holds trivially and for assertion [(b)] observe
that every 3 € Sis reomp-close to some ;. If S = §;_ |, then dy,, , (X, %) < 107omy, for
some ¥’ € §/_; and if S] = S]_; U{X'}, then z; is contained in an reomp-neighborhood
of ¥'. In both cases, dy, ,(X,%’) < 1007omp. O

We now fix the collection &’ for the remainder of this section.
Lemma 11.4. If
5n S gny )\ S X((Sn)a A 2 A((Sn)? €can S Ecan((sn)v rcomp < 17

then the collection 8" separates the 1007 comp-thin points of My, from the Arcomp-
thick points.

Proof. Suppose that the assertion of the lemma was false. Then there is a continuous
path v : [0,1] = M, , \Uses X such that 7(0) is Arcomp-thick and (1) is 100A7¢omp-
thin. Without loss of generality, we may assume that v has been chosen almost
minimal in the sense that any other such path has length at least length, () = Tcomp-

We first argue that we may assume in the following that
(11.5) diyy (7([0,1]), %) > 1000rcomp — forall X' e,
Assume that d,,, (7(s), %) < 10007 ¢omp for some s" € [0,1] and some ¥’ € S'. Let
U C My,,, be ad,-neck at scale reomp that has X' as a cross-sectional 2-sphere. If
On < O,
then v(s’') € U. Moreover, if
0n<0n  ASA AZA

then no point on U is Areomp-thick or 100Areomp-thin and therefore v(0),v(1) ¢ U.
Let ¥* C U be a cross-sectional 2-sphere of U, close to its boundary such that ¥*, ¥’
bound a domain diffeomorphic to S? x [0,1] inside U that contains v(s"). It follows
that v|,s], V|s,1) intersect X*. If

On < O,
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then the diameter of ¥* is less than 107.mp and £* may be chosen such that the
distance between ¥* and 7(s’) is larger than 107¢oy,. This implies that we can replace
7 by a path whose length is shorter than length, () — T'eomp, 0t contradiction to its
almost minimality. Therefore, we may assume in the following that holds.

By the intermediate value theorem, assuming

A< &

5 A>1, Teomp < 1,

we may pick s € [0, 1] such that = := ~(s) has scale p(z) = reomp. By the construction

of § and ([11.5]), assuming

On < O,
the point = cannot be the center of a d,-neck at scale 7¢omp. SO assuming
Ecan S Ecan(dn)y Tcomp < ]"

we can use Lemma to find a compact subset V' C M,  with x € V that
has connected boundary and on which Cj lrcomp < p < Cyreomp holds, where Cy =
Co(6n) < 00. So, assuming
A < (100C(0,)) 71, A > Co(6y),

we can conclude that v(0),v(1) € V. Therefore, V must have exactly one boundary
component and this component is a central 2-sphere of a §,-neck.

We claim that 0V is disjoint from all elements of §’. Assume by contradiction that
OV intersects some ¥/ € §'. If
(11.6) 6n < On,
then we have %rcomp < p < 27eomp 00 X' N OV, Again, assuming a bound of the form
(11.6]), we find that OV is a central 2-sphere of a neck at some scale of the interval
(47comps 4Tcomp)- S0 the intersection of OV with ([0, 1]) is not further than 407cqm,
from the intersection with ¥'; in contradiction to ((11.5)).

Choose now s; € [0,s) and sy € (s, 1] such that y(s;) € dV. By Lemma
the path 7|, s,) can be replaced by a continuous path inside OV of length less than
length, ,  (V](s1,55]) — Tcomp, contradicting the minimality assumption of . O

Now let 2 C M, be the union of the closures of all components of
My, \UsesZ

that contain A7rcomp-thick points. Then by the previous lemma, €2 is weakly 100A7¢omp-
thick.

Lemma 11.7. If
€can S Ecan(>\)7
then all points in  survive until time t;.

Proof. This follows immediately from Lemma [8.8 and the fact that € is weakly
100A7comp-thick. O
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Lemma 11.8. If J > 1 and
51'1 S 5n7 A Z A? 6Cal’l S ECan? rCOmp S FCOl’I’lp(lx)7
then for every Areomp-thick point x € My, , we have x(t;) € Int N, _.

Recall that z(t;) € M;, denotes the image of x under the time —(t,41 — t;)-flow
of the time vector field 9; (see Definition [6.6]).

Proof. Assume that z(t;) ¢ IntN;,—. By a priori assumptions [(APA 3)(a), (b),

Lemma 8.8/ and assuming that
5H S Sl’l) A Z 27 ecan S Ecana Tcomp S ?Comp(A%
we have p(z) < 2ATcomp.

Let 04 > 0 be a constant whose value we will determine in the course of the proof.
Assuming
A Z 17 €can S Ecan((s#); Tcomp S FComp(A)a
we can use Lemma [8.40] (for & = 2A) to argue that (M, z(t;)) is du-close to (Mp,y,
JBry, TBry) at scale p(z) > Arcomp. Since p is uniformly bounded from below on
(Mp,y, gBry) and diverges at infinity, there is a universal constant ¢ > 0 such that for

64 < 0y
we can find a path v : [0,1] — M, with v(0) = z(ts), p(7(1)) > Arcomp and
p(7(s)) > cArcomp for all s € [0,1]. So by a priori assumption |[(APA 3)(b) we have
v(1) e Ny, —. If
0n <0, AZA
then by a priori assumption [(APA 3)[(a), the image ([0, 1]) is disjoint from ON;,_.
It follows that z(t;) = v(0) € M, _. O

We remark that in the proof of Lemmal[I1.8] the use of Lemma [8.40, which is based
on the rigidity theorems of Hamilton and Brendle, may be replaced by a longer but
more elementary argument involving the maximum principle and the geometry of
k-solutions.

Lemma 11.9. If J > 1 and

511 S Sna A S X((Sn>a A Z A((Sn)a €can S ECan((sn)a Tcomp S Fcomp(/\)a
then Q(t;) C Int Ny, .

Proof. Let €y be the closure of a component of M, , \Uses 2 that contains a Arcomp-
thick point x. Note that by definition of 2 we have 2y C 2 and the lemma follows if
we can show that Qo (t;) C Int My, _ for all such €.

Fix 0y and a Argomp-thick point z € € for the remainder of the proof and assume by
contradiction that Qg(t;) ¢ Int N;,_. Suppose by contradiction that there is a point
Let z € Qg with the property that z(t;) & Int N;,_. Choose a path v;11 : [0,1] = Qg
within g such that x = v;,1(0) and z = ,41(1). Without loss of generality, we
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may assume that we have chosen z and ~;,; almost minimal in the sense that for any
other such choice of 2/,~;,,; we have

(11.10) length, (v,,) > length,  (v741) = Tcomp-
By Lemma [I1.8] assuming
61’1 S 31'17 A Z A? 6Can S Ecan7 TCOmp S FCOI’I’Ip(“/X>7

we have x(t;) € N;,—. Denote by v, : [0, 1] — M, the curve at time ¢; corresponding
to 41 under the (=72, )-flow of the time vector field d, i.e. y;(s) = (ys41(s))(ts).
This path exists due to Lemma [I1.7] Since v,(1) = 2(t;) & IntN;,_, we can find
a parameter so € [0,1] such that v;(sg) € ON;,— and ~,([0,s0)) C IntN;,_. By
truncating vy and v;11, we may assume without loss of generality that so = 1 and
therefore z(t;) = v,(1) € ON;,— and ~v,([0,1)) C Int N;,—. The almost minimality

property ([11.10) of z and 7,1 remains preserved under this truncation process.

Let ¥; C ON;,- the boundary component that contains z(t;). By a priori assump-
tion [(APA 3)(a), ¥, is a central 2-sphere of a d,-neck at scale 7comp in M;,. Let
04 > 0 be a constant whose value we will determine later. By Lemma [8.32] assuming

51’1 S Sn(é#)a €can S ECan((savf;ﬁ)a Tcomp S Fcornpa
this implies that all points on 3 ; survive until time ¢; + %rzomp and X, (t; + }lrzomp)

is a central 2-sphere of a dy-neck at scale 37rcomp. S0 p(2(ts + §72mp)) < 0-67comp,
assuming

6p <Oy
By Lemma this implies that p(v,41(1)) = p(2) < 0.77comp, assuming

ecan S Ecana rcomp < 1

Recall that at the other endpoint of 7,41 we have p(7,41(0)) = p(z) > Arcomp. So
by the intermediate value theorem, assuming

A>1,

we can find a parameter s € (0, 1) such that y := 7,41(s) has scale p(y) = Tcomp-
Assuming
0 <0n,  AZA

we can conclude that x, z cannot lie in d,-necks at scale reomp and therefore d; | ({z, =},
0€) > 20007 ¢omp. S0 by the almost minimal choice of v, we find, using the same
argument as the one leading to ((11.5)) in the proof of Lemma [11.4] that

(11.11) de, ., (7(]0,1]),09%) > 10007 comp,

assuming that
6n < Op-
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As the interior of €2 is disjoint from all elements of &', we can use assertion @ of
Lemma|11.3[and ([11.11]) to conclude that the point y cannot be a center of a d,-neck
at scale 7¢omp, assuming

On < Op.
We can hence apply Lemma and find a smooth domain V' C M, withy € V.

Moreover, we have C; " (6u)7comp < £ < Co(0u)Tcomp on V. So by Lemma and
assuming

€can < €can(0n),
all points on V survive until time ¢; and
(11.12) p > 105 (6n) eomp on V(ty).
Also, if
A > Cy(by),

then z ¢ V. In particular, this implies that OV # (. By Lemma the boundary
OV is a central 2-sphere of a d,-neck. Choose s; € [0, s) such that v,1(s;) € V.

We claim that
(11.13) zeV.

If not, then we can choose sy € (s, 1] such that v,.1(s2) € V. By Lemma[8.2] we can
connect vyy11(s1),7s41(52) by a path v : [s1, s3] — OV C Int ©y whose length is less
than lengthtﬂl(fy\[sl,s}) — 1007comp- The concatenation of vyi1jo,5,], ¥ and vy1|s,,1)
would have length less than length, (v741) — 1007¢omp, contradicting the almost
minimal choice of 7,1 and confirming .

Next, we argue that
(11.14) (OV)(ty) C Int N, —.

Note that by our choice of 7,41 we have (y,41(s1))(ts) € Int Ny, —. So if was
false, then (V) (t;)NON;,— # 0. Therefore, by Lemma(8.2|we would find a continuous
curve " : [s1,1] — 9V between 7,41(s1) and a point 2’ € OV with 2/(t;) € ON;, -
such that lengthtJJrl(”y”) < i, (Vr41(51),7741(5)) — 1007¢omp. The concatenation of
Ylj0,51] with 7" would then have length of at most

length, , (vs+1) = dt, ., (41(51),7541(8)) + length,  (7")
< lengthtj+l(w+1) — 1007 comp-
This, however, contradicts again the almost minimal choice of v, 1, confirming ({11.14)).

The inclusion (11.13)) implies that z(t;) € V(t;). Let C* be the component of
M, \ Int M, that is adjacent to X;. As C* is path-connected and z(t;) € C*, we
can conclude, using (11.14]), that C* C V. By a priori assumption [(APA 3)[d) there
must be a 10A7¢omp-thin point in C*. So if we choose

A< %Cy L(6,),

then we obtain a contradiction to (11.12]). O
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11.3. The definition of N?*1. We will now enlarge § to a subset Q* C M, ,, that
will become the final time-slice ./\/:;‘]]L1 of the product domain N/*!. The components
Z of the difference M, \ Int (2 fall into (at least) one of the following four types:

(I) Z has non-empty boundary and all points on Z are weakly 10Ar¢omp-thick (in
particular Z is not a closed component of M, ).

(IT) (a) Z is diffeomorphic to a 3-disk.

(b) Z(t) is well-defined and Arcomp-thick for all ¢ € [t,, t,41].
c) Z(ty) C Ny, if J>1.

(III) (a) Z is diffeomorphic to a 3-disk.

) Z(t) is well-defined and Areomp-thick for all ¢ € [t;, t41].

c) C:= Z(ty) \ Int M;,_ is a component of M;, \ Int V;,_, and there is a
component C" C M; '\ ¢(Int Ny, _) such that a priori assumptions
5)((a)—(e) hold, that is:

e C and C' are 3-disks.

e C' = ¢,_(0C).

e There is a point z € C such that (M,,, z) is d,-close to the pointed
Bryant soliton (MBry, JBry, TBry) at scale 107 comp.

e There is a point 2’ € M, ,» at distance < DeapTeomp from C’, such
that (Mj ,2') is dy-close {0 the pointed Bryant soliton (Mp,y, gBry,

(
(a
(b
(

Tpry) at some scale in the interval [DZ} 7 comp, DeapTcomp)-

e C and C’ have diameter < De,pTcomp-
(IV) None of the above.

Let 0" be the union of € with all components Z C M, \ Int (2 that are of type

(D] or [(TIT), Assuming
€can S Ecan(A),

each component of type |(I)H(II])| survives until time ¢;, either by definition or by
Lemma The subset €2 survives until time ¢; by Lemma Thus we may define
N7+ to be the product domain with final time-slice 2*:

(11.15) NI o= s 05 (8).

To provide some motivation for the choice of 2*, we point out that if Q* C M,
is a manifold with boundary obtained from 2 by adding some components of its
complement, and N/*! is defined by , then one can check that (N, {\7 ‘7]+11 ,
{t; J+1) and (Cut, ¢, {¢?}7_;) will only satisfy a priori assumptions [(APA 1)H(APA|
6)] 1f " includes all components of type |(DH(III)l In this sense Q* is the “minimal”
candidate for an extension of ) that yields a comparison (domain) satisfying the a
priori assumptions.

In the remainder of this section we will complete the proof of Proposition by
verifying that (N, {N7}2], {t;}72]) is a comparison domain, and that (N, {NV7}/*],
{t; J+1) and (Cut, ¢, {¢/}7_,) satisfy a priori assumptions [(APA 1)H(APA 6)l Most

of the verification is straightforward, using the results already established. The main
difficulty will be establishing the properties of extension caps, especially [(APA 5)|




98 RICHARD H. BAMLER AND BRUCE KLEINER

The crucial fact here, which we will prove in Lemma [11.17] is that components Z
of type and satisfy Z(t;) C Ni,—. In other words, extension caps are only
caused by components of type |(III), which satisfy a priori assumption [(APA 5)|

The main idea of the proof of Lemmawiﬂ be to show that if Z(t;) ¢ N;,- for
some component Z of type then a priori assumption would have forced
an extension cap to have occurred at some earlier time. For more details we refer to
the reader to the overview preceding the proof of Lemma [11.17]in Subsection [11.5]

5)l We will now verify that (M UN7T {N}H {t,1771) satisfies properties (L))~
(3) of the definition of a comparison domain (Definition and that (N U N7
{NIYE {t;}7T1) and (Cut, ¢, {¢7}]_,) satisfy a priori assumptions [(APA 1)H(APA|

j=1>

and |(APA 6)| (see Definition . Most of these properties and assumptions will

follow fairly easily, apart from some technical points. The remaining verification of

Definition and a priori assumption [(APA 5)| requires some deeper discussion,
which we postpone to the next subsection.

We remind the reader that we assume inequalities of the form ((11.2)), such that the
conclusions of the lemmas from the preceding subsections are valid.

Property of Definition holds by construction.

Next, let us verify property of Definition . Since it is a union of  with
connected components of its complement, 2* is a closed subset of M, , and is
a domain with smooth boundary, where the boundary components are connected
components of 9. Since N;/T* = Q*(t) is the image of Q* under the (¢t — t;,1)-flow
of 0;, which is defined on a neighborhood of Q*, it follows that N;/™! is a domain with
smooth boundary for all ¢ € [t;,t;41]. Next, recall that €2 is weakly 100A7comp-thick
by Lemma [11.4] By the definition of components of types [(I) and Lemmas
and [8.10] assuming

A S X, €can S Ecam()\) y Tcomp S Fcomp’

11.4. Verification of Proposition|11.1}, except for Definition and [((APA!

we find that for all ¢ € [t;,t41]:

(A) The time-slice N;/™ = Q*() is A\reomp-thick.
(B) For every x € Q* the parabolic neighborhood P(z,7comp) is unscathed and is
T eomp-thick, where ¢ = ¢(\) > 0.

Now suppose that {yx} € N’* and yp — yoo € M;_. Then yp = z(tx) for some
xp € Oty € [ty, tye], and ty — to. Clearly, 2x(to) = Yoo- S0 {7 ()} is a Cauchy
sequence in M. Therefore {z;} is Cauchy in M,,,, by (B) above and a distance
distortion argument. Since 2* is closed and Argomp-thick, it is complete, assuming

€can S Ecam (>\) .

It follows that {x;} converges to some 7o, € Q*, and T (too) = Yoo. Hence N7/T1 is
closed, and we have verified property of Definition .
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We have ON/T = (097)(t;) € Q(ty). Since Q(t;) C IntA;,— by Lemma m,
part of Definition holds.

We now turn to the a priori assumptions.

A priori assumption [(APA 1)|is obvious. By [(A)[above, N/T! is Areomp-thick; so a
priori assumption [(APA 2)[ holds.

Note that we need only verify a priori assumption for Ny, - = Q. A
priori assumptions [(APA 3)[a)—(c) follow directly from the construction of Q*. To
see a priori assumption [(APA 3)[(d), consider a component Z C M,,,, \Int Ny, _ =
M, ., \ Int Q" with non-empty boundary. Then, by construction, Z is a type
component of M, . \ €. As Z is not of type , it must contain a 10A7¢omp-thin
point. A priori assumption (e) holds since in Propositionthe comparison
is defined over the time-interval [0,%,], and does not include any cuts in M.

Next, we verify a priori assumption Let C be a 3-disk component of
NINInt N (if J > 1) or Mo\ Int NG (if J = 0), such that OC C N/, Assume by
contradiction that all points on C survive until time ¢4, and that C(t) is Areomp-thick
for all t € [t;,t;41]. Then C(t;11) is contained in M, \ Int Q* by the definition
of N/*1. Moreover, 9(C(t;11)) = (OC)(ts+1) is a 2-sphere contained in 9Q*, and
hence an entire boundary component of Q*. It follows that C(¢;,1) is a component
of My,,, \ Int Q* that is also a component of M, \ Int © of type [TV)} However, it
is also of type |(1I)| which is a contradiction.

Lastly, we point out that by the hypotheses of Proposition [11.1, we know that
a priori assumption [(APA 6)| holds for (N, {N7}/1! {t;}/23) and (Cut, ¢, {¢'}7_,)

]:1 ) ]:O

(recall that Definition [7.4] only requires the bound in a priori assumption [(APA 6)|to
hold in the time-interval [0, ,]).

11.5. Proof of Proposition[11.1], concluded. It remains to verify Definition
and a priori assumption |[(APA 5

We first verify the “if” direction of [((APA 5)| To that end, suppose that J > 1
and that C is a component of M,, \ Int N;,_ such that there is a component C’ of

i\ ¢, —(Int NV, ) satisfying a priori assumptions [(APA 5)|(a)—(e); in other words:

(a) C and C’" are 3-disks.

(b) 9C" = ¢4, (0C).

(c) There is a point « € C such that (M, z) is d,-close to the pointed Bryant soliton
(Mpyy, gBry; TBry) at scale 10ATcomp.

(d) There is a point ' € Mj , at distance < DeapTeomp from €’ such that (M, z’)
is dp-close to the pointed Bryant soliton (Mp,y, gpry, TBry) at some scale in the
interval (D17 comp; DeapTcomp)-

(e) C and C’ have diameter < DeapTcomp-

We now claim that, under suitable assumptions on the parameters, C is a component
of /\/;;‘]]Jrl \ Int /\/;i . Since C is a 3-disk by assumption, this will imply that C is an
extension cap.
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To see this, we will apply the Bryant Slab Lemma for Xy = J\/;;ﬂ and X; =
2. Note that assumptions |(i)H(iv)| of the Bryant Slab Lemma hold due to Defi-
nition [7.1|[1]), a priori assumptions [[APA 3)[a)-(c) and by the construction of €.
Assumption of the Bryant Slab Lemma holds due to Lemma . So the Bryant
Slab Lemma can be applied on the time-interval [¢;,t ;4] if

(11.16) 5. <0y, O0<A<1l, A=A, §<T(\A)

and if there is a map ¢ with ¢(zp,, —(10A\)"?) = z and a §’-good Bryant slab
W C M, .1,,.), as required in the Bryant Slab Lemma. The existence of the map v
and the §’-good Bryant slab W follows from above and Lemma , and assuming

5b S gb()\y 5,)7 €can S Ecan()\a 6/)a Tcomp S Tcomp-
Under assumptions of the same form as ((11.16) we can also apply the Bryant Slice
Lemma at time ¢;, i = J, J+ 1, for v =9, W =W, and X = X,_.

Let Co := Wy, \ Int X and C; := Wi, \ Int X; be as in the Bryant Slab Lemma.
By the Bryant Slice Lemma applied at time ¢ ;1 we know that x(¢;411) = ¥(Tpyy, 0) is
117 comp-thin. So, by construction of €2, we have z(t;11) € C; # (). By assertions ,
@ of the Bryant Slice Lemma we find that Cy = C and that C; is a 3-disk component
of M,,,, \ Int Q. Assertions [(a)] [(b)] of the Bryant Slab Lemma imply that Cy(t) is
9T comp-thick for all ¢ € [t;,t;11] and Ci(t;) D Co and C = Cy = C1(ty) \ Int/\/t{]. It
follows that Z := C; is a component of type , and so Z(t;) C Q*(t;) = t‘i“.
Thus C € N1\ Int V), and since C is a component of M,, \ Int A/, it is also a
component of Ni/*'\ Int /. Hence the “if” direction of holds.

In order to verify Definition and the “only if” direction of a priori assumption
(APA 5)| we need the following fundamental result.

Lemma 11.17 (Structure of extension caps). If
Min < Mhin 5 on < gn ) A< X; Deap > Qcap(
€can < €can(A, A, 0p) Teomp < Teomp(A)
then the following holds.
If Z C My, \IntQ is a component of type[(T), then Z(t;) C Ni,—.

A, A=A,

Before proceeding, we first explain how Lemma [11.17] completes the verification of
Proposition [I1.1]

For this purpose consider a component C* C ./\flg‘]frl \Int NV, —. As Q(t;) C Int N, _,
we have C* C N1\ Q(t;). Thus C* C Int Z(t;) for some component Z C M,,,, \

Int Q of type [(I)} [(II)] or [TIT)] By the above lemma and condition [(IL)|(c), Z cannot
be of type or [(II)] and therefore must be of type |[(I1T1), Next, observe that C* C

Z(t)\Int N;,— =: Cand C = Z(t;)\Int M ,- C NP'\Int N;,_. As C* is a connected
component of N/ \ Int N, _, it follows that C = C*.

By [IID|(c) we know that C* = C is a 3-disk, which proves Definition [7.1J{4]). The
remaining statements of [(I11)|(c) imply that C* = C satisfies [APA 5)[(a)—(e).

T
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Next, we provide an outline of the proof of Lemma [11.17] neglecting several tech-
nicalities.

Assume by contradiction that Z is a type component with Z(t;) ¢ N;,_. This
means that Z(t;) contains a component C of the complement M,,_ \ Int N}, _. As
Z consists of weakly 10A7rcomp-thick points and C contains a 10A7eemp-thin point by
a priori assumption [(APA 3)(d), there must be a point in C whose scale increases
over the time-interval [t;,¢,11]. By Lemma [8.40] this is only possible if Z and C lie
in a large spacetime region W C M that is very close to a Bryant soliton. More
specifically, we may assume that this region is 9Arqomp-thick and defined over a long
backward time-interval of the form [t;_,,t;1], where Jy > 1.

The existence of the component C and the Bryant like geometry on W will then
force the existence of a sequence of components C; C My, \ Int Ny, for j = J,J —
1,...,J — Jg, where C; = C. This will follow from a priori assumption |(APA 4)]

which forbids the discard of components that remain Ar¢omp-thick during a time step.

Next, using the bilipschitz bound on the comparison map ¢ imposed by [(APA 6)}|
and the fact that W is not too neck-like, we will find that for ¢ € [t;_;,,t;], the
image ¢;(W N N;) intersects a smoothly varying 3-disk region W/ C M, with scale
and diameter comparable to 7¢omp.

The union W’ C /\/l’[tJ o] of these regions forms a “barrier region” that will help
s

us show the existence of a point 2z’ € Wt’k‘]# that survives until time ¢; and that

has the property that 2/(t) € W' for all t € [tr—s,.ts]. The scale of 2/(t) will be
controlled from above and below by a constant that is independent of Jx. Therefore,
if we choose Jy large enough, then we can find a time-step t; € [t;_;,11,%;-1] such
that the scale of z(t) hardly decreases over the time-interval [t;_;,¢;]. Using again
Lemma (this time in M’), we will deduce that the geometry near 2'(¢;) is close
to a Bryant soliton. This means that applies and would have forced C; to

be an extension cap, giving a contradiction.

Proof of Lemma|11.17. Fixa type component Z C My, \Int ) for the remainder
of the proof and assume that Z(t;) ¢ N;,. So Z(t;) intersects a component C of
M, \ Int MV;,—. Because Z(t;) is a closed subset, its topological boundary in M,
is 0Z(ts), and since 0Z(t;) C 0N(t;) C Int Ny, —, it is disjoint from M, \ Int Ny, _.
The connectedness of C now implies that C C Z(t,).

By a priori assumption [[APA 3)|(d) there is a 10Arcomp-thin point z € C C Z(t,).
By the type property and the discussion in Subsection , we know that x
survives until time t;4; and that x(t;41) is weakly 10A7comp-thick. Moreover, by
Lemma , we find that x(t,4+1) is 11A7comp-thin, assuming

A< + €can S Ecan(/\)a Tcomp S

L
= 10’ 10°

We can therefore apply to x and obtain that a large spacetime neighborhood
of x(t;11) is close to a Bryant soliton. More specifically, Lemma implies the
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following. Let 64 > 0 and Jy < oo be constants whose values will be determined in
the course of the proof. Then, under a condition of the form

A< o, €can < Ecan (A, Sy, 04), Teomp < 1,
we can find a (10A7¢omp)?-time equivariant and d-preserving diffeomorphism
YW= W x [—min{J, Jg + 1} - (10A)7>,0] — M
onto its image such that ¢ (xp,y,0) = 2(t;41) and

—2 %
(11.18) | (10ATcomp) 8" g — Gy 5 ey

Let W =4 (W*). Note that W* has been chosen in such a way that its image W has
initial time-slice t;_;, if Jx < J — 1 and t; otherwise.

< 5#.

Next, we show that the existence of the component C of M;, \ Int N}, forces the
existence of components C; C M, \Int Mj_ at a large number of earlier times ¢; < ;.
The existence of these components will be deduced using priori assumption
and the Bryant-like geometry on W.

Claim 1 (Cap hierarchy). If, in addition,
8y < O, A<, A> A, 6 < 0u(N A, Jy),
then J > Jyu + 1 and:

(a) For all J — Jy < j < J the subset C; := Wy, \ Int Ny, _ is a 3-disk.

(b) For all J — Jg +1 < j < J all points on C; survive until time t;_; and
Ci1 C Ci(tj-1).

(C) C = CJ.

Proof. In the following we will apply the Bryant Slice Lemma at time t; for
X =N, where J — Jy < j < J. We will also apply the Bryant Slab Lemma [8.42]
for Xo = M, ,— and X; = N;,_, where J — Jx +1 < j < J. Note that assumptions

(1)H(iv)| of the Bryant Slice Lemma hold due to a priori assumptions [(APA 3)|(a)—(c)
and assumption of the Bryant Slab Lemma holds due to Definition [7.1)(3]). If

5n§5n, 0< A<, A>A, (5# SS#(J#,)\,A),

then the remaining assumptions of both the Bryant Slice and the Bryant Slab Lemma
are satisfied. This means, in particular, that the time-slice W;, and the slab Wy, _, 1,
satisfy the assumptions of the Bryant Slice Lemma and the Bryant Slab Lemma, for
all J —Jyu <j<Jand J—Jg+1<j <J, respectively.

Since x € C N (Wy, \ Int V;,_), we know by the Bryant Slice Lemma at time ¢,
that C; := W;,_ \ Int \V;, is a 3-disk and is a component of M, \ Int NV;,_. Hence it
coincides with C, which proves assertion .

Fix some j with J —J < j < J. Assume inductively that j > 1 and that assertion
[(2)] holds for all j < j" < J and assertion [(b)] holds for all j +1 < j' < J. If
j=4J—Jy, then J > Ju +1, as claimed, and assertions @ and @ hold. So assume
in the following that j > J — Jy.
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By assertion @ of the Bryant Slab Lemma, C;(t) is defined and 9Arcomp-thick for
all t € [tj_1,t;]. Moreover, the subset C;(t;_1) is a 3-disk component of M, , \
Int V;,_,+ and 9C;(t;—1) C ON;,_ 4. It follows from a priori assumption
that j —1 > 1. Now suppose that C;_; = W;,_, \Int./\ftjfl, = (). Tt follows that
Ci(tj—1) C Wy,_, C Int V;,_,_. Therefore C;(t;_1) C My,_,— \ Int V;,_,,, and since it
is a 3-disk with boundary contained in ON;,_, 1, it is a component of N, | _\Int NV;,_ .
This contradicts a priori assumption |(APA 4), Thus C;_; # () and by the Bryant Slice
Lemma at time ¢;_; it must be a 3-disk. So assertion @ holds for 7 — 1 and assertion
[(b) holds for j by the Bryant Slab Lemma.

By induction we conclude that J > Jyu + 1, and @ and @ hold. O

Next, we will construct the “barrier” region W' mentioned in the outline given

above. We remark that in the following construction, we have to choose W larger
than the reader may anticipate. The reason is purely technical: Due to the fact that
a priori assumption only gives us C° bounds on the metric distortion of ¢,
the weakness of the resulting scale distortion control (see Lemma forces us to
work in a region whose boundary has scale a large multiple of 7comp.

We will now construct the subset W C W. For this purpose fix the (universal)
constant Csp from Lemma and assume without loss of generality that Csp > 100.
Define

W* C Mgy x [—(Jy + 1)(10A) 2, —(10A) 2]

to be the subset of points on which p < 20CZ, - (10A)~. Then W* is closed and
connected, and its time-slices W}* are pairwise isometric 3-disks for all ¢ € [—(J4x +
1)(10X) 72, —(10\) 2], If
6# < 5#(>‘a J#)»
then .
W* CW* = Mpiy(6,") x [=(J + 1)(10X) 72, —=(10A) %] .
So we may define

—~

W= (W) € My, 1y
Then, assuming B

O < 0x(NJg)  Toomp < Teomp
we obtain that for all ¢ € [t;_;,,1;], the time-slice /V[Z is a 3-disk and

1OC§Drcomp <p=p < 4OC’§Drcomp on (‘3/1/1775.
(11.19) W \Int W, is 1002 Teomp-thick
ﬁ/\t is 4OC§Drcomp—thin
Claim 2. If
O0n<0n Oy SOp(NATg), € SEany Teomp < Teomps

then:
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(a) W C M\ UpecusD, and hence by Definition[7.4(5) the map ¢ is well-defined
on W[tJ,J tJ] ﬂN
o
(b) For all J — Jyu < j<Jandt € [tj_1,1j],

W, \ Int W, C Int N7 .
(c) C; C Int/Wtj forall J—Ju <3< J.

Proof. It
Oy < 0p(M A, Jy),

then for every J — Ju < j < J + 1 we get that OW, is Areomp-thick.

Suppose that DNW;, # () for some D € Cut. Note that this implies that J — Jy <
Jj < J. Since D is Argomp-thin by iAPA 3!(6), it is disjoint from OW;.. So since D
is connected by Definition , we have D C W;,. By Definition the cut D
contains an extension cap. However, this contradicts assertion @ of Claim . So we
have shown assertion @ of this claim.

Now suppose that J — Jux < j < Jand t € [tj_1,t;] or j = J — Jy and ¢ = ;.
As OW,; is Areomp-thick, it is contained in Mj_ by [(APA 3)(b). Thus OW; C N7.
Moreover, if

51’1 S 5117 Ecan < Ecana rcomp < Fcompa

then we obtain from Lemma that an is 2.1r.omp-thin. In view of the fact that

Wi\ Int /V[Z is connected and 1008, reomp-thick by (11.19), it is disjoint from 8/\/tj and
hence contained in N;. This proves assertion @ and assertion follows in the case
t=1t;. O

Next we consider the image of W, \ Int /Wt under ¢, and show that the boundary
component ¢,(0W;) is adjacent to a region with controlled geometry.

Claim 3. Assuming
Min < Ty 00 <0u, A<, AZAQN),  0p <0u(N Jy),
€can S Ecan<)\> P Tcomp S Fcomp(/\) )
there is a constant Cy = C1(\) < oo with the following property.
There is a subset W' C MEtJ,J# 1+, Such that for everyt € [tr—g,,ti]

(a) /VIZ' is a 3-disk.
(b) Et/ M (ZSt(Wt \ Int Wt) = th(aWt) = 8Wt’.
(c) W' is compact and its relative topological boundary inside the time-slab /\/l'[tJ o]
g
is equal to Ute[tJ_J#ytJ}an.

(d) /VIZ'\ is ChTcomp-thin and Cy ' eomp-thick and diam, Wt’ < CiTcomp-
(e) OW/ is 10CspTcomp-thick.
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(f) For any J — Jy < j < J the difference C; := Wt’j \ ¢, —(Int N, ) is a 3-disk
component of My \ ¢, (Int Ny, ) and we have 9C; = ¢y, (9C;).

Proof. Fixt € [t;_;,,t;]. By (11.19), a priori assumptions |(APA 2)| [(APA 3)(a), (c),
(APA 6) and Lemma [8.22] assuming

(11.20) M < Mips 00 <0ny  A>2,  faan <Ean(A),  Teomp < Teomp s
we have

(11.21) 10CSDT comp < p1 = p < 40CEp T comp on qﬁt(@/Wt) ,

and

diam qbt(@/Wt) < 10diam 8/Wt < C1Tcomps

where (] < oo is a universal constant that can be determined in terms of Csp.

Choose = € OW,. Using (|11.19) and assuming
6# < 3#<)‘7 J#>7 Tcomp < Fcomp7

we can find a point y € W, \ Int W, with p; (y) = p(y) = 80CSpTeomp that can be

connected to = by a path of length at most Creomp inside W, \ Int W;, for some C) =
Ch(N) < oo. Let 2/ = ¢y(x), v = ¢¢(y). Again by the scale distortion Lemma [8.22] a
priori assumptions [(APA 2)| [[APA 3)[(a), (c),[(APA 6) and assuming a bound of the

form (11.20]), we conclude using ((11.21)) that
(11.22) p(y') > 8003 T comp > 20(7)

and dag (2',y') < 2057 comp- S0 there is a constant §° = 6°(A) > 0 such that 2" cannot
be a center of a §°-neck in M.

Let us now apply Lemma[8.2]to 2’ for § = §°()). In order to satisfy the assumptions
of this lemma, we need to assume that

€can S Ecan()\)a 7”‘COI’I’lp S Fcomp-

We obtain a constant Cy = Cy(6°(A)) < oo and a compact subset V' C M, containing

2’ such that (compare with (11.21]))
(11.23) 10Cy ' CspTeomp < p1 = p < 40CoCipTeomp  on V'

and such that diam; V' < 40C,C35rcomp. Moreover, we may assume that 6°()\) is
chosen small enough such that B(z', max{C?,2C%}rcomp) C V'. This implies that
y' € Int V' and

(11.24) ¢, (OW,) C Int V.

We claim that V' is a 3-disk. To see this, we assume

5# S 3#()\7 J#)a Tcomp S Tcomp()\)7

such that 0W; is 40C’OC’§Drcomp—thiCk and that 4OC’OC§Drcomp < 1. So, again, by the
scale distortion Lemma [8.22, a priori assumptions [(APA 2)| [((APA 3)|(a), (c),
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6), and assuming (11.20)), we obtain that ¢;(OW};) is 40CoC3pTcomp-thick. Thus by
(11.23]) we have

(11.25) G (OW,) NV = 0.

As 2’ and ¢y (OW}) lie in the same connected component of M}, we must have OV’ # ()
and due to (11.22), Lemma implies that V' is a 3-disk.

By (11.24) the 2-sphere gbt(@Wt) bounds a 3-disk /Wt’ C V’. We now repeat the
construction above for all ¢ € [t;_;,,t;] and set W’ := Uy, syt ;)W{. Then assertion
holds automatically.

Next, observe that /VIZ’ and ¢ (W; \ Int(/V[Z)) are compact connected domains with
smooth boundary that share a single boundary component gb(@Wt). Therefore as-
sertion @ of this claim can fail only if ¢,(W; \ Int Wt) C Wt’ C V', which would
contradict . Thus assertion @ holds.

In order to show assertion , it suffices to show that for all t € [t;_;,,t;], every

point ¢ € Int Wt’ is not contained in the relative boundary of W' inside MEtJ ]
i

To see this, let U C M’[tJ ] be a product domain containing Wt’ that is open in
g
' - By Claimand Definition , the map ¢ is well-defined and smooth on a

[tr—ayots
neighborhood of Uz, Tt Wi\ Int W4, Therefore, after shrinking U if necessary, we
may assume that if £ € [t;_;,, ;] is close to ¢, then (¢(WW5\ Int /I/I7g) NUs)(t) is defined

and moves by smooth isotopy as ¢ varies. So by assertion |(b)|the 3-disk <I7V\E/ NUq)(t)
varies by smooth isotopy as well and therefore it contains a small neighborhood of ¢
inside M, for ¢ close to ¢t. This implies that a small neighborhood of ¢ is contained in

Utepe, syt J]Wg’, which finishes the proof of assertion |(c). The same argument implies

that W' is a finite union of compact subsets and must therefore be compact.

Assertions @ and @ follow by construction of ﬁ/\t’ and (|11.23) and (11.21]), as

long as C} > 40C,C3p.

Lastly, consider assertion Suppose that J — Jx < j < J.

Recall that C; = Wy, \ Int V;,_ is a 3-disk by assertion @ of Claim |1} By assertion
@ of Claim 2| we hi\ie Wi, \ Int Wtj C IntN;,_. So C; C IntW;,. Therefore,
Wi, \IntC; = ./\ftj_ N Wy, is a compact connected manifold with boundary.

As ¢tj_(8/ﬂ7tj) = 8Wt’j and ¢y, _ /\ftj_ — /\/l;j is injective, the image ¢, (Int /I/I?tj N
Ni,—) must either be contained in W/ or in its complement. Since ¢ maps a
neighborhood of 0W;, in W, into W[J_, we obtain by connectedness that ¢, _(N;,— N
Wi,) C Wt/j. By the same argument, if Ny is the component of A, _ that contains
OW4;, then ¢y, (No \ Wy,) is disjoint from Wy .
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Assume now that there is a component Ny # Ny of N,_ with the property that
¢r,— (N1) intersects /I/IZ’J_. Then again, since qbtj_(awtj) = GWt’j and ¢, is injective,
we must have ¢, _(Ny) C ﬁ/\t’j. By a priori assumption [(APA 3)(c), we know that Ny
must contain a Aremp-thick point. So by Lemma [8.22} a priori assumptions

2)] [(APA 3)|(a), (c),[(APA 6)| and assuming (11.20]), these points must be mapped by

¢i;— to C’S_SArcomp—thick points in Wt’j. Assuming
A Z A()\), 7ﬁcomp S ?comp<)\)7

this, however, contradicts assertion @ of this claim.

Combining the conclusions of the last two paragraphs, we obtain that
bu, (W) NIV = b, (No) N, = o, (No N WW,) = - (NG, NG,

Since 81//[/\{], = ¢t]._(a/vﬁj) C ¢r,—(Int Vy,_) we obtain from Alexander’s theorem that
Ci =W\, (Int ;) = W)\ - (Wy, NInt ;) is a 3-disk. As €] € Int W),
it is also a component of M, \ ¢, (Int NV, ). This establishes assertion O

Choose 2/ = gbtJ_J#_(Z) € qbtJ_J#_(GCJ_J#). We now show that 2’ survives until
time t; and at some time lies at the tip of an approximate Bryant soliton.
Claim 4. If
Min S ﬁlin ) 511 S 3n 5 J# 2 i#(Aa 5b) ) €can S Ecan(>\7 5b7 J#) 5
Tcomp < Fcomp()\> )
then:
(a) Z'(t) is defined and contained in /Wt’ forallt € [t;_;,,t;]
(b) There is a jo € {J — Jy,...,J — 1} such that (M;J,O,z’(tjo)) is Op-close to
(Mpyy, gBry; Tory) at scale p(2'(t;,)) < C1(A)Tcomp-
Proof. By the scale distortion Lemma and a priori assumptions |(APA 2)| [(APA|
3)(a), (c), [(APA 6) we obtain, assuming

Thin S Thin, 511 S gny A Z 27 €can S Ecam()\)7 Tcomp < Fcomp;

that p(2') = p1(2’) < Csppi1(2) < 2C8DTcomp-
Next, recall that the scalar curvature on any k-solution is pointwise non-decreasing
in time (see assertion |(e)| of Lemma [C.1]). So assuming
€can S Ecan(t]#)a Tcomp S Fcompa

we obtain from Lemma that at any y € M’ with €canTcomp < P(Y) < 4CsDTcomp
we have

(11.26) 0’ (y) = 0 (3R) < CapJ, "

Choose now t* € [t;_;,,t;] maximal such that 2/(t) is well defined for all t €
ts—s,,t"). By (11.26) we have p*(2/(t)) < 5Cpr2,,, for all t € [t;_;,41,t") and
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therefore p(2/(t)) < 10CspTcomp for all such t. Suppose that t* < t;. As W’ s
compact, we must have 2/(t) ¢ W’ for t close to t*. So there is a ' € [tr—g,,t")
such that z(t') lies on the relative topological boundary of W' inside MEtJ,J# - By
assertions |(c)| and |(e)| of Claim |3| this, however, implies that p(z'(¢')) > 10Csp comp,
contradicting our previous conclusion. Therefore, t* = ¢; and 2/(t) € W’ for all
te g, ti].

Since

J-1

Yo (pE () = (' (t1))) = p(2'(ts-1)) = p(2) > =p(2') > =2C5D " comp,

j=J—Ju+1
we can find a jo € {J — Jx + 1,....J — 1} such that

2Csp

p(2' () = p(2'(tjo-1)) > —ﬁ%omp-

Next, observe that C7 ' (N)reomp < p(2'(tj,)) < C1(N)Tcomp by assertion of Claim .
So by Lemma [8.40], assuming
J# Z l#(Ay 6b>; €can S Ecan()\a 6b)7 7ncomp S Ft:omp<)\);
we find that (M;jo,z’(tjo)) is dp-close to (Mpyy, gBry, Tnry) at scale p(2/(t;,))- O
Consider the component C} from assertion ((f)| of Claim . We will now verify that
APA 5)(a)-(e) hold for C = Cj, and C' = C/ , forcing the existence of an extension cap

at time t;,. A priori assumptions[[APA 5)|(a), (b) hold by Claim [lf(a)] and Claim [3{{f)]
A priori assumption |(APA 5)|c) is implied by (11.18]), assuming

A priori assumption|(APA 5)(d) and the diameter bound on Cj in a priori assumption
(APA 5)((e) hold by Claim [3}(d)| and Claim [4j(b)| as long as

Dcap Z Cl<)\)

Lastly, the diameter bound on Cj, in a priori assumption |(APA 5)(e) follows from the
fact that Cj, C Wi, and by construction, assuming that

Dcap Z Q )\>

Cap(

The conclusions of the previous paragraph combined with a priori assumption
imply that Cj, must be an extension cap, which implies that C;, C ./\/'%Jr. This,
however, contradicts assertion @ of Claim [l for j = j9 + 1, which finishes the
proof. O
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12. INDUCTIVE STEP: EXTENSION OF THE COMPARISON MAP

12.1. Statement of the main result. In this section we consider a comparison
domain defined on the time-interval [0,¢,,1], as constructed in Section , and a
comparison defined on the time-interval [0,¢,]. Our goal will be to extend the com-
parison to the time-interval [0, ¢;,1]. The following proposition will be the main result
of this section.

Proposition 12.1 (Extending the comparison map by one step). Suppose that
T>07 EZE> HEE(E)a Thin Sﬁlin(E)7

v <o(T,E, H ), 6n < 0n(T, E, H, i), A<,
Deop > 0, Neut < Neut» Deys > Dcut(T7 E, H, Min, A, Deap, ncut)y
(12.2) W >W(E,\ De), A2 A(E, AW, A>ANA),
&b < 6u(T, E, H, Mins A, Deaps Neut, Dents A, A),
€can < €can (T, B, H, Min; A, Deap, Neut, Deut, W, A, ),
Teomp < Teomp (1> H, A, Deut),

and assume that:

(1) M, M’ are two (€canTcomp, I')-complete Ricci flow spacetimes that each satisfy
the €can-canonical neighborhood assumption at scales (€cancomps 1)-
(ii) (N ANTYEL A{t;320) is a comparison domain in M, which is defined over
the time-interval [O tyi1]. We allow the case J = 0.
(iii) (Cut, ¢, {¢’}]_,) is a comparison from M to M’ defined on (N, {N7}/!,
{t; J+1) over the time-interval [0,t,]. If J = 0, then this comparison is trivial,
as explamed m Deﬁmtion 7.2
(i) (N, AN} At Jfl and (Cut, ¢, {¢’}/_,) satisfy a priori assumptions
.{ZAPA 6) for the parameters (771111,511,)\ Deap, A, Ob, €can, Teomp) and a pri-
ori assumptions|(APA 7T)H(APA 13) for the parameters (T, E, H, i, V, \, Neut,
Dcut7 I/V, A7 rcomp)-
(’U) tJ+1 S T.
(vi) If J = 0, then we assume in addition the existence of a map ¢ : X — M,
with the following properties. First, X C Mg is an open set that contains
the 0, ' Teomp-tubular neighborhood around Ny. Second, ¢ : X — M} is a
diffeomorphism onto its image that satisfies the following bounds on X :

1¢" 90 — 9ol < Mhin,
E‘C* g0| < VQ =v-10" E- 17]11nrcomp7
HT 3|C gO| < VQ =v-10" nlin(Arcomp) .

Assume moreover that the e..,-canonical neighborhood assumption holds at
scales (0,1) on the image ((X).
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Then, under the above assumptions, there are a set Cut’ of pairwise disjoint disks
in My,, a time-preserving diffeomorphism onto its image ¢’ : N7t — M’ and a
continuous map B

¢ N\ Upecurucus D = M
such that the following holds.

The tuple (CutUCut’,d, {¢ j;rll) is a comparison from M to M’ defined on

(N, {NY jill, {t]}jiol) over the time-interval [0,t;11]. This comparison and the cor-
responding domain still satisfy a priori assumptions |(APA 1){(APA 6) for the pa-
rameters (Min, Ony Ay Deapy A, Ob, €cans Teomp) and a priori assumptions |(APA 7)H(APA

for the parameters (T, E, H, Min, V, A, Neuts Deuts Wi A, Teomp ) -
Lastly, in the case J = 0 we have ¢} = C|N&.

The proof of Proposition is divided into three steps, which are of rather differ-
ent character. These are presented in Subsections [12.2] [12.3] and [12.4] respectively.

In the first step, we identify the set of disks Cut”, and construct the initial map
o] J+ 1 at time t;, so that it is defined on the union of N, ,— with the extension caps,
and agrees with ¢;,_ away from the cuts in Cut’. Here we use the Bryant Extension

Proposition, Proposition [10.1

In the second step, we promote this extended map to a map ¢’** that is defined on a
time-interval of the form [t;, t*], for some t* € (t;,t,41], by solving the harmonic map
heat flow equation. Unfortunately, at this point we cannot guarantee a priori that
the harmonic map heat flow equation admits a solution on the entire time-interval
[t7,ts11], as it may develop a singularity at an earlier time. However, we can rule out
such a singularity as long as the solution satisfies certain uniform bounds. In such a
case we can indeed choose t* =1t;,.

In the third step, we verify that the map ¢’*!, as constructed in the second step,
satisfies a priori assumptions [(APA 1)H(APA 12)l Our main focus will be on a priori
assumptions|(APA 6)H(APA 9)| as the remaining a priori assumptions follow relatively
easily from our construction. Once this is done, a priori assumption provides
sufficient control on the map ¢/*! to rule out the development of a singularity up to
time t* and slightly after. It thus follows a posteriori that ¢t* = ¢, 1, which finishes
the proof.

Readers interested in a more detailed description of the steps above will find further

explanations embedded in Subsections [12.2H12.4]

This section is organized as follows. The intermediate results, Propositions [12.3
and [12.22] are presented in the next two subsections. In order to reduce complexity,
we have organized the discussion in each of these subsections to be independent from
the remaining subsections; no assumptions are implicitly carried over to from one
subsection to the next. The last subsection (Subsection contains the proof of
the main proposition (Proposition . This proof is linked to subsections
and only via the intermediate results, Propositions [12.3] and [12.22] and does not
depend on the details of their proofs.
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As in Section [11], we introduce parameter bounds in displayed equations.

12.2. Extending the comparison over the extension caps. In this subsection,
we consider a comparison domain (N, {N7}/2! {t;}75]), which is defined on the
time-interval [0,¢,41], and a comparison (Cut,$,{¢’}7_,), which is defined on the
time-interval [0,¢;]. Based on this data, we will construct a collection of cuts Cut”’
at time t; and a map qg NG, UN, . — /\/lff], which can be seen as an extension of
é¢,— away from the cuts. In Proposition which is the main result of the next
subsection, the initial value ¢, of the map ¢’*! will be taken to be the restriction
of gg to M, +. In the proof of this proposition, it will turn out to be necessary that

gg is defined on a slightly larger domain than ¢;,; due to technical reasons having to
do with our process for promoting ¢, to later times t > ;.

Proposition 12.3 (Extending the comparison over the extension caps). Suppose that
E>FE, Min < Mhins b < O, A<,
Doy > DT, E, H, Min, A, Deap, Neut), A=A,
(12.4) 8 < 0u(T, E, H, Min, X, Deaps Neuts Deut, A, A),
€can < €can (T B, H, Min, A, Deap, Neuts Deut, A4, A),
Teomp < Teomp(Ls Hy A, Deut)

and assume that assumptions[(i}H{(v)] of Proposition hold and that J > 1.

Then there is a set of cuts Cut’ at time ty, i.e. a family of pairwise disjoint 3-disks
in Int Ny, 1, and a diffeomorphism onto its image ¢ : Ny,— U Ny, — M} such that
the following hold:

(a) Each D € Cut’ contains exactly one extension cap of the comparison domain
(N ANV {t;3720) and each extension cap of this comparison domain that
is in My, is contained in one D € Cut”.

(b) ¢ = ¢tj_ on MJ— \ UDECutJD'

(c) Every cut D € Cut’ has diameter < Dcyireomp and contains a %Dcutrcomp—
neighborhood of the correspondmg extension cap in D.

(d) The associated perturbation b= gb*gw — g, satisfies |h| < M on Ni,— UN;, ¢
and

eHT ty) 3|h| < ncth
on each D € Cut”.
(e) The €can-canonical neighborhood assumption holds at scales (0,1) on the image

O(No,— UNG,).

The main idea of the proof of this proposition is to use the Bryant Extension
Proposition in order to construct the cuts P € Cut’ and the map ngS on each D.
The assumptions of that proposition hold due to a priori assumptions and
: the former implies that regions in M that are close to extension caps, as
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well as the corresponding regions in M’, are geometrically close to Bryant solitons;
the latter gives the bound @) < ) near each extension cap.

While the strategy of proof can be summarized in a relatively straightforward way,
there are several technical issues that we need to address. First, we need to argue that
extension caps at time t; are positioned close enough to a tip of an almost Bryant
soliton region and that those regions are far enough away from one another to allow a
separate construction of ¢ in a large neighborhood of each extension cap. Second, we
need to verify the condition under which a priori assumption guarantees the
bound @ < Q. Lastly, once the cuts D and the extensions have been constructed on
each D, we need to verify that the resulting map éﬁ\ satisfies all the desired properties,
for example that it is a diffeomorphism onto its image.

Proof. In the following proof we will always assume, without further mention, that

(12.5) Mins As Teomp < 1072
and that -
On < Op
is chosen small enough such that by a priori assumption [[APA 3)|(a) we have
(12.6) 0.97comp < p1 = p < 1.1 comp on ONG,—.

By definition of the comparison domain (N, {NT}/F! {t;}74}) we know that N, \
Int V;,— is a disjoint union of (possibly infinitely many) extension caps C;, i € I,
which are 3-disks. A priori assumption [(APA 5)|implies the existence of components

Ci,ie I, of Mi \ ¢, (Int Ny, ) such that the following holds for all i € I:

(1) C] is a 3-disk.

(2) ¢1,-(9C;) = OC;.

(3) There is a diffeomorphism v; : Mg,y (6, ") — Wi C M,, such that ¢;(rp,y) €
C; and

—2 %
||(1O/\Tcomp) Y 9t; — GBry ‘C[‘Sgll(MBrngl)) < Op.

ere 1S a diffeomorphism ¢; : Mg, (0, ") = W, C such that d; (TBry ),
4) There is a diff hi ,: Mg,y 5b1 VVZ’ MQJ h that d;, ; v
C!) < DeapTeomp and

<6b

—2 Nk T
la* (D)9t — gory ‘cl‘SE”(MBrngl))
for some scale a; € [D;&)rcomp, DeapTcomp)-

(5) C; and C; have diameter < D apTcomp-

Since ¢y, : Ny~ — d(Ny,—) C Mj, is a diffeomorphism onto its image, we obtain
from items and that the components C/, i € I, are pairwise distinct.

We will assume in the following that
8 < O,

is chosen sufficiently small such that for all ¢ €
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(6) lengths of curves in Mp,y (0, 1) are distorted by 1; by a factor of at least 9Ar¢omy,
and at most 11Areomp.

We now fix a constant Dy < oo whose value we will determine in the course of
the proof. This constant controls the size of the neighborhood around each extension
cap C; in which we will carry out our construction of ¢. More specifically, each such
neighborhood will be of the form ;(Mg,,(Dy)) D C;; in particular, its diameter will

be approximately D - 10A7comp. Outside these neighborhoods, we will set 5 =,
and we will choose the cuts Cut”’ to be disks that are contained in the corresponding
Vi(Mpry(Dy)).

As we proceed with the proof of Proposition [12.3] we will establish several claims,
which hold under certain bounds on the parameters. At any point in the proof we
will assume that the parameter bounds of the preceding claims hold, so that we can
apply the assertions of these claims without restating the parameter bounds.

We first show that, under certain assumptions on our parameters, the neighbor-
hoods ;( Mg,y (Dy)) are pairwise disjoint and the extension caps C; lie in bounded
domains of the form ;( Mg,y (Do(N))).

Claim 1. There is a constant Dy = Dy(\) < oo such that if

6n Sgna AZA? D# Z-DO(A)u 5b Sgb(/\7A7D#)J
Tcomp S Fcornp(l)#)>

then Dy < 8" and the images 1;( Mg,y (D)), i € I, are pairwise disjoint. Moreover,
for all i € I we have

(12.7) Ci C ¥i(Mpry(Dy)), Vi(Mpry(Dy)) C Wi C N, - UG

and

(12.8) 9Areompp(x) < p(¥i()) = p1(Yi(x)) < 11ATcompp()
for all € Mp,y(Dy).

Proof. Fix some index i € I. The bound (12.8)) follows immediately from[(3)] provided
that

6b S Sb(D#)a Tcomp S Fcomp(D#)'
Next, we invoke the Bryant Slice Lemma [8.41], for X = N, , assuming
6n S gn; A Z Av 6b S 3b<)\7A)

Assumptions|(i)| of this lemma hold due to Definition|7.1{and a priori assumptions
(APA 3)|(a)—(c). The first inclusion in (12.7)) is a restatement of assertion [(d)] of the
Bryant Slice Lemma and the second string of inclusions is a consequence of assertion

Finally, assume that ¢y, (Mpyy(Dyg)) N i, (Mpyy (Dy)) # 0 for some iy # is. Then,

assuming
5 < 10*2D;,
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we must have C;, C ¢y, (Mpry(Dy)) C W;,, contradicting the second string of inclu-
sions of ((12.7). This finishes the proof of the claim. O

In the second claim we show that the neighborhoods ;(Mg,y(Dx)) around the
extension caps C; are mapped by ¢;,_ into the regions W/, which are geometrically
close to Bryant solitons.

Claim 2. If
5b S Sb(/\a Dcapa D#),
then Dy < 6" and ¢;,_ (Vi(Mpyy(Dy)) \ IntC;) C W/ for alli € I.

Proof. Fix an index i € I and a point y € v;(Mp,y(Dy)) \ IntC;. By Property
@ above, we can find a continuous path v : [0,1] — MN;,_ between y and a point
z € 0C; whose length is at most 11A7comp - 2D4. Assuming , and using a priori
assumption , we find that the length of its image ¢:,_ o v is bounded by
100D 4 AT comp- So since ¢, (9C;) = AC], we have

di, (¢1,-(y), OC;) < 100D 4 AT comp.
On the other hand, by Properties , above we have
IC; C B(Vi(2Bry)s 2DcapT comp)-
So if
b < 0p(A, Deap, D),
then we obtain that y € W/, as desired. OJ

This concludes our discussion on the relative positions of the components C;, C; and
the images of the maps 1; and .. We will now focus on the associated perturbation
hi,~ = ¢{,_g;, — gi,- In the next claim, and its proof, we use the bound Q < Q, as
asserted by a priori assumption , to deduce a bound on the weighted norm
pElhe,—| on ;(Mpey(Dy)) \ C;. Using a standard local derivative estimate, we will
also deduce similar weighted bounds on covariant derivatives of the form V™h,,_.

Claim 3. There is a constant C' = C(E) < oo such that if

Min S ﬁlina 6n S gna A S X: A 2 A 6b S Sb()\a Dcutu A,A, D#)a
€can < Ecaun()\a Dcut> A, A> D#)> Tcomp < Fcomp>

then for the associated perturbation hy, = ¢f _g; — gi, the following holds for all
1€l and allm=0,1,...,4:

(12.9) AT pE|g™py, | < Xy mHE on  Yi(Mpwy(Do+1,Dy —1)).

comp

As mentioned earlier, the main idea of the proof of this claim is to invoke the bound
@ < Q from a priori assumption |(APA 7). However, this bound is predicated on the
remoteness of cuts. In order to verify this remoteness, we will invoke Lemma [8.45]
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Proof. Fix an index i € I and a point x € ¥;(Mp,,(Do+1, Dy — 1)) for the remainder
of this proof. Then by Claim and Property @ above, we have
(12.10) B(x, Mcomp) C ¥i( Mpry(Do, Dy)) C Ny, —.
So for the corresponding parabolic neighborhood we have

P(x, AMcomp) C ./\f({J_htJ] C N\ Upecui D,
since D C My, ) for all D € Cat.

Our goal will be to use a priori assumption |(APA 7)[to deduce the bound Q < Q
on P(x, Arcomp). S0 consider a point y € P(z, Areomp) and set t' := t(y). We now
claim that for an appropriate choice of constants we have

(12.11) Py, Api(y))ND =10 forall D e Cut.

To see this choose a point z € IC; C ON;,— nearest to y(t;). Then, by (12.10) and
Properties , @ above,
(12.12) d, (y(ty), z) < 11D 4T comp.

Let 2’ := z(t'). Since t' € (t;_1,t,], we can use the curvature bound on the product
domain N’ from a priori assumption to derive a distortion estimate of
the minimizing geodesic between y(t;) and z over the time-interval [t',¢;]. Since
t; —t" < (Mecomp)?, we obtain that for some universal constant C] < oo

(12.13) dy(y, 2) < 111 D4 A7 comp.

Next, let us apply bounded curvature at bounded distance, Lemma [8.10, at z, along

with (12.12]), while assuming
€can S Ecan(lj#)-

We obtain a constant C = C%(Dy) < oo such that by
Cyp1(y) > p1(2) > 0.97comp.
Combining this with , yields that
dy(y,z") < D'pi(y)

for some D' = D'(Dy) < oco. So if t' < t;, then B(y, D'p1(y)) ¢ Ny—. We can now
apply Lemma [8.45| (Boundaries and cuts are far apart) along with a priori assumption

(APA 11) assuming
5n Sgn, )\ Sxa A ZA? 5b Sgb(A7Dcut7AaA> DI()‘vD#)>7
€can S Ecam(>\’ Dcut7 A7 A; D/()‘7 D#))) Tcomp < Fcomp’

and obtain ((12.11]). The case ' = t; follows from the case ¢’ < t; by continuity.
Using ((12.11)) and a priori assumption [(APA 7)| we can now deduce that
(12.14) 1T pE (y) [ he—(y)] < Q(y) < Q = 1075 panr .

Next, we apply bounded curvature at bounded distance, Lemma [8.10, at z, along

with a priori assumption [(APA 2), while assuming
€can S Ecarl()\)~
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We obtain that there is a universal constant C% < oo such that

(12.15) p(z) = pi(x) < Cipi(y).
The equality statement follows from ((12.8]). Combining ([12.14)) with (12.15)) yields
(12.16) D pB () By, (y)| < 10757 1CéE77un7“§>mp-

If y = z, then this bound implies (12.9) for m = 0. The bounds on the higher
derivatives follow from ((12.16)) using (12.15]), a priori assumption |(APA 6), Shi’s

estimates and standard local gradient estimates for the Ricci-DeTurck flow (see also

Lemma |A.14)), assuming
Min < Min-
This finishes the proof. 0

We will now apply the Bryant Extension Proposition [10.1] to the restrictions of
the map ¢, to each W;, for suitably chosen Dy. The resulting maps, which will be

denoted by ¢;, will be only defined on the domains v;( Mg,y (D)), but will be equal
to ¢.,— near the boundaries of these domains.

Claim 4. If
E>E, Neut < Teut s Dy > Q#(T, E, H, Min; A, Deaps Teut),
8 < 0u(T, E, H, Miny A, Deaps News» D),
then for each v € I there is a diffeomorphism onto its image
Gi : Vi( My (Dy — 1)) —> W/
and a 3-disk

D; = 1/}2 (MBYY(D# - 2)) - MtJ
such that the following holds:
(a) C; C Int D;.
(b) ¢i = b1~ on Yi(Mpry(Dy — 1)) \ Int D;.
(¢) The perturbation h; :== ¢jg; — gi, satisfies the following bounds on D;

|hz| S Mhin, eH(TitJ p1|hz| S ncuta* = Meut * 1071nlin<)\rrcomp>3-

(d) ¢:(D;) = ¢y, (D; N N;,_) UInt C..
(e) D; contains the 8AD 47 comp-tubular neighborhood around C;.

Proof. Fix some i € I. Set b; := a;(10Ar¢omp)~" and notice that Property from
above gives

bi € [(10N)"'DL, (10A) ™ Deap).-

cap? (
Assume that

(12.17) Dy >2(Do(N)+1)+1
and consider the map

& =i 0 pr,— 0 i Mpry(5(Dy — 1), Dy — 1) — Mpiy(3,),
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which is well-defined by Claims [I] and 2| Let g7 := (10Arcomp) %} g:, and g° :=
(10ATcomp) ~*1i*g;, be the pull-back metrics on W; and W/ to Mg,y (Dx). Notice that
these pull-backs are close to gp,y and b?gp,y, respectively, by Properties |(3)| and

above. Rescaling (12.9) from Claim [3| by (10Areomp) ™" yields for h$ = (¢9)*gl° — ¢¢
pP|Vhy |, < C(E)e T (100)7F - 10™ < O(E)(10A) 7 - 10*,

9;
for all m = 0,1,...,4. Here we have used t; < T. Note that p is taken with respect
to g;.

We now apply the Bryant Extension Proposition with D = Dy — 1, b =
C(E)(100)~F-10%, g = e ATy 107 i - 071, € = max{(10A) ' Deap, b}, ¢ = ¢2,
g =29, 9 = g°. We obtain that if

EZEv D# ZQ#(T7E7anlinv)\chap7nCUt>7
5b S 3b(T7 E, H, Min >‘7 Dcapancuta D#)>

then there is a smooth map ¢ : Mg,y (Dy — 1) = Mg,y (6, 1) with

(12.18) $=¢° on  Mpy(Dy—2,Dy—1),
such that for h¢ = (¢9)*g° — ¥'*¢° we have
(12.19) P R A (7t

Now set 51 = ¢;o$§ ot;'. Then assertion@holds due to ((12.18). Rescaling (|12.19))

by 10A7¢omp implies the second bound in assertion The first bound in assertion
follows from the second assuming

ncut S ﬁcut? 6b S (_Sb

Assertion @ follows from Claim [1f and ({12.17)).

To see assertion @ observe first that by assertion @ and ((12.7) from Claim [1| we
have

8(d:(D1)) = 6i(IDy) = ¢y, (9D;) = (1, (D; N NG, ) UTnt Cy).
So the smooth domains on both sides of the equation in assertion @ share the same

boundary and by assertion @ these domains lie on the same side of this boundary.
So they have to agree.

Assertion @ follows for
Dy > Dy(N), b < 0p(N)
from ([12.7) in Claim [1] and Property [(6)| from above. O

Next, we combine the maps (Zz and ¢;,_ to a map gg N, - UN 4+ — M; . To do
this, recall that by Claim , the subsets ¢;(Mp,y(Dy)), i € I, are pairwise disjoint. So
the 3-disks D;, © € I, are pairwise disjoint as well. Moreover, recall that by Claim

and Claim [(a)| we have
'N’tJ— U -A/‘tJ-i- - 'N’tj— Uie[ Int CZ = 'A/tJ— U’iEI D’L
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Therefore we can define ¢ : AV, ;- UNy, ¢ — M as follows:

(Z‘_ 51 on each D;, 1el
. o7 on Nt~ \ UierD;

Claim 5. $ 1s a diffeomorphism onto its image.

Proof. By assertions @ and @ of Claim |4] we know that qg is smooth and has non-
degenerate differential. Next we argue that 5 is injective. To see this, observe that
the maps 517 v € I, and ¢;,_ are each injective. So it suffices to show that the images
¢:(D;), i € I, and ¢, (Ni,_ \ UierD;) are pairwise disjoint. Using Claim [4{(d)| and
the fact that the 3-disks D;, as well as the 3-disks C;, i € I, are pairwise disjoint, it

follows immediately that the images ggi(Di), i € I, are pairwise disjoint. Similarly,
using Claim {(d ), we have for all i € [

;Z;Z(DZ) N ¢t.l—(MJ— \ UieIDi)
= ((btJ*(’Di ﬂ-/\/;ﬂ]f) U Int CZ/) N ¢t‘]7('/\/’tj7 \ UiEIDi) = @7
as desired.

So gb is an injective smooth map with non-degenerate differential. In ¢ order to see
that (;5 is even a diffeomorphism onto its image, it suffices to show that gb L Im gb —
Ni,— UN;, 4 is continuous, i.e. for any sequence x, € N;,— UN;,; and any point
Too € Np,— UNG, 4 if limg oo g(xk) = gg(moo), then limy_ o T, = T itself. This can
be seen as follows: If x, lies in the interior of N;,_ U N;,., then we are done by
the inverse function theorem and the fact that ngS is injective and has non-degenerate
differential. So assume that

(1220) Too € G(MJ_ UMJ+) = GMJ_ \ Uie[aci = 0MJ_ \ U,-GII/VZ-.

The first equality follows from Definition and the last equality follows from
(12.7) in Claim[1] If for some k we have x;, € D;, for some iy € I, then by Claim [4{(d)]
by the construction of D;, and by a priori assumption [(APA 6)[ and (12.5) a ball of
uniform radius around a(xk) must still be contained in ¢ (v, (Mpyy(D4))) C a(Wlk)
Therefore, by (|1 , the distance dy, ((}5( 00)s a(xk)) must be bounded from below
by a unlfornl constant It follows that for large k we have x € N;,_ \ UiesD;, and
thus gb(xk) ¢t,—(x) by Claim [4{(b)l Since ¢;,_ is a diffeomorphism onto its image,

we must have limy_, o 2 = T, Whlch proves our claim. O

Now let
Cut” :={D; : iecl}.
Then assertion of this proposition holds due to Claim dj(a)l Assertion @ holds
by Claim !m and by the construction of gb Assertion @ of the proposition follows

from Clann di(c) and _priori assumption (APA 6)| For assertion [(e)] recall that by
Claim M4 we have ¢(MJ_ UNi,+) = ¢r,—(Ng,—) Uier CLand C, € W/ for all i €
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I. By a priori assumption [(APA 6)| we know that the €., ,-canonical neighborhood
assumption holds at scales (0,1) on ¢;,_(N;,—) and by Property above we have
p > %D;aércomp > €canTcomp O W/ for all ¢ € I, assuming

5b S Sba €can S ECan(l)cap)-

Therefore, the €cun-canonical neighborhood assumption holds at scales (0,1) on W/
as well, which implies assertion |(e)|

Lastly, we argue that assertion holds if we choose
(12.21) Doy = 22X\Dy.

Fix some 7 € I. By Property @ from the beginning of this proof, we have diam D; <
2-11IAD47comp = DeutTeomp- On the other hand, Claim states that D; contains a
8AD 4T comp-tubular neighborhood around C; and 8ADy > {522ADy = %Dcut.

Lastly, let us review the choice of parameters. In the course of the proof, we have
introduced the auxiliary parameter Dy, which is related to A and D, via .
Once A has been fixed, any lower bound on Dy implies a lower bound on Dgy, as
indicated in . After fixing D, the auxiliary parameter Dy can be viewed as a
constant of the form D (A, Dey). This constant influences the choices of 0y, €can, Tcomp-
So these parameters are bounded in terms of A\, Dy, as shown in (12.4)).

This completes the proof of Proposition [12.3] 0J

12.3. Extending the comparison map past time ¢;. The goal of this subsection
is to evolve the map qg, as constructed in Proposition @, forward in time by the
harmonic map heat flow. More specifically, we consider again a comparison domain
(N AN {85372, defined over the time-interval [0, ¢,1], and a comparison (Cut,
¢, {¢"}/_)) from M to M’ defined over the time-interval [0,,]. We moreover consider

the map (E : Niy— UN;,+ — M from Proposition . We will then promote the

map $|NtJ+ to a map ¢’ *! : ./\f[f;rtl] — M, which is defined on a time-interval of the
form [t;,t*], where t* € (t;,t;41]. In this subsection we will not be able to guarantee
that t* = t;,1 — in fact t* may be quite close to t; — since we will only solve
the harmonic map heat flow until |h| reaches a certain threshold. However, we will
find that if |h| does not reach this threshold on the time-interval [t,,¢*], then in fact
t* = ts41. In the next subsection, we will then deduce various bounds on |h|, which
will imply that |h| stays below this threshold. Hence, it will follow that t* = t;,4
and so ¢/ can indeed be used to extend the comparison (Cut,®,{¢’}7_,) to the

time-interval [0, 1]

In the course of our construction, we will also discuss the case J = 0, i.e. the
case in which ¢’/*! is the comparison map in the first time-step. In this case, the
comparison (Cut, ¢, {¢’}/_,) is empty to start with and Proposition does not

apply. Instead, we will assume in this case that gg is the initial map ¢, as introduced
in the assumptions of Proposition [12.1]

Let us now state our main result of this subsection.
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Proposition 12.22 (Extending the comparison map until we lose control). If
E>2  F>0, H>=H(E),  mn<TuE),
v <v(T,E, F, H,mn), 0w < 0u(T, E, F, H,min), A<,
b < 0u(T, E, F, H, Min, A\, Dous, A, A),
€can < €ean(Ts By Fy H Mhiny A, Dewss A, ), Teomp < Teomp,
then the following holds.

Assume that assumptions [(i}{(vi) of Proposition hold.

Recall that in the case J = 0, assumption imposes the existence of a domain
X C My, and map ¢ : X — M, with certain properties. In this case we set ¢ := (.

In the case J > 1, we set X := N;,_ UN;,; and consider the set Cut’ and the
map ¢ : X — My, satisfying all assertions of Proposition |12.5,

(12.23)

Then there is some time t* € (t;,ty41] and a smooth, time-preserving diffeo-

morphism onto its image ¢’ : /\f[;]jtl — M’ with ¢J“ = ¢|NtJ+ whose inverse

(qb‘”l)*l : gzﬁ‘”l(/\/'t‘”tl*) NtJ+t1 evolves by harmonic map heat flow (see Defini-

tion and such that the followmg holds for the associated perturbation h'+! :=
(¢JH)* " — g (which is a Ricci-DeTurck flow):

(a) |h7T1 < 10my, on ./\f[‘]+1

trt*]"
(b) For anyt € [t;,t*] and x € NT" whose time-t distance to ON; ™ is smaller
than Freomp we have

Q+(x) = T pP (@) |7 ()] < @ = 1075 ar

(c) If even |h‘]+1| < Min on NI then t* = t),4.
(d) ¢"H N s €canTcomp-thick.

We emphasize that we have introduced another auxiliary parameter, F', which we
will choose in Subsection depending only on E. The bound in assertion @,
which holds Freomp-close to the boundary of ON7*!, will be helpful later as we are
not able to apply the semi-local maximum principle, Proposition [9.1] too close to the
boundary. For this purpose, we will later choose F' > L(F), where the latter is the
constant from Proposition (9.1}

Let us now explain the main strategy of the proof of Proposition [12.22] Observe
first that the parabolic domain N/*! C M is a product domain and the Ricci flow on
it can be viewed as a conventional, non-singular Ricci flow. A similar domain, which
contains the image ¢(N;,,), can be found in M’. So the proof of Proposition
can be reduced to a relatively standard short-time and long-time existence statement
for the harmonic map heat flow between conventional Ricci flows on manifolds with
boundary. Rather than solving the harmonic map heat flow equation with a boundary
condition, we found it technically simpler to use a “grafting” construction to eliminate
the boundary.
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A large part of the following proof will be devoted to the characterization of the
geometry near the boundary of NV;,, and the boundary of its image ¢(N;, ), which
will serve as a setup for the subsequent grafting construction. AMore specifically, our
goal will be to show that the boundary of N, and its image ¢(N;, ) are contained
in regions that look sufficiently neck-like on the time-interval [t;,¢;.1]. To achieve
this, we will employ the following strategy. A priori assumption (a) provides
neck structures near N, ,,_ at time ¢;;;. Using Lemma , these neck structures
can be promoted backwards onto the time-interval [t;,f;.1]. The newly constructed
neck structure at time t;, near ON;, ., a priori assumption and the interior
decay estimate, Pri)position , can then be used to identify CY-neck structures near
the boundary of ¢(Ny,;) C Mj . Using the canonical neighborhood assumption
and the self-improving property of necks in x-solutions, Lemma , these C%-neck
structures imply the existence of neck structures of higher regularity in M . Lastly,
we use Lemma [8.32] to promote these neck structures forward in M’ onto the time-
interval [t,t;.1].

Based on this characterization of the boundary of NV, and its image, we perform
a grafting construction in the last phase of the proof. This grafting construction
involves cutting M, ., and ./\/l’[tj’tﬂﬂ inside the previously identified neck regions,
gluing on shrinking round half-cylinders, and passing to a map between the grafted
spacetimes. We have thus reduced our discussion to standard existence results for the
harmonic map heat flow betweien complete manifolds. We remark that our approach
is facilitated by the fact that ¢ is already defined on a larger neighborhood of N,
therefore providing enough space for an interpolation between the metric on M;
and the cylindrical metric.

tytryil

Proof of Proposition[12.23. Let 64 > 0 be a constant whose value we will determine
at the end of the proof. It will only depend on T, F, H and 7y, and influence only
the parameters v, 0, 0, and €c,,. So it lies between 7y, and v in the parameter order
introduced in Subsection [7.5] To avoid an accumulation of a large number of different
constants, in what follows we will be using the standard practice of making a series of
adjustments to the constant d». This means, strictly speaking, that dx is not really
a single constant, but takes on different values at different places in the proof, and
the earlier values are adjusted as functions of the later values.

By a priori assumption [(APA 3)|(a), each boundary component ¥ C ON;' ™! is the

ty+1

central 2-sphere of a d,-neck Us C My, at scale 7comp. Lemma implies that if

511 S gn(a#)7 €can S Ecan((s#)a Tcomp S Fcomp7

then for each such ¥ there is a product domain Uy, C M, ) that contains 3 and on
which the flow is d4-close at scale 7comp to the round shrinking cylinder on the time-
interval [—1, 0]. By this we mean the following: we can find an 72, -time-equivariant
and Oi-preserving diffeomorphism

Uy 2 8% x (=051, 04") x [1,0] — Uy,
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such that 3 = ¢ (S? x {0} x {0}) and

P >
(1224) Hrco%nprg - gS XRHC[éél] < 5#

Here gSZXR denotes the metric of the standard round shrinking cylinder spacetime
and the norm is taken over the domain of ¥y.

By (12.24)) and assuming

Oy < Oy, Teomp < Tcomp»
we have
(12.25) 1.97comp < p1 = p < 2.17¢omp on Usy,-
So, by a priori assumption (a), applied at time t;, and assuming
On < On,

we find that U3, is disjoint from N}’ if J > 1. So, if J > 1, since X(t;) C ONIT' C
N;,—, it follows that Us;, CNy,— € X,

On the other hand, if J =0, and

On < O,
then Uy, has diameter < 10(5;7"60mp. So assuming
O < 0u(04),
we have Uy, C X. So, in summary,
(12.26) Us,, CN,-mC X ifJ>1 and Us,, CX ifJ=0.
Consider the Ricci-DeTurck perturbation (h, {h’}7_,) associated to the comparison

(Cut, ¢, {¢’}7_;) and let Q be defined as in Deﬁmtlon of the a priori assumptions
[((APA' 7 )H(APA 13)l We will now use a priori assumption to show that we
have a bound on @ in large parabolic neighborhoods near the boundary of N, ..
In Claim [ this bound will later be used to obtain an improved bound on @), and
therefore on h, via the interior decay estimate, Proposition [9.3] For this purpose,
let Ay < oo be a constant whose value will be determined in the proof of Claim
(depending only on E and d4).

Claim 1. If J > 1 and

6n < 0u(Ay), A<\, A> A, §b < 0(Ag, A, Dews, A, A),
€can < €ean(Agy A, Dewts Ay A), - Teomp < Teomps
then for any x € 8NJ+1 the parabolic neighborhood P(x, AuTcomp) i unscathed,
(12.27) P, Agreomp) C N\ Upeourucur’ D

and we have the bound

(12.28) Q<Q on  Px, AyTeomp)-
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Proof. Choose a boundary component X C ON;*} such that 2 € X(t,) € IN*. So
r € Ug,,. Assuming

511 S SH(A#)a
we obtain by similar arguments as those that led to ((12.26) that
(12.29) B(z, AgTcomp) C N, —.

Next, using Lemma along with ([12.25)), and assuming
€can S Ecan(f4#7 A)J

we can find a constant A" = A’'(Ay, A) < oo with A’ > A such that P(z, A'pi(z)) is
unscathed and

(12.30) P(y,Ap1(y)) C P(z, A'pi(x)) forall — y € P(x, AyTcomp)-

We now show that P(xz, A'pi(z)) is disjoint from the cuts. To do this, observe that
for any t' € (t;,t;41] we have B(z(t'), A'p1(x)) ¢ N. So by Lemma [8.45, along with
(12.25)) and a priori assumption [(APA 11)| assuming

6n Sgna A SX; A ZA; 5b §5b<)\7 Dcut7A/<A#7A)>A)7
€can S Ecam<>\a Dcutv A/(A#7 A)u A)7 Tcomp S FComp7

we find that P(z, A'pi(z)) ND = () for all D € CutUCut’. Combining this with

(12.29) gives us ((12.27)) via Lemma [8.43, Combining it further with (12.30) and a
priori assumption [(APA 7)|yields ((12.28)). O

Next we improve the estimate from Claim [I| and use it to identify more precise
necks in M’.

Claim 2. If
E>2  H=H(E)  mn<Tn(E),  Ap=Au(E d0y),

12.31
( ) v < E(E7 6#)7 €can < EczaLn(El7 5#)7 Tcomp < Fcomp7

then for any component 3 C 8/\/&:11 we have

(12.32) Og, — o, <dp o Ui,
and
(12.33) ez (@ovse,) g1, — 9% o < 0s

Proof. Consider first the case J = 0. In this case, by ([12.26]) and assumption of
this proposition we have on Uy,

eHTPﬂh‘ <vQ=v- 107E71n1inTchmp;

recall that h = <$*ggo — Gt,- S0 (12.32) follows from ([12.25)), assuming
Min S 1; v S 5(5#)
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Second, consider the case J > 1. By ([12.27)) and assuming
Ay = Ay(0y),

we have Uy, ND = for all D € Cut”. So therefore on Uy, ;, we have b = ¢¢,— and
hence &5* 9i, — 9t, = hy,—. We will now apply Proposition at every point of Uy, .
To do this, note that by ((12.27)) the perturbation h is defined and smooth on all of
P(x, Ayrcomp) and by a priori assumption |(APA 6)[ and (12.28)) we have |h| <

and Q < @ everywhere on this parabolic neighborhood. Moreover, if P(z, Ayt eomp)
intersects the initial time-slice My, then by a priori assumption [(APA 12)| we have

Q < v(Q on the intersection. Lastly, note that the diameter of Us:;, is bounded by
106#;1rcomp for sufficiently small d4. So assuming

E > 25 H Z E(E)7 Min S ﬁlin(E)7 A# Z A#(E7 5#)7
v < E<E7 5#)7 €can < Ecan(E17 5#)7 Tcomp < Fcompv

we conclude by Proposition that Q < 64Q on Us,,,- Note that here we have
used ((12.25) and we applied Proposition centered at all points in Uy, , with an
appropriate choice for the radius A.

So on Uy,
HID B, | = Q < 6,Q = 64 - 1075 purE

Using ([12.25)) and the fact that t; < T, due to assumption of this proposition, we
(12.32

obtain (|12.32)) assuming

Min < M-
Finally, the bound ([12.33]) follows by combining ([12.32)) with (12.24]) and adjusting
(the earlier instance of) 0. U

Next, we use (12.33) to establish the existence of a dx-neck in M.
Claim 3. If
(12.34) bn < On,

then following holds. For any component ¥ C ONy,, - there is a dy-neck Uy, C M,
at scale 27comp that has a central 2-sphere which intersects ¢(X(ts)) C Mj,.

Proof. Note that E(E(tJ)) = ¢/ (X(ty)), as D C Int N4 for all D € Cut”’ (see

Definition [7.2). The €cun-canonical neighborhood assumption holds on G(S(t 7)) by
assumption |(vi)| of this proposition (if J = 0) and by assertion ()] of Proposition [12.3]
(if J > 1). The statement now follows from Lemma [8.30 assuming

€can S Ecan((s#)u

after possibly adjusting 0. O
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By Lemma [8.32] and assuming

€can < €can(0), Tcomp < Tcomps
we obtain furthermore after adjusting d4:
Claim 4. Assuming parameter bounds of the same form as in and ,
the following holds.
For any component ¥ C aA/}JH_ there is a product domain US C /\/l[tJ tya]r O

the time-interval [ty t 1], with gb( (ts)) C Ug,, on which the metric is dy4-close at

scale Teomp to the standard round shrinking cylinder. More specifically, there is an

r:  _time-equivariant and Oy-preserving diffeomorphism

comp
Py 8 x (=01, 6,) x [-1,0] — Ust
such that
« 2
(12.35) reompt5i0 = 97| sz < 04

comp

We furthermore have
V(S” x {0} x {=13) N &(S(t))) # 0.

We now carry out the grafting construction. We begin by identifying product do-
mains in the time slabs M, ;) and /\/l{t _— that will be used in the construction.
’ JHbJ+1
For k =0,...,5 let Ni be the (open) 100kromp-tubular neighborhood around N+
in M;, and set N} := ¢(Ng). Assuming
5# S (_5#7 6n S (_Sna
we obtain from ((12.26)) and assumption of this proposition that
NOCN1C...CN5CX,

12.36 ~
( ) Ny C Ny C...CNiCoX).

Moreover, assuming

M <1072 0y < 0y,
Claim [] and a priori assumption (if J > 1) or the assumptions from the
proposition (if J = 0) yield

(12.37) N5\ Ny C U Use)s N3\ Ng C U Uiy,
ScoN? SCONT

By construction and by m, all points on N5 = N, U (N5 \ Ny) and N/ \ N/
survive until time ¢;,1. A priori assumptlons I(APA 2), ((APA 3)(a), (c), [(APA 6)|

assertions @ and . of Proposition |12.3], (12.36]), assumption M of this proposition
and Lemma | as well as (12.35) and 12.37)), 1mp1y, assuming

6# S 3#7 Min S ﬁlin7 5n S 5na A S 17 A Z 27 €can S Ecaun()\)7

Tcomp S Fcomp )
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that
P> CS )\rcomp > €can’comp on N, é

Let ¢} € [ts,ts+1] be maximal with the property that Ni(t) is defined and weakly
1C’S )\rcomp -thick for all ¢ € [t;, t;], where Csp is the constant from Lemma . Note

here that t] is well-defined by the (€canTcomp, 1')-completeness of M" and Lemma ,
assuming

€can S Ecan(>\) .

We can now express the flows g and ¢’ restricted to the product domains Nj([t;, t7])
and NZ([ts,t7]) by conventional Ricci flows (Ns, (gt)te[tJ,m), (L, (g;)te[tJ,tﬂ).

Claim 5 (Grafting on round half-cylinders). After adjusting d4 there are smoothly
varying Riemannian metrics (gt*)te[t‘,?tﬂ, (gf)te[t‘,,tﬂ on smooth manifolds N+ and
N, respectively, and a diffeomorphism ¢ : NT — Nt such that:

(a) N5 and N can be viewed as open subsets of N and N'*, respectively.

(b) For allt € [t;,t}], we have g} = g; on Ny C N* and g;" = g, on N C N'*.
(c) g, gt are complete for all t € [t;,t]].

(d) For some constant C' = C(\) < oo we have

|Rm +| |Rm /+| < Cr2

comp *
(¢) (67 Victsis)s (9 icts) are “64-approzimate Ricei flows™

— 04T, < digf + 2 Ric, £ < OpTe

compgt compgt )

_5#Tcompgt < 8tgt + 2R1C i+ < 5#TC0mpgt :

(f) For some C* = C*(\) < o0,
[V R (g, [V Rm(g7) |y < Corghy (8 = )72

9t comp
’V?a?wgt vm1 6m2 +’ /+ < C* . tj)—(m2—1+m1/2)
t

‘gf ) | Comp (t

for allt € (t;,t] and m,my,me =0, ..., 100.
(9) There is a universal constant C** < oo such that at every x € N1 with
dg; (x, NT\ Np) < (5;7“00111}) we have
J

97 Rm(g; )+ (1) < Croy”

comp
VIO g/ g (1) < C™regmy ™™

for allt € (t;,t] and m,my,me =0, ..., 100.

(h) ¢" =& on Ny.
(i) We have \(¢+)*g£j—gw|gt+ < 0y at every point x € N with dgif, (x, NT\Np) <

57; T comp-
(G) t1 > t; and if t7 < tj41, then Uiy, s N5(t) must contain a C’gﬁ)\rcomp—thm
point.
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Proof. Using Lemma [8.4) we find that ¢} > ¢; and that if ¢} < ¢;4, then N.([t,,t]])
must contain a C’SD )\rcomp -thin point. This proves assertion .

For each component > C 8./\/,;§Ll, we may pushforward r__ B under 95 and 9%
to obtain spacetime metrics on Uy, and UE . Using the product structure on Us, and

Uy, these yield evolving metrics (97" )icft;.ty.1]> (97 )eelts.ts) 0N the initial time-slices
Usy,s U/E”:tJ, and hence also on N5 \ No, N\ Ny by (12.37).

By a standard interpolation argument we can construct smooth families of metrics
(’g})te[mt?b (5’)1&6@‘,@] on N5 and N} such that ¢; = ¢; and g, = ¢, on N; and N7y,
respectively, and such that for every component > C 8/\%11 we have g; = g, ' = g~

on (N5 \ No) MUy, and (N5 \ N3) NUs:, , respectively. Moreover, using (12.24)) and
(12.35]), and after possibly adjusting 4, we may assume that for every component

comp g

Y C 8./\/;J LMy, my < 5# ,and t € [t;,t}], we have
Ve 0 (G = Dgs < Oproomi M2,
(12.38) e o
|v 16 2(gt ggz)|g£2 < 5#Tcomi> 2ma

on (N5 \ No)NUy:,, and (Ng \ Ng) NUs:, . So, after possibly adjusting d4 once again,
we may assume that on N; and N} we have

—(5#7’0_0111):91 < 8@} + 2 Rngt < 5#7’

compgt )

_5#7%_03@% < atgllf +2 RIC < 5#Tcompgt

Since these flows are isometric to round shrinking cylindrical flows near the ends of

N5 and N, we can attach round shrinking half-cylinders to these flows at each end.
This produces flows (g;“)te[tJ,t;] and (g;" )iefr, s on N D Ny and N'T D N satisfying

assertions |(a)H(e)| of this claim. Asserti also follows from ([12.24)), (12.35)) and
(F)

(12.38), after adjusting 4. Assertion [(f)| follows from Shi’s estimates in Ny, N7,
NT\ Ny, N'*\ N} and assertion [(g)]

Since ¢ is a (14064 )-bilipschitz map on N5\ Na C UsUs:,, (see ([12.32) and (12.37))
and g;, and g;, are isometric to subsets of round cylinders on the interior of N5\ No
and N \ N, respectively, we can use a smoothing procedure (see also Lemma
to construct a diffeomorphism onto its image & : Ny — 5(]\74) C N{ such that b=0¢
on Ny and (Z*gzj = 5*5;} =g, = g;; on N, \ N3 and such that, after adjusting 4,

(12.39)

¢*g£j — 95| < b4 on Usyy, N Ny,

for every component ¥ C N/t We can now extend the diffeomorphism 5 : Ny —

~ tyy1”
¢(Ny) to a diffeomorphism ¢t : NT — Nt such that it remains an isometry on
Nt \ Ny. Adjusting 44 again, the map ¢ will satisfy assertions and |(1)| of this
claim, by ((12.39) and the fact that (¢*)*g;" = g/ on N\ Nj. O

We now construct the map ¢/*! by solving the harmonic map heat flow equation
starting from (¢*)~!, where ¢t : Nt — N'T is the map constructed in Claim
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Using Claim [5] and Proposition from the appendix, we obtain that if

Min < ﬁlin? 6# < g# (Thin)a
then we can find a time ¢* € (t,,¢]] and a solution (x¢)iep, ), Xt : N7 — N¥ to the

harmonic map heat flow equation with respect to (g;* Jeelty,er) and (95 )eepy a2 - with the
following properties:

(1) xi, = (07)7

(2) x¢is a dlffeomorphlsm for all ¢t € [ty t*].

(3) |( Yrgt — |gt+ < 2myy for all t € [ty,t7].
(4) 1f

O') 90 — 9 lge < 1971

holds on N'*| then t* = ¢}.

We first show that
(12.40) x;'(No) C Ny forall  te€ [ty t].

After rescaling by r__2 | assuming

comp?
Min < i 5 5# < 5#7

we may apply assertion of Claim [5| and Proposition [A.26, taking the constants
§, A in the hypotheses to be § = 1, A = C**, to conclude that ;' (0N) C Nj for
all t € [t J,t*] Here we have used a continuity argument, the fact that y,, (6]\70) =

¢ (ONg) = qS(@NO) — ON}, by assertion |(h)| of Claim l and Property (3) above, to
d

retain the hypotheses of Proposition Therefore, since x; * is a smoothly varying
diffeomorphism, (({12.40)) follows.

Now set ¢, := x; '|n, for t € [t;,t*]. Since g/ = g, on Ny and g;" = g/ on N
by assertion . of Clalm we can view (@)te[t ;4] @s a smooth, time-preserving
diffeomorphism onto its 1mage of the form

¢J+1 NJ—H —>N/([tj, ]) CM/,

[tr,t*]
whose inverse evolves by harmonic map heat flow equation with respect to ¢’ and g.

Consider the perturbation h/+! = (¢/+!)*¢' — g. Assertion [(a)] of this proposition
follows from Property above.

If
Thin > < ﬁhn? 5# S g#(Ta E7 Hu 771in> 5
then for every z € N* with d, : (x, Nt \ Ny) < 5’1rcomp, after adjusting dx, and by

assertions @ . . of Clalm I and Property (3) above, we may apply Proposi-
tion [A.33] to conclude that

(12.41) (G 0 = g g (@) < e M0 570 opr (@) M < Miin

for all t € [ty t*]. If
Oy < 04(F),
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then (12.24) implies that for every ¢ € [t;,t*] and every x € N such that
di(z, ON? ™) < Freomp we have dgj (x(ty), NT\ No) < 5;&1rcomp. Hence
J

P @) = 10 0 = g g (e(t) < e 1107 rgper 7 (@)
by (12.41]). This yields assertion @ of this proposition.

Finally, we verify assertions|(c){and|(d)|of this proposition. We first apply Lemma
and a priori assumptions |[(APA 2)| [(APA 3)|(a), (c), [(APA 6)| assuming

Min S ﬁlina 6n S 5n; A S X; A 2 2; €can S Ecan()\)7 Tcomp S Fcomp;

to find that for all ¢ € [t;,t*] the following holds: If the €.,,-canonical neighborhood
assumption holds at scales (0,1) on ¢/ ™ (N;/™), then ¢/ (V™) is CspAreomp-
thick. By assertion [(e)] of Proposition [12.3] this condition holds for ¢ = t;. Therefore,
assuming

€can < CS_S/\,
it holds for all t € [t,,t*] by continuity. This shows assertion @ of this proposition
and the fact that ¢/, (N;IT!) is CspMreomp-thick.
To see assertion |(c)|of this proposition, assume that |h7/ 1| <y, on N, 71 Then by
the definition of ¢”*1 we have the bound |(x:')*giF —g;- gt < Minon No. By (12.41) it
follows that |(x;:')*g/+ — g; g5 < Mhin holds everywhere on N *. So Property ﬂ) above

implies t* = ¢]. Combining this with the conclusion from the previous paragraph and
applying assertion |(j)| of Claim , yields t* = t] = 1,41, as desired. 0J

12.4. Proof of Proposition [12.1} concluded. In this subsection we use the results
of the previous subsections to prove our main Proposition More specifically,
we will analyze the map ¢’/*! : [‘gﬁﬂ — M’ that was constructed in Proposi-
tion [12.22] We will verify that this map satisfies a priori assumptions [[APA T)H(APA]
and show that t* = t;,;. Therefore ¢’! can be used to extend the comparison
(¢, {#"}7_,, Cut) to the time-interval [0,¢;,,]. This will finish the proof of Proposi-

j:17
tion

Our proof can be roughly summarized as follows: By the assumptions of Proposi-
tion we may assume that a priori assumptions [(APA 1)H(APA 5)| already hold
until time ¢;,1 and a priori assumptions |(APA 6)| and [(APA 7)H(APA 12)| already
hold until time ¢;. We will refer to this assumption as the “induction hypothesis”
henceforth. Using the induction hypothesis and the conclusions of Propositions
and [12.22] we will then establish that a priori assumptions [[APA T)H(APA 12)|hold up
to time t*. The only non-trivial assumptions in this step will be a priori assumptions
[(APA 6)H(APA 9)| We will prove these assumptions using another continuity argu-
ment: We will assume that relaxed versions of a priori assumptions |(APA 7)H(APA 9)|
hold up to some almost maximal time ¢** < ¢t* and, based on these extra assumptions,
we prove a priori assumptions [((APA 6)H(APA 9)[ up to time t**. By a straightfor-
ward openness argument it therefore follows that ¢** = t* and therefore that a priori
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assumptions [(APA 6)H(APA 9) hold up to time ¢*. Eventually, the fact that a priori

assumption [(APA 6) holds up to time ¢* and assertion of Proposition [12.22| imply
that we indeed have t* = t;,,. This will finish our proof.

We remark that throughout this entire subsection, we will introduce global termi-
nology and assumptions on the parameters, which will be understood to remain valid
for the remainder of the subsection. In particular, conditions on the parameters that
can be found in the following lemmas will be assumed to hold for the remainder of
the subsection so that the conclusions of these lemmas can be applied immediately.

This subsection is structured as follows: We first set up our argument by recalling
the important assumptions from Proposition [12.1] In Lemma [12.43] we will then
summarize and put into context the results of the constructions from Propositions
and [12.22] Next, we introduce the relaxed versions of a priori assumptions
in equations f, which hold up to some time t** < t*. In
Lemma [12.47, we show that t** > ¢; and that if the strong versions of a priori
assumptions|(APA 7)H(APA 9)/hold up to time ¢**, then we must in fact have t** = ¢*.
Based on these relaxed versions of a priori assumptions [(APA 7)H(APA 9), we will
establish a priori assumptions [(APA 6)H(APA 9)[in Lemmas [12.57] {12.59} [12.62 and
[12.64] — one lemma per a priori assumption and in this order. Lastly, we wrap up our
discussion, argue that t** = t* = t;,, and verify the assertions of Proposition [12.1]

Further explanations of the arguments may be found after the statements of the
Lemmas below.

In what follows, we will be considering the setup as described in assumptions
(DH(vi)| of Proposition [12.1] So, among other things, we assume that M, M’ are
(€canTcomp, 1')-complete and satisfy the €c.n-canonical neighborhood assumption at
scales (€canTcomps 1). We consider a comparison domain (N, {NY ;];Lll At J+1) over
the time-interval [0,¢;44], for J > 0, and a comparison (Cut, ¢, {¢’}/_,) from M
to M’ defined on this comparison domain over the time-interval [0,¢,]. If J = 0,
then this comparison is trivial, as explained after Definition [7.2l We also assume
(N ANTYE {t;375) and (Cut ¢, {¢7}]_,) satisfy a priori assumptions [(APA 1)
(APA 6)| for the parameters (Min, 0n, A, Deap, A, O, €cans Teomp) and a priori assump-
tions [(APA 7)H(APA 13)|for the parameters (T, E, H, Min, V, A, eut, Deut, Wy A, Teomp ) -

Moreover, we assume in the following that

(12.42) ty1 <T.

If J > 1, then assumptions |(i)H(v)| of Proposition allow us to apply Proposi-
tion [12.3] Doing so yields the map ¢ : N, UN;,; — M and the set of cuts Cut’
with the properties as explained in assertions |(a)H(e)| of this proposition. If J = 0,
then we skip this step.

Next, we fix an auxiliary constant F' < co, whose value will be determined in the
course of this subsection depending only on E We can then apply Proposition [12.22

for g : X : MJ_UMJ+ — M;, from Proposmon 12.3/(if J > 1) or p=C:X = M
from assumption of Pl"OpOSlthIl 1| (if J = 0). Then Proposition |12.22f yields
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a time t* € (t;,t;41] and a map ¢/ : /\/[‘t”t1 — M’ satisfying assertions |(a){{(d)
of this proposition. Note that Propositions [12.3| and [12.22| are only applicable i

our parameters satisfy the bounds (12.4) and (12.23)). These bounds are implied by
bounds of the form ((12.2) and

_E(T7E7F>H7nlin)a 5n§6n(T7E7F7H7nlin)a
6b S Sb(T,E,F, H> Min, >‘7 Dcut)AaA)7 €can S Ecan(T7E7F7 H, Min, /\7 Dcu‘wAaA)‘

(Note that assuming F' = F(FE), these bounds also follow from bounds of the form
[12.2).)

In the following lemma we summarize the important properties of Cut’ and ¢”/*!
and we show how these objects can be used to extend the comparison (Cut, ¢, {gb]}jzl)
to a comparison that is defined over the time-interval [0, t*].

Lemma 12.43. There is a unique map ¢ : Njor \ Upecurucur D — M’ such that
(CutU Cut”, ¢ {¢’}J+1) is a comparison defined on the comparison domain (N,
{N7, ./\/'[ijtl* p 1,{15],15* o). This comparison is an extension of the comparison

(Cut, ¢, {(ﬁ}j: ) in the sense that
5 =¢ on U}'jzl NI \ Upecutucut? P-

Furthermore, this extended comparison and the comparison domain (/\/[o,t*], {N7,

./\/'[iﬁ*] i1 {tj,t* _o) Satisfy the following properties:

(a) They satisfy a priori assumptions|(APA 10)H(APA 13) for the parameters (T,
Ea Ha Min, V, )\7 Teut Dcuty VV; A7 Tcomp)'

(b) Let (h,{h’ ]‘];“11) be the associated Ricci-DeTurck perturbation (note that h7+1
is only defined over the time-interval [t;,t*]). Then |h| < myn on UT_ N7\
Upecutucu? P and [R7 T < 10mu, on ./\f[fjtl] Moreover, gzﬁJ“(./\/[‘t”g* ) is
€canTcomp -thick.

(¢) For any t € [t;,t*] and x € N with di(x, ONT) < Freomp we have

Q-I—(I) = eH(T_t)pJIE(‘T”hJ—H( )| < Q =10~ b 177111[1’rcomp

(d) If even |h| < mn on NI, then t* = t,4.

Proof. The construction of the map ¢ and the verification of the properties of Defini-
tions [7.1| and [7.2] are straightforward. A priori assumptions |(APA 10)| and [(APA 11)|
follow directly from the corresponding a priori assumptions of the induction hypoth-
esis and Proposition [12.3(d)[ and |(c)l A priori assumption follows directly
from a priori assumption [(APA 12)|of the induction hypothesis (if J > 1) or from as-
sumption |(vi)|in Proposition (if J = 0). Assertions|(b)H(d)|are just restatements
of assertions|(a)H(d)| of Proposition combined with the induction hypthesis. [
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Note that by the assumptions of Proposition [12.1] the comparison domain (N,
{NIYH {t;}72)) satisfies a priori assumptions [(APA 1)H(APA 5)| for the parame-
ters (Min, Ons A, Deaps A, b, €can, Feomp ). For the remainder of this section, references to
[((APA 1)|—|(APA 5)| will implicitly refer to this larger comparison domain, rather than

the comparison domain defined on the shorter interval [0, *].

It remains to verify a priori assumptions [((APA 6)H(APA 9)l Once this has been
accomplished, assertion @ of Lemma [12.43| will immediately imply that t* = ;4.
So we have reduced our discussion to an analysis of the associated Ricci-DeTurck
perturbation and its derived quantities () and Q*.

We will verify a priori assumptions [(APA 6)H(APA 9)| via another continuity argu-
ment, which we will set up now. Consider the comparison (CutU Cut”, ¢, {(bj}‘”l)
from Lemma [12.43| and let (h, {h’ ‘]H) be the associated Ricci-DeTurck perturba-

tion, as mentioned in assertion @ of this lemma. As in Definition we define the
quantities

Q=e"TpPn, Q= e"TYpd |

and the extensions Q4 and Q% to N;,+. Moreover, again as in Definition , we set

Q:=10"F" lmmrcomp, Q = 10_17]11n()\7’comp)3.
Choose a time t** € [t;, t*] such that the following conditions hold for all = € N JH T\
UDECutJD:
(12.44) Q(z) < 10Q whenever P(z,10Ap;(x))ND =0
for all D € Cut U Cut’
(12.45) Q(z) < 10WQ
(12.46) Q*(z) < 10Q" whenever B(z,104p1(x)) C Ny -
Note that these conditions are relaxed versions of a priori assumptions |(APA 7)
(APA 9)l The main objective of this subsection will be to show — under certain
bounds on our parameters — that assumptions ((12.44)—(12.46)) imply a priori as-

sumptions [(APA 6)[ and |[(APA 7)H(APA 9)[up to time ¢**. The following lemma will
help us conclude that it is possible to choose t** = t* if a priori assumptions

have been established.
Lemma 12.47. [If
E>E, F2F,  w<Tm  0<0,  ASA o < Tows
Dewt 2 Do (V) WZW(E A Do),  AZA, A=A
8 < 0p(A, Deut, A, A), €can < €can(A; Deut, 4, A), Teomp < Teomp(A),

then we can choose t** >t ;.

Furthermore, there is a constant 7 = 7(T, E, H, i, A\, A, Tcomp) > 0 with the follow-
ing property. If a priori assumptions|(APA TH(APA 9) hold up to time t**, meaning
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that for all x € ./\/’[ijtl] \ Upecu? D

(12.48) Q(z) <Q whenever P(x, Api(x))ND =10
for all D € CutU Cut’
(12.49) Q(z) <WQ
(12.50) Q*(z) < Q" whenever B(xz, Ap1(z)) C Nya)-
then (12.44})-(12.46) even hold for all x € '/\/'[i:rlnin{t**—l-nt*}] \ Upecur D-

In other words, if [APA 7)H(APA 9) hold up to time ¢**, then we may replace t**
by min{t** + 7,¢*}. The important point here is that 7 can be chosen independently
of t**. In Lemmas [12.57], [12.59] and below, we will show that a priori
assumptions [(APA 7)H{(APA 9) indeed hold up to time ¢**, regardless of the choice
of t**. It will then follow by iterating Lemma that we can choose t** = t* and
that a priori assumptions [(APA 7)H(APA 9)| hold up to time t*.

The main idea of the proof of Lemma is that the relaxed conditions ({12.44])—
12.46|) hold in the neighborhood of any point at which the stricter conditions ({12.48])—
12.50)) are satisfied. Using the canonical neighborhood assumption, we will find a
uniform lower bound on the size of such a neighborhood. Extra care has to be taken
near the cuts at time ¢;. Here we will use the a priori assumptions from our induction

hypothesis along with the geometry of the cuts to deduce that (12.49) and ((12.50))
even hold on and near the cuts.

Proof. We first show that for all x € N, (which may possibly lie on a cut)
(12.51) Q(r) <WQ
(12.52) Qi(x) < Q" whenever B(z, Api(z)) C Ny, +

Note that the condition in (12.52) refers to the forward time-slice, in contrast to
(12.50).

Let us first prove (12.52). If € D € Cut’, then (12.52) follows from a priori
12.43

assumption |(APA 10)| (see assertion @ of Lemma [12.43)), assuming

ncut S ]-

So assume that z € N, 4 \ UpecuwD. If Bz, Api(z)) C Ni,—, then fol-
lows from a priori assumption |(APA 9)|of the induction hypothesis. So assume that
B(z, Api(z)) ¢ Ni,—, but B(z, Api(x)) C N, +. In other words, B(x, Ap;(z)) inter-
sects an extension cap Cy C N, 4 \ Int MV;,_. Choose Dy € Cut’ with Cy C D, and
let C'x < 0o be a constant whose value we will determine in the course of the proof.
We now apply Lemma for Ag = A and T = 0, assuming

611 SSIU A §X7 Dcut Zcht()‘7C#)7 AZA:
5b S gb(>\7 C#7 Dcut7 A; A)v €can S EC&I’I()\; Dcut7 A, A)7 7ﬁcomp S Tcomp<c#)
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Note that the assumptions of this lemma on the set Cut U Cut” hold due to a priori

assumption [(APA 11)| which holds due to assertion [(a)] of Lemma [12.43] We find

that
(1253) /h(x) > C’#rv:omp

and that P(z, Ap1(x)) N'D = () for all D € Cut. So by a priori assumption [(APA 7)
of the induction hypothesis we have

e pl (@) )] = Q(x) < @ = 107" T gy
Combining this with ( m yields
Q*(x) = T pi (@) |n()| < p¥E (@) - 107 iy < O tinT S
It follows that Q*(z) < Q" if Ci’E < 107'\3, which holds assuming
E >4, Cy > Cyu(N).
This finishes the proof of (12.52) .

To see the bound l) we only need to consider the case + € D € Cut”, due

to a priori assumption [(APA 8)|of the induction hypothesis. Then, again by a priori

assumption [(APA 10)| (see assertion of Lemma [12.43) we have Q% (z) < Nt @ -
By a priori assumptions [(APA 5)[and [(APA 11)| and assuming

5b S gb(/\7 Dcut)u

we conclude that there is a constant C' = C"(, Dewt) < 00 such that p; < C'reomp 01
D. So

Q4 (x) = T P (@) by ()| = P~ (2) Q5 ()
(C,)E 5 CE(')m?;) ncth ( )E 37aCE0m?£) Tleut 1071771in()\7000mp>3
— (Crl)Ef?))\?;loEncUt . @

It follows that Q. (x) < WQ, assuming
7]cut S 17 W Z E(E, )\7 Dcut)-
This finishes the proof of (12.51)).

We will show that (12.44)—(12.46)) hold slightly beyond time ¢** if t** < t*. The
fact that we can choose t** > t; will follow along the lines of the proof.

Let 7 > 0 be a constant to be determined in the course of the proof. It suffices
to argue that if t** < t* and if (12.48)—(12.50) hold on /\/'[tj ] \ Upecutucue? P and

- m 12.52)) hold on NV; 4, then (12.44)—(12.46) hold in N/ "' whenever ¢’ € (+**, ¢*]
and t' —t™ < 7 where 7 < 7(T, E, H, in, A\, A rcomp) To that end, choose t' € (t**, t*]
with ¢/ — t** < 7, and a point 2’ € /\/'JJrl Since N/*1 is a product domain, we have

[tg,tx]
2" = z(t') for some x € NI

First suppose that dg.(z, ON)

Teomp- Assuming

<r
S ()\ Tcomp)
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then by a distance distortion estimate based on a priori assumption [(APA 2)| and
the fact that ./\f[fjtl] is a product domain, we obtain dy (x(#'), ON;/ ™) < 107comp. SO
assuming

F > 10,
assertion |(c)| of Lemma [12.43| implies that (12.44]) holds for z(¢'). Thus if
W >1,

then (12.45) holds as well. Next, by a priori assumption [[APA 3)|(a), Lemma [8.32]

and assuming

(5n S 61’17 Ecan S Ecana rCOmp S FCOInp?
we obtain that p(z(t')) > 17eomp. S0 B(z(t'), Api(z(t))) ¢ N, assuming
A>20,

and thus (|12.46|) holds.
Now suppose that dg(z, ON L) > Teomp- DBy a priori assumption [(APA 2)|

Lemma [8.4] and assuming

T<T(E, A\ Teomp) s €ean < €ean(A) 4
we obtain that
(12.54) (0.9YEpy(z) < p1 < (1.1)YEpy () on P(z,,71).
Thus on P(x,T,T)
(12.55) 0.9 - T Ypf(2) - |h| < Q < 1.1- T Ypf(x) - |n|.

Assume now that P(x(t'), 10Ap;(x(t'))) ND = for all D € Cut U Cut”’. By a priori
assumption [(APA 2)|and bounded curvature at bounded distance, Lemma [8.10, and

assuming
€can S Ecan()\v A)a

we conclude that P(x(t'),10Ap;(x(t'))) is unscathed. We also obtain a curvature
bound on this parabolic neighborhood, which implies via a distance distortion esti-
mate that

P(z,9Ap1(2(t'))) C P(x(t), 10Ap1 (x(t))),

assuming
T <T(X, A, Teomp)-

Combining this with (12.54]) and a priori assumption [(APA 2)| and assuming

E >1, A> A, T <T(N\, A, Teomp),
we obtain that P(y, Api(y)) C P(z(t'),10Apy(z(t"))) for all y € B(x, 7). This implies
that for all such y we have P(y, Api(y)) N D = 0 for all D € CutU Cut’. Therefore,
by (|12.48) we have @ < @ on B(z,7). So if

Min < ﬁlin ;
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then we can use Proposition together with a priori assumption |(APA 2)| (12.54)),
(12.55]) and assertion @ of Lemma [12.43] and assuming

(12.56) T <T(T,E, H, Min, A\, Tcomp) »

to get that ((12.44]) holds.

Using similar arguments, Properties ((12.45)) and ((12.46]) can be verified at x(t') as
well, assuming a bound of the form (12.56|). Note that if t** = ¢, then we need to
use the bounds (12.51)) and (12.52]). O

Assume for the remainder of this subsection that the parameter bounds of Lemma
hold and that t** > ¢.

In the following we will verify a priori assumptions [(APA 6)H(APA 9)[up to time
t**. Whenever we say that “a priori assumption (APA z) holds”, then we mean that

('/\[[O,t**b {Nj7/\/—[tJi1;l**]}j=17 {tj7 t }le) and (Cut U CUtJ7 g_h|-/\/’[0,t**]’ {¢j’ ¢J+1|N[{+1 }}']:1)

J7t**]

satisfy a priori assumption (APA x) for the set of parameters (T, E, H, mn, V, \, Neut,
Dty W, A, reomp). Note that it follows from assertion @ of Lemma [12.43] that a
priori assumptions |[(APA 10)H(APA 13)| hold.

Let us first verify a priori assumption
Lemma 12.57 (Verification of [[APA 6)). If
8y < Oy, A<, A > AN A), 0 < 0b(A, Deut, A, A),
€can < Ecan(A, Deuts A, ), Teomp < Teomps
then a priort assumption holds. In other words, we have |h| < m, on

Nio 1 \Upecutucu D and the ecan-canonical neighborhood assumption holds at scales

(0,1) on UJ_¢7(N7) U "1 (NHLL).

We summarize the idea of the proof. It only remains to establish the bound |h| <
Min. For points that are far enough away (compared to A) from the neck-like boundary
of NUNY* we have Q* < 10Q" from (12.46)), and together with the lower bound
p1 > Meomp o NUNH! from a priori assumption |(APA 2)| this implies |h| < miy.
On the other hand, points that are close to this boundary are far from the cuts,
by Lemma 8_45[ So at these points we may rely instead on the bound Q < 10Q
from (|12.44)). This bound implies |h| < ny, as long as p; > %rmmp, a fact which

follows from the neck-like structure of the boundary of N/*! and almost nonnegative

curvature (see Lemma [8.31]).

Proof. The second part of a priori assumption follows from assertion @
of Lemma [12.43] and the induction hypothesis. So it remains to prove the bound
|h| < Min. To this end consider a point € N+ \ Upccurucur D and set ¢ :=
t(x). Our goal will be to show |h(z)| < M. In the case t € [0,¢;], we are done
by a priori assumption from our induction hypothesis, and the fact that

Ni,+ \ Upecutucut? P C Ni,—. So assume that t € (t;,t**] and therefore z € ./\/'(‘Zﬁ]
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We now distinguish the following two cases:
Case 1:  B(x,10Apy(z)) C N ™ = Ni_.
In this case we can apply and obtain that
T pl () [h(w)| = Q*(x) < 10Q" = Min(Arcomp)™.
Since by a priori assumption and assumption we have p1(2) > Mcomp
and t <ty < T, this implies |h(z)| < Min.
Case 2:  B(x,10Ap1(z)) ¢ N

Let us first apply Lemma along with a priori assumption|(APA 11)l We obtain
that if

6n Sgna )\ SX, A ZA7 5b Sgb()\a DcutaAaA)a
€can S Ecan<>\u Dcuty Au A)7 Tcomp S Fcomp7

then P(x,10Ap,(z)) ND = () for all D € Cut UCut’. So by ((12.44) we have
0P (2)|h(2)| = Q) < 10Q = 10~ Frpre,

comp*

By assumption ((12.42)) we have t < t;.; < T. So in order to show that |h(z)| < My,
it suffices to verify the bound

1
(12.58) p1(x) > 1—Orcomp.

To see that (12.58) holds, choose first some point y € ON/*! with dy(z,y) <
10Ap;(x). Let ¥ C ON™ be the (spherical) boundary component of N that
contains y. Consider the constant oy > 0 from Lemma [8.31] If

51’1 S 5n7 Ecan S Ecan; rCOl’Ilp < FCOHI]C)’

then by a priori assumption [(APA 3)(a) and Lemma the component ¥ has to
be a central 2-sphere of a dp-neck in M, at scale arcomp for some a € [1,2] and we

must have
0.97comp < P1(Y) < 2.17comp-
By bounded curvature at bounded distance, Lemma [8.10, along with a priori assump-
tion [(APA 2)| applied at x, and assuming
Ecan S Ecan()\y A)’
we find that pi(z) < C"p1(y) < 2.1C"reomp for some C' = C'(A) < c0. So
di(z,y) < 10Ap;1(x) < 21C" AT comp-

Let Yy < oo be a constant whose value we will fix at the end of the proof. By a
priori assumption (c) we can pick a Areomp-thick point z € Ny, ., in the same
component of N;, ,_ as X(t;41). By a priori assumption (a) and bounded
curvature at bounded distance, Lemma , applied at all points on ON;,,,—, and
assuming

5n < Sna A > A(Y#) ) €can < ECan(Yv#)y



138 RICHARD H. BAMLER AND BRUCE KLEINER

we obtain that d;,(z(t), 0N, +) > Yarcomp-
By a priori assumption [(APA 2)|and a distance distortion estimate, it follows that
then
du(2(1), ONH) > € Y o
for some universal constant C” < co. We can then apply Lemma [8.31] assuming that
5n S Sna Y# 2 Z#()V A)a €can S Ecan(A)>
to show that py(z) > %arcomp > %Orcomp. So (|12.58)) holds. O

Next, we establish a priori assumption [(APA 7)|

Lemma 12.59 (Verification of. If
E>E, F>F(E), H>HE),  m<hu(E),
v<D(E), 0,.<0b,, A<A  AZAEW), A=A
b < 0b(E, N, Deut, A, ), €can < €an(E, A, Dowe, W, A, A), Teomp < Teomps

then a priori assumption |(APA 7) holds. In other words, for all x € Njg=) \
Upecutucur P for which P(z, Api(xz)) N D =0 for all D € CutU Cut’, we have

(12.60) Qz) < Q.

The strategy of the proof is the following: Near the neck-like boundary of N the
bound is a direct consequence of assertion of Lemma . So it remains
to consider points that are far away from this neck-like boundary. If a relaxed bound
of the form @ < 10Q holds on a parabolic neighborhood of size comparable to L(E)
around such a point, either via a priori assumption [(APA 7) or (12.44)), then we can
use the semi-local maximum principle, Proposition and a priori assumption
12)|to improve this bound by a factor of %. On the other hand, points for which such
a relaxed bound is absent in such a parabolic neighborhood must be close enough to a
cut, and thus even farther from the neck-like boundary. In this case we can guarantee
a bound of the form @ < 10WQ by either [(APA 8)| or (12.45) on an even larger
parabolic neighborhood, of size comparable to A. The bound ((12.60) then follows
from the interior decay estimate, Proposition and a priori assumption [(APA 12)]
for large enough A.

Proof. Let « € Njg g+ \ Upecurucurs @nd assume that P(z, Apy(x)) N D =  for all
D € CutUCut’. Set t := t(x). Our goal will be to show that Q(z) < Q. By a priori
assumption |(APA 7 :from our induction hypothesis, we only need to consider the case

t>t;and x € /\/'(ﬂ*]

Let L = L(E) < oo be the constant from Proposition [9.1] By Lemma and a
priori assumption [(APA 2)| and assuming

Ecan S Ecan(L(E)7 )\7 A)’
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we can find a constant A" = A'(L(E),A) < oo with A’ > max{A, L} such that
P(z, A'pi(x)) is unscathed and

(12.61) P(y,104p:(y)) C P(x, A'p1(x)) forall — ye€ P(x,Lpi(2)).

We now distinguish two cases:
Case 1:  B(x, Lp(z)) ¢ N7

The goal in this case will be to apply assertion of Lemma [12.43, To do this,
we first need to bound p;(z) from above. For this purpose, choose z € AN/ ™! such

that dy(x,z) < Lpi(z). By a priori assumption [(APA 3)[(a) and Lemma [8.32, and

assuming

51’1 S 51”17 Ecan S Ecan; 7”‘COI’I’lp < TCOHIP’

we know that z is a center of a sufficiently precise neck U C M, at scale arcomp
for some a € [1,2] such that p1(z) < 2.17comp. By bounded curvature at bounded
distance, Lemma [8.10, and assuming

€can < Eean(L(E)),
we therefore obtain p;(z) < Creomp for some C = C(L(E)) < oo. Thus
di(z, ONT) < dy(2,2) < C LT comp -
We can now apply assertion of Lemma , assuming
F > C(L(E)) - L(E),

and obtain that Q(z) < Q.
Case 2:  B(x, Lp(z)) € N7
We distinguish two subcases.
Case 2a:  P(z,A'py(x))N'D =0 for all D € CutU Cut”.
Recall that P(x, Lpi(x)) C P(x, A'pi(z)). So by Lemma we have

P(z,Lpi(x)) C Mo,t**} \ Upecutucut? D-

Using the assumption of Case 2a, (12.61)), a priori (APA 7)[ from the induction
hypothesis and (12.44)), we obtain that @ < 10Q) on P(x, Lp;(z)). By Lemma [12.57

we have [h| < m, on P(z, Lpi(x)). If P(x, Lpi(z)) intersects the initial time-slice M,
then a priori assumption [(APA 12)| also implies that Q < vQ on P(z, Lpi(x)) N M.
So by Proposition , a priori assumption |(APA 2)| and assuming

E > 27 H 2 E(E)7 Thin S ﬁ11n<E)> 4 S E(E)a €can S Ecan(E1; )\>7

we obtain the improved estimate Q(z) < Q.
Case 2b:  P(x, A'py(x)) N D # ) for some D € Cut U Cut”.
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Applying Lemma with Ag = A’ and a priori assumption [(APA 11)[ and as-

suming
0w <0, ASA A=A 6 < O(A D, A(E, A), ),
€can < Ecan( A Deut, A'(E, A), A), Teomp < Teomp,
we find that B(z, Api(z)) C N. Recall moreover that by assumption of the lemma we
have P(z, Ap(z)) N'D = for all D € Cut U Cut’. Therefore, again by Lemma M,

we obtain that
P(l'a Apl(x)) - /\/[O,t**] \ Upecutucut? P-

By a priori assumption from the induction hypothesis and , we have
Q < 10WQ on P(z, Api(x)). We will now apply Proposition to P(z, Api(z)) in
order to improve this estimate at . To do this, observe that, by Lemma [12.57| we
have |h| < mi, on P(x, Api(x)) and if P(z, Ap;(z)) intersects the initial time-slice M,
then a priori assumption implies that Q < vQ on P(z, Api(z)) N M,. We
can therefore apply Proposition to P(x, Api(x)), along with a priori assumption

(APA 2)| assuming that
E>2  H>H(E), nmn<mu(E), v<7(E),
AZAE W), €an < Ean(E, N W),
x) < Q. This finishes the proof. O

and conclude that Q(

Next, we verify a priori assumption [(APA 8)i
Lemma 12.62 (Verification of [(APA 8))). If

E>FE, H > H(E), Min < Min (E), v < V(E),
0 <on,  ASA W2W(E N Daw) A2 AE),
A > A, o < 3b()v Deus, A, A)a €can < Ecan<E7 A, Deys, A, A);
Tcomp < Tcomp,
then a priort assumption holds. In other words, we have
(12.63) Q<WQ  on  Npes \Upecuruous D-

Note that a main aspect of this lemma is that W does not depend on A. Otherwise

the inequality (12.63) would follow easily from ([12.44]) and ([12.46)). More specifically,

at points whose distance to an extension cap is bounded in terms of A, we can only
use ((12.46) to obtain a bound on ). However, the “conversion” factor between Q*
and Q at such a point depends on A. So the bound (12.46)) cannot be used directly

to verify ((12.63]).

The idea of the proof is the following. We may focus on the time-slab /\/’[‘gf;]

since the bound ((12.63)) follows from a priori assumption [(APA 8)| of the induction
hypothesis. The bound ((12.63)) follows from ((12.44]) (the relaxed version of [(APA 7))

at points that are far away from the cuts, i.e. at distance comparable to A. For points
that are close to the cuts we distinguish two cases. The strategy in the first case is
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to deduce (12.63)) from a priori assumption [(APA 8)[ and its relaxed version ((12.45)

via the semi-local maximum principle, Proposition [9.1l This argument only works
at points that are still sufficiently far away from the cuts, this time with separation
comparable to L(E) < A. In the second case we consider points that are close to

cuts, comparable to L(F). At these points ((12.46)) (the relaxed version of |[(APA 9))

guarantees a bound of the form Q* < 10Q". This bound translates into a bound on
@ and the conversion factor can be controlled in terms of L(E), E, A and D.y. So
(12.63]) follows as long we choose W larger than this conversion factor.

Proof. Consider a point = € ./\f[;]jtl] \ Upecue? D- Note that the case when t := t(z) =
t; follows from the induction hypothesis, so we assume in the following that ¢ > ¢ ;.

We distinguish the following cases.
Case 1:  B(x,10Ap(x)) ¢ N/

Then we can apply Lemma along with a priori assumption |(APA 11)| assuming
that

0w <On  ASA A=A 8 < 0u(A Deur, A, 0),
€can < Ecan()\, Dy, A, A)7 Tcomp < T comp>
and obtain that P(z,10A4p(x)) "D = () for all D € Cut UCut’. So by we
have Q(x) < 10Q). Therefore, Q(x) < W), as long as
W > 10.

Case 2:  B(x,10Ap:(z)) € N
Choose L = L(E) from Proposition . We distinguish two subcases.
Case 2a:  P(z,Lpi(2))N'D =0 for all D € CutU Cut’.
Assume that
10A > L(E).
So B(z, Lpi(x)) C N and thus by Lemma [3.43]
P(z, Lpi(z)) C Njg 1oy \ Upecusucurs D-

Let us now apply Proposition to P(z, Lpi(x)). To do this, note that by Lemma
12.57 a priori assumption [(APA 8)| from the induction hypothesis and ((12.45)), we

know that |h| < my, and Q < 10WQ on P(x, Lpi(x)). If P(x, Lpi(x)) intersects M,
then by a priori assumption |(APA 12)[ we also have @) < v(@) on the intersection.
Lastly, by a priori assumption [(APA 2)| we have pi(x) > Areomp. S0 assuming

E>2, H > H(E), v <V(E), Min < Thin (E), €can < €ean(E, M),
we obtain from Proposition [9.1] that Q(z) < WQ, as desired.
Case 2b:  P(x, Lpi(x))N'D # () for some D € CutUCut”.
By a priori assumptions [(APA 5) and [(APA 11)| and assuming
8 < 0b(A, Deut),
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we can conclude that there is a constant C" = C’(\, Deyt) < 00 such that p; < C'reomp
on D. Next, by bounded curvature at bounded distance, Lemma [8.10], applied at z,

a priori assumption , and assuming that
€can < Ecan(L(E), N),
we obtain a constant C” = C"(L(FE)) < oo such that
P1(E) < C"C' oy
Since B(z, 10Ap1(x)) € N/, we obtain from (12.46) that Q*(z) < 10Q". Assuming
E>3 A<l

we can now convert this bound to a bound on Q(z) as follows:

Qz) = pi *(@)Q"(x) < p~*(2)10Q"
(CH( (E))C/()\ l)(:ut)’r(:omp)Eignlin()\rcomp)3
< 105+(C"(L(E))C" (A, Dewr)) 10~ E Mg B,

< 1071 (C(LE)C' O D)) 0.
So Q(z) < WQ, as long as
W Z w(E7 /\7 Dcut)-
This finishes the proof. 0

Lastly, we establish a priori assumption
Lemma 12.64 (Verification of [[APA 9)). If
E>E ~ H>H,  hw<Ty V<7, 0, <0, A<
Newt < Tewss  Dews = De(A), A= A(EX), A=A,
op < gb(/\a Deus, A, A), €can < €can(F, A, Dews, A, A),
Teomp < Teomp(N),
then a prior: assumption holds. In other words, we have

(12.65) Q" (z) £ Q =10 i (Meomp)®
for all x € Njg = \ Upecusucur D for which B(z, Api (7)) C Nya)—-

Let us first summarize the strategy of the proof. As in the previous proofs, the
semi-local maximum principle, Proposition , can be used to deduce from a
priori assumption or its relaxed version at points that are sufficiently
far away from the cuts and the neck-like boundary of M. Now, consider points that
are close to the neck-like boundary, but far enough (comparably to A) from this
boundary such that the assertion does not become vacuous. At such points we use
the bound Q < 10Q from a priori assumption and its relaxed version (|12.44))
and the interior decay estimate, Proposition to overcome the conversion factor
between () and Q* for sufficiently large A. Lastly, consider points that are close to
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a cut. At such points we invoke the semi-local maximum principle, Proposition [9.1
with initial condition, on a truncated parabolic neighborhood whose initial time-slice
intersects the cut. We then use a priori assumption |(APA 10)|or |[(APA 7)[to deduce a
very good bound for Q* on this initial time-slice. Propositionthen implies ([12.65]).

Proof. Consider a point € Njg ] \ Upccusucu? P such that B(x, Api(x)) C Nia)-
and set ¢t := t(z). The case t < t; follows from a priori assumption [(APA 9)[ of the
induction hypothesis. So in the following we assume that ¢ > t; and therefore that

B(z, A (1)) C N}
Let L = L(3) be the constant from Proposition (for E = 3). Using Lemma
8.13] a priori assumption |[(APA 2)| and assuming that
€can S Ecaun(lla )\7 A)7

we can find a constant A’ = A'(A) < oo with A" > A such that the parabolic
neighborhood P(x, A’p;(z)) is unscathed and such that

(12.66) P(y,10Ap,(y)) C P(x, A'py(x)) for all y € P(x, Api(x)).

Let us now distinguish three cases.
Case 1:  We have

P(z, A'pi(z), —(Lp1(2))*) € Njo=) \ Upecurucurr D
and P(xz, A'p1(x), —(Lpi(x))?) does not intersect the initial time-slice M.
So, assuming
A>L,
we have P(z, Lpi(x)) C Ny \ UpecuuounsD- Using (12.66)), a priori assumption

[(APA 9)| (12.46) and Lemma [12.57, we find that Q* < 10Q" and |h| < Ty, on
P(x, Lpi(x)). Since the exponent in the definition of Q* is 3 > 2, if

H 2 ﬂ; Min S ﬁlina €can < gcan(>\)a

we may apply the semi-local maximum principle, Proposition 9.1} to deduce that
Q*(x) < Q", which finishes the proof in this case. Note that here we have used a

priori assumption .

Case 2:  We have

Bla, Api(2) ¢ N.
By Lemma and a priori assumption , and assuming
0 <ony  ASA AZA 8 < 0N Dew, A'(A), A),
€can < Ecan( A, Deut;s A'(A), A), Teomp < Teomp,

we find that
(12.67) P(x,A'pi(z))ND =0, forall D€ CutUCut”.
So by Lemma [8.43

(12.68) P(z, Api(x)) C N+ \ Upecutu cut? D-
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Combining (12.67)) with (12.66)), we obtain that for all y € P(x, Api(z))
P(y,10Ap,(y))ND =10 for all D € CutU Cut” .
Therefore, by a priori assumption |(APA 7) and ((12.44)), we obtain that Q < 10Q on
Pla, Ap:()).
Let us now convert this bound into a bound on Q*. There are two ways of doing
this. One way would be to use Lemma [8.31] as in the proof of Lemma leading

up to (12.58) to show that p;(x) > 1—107"comp~ In the following, however, we will use a
different strategy, as it is technically easier.

Assuming
E>3

and using a priori assumption [(APA 2)[and (12.68]), we have on P(x, Ap;(z))

Q" = pi Q< Neomp)” ™" - 10Q = (Neomp)” ™" - 107 mtint o
S /\_Enlin(/\rcomp>3 = 10/\_E@*
We will now apply Proposition to @* on P(z, Api(z)). To do this, observe that
by Lemma we have |h| < m, on P(z, Api(z)). In addition, if P(x, Ap;(x))
intersects the initial time-slice My, then by a priori assumption [(APA 12)| we have
Q* < V@* on the intersection. We also have p;(z) > Arcomp by a priori assumption

(ADA 2)| So if
H Z E> Min S ﬁhna v S va A Z A(Ea )‘)7 €can S Ecan(Ey )\),

then we obtain that Q*(x) < Q" as desired.

Case 3:  We have

Bz, A'pi(z)) C N,
and either
Pz, A'pi (), _(LPI(I))Q) Z MO,t**] \ Upecutucu P,

or P(z, A'py(z), —(Lpi(x))?) intersects the initial time-slice M.

In the following we will use the notation

Cut/ = {D € CutUCut’ : D C M,}.

Choose jo € {1,...,J} maximal with the property that

P(SL’, A/,Ol (a:), —(t - tjo)) §Z MO,t**] \ UDECutUCutJD'

If no such jy exists, then set jo := 0. By Lemma we have P(z, A'py(z), —(t —1'))
C Mo+ \ Upecurucue D for all ¢ € (t,,t]. Letting ¢ — ¢;, and using the fact that
Nio,++ is a closed subset of M, we obtain

(12.69) Pz, A'pi(z), —(t — tj,)) C Mo+ \ Upecutiot u..ucur’ P
and either jy = 0 or there is a cut Dy € Cut? such that
(1270) P([L’, A/pl(l’), —(t — tjo)) N Do 7& @
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Let
Btjo = (B(l’, Lpl(x)))(tjo)'
In other words, By, is the initial time-slice of the parabolic neighborhood P(z, Lp; (),
—(t —t;,)). Note that by the perturbation h is defined everywhere on P(z,
Lpi(x), —(t — t5)) \ By, and it can be smoothly extended to the entire parabolic
neighborhood by setting h = hy; + on By, . Similarly, we can extend @ to the entire
parabolic neighborhood P(z, Lpi(x), —(t — t;,)) by setting Q" = Q% on By, .

We will now bound Q* = Q% on By, . Let y € By, . Then the two cases indicated
above lead to the following three cases:

Case 3a:  We have jo = 0 and therefore y € M.
In this case, by a priori assumption [(APA 12)[ we have
Q*(y) <vQ .
Case 3b:  We have jo > 1 and y € Dy.
In this case, a priori assumption [(APA 10)|yields
Q* (y) S ncuté*-
Case 3c: We have jo > 1 and y & Dy.

Our strategy in this case is to use the bound on Q(y) from a priori assumption
(APA 7)| and translate it into a bound on @Q*(y). In order to do this, we need to

ensure that a priori assumption [(APA 7)| apply at y (or slightly earlier) and that
p1(y) is sufficiently large so that the @-bound implies a good bound on Q*.

Let Cy < oo be a constant whose value we will determined at the end of the proof.
We can now apply Lemma and a priori assumption , assuming
by < O, Dewy 2 Doyi(A, C), A>A, b < 0u(A, Cg, Des, A'(A), A),
€can < Ecan( A Deut;s A'(A), A), Teomp < Teomp(Cg),
to find that
p1(y) = Cpreomp

and P(y,2Ap1(y))ND = 0 for all D € Cut' U...UCut® ', So for any ¥’ € [tj,_1,tj,),
sufficiently close to t;,, we have P(y(t"), Api(y(t'))) N D = § for all D € Cut U Cut’.

So by a priori assumption [(APA 7)| we have Q(y(#)) < Q. Letting t' — t;, yields
Qy) < Q.

Assuming
E >4,
we obtain
Q*(y) = pi P (W)QY) < (Cpreomp)” - Q
= (C#rcomp)37E107E717711n7a£mp S C;,glAig'107E71771in(>\7ncomp)3

<CIATQ
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Summarizing the results of subcases 3a—3c, we obtain that

Q* S (V + ncut + C#—/:l)\—ii)@* on Btj .

0

Similarly as in case 1, we can use (12.66|) and ((12.69)) together with a priori assump-
tion [(APA 9)| and (12.46)) to show that Q* < 10Q" on P(z, Lp: (), —(t — t;,)). By
Lemma [12.57| we have |h| < my, on P(z, Lpi(x), —(t — tj,)). We can now apply

Proposition along with a priori assumption , assuming
H>H, Min < Mins v, Cy > Cyu(N),
Neut < et €can < Ecan(A),
to show that Q*(x) < Q" as desired. O

We can finally finish the proof of Proposition Lemmas [12.57} [12.59} [12.62]
and [12.64/imply that (N 4, {/\/'j,/\/'[JJr1 *]}3]:17 {t;,t**}7_)) and (Cut U Cut”, Pl

£ t* 0.4w4]
{¢J, "1 |N[J+1 ]}3]:1) satisfy a priori assumptions|(APA 6)H(APA 9)whenever ([12.44))—
t g t**

. old up to time t**. So by iterating Lemma [12.47, we may choose t** = t*.
12.46|) hold to ti t**. So by iterating L 12.4 h = t*
Since a priori assumption [(APA 6)[ holds for the aforementioned comparison domain
and comparison, we have |h| < ny, on ./\/;‘{H. So by assertion @ of Lemma [12.43] we

obtain that t** = t* = t;41. So (M, {N7}Z, {t;}/4)) and (Cut U Cut”’, ¢, {¢/} /)

satisfy a priori assumptions |(APA 1) and [(APA 6)H(APA 9)| A priori assumptions
(APA 10)H(APA 13)| follow from assertion |(a) of Lemma [12.43] Recall that
2)H(APA 5) hold by the assumptions of Proposition [12.1]

Lastly note that the auxiliary parameter F' was assumed to be large depending
only on E. So it is straight forward to check that the assumptions of the parameters

imposed in the course of this proof all follow from ((12.2). This finishes the proof of
Proposition

]

13. PROOFS OF THE MAIN RESULTS

In this section we will combine the main results of Sections |11 and [12] to prove the
main result of the paper, Theorem We then prove some corollaries, including
several stability results and a uniqueness theorem, as presented in Subsection [1.3]

Theorem 13.1 (Existence of comparison domain and comparison). If
T >0, E>E, H > H(E), Min < Mhin (E),
v<U(T,H, M), 00 <6u(T.H,min), A< A(0n),

Deop > D ()\), Neut < MNeut» Dy > cht(Dcapancut)a

cap — —cap
W >W(Dew), A=AW), A>A(A), & <dp(A),
€can S Ecan((sb)? 7acomp S 7_ncomp (A)a

then the following holds.
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Consider two (€canTcomp, I')-complete Ricci flow spacetimes M, M’ that each satisfy
the €can-canonical neighborhood assumption at scales (€canTcomp, 1)-

Let ¢ : {z € My : p(x) > ANreompy — My be a diffeomorphism onto its image
that satisfies the following bounds:

¢ 90 — 9ol < hin,
HT E|C gO| < VQ =v-10" B 17fhlllrcomp’
" p}1C7gh — gol < vQ = v+ 107 i (Arcomp)”
Assume moreover that the €c.n-canonical neighborhood assumption holds at scales
(0,1) on the image of .
Then for any J > 1 with Jr2,, < T there is a comparison domain (N, {N7}]_,,
{t;}/_0) and a comparison (Cut,d,{¢’}7_,) from M to M’ defined on this domain
such that a priori assumptions |(APA Z)H(APA 6) hold for the tuple of parameters

(Mins Ons A, Deaps A, Ob, €can, Teomp) @nd a priori assumptions |(APA 7)H(APA 13) hold
for the tuple of parameters (T, E, H, Min, V, A, Neuts Deut, We A, Teomp ). Moreover, ¢oy =

¢(1) = C|/\/o

Proof of Theorem[13.1] The theorem follows from Propositions [I1.1] and [12.1] by in-
duction on J. Both proposmons can be applied under restrictions on the parameters
that follow from the restrictions stated in the beginning of this theorem. Note that
in the first step of the induction one applies Proposition to produce the first
time slab A/' of the comparison domain. By a priori assumption we have
N CcX:={zeMy : p(x)> Mcomp}- Assuming

A < X(én) , €can < E03,1’1(511) 5

by [(APA 3){and Lemma it follows that the 0, '7comp-tubular neighborhood around
N, is contained in X . Hence the map ¢ from the assumptions of Theorem [13.1]satisfies

assumption of Proposition m

Note that we have simplified the restrictions on the parameters in the first part
of this theorem by omitting arguments in parameter restrictions if they have already
appeared in earlier restrictions. This simplification does not change the nature of
these restrictions. For example, since we have imposed the restriction H > H(E), we
can assume without loss of generality that H > E. Therefore, it is not necessary to
list £ in the restriction for v < U(H, m,, T'), as v already depends on H. OJ

Next, we prove Theorem [I.7] This theorem is similar to Theorem [I3.1} however
the parameters associated with the a priori assumptions have been suppressed. The
proof of Theorem [1.7] requires the following result.

Lemma 13.2. [If

IN

€can S Ecam

then the following holds.
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Let M be an (€canr, T')-complete Ricci flow spacetime that satisfies the €ca,-canonical
neighborhood assumption at scales (€canr, 1). Let x € Mg ) be a point with p(x) > r.
Then there is a continuous path v : [0,1] = M q) between x and a point in My such
that t o~y is non-increasing and such that p(y(s)) > .9r for all s € [0, 1].

Proof. A slightly different version of this statement, which would also be adequate
for our needs here, was proven in [KL17, Prop. 3.5]. For completeness, we provide
an alternative argument.

Set to := t(z) and ry := py(z) > r. By Lemma assuming
Ecan S Ecan7 r S F?

we know that x survives until time max{ty — r2,0} and p;(z(t)) > .95ry > .95r for
all t € [max{ty — 2,0}, ). So if ty < r2, then we are done. Consider now the case
to > rg. If rg < 5 and p(x(to — r§)) < p(x), then we can use Lemma [3.40 assuming

Ecan S Ecana

to show that (M, z(to — r3)) is close enough to (Mpyy, gpry, Tpry) such that there is
a point y € My _2 with p(y) > p(z) and such that 2(t, — r3) can be connected with
y by a continuous path inside ./\/ltO_,,(z) whose image only consists of .9r-thick points.

So, summarizing our conclusions, each x € Mg can be connected with a point
y € M by a path v : [0,1] = M such that t o v is non-increasing and
p(v(s)) > .9 for all s € [0,1], and one of the following holds:

(1) y € Mo,
(2) ply) > 95p(x) > .95 - 5 and t(y) = t(x) — pi(x),
(3) p(y) > p(z) and t(y) = t(zx) — pi(z),

Iterating this process yields a sequence of points xy = x,x1, g, ... € Mo ) such that
x; and x;,1 can be connected by a path with the desired properties. It now remains
to show that this sequence terminates at some index ¢ and that z; € M,. To see
this, note that by (1)—(3) the sequence of times t(x;) is non-increasing and p(z;) > r,
assuming

r<.95. }1.
Since t(z;41) = t(z;) — p(z;) < t(z;) — r? in cases (2) and (3), the sequence must
terminate after a finite number of steps. O

Proof of Theorem[1.7. Since we will invoke Theorem below, in order to make the
estimates in Theorem conform more closely with those in Theorem [13.1} it will
be convenient to prove the theorem for F replaced by E/2, ¢ replaced by ¢ and ¢
replaced by ¢. So we assume that ¢ : U — U’ satisfies

[C"g6 — gol < € (|Rm| + 1)/
and our goal is to construct ¢ : U — U’ such that
|95 — gol < 8- r®(|Rm| +1)%/2.
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We will first prove a slightly weaker version of the theorem in which we allow €ga,
to also depend on T'. We will mention how we can remove this dependence at the end
of this proof.

Fix T and E > E, where E is the constant from Theorem and assume that
E > 3. Based on these choices, fix constants H, nin, v, 0n, A, Deaps Teuts Deut, W, A,
A, Op, €can and Teomp that satisfy the restrictions stated in Theorem [13.1] Without
loss of generality, we may assume that 7eomp < 1. Choose 7Teomp = QT - Teomp, Where
0<a=a0,T,E) <1is a constant whose value will be determined in the course of
this proof.

We now verify the assumptions of Theorem [13.1. In what follows, we will be
imposing several upper bounds on the parameters o and e. The upper bounds on «
will only depend on 9,7, E and the upper bounds on € will only depend on 9,7, E
and a. As a will not be chosen depending on €, there will be no circular dependence.
At a number of steps in the following proof, we will also assume that the constants
Min, On and €., have been chosen smaller than some universal constant.

Assuming
€ S €can ° Offcomp )

we get that M, M’ are (€can’comp, I')-complete and satisfy the €c,,-canonical neigh-
borhood assumption at scales (€can’comps 1). If

€ <A OTcomp 5

for some universal constant ¢; > 0, then U* :={z € My : p(x) > Mcomp} C U.
So, without loss of generality, we can replace ¢ by ¢

U* .

Let us now verify the bounds on hy := (*g{,— go in the assumptions of Theorem 13.1]
For this purpose note that there is a universal constant C; < oo such that C;*p;* <
IRm| + 1 < C1p;%. Now by assumption of this theorem and the fact that

Rm| +1 < Cip;? < O r 2 < Cr(AaTeomp) 2172,

comp —

on U*, we have
|h0| S € TE(|R'm| + 1)E/2 S € ClE/2()\aFcomp)7E S Min,
as long as
€ S C;E/2<>‘a7_ncomp)Enlin-
Similarly, we obtain that
eHT pE|ho| < C’f/QeHT(|Rm| +1)7E2| | < C’{E/QeHT cer®
S v 10_E_1771in(a7n : Fcomp)E>

as long as

e < CI_E/QG_HT V- 1O_E_1nlin(afcomp)E
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and
e pdhol < CF*e™T (R +1)7%/2ho|
< CF P (AT comp)*2r* = - T (IRm| + 1) 7572 ||
< ClE/Q()\amep)S’EeHT cer® <v-107 Y Nar - Fcomp)g,
as long as
e < C’fE/2e’HT v 107 (AT comp ) ?
Note that the three bounds that we have imposed on € in this paragraph depend only
on 6, T, E, assuming that a can be chosen depending on these three constants.

Lastly, note by assumption of this theorem the e.,,-canonical neighborhood as-
sumption holds on the image of (.

We can therefore apply Theoremand obtain a comparison domain (N, {N7}7_,,
{t;}7_,) and a comparison (Cut, ¢, {¢’}7_,) that satisfy the a priori assumptlonsm
APA 6)|for the parameters (i, 6n, A, Deap, A\, Ob, €can, Tcomp) and a priori assump-
tions [(APA 7)H(APA 13)|for the parameters (T, E, H, Min, V, A, Neut, Deut, W, A  Teomp)-
Without loss of generality, we may assume that 7" is an integral multiple of 72 ie.
t; = T'; otherwise we may decrease 7¢omp Or increase 1" slightly.

Let now U C Mo be the set of Coreomp-thick points, where Cy = C(A) < oo is
a constant whose value will be determined at the end of this paragraph. We claim
that U C N\ UpecwD. To see this consider z € U and choose j € {1,...,J} such
that © € My,_, ;). Then by Lemma , if

03 O , 02 > A037 Cean < 6Lemma@ Feomp < ,,—ﬂLemma@

can comp

comp’

then z survives until time ¢; and x(¢;) is Arcomp-thick. (Here we have used the notation

—Lemma [84] —Lemma [8.4] — -
Enn and Tcomp to av01d Confu81on with the upper bounds €.,y and Teomp from

Theorem) So by a priori assumption [(APA 3)((b) we have z(t;) € N;,_ and thus
(APA 3)

x € N. Lastly, by a priori assumption [(APA 3)[e) we have z ¢ D for all D € Cut.
By the choice of U we have
[Rm|+1>Cy'p? > CrlCy%rod, = Cr 'Oy oo r 2
on M[07T] \ (/j So if
0 < SO O
then [Rm| +1 > 4r=2 > r 2 + 1 and therefore |Rm| > 772 on Mz \ U. In the
notation of Theorem , we can now set ¢ := ¢|5 and U’ := ¢(U).

We now need to verify the upper bound on \a*g’ — g| on U , in the notation of
Theorem [1.7} To this end, note that by a priori assumption [[APA 8)] we have

|h| <e” H(T- t)p W -107F7 17711n<arrcomp>E
< CFP(IRm| + 1) Wiua"rPr2 < 6 ([Rm]| + 1)%/%7

comp
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as long as
o S 51/E01_1/2W I/Em;ll/EFcomp

We now show that |Rm| > =2 on Mgz \ U’ for sufficiently small o and e if
we additionally assume that [Rm| > (er)™2 on M \ U’. To see this, assume that
|[Rm|(2’) < r=2 for some 2’ € Mgy \ U'. So p(z') > %C’fl/Qr. We can now apply
Lemma [13.2] assuming that €., is smaller than some universal constant, to find a
continuous path v : [0,1] — MEQT] between 2’ and a point y' € My such that
p(y(s)) > Cy'r for all s € [0,1], where Cs is some universal constant, and ' o 7 is
non-increasing. On the other hand, we have p; < C’11/2|Rm|*1/2 < C1%er on M\U".
So if

e< O,
then v/ € U’. Set y := (1(v/).

Our next goal is to show that 1/ € 176 To see this, we will argue that p(y) > Coreomp.
By Lemma and assuming that e.,, is smaller than some universal constant, we
can find a universal constant c; > 0 such that p > %Cglr on B(y',cor). So, as in the
last paragraph, we obtain that B(y, cor) C U’, assuming

1 -

If p(y') < 1, then we can use the €.,-canonical neighborhood assumption at 3’ to
deduce bounds on higher curvature derivatives on B(y/, cor) (as in Lemma [8.1)), as-
suming that €., is smaller than some universal constant. On the other hand, if
p(y') > 1, then we obtain an improved bound of the form p > ¢3 on B(y/, cor) for
some universal constant ¢z > 0 (via Lemma. So using Lemma applied sim-
ilarly as in the proof of Lemma [8.22] we obtain a universal constant ¢4 > 0 such that
p(y) > c4r, assuming that my,, €can and « are smaller than some universal constant.

So if

a <oyt
then p(y) > Careomp and therefore by construction of U , we have y € [70. It follows
that v’ = ¢(y) € U|.

Choose sg € [0,1] minimal with the property that v((so,1]) C U. As y € U,
we know that sy < 1 and since U’ is s open and a2’ & U', we obtain y(so) & U'. For
any s € (so, 1] we have ¢~ (y(s)) € U € N. So by Lemma [8.22] and assuming that

Min, On, €can and « were chosen smaller than some universal constant, we obtain
pr(671(1(s))) = Cippr(7(s)) > Cop - C5 7'
Therefore, if
C’S Yonlonl
then
p(671(7(s))) > 2Co7comp.
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Using Lemma (8.4} Proposition and the uniform lower bounds on the scales of
v(s) and ¢~ (v(s)), we obtain that z := limg », ¢~ '(7(s)) exists. It follows that
p(2) > 2C5Tcomp. S0 2z € U and thus v(so) = ¢(z) € U’, contradicting the choice of
So-

This finishes the proof of the theorem if we allow €., to depend on T'. To see that
€can Can even be chosen indepeAndently of T, we revert back to the notation used in
the theorem and we construct ¢ successively on time-intervals of the form [0, 1], [1, 2],

. More specifically, given E > E set €can := €can(1, E), (i.e. the value in the weaker
version of the theorem for 7' = 1). Now assume that 6 > 0 and 7" < oo are given and
assume without loss of generality that T' is an integer. Set inductively ¢, := ¢ and
¢; := min{e(e;_1,1, ), €;_1, 1}, where €(-, 1, F) is as in the statement of the weaker
version of the theorem in the T = 1 case, as well as ry := r and r; := €r;_1, for
i=1,...,T. Assume now that [Rm| > (e;---e7r)™2 = (eprr_1) ™2 on My \ U (and
possibly also on Mg\ U’) and

6" 96 — gol < er - r7°(|Rm| + 1)
We can then apply the Weaker Versmn of the theorem for r = ry_; and § = - €7 to ﬁnd
a sequence of subsets U C M), U C M[z 1] and diffeomorphisms gbz U — U !

such that R
679" — gl < er—i-r77,(|Rm| 4 1)"

and |[Rm| > r;?; on ./\/ll 1] (and possibly also on M;_q \U) fori =1,...,T.
Moreover, qﬁl 1= QASZ on UZ 1N U C M;. Then gb can be constructed by comblnlng

the diffeomorphisms ¢y, . .. ,qu on the open subset
(U, N Moy U (TN T2) U (U N Migy)) U (TN Ts)U...U (Ur N Mr—11).
This finishes the proof. [l

Proof of Theorem[1.5 The theorem is a consequence of Theorem To see this,
assume § < 1, choose E := F and consider the constants €can = €can(E) and € = 6(3%(5,
T, E) from Theorem [1.7} Set ¢ := min{0?"e, d¢, €can} and 7 := 0.

We claim that Theorem [1.5/holds for e = ¢’. By the assumption of this theorem we
have
|6 gh — go| < € <e-0*F < e-r?E(|Rm| + 1)E
We also have [Rm| > ¢72 > (er)™2 on My \ U. So Theorem [1.7] can be applied and
yields the existence of a time-preserving diffeomorphism ¢ U — U’ such that ¢ 10}
on UNU and

-~ 1
(13.3) 09’ — g| < 50 §*F(|JRm| + 1)* < g,
on U N {|Rm| < 2672} and |Rm| > (5 2 on M T? \ U. We can now replace U by

Un {IRm| < 2672} and then U’ by qb( ) Then ({13.3) holds on all of U and we still
have [Rm| > 62 on Mo 1y \ U. O
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Proof of Addendum to Theorem[1.5. The bounds on the higher derivatives follow from

Lemma , combined with Lemma and Shi’s estimates, since (E*g’ — g satisfies
that Ricci-DeTurck equation. [l

We now apply the stability theorem, Theorem [1.7, to prove Theorem [1.3] which
asserts the uniqueness of the Ricci flow spacetimes with a given initial condition,
under completeness and canonical neighborhood assumptions.

The idea of the proof is as follows. We first apply Theorem to produce a sequence
of maps ¢; : U; — MEQT] such that U;U; = Mo 7y and the |¢¢' — g < 6; — 0. We

then show that the gis converge locally smoothly to the desired diffeomorphism $ To
do this, we appeal to the drift bound in Proposition to propagate the region of
convergence over time, and we use uniqueness of isometries of Riemannian manifolds
to propagate the convergence within time-slices.

Proof of Theorem[1.3. We will prove the theorem in the case T < oco. The case
T = oo follows by letting T — o0o. Choose E and €can = €can(E) according to
Theorem [1.7] Also, by parabolic rescaling, we may assume without loss of generality
that r = 1.

By Theorem we can find a sequence of open subsets Uy C Uy C ... C My
such that U2, U; = Mg and a sequence of time-preserving diffeomorphisms onto

their images ¢; : U; — Mfo 7) that satisfy the harmonic map heat flow equation, such
that ¢ilv,nm, = Pluinm,, ¥ o @i = t and
(13.4) 6ig' — gl <6, — 0.

Let Y be the set of points x € My such that the pointwise limit ¢o(x) =

lim; o ¢;(x) exists. Let
X={reMypn : B(x,r) CY for somer >0},

so X is the set of points © € M|y ) that belong to relative interior of Y N My in
My@). Recall that X; = XN M, for ¢t > 0. Our main goal is to show that X = My
and that the pointwise limit ¢, is smooth, preserves the metric, and time vector field.
Obviously, Xg = Yy = My, since ¢; = ¢ on U; N M.
Claim 1. For every t € [0,T):

(a) oo |x,— My is a smooth isometric immersion.
(b) X, is a union of connected components of M.

(c) For all z € Xy, p(doo(z)) = p(x).

Proof. Suppose t € [0,7] and z is in the closure of X;. Choose 79 > 0 such that
B(z,6r) is compact, and pick z € B(z,r9) N X;. Hence B(x,5ry) is compact and
z € B(x,r9). There is a sequence L; — 1 such that for large ¢ we have B(z, 5ry) C U,
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and L;'g < (Zj g < L;g on B(z,5r). An elementary Riemannian geometry argument
gives, for large ¢, that $i<B($,57’0)) D B(ai(x),élro) and the restriction of 51 to
B(x, 1) is L;-bilipschitz with respect to the Riemannian distance functions on M;
and M. Since gg,(a:) — qgoo(:v), for large i we have

CZA%(B(%TO)) - B(Q/gi@),?ro) - B(C/b\oo(f)a?”“o) - B(C/b\i(‘”)y4ro) - C/b\z’(B($,57’o)),

and therefore B (goo(x), 3rg) is compact.

Put B := B(x,r9). Suppose {<$Z|B} does not converge pointwise. Then by the
Arzela-Ascoli theorem, the sequence {g/b\l| g} has two distinct subsequential limits
U, B — Mj, and since L; — 1, both maps preserve the distance functions
on M and M’. Hence ¥ and ¢’ are smooth Riemannian isometries. They agree
on a neighborhood of x in X;, because x € X, and since B is Connecied, they must
coincide, contradicting v # 1'. Thus B C X, and the pointwise limit ¢, is a smooth
Riemannian isometry on B. This shows that the closure of X, is open, which implies
assertion @ Our proof also implies assertion @ which implies assertion . 0

Claim 2. There is a universal constant ¢ > 0 such that for every x € Yy =Y N M,
and 7, := cpi(z) the following holds for allt' € [t — T,,t + 7,] N[0, T]:

(a) x survives until t', and x(t') € Y.
(b) boo(x) survives until ', and (Goo(2))(t') = doo(z(t')).

Proof. The claim follows from Proposition[A.20] via a continuity argument. Let z € X;
and set ¥’ 1= ¢oo ().

Using assertion of Claim [l] and Lemma , assuming that €., is smaller
than some universal constant, we can find a universal constant ¢ > 0 such that for
1o := c'/2p;(z) the following holds: For all o > 0 with [t—to| < 72 the parabolic neigh-
borhoods P(z(tg), 70, 2r2) and P(2'(t), 100r¢, 2r2) are unscathed and |[Rm| < r;? on
both. By compactness, we moreover find a constant 1 < A, < oo, which may depend
on z, such that |V™Rm| < A,ry> ™ for m = 0,1,...,3 on both parabolic neighbor-
hoods. Moreover, lengths of curves inside these parabolic neighborhoods are distorted
by at most a factor of 2 under the Ricci flow.

For each 7 choose tt,i minimal and t*ﬂ- maximal with 0 < t:i <t < t*ﬂ- < T and
|t; . — t| < 1§ such that we have dy,(¢s(z(to)), (¢i(2))(to)) < 7o for all tg € (t* ;1% ;).
Since = € Y}, we have dy(¢;(x),2') < ro for large i. So by the length distortion bound
on P(2'(tg), 100rg, 2r3) we have dy, ((¢:(z(t')))(to), z'(to)) < 4ro for all t, € (t*_ﬂ-,t]
and t' € [to,t} ;) if 7 is large (we use the convention [t,t) = (¢,t] = {t} here). By
(13.4)) and the distance distortion bounds on P(x(ty), ro, 2r2) and P(z'(t), 1007, 2r2)
we therefore obtain that for large ¢ and ¢y € (¢* ;, 1]

-0

~

¢i (P(lL‘(to), T[),tj_ﬂ» — t[))) C P(l’l(to), 1007, 27“8)
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We can therefore apply Proposition|A.26|for M = B(x(to),70), M' = B(2'(to), 100r¢),

r =19 and A = A, along with (13.4)) to find that there is a sequence ¢; — 0 such
that for large ¢ we have

diy ((0:(x(t')))(t0), (¢:(2))(to)) < €iro
for all ty € (t* ;] and t' € [t,t% ;). By the distance distortion bound on P(2'(l),
100rg, 2r2) this implies that

(13.5) dy (9i(x(t)), (61(x))(t) < 269
for all such ¢y and ¢'. The bound (13.5)) implies that for large i we have t* ; =t — rj
ort* ;=0andt;, =t+4rjort; =T due to their minimal and maximal choice. So

(13.5)) implies assertions [(a)| and [(b)] O
Claim 3. (a) X is (relatively) open and closed in M r).

(b) oo is smooth, and (¢eo)+(8y) = Oy
(C) X = M[O,T]-

Proof. Suppose z € M, and z belongs to the closure of X. For r > 0 sufficiently
small, by assertion [(b)] of Claim [1] there exists ¢’ € [t — 7%, + r?] N [0, 7] such that
(B(z,7))(t") is contained in X. Shrinking r if necessary, we may assume that for all
x € (B(z,r))(t), we have 7, > 2r?, where 7, is as in Claim 2} Thus by assertion [(a)]
of Claim [2| we conclude that (B(z,r))(t) C X for all t € [t —r?,t +r?] N[0, T]. This
implies the closure of X in Mg 7} is open, which implies assertion @

By assertion @ of Claim , it follows that 500 locally commutes with the flows of
the time vector fields 0; and d¢ on M and M/’, respectively. Combining this with
assertion @ of Claim , we obtain assertion @ By assertion |(a)], it follows that
X is a union of connected components of My 7. Assertion now follows from
Lemma[13.2] assuming that €., is smaller than some universal constant, and the fact

that My C X. ]

By Claim |3| we have constructed a smooth map g/goo s Mo — M@)’T] such that

~

(136) ¢Zog/ =49, $W|Mo = ¢a (aoo)*at == 6‘:’) t, o aoo =t

We now claim that the map 500 is uniquely characterized by . To see this,
consider two such maps 500, 3@0 As both maps satisfy the harmonic map heat flow
equation, we can apply the conclusions of our proof to up to this point to the sequences
Ui = Mo and (}522-,1 = aoo, (ZQZ- = 5;0 It follows that 51 converges pointwise, and
therefore we must have ngﬁoo = 5;0 as asserted.

It remains to show that aoo is bijective. To see this, we can interchange the roles
of M and M’ and apply our discussion to obtain a map s : M{&T] — Mo, such
that

~

Vig=0d, Ul =1 =07 ()l =0, totn =t.
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Now consider the composition a := QZOO o (ZOO such that
g =g, alpm, = 1dagg, o, 0f = O, toa =1t,
By the uniqueness property, as discussed in the previous paragraph (for M = M),

we obtain that ¢ 0 ¢os = o = idpy, 5. Similarly, we obtain that ¢og 0 thes = id/vl’[o .

This shows that qgoo is bijective, finishing the proof. O

APPENDIX A. RICCI-DETURCK FLOW AND HARMONIC MAP HEAT FLOW

In this section we discuss the main estimates for harmonic map heat flow and
Ricci-DeTurck flow that will be needed in the paper. While the general methodology
is fairly standard, we were unable to find suitable references in the general PDE
literature for these results.

A.1. The main equations. In this subsection we derive the general equations for
harmonic map heat flow with time dependent metrics on the source and target, and
the associated Ricci-DeTurck flow. Most of the ideas presented in this subsection go
back to DeTurck [DeT83] and Hamilton [Ham95].

Consider two n-dimensional manifolds M, M’ each equipped with a smooth family
of Riemannian metrics (g¢):cjo,77, (9;)tefo,r)- Let moreover (x¢)ico1), Xt : M' — M be
a smooth family of maps.

Definition A.1. We say that the family (x:):co,r] moves by harmonic map heat
flow between (M’ g;) and (M, g,) if the family satisfies the following evolution
equation:

n

(A.2) Oxe = Dgr gt = Y (Ve dxales) — dxa(Viier)),

i=1
where {e;}; is a local frame field on M’ that is orthonormal with respect to g;.

Assume now for the remainder of this subsection that all the maps x; are diffeo-
morphisms and consider their inverses x; '. Let

(A.3) hei= (") 9 — o

be the associated perturbation. The pullback (x;')*g, = g; + h; evolves by the
following equation

(A.4) 2((x")"91) = (G 1) 0gt = Lopon (1) 1)
= (x;') (9w, + 2Ric(g;)) — 2(x; ') Ric(g))
— Lo ot (1) 91)

(xi')" (99, + 2 Ric(g}))
— 2Ric(g: + he) = Lo,y 001 (96 + he)

= (x; ') (9wg; + 2Ric(g;)) — 2 Ric(g:) + X,
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where X, can be expressed as follows (in the following identity, covariant derivatives
and curvature quantities are taken with respect to ¢; and the time-index t is sup-
pressed)

Xy = (g+ WP (V2R + Ry hug + Ry hug — Ry huj — Rt hi)
S B ) (Vi gy — 29V,
+ 2VuhipVohiq + 2V phiyV jhay + 2V ihp, Vhiy ).
We will now use to derive an evolution equation for h;. First observe that
Oihe = 0,((x: ") 91) — Oegr.

Similarly as in Uhlenbeck’s trick, we define (we will suppress the time-index again
wherever it interferes with the index notation)

1
(Vatht)ij = (atht)ij - §gpq (hpjatgqi + hipatgqj)-

Then
(A.5) (Vohe)iy = (") (9t + 2Ric(g))),; — (Gige + 2 Ric(ar)),,
- %gp *(hpjOi9ai + hipDedes) + X
= ((x: )" (Qg: + 2Ric(g}))),; — (ege + 2 Ric(gr))
— 57 (Dhge + 2Ric(g)),
- %gpq (Orge + 2Ric(gr)) g + Vi,
where

yij = -Xij + g% Ric;p, hqj + g" Riij hgi
+ (gpq —(9+ h)pq) (Ripquh“j + ijquhi“)
1 uv
- 5(9 + h)pq(g + h) ( - vihpuvthv - 2vuhipvthv
+ 2V, hiy Viohijg + 2V, hi Viihg, + 2Vihpuvthv).
In the following, we will focus on the case in which h; is small and in which the
families of metrics (g¢)icp,r) and (g;)icpo,r) almost satisfy the Ricci flow equation in

the following sense. For parameters 0 < 1 < 0.1 and § > 0 we assume that for all
te0,7]

—ngs < hy < gy
and

(A.6) —0g, < dyg, + 2Ric(g;) < dg,, —0¢g; < Orgs + 2 Ric(gs) < by
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If we now multiply by 2¢"“¢’*h,,, then we obtain that for some dimensional
constant Cy < oo:
OIh|* < (9+ h)IVE B> = 2(g + h)7 " 9"V ihp V jhg
+ Co6 - |h| + Co|Rmy| - |h|*> + Colhl| - [VR|?.
We will later consider the case < min{0.1,C;'}. Note that then
(A7) OIh|? < (g+ h)IVE AP + Cod - |h| + ColRmy| - [h]?.
Next, let us consider the case in which (g¢)icjo,r) and (g;):cjo,r; both satisfy the

(exact) Ricci flow equation. Then (A.4]) implies the Ricci-DeTurck equation for
the pullback metric g, + hy = (x; *)*g..

0i(g: + hy) = —2Ric(g, + hy) — Eth(ngrht)(gt + hy),
where the vector field X, (g; + h¢) is defined by

n

(A.8) Xo(g%) = Dgegidy =D (Veei = Vie;),

i=1
for a local frame {e;}? ; that is orthonormal with respect to g*. Note that

(A.9) X (g + he) = Oixe o x; -

From an analytical point of view, (A.5) implies that the Ricci-DeTurck equation
can be expressed as follows in terms of the perturbations h; (also referred to as the
Ricci-DeTurck perturbation equation here):

(Al()) Vatht = Agtht + 2 ngt(ht) + Qgt [ht]

Here the expression on the left-hand side now denotes the conventional Uhlenbeck
trick:

(Vo )i = (9she)i + g7 ((he)ps Ricgi +(he)ip Ricy; )
Moreover,
(ngt<ht))ij = gqupijuhqu

and Q, [h] = Qéi)[ht] where
(A11) (@), = ((g+ ah)™ = g") (Vighis + Ry hug + Ryjihug)
+ (gpq —(g+ ah)pq) (Ripquh“j - ijquhw)
— 59+ ah) (g + ah)™ (= Vil Vil = 2VuhiyVohs,
+ 2V iy Vohiy + 2V phioV shgu + 2V ihn Vo).

In this paper, we also consider the rescaled Ricci-DeTurck equation for pertur-
bations of the form h; := a~'h; (we will be interested in the case o < 1 mostly):

(A.12) Vo = D,y + 2Ry, (hy) + Q9 [1y).

ij
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Note that Q®[h] = 0. So for & — 0, the equation (A.12)) converges to the linearized
Ricci-DeTurck equation

(A.13) Vo e = A,y + 2Ry, (hy).

A.2. Local derivative estimates. In the following, we will derive local bounds on
derivatives of the Ricci-DeTurck equation and the harmonic map heat flow equa-
tion. Let us first consider the Ricci-DeTurck perturbation equation. We obtain the
following local derivative bounds.

Lemma A.14 (Local derivative estimates for Ricci-DeTurck flow). For any m,n > 1

there are constants 1y, = Ny(n) > 0 and C,, = Cp(n) < 0o such that the following
holds.

Consider a Ricci flow (g¢)icjo2) on an n-dimensional manifold M. Let p € M be a
point, r > 0 and assume that the time-0 ball B(p,0,r) C M is relatively compact and
that [V™ Rm| < =27 on B(p,0,7) x [0,7?] for allm’ =0,...,m + 2.

Consider a solution (hy)cjor2) on (M, (g¢)icppor2)) to the Ricci-DeTurck perturbation
equation . Then the following holds:

(a) If

H:= sup Ry, <N,
B(z,0,r)x[0,r2]

then
V™ hilge < Con Ht™™/?
on B(p,0,7/2) x (0,7%] for allm' =1,... ,m.
(b) If

L m’ m’
Hy = Sup |helge + max — sup T V™ hilge < i,
B(x,0,7)x[0,r2] Osm/<sm+1 p(z,0,r)

then
|vm/ht|gt < CmHOT_m/
on B(p,0,7/2) x [0,7%] for allm’' =1,... m.

Proof. This follows directly from [Bam14l, Proposition 2.5], [App16, Lemma 4.4] and
A10). 0

Next, we discuss similar local derivative bounds for the harmonic map heat flow. To
this end, consider families of metrics (g;)p,r) on M and (g;)j,r) on M’ and a solution
(x¢ : M" = M)co,r) to the harmonic map heat flow equation between M’ and
M. Choose local coordinates (z!,...,z") on U C M and (y',...,y") on V.C M’
such that x,(V) C U for all t € [0,T]. Express the families of metric (g¢):co,r) on U
and (g;)p,r) on V as

gt = Gt,ij da*da?, 9 = g;,z’j dy'dy’ .
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The maps y; can be expressed on V as an n-tuple of functions (xi(y*,...,y"),...,
X2(yt,...,y")) and the harmonic map heat flow equation takes the form (we again
suppress the t-index)

0%k g g, 0g.:\ Ox*
atxk:g/l] X _ 1y Iuv (2 Jiu g]>a>:ljv

oyl Oyv

+g7" (XX 90~ on

Using this notation, we can now state the following local regularity result.

OX" OX° (509 Ogun
oyt Oyl

Lemma A.15 (Local gradient bounds for harmonic map heat flow). For anym,n > 1
and A < oo there are constants au, = ay(A,n) and C,, = Cp(A,n) < 0o such that
the following holds.

Choose v > 0 such that v> < T and p € V and assume that the Euclidean ball
B(q,r) C V is relatively compact. Assume that on U x [0,72] and V x [0, %] we have

007 (gij — 0ij)| < Q™™ 722|007 (gh; — 03)| < QT2

for all 0 < my + 2ms < m + 1 (here “9™ 7 denotes spatial derivatives). Assume
moreover that there is a p € U such that x;(B(q,r)) C B(p, Ar) for all t € [0,72].

Then the following holds:
(a) We have
(A.16) 0™ 92y F| < Oyt (mat2me=1)/2,

on B(q,7/2) x (0,7%] for all 0 < my + 2my < m.
(b) If moreover for all 0 < m; < m+ 1 we have

o xF < Arttmon - B(p,r) x {0}
(for t =0), then we even have
|8mlaZnQXk| S Cvaf(mlJergfl)
on B(q,r/2) x [0,7?] for all 0 < my + 2my < m.
Proof. Without loss of generality, we may assume via parabolic rescaling and trans-

lating that r = 1 and p = ¢ = 0. The constant «,, will be chosen in the course of this
proof. We will always assume that «,, < 0.1.

Let 8 > 0 be a constant whose value we determine in the course of this proof. Set
XF:= [+ xF. Then Y satisfies an equation of the form

o = g’iﬂ'aij+ fi(zh, oo ™)« OX
+amBt - folzt, 2 BTN, L BTN 1) x OX * O,
where fi, fo are functions with

(A.17) 0™ 07" f;| < C(m,n)
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on B(p,0,1)x]0, 1] for all 0 < my+2my < m (note that f, has 2n spatial components).
Assume for the remainder of the proof that a,, < ™. Then

fa(xt, oo a2t 2 ) = B ot B L B )
also satisfies a bound of the form (|A.17)).

Next, note that
X|<BA  on  B(p,0,1) x [0, ].
So if (3 is chosen small, depending on A, m and n, then we can again use [Bam14,
Proposition 2.5] in assertionto derive bounds for [9™8{"2X};| on B(p,0,1/2)x (0, 1]
that depend only on A, m,n. These bounds imply (A.16). For assertion [(b)| we can
use [Appl6, Lemma 4.4]. O

Using this local gradient estimate, we can now prove the following drift bound.

Lemma A.18 (Drift bound in local coordinates). For everyn > 1 and A < oo there
are constants T = T7(A,n),a = a(A,n) > 0 and C = C(A,n) < oo such that the
following holds.

Letr >0 and let (g¢)icpo,r), (9:)ici0,2) be smooth families of Riemannian metrics on
n-dimensional manifolds M, M'. Assume that (X:)iejo,2) s a solution to the harmonic
map heat flow equation with the property that x; is A-Lipschitz for allt € [0, r?%].

Let g € M' and p := xo(q) € M.

Assume that we have the bounds |V™Rm(g:)|, V™ Rm(g,)| < ar ™™ for m =
0,...,3 and [V™0g|,|V™0g)| < ar™2=™ for m = 0,1 on B(p,0,r) x [0,7%] and
B(q,0,7) x [0,72]. Assume moreover that B(p,0,r) and B(q,0,r) are relatively com-
pact in M and M', respectively.

Then do(x:(q),p) < Ct/? for all t € [0,77?].

Proof. Without loss of generality, we may assume that » = 1. Choose t* € [0,1]
maximal with the property that do(x:(q),p) < % for all t € [0,t*]. Obviously, t* > 0.
In the following we will find a lower bound on ¢* in terms of A, n.

Assuming « to be sufficiently small, we can use the A-Lipschitz bound on y; to
conclude that we have for all ¢ € [0, ¢*]

xt(B(q,0,(2A)™")) C B(p,0,1) C U.

We will now apply Lemma @ for r = r* := 1(24)7'. To do this, consider
the exponential map exp, M D B(0,r*) = B(q,0,7*) C M’ based at ¢ with
respect to the metric g. Then the family of pullback metrics (exp, g )*g; on B(0,77)
satisfies a bound of the form for r = r* and « replaced by C(A,n)a. A similar
bound holds for the family of pullback (exp, , )*g: on B(0,1). The family of maps
Xt © expy o+ B(0,7%) — B(p,0,1) can be lifted to a family of maps x; : B(0,r*) —
B(0,1) with x; o exp, s = exp,, o, X+ and Xo(0) = 0.

3
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We can now apply Lemma for x; and assuming that « is sufficiently small,
and obtain that

0% < C't2
for some C" = C'(A,n) < co. Integrating this bound yields

do(x¢(4), ) < do(X:(0),0) < Ct'/2
for all t € [0,¢*], where C'= C(A,n) < oc.

Set 7 := min{(100C)~2,1}. If t* < 7, then do(x:(q),p)) < 15 for all ¢ € [0,¢*], in
contradiction to the maximal choice of t*. So t* > 7, which finishes the proof. O

A.3. Short-time existence. In this subsection, we prove our main short-time exis-
tence result, Proposition [A.24] for the harmonic map heat flow. The main technical
challenges come from the fact that we will work in the non-compact setting and
that the background metrics on domain and target are time-dependent and may not
strictly satisfy the Ricci flow equation.

We first derive the following bound for solutions of the harmonic map heat flow,
which is a consequence of (A.7)).

Lemma A.19. For every n > 1 there is a constant mj,, > 0 such that for any 0 <
no <m <7, and 0 < §,C < oo there is a constant T = 1(n9,m,0,C,n) > 0 such that
the following holds.

Consider smooth families of metrics (g¢)icjo,r) and (g;)iepo,m on n-dimensional man-
ifolds M and M' such that holds. Assume moreover that (M, g;) and (M, g;) are
complete and |Rm(g:)|, [Rm(g;)| < C for allt € [0,T] and that |V90,gs| is uniformly
bounded on M x [0,T] (by some constant that may be independent of C').

Let (Xt)tepo,m) be a smooth family of diffeomorphisms between M' and M moving by
harmonic map heat flow and set hy == (x;')* g, — gi. Assume that |ho| < ny and
that |0uhy| < C't=Y2 on M x (0,T] for some finite constant C'.

Then for all t € [0, min{T, T'}] we have |hi| < ny.
Note that in this lemma the constants 7,71, can be chosen independently of C.

Proof. By (A.7) we have
O|h|> < (g9 + h)IVE AP + CF6° + b + CoC - ),

as long as |h| < 7, for some universal 77, > 0. So by the weak maximum principle

applied to we obtain

C326>
’htlz < nge(CoC-H)t + C(OCOY —
Note that for the application of the weak maximum principle we need to use the
fact that d;g; and |V90,¢;| are uniformly bounded on M x [0,7]. The bound on the
first quantity follows from (A.6)) and the curvature bound and the second quantity is
bounded by assumption.

(e(CoC+1)t . 1)'
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The lemma now follows immediately by a continuity argument. Observe here that
the condition |h;| < 7,, always holds on a slightly larger time-interval than the condi-
tion |h;| < m1, due to the bound on |0;h;| and the fact that C't~'/2 is integrable. [

We first discuss the existence theory of the harmonic map heat flow in the case in
which the domain M’ is compact and we will derive a lower bound on the time of
existence.

Lemma A.20 (Short-time existence of harmonic map heat flow, compact case). For
everyn > 1 and C < oo there are constants T = 7(C,n) > 0 and C* = C*(C,n) < oo
such that the following holds.

Let (g¢)iepo11, (91)tco,r) be smooth families of Riemannian metrics on n-dimensional
manifolds M, M’ and X : M' — M a smooth map such that:

(i) (M, go) is complete and M’ is compact.
(ii) |V Rm(g,)|, [V Rn(g))|, [V 0ugel, [V 5001 < C on M and M’ for all t €
[0,T] and m =0,...,3.
(111) X is C-Lipschitz.
Then the harmonic map heat flow equation

(A21) atXt = Agg,thta X0 =X

has a smooth solution on the time-interval [0, min{7, T}) and x; is C*-Lipschitz for
all t € [0, min{r, T'}].

Proof. By standard parabolic theory, we find that has a solution (X¢)sejo,r+) for
some maximal 0 < 7™ < T'. If T* < T, then this solution does not extend smoothly
until time 7. It remains to deduce a lower bound on 7™ and a Lipschitz bound that
only depend on C,n.

As explained in [BB15], the norm of the differential dx, € C*(M"; T*M' @ x;T M)
satisfies an evolution inequality of the form

Aldxe|* < Agldxil* + Ougy * dxe * dxi + Ric(gy) * dxq * dx
+ Orge * dxy * dxy + Rm(ge) * dxy * dxy x dxg * dx.
So for some C" = C'(C,n) < oo we have
Oldxel < Aggldxe* + C'dxa|* + C'|dxq|*.

So, using assumption and the weak maximum principle, we can find constants 7 =
7(C,n) >0 and C” = C"(C,n) < oo such that |dy;|* < C” for all t € [0, min{r, T*}).
So x¢ remains C*-Lipschitz for all ¢ € [0, min{r,T*}) for some C* = C*(C,n) < co.

We can now use Lemma followed by to derive bounds on higher deriv-
ative of y; that are independent of . This shows that x; extends smoothly to time

min{7, T*}. We therefore obtain a contradiction to the maximality of 7™ in the case
in which 7% < min{r, T'}. O
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Next, we remove the compactness assumption on M’, but assume that the injec-
tivity radius of M’ is positive.

Lemma A.22 (Short-time existence of harmonic map heat flow, non-compact case,
positive injectivity radius). Lemma continues to hold if we modify the assump-

tions by Teplacing and by

i") (M, go) and (M', g)) are complete.
0
(ii') Vg Rm(ge)|, [V Rm(gp)|, [Vgiowge, [VigOigy| < € on M and M’ for all t €
[0,7] and m =0,...,7.

and if we assume in addition that

(') The injectivity radius of (M, go) and (M', g,) is uniformly bounded from below
by a positive constant.

Proof. We will reduce the non-compact case to the compact case via a standard
doubling construction. By [CG91] we can find a sequence NV € N® e ... € M’
of domains with smooth boundary such that U, Int N® = M’ and such that the
second fundamental form of 9N® is bounded by some constant C" = C'(C,n) < co.
Let M'® be the manifold that arises by identifying two copies of N along their
boundary and define Y* : M’®) — M to be equal to X|y on each copy of N, By
a smoothing construction, and using assumption (iv’), we can find families of metrics
(g;(“)te[m on M’ that agree with ¢¥ away from a I1-tubular neighborhood of N
and such that the bounds in assumption (ii’) continue to hold for all m = 0,...,3.
Moreover, by modifying ¥ in a 1-tubular neighborhood of AN, we can construct
maps X'* : M’ — M that are C"-Lipschitz, for some C” < oo that is independent of
1. Note that C" may, however, depend on the injectivity radius bound in assumption
()

Using Lemma , we can evolve ¥ by the harmonic map heat flow to some
family (X;(i))te[op] for some T > 0 that is independent of i, but may depend on
the injectivity radius bound in assumption . Moreover, the maps Xi(i) are C"*-
Lipschitz for some uniform C™ < co.

Using Lemmas [A.18| and [A.15] we obtain uniform local derivative bounds on the

families (XQ(Z) )iclo,r+]- So after passing to a subsequence, these families converge to a
solution x; : M’ — M of the harmonic map heat flow on the time-interval [0, 77].

By the same maximum principle argument as used in the proof of Lemma [A.20] we
obtain a Lipschitz bound on y; of the form C*(C,n) that holds up to time min{r, 7'},
where 7 = 7(C,n) > 0 is a constant that does not depend on the injectivity radius
bound in Assume now that 7% < T is chosen maximal with the property
that the harmonic map heat flow exists on [0,7*). If 7% < min{7, T}, then we can
argue as in the proof of Lemma that the flow extends smoothly to time 7™ and
then restart the flow at time 7™. This would contradict the maximal choice of T™.
Therefore, T* > min{r, T'}. O
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Using a similar construction, we can remove the assumption on the positivity of
the injectivity radius.

Lemma A.23. Lemma continues to hold if we remove assumption (iv') and
replace assumption (ii’) by

() 95 Rang, V3 Rons, V50, (V0] < © on M and M for a1 €
[0,7] and m =0,...,10.

Proof. The solution (x;) arises again via a limit argument with the help of Lemma|A.22|
For this purpose we represent (M, go) and (M’, g) as a limit of Riemannian manifolds
with positive injectivity radius. The method used here can also be found in [CZ06].
Choose p' € M’ and p := X(p') € M and denote by r := dy(p,-) and 1" := dy(p',-)
the distance functions to the respective basepoints. Due to assumptions and
we have InjRad > ce~1" on M and M’ for some ¢ = ¢(C) > 0 and C} = C}(C) < oc.
Let ¢ > 1. By mollification of the functions ' := max{0,r —i — 1} and (* :=
max{0,Cr" — i — 1} (for example by application of the heat flow for some uniform

time and composition with a cutoff function), we obtain approximations ¢(; € C*(M)
and ¢/ € C°°(M’) such that

(1) CZ =0 on B(p,0,i) and ¢ =0 on B(p/,0,C~14).

(2) ¢ >r—idand ¢ >Cr' —i.

(3) CzOX<CI+10

(4) V™|, V™| < C" for all m = 1,...,9, for some C) = C4(C) < 0.
Set i := exp 2C1¢)g: and A exp(2C1¢!)g;. By property (4), assumption (ii’)
of Lemma holds for ¢g; and g; replaced by gfi) and gz(i) and C' replaced by some
constant C’ = C4(C') < co. Moreover, the injectivity radius on (M, g') and (M, gi”)
is uniformly bounded from below, by a constant that may depend on 7. By property
(3), the map X is moreover C}j-Lipschitz for some C(C) < oo.

We can now use Lemma to solve the harmonic map heat flow starting from y
with the background metrics (gz(i) )tcpo,r) and (gt(i) )tclo,r], on a time-interval of the form
[0, min{7, T'}] for some 7 = 7(C,n) > 0. Similarly as in the proof of Lemma [A.22]
these solutions then subsequentially converge to the desired solution of the harmonic
map heat flow with background metrics (g;)ico,r and (g¢)eeqo,r)- O

Using Lemmas [A.19| and [A.23] we can finally prove the main short-time existence
result that is used in Section 12

Proposition A.24 (Short-time existence of harmonic map heat flow, general form).
For every n > 1 there is a constant m,, > 0 such that for any 0 < ny < m <7, and
0 < 6,C < oo there is a constant T = T(n9,m,0,C,n) > 0 such that the following
holds.
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Let (g¢)ejo.115 (91)tefo,r) be smooth families of Riemannian metrics on n-dimensional
manifolds M, M' and consider a smooth map X : M' — M such that the following
holds for some C" < c.

(i) (M, go) and (M, gp) are complete.

(i1) |Rm(g)|,|Rm(g,)| < C on M and M' for all t € [0,T].
(iii) [V Rm(ge)], [V Rm(gp)|, [V, 0eg:, [V 3Oy < C't=™/2 on M and M’ for all

t € (0,7] and m =0,...,10.

(v) —6g: < Orgr + 2 Ric(g:) < dg; for all t € [0,T].

(v) —dg; < Owg; + 2 Ric(g;) < dg, for allt € [0,T].

(vi) X is a diffeomorphism and

* 7

’(Y_l) 9o — 90| < 7o-

Then the harmonic map heat flow equation

Oixt = Dgl g Xt Xo = X

has a smooth solution on the time-interval [0,T*] for some min{r,T} <T* <T and
for by := (x;1)*gl — g, we have |hy| < 1 for all t € [0,T*]. For allt € [0,T*], the
map x; is a diffeomorphism. Moreover, if |hp«| < n' < ny, then T* =T.

Proof. Fix some sequence #; — 0. By assumptions and , we can find a

sequence 13" — o such that

<.

|(X™") 95, — g,
Let 7 = 7(5(n0 + m),m,d,C, n) be the constant from Lemma [A.19, Fix some large

i and assume that n(()i) < 1(no +m). By Lemma |A.23|and assumptions |(i)H(iii)}, |(vi)}

we can solve the harmonic map heat flow equation

(A.25) ax) =Dyt XY =x

on a time-interval of the form [0;, T;], where 6; < T; < T. Assume that T; < T is
chosen maximally with the property that has a solution on [6;,T;) and that
for B\ := (yv;\)*g, — g; we have |hy| < n for all ¢ € [6;,T;). By Lemmas and
we find that 7; > min{6; + 7,7}. Note that Lemma [A.19] requires a bound
on |0:h¢|, which we can obtain from assumption and Lemmas [A.18| and |A.15]
The same bound combined with assumption |(vi)| also allows us to argue that Xf) is a
diffeomorphism for all ¢ € [0;,T;).

We now show that we have smooth convergence of the (Xﬁ’)) to a harmonic map
heat flow (x;) on [0, min{r, T'}), after passing to a subsequence. Consider some point
q € M'" and set p := X(q). By smoothness of (¢g;) and (g;), we can find some constant
rg > 0 such that Lemmas [A.18| and |[A.15] are applicable at scale r, near ¢ and p
and at time 6;, for all 7. So, after passing to a subsequence, ! converges locally in
the C'%sense in the neighborhood of every point (¢,0) € M’ x {0}. Moreover, by
assumption , for any g > 0, Lemma is applicable at any point of M X [to, T;]
and M’ x [tg,T;] at some uniform scale ro = 7¢(to, C’,n) > 0, which is independent
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of i. Iterating this fact, and using Lemma , yields local bounds on X,E“ for any
t € [0,7). So after passing to a subsequence, the families of maps (X,ﬁ”) indeed
converge to a solution of the harmonic map heat flow (x;) on [0, min{7,7"}), in the
C'-sense. Repeated application of Lemma yields higher derivative bounds
and implies that the convergence is smooth, after passing to another subsequence.
The bounds in part @ of Lemma imply that xyo = X. The fact that x; is a
diffeomorphism for all ¢ € [0, min{7,T'}) follows from the fact that it is a limit of

diffeomorphisms Xf) that are uniformly bilipschitz.

It remains to show the last assertion. So assume by contradiction that |hr| <7’ <
N1, but T* < T. Then by Lemma we can extend the flow past time 7™ and by
Lemma with 99 = 1’ we have |h;| < ny for t close to T, contradicting our choice
of T™. O

A.4. Further results. In the following, we will prove several analytical results that
are needed in Section The results will mostly build on the computations of

Subsection [ATl

The following proposition provides a bound on the drift of a solution to the har-
monic map heat flow, whenever the associated perturbation A is small.

Proposition A.26 (Drift control). For anyn > 1, 6 > 0 and A < oo there is a
constant n = n(d, A,n) > 0 such that the following holds.

Let v > 0 and T < Ar? and consider Ricci flows (g¢)iecpor) and (9;)tejor] on n-
dimensional manifolds M and M'. Let (¢¢)icior), ¢r 2 M — M', be a smooth family

of diffeomorphisms onto their images whose inverses ¢; ' : ¢;(M) — M’ satisfy the
harmonic map heat flow equation

at¢;1 = Agé,gt(b;l'
Let x € M and assume that for x’' := ¢o(x):
(i) B(x,0,r) is relatively compact in M.
(ii) [V™Rm| < Ar=*™™ on B(x,0,7) x [0,T] for allm =0,1,2,3.
(iii) [Rm| < Ar=2 on B(«2',0,7) x [0,T].
() —ng; < he = ¢ig — g; < ng; for all t € [0,T].
Then for all t € [0,T]
do(¢(x), do(x)) < or.

We note that this proposition is similar to Lemma In fact, this lemma could
be used in lieu of Proposition [A.26] Nevertheless, we have included this proposition
since its proof is somewhat shorter and does not use local coordinates.

Proof. By parabolic rescaling, we may assume without loss of generality that » = 1.
Using Lemma[A.T4] we obtain that if 7 is sufficiently small depending on A, n, then
for all t € [0, 7] we have
Vhi|(2) < Cint ™12,
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where C; = C1(A,n) < co. So by and we obtain
10:6 (91(@))] = | Xgu (g1 + )| < Comt ™2,
where Cy = Cy(A,n) < 00. As 0,0y = —dy (0,7 * 0 ¢,), we obtain that
B ()| < Cant ™2,

where C3 = C3(A,n) < oco. Integrating this bound, and taking into account the
distance distortion in M’ via assumption [(iii)} we obtain that do(¢(z), do(x)) <
Cynt'/? for some Cy = Cy(A,n) < oo, as long as Cynt'/? < 1. So the proposition
follows if n < C; ' min{§, (24)71/2}. O

Next, we derive short-time bounds for solutions to the Ricci-DeTurck equation. To
do this, we first establish the following barrier-type estimate.

Lemma A.27. For anyn > 1 and A < oo there is a constant C = C(A,n) < oo
such that the following holds.

Let r > 0. Consider smooth families of metrics (g:)ico.2), (9t + ht)icjor2) on an
n-dimensional manifold M, a point x € M and a smooth function u € C®(B(z,r) x
0,7%]) such that:

(i) B(z,0,r) is relatively compact in M.
(it) 39¢ < hy < 29, on B(,0,7) for all t € [0,r?].
(7i) w satisfies the inequality

(A.28) O < (g + he) IV .

(iv) IRm(gi)|g, 10:9tlge < Ar~=2 on B(z,0,r) for all t € [0,r?].
(v) |V90,g4|,, < Ar~2t7Y2 on B(z,0,7) for all t € [0,7?].
(vi) lu| <1 on B(z,0,r) x [0,7r%].

Then for all t € [0,r*] we have

(A.29) u(z,t) < Ctr >+ sup uo.
B(z,0,r)

Proof. Without loss of generality we may assume that r = 1. Fix a function f :
[0,1] — [0, 00) such that f = 0 on [0,1] and f(3) > 1 and f’ > 0 everywhere. Set
w(y) = f(do(x,y)) for all y € B(x,0,1). By Hessian comparison and assumptions
[} [(ii)] there is a constant C} = Cj(n, A) < oo such that V29w < Cjgo on B(z,0,1)
in the barrier sense. By a local smoothing procedure (see for example [GWT72])
we can construct a smooth, non-negative w' € C*(B(x,0,1)) such that for some
CYy = C4(n, A) < 0o we have |Vou'| < Cf, V290w < Clgo, w' = 0 on B(z,0,1) and
w' >1on B(z,0,1) \ B(z,0, 3).
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For any vector v € T, M, y € B(z,0, 1), we have by assumptions ,

- ()

= ’dw/’gtwt_l((vgtatgt)(va ) - %(V.gtatgt)(v>v)) }gt § Ci/%t_l/Q

d
2agt /
’—VW w

dt

for some Cf = C4(n, A) < oo. Integrating this bound over ¢ and tracing in v, we
conclude, using assumption [(ii)} that there is a constant C} = C}(n, A) < oo such
that

(A.30) (g6 + h) V3w < C;  on  B(z,0,1) forall te[0,1].
We now show that for any € > 0 we have
(A.31) u <w +Cit+ sup ug+e
B(z,0,1)

on B(x,0,1) for all t € [0,1]. Evaluating this bound at x and letting ¢ — 0 will then
imply .

Note that @ trivially holds for ¢ = 0 and for ¢ > 0 it can only fail on B(z,0, 3)
due to assumption @, since w’ > 1 on B(z,0,1)\B(z,0, 1). Assume by contradiction
that (A.31)) fails for some ¢ € [0,1]. As B(z,0, 1) is relatively compact in M, we may
assume that ¢ is chosen minimal with this property. Then ¢ > 0 and there is a point
y € B(z,0, %) at which equality holds in . It follows that at y we have, using
(A.30))

Oy — (g + he) "V uy > Cf — (g + he) Vi w' > 0.
This, however, contradicts (A.28]).

Therefore (A.31) holds on B(z,0,1) for all £ € [0,1] and € > 0, which finishes the
proof. O

Using Lemma [A.27], we can prove the following short-time bounds for the Ricci-
DeTurck flow.

Proposition A.32 (Short-time bounds for Ricci-DeTurck flow). For anyn > 1 there
is a constant ng = no(n) > 0 and for any A < oo there is a constant C' = C(A,n) < oo
such that the following holds.

Let (g¢)icpo,r2), 7 > 0, be a Ricci flow on an n-dimensional manifold M and (hy)icpo 2]
a Ricci-DeTurck flow with background metric (gi)icjo,2. Let x € M be a point and
assume that

(i) B(z,0,r) is relatively compact in M.
(ii) IRm(g;)| < Ar=2 on B(z,0,7) for all t € [0,7?].
(iii) |he| < m <mo on B(x,0,7) for all t € [0,7?].

Then for all t € [0,7?] we have

iz, t)[? < CrpPtr =2+ sup |hol*.
B(z,0,r)
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Proof. By (A.7)), if n is smaller than some dimensional constant, then
O hel” < (g + ht)ijvzzj|ht|2 + Cf |he|?

for some constant C7 = C7(A,n) < co. So the proposition follows from Lemma
by setting u, := n~2e~“1*|h|?. Note that assumption in Lemma is guaranteed
if we choose 7 sufficiently small and assumption [(v)|follows using Shi’s estimates. [

Lastly, we prove that solutions to the Ricci-DeTurck perturbation equation remain
small in a parabolic neighborhood if they are small on a larger ball at time 0. The
following proposition also holds for perturbations that arise from almost Ricci flows,
as discussed in Subsection [A ]l

Proposition A.33 (Smallness of h at time 0 implies smallness of h at later times).
For any n > 1 there is a constant n = n(n) > 0 such that for any € > 0 and A < 0o
there is a constant 0 < § = 0(e, A,n) < 1 such that the following holds.

Let v > 0. Consider smooth families of metrics (gi)icjor2 and (g))icjo 2 on n-
dimensional manifolds M and M’', respectively, as well as a smooth family of diffeo-
morphisms (Xi)icjo,2) between M' and M that satisfies the harmonic map heat flow
equation

Oixe = Dgt g, Xt

94,9t
Set hy :== (x;')*g) — g; as in and assume that for some x € M the following
bounds hold on B(x,0,67'r) for all t € [0,7?]:
(i) B(x,0,87'r) is relatively compact in M.
(ii) [R(gn)| < Ar->.
(111) |V90,g;| < Ar—t.
(iv) —6g; < Orgr + 2 Ric(ge) < 64y
(v) —6g; < Oig; + 2 Ric(g;) < dg;.
(vi) [he| <.
(vii) |ho| < 0.

Then |h(z,t)| < € for all t € [0,7?].

Proof. By parabolic rescaling we may assume r = 1. The constant ¢ will be chosen
in the course of the proof. In the following, we will always assume that § < 1.

By assumptions |(iv)H(vi) and (A.7)), and assuming that 7 is smaller than some
dimensional constant, we can find a constant C; = C(A,n) < oo such that h; satisfies
the evolution inequality

8t|ht|2 < (gt + ht)ijvgj’ht‘z + C1o + Cl|ht|2-
on B(z,0,671) x [0,1]. So
(A.34) u = e (| +6)
satisfies the evolution inequality

Ovur < (g¢ + ht)ijV?ju.
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We will now derive a bound on u by an argument that is analogous to the proof
of Lemma Fix a non-decreasing function f : [0, 1] — [0, 00) such that f =0 on
[0, 3] and f(5) > 1. Set w(y) := f(6-d(z,y)). By Hessian comparison and assumption
we obtain that at any y € B(x,0,d71) in the barrier sense, for d := dy(x, ),

h(Csd)
2,90 < 20108 . COS 2 . (S < X
where C; = C;(A,n) < oo for i = 2,3, 4.

As |VPw| < C56 for some C5 = Cs5(A,n) < oo, we can argue similarly as in
the proof of Lemma using assumption that there is a smoothing w' €
C>=(B(x,0,07")) of w such that w' > 1 on B(z,0,6%) \ B(x,0,36") and

(g6 + h) V5w < Ce-6  on  B(x,0,67") forall tel0,1],

where Cg = Cg(A,n) < co. Compare this inequality with (A.30). We can now argue
similarly as for (A.31]) to show that for all ¢ > 0 and ¢ € [0, 1]

w<w +Cgd-t+ sup ug+e.
B(z,0,6—1)

So by assumption and letting ¢ — 0, we obtain that for all ¢ € [0, 1]
u(x,t) < C50 + 6 + C16 < Cgo.
The proposition now follows using ({A.34)) if § is chosen small depending on A, n. O

APPENDIX B. PROPERTIES OF BRYANT SOLITONS

In this appendix we discuss properties of the (normalized) Bryant soliton (Mg,y,
gpry) that are needed in this paper. In the following we denote by zp,, € Mgy
the tip of the Bryant soliton, i.e. the center of rotational symmetry, and denote by
0 = dyg, (-, TBry) the distance function from the tip.

Lemma B.1 (Properties of the Bryant soliton). There is a rotationally symmetric
potential function f € C*°(Mp,y) such that

(B.2) Ric+V2f =0

(B.3) R+ |Vf]’ = R(xpwy)

(B.4) dR =2Ric(Vf,-)

Moreover, there is a constant C'g < oo such that the following holds: If o > Cp, then
B.5) Cplo ' < R< Cpo™!

B.6 Ric > Cz'o g,y  as quadratic forms

)
7) —0,R > Cglo™?
8) VI <Cg
9) IVR|,|V?Rm |, |[V?Rm | < Cj
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The metric gy s a warped product of the form gpyy, = do? + w?(0)gs2 such that for
o>Cpg

(B.10) Cz'Vo <w(o) < Cpy/o.
Moreover, for any oy > Cpg if we consider the normalized function and parameter
w _ g — 0y

Yo 7T o)

and if we express W in terms of &, then for all T € [—1,1]
dw d*w >
e :

(B.11) w(@) — 1, < Cpoy,

Y

da?

In other words, w=?(00)gn.y s geometrically C*-close to a piece of a round cylinder
on Mp,y (09 — w(og), 09 + w(oy)).

Proof. Identities (B.3)) and (B.4]) are standard bounds for a complete gradient steady
soliton with bounded curvature, where f satisfies the steady gradient soliton potential
equation (B.2)). For (B.3) observe that the left-hand side is constant and |V f| = 0 at

Tpry. Identity (B.8) is a direct consequence of (B.3]).

By [Bry05, Theorem 1] we know that w ~ c¢;4/o for large o and that the radial
and orbital sectional curvatures, Kg, Ko behave like

Kp ~ cy02, Ko ~ c30 L.

Here ¢y, c9, c3 are positive constants that depend on the normalization of ggy,. The

bounds (B.5]), (B.10)) and (B.6) follow immediately. It also follows that R decays to 0
at infinity and, therefore, by (B.3) we have |V f|* — R(zp,y) at infinity. Combining

this with (B.4]) yields (B.7)). The bound follows by Shi’s estimates.
Lastly, by the Jacobi equation, we obtain

" —
w' = —Kpw ~ —cyc3o

Integrating this bound and using (B.10), we obtain that w’ ~ 2c;c30'/2. Rescaling
both bounds by w(og) implies the bounds on the second and third term in (B.11]).
The first bound follows by integration over [—1, 1] and observing that w(0) = 1. O

3/2.

APPENDIX C. PROPERTIES OF k-SOLUTIONS

In this section we discuss properties of k-solutions (Definition [5.5)) that are needed

in the paper. We remind the reader that we are using the curvature scale function p
from Definition [6.1]

Lemma C.1. 3-dimensional k-solutions have the following properties:

(a) There is a ko > 0 such that every 3-dimensional k-solution (M?, (g:)ie(—c0,0])
18 either a ko-solution or a shrinking round spherical space form.
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(b) (Compactness) For any k > 0, the collection of pointed r-solutions (M3,
(9t)te(~o0,0 ) with k > K and R(x,0) = 1 is compact in the pointed smooth
topology.

(¢) For every A < oo there is a constant C' = C(A) < oo such that for any point
(z,t) in a Kk-solution (M?,(g:)te(—oo0]), we have

C™'plx,t) < p < Cp(a,t)

on the parabolic neighborhood P(x,t, Ap(x,t)).
(d) For every k,l, A < oo there is a constant C' = C(A, k,l) < oo such that for
any point (x,t) in a k-solution (M3, (g)ie(—s00)) we have

0PV Rm | < Crup 2 (2, 1)

on the parabolic neighborhood P(x,t, Ap(x,t)).

(e) ;R >0 and —C < 9;R~' < 0 on every r-solution for some universal constant
C < 0.

(f) The shrinking round cylinder is the only 3-dimensional k-solution with more
than one end.

Proof. For assertions [(a)] [(b)} [()} and the first part of [(e)] see [Per02, Section 11]
or [KLOS, Sections 38-51]. Assertions (d), and the second part of follow

immediately from the compactness assertion |(b)] O

The following lemma is a variation on the geometric definition of canonical neigh-
borhoods used by Perelman in [Per03, Subsections 1.5, 4.1].

Lemma C.2. For every § > 0 there is a constant Cy = Cy(d) < oo such that the
following holds.

If (M, (gt)te(—o00)) @5 a 3-dimensional k-solution and (x,t) € M x (—o0,0], then
one of the following holds:

(a) The point (x,t) is the center of a d-neck at scale p(x,t).
(b) There is a compact, connected domain' V- C M with connected (possibly empty)
boundary such that the following holds:
(1) B(x,t,6 p(x)) C V.
(2) p(y1,t) < Cop(yz,t) for all y1,y2 € V.
(8) diam, V' < Cop(x,t).
(4) If OV # 0, then:

(i) OV is a central 2-sphere of a 6-neck at time t.

(11) Either V is a 3-disk and (M, g;) has strictly positive sectional cur-
vature, or V is diffeomorphic to a twisted interval bundle over RP?
and (M, g;) is a Za-quotient of the shrinking round cylinder.

(111) Any two points z1,zy € OV can be connected by a continuous path
inside OV whose length is less than

min{d; (21, x), di(x, 20)} — 110p(x, t).
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Proof. Suppose the lemma were false for some § > 0. Then there exists a sequence
(M, (Gr.t)te(—00,0), Tk) of pointed rj-solutions and a sequence C — oo such the con-
clusion of the lemma fails at time 0 for all k£, where Cj is replaced by Cj. Without loss
of generality, we may assume that p(zx,0) = 1 for all k. Since the conclusion holds for
shrinking round spherical space forms when C} is sufficiently large, we may assume
by assertion of Lemma that kp > ko > 0 for large k. So by assertion @
of Lemma we may assume that, after passing to a subsequence, the sequence
{(Mg, (grt)te(—00,0s Tr)} converges to a pointed r-solution (Mo, (goo,t)te(—o0,0)s Too)
in the pointed smooth topology. Note that M, must non-compact, and (M,
(9t)te(—o0,0)) cannot be a shrinking round cylinder, since otherwise assertion or

will hold for large k, contradicting our assumptions. Now by [KLOS8, Lemma
59.1], its proof, and the discussing preceding the statement of that lemma, there is a
compact manifold with boundary V,, C M, such that B(z., 0,20 p(24,0)) C Ve,
the boundary 0V, is the central 2-sphere of a %5—neck at time ¢, and either V is dif-
feomorphic to a 3-disk and (M, (g¢)te(—o0,0)) has strictly positive sectional curvature,
or V. is diffeomorphic to a twisted interval bundle over RP? and (M, (gt)te(—c0,0]) 18
isometric to a Zs-quotient of a shrinking round cylinder. Now for large k, the domain
Vo yields a compact domain with boundary satisfying assertions (i)-(iii). This is a
contradiction. 0

Proposition C.3. Let (M, (g:)ic(—c0,0) be 3-dimensional k-solution. If O,R(p,0) =0
for some p € M, then modulo parabolic rescaling there is a pointed isometry of Ricci
flows

(M> (gt)te(—oo,0]>p) — (MBry7 (gBry,t)tE(—oo,O}a xBry) .

Proof. The fact that (M, (g¢)ic(—o0,0)) is a steady gradient soliton was shown by Hamil-
ton in [Ham93a)], where he analyzed the equality case of his matrix Harnack inequality
for the Ricci flow (see [Ham93b]). Below we have included an alternate proof of this
that incorporates several simplifications. Brendle showed that up to homothety the
Bryant soliton is the only s-solution that is a gradient steady soliton (see [Brel3]).
Finally, for gradient steady solitons we have

OR = dR(Vf) =2Ric(Vf,Vf),

where f is the soliton potential. Since Ric > 0 on the Bryant soliton, we have
Vf(p) = 0. Because xp,y is the unique critical point of the soliton potential of gg,y,
this forces the homothety (M, go) = (Mpyy, gBry) to map p to Tp,y. O

In the remainder of this appendix, we will give a simplified proof of the first part
of Proposition [C.3| which was shown by Hamilton in [Ham93a]. The proof is based
on his matrix Harnack inequality (see [Ham93b]) and Brendle’s strong maximum
principle in vector bundles (see [BS08| sec 2]). The reader may also consult a more
general treatment of Hamilton’s Harnack inequality due to Brendle (see [Bre09]), as
we will mainly rely on the terminology developed in this work. As a preparation we
briefly recall the main ideas of Hamilton’s proof. The bound 9;R > 0 follows from
the following theorem after passing to the limit 7" — oc.



UNIQUENESS AND STABILITY OF RICCI FLOW 175

Theorem C.4. Let (M, (g¢)te(-1,0)) be a 3-dimensional Ricci flow with complete time-
slices and bounded, non-negative sectional curvature. Then

R

) >__
(C.5) OR >~

The proof of this bound follows from the following matrix Harnack estimate: Con-
sider the bundle £ = TM & AyTM over M. We introduce the following (time-
dependent) generalized curvature quantity S € Sym, £*:

Se((x,ur Aug), (y,v1 Avg)) = Wiz, y) + Plup Aus,y) + P(vy A vy, x)

+ R(U1, Ug, V2, Ul)?

where

3
1
W(z.y) = (O Ric)(a,y) = 3V2,R+2 Y Rlx,cie;,y) Ricler.e;)

3,j=1

3
- Z Ric(z, e;) Ric(e;, y).
i=1
and
P(“b Uz, y) = (vm RIC) (u2> y) - (vu2 RIC) (uh y)
Hamilton (see also [Bre09] for the terminology used here) observed that this general-

ized curvature quantity satisfies an evolution equation that is similar to the evolution
equation for the curvature tensor:

Dy, S = AS 4+ Q(5S).

Here A = Z?Zl 661.6% is the connection Laplacian on Sym, E* with respect to the

connection V that is induced by the following connection on E:

V.(X,a) = (V,X,V.a+ Ric(z) A X)

and

Do, (X, Uy AUs) = ((8:X + Ric(X) — LU, AUL)(VR, -), 0,(Uy A Uy)
+RIC(U1> A U2 + U1 A RlC(Ug))

(X,Uy,U; and « denote time-dependent local sections of T'M and AT M, respec-
tively.) The quadratic part Q(.S) is non-negative definite, whenever S is non-negative
definite. By a more general approach, which takes into account the case in which S
is indefinite, but bounded from below, Hamilton deduces the following lower bound
for the quadratic form S: For all (z,«) € E we have

1

(C.6) S((x,a), (z,a)) > —m

Ric(z, x).
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This implies that

1
W(l’,[[‘) Z —m RIC(I’,I’)
Tracing this equation in z yields
(.7) LR = AR— AR+ Ric—trW>-— 1 R
' it = 2 e VA

which implies ((C.5]).
We can now present the proof of Proposition

Proof of Proposition[C.3, Tt remains to consider the case in which 9,R(p,0) = 0 for
some p € M. We first argue that the all sectional curvatures on M x (—o0,0] are
positive. If not, then by a standard strong maximum principle argument, this implies
that the flow locally splits off an R-factor. It follows that the universal covering flow
is homothetic to the round shrinking cylinder, in contradiction to 0,R(p,0) = 0.

Letting T — oo in ((C.6]) we obtain that S, and hence W are non-negative definite
everywhere on M x (—o0,0]. As 0;R(p,0) = 0, we obtain from that W(p,0) = 0.
So S(p,0) has nullity of at least 3. On the other hand, S(p,0) restricted to 0 AT M
is strictly positive definite, as the sectional curvatures at (p,0) are positive.

So the nullity of S(p,0) is equal to 3. We can now apply the strong maximum
principle due to Brendle (see [BSO08| sec 2]) and conclude that for all (q,t) € M x
(—00,0] the nullity of S(g,t) is 3 and the nullspace N,; of S(¢,t) forms a time-
dependent subbundle in £ that is invariant under parallel transport with respect to
V (in space) and Dp, (in time).

Next, observe that since all sectional curvatures on M X (—o0,0] are positive,
the subbundle 0 & A;TM C M intersects N only in the origin over every (gq,t) €
M x (—00,0]. So, at every time t < 0, the vector bundle E is the direct sum of the
subbundles N., and 0 & A;T'M. It follows that there is a smooth, time-dependent,
section (F})te(—oo,0 Of the endomorphism bundle End(T'M, A;TM) such that for all
t<0

N, ={(z, F(x)) : xe€TM}.

Let us now express the fact that N is parallel with respect to V in terms of F , at
some fixed time ¢ < 0. To do this, let ¢ € M and w € T, M and consider a locally
defined vector field X such that at ¢

0= V.(X,F(X)) = (V.X,(V.F)(X) + F(V.X) + Ric(2) A X).
It follows that V,X = 0 and

(C.8) (V.F)(X)+ Ric(z) N X = 0.
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Let A := tri3 F' be the trace of the first two factors of F' viewed as a section of
T*"M @ TM @ TM. Tracing (C.8)) yields

3
V.A—2Ric(z) =V, A+ Z ((Ric(z), e;)e; — (es, €;) Ric(z)) = 0.
i=1
So
(Lag)(z,y) = (VoA y) + (z,V,A) = 4Ric(z,y),
which implies that (M, ¢;) is a steady soliton. As (V,A,y) = 2 Ric(z,y) is symmetric
in z,y, the vector field A is a gradient vector field if M is simply connected.

We can now apply Brendle’s result (see [Brel3]) and conclude that the universal
cover of (M, g;) is homothetic to (Mp,y, gpry) for all t < 0. Since all isometries of Mg,y
leave xp,, invariant it follows that (M, ¢;) is homothetic to (Mp,y, gry) for all ¢ < 0.
So by uniqueness of Ricci flows with bounded curvature, the flow (M, (g¢)ic(—0,0]) has
to be homothetic to the Bryant soliton. O

APPENDIX D. SMOOTHING MAPS

Lemma D.1 (Smoothing bilipschitz maps between cylinders). For every e > 0 there
s a constant 0 > 0 such that the following holds.

Let ¢ : S? x (0,3) = S? X R be a (1 + §)-bilipschitz map, where both cylinders are
considered to be round and of the same scale. Then there is a (1 + €)-bilipschitz map
¢ 5% % (0,3) = 5% x R such that ¢ = ¢ on S* x (0,1) and such that ¢|s2(12) is an
1sometry.

Proof. Let o > 0 be a small constant whose value we will determine in the course of
the proof, depending on €. A limit argument implies that if

(D.2) § < d(a),
then there is an isometric embedding ¢ : S?x(.1,2.9) — S?xR such that d(¢(z), x())

< aforallz € S?x(.1,2.9). After replacing ¢ with Y to¢, where Y : S?xR — S?xR
is the isometric extension of y, we may assume without loss of generality that

(D.3) d(¢(r),r) <a  forall x€85%x(.1,2.9).

Next, we will carry out a mollification procedure on S? x (0, 3) producing a family
of bilipschitz maps ¢} : S? x (0,2.9) — 5% x R such that ¢}, = ¢ on S* x (0,1) and
such that ¢} has improved regularity on 52 x (1.5,2.9). This would be a completely
standard mollification procedure, except for the fact that the scale of the mollification
varies slowly. For this purpose, we fix a smooth cutoff function p : S? x (0, 3) — [0, 1],
depending only on the (0, 3)-factor, such that p = 0 on S? x (0,1) and p = 1 on
S% x (1.5,3). Let moreover, 0 < 3 < .01 be a constant whose value we will fix in the
course of the proof. The function p will determine the scale at which we mollify ¢.

Let X := 52 x R C R3 x R = R?* be the standard embedding. Our mollification
construction is similar to that in [Kar77]. However, in our case we can simplify
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the construction by using the embedding X C R* and the nearest point projection
projy : R*\ ({(0,0,0)} xR) — X. Let ¢ : [0,00) — [0, 1] be a smooth cutoff function
such that ¢y = 1 on [0, %] and ¢y =0 on [1 oo) Set

.
a—/wlv\

Then we can define ¢ : S? % (0,2.8) = S% x R as follows:

(0.4 one) = proix ([ o(exp.(Gpn)a vl )
T. X

Claim.

(a) ¢ is smooth.

(b) i3 = ¢ on {p =0} along with all higher derivatives.

(c) d(¢s(x),x) < 3(a+28), for all x € S* x (.1_,2.9), assuming o, < .01

(d) For any € > 0, the following holds if 8 < B(¢'), 0 < 0(¢') and a < @(€, B).
The map ¢ is (1 + €)-bilipschitz and for all x € S* x (1.5,2.8) we have

|(d¢lg)e — (didszxr)s| < €.

Here we compare both differentials within the ambient space R,

Proof. Assertion @ follows from the definition of ¢j; and assertion @ holds since all
derivatives of p vanish on {p = 0}.

For assertion ((c)| observe that [, . ¢(exp,(Bpv))a"(|v|)dv is the center of mass
of a distribution that is supported on

QS(BX(*I" 6)) C BR4(¢(x)> 25) C BR4(:L‘7 a+ 25)
Due to the convexity of the latter ball, the center of mass must be contained in the
same ball, and hence the nearest point projection lies in Bga(z,2(a + 2/5)). Since
B < .01 we have Bga(x,2(a+25))NX C Bx(z,3(a+ 20)).

We now prove assertion @ using a contradiction argument. Assume that assertion
@ was false for some fixed ¢ > 0. Choose a sequence 9;, oy, 3; — 0 such that
a;/B; — 0. Then we can find a sequence of (1 + §;)-bilipschitz maps satisfying (D.3)
for & = a; and points z; € S% x (.1,2.8) such that one of the following holds:

(A) We have
(D.5) |1(d; )i (vi)] = 1 = €
for some unit tangent vector v; at x;.

(B) We have z; € 5% x (1.5,2.9) and
(D6) ’(dqx,ﬁz)ﬂﬁz - (d idSQXR)wi

By assertion [(b)] we have p(x;) > 0 for large 7 in case (A) and p(z;) = 1 in the case
(B), by the definition of p. Moreover, by passing to a subsequence, we may assume
that one of the above cases holds for all 7.

> €.
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Consider the rescaled metric g; := (8;p(7;)) "2gs2xr. Then the sequences of pointed
manifolds {(S? x (0,3), g, z;)} and {(S? x (0,3), s, ¢i(x;))} converge in the pointed
smooth topology to pointed Euclidean space. Moreover, with respect to the cor-
responding rescaling, the maps ¢; converge in the pointed topology to maps ¢ :
R3 — R3, after passing to a subsequence. As the ¢; are (1 + &;)-bilipschitz, their
limit ¢, must be a Euclidean isometry. Furthermore, note that in case (B) we have
dg;(0i(y),y) < a;/B; — 0, so in this case we even have ¢o, = idgs.

On the other hand, due to the mollification procedure (D.4), the maps ¢; 5 converge
smoothly to a map ¢’ with

ela) = [ a0(ol)ousla + o)

This implies that ¢/ is also a Euclidean isometry, and in case (B) we even have ¢/ =

idgs. This, however, contradicts the smooth convergence and ([D.5]) or . U

We now apply a standard gluing procedure on S? x (1.5,2) to obtain a map ¢ :
5%x(0,3) = 5 xR that agrees with ¢; on S?x (0, 1.5) and with idg> g on 5% x (2, 3).
In order to ensure that this map is (1 + €)-Lipschitz, we use assertions and @ of
the Claim and assume that

a+28 < c(e), € < c(e)

for some constant c(e) > 0. We now verify that we can choose «, 3,9 such that
these bounds, the conditions of assertions and @ of the Claim and hold.
Choose € < c(e) and then 8 < min{B(¢’), 1}, where 3(€’) denotes the upper bound
from assertion of the Claim. Next, choose v < min{a(€, (), }lc}, where @(€, 3)

denotes the upper bound from assertion @ of the Claim. Lastly, we choose § < §(¢’)

according to assertion @ of the Claim and 6 < d(a) according to (D.2). O
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