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Abstract

Fusion Rules for the Lattice Vertex Operator Algebra V7,

by

Danquynh Thien Nguyen

In this thesis, we compute the fusion rules among the irreducible modules of V7, -
the vertex operator algebra associated with a positive-definite even lattice L, and then
use them to determine the irreducible decomposition of fusion products of irreducible
Vr-modules. Specifically, we establish the following results: the fusion product of an
untwisted Vz-module and another one of twisted type is a Vz-module of twisted type
while the fusion product of two twisted Vz-modules is a sum of untwisted modules

satisfying a certain relation.
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Chapter 1

Introduction

The theory of vertex operator algebras is relatively new compared to other
branches of mathematics and has developed quite rapidly since its inception in the late
1980s. Motivated by the representation theory of affine Lie algebras and the “moon-
shine module” (constructed by Igor Frenkel, James Lepowsky, and Arne Meurman in
[FLM1]), Richard Borcherds introduced the mathematical formulation of “vertex al-
gebras” in 1986 [B]. A couple of years later, with a few extra requirements, Frenkel,
Lepowsky, and Meurman modified Borcherds’s definition and introduced “vertex oper-
ator algebras” in their foundational work [FLM2] on the subject. And an active field
of mathematical research took off from there. The theory of vertex operator algebras
was motivated by and has applications in many areas of mathematics, such as number
theory, group theory, the theory of modular functions, etc. Vertex (operator) algebras

are the mathematical counterpart of what theoretical physicists call “chiral algebras” in



two-dimensional conformal field theory, which plays an important role in string theory.

In his original paper [B], Borcherds developed a new abstract theory of what he
called “vertex operators” by using the concrete structure of an even lattice L. Specifically,
for any such lattice, he constructed a space on which the vertex operators corresponding
to the elements in L act. These actions were shown to satisfy infinitely many relations,
which then formed the axioms in the definition of a vertex algebra. In other words, the
vertex algebra of an even lattice is the original example of vertex algebras. In this thesis,
we study the lattice vertex operator algebra Vj, associated with a positive-definite even

lattice and completely determine its fusion rules. For a vertex operator algebra V' with

3

irreducible modules M1, M2, and M3, the fusion rule of type ( M1 A2

> is defined to
be the dimension of the vector space formed by all intertwining operators of this type.

In conformal field theory, these numbers are intimately related to the fusion coefficients

Nl-kj in the operator product expansion of two conformal families [¢;] and [¢;]:

[6i] % [65] =D Nf[en]
k

Roughly speaking, the fusion coefficients NZ-];. give the scattering amplitudes of the out-
going primary fields ¢; when two primary fields ¢; and ¢; come into contact. We shall
see that the above equation is exactly the physical counterpart of what is called a fusion
product in mathematics literature.

Let us now give a brief overview of this thesis. We consider a positive-definite,
even, integral lattice L of rank d and denote by L° its dual lattice. Since L is even,

L C L° we set S := {A1, -, \x} to be the complete set of representatives of equiv-



alence classes of L in L°. Tt is well known that {Vz1)|A € S} is the complete list of
(inequivalent) irreducible untwisted Vi-modules (see [FLM] and [D1]). There are also
Vi-modules of twisted type, whose construction is outlined as follows. First, denote
by L be the central extension of L by the cyclic group Zs = <I€ | K2 = 1> = (—1). Let
0 € Aut(L) be an automorphism of L such that 62 = Id; and 0(k) = k. Let T, be the
irreducible L/K-module, where K = {a~'0(a) |a € L}, associated to a central charac-
ter x : Z(L/K) — C* which sends kK = (—1)K to —1; that is, T} is an irreducible
L/K-module on which kKK = (—1)K acts as —1. Lastly, set VLTX = M(1)(8) ® Ty; then
{VLT X | T, = irreducible L/K-module associated to central character  } is the complete
list of irreducible Vz-modules of twisted type (see [D2]).

For any vertex operator algebra V', the fusion product of two irreducible V-
modules M! and M? is defined via the universal property. The pair (M, D) is called the
fusion product of M"' and M? if M is a V-module and ) is an intertwining operator
of type ( MfWM2> such that for any V-module W and any intertwining operator Yy of
type ( MFV MQ)’ there exists a unique V-module homomorphism f : M — W such that
VYw = f o). The fusion product of M' and M? is typically denoted by M Xy M?2. If
V' is a rational vertex operator algebra, then the fusion product of any two irreducible

V-modules exists [HL], in which case we use the following definition:

M'®Ry M?>:=Y N M M?
v ‘_Z V\ M2
Mi

where M runs over the set of equivalence classes of irreducible V-modules and the
i

symbol Ny <M1M2

> denotes the dimension of the space formed by all intertwining



operators of type < M]ﬁ\;2> , i.e. the fusion rule of this type.

Our main object of interest, the lattice VOA Vp, is known to be rational, and
thus the fusion products of its modules exist. The fusion product of two untwisted
irreducible Vz-modules is a well-known result, namely Vi My, Vii, = Viiay, (see
[DL], Proposition 12.9). In this thesis, we determine the other two fusion products:
Via My, VLT X and Vg Ry, Vg X2 by a method of computation briefly outlined here.
We shall invoke a result from [A2], which says that the fusion rule of type (M2 ;43>

for V7, is either 0 or 1 for any irreducible module M* for V7. For Via™y, VLT X we show

T
that it is equal to V X (a twisted Vz-module determined by A and x) by showing that

T
X M
the fusion rule Ny, ( L ) = 1 and all other fusion rules Ny, ( T ) =0
P\ v E\WViga VX

where M is any other irreducible Vz-module. This assertion is proved by an explicit
construction of a non-trivial intertwining operator of this type. In almost exactly the
same way, we can determine the fusion product VLT Ry, VLT X2

This thesis is organized as follows. In Chapter 2, we start with reviewing some
basic concepts in formal calculus, which is the underlying language of the theory of
vertex operator algebras, and then proceed with the definition of a vertex operator
algebra and its modules. This chapter also discusses some important examples of vertex
operator algebras, specifically the Virasoro VOA and affine VOAs. Chapter 3 is devoted
to the study of lattice vertex operator algebras. In the first two sections of this chapter,

we recall the definitions of intertwining operators and fusion rules, followed by the

construction of the vertex operator algebra V7, and its modules. The third short section



recalls a well-known result by Chongying Dong and James Lepowsky [DL]. The last two
sections of Chapter 3 are the heart of this thesis, where we give detailed computations

of the two aforementioned fusion products.



Chapter 2

Basics

2.1 Formal Calculus

Formal calculus is an important tool in the study of vertex operator algebras as
it allows one to make sense of operations on infinite sums. In this section, we recall some
fundamental definitions and concepts in formal calculus. We shall use zg, 21, 22, 23, ..
to denote mutually commuting formal variables. While the underlying field throughout
this thesis is the complex numbers C, all results should remain valid over any alge-
braically closed field of characteristic 0. In addition, as a quick note on notations, the
symbol N denotes the non-negative integers, Z the integers, and Z. the positive inte-
gers. Letting V' be a vector space, we start with a few related spaces of formal series

that are prevalent in our discussion. The vector space of formal Laurent series, which



we shall soon encounter in the definition of a vertex operator algebra, is:
Viz 271 = {Zvnzn | vy, € V}
nez
The space of formal Laurent polynomials:
Vizg,z ' = {Z vp2" | v, € V,all but finitely many v,, = O}
nez
The space of V-valued polynomials:
Viz] = {Z vp 2" | vy, € V,all but finitely many v, = O}
neN
The space of formal power series:
V{[z]] = {Zvnzn | vy, € V}
neN
And the space of formal power series with complex powers of z:
V{z} = {Z v 2" | vy € V}
neC
An important formal series is the delta function:
8(z) =) "€z
nez

Chapter 2 of [LL] contains a detailed discussion on many fundamental properties of
d(z), one of which is stated here for a reason that shall become apparent as we continue

to the definition of a vertex operator algebra:

_ Z1 — %9 _ zZ9 — 21 _ Z1 — 20
2 ) - 2 ) = 2 )
20 —Z0 22




Here we use the binomial expansion convention: any expression of the form (z + 22)",

Vn € Z, is always to be expanded so that the second variable has non-negative powers:

n —_
(21 + 22)" = Z <k> P

keN

n—=1)-(n—k=-1
where (Z) -0 (n ) (n + ) It is clear from this notational convention that

k!

(21 + 22)" # (22 + 2z1)" unless n > 0.
For v(z) = 3, czvn2" € V|[z,27!]], we define the formal residue Res. and the

d
formal derivative 7 & follows:
Res.v(z) =v_1 and iv(z) = Z nupz" "t
z —1 dz n
The third familiar concept, the formal exponential, is defined for f(z) € V[z]:

1
/) = Z af(z)”

neN

We also have the formal logarithmic power series:

log(1+af(z) ==Y

k€L,

for any a € C and suitable f(z). These formal power series obey the familiar standard

rules: for any a,b,c € C,

log(exp f(2)) = f(2)
exp(log(1 +af(2))) = 1+ af(2)
log((1 4 af(2))(1+ bg(2))) = log(1 + af(2)) +log(1 + bg(2))

log(1+af(z))" = clog(l +af(2))



2.2 Vertex Operator Algebras and Modules

In this section, we introduce the precise mathematical formulation of vertex op-
erator algebras and their modules. Roughly speaking, a VOA is an infinite dimensional
Z-graded vector space in which between any two elements u and v, there are infinitely
many “products” u,v where n runs over the integers (hence “infinitely many”.)
Definition 2.2.1 A vertex operator algebra V is a vector space equipped with a

linear map:

Y =Y(2):V = (EndV)[[z, 2]

v Y(v,2) = Zvnz_”_l (where v, € EndV)
nez

such that for any u,v € V and n € Z:
1. upv=0if n >0,
2. V has an element often denoted by 1, called the vacuum vector, such that:
(a) Y(1,z) =Idy and
(b) Y(u,z2)1 € V[[2]] and li_r)%Y(u,z)l = u,

3. The Jacobi identity is satisfied:

P (21;0@) Y (u,21)Y (v, 22) — 25 6 <z2 — Zl) Y (v, 22)Y (u, 21)

If V satisfies conditions (1) - (3), then it is called a vertex algebra. Y (v,z) is

called the vertex operator associated with v.



4. V is Z-graded by weights :

V =DV, where dim V,, < 00,¥n € Z and V;, = 0 if n < 0
nez

If v € V,,, then we call v a homogeneous element of weight n and write wt(v) = n.

5. V has a distinguished homogeneous vector w, called the Virasoro (or conformal)

vector, which satisfies:

(a) the Virasoro relation:

m3—m

12

[L(m), L(n)] = (m —n)L(m +n) + Om4n,0CV

where L(n) = wpy1,Yn € Z, and ¢y € C (the central charge of V).

(b) L(O)ly;, =n

A vertex operator algebra is denoted by a quadruple (V,Y,1,w) or simply V.

Remark 2.2.1(a): It can be easily shown that wt(1) = 0 and wt(w) = 2. The “products”
u,v respect the grading of V; that is, for any homogeneous vectors v € V;,v € Vj, we
have u,v € Viyj_n_1.

Remark 2.2.1(b): As we shall see in Subsection 2.3.1, the Virasoro algebra
Yiv = ({L, | n € Z}U{C}) is equipped with a Lie bracket that resembles the rela-
tion 5(a) above. This suggests that, under the correspondence L(n) <> Ly, cy <> C, the

vector space V is a representation of the Virasoro algebra Uit.

10



Definition 2.2.2 For a vertex operator algebra V', a linear map g € GL(V) is called an
automorphism of V if g(w) = w and the actions of g and Y (u, 2) on V are compatible
in the sense that gY (u,2)g™! = Y (g(u),2), Vu € V.
It follows from the definition that g(1) = 1 and gV,, C V,,,Vn € Z. As usual, we use
Aut(V') to denote the group of automorphisms of V.

For the following definitions, we assume that g € Aut(V) is of finite order 7', in

which case V' is decomposed into eigenspaces with respect to the action of g as:

T-1
V= @ V", where V" = {v € V| gv = 2™/ Ty}
r=0

Definition 2.2.3 A weak g-twisted V-module M is a vector space equipped with a
linear map:
Yy =Yu(2): V= (EndM){z}

v Yy(v,z) = Z vpz" " (where v, € End M)
neQ

such that foranyu e VijveViwe M,and 0 <r <T —1:
1. upw=0if n > 0,

2. Yar(1,2) = Idy,

3. Yu(u,z) = E Upz ",
neEx+7Z

4. the twisted Jacobi identity is satisfied:

215 (Zl - 22) Yar(t, 21) Yar (v, 22) — 2976 (“ - Zl) Yar (v, 22)Yar (u, 1)
20 —Z20
_ -7 _
- z;l <21 ZO) ) (Zl ZO) Yar (Y (u, z9)v, 22)
Z9 Z9



Where clarification is necessary, we use (M, Yyy), instead of just M, to denote a weak
g-twisted V-module.

Definition 2.2.4 Let M be a weak g-twisted V-module and N C M its subspace. If
N C N,Yv € V,n € Q, then N is called a weak g-twisted V-submodule of M. If
the only weak g-twisted V-submodules of M are 0 and M itself, then M is said to be
irreducible.

Definition 2.2.5 An admissible g-twisted V-module is a weak g-twisted V-module

M such that:
1. M= P M(n)
nE%N

2. vy M(n) € M(n+wtv—m—1) for any homogeneous v € V and for n € £N,m € Q.

Definition 2.2.6 Let M be an admissible g-twisted V-module and N a weak g-twisted

V-submodule of M.

1. If N = @ NNM(n), then N is called an admissible g-twisted V-submodule
nE%N

of M.

2. Similar to the concept of irreducibility in weak g-twisted V-modules, an irre-
ducible admissible g-twisted V-module is one which has no nontrivial admissible

submodules.

3. On the other hand, an admissible g-twisted V-module is said to be completely

reducible if it is a direct sum of irreducible admissible g-twisted V-submodules.

12



Definition 2.2.7 An ordinary g-twisted V-module is a weak g-twisted V-module

M such that:

1. M = @MA where M) = {w € M|L(0)w = A\w},
AeC

2. dim M) < oo, VA € C, and
3. for any fixed/\eC,MAJr% =0ifng0,n€Z.

Definition 2.2.8 A vertex operator algebra V is said to be g-rational if any admissible
g-twisted V-module is completely reducible, or equivalently, if the category of admissible
g-twisted V-modules is semisimple.
Remark: When g = Idy, the phrase “g-twisted” is dropped from the above definitions
of different types of modules and a g-rational VOA is simply called rational.
Definition 2.2.9 Let M = @ne%N M (n) be an admissible g-twisted V-module, then
the contragredient V-module (M’ Y)) is:

M = @ Mn)*= @ Homg(M(n),C)

ne€LN n€LN

and for any v € V, any f € M',w € M:
(Yap (v, 2) fw) = <f’ YM(ezL(l)(_2—2)L(0)v7 Z_l)w>

where (-,-) : M' x M — C denotes the natural pairing (f,w) = f(w),Vf € M',w € M.
Remark: The idea of contragredient modules is in essence that of dual modules. How-

ever, it is troublesome to take M’ to be (€D M (n))’ since it would be too large (as

nE%N

M is infinite-dimensional).

13



2.3 Some Examples of VOAs

Unlike other algebraic structures such as vector spaces or groups, examples of
VOAs are difficult to find because it is difficult to construct such a structure and then
prove that the constructed structure satisfies the axioms of a vertex operator algebra.
The Moonshine module V! is the most famous VOA whose automorphism group is the
Monster M. In this section, we present the construction of two of the most important
VOAs, the Virasoro VOA and the affine VOAs; detailed proofs of VOA axioms may
be found in [LL]. Another example, the VOA associated with a non-degenerate even

lattice, is the main focus of this thesis and its construction is delayed until Chapter 3.

2.3.1 Virasoro VOA

The Virasoro algebra, denoted by Uir, is an infinite-dimensional Lie algebra with
basis {L,, | n € Z} U {C} with Lie brackets:

m3—m

75771-‘,—71,00

LmaLn: - Lmn
[ ] = (m—n)Lmin + 12

Set Viry = P,z CLy, Vit = P, ., CL_,, and Virg = CLe © CC. For ¢, h € C,
let C(c, h) = C be the one-dimensional Uity & Virp-module on which Vv, acts trivially

while Lo-1=h and C -1 = ¢. Now consider the induced QUit-module:

Magic(eny = Indgis . aaie, Cle, h) = U(Bit) @y (ie, aving) Cle; )

14



where U(-) denotes the universal enveloping algebra, and form the quotient module:

Vage(e, 0) = Ml 0) [y p (10 1) = Mol 0) [ip (1 g1y
Set 1:=(1®1)+U(Vir)L_1(1® 1) and w := L_»1 and define:

Y (-, 2) : Vagie(e,0) — (End(Vagie(c,0)))[[z, 27 1]

Y(Lool,2)=L(z) =Y Lpz "
nez

Y(Lnol,2) = (jz)nL(z)

n!

Then (Vigie(c,0),Y, 1,w) is a VOA, called the Virasoro VOA.

2.3.2 Affine VOAs

Let g be a d-dimensional Lie algebra equipped with a symmetric invariant bilinear

form (-,-) and consider its associated affine Lie algebra g:
g:=g®C[t,t ' oCk
whose Lie bracket is defined by:

[a®@t™, b t"] = [a,b] @ t"" + m (a,b) Sminok

[a®t™ k| =0

for any a,b € g and any m,n € Z. Then g has the following subalgebras:

@(SQ): <Hg®t”> @ g Ck

n>0

15



Denote by C; = C the g(<g)-module on which [],.,9 ® t" and g act trivially while k

acts as multiplication by a scalar [ € C. We then form the induced module:

V3(l,0) :=Tndg _ €1 =U(8) @4 <,)) C
Suppose that {u1, s, -+ ,ug) is an orthonormal basis of § with respect to the form (-, ).

For uw € g, we define the generating function:

u(z) := Z(u @tz = Zu(n)z_”_l

neL nez

Setting 1 =1€ C and Y(1,2) = Idy 1,0y, we inductively define:
Y (u(n)v, z) = Res, {(z0 — 2)"u(20)Y (v, 2) — (=2 + 20)"Y (v, 2)u(z0)}

Lastly, take
1 d
=S w(—u(~1)1
0= gy
where h” is the dual Coxeter number of g. Then, if / =+ —h’, (V4(1,0),Y,1,w) is a vertex

operator algebra (see [LL]).

2.3.3 Lattice VOAs

Associated with a positive-definite even lattice L is the vertex operator algebra

Vi,. The detailed construction of this VOA is carried out in Section 3.2.

16



Chapter 3

Intertwining Operators, Fusion

Rules, and V7

3.1 Intertwining Operators and Fusion Rules

Definition 3.1.1 Let (M*,Y;),i € {1,2,3}, be weak V-modules. An intertwining
3

f M is a li :
operator of type a1 g2 ) I8 & linear map:

YV =Y(,2): M' = (Hom(M?, M?)){z}

ur Y(u,z) = Z upz” " (uy, € Hom(M?, M?))
neC

satisfying the following properties:

1. For any u € M',v € M?, and A € C, typpv = 0if m > 0,m € Z,

17



2. For any a € V,u € M", the Jacobi identity is satisfied:

22— 2

Py (Zl — 22) Yars(a, 21)V(u, 22) — 2516 (

<0

> V(u, z2) Y2 (a, 21)

—20

= 22_1(5 (Zl _ ZO) y(YM1 (a, Zo)U,ZQ)

<2

3. For u € M*, the L(—1)-derivative property is satisfied:

MS
In the language of conformal field theory, an intertwining operator of type ( U M2>

is called a chiral vertex operator of this type. We actually have seen an example of an

M
v M)’ where (M, Y)s) is an irreducible V-module, and

it is precisely the map Y. In fact, this map spans the 1-dimensional vector space of all

intertwining operator of type (

M
>. If (V,Y,1,w) is a simple VOA, then Y spans

intertwining operators of type
W g Op yp (V M

V
the the 1-dimensional vector space of all intertwining operators of type <V V) (see

[L])-

3

Denoting by Zy A2

) the vector space formed by all intertwining operators

M3
M1 M2

Definition 3.1.2 The fusion rule of type (

of type ( ), we have the following definition:

3
M M?

M3 . M3
NV (Ml M2> = d1mIV <M1 M2>

Fusion rules have the following well-known symmetries (see [FHL], Props. 5.4.7

) for V is:

and 5.5.2):

18



Proposition 3.1.3 Let M;(i = 1,2,3) be V-modules and M, the corresponding contra-

gredient modules, then:

M, M, M,
V<M1 M2> V<M2 M1> V<M1 My

We also quote here a very useful result from [ADL] (Prop. 2.9), which shall be invoked
repeatedly in the derivation of our main results:

Proposition 3.1.4 Let V be a vertex operator algebra and let MY, M?, M? be V -modules
among which M and M? are irreducible. Suppose that U is a vertex operator subal-
gebra of V' (with the same Virasoro element) and that N' and N? are irreducible U-

MS
submodules of M' and M?, respectively. Then the restriction map from Iy (Ml M2>
M3
to IU< ) 1s injective. In particular,

N1 N2
) M3 ) M3
dim Zy <M1 M2> < dim Zy <N1 N2>

Definition 3.1.5 Let V be a vertex operator algebra and M', M? its modules. The

fusion product of M' and M? is a V-module M* Xy M? together with an intertwining

M Ry M2
M1 M2

V-module W and Yy € IV<

operator ) € IV< ) that satisfies the following universal property: for any

MFV M2>’ there exists a unique V-module homomorphism
f:M'"Xy M? — W such that Yy = fo ).
Remark: a fusion product may not exist; but when it does, it is unique up to isomor-
phism as a consequence of the universal property.

If V is a rational vertex operator algebra, then the fusion product of any two

irreducible V-modules exists (Proposition 4.13 in [HL]). Motivated by the concept of a

fusion algebra in conformal field theory (Equation (2.130) in [BP]), we shall define the

19



fusion product, if it exists, as follows:

M? ,
1 2. _
M'®y, M? = ZNV<M1M2>MZ
M
where M* runs over the set of equivalence classes of irreducible V-modules. When the

context is clear, we may drop the subscript V in M Ky, M? and simply write MK M2,

3.2 The VOA V; and its Modules

Let L denote a positive-definite even lattice of rank d; that is, L is a rank-d free
abelian group equipped with a Z-valued non-degenerate, positive-definite symmetric
Z-bilinear form (-, -):

(w):LxL—Z
(o, ) € 2Z, Ya € L (even)
(a, L) = {0} = a =0 (non-degenerate)

(o, ) > 0, Y € L (positive-definite)

Our main interest is V7, whatever this symbol means at this point, and its irreducible

modules. As a preview, Vz, = M(1) ® C[L], so we first recall the construction of M (1).

3.2.1 M(1) and Its Modules

Let h = L ®z C be the complexification of L, then § is a d-dimensional vector
space which naturally inherits the bilinear form (-, -) as the extension of the form on L.
L is identified with L ®7 1 as a subspace of ). Viewing h as an abelian Lie algebra, we

form the following affine Lie algebra:
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h=h@C[t,t ] ®CC (C+#£0)
with the commutation relations:

(a1 @™, a0 @ "] = m (a1, @2) Omin,0C, YVai, a2 €h, Vm,n € Z

[C,h] =0
6 has an abelian Lie subalgebra:
bt =h®Clt]® CC
For any A € b, let Ce* denote the 1-dimensional h+-module with module actions:
ht x Ce* — Ce*

h@tC[t]-e* =0

hat' et = (\h)e*, Yheb

Now we consider the induced G—module:
M(1,)) = Ind?_ Ce* = U(h) @, 04, Cer = SEICY)) @b
’ b+ Uht)

where U(-) denotes the universal enveloping algebra and S(-) the symmetric alge-
bra. We follow the convention for G—module actions: on any G-module, the action of
h®t" € b is denoted by h(n),Yh € hand Vn € Z. Any v € M(1,0) has the form
v = hi(—n1)---hp(—ni) ® €® where h; € h and n; > 1. To give M(1,0) the structure

of a vertex operator algebra, we define a linear map:

21



Y =Y(-,2): M(1,0) = (EndM (1, \))[[z, 27 1]]

Y(0,2) = ¢ <(n11_1), <jz)m_1h1(z)> (mkl_l), <jz)nk_1 hk(z)) g

where h;(z) =3, o hi(n)z7"1.

The symbol ¢ -2 denotes a normal-ordered product (also called normal ordering)
which reorders the items enclosed between the colons so that the operators h;(n), for n <
0, are to be placed to the left of the operators h;(n), for n > 0, before the multiplication
is performed. The motivation behind normal ordering is this: the formal expression
enclosed between the colons may be a product of infinite expressions and may not
converge, and thus may not be an operator on M (1, \). Normal ordering ensures that
it is a well-defined operator.

When A = 0, we simply write:
M(1) := M(1,0)

Suppose that {81, - B4} is an orthonormal basis of h (= L ®7 C) with respect
to the form (-,-) associated with it. We use 1 and w to denote the following two

distinguished elements of M (1):

1:=1®e € M(1)
d

wi= 3 S BB © e € M(1)
=1

Then, as shown in [FLM], (M(1),Y(-,2),1,w) is a simple vertex operator algebra and

{M(1,\) | X € b} are the irreducible M (1)-modules.
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3.2.2 V; and Its Modules

~

Let (L, —) be the central extension of L by the cyclic group (k) = (k| K =1).

This means that we have the following exact sequence:

1 —— (k) = (-1) L L 0
Associated with this extension is a commutator map:

c:LxL—C*

oo, B) = 618 = (=1)P) va,Be L
Lete: L — ﬁ, a +— e, be a section such that 0 — eg = 1. Then
L={kes|aeL,i=0,1}
This section has a corresponding 2-cocycle given by:

e:LxL—C*

eqaep = €(a, B)eqtp

By [FLM], the following properties of € are known for any «, 3, € L:

(o, Be(a+ B,7) = e(8,7)e(a, B+ 7)
e(or, B)(e(B, )™ = c(av, B)

€(a,0) = €(0,a) =1
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We next consider the group algebra C[L] = @,, Ce*, which is an L-module under the

actions:

~

L x CIL] — C[L]
o€ = (a, )\)eaJ”\, Ya, A€ L

k-ed=—e VAeL
We are now ready to define Vr:
Vi == M(1) ® C[L]
The h-module structure of M (1) extends naturally to the h-module structure of V:

h(=baClt,t ' |&CC) x Vi =V
h(n) - (u®e) = (h(n)-u) ®e*, ¥n#0
h0) - (u®er) = (h,A) (u®e)
C-(upe)=u®e
forall h € h,u € M(1), and A € L.
Next, we explain that V7, has the structure of a vertex operator algebra. For each

v € Vi,v = hi(—n1)--hp(—ng) @€, for some A € L and h; € h,n; > 1. We start by

defining the vertex operator associated to e*:

Y (et 2) == exp (Z )\(;n) z") exp (— Z /\Ezn) z_"> exz
n=1

n=1

Note that C[L] is an L-module as described above, so ey is the left action of ey € L on

C[L]; and z* is the operator on C[L] defined by:
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AL et = (A en
Using this, we then define the vertex operator associated to v € V.

Y = Y(,Z) VL — (EndVL){z}

v—=Y(v,2)

v = (G () o) (G () o) e o

1
With 1 =1® e € M(1) C Vg and w = §Zf:15i(—1)ﬁi(—1) ® e e M(1) C Vi, the
structure (Vz,Y,1,w) has been shown (in [FLM], [LL]) to be a simple vertex operator

algebra.

To classify Vi-modules, we first introduce the dual lattice of L:
L° ={pebl{a,p) € Z,Ya € L}

Since L is an even lattice, it follows that L C L°. Let S := {A1,- -+, At} be the complete

set of representatives of equivalence classes of L in its dual lattice L°. Then

CIL°] =C[L+ M] @ --- ® C[L + X\

Ve =Vign, & - & Vg,

By the work of [FLM2| and [D1], {Vr4a|A € S} is the complete list of (in-
equivalent) irreducible untwisted Vi-modules. The classification of irreducible twisted
modules for V7, was done in [D2] and is recalled below.

Let # € Aut(L) be an automorphism of L such that 62 = Id; and 0(k) = & (in

other words, 6 preserves —1). Recall that L= {k'eq | € L,i =0,1}, so the action of
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6 on L can be viewed as:

O(k'eq) = Kle_q

It can be easily observed that # induces an automorphism # on L such that 6% = Idy,
and f(a) = —a, Ya € L.

Now we define the action of § on Vi, (= M(1) ® C[L]) by:

Q:VL*}VL

(h1(=n1) -+ he(—ng)) @ € > (=1)F(ha(—n1) - hy(—np)) @ €@

for h; € h,n; > 1, and a € L. In fact, 6 turns out to be an automorphism of Vz, which

has two important eigensubspaces of eigenvalues 1 and —1, respectively:
ViE={veVp|0(v) = +v}

A thorough treatment of the fusion rules for fo has been done by Abe, Dong, and Li
[ADL], which lays the foundation for our results here.

We now consider a f-twisted affine Lie algebra:
bo] := b @ t/2C[t,t7 ' o CC
with the following Lie brackets for all aj, a9 € h and m,n € Z + %:

(a1 @t 00 @ "] = m (a1, @2) Ipyn,0C

[C,h[0]] =0
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h[0] has the following subspaces:
BOf =h@e/2Cl]  and  B[O]" = bt /AT

Viewing C as a module for h[0]" & CC on which h[0]" acts trivially and C acts

as a multiplication by 1, we consider the induced module:

hlo
M(1)(6) == Ind}. €
= U(G[H]) ®U(6[9]+@CC) C

= St2C ) @b
Finally, we define:
K:={a"'9(a)|aec L}
And let T, be the irreducible L /K-module associated to a central character x:
x:Z(L/K) = C*
(-1)K — —1
(that is, Ty is an irreducible L/K-module on which (—1)K acts as —1). For each such

T\, define a twisted space:

VX = M(1)(0) © Ty,

Then {VLT X | T, = irreducible L/K-module as described above} exhausts all the irre-
ducible #-twisted V; modules. These are also called Vi-modules of twisted type, to

distinguish from the V) mentioned earlier, which are of untwisted type. The action
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of 6 on M(1)(0) extends to an action on VLTX:

0: v v/

(hl(—m) s hk(—nk)) Rt — (—1)k<h1(—n1) ce hk(—nk)) &t (3.2.2.1)

for h; € h,n; € Z + %, and t € T,. As before, we denote by VLTX’Jr and VLT"’_ the
eigensubspaces of VLT * of eigenvalues 1 and —1, respectively.

We mention now two results from [ADL] and [A2] concerning V;':
Proposition 3.2.1 (JADL], Theorem 3.4) Let L be a positive-definite even lattice and let
{\i} be a set of representatives of L°/L. Then any irreducible V;—module 18 1somorphic
to one of the irreducible modules VLi, V4L with 2)\; ¢ L, VAf+L with 2)\; € L or VLTX’i
for a central character x of L) K with x(k) = —1.

Proposition 3.2.2 ([A2], Proposition 3.3) Let W', W?2 and W3 be irreducible VL+—

modules. Then the following hold:

3
(1) The fusion rules N(Wl W2> is zero or one.
3
(2) If all Wi(i = 1,2,3) are twisted type modules, then the fusion rule N(WT/W2> 18

Z€ero.
(3) If one of Wi(i = 1,2,3) is a twisted type module and the others are of untwisted
W3
type, then the fusion rule N<W1 W2> 18 zero.
The next three sections discuss the three different fusion products of Vz-modules.
The first one, Section 3.3, is a result directly obtained from [DL] concerning modules

of untwisted type, while the other two delve into the cases when at least one module of

twisted type is involved in the fusion product.
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3.3 The Fusion Product V7 XV,

For the remaining three sections, we shall drop the subscript V7, in the fusion rule
Ny, and fusion product Ky, notations and simply write N and X, respectively. Recall
that S = {A1, -+, A} is the complete set of representatives of equivalence classes of L
in its dual lattice L°. As mentioned above, the following proposition is an immediate
consequence of Proposition 12.9 in [DL].

Proposition 3.3.1 For any \,u € S:

Via B Vi = Vit

Proof. Let M run over the equivalence classes of irreducible V;-modules. By definition,

we have:

M .
VLH&VLW:ZN( )Ml

Vi Vigp
T,
VL+1/ > < VLX ) T,
= N Vit + N VX
Vze;q <VL+/\ Vo) F Z; Vi Viau) b

L

where V]:‘F * runs over the equivalence classes of irreducible #-twisted Vi-modules. Now
by [DL],

VL+V > .
N =1 if v=X+
(VLJr)\ Vitu :

Recall that V" is a vertex operator subalgebra of V, and that {V4, | A € S} are the
f-untwisted modules and {VLT X} are the O-twisted VL+ -modules. Applying Prop. 3.1.4

of Section 3.1, we have:



The last equality follows immediately from Prop. 3.2.2 (3) mentioned above. Thus,

v
Veax® Ve =N ( bt )VL+)\+M = Viirtn
Via Viau

3.4 The Fusion Product V; )\ X VLTX

Let M* denote the irreducible V;-modules, then:

T, Mk k
V XV X = N M
b= z,; (VL+A v X)

TX2

Z VL+u Z VL T
wES VL+>\ VL X T VL+)\ VL x
L

T . . . .
where V,** runs over the equivalence classes of irreducible §-twisted Vz-modules.

Lemma 3.4.1 For any A\, u € L° and central character x of L/ K such that x(k) = —1:

v
N< L+MTX> —0
VL+,\ VL

Proof. This is an immediate consequence of Prop. 3.1.4. For any pu € L°, V4, is a V-
module and thus is also a VL+ -module. (Note that the fact that it is also irreducible is not
needed here.) Recall that VLT X is a twisted irreducible Vz-module while its submodule
VLT s an irreducible VLJr -module of twisted type by Prop. 3.2.1 above.

Case 1: If 2\ ¢ L, then Vi, is an untwisted irreducible VL+ -module by Prop. 3.2.1.

So, by Prop. 3.1.4 and Prop. 3.2.2(3), we have:

VL+M VL+u
s, ) <o (V) <o
L4\ VL VL+)\ VL
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Case 2: If 2\ € L, then VLjE_M are untwisted irreducible VLJr -modules, also by Prop.

3.2.1. Then:

O]

Ty,

1%
We now show that there exists an intertwining operator of type ( L VTX> for
L+X YV,

V1, by explicitly constructing it. We should point out that x; is actually determined by
both x and A by a formula to be given in the discussion below.

Let x be any central character of L/K such that x(x) = —1. That is,

x: Z(L/K) - C*

K= —1
and T, the corresponding irreducible f// K-module under the action:

L/K x Ty —Ty

As done in Subsection 3.3.2, V]:‘FX = M(1)(8) ® T\, which is a §-twisted Vz-module.

Let A € L° and define an automorphism oy of L:

O’>\2[A/—>I:

aoy(a) = Mg = (—1)<’\’“>a
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Let a € L, then o (0(a)) = £*@)g(a), while (o (a)) = 0(x*@a) = kKAD(a).

So, ax(0(a)) = O(cox(a)). For a=t0(a) € K, o) sends it back to K because:
ox(a™0(a)) = or(a” o (8(a) = (ox(a))'0(0r(a) € K
And thus, o) stabilizes K and consequently induces an automorphism on [3/ K:

oy I:/K — I:/K

aK — O')\(a,K) = O')\(Q)K — Ii<)\’a>CLK — (_1)<)\,a)aK

For any fL/K—module T, we denote by T o o) the ﬁ/K—module twisted by oy.
This means that T o o) = T as vector spaces but there is an additional action of 13/ K

on T o o) which is determined by oy:

ﬁ/K X Tooyx(=T)—=Toox(=1T)

a-t=oyx(a)t
When T' = T, we have:

L/K x Tyoox(=Ty) — Tyooyr(=Ty)
Kot =—t, VteT,

a-t=ox(a)t, Yac L/K, t €T,

Since T} is irreducible, so is Ty 0oy. With the number of central characters of /K which
send £ to —1 being finite ([FLM], Prop. 7.4.8), there must exist a unique central char-

acter x1 of L/K such that the corresponding L/K-module T\, satisfies Ty, = T} o 0y.
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To emphasize the fact that y; is dependent upon y and X, we use YV instead of xi,
and so T\ () = Ty o o). Let f denote this isomorphism:
fiTyoox =T » (L/K -module isomorphism)
Ty = T\ (linear isomorphism)
floa(a)t) = af(t), Ya € L/K,t € T,
Following [ADL], we consider A € L° and «a € L and define another linear isomorphism:
Mta s Tyooy — Txm
Mta = €(—a, A)eq o f = (_1)<_a’)\>ea of
Recall that e, is the left action of e, € L on CI[L] with the following properties:

Lemma 3.4.2 For any o, 3 € L,eqeg = (—1)<°"5>656a as operators on C[L].

Proof. Consider e € C[L] for u € L:

cacp - ¢ = ealeg - ) = eale(B, p)e’ )
= e(B, 1)ea - 7T = (B, p)e(ar, B+ p)e )

= (B, we(a, B)e(a, p)e P

On the other hand:

epeq - e = egle(a, p)e™™)

— (@, m)es aueH O

= e(a, p)e(B, @)e(B, p)e ot
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Multiplying both sides by (—1){*#) yields:
(1) Pegeq - e = (1) P e(B, a)e(a, p)e(B, p)e ot
= e(a, B)e(a, p)e(B, p)e ot
= eqep - e”

The second-to-last equality follows from the fact that e(a, 3)e(3,a) = (—=1){®5),

O]

Lemma 3.4.3 For the ﬁ/K—module isomorphism f : Ty o ox — T, () defined earlier

and any o € L, ey satisfies eq o f = (—1){N f o e, as operators on C[L].
Proof. Consider e € C[L] for u € L:
(~D) N foeq et = (=) N f(e(a, pe
= (1) Ne(a, u) f(e2H)
On the other hand, recall that for a € L, f(ox(a)t) = af(t). Thus:
eqo et = flor(eq)e?)

= f(£Peqet)

= M) feqet)

= KO F(e(a, ) )

= (=1 Ne(a, u) f(e*H)

= (DN foeq-e
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We have the following facts about 7, ([ADL]):

Lemma 3.4.4 ([ADL] Lemma 5.8) For any v € L+ X\ and « € L:

€q © ’I’],Y = (-1)(0“7)777 0 €q

a 01y = €(@,Y)ta = €(—,Y) N —a

Proof. Let v € L+ A, then v = S+ \ for some € L. For any e# € C[L] (where u € L):

(ea 0my) - € =eqomgir-e
= eale(=B, Neg o f)(e) (by definition of 7y4q)
= €(—B, Neaeg o f(e")
= e(—B8, ) (=1)*Pege, o f(eM) (by Prop. 3.4.2)
= (=8, \)(=1) P eg(—1)@N f o ey () (by Prop. 3.4.3)
= (=B, (=) P (1) Neg f (e, p)eH)
= e(=B, Ne(a, p)(=1) TN ey f(eH)
= (=B, Ne(a, ) (1) N eg f ()
= (=B, Ne(a, ) (=1) P eg f(e*TH)
= (=D Ve(a, pe(=B, Negf(e*) (rearranging terms)
= (1)@ e(ar, p)ngr(e*HH) (by definition of 7)
= (=1)!* s a (e, p)e )
= (1) (ngir0eq) - ! (action of e on C[L])

= (1) 0 e0) e
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Thus we have shown the first equality. To show e, 01y = €(, 7)1a+~ in the second one:

€a O Ty = €a O Ng4x = €a 0 (=B, N)ego f
— (=B, \eaoego f
= e(=B, Ne(a, B)eats o f
= e(=p, Ne(a, B)e(0, Neas o f
= e(=B, Ne(a, B)e(a+ B —a— B, Neatpo f
= e(=B, Ne(a, B)e(a + B, \)e(—a — B, N)earp o f
= €e(=B, Ne(a, Ble(a + B, A)rtats
= e(=B8, Ne(a, B)e(a + B, \)ny+a
= e(o, Ne(a, B)ny4a
= e(a, A + B)0y+a

= 6(0[, 7)77’}/4’04

It follows immediately that e_q 07, = €(—a, ¥)N—q+y. Now recall from Subsection 3.2.2
that the action of § on M (1)(6) extends to an action on VLTX (=M1)(0) ®T)y):
0:Vx 5V
(hi(=n1) - hp(—=ng)) @ t —= (=D)F(hy(=n1) - hi(—ng)) @ (3.2.2.1)
for h; € h,n; € Z + %, and ¢t € T). In other words, T}, is compatible with 6 in the sense

that #(a) = a,Va € L, as operators on T} (see [FLM] (7.4.14)). Hence, f(eq) = €q as

operators on T), since e, € L. On the other hand, recall that O(k'eq) = K'e_o, which
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implies §(eq) = e—q. And therefore, e_, = e, as operators on 7). With this, we have

e(a, Y)Naty = €(—a, ¥V)N—a+~ as desired.

O]

T v

V,
We are now ready to define an non-trivial intertwining operator of type ( L T )
L+X

for Vi, where A € L°. Following [FLM], we define:

W(2) s M(1,0) — (End (M(1)(9))){2}
V= J/f\“’(v,z)

for v = hi(—ny1)ha(—n2) - - - hp(—ng) ® e, where h; € h and n; > 1, by first specifying

how it acts on e*:

A(— A
yf\w(ek,z) = 2’<’\”\>z’<A2A> exp Z ) 2" [exp | — Z (n)z,n
And then defining:

W(v,2) =2 ((nlll)' <i>n1151(z)> ((nkll)' (i)nklﬁk(z)> V(e z) ¢

where, as before, the normal ordering places h;(n) for n < 0 to the left of h;(n) for

n > 0. Finally, for v € M (1, \) we define:
yiw(v, z) = W(eAZU, 2)

where
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where {f1, B2, ,Bq} is an orthonormal basis of h and ¢, are the coefficients deter-

mined by the following expansion:

(14 2)Y2 + (14 y)1/2
_10g< 5 Z Cmn"Y"

Now let u € Vi1 5. We know that the Vy-module V7, has the following decom-

position:

Viea = DML+ )
BeL

where M(1, B+ \) are irreducible M (1)-modules. So, there exists some S € L such that

u € M(1,8+ \). Using V¥, we define yet another map:

:)}f\w(u, Z) = yf\lig(% Z) ® Th+3

Recall that ny1p is a linear isomorphism between Ty and T) (), while the components
of Vi (u,z) are elements of End(M(1)(6)){z}, and M(1)(#) can be identified with
M(1)(0) ® 1 as a subspace of M(1)(0) ® T\, = VLTX. Thus, we have the following linear

map:

- T
P Viga — (Hom(V, X, v, X)) {z}

wi W (u, 2) = V34 (1, 2) @ magp

The next three lemmas show that 5&“’ satisfies the three conditions stated in
T .
X

Definition 3.1.1 and thus is an intertwining operator of type < Tx) for V7. From

L4 VL

()
v X
there, we shall argue that the fusion rule Ny, < L T > =1
Viea Vi ©
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Lemma 3.4.5 For any u € Vi1, v € VLTX, and any fived o € C, up1qv =0 if n > 0.

Proof. Since v € VLTX =M1)0) @Ty, v=w®t for some w € M(1)(f) and t € T).

Then:

VA (u, z)v = Y (u, 2)(w @ t)
= V3 p(u, 2)(w) @ nayp(t)

M (1)(0)
LA+ B) M<1><e>> for M(1)

(see [ADL], p. 191). So, for any uw € M (1,A+ 8) C Viix, upsqw =0 if n>> 0.

But yg 3 is a nonzero intertwining operator of type ( u

Lemma 3.4.6 Let o, € L. For any a € M(1,a),u € M(1,84 \):

22 — 21

Rk S _
P ( ! 2> YVZXO\) (a, 21) V8 (u, z9) — 25 6 (

20 ) yg\w(uaz2)yvgx (CL, Zl)

_ 21— 20\ <
= 2, ) ( ! - 0) yﬁ“’(YVM(a, 20)u, 22)

where Y T, (a,z1) is the vertex operator associated with a € M(1,a) C Vp:
VX

T
Y 1 (1) M(1L,@) € Vi = (End(V, )}
L

a = YVLTX(A) (a,21)

- T
Proof. Recall the map Vi : M(1,\+ 3) C Vi — (Hom(VLTX,VLX(A))){z}. When we

take A =0 and 8 = «, then:

- Ty L0
Vo s M(1,0+ ) € Vi, = (Hom(V, %, V, * 7")){z}
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That is: Vi M(1,0) €V, — (End(V,¥)){z} ()

For any w &t € M(1)(6) @ Ty, (= V,>):

jéw(a, zl)(w & t) = (yéqf_a(a, Zl) & 770+a)(w ® t)
= Vi (a,21)(w) @ 1a(t)
= Vi (a,21)(w) @ eqt)

= (Vi (a,21) ® ea)(w @ t)
The third equality above follows from the fact that:
Na = "0+« :6(—04,0)€a0f =leqof=eaof=c¢eq

since f is an isomorphism of 7).
But by (*) above, the map V¥ (a,2;) is the twisted vertex operator associated

with a € M (1, ) C V. That is to say,
YVTX()\) (a,z1) = 376“’(@, z1) = V" (a,21) @ eq
L

By the same argument, we have:
YVLTX (a,z1) = 373“’(@, 21) ® eq
Note 1: Recall the map:
Var+s(20) : M(1,0) = (Hom(M (L, A+ 5), M(1,a + X+ 5))) {20}

where M(1,a) € Vi, M(1,A+ ) C Vpia, and M(1,a + A+ ) € Vpix. This map

satisfies the Jacobi identity and the L(—1)-derivative property. So, it is the map giving
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the Vz-module structure for V7, x. As a result, Yo x15(a,20) = Yy, ., (a, 20).
Note 2:
37§\w (YVL+A (0(a), zo0)u, 22) = 5&“’ (GYVL+A (a,20)0 1w, 22)
=yl (YVL+A (a, 20)00 u, 22)
= Niw (YVL+/\ (a, zo0)u, 22)
Let us now start with the left-hand side of the Jacobi identity:

22 — 21

i1 — 2 - _
P ( ! 2) YVTX(A) (a, 21) V8 (u, 29) — 25 16 (

\tw
) ) B2y (021)

—20

—y ( - ) (V(a, 2) @ ea) T4 (u, 22)

20

s (ZQ - Zl) P, 22) (V2 (0, 1) © ea)

—20

ey (21;022> (150, 1) © ea) (V2 51, 22) © s )

2l (22 _2021> (V82 5, 22) ® mags) (V22 (a, 21) ® eq)

= 20" (222) (8020 2) © (ea o miss)

— 2516 <Z2—_z()21> (VR (1, 22) V5" (@, 21)) @ (Mrses © €a)

=510 (222 (08 o sDB 0 2) @ (e o)

—a' (22 8t 8 20) © (-1 P )

—20

_ [20—15 (‘) VA (a, )V 5, 20)

— 22—z w w
— (_1)(a,>\+,3)zo ls ( 2_20 1) yﬁw(“’ Z2)yé (a, 21)} ® (e 0 Mr+p)
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1 _ 21 — 20)/?
= 522 15 <(1Z1/(2))> y A B+a (ya,)\Jrﬁ(a: Z(])U, Z2) 02y (ea o 77/\+B)
2
1 _ 21 — 2z)Y/?
+ §Z2 16 <_(11/g)> y)\+ﬁ o (yfa,)\Jrﬁ(g(a’)a ZO)U') ZQ) ® (ea o 77/\4’5)
Z9

1y [ (21— 20)"
= 579 0 17/2 y)\JrﬁJra (YVL_;,_A (aa Zo)u, 22) & (G(Cv, A+ 5)77)\+,3+a)

-1 (21 — 20)1/2 *ok
omts (T e (Vi (0(a), 20)u, 22) © (e~ A+ B)mpa) ()
)

1 _ (21 — 20)Y/?
= 52;2 1(5 <z1/2 y +(B+a) (YVL_,_)\(CL Zo)u ZQ) ®77)\+(ﬂ+a)
2

1 -1 (Zl — 20)1/2 tw
+ 52’2 o _T y)\+(57a) (YVL+,\ (0(a), 20)u, 22) @ Mr+(B-a)
2

1 21 — z20)Y
= _2, ~1s <(11/20)> y (YVL+,\ (a, z0)u, 2’2)

Z9

1 — 29)Y
v 6( (/2)>y (Y 12 (0(a). 20)u. 22)
2
1 _o\1/2 \1)2 ~
—ag [5 <(/2)> + (—(/z)>] I (W0, ) 2) (+%)
2

_ 21— 20\ <
= 2z, ) < ! 0> y§ (YVL+>\((I, 20)u, 22)

Lines (**) and (***) follow from Note 1 and Note 2, respectively, while the last equality
1
follows from the fact that 6(z) = 3 [5(21/2) +8(—2"2)|. This completes the proof of

the Jacobi identity.
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Lemma 3.4.7 The map 5);“’ satisfies the L(—1)-derivative property; that is:
\)tw d \tw
I(L(=1)u, 2) = ayx (u, 2)

Proof. Let u € M(1,A+ ) C Vi4a:

WR(L(—1)u, 2) = Vi 5(L(—1)u, 2) @ may

The second equation follows from Proposition 9.4.3 of [FLM].

O]

T n

Since )7?” is a non-trivial intertwining operator of type < L e ) for Vz,, we
L+Xx 'V,

now have:

VLTXW
N o] >1

However, Prop. 3.2.2 (1) and Prop. 3.1.4 together imply that

VTXW
()
Viea Vi©

Thus, together with Lemma 3.4.1, we have shown the following:

Proposition 3.4.8 For any A € S and any irreducible ﬁ/K—module Ty,
T
Viea X VLTX =V K

where T, (») is an irreducible L/ K -module such that xV(a) = (~1)Mx(a), Va € L/K.
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3.5 The Fusion Product VLTX1 X VLT"2

We now compute the fusion product of two Vz-modules of twisted type. Again, let

M run over the set of equivalence classes of irreducible Vz-modules, then by definition:

T Ty, M i
VRV ZNVL< TXlV >M

T
VL+)\ ) VL / Ty .
=y VL( Ty, o T: VL+A+ZNVL< Ty, 1T )VLJ
bV X1 V X2 o VL X1 VL X2

L

where S = {\1,---,\;} is the set of representatives of equivalence classes of L in its
Ty,
dual lattice L° and V X runs over the equivalence classes of irreducible f-twisted V-

modules.
We begin by quoting here only a part of an important theorem from [ADL]:

Theorem 3.5.1 (/ADL], Theorem 5.1) Let L be a positive-definite even lattice. For
3

M
MIM?2
) is 1 if and only if M'(i = 1,2, 3) satisfy one

any irreducible V]jr-modules M(i = 1,2,3), the fusion rule of type < > 1s either

0 or 1. The fusion rule of type <M1M2

of the following conditions:

1. M' = VLTX’Jr for an irreducible L/K-module T\ and (M?,M?3) is one of the fol-

lowing pairs:
T (n,E T (x)k,, ,
(@) (Vogr, V. * ), (V. X ), (Viea)) for A € L° such that 2\ ¢ L

2. M' = VLTX’f for an irreducible L) K -module Ty and (M?, M?) is one of the fol-
lowing pairs:
T (3t T ok, .
(@) (Vo Vi, ), (VX ) (Viga)') for A € L° such that 2X\ ¢ L
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‘We now show the first lemma of this section:

Lemma 3.5.2 Let A € S. If x1 and x2 are central characters of i}/K such that

x2(a) = (—1)@Nx,(a),Ya € L, then:

VA
NVL (ng ng) =1

Proof. By Theorem 5.1.4(a) of [ADLI:

(Vi)
]VVLJr <VLTX17+ (VZX21+)/> =1
for A\ € L such that 2\ ¢ L and xa(a) = (—1)@Nx (a),Ya € L. We also refer to

Proposition 3.7 of [ADL] for the following contragredient modules:
/ Tyo,+y7 TX »t
(VL+)\) = VL,)\ and (VL 2 ) = VL 2

where x(a) = (—1)@®/2y,(a) for any a € L. So:

By Proposition 3.1.4,
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Now by the well-known symmetries of fusion rules (Prop. 3.1.3):

T,
" ( O ) : ( e >
Vi T, | = Vv
v vpe) T vy

In the above computation, the third equation follows from:

X3 (a) = (=)@ x5 (a)

= (—1)@0/2(—1)@D/2y) (a)
= x2(a)

Ty
VL

while the last equation (which is Ny, < 7,
Vier Vo

) = 1) follows from Section 3.4.

O]

Lemma 3.5.3 Let x1 and xo be central characters of f}/K and x; any central character

of L/K such that x;(k) = —1. Then:
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Proof. Let ¢; € {£},i = 1,2, then:

v, v,
L L
NVL <VL TXQ) S NVL+ <V5X1751 VEX2752> (by PI"Op. 314)

(VTXQ’EQ)/
= v*( T é T ) (by symmetries of fusion rules)
e\ (v ey
V;X/Q7€2
o VL+ VTX1751 VTX;
L
TX/27£2
L
< N. +< T €.> (by Prop. 3.1.4)
V. Ty €1 Xé’ K
L VLX1 VL
=0

since all three are of twisted type (by Prop. 3.3.2(2)).

Thus, we have shown the following:
Proposition 3.5.4 Let A € L°/L. If x1 and x2 are central characters of fL/K such

that xa(a) = (—=1)@N(a),Va € L, then:
TXl

VRV =3 v
)\*

where \* runs over the set {\ € L°/L|x2(a) = (=1){@Yx,(a),Va € L}.
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