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Abstract

Models of Propagation in Networks

by

Saurabh Sharma

The diffusion of ideas, innovations and behaviors is a complex sociological phenomena

for which various computational models have been proposed by economists, algorithmists

and ML researchers. However, it remains insufficiently understood due to lack of propaga-

tion data on networks and the complex interplay between dynamic network structure and

node-level features. Moreover, real-world networks exhibit skewed degree distributions

and propagation size distributions, thereby necessitating learning models that account

for imbalanced distributions and data scarcity.

The goal of this thesis is two-pronged: (1) How do coupled representation and classi-

fier learning models cope with imbalanced data distributions, particularly with minority

classes, and how can their weaknesses in limited data settings be mitigated?, (2) How can

dynamics of propagation on real-world networks, themselves admitting a natural power

law degree distribution, be understood using the machinery of gradient-based optimiza-

tion and high-dimensional feature representations? The two goals are naturally coupled;

distributional analysis is a powerful tool for network (propagation) analysis, and network

propagation modeling suffers from a lack of ground truth data, which necessitates a com-

bination of data-driven and synthetic models rooted in sociological insights. Therefore,

the major theme of this thesis is models of propagation in networks, and the minor is

the limited data learning setting.

viii
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Chapter 1

Introduction

Real-world networks and processes unfolding over them have intrigued mathematicians,

physicists, economists, social scientists, neuroscientists, and computer scientists for a very

long time [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. The central theme among all these disciplines is

to find an underlying mechanistic framework that gives rise to the network structures and

processes observed in the real-world, which are decidedly different from regular networks

or even purely random networks. Importantly, network structure modulates the overlying

network process and likewise an unfolding network process can modify the underlying

network structure.

Propagation in networks has recently been studied through data-driven ML mod-

els [12, 13, 14, 15], which rely upon, among other things, graph neural networks (or

GNNs) [16, 17, 18]. The term “network” is overloaded with multiple senses in this re-

gard, referring to both a real-world network such as a social network, citation network

or the World-Wide-Web, as well as a layerwise matrix multiplication with intermediate

non-linearities whose parameters can be optimized using machine learning, i.e., an arti-

ficial neural network (ANN). Therefore, it’s important to be clear at the outset that this

thesis concerns the study of propagation in real-world networks, however, we do employ

1



Introduction Chapter 1

tools such as GNNs for this purpose.

Figure 1.1: Illustration of ho-

mophily, in this case by node color,

as a causal mechanism of network

structure.

It’s pertinent to look at some canonical mecha-

nisms driving network structure and network prop-

agation before proceeding further. The primary

driver of network formation is homophily, through

various attributes, such as age, gender, shared

tastes, or even number of friends. Homophily is

considered a strong driver of link formation in so-

cial networks [4], as depicted in Fig. 1.1. Nowadays,

node attribute data can be easily mined from on-

line social networks (OSNs) and these are in fact

used by OSN providers to suggest links to people

online. The age of OSNs has therefore resulted in

a rich trove of data [19] for research into real-world

attributed networks. Moreover, we consider here a

few classical network propagations, for instance, book adoptions through recommenda-

tion chains and the spread of TB within a network. These are depicted in Fig. 1.2 and

demonstate a typical modular, hub-and-spoke structure where high-degree influencers

cause star-like propagations in their ego-networks, while low-degree nodes act as inter-

mediary bridges for diffusion into other communities. Further, predicting book and in

general product adoption through word-of-mouth spreading is an important problem in

operations research [20], while predicting disease contagion is central for epidemiology.

Since real-world network data has historically been sparse, various synthetic models

have been used to sample networks that exhibit similar properties. We contrast two

models specifically of interest here and they’re depicted in Fig. 1.3. The first model was

proposed by Paul Erdős and Alfréd Rényi [23], which while being simple is remarkable

2
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(a) (b)

Figure 1.2: Illustration of cascading spread in (a) Book recommendations [21], (b) TB

epidemic [22].

for its tractability and good properties. The Erdős-Rényi (ER) network model assumes

all links are equally likely, and is therefore specified by two parameters only, the number

of nodes, n, and the probability of link formation, p. They studied, among other things,

the degree distribution entailed by this random network model, which turned out to be a

Poisson distribution centered around np, the average degree of the network. They were

also interested in the ”evolution” of the random network as links were added, and at

what thresholds did certain structural properties such as presence of certain subgraphs

(trees, cycles of given order, complete subgraphs, etc.) and global properties (connect-

edness, number of connected components, etc.) emerge. Particularly, they reported the

formation of a ”giant component” that contains the majority of the nodes when p > 1
2
,

and absorbs most of the isolated trees, with ”danger” of absorption higher for a bigger

giant component.

In [3], the Barabasi-Albert model of preferential attachment (PA) was proposed

to address the inability of ER and other network models to produce the characteristic

scale-free degree distribution of real-world networks is addressed. Essentially, it has two

3
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differences from prior work: (1) The sequence of node arrival is baked into the network

formation, the nodes aren’t all present apriori, and (2) Arriving nodes makes links to

pre-existing nodes with probability proportional to their degree centerality. This results

in an early-mover advantage where nodes present in initial stages end up having a higher

degree centerality and nodes arriving later having low degree, and the cumulative degree

distribution follows a power law whose exponent is 3. Crucially, for linear preferential

attachment, the exponent doesn’t depend on the number of links formed by each arriving

node. Therefore, due to its closer similarity to real-world networks, we use networks

sampled from the PA model to study propagations, particularly in Chapter ??.

Figure 1.3: Illustration of the degree distribution found in random network models: (a)

Erdos-Renyi graphs, Poisson distributed, and (b) Preferential Attachment graphs [3],

exponential scale-free distribution.

Power-law distributions naturally arise in real-world datasets that haven’t been arti-

ficially curated. This phenomena is qualitatively illustrated in Fig. 1.4. The presence of

such distributions in the diverse domains of network science, computer vision and natural

language processing prompts a fundamental question that forms the minor theme of this

thesis: how do we learn machine learning models with imbalanced datasets? Specifi-

cally, how can ML models be made more robust to relative class imbalance between head

4
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and tail classes, as well as data scarcity for tail classes? Moreover, how can we make

such models trained on imbalanced distributions attain equivalent tail and head class

performance at inference time?

(a) (b) (c)

Figure 1.4: Illustration of the Zipfian power-law distribution found in real-world datasets:

(a) iNaturalist [24], (b) Birds, iNaturalist, and Trees, and (c) Wikipedia words.

The remainder of this thesis follows the following structure. Chapter 2 presents pre-

liminaries on prior work broadly in network science, machine learning and graph machine

learning, along with some motivating experiments for the main chapters. Chapter ??

presents work on learning on imbalanced distributions, particularly concerning the prob-

lem of long-tailed image recognition. Chapter 4 presents a network perturbation scheme

for viral marketing, particularly concerning a gradient-based network spread optimiza-

tion scheme under a data-driven adoption model and budget constraints for sequential

edge insertion and node attribute perturbations. Chapter ?? presents a unifying prop-

agation model accounting for propagation affinity as well as local and global influences.

By applying this model to Preferential Attachment (PA) networks, insights into phase

transitions for viral concepts and existing sociological theories about the power of the

periphery are provided. Finally, Chapter 6 concludes the thesis with closing remarks.

5



Chapter 2

Preliminaries

2.1 Network Science

2.1.1 Real-World Network Models

Figure 2.1: Qualitative visualization of a

Preferential Attachment (PA) network and

its associated core-periphery structure.

Real-world systems are naturally mod-

eled as graphs, where nodes represent en-

tities and edges encode interactions. Em-

pirical studies show that such networks de-

viate significantly from random graph as-

sumptions, instead exhibiting heavy-tailed

degree distributions, clustering, and com-

munity structure [3, 1]. As shown in

Fig. 2.1, a small number of nodes act as

hubs with disproportionately high connec-

tivity, while the majority of nodes have low

degree. This structural heterogeneity is a

6
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defining characteristic of real-world networks.

These properties have direct implications for downstream learning. Heavy-tailed con-

nectivity introduces imbalance in influence, while community structure constrains infor-

mation flow. Models that ignore these structural biases often fail to generalize across

nodes with varying connectivity patterns. The structure illustrated in Fig. 2.1 highlights

the need for learning methods that account for both local and global graph statistics

when modeling real-world systems.

2.1.2 Real-World Network Processes

(a) (b)

Figure 2.2: L-R: (a) Depiction of Stanley Millgram’s experiments in social psychol-

ogy [25]. Participants were asked to route letters to the address marked on the envelope

through their personal networks. Findings showed that high degree nodes usually acted

as intermediaries as the letters made their way from the MidWest to the East Coast.

(b) Granovetter’s Linear Threshold (LT) model for discrete time-step cascades in a net-

work [26].

7
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In addition to evolving structure, real-world networks support dynamic processes

such as diffusion, cascade propagation, and opinion dynamics. Fig. 2.2a depicts the early

experiments by Stanley Millgram in social networks, where letters from the MidWest

could be routed to the East Coast by intermediary high-degree nodes. Further, classical

models such as Linear Threshold (LT), depicted in Fig. 2.2b, provide a discrete time-step

based model of how information spreads [27]. Likewise, the Independent Cascade (IC)

model, depicted in Fig. 2.3, provides a discrete time step based model where nodes get

one chance to probabilistically infect their neighbors. Similar to the LT model in that

it’s based on a linear activation rule, the networked coordination game model depicted

in Fig. 2.4 triggers cascades based on a game-theoretic payoff of aligning self-behavior

with neighbors’ behaviors.

However, real-world processes are more complex, involving stochastic interactions,

heterogeneous transmission probabilities, and temporal dependencies. The interplay be-

tween topology and dynamics introduces challenges for modeling. Highly connected nodes

can amplify propagation, while community boundaries can inhibit it. Furthermore, prop-

agation is often influenced by latent factors not captured by simple models. Diffusion

patterns vary significantly depending on both structure and node behavior, motivating

more realistic propagation models.

2.2 Machine Learning

2.2.1 Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE) is a fundamental principle for parameter

learning. Given a dataset D = {xi, yi}Ni=1 and model pθ(y|x), MLE seeks parameters θ

that maximize the likelihood:

8
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Figure 2.3: The Independent Cascade (IC) model for discrete time-step cascades [28].

Each node gets one chance to infect others probabilistically once it’s activated.

Figure 2.4: A depiction of Kleinberg’s networked coordination game model [6]. (a) v

must choose between behavior A and behavior B, based on what its neighbors are doing,

(b) Two nodes are the initial adopters, and (c) The process ends after 3 steps. Starting

with nodes 7 and 8, the new behavior A spreads to some but not all the remaining nodes.

θ∗ = arg max
θ

N∏
i=1

pθ(yi | xi)

Equivalently, this is written as minimizing the negative log-likelihood:

L(θ) = −
N∑
i=1

log pθ(yi | xi)

In classification tasks, this reduces to cross-entropy loss. MLE provides a principled

statistical framework, but it assumes that the training distribution matches the true data
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distribution.

In practice, this assumption often fails, especially under class imbalance or distribu-

tion shift. As a result, models trained with MLE may overfit majority patterns while

underrepresenting rare but important cases. This limitation motivates alternative train-

ing strategies that improve robustness beyond likelihood maximization.

2.2.2 Model Optimization from Backpropagation

Modern machine learning models are optimized using gradient-based methods, with

backpropagation providing an efficient mechanism to compute gradients. Given a loss

function L(θ), parameters are updated via:

θ ← θ − η∇θL(θ)

where η is the learning rate. Backpropagation computes gradients by recursively

applying the chain rule through the computational graph [29].

While effective, optimization dynamics strongly influence generalization. Non-convex

loss landscapes, noisy gradients, and hyperparameter choices all affect convergence. Im-

portantly, standard backpropagation does not account for imbalance or adversarial ef-

fects, which can lead to biased or unstable solutions. These issues motivate modifications

to training procedures that explicitly improve robustness.

2.2.3 Robustness to Imbalanced Distributions

Class imbalance arises when class frequencies are highly skewed, as depicted in Fig. 2.6.

Under standard training, models prioritize majority classes, resulting in poor perfor-

mance on minority classes. This effect is due to both representation bias and classifier

bias [30, 31]. In effect, imbalance distorts learned feature spaces and decision boundaries.

10
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Figure 2.5: Evolution of classifier perfor-

mance with training iterations on the long-

tailed CIFAR100-LT dataset with imbalance

ratio 200.

Fig. 2.5 shows how performance on differ-

ent bands in the spectrum of class sizes

evolves in standard training.

To mitigate these issues, techniques

such as re-weighting, re-sampling, and

decoupled training have been proposed.

These approaches adjust the influence of

samples during training to better reflect

their importance. As shown in Fig. 2.7,

the simple strategy of re-weighting classi-

fier norm can significantly improve perfor-

mance on underrepresented classes. Ro-

bust learning under imbalance is therefore

essential in real-world applications.

Figure 2.6: The problem of long-tailed image recognition (LTR) [32].
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Figure 2.7: (a) The correlation of softmax classifier norm to class size [31], and (b) Effect

of classifier renormalization on performance across the spectrum of classes.

2.2.4 Robustness to Adversarial Perturbations

Adversarial perturbations reveal vulnerabilities in learned models, where small input

changes can cause large prediction shifts [33]. These perturbations often exploit linearities

in high-dimensional models. Fig. 2.8 illustrates how imperceptible changes can lead to

incorrect classifications.

Robustness to such perturbations requires modifying training objectives or architec-

tures. Approaches such as adversarial training improve resilience but often incur compu-

tational cost. Further, robustness is closely tied to the geometry of decision boundaries,

emphasizing the need for stable and semantically meaningful representations.
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Figure 2.8: Qualitative illustration of an adversarial attack on an image classifier [33].

2.3 Graph Machine Learning

2.3.1 Graph Signal Processing

Graph Signal Processing (GSP) extends classical signal processing to graph domains.

Given a graph Laplacian L, signals can be analyzed in the spectral domain via eigen

decomposition. This enables filtering operations that generalize convolution to irregular

structures [34].

These ideas form the theoretical foundation for many graph learning methods. By

interpreting graph operations as localized filters, GSP provides insight into how informa-

tion propagates across networks. This perspective is crucial for understanding modern

graph neural architectures.

2.3.2 Graph Neural Networks

Graph Neural Networks (GNNs) learn node representations through iterative message

passing. They are widely employed in transductive semi-supervised learning on graphs,

particularly for node classification and link prediction, as depicted in Fig. 2.9. Typically,
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(a) Node Classification (b) Link Prediction

Figure 2.9: Depiction of the two essential problems in transductive semi-supervised learn-

ing on graphs [16].

at layer k of a GNN, node embeddings are updated as:

h
(k+1)
i = σ

 ∑
j∈N (i)

W (k)h
(k)
j


where N (i) denotes neighbors of node i. This process aggregates local information

to build expressive representations [16, 35].

Despite their success, GNNs face challenges such as over-smoothing and sensitivity

to graph structure since repeated aggregation can blur distinctions between nodes. De-

signing architectures that balance locality and discrimination remains an active area of

research.

2.3.3 Robustness to Imbalanced Distributions

Imbalance in graph data arises when certain node classes are underrepresented. This

problem is compounded by structural dependencies, where minority nodes may also have

limited connectivity. Fig. 2.10 illustrates how imbalance affects representation quality

at boundary nodes in graph settings. Further, our experiments with Deep Anomaly

Detection [?], whose pipeline is depicted in Fig. 2.11, reveal that graph autoencoders
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Figure 2.10: Effect of topological imbalance in graph learning. Reweighing center and

boundary nodes in the training loss based on how much the influence in their neighbor-

hood conflicts with other labelled nodes alleviates the problem [36].

Figure 2.11: The pipeline for deep anomaly detection on attributed networks [37].

inherit bias towards degree centerality within the learnt node embedding norm, similar

to what’s observed in image data for class size. Therefore, degree centerality in network

data plays a similar role to class size in image data. This correlation of node embedding

norm to degree centerality is shown in Fig. 2.12.

Approaches to address this include re-weighting node contributions, modifying ag-

gregation schemes, and designing specialized objectives. These methods aim to ensure

that minority nodes are adequately represented during training. Consequently, handling

imbalance in graphs requires accounting for both feature and structural factors.
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Figure 2.12: L-R: (a) Node attribute norm, (b) Node embedding norm, (c) Overall

reconstruction error, and (d) Structure reconstruction error. While attribute norm in

(a) is not correlated to the degree, the embedding norm is in (b). This imbalance can

fool downstream tasks relying on this embedding, for eg. node classification, anomaly

detection, link prediction. Moreover, both the total reconstruction (c) and structure

reconstruction error (d) for anomaly detection are correlated to degree (undesirable.

(a) Evasion attack. (b) Poisoning attack

Figure 2.13: Depiction of adversarial attack on a GNN node classifier. (a) Evasion attacks

are done at inference time, and (b) Poisoning attacks are done at training time.

2.3.4 Robustness to Adversarial Perturbations

Graph models are vulnerable to adversarial attacks that modify node features or

edges. Even small structural changes can significantly alter predictions [38]. Fig. 2.13

provides a schematic representation of how such perturbations fool GNNs. Robust graph

learning methods aim to mitigate these effects through adversarial training, robust ag-

gregation, and graph sanitization.
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Chapter 3

Learning on Imbalanced

Distributions

3.1 Introduction

Imbalanced datasets are prevalent in the natural world due to the fundamental

power-law distribution of objects [39]. Past decades have seen a lot of research in class-

imbalanced learning [40, 41], and more recently, due to its far-reaching relevance in the

era of deep-learning, the problem of long-tailed recognition (LTR) has received significant

attention [30, 42, 32] in the field of computer vision.

A common underlying assumption of recent work in LTR is that softmax classi-

fiers learned from imbalanced training datasets are biased towards head classes. They

seek to rectify head class bias in the classifier through data-resampling [31], loss reshap-

ing [43, 44, 45], ensemble-based models [46, 47, 48], and knowledge transfer [32, 49].

Particularly, it was shown in [31] that deep models trained on imbalanced datasets have

a high correlation of classifier norm to class size. To achieve similar classifier norms, they

freeze the feature extractor and retrain the classifier with balanced class sampling in a
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second stage. Alternatively, they normalize every classifier by its L2 norm or a power of

its norm, leading to balanced classifer norms. More recently, [50] showed that balanced

weights in both the feature extractor and classifier can be achieved by regularizing the

model with higher weight decay and/or MaxNorm constraints.

Figure 3.1: An illustration of Softmax vs Prototype classifiers for long-tailed data. Soft-

max classifiers have both a direction and a magnitude, indicated by the orientation and

length of the classifier vector. During imbalanced training, the length of softmax classi-

fiers gets correlated to the class size and leads to classification boundaries biased towards

classes with Many samples. In contrast, prototype classifiers circumvent this shortcoming

by using Euclidean distances to learnable prototypes within representation space, leading

to more fair decision boundaries.

The shortcoming of correlating softmax classifier norm to class size is directly con-

nected to the classification model. We show an illustration in Fig. 3.1. Consider the prob-

lem of learning a classifier fW parameterized by weight matrix W . We assume the feature

backbone gθ is fixed and known. The classifier outputs logit scores fW (g(x)) = W Tg(x),

and the posterior probability p(y|g(x)) ∝ p(y)p(g(x)|y) ∝ (W Tg(x))y. Note that soft-

max classifier has both a magnitude and direction associated to it. In the ideal case,

the directions get aligned with the class means µy to encode p(g(x)|y) [51, 52]. But for

an imbalanced training dataset, to encode the prior of the label distribution p(y) into

classifier weights, the learned classifier norm gets correlated to the class size.
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To circumvent this shortcoming of softmax in the long-tailed classification setting, it

is advantageous to change the classification model from dot-product to distances in the

representation space. More specifically, associate a learnable prototype cy to each class

y, and let p(y|x) ∝ −d(g(x), cy), where d(·, ·) is a distance metric in the representation

space. With a suitable choice of distance metric, such as Euclidean or cosine distances, we

obtain a simple and effective prototype classifier which avoids the biased classifier norm

problem. While prior work in long-tailed recognition explores the closely related Nearest-

Class-Mean classifier [31], which is a special case of our model with fixed prototypes, the

full potential of prototype based classifiers has not been fully explored. In this work we

thoroughly analyze prototype classifiers and show that they offer a promising alternative

to softmax in long-tailed recognition.

We theoretically analyze and show that the Euclidean distance based prototype clas-

sifier has stable gradient-based optimization properties for learning prototypes. In par-

ticular, the L2 norm of the gradient on a prototype cy from a point x is always equal

in magnitude to the misclassification probability. Further, the gradient is oriented along

the line joining cy to x. This leads to stable gradient updates that aren’t affected by

outliers that may be far from the prototypes.

We also allow for variable scales along the different dimensions of the feature rep-

resentations in the prototype distance. This is enabled by learning channel dependent

temperature parameters in the prototype distance function. We find that this is beneficial

since it’s a means of learnable feature scaling and/or selection in the prototype classifier.

It also lets the model learn a general Mahalanobis distance metric parameterized by a

diagonal matrix.

Overall, here is a summary of our main contributions:

(1) We propose a novel learnable prototype classifier for long-tailed recognition to

counter the shortcoming of softmax to correlate classifier norm to class size. This of-
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fers a promising distance-based alternative to dot-product classifiers that is relatively

underexplored in the long-tailed setting.

(2) We theoretically analyze the properties of Euclidean distance based prototype

classifiers that leads to stable gradient-based optimization which is robust to outliers.

(3) We enhance prototype classifiers with channel dependent temperature parameters

in the prototype distance function, allowing for learnable feature scaling and/or selection.

(4) We evalute our proposed prototype classifier on four benchmark datasets, CIFAR10-

LT, CIFAR100-LT, ImageNet-LT and iNaturalist18. Our results show that the prototype

classifier outperforms or is comparable to the recent state-of-the-art methods.

3.2 Related Work

Prototype-based classifiers. Prototype and Nearest-Class-Mean classifiers appear

prominently in metric learning and few-shot learning. [53] proposed learning a Maha-

lanobis distance metric on top of fixed representations, which leads to a NCM classifier

based on the Euclidean distance in the learned metric space. [54] learn deep represen-

tations for few shot learning by minimizing the prototype based loss on task-specific

epsiodes. [55] learn deep representations by optimizing the NCM classification objective

on the entire training data. [56] learn NCM classifiers by maintaining a fixed number

of samples to compute prototypes or centroids. In this work, we neither learn a dis-

tance metric or finetune representations using the NCM objective; instead our Prototype

classifier directly learns the prototypes from pre-trained representations for long-tailed

recognition.

Long-tailed recognition. The literature on long-tailed recognition is quite vast. Data

resampling or reweighting is the most commonplace strategy against imbalanced datasets.
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This generally takes three forms: (i) Oversampling minority class samples by adding

small perturbations to the data [57, 58], (ii) Undersampling majority class samples by

throwing away some data [59], and (iii) Uniform or class-balanced sampling based on the

number of samples in a class [60, 61]. However, oversampling minority class samples has

been shown to lead to overfitting and undersampling majority class samples can cause

poor generalization [41]. Recently, [31] learn the representations using instance-based

sampling and retrain the softmax classifier in a second step using uniform sampling while

keeping underlying representations fixed. We also use the two-stage training strategy in

our work; however, we avoid learning an additional softmax classifer and instead use

Prototype classifiers as it operates in the representation space directly. Another line of

prior work focuses on engineering loss functions suited for imbalanced datasets. Focal

loss [62] reshapes the standard cross-entropy loss to push more weight on misclassified

and/or tail class samples. Class-balanced loss [30] uses a theoretical estimate of the

volume occupied by a class to reweigh the loss function. [42] offset the label’s logit score

with a power of class size to achieve a higher decision boundary margin for tail classes.

[43] apply the offset to all the logits, and change the class size exponent from 1/4 in

prior work to 1 and use a meta-sampler to retrain the classifier. [44] apply a label-

dependent adjustment to the logit score before softmax which is theoretically consistent.

In our work, we build upon the logit adjustment approach and show how it can also

be adapted to Prototype classifiers. Many other papers employ a specialized ensemble

of experts to reduce tail bias and model variance. [63] train experts on class-balanced

subsets of the training data and aggregate them using a joint confidence calibration

layer. [46] also train experts on class-balanced subsets and distill them into a unifed

student model. [47] explicitly enforce diversity in experts and aggregate them using a

routing layer. [48] train two experts using regular and reversed sampling together with

an adaptive learning strategy. In other works, self-supervised contrastive pretraining
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is used to improve feature representations for long-tailed recognition [45, 64]. More

recently, [50] show that quite good performance on long-tailed datasets is possible by

simply tuning weight decay properly. Thus, we build our Prototype classifiers on top of

the representation learning backbone provided by them. However, the gain of Prototype

classifiers over Softmax is invariant to the choice of the backbone, as we show in our

experiments.

3.3 Our Approach

3.3.1 Prototype Classifier

The Prototype classifier assigns probability scores to classes based on distances to

learnable prototypes in representation space. We assume that the representations g(x) are

fixed. In other words, the weights θ of the feature extractor gθ are learned in a prior stage

and fixed to enable learning of prototype classifiers. The decoupling of representation and

classifier learning is commonly used to train softmax classifiers in long-tailed recognition

[31]; here we adopt the same strategy to learn prototype classifiers.

Let the learnable prototype for class y be denoted by cy. Under the assumption that

the class-conditional distribution p(g(x)|y) is a Gaussian with unit variance centered

around the prototype cy, we get the following probabilistic model for the class posterior

p(y|g(x)):

log p(y|g(x)) ∝ −1

2
d(g(x), cy)

= log
e−

1
2
d(g(x),cy)∑

y′ e
− 1

2
d(g(x),c′y)

(3.1)

This leads to the nearest class prototype decision function for classification:

y∗ = argmin
y∈{1,...,ȳ}

d(g(x), cy)
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Different choices of distance metric lead to different prototype classifiers. While squared

Euclidean distance and Euclidean distance lead to equivalent decision boundaries, we

find that Euclidean distance is more amenable for learning of the prototypes due to its

stable gradient. The Prototype classifier with Euclidean distance metric specifically uses:

d(g(x), y) =
√

(g(x)− cy)T (g(x)− cy) (3.2)

The prototypes are learned using the Maximum Likelihood Estimation principle by min-

imizing the Negative Log Likelihood objective function:

L = − 1

N

N∑
i

log p(yi|g(xi)) (3.3)

The remainder of this section is organized as follows: in Section 3.3.2, we show how

Euclidean distance leads to stable gradient updates on prototypes, then in Section 3.3.3

we show how learning prototypes addresses the biased softmax problem, followed by

Section 3.3.4 which details our channel-dependent temperatures to enhance prototype

learning, and Section 3.3.5 which describes logit adjustment for learning prototypes.

Our entire pipeline in presented in Algorithm 2.

3.3.2 Stable Gradient Updates on Prototypes

In Prototype classifier, we use the Euclidean distance in Eq. 3.2 due to its stable

gradient optimization. We now describe the gradient updates on the prototypes.

Theorem 3.1 Let Lxy denote the NLL loss on a single sample x with label y. Then, the

L2 norm of the gradient on prototype cz is given by,

∥∂Lxy

cz
∥2 =

 1− p(y|g(x)) : z = y

p(z|g(x)) : z ̸= y

Further, if z = y, then the gradient descent direction lies along g(x)−cz, else it is exactly

the opposite direction.
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Proof: Let Z(x) =
∑

y′ e
− 1

2
d(g(x),c′y) denote the normalization term over all the

classes, and δyz denotes the Kronecker delta. Then, we get a closed form expression for

the gradient using repeated application of the chain rule,

∂Lxy

∂cz
=

∂(− log e−
1
2 d(g(x),cy)

Z(x)
)

∂cz

=
∂(− log e

− 1
2

√
cTy cy−2g(x)T cy+g(x)T g(x)

Z(x)
)

∂cz

=
δyz(1− p(z|g(x)))(cz − g(x))

d(g(x), cz)

+
(1− δyz)p(z|g(x))(g(x)− cz)

d(g(x), cz)

From the gradient update, we see that if sample x belongs to class y, then the up-

dated prototype is shifted in the direction (g(x)− cz), weighted by the misclassification

probability (1− p(z|x)), otherwise it’s shifted in the opposite direction weighted by the

misclassification probability p(z|x).

In both cases, the L2 norm of the gradient is equal to the misclassification probability,

leading to stable gradient updates. Importantly, it is invariant to d(g(x), cz), thus both

inliers and outliers contribute equally. On the other hand, if we use squared Euclidean

distance, it is easy to see that the L2 norm of the gradient is scaled by d(g(x), cz), which

is highly sensitive to outliers. We also verify empirically in Section 3.4.4 that Euclidean

distance outperforms squared Euclidean distance for learning prototypes.

3.3.3 Addressing the Biased Softmax Problem

We show how learning prototypes addresses the biased softmax problem by drawing

a connection with the softmax classifier. We consider below a Prototype classifier based

on the squared Euclidean distance metric:
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−1

2
d(g(x), cy) = −1

2
(g(x)− cy)

T (g(x)− cy)

= −1

2
(cTy cy − 2g(x)T cy + g(x)Tg(x))

Since the term −1
2
g(x)Tg(x) is shared by all classes, it can be ignored. Thus, the

Prototype classifier with squared Euclidean distance metric is a softmax classifier with

weight cy and bias −1
2
cTy cy. Now, we know that softmax can increase or decreases the

norm of its weight terms to account for an imbalanced prior label distribution p(y) [31].

However, the same is not true for the Prototype classifier, because the bias term negates

the gains from increasing or decreasing the norm of the weight term. Due to this coupling

of the weight and bias terms, the Prototype classifier is more robust to imbalanced

distributions and learns equinorm prototypes. We further show in our experiments in

Section 3.4.5 that the learned prototypes are actually very similar in norm.

3.3.4 Channel-Dependent Temperatures

While computing distances for prototype classifiers, it is worthwhile to consider that

all dimensions in the representation space may not have the same distance scale. Specif-

ically, for a large distance along a dimension with high variance may not mean as much

a large distance along a dimension with low variance. Thus, we define the channel-

dependent temperature (CDT) prototype distance function using learnable temperatures

Ti,

dCDT (g(x), y) =

√√√√ d∑
i=1

(g(x)− cy)2i
Ti

(3.4)

A high value of temperature T implies low sensitivity to distances along that dimension,

and a low value implies high sensitivity. Learnable temperatures allow the model to
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learn feature scaling in the distance function. By letting the temperature approach

very high values the model can also filter out potentially harmful features, i.e, feature

selection. Finally, the CDT distance can also be interpreted as a Mahalanobis distance√
(g(x)− cy)TΣ−1(g(x)− cy), where Σ is a diagonal matrix with the temperatures on

the diagonal.

3.3.5 Logit Adjustment for Learning Prototypes

Recent work by [44] suggests that, for a classifier trained on an imbalanced dataset,

it is important to perform an additive adjustment to the logits based on the distribution

prior. Motivated by this strategy, we modify the prototype classifier loss function in

Eq. 3.3 as follows:

Lxy = − log
e−

1
2
d(g(x),cy)+τ ·logNy∑

y′ e
− 1

2
d(g(x,c′y)+τ ·logNy′

(3.5)

Here Ny denotes the number of training samples for class y and τ is a hyperparameter.

Logit adjustment is only done during training and not during inference. It places a higher

penalty on misclassifying tail class samples relative to head classes. Empirical results

show that logit adjustment does yield better results for learning prototype classifiers.

3.4 Experiments

3.4.1 Datasets

We evaluate our proposed method on the following three benchmark long-tailed

datasets:

1. CIFAR100-LT [42]: CIFAR100 consists of 60K images from 100 classes. Following

prior work, we exponentially decay number of training samples and control the
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Algorithm 1: Learning prototype classifier

Require: Pretrained feat reps g(x), class means µy

Require: Class-sizes Ny, logit-adj weight τ , lrs α, β

1 Initialize prototypes cy = µy and temperatures Ti = 1;

2 for j ← 0 to num batches do

3 Sample class-balanced batch (g(xk), yk)batchsizek=1 ;

4 ∀k & ∀y′ compute dCDT (g(xk), cy′) using Eq. 3.6 Compute L =
∑

k Lxkyk

using Eq. 3.7;

5 ∀y′ update cy′ ← cy′ − α∇cy′
L;

6 ∀Ti update Ti ← Ti − β∇Ti
L;

7 end

degree of data imbalance with an imbalance factor β. β = Nmax/Nmin, where Nmax

and Nmin are the maximum and minimum number of training images per class

respectively. Nmax is kept fixed at 500, and we report on three commonly used

imbalance ratios β ∈ [100, 50, 10]. The validation set consists of 100 images per

class and is also used as the test set.

2. ImageNet-LT [32]: This is a long-tailed split of ImageNet. ImageNet-LT has

an imbalanced training set with 115,846 images for 1,000 classes from ImageNet-

1K [65]. The class frequencies follow a natural power-law distribution [39] with

a maximum of 1,280 and a minimum of 5 images per class. The validation and

testing sets are balanced and contain 20 and 50 images per class respectively.

3. iNaturalist-LT [24]: This is a species classification dataset that naturally follows

a long-tailed distribution. There are 8,142 classes, with a maximum of 118,800

images per class and a minimum of 16. The validation set contains 3 images per
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class and is also used as the test set.

3.4.2 Evaluation Protocol

To distinguish the performance of the model on head vs tail classes, we report average

top-1 accuracy on balanced test sets across four splits, Many : classes with ≥ 100 samples,

Med : classes with 20 ∼ 100 samples, Few : classes < 20 samples, and All classes. Since

the test sets are balanced, average accuracy and mean precision are the same.

3.4.3 Implementation Details

We train prototype classifiers on fixed representations from a prior pre-trained model.

Our training pipeline consists of two stages, representation learning followed by prototype

learning. To compare fairly with prior work, we use the same backbone architectures:

ResNet-32 for CIFAR100, ResNeXt50 for ImageNet-LT and ResNet-50 for iNaturalist18.

Representation learning. We train all models end to end with an auxilliary softmax

classifier by minimizing the average cross-entropy classification loss. At the end of train-

ing we discard the softmax classifier. We use instance-balanced data sampling [31] and

regularize model weights using high weight decay [50], which achieves balanced weights in

the feature extractor. We use the SGD optimizer with momentum 0.9, learning rate 0.01

along with cosine learning rate schedule [66] decaying to 0 for all models. For CIFAR100-

LT and ImageNet-LT we train for 200 epochs with batch size 64 and for iNaturalist18

we train for 200 epochs with batch size 512. The weight decay parameter is found using

Bayesian hyperparameter search [67]. We use random cropping and horizontal flipping

for training data augmentation. All our training is done on NVIDIA V100 GPUs.
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(a) (b) (c) (d)

Figure 3.2: Comparison of softmax and prototype norms. L-R: a) Class size vs index,

b),c) and d): Norm of softmax classifer, centroids and prototypes vs class index respec-

tively on CIFAR100-LT. Classes are sorted according to decaying class size. Prototype

classifier achieves balanced norms, in contrast to the biased softmax classifier and the

imbalanced centroid norms.

Prototype learning. We freeze representations and compute empirical centroids to

initialize the class prototypes. We minimize the average logit-adjusted cross entropy loss

with logit-adjustment weight τ = 1/4. We train for 1 epoch with class-balanced sampling,

set prototype learning rate 4, CDT learning rate 0.005 and use the SGD optimizer with

momentum 0.9. We also use random cropping, horizontal flipping, Autoaug [68] and

Cutout [69] for data augmentation.

3.4.4 Ablation Study

Model components. The benefits gained by adding different components to our Pro-

totype classifier (PC) are investigated in an ablation study over CIFAR100-LT with im-

balance ratio 100, shown in Table 3.1. We make several observations: (i) NCM, which is

a special case of our model where the empirical centroids are used as class prototypes, i.e

cy = 1
Ni
g(x), makes considerable gains above softmax, boosting All accuracy from 46.12

to 48.67 and Few accuracy from 11.34 to 14.13. NCM does not suffer from classifier norm
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(a) (b)

Figure 3.3: Evolution of prototypes during training. a) The average Euclidean distance

between prototypes vs number of training iterations. b) The average cosine similarity

between prototypes vs number of training iterations, a lower value implies higher angular

separation. We compare across pairs of All-All, Head-Head, Head-Tail and Tail-Tail class

prototypes. Euclidean and angular separation increase monotonically. Tail-Tail classes

have smaller separation than Head-Head, which is due to the Minority Collapse effect in

imbalanced training.

correlation to class size like softmax and can do better even without any learning. (ii)

Prototype classifier (PC) lifts us above NCM significantly, achieving 4% improvement on

All accuracy and 10% improvement on Few accuracy. Thus, learning prototypes gives

a far superior nearest-prototype model than simply using the class-centroids as done by

previous work. (iii) Adding channel dependent temperatures (CDT) to PC further im-

proves the results by 0.5% on All accuracy and 4% on Few accuracy. CDT enhances

the model by effecting distinct distance scales for all the features. (iv) Logit adjustment

(LA) further improves results for PC. By combining both CDT and LA to PC we’re

able to gain 1% and 9% improvements over the baseline PC in All and Few accuracies
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Method Many Med Few All

Softmax 76.12 46.13 11.34 46.12

NCM 76.54 50.40 14.13 48.67

PC 74.00 55.17 24.50 52.56

+ CDT 70.77 55.29 28.63 53.06

+ LA 69.29 54.63 32.67 53.17

+ CDT + LA 70.17 55.89 33.93 53.41

Table 3.1: Ablation study for CIFAR100-LT with imbalance ratio 100. NCM, PC, CDT

and LA refer to Nearest-Class-Mean, Prototype classifier, Channel-dependent Temper-

ature and Logit adjustment respectively. NCM alone with class centroids outperforms

Softmax. PC via learning prototypes outperforms NCM by 4% on All accuracy. Adding

CDT and LA further yields 1% improvement in All accuracy.

respectively. In the remainder, PC refers to our best model PC + CDT + LA.

Distance metrics. We experiment with different distance metrics for the Prototype

classifier, particularly (a) Euclidean distance from Eq. 3.2, (b) Squared Euclidean distance

and (c) Cosine distance: d(g(x), cy) = 1 − g(x)T cy
∥g(x)∥∥cy∥ . The results on CIFAR100-LT are

depicted in Table 3.2. We make some important observations: (i) Squared euclidean

distance does considerably worse, with All accuracy dropping by more than 30%. This

agrees with our theoretical analysis that the Squared euclidean distance is highly sensitive

to outliers for learning prototypes. (ii) Cosine distance underperforms Euclidean distance

on All and Tail accuracy. This suggests that the geometry of the representation space is

closer to Euclidean and not hyperspherical.
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Method Many Med Few All

Softmax 76.12 46.13 11.34 46.12

PC + Euclidean 70.17 55.89 33.93 53.41

PC + Squared Euclidean 39.89 21.77 8.10 24.01

PC + Cosine 72.94 54.80 24.77 52.14

Table 3.2: Effect of different distance metrics in learning prototypes on CIFAR100-LT.

Euclidean distance outperforms Squared Euclidean and Cosine distance. Note the really

bad performance of Squared Euclidean, which agrees with our theoretical analysis that

its prone to outliers.

Feature backbones. Since Prototype classifier is agnostic to the feature backbone

used to generate representations, we experiment with various representation learning

and classifier learning schemes from the LTR literature. Particularly, we use CE, DRO-

LT [45] and WD [50] as pre-trained feature backbones. For classifier learning, we use CE,

cRT [31], WD + MaxNorm [50] and Prototype classifier (PC). The results on CIFAR100-

LT are depicted in Table 3.3. We observe that Prototype classifier outperforms the com-

peting classifier learning schemes for all the different feature backbones, thus showing

that the performance gain is agnostic to the choice of backbone. Our best results are ob-

tained using the WD baseline, which applies strong weight decay for regularizing feature

weights.

3.4.5 Prototype Norms

To understand the advantage of prototype classifier over softmax, we plot the norm

of softmax classifier, empirical centroids and learned prototypes In Fig. 3.2. We recover
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Classifier learning

Representation

Learning

CE cRT WD +

MaxNorm

PC (Ours)

CE 38.3 41.3 43.4 44.1

DRO-LT 41.2 47.3 47.8 48.2

WD 46.1 50.1 53.3 53.4

Table 3.3: Effect of different representation and classifier learning schemes for CIFAR100-

LT. PC outperforms competing classifier learning schemes for all different backbones.

the correlation of classifier norm to class size for softmax, as shown by prior work. For

empirical centroids, it is interesting to see that this correlation does not hold; however

the centroid norms are far from balanced. After learning the prototypes, we see that

the norms become more balanced, with a slight favor towards the head classes. Since

higher norm implies a negative bias in the prototype classifier, this actually favors the

tail classes slightly.

3.4.6 How Do Prototypes Evolve During Training?

We are interested in the evolution of the class prototypes as training proceeds. Par-

ticularly, we seek to know the average separation in terms of Euclidean distance, as well

as the average cosine similarity between the class prototypes. In Fig. 3.3, we plot the

average of these values between pairs of All-All classes, Head-Head classes, Head=Tail

classes and Tail-Tail classes. The average distance increases monotonically for all the

pairs. The separation between Head-Head classes is greater than Tail-Tail classes. Sim-

ilarly, the average cosine similarity decreases monotonically for all the pairs, therefore
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the angular separation increases. There is higher angular separation between Head-head

classes over Tail-Tail classes. Thus, the prototype classifier learns prototypes that are

better separated than the empirical centroids, leading to lower classification error using

the nearest-prototype decision function. It also mitigates Minority Collapse, wherein

Minority Class means collapse towards the same point [70].

3.5 Comparison to State-of-the-Art

Compared methods. We compare against recently published and relevant methods

in the LTR field. We choose representative models from the different solutions spaces- (i)

data reweighting: Classifier retraining (cRT) [31] and DisAlign [71], (ii) loss reshaping:

Focal loss [62], Label-distribution aware margin (LDAM) loss [42] and Logit-adjustment

loss [44], (iii) Ensemble-based models: RIDE [47], (iv) Self-supervised contrastive learn-

ing: DRO-LT [45] and PaCO [64], and (v) Weight Regularization: WD, and WD + WD

+ Max [50].

Results. Our results on CIFAR100-LT, ImageNet-LT and iNaturalist18 are reported

in Table 3.7, Table 3.8 and Table 3.9 respectively. The numbers of compared methods

are taken from their respective papers. Prototype classifier outperforms the prior state-

of-the-art methods DRO-LT, DisAlign etc. on all imbalance ratios in CIFAR100. We

outperform WD + WD + Max, with whom we share the weight decay tuned baseline WD,

on all three benchmark datasets. For ImageNet-LT, Prototype classifier outperforms all

prior state-of-the-arts on Tail and All accuracy except models with “bells and whistles,”

particularly RIDE, which learns and fuses multiple models into an ensemble. A similar

conclusion can be derived on iNaturalist18, where our results rival prior state-of-the-arts,

except the ensemble model RIDE, and PaCO, which uses self-supervised pre-training and
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aggressive data augmentation techniques [72, 73]. However, since Prototype classifier is a

classifier layer that can be applied to any feature backbone, our method is complimentary

to ensembles and self-supervised pre-training. We leave this exploration for future work.

3.6 Takeaways

In this chapter, we studied Prototype classifiers to address the biased softmax softmax

problem for long-tailed recognition. Prototype classifiers do not suffer from the biased

softmax problem of correlating classifier norm to class size. This is because they rely

on distances to learnable prototypes in representation space instead of dot-product with

learnable weights, which leads to a coupling of the weight and bias terms. Our theoretical

analysis shows that Euclidean distance is stable for gradient-based optimization, and this

is confirmed empirically. We further enable independent distance scales in the prototype

distance function using channel-dependent temperatures. Our results on four benchmark

long-tailed datasets show that Prototype classifier outperforms or is comparable to the

prior state-of-the-art. Moreover, experiments reveal that the learned prototypes are

equinorm and are much better separated in representation space than centroids.

3.7 Extended Empirical Analysis

3.7.1 Dataset statistics

We detail the dataset statistics for the three benchmark long tailed recognition

datasets in Table 3.4.

35



Learning on Imbalanced Distributions Chapter 3

(a) (b) (c)

Figure 3.4: L-R: a) Effect of the prototype learning rate on CIFAR100-LT. b) Effect of

the number of training epochs on CIFAR100-LT. c) Effect of the logit-adjustment weight

τ on CIFAR100-LT.

3.7.2 More training details

We mention here a few more pertinent training details. The prototype learning is

most optimal with high prototype learning rate. The effect of the prototype learning

rate is shown in Fig. 3.4a. Further, we find that training for 1 epoch is enough. The

effect of training epochs is shown in Fig. 3.4b. Training beyond 1 epoch leads to lower

validation accuracy. Thus, the prototype learning has very fast convergence and is quick

to train.

3.7.3 Temperature schemes

We discuss here some other temperature schemes for learning prototypes. Apart

from Channel-dependent temperatures, we also experiment with Class-dependent tem-

peratures. We vary the temperature according to class, allowing for different distance

scales specific to the local neighborhood of the class. Specifically, we only allow a per-class
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Dataset Attribute Many Medium Few All

CIFAR10-LT (Imba 100)
Classes 8 2 0 10

Samples 12273 133 0 12406

CIFAR100-LT (Imba 100)
Classes 35 35 30 100

Samples 8824 1718 305 10847

CIFAR100-LT (Imba 50)
Classes 41 40 19 100

Samples 10331 2008 269 12608

CIFAR100-LT (Imba 10)
Classes 70 30 0 100

Samples 17743 2130 0 19573

ImageNet-LT
Classes 391 473 136 1,000

Samples 89,293 24,910 1,643 115,846

iNaturalist18
Classes 842 4076 3599 8,142

Samples 433,806 258,340 133,061 437,513

Table 3.4: Statistics for training data in CIFAR10-LT, CIFAR100-LT, ImageNet-LT and

iNaturalist18.

temperature Ty:

dClass(g(x), y) =

√√√√√ d∑
i=1

(g(x)− cy)2i

Ty

(3.6)

Secondly, we also experiment with Dense temperatures, allowing different temperature

scales per-class as well as per-channel Tyi:

dDense(g(x), y) =

√√√√ d∑
i=1

(g(x)− cy)2i
Tyi

(3.7)
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The three schemes, Channel temps, Class temps and Dense temps are compared in Ta-

ble 3.5. We find that both Class temps and Dense temps have similar results and un-

derperform Channel temps. We hypothesize this is because Channel-temps encourage

knowledge transfer from Many to Few shot classes by enabling globally shared feature

selection.

Method Many Med Few All

PC 74.00 55.17 24.50 52.56

+ Channel T 70.77 55.29 28.63 53.06

+ Class T 72.33 54.83 25.62 52.47

+ Dense T 71.28 54.77 24.11 52.17

Table 3.5: Effect of different temperature schemes learning prototypes, i.e Channel-

dependent Temperature, Class-Dependent and Dense temperatures respectively, on

CIFAR100-LT. Channel-dependent does the best.

3.7.4 Effect of logit adjustment weight

In Fig. 3.4c, we study the effect of the logit adjustment weight on the different per-

formance metrics. We observe a clear trade-off between Few accuracy on one hand and

All, Many and Med on the other, with higher weight favoring Few. Consider that the

logit adjustment logNy leads to a higher loss on tail classes during the optimization pro-

cess. Therefore, increasing the weight parameter leads to tail loss being over-emphasized

during training and causing lower tail class error at the price of higher head class error.

We choose τ = 1/4 as the optimal weight achieving good accuracy across the spectrum.
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3.7.5 Results on CIFAR10-LT

The results for CIFAR10-LT with imbalance ratio 100 are depicted in Table 3.6. The

results are similar to CIFAR100-LT, we surpass the competing state-of-the-art methods

cRT [31], LDAM [42], DRO-LT [45], and WD + WD + Max [50].

All

CE 72.1

cRT 73.5

LDAM 77.03

DRO-LT 82.6

WD 78.6

WD + WD + Max 82.9

NCM 80.1

PC (Ours) 83.7

Table 3.6: Comparison to state-of-the-art on CIFAR10-LT with imbalance ratio 100.

Prototype classifier achieves superior results.
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Imbalance ratio 100 50 10

CE 38.32 43.85 55.71

Focal Loss 38.41 44.32 55.78

LDAM Loss 39.60 44.97 56.91

cRT 41.24 46.83 57.93

LogitAdjust 42.01 47.03 57.74

DRO-LT 47.31 57.57 63.41

PaCO 52.00 56.00 64.20

RIDE 49.10 - -

WD 46.08 52.71 66.03

WD + WD + Max 53.35 57.71 68.67

NCM 48.67 53.62 67.82

PC (Ours) 53.41 57.75 69.12

Table 3.7: Comparison to state-of-the-art on CIFAR100-LT. Prototype classifier achieves

superior results across all imbalance ratios.
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Many Med Few All

CE 65.9 37.5 7.7 44.4

Focal Loss 36.41 29.9 16.0 30.5

cRT 61.8 46.2 27.3 49.6

DRO-LT 64.0 49.8 33.1 53.5

DisAlign 61.3 52.2 31.4 52.9

WD 68.5 42.4 14.2 48.6

WD + WD + Max 62.5 50.4 41.5 53.9

NCM 62.0 48.7 27.6 50.1

PC (Ours) 63.5 50.8 42.7 54.9

SOTA with “bells and whistles”

RIDE 67.9 52.3 36.0 56.1

PaCO 63.2 51.6 39.2 54.4

Table 3.8: Comparison to state-of-the-art on ImageNet-LT. We outperform all prior

state-of-the-art with single models and no self-supervised pretraining or aggressive data

augmentation.
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Many Med Few All

CE 72.2 63.0 57.2 61.7

Focal Loss - - - 61.1

cRT 69.0 66.0 63.2 65.2

DRO-LT - - - 69.7

DisAlign 69.0 71.1 70.2 70.6

WD 74.5 66.5 61.5 65.4

WD + WD + Max 71.2 70.4 69.7 70.2

NCM 61.0 63.5 63.3 63.1

PC (Ours) 71.6 70.6 70.2 70.6

SOTA with “bells and whistles”

RIDE 66.5 72.1 71.5 71.3

PaCO 69.5 72.3 73.1 72.3

Table 3.9: Comparison to state-of-the-art on iNaturalist18. We outperform all prior

state-of-the-art with single models and no self-supervised pretraining or aggressive data

augmentation.
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Chapter 4

Network Perturbation for Viral

Marketing

4.1 Introduction

Figure 4.1: An illustration of viral marketing [20], where customers themselves carry out

the promotional effort through referrals.

Viral marketing is a highly significant strategy used to maximize the adoption of

products [74, 20], through diffusion in a social network of users [75]. This process is de-
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picted in Fig. 4.1. Prior work is based mainly on postulated network propagation models

of viral phenomena that focus on static topologies and ignore node attributes [76]. Fur-

thermore, while finding the influential seed set has been extensively studied, the problem

of making “dynamic” topological and attribute perturbations to maximize spread from

adopters to non-adopters has not been addressed.

Instead of designed/postulated network propoagation models, we adopt data-driven

models, specifically non-linear Graph Neural Networks (GNNs) [16, 77] to learn a prop-

agation model directly from attributed network data, and then use it to forecast future

states of the spread after the network is perturbed. We train a GNN model on the initial

state of the attributed network to learn a data-driven mapping from user attributes and

neighborhood to its adoption label. Thereafter, the GNN parameters are fixed and the

decision boundary of the GNN is used to identify adopters and non-adopters after the

network is perturbed. This self-labeling technique allows us to study the effect of per-

turbations on user adoption by alleviating the issue of data scarcity regarding users with

unseen combinations of attribute and neighborhoods.

In order to model the effect of perturbations, we propose a realistic model that can

be used to strategically accelerate spread from adopters to non-adopters. The attributed

networks we consider are unweighted, undirected graphs with binary node attributes

and labels, where states of both attributes and labels correspond to the adoption of

marketable products. Accordingly, at any given time, (a) new edges can be added only

between adopters and non-adopters, as in referral marketing [78], and (b) adopters can

further adopt similar products or products by flipping corresponding attributes from 0

to 1, as in joint or co-marketing [79].

The resulting Dynamic Viral Marketing (DVM) problem seeks to find the minimum

budget and minimal dynamic perturbation set to attain a spread goal. We show that

DVM is NP-Hard and relate it to the Influence Maximization (IM) problem [76]. Similar
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to IM under the linear threshold model, nodes in DVM flip when the sum of incoming

influence edge weights exceeds the node’s adoption threshold. Despite the similarity, the

two problems are different as incoming influence edge weights and node thresholds in

DVM are dynamic and governed by the underlying GNN propagation model.

Motivated by the connection of IM to DVM, we develop the Dynamic Gradient In-

fluencing (DGI) framework to solve the DVM problem. DGI unrolls in discrete steps;

each step involves flipping a non-adopter node that has the lowest budget and maxi-

mum downstream influence. We use gradient-guided node flipping to find the required

dynamic perturbations. We develop an efficient node flipping budget computation ap-

proach using bisection search to maintain node budgets at each step. To estimate a node’s

downstream influence, we develop the gradient based “Meta Influence” heuristic and the

corresponding “Meta Attribute Flips” to increase the potency of edge perturbations.

Our contributions are as follows:

• We propose the novel Dynamic Viral Marketing (DVM) problem to find the min-

imum budget and a minimal dynamic perturbation set to attain a spread goal; a

non-linear GNN acts as the propagation model and perturbations are restricted by

referral and co-marketing constraints. We show DVM is NP-Hard and connect it

to influence maximization.

• We develop the Dynamic Gradient Influencing (DGI) framework that targets low

budget and high influence non-adopters, using (a) efficient budget computation,

and (b) a novel Meta Influence heuristic with Meta Attribute Flips.

• We comprehensively evaluate DGI on 3 real-world attributed networks and show

gains of 24% on budget and 37% on AUC over multiple baselines. Further, we

extensively analyze cascade patterns created by DGI and intermediary nodes.
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4.2 Related Work

Models for Network Diffusion The modeling of the diffusion of innovations in a

network through the process of social contagion is a long studied topic [6]. [26] developed

a threshold based model of collective behaviour where individuals are influenced by the

proportion of others who come to a particular decision. [75] studied a coordination game

of direct benefits from aligning choices with neighbors in a social network. In epidemiol-

ogy, the spread of biological disease is studied using probabilistic transmission models of

Susceptible, Infected and Recovered (SIR) individuals [4]. The use of the network value

of customers for marketing was first explored in [74, 20]. Consequently, Influence Max-

imization (IM), the problem of finding the most influential seed set for viral marketing

has been studied extensively [76, 14, 80]. Dynamic Viral Marketing lies within the broad

class of spreading network processes and we show how it is connected to IM.

Graph Neural Networks Graph Neural Networks (GNN) are message passing neural

networks that operate on attributed networks and have shown great success in problems

such as node classification, link prediction, recommendation systems, and community

detection. Various GNN architectures have been proposed since their first inception—

Graph Convolutional Networks [16], GraphSAGE [35], Graph Attention Networks [17],

Simplifying Graph Convolutional Networks [18]. We refer the reader to [81] for an

extensive survey of graph neural networks. We use GNNs as the underlying propagation

model for Dynamic Viral Marketing.

Gradient-based Network Optimization Gradient-based network optimization is

used in many combinatorial network optimization problems. In the context of adversar-

ial attacks on GNNs, perturbations are made using gradient optimization on the input

network structure to reduce the accuracy of a GNN classifier [82, 83, 84]. Global attacks
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with dynamic budget adjustment for Topology PGD [84] are considered by [85]. In [86],

reinforcement learning policies are optimized to solve Maximum Coverage, Vertex Cover,

and Influence Maximization problems on networks. In [87], graph neural networks are

optimized to create graph embeddings and predict influence of nodes for solving Influence

Maximization. We use gradient-based network optimization within the DGI framework.

(a) Initial State (b) Referral flip (c) Co-marketing flip

Figure 4.2: Overview of the Dynamic Viral Marketing (DVM) problem. At each time

step, adopters and non-adopters in an attributed user network are specified using a GNN

classifier. Referral and co-marketing perturbations accelerate spreading from adopters to

non-adopters. DVM seeks to find the minimum budget and dynamic perturbation set to

attain a spread goal.

4.3 Preliminaries

Consider a graph G = (A,X), with the associated adjacency matrix A ∈ {0, 1}n×n

and node attribute matrix X ∈ {0, 1}n×d respectively, and node labels Y ∈ {0, 1}n.
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We refer to the associated node-ids as V = {1, . . . , n}. We denote the node feature

xv ∈ {0, 1}d, and the node label yv ∈ {0, 1}. The set of adopters and non-adopters is

denoted as S and D respectively. For convenience, we denote the sub-matrix of A defining

node connectivity from a set of nodes S to a set of nodes D as AS,D, the sub-matrix of

X containing features for a set of nodes S as XS, and the vectors of ones and zeros as 1

and 0 respectively. We denote the weights on edge and feature perturbations as PA and

PX respectively. The gradient scores on edge and feature perturbations are denoted by

P̂A and P̂X respectively. For a dynamic network, the superscript t is used to indicate the

variable at time t; we drop the superscript if it’s clear from the context.

We consider the large family of graph neural networks [16, 35] to construct layerwise

hidden representations and finally output classifier logit scores Z ∈ Rn×2. For an L-layer

GNN,

Hl = σ(ÂWlHl−1),

H0 = X, Z = HL

where Wl refers to the learnable GNN parameters at layer l, σ is a nonlinear activation,

and Â is the GNN propagation matrix. For Graph Convolutional Networks (GCN) [16],

Â = ∆̄− 1
2 Ā∆̄− 1

2 , where Ā = A + I and ∆̄ is the associated degree matrix. For Graph-

SAGE [35] with mean pooling, Â = ∆̄−1Ā. The predicted labels y′v ∈ {0, 1} for each node

v ∈ V are given by the class with the maximum logit score. In typical semi-supervised

learning for node classification, referred to as transductive learning, the GNN parameters

W are learned by minimizing the cross-entropy classification loss,

Ltr(v) = − log σ(zv)yv (4.1)

where zv denotes logit scores for node v and σ the softmax function.

48



Network Perturbation for Viral Marketing Chapter 4

4.4 Dynamic Viral Marketing Problem

In this section, we present the problem of viral marketing [20, 74] in the context of

dynamic changes for accelerating the adoption of products by customers. Specifically, we

consider a dynamic marketing scenario with the following salient properties:

1. Referral marketing : Companies incentivize people who arere already using their

product to refer it to others; adopters make new connections in the network to

non-adopters.

2. Co-marketing : Companies partner with other companies or jointly market a group

of products; people who adopt the target product likely adopt similar products and

vice versa.

Formally, consider Gt = (At, X t, Y t), a series of undirected, unweighted, and dynamic at-

tributed networks, observed at time steps t = 1, . . . , T , where At represents the adjacency

matrix defining node connectivity, X t represents a binary node feature matrix containing

adoption labels for related products, and Y t represents the binary adoption labels for the

target product. We assume that adoption labels are given by Y t = f(At, X t, Y 0), where

f() is a general propagation model that governs diffusion of the initial labels Y 0 using

network structure and attributes at time t. The sets of adopters and non-adopters at

time t are denoted by St and Dt respectively,

St =
∑
v

1[ytv = 1], , Dt =
∑
v

1[ytv = 0] (4.2)

The final spread, σ() in the network at time T is given by,

σ(GT ) = |ST |. (4.3)

Due to the representation learning ability of graph neural networks (GNNs) [77, 16,

88, 89] through the propagation of feature and label information, we use them as our
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propagation model f(). Specifically, a GNN fθ is trained on the initial network G0 and

its parameters θ are then fixed. The GNN uses both structure and feature information to

yield a decision boundary between adopters and non-adopters; the marketing objective

is to flip nodes from non-adopters to adopters. Thereafter, we use self-labeling : the

predictions from the GNN on Gt yield adoption states Y t. Therefore, both our seed

nodes, Y 0, and our propagation model, f(), are data-driven.

The dynamic network transitions are constrained as follows:

• Referral marketing : Edge insertions can be made only between St−1 and Dt−1 at

time t− 1; total cost of structural changes is |At − At−1|.

• Co-marketing : Features of nodes in St−1 can flip from 0 to 1 at time t − 1; total

cost of attribute changes is |X t −X t−1|.

As all the changes are made incrementally, the total cost incurred is given by |AT −A0|+

|XT −X0|.

Dynamic Viral Marketing (DVM) : We now state the DVM optimization problem

of finding the minimum budget, µ(), and a minimal set of changes to reach a spread ϕ,

arg-min
A1,...,AT ,X1,...,XT

σ(GT ) ≥ ϕ, (4.4)

µ(ϕ,G0) = |AT − A0|+ |XT −X0|. (4.5)

Fig. 4.2 depicts the DVM problem schematically. Note that while the total budget is a

function of the final adjacency and feature matrices, to solve the DVM problem a se-

quence of structural and attribute changes under the referral and co-marketing contraints

are required. Furthermore, while we use a uniform cost model on edge and attribute per-

turbations, the problem can be extended to bespoke settings by using edge-specific and

attribute-specific costs.
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Figure 4.3: Overview of the Dynamic Gradient Influencing (DGI) framework. DGI picks

candidate nodes to flip using Node Flipping Budget Compute, which involves gradient

sorting along with bisection search, hashing and affected set estimation. The gradient-

based Meta Influence Heuristic is used to tiebreak among least budget candidate nodes,

as well as thresholding for Meta Attribute Flips that enhance node potency. Red lines

and circles indicate candidate perturbations.

Theorem 4.1 The decision version of the Dynamic Viral Marketing (DVM) problem is

NP-Hard.

Proof: Consider an instance of the NP-hard Knapsack problem, defined by a max-

imum value V , a maximum weight W , and a set of n items X = {(v1, w1), . . . , (vn, wn)}

where vi and wi denote the ith item’s value and weight respectively. The decision problem

is whether there exists a subset of items Z ⊂ X with total weight
∑

i∈Z wi ≤ W and

total value
∑

i∈Z vi ≥ V . We show that this problem reduces to the decision problem of

DVM.

Given an arbitrary instance of the Knapsack problem, consider a star network with

node t at the center which is connected to n nodes si and another n nodes ti. Each si

is in turn connected to two other nodes bi and ci. The initial labels on t, si, ti are 0 and
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that on bi, ci are 1. Each node has one feature that is initially 1− wi at bi, V − 1 at ci,

vi at si and V at t. The cost of changing the feature at a node bi from a value of 1− wi

to 1 is wi. The feature values are held constant at all other nodes. The GNN classifier

parameters are tuned such that the prediction on a node flips from 0 to 1 when the sum

of its neighborhood features at nodes labeled 1 is at least V . The situation is depicted

in Fig. 4.4.

Figure 4.4: Star network used in the proof.

Note that at a cost of wi, the feature

at node bi can be set to 1. This causes the

label at si to flip. If there is a subset Z of si

nodes whose labels are 1 with Σi∈Zvi ≥ V

then the label on t will also flip to 1. This

will then cascade to flips at all the n nodes ti.

Thus, if there is a solution to the Knapsack problem then there is a spread of size

≥ n+ 1 with a cost ≤ W . Similarly, if there is a spread of size ≥ n+ 1 with a cost ≤ W

then node t must have flipped implying that there is a subset of si nodes with label 1

and whose features add up to at least V . This subset of si nodes must have flipped due

to the features of the corresponding bi nodes being incremented by wi. The sum total of

these increments is bounded by W , thus leading to a solution to the Knapsack problem.

4.4.1 Relating DVM to Influence Maximization

We draw an interesting connection between DVM and the related problem of influence

maximization (IM) [76]. Consider the linear threshold propagation model [26], where

nodes i ∈ [n] randomly choose a threshold θi ∈ [0, 1] and incoming influence edge weights

Ii,j such that ∀i,
∑

j Ii,j ≤ 1. The propagation unfolds in discrete time steps—if the set of
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active nodes at any given step is S, then an inactive node becomes active if the following

constraint is satisfied: ∑
j∈S

Ii,j ≥ θi. (4.6)

While the objective in IM is to find a set of seed nodes for maximizing spread, we instead

search for a sequence of dynamical changes to maximize spread. Despite the difference,

given the set of adopters St−1 at step t− 1, the criterion for a node to flip in DVM has

a similar form as Eq. 4.6. Suppose that the L-layer GNN fθ has the associated L-step

random walk propagation matrix M . Then the following theorem holds,

Theorem 4.2 Let the vector εtj = xt
j − xt−1

j denote the change in the feature of node j

from time t − 1 to t. Further, let the matrix ξ = M t −M t−1 denote the change in the

L-step random walk matrix M from time t − 1 to t. Then the dynamic threshold and

influence edge weights for node i to flip at time t according to the criterion in Eq. 4.6

are given by:

θti = zt−1
i,0 − zt−1

i,1 (4.7)

I ti,j = M tαT εtj + ξti,jα
Txt−1 (4.8)

where α is a vector which depends on the parameters θ of the GNN.

Proof: Consider an L-layer GNN without non-linearities. Then the criterion to flip

node i at time t can be expressed in terms of the L-step random walk matrix M and the

weights Wl,

∑
j∈N(i)

M t
ijw

T
L,1W̄xt

j >
∑

j∈N(i)

M t
ijw

T
L,0W̄xt

j (4.9)

where wL,1 and wL,0 represents the final layer classifier vectors for the two classes,

and W̄ =
∏L−1

i=1 Wl is the combined feature transform of the first L− 1 layers.
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The criterion can be equivalently written as,

∑
j∈N(i)

[M t
ijw

T
L,1W̄ (xt

j − xt−1
j ) + (M t

ij −M t−1
ij )wT

L,1W̄xt−1
j

+ M t−1
ij wT

L,1W̄xt−1
j ] >∑

j∈N(i)

[M t
ijw

T
L,0W̄ (xt

j − xt−1
j ) + (M t

ij −M t−1
ij )wT

L,0W̄xt−1
j

+ M t−1
ij wT

L,0W̄xt−1
j ] (4.10)

Rearranging terms,

∑
j∈N(i)

[M t
ij(w

T
L,1 − wT

L,0)W̄ (xt
j − xt−1

j )

+ (M t
ij −M t−1

ij )(wT
L,1 − wT

L,0)W̄xt−1
j ] >∑

j∈N(i)

M t−1
ij wT

L,0W̄xt−1
j −

∑
j∈N(i)

M t−1
ij wT

L,1W̄xt−1
j (4.11)

Denoting α = W̄ T (wL,1−wL,0), and observing that the right hand side is the logit margin

at time t− 1, the above simplifies to,

∑
j∈N(i)

[M t
ijα

T ϵtj + ξti,jα
Txt−1] > zt−1

i,0 − zt−1
i,1 (4.12)

Intuitively, the dynamic node threshold depends on its logit margin, and the dynamic

influence edge weights depend on both the feature change εj and the random walk prop-

agation change ξi,j. Theorem 4.2 suggests that budget should be spent on changes which

contribute most to the incoming influence weights and push the node just beyond its

threshold.
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4.5 Dynamic Gradient Influencing Framework

Motivated by the criterion for node flipping in Thm. 4.2, that the sum of the dynamic

influence edge weights must exceed the dynamic node threshold, we develop the Dynamic

Gradient Influencing (DGI) framework to solve the DVM problem. DGI uses Gradient-

Guided Node Flipping (c.f. Sec. 4.5.1), to flip a particular candidate node in each step.

At each step t, the candidate node to flip, vt, is given by:

arg-max
v∈N

I t(v), where N = arg-min
w∈D

Bt(w) (4.13)

where Bt(w) denotes the budget required to flip node w, and I t(v) denotes the Meta

Influence of node v. In other words, we choose the node with the least budget to flip

and the highest Meta Influence. Using our novel Node Flipping Budget Computation

algorithm (c.f. Sec. 4.5.2) candidate nodes are picked in order of lowest budget first.

Further, we develop a novel Meta Influence heuristic (c.f. Sec. 4.5.3) for tiebreaking

between equal budget candidates and thresholding for Meta Attribute Flips. We use

Meta Attribute Flips to enhance a flipped node’s downstream edge influence. Sec. 4.8.5

details DGI’s asymptotic running time complexity. The complete DGI pipeline is depicted

in Fig. 4.3, and the algorithm can be found in Alg. 3.

4.5.1 Gradient-Guided Node Flipping

In DGI, the core functionality for flipping nodes is accomplished through gradients on

the restricted set of perturbations arising from the referral and co-marketing constraints

of DVM. Specifically, the only changes that can happen to the adjacency matrix A and

feature matrix X are restricted to the submatrices AS,D and XS respectively. Therefore,
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we define:

At
S,D = At−1

S,D + P t
A ◦ (11T − At−1

S,D), At
D,S = (At

S,D)T (4.14)

X t
S = X t−1

S + P t
X ◦ (11T −X t−1

S ) (4.15)

where P t
A and P t

X represent the weights on the edge and feature perturbations, S = St−1

and D = Dt−1, and ◦ denotes the Hadamard product. We initialize P t
A = 00T and

P t
X = 00T .

While it is an NP-Hard combinatorial optimization problem to find the minimal

perturbation that flips a node, given that the adjacency and feature matrices are both

discrete, first-order gradients work well enough in practice to find the required perturba-

tions [82, 84]. We consider the negative cross-entropy loss as our flip loss for the chosen

candidate node v ∈ D:

Lt
flip(v) = log σ(zt−1

v )0. (4.16)

Note that yv = 0 for non-adopters and yv = 1 for adopters. We then compute non-

negative gradient scores on edge perturbation weights, P̂ t
A, and feature perturbation

weights, P̂ t
X , with respect to the flip loss:

P̂ t
A = max

([
∂Lt

flip(v)

∂P t
A

]
, 0

)
, P̂ t

X = max

([
∂Lt

flip(v)

∂P t
X

]
, 0

)
. (4.17)

We only compute the gradients once for all the perturbations. While it is possible to

recompute gradients after every perturbation [82], we find that this is not that necessary

to find the minimal set of perturbations. Moreover, as shown later, by merging and

sorting the perturbations using the gradients, we can find the minimal perturbation

set and minimum budget efficiently. Finally, suppose the minimum budget required to

convert v is B(v), then we find the top-B(v) indices in the union of edge and feature
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perturbations:

P̂ t = sort(merge(P̂ t
A, P̂

t
X)) (4.18)

itA, i
t
X = argtop-kk=B(v) P̂ . (4.19)

Using the index sets itA and itX we can make the updates to the network to convert v:

[At
S,D]itA ← 1, At

D,S ← (At
S,D)T (4.20)

[X t
S]itX ← 1. (4.21)

4.5.2 Node Flipping Budget Computation

The budget needed to flip a node v depends on both the logit margin in Eq. 4.7 and

the node’s degree deg(v) [90, 91]. In the adversarial attack framework, the practice is to

set the node budget equal to its degree for local attacks [91], or choose a loss function

which orders gradients in order of nodes closer to the decision boundary for global attacks

[90]. However, due to the budget minimizing objective of DVM, we need to compute the

budget precisely and pick candidate nodes that need the least budget.

Therefore, to compute the minimum budget Bt(v) that converts node v, we use the

bisection method [92, 93]. For each node, we compute the sorted gradients, P̂ in Eq. 4.19

once and run bisection search over these gradients to find the minimal set of perturbations

required to convert v. We initialize the lower and upper bound for search as 0 and deg(v),

the degree of v, respectively. Thereafter, the upper bound is doubled until it is sufficient

to convert v. We set the maximum upper bound equal to the maximum node degree of

the network. After fixing the upper bound, bisection search repeatedly halves the search

interval by checking feasibility of conversion at the midpoint of the interval and converges

logarithmically.

We observe that other nodes also flip due to the same structure or attribute changes

made for flipping a candidate node. Therefore, to choose the best candidate, we update
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the budget:

Bt(v)← Bt(v) + (|St−1| − |St
v|) (4.22)

where St
v is the set of adopters at time t if node v is selected as the candidate node to

flip. Thus, Bt(v) represents both the node flipping budget and the ”collateral damage” to

other nodes from flipping it. Therefore, if a node with more budget causes high collateral

damage it is preferable to a node with a lesser actual budget.

Since budgets need to be recomputed for all non-adopters at every step, we make

the algorithm faster by hashing node budgets and only recomputing budgets for nodes

whose budget has changed. The recompute set Rt is defined as the set of nodes whose

logit scores changed in the previous time step:

Rt = {v|v ∈ Dt, ztv ̸= zt−1
v }. (4.23)

For nodes whose logit scores are unchanged the actual budget might still change slightly,

but for the purposes of picking the best candidate node we ignore these small changes.

The entire algorithm for budget computation can be found in Alg. 2.

4.5.3 Meta Influence Using Meta Attribute Flips

Due to the dynamic sequence of changes involved in spreading product adoption in

DVM, first-order gradients in Eq. 4.17 are insufficient to capture the long-range effects of a

perturbation. While the flipping budget is minimized at each step, we need to characterize

nodes that have high influence so that adoptions can cascade sequentially. Therefore, we

develop the Meta Influence heuristic to model long-range effects and estimate downstream

influence. Meta Influence uses Meta Attribute Flips which are feature perturbations that

increase the potency of outgoing edge perturbations at an adopter node. Consequently,

the Meta Influence is defined as the normalized gradient score on an adopter’s outgoing

edge perturbations post Meta Attribute Flips.
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For Meta Attribute Flips, we restrict feature perturbations only to the features of

node v and define perturbation weights PX :

xt′

v = xt
v + PX ◦ (1− xt

v) (4.24)

where t′ indicates an auxilliary time step. We initialize PX = 0. To capture the effect of

Meta Attribute Flips, we consider an influence loss that is the sum on all non-adopters

nodes of a CW-type loss [94] based on the logit margin, and compute gradient scores

P̂X :

Lt′

infl(v) =
∑
w∈D

(ztw,1 − ztw,0) (4.25)

P̂ t′

X = max

([
∂Lt′

infl(v)

∂P t′
X

]
, 0

)
. (4.26)

Thereafter, we update the features xv using Meta Attribute Flips, which are the top-k

ranked perturbations in P t′
X , for the purposes of computing Meta Influence:

it
′

X = argtop-k P̂ t′

X , [xt′

v ]it′X
← 1 (4.27)

where k is a hyper-parameter controlling the number of Meta Attribute Flips. From

Thm. 4.2, Meta Attribute Flips find feature changes that align with the GNN’s classifier

weights and increase the dynamic outgoing edge influence to other nodes in Eq. 4.8.

Further, they also help to increase the margin from the GNN decision boundary and

thus increase the node’s potency.

For finding the Meta Influence, we restrict the outgoing edge perturbations PA from

node v to the non-adopters D, and define corresponding edge perturbation weights PA:

At′′

v,D = At′

v,D + P t′′

A ◦ (1− At′

v,D) (4.28)

where t′′ indicates another auxilliary time step after t′ and P t′′
A = 0. Now consider the

same influence loss in Eq. 4.25 on all non-adopters at time t′′, and compute non-negative
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gradient scores P̂ t′′
A :

P̂ t′′

A = max

([
∂Lt′′

infl(v)

∂P t′′
A

]
, 0

)
. (4.29)

Note that influence loss uses the discrete perturbed feature xt′
v , which is computed using

first order gradients, therefore Meta Influence can capture second order gradient effects.

Finally, we denote the Meta Influence I t(v) of a node v as the normalized gradient score

in P̂ t′′
A averaged over the number of non-adopters:

I t(v) =
1T P̂ t′′

A

|D|
. (4.30)

During candidate node selection, Meta Influence is used for tiebreaking between equal

budget nodes (Eq. 4.13). Further, we threshold on Meta Influence to perform Meta

Attribute Flips:

xt
v ←


xt′
v if I t(v) ≥ β

xt
v otherwise

(4.31)

where β is a hyper-parameter controlling the threshold. Using Meta Influence, we can es-

timate which nodes will have high influence on their outgoing edges after Meta Attribute

Flips, and thus judiciously allocate budget for Meta Attribute Flips. In Sec. 4.6.2, we

validate that nodes with high Meta Influence indeed contribute more outgoing edge per-

turbations to non-adopters.

4.6 Experiments

We conducted experiments on real-world attributed network datasets to answer the

following research questions:

• RQ1: How does DGI compare with baselines for DVM?
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• RQ2: Does Meta Influence accelerate spread and capture a node’s actual dynamic

influence?

• RQ3: What kinds of cascade patterns are created by DGI?

• RQ4: What are the properties of intermediary nodes in cascades created by DGI?

Datasets: We utilize three real-world attributed datasets to evaluate DGI and baseline

approaches. Epinions and Ciao [95] are datasets collected from two popular product

review sites, where each user can specify their trust relation in addition to rating products.

Flixster [96] is a dataset collected from a popular movie rating website with an associated

social graph. We create new small-scale and large-scale splits for these datasets using

the provided user networks and product ratings from [95, 85]. For small-scale split

generation, we sort the nodes using their degrees and take the subgraph corresponding

to the lowest degree nodes. To generate features for each user, we pick a binary value for

each product/movie based on whether they rated it or not. We choose the product/movie

with the least number of seeds as the optimization goal for DVM. The analysis in the

main paper is conducted on the small-scale splits and their statistics are depicted in

Table 4.1. Additional details and results on large-scale splits using Fast-DGI can be

found in Sec. 4.8.2.

Table 4.1: Dataset statistics. |S| denotes seed set size.

Dataset |V| |E| Avg, Max Deg. |S| #Features

Flixster 1045 1488 2.8, 153 5 839

Epinions 1054 1214 2.3, 25 5 2999

Ciao 1057 1190 2.3, 36 7 2999
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Evaluation metric: The efficacy of the proposed dynamic DGI and baselines is eval-

uated using the minimum budget needed to spread to C = 500 target nodes on the

respective network. We use a fixed number of targets to spread to make the results

across different datasets comparable. We also report the Area Under Curve (AUC) of the

budget-spread curve, which gives an aggregate estimate of the budget required for differ-

ent spread values. For calculating AUC, we normalize the budget by (
∑

(A)/2 +
∑

(X)),

i.e., the sum of the number of edges and turned on features. Lower values of budget and

AUC indicate better performance.

Variants: We consider three variants of DGI in our experiments:

• Base is DGI without Meta Attribute Flips. It uses Meta Influence only for tiebreak-

ing in Eq. 4.13.

• Fixed is DGI with fixed Meta Attribute Flips. It is equivalent to using a threshold

β = 0 in Eq. 4.7.

• Dynamic is DGI with optimally chosen threshold β.

Baselines: We compare with the following approaches:

• Degree selects target nodes in order of low-degree first. Until the target is flipped,

Degree repeatedly spends a unit budget by first randomly picking a seeder node,

then either adds a link from the seeder to the target if they aren’t connected, else

turns on a feature with high-correlation to the label.

• Margin selects target nodes based on the low-margin first heuristic, i.e., nodes

that have a smaller margin to the decision boundary are picked first. Edits to the

structure and features are made in the same way as Degree.
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• GradArgmax [82] is a gradient based white-box adversarial attack on structure.

Target nodes are selected in the order of lower losses first. We adapt GradArgmax

to make edits to both structure and features.

• MiBTack [85] is another white-box adversarial attack that dynamically adjusts

node budgets for topology-based PGD [84]. We adapt MiBTack to make edits to

both structure and features while selecting target nodes same as GradArgmax.

4.6.1 Performance Comparison (RQ1)

We compare DGI variants to baselines using budget and AUC at C = 500 in Table 4.2

and Table 4.3 respectively. We report results with both GCN [16] and GraphSAGE [35]

as the propagation models. DGI variants outperform the baselines in all the scenarios.

Among the variants, Dynamic does the best, followed by Base and then Fixed. Fixed

overspends budget on Meta Attribute Flips over Base by using a threshold of β = 0, and

Dynamic spends the least budget by optimally selecting nodes with high Meta Influence

(for spending additional budget) for Meta Attribute Flips. Further, we plot budget

spread curves on Flixster and Epinions in Fig. 4.5. Dynamic DGI consistently achieves

the minimum budget across all levels. To understand the time evolution of the spread for

different variants, we plot spread as a function of time in Fig. 4.6a. Due to the accelerating

effect of Meta Attribute Flips, Fixed spreads fastest, followed by the economical Dynamic

and the conservative Base approach.

4.6.2 Strategy of Meta Influence (RQ2)

To validate the effectiveness of Meta Influence and Meta Attribute Flips, we plot the

histogram of perturbations contributed by nodes with respect to their Meta Influence in

Fig. 4.6b. For each dataset, we normalize the Meta Influence to lie in the interval [0,1]
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Table 4.2: Comparison of DGI variants to baselines. Numbers indicate minimum budget

to spread to 500 nodes. GCN and SAGE are used as the GNN propagation backbones.

Dynamic DGI consistently achieves the minimum budget.

Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

Degree 2551 6573 22076 21125 25162 45291

Margin 8136 7655 26109 18550 20814 41077

GradArgmax 1012 625 5893 859 2620 972

MiBTack 843 583 2828 866 5111 1035

Base 791 543 3342 1099 3525 856

Fixed 831 571 1985 1297 2221 1094

Dynamic 667 494 1893 803 2096 821

Table 4.3: Comparison of DGI variants to baselines. Numbers indicate AUC of budget-

spread curves. Dynamic DGI consistently achieves the minimum AUC.

Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

Degree 19.48 150.50 215.33 328.15 349.48 631.66

Margin 173.70 177.71 366.43 284.77 287.11 595.69

GradArgmax 23.32 13.72 112.84 16.36 54.46 18.52

MiBTack 21.78 16.77 50.70 21.03 80.95 21.91

Base 19.06 11.68 56.82 19.23 46.59 14.46

Fixed 20.78 12.53 36.41 23.75 36.20 19.82

Dynamic 18.27 10.17 31.93 15.18 33.84 13.33
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(a) Flixster (b) Epinions

Figure 4.5: Budget spent as a function of increasing spread with GCN as the GNN

propagation model. Dynamic requires consistently lower budgets across all spreads.

and divide uniformly into 10 sub-intervals. For each sub-interval, we count the number of

perturbations contributed by nodes whose Meta Influence lies within it. We carry out the

analysis on Fixed DGI, in which Meta Attribute Flips are made at each node. We observe

a high correlation of Meta Influence to the number of contributed perturbations across

all the datasets. Note that the Meta Influence is computed at the step when the node is

flipped, but even then it provides a good signal of how important that node will be later.

This shows that the Meta Influence is a close approximation of the actual node influence

in terms of perturbations it makes. Further, by thresholding on the Meta Influence, we

are able to save budget by not applying Meta Attribute Flips on low-influence nodes.

4.6.3 Cascades Created by DGI (RQ3)

To understand cascades created by the DGI spread, in Fig. 4.7a, we qualitatively

visualize a subgraph spanned by the Dynamic DGI edges rooted at a single source node

on Flixster, and color each node according to its cascade hop distance from the root. We
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(a) Flixster Time Evolution (b) Meta Influence Strategy

Figure 4.6: (a) Spread achieved with increasing time steps for Flixster with GCN back-

bone. Fixed and Dynamic spread faster than Base due to acceleration from Meta At-

tribute Flips. (b) Histogram of perturbations contributed by intermediary adopter nodes

with increasing Meta Influence, where scaling is used for mapping Meta Influence to [0,1].

Higher Meta Influence adopter nodes contribute more perturbations.

define the cascade hop distance of a node from the seed set inductively:

hop(i) = 1 + max
j∈PN(i)

hop(j) (4.32)

where hop(i) = 0 for nodes in the initial seed set, and PN(i) denotes perturbed neighbors

of node i at the step when it flips. Further, we use node size to indicate the number of

perturbations the node contributes in the course of the multi-step spread. We clearly see

a strong pattern of cascading flips, whereby a node flipped earlier later flips many more

and so on inductively. Therefore, the DGI spread creates cascading flipping, similar to a

chain of referrals in a social network, where each referral is an entirely new edge. We also

see from the node sizes that a few nodes are dominant spreaders while others contribute

very little.

To understand the cascades created by DGI quantitatively, in Fig. 4.7b we plot the
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number of non-adopter flips with increasing hop distances for Flixster, Epinions and Ciao.

Multi-hop cascade flips account for a sizable number of the total flips, which indicates

that multi-hop path flips help in decreasing the budget required for the spread. Further,

the cascade hop length can be considerably large. Particularly, for Flixster, we see nodes

with cascade hop lengths up to 30, indicating how the added perturbations can percolate

the adoption far from the seed set.

(a) (b)

Figure 4.7: (a): Visualization of cascading dynamics of DGI. Node sizes and colors

correspond to number of perturbations and cascade hops respectively. Only edges added

by DGI are depicted. (b): Number of flipped nodes at different cascade hops. DGI

creates long and staggered cascades for DVM.

4.6.4 Properties of Intermediary Spreaders (RQ4)

To understand the properties of intermediary spreader nodes, we plot the histogram

of perturbations contributed by intermediary spreader nodes with respect to their degree

and classification margin in Fig. 4.8a and Fig. 4.8b respectively. For each dataset, we

count the number of perturbations arising from nodes with the degree and classification
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margin lying within the same sub-interval. The degree and margin are considered at the

moment the perturbation is made to account for dynamic changes. Due to the degree

normalization in GNN message passing, low degree nodes have a higher influence edge

weight, and we observe that nodes with low degree are highly correlated to higher number

of perturbations. On the other hand, high classification margin indicates high feature

and neighborhood alignment with the GNN classifier, therefore making outgoing edge or

feature perturbations more potent. Thus, perturbations are made exclusively at nodes

with the maximum possible margin.

(a) (b)

Figure 4.8: (a) Histogram of perturbations contributed by intermediary spreader nodes

with increasing degree. (b) Histogram of perturbations contributed by intermediary

spreader nodes with increasing GCN classification margin. Higher contributions are

made by spreader nodes with low degrees and high margins.

4.7 Takeaways

In this chapter, we studied the novel Dynamic Viral Marketing (DVM) problem to

find the minimum budget and minimal perturbation set to attain a spread goal, where

the propagation model is a non-linear GNN and perturbations are restricted by refer-
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ral and co-marketing constraints. We showed that DVM is NP-Hard and is related to

influence maximization. We developed the Dynamic Gradient Influencing (DGI) frame-

work, which targets non-adopters with low budget and high influence. DGI uses gradient

ranking to order perturbations and utilizes an efficient budget computation approach, a

novel Meta Influence heuristic, and Meta Attribute Flips to increase a node’s influence.

We comprehensively evaluated DGI on three real world attributed networks and demon-

strated gains on average of 24% on budget and 37% on AUC over multiple gradient and

non-gradient baselines. We validated the efficacy of budget computation and the Meta

Influence heuristic. We extensively analyzed the cascade patterns through intermediary

adopter nodes discovered by DGI.

This work opens up a new research direction: data-driven models for network prop-

agation as alternatives to postulated models such as Linear Threshold [26]. Data-driven

models can incorporate attributes and long-range interactions. This research also moti-

vates a number of future research questions, including model-based reinforcement learn-

ing [97] using such GNN models in unknown environments, and development of data-

driven competitive strategies between groups, each trying to increase their spread.

4.8 Extended Analysis

4.8.1 Another Proof of NP-Hardness

For the proof in the main paper we assumed unweighted edges and weighted features,

and directly relied upon the cascading flipping under the GNN propagation model to

attain a desired spread. Below we provide an even simpler proof where we assume both

weighted edges and weighted features.

Given an arbitrary instance of the Knapsack problem, consider a weighted star net-

69



Network Perturbation for Viral Marketing Chapter 4

work with target node t at the center which is connected to n source nodes. Each node

has a single feature, whose value at node t is 0 and at node i is xi = 1−wi. The weight

on the edge between node i and t is set to ai = vi. The initial label on node t is 0 and

the initial label on the other nodes is 1. The cost of changing the feature at a node from

a value of 1 − wi to 1 is wi. The GNN classifier parameters are tuned such that the

prediction on node t flips from 0 to 1 when the weighted sum of its neighborhood of n

nodes with feature value xi = 1 is at least V (spread ϕ = 1). The Knapsack problem

is solvable iff
∑

i∈[n] ai1[xi = 1] ≥ V and
∑

i∈[n] wi1[xi = 1] ≤ W . Thus, if the DVM

problem can find feature flips costing at most W at t’s neighbors whose edge weights

sum to at least V then the Knapsack problem is solvable. □

For the interested reader, we also point to prior work on certifiable adversarial ro-

bustness for neural networks with ReLU activation functions. The general problem of

finding the minimum distortion of adversarial samples in NNs with ReLU activations is

known to be an NP-Complete problem [98]. More generally, NNs are large, non-linear,

and non-convex, and verifying even simple properties about them is an NP-complete

problem, as can be shown using a reduction from the 3-SAT problem [99].

4.8.2 Implementation Details

For the propagation model, we use 2-layer GNN architectures, as stacking multiple

layers can lead to oversmoothing in GNNs [100]. We report results with both GCN [16]

and GraphSAGE [35] as the backbone propagation models. We set the hidden layer to

size 64 and use ReLU as the intermediate non-linear function. We train models using cross

entropy loss for 200 epochs, a patience of 50, learning rate 1e-2 with cosine annealing

and weight decay regularization 5e-4. We use all nodes and edges during training to

attain the best GNN decision boundary. All models achieve 100% accuracy on the seed
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Algorithm 2: Bisection search to find minimum budget.

Input: G = (A,X), GNN fθ, P̂ , Target node v.

Output: B(v), minimum budget to flip v.

1 Init bounds U = deg(v) and L = 0

2 do

3 U = 2U

4 while v is not flipped by top-U perturbations in P̂ ;

5 do

6 C = ⌊U+L
2
⌋

7 if v is not flipped by top-C perturbations in P̂ then

8 L = C

9 else

10 U = C

11 end

12 while U − L > 1;

return: U
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Algorithm 3: DGI

Input: G=(A,X), GNN fθ, Adopters S, Non-Adopters D, k, β

Output: Minimum budget required s.t. |S| = 500

1 Init budget B = 0

2 do

3 for v ∈ D do

4 Compute P̂ in Eq. 4.19

5 Call Algorithm 2 to compute B(v)

6 end

7 Find N , the set of minimum budget nodes

8 for v ∈ N do

9 Compute the Meta Influence I(v)

10 end

11 v∗ ← max
v∈N

I(v)

12 Perturb the network to flip v∗

13 if I(v∗) > β then

14 Make k Meta Attribute Flips at v∗

15 B(v∗)← B(v∗) + k

16 end

17 B ← B + B(v∗)

18 S,D ← {v|y′v = 1}, {v|y′v = 0}

19 while |S| < 500;

return: B
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set along with a small number of false positives that are in the vicinity of the seeds and

are included in the initial seed set. For the spread approaches, the hyperparameter k for

number of Meta Attribute Flips is set to a value in [1, 2, 4, 8, 16] using grid search with

Fixed DGI. The threshold hyerparameter β is set to a value within [0, 1] of the maximum

Meta Influence in Fixed DGI using grid search with Dynamic DGI. The maximum upper

bound to convert a node is set to the maximum degree in the graph during bisection

search. If the spread approach is unable to increase the size of the adopters for 40 steps,

we halt and report failure. We use spread approaches with GCN backbones for all our

analysis, and note that the SAGE backbone yields the same insights. DGI and baselines

are implemented using the DeepRobust library in Pytorch [101] for adversarial attacks

on GNNs. All GNN models and spread approaches are trained and executed on a single

NVIDIA RTX2080 GPU with 8GM RAM.

4.8.3 Results on Large-Scale Data

The statistics for the larger scale datasets are presented in Table 4.4, and the results

are presented in Table 4.5 and Table 4.6 respectively. It is interesting to note the dis-

tinction of the larger scale datasets from the smaller scale datasets in that the former are

more tree like and the latter are more dense. This causes the propagation to happen much

faster in the dense networks and with lesser budgets, therefore it is an easier problem

when the attributed network is larger and more dense. This also matches our intuition

that densely connected networks allow for faster information spread. This suggests that

sparser networks require more effort for a network process such as DVM to achieve an

equivalent amount of spread.
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Table 4.4: Dataset statistics. |S| denotes seed set size.

Dataset |V| |E| Avg, Max Deg. |S| Feats

Flixster 3000 29677 20, 1716 10 839

Epinions 15948 234438 29, 1443 11 2999

Ciao 6841 77404 22, 749 6 2999

Table 4.5: Comparison of DGI variants to baselines. Numbers indicate minimum budget

to spread to 500 nodes. GCN and SAGE are used as the GNN propagation backbones.

Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

GradArgmax 459 241 489 425 1097 630

MiBTack 399 310 376 383 869 705

Base 466 92 332 318 1136 615

Fixed 222 106 623 615 737 576

Dynamic 195 87 287 291 501 509

4.8.4 Ablation Study

We study the effect of the different components of Dynamic DGI, i.e, budget compute

(BC), tiebreaking (TB) and Meta Attribute Flips (MAF), in Table 4.7 and Table 4.8

respectively. We see that the different components indeed cause an additive increase in

the performance of Dynamic DGI in all the scenarios, thus validating their utility.
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Table 4.6: Comparison of DGI variants to baselines. Numbers indicate AUC of budget-

spread curves.

Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

GradArgmax 2.36 1.23 0.27 0.24 1.18 0.82

MiBTack 1.87 1.45 0.16 0.17 0.98 0.90

Base 2.38 0.57 0.13 0.14 1.20 0.81

Fixed 1.17 0.61 0.29 0.28 0.85 0.77

Dynamic 1.08 0.48 0.11 0.12 0.71 0.70

Table 4.7: Ablation study for the effect of budget compute (BC), tiebreaking (TB) using

Meta Influence, and Meta Attribute Flips (MAF).

BC TB MAF Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

1012 625 5893 859 2620 972

✓ 797 506 3235 831 4231 878

✓ ✓ 791 543 3342 1099 3525 856

✓ ✓ ✓ 667 494 1893 803 2096 821

4.8.5 Complexity

In each step, for each target, DGI makes 1 backward pass to compute gradients and

then sorts the gradients in O(E ′ logE ′) time, where E ′ is the number of non-edges in the

graph. This is followed by O(log ∆) forward passes in bisection search, where ∆ is the

maximum allowed budget, which we set as the maximum degree of the graph. For the

set of minimum budget nodes, the Meta Influence makes two forward and two backward
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Table 4.8: Ablation study for the effect of budget compute (BC), tiebreaking (TB) using

Meta Influence, and Meta Attribute Flips (MAF).

BC TB MAF Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

23.32 13.72 112.84 16.36 54.46 18.52

✓ 19.44 10.54 54.01 15.44 66.02 14.66

✓ ✓ 19.06 11.68 56.82 19.23 46.59 14.46

✓ ✓ ✓ 18.27 10.17 31.93 15.18 33.84 13.33

passes. The time taken for a forward or backward pass in a 2-layer GNN on a GPU is

O(1) assuming small input, hidden, and output sizes. Thus, in the first step of DGI,

we make O(|D|) inner steps of gradient-guided node flipping, budget computation, meta

attribute flips and meta influence, which takes a total of O(|D|(E ′ logE ′ + log ∆)) time.

In later steps, due to budget hashing, we only recompute budgets for O(1) nodes, which

takes O(E ′ logE ′ + log ∆). Assuming that every step of DGI flips O(1) non-adopter

nodes, the total runtime complexity of DGI to achieve a spread of ϕ can be determined

as:

O(ϕ(E ′ logE ′ + log ∆)) + O(|D|(E ′ logE ′ + log ∆)). (4.33)

Since real world networks are mostly sparse, E ′ is usually quadratic and DGI is difficult

to scale up for larger networks. Therefore, we also use a faster variant of DGI, Fast DGI,

for large scale network splits, where we recompute budgets after every ϕ
10

steps, therefore

bringing down the time complexity to:

O(E ′ logE ′ + log ∆) + O(|D|(E ′ logE ′ + log ∆)). (4.34)
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4.8.6 Sensitivity Analysis

Table 4.9 reports the hyperparameters used in this work. The sensitivity of Dynamic

DGI to the hyperparameter β for threshold is presented in Fig. 4.9a and Fig. 4.9b respec-

tively. Likewise, sensitivity of Dynamic DGI to hyperparameter k for number of Meta

Attribute Flips is presented in Fig. 4.10a and Fig. 4.10b respectively. We see that larger

values of β and smaller values of k generally work better.

Table 4.9: Hyperparameter values used for Dynamic DGI on various datasets and GNN

backbones. k denotes number of Meta Attribute Flips and β (quantile) denotes the

quantile of the threshold β applied to the Meta Influence.

Flixster Epinions Ciao

GCN SAGE GCN SAGE GCN SAGE

k 2 2 4 2 4 1

β (quantile) 0.75 0.94 0.65 0.98 0.30 0.90
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(a) (b)

Figure 4.9: Sensitivity of Dynamic DGI to the influence threshold parameter β. The

x-axis represents the quantile of the threshold β applied to the Meta Influence for each

dataset. (a) represents budget and (b) represents AUC of budget-spread curve for a

spread of 500.

(a) (b)

Figure 4.10: Sensitivity of Dynamic DGI to the parameter k controlling the number of

Meta Attribute Flips. (a) represents budget and (b) represents AUC of budget-spread

curve for a spread of 500.
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4.8.7 Cascades in Adversarial Perturbations

In this section, we analyze cascade patterns in injected adversarial perturbations.

Adverarial attacks on graph neural networks have recently been studied due to the in-

creasing use of graph neural networks for problems such as recommendation systems,

fraud detection, molecular property prediction, and social network analysis. Through

access to model parameters (white-box attacks) and even with access only to model pre-

dictions (black-box attacks), GNN models are known to suffer a severe degradation in

performance from a few perturbations to the graph adjacency and node attributes. While

numerous adversarial attacks and defenses have been proposed in the literature, there is

still a lack of understanding about the kinds of noise injected into the graph by these

adversarial attacks. In the real world, networked systems are known to be vulnerable

to cascading reactions from a few perturbations, such as in the context of epidemics,

information spread and marketing. Therefore, the perturbations that’re introduced by

attacks induce a similar effect to infection spread in the real world.

More formally, we describe the kinds of cascade patterns that are created by various

adversarial attacks on different kinds of graph neural network architectures. In a typical

adversarial attack (for instance, Nettack, Fast Gradient Attack, Projected Gradient De-

scent, Mettack), perturbations are added sequentially into the network in order of their

importance. Therefore, this describes a similar procedure to recommendations within

a social network where users recommend things to each other and that’re consequently

spread through the network. We can now map these kinds of cascade patterns to the

adversarial noise, by understanding the cascade patterns. Fig. 4.11 demonstrates the

kinds of cascade patterns created from Mettack. Further, we visualize the most frequent

cascade patterns among these using approximate graph isomorphism in Fig. 4.12.

Our finding that injected perturbations form cascade subgraphs suggests that adver-
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sarial attacks exploit synergy between local interactions and therefore the perturbations

work in a concerted way. Therefore, this opens up directions for future research into

defenses against adversarial attacks by preventing the triggering of cascading perturba-

tions.

Figure 4.11: Visualization of adversarial attack cascades demonstrates most of the in-

jected perturbations falls into a large component and small scattered trees. The pertur-

bations are obtained from Mettack [102] on a GCN trained on the Cora network.
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Figure 4.12: Visualization of most frequent cascade patterns obtained using approximated

graph isomorphism on the cascade graphs.
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Chapter 5

Unified Propagation Model for

Complex Contagion

5.1 Introduction

Complex contagion [10, 103, 104, 11] is a popular model for the spread of behaviours

in a networked system where nodes adopt the propagating behaviour if and only if the

cumulative local influence exceeds a threshold. In contrast to phenomena such as in-

formation and disease spread, the spreading of behaviours is slower and requires critical

mass to gather momentum. However, most prior models of complex contagion rely solely

on the number of infected neighbors as a measure of local influence. This is oversimpli-

fied and does not easily fit into the world of online social networks (OSN) where nodes

keep public profiles and adoption depends not only on a single summary statistic, but

on the complex interaction between three factors (1) the propagating notion itself, (2)

the properties of the local influencing neighbors, and (3) the global sentiment towards

adoption (bullish/bearish) that is made available by the OSN provider. Further, viral

memes usually demonstrate a phase transition phenomenon where the meme initially
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grows slowly and then rapidly accelerates towards virality. This phase transition is insuf-

ficiently understood by prior work that concentrates on the time to convergence but not

on the ”tipping point” itself. In this work, we go a step further and propose a model that

accounts for both the complex OSN interplays and the phase transition phenomenon.

To model OSN dynamics, we postulate a Unified Propagation (UP) model that has the

following salient properties, (1) Propagations are modelled as vectors in the same high-

dimensional space where node features exist, (2) Propagations spread in a synchronous

stepwise manner whereby network states are updated simulataneously at discrete time

intervals, (3) Nodes activate based on a shared decision function with shared thresholds

that accounts for propagation affinity, local influence and global influence, and (4) The

underlying network is based on the Preferential Attachment (PA) model [3] which yields

a core-periphery structure and a scale-free degree distribution observed in real-world

networks. Our model affords sampling ease from the propagation distribution which is

similar to a gated, time-varying random walk on a network.

The design of our propagation model is motivated by recent work at the intersection

of computation and social science [11] that shows small topic-oriented peripheral groups

can have a large influence through network propagation pathways from periphery to

core. Moreover, such groups are essential for incubating new concepts in a controlled

environment, from where they can spread to large portions of the population through

core-periphery pathways. Further, they report cases studies such as Google Glass, where

propagations from a core node die out quickly when initial adoption is slow, which signals

a population wide unpopularity that impedes adoption. We illustrate these scenarios in

Fig. 5.1. Overall, both the initial incubation and global influence factors are necessary for

determining the spread of the complex contagion. Finally, as we show in our experiments,

we can observe the emergence of phase transitions in complex networked systems [105,

106] by running simulations on our proposed model.
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Figure 5.1: L-R: (a) Small topic-focused groups incubate new ideas [11]. Repeated

exposure enables complex contagion. Propagation pathways move ideas from periphery

to core. Once reaching the core, diffusion scales to the population. (b) Google Glass

adoption stalled despite visibility. Core influence alone cannot create complex contagion.

Highly connected core nodes expose many users immediately. If early adoption is weak,

cascades die out quickly.

Our framework leverages propagation sampling from the high-dimensional node fea-

ture space to yield a simple personal affinity score. Prior works in psycho-social belief

dynamics [107] usually incorporate latent personal factors with publicly visible attributes

to determine individual and consequently collective behaviour; this process is illustrated

in Fig. 5.2. Our approach is closest to [108] who model node opinions as unit-length

vectors and propagate randomly sampled opinion vectors based on correlation scores;

this process is depicted in Fig. 5.3. However, we differentiate ourselves by applying this

approach to network cascades, which are distinct from opinion dynamics models in that

we’re stochastically spreading activations on a network. To the best of our knowledge,

we’re the first to model propagations as vectors for network cascades.

Our main contributions are summarized as follows:
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Figure 5.2: A unified framework of belief dynamics linking cognitive representations

and social interactions: individuals form representations by aggregating personal and

social beliefs, experience dissonance relative to focal beliefs, and update both beliefs and

network ties through coupled cognitive and social processes.

• We introduce a general propagation-based model of complex contagion in which

propagating notions and node attributes are represented in a shared high dimen-

sional feature space.

• We propose the Unified Propagation (UP) model that integrates propagation affin-

ity, local influence, and global influence, yielding a stochastic Markovian cascade
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Figure 5.3: Illustration of geometric evolution of opinions towards polarization in [108],

with the first three dimensions as spatial positions and the fourth dimension with a color

scale.

process.

• We develop an MCMC-based simulation framework for sampling from the distri-
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bution of cascade realizations induced by the model.

• We analyze incubation dynamics and derive conditions under which local reinforce-

ment can lead to global diffusion through core–periphery pathways.

• We empirically demonstrate phase transition behavior and tipping points in cascade

growth and show how early-stage dynamics can be used to anticipate virality.

5.2 Related Work

Diffusion of innovations. The study of social diffusion has a long tradition in sociol-

ogy, where adoption is understood as a socially embedded process shaped by interpersonal

influence, heterogeneity in individual thresholds, and the structure of communication

networks. Early work on diffusion of innovations emphasizes the role of opinion leaders,

social systems, and communication channels in shaping adoption trajectories [109], which

typically follow a S-shaped cruve as shown in Fig. 5.4. Complementary threshold-based

models describe how collective behavior can emerge from heterogeneous individual deci-

sion rules driven by local social exposure [26]. Empirical and theoretical studies in this

line highlight that adoption is rarely driven by single exposures alone, but instead de-

pends on cumulative social reinforcement, normative pressures, and perceived legitimacy

within social groups. This sociological perspective motivates the need for models that

explicitly account for local context and heterogeneous influence pathways, rather than

relying solely on aggregate exposure counts.

Complex contagion and computational models. Building on these foundations,

the notion of complex contagion formalizes diffusion processes in which multiple rein-

forcing contacts are required before adoption occurs [10]. Computational and algorith-
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Figure 5.4: Diffusion of innovations [109] follows a characteristic S-shaped adoption pat-

tern. A small number of innovators and early adopters initiate adoption. As social

reinforcement increases, diffusion accelerates through the early and late majority, before

slowing as the remaining laggards adopt. The bell-shaped curve represents the rate of

adoption over time, while the cumulative adoption follows the S-curve.

mic models have investigated how network topology, clustering, and community struc-

ture affect the emergence of large-scale cascades under such reinforcement mechanisms

[2, 110, 6]. Subsequent work has studied algorithmic and structural properties of com-

plex contagions, including the role of strong ties and wide bridges, the effect of network

interventions, and the computational aspects of triggering global cascades under thresh-

old dynamics [9, 111]. Our work further emphasizes that reinforcement-based spreading

processes exhibit sharp changes in behavior depending on network structure and ini-

tial conditions, suggesting the presence of critical regimes that separate small, localized

cascades from system-wide diffusion.

Network propagation, label propagation, and diffusion processes. A comple-

mentary line of work models propagation through linear diffusion mechanisms such as

random walks, label propagation, and heat or diffusion kernels. Seminal work by Zhu
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and Ghahramani formulates semi-supervised learning as a harmonic extension problem on

graphs, in which labels propagate via random walks with absorbing boundary conditions

[112, 113]. Related formulations based on graph Laplacians and heat kernels charac-

terize propagation through continuous-time diffusion processes and spectral filtering on

networks [114, 115]. These methods yield closed-form solutions and strong convergence

guarantees under mild connectivity assumptions. While such models have primarily

been used for inference and representation learning, their random-walk interpretation

provides a natural foundation for sampling-based propagation mechanisms. Our work

builds on this perspective by coupling propagation in a high-dimensional feature space

with stochastic activation dynamics, thereby extending linear diffusion models toward

the sampling of network cascades.

Network formation and structural models. The behavior of diffusion and cascade

processes is tightly linked to the generative mechanisms underlying network structure.

Classical models of network formation include the small-world model, which captures

short path lengths and high clustering through random rewiring [1], and preferential

attachment models that produce scale-free degree distributions and pronounced core–

periphery structure [3]. In addition, Kleinberg’s navigable small-world model introduces

a geometric formulation that explains how long-range links enable efficient decentralized

routing and shape information flow patterns [5]. These models have been widely used

as benchmarks for studying diffusion, contagion, and search processes, and they provide

principled abstractions for the heterogeneous connectivity and structural bottlenecks

observed in online social networks. In this work, we adopt a preferential attachment

framework to explicitly capture the emergence of core–periphery pathways that play a

central role in our propagation dynamics.
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Phase transitions and virality in networked systems. Diffusion and contagion

processes on networks are known to exhibit phase transitions in which small changes in

parameters or initial conditions lead to abrupt changes in macroscopic behavior. Early

studies in complex systems and statistical physics have characterized critical points and

tipping behavior in interacting systems [106]. Likewise, models of spreading activation

networks in psychological theories of cognition [105] have demonstrated phase transitions

by changing network topology or the activation parameters across phase boundaries. In

the context of social and information networks, recent work has investigated how viral

cascades transition from slow growth to rapid, large-scale spread, and how structural

properties of cascade trees relate to different notions of virality [116]. Related studies on

epidemic and information spreading further show that network heterogeneity and degree

distributions fundamentally affect critical thresholds and outbreak dynamics [117]. These

results motivate our focus on the transient evolution of cascades and the emergence of

tipping points, rather than solely on asymptotic convergence behavior.

5.3 Method

5.3.1 Preliminaries

Consider a graph G = (A,X), with a weighted adjacency matrix A ∈ [0, 1]n×n and

node attribute matrix X ∈ [0, 1]n×d respectively, and node activations Y ∈ {0, 1}n.

We refer to the associated node-ids as V = {1, . . . , n}. We denote the node feature

xv ∈ [0, 1]d, and the node activation yv ∈ {0, 1}. The active set of nodes is denoted as

S = {v|yv = 1}. Further, consider a propagation C ∈ [0, 1]d initiated at seed set S0,

creating a cascade of network activations Y t over time steps t = 1, . . . , TP,S0 , with TC,S0

denoting the convergence time. The spreading dynamics defined by the propagation and
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activation rules form a discrete-time Markov process, since the network state at time t

depends only on the state at time t− 1 and C.

The networks we use in the paper are based on the Preferential Attachment (PA)

model [3] of network growth and link formation. The PA model constructs networks

incrementally, unlike the configuration model [4] or the Watts-Strogatz small world

model [1], and matches the power-law degree distribution of real world networks by

construction. Formally, a PA graph G(n, r) is a network of n nodes where each incoming

node attaches to r existing nodes according to a probability proportional to their degree.

Therefore, this creates an early mover advantage, causing initial nodes to have high

degree centerality and later nodes to be on the periphery. The resulting core-periphery

network structure is ideal for our analysis of the spread of complex contagions. Note that

PA networks have been used by prior work [103], but our contagion model exploits the

core-periphery structure more explicitly and gives power to the periphery as expected

from sociological analysis [11].

Node features are constructed using Laplacian node embeddings, in other words, by

taking the k smallest eigenvectors of the graph Laplacian. Formally, the graph Laplacian

L = D − A, where D is the degree matrix of the graph, with its eigenvector decomposi-

tion given by L = Q∆QT as usual. Therefore, the node feature matrix is the submatrix

X = Q:,:k. The graph Laplacian appears frequently in graph signal processing, with

the eigenvalues-eigenvector pairs yielding frequencies in the graph Fourier domain. The

smallest eigenvectors correspond to low frequencies that vary smoothly over the graph

and carry structural information as well. Moreover, certain eigenvectors carry important

information about the connectivity of the graph [118] and are used in graph cuts, commu-

nity detection and clustering [119]. Therefore, while there exist other node embedding

approaches [120, 121] that have shown promise in problems such as node classifica-

tion and link detection, we use Laplacian embeddings in this work due to their efficient
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construction using eigenvector factorization.

Since the PA model yields an unweighted network, we assign edge weights using the

Laplacian node embeddings,

A[i, j] = xT
i xj (5.1)

The edge weights then correspond to influences coming from the neighboring nodes and

can be aggregated.

5.3.2 Unified Propagation of Complex Contagion

There are many variations of the complex contagion model [10], among which the

most commonly used is the k-complex contagion: a node activates when at least k of

its neighbors have been activated. In contrast, simple contagion models [26, 27] such

as linear threshold, independent cascade and SIR can cause infections from just a single

neighbor and enjoy submodularity properties. The submodularity property endows the

propagation with diminishing returns, and therefore is amenable to a fast greedy approx-

imation for downstream tasks such as influence maximization (IM). However, complex

contagion is not submodular in its original form, and variants have been proposed to

achieve submodularity for the ease of analysis [8]. While these models are very expres-

sive and have been used extensively for influence maximization, they don’t account for

(1) node features, and (2) cannot give rise to the characteristic S-curve in technology

adoption [122] or exhibit phase transition behavior [7]. In this work, we propose a com-

plex contagion model that addresses the aforementioned issues and combines 3 sources of

influence in a threshold based model. In the following subsections we define each influence

source separately and show how they’re aggregated to run propagation simulations.
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Propagation Affinity For a propagation C ∈ [0, 1]d from the space of node features,

we can construct a normalized vector Ĉ = C
||C|| in the d-dimensional hypersphere to

denote the direction of propagation. Inspired by prior work on opinion dynamics [108],

we define the propagation affinity for a node v as the dot-product similarity between the

propagation and the node feature vectors.

F (Ĉ, v) = ĈTxv (5.2)

Note that by construction the dot-product ĈTv ∈ [−1, 1] since both Ĉ and xv are nor-

malized vectors. However, to keep influences calibrated across the 3 sources, we scale the

score so that it lies in [0, 1] as follows,

F̂ (Ĉ, v) =
1 + ĈTxv

2
(5.3)

Local Influence The local influence corresponds to the neighborhood effects and/or

the peer pressure, as also modelled by prior models of complex contagion. While most of

the focus has been on the number of activating neighbors, we argue that a better measure

is the density of activating neighbors. This has the effect, for instance, of allowing a low-

degree peripheral node to activate even if the actual number of activating neighbors is

very low. Explicitly,

LI(v,Nbr(v)) =

∑
w∈M(v) Av,w −

∑
w∈Nbr(v)\M(v) Av,w

dv
(5.4)

where M(v) denotes the set of activating neighbors of v and dv =
∑

w∈Nbr(v)Av,w is the

degree of node v. This local influence term accounts for the competitive influence weights

for activation from the neighbors and their density. Similar to the propagation affinity,

we scale the value so that it lies in [0, 1].

L̂I(v,Nbr(v)) =
1 + LI(v,Nbr(v))

2
(5.5)
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The local influence term is similar in spirit to the coordination games model [110, 123]

where nodes get payoffs from neighboring nodes for aligning their behaviors.

Global Influence Besides the network influences, population level influences also ac-

count for the spread of contagions [123]. This is especially true in OSNs, where the

population level adoption statistics are provided directly to the user. Therefore we use

the rate of adoption as a measure of global influence,

GI(Ĉ, G) =
|S|
n

(5.6)

where S is the dynamically varying set of activating neighbors. Clearly, GI(Ĉ, G) ∼ 0

initially and increases to 1 as S grows.

Aggregating Influences and Simulating Contagion Cumulatively, the 3 influence

scores can be aggregated to yield the probability of activation for v,

Prob(v|Nbr(v), Ĉ, G) = γ(αF̂ (Ĉ, v) + βLI(v,Nbr(v))

+ (1− α− β)GI(Ĉ, G)) (5.7)

where 0 ≤ α ≤ 1, 0 ≤ β ≤ 1,, α + β ≤ 1 and γ is a parameter for modulating the

simulation temperature.

We use Prob(v|Nbr(v), Ĉ) to perform Markov Chain Monte Carlo (MCMC) simu-

lation of cascades and to draw samples from the distribution of possible propagation

outcomes. In particular, we construct a Markov chain over network activation states and

use a Metropolis-style update rule in which candidate activation updates are proposed

according to the Bernoulli probabilities induced by Prob(v|Nbr(v), Ĉ) and accepted de-

terministically in the irreversible activation setting.

Specifically, at each time step t, we propose activation updates for all currently in-

active nodes independently according to their Bernoulli probabilities and accept all suc-
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cessful proposals.

Y t
v =

 1 : Y t−1
v = 1,

X ∼ Bern(Prob(v|Nbr(v), Ĉ, G)) : otherwise

Note that once a node gets activated it stays activated for the rest of the simulation.

The time steps of the simulation can be of the order of days, weeks or months in a

real-world scenario, whereby nodes activate asynchronously because of multiple contacts

with neighboring nodes in the network. We keep redrawing node samples until the

network state hasn’t changed for a minimum cooling period of ϵ steps, and this yields

the steady state. Since activations are irreversible in our model, the resulting Markov

chain is monotone and converges to a stationary distribution over final cascade states.

This yields a valid MCMC sampler over cascade realizations induced by the propagation

dynamics.

5.3.3 Conditions for Local Incubation

In this section, we derive conditions for local incubation for the foregoing propagation

model, primarily focusing on the second adopter.; the analysis for subsequent adopters is

similar. Let the seed node v0 be connected to a clique {v1, v2, . . . , vk} of size k. Without

loss of generality, let v0 attach to the clique at v1. Then, from Eq. 5.7, the activation

probability for v1 is,

Prob(v1|Nbr(v), Ĉ) = γ(αF̂ (Ĉ, v1) + βL̂I(v,Nbr(v))) (5.8)

= γ(α
1 + xT

v1
Ĉ

2
+ β

1 + 1−(k−1)
k

)

2
(5.9)

= γ(α
1 + xT

v1
Ĉ

2
+ β

1

k
) (5.10)

where we have assumed GI(Ĉ, G)) ∼ 0 for a large network during local incubation and

taken an unweighted network; the extension to the weighted case is straightforward.
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Given a cooling period of ϵ steps, the likelihood of node v1 activating is the probability

of success in ϵ trials of Bern(Prob(v1|Nbr(v), Ĉ)),

Probϵ(v1) = 1− (1− γ(α
1 + xT

v1
Ĉ

2
+ β

1

k
))ϵ (5.11)

For instance, taking α = β = 1
2
, γ = 1 and ϵ = 1,

Probϵ(v1) =
k(1 + xT

v1
Ĉ) + 2

4k
(5.12)

Since xT
v1
Ĉ = 1, and assuming k >> 2,

Probϵ(v1) ∼
1

2
(5.13)

We can see here that even with complete alignment to the propagating notion, the prob-

ability of activation is squarely in the middle due to the singleton local influence initially.

On the other hand, letting xT
v1
Ĉ ∼ −1, clearly Probϵ(v1) ∼ 0. Increasing ϵ has the effect

of increasing the the number of trials, allowing lower-probability evens to happen. For

the per-step probability, we can see that when k is small the second term contributes

more local influence. Therefore, a smaller group favors chances of local incubation. In

a larger group, the propagation affinity score needs to be higher since local influence for

the bridge node will be very small.

5.3.4 Connection to Random Walks

The proposed contagion model is connected to existing random walk diffusion models

on networks. However, the proposed contagion model is more like a stochastic growth

process that can be seen as a gated, time-varying random walk. The propagation can be

written in matrix-vector form precisely as,

Y t+1 ∼ γ(αF̂ (Ĉ, V ) + β(2Y t − 1)D−1A + (1− α− β)GI(Ĉt, G)In)1n (5.14)
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where F̂ (Ĉ, V ) = Diag(F̂ (Ĉ, v1), . . . , F̂ (Ĉ, vn)) is the diagonal matrix of node affinity

scores, In is the n × n identity matrix and 1n is the vector of all ones. The matrix

modulating the propagation is very much like a random walk matrix [112, 112, 113],

however it’s dynamic and depends on the activation states of the nodes. Moreover,

the probabilistic node activations function as a gate that changes the transition matrix.

Moreover, unlike a classical random walk, once activated the nodes act as constant sources

of flow. Finally, there is no closed form analytical solution in terms of the system’s

eigenvalues for the rate of convergence due to stochasticity. Instead, we run simulations

to estimate asymptotic convergence rates.

5.3.5 Phase Transition Behavior

Understanding phase transitions in networked systems is an important area of re-

search in psychology, ecology and dynamical systems [105, 106]. In the context of social

contagion, this has not been studied significantly, and is especially hard because complex

contagions have a distribution skewed towards small spreads, and viral events lie in the

tail end of that distribution. While large-scale datasets have recently become available

for this purpose [116], they account more for information diffusion and not behavioural

diffusion. However, it’s well known from studies in management science that technolog-

ical adoption follows an S-curve [122], where early adopters incubate an invention and

then after a slow initial period of adoption the invention reaches critical mass and prop-

agates rapidly to a large population, with late stage adopters forming the top part of

the S-curve. This can be further linked to a recent sociological study [11] that shows

how peripheral institutional groups can propagate large spreads through core-periphery

adoption pathways. Our proposed contagion model captures this phase transition be-

havior and achieves periphery-core spreading. Intuitively, the contagion accelerates once
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the initial nodes in the PA network, which happen to have the highest centerality, get

infected. Therefore, in the initial stages spreading is slow due to lower branching, and

gets accelerated from both high branching through high centerality nodes and critical

mass effects. Notably, our contagion model explicitly accounts for global influence and

drives the propagation towards virality. This phase transition behavior is more subtle

than previous works where mere changes in connectedness lead to the formation of a

giant component [124].

5.4 Experiments

Figure 5.5: Qualitative illustration of a PA

network, G(1000, 2) used in our simula-

tions. Node size and color opacity indicate

degree and the component along the first

spectral embedding vector respectively.

We evaluate the proposed propaga-

tion–driven cascade model on PA networks

in order to analyze how stochastic propa-

gation, reinforcement effects, and network

structure jointly shape diffusion outcomes.

In all experiments, we simulate influence

cascades generated from the propagation

dynamics described in Section 5.3.2, while

varying the location of initial seeds, the

spread control parameters, and the struc-

tural properties of the underlying networks.

Specifically, we wish to answer the fol-

lowing research questions:

• RQ1: What kind of spread distribution is attained?

• RQ2: What’re the dynamics of spread evolution to attain virality?
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• RQ3: How does the time to attain virality vary with network structure?

• RQ4: How does the simulation vary with the parameters?

• RQ5: How do misaligned ideas get propagated?

• RQ6: How does complex contagion spread on real-world networks?

Implementation details. Unless stated otherwise, all experiments use the same sim-

ulation configuration. For each node, we draw 20 stochastic samples of propagation

trajectories. The propagation parameters are fixed to α = 1/3 and β = 1/3, and the

simulation temperature set to γ = 0.05. The cooling down period is set to ϵ = 10 number

of steps. For every node, the initial propagation vector is initialized to be the node’s own

feature vector; consequently, all experiments evaluate self-propagation dynamics unless

explicitly noted otherwise. The underlying network is generated using a preferential at-

tachment (PA) model with 1000 nodes, where each newly arriving node attaches to 2

existing nodes. We construct node features by taking the first k = 10 eigenvectors of the

graph Laplacian. A qualitative visualization of the resulting network structure is shown

in Figure 5.5.

We categorize nodes into three structural segments based on degree centrality: core

nodes correspond to the top 10% of nodes ranked by degree, peripheral nodes correspond

to the bottom 10%, and the remaining nodes are treated as intermediate. Throughout the

experiments, we report and compare trends separately for these three node segments in

order to analyze how core–periphery structure shapes propagation and cascade dynamics.

5.4.1 RQ1: Spread Distributions.

In Figure 5.6a we illustrate the distribution of final cascade sizes across repeated

simulations, together with the relationship between the average degree of seed nodes and
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the resulting spread in Figure 5.6b.

The distribution in Figure 5.6a exhibits a clearly bimodal structure. Most realizations

terminate quickly after affecting only a small fraction of the network, while a smaller but

significant fraction of runs lead to large-scale cascades that reach a substantial portion

of the graph. This behavior is consistent with the stochastic sampling nature of our

propagation model and reflects the presence of two dominant regimes: localized diffusion

confined to a neighborhood of the initial seeds, and global diffusion driven by reinforce-

ment and repeated exposure. We note not all propagations from core nodes reach virality,

such as high-profile failures (eg. Google Glass) where slow initial growth leads to extinc-

tions. Also, some propagations from peripheral nodes do reach virality, corresponding to

focused groups that have core-periphery pathways to adoption [11].

The degree–virality relationship shown in Figure 5.6b reveals a strong positive correla-

tion between the structural centrality of the seed nodes and the probability of large-scale

spread. Seeds located in the core of the PA network, characterized by high degree and

dense connectivity, are substantially more likely to trigger global cascades. In contrast,

cascades initiated from peripheral nodes typically remain small and short-lived. This

observation aligns with the core–periphery pathways emphasized by our model: prop-

agation originating in the core rapidly encounters multiple reinforcing paths, whereas

peripheral seeds lack sufficient redundant exposure to overcome activation thresholds.

5.4.2 RQ2: Spread Evolution toward Virality.

Amongst the simulations that achieve virality, we want to understand the propagation

dynamics that drive it and whether we observe a phase transition with a tipping point.

Figure 5.7a shows the cumulative number of activated nodes as a function of simula-

tion time for representative viral simulations from the three node segments. The curves
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(a) (b)

Figure 5.6: (a): Distribution of final cascade sizes across simulation runs, showing a

bimodal separation between localized and large-scale cascades. (b): Correlation between

average seed-node degree and cascade size, illustrating the influence of core versus pe-

ripheral seeding.

reveal a two-stage diffusion pattern. In the early phase, growth is slow and sub-linear,

reflecting the incubation period where branching remains low and both local and global

influence remain low as well. Once the cascade reaches a sufficiently connected region

of the network, typically within the core, the growth rate increases sharply. This tran-

sition corresponds to a tipping point at which there is high branching that propels the

propagation towards virality.

The same phenomenon is visible in Figure 5.7b, which plots the number of newly

activated nodes at each time step. The spike in new adopters marks the onset of the

supercritical regime of the cascade process. After this point, activation becomes self-

sustaining due to the abundance of overlapping propagation paths and accumulated ex-

posure. These results demonstrate that virality in our model is not driven by a single

influential event but emerges from the interaction between random-walk propagation and

nonlinear activation dynamics.
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(a) (b)

Figure 5.7: (a) Temporal evolution of cumulative activated nodes during cascades. (b)

Number of newly activated nodes at each time step, highlighting the non-linear phase

transition into virality and the tipping point into rapid diffusion.

5.4.3 RQ3: Time to Virality

Figure 5.8 reports the average time required for a cascade to reach the viral regime as

a function of network size, together with the corresponding network diameter measured

on the same preferential attachment graphs. A salient observation is that the time to

virality grows very slowly as the size of the network increases. Even as the number of

nodes increases by a large factor, the increase in the time required to reach the viral

regime remains modest, indicating a highly sublinear scaling with network size.

More importantly, the plot shows a strong correlation between the time to virality

and the diameter of the underlying network. Across all network sizes, the two quantities

closely track each other: instances with larger diameters consistently exhibit longer times

to virality, while networks with smaller diameters reach the viral regime earlier. This tight

coupling suggests that the dominant factor governing the onset of large-scale diffusion

in our model is the characteristic shortest-path scale of the graph, rather than the total
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number of nodes. Since cascades must propagate through a sequence of intermediate

activations before reaching highly connected regions that enable rapid reinforcement, the

effective depth of the network—as captured by its diameter—directly constrains how

quickly the process can enter the supercritical growth phase.

The observed slow growth of the time to virality is therefore consistent with known

structural properties of preferential attachment graphs. In particular, the diameter of

random preferential attachment networks is known to grow extremely slowly with the

number of nodes, on the order of Θ(log n/ log log n) [125]. Since propagation trajectories

in our model rapidly funnel toward the network core through short paths, the number

of steps required before sufficient reinforcement becomes possible remains closely tied to

this slowly growing diameter. This provides a structural explanation for why the time to

virality closely follows the diameter curve in Figure 5.8, and only weakly depends on the

overall network size.

5.4.4 RQ4: Effect of the Model Parameters.

Figure 5.8: Average time required to reach

the viral regime and the network diameter

as a function of network size.

We analyze how the model parameters

affect both the virality frequency, defined as

the fraction of simulation runs that enter the

viral regime, and the average time to virality

among the runs that do become viral. Fig-

ures 5.9, 5.10, and 5.11 report these trends

for the feature influence weight, the local in-

fluence parameter, and the global influence

parameter, respectively.

Figure 5.9 shows a monotonic increase in virality frequency together with a monotonic
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decrease in the average time to virality as the feature influence weight increases. This

behavior is a direct consequence of the geometry of the spectral embeddings used in our

experiments. The embeddings exhibit high feature similarity across large portions of

the network, and as a result, self-propagating simulations are consistently reinforced by

neighboring nodes with similar representations. Increasing the feature influence weight

therefore strengthens early reinforcement, making it both more likely that cascades enter

the viral regime and faster for successful cascades to do so.

Figure 5.9: Effect of the feature affinity weight α on the virality frequency and time to

virality.

In contrast, Figure 5.10 demonstrates that increasing the weight placed on local in-

fluence leads to a systematic decrease in virality frequency and smaller cascade sizes, to-

gether with an increase in the average time to virality. Strong local influence overempha-

sizes reinforcement within immediate neighborhoods and suppresses propagation across

structurally diverse regions of the graph. This induces a network inhibition effect in

which cascades become confined to locally homogeneous areas and fail to access the wide

bridges required for global diffusion. This behavior is consistent with the conditions

for local incubation discussed in Section 5.3.3: while local reinforcement is necessary to
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Figure 5.10: Effect of the local influence weight β on the virality frequency and time to

virality.

Figure 5.11: Effect of the global influenc weight (1−α−β) on the virality frequency and

time to virality.

sustain early growth, excessive reliance on purely local influence prevents the transition

from the incubation stage to large-scale diffusion.

Finally, Figure 5.11 shows that increasing the global influence weight also produces a

clear inhibition effect. Higher global influence reduces the virality frequency and increases
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the average time to virality. Strong global influence amplifies activation based on limited

early exposure, effectively destabilizing the incubation stage by triggering premature

activation in peripheral or weakly connected regions of the network. Because these early

activations lack sufficient structural support and reinforcement pathways, many cascades

fail to develop into sustained diffusion processes. Together, these results highlight that

both excessive local and excessive global influence hinder the formation of successful

cascades, and that a balanced interaction between local incubation and global activation

is required for high virality frequency and rapid onset of virality.

5.4.5 RQ5: Propagation of Misaligned Ideas.

Finally, we study how ideas that are initially misaligned with the feature distributions

of the population propagate in the network.

Figure 5.12 reports the relationship between the similarity of the initial propagation

vector to the feature profiles of the seed nodes and the resulting virality frequency and the

average time to virality. When the propagated idea is well aligned with the local neigh-

borhood of the seeds, diffusion proceeds smoothly and often reaches the core, enabling

large and fast cascades. In contrast, ideas that are initially dissimilar to the surrounding

population experience substantially lower early activation rates and times to virality, and

are more likely to die before reaching structurally influential regions.

Nevertheless, a non-negligible fraction of misaligned ideas still achieve wide spread.

These cases correspond to rare stochastic trajectories in which early propagation reaches

highly connected nodes that provide sufficient reinforcement to overcome initial resis-

tance. This result illustrates how structurally central actors can act as bridges for the

dissemination of novel or unpopular ideas, even when local compatibility is low.
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Figure 5.12: Effect of the propagated idea affinity to seed-node feature profiles to the

virality frequency and the time to virality, illustrating the diffusion of initially misaligned

ideas.

5.4.6 RQ6: Real-world Complex Contagion.

(a) (b)

Figure 5.13: Distribution of size of cascade traces on the (a) Ciao and (b) Epinions

datasets indicates a power-law scaling where most cascades are small and there are very

few big cascades.
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We evaluate real-world complex contagion traces using two widely used datasets,

Epinions and Ciao, which are datasets collected from two popular product review sites,

where each user can specify their trust relation in addition to rating products [126,

19]. Both contain temporally ordered user interactions and trust relations, from which

cascades can be reconstructed. Specifically, if u trusts v and v rated product p before u

then we take it that u was influenced by v.

A key challenge in modeling real-world complex contagion is that the empirical cas-

cade size distributions are extremely skewed. As shown in Figure 5.13, both the Ciao

and Epinions datasets exhibit heavy-tailed distributions in which the vast majority of

cascade traces are very small, and only a tiny fraction of cascades grow large. This strong

imbalance makes learning and evaluating models of virality particularly difficult, since

large cascades—which are the most informative for understanding phase transitions and

global diffusion—are severely underrepresented in the data.

Moreover, real-world propagation data is substantially noisier than controlled simu-

lations. Nodes continuously enter and leave, interaction patterns evolve over time, and

multiple overlapping cascades spread simultaneously, often interfering with one another.

These effects obscure the underlying propagation mechanisms and make it difficult to iso-

late the role of local reinforcement, global influence, and network structure. In contrast,

our model provides a controlled and interpretable environment in which individual prop-

agation trajectories can be sampled independently and the influence of specific structural

and behavioral factors can be analyzed in isolation. As a result, propagation dynamics

and phase transition behavior that are difficult to observe directly in real-world data

become substantially clearer in the synthetic setting.
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5.5 Discussion

Generality and feature-driven adaptability. A key strength of the proposed prop-

agation cascade framework is its generality with respect to the choice of node features

and their underlying distributions. In our experiments, features are derived from spec-

tral embeddings of the network, which induces a smooth and highly correlated feature

landscape. However, the model does not rely on any specific embedding method or fea-

ture construction. In practical applications, node features may arise from specialized and

heterogeneous data sources, including multimodal representations such as text embed-

dings, image-derived features, behavioral profiles, or contextual signals. The propagation

mechanism operates directly on feature vectors and therefore naturally extends to such

settings. Importantly, changing the feature distribution alters the geometry of the prop-

agation space and the similarity structure that governs reinforcement during diffusion.

As a result, different feature modalities and embedding choices can substantially modify

local incubation dynamics, the accessibility of structurally diverse neighborhoods, and

the likelihood of global breakout. This flexibility allows the model to be adapted to a

wide range of real-world influence and information diffusion scenarios without changing

the underlying propagation mechanism.

Early detection of phase transitions. Our results also suggest that the onset of

large-scale diffusion can be anticipated from early-stage cascade dynamics. In particu-

lar, the growth trajectories observed during the initial incubation phase already contain

strong signals of whether a cascade is likely to enter the supercritical regime. Consistent

with the phase-transition behavior identified in our parameter sweeps, early growth rates

and the accumulation of reinforcement paths provide a reliable proxy for the proximity

of the system to its tipping point. This indicates that phase transitions in propagation
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behavior can be predicted at an early stage by monitoring short-term growth patterns,

such as the rate of newly activated nodes and the expansion of the active frontier across

structurally diverse regions. From a practical perspective, this opens the possibility of

forecasting viral outbreaks or intervention opportunities before large-scale diffusion has

fully unfolded.

5.6 Takeaways

In this chapter, we presented a propagation-driven framework for modeling complex

contagion in networks that explicitly integrates feature-based affinity, local reinforcement,

and global influence into a unified stochastic activation process. By representing propa-

gating notions in the same feature space as network nodes, our model naturally captures

heterogeneity in individual susceptibility and enables propagation to be interpreted as a

gated, time-varying random walk.

Through extensive simulations on preferential attachment networks, we demonstrated

how local incubation, core–periphery pathways, and parameter interactions jointly shape

the emergence of large-scale cascades. Our results highlight that both excessive local

reinforcement and excessive global influence can inhibit diffusion, and that successful

cascades arise from a delicate balance between incubation and structural exploration.

We further showed that phase transitions and tipping points are reflected in early-stage

growth dynamics, providing opportunities for early prediction of viral outbreaks. Finally,

by offering a controlled and interpretable generative framework, our model provides a

complementary tool for understanding propagation mechanisms that are often obscured

in noisy empirical data.
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5.7 Extended Analysis

5.7.1 Comparisons to Prior Propagation Models

Table 5.1 summarizes the key differences between classical contagion models and our

unified propagation framework. The remainder of this appendix discusses these models

in greater detail and highlights how their propagation assumptions influence cascade

dynamics.

Model Complex Prop. Affinity Tipping

IC No No Weak

LT Yes (local) No Limited

k-Complex Yes (hard threshold) No Sensitive to k

Data-driven Implicit No Not modeled

UP (ours) Yes Yes Strong

Table 5.1: Comparison of propagation models discussed in this paper. The unified prop-

agation model integrates propagation affinity with local and global influence, enabling

incubation dynamics and tipping-point behavior that are difficult to capture in classical

contagion models.

Independent Cascade (IC) model. Figure 5.14 compares the cascade size distri-

butions produced by the Independent Cascade (IC) model with activation probabilities

p = 0.25 and p = 0.5. In both cases the IC model exhibits broad distributions with

significant mass at intermediate cascade sizes. Particularly, while increasing the activa-

tion probability increases branching and shifts the distribution toward larger spreads, the

resulting cascades remain concentrated around moderate spreads rather than producing

the sharp tipping-point behavior observed in our unified propagation model.

This behavior arises from the single-contact activation constraint in the IC model:
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each active node has exactly one chance to activate each neighbor. As a result, propaga-

tion proceeds as a branching process whose growth is limited by early stochastic failures.

Increasing p increases the branching factor and therefore the expected cascade size, but

does not fundamentally change the qualitative shape of the distribution. Even at p = 0.5,

where branching is substantially higher, cascades do not exhibit the abrupt transition

between localized diffusion and system-wide virality that characterizes our model. In

contrast, the unified propagation model allows repeated reinforcement through propa-

gation affinity and accumulated local and global influences, enabling incubation phases

that can eventually trigger rapid viral growth through sufficient reinforcement.

(a) (b)

Figure 5.14: Distribution of size of cascade traces on a 1000-node PA network for the

Independent Cascade (IC) model, with activation probability (a) p = 0.25 and (b) p =

0.5.

Linear Threshold (LT) model. The Linear Threshold (LT) model represents another

canonical contagion framework and is most closely related to the high local-influence

regime of our unified propagation model. In the LT model, each node activates once the

weighted influence from its neighbors exceeds a threshold drawn from a specified distribu-
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tion. When these thresholds are repeatedly sampled through MCMC-style simulations,

the resulting cascade realizations resemble Bernoulli sampling over activation events in

our unified propagation model. However, the LT mechanism strongly emphasizes local

influence and does not explicitly incorporate propagation affinity or global sentiment.

Consequently, when cascades originate from a single seed, the spread distribution is typ-

ically heavily concentrated near zero. The absence of a propagation mechanism that can

accumulate influence from both propagation affinity as well as local/global mechanisms

prevents the formation of incubation regions capable of triggering large-scale diffusion.

k-complex contagion. The k-complex contagion model captures reinforcement dy-

namics by requiring that a node observe at least k active neighbors before adopting.

While this mechanism formalizes the notion of social reinforcement, it imposes strict

structural constraints on diffusion. When k = 1, the model reduces to a simple conta-

gion and virality becomes trivial, as a single exposure is sufficient for activation. For

k > 1, however, diffusion cannot propagate from a single seed by definition, since no

neighboring node can accumulate the required k active contacts. As a result, the model

requires either multiple simultaneous seeds or highly clustered initial conditions for diffu-

sion to begin. In core–periphery networks this restriction makes spreading from periph-

eral regions particularly difficult, as peripheral nodes rarely participate in sufficiently

dense local structures. In contrast, the unified propagation model allows propagation

affinity in the feature space to complement structural reinforcement, enabling cascades

to incubate locally and later expand through structurally advantageous pathways. This

interaction between feature-driven propagation and network structure allows our model

to capture tipping-point behavior that is not accessible in standard k-complex contagion

formulations.
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5.7.2 Data-Driven Propagation Models

While the main body of the paper focuses on analyzing propagation dynamics through

controlled simulations, an important question is whether the proposed propagation frame-

work can be learned directly from real-world cascade data. In this appendix, we explore

a preliminary data-driven formulation of the unified propagation model using cascade

traces from real networks. Our goal is not to build a state-of-the-art prediction model,

but rather to investigate whether the propagation and activation components of the

model can be estimated from empirical diffusion data and whether the resulting learned

model captures meaningful propagation patterns.

5.7.3 Choice of Propagation Function

To learn propagation dynamics from observed cascade traces, we parameterize the

propagation function using a simple threshold-based architecture inspired by the Linear

Threshold (LT) model.

P (v|Nbr(v)) = σ(
∑

w∈NbrA(v)

Ivw −
∑

w∈NbrI(v)

Ivw + bv), (5.15)

0 ≤ Ivw, bv ≤ 0.1 (5.16)

where NbrA(v) and NbrI(v) are the sets of active and inactive incoming neighbors of v

respectively. Here I ∈ [0, 0.1]|E| and b ∈ [0, 0.1]|V | are learnable parameters of the model.

Alternately, we can let the influence weights and biases be positive and otherwise

be unconstrained. The initialization of the parameters is done using ”small” Gaussian

weights. Since the sigmoid function saturates quickly, i.e., σ(5) > 0.99, it is advisable to

choose mean aggregation of edge influences rather than sum aggregation as below,

P (v|Nbr(v)) = σ(

∑
w∈NbrA(v) Ivw −

∑
w∈NbrI(v)

Ivw

dv
+ bv), (5.17)
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0 ≤ Ivw, bv (5.18)

where dv denotes the degree of node v.

While other model architectures are possible for learning propagation dynamics from

data, we adopt this formulation because it provides the closest analog to the classi-

cal Linear Threshold (LT) model. In particular, the propagation function plays a role

analogous to the influence weights in LT models, while the learned activation thresh-

olds capture heterogeneous susceptibility across nodes. This choice therefore provides

a natural bridge between traditional threshold-based contagion models and data-driven

learning approaches. At the same time, more expressive architectures—such as graph

neural networks or attention-based propagation models—could be used to parameter-

ize the propagation function. Our goal here, however, is to retain interpretability and

maintain a clear connection with the theoretical contagion models studied in the main

paper.

5.7.4 Maximum Likelihood Formulation

From Eq. 4 above, we can compute the local conditional probability P (v|Nbr(v)),

and so compute the likelihood of a cascade C, which is a directed subgraph of the global

graph G as,

P (C|G, I, b) = Πv∈CP (v|Nbr(v)) Πv∈BG(C)(1− P (v|Nbr(v))) (5.19)

where BG(C) is the boundary of the cascade C in graph G, that is, the nodes in G \ C

having at least one neighbor in C.

We then formulate our loss function as the negative log-likelihood of all the cascades

and optimize for the influence parameters I and b. Here, it is important to set the

weighting ratio for the in-cascade nodes and the boundary nodes in the loss appropriately,

115



Unified Propagation Model for Complex Contagion Chapter 5

since |BG(C)| >> |C| generally. We assign equal weight to both in-cascade nodes and

the boundary nodes.

It is also possible to differentially weigh nodes in the loss, since the early stage spread-

ers that’re close to the seed are more important for spread prediction. Thus, we can

consider subcascades within the cascade to augment our data. This can be easily imple-

mented within the loss function.

5.7.5 Prediction of Activation States

A key question in learning propagation models from data is whether the learned

model can correctly predict the intermediate activation states that arise during cascade

evolution. Table 5.2 reports the accuracy of predicting node activation states across

different node categories. We observe that the predictive accuracy for boundary nodes is

consistently lower than for active non-seed nodes that lie fully inside cascade regions.

From our deep dives into the training process we hypothesize that this behavior is

due to the presence of overlapping cascades in real-world diffusion data. In datasets such

as Epinions, Ciao, Twitter and APS, multiple cascades propagate simultaneously and

interact with the same nodes over time. As a result, a node that lies on the boundary

of one cascade may already be active due to another cascade. This makes it difficult for

a single learned propagation model to accurately capture the activation behavior using

deterministic thresholds and influence weights. In effect, the activation labels observed

in the data may reflect the superposition of multiple propagation processes.

One possible way to address this issue would be to train models using soft labels

that represent activation probabilities rather than binary states. Such labels could cap-

ture uncertainty arising from overlapping cascades and competing diffusion processes.

However, learning reliable soft-label representations requires substantially larger datasets
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with dense temporal observations of cascade activity. In the current setting, the available

data is insufficient to reliably estimate these distributions. This creates a chicken-and-egg

problem: richer data would allow us to learn more expressive propagation models, but

generating such data would itself require accurate generative models of cascade dynamics.

Overall, these results highlight the challenges of learning propagation dynamics di-

rectly from noisy cascade datasets and motivate the use of generative propagation models

that allow controlled study of contagion mechanisms.

Table 5.2: Accuracy on prediction of activation state for active non-seeds and boundary

nodes.

Dataset Split Active NonSeeds Boundary

Epinions

Train 0.93 0.70

Test 0.62 0.70

Ciao

Train 0.91 0.71

Test 0.66 0.68

Twitter

Train 0.64 0.77

Test 0.54 0.76

APS

Train 0.46 0.81

Test 0.34 0.79
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5.7.6 Limitations of Prior Data-Driven Propagation Models

Recent work on data-driven cascade modeling has focused primarily on predicting

aggregate cascade outcomes, such as the final spread or popularity of a piece of content

[15, 12, 13]. These models are typically trained to predict the eventual cascade size or

influence spread and are often used in downstream optimization tasks such as influence

maximization, where the learned models are reverse differentiated to identify optimal

seed nodes.

While these approaches have achieved strong performance on spread prediction bench-

marks, they do not explicitly model the intermediate activation states that define the cas-

cade trace itself. In particular, the temporal and structural evolution of cascades—namely,

which nodes activate at which stages and how propagation unfolds through the net-

work—is not directly predicted by these models.

However, the structure of cascade traces contains important information about the

underlying diffusion dynamics. As illustrated by the qualitative visualizations of large

cascade traces in the Epinions and Ciao datasets 5.15, the shapes of these cascades often

exhibit rich structural patterns such as branching, incubation regions, and bursts of rapid

expansion. Capturing these structural patterns requires models that explicitly represent

the propagation process rather than only predicting final cascade sizes.

Our analysis therefore suggests that evaluation metrics for learned propagation models

should incorporate structural similarity between cascade traces. In particular, graph edit

distance or related structural metrics could provide a principled way to measure how

closely a generated cascade matches the topology of observed diffusion traces. Such

metrics would encourage models to reproduce not only the final spread but also the

intermediate propagation dynamics that give rise to complex contagion behavior.

These observations further motivate the propagation-driven generative framework
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proposed in the main paper, which enables controlled exploration of cascade dynamics

and phase transitions that are difficult to isolate in real-world diffusion datasets.

(a) (b)

Figure 5.15: Qualitative visualization of big cascades on the (a) Ciao and (b) Epinions

datasets.

5.7.7 Extended Propagation Model

In the main formulation of the unified propagation model, node features remain fixed

throughout the cascade process, while the propagation vector evolves over time through

network interactions. In many real-world settings, however, activation itself changes the

latent state of a node. For instance, once a user adopts an opinion, engages with a

product, or participates in a social behavior, subsequent susceptibility and influence may

shift accordingly. To capture this effect, we consider an extension of the model in which

node features are updated after activation.

Let xv(t) ∈ Rd denote the feature vector of node v at time t, and let Ĉ ∈ Rd denote
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the propagation vector at time t. Suppose node v activates at time t. We first define the

unnormalized post-activation update

x̃v(t + 1) = (1− λ)xv(t) + λĈ, (5.20)

where λ ∈ [0, 1] is a tunable adaptation parameter. Since the feature vectors in our

model are constrained to lie on the d-dimensional hypersphere, we then renormalize:

xv(t + 1) =
x̃v(t + 1)

∥x̃v(t + 1)∥2
. (5.21)

If node v does not activate at time t, we leave its feature unchanged:

xv(t + 1) = xv(t). (5.22)

The parameter λ controls the extent to which activation shifts the latent state of a node

toward the propagated notion. When λ = 0, the model reduces to the static-feature

setting studied in the main paper. Larger values of λ produce stronger post-activation

adaptation, moving the node more aggressively toward Ĉ. Because of the normalization

step in (5.21), the updated feature remains a point on the unit hypersphere, preserving

the geometric interpretation of feature similarity used throughout the model.

This update rule induces a coupled propagation–adaptation process. Since future ac-

tivations depend on node features through propagation affinity, and node features them-

selves evolve in response to past activations, the network state becomes path-dependent

over time. In particular, repeated cascades can reshape the feature geometry of the net-

work, altering which future propagations are likely to succeed. This provides a natural

mechanism for modeling concept drift in evolving networks: the effective distribution of

node states changes as a consequence of prior contagion events.

An important consequence of feature drift is that the network edge weights also evolve

over time. In our setting, edge weights are derived from cosine similarity between node
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features. Hence, if

wuv(t) = cos
(
xu(t),xv(t)

)
= xu(t)⊤xv(t), (5.23)

where the second equality uses the fact that the features are normalized, then any

activation-driven update to xu(t) or xv(t) changes the corresponding edge weight. As a

result, repeated cascades do not merely alter node susceptibilities; they also modify the

effective geometry of the network itself. This yields a dynamic weighted graph in which

both node states and edge weights co-evolve over time.

This extension therefore enriches the unified propagation model in two ways. First, it

allows node states to evolve endogenously as a result of activation, rather than remain-

ing fixed throughout the process. Second, it provides a principled explanation for how

repeated cascades can induce concept drift in the network over time, thereby changing

both the feature geometry and the edge-weight structure under which future cascades

incubate, break out, and become viral.

5.7.8 Sampling Prop. Vectors to Maximize Spread

We now consider the inverse problem associated with the unified propagation model:

given a seed node and a network, can we identify or sample a propagation vector that is

likely to induce maximal spread? Let G = (V,E) be a graph with adjacency matrix A,

node feature matrix X ∈ Rn×d, and a single seed node v ∈ V . The goal is to produce

a propagation vector Ĉ ∈ Rd that maximizes the expected cascade spread under the

stochastic dynamics of the model.

Let σ(Ĉ; v, A,X) denote the expected spread size of a cascade generated by initial-

izing the unified propagation model with seed node v and propagation vector Ĉ. Since

propagation vectors are normalized in our framework, we restrict the feasible set to the
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unit hypersphere. The resulting optimization problem is

Ĉ⋆ = arg max
∥Ĉ∥2=1

σ(Ĉ; v, A,X). (5.24)

This optimization problem is generally intractable. The search space is continuous and

high-dimensional, and evaluating σ(Ĉ) requires MCMC simulation of the stochastic cas-

cade process. Furthermore, the objective function is highly nonconvex because small

changes in Ĉ can induce activation threshold crossings that significantly alter cascade

trajectories. We therefore consider approximate sampling-based strategies for identifying

high-quality propagation vectors.

5.7.9 Candidate Generation

A natural heuristic is to restrict the search to propagation vectors aligned with node

features that lie along structurally favorable diffusion pathways. In preferential attach-

ment networks and other core–periphery structures, viral cascades often occur when

propagation reaches highly connected core nodes or traverses wide bridges between com-

munities.

Let NK(v) denote a candidate node pool constructed from

1. the seed node v,

2. nodes within K hops of v,

3. high-degree nodes reachable from v, and

4. nodes lying on short paths from v to the network core.

From this pool, we construct candidate propagation vectors by normalizing node

feature vectors or local feature averages:

Ĉu =
xu

∥xu∥2
, Ĉu =

xu +
∑

w∈N(u) xw∥∥∥xu +
∑

w∈N(u) xw

∥∥∥
2

, (5.25)
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for u ∈ NK(v).

This reduces the search space from the continuous hypersphere to a finite set of

feature-informed directions that likely align with the feature geometry of nodes capable

of sustaining propagation.

5.7.10 Monte Carlo Estimation of Spread

For a candidate propagation vector Ĉ, we estimate the expected spread by repeated

cascade simulations. Let σ(m)(Ĉ) denote the spread size observed in the m-th cascade

simulation. The empirical estimate of expected spread is

σ̂(Ĉ) =
1

M

M∑
m=1

σ(m)(Ĉ). (5.26)

Candidate propagation vectors can be ranked according to σ̂(Ĉ).

5.7.11 Beam Search Refinement

To improve over simple enumeration, we perform local refinement around high-scoring

propagation vectors. Starting from a candidate Ĉ, we generate perturbed candidates of

the form

Ĉ ′ =
Ĉ + ϵz

∥Ĉ + ϵz∥2
, (5.27)

where z is sampled from an isotropic noise distribution and ϵ is a small perturbation

parameter. Each perturbed vector is evaluated using the Monte Carlo estimator in (5.26),

and the top B candidates are retained for further refinement. Repeating this process for T

rounds yields a beam-search approximation over the hypersphere of propagation vectors.
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5.7.12 Dynamic Programming Approximation

Although exact dynamic programming over propagation vectors is infeasible, a coarse

approximation can be constructed by discretizing the propagation space into a finite code-

book {Ĉ1, . . . , ĈR} and grouping nodes into structural states such as core, intermediate,

and periphery.

Let Vt(r, s) denote the estimated future spread obtainable at time t when the prop-

agation vector corresponds to codebook entry r and the current cascade frontier lies

primarily in structural region s. An approximate Bellman recursion can then be written

as

Vt(r, s) = max
r′∈[R]

{
Reward(r, s, r′) +

∑
s′

P (s′ | s, r, r′)Vt+1(r
′, s′)

}
, (5.28)

where Reward(r, s, r′) estimates the immediate increase in spread and P (s′|s, r, r′) rep-

resents transition probabilities between structural regions estimated from simulation.

5.7.13 Approximate Algorithm

In practice, the following approximate procedure can be used:

1. Construct candidate propagation vectors from the features of nodes near the seed

v and along short paths to core nodes.

2. Estimate the expected spread σ̂(Ĉ) for each candidate using Monte Carlo cascade

simulations.

3. Refine the highest-scoring candidates using beam search with normalized pertur-

bations.

4. Use the coarse dynamic programming approximation to prioritize candidates likely

to move the cascade toward structurally advantageous regions of the graph.
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This procedure yields an approximate solver

SamplePropagationVector(v, A,X)→ Ĉ, (5.29)

which outputs a normalized propagation vector predicted to achieve large expected

spread. By combining structural heuristics with Monte Carlo evaluation, the algorithm

exploits the key mechanisms of the unified propagation model: propagation affinity in

feature space and structural pathways that enable incubation and virality.
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Conclusion

This dissertation examined models of propagation in real-world networks, with a partic-

ular emphasis on network perturbations for accelerating spread and representation-based

propagations that unify local and global influences. Across three works, we addressed

complementary aspects of this problem, ranging from classifier learning under imbalance

to data-driven modeling of propagation and stochastic generative processes for complex

contagion.

In the first work, we proposed Prototype classifiers to address the biased softmax

problem for long-tailed recognition. Prototype classifiers do not suffer from the bias of

correlating classifier norm to class size, as they rely on distances to learnable prototypes

in representation space rather than dot-products with learnable weights, which couple

weight and bias terms. Our theoretical analysis showed that Euclidean distance is stable

for gradient-based optimization, and this was confirmed empirically. We further enabled

independent distance scales in the prototype distance function using channel-dependent

temperatures. Experimental results on four benchmark long-tailed datasets showed that

the Prototype classifier outperforms or is comparable to prior state-of-the-art methods.

Moreover, the learned prototypes were equinorm and exhibited improved separation in
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representation space compared to centroids.

In the second work, we introduced the novel Dynamic Viral Marketing (DVM) prob-

lem, which seeks to find the minimum budget and minimal perturbation set required

to achieve a target spread, where the propagation model is a non-linear GNN and per-

turbations are constrained by referral and co-marketing mechanisms. We showed that

DVM is NP-hard and is closely related to influence maximization. To address this prob-

lem, we developed the Dynamic Gradient Influencing (DGI) framework, which targets

non-adopters with low budget and high influence. DGI uses gradient-based ranking to

order perturbations and incorporates an efficient budget computation method, a Meta

Influence heuristic, and Meta Attribute Flips to increase node influence. We evaluated

DGI on three real-world attributed networks and demonstrated average improvements

of 24% in budget efficiency and 37% in AUC over multiple baselines. We also validated

the effectiveness of the budget computation and Meta Influence heuristic, and analyzed

cascade patterns through intermediary adopter nodes identified by DGI.

This work opens up a new research direction: data-driven models for network prop-

agation as alternatives to postulated models such as Linear Threshold [26]. Data-driven

approaches can incorporate node attributes and long-range interactions, enabling more

expressive propagation models. This perspective motivates future directions including

model-based reinforcement learning [97] in unknown environments and the development

of competitive strategies among interacting groups seeking to maximize spread.

In the third work, we presented a propagation-driven framework for modeling com-

plex contagion in networks that explicitly integrates feature-based affinity, local reinforce-

ment, and global influence into a unified stochastic activation process. By representing

propagating notions in the same feature space as network nodes, the model captures

heterogeneity in susceptibility and interprets propagation as a gated, time-varying ran-

dom walk. Through simulations on preferential attachment networks, we demonstrated
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how local incubation, core–periphery pathways, and parameter interactions jointly shape

cascade formation.

Our results showed that both excessive local reinforcement and excessive global in-

fluence can inhibit diffusion, and that successful cascades arise from a balance between

incubation and structural exploration. We further observed that phase transitions and

tipping points are reflected in early-stage growth dynamics, providing opportunities for

early prediction of viral outbreaks. By offering a controlled and interpretable generative

framework, this model serves as a complementary tool for understanding propagation

mechanisms that are often difficult to isolate in empirical data.

Taken together, these works contribute to a broader understanding of propagation in

networked systems. They highlight the importance of representation, temporal, and mod-

eling assumptions in shaping both learning outcomes and propagation dynamics. The

results demonstrate that both data-driven approaches and principled modeling frame-

works are essential for capturing the complexity of real-world propagation processes.
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