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Robust Stability of Hybrid Limit Cycles With
Multiple Jumps in Hybrid Dynamical Systems

Xuyang Lou, Yuchun Li and Ricardo G. Sanfelice

Abstract—For a broad class of hybrid dynamical systems,
we establish results for robust asymptotic stability of hybrid
limit cycles with multiple jumps per period. Hybrid systems
are given in terms of differential and difference equationswith
set constraints. Hybrid limit cycles are given by compact sets
defined by periodic solutions that flow and jump. Under mild
assumptions, we show that asymptotic stability of such hybrid
limit cycles is not only equivalent to asymptotic stability of a
fixed point of the associated Poincaŕe map but also robust to
perturbations. Specifically, robustness to generic perturbations,
which capture state noise and unmodeled dynamics, and to
inflations of the flow and jump sets are established in terms
of KL bounds. A two-gene network with binary hysteresis is
presented to illustrate the notions and results throughoutthe
paper.

Index Terms—Hybrid limit cycle, Poincar é map, hybrid sys-
tems, stability, robustness.

I. I NTRODUCTION

In recent years, the study of limit cycles in hybrid systems
has received substantial attention. One reason is the existence
of hybrid limit cycles in many engineering applications, such
as walking robots [1], genetic regulatory networks [2], me-
chanical systems [3], neuroscience [4], among others. Stability
of hybrid limit cycles is often a fundamental requirement for
their practical value in applications. The literature shows a va-
riety of results for the study of limit cycles in several classes of
hybrid systems [1], [2], [5]-[9]. In [1], the method of Poincaré
sections is employed to establish existence and asymptotic
stability of periodic orbits in impulsive systems emergingin
bipedal walking. The approach consists of building a map that
describes the evolution of the state of the system right before
impulses (or jumps), which, in the setting of [1], occur at
points belonging to a surface. By collapsing the flow dynamics
into such a return map – resembling the so-called Poincaré
map – the properties of the limit cycle can be studied using the
theory of discrete-time systems. This approach leads to results
in [5] highlighting properties of periodic orbits in general
impulsive systems and the design of stabilizing controllers
for walking robots. More precisely, [5] shows that periodic
orbits for such systems that are within an invariant manifold
(for which an explicit construction is provided) implies the
existence of local coordinates in which the Poincaré map has a
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block upper triangular structure. An extension of the Poincaré
map method was proposed in [6] for the analysis of limit
cycles in left-continuous hybrid impulsive dynamical systems,
which, as a difference to the models with state-triggered jumps
in [1], have variables that exhibit jumps at pre-established time
instances. For a similar class of hybrid systems, [7] presents
differential conditions in terms of linear matrix inequalities for
orbital stability within a contraction framework. Motivated by
applications in power systems, a trajectory sensitivity approach
was proposed in [8] to derive sufficient conditions for stability
of limit cycles in switched systems with differential-algebraic
constraints. In such models, the jumps occur due to the model
switches or to the reinitialization of the variables neededto
keep them within the so-called consistency spaces generated
by the algebraic constraints [10]. More recently, in [9], the
existence and stability of limit cycles in reset control systems,
which are a specific class of hybrid systems, are investigated
using techniques that rely on the linearization of the Poincaré
map about its fixed point.

Besides our preliminary results in [11], [12], results for
the study of robustness of limit cycles in hybrid systems
are currently missing from the literature, being perhaps the
main reason that a robust stability theory for such systems
has only been recently developed in [13]. In fact, all of the
aforementioned results about limit cycles are formulated for
hybrid systems operating in nominal/noise-free conditions.
The development of tools that characterize the robustness
properties to perturbations of stable hybrid limit cycles is very
challenging and demands a modeling framework that properly
handles time and the complex combination of continuous and
discrete dynamics.

In this paper, we establish sufficient conditions for guar-
anteeing (local and global) asymptotic stability of hybrid
limit cycles. The constructions proposed to certify asymptotic
stability of hybrid limit cycles are exploited to guaranteethat
such property is robust to perturbations. A result on robustness
to generic perturbations, which allows for state noise and
unmodeled dynamics, is proposed in terms ofKL bounds.
The satisfaction of the so-called hybrid basic conditions in [13]
is shown to be a crucial property in guaranteeing robustness
to such wide range of perturbations. Furthermore, due to the
particular structure of the sets on which flows and jumps
occur, we propose a result that guarantees robustness to
inflations of those sets, as a function of a parameter. While
this work investigates robust stability of a hybrid limit cycle
with multiple jumps per period, the situation where a hybrid
limit cycle only contains one jump per period has been studied
in [14] (see also [11], [15]), where other sufficient conditions
for stability, necessary conditions for existence of hybrid limit
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cycles, and numerous examples can be found.
The organization of the paper is as follows. Section II

presents a motivational example. Section III presents needed
preliminaries about hybrid systems. Section IV presents the
definition of hybrid limit cycle, stability notions, and hybrid
Poincaré map. In addition, with the hybrid limit cycle defini-
tion, sufficient conditions for stability of hybrid limit cycles
are established. Section V highlights issues with perturbations
and provides results on general robustness of stability to
perturbations. In addition, a two-gene network with binary
hysteresis, which exhibits periodic solutions with four jumps
per period, illustrates our results throughout the paper.

Notation. R
n denotes then-dimensional Euclidean space.

R>0 denotes the set of nonnegative real numbers, i.e.,R>0 :=
[0,+∞). N denotes the set of natural numbers including0, i.e.,
N := {0, 1, 2, · · · }. Given a vectorx ∈ R

n, |x| denotes the
Euclidean norm. Given a continuously differentiable function
h : Rn → R and a functionf : Rn → R

n, the Lie derivative
of h at x in the direction off is denoted byLfh(x) :=
〈∇h(x), f(x)〉. Given a functionf : Rm → R

n, its domain
of definition is denoted bydom f , i.e., dom f := {x ∈ R

m :
f(x) is defined}. Given a setA ⊂ R

n and a pointx ∈ R
n,

|x|A := infy∈A |x − y| when A is closed;A (respectively,
co A) denotes its closure (respectively, closed convex hull).B

denotes a closed unit ball in Euclidean space (of appropriate
dimension). Givenδ > 0 andx ∈ R

n, x+δB denotes a closed
ball centered atx with radiusδ. A function α : R>0 → R>0

belongs to class-K (α ∈ K) if it is continuous, zero at zero,
and strictly increasing; it belongs to class-K∞ (α ∈ K∞) if,
in addition, is unbounded. A functionβ : R>0 ×R>0 → R>0

belongs to class-KL (β ∈ KL) if for each t > 0, β(·, t) is
nondecreasing andlims→0+ β(s, t) = 0 and, for eachs > 0,
β(s, ·) is nonincreasing andlimt→∞ β(s, t) = 0.

II. M OTIVATIONAL EXAMPLE

Consider the genetic regulatory network with two genes,a
andb, each encoding proteinsA andB, respectively, proposed
in [2]. The dynamics of such genetic network are given by{

ż1 = k1s−(z2, θ2)− γ1z1
ż2 = k2s+(z1, θ1)− γ2z2

(1)

where z1 > 0 and z2 > 0 represent the concentration of
protein A and of proteinB, respectively. The constantsθ1
and θ2 are the thresholds associated with concentrations of
proteinsA andB, respectively. In this model, genea and its
proteinA are expressed at a growth ratek1 > 0 when z2 is
above the thresholdθ2. Similarly, geneb and its proteinB
are expressed at a growth ratek2 > 0 when z1 is above the
thresholdθ1. Degradations of both proteins are assumed to
be proportional to their own concentrations, a mechanism that
is captured by−γ1z1 and−γ2z2, respectively. The positive
constantsγ1 andγ2 represent the degradation rates of protein
A and B, respectively. The step functionss+ and s− are
defined as

s+(zi, θ)=

{
1 if zi>θ
0 if zi<θ

, s−(zi, θ)=1−s+(zi, θ), (2)

where i = 1, 2, s+(zi, θ) represents the logic for gene
expression when the protein concentration exceeds a threshold
θ, while s−(zi, θ) represents the logic for gene inhibition.

To incorporate binary hysteresis in the interaction between
genea and geneb, two discrete logic variables,q1 and q2,
are incorporated. The dynamics of the logic variables depend
on the thresholds,θ1 and θ2, respectively. The constantsθ1
and θ2 inferred from biological data satisfy0 < θ1 < θmax

1

and 0 < θ2 < θmax
2 , whereθmax

1 and θmax
2 are the maximal

values of the concentration of proteinA and of proteinB,
respectively.

The discrete dynamics of the hybrid system are described as
follows. Whenqi = 0 andzi = θi+ ri, the stateqi is updated
to 1, i.e., q+i = 1, whereri, i = 1, 2, are positive constants
defining the hysteresis width. Whenqi = 1 and zi = θi − ri,
the stateqi is updated to0, i.e., q+i = 0, wherei = 1, 2. Note
that at jumps, the continuous statesz1 andz2 do not change,
i.e., z+1 = z1 andz+2 = z2. We can express the conditions for
continuous and discrete behavior in a compact form using the
following functions:

ηi(zi, qi) := (2qi − 1)(−zi + θi + (1− 2qi)ri), i ∈ {1, 2}

Then, the condition for continuous evolution is given by

η1(z1, q1) 6 0 andη2(z2, q2) 6 0,

and the condition for discrete evolution is given by

η1(z1, q1) = 0 or η2(z2, q2) = 0.

Parameters of the model include positive constantsk1, k2, γ1,
γ2, θ1, θ2, r1, andr2 satisfyingθ1+r1 < θmax

1 , θ2+r2 < θmax
2 ,

θ1 − r1 > 0, andθ2 − r2 > 0.
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Fig. 1. Phase plot of solutions to the genetic network in (1) and (2) (projection
to (z1, z2) plane). The pointO1 is given by (z1, z2) = (0.85, 0.60), the
pointO2 is (z1, z2) = (0.50, 0.77), the pointO3 is (z1, z2) = (0.26, 0.40),
and the pointO4 is (z1, z2) = (0.70, 0.16).

A simulation to the system with parametersθ1 = 0.6, θ2 =
0.5, γ1 = γ2 = 1, k1 = k2 = 1, andr1 = r2 = 0.1 is depicted
in Fig. 1. The trajectory (blue line) in Fig. 1 shows a limit cycle
O defined by the solution to the hybrid genetic network system
with initial condition (z1, z2, q1, q2) = (0.79, 0.40, 1, 0) that
jumps at the pointsOi, i = 1, 2, 3, 4, and flows in between
points. As suggested from the simulation in Fig. 1, the limit
cycleO is asymptotically stable for the system (more rigorous
analysis is performed at a later section). A more detailed
discussion of this example can be found in [2].

Motivated by the example, our interest is in developing
analysis tools that can be applied to such systems so as to
determine the stability and robustness properties of hybrid
limit cycles with multiple jumps in a period, which are missing
tools in the literature of hybrid limit cycles.
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III. PRELIMINARIES ON HYBRID SYSTEMS

We consider hybrid systemsH as in [13], given by

H

{
ẋ = f(x) x ∈ C
x+ = g(x) x ∈ D

wherex ∈ R
n denotes the state of the system,ẋ denotes its

derivative with respect to time, andx+ denotes its value after a
jump. The functionf : Rn → R

n (respectively,g : Rn → R
n)

is a single-valued map describing the continuous evolution
(respectively, the discrete jumps) whileC ⊂ R

n (respectively,
D ⊂ R

n) is the set on which the flow mapf is effective
(respectively, from which jumps can occur). The data of a
hybrid systemH is given byH = (C, f,D, g). A solution toH
is parameterized by ordinary timet and a counterj for jumps.
It is given by a hybrid arcφ : domφ → R

n that satisfies the
dynamics ofH; see [13] for more details. A solutionφ to H
is said to be complete ifdomφ is unbounded. It is said to be
maximal if it is not a truncated version of another solution.
The set of maximal solutions toH from the setK is denoted
as

SH(K) :={φ :φ is a maximal solution toHwith φ(0, 0)∈K}.

We definet 7→ φf (t, x0) as a solution of the flow dynamics

ẋ = f(x) x ∈ C

from x0 ∈ C. A hybrid systemH is said to be well-posed if it
satisfies thehybrid basic conditions[13, Assumption 6.5].For
more details about this hybrid systems framework, we refer the
readers to [13].

IV. H YBRID L IMIT CYCLES AND BASIC PROPERTIES

A. Definitions

In this work, we consider a class of flow periodic solutions
defined as follows.

Definition 1: (flow periodic solution) A complete solution
φ∗ to H is flow periodic with periodT ∗ and N∗ jumps in
each periodif T ∗ ∈ (0,∞) andN∗ ∈ N\{0} are the smallest
numbers such thatφ∗(t+T ∗, j+N∗) = φ∗(t, j) for all (t, j) ∈
domφ∗.

The definition of a flow periodic solutionφ∗ with period
T ∗>0 andN∗ jumps per period above implies that if(t, j)∈
domφ∗, then (t + T ∗, j + N∗) ∈ domφ∗. A flow periodic
solution toH generates a hybrid limit cycle.

Definition 2: (hybrid limit cycle) A flow periodic solution
φ∗ with period T ∗ ∈ (0,∞) and N∗ ∈ N \ {0} jumps in
each period defines ahybrid limit cycleO = {x ∈ R

n : x =
φ∗(t, j), (t, j) ∈ domφ∗}.1

Next, the example in Section II is revisited to illustrate the
hybrid limit cycle notion in Definition 2.

Example 3:Consider the hybrid genetic network system in
in Section II. On the regionMG :=

{
x := (z1, z2, q1, q2) ∈

R
2
>0×{0, 1}2 : ([0, θ1+r1]×[0, θ2]×{0}×{0})∪([θ1, θmax

1 ]×
[0, θ2+r2]×{1}×{0})∪([θ1−r1, θ

max
1 ]× [θ2, θ

max
2 ]×{1}×

{1})∪([0, θ1]×[θ2−r2, θ
max
2 ]×{0}×{1})

}
(later, the setMG

will be part of our analysis), it can be described as a hybrid
1Alternatively, the hybrid limit cycleO can be written as{x ∈ Rn : x =

φ∗(t, j), t ∈ [ts, ts + T ∗], (t, j) ∈ domφ∗} for somets ∈ R>0.

systemHG as follows:

HG :






ẋ = fG(x) :=




k1(1−q2)−γ1z1
k2q1−γ2z2

0
0


 x∈C̃G ∩MG

x+ = gG(x) x∈D̃G ∩MG

(3)

where C̃G := {x ∈ R
2
>0 × {0, 1}2 : η1(z1, q1) 6

0, η2(z2, q2) 6 0}, D̃G := {x ∈ R
2
>0 × {0, 1}2 : η1(z1, q1) =

0 or η2(z2, q2) = 0}. The jump mapgG is given by

gG(x) :=

{
g1(x) if η1(z1, q1)=0, η2(z2, q2) < 0
g2(x) if η1(z1, q1)<0, η2(z2, q2) = 0

(4)

for each x ∈ D̃G ∩ MG, where g1(x) := (z1, z2, 1 −
q1, q2), g2(x) := (z1, z2, q1, 1 − q2). It follows from [2] that
when the conditions

θ1 + r1 < k1/γ1 < θmax
1 , θ2 + r2 < k2/γ2 < θmax

2 (5)
hold, there exists a hybrid limit cycleO for the hybrid system
HG with four jumps per period. It is given byO =

⋃4
i=1 Si,

with2

S1=

{

z∈R
2 :z=

[

k1
γ1

−( k1
γ1

−p0(1))e
−γ1s

p0(2)e
−γ2s

]

, s∈ [0, t
′

1]

}

×{(0, 0)}

S2=

{

z∈R
2 :z=

[

k1
γ1

−( k1
γ1

−p1(1))e
−γ1s

k2
γ2

−( k2
γ2

−p1(2))e
−γ2s

]

, s∈ [0, t
′

2]

}

×{(1, 0)}

S3=

{

z∈R
2 :z=

[

p2(1)e
−γ1s

k2
γ2

−( k2
γ2

−p2(2))e
−γ2s

]

, s∈ [0, t
′

3]

}

×{(1, 1)}

S4=

{

z∈R
2 :z=

[

p3(1)e
−γ1s

p3(2)e
−γ2s

]

, s∈ [0, t
′

4]

}

× {(0, 1)}

where

t
′

1 = ln

[
k1
γ1

−p0(1)
k1
γ1

−(θ1+h1)

] 1
γ1

, t
′

2=ln

[
k2
γ2

−p1(2)
k2
γ2

−(θ2+h2)

] 1
γ2

,

t
′

3 = ln
[

p2(1)
θ1−h1

] 1
γ1

, t
′

4 = ln
[

p3(2)
θ2−h2

] 1
γ2

.

(6)

andp0, p1, p2, p3 ∈ R
2 are the vertices of the setO (projected

to R
2); see [2, Proposition 3.3]. This system has a hybrid limit

cycle with periodT ∗ = t
′

1 + t
′

2 + t
′

3 + t
′

4 andN∗ = 4. △

B. Basic Properties of Hybrid Limit Cycles

In what follows, we focus on a class of hybrid systems that
satisfies the following assumption.

Assumption 4:For a hybrid systemH = (C, f,D, g) on
R

n, there exist a closed setM ⊂ R
n andN∗ continuously

differentiable functionshi : R
n → R such that

1) the flow setcan be written asC =
⋂N∗

i=1 Ci, and the
jump setcan be written asD =

⋃N∗

i=1 Di, whereCi =
{x ∈ R

n : hi(x) > 0} andDi = {x ∈ R
n : hi(x) =

0, Lfhi(x) 6 0} for eachi ∈ {1, 2, · · · , N∗};
2) the flow map f is continuously differentiable on an

open neighborhood ofM ∩ C, and the jump mapg is
continuous onM ∩D;

3) for eachi, k ∈ {1, 2, · · · , N∗}, Lfhi(x) < 0 for all x ∈
M ∩Di andg(M ∩Di)∩ (M ∩D) = ∅, and(M ∩Di)∩
(M ∩Dk) = ∅ for eachi 6= k;

4) HM = (M ∩C, f,M ∩D, g) has a flow periodic solution
φ∗ with period T ∗ > 0 and N∗ ∈ N \ {0} jumps per
period that defines a hybrid limit cycleO ⊂ M∩(C∪D).

2pi(n) is then-th component ofpi, i ∈ {0, 1, 2, 3}.
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Remark 5: Item 1) in Assumption 4 implies that flows
occur when everyhi is nonnegative and jumps only occur
at points in zero level sets ofhi. The continuity property
of f in item 2) of Assumption 4 is further required for
the existence of solutions tȯx = f(x) according to [13,
Proposition 2.10]. Items3) and4) in Assumption 4 allow us
to restrict the analysis of a hybrid systemH to a region of
the state spaceM ⊂ R

n. As we will show later, the setM
is appropriately chosen for each specific system such that it
guarantees completeness of nominal solutions toHM and the
existence of flow periodic solutions. It can be shown that the
hybrid limit cycle generated by periodic solutions as defined
in Definition 2 is closed and bounded.

Next, Example 3 is revisited to illustrate Assumption 4.

Example 6:Consider the hybrid genetic network system
HG in Example 3. On the regionMG and under the conditions
in (5), the setsC̃G and D̃G are equivalent toCG := {x ∈
MG : hi(x) > 0 ∀i ∈ {1, 2, 3, 4}}, andDG :=

⋃4
i=1 DGi

,
respectively, where
DGi

:= {x ∈ MG : hi(x) = 0,Γi(x)f1(x) 6 0}, i ∈ {1, 2}
DGi

:= {x ∈ MG : hi(x) = 0,Γi(x)f2(x) 6 0}, i ∈ {3, 4}

f1(x) := k1(1 − q2)− γ1z1, f2(x) := k2q1 − γ2z2,

Γ1(x) = −eθ1+r1−z1 , Γ2(x) = e−(θ1−r1−z1),
Γ3(x) = −eθ2+r2−z2 , Γ4(x) = e−(θ2−r2−z2),

and the functionshi:CG∪DG→R, i∈{1,2,3,4}, are defined as
h1(x) = eθ1+r1−z1 + eq1 − 2,

h2(x) = e−(θ1−r1−z1) + e1−q1 − 2,
h3(x) = eθ2+r2−z2 + eq2 − 2,
h4(x) = e−(θ2−r2−z2) + e1−q2 − 2.

With the closed setMG introduced in Example 3 and the sets
CG and DG given above, the systemHG can be rewritten
asHGM

= (MG ∩ CG, fG,MG ∩ DG, gG). Then, using the
conditions in (5), we obtain that for allx ∈ MG∩DGi

and each
i ∈ {1, 2, 3, 4}, Lf

floor(
i+1
2

)
hi(x) = Γi(x)ffloor( i+1

2 ) < 0. By

definition, the setsCG andDG are closed,fG is continuous on
MG∩CG, fG is continuously differentiable on a neighborhood
of MG ∩CG, andgG is continuous onMG ∩DG. Moreover,
it can be verified thatgG(MG ∩DGi

)∩ (MG ∩DG) = ∅ and
(MG ∩ DGi

) ∩ (MG ∩ DGk
) = ∅, for all i, k ∈ {1, 2, 3, 4},

i 6= k. Therefore, Assumption 4 holds. △

Remark 7: In [1] and [6], the authors extend the Poincaré
method to analyze the stability properties of periodic orbits
in nonlinear systems with impulsive effects. In particular,
the solutions to the systems considered therein are right-
continuous over (not necessarily closed) intervals of flow.In
particular, the models therein (as well as those in [7]) require
C ∩D = ∅, which prevents the application of the robustness
results in [13] due to the fact that the hybrid basic conditions
would not hold. On the other hand, our results allow us to
establish robustness properties of hybrid limit cycles as shown
in Section V.

Following [1], for a hybrid systemH, and for each
i∈{1, 2, · · · , N∗}, the time-to-impact function with respect to

Di is defined byTDi
: C∪D → R>0∪{∞}, where3

TDi
(x) := inf{t > 0 : φ(t, j) ∈ Di, φ ∈ SH(x)} (7)

for eachx ∈ C ∪D.
Inspired by [1, Lemma 3], we have that for eachi ∈

{1, 2, · · · , N∗}, the functionx 7→ TDi
(x) is continuous on

a subset ofM ∩ (C ∪ D); see [12, Lemma 4.13]. Next, let
us introduce the Poincaré map for hybrid systems. For each
i∈{1, 2, · · · , N∗}, the hybrid Poincaré mapPi : M ∩Di →
M ∩Di given by

Pi(x) :=
{
φ(TDi

(g(x)), j) : φ ∈ SH(g(x)), (8)

(TDi
(g(x)), j) ∈ domφ

}
∀x ∈ M ∩Di

is well-defined and continuous onXi due to the continuity of
TDi

on Xi and well-posedness ofHM . Note that for points
x in the range of a hybrid limit cycle withN∗ jumps,Pi(x)
is the value of the solution fromx after N∗ jumps; cf. [1].
The importance of the hybrid Poincaré map in (8) is that it
allows one to determine the stability of hybrid limit cycles.
Now, we define asymptotic stability using a hybrid Poincaré
map. Below,P k

i denotesk compositions of the Poincaré map
Pi with itself.

Definition 8: For eachi∈{1, 2, · · · , N∗}, a fixed pointx∗

of a Poincaré mapPi : M ∩Di → M ∩Di is said to be

• stable if for each ǫ > 0 there existsδ > 0 such that for
eachx ∈ M ∩Di , |x−x∗| 6 δ implies |P k

i (x)−x∗| 6 ǫ
for all integersk > 0;

• globally attractive with basin of attraction containing
every point in M ∩ Di if for all x ∈ M ∩ Di ,
lim
k→∞

P k
i (x)=x∗;

• globally asymptotically stableif it is both stable and
globally attractive with basin of attraction containing
every point inM ∩Di;4

• locally attractive if there existsµ > 0 such that for all
x ∈ M ∩Di , |x− x∗| 6 µ implies lim

k→∞
P k
i (x) = x∗;

• locally asymptotically stableif it is both stable and locally
attractive.

C. Stability of Hybrid Limit Cycles

In this section, we present stability properties of hybrid limit
cycles forH. Following the stability notion introduced in [13,
Definition 3.6], we employ the following notion for stability
of hybrid limit cycles.

Definition 9: Consider a hybrid systemH on R
n and a

compact hybrid limit cycleO. Then, the hybrid limit cycle
O is said to be

• stable for H if for every ε > 0 there existsδ > 0 such
that every solutionφ to H with |φ(0, 0)|O 6 δ satisfies
|φ(t, j)|O 6 ε for all (t, j) ∈ domφ;

3In particular, when there does not existt > 0 such thatφf (t, x) ∈ Di,
we have{t > 0 : φf (t, x) ∈ Di} = ∅ for eachi ∈ {1, 2, · · · , N∗}, which
givesTDi

(x) = ∞.
4In this paper, our results employ the term “global” as in [13]and related

references, which requires careful treatment. More precisely, in that reference,
it is stated that, for a hybrid systemH = (C, f,D, g) with state inRn, points
outsideC ∪ D belong to the basin of attraction, and that global asymptotic
stability corresponds to the case when that basin is equal toR

n, indicating
that solutions fromC ∪ D are required to converge to the asymptotically
stable set; see [13, Definition 3.6].
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• globally attractivefor H if every maximal solutionφ toH
from C̄∪D is complete and satisfieslim

t+j→∞
|φ(t, j)|O=0;

• globally asymptotically stablefor H if it is both stable
and globally attractive;

• locally attractive for H if there existsµ > 0 such that
every maximal solutionφ toH starting from|φ(0, 0)|O 6

µ is complete and satisfieslim
t+j→∞

|φ(t, j)|O = 0;

• locally asymptotically stablefor H if it is both stable and
locally attractive.

For eachi ∈ {1, 2, · · · , N∗}, and forx ∈ M ∩ (C ∪ Di),
define the “distance” functiondi : M ∩ (C ∪Di) → R>0 as

di(x) := sup
t∈[0,TDi

(x)], (t,j)∈domφ, φ∈SHM
(x)

|φ(t, j)|O

when0 6 TDi
(x) < ∞, and

di(x) = sup
(t,j)∈domφ, φ∈SHM

(x)

|φ(t, j)|O

if TDi
(x) = ∞. Note thatdi vanishes onO. Denote the basin

of attraction of the setO by BO. Then, similar to [1, Lemma
4] but exploiting the hybrid basic conditions, we have that the
functionsdi’s are well-defined and continuous onO; see [12,
Lemma 4.15].

A relationship between stability of fixed points of Poincar´e
maps and stability of the corresponding hybrid limit cyclesis
established next.

Theorem 10: Consider a hybrid systemH on R
n and a

closed setM ⊂ R
n satisfying Assumption 4. Suppose every

maximal solution toHM = (M ∩C, f,M ∩D, g) is complete.
Then, the following equivalences hold:

1) for each i ∈ {1, 2, · · · , N∗}, x∗
i ∈ M ∩ Di is a stable

fixed point of the Poincaré mapPi in (8) if and only if the
hybrid limit cycleO of HM generated by a flow periodic
solutionφ∗ with periodT ∗ andN∗ jumps in each period
from φ∗(0, 0) = x∗

i for eachi ∈ {1, 2, · · · , N∗} is stable
for HM ;

2) for eachi ∈ {1, 2, · · · , N∗}, x∗
i ∈ M ∩Di is a globally

asymptotically stable fixed point of the Poincaré mapPi

if and only if the unique hybrid limit cycleO of HM

generated by a flow periodic solutionφ∗ with periodT ∗

andN∗ jumps in each period fromφ∗(0, 0) = x∗
i for each

i ∈ {1, 2, · · · , N∗} is globally asymptotically stable for
HM with basin of attraction5 containing every point in
M ∩ (C ∪D).

Proof: We first prove the sufficiency of item1). By As-
sumption 4, every maximal solution toHM is unique via [13,
Proposition 2.11].Consider the hybrid limit cycleO generated
by a flow periodic solution toHM from x∗

i with x∗
i ∈ M ∩Di

for eachi ∈ {1, 2, · · · , N∗}. SinceO is stable forHM , given
ε > 0 there existsδ > 0 such that for any solutionφ to HM ,
|φ(0, 0)|O 6 δ implies |φ(t, j)|O 6 ε for all (t, j) ∈ domφ.
Sinceφ is complete andP k

i (x
∗
i ) = φ(TDi

(g(x∗
i )), j) for some

j, in particular, we have that|P k
i (x

∗
i )|O 6 ε for eachk ∈ N.

Therefore,x∗
i ∈ M ∩Di is a stable fixed point of the Poincaré

mapPi.
Next, we prove the necessity of item1) as in the proof

of [1, Theorem 1]. Suppose that for eachi ∈ {1, 2, · · · , N∗},
5A global property forHM implies a global property of the original system

H only whenM containsC ∪D.

x∗
i ∈ M∩Di is a stable point ofPi. Then,Pi(x

∗
i ) = x∗

i due to
the continuity ofPi in (8) and, for anȳǫ > 0, there exists̄δ > 0
such thatx̃ ∈ (x∗

i + δ̄B) ∩ (M ∩Di) impliesP k
i (x̃) ∈ (x∗

i +
ǭB) ∩ (M ∩ Di) ∀k ∈ N. Moreover, by assumption, every
maximal solutionφ to HM from x̃ ∈ (x∗

i + δ̄B)∩ (M ∩Di) is
complete and unique. Since solutions are guaranteed to exist
from M ∩Di, there exists a complete solutionφ from every
such pointx̃. Furthermore, the distance betweenφ and the
hybrid limit cycleO satisfies6

sup
(t,j)∈domφ

|φ(t, j)|O 6 max
i∈{1,2,··· ,N∗}

sup
x∈(x∗

i
+δ̄B)∩(M∩Di)

di◦g(x).

Since the functionsdi’s are well-defined and continuous onO,
di is continuous atx∗

i . SinceO is transversal toM ∩Di (see
[12, Lemma 4.9]),O ∩ (M ∩Di) is a singleton,g(x∗

i ) ∈ O,
andg is continuous, we have thatdi ◦ g is continuous atx∗

i .
Moreover, sincedi ◦ g(x∗

i ) = 0, it follows by continuity that
given anyǫ > 0, we can pick̄ǫ and δ̄ such that0 < ǭ < ǫ and

max
i∈{1,2,··· ,N∗}

sup
x∈(x∗

i
+δ̄B)∩(M∩Di)

di ◦ g(x) 6 ǫ.

Therefore, an open neighborhood ofO given byV := {x ∈
R

n : max
i∈{1,2,··· ,N∗}

di(x) ∈ [0, ǫ)} is such that any solutionφ to

HM from φ(0, 0) ∈ V satisfies|φ(t, j)|O 6 ǫ for all (t, j) ∈
domφ. Thus, the necessity of item1) follows immediately.

The stability part of item2) follows similarly. Sufficiency
of the global attractivity part in item2) is proved as follows.
Suppose the hybrid limit cycleO generated by a flow periodic
solution to HM from x∗

i , i ∈ {1, 2, · · · , N∗} is globally
attractive forHM with basin of attraction containing every
point in M ∩ (C ∪ D). Then, givenǫ > 0, for any solution
φ to HM , there existsT̄ > 0 such that|φ(t, j)|O 6 ǫ for
all (t, j) ∈ domφ with t > T̄ . Note thatφ is complete
and domφ is unbounded in thet-direction as Assumption 4
prevents solutions from being Zeno via [16, Lemma 2.7]. It
follows that|P k

i (x
∗
i )|O 6 ǫ for sufficiently largek. Therefore,

x∗
i is a globally attractive fixed point ofPi.
Finally, we prove the necessity of the global attractivity part

in item 2). For eachi ∈ {1, 2, · · · , N∗}, assume thatx∗
i ∈

M ∩ Di is a globally attractive fixed point ofPi. Then, for
any ǭ > 0, there exists̄δ > 0 such that,

x̃ ∈ (x∗
i + δ̄B) ∩ (M ∩Di)

implies lim
k→∞

P k
i (x̃) = x∗

i . Moreover, following from Defini-

tion 8, it is implied that a maximal solutionφ to HM from
x∗ is complete. Then, by continuity ofdi andg,

lim
k→∞

di ◦ g(P
k
i (x̃)) = di ◦ g(x

∗
i ) = 0,

from which it follows that

lim
t+j→∞

|φ(t, j)|O

6 lim
k→∞

max
i∈{1,2,··· ,N∗}

sup
x̃∈(x∗

i
+δ̄B)∩(M∩Di)

di ◦ g(P
k
i (x̃))

6 max
i∈{1,2,··· ,N∗}

sup
x̃∈(x∗

i
+δ̄B)∩(M∩Di)

lim
k→∞

di ◦ g(P
k
i (x̃))

6 max
i∈{1,2,··· ,N∗}

di ◦ g(x
∗
i ) = 0. (9)

�

Remark 11:In [1], sufficient and necessary conditions for
6Given two functionsd : Rn → R>0 and g : Rn → Rn, the operator◦

defines a function composition, i.e.,d ◦ g(x) = d(g(x)) for all x ∈ Rn.



6

stability properties of periodic orbits in impulsive systems
are established using properties of the fixed points of the
corresponding Poincaré maps. Compared to [1], Theorem 10
enables the use of the Lyapunov stability tools in [13] to certify
asymptotic stability of a fixed point without even computing
the Poincaré map.

At times, one might be interested only on local asymptotic
stability of the fixed point of the Poincaré map. Such case is
handled by the following result.

Corollary 12: Consider a hybrid systemH on R
n and a

closed setM ⊂ R
n satisfying Assumption 4. Suppose every

maximal solution toHM = (M ∩C, f,M ∩D, g) is complete.
Then, for eachi ∈ {1, 2, · · · , N∗}, x∗

i ∈ M ∩Di is a locally
asymptotically stable fixed point of the Poincaré mapPi if and
only if the unique hybrid limit cycleO of HM generated by
a flow periodic solutionφ∗ with periodT ∗ andN∗ jumps in
each period fromφ∗(0, 0) = x∗

i for eachi ∈ {1, 2, · · · , N∗}
is locally asymptotically stable forHM .

The following example illustrates the sufficient condition
in Corollary 12 by checking the eigenvalues of the Jacobian
matrix of each Poincaré map at its fixed points.

Example 13:Consider the hybrid genetic network system
HGM

introduced in Example 6. By [2, Proposition 3.1], every
maximal solution toHGM

is complete. Therefore, the hybrid
systemHG on MG satisfies Assumption 4 and has a flow
periodic solutionφ∗ with periodT ∗ given in Example 3 and
four jumps per period, which defines a unique hybrid limit
cycleO⊂MG∩(CG∪DG). Now, for eachi ∈ {1, 2, 3, 4}, let
Pi be the Poincaré map forHGM

associated to the fixed point
x∗
i . The sufficient condition in Corollary 12 can be verified

by computing the eigenvalues of the Jacobian matrix of the
Poincaré mapsPi at each fixed pointx∗

i , i ∈ {1, 2, 3, 4}.
Due to the linear form of the flow and jump maps, it is
possible to obtain an analytic form of the Jacobian matrices
of the Poincaré maps; see [2, Eq.(19)]. Here, we apply the
shooting method in [8] to compute the Jacobian matrices based
on approximate Poincaré maps numerically for parameters
θ1 = 0.6, θ2 = 0.5, γ1 = γ2 = 1, k1 = k2 = 1, and
r1 = r2 = 0.1. The four fixed points are obtained as

x∗
1 ≈ (0.70, 0.16, 0, 0) ∈ DG1 , x

∗
2 ≈ (0.85, 0.60, 1, 0) ∈ DG2 ,

x∗
3 ≈ (0.50, 0.77, 1, 1) ∈ DG3 , x

∗
4 ≈ (0.26, 0.40, 0, 1) ∈ DG4 ,

and the period time of the hybrid limit cycle isT ∗ ≈ 2.83.
It can be verified that the four eigenvalues of the Jacobian
matrix are located inside the unit circle. Therefore, the hybrid
limit cycle O of the hybrid genetic network system is locally
asymptotically stable. The properties of the hybrid limit cycle
O are illustrated numerically in Fig. 1 (blue line). △

V. ROBUSTNESS OFHYBRID L IMIT CYCLES

A. Robustness to General Perturbations

In this section, we present results guaranteeing robustness
to generic perturbations of asymptotically stable hybrid limit
cycles. More precisely, we consider the perturbed continuous
dynamics of the hybrid systemHM = (M ∩ C, f,M ∩D, g)
given by

ẋ = f(x+ d1) + d2 x+ d3 ∈ M ∩ C

whered1 corresponds to state noise,d2 captures unmodeled
dynamics andd3 captures generic disturbances on the state
such as measurement noise. Similarly, we consider the per-
turbed discrete dynamics

x+ = g(x+ d1) + d2 x+ d4 ∈ M ∩D.

where d4 captures generic disturbances on the state. The
hybrid systemHM with such perturbations results in the
perturbed hybrid system

H̃M

{
ẋ = f(x+ d1) + d2 x+ d3 ∈ M ∩ C
x+ = g(x+ d1) + d2 x+ d4 ∈ M ∩D

(10)

The perturbationsdi (i = 1, 2, 3, 4) might be state or hybrid
time dependent, but assumed to have Euclidean norm bounded
by M̄i > 0 (i = 1, 2, 3, 4), and to be admissible, namely,
domdi (i = 1, 2, 3, 4) is a hybrid time domain and the
function t 7→ di(t, j) is measurable ondomdi ∩ (R>0 × {j})
for eachj ∈ N.

The following result establishes that the stability ofO for
HM is robust to a class of the perturbations defined above.

Theorem 14: Consider a hybrid systemH on R
n and a

closed setM ⊂ R
n satisfying Assumption 4. IfO is an

asymptotically stable compact set forHM with basin of
attraction BO, then for every proper indicatorω of O on
BO there existsβ̃ ∈ KL such that for everyε > 0 and every
compact setK ⊂ BO, there existM̄i > 0, i ∈ {1, 2, 3, 4}, such
that for any admissible perturbationsdi, i ∈ {1, 2, 3, 4}, with
Euclidean norm bounded bȳMi, respectively,every solution
φ̃ to H̃M with φ̃(0, 0) ∈ K satisfies

ω(φ̃(t, j)) 6 β̃(ω(φ̃(0, 0)), t+ j) + ε ∀(t, j) ∈ dom φ̃.

Proof: We introduce the following perturbed hybrid sys-
temHρ

M with ρ > 0:

Hρ
M

{
ẋ ∈ Fρ(x) x ∈ Cρ

x+ ∈ Gρ(x) x ∈ Dρ
(11)

where

Cρ := {x ∈ R
n : (x+ ρB) ∩ (M ∩ C) 6= ∅},

Fρ(x) := cof((x+ ρB) ∩ (M ∩ C)) + ρB,

Dρ := {x ∈ R
n : (x+ ρB) ∩ (M ∩D) 6= ∅},

Gρ(x) := {v ∈ R
n : v ∈ η + ρB,

η∈g((x + ρB)∩(M∩D))}.

Then, every solution tõHM with admissible perturbationsdi
having Euclidean norm bounded bȳMi, i ∈ {1, 2, 3, 4}, is a
solution to the hybrid systemHρ

M with ρ > max{M̄1, M̄2,
M̄3, M̄4}, which corresponds to an outer perturbation ofHM

and satisfies [17, (C1)-(C4)] (see [17, Example 5.3] for more
details). Then, the claim follows by [17, Theorem 6.6] and
the fact that every solution tõHM is a solution to (11). In
fact, using [17, Theorem 6.6], for every proper indicatorω of
O on BO there existsβ̃ ∈ KL such that for each compact
set K ⊂ BO and eachε > 0, there existsρ∗ > 0 such
that for eachρ ∈ (0, ρ∗], every solutionφρ to (11) from
K satisfiesω(φρ(t, j)) 6 β̃(ω(φρ(0, 0)), t + j) + ε for all
(t, j) ∈ domφρ. The proof concludes using the relationship
between the solutions tõHM and (11), and pickingM̄i,
i ∈ {1, 2, 3, 4}, such thatmax{M̄1, M̄2, M̄3, M̄4} ∈ (0, ρ∗].

�

Through an application of [13, Lemma 7.19], it can be
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shown that the hybrid limit cycle is robustlyKL asymptot-
ically stable onBO. In certain applications, a relationship
between the maximum valueρ of the perturbation and the
factorε in the semiglobal and practicalKL bound in (13) can
be established numerically, as shown in the next example.

Example 15:Consider the hybrid systemHGM
in Exam-

ple 6. The admissible state perturbation and genetic perturba-
tions considered ared1 = d3 = d4 = (ρ sin(t), 0, 0, 0). The
unmodeled dynamics considered isd2 = (0, ρ cos(t), 0, 0).
To validate Theorem 14, more simulations are performed to
quantify the relationship betweenρ∗ (the maximal value of
the perturbation parameterρ) and ε (the desired level of
closeness toO). Given a compact setK := [0.36, 0.44] ×
[0.46, 0.54]× {0}× {0} and different desired region radiuses
ε = {0.02, 0.04, 0.06, 0.2, 0.4, 0.6}, the simulation results are
shown in Table I, which indicates that the relationship between
ρ∗ andε can be approximated asρ∗ ≈ 0.5ε. As it can be seen,
the larger admissible convergence error the larger perturbation
parameterρ∗ can be. These validate the result in Theorem 14.

△
TABLE I

SIMULATION RESULTS FOR DIFFERENCE VALUES OFε

ρ∗ ε ρ∗/ε
0.0103 0.02 0.5150
0.0204 0.04 0.5100
0.0305 0.06 0.5083
0.1019 0.20 0.5095
0.2000 0.40 0.5000
0.3021 0.60 0.5035

B. Robustness to Inflations ofC andD

We consider the following specific parametric perturbation
on h, in both the flow and jump sets, withǫ > 0 denoting
the parameter: the perturbed flow set is an inflation of the
original flow set while the conditionh(x) = 0 in the jump set
is replaced byh(x) ∈ [−ǫ, ǫ]. The resulting system is denoted
asHǫ

M and is given by

Hǫ
M

{
ẋ = f(x) x ∈ Cǫ ∩M
x+ = g(x) x ∈ Dǫ ∩M

(12)

where the flow set and the jump set are replaced byCǫ =
{x ∈ R

n : h(x) > −ǫ} and Dǫ = {x ∈ R
n : h(x) ∈

[−ǫ, ǫ], Lfh(x) 6 0}, respectively, while the flow map and
jump map are the same as forHM . We have the following
result, whose proof follows from the proof of Theorem 14.

Theorem 16: Consider a hybrid systemH on R
n and a

closed setM ⊂ R
n satisfying Assumption 4. IfO is an

asymptotically stable compact set forHM with basin of
attractionBO, then there exists̃β ∈ KL such that, for every
ε > 0 and each compact setK ⊂ BO, there exists̄ǫ > 0 such
that for eachǫ ∈ (0, ǭ] every solutionφ to Hǫ

M in (12) with
φ(0, 0) ∈ K satisfies

|φ(t, j)|O 6 β̃(|φ(0, 0)|O, t+ j) + ε ∀(t, j) ∈ domφ. (13)

Theorem 16 implies that the asymptotic stability property of
the hybrid limit cycleO is robust to a parametric perturbation
on h.

VI. CONCLUSION

Notions and tools for the analysis of hybrid limit cycles
in hybrid dynamical systems are proposed. In addition to
nominal results, the key novel contributions include conditions
for robustness of asymptotically stable hybrid limit cycles with
respect to perturbations andto inflations of flow and jump sets.
The proposed results are applicable to the situation where a
hybrid limit cycle may contain multiple jumps within a period.
An example isincluded to aid the reading and illustrate the
concepts and the methodology of applying the new results.
Current research efforts includedetermining necessary condi-
tions for the existence of hybrid limit cycles [14],and hybrid
control design for asymptotic stabilization of such limit cycles
as well as their robust implementation.
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