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Abstract

We discuss the development of the Kakimizu complex as well as the mathematical techniques that have

been developed to study it. By using these techniques we determine the Kakimizu complex for a new class

of links which are the result of plumbing an n-times full twisted band, n ≥ 2 to a Seifert surface for a special

alternating link. We also show how the maximal simplices of the Kakimizu complex for the resulting link

can be directly obtained from the maximal simplices of the original special alternating link.
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Notation

For convenience, we list notation commonly used throughout this text that is possibly specific to Prob-

ability Theory or otherwise non-standard.

(1) D: An oriented link diagram

(2) θ(D): The theta graph induced by D

(3) n: The number of regions in θ(D)

(4) σi: A region of θ(D)

(5) int(σi): The interior of the region σi

(6) Si: A special admissible embedding of a Seifert surface for a special alternating link

(7) S
′

i: A Seifert surface which is the result of plumbing a twisted band on the − side of Si in int(σj)

for some j.

(8) S∗i : A Seifert surface which is the result of plumbing a twisted band on the + side of Si in int(σj)

for some j.
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CHAPTER 1

Introduction

A knot in the three sphere, S3 is the image of an embedding of the one dimensional sphere, S1 into S3.

By this definition, every knot is homeomorphic to S1. We distinguish knots by declaring that two knots K1

and K2 in S3 are of the same knot type if there exists an orientation preserving homeomorphism f ∶ S3 → S3

mapping K1 to K2. For this reason, understanding the exterior of a knot in S3 becomes a fundamental

problem. The study of knots and links and their properties continues to evolve and has developed into the

rich and diverse field in low dimensional topology known as knot theory. Since knot complements play a

central role in this field one approach to understanding knot types is to study the surfaces which can be

properly embedded in their complements.

In a 1934 paper, Herbert Seifert proved that every tame knot in S3 bounds a connected orientable

surface [Sei34]. These surfaces are now called Seifert surfaces. From a single Seifert surface for a knot we

can obtain others by taking connect sums with tori. For this reason, the incompressible Seifert surfaces

for the knot are, in a sense, the most fundamental. In 1967, G. Burde and H. Zieschang showed that each

fibered knot has only a single isotopy type of Seifert surfaces [BZ22]. In 1977, J. Eisner provided examples

of knots with infinitely many isotopy classes of minimal genus Seifert surfaces [Eis77]. More specifically, he

showed that the connect sum of two non-fibered knots has infinitely many isotopy classes of minimal genus

Seifert surfaces, and that these surfaces are obtained by spinning around the decomposing annulus which

is associated with the connect sum. In 1985, A. Hatcher and W. Thurston were able to classify all isotopy

classes of minimal genus Seifert surfaces for 2-bridge knots [HT85].

From the classification of the isotopy classes of minimal genus Seifert surfaces for these specific knot

types it becomes clear that it is sometimes possible to find representatives from these isotopy classes which

can be simultaneously embedded in a knot complement without intersection. With this in mind O. Kakimizu

defined the following simplicial complex:

Definition 1.0.1. ( [Kak92, p225]). For a non-split, alternating link L, the Kakimizu complex MS(L)

of L is a simplicial complex, the vertices of which are the ambient isotopy classes of minimal genus Seifert

surfaces for L. Distinct vertices S0, ...Sn span an n–simplex exactly when they can be realised disjointly.
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Many topological properties of the Kakimizu complex have been established. Both Kakimizu’s work and

independent results of M. Scharlemann and A. Thompson imply that the Kakimizu complex is connected

[Kak92], [MS88]. J. Banks classified the Kakimizu complex for connect sums of links [Ban13]. M. Sakuma

and K. J. Shackleton were able to place bounds on the diameter of the Kakimizu complex for a knot

which depend on the genus of the knot [MS09]. P. Przytycki and J. Schultens showed that the complex

is contractible [PP12], and more recently J. Johnson, R. Pelayo, and R. Wilson showed that it is quasi-

Euclidean [JJ14].

Results regarding the Kakimizu complex for specific knot types have also been established. Most notably,

O. Kakimizu has given the Kakimizu complex for knots of up to 10 crossings [Kak05], M. Sakuma has given

the complex for what he calls ‘special arborescent links’ [Sak94], and J. Banks determined the Kakimizu

complex for ‘special alternating links’ [Ban22]. Special arborescent links have the particularly nice property

that they can be described as the boundary of a surface obtained by taking plumbings of oriented twisted

bands. A plumbing of two surfaces can be thought of as locally attaching two bands from the surfaces so that

the cores of these bands intersect transversely and the orientations of the bands induce an orientation on the

resulting surface. Since the bands must be oriented, M. Sakuma’s results neglect a large class of arborescent

links which include links obtained by taking plumbings of bands with odd numbers of half-twists. J. Banks’

results are also restricted to a very special set of links. Special alternating links are links which have an

alternating diagram such that the Seifert surface obtained from Seifert’s algorithm applied to this diagram

gives one of the checkerboard surfaces for the diagram. In addition to these ‘special’ cases, there are several

papers which show that certain knots have unique spanning surfaces [BZ22], [T.K89], [Lyo74], [Whi73].

These are some of the few cases for which the Kakimizu complex is understood.

Perhaps the most fundamental difficulty in determining the Kakimizu complex for a link is first de-

termining the isotopy classes of Seifert surfaces for that link. In [HT85], A. Hatcher and W. Thurston

determined the isotopy classes for two bridge knots by putting them in bridge position with respect to the

standard Morse function on S3 and considering how the level sets of Seifert surfaces can change. They

showed that Seifert surfaces for two bridge knots are plumbings of twisted bands such that no band has

more than two plumbing disks on it. With this result in mind, O. Kakimizu provided results for when a

surface obtained as a plumbing of two surfaces has a ‘dual’ surface which is not isotopic to it, but can be

made disjoint from it [Kak05]. Using O. Kakimizu’s result and the fact that oriented twisted bands have

only one isotopy class of Seifert surfaces, M. Sakuma was able to determine the isotopy classes of ‘special

arborescent links’ [Sak94].
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Using the techniques established by O. Kakimizu, M. Sakuma, and J. Banks I hope to extend our

understanding of the Kakimizu complex to more link types. I am particularly interested in extending their

methods to alternating links. When applying Seifert’s algorithm to an alternating link diagram we obtain a

collection of circles in the plane called Seifert circles. In the case of special alternating links these circles are

not nested in the plane. For alternating links in general, there can be nested circles, and we can think of the

inner circles as sitting above the outer ones. By attaching bands with single half twists in a way consistent

with the crossing information from the diagram we obtain a Seifert surface for the link which is positioned

in S3 in a specific way. With this positioning in mind we see that this Seifert surface can be obtained

by a generalization of plumbing called a Murasugi sum of the checkerboard surfaces obtained from special

alternating link diagrams. Each of these checkerboard surfaces is associated to a collection of Seifert circles

in the diagram which are nested inside another Seifert circle. Similar to plumbings, a surface S which is

obtained by taking a Murasugi sum of two surfaces has a dual surface S′ which can be made disjoint from S.

Under reasonable conditions S and S′ are not isotopic. Since we can determine all of the isotopy classes for

each special alternating link which is the boundary of a checkerboard surface involved in the Murasugi sum

we can already identify a large class of Seifert surfaces for alternating links. What remains is to determine

if this collection of surfaces is exhaustive and which subsets of these surfaces can be made simultaneously

disjoint in the link complement.

In this paper I will consider a more general class of links which can be obtained by plumbing a twisted

band to a checkerboard Seifert surface for a special alternating link and establish all of the necessary results

to determine the Kakimizu complex for such links. Doing this will require many of the methods established

by O. Kakimizu and J. Banks. In the end I will give a description of how to take a maximal simplex in the

Kakimizu complex of the special alternating link and then obtain a maximal simplex for the link which is

the result of the plumbing.
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CHAPTER 2

Special Embeddings for Surfaces on Special Alternating Links

2.1. Special Alternating Links

Much of what we know about the Kakimizu complex for special alternating links is due to the works of

M. Hirasawa, M. Sakuma, and J. Banks [HS97], [Ban22]. While O. Kakimizu and M. Sakuma relied heavily

on the plumbing structure of the links they considered in [Kak05] and [Sak94], in [HS97] and [Ban22],

M. Hirasawa, M.Sakuma and J. Banks instead utilize the special alternating diagram associated to a special

alternating link and the 2-sphere in S3 associated to this diagram which separates the overcrossings on

the knot diagram from the undercrossings. The arcs of intersection of a Seifert surface which is disjoint

from the original checkerboard surface and this 2-sphere, called P -arcs, completely determine the surface.

Furthermore, the Seifert surface associated with these P -arcs is isotopic to a surface obtained by applying

Seifert’s algorithm to a knot diagram which is the result of a sequence of isotopies of the knot called

flypes. Since any two diagrams for an alternating knot are related by a sequence of flypes, flypes on a

special alternating diagram result in another special alternating diagram, and since the Kakimizu complex

is connected we know that every Seifert surface for a special alternating knot can be obtained by applying

Seifert’s algorithm to some diagram for the knot.

In order to establish the Kakimizu complex for a new set of links that we will explore later in this paper,

we first need to clearly understand the Seifert surfaces for special alternating links. In particular, we will

need to determine preferred embeddings for all of the Seifert surfaces involved. In [HS97] and [Ban22], M.

Hirasawa, M. Sakuma, and J. Banks give a simplicial complex K(D) for an oriented link L which is shown

to be simplicially isomorphic to MS(L). In the description of the simplicial isomorphism involved we are

given preferred embeddings for each vertex of MS(L).

Theorem 2.1.1. ( [HS97, Theorem 1.5]) Let L is a special alternating link then there is a natural

isomorphism between MS(L) and K(D). In particular, every minimal genus Seifert surface for L is given

by applying Seifert’s algorithm to some special alternating diagram for L.

2.1.1. Describing the complex K(D) ≅ MS(L).
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Definition 2.1.1. An oriented link L is called a special alternating link if there is an oriented

diagram D for L, called a special alternating diagram such that applying Seifert’s algorithm to D results

in every Seifert circle being innermost.

Alternatively, we say L is a special alternating link if applying Seifert’s algorithm to a diagram D for L

yields a checkerboard surface for D ⊂ S2. In this case, we say D is a special alternating diagram. We refer to

the regions in S2 bounded by Seifert circles as black regions, and the other regions in D are called white

regions

For example, Figure 2.1 shows an oriented diagram D for the knot 74 which yields a checkerboard surface

when Seifert’s algorithm is applied. Therefore 74 is a special alternating link. In this case, there are 6 black

regions and 3 white regions in the checkerboard surface.

Figure 2.1. 74

Definition 2.1.2. A flype circle ϕ for an oriented diagram D for a link L is a simple closed curve

in S2 that meets the link diagram D ⊂ S2 at exactly 4 points: once at each end-point of an arc in a white

region of the checkerboard surface for D, called the flype-arc for ϕ, and twice at a crossing called the flype

crossing for ϕ. By looking at the orientation of the link near the flype crossing we can define the + and −

sides of a flype circle in a natural way. Figure 2.2 shows a flype circle ϕ on an oriented diagram. The flype

circle ϕ determines a flype that changes D to another special alternating diagram of L, as is also shown in

Figure 2.2. Each flype is realised by an isotopy of S3.

After applying a flype to a diagram D, we may apply Seifert’s algorithm to the resulting diagram D̃. By

reversing the isotopy of S3 corresponding to the flype we have two Seifert surface on the diagram D. If these

surfaces are isotopic in S3∖L then we say the flype is inessential. Otherwise, we say the flype is essential.
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Figure 2.2. A Flype

In [HS97], M. Hirasawa and M. Sakuma describe a correspondence between the essential flypes for a

special alternating diagram D and regions of S2 ∖ D̃ where D̃ is a projection of D onto S2.

Definition 2.1.3. Begin with a special alternating diagram D for a link L, and consider the graph G(D)

in S2 formed by placing a vertex in each Seifert circle, and adding an edge for each crossing between Seifert

circles. If distinct edges e, e′ ∈ E(G) bound a bigon region of S2 ∖ G then remove one of e, e′. Repeat this

until S2 ∖ G has no bigon regions. Suppose there exists a simple closed curve c in S2 such that c consists of

an edge e of G together with an arc c′ that only meets G at its endpoints and such that S2 ∖ (G ∪ c′) has no

bigon regions. Add a new edge to G along c′. Repeat this as many times as possible. The resulting graph is

called GF(D).

Each vertex of GF(D) inherits an orientation from the orientation of its corresponding Seifert circle. From

the orientation on the vertices we may also assign + and − sides to the edges of GF(D) in a natural way.

In Figure 2.3, (1) is obtained from the link diagram D by placing a vertex in each black region associated

to the checkerboard surface forD and adding an edge between two vertices if there is a crossing which connects

their two corresponding black regions in D. (2) which is obtained from (1) deleting an edge which was a

component of a bigon region on the ‘outside’ of the diagram. We then see GF(D) as (3) after 2 essential

edges have been added to (2).

Definition 2.1.4. Let v, v
′ ∈ V (GF(D)) such that v, v

′

are joined by at least two edges of GF(D). Then

the subgraph of GF(D) consisting of v, v
′

and all edges joining them is called a θ–graph. Define θ(D) to

be the subgraph of GF(D) that is the union of all θ–graphs in GF(D).
6



Figure 2.3. Finding GF(D)

In Figure 2.3 (3), GF(D) contains two θ-graphs. The pairs of vertices v, v′ corresponding to each θ-graph

can be identified as the endpoints of the two edges that were added when forming GF(D). These edges are

colored purple here.

Definition 2.1.5. Each edge e of θ(D) inherits a weight w(e) ∈ Z≥0 given by the number of crossings

in D that correspond to e. If eθ is the θ-graph containing e then let wθ(eθ) = ∑e′∈eθ w(e) denote the sum of

weights in eθ.

Figure 2.4. Weighted θ graphs along with a choice of basis for the edges.

We now begin to describe the simplicial complex K(D) originally defined by M. Hirasawa and M. Sakuma

in [HS97] which will ultimately be isomorphic to the Kakimizu complex MS(L) for the oriented link L. When

defining K(D) we assume D is a special alternating diagram for a link L with n = ∣E(θ(D))∣ edges in its

θ-graph.
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Definition 2.1.6. The vertices of K(D) are n-tuples

V (K(D)) =
⎧⎪⎪⎨⎪⎪⎩
(w1, ...,wn) ∈ Z≥0 ∶ ∑

{j∶ej∈eθi }
wj = wθ(eθi )

⎫⎪⎪⎬⎪⎪⎭

In the example shown in Figures 2.3 and 2.4 with the given choice of basis on the edges, we see that

(2,1,0,1,0) ∈ V (K(D)). This vertex will ultimately represent the isotopy class of Seifert surfaces containing

the checkerboard surface for the oriented diagram in Figure 2.3.

Each vertex of GF(D) inherits an orientation (clockwise or counterclockwise) from the Seifert circle it

lies inside. This orientation extends to a transverse orientation of each edge of θ(D). We define the positive

and negative sides of each edge in θ(D) such that the normal points from the negative side to the positive

side with respect to the orientation on the relevant vertices.

Definition 2.1.7. A region of S2 ∖ θ(D) corresponds to a union of regions of S2 ∖ θ(D). We will refer

to these as a regions of θ(D). Let r be a region of θ(D). Define the positive boundary ∂+r of r to be the

edges of θ(D) which r meets exactly on the negative side, and the negative boundary ∂−r to be those it meets

exactly on the positive side. The region r defines a map rθ from a subset of V (K(D)) to V (K(D)), given

by rθ(w1, ...,wn) = (w
′

1, ...,w
′

n) where

w
′

i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wi + 1 ei ∈ ∂+r

wi − 1 ei ∈ ∂−r

wi else

Remark: rθ(w1, ...,wn) is defined when wi > 0 for all ei ∈ ∂−r. We should think of the operation rθ

as performing a collection of flypes to our diagram. The edges ei ∈ ∂−(r) represent the corresponding flype

crossings, and ∂r ⊂ S2 the flype circle on the diagram D.

Definition 2.1.8. The higher dimensional simplicies of K(D) are defined as follows: A set of distinct

vertices v0, v1, ..., vk ∈ V (K(D)) span a k simplex if there is a choice of the labeling of the regions of θ(D) as

r1, ...rm such that rθj (⋯(rθ1(v0))⋯) is defined for 1 ≤ j ≤ m and each vi occurs at rθj (⋯(rθ1(v0))⋯) for some

j. We call each composition (rθn ○ ⋯ ○ rθ1)(v0) a cycle.
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Figure 2.5. Regions of θ(D)

Definition 2.1.9. A sequence of flypes (σn ○ ⋯ ○ σ1)(D) corresponding to a cycle is called a coherent

cycle of flypes on D0. We also say that a collection of flype circles is coherent provided that we can

consistently define the notion of being on the positive/negative side of the flype circles.

Looking back at the example from Figures 2.3 and 2.4, if we label the regions of θ(D) as A,B,C,D as

shown below in Figure 2.5 then we can see many of the simplicies of K(D). Here we have the simplicies of

K(D) which contain the vertex (2,1,0,1,0):

(2,1,0,1,0) AÐ→ (1,2,0,1,0) BÐ→ (1,1,1,0,1) CÐ→ (1,1,0,1,1) DÐ→ (2,1,0,1,0)

(2,1,0,1,0) AÐ→ (1,2,0,1,0) BÐ→ (1,1,1,0,1) DÐ→ (2,1,1,0,0) CÐ→ (2,1,0,1,0)

(2,1,0,1,0) BÐ→ (2,0,1,0,1) AÐ→ (1,1,1,0,1) CÐ→ (1,1,0,1,1) DÐ→ (2,1,0,1,0)

(2,1,0,1,0) BÐ→ (2,0,1,0,1) AÐ→ (1,1,1,0,1) DÐ→ (2,1,1,0,0) CÐ→ (2,1,0,1,0)

(2,1,0,1,0) BÐ→ (2,0,1,0,1) CÐ→ (2,0,0,1,1) AÐ→ (1,1,0,1,1) DÐ→ (2,1,0,1,0)

(2,1,0,1,0) BÐ→ (2,0,1,0,1) CÐ→ (2,0,0,1,1) DÐ→ (3,0,0,1,0) AÐ→ (2,1,0,1,0)

(2,1,0,1,0) BÐ→ (2,0,1,0,1) DÐ→ (3,0,1,0,0) AÐ→ (2,1,1,0,0) CÐ→ (2,1,0,1,0)

(2,1,0,1,0) BÐ→ (2,0,1,0,1) DÐ→ (3,0,1,0,0) CÐ→ (3,0,0,1,0) AÐ→ (2,1,0,1,0)

By Theorem 2.1.1 we know MS(L)≅ K(D), and in [Ban22] J. Banks describes the simplicial isomorphism

A ∶ K(D) → MS(L) in detail. For each v ∈ K(D), A(v) has a representative embedding Sv in (S3 ∖ L,∂L)

which is in a special admissible form relative to the diagram D.

Definition 2.1.10. Let L be a special alternating link with a special alternating diagram D ⊂ S2 ⊂ S3, P

be the midpoints of D, Ba be the 3-ball above S2 ⊂ S3, and Bb be the 3-ball below S2. By an isotopy, position

L ⊂ S3 so L ∩ S2 = P with overcrossing arcs of L lying in Ba and undercrossing arcs lying in Bb. If S is the

9



embedding of the Seifert surface for L obtained by applying Seifert’s algorithm to D then S2 is separated into

white regions and black regions. We call arcs in S2 in the white regions which connect pairs of points in P

P -arcs.

By following overcrossings and P -arcs on the oriented diagram D we obtain a collection of closed curves

called upper P -curves. Similarly, we may follow undercrossings and P -arcs on D to obtain a second

collection of closed curves on S2 called lower P -curves. By attaching disks to these closed curves in Ba

and Bb respectively, we obtain an embedding of a Seifert Surface in S3 ∖ L. A surface obtained in this way

by a set of P -arcs is said to be in special form.

Definition 2.1.11. Given a special alternating link diagram D, say that a Seifert surface R for D is

admissible at D if R can be put into special form with the following description.

● There is a set of coherent flype circles in D.

● The flype arc of each flype circle is a P–arc.

● Every crossing of D that is not a flype crossing has a P–arc across it, on the negative side if it lies

on the positive side of the flype circles, and on the positive side if it lies on the negative side of the

flype circles.

Lemma 2.1.1. ( [Ban22, Lemma 3.6]) The arcs defined by a coherent set of flype circles form a set of

P–arcs.

Lemma 2.1.2. ( [Ban22, Lemma 3.9]) Let S be a surface in admissible special form at a special alter-

nating diagram D. Let D
′

be the diagram given by applying all the flypes indicated by the flype circles. Then

R
′

is the surface given by applying Seifert’s algorithm to D
′

.

Proposition 2.1.1. ( [Ban22, Prop 4.10]) Let D be a prime, reduced, special alternating diagram of a

link L. Let R be the (minimal genus) Seifert surface for L given by applying Seifert’s algorithm to D. Let

R
′

be a minimal genus Seifert surface for D disjoint from R, given in special form. Then this special form

is admissible.

Proposition 2.1.2. ( [Ban22, Corollary 4.11], [HS97, Theorem 1.1]). Let L be a prime, special

alternating link with a reduced, special alternating diagram D. Let R be a minimal genus Seifert surface for

L. Then R is given by doing a finite sequence of flypes on D and then applying Seifert’s algorithm to the

resulting diagram.

10



Continuing with the link from our previous example, in Figure 2.6 we have a cycle (D ○ C ○ B ○

A)(2,1,0,1,0) and the upper P -curves for representative embeddings of the isotopy classes of Seifert surfaces

A((2,1,0,1,0)), A(A(2,1,0,1,0)), A((B ○ A)(2,1,0,1,0)), and A((C ○ B ○ A)(2,1,0,1,0)). We take the

P -arcs for each so that the corresponding surfaces are in special admissible form.

Figure 2.6. Upper P -curves

Notation: Let (rn ○ ⋯ ○ r1)(v0) be a cycle. Let D be the special alternating diagram corresponding to

v0 with all +1 crossings. Let Sn be an embedding of the surface obtained by applying Seifert’s algorithnm

to D. Let Si be a representative embedding of the isotopy class of Seifert surfaces A(ri ○ ⋯ ○ r1)(v0), and

let σi be the flype associated to ri. Then we write the cycle (rn ○ ⋯ ○ r1)(v0) as

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

11



2.2. Orderings of Surfaces

Let D be a special alternating diagram for an oriented link L. Assume, without loss of generality, that

every crossing in the diagram is a +1 type crossing. Let θ(D) be the θ-graph associated to D. Suppose also

that S2 ∖ θ(D) contains the n regions σ1, ..., σn. Now, let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle. Here Si represents a minimal genus Seifert surface which can be obtained by applying Seifert’s

algorithm to a diagram D̃ which is related to D by a sequence of coherent flypes associated to σ1, ..., σi. To

obtain an embedding of Si which is in special admissible form, we first take the P -arcs on D according

to the following rules:

(1) Each essential flype arc associated to the sequence of coherent flypes σ1, ..., σi is a P -arc.

(2) A P -arc is taken on the + side of each crossing that is on the − side of the flype circles associated

to σ1, ..., σi. That is, a P -arc is taken on the + side of each crossing inside the regions σi+1, ..., σn

of θ(D).

(3) A P -arc is taken on the − side of each crossing that is on the + side of the flype circles associated

to σ1, ..., σi. That is, a P -arc is placed on the − side of each crossing inside the regions σ1, ..., σi.

Note that in the interior of each region σi the P -arcs associated to any Sk are all on the + side or are all on

the − side. This fact leads us to the following definition.

Definition 2.2.1. For each region σi of θ(D), we define an ordering of the special admissible embedding

of S1 ∪ ... ∪ Sn in σi as follows: Sk < Sl iff the P -arcs of Sk in σi are in the − direction of the P -arcs of Sl

in σi. We may also define a partial ordering as a ordering of k < n surfaces Si1 , ..., Sik in a given region.

In the case where we are comparing the relative placement the P -arcs for which lie on the same side of a

crossing c′ we call the P -arc closest to c′ inside at c′, and the other P -arc of c′ outside at c′.

For example, if we have the following P -arcs associated to surfaces A,B,C,D,E, and F in a region as

we see in Figure 2.7 then we would have the ordering A < B < C <D < E < F in that region.

Proposition 2.2.1. Let D be a reduced oriented special alternating diagram for a prime link L and let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

12



Figure 2.7. An Ordering

be a cycle in K(D). By following the method of P -arcs described above we may obtain an special admissible

embedding of S1 ∪ ... ∪ Sn on D with Sk ∩ Sl = ∅ for k ≠ l and the orderings

Si < Si+1 < ⋯ < Sn < S1 < ⋯Si−1

in the region σi for every i.

Proof: In this proof we only consider how the P -arcs can be completed to upper P -curves. The proof

for the lower P -curves is completely analogous.

As a base case for induction we show that the P -arcs for S2 may be positioned so that S1 < S2 in σ1,

S2 < S1 in σ2, and S1 < S2 in every other region. In the interior of any region σi, the P -arcs for each Sj

are either all on the + side of the crossings or all on the − side of the crossings in that region. The relative

placement of the P -arcs for S1 and S2 can only change at a flype crossing or a flype arc. For this reason we

need only consider the crossings neighboring the flype crossings and arcs to determine the orderings for S1

and S2 in each region. The regions σ1 and σ2 may share 1, 2, or 0 edges in θ(D), so we must consider the

following 5 cases seen in below in Figures 2.8, 2.9, 2.10, 2.11, and 2.12.

In Base Case 1, σ1 meets σ2 at 1 edge where σ1 is on the negative side of σ2. To be precise, using the

notation from Definition 2.1.7, the shared edge is ∂+σ1 = ∂−σ2 in this case. As we see in Figure 2.8, we can

coherently complete the P -arcs of S1 and S2 so that S1 < S2 in σ1, S2 < S1 in σ2, and S1 < S2 in every σj ,

j > 2.

Very similar to this case is Base Case 2 where σ1 again meets σ2 at 1 edge, but in this case the shared

edge is ∂+σ2 = ∂−σ1. As we see in Figure 2.9, we can once again coherently complete the P -arcs so that

S1 < S2 in σ1, S2 < S1 in σ2, and S1 < S2 in every σj , j > 2.
13



Figure 2.8. Base Case 1: σ1 meets σ2 at 1 edge where σ1 is on the negative side of σ2.

Figure 2.9. Base Case 2: σ1 meets σ2 at 1 edge where σ2 is on the negative side of σ1.

Remark: In Figures 2.8 and 2.9 we included the P -arcs at the first crossings outside of the regions

σ1, σ2 to demonstrate that S1 < S2 in these regions. For simplicity, we will not continue to include such

crossings in future figures.

In Base Cases 3 and 4, σ1 and σ2 share 2 edges. In Base Case 3, we have σ2 contained within σ1 in

θ(D), and in Figure 2.10 we consider the case where σ1 ∩ σ2 = ∂+σ2 ∪ ∂−σ2. Similarly, in Base Case 4, we

have σ1 contained within σ2, and in Figure 2.11 we consider the case where σ1 ∩σ2 = ∂+σ1. For simplicity, in

each of Figures 2.10 and 2.11 we only considered the specific cases where the interior region does not contain

yet another region of θ(D). This is because the behavior of the P -curves near flype crossings or flype arcs

on the boundary of these regions appear exactly as we see on the left and right sides of Figures 2.8 and 2.9,
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so once again we will be able to coherently complete the P -arcs in these regions so that S1 < S2 in these

regions.

Figure 2.10. Base Case 3: σ1 meets σ2 at 2 edges where σ2 is nested inside of σ1.

Figure 2.11. Base Case 4: σ1 meets σ2 at 2 edges where σ1 is nested inside of σ2.

Lastly, in Base Case 5 we consider the case where σ1 and σ2 have no edges in common. In Figure 2.12

we see two examples of theta graphs where σ1 and σ2 do not share any edges and the local behavior of the

completed P -arcs for S1 and S2 near each region.

In each case, we see that S1 < S2 in σ1, S2 < S1 in σ2, and S1 < S2 in every other region. Furthermore,

taking this one step further, we can see that outside of σi and σi+1 we may insist upon Si < Si+1. This will

be relevant to our inductive step.

Now, assume that the P -arcs for S1, ..., Si−1 have been positioned so that

Sl < Sl+1 < ⋯ < Si−1 < S1 < ⋯ < Sl−1

15



Figure 2.12. Base Case 5: σ1 and σ2 do not share an edge in θ(D).

in σl for all l ∈ {1, ..., i−1} and S1 < ⋯ < Si−1 in every other region. We would like to show that the placement

of the Si P -arcs can be done so that:

● We can complete the P -arcs of S1, ..., Si to a collection of pairwise disjoint upper P -curves on the

diagram. The same will be true for the lower P -curves, and this will tell us that S1, ..., Si−1, Si

have a proper pairwise disjoint embedding in the link complement, and therefore, [S1, ..., Si−1, Si]

represents a i − 1 dimensional simplex in the Kakimizu complex for the oriented link L.

● These same closed curves may be positioned so that the corresponding S1, ..., Si inherit the orders

Sl < Sl+1 < ⋯ < Si < S1 < ⋯ < Sl−1 in the region σl.

● Additionally, these closed curves may be positioned in the regions σk for k > l so that S1, ..., Si

inherit the orders S1 < ⋯ < Si.

Unfortunately, there are too many different cases to consider if we are to take the same approach as before.

However, as we noted before, the relative orderings only change as we cross edges in our θ-graph θ(D).

These edges represent either (a) flype arcs or (b) flype crossings. We need only see that the P -arcs Si can

always be placed alongside those of S1, ..., Si−1 with the desired orderings in each region and then completed

without intersection.

We still must consider the following 4 cases:

● Case 1: For 1 ≤ l ≤ i and k > l, σk meets the negative side of an edge of θ(D) and σl meets the

positive side of the same edge.

● Case 2: For 1 ≤ l ≤ i and k > l, σk meets the positive side of an edge of θ(D) and σl meets the

negative side of the same edge.
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● Case 3: For 1 ≤ j < l ≤ i, σj meets the negative side of an edge of θ(D) and σl meets the positive

side of the same edge.

● Case 4: For 1 ≤ j < l ≤ i, σj meets the positive side of an edge of θ(D) and σl meets the negative

side of the same edge.

● Case 5: For k,m > l σk and σl share an edge of θ(D).

In Figures 2.13, 2.14, 2.15, and 2.16, we demonstrate how the completed upper P -curves for S1, ...Si can be

positioned in the Cases 1, 2, 3, and 4 respectively so they have the desired orderings in each region and do

not intersect. In each figure, the possibility that the shared edge is a flype arc is shown on the left above

(a) while the possibility that the edge is a flype crossing is shown above (b) on the left.

First, note that the P -arcs of Sα are on the correct side of each interior crossing for every α ∈ {1, ..., i}.

To see this, note that the P -arcs are placed on the negative sides of crossings in the interior of regions σβ

whenever α ≥ β, and on the positive sides of crossings when α < β. You can also note that the P -arcs are

indeed in the correct ordering in the interior of each region.

What remains is to establish why the behavior of these completed upper P -curves of the Sα, α ∈ {1, ..., i},

are legitimate at the flype-crossings and flype-arcs in these figures.

Figure 2.13. Case 1: For 1 ≤ l ≤ i and k > l, σk meets the negative side of an edge of θ(D)
and σl meets the positive side of the same edge.

Case 1(a) might appear impossible. This is because in order to apply σl in our cycle before applying

σk, we must have a weight ≥ 1 on the edge shared by the two regions. However, in Figure2.13(a) there is

no flype crossing to represent this positive weight. For this to occur, we must have σl contained within the
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region σk. In this case, applying σl results in an initial flype, and later applying σk undoes this flype. For

this reason, in Figure 2.13(a) we see that the surfaces Sl, ..., Si all have the flype arc as a P -arc while the

others so not.

Case 1(b) is much more straightforward. Here we see that the completed P -curves of Sl, ...Si are all

following the flype crossing of the σl since this flype is required in the sequence of flypes necessary to obtain

each of these surfaces. Of course, the remaining surfaces do not follow this flype crossing and instead continue

to have their P -arcs on the + side of each crossing.

Figure 2.14. Case 2: For 1 ≤ l ≤ i and k > l, σk meets the positive side of an edge of θ(D)
and σl meets the negative side of the same edge.

Case 2(a), like Case 1(b), is very straightforward. Here we see that surfaces Sl, ..., Si each have the

flype arc as a P -arc. This is because the region σl has been applied before each of these surfaces in our cycle.

Since σl was not applied to S1, ..., Sl−1, they do not have the flype arc as a P -arc and instead continue to

have their P -arcs only on the + side of each crossing.

Case 2(b) might look strange since there are P -arcs on each side of the flype crossing in Figure 2.14.

This is because those P -arcs appearing on the negative side of the flype crossing are actually following the

flype arc associated to the region σl. For this reason, we see that only Sl, ..., Si have their P -arcs on the

negative side of this crossing.

Cases 3 and 4 now consider σj and σl with 1 ≤ j < k ≤ i.

Case 3(a), as seen in Figure 2.15(a), is very similar Case 2(a). This is because the region, on the left is

once again applied before the region on the right. In this case, the left region is σj , and so we see the surfaces
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Figure 2.15. Case 3: For 1 ≤ j ≤ l ≤ i, σj meets the negative side of an edge of θ(D) and
σl meets the positive side of the same edge.

Figure 2.16. Case 4: For 1 ≤ j ≤ l ≤ i, σj meets the positive side of an edge of θ(D) and
σl meets the negative side of the same edge.

Sj , ..., Sl−1 have this flype arc as a P -arc. However, what makes Case 3(a) different from the previous cases

is that σl is applied in the cycle to obtain the surfaces Sl, ..., Si. We can think of applying the regions σj

and then σl as applying flypes one at a time, for this reason, the surfaces which come after σl have all of

their crossings on the − side of every crossing in Figure 2.15(a).

Case 3(b) follows the same exact behavior as in Case 3(a). Once again, we note that the P -arcs on the

left of the flype crossing in Figure 2.15 are actually following the flype arc associated to σj .
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Like Case 1(a), Case 4(a) is only possible when one region contained inside the other. In this case, we

would have σj contained within σl.

In Case 4(b) we have a flype crossing which represents a positive weight on our shared edge. For this

reason, we have no problems applying σj before σl, since applying σl will extend our overall flype to the left

of what we see in Figure 2.16(b), we only see the P -curves of Sj , ..., Sl−1 following the flype crossing, and

the P -arcs of Sl, ..., Si are all on the − side of every crossing in Figure 2.16(b).

The last case, Case 5 is included for the sake of completion. At the edges of θ(D) that we are considering

in this case, none of S1, ..., Si have a flype arc as a P -arc, nor do they follow any flype crossings. For this

reason, S1, ..., Si simply run parallel and in the same ordering as they they cross these types of edges.

In any case, we see that the Si P -arcs can be positioned alongside those of S1, ..., Si−1 so that

Sl < ⋯ < Si < S1 < ⋯ < Sl−1

in every region σl. Furthermore, using appropriate flype arcs and crossings, these P -arcs can be simultane-

ously completed without any intersections to yield a special admissible embedding of S1 ∪ ... ∪ Si.

By induction, S1, ..., Sn may be likewise positioned so that

Sl < ⋯ < Sn < S1 < ⋯ < Sl−1

in every region σl.

∎

In [Ban22], J. Banks gives us detailed instructions on how to position each representative of the vertices

of MS(L) in special admissible form on a diagram. In Proposition 5.22, she also describes how two surfaces

from a common cycle may be positioned on the diagram without intersection. Proposition 2.2.1 takes this one

step further to describe how to position a representative of each maximal simplex in MS(L). Specifically, for

each maximal simplex [S1, ..., Sn], Proposition 2.2.1 gives a preferred embedding of S1 ∪ ...∪Sn in S3 ∖N (L)

where each individual embedding of Si is positioned in special admissible form relative to the diagram D.

Having preferred embeddings for each vertex in MS(L) is crucial in the process for determining the

remaining parts of MS(L). In particular, it is necessary for distinguishing between vertices of MS(L) and

determining whether two vertices of MS(L) are not connected by an edge in MS(L). Furthermore, these

preferred embeddings can often be used to determine whether a simplex in MS(L) is maximal or not. The

tools and terminology used to do these things comes from the theory of sutured manifolds.
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CHAPTER 3

Determining the Kakimizu Complex

3.1. Sutured Manifolds

Definition 3.1.1. [Kak05] A sutured manifold (M,γ) is a compact oriented 3-manifold M together

with a subset γ ⊂ ∂M which is a union on finitely many pairwise disjoint annuli. For each component of γ an

oriented core circle called a suture is fixed, and s(γ) denotes the set of sutures. Moreover, every component

of R(γ) = ∂M ∖ Int(γ) is oriented so that the orientations of R(γ) are coherent with respect to s(γ). Let

R+(γ) (resp. R−(γ)) denote the union of the components of R(γ) whose normal vectors point out of (resp.

into) M .

Definition 3.1.2. [Kak05] A γ-surface S in a sutured manifold (M,γ) is an oriented surface in M

with N (∂S) in ∂M being γ, and whose orientation is induced by the orientation of γ. We say a γ-surface

S is parallel to a surface in R(γ) if there is an embedding e ∶ (S, ∂S)× [0,1]→ (M,γ) so that e0 = id ∶ S → S

and e1(S) ⊂ R(γ). A γ-surface S is essential if S is incompressible in M and not parallel to a surface in

Rγ . A γ-isotopy of M is an isotopy {ht} of M such that h0 = id, ht∣R(γ) = id, and ht(γ) = γ for all t ∈ [0,1].

Two γ-surfaces in M are equivalent if they are ambient isotopic to each other by a γ-isotopy. Let E(M,γ)

denote the set of equivalence classes of essential γ-surfaces in (M,γ).

In the context of the Kakimizu complex, there are two important types of sutured manifolds which

are often considered. Let L be an oriented link in S3, N (L) a neighborhood of L in S3, and S a properly

embedded Seifert surface for L in S3 ∖ N (L). When we would like to consider the surfaces T in MS(L)

such that dMS(L)(S,T ) = 1 we looking for surfaces which can be positioned disjointly with S which are not

ambient isotopic to S in S3 ∖N (L). These surfaces can be realized as the essential γ-surfaces for a sutured

manifold called a complementary sutured manifolds.

Definition 3.1.3. Let L be an oriented link in S3, N (L) a neighborhood of L in S3, and S a properly

embedded Seifert surface for L in S3 ∖N (L). The complementary sutured manifold of S is the sutured

manifold (M,γ) where

M = S3 ∖ (S ∪N (L)) and γ = ∂N (L) ∖ ∂S.
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Another important example of sutured manifolds is a product sutured manifold.

Definition 3.1.4. Using the terminology from Definition 3.1.3, let S × [−1,1] be a neighborhood of S in

S3 ∖N (L). The product sutured manifold of S is the sutured manifold (N, δ) where

N = S × [−1,1] and δ = ∂(S × [−1,1]) ∖ (S × {−1,1})

When considering product sutured manifolds which are homeomorphic to regions of a 3-manifold which are

bounded by two Seifert surfaces, we also call these sutured manifolds product regions.

Determining whether a sutured manifold is, in fact, a product sutured manifold is sometimes difficult.

In many cases, it is much easier to determine whether or not the link L with the Seifert surface S is a fibered

link. For this reason we utilize the following definition of fibered.

Definition 3.1.5. A link L is fibered if there is a Seifert surface S for L such that the complementary

sutured manifold (MS , γS) for S is a product sutured manifold.

When considering special alternating links, the following definition and proposition prove to be partic-

ularly useful.

Definition 3.1.6. Given a special alternating link diagram L let G(D) be the planar graph with a vertex

in each white region of D and an edge through each crossing.

Proposition 3.1.1. (Theorem 5.10 [Ban22]) Let D be a special alternating diagram of a prime link

L. Then L is fibered if and only if the graph G(D) can be reduced to a single vertex by a sequence of the

following moves.

● Delete a loop (that is, an edge with both endpoints at the same vertex)

● Contract an edge, one endpoint of which is at a vertex with valence 2.

Of course, not all sutured manifolds are product sutured manifolds. Since they can be rather complicated

we need methods for simplifying them in a meaningful way. The most crucial tool available to us is a product

decomposition.

Definition 3.1.7. Let (M,γ) be a sutured manifold. A product disk ∆ ⊂M is a properly embedded disk

such that ∂∆ intersects s(γ) transversely in two points. Let c be any arc in ∆ connecting these two points of
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intersection, and ∆ × [−1,1] be a regular neighborhood of ∆ in M . By applying a product decomposition

along ∆ we may obtain a new sutured manifold (M ′, γ′) where

M ′ =M ∖ (∆ × [−1,1]) and γ′ = [γ ∖ (∆ × [−1,1])] ∪ [c × {−1,1}]

as is shown in Figure 3.1.

Figure 3.1. Product decomposition

In our exploration of the Kakimizu complex for oriented links we often utilize product decompositions

in conjunction with the following 4 propositions:

Proposition 3.1.2. [Gab86] (Lemma 2.2) Let (M,γ) ∆Ð→ (M1, γ1) be a product decomposition, then

(M1, γ1) is a product sutured manifold if and only if (M,γ) is a product sutured manifold.

Proposition 3.1.3. [Kak05] (Proposition 1.4) Let (M,γ) ∆Ð→ (M ′, γ′) be a product decomposition.

Suppose M is irreducible and ∂M ′ is connected. Then the map E∆ ∶ E(M,γ)→ E(M ′, γ′) is bijective.

Proposition 3.1.4. [Kak05] (Proposition 1.5) Let (M,γ) ∆Ð→ (M ′, γ′) be a product decomposition.

Suppose that M is irreducible and that (M ′, γ′) has two components: (M1, γ1) and (M2, γ2). Suppose further

that (M2, γ2) is a product sutured manifold and ∂M1 is connected. Then the map E∆,1 ∶ E(M,γ)→ E(M1, γ1)

is a bijection.

Proposition 3.1.5. [Ban22] [Sak94] Let M be a Haken manifold with incompressible boundary. Sup-

pose S,S′ are incompressible, ∂-incompressible surfaces properly embedded in M in general position. Suppose

further either that S ∩ S′ ≠ ∅ but S′ can be isotoped to be disjoint from S , or that S,S′ are isotopic. Then

S,S′ bound a product region.

3.2. Plumbings with Special Alternating Links

Definition 3.2.1. An oriented surface S ⊂ S3 is a plumbing of compact oriented surfaces S1 and

S2 ⊂ S3 if there are 3-balls V1 and V2 ⊂ S3 satisfying: V1 ∪ V2 = S3, V1 ∩ V2 = ∂V1 = ∂V2, Si ⊂ Vi, i ∈ {1,2},
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S = S1 ∪ S2, and d = S1 ∩ S2 is a 4-gon. Furthermore, this plumbing induces markings A1 and A2 on the

complementary sutured manifolds (M1, γ1) and (M2, γ2) for S1 and S2 respectively as shown in Figure 3.2:

Figure 3.2. A Plumbing with markings A1,A2

Proposition 3.2.1. [Gab84], [Gab83] If S is a plumbing of S1 and S2 then

(1) S is minimal genus if and only if so are S1 and S2.

(2) S is incompressible if so are both S1 and S2.

(3) L is a fibered link with fiber S if and only if L1 and L2 are fibered links with fibers S1 and S2

respectively.

Definition 3.2.2. Let S be a plumbing of S1 and S2 with V1, V2, and d as in Definition 3.2.1. If

d′ = ∂V1∖d then the surface S′ = (S ∖d)∪d′ is called the dual of S with respect to the plumbing S = S1∪dS2.

We often write S = S1∪dS2 when we want to emphasize that the embedding of the surface S in S3∖N (L)

comes with a specified plumbing disk d and an embedded sphere S2 = d ∪ d′ ⊂ S3.

Definition 3.2.3. Let D be a special alternating diagram for link L. Let S be the surface resulting from

applying Seifert’s algorithm to D. We define the set of interior vertices of GF(D) to be

int(GF(D)) = V (GF(D)) ∖ V (θ(D)).

Every interior vertex is contained within a region ri ⊂ S2 which is in correspondence with a flype circle σi.

We sometimes specify that a vertex v is also in the interior of that flype circle σi. In this case, we write

v ∈ inti(GF(D)). We refer to the black regions of D associated with vertices in inti(GF(D)) as being in the

interior of a region of θ(D).

Assumptions: Let S1 be a twisted band with n full twists, n ≥ 2, and S2 a minimal genus Seifert

surface for the oriented special alternating link L2 = ∂S2. Let D2 be the reduced special diagram for
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Figure 3.3. An Oriented Diagram D for L and its induced diagrams D1 and D2 with the
marking A2 disjoint from the essential flypes of D2

L2 such that applying Seifert’s algorithm to D2 yields a surface isotopic to S2. Isotope S2 to be the

checkerboard surface for the diagram D2 ⊂ S2 ⊂ S3. Let S = S1 ∪d S2 be the plumbing of S1 and S2. Let

d, V1, V2, (M,γ), (M1, γ1,A1), and (M2, γ2,A2) be as in Definition 3.2.1. Assume that the marking A2 can

be isotoped so that A2 is contained in a black region with representative vertex v ∈ inti(GF(D)). That is,

the marking A2 does not essentially intersect a flype circle. Let L∗ be the oriented link determined by ∂S.

In Figure 3.3, when we apply Seifert’s algorithm to D we see that the resulting surface S is a plumbing

S = S1 ∪d S2 where the plumbing disk has been circled with the closed curve C on D, S1 is a 2-times twisted

band, S2 is the result of applying Seifert’s algorithm to a special alternating diagram D2, and the induced

marking A2 is in a black region of S2 with representative vertex v ∈ int(GF(D)).

Proposition 3.2.2. Let L∗, S1, S2, and S satisfy our assumptions. Let F be a minimal genus Seifert

surface for L∗ which can be made disjoint from S. Then F is isotopic to a Seifert surface which is a plumbing

of the twisted band S1 and F2 where F2 is the surface obtained by applying Seifert’s algorithm to a diagram

D̃ which is related to D by a coherent sequence of flypes.

Proof: Let [−1,1] × P be a regular neighborhood of the plumbing sphere P = ∂V1 = ∂V2. Consider the

Morse function h ∶ S3∖N (S)→ R such that h−1(0) = P , h−1(1) = {1}×P , h−1(−1) = {−1}×P,h−1([0,∞)) = V1,

and h−1((−∞,0]) = V2. Near h−1(0), S appears as it does in Figure 3.4.

Let F be a surface which can be made disjoint from S = S1 ∪ S2 as in our assumptions. We proceed

using the methods of O. Kakimizu [Kak05] from the proof of Proposition 3.4.

After removing closed components via an innermost disk argument, F ∩ h−1(0) must be in one of the

forms seen in Figure 3.5.
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Figure 3.4. The Morse function h ∶ S3 ∖N (S)→ R

Figure 3.5. F ∩ h−1(0)

Case (1):

In this case, F1 = V1∩F is an essential ∂(F ∩V1) surface in (V1∖N (S), ∂(F ∩V1)) which is homeomorphic

to (M1, γ1). Since (M1, γ1) has a unique essential γ1 surface, F1 is parallel to R+(∂(F ∩V1)) or to R−(∂(F ∩

V1)). By Definition 3.1.2, there is an embedding ẽ ∶ (F1, ∂F1) × [0,1] → (V1 ∖N (S), ∂F1) so that ẽ0 = id ∶

F1 → F1, and ẽ1(F1) ⊂ R+(∂(F ∩ V1)) or R−(∂(F ∩ V1)). Since V1 ∩ S is connected we must have either

ẽ1(F1) = R+(∂(F ∩ V1)) or ẽ1(F1) = R−(∂(F ∩ V1)).

For small ε1 > 0, F̃1 = e1−ε1(F1) is (∂F1)-isotopic to F1 in V1 ∖N (s). By Definition 3.1.2, there is an

ambient isotopy e1 of V1 ∖N (S) such that e1 ∶ V1 ∖N (S) × [0,1]→ (V1 ∖N (S), ∂(F ∩ V1)) satisfies:

(1) e10 = id

(2) e1t ∣R(∂F1) = id

(3) e1t (∂F1) = ∂F1 for all t ∈ [0,1].
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(4) e11(F1) = F̃1

Since e1t ∣R(∂F1) = id, e1 may be extended to an ambient isotopy of S3∖N (S) such that e1t ∣h−1((−∞,0]) = id.

We continue to refer to this isotopy as e1.

Therefore after this ambient isotopy e1 of S3 ∖N (S), the level sets e11−ε1(F1)∩h−1(1) must be in one of

the two forms seen in Figure 3.6. For simplicity, and because [F ] = [e11−ε1(F )] ∈ E(M,γ), we label e11−ε1(F )

as F .

Figure 3.6. F ∩ h−1(1)

Remark: We could go one step further by considering a small ε > 0, and insisting that ε1 is chosen

so that for all x ∈ F ∩ V1, d(e11−ε1(x), e
1
1(x)) < ε. In this case, we see that F is either locally parallel into

the plumbing disk d of S = S1 ∪d S2 or F is locally parallel into the dual plumbing disk d′ = ∂V1 ∖ S. We

will later note that Morse theory guarantees a saddle between the level sets h−1(0) and h−1(1), and that

h−1([−1,1]) ∩ F describes a plumbing disk for F .

Case (1) + (1.1): In this case, F ∩ V1 is parallel into R−(∂(F ∩ V1)).

Let S′ denote the dual surface to S with respect to the plumbing S = S1 ∪d S2 as in Definition 3.2.2. Let

(P,λ) denote the sutured manifold

(E(L) ∖N (S ∪ S′), ∂E(L) ∖N (∂S ∪ ∂S′) = (M ∖N (S′), γ ∖N (∂S′)) .

(P,λ) has two connected components (P1, λ1) and (P2, λ2) which are labeled in Figure 3.7. Then we

may position S′ in (M,γ) so that F is an essential λ1-surface in (P1, λ1). Note that h−1(1) ∩ P1 consists of

two product disks ∆1 and ∆2. Each of these product disks gives a bijection

E(P1, λ1)→ E (P1 ∩ h−1(−∞,1]), (λ1 ∩ h−1((−∞,1])) ∪ (h−1(1) ∩ S)) .
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Figure 3.7. The components (P1, λ1), (P2, λ2) of (P,λ).

As noted by O. Kakimizu [Kak05], together, ∆1 and ∆2 cut (P1, λ1) into a product sutured manifold

(M̃1, γ̃1) ⊂ h−1([1,∞)) and the sutured manifold (M̃2, γ̃2) ⊂ h−1((−∞,1]) defined by

(M̃2, γ̃2) = (P1 ∩ h−1(−∞,1]), ∂(F ∩ P1 ∩ h−1((−∞,1])) .

which is homeomorphic to (M2, γ2). Let ∆ ∶ (P1, λ1) → (M̃2, γ̃2) be defined by applying the consecu-

tive product decompositions ∆1 then ∆2. Consider the induced map E∆ ∶ E(P1, λ1) → E(M̃2, γ̃2). By

Proposition 3.1.3, E∆1 ∶ E(P1, λ1) → (P̃1, λ̃1) is a bijection. Let (M∗, γ∗) be the sutured manifold ob-

tained by applying the ∆2 to (P̃1, λ̃1). Then (M∗, γ∗) has two components: a product sutured manifold

(M̃1, γ̃1) ⊂ h−1([1,∞)) and (M̃2, γ̃2). By Proposition 3.1.4, E∆2 ∶ E(P̃2, λ̃2) → E(M̃2, γ̃2) is a bijection.

Therefore E∆ ∶ E(P1, λ1)→ E(M̃2, γ̃2) is a bijection.

Let F2 = F̃1 ∩ h−1((−∞,1]), so [F2] = ∆([e11(F )]) ∈ (M̃2, γ̃2). Recall that D2 is the diagram such that

applying Seifert’s algorithm to D2 yields S2. Then by Proposition 2.1.1, F2 may be γ̃2-isotoped so that S̃ is

in special admissible form with respect to the diagram D2. In particular, there is an ambient isotopy e2 of

M̃2 such that

(1) e20 = id

(2) e2t ∣R(γ̃2) = id

(3) e2t (γ̃2) = γ̃2 for all t ∈ [0,1]

(4) e21(F2) = S̃ where S̃ is in special admissible form with respect to D2.

As before, e2 may be extended to an ambient isotopy of (S3 ∖N (S) such that e2t ∣h−1([1,∞)) = id, and

again, we continue to refer to this isotopy as e2.
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Therefore there is some ε2 > 0 such that the level sets e21−ε2(F ) ∩ h
−1(−1) must be in one of the two

forms shown in Figure 3.8. Once again, for simplicity we label e2(F,1 − ε2) = F .

Figure 3.8. F ∩ h−1(−1)

Now define the ambient isotopy e1 ⋅e2 of (M,γ) = (S3∖N (S), ∂F ) such that e1 ⋅e2 ∶ (M,γ)×[0,1]→ (M,γ)

by

e1 ⋅ e2(x, t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

e1(x,2t) t ∈ [0, 1
2
]

e2(x,2t − 1) t ∈ [ 1
2
,1]

We now consider how the level sets of e1 ⋅e2(F,1) may change with respect to the restriction h∣h−1([−1,1]).

Looking back to Figures 3.6 and 3.8, there are 4 cases to consider.

Case (1) + (1.1) + (2.1): Suppose we have cases (1.1) and (2.1) from Figures 3.6 and 3.8 respectively.

In this case, e1 ⋅ e2(F,1) must have a saddle between h−1(−1) and h−1(1). Furthermore, as is noted

by A. Hatcher and W. Thurston in [HT85], since F is incompressible and ∂-incompressible in S3 ∖N (L),

e1 ⋅ e2(F,1) can have at most one saddle between h−1(−1) and h−1(1). Therefore, e1 ⋅ e2(F,1) ∩ h−1([−1,1])

is a disk which may also be identified as a 4-gon in e1 ⋅ e2(F,1). Therefore F can be isotoped to be in the

form seen in Figure 3.9.

Let d′ be the 4-gon h−1([−1,1]). Then F is isotopic to the plumbed surface S1 ∪d′ S̃ where S1 is the

twisted band and S̃ is a surface in special admissible form with with respect to D2.

Case (1) + (1.1) + (2.2): See Proposition 3.4 Proof of Subcase 2.2 [Kak05] Let X = h−1(0) ∖ S =

∂V1 ∖ d. Then, as seen in Figure 3.5, F ∩X is the union of two arcs. Let A denote one of them. The arc

A cuts off a rectangle ∆+ such that ∆+ is disjoint from the other component of F ∩X. A+ = ∆+ ∩R(γ) is

the opposite edge of A and A+ ⊂ R+(γ). Let ∆− = e2(A × [0,1]). Then ∆+ ∪∆− is a product disk which

is isotopic to a product disk in (M2, γ2,A2) which has A2 as an edge contradicting our assumption for the

marked sutured manifold.

Case (1) + (1.2): In this case F ∩ V1 is parallel into R+(∂(F ∩ V1)).
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Figure 3.9. Case (1.1) + (2.1)

Consider the sutured manifold

(M̃2, γ̃2) = (M ∩ h−1((−∞,1]), ∂ (e11(F ) ∩ h−1((−∞,1]))) .

This sutured manifold is homeomorphic to (M2, γ2). By Proposition 2.1.1, F2 = e11(F ) ∩ h−1((−∞,1]) may

be placed in special admissible form with respect to the diagram D2. Therefore there is an ambient isotopy

e2 of M̃2 such that

(1) e20 = id

(2) e2t ∣R(γ̃2) = id

(3) e2t (γ̃2) = γ̃2

(4) e21(F̃1) = S̃ where S̃ is in special admissible form with respect to the diagram D2.

As before, we can extend e2 to an ambient isotopy of S3 ∖N (S) so that e2t ∣h−1([1,∞)) = id. And again we

continue to call this extention e2.

Therefore there is some ε2 > 0 such that the level sets e2(F,1 − ε2) ∩ h−1(−1) must be in one of the two

forms shown in Figure 3.8. When considering the labeling, in this case e2(F,1 − ε2) = F .

Once again, we consider how the level sets of e1 ⋅ e2(F,1) may change with respect to the restriction

h∣h−1([−1,1]).

Case (1) + (2.1) + (1.2): F must have exactly one saddle between h−1(−1) and h−1(1). And once

again, F ∩ h−1([−1,1]) is a disk which may be regarded as a 4-gon. Therefore F may be isotoped to appear
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as in Figure 3.10. Let d∗ = h−1([−1,1]) ∩F . Then F is isotopic to a plumbed surface S1 ∪d∗ S̃ where S̃ is in

Figure 3.10. Case (1) + (2.1) + (1.2)

special admissible form with respect to the diagram D2.

Case (1) + (2.1) + (2.2): Proceeding similarly to how we did with Case (1)+(1.1)+(2.2), we see that

this case also implies that there is a product disk ∆ in (M2, γ2,A2) with A2 as an edge contradicting our

assumption.

Case (2):

Looking to Figure 3.5, in this case we see that F2 = V2∩F is an essential ∂(F2)-surface in (V2∖N (S), ∂(F2)

which is homeomorphic to (M2, γ2). Therefore, by Proposition 2.1.1 there is an γ2-isotopy of F2 which places

it in special admissible form with respect to the diagram D2. In particular, there is an ambient isotopy e1

of V2 ∖N (S) such that

(1) e10 = id.

(2) e1t ∣R(∂F2) = id

(3) e1t (∂F2) = ∂F2 for all t ∈ [0,1].

(4) e11(F2) = S̃ where S̃ is in special admissible form with respect to D2.

Again we extend e1 to an ambient isotopy of S3 ∖N (S) so that e1t ∣h−1([0,∞)) = id.

For small ε1 > 0, we once again consider the possible resulting level sets of e11−ε2(F ) ∩ h
−1(−1). If we

allow for the labeling F = e11−ε1(F ) then we can once again reference Figure 3.8 to see the possible cases

(2.1) and (2.2).
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Case (2) + (2.1): Consider the sutured manifold

(M̃1, γ̃1) = (M ∩ h−1([−1,∞)), ∂(F ∩M ∩ h−1([−1,∞)))

Notice that (M̃1, γ̃1) is homeomorphic to (M1, γ1). Since (M1, γ1) contains no essential γ1-surfaces, F1 =

e11(F )∩h−1([−1,∞))must be parallel intoR+(γ̃1) or intoR−(γ̃1). Then proceeding as in Case (1)+(1.1)+(2.1),

there is an ambient isotopy e2 of M̃1 such that

(1) e20 = id

(2) e2t ∣R(γ̃1) = id

(3) e2t (γ̃1) = γ̃1

(4) e21(F1) = R+(γ̃1) or e21(F1) = R−(γ̃1).

As before, extend e2 to an ambient isotopy of S3 ∖N (S) so that e2t ∣h−1((−∞,−1]) = id.

Then there is some ε2 > 0 such that the level sets of e21−ε2(F ) are as in (1.1) or (1.2) of Figure 3.6

depending on whether F2 is parallel into R−(γ̃1) or R+(γ̃1) respectively. The level sets at h−1(−1) have not

changed since the isotopy was fixed there.

Case (2) + (2.1) + (1.1): Following the same arguments from Case (1)+(1.1)+(2.1) we see that F

may be positioned to be as in Figure 3.9. Therefore F is isotopic to the plumbed surface S1 ∪ S̃ where S̃ is

in special admissible form with respect to the diagram D2.

Case (2) + (2.1) + (1.2): Following the same argument as in Case (1)+(1.1)+(2.2), we can construct

a product disk ∆ in (M1, γ1,A1) with A1 as an edge. This is not possible since (M1, γ1) is the complementary

sutured manifold for a twisted band which has more than 1 full twist.

Case (2) + (2.2): Once again consider the sutured manifold (M̃1, γ̃1) from Case (2)+(2.1). Notice that

(M̃1, γ̃1) is homeomorphic to (M1, γ1), and F1 = e11(F )∩M̃1 is a γ̃1-surface in M̃1. Since (M1, γ1) contains no

essential γ1-surfaces, F1 must be parallel into R+(γ̃1) or R−(γ̃1). Let ẽ be the embedding F̃1×[0,1]→ (M̃1, γ̃1)

guaranteed by Definition 3.1.2. As in Case (1)+(1.1)+(2.1), let F̃1 = ẽ1−ε(F1). Therefore, we can obtain an

ambient isotopy e2 of M̃1 satisfying:

(1) e20 = id

(2) e2t ∣R(γ̃2) = id

(3) e22(γ̃2) = γ̃2

(4) e21(F̃1) = R+(γ̃1) or e21(F̃ ) = R−(γ̃1)
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Extend e2 to an ambient isotopy of S3 ∖N (S) such that e2t ∣h−1((−∞,−1]) = id. We continue to refer to this

extension as e2.

Remark: This isotopy makes F̃ locally parallel into the plumbing disk d of S = S1 ∪d S2 or into the

dual plumbing disk d′ = ∂V1 ∖ d depending on whether F̃ is parallel into R−(γ̃1) or R+(γ̃1) respectively.

Then there is some ε2 > 0 such that the level set e21−ε2(F̃ ) ∩ h
−1(1) is of the form (1.1) or (1.2) from

Figure 3.6. Furthermore, since the isotopy e2 was fixed on h−1((−∞,−1]), we see that the level set at h−1(−1)

still appears as it does in (2.2) of Figure 3.8.

Case (2) + (2.2) + (1.1): Once again, since the level sets of e1 ⋅ e2(F,1) at h−1(1) and h−1(−1) are

different e1 ⋅ e2(F,1) must have a saddle between these level sets. Since F is minimal genus, this is the only

saddle between these level sets. Therefore F can be isotoped to be as it appears in Figure 3.11, and we see

that F is a plumbed surface S1 ∪d S̃ where S̃ is in special admissible form with respect to the diagram D2.

Figure 3.11. Case (2) + (2.2) + (1.1)

Case (2) + (2.2) + (1.2): Following the same argument as in Case (1)+(1.1)+(2.2), we can construct

a product disk ∆ in (M1, γ1,A1) with A1 as an edge. This is not possible since (M1, γ1) is the complementary

sutured manifold for a twisted band which has more than 1 full twist.

Having considered all cases, we see that F = S1 ∪d∗ S̃ is a plumbing of the twisted band S1 and a surface

S̃ which may be positioned in special admissible form with respect to D2. By applying the coherent sequence

of flypes corresponding to this special admissible form to the diagram D, we see that F is isotopic to the

surface obtained by applying Seifert’s algorithm to the resulting diagram.
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∎

Since the Kakimizu complex is connected, we have the following corollary.

Corollary 3.2.1. Every Seifert surface for a link L∗ which satisfies our assumptions is isotopic to

S∗ = S1 ∪d∗ S̃ where the normal vector in d∗ points into V1 or to S′ = S1 ∪d′ S̃ where the normal vector in d′

points into V2 where S1 is a n-full twisted band n ≥ 2 and S̃ is a Seifert surface for ∂S2.

Notation: Let L∗ be a link be as in our assumptions. From now on we would like to consider surfaces

as coming from a cycle. In particular, Si will be the surface obtained after applying a region σi. For this

reason, instead of using S1 for the twisted band, we write B, and instead of S2 for a Seifert surface for the

special alternating link L we write S̃.

When considering a fixed cycle Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn obtained from the induced special alternating

diagram D2 we denote the surface which is the plumbing of B and Si where the plumbing disk d∗ has a

normal vector pointing into V1 by

S∗i = B ∪d∗ Si.

Similarly, we denote the surface which is the plumbing of B and Si where the plumbing disk d′ has a normal

vector pointing into V2 by

S′i = B ∪d′ Si.

When applying Seifert’s algorithm to diagrams we sometimes have nested Seifert circles. It is common

practice to think of the nested circles as sitting ‘above’ the diagram. However, we can also think of the

surfaces as sitting ‘below’ the diagram. If we consider both of these options as viable when performing

Seifert’s algorithm then we see that we have the following corollary.

Corollary 3.2.2. Every Seifert surface for a link L∗ which satisfies our assumptions can be obtained

by applying Seifert’s algorithm to an oriented link diagram D∗.

Proposition 3.2.3. Let L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle. Then S′j and S∗k cannot be made disjoint whenever Sj < Sk.
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Proof: First, position Sj and Sk in special admissible form with respect to the diagram D2. In the

region σi we have the ordering Si < Si+1 < ⋯ < Sn < S1 < ⋯ < Si−1. Near the plumbing disk d of S we may

position S′j and S∗k as shown in Figure 3.12.

Figure 3.12. Intersecting S′j and S∗k and the regions (Ni, ξi) of S3 ∖ (S′j ∪ S∗k).

Note that S′j intersects S∗k in two arcs near the level of the plumbing spheres of S′j and S∗k . For this

particular embedding of S′j ∪ S∗k , S3 ∖ (S′j ∪ S∗k) has 3 connected components: N1, N2, and N3. For each

i ∈ {1,2,3}, we define sutures ξi for Ni in the natural way. In particular,

ξi = [∂(N (L)) ∩Ni] ∪ [∂(N (S′j ∪ S∗k)) ∩Ni] .

By Proposition 3.1.5, if we can show that (Ni, ξi) is not a product region for each i ∈ {1,2,3} then we

know that S′j and S∗k cannot possibly be made disjoint.

First, note that (N1, ξ1) is homeomorphic to the complementary sutured manifold for the twisted band

B. Since ∂B is not a fibered link, (N1, ξ1) is not a product sutured manifold.

(N2, ξ2) and (N3, ξ3) are far more complicated. In the proof of Proposition 5.22 [Ban22] J. Banks notes

that since Sj ∩Sj = ∅, S3∖(Sj ∪Sk) has two connected components. She then proves that neither component

is a product region. Let M+
j be the component such that within the region σi the normal vector to S′j points

into M+
j . Let M−

j be the other region. Let γ+ and γ− be the sutures of M+
j and M−

j inherited from the

oriented link L. Then neither (M+
j , γ+) nor (M−

j , γ−) is a product sutured manifold.

Use the plumbing structure of S∗k to define a Morse function h as in the proof of Proposition 3.1.5

and Figure 3.4 where h−1((−∞,0]) is the 3-ball containing Sk and h−1([0,∞)) is the 3-ball containing the

twisted band B. Then the plumbing disk d∗ for S∗k is contained in h−1(0). After isotoping S′j so that

d′, S∗k ∩ S′j ⊂ h−1(0) as well (as is seen in Figure 3.12), we see that h−1(0) ∩ (S∗k ∪ S′j) is a twice punctured
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sphere. Furthermore, h−1(0)∩N1 is the disjoint union of two product disks. Applying one of the two product

decompositions to (N2, ξ2) results in a sutured manifold which is homeomorphic to the sutured manifold

(M−
j , γ−). By Proposition 3.1.2, (N2, ξ2) cannot be a product sutured manifold, and is therefore not a

product region.

Now, we identify a product disk in (M+
j , γ+) so that the result of the product decomposition yields a

sutured manifold homeomorphic to (N3, ξ3).

Let An be a properly embedded essential arc in Sn which is contained in an interior black region of Sn

which is also contained in σi. For j ∈ {1, ..., n − 1} let Aj be the projection of An onto Sj with respect to

D ⊂ S2 ⊂ S3. Then the Aj have common endpoints on L. Let N (Sj) = Sj × [−1,1] be a regular neighborhood

of Sj in S3 ∖N (L), A+j = Sj × {1}, and A−j = Sj × {−1}.

Claim: A+j ∪A−k is the boundary of a product disk ∆jk in (M+
j , γ+) whenever Sj < Sk.

Suppose the black region containing An is the interior of a Seifert circle with a positive (counterclockwise)

orientation. Since this region is also contained in inti(GF(D)), by Proposition 2.2.1 we have the orderings

Si < Si+1 < ⋯Sn < S1 < ⋯ < Sn. We know Sj < Sk, however there are still three cases for how they are ordered

relative to the other Sl. The three cases are:

● Si ≤ Sj < Sk < Sn

● Si ≤ Sj ≤ Sn < S1 ≤ Sk ≤ Si−1

● S1 ≤ Sj < Sk ≤ Si−1

If Si ≤ Sj < Sk < Sn then consider the under P -arcs of both Sj and Sk near An. Call them cj and

ck respectively. Each of cj , ck is a simple closed curve. Since the Seifert circle containing An has positive

orientation and Sj < Sk the ck is contained within cj . Therefore when the disks Dj and Dk are glued to cj

and ck to obtain the embeddings of Sj , Sk, Dj sits ‘below ‘Dk. On the left of Figure 3.13 we can see the

P -arcs and P -curves for Sj and Sk to verify this.

Consider the punctured sphere Dj ∪ Dk and the simple closed curve Aj ∪ Ak. Since An is essential,

Aj ∪Ak must bound punctures on each side. Aj ∪Ak also bounds an embedded disk ∆jk ⊂ M+
j . Consider

regular neighborhoods of Sj , Sk × [−1,1] such that the product structure respects orientation. Let

A+j = Aj × {1} ⊂Dj × {1} and A−k = Ak × {−1} ⊂Dk × {−1}

Then A+j ∪A−k is the boundary of a product disc in the sutured manifold (M+
j , γ+) as was claimed.
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Figure 3.13. An contained in a Seifert circle with positive orientation

If Si ≤ Sj ≤ Sn < S1 ≤ Sk ≤ Si−1 then, again, consider the P -arcs of Sj , Sk near An. In this case, let cj

be the under P -curves of Sj , and let ck be the over P -arcs of Sk. Looking to the center case of Figure 3.13,

we see that in this case, cj and ck do not run perfectly parallel on D. However, since we attach the disk Dj

‘above’ the diagram and we attach Dk ‘below’ the diagram to obtain Sj and Sk respectively we still see that

Dj ∪Dk is a punctured sphere containing the closed curve Aj ∪Ak. Again, we obtain a properly embedded

disk ∆jk ⊂ (M+
j , γ+). Furthermore, we may define A+j and A−k as in the previous case. Then A+j ∪A−k is the

boundary of a product disc in the sutured manifold (M+
j , γ+) as was claimed.

If S1 ≤ Sj < Sk ≤ Si−1 then we proceed as in the previous two cases. However, in this case we consider the

over P -curves cj , ck for Sj , Sk. Taking the same definitions for A+j and A−k , once again we see that A+j ∪A−k
is the boundary of a product disc in the sutured manifold (M+

j , γ+) as was claimed.

Therefore the claim holds if the Seifert circle containing An has positive orientation. To establish the

claim when the Seifert circle has negative orientation we simply look to Figure 3.14 and note that we can

repeat the previous 3 arguments. Since the regular neighborhoods Sj , Sk × [−1,1] from earlier respected the

orientations of Sj , Sk, we can even define the A+j and A−k for each of the 3 cases in the same exact way as

before.

Now that the claim is established, let An be the marking induced by the plumbing S = B ∪d Sn. We see

that applying this product decomposition ∆jk ⊂ (M+
j , γ+) from the claim yields a product sutured manifold

which is homeomorphic to (N3, ξ3). By Proposition 3.1.2, (N3, ξ3) is a product sutured manifold if and only

if (M+
j , γ+) is.
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Figure 3.14. An contained in a Seifert circle with negative orientation

Thus none of (N1, ξ1), (N2, ξ2), nor (N3, ξ3) are product regions, and therefore S′j and S∗k cannot

possibly be made disjoint when Sj < Sk.

∎

Proposition 3.2.4. Let L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle. Then the special admissible forms of S′j and S′k are non-isotopic and disjoint for j, k ∈ {1, ..., n}.

Proof: We begin by working on the diagram D associated to Sn. By our assumptions the marking

for the plumbing is contained in the interior of the region σi. Without loss of generality, we will let Sj be

the surface such that Sj < Sk in σi. Near the plumbing S′j and S′k may be isotoped to appear as in Figure

3.15, and we see that S′j and S′k cut the link complement into two sutured manifolds. Let (M+, γ+) be the

sutured manifold which meets S′j on the + side of S′j , and let (M−, γ−) be the sutured manifold which meets

the − side of S′j .

From Figure 3.15 we can also see that there is a product disk in (M+, γ+) which lies just in the − direction

of the plumbing disk. By applying a product decomposition along this disk we obtain a sutured manifold

homeomorphic to a component of mathbbS3∖Sj ∪Sk where Sj , Sk have been positioned in special admissible

position relative to D. This resulting sutured manifold cannot be a product sutured manifold since Sj and

Sk are not isotopic in the link complement for the special alternating link L2. Therefore (M+, γ+) is not a

product sutured manifold.
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Figure 3.15. S′j and S′k near the plumbing in σi
.

What remains is to show that the sutured manifold (M−, γ−) is also non-product. To see this, we first

identify where on the diagram D for Sn we can find product disks in (M−, γ−). Since we are working on the

diagram D associated to the surface Sn and we have already assumed that Sj < Sk in σi we must consider

the two cases: k ≤ i ≤ j and j < k.

Case 1: k ≤ i ≤ j

In this case, we can look at the local behaviour of Sj and Sk near the crossings which lie in the interior of

each region σl of θ(D) to identify some product discs in (M−, γ−). In Figure 3.16 we see the local behaviour

of Sj and Sk at crossings in the interior of σl for (1) 1 ≤ l ≤ k, (2) k + 1 ≤ l ≤ j, and (3) j + 1 ≤ l ≤ n.

Figure 3.16. Local behavior of Sj and Sk near interior crossings when k ≤ i ≤ j

In (1) and (3) from Figure 3.16 we see that there are product discs in (M−, γ−) near every crossing in

the interior of σl for l ∈ {1, ..., k, j + 1, ...n}. Consider the crossings in σl for l ∈ {1, ..., k, j + 1, ...n} which

neighbor the boundary of σl. By performing product decompositions along product discs near these crossings

we decompose (M−, γ−) into a collection of product sutured manifolds associated with the regions σl for
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l ∈ {1, ..., k, j + 1, ...n} and another sutured manifold which may have multiple disjoint components. In

particular, it has one connected component for each connected component of (σk+1 ∪⋯∪σj)∖V (θ(D)). Let

Λ be one such component of (σk+1 ∪ ⋯ ∪ σj) ∖ V (θ(D)) and let (M−
Λ, γ

−
Λ) be the corresponding component

of (M−, γ−) after the product decompositions. Note that performing the product decompositions induces a

new link diagram. Let DΛ be the component on the induced diagram which contains Λ. We consider the

particular embedding of (M−
Λ, γ

−
Λ) which has γ−Λ = DΛ and where the + and − boundary components are

determined by the original special admissible embeddings of S′k and S′j respectively. Note that when we take

this embedding, we can recover (M−
Λ, γ

−
Λ) by using the diagram DΛ, the P -arcs for Sj and Sk contained in

Λ, and resulting embeddings of Seifert surfaces on DΛ. Let S
j
Λ and Sk

Λ be the resulting Seifert surfaces from

this process. Sj
Λ and Sk

Λ decompose the link complement of DΛ into two sutured manifolds. The sutured

manifold which meets the − side of Sj
Λ is homeomorphic to (M−

Λ, γ
−
Λ). Call the sutured manifold which meets

the + side of Sj
Λ (M+

Λ, γ
+
Λ).

Claim: (M+
Λ, γ

+
Λ) is a product sutured manifold.

Since the P -arcs at every crossing in the interior of σk+1, ..., σj are as seen in Figure 3.16 (2) we can

find product disks in (M+
Λ, γ

+
Λ) near every crossing in the interior of these regions. By applying these

decompositions at the crossings closest to the boundaries of the regions σk+1, ..., σj we can once again change

our diagram DΛ accordingly to a new diagram DΛ̃. Since DΛ̃ has had all the essential tangles of σk+1, ..., σj

removed, an application of Proposition 3.1.1 shows us that DΛ̃ is a fibered link. Therefore all components of

the previous product decompositions of (M+
Λ, γ

+
Λ) are product sutured manifolds, so (M+

Λ, γ
+
Λ) is a product

sutured manifold. Furthermore, (M−
Λ, γ

−
Λ) is the complementary sutured manifold of Sj

Λ (or Sk
Λ).

Now, (M−
Λ, γ

−
Λ) is a product sutured manifold if and only if DΛ determines a fibered link. As was noted

by J. Banks [Ban22] in her proof of Proposition 5.22, since we take our original diagram D to be prime and

reduced and each region σl contained in Λ represents an essential flype, DΛ is not a fibered link. Therefore

neither (M−
Λ, γ

−
Λ) nor (M−, γ−) is a product sutured manfiold.

Since neither (M+, γ+) nor (M−, γ−) is a product sutured manifold S′j and S′k are non-isotopic Seifert

surfaces.

Case 2: j < k

The proof proceeds very similarly in this case. Once again, we can look at the local behavior of Sj and

Sk near the crossings which lie in the interior of each region σl of θ(D) to identify some product discs in

(M−, γ−). In Figure 3.17 we see the local behavior at crossings in the interior of σl for (1) 1 ≤ l ≤ j, (2)

j + 1 ≤ l ≤ k, and (3) j + 1 ≤ l ≤ n.
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Figure 3.17. Local behavior of Sj and Sk near interior crossings when j < k

In (2) from Figure 3.17 we see that product decompositions for (M−, γ−) can be found near crossings in

the interiors of σl for l ∈ {j+1, ..., k}. Proceeding as in the previous case, we let Λ be a connected component

of the resulting decomposition, consider the induced diagram DΛ, and use the local behavior of Sj
Λ and Sk

Λ

as seen in (1) and (3) of Figure 3.17 to show that (M−, γ−) cannot be a product sutured manifold.

Therefore, in any case, S′j is not isotopic to S′k.

∎

Proposition 3.2.5. Let L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle. Then the special admissible forms of S∗j and S∗k are non-isotopic and disjoint for j, k ∈ {1, ..., n}.

Since the plumbings of S∗j and S∗k are both of the same type, the proof of this Proposition follows the

same argument as in that of Proposition 3.2.4.

Proposition 3.2.6. Let L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle. Then the special admissible forms of S∗j and S′k are non-isotopic and disjoint for j, k ∈ {1, ..., n}

when Sj < Sk in σi.

Proof: As in the proof of Proposition 3.2.4, let D be the diagram associated to Sn. We assume that

Sj < Sk in σi and that Sj , Sk are positioned in special admissible form on D so that S∗ and S′k can be

positioned disjointly in S3 ∖N (L). Near the plumbing, S∗j ∪ S′k may be positioned as in Figure 3.18. Let
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(M−, γ−) be the component of M = S3 ∖ (S∗j ∪ S′k) which meets the − side of S∗j and (M+, γ+) be the other

component of M .

Figure 3.18. S∗j and S′k when Sj < Sk in σi

To see that (M−, γ−) is not a product sutured manifold, consider the product disk in (M−, γ−) which sits

just above the level of the plumbing in Figure 3.18. After applying this product decomposition, we obtain

a sutured manifold (M̃, γ̃) which is homeomorphic to a region of S3 ∖ (Sj ∪ Sk) where Sj , Sk have been

positioned in special admissible form with respect to D. Since dMS(L)(Sj , Sk) = 1, (M̃, γ̃) is not a product

sutured manifold, and therefore, neither is (M−, γ−).

To see that (M+, γ+) is not a product sutured manifold, we similarly consider the two product disks

in (M+, γ+) which sit just below the level of the plumbing in Figure 3.18. After applying these product

decompositions, we obtain a sutured manifold (M̃, γ̃) which is homeomorphic to the complementary sutured

manifold for the twisted band. Since the twisted band is not a Hopf band, (M̃, γ̃) is not a product sutured

manifold, and therefore, neither is (M−, γ−).

∎

Corollary 3.2.3. Let L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σiÐ→ Si
σi+1ÐÐ→ ⋯ σnÐ→ Sn

be a cycle in K(D). Then the surfaces S∗j , S
′
j, S

′
k, and S

∗
k are pairwise non-isotopic in S3∖N (L∗) whenever

j ≠ k.

This is simply an observation which follows Propositions 3.2.3, 3.2.4, 3.2.5, and 3.2.6.
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Proposition 3.2.7. Let L, L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. If

R−1,R1 ∈ V(MS(L) such that dMS(L)(R−1, S̃) = dMS(L)(S̃,R1) = 1 and dMS(L)(R−1,R1) = 2 then dMS(L∗)(R′−1,R′1) =

2.

Proof: To begin, we must first understand how to position embeddings of R−1 and R1 relative to the

special alternating link diagram D for ∂S̃. In the proof of Proposition 5.23 of [Ban22], J. Banks goes into

great detail as to how exactly this can be done so that the arcs of intersection between the two embedded

surfaces can be easily understood. Since the description of the required special embeddings cannot be easily

summarized we include this proposition and its proof here in their entirety:

Proposition 5.23 from [Ban22]: Let D be a reduced, special alternating diagram for a prime link L

and let v0 ∈ V (K(D)) be given by D. Let v−1, v1 ∈ V (D) such that dK(D)(v−1, v0) = dK(D)(v0, v1) = 1 and

dK(D)(v−1, v1) = 2. Let Ri = (vi). Then dMS(L)(R−1,R1) = 2.

Proof: Let N (L) denote the regular neighbourhood of L. Following the proof of Proposition 3.10,

construct an admissible special form at D for R−1 and for R1. These special forms will each have at least

one flype circle. Position each flype circle with the distance from the positive side of the flype crossing to the

negative side of the flype arc as small as possible. For i = ±1 let Λi be the positive side of the flype circles for

Ri and λi the negative side. Note that each of these is a union of regions of θ(D). Suppose that at least one

region of θ(D) lies in Λ−1 ∩Λ1. As in the proof of Proposition 3.11, there is at least one region r of θ(D) in

Λ−1 ∩Λ1 such that rθ is defined at D. Adding r to v0 gives a new vertex v′0 in K(D) with dK(D)(v−1, v′0) ≤ 1

and dK(D)(v′0, v1) ≤ 1. Thus dK(D)(v−1, v′0) = dK(D)(v′0, v1) = 1, since dK(D)(v−1, v1) = 2. Hence, without loss

of generality, we may assume Λ−1∩Λ1 does not contain any region of θ(D). In particular this means that no

two flype arcs lie on any one edge of θ(D) and neither do two flype crossings. In addition, we can isotope

all flype circles to be mutually disjoint. Also choose the number of flype circles to be minimal. Denote the

set of all flype circles by Φ.

First note that ∂R−1 = ∂R1. Let ρ denote the closure of (R−1 ∩ R1) ∖ ∂R1. Since R−1 and R1 are

incompressible and S3 ∖N (L) is irreducible, ρ an be made to consist only of properly embedded arcs. We

will arrange that each such arc is contained in a single disc from the construction of each of R−1,R1 with its

endpoints on L. Let ∂ρ denote the (as yet undefined) set of endpoints of these arcs.

Let λ be a component of λ−1. Create a new diagram Dλ, for every flype circle ϕ of R−1 on the boundary

of λ changing D as shown in Figure 3.19(a). All P -arcs in λ can be copied to Dλ. If Dλ together with

the P -arcs is not connected, choose a simple closed curve ψ around each component, separating it from the
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other components. We can choose these curves to be disjoint and have minimal intersection with the images

of the flype circles.

Figure 38 form [Ban22]

As D is connected, each curve ψ must run through the image of at least one flype circle of R−1 as shown

in Figure 38b. Repeat this process for each component of λ−1. Let Ψ be the union of the flype circles in D

together with those sections of each curve ψ contained in λ−1.

Colour the P -arcs of R−1 red and those of R1 blue. Also colour the components of S2 ∖Ψ. Colour Λ−1

red and Λ1 blue. Colour a component in λ−1 ∩λ1 blue if it meets Λ1 anywhere along its boundary (that is, if

it meets a component already coloured blue), and colour it red otherwise. Thus a point x on D in λ−1 ∩ λ1

is in a blue component of S2 ∖Ψ if there is a path ρ in Dλ from x to a flype circle of R1, where λ is the

component of λ−1 containing x, and is in a red component if no such path exists.

We now arrange the P -arcs of each surface. Let c be a crossing in D. Our positioning of the flype circles

ensures c lies in the interior of either λ−1 or λ1, and so it has at least one P -arc across it on the positive side.

Definition 5.25. Given two special forms, and a crossing c′ such that the P -arcs around c′ are disjoint,

call the P -arc closest to c′ on the positive side inside at c′, and the other P -arc(s) on the positive side of c′

outside.

If c only has one P -arc across it on the positive side, this P -arc must be positioned inside to avoid any

intersections of P -arcs. There are three ways that c could come to have two P -arcs across it. One is that

c lies in the interior of λ−1 ∩ λ1. If the corresponding component of S2 ∖Ψ has been coloured blue, put the

blue P -arc on the outside, and if it is coloured red then put the red P -arc outside. The second possibility is

that one, but not both, of the P -arcs across c is a flype arc of a flype circle ϕ. Without loss of generality, c

is in the interior of λ−1 and ϕ is a flype circle of R1. Then c lies on the positive side of ϕ, which contradicts

the choice of the position of ϕ. Hence this case does not occur. The third possibility is that the white region

of D on the positive side of c is a bigon, and one P -arc has been placed on the positive side of c, while the
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Figure 39 from [Ban22]

other P -arc has been placed on the negative side of the other crossing. In this case, put the P -arc that is

paired with c on the inside.

We now connect the ends of the P -arcs to obtain a collection of closed curves for S2 ∩R−1 and S2 ∩R1.

These curves will inevitably intersect at some collection of points.

J. Banks describes a particular way to choose these points on the diagram:

Consider a flype circle ϕ with flype crossing c and the pattern of simple closed curves in D given by

∂(R−1 ∩ Ba). Let C−1 be the curve that runs along the overcrossing arc at c. After pushing the endpoints

of P -arcs that lie on c to the positive side of ϕ, we see that C−1 also runs along the flype arc ρ0 of ϕ. This

is because each edge of θD is only crossed by one overcrossing arc. The same is true for the analogous curve

C1 in ∂(R1 ∩Ba).

Suppose ϕ is a flype circle of R−1, so that the positive side of ϕ is coloured red. Then the two points

where C−1 crosses ϕ lie on the boundary of the same component of S2 ∖ Ψ in λ1. Let A be the set of all

such points where this component of S2 ∖Ψ is coloured blue, and define an involution ⋅̂ ∶ A→ A such that if

a1 ∈ A then â1 is the other point of A on the same flype circle as a1. Note that if points a1, a2 lie on the

same simple closed curve C−1 of ∂(R−1 ∩Ba) then the pairs a1, â1 and a2, â2 do not interleave on C−1.

Consider a flype circle ϕ with flype crossing c, and the pattern of simple closed curves in D given by

∂(R−1 ∩ Ba). Let C−1 be the curve that runs along the overcrossing arc at c. After pushing the endpoints

of P -arcs that lie on ϕ to the positive side of ϕ, as shown in Figure 39, we see that C−1 also runs along ρ0.

This is because each edge of θ(D) is only crossed by one overcrossing arc. The same is true of the analagous

curve C1 in ∂(R1 ∩Ba).

Suppose ϕ is a flype circle of R−1, so that the positive side of ϕ is coloured red. Then the two points

where C−1 crosses ϕ lie on the boundary of the same component of S2∖Ψ. Let A be the set of all such points

where this component of S2 ∖Ψ is coloured blue, and define an involution ⋅̂ ∶ A→ A such that if a1 ∈ A then
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â1 is the other point of A on the same flype circle as a1. Note that if points a1, a2 ∈ A lie on the same simple

closed curve C−1 of ∂(R−1 ∩Ba) then the pairs a1, â1 and a2, â2 do not interleave on C−1.

We would like it to be the case that no two points of C−1 lie on the same overcrossing arc of D. However,

this is not in general true (see, for example, Figure 40).

Figure 40 from [Ban22]

We therefore create a subset a of A with a new involution where this does not occur as follows. Given

points a1 and a2 of A hat lie on a single overcrossing arc of D remove a1 and a2 and change the involution

to pair â1 with â2. Repeat this as many times as possible. Note that it is possible, as in Figure 40, to reach

a pair where â1 = a2. In such a case the two points are simply deleted from A. Since A is finite, this process

will terminate. Notice that the final result will not depend on the order in which pairs of points are chosen.

Let a be the resulting set of points, and ⋅ ∶ a→ a be the resulting involution. The following three properties

of A are also true in a. If a1 ∈ a then a1 and a1 lie on the same curve C−1 of ∂(R−1 ∩ Ba) and on the same

curve of C1 of ∂(R1 ∩ Ba). Additionally, a1 and a1 lie on the boundary of the same component of S2 ∖Ψ

in λ−1 ∩ λ1. Furthermore, if a2 ∈ a then the pairs a1, a1 and a2, a2 do not interleave on C−1 or on C1. In

addition, a has the property that the inside P -arcs at the two crossings adjacent to a point of a have different

colors. The same process in Bb gives another set b with involution ⋅ ∶ b→ b. We will end up with ∂ρ = a ∪ b.

Armed with these, we next connect the ends of the P -arcs to give the position of the neighbourhood

of the boundary of every disc in the construction of R−1 and R1. For each disc, this neighbourhood is an

annulus, one boundary component of which we have already positioned (as ∂R−1 and ∂R1 are the same fixed

curve on ∂N (L)). We describe the relative positions of the annuli by drawing on D the other boundary

curve of each annulus. We will describe this process in Ba. That in Bb is analogous.

Consider two crossings c and c′ of D that are adjacent in D. Suppose the same colour P -arc lies inside

at each, as shown in Figure 41a.
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Figure 41 from [Ban22]

We can then connect the P -arcs along the overcrossing arc at c′ without them crossing (see Figure 41a).

Suppose instead that the P -arcs inside at c and c′ are not the same colour. Then one of the crossings lies

in Λ−1 whereas the other is either in Λ1 or in a blue region of λ−1 ∪ λ1. Hence exactly one point a1 of a lies

between c and c′. This time we connect the P -arcs so that the curves created cross once at a1, as shown in

Figure 41b. Note that, since there are crossings where the blue P -arc is inside, and the crossings where the

red P -arc is inside, we know that a ≠ ∅. In this way we can connect all the P -arcs to form two sets of simple

closed curves, as required. Figure 42 is an example of the result of this process.

Figure 42 from [Ban22]

Finally we position the interior of each disc of R−1 and R1. We may view those of R−1 as fixed, and

vary those of R1. In Ba we wish to arrange the discs such that an arc of ρ connects points a1, a2 ∈ a if and

only if a1 = a2. Recall that a1 and a1 lie on the same curves of ∂(R−1 ∩ Ba) and ∂(R1 ∩ Ba) for any a1 ∈ a,

and for a3 ∈ a the pairs a1, a1 and a3, a3 do not interleave along these curves. The same holds in Bb. Thus

there is no obstruction to our choice of ρ. This completes the construction of R−1 ∪R1.

It now remains to check that R−1 and R1 do not bound a product region. Then, since R−1 and R1

are not disjoint, it follows from Proposition 5.2 that dMS(L)(R−1,R1) > 1. Let M be the complement in

S3 ∖N (L) of a regular neighbourhood of R−1 ∪R1.

Suppose a component M ′ of M does not meet S2. Then M ′ is composed of sections of the discs in the

construction of R−1 and R1 with at least one from each surface. Consider a disc S of R1 that meets ∂M ′.

Then ∂(S ∩ ∂M ′) is a collection of simple closed curves in R−1 ∩ R1. Without loss of generality, assume

M ′ ⊂ Ba. Then ∂(S ∩ ∂M ′) is made up of overcrossing arcs of L and arcs in ρ. As L is not the unknot, any
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simple closed curve of ∂(S ∩ ∂M ′) includes both types of arc. This is not possible, since no overcrossing arc

includes more than one point of ∂ρ. Hence every component of M meets S2. This means that, in checking

whether any component is a product region, it is enough to consider those that meet each region of D.

Consider a point of ∂ρ on ∂N (L). Near this point, M has three components, only one of which, ML,

meets ∂N (L). On ∂ML we see the pattern shown in Figure 43.

Figure 43 from [Ban22]

Suppose ML is a product region between R−1 and R1 then a closed regular neighbourhood of ρ ∪N (L)

in ∂ML is of the form ∂SL × I for some surface SL, and in particular is a collection of annuli. Since any

component of ∂N (L) is an annulus, and each endpoint of an arc of ρ lies on ∂N (L), this cannot be the case.

Hence ML is not a product region.

Let r be a black region of D, and let Mr be the component of M that meets r. Then Mr meets the

Seifert surface R0. Since R0 is disjoint from R−1 ∪R1 and connected, R0 is entirely contained in Mr. The

manifold ML also meets R0. This shows that Mr =ML, so Mr is not a product region. The same is true if

r is instead a section of a white region of D that meets L. We are therefore left to consider those sections of

white regions of D that are entirely bounded by P -arcs. These components of M form sutured manifolds,

where the sutures are R−1 ∩R1

First let r be a section of a white region of D that lies between P -arcs in Λ−1 ∪ Λ1, and let Mr be the

component ofM that meets it. Let Λ be the component of S2∖Ψ containing r. Inside Λ, the discs of R−1 and

R1 are parallel to R0, andMr is isotopic to the complement of R0 there. As in the proof of Proposition 5.22,

we aim to decompose Mr along product discs, and to edit the diagram D to find a special alternating link

diagram D′ such that one piece of Mr is the complement of the surface given by applying Seifert’s algorithm

to D′. Again we will see that the link with diagram D′ is not fibered, and hence that Mr is not a product

sutured manifold.

Let c be the flype crossing of a flype circle ϕ in the boundary of Λ. Let C−1 be the curve of ∂(R−1 ∩Ba)

that crosses c and C1 the corresponding curve of ∂(R1 ∩Ba). Then C−1 and C1 also cross the flype arc of ϕ
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together. Let Si be the disc of Ri ∩ Ba with boundary Ci for i = ±1. Choose a point x on C−1 ∩C1 slightly

inside Λ from c, and a similar point x′ near the flype arc of ϕ.

From the construction of A, it is clear that there is no point a1 ∈ A such that x and x′ interleave with

a1 and â1 on C−1 or C1. It follows that there is no point a2 ∈ a such that x and x′ interleave with a2 and a2

on C−1 or C1. Therefore there is a product disc in Mr between R−1 and R1 meeting R−1 ∩R1 at x and x′.

Similarly there is a corresponding product disc in Mr ∩ Bb. Cut Mr along these product discs, and retain

the component that meets r. The corresponding change in D is to collapse the negative side of ϕ to a single

crossing, as in Figure 35.

Figure 35 from [Ban22]

After so collapsing all flype circles that bound Λ, we arrive at a diagram D′ as described above. By the

same reasoning as in the proof of Proposition 5.22, the remaining section of Mr is not a product region, and

so Mr is not.

Finally, let r be a section of a white region of D hat lies between P -arcs in λ−1 ∩λ1. Then r lies between

a red P -arc and a blue P -arc parallel to it. Let Mr be the component of M that meets it. In this case, we

show by contradiction that Mr also meets S2 in a white region between P -arcs in Λ−1 ∪Λ1, and hence it has

already been shown to not be a product region.

Suppose Mr does not meet S2 in any such white region. Let λ be the component of S2 ∖Ψ containing r.

Note that every crossing in the interior of λ has both a red P -arc and a blue P -arc across it on the positive

side. Since D is connected, there is a path sigma, that is contained in D and the P -arcs, from r to flype

circle ϕ on the boundary of λ. If ϕ passes between an overcrossing and an undercrossing at a crossing c in

the interior of λ, change it to instead switch between the two via the P -arcs across the positive side of c.

After such changes, σ gives a path in ∂Mr.

Given that Mr does not meet the white region between the P -arcs on the other side of the flype crossing

or flype arc, the endpoint of σ must be a point of ∂ρ = a ∪ b. From this we see that this is a flype circle of

R−1. It also tells us that λ is coloured blue, which means there is a path σ contained in Dλ′ with the P -arcs,

from r to a flype circle of R1, where λ
′ is the component of λ−1 containing λ. Again we can make this path
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run along P -arcs rather than moving directly between overcrossings and undercrossings. Our aim is to show

that σ gives a path in ∂Mr. Then Mr will meet a white region of D between the P -arcs in Λ1, contradicting

our assumption.

We know that σ gives a path in ∂Mr until it first reaches a flype circle of R−1, as D and Dλ′ are the same

in the interior of λ−1. Without loss of generality, suppose σ meets a flype circle ϕ of R−1 on an overcrossing

arc of D. There it meets a point a1 ∈ a. Then ∂Mr contains the arc of ρ that runs from a1 to a1. Note that

the path σ must also run through the point of Dλ′ that corresponds to a1. In this way, we can see that σ

defines a path in ∂Mr as required. Therefore Mr is not a product region.

∎

Now, using the described embedding of R−1∪R1 we would like to show that R′−1 and R′1 cannot be made

disjoint. Let R′i be the surface which is the result of plumbing the twisted band B to the negative side of

Ri at the marking A2. Note that in blue regions of S2 ∖Φ, R′−1 ∪R′1 can be positioned as in Figure 3.26, so

there are no extra arcs of intersection between R′−1 and R′1 in this case. Similarly, in red regions R′−1 ∪R′1
can be positioned as in Figure 3.27.

Let N (L) be a neighborhood of the link L in S3 and M the complement of R′−1 ∪R′1 in S3 ∖N (L). Each

component of M can inherit oriented sutures from the oriented link L and the arcs of intersection R−1 ∩R1.

For each component (Mr, γr) of M , we must show that (Mr, γr) is not a product sutured manifold.

Having colored the regions of S2 ∖Ψ as in the proof of Proposition 2.23 of [Ban22] and placing the red

and blue P -arcs for R−1 and R1 respectively, we see that in the interior of regions which have been colored

blue R′−1 and R′1 locally appear as in Figure 3.26. We call the region which meets the − side of R−1 (N1, ξ2),

and the other (N2, ξ2).

Figure 3.26. R−1 ∪R1 near the plumbing disk in a blue region
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Case 1: The marking A2 for this plumbing lies in a region which has been colored blue.

To see that (N2, ξ2) is not a product sutured manifold in this case, consider a product disk in N2 which

lies slightly in the − direction of the plumbing disk. In Figure 3.26, this would be just ‘above’ the level of the

plumbing and within the twisted band. After this product decomposition is applied to (N2, ξ2) we obtain

a new sutured manifold which is homeomorphic to a component of S3 ∖R−1 ∪R1. Since no components of

S3 ∖R−1 ∪R1 are product sutured manifolds, (N2, ξ2) is not a product sutured manifold.

Now, since A2 lies in a blue region it can be in either Λ1 or λ−1 ∩ λ1.

Case 1.1: A2 ⊂ Λ1

Since the marking A2 is in the interior of a region in Λ1, N1 meets a section of a white region of r of D

that lies between P -arcs in Λ1. Let Mr be the component of S3 ∖R−1 ∪R1 which meets r as in the proof

of Proposition 5.23 [Ban22]. Note that in her proof, J. Banks only references curves C−1 and C1 which

pass through a flype crossing in the boundary of a component Λ of Λ1. Since A2 is in the interior of Λ, the

local plumbing structure does not inhibit the construction of the product disks used by J. Banks to show

that Mr is the complementary sutured manifold for a non-fibered link. Applying the corresponding product

decompositions to (N1, ξ1) also yields a complementary sutured manifold (Ñ1, ξ̃1)). Only, this manifold is

the complementary sutured for a link which can be realized as a plumbing of Seifert surfaces corresponding

to two non-fibered links; namely, the n-times twisted band and a Siefert surface for a special alternating link

which J. Banks has proven to be non-fibered. Since (Ñ1, ξ̃1) is the complementary sutured manifold for a

surface whose boundary is a non-fibered link, it is not a product sutured manifold. Therefore, (N1, ξ1) is

not a product sutured manifold.

Case 1.2: A2 ⊂ λ−1 ∩ λ1

In λ−1∩λ1 the P -arcs of R−1 and R1 both lie on the − side of each crossing, and we have chosen to place

them so that the P -arcs of R−1 lie inside those of R+ at each crossing. In this case, we see that (N1, ξ1) is

a region which meets a black region r of D. Following the argument from Proposition 5.23 from [Ban22],

we once again see that the region ML of M which meets N (L) cannot be a product sutured manifold, and

since ML and (N1, ξ1) are connected and contain the surface R′0 we must have ML = N1.

Case 2: The marking A2 for the plumbing lies in a region which has been colored red.

Once again, A2 can be in either Λ−1 or λ−1 ∩ λ1. In either case, the red P -arcs of R−1 have been on

placed outside of the blue P -arcs of R1 at each crossing, and near the plumbing R′−1 and R′1 appear as in

Figure 3.27. In this case, call the sutured manifold which meets the + side of R−1 (N1, ξ1), and the other

local component (N2, ξ2).

51



Figure 3.27. R−1 ∪R1 near the plumbing disk in a red region

For exactly the same reason as in Case 1, (N2, ξ2) is not a product sutured manifold, and once again,

to see that (N1, ξ1) is not a product sutured manifold we must consider the two cases of A2 ⊂ Λ−1 and

A2 ⊂ λ−1 ∩ λ1.

Case 2.1: A2 ⊂ Λ−1

In Λ−1, the red P -arcs of R−1 lie on the − side of each crossing, and the blue P -arcs of R1 lie on the +

side of each crossing. Since A2 lies in the interior of a black region of D here, N1 once again meets a section

of a white region r of D that lies between P -arcs in Λ−1. Following the same argument as in Case 1.1, we see

that (N1, ξ1) can be identified as a complementary sutured manifold for a surface which is a plumbing of two

surfaces, neither of which are fibers for fibered links. Therefore (N1, ξ1) is not a product sutured manifold.

Case 2.2: A2 ⊂ λ−1 ∩ λ1

In λ−1∩λ1 the P -arcs of R−1 and R1 both lie on the − side of each crossing, and we have chosen to place

them so that the blue P -arcs of R1 lie inside those of R+ at each crossing. As we saw in Case 1.1, (N1, ξ1)

is once again a region which meets a black region r of D. Following the same argument as before, (N1, ξ1)

cannot be a product sutured manifold.

In any case, no component of S3∖(R′−1∪R′1) is a product sutured manifold for this particular embedding

of R′−1 ∪R′1 in S3 ∖N (L). By Proposition 3.1.5, this shows that R′−1 and R′1 cannot be isotoped to be made

disjoint in S3 ∖ N (L). Therefore dMS(L∗)(R′−1,R′1) > 1. Since we also have dMS(L∗)(R′−1,R′0) = 1 and

dMS(L∗)(R′0,R′1) = 1 we see that dMS(L∗)(R′−1,R′1) = 2.

∎

Proposition 3.2.8. Let L, L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. If

R−1,R1 ∈ V(MS(L)) such that dMS(L)(R−1, S̃) = dMS(L)(S̃,R1) = 1 and dMS(L)(R−1,R1) = 2 then dMS(L∗)(R∗−1,R∗1) =

2.
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Since the plumbings R∗−1 and R∗1 are of the same type, this proof follows the same argument as in

Proposition 3.2.7.

Proposition 3.2.9. Let L, L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. If

R−1,R1 ∈ V(MS(L)) such that dMS(L)(R−1, S̃) = dMS(L)(S̃,R1) = 1 and dMS(L)(R−1,R1) = 2 then dMS(L∗)(R∗−1,R′1) ≥

2.

Let R−1∪R1 be the special embedding of R−1∪R1 described in the proof of Proposition 5.25 of [Ban22].

If A2 is contained in a region of S2 ∖Ψ which has been colored blue then the blue P -arcs of R1 have been

placed on the outside of the P -arcs of R−1 at each crossing, and we may position R∗−1∪R′1 near the plumbing

as we see it in (1) of Figure 3.28. Alternatively, if A2 is contained a region which has been colored red then

we position R∗−1 ∪R′1 near the plumbing as we see it in (2) of Figure 3.28.

Figure 3.28. R∗−1 ∪R′1 near the plumbing

Let M = S3 ∖ (R∗−1 ∪R′1), and let (Ni, ξi) be the sutured manifolds that are the components of M near

the plumbing as they have been labeled in Figure 3.28. We must show that each (Ni, ξi) is not a product

sutured manifold. Naturally, we will consider the two possibilities (1) and (2) separately.

Case 1: A2 is contained in a blue region.

To see that (N1, ξ1) is not a product sutured manifold, consider the two product disks in (N1, ξ1) which

are visible just below the level of the plumbing in Figure 3.28. After applying these product decompositions,

(N1, ξ1) is decomposed into two sutured manifolds, one of these is the complementary sutured manifold for

a twisted band. Since this band is not a Hopf band, this complementary sutured manifold is not a product

sutured manifold. Therefore (N1, ξ1) is not a product sutured manifold.
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To see that (N2, ξ2) is not a product sutured manifold, consider the product disk in (N2, ξ2) which

lies just above the level of the plumbing in Figure 3.28. Applying this product decomposition results in

a sutured manifold (Ñ2, ξ̃2) which is homeomorphic to a component of S3 ∖ (R−1 ∪ R1). As is shown in

the proof of Proposition 5.25, this is not a product sutured manifold. Therefore, (N1, ξ1) is not a product

sutured manifold.

Case 2: A2 is contained in a red region.

To see that (N1, ξ1) is not a product sutured manifold simply note that it is homeomorphic to the

complementary sutured manifold for the twisted band.

To see that (N2, ξ2) is not a product sutured manifold we repeat the argument previously made in Case

1 for (N2, ξ2). That is, consider the product disk in (N2, ξ2) which lies just above the level of the plumbing in

Figure 3.28 (2). Applying this product decomposition results in a sutured manifold which is homeomorphic

to a component of S3 ∖ (R−1 ∪R1), and therefore (N2, ξ2) is not a product sutured manifold.

To see that (N3, ξ3) is not a product sutured manifold, let (Mr, γr) be the component of S3 ∖(R−1 ∪R1)

which meets the + side of R1 (or the − side of R−1) at the marking A2. As we saw previously in the proof

of the claim from Proposition 3.2.3, there is always a product disk in (Mr, γr) at the marking A2, and in

this case the result of this product decomposition is a sutured manifold which is homeomorphic to (N3, ξ3).

Since (Mr, γr) is not a product sutured manifold, neither is (N3, ξ3).

Therefore every component of S3 ∖ (R∗−1 ∪R′1) is not a product region. By Proposition 3.1.5, R∗−1 cannot

be isotoped to be made disjoint from R′1. Therefore, dMS(L∗)(R∗−1,R′1) ≥ 2.

∎

Given a complete collection of cycles in K(D) we now have the tools necessary to determine the collection

of maximal simplices in MS(L∗).

Definition 3.2.4. Let L, L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σiÐ→ Si → ⋯
σnÐ→ Sn

be a cycle in K(D). We call the collection surfaces

{S′1, S∗1 , S′2, S∗2 , ..., S′n, S∗n}

the surfaces induced by the cycle. Additionally, we call the collection of n simplices in MS(L∗) which

include exactly n + 1 elements of {S′1, S∗1 , S′2, S∗2 , ..., S′n, S∗n} the simplices induced by the cycle.
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Corollary 3.2.4. Let L, L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σiÐ→ Si → ⋯
σnÐ→ Sn

be a cycle in K(D). The set of simplices induced by this cycle is precisely

S =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[S∗i , S′i, S′i+1, S′i+2, ..., S′n, S′1, ..., S′i−1],

[S∗i , S∗i+1, S′i+1, S′i+2, ..., S′n, S′1, ...S′i−1],

[S∗i , S∗i+1, S∗i+2, S′i+2, ..., S′n, S′1, ..., S′i−1],

⋮

[S∗i , ..., S∗j , S′j , ..., S′n, S′1, ..., S′i−1],

⋮

[S∗i , ..., S∗n, S′n, S′1, ..., S′i−1],

[S∗i , ..., S∗n, S∗1 , S′1, ..., S′i−1],

⋮

[S∗i , ..., S∗n, S∗1 , ..., S∗k , S′k, ..., S′i−1],

⋮

[S∗i , ..., S∗n, S∗1 , ..., S∗i−1, S′i−1]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Proof: First, consider the collection {S′j , S∗j , S′k, S∗k} where j ≠ k. Without loss of generality, assume

Sj < Sk in σi. Then by Proposition 3.2.3, S′j cannot be made disjoint from S∗k . Therefore S′j , S
∗
j , S

′
k, and

S∗k can never all be found together in a single simplex of MS(L∗).

By Proposition 3.2.3, S′j and S∗k cannot be made disjoint whenever Sj < Sk in σi. However, by Proposi-

tion 3.2.6 S∗j and S′k can be made disjoint. Additionally, Propositions 3.2.4 and 3.2.5 tell us that the pairs

S′j , S
′
k and S∗j , S

∗
k respectively can be made disjoint.

Now, in σi we have the ordering of surfaces

Si < Si+1 < ⋯ < Sn < S1 < ⋯ < Si−1

For any Sj , i ≤ j ≤ n, Sj < Sj+1, ..., Sn, S1, ..., Si−1 in σi, so by Proposition 3.2.3, S′j and S∗l cannot be

made disjoint whenever j < l ≤< n or 1 ≤ l < i. Similarly, Si, Si+1, ..., Sj−1 < Sj in σi, so S
′
l and S

∗
j cannot be

made disjoint whenever 1 ≤ l < j. By Propositions 3.2.4, 3.2.5, and 3.2.6 S′j and S∗j can be each be made

pairwise disjoint from all of remaining surfaces which are induced by our cycle.
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In this way we see that the simplex induced by our cycle which contains S′j and S∗j is precisely

[S∗i , ..., S∗j−1, S∗j , S′j , S′j+1, ..., S′n, S′1, ..., S′i−1] .

Similarly, for any Sk, 1 ≤ k ≤ i − 1, the simplex induced by our cycle which contains S′k and S∗k is

[S∗i , ..., S∗n, S∗1 , ..., S∗k−1, S∗k , S′k, S′k, ..., S′i−1] .

Therefore the collection of simplices induced by our cycle is precisely S as desired.

∎

We would now like to show that the simplices induced by a cycle are all maximal in MS(L∗). To do

this, it is important to note that a cycle in K(D) gives a maximal simplex in MS(L).

Lemma 3.2.1. Let D be a special alternating link diagram for link L with θ(D) containing n regions,

and let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle in K(D). Then the simplex [S1, ..., Sn] is maximal in MS(L).

Proof: Let T be a surface which can be embedded disjointly in the complement of the special admissible

embedding of S1∪⋯Sn onD. Then it must lie in a region between two of the surfaces Sj and Sj+1. Specifically,

assume it lies on the the region which meets the + side of Sj and the − side of Sj+1. As we see in Figure 3.17,

this region is locally a product region in the regions σ1, ..., σi and in σi+2, ..., σn, and we can begin constructing

a special admissible embedding of T relative to D by placing the P -arcs of T on the − sides of the crossings

in σ1, ..., σi and on the + sides of crossings in σi+2, ..., σn. In σi+1 the P -arcs of T are either all on the − side

of every crossing or are all on the + side of every crossing. In the former case, this embedding of T would

have all the same P -arcs as Si, and in the latter case, T would have all the same P -arcs as Si+1. Therefore

the simplex [S1, ..., Sn] is maximal in MS(L).

∎

Proposition 3.2.10. Let L∗, S∗ = B ∪d S̃, and A2 ⊂ inti(GF(D)) satisfy our assumptions. Let

Sn
σ1Ð→ S1

σ2Ð→ ⋯ σnÐ→ Sn

be a cycle in K(D), and let S be the collection of simplices induced by this cycle. Then, every simplex in S

is maximal in MS(L∗).
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Proof: Assume that a simplex of S contains a surface F ∉ {S′1, S∗1 , S′2, S∗2 , ..., S′n, S∗n}. By Proposi-

tion 3.2.2 F is a plumbing of the twisted band B and a Siefert surface T for the special alternating link L.

That is, F = T ∗ or F = T ′. Since every simplex induced by our cycle contains S′j or S∗j for each j ∈ {1, ..., n},

we know that there is an special admissible embedding of T ∪ S1 ∪ ... ∪ Sn in S3 ∖N (L) such that T,S1, ...,

and Sn are pairwise disjoint. Therefore [S1, ..., Sn, T ] is a simplex of MS(L). By Lemma 3.2.1, [S1, ..., Sn]

is already a maximal simplex of MS(L), so T ∈ {S1, ..., Sn} contradicting our choice of F .

∎

Finally, we have all the information we need to determine the Kakimizu complex for a link L∗ which

satisfies our assumptions.

3.3. Examples

Example 1: Consider the following link L∗1 with diagramD∗1 shown in Figure 3.29. By applying Seifert’s

Figure 3.29. A diagram D∗1 of L∗1

algorithm to D∗1 , we see that most of the resulting Siefert circles are non-nested, but we do see three small

Seifert circles which are contained within a single other Seifert circle. Looking locally near this Seifert circle,

we can identify the Seifert surface coming from the algorithm as a plumbing of a 2-times full twisted band

and a Seifert surface S̃ of a special alternating link L. Furthermore, we can label the regions and edges of the

θ-graph θ(D1) as seen in Figure 3.30 and we see that the marking for this plumbing lies in the interior of the

region labeled B. Therefore L∗ exactly satisfies our assumptions. We begin by using the basis (e1, e2, e3)
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Figure 3.30. The diagram D1 of L1 with θ(D1)

for the edges of θ(D1) and writing down the complete collection of cycles from K(D1). These are precisely:

(1,1,0) AÐ→ (0,2,0) BÐ→ (0,1,1) CÐ→ (1,1,0)

(1,1,0) BÐ→ (1,0,1) AÐ→ (0,1,1) CÐ→ (1,1,0)

(1,1,0) BÐ→ (1,0,1) CÐ→ (2,0,0) AÐ→ (1,1,0)

(0,1,1) BÐ→ (0,0,2) CÐ→ (1,0,1) AÐ→ (0,1,1)

For simplicity, we will also use the ordered triples from these cycle to represent their respective surfaces

in MS(L∗1). Note that the marking for plumbing of the twisted band B to the surface represented by (1,1,0)

The collection of simplices induced by

(1,1,0) AÐ→ (0,2,0) BÐ→ (0,1,1) CÐ→ (1,1,0)

is
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (0,1,1)∗ , (0,1,1)′ , (1,1,0)′ , (0,2,0)′ ] ,

[ (0,1,1)∗ , (1,1,0)∗ , (1,1,0)′ , (0,2,0)′ ] ,

[ (0,1,1)∗ , (0,1,1)∗ , (0,2,0)∗ , (0,2,0)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
The collection of simplices induced by

(1,1,0) BÐ→ (1,0,1) AÐ→ (0,1,1) CÐ→ (1,1,0)
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is
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (1,0,1)∗ , (1,0,1)′ , (0,1,1)′ , (1,1,0)′ ] ,

[ (1,0,1)∗ , (0,1,1)∗ , (0,1,1)′ , (1,1,0)′ ] ,

[ (1,0,1)∗ , (0,1,1)∗ , (1,1,0)∗ , (1,1,0)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
The collection of simplices induced by

(1,1,0) BÐ→ (1,0,1) CÐ→ (2,0,0) AÐ→ (1,1,0)

is
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (1,0,1)∗ , (1,0,1)′ , (2,0,0)′ , (1,1,0)′ ] ,

[ (1,0,1)∗ , (2,0,0)∗ , (2,0,0)′ , (1,1,0)′ ] ,

[ (1,0,1)∗ , (2,0,0)∗ , (1,1,0)∗ , (1,1,0)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
The collection of simplices induced by

(0,1,1) BÐ→ (0,0,2) CÐ→ (1,0,1) AÐ→ (0,1,1)

is
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (0,0,2)∗ , (0,0,2)′ , (1,0,1)′ , (0,1,1)′ ] ,

[ (0,0,2)∗ , (1,0,1)∗ , (1,0,1)′ , (0,1,1)′ ] ,

[ (0,0,2)∗ , (1,0,1)∗ , (0,1,1)∗ , (0,1,1)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
Example 2: Consider the following link L∗2 with the diagram D∗2 shown in Figure 3.31.

Figure 3.31. A diagram D∗2 of L∗2

Once again, applying Seifert’s algorithm to D∗2 yields a Seifert surface which can be identified as as

plumbing of a 2-times full twisted band and a Seifert surface S̃2 for a special alternating link L2 with
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diagram D2 shown in Figure 3.32. As before, we can label the regions and edges of the θ-graph θ(D2) as

seen in Figure 3.30 and we see that the marking for this plumbing lies in the interior of the region labeled

C. Therefore L∗2 exactly satisfies our assumptions.

Figure 3.32. The diagram D2 of L2 with θ(D2)

Once again, we write down all of the cycles in K(D2). They are:

(1,0,1,0) AÐ→ (0,1,0,1) BÐ→ (0,0,1,1) CÐ→ (1,0,1,0)

(1,0,1,0) AÐ→ (0,1,0,1) CÐ→ (1,1,0,0) BÐ→ (1,0,1,0)

The collection of simplices induced by

(1,0,1,0) AÐ→ (0,1,0,1) BÐ→ (0,0,1,1) CÐ→ (1,0,1,0)

is
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (1,0,1,0)∗ , (1,0,1,0)′ , (0,1,0,1)′ , (0,0,1,1)′ ] ,

[ (1,0,1,0)∗ , (0,1,0,1)∗ , (0,1,0,1)′ , (0,0,1,1)′ ] ,

[ (1,0,1,0)∗ , (0,1,0,1)∗ , (0,0,1,1)∗ , (0,0,1,1)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
The collection of simplices induced by

(1,0,1,0) AÐ→ (0,1,0,1) CÐ→ (1,1,0,0) BÐ→ (1,0,1,0)
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is
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (1,1,0,0)∗ , (1,1,0,0)′ , (1,0,1,0)′ , (0,1,0,1)′ ] ,

[ (1,1,0,0)∗ , (1,0,1,0)∗ , (1,0,1,0)′ , (0,1,0,1)′ ] ,

[ (1,1,0,0)∗ , (1,0,1,0)∗ , (0,1,0,1)∗ , (0,1,0,1)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
Example 3: In this example we consider the link L∗3 shown in Figure 3.33. This link is very similar to

the link L∗2 from Example 2. In fact, when applying Seifert’s algorithm to D∗3 we obtain a surface which is

also a plumbing of a 2-times full twisted band and the Seifert surface S̃2 for the special alternating link L2

with diagram D2 shown in Figure 3.32. The only difference between L∗2 and L∗3 is that the marking for the

plumbing for L∗2 lies in the region labeled C in Figure 3.32 while the marking for the plumbing for L∗3 lies

in the region labeled A. Using the same cycles as in Example 2 we can write down all the the simplicies of

MS(L3).

Figure 3.33. A diagram D∗3 of L∗3

The collection of simplices induced by

(1,0,1,0) AÐ→ (0,1,0,1) BÐ→ (0,0,1,1) CÐ→ (1,0,1,0)

is now
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (0,1,0,1)∗ , (0,1,0,1)′ , (0,0,1,1)′ , (1,0,1,0)′ ] ,

[ (0,1,0,1)∗ , (0,0,1,1)∗ , (0,0,1,1)′ , (1,0,1,0)′ ] ,

[ (0,1,0,1)∗ , (0,0,1,1)∗ , (1,0,1,0)∗ , (1,0,1,0)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

,

and the collection of simplices induced by

(1,0,1,0) AÐ→ (0,1,0,1) CÐ→ (1,1,0,0) BÐ→ (1,0,1,0)
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is now
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[ (0,1,0,1)∗ , (0,1,0,1)′ , (1,1,0,0)′ , (1,0,1,0)′ ] ,

[ (0,1,0,1)∗ , (1,1,0,0)∗ , (1,1,0,0)′ , (1,0,1,0)′ ] ,

[ (0,1,0,1)∗ , (1,1,0,0)∗ , (0,1,0,1)∗ , (0,1,0,1)′ ]

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
Note that every simplex of MS(L∗3) contains (0,1,0,1)∗. However, there is no vertex of MS(L∗2) which

is contained in every vertex of MS(L∗2).
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CHAPTER 4

Conclusion

We have now described in detail how exactly to determine the Kakimizu complex for a new class of

links. This class of links may seem very specific, but the results and techniques required for this paper very

clearly showcase the methods used to determine the Kakimizu complex for any class of links. In the end,

what made the computations for MS(L∗) possible in this case was the somewhat uniform structure for all

the Seifert surfaces for the special alternating links involved in the plumbing. Specifically, the fact that in

the interior of every region of the θ-graph for the special alternating diagram of L there is a well defined

ordering of Seifert surfaces in any maximal simplex of MS(L) and they appear to be locally parallel in the

interior of these regions allowed us show in Proposition 3.2.2 that every Siefert surface of L∗ is a plumbing

of a Seifert surface for L and a twisted band. It is quite clear that the proof of Proposition 3.2.2 can be

generalized to more situations involving plumbings as long as the plumbings occur in a location where we

have a uniform structure and ordering for all the Seifert surfaces for the starting link. For example, we can

easily compute the Kakimizu complex for iterative plumbings to a Seifert surface for a special alternating

link as long as the plumbings all take place in the interior of a region of θ(D). This would include plumbings

of twisted bands to previously plumbed twisted bands. Since the major difficulty in doing this would be the

notation and not the mathematics, we have not included such examples in this paper. However, it would be

interesting to see how the ‘cycles’ used be M. Sakuma and J. Banks in [Ban22] and [Sak94] could ultimately

be combined to describe such a Kakimizu complex. Additionally, we can see that Proposition 3.2.2 can be

used to give us the isotopy classes for Seifert surfaces for a link obtained by plumbing two Seifert surfaces for

special alternating links as long as both markings for the plumbing are contained in interior regions of each

θ-graph. Considering links which can be obtained by iterative plumbings of checkerboard surfaces associated

to special alternating links where every marking for a plumbing is contained in the interior of a region of the

corresponding θ-graphs might be the furthest that the methods used in this paper can go.

What makes this paper unique is the way that we are able to take maximal simplices of the Kakimizu

complex for a ‘simple’ link L and use them to find the maximal simplices of a more complicated link L∗.

While we were limited to plumbing bands to a Seifert surfaces there are many other ways that we might use
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these methods to determine the Kakimizu complex for other links. We were also limited to plumbing the

bands so that the marking for the plumbings could be isotoped to be contained in the interior of a region

of the associated θ-graph. This requirement was indeed significant. J. Banks gives examples of links which

do not meet this requirement in her section on non-special links in [Ban22]. These links have one Seifert

surface which can be obtained by applying Seifert’s algorithm to a diagram for the link, and have many

other Seifert surfaces that cannot be obtained by applying Seifert’s algorithm to a diagram.

As mentioned in the introduction, every surface which can be obtained by applying Seifert’s algorithm

can be viewed as the iterative Murasugi sum of checkerboard surfaces. In particular, every surface obtained

from applying Seifert’s algorithm to an alternating link diagram is the result of an iterative Murasugi sum of

checkerboard surfaces for special alternating links. To make any more significant progress toward determining

the Kakimizu complex for alternating links I believe the generalization of O. Kakimizu’s Proposition 3.4

from [Kak05] to n-Murasugi sums will be a necessary first step.
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