
Lawrence Berkeley National Laboratory
Recent Work

Title
THE SHAPE OF DIFORMATION TWINS

Permalink
https://escholarship.org/uc/item/09g9c495

Author
Cooper, Roger E.

Publication Date
1964-05-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/09g9c495
https://escholarship.org
http://www.cdlib.org/


UCRL-11451 

University of California 

Ernest 0. 
Radiation 

lawrence 
laboratory 

TWO-WEEK LOAN COPY 

This is a library Circulating Copy 
which may be borrowed for two weeks. 
For a personal retention copy, call 

Tech. Info. Dioision, Ext. 5545 

THE SHAPE OF DEFORMATION TWINS 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



Research and Development 
UCRL-11451 

UC- 25 Metals·; Ce ramie s 
a:nd Mate'rials· 

TID-45 00 (27th Ed.): 

UNIVERSITY OF CALIFORNIA 

Lawrence Radiation Laboratory 
Berkeley, California 

AEC Contract No. W -7405 -eng -48 

THE SHAPE. OF DEFORMATION TWINS 

Roger E .. Cooper 

May, 1964 



Printed in USA. Price 75 cents. Available from the 
Office of Technical Services 
U. S. Department of Commerce 
Washington 25, D.C. 



It 

UCRL-11451 

THE SHAPE OF DEFORMATION TWINS 

RCGER E. COOPER1 

May 1964 

1 
Metallurgist of the Inorganic Materials Research Division, 
Lawrence Radiation Laboratory, University of California, 
Berkeley, California. 



-iii- UCRL-11451 

CONTEN'I'S 

I. Notation . . . . . . . . . . . . . . . . . . . . . . . . . . 1 

II. Introduction . . . . . . . . . . . . . . . . . . . . . . . . 2 

III. Stresses Associated With Twins . . . . . . . . . . . . . . . 3 

IV. Experimental Determination of the Shape of Elastic Twins . . 7 

v. Calculation of Twin Shapes- Previous Work. . . . . . . . . 8 

VI . Detailed Calculation of Twin Shapes 10 

VII . Conclusion 24 

VIII . Acknowledgements~ . . . . . . . . . . . . . . . . . . . . . . 25 

IX. References • . . • . . . . . . . . . . . . • . . . . • . . . 26 

I~ 



'~ 

I, 
'II 

-1- UCRL-11451 

I. NarATION 

s magnitude of twinning shear. 

2p total number of dislocation loops or half-loops associated with 

a twin lamella. 

d = thickness of a twin lamella at its thickest point. 

a interplanar spacing of the twin composition plane. 

£ length of the twin. 

G shear modulus of elasticity. 

b = Burger's vector of a twinning dislocation ( lbl as). 

L dimensions of the crystal containing the twin. 

v Poisson's ratio. 

p force applied to the crystal to cause twinning. 

y specific surface energy of a twin boundary. 

h spacing of twinning dislocations on a twin boundary. 

applied shear stress. 

i, n, m are integers. 

z = an axis parallel to the twinning shear with its origin at 

the crystal surface. 

~' e are defined in Fig. 4. 

A few other, less important, symbols are defined in the text. 
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II. INTRODUCTION 

The twin shape most commonly found in metals is that known as 

lenticular. Using the usual metallographic sectioning and polishing 

techniques this three-dimensional shape appears as shown in Fig. l. 

The most important parameter required to specify such a shape as 

that shown in Fig. l is the ratio of thickness to length, 
d 

It 

has been pointed out by Cahn (l) that this ratio appears to depend on 

the magnitude of the twinning shear s. Thus for crystals of large 

shear (e.g., BCC metals, s ~ 0.7) twins are always very thin compared 

with their length while for metals of small shear (e.g., zinc, s ~ 0.14) 

twins are broad. 

It is geometrically necessary for non-coherent twin boundaries 

to c:ontain dislocation lines. This can be seen by considering 

Fig. 2 which shows a section of the lattice of a twinned calcite 

specimen, the plane of the section intersecting the twin 

composition plane. At any place where the twin boundary contains a 

"step" as it changes from one plane of atoms to another there will 

be a twinning dislocation. A non-coherent twin boundary can be 

qonsidered to consist of a series of portions of coherent boundary 

connected by these mono-atomic "steps". Thus, there is a simple 

relationship between the size and shape of the twin and the number 

and distribution of the dislocations on its boundaries. The total 

number of dislocation associated with the twin lamella will be given 

by: 

2 p d/a 

(See Chapter I for definition of the symbols.) 
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Fig. 1. Schematic diagram of a lenticular twin . 
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The density of packing of dislocations on a twin boundary will be 

aP -· 1 1 tan a.' 
a.e a a 

where ~ is the angle between the twin boundary and the twin composi­

oP 
tion plane at the point under consideration and -· is the number 

of dislocations per unit length resolved onto the twin composition 

plane. 

In the case of a lenticular twin, then, the boundaries will 

contain loops of twinning dislocation all of the same sign, as shown 

in Fig. 1. The fact that a twin boundary must contain a loop of 

dislocation on every atomic plane provides the starting point for 

all dislocation theories of twin formation. These theories will 

not be considered here but it is clear that the twin shown in Fig. l 

can grow longer by dislocation glide but that for it to grow thicker 

new loops of dislocation must be formed. 

III. STRESSES ASSOCIATED WITH TWINS. 

Deformation twins are formed as a means of stress relief when 

some crystalline materials are subjected to external stresses. In 

forming they produce certain internal stresses which oppose twin 

growth and which in some cases lead to an eq~ilibrium state in which 

,, the internal stresses balance the applied stress at all points in 
"' 

the material. 
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Fig. 2. The appearance of a non-coherent twin boundary 
in calcite. 
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These internal stresses are: 

(a) The surface tension of the twin boundary. This is due to the 

energy associated with the coherent component of the twin boundary. This 

energy is difficult to measure but an example can be given taken from the 

review paper by Chalmers (2). For copper (annealing twins) y = 12.8 and 

24 ergs/cm2 , the best value being probably 18 ergs/cm2 . 

Later we shall consider the case of calcite twins in detail. No 

values for surface energy are available for this material but it may be 

quite high as the coherent twin boundary in calcite contains considerable 

misorientation of the co
3 

groups - see Fig. 2. A figure of 20-100 ergs/cm2 

may well be appropriate in this case. The surface area of a twin with 

approximately plane boundaries is affected only by movement of the dislo-

cations at the twin tip. The surface tension therefore acts. only on these 

dislocations. 

(b) Line tension of the twinning dislocations. 

The energy per unit length of a screw dislocation is 

Gb2 
L 

+ 2} 
Gb2 

r rv~ (,en- ~ ergs 
s - 1t b 2 

while that of an edge dislocation is slightly more being 

r 
s 

ry =(1-v) 

This energy is numerically eq:ual to the "tension" in the dislocation 

lines and this tension will produce stresses on the twin boundaries. 

(c) Forces between dislocations. 

The forces between two parallel edge dislocations of Burgers 

· vector b and on the same glide plane is inversely proportional to 

the distance separating them and tends to push the dislocations 
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further apart. Thus this type of force tends to elongate the twin. 

(d) The applied stress. 

This acts so as to elongate the twin. It may or may not be 

uniform throughout the material. A non-uniform stress distribution 

with the stress at the twin tip lower than that at its thickest part 

can result in the formation of a stable wedge shaped twin such as 

is found in bending or in indentation experiments. A uniform applied 

stress however favors the formation of a parallel sided twin which 

fully traverses the specimen. This is the situation found in tensile 

experiments on single crystals, where wedge shaped twins are not 

found. 

(e) "Friction" forces. 

The motion of dislocations by glide is always opposed by forces 

of a frictional nature - Peierls Nabarro forces - even when the lattice 

is otherwise perfect. In a real crystal there may also be retarding 

forces due to impurity atoms, intersection with other dislocations, 

etc. During the formation of twins these frictional forces will 

oppose the growth of the twin. In calculations made in Chapter VI these 

forces will be assumed negligible - a reasonable assumption for cal­

cite, as shown by the work of Garber (3). 

The forces opposing the formation of a twin can be large and in 

most materials which are capable of slip they are dissipated by this 

means while in some brittle materials they can be dissipated by crack­

ing (e.g.,"Rose's Channels" in calcite). In some cases, however, and 

under certain conditions, these opposing forces cannot be relieved 

and the twin will always be held in equilibrium such that there is 
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zero net force on every part of it. If the applied stress is then 

removed the unbalanced internal stresses will drive the twin out of 

the crystal leaving a more or less perfect crystal. This is the 

phenomenon of "elastic twinning" first investigated by Garber (3) in 

calcite (which does not form "Rose's Channels" under all conditions 

but probably mainly in the case of large twins) and in sodium nitrate. 

Antimony has since been shown to exhibit perfect elastic twinning 

while a number of other materials show vestiges of the phenomenon 

(see Cahn (l) ). 

Elastic twins, then, differ from other deformation twins only 

in being in eq~ilibrium under a specific set of forces. They therefore 

represent an interesting phenomenon, being a direct link between an 

externally applied stress and a well defined array of dislocations. 

·It should therefore be possible, in principle, to calculate the shape 

of such twins as the magnitudes of all the forces present can be 

calculated or measured. Calculations of this type will be considered 

in detail in Chapters V and VI. 
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IV. EXPERIMENTAL DETERMINATION OF THE SHAPE OF ELASTIC TWINS. 

Few detailed results are available, the main ones being those 

of Garber (3) and Obreimov and Startsev (4) who all worked with 

calcite. Since calcite is transparent and doubly refracting it~s 

particularly convenient for measurements of this type. 

Obreimov and Startsev produced twins by the pressure of a hemis­

pherical indentor on a polished surface which was perpendicular to 

the twinning shear vector. They measured the twin length and brea<fr.th 

directly and its thickness and shape by countj_ng optical interference 

fringes set up within it. Their results shm.,r that the length, breadtb 

and thickness all va.ry directly as the force applied to the indentor .. 

the length and breadtb being about equal and being about one thousand 

times as great as the tbickness. (This large ratio of length to ··thick­

ness is to be expected as the twinning shear s has the higb value of 

0.695). The twin as a whole presented the appearance of a surf board 

with the eriges tapered down in a concave manner. Figure 3 gives an 

indication of the shape found. It is notable that the length, breadth 

and thickness all bear a constant relatj_on to one another so that the 

twin shape is j_nvariant as the applied force, and consequently twin 

size, are changed. 
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V. CALCULATIONS OF TWIN SHAPES PREVIOUS WORK:. 

The first calculation of the shape of a twin was done by 

Vladimirskii (5) with particular reference to the case of calcite as 

described by Garber (3). 

Vladimirskii made a very simple calculation of the total energy of 

a twinned specimen, the twin being considered to be a thin flat plate 

of uniform thickness. He considered these energy terms: 

a. the strain energy due to the twinning shear, 

b. surface energy of the twin;;and 

c. work done on the specimen by the applied force. 

By assuming that all these terms were of about the same magnitude he 

obtained, for minimum total energy: 

p 2/3 ;:;.1/3 ( 
G 

) a 

p ll 3 
a1/ 3 ( 

G 
) d 

Thus he predicted that £ a; p2 1 3 and d a pl/ 3 which does not 

agree with the experimental results (obtained some ten years later) 

of Obreimov and Startsev. Nevertheless on plotting these results 

together with Vladimirs.kiits calculated curves it can be seen (Fig. 3) 

that the discrepancy is not excessive. By a much more refined 

calculation V1adimirs:l!tii obtained a different expression for .£: 

p2/ 3 d2/ 3 

G1/ 3 yll 3 

which is also plotted in Fig. 3 . (curve II) . 
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One serious error in Vladimi:Nskii 1 s first calculation is that he 

assumed the surface energy of the twin to be equal to the product of 

shear modulus and the lattice parameter. In the case of calcite this 

predicts that y::: 26,000 ergs/cm2 which is very much too large. 

Friedel (6) has calculated the ratio for a lenticular twin 

of the type shown in Fig. l.using dislocation concepts. He first 

simplified the lenticular shape to that of a disk so that the twin 

is bounded by a set of concentric dislocation loops all of the same 

radius £. Then each dislocation loop produces a stress at its center 

Gb, 
-rl = 41 

nGb 
1" 4T n 

or 

so 

and 

that 

as n 

1" 
n 

d 
£ 

n ·~ 

d 
a 

loops 

dGb 
a4£ 

1" 

4-E: 
Gs 

wilL produce 

Gsd (as b 
4T 

·a 

as) 

·shear stress 

[1] 

Now -r is the stress necessary to force these loops into the prescribed 
n 

array and is thus the shear stress necessary to form the twin. We see 

that the ratio of thickness to length of a lenticular twin varies in-

versely as the twinning shear s, which agrees with qualitative observa-

tions mentioned in Chapter I. The equation also predicts the magnitude. 

of 
2
d£ fairly well. 

It can be argued that this calculation may apply to materials in 

which plastic accomodation of the twin occurs. The process of twin 

formation is known to be rapid (of the order of microseconds) so that 

the applied stress -r need act only for a very short space of time in 

order to arrange the dislocatiDn loops into the required array and 
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during this time stress relief by slip will not be likely to occur. 

Thus the applied stress to cause twinning, -r, can be eq1.1ated to the 

opposing stress produced by the array of loops during this time interval. 

Plastic accommodation may relieve the stress due to the array of loops, 

and thus stabilize the twin, but will not be important during the short 

interval of time while the twin is being formed. 

VI. DETAILED CALCULATIONS OF TWIN SHAPE 

In this chapter the problem of calculating twin shapes will be 

considered for the case of an elastic wedge shaped twin which inter­

sects the surface of a large block of crystal. 

The calculation can be approached in two ways - from a consideration 

either of forces or of total energy. 

A,, Force Calculations. 

In order that the twin shall be in equilibrium there must be zero 

net force on every dislocation on the twin boundaries. Under a given 

set of conditions (shear stress distibution in the specimen, surface 

energy, etc.) the twin will adjust its shape so that the above condition 

is fulfilled. Under some circumstances there will be no stable wedge 

shape and the twin will propagate fully across the specimen. 

The problem is similar to the calculation of the form of a dis­

location pile-up due to Eshlby et al (7). It is -however more complex 

as there are more forces to consider. As an example consider the dis­

location at the tip of the twin. The forces acting on unit length of 

this dislocation ares 
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(a) Surface tension: F 
s.t. 

- y dynes/em of dislocation length. 

(b) Repulsive forces between the dislocations: 

F 
·rep. 

2 X 
1 
h 

n==p 
I. ( 1 ) 

n 
n==l 

Gb
2 

1f(l-v) 
8 
h 

for a uniform dislocation spacing h. (As for p == 1000 I.~ 8.) 

For the dislocation at the tip of the twin the forces due to both 

boundaries have been considered and it has been assumed that the angle 

of the twin is small so that the dislocations can be assumed to be all 

in the same glide plane. 

(c) Force due to the applied stress T£: 

F 
a.s. 

(d) Force due to dislocation line tension: 

F 
£.t. 

~Gb2 
- -£- for a radius of curvature of £, . 

where a positive force is taken to be one which tends to elongate the 

twin. Therefore, for the end dislocation to be in equilibrium: 

y 
2Gb2 

+ -£-
8 
h 

Now for calcite we can substitute approximate values: 

.Y 

G 

20 ergs/cm2 

1 
844 

== 3.5x10
11 

dynes/cm
2 

b 5xlo-8 em 

[2] 
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-4 
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-4 (a twin of length 0.1 em is'assumed to be 1.5xl0 em thick and there-

fore to contain 1000 dislocations per boundary). 

Thus we find on substituting these numbers into the above equation that 

the force due to line tension is negligible compared with the other 

three forces and that the shear stress at the twin tip must be of the 

order 
8 

of 10 
2 

dynes/em if it is to be directly effective in determining 

the actual position of the tip of the twin. Now, although we know that 

the length of the twin depends on the applied force and hence on the 

value of TP,' we cannot deduce from this that Tp, is directly effective in 

determining the eq~ilibrium of the tip of the twin. For instance the 

applied force may affect the equilibrium indirectly by determining the 

position of other dislocations along the twin boundary, which will thus 

determine the value of the repulsive forces on the end dislocation. Thus 

one cannot make any good estimate of the value of Tp, except to say that 

8 2 G 
it is probably not much more than 10 dynes/em ( 

3500 
). 

The value of the applied shear stress at the surface of the specimen, 

T
0

, will be higher than Tp, and may be in the range G G 
100 to 1000 This 

stress level is sufficient to cause repeated nucleation of dislocation 

half-loops in order to cause twin thickening. 

It has been shown then that there are three important types of force 

acting on the dislocations. A procedure can now be outlined for 

calculating the shape of a twin. One must estimate the magnitude of 

the stresses all along the twin from T
0 

to Tp,· In arriving at these 

estimates other information such as the stress at which dislocation 
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nucleation is likely to occur (to obtain T ) can be used. Next 
0 

consider the e~uilibrium e~uation for the twin tip. 

Since the dislocation repulsion forces fall off inversely with 

distance the most important dislocations are those nearest to that 

under consideration. Thus although the expression for the total re-

pulsion force was determined for a uniformly spaced array of disloca-

tions it will apply q:uite well to a non-uniform array provided that the 

non-uniformity is not too severe near the point being considered. If 

we solve the e~uilibrium equation for h we obtain a good approximation 

to the average value of h at the point under consideration. 

As an example, if we 
8 2 

take T£ = lxlO dynes/em and solve for h we 

obtain from Eq. [2]: 

-4 h :::::. 2xl0 em 

and the angle of the twin wedge near its tip is 7-5xlo-
4 

radians. At 

the thick end of the twin the analogous eq:uation to Eq. [2] is: 

n(l-v)h = T b 
0 

8 . 2 5 
and if T is assumed to be l6xl0 dynes/em , h ~ 2xl0- em, the 

0 

corresponding wedge angle being 7.5x10-3 radians. In this case the 

interactions of the dislocations in the other boundary have been 

neglected, halving the corresponding force term. 

The same principle can be applied at intermediate points along 

the twin, the force term changing gradually and in a rather complex 

manner from one end of the twin to the other as the dislocation forces 

on each side of the dislocation being considered rapidly cancel out 

and as the effect of the dislocations in the other boundary becomes 

more or less·important. This analysis with its assumption of plane 
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boundaries does not explain the eq:uilibrium of dislocations part way 

along the twin as these dislocations will be subjected to a shear 

stress of between 10
8 

and 16x10
8 

dynes/cm
2 

but will have practically 

no net dislocation repulsion forces acting on them to oppose the applied 

stress. 

The stability of these dislocations will be due to the fact that the 

boundaries are actually curved. Even a slight curvature can provide 

sufficient force to balance the applied stress as can be seen from the 

following calculation: consider a dislocation having on one side of-it 

another at distance x and on its other side a dislocation at distance 

X +oX Then the resultant force on the middle dislocation (considering 

nearest neighbors only) is 

F 2l1(l-v) 
( l: 

X 

Thus for eq:uilibrium 

Gb2 oX 
2l1(l-v) x 

Gb2 

-rb = 2l1(l-v) 
oiX 
X 

l 
X +OX 

if oX << X . 

or ox 
X 

8 I 2 T = 4xl0 dynes em and figures for calcite as substituted). 

corresponds to only a slight departure from a plane boundary. 

(if 

This 

We can see that the equilibrium of the dislocations defining the twin 

boundaries is determined primarily by the mutual forces between them and 

by the applied stress. The surface energy of the twin will only affect 

the shape near the tip of the twin. A low surface energy will favor a 

drawn out finely tapered twin tip while a high surface energy will favor 

a blunt rounded twin tip. 

It can be seen that detailed calculation of the form which an elastic 

twin will assume requires more sophisticated mathematical methods than 

have been employed. Kosevich and Pastur (8,9 and 10) have approached the 

problem rigorously, replacing discrete dislocations by a continuous 
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dislocation· density function which is not specified. 

By this means they obtain an integral equation from which the shape 

of the twin may be deduced. The method has so far yielded no 

quantitative results although it is possible to see the qualitative 

shape which the twin will assume in certain situations, e.g., a 

dislocation barrier at the twin tip, a high "friction" force, etc. 

* B. Energy Calculations: 

In principle this calculation is similar to that of Vladimirskii 

but in this case instead of considering the twin to be simply a surface 

of discontinuity for elastic stresses the dislocation concept will be 

used, enabling more detailed calculat~ons to be made. 

The energy terms which will be considered area 

(a) twin boundary energy, 

(b) mutual repulsion energy of the dislocations, 

(c) strain energy due to the applied stress, 

(d) dislocation line energy. 

The twin will be assumed to be df infinite breadth and bounded by flat 

surfaces. It is therefore defined by two equally spaced rows of straight 

edge dislocations. The thickness of the twin will be taken as constant 

and the twin length, and hence spacing of the dislocations, is assumed 

to be free to assume the minimum energy value. 

(a) Twin boundary energy yx total area of boundary, 

2yh(P-l)/unit twin breadth, 

2yPh as P is usually >>1. 

(b) Dislocation repulsion energy. 

For the ith dislocation interacting 

Gb2 

Ei,i+l 2n(l-v) 

* See Reference Page. 

with the (i+l)th dislocation: 

.en L 
h E 

i,i-1 
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assuming that for a spacing L which is equal to the dimensions of the 

crystal the interaction force will be zero, 

and E . . ,r') 
l, 1-r-c:::, 21C(l-v) 

L 
£n 2h 

therefore summing: : 

E. 
l 

= 21C(l-v) 

n=p-i 
2::: 

n=l 

L m=i-1 
£n -- + 2::: £n 

nh m==l 

L 
mh 

etc. 

The total ·interaction energy o:f all the ,dislocations .will 

l 
i==p-1 rtl.=p-2 Gb

2 
L· 

E = 2::: E. + 2 2::: 
21C(l-v) 

£n 
mh 2 i=2 

l m::::l 
t> 

The factor 
l 2' before the first sum is to allow for the fact 

be: 

that 

the possible pairs of dislocations are counted twice during the 

all 

summation. The limits of the first sum exclude the first and last 

dislocations in order to avoid including an energy term for the 

repulsion of a dislocation from itself. The second sum is included 

to describe the interaction energy of the first and last dislocations 

with all the others. 

E 
l Gb2 i==:P-1 n=P-i L m=i-1 L m=P-2 L 

21C(l-v) ( 2::: ·c 2::: £n nh + 2::: £n mh} + 4 2::: £n h} · 2 i=2 n=l m=l m=l m 

l Gb2 i=p-1 
= 2 21C(l-v) ( 2::: ((p-i)£n ~- £n(:P-i)~ + (i•l)£n ~- £n(i-l)t} . 

i=2 

+ 4((p-2)£n ~- £n (:P-2)~} } 
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l Gb2 i=:P-1 
2 2rr(l-v) {(1*3)(p-2)£n ~ -Un(p-2)~ + 2: (£n(p-i)! + £n(i-l)!)]} 

i=2 

l Gb2 {P2 nn ~ ~ 2 2rr(l-v) ~ h- K(Pj} 

It has been assumed that there is no interaction energy between one 

twin boundary and the other but that the twin is reasonably thin so 

that the dislocations interact as ff they are in the same glide plane. 

(c) Strain energy due to the applied stress: 

A~ elementary slice of crystal at a depth z below the surface of 

the crystal and of thickness 5z and parallel.to;this.surface is·consid~red. 

This slice is perpendicular to the twin length and the thickness of 

the twin at this depth z will. be 

d = d(l··~ ~) 
z £ 

The applied shear stress is assumed to decrease exponentially with z 
a, 

'::~J z 
from a value T at the surface so that T T e · Thus at the 

0 . z 0 

tip of the twin the shear stress is t£ = T
0 

e 
-ex; 

This variation 

of shear stress is assumed rather than a mare precise analytical 

expression taken from elasticity theory in order to minimize the number 

of arbitrary constants which must be chosen in order to obtain numerical 

results from the final expression. 
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Hence the work done by the applied shear stress on this element 

of crystal will be 

OW :::, ST d 0 z z z 

This is a very approximate expression. Integrating, after substituting 

the·above ~x;pressions ·for T and d we have z z 

where f(cx.) 

l f( ex.) ~ -ex. 

w 

Z=£ 

f 
z=O 

ow 

l 
+­ex. 

(d) Dislocation line energy: 

2 2 ST ap f(cx.)h 
0 

If ,ex.: o, f(<:cx.) ~ l and if ex. is large 

line 
l 2 

energy :::. 2 Gb x total length of dislocation line 

pGb2 

As we are here considering a section of an infinitely wide twin the 

line energy will play no part as it depends only on the thickness of 

the twin and not on its length. In connection with the line energy 

of the dislocations there are, however, "image forces" attracting the 

dislocations to the 

energy from Gb2p to 

surface of 

Gb2p 
4rc(l-v) 

the crystal. These will change the 

h 
{in 5 + £np - l}, where o is the 

distance from the surface from which the image forces are integrated 

to obtain the true line energy. 

For large values of p (p ~ 1000) the image forces have a negligible 

2 effect and the term can be taken to be Gb p. The total energy expression 

is thus: 
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l Gb
2 

2 L ) 2 ( pGb2 total energy~ 2 yph + 2 2n(l-v) (p tn h - K(p } + 2 sT
0
ap f ~)h + 

let us now take h to be variable and p constant: 

()(total energy) 

dh 

For a maximum or minimum value of total energy, h .. is given by: 

l 
h 

since p ~ 0. ·Taking d/ £ to be characteristic of the twin shape 

(y + ST apf(~) 
0 

The quantity f(~) can be evaluated for various values of~ 

~ 

0 

0.02 

0.1 

0.5 

1.0 

2.5 

5 .o 

10.0 

f(~) 

l 

0.6 

0.48 

0.42 

0.37 

0.253 

0.16 

0.09 

't ( e..a) 
T 

0 

l 

0.90 

0.61 

0.082 

0.0067 

4.5xlo-5 

[3] 

[4] 

The value of f( ~) is thus very sensitive to small ·,Ghanges of ~ 

near ~= 0. This means that any slight departure from a uniform shear 
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stress will have a large effect on the value of d/i given by the above 

equation. This, however, is irrelevant as under a uniform shear stress 

(i.e., ~=0) a wedge-shaped twin will not be stable and so the above cal-

culation does not apply for values of ~ near zero. 

In Chapter VI-A the values of T at different points along 

8 2 G 
were discussed. We assumed that Tt= 10 dynes/em = 

3500 
and 

the twin 

T ~ 16x1o
8 

0 

2 G 
dynes/em = 220 • The ratio d/t can now be estimated from Eq. [4] as we 

can calculate a.. 

Substituting in suitable values for the other quanti ties (s = 0.695, 

-8 103 b 5xlo-8 
em), find sT

0
apf(a.) ~ 25,000 a = 7.5x10 em, p = J = we 

ergs/cm2 which means 

We obtain: 

d 
7 

that y in the numerator 

2 
ST a 8:n:(l-v)f(a.) 

0 
T 

0 

= Gs 

can be neglected. 

8:n:(l-v)f(a.) [ 5] 

This expression can be compared with that of Friedel for a lenticular 

twin (Eq .. [1]). In both cases the ratio of twin thickness to length de-

pends directly on the ratio of twinning stress to shear modulus and is 

inversely proportional to the twinning shear. The agreement is to be 

expected if y is negligible as Friedel did not consider the effect of 

surface tension. 

In the case of calcite Eq. [5] gives d/t 2.8x10-2 (calculated) as 

compared with d/t l.6xlo-3 (experimental). 

This lack of agreement can be due to a, variety of causes. Firstly, 

we have assumed the twin to have flat boundaries and secondly we have 

effectively considered only the two dimensional case. In addition the 

estimates of T
0 

and Tt and hence a. may be in error. For instance, if 

8 2 8 2 . 
one assumes Tt = 2xl0 dynes/em and T

0 
8xl0 dynes/em then 

( ) 
CJ I -2 f a. ~ 0.34. The calculated value of ~ £ is then 1.9x10 . 
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The two approaches both show, however, that the surface energy of 

the twin has little effect on the shape assumed by the twin. 

It may also be that the term "sT 
0
apf(a,) '' in Eq .• [ 4] is an over­

estimate of the strain energy due to the applied shear stress as the 

method of calculation was very crude. If this term overestimates the 

strain energy contribution by a factor of ten then sub~tituting values. 

for calcite into Eq. (4] gives: 

] (20 + 2500) l.5xlo-6 
= 3.7x1o-3 . 

Under these circumstances the value of y still plays only small part 

in determining the twin shape but the calculated value agrees fairly 

well with the experimentally obtained value. 

C. Behavior Under a Bending Stress. 

A similar calculation based on energy considerations can be made 

for a bending stress applied so that the twin plane corresponds with 

the plane of maximum shear stress (Fig. 4). This situation corres-

ponds to that found on applying a bending stress to a cleaved bar of 

zinc with the neutral plane parallel to the basal plane. 

Again ch,oosing the z axis parallel to the twinning shear vector 

the shear stress is given by: 

T = T (l - ~ cosec e) 
z 0 13 

where e "" 45°' 
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.,. 

{3 
_ _t_ 

MUB-3012 

,w·• 

Fig. 4. Twinning of zinc under a bending stress. 
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and the twin is assumed wedge-shaped as before so 

d d z 

strain energy w 

0 

= 

(l - z 
1 

J ow~ 

ST d 
0 

) 

z=£ 

J (1-z 
cosec 

f3 
Z=O 

£ £2 
2 - ~ cosec e} 

The total energy expression becomes: 

UCRL-11451 

e)(l - ~)dz 
£ 

Total energy 
Gb2 2 L h p2h2 

= 2n(l-v) (p £n h- K(p)} + 2yph + 2sT
0
ap (P2 -~cosec e}. 

c(total energy) 
= cosec e 

ch 

For maximum or minimum total energy: 

There are therefore in general two real values of h which correspond 

to maximum or minimum energy twin shapes. 

Substituting suitable numbers for zinc we find: 

y ~ 20 ergs/cm
2 

and sT
0
ap ~ 2000 ergs/cm2 

Thus even if the term "sT ap" should be divided by 10 as is suggested 
0 

in Chapter VI-B the surface energy term can still be neglected to a 

first approximation. Thus we find: 
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±(1- e) 1 
4 Gbp cosec 2 

l 
3 [3n(l-v ho h == 

4 p cosec e 
3 (3 

We can therefore see that as p and (3 are the only important variables 

there is a maximum value of p/(3 above which there can be no real value 

of h corresponding to a minimum energy twin shape. This critical value 

is given by 
3 

E 
'4 n(l-v) 

(3 Q.b cosec e 
1" 

5xlo3 (for zinc). 

0 

The value of [3 determines the maximum possible twin length (£ == [3 sin e) max 

and therefore 

p 
-£-

max crit 

(
dl -4 and as dis related top, we have 7crit~ 3.5xl0 . Thus there can 

be no minimum energy configuration if % > 3.5xlo-4 which corresponds 

approximately to h > ~ , i.e., a twin stretching from the surface to 
p 

beyond the neutral plane. Thus we obtain the expected, though rather, 

trivial, result that the minimum energy twin configuration must be 

such that the twin does not extend beyond the neutral plane. Any twin 

which does extend beyond this plane will be unstable. 

Since zinc twins suffer plastic accommodation, Rosenbaum (il), the 

calculation of twin shapes for this metal under a bending stress cannot 

strictly be compared with experimentally observed shapes. However, 

such a calculation can readily be done giving, for p == 103 and (3 == l em. 

h :::. lxl0-3 em or -6 h:::, 2xl0 em 
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the larger value corresponding to the minimum energy configuration and 

the smaller to that of maximum energy. These values correspond to 

and 

] 10-4 (minimum energy) 

d 
£ 

5xl0-2 (maximum energy) 

Calculations of forces acting on dislocations along the length 

of the twin can be made as in Chapter VI-A. The value of ' assumed 
0 

8 2 
will be 6xl0 dynes/em (the highest resolved shear stress for twinning 

of zinc under uniform stress conditions found by Bell and Cahn (12) 

8 2 8 I 2 was 5.3xl0 dynes/em ), and'£~ 2xl0 dynes em • Then applying Eq. 

we find that h ~ 4xlo-3 em near the twin tip corresponding to a twin 

wedge angle at that point of about 2.5xlo-3 radians. 

VII. CONCLUSIONS 

[2] 

In this paper the factors which influence the shape of deformation 

twins have been considered. The case of wedge shaped elastic twins has 

been examined in detail from two points of view - force and energy - and 

under two types of stress variation. The method involving the calcula-

tion of forces acting on individual twinning dislocations can give more 

information about precise twin shapes and even in the simple form as 

developed here it shows the way in which the dislocation density varies 

along the twin length. The results obtained by this method) however, 

depend on an accurate knowledge of the magnitude of the shear stress 

along the whole length of the twin. 
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It appears that the shape assumed by a twin depends primarily 

upon the magnitude of shear stress necessary to form it and the way 

in which this shear stress varies along the length of the twin. The 

surface energy determines only the shape near the tip of the twin. 

Figure 5 summarises this behavior in the form of sketches of twin 

profiles. 
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High y 
Sma II a ( r fairly constant) 

d /2 •. 
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-f- Low y 
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_1 
z 

MUB-3013 

Fig. 5. Schematic twin shapes. 
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