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ABSTRACT 

UCRL-16341 

A representation which utilizes second-quantized operators for the three 

quasi-particle states is introduced. In this representation the pairing plus 

quadrupole interaction is approximately diagonalized in a j-shell. The main 

predictio'n is that associated with the opposite parity state .oLlarge spin in 

the major\shells of medium and heavy nuclei there will appear extra low-lying 

states which do not arise from particle-phonon coupling. The states are char-

acterized by forbidden Ml transition rates. 

*' This work was supported in part by the United States Atomic Energy Commission 

and by the National Science Foundation. 
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I. INTRODUCTION 

In the regions or''large deformation the strong coupling model, 
1 

which 

predicts rotational bands associated with particle excitations, is successful 

in accounting for the low-lying states of odd-mass nuclei. In the spherical . :. 

regions there has been some success in studying the states of odd-mass nuclei 

* in terms of particle modes, vibrational modes, and their interactions. The 
. . 

most systematic studies with such an intermediate coupling have been carried 

out using a pairing plus a quadrupole interaction.
2

' 3 The states correspond to 

systems of quasi-:particles and phonons, with the quasi-particle-phonon inter-

cation arising from a quadrupole force. 

Although it is possible to systematically fit the trends of the energy 

levels, transition rates, and other properties of many of the levels, there 

sometimes appear rather low-lying levels which cannot be accounted for in this 
I 

* There is now such a large body of work on such coupling schemes that it is 

not possible to attempt a complete review here. References to the earliest 

work are given in Refs. 2 and 3, but there have been many calculations recently. 

In addition to the early work in which the interaction is linear in the collec-

tive variables, and therefore off-diagonal in the phonon operators, there are 

calculations based on the picture used by R. D. Lawson and J. L. Uretsky, Phys. 

Rev. 108, 1300 (1957) in which the interaction is diagonal.in the phonon inter­

action (and therefore should involve higher order corrections to the linear 

terms). This later model was used, e.g., in the calculations of A. de-Shalit, 

Phys. Rev. 122, 1530 (1961). More recently, both the diagonal and off-diagonal 

"6 
terms in the phonons have been included in a calculation of the states of Cu 3 

by V. K. Thankappan and W. W. True, Phys. Rev. 137, B793 (1965). 
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coupling scheme. It is the purpose of this note to point out that there might 

be a simple treatment which can qualitatively account for what appears to be 

the most notorious intruding states. 

The Hamiltonian including a pairing plus a quadrupole interaction in 

a single j-shell is used to demonstrate the effect. Single j-shell calc~la-
2 tions with this Hamiltonian have.been carried out previously for the 7/2 shell 

4 and the 9j2·shell, so we shal~ not attempt completeness but rather study the 

main effects on the overall coupling scheme. A new representation is introduced 

which utilizes the met-hods of second quantization to allow one to calculate 

. easily the approximate energy spectrum of a pairing plus a quardupole interac-

tion in a j -shell and to show the relevance for realistic nuclei. The con-

elusion which is reached is that although well-developed phonons can appear in 

even a single j-shell, several j-shells must be important for the success of 
! 

the intermediate coupling scheme in odd nuclei, and even in that situation 

additiona"r low lying states will occur which arise from a different mechanism. 

The relation of the present work to previous work is discussed, for such intrud-

ing states were recognized to be important to the early work on the development 

of both the shell model and collective model. 

I!. SINGLE j-LEVEL 

A. · Phortort~Quasi~Particle Interactions 

The Hamiltonian being considered consists of a pairing and a quadrupole 

interaction (J = 0 particle-particle plus J = 2 particle-hole force), which 

approximates traditional effective forces in a major shell, 

(1) 

We now consider the special case of a single j-level. In the quasi-particle 

second-quantized representation, which approximately di_agonalizes the pairi_ng 

5 6 7 force, ' ' 

1".1 

• 
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(2) 
't 

-)(-

. ' the Hamiltonian is, in a single j-level, 

(3) 

For a microscopic treatment of odd-mass nuclei in terms of phonons and 

quasi-particles one introduces the quasi-bosons or phonons of energy hw . 

(4) 

i 
in terms.of which the interaction becomes 

t 
The last term is generally neglected. With this Hamiltonian (generalized 

to many neutron and proton j-levels) it has been possible to predict approx-

imately many of the properties of low-lying levels in spherical nuclei. In 

* See Appendix I for notation. 

t . 
See Ref. 3 for a discussion of the approximations involved in the QRPA which 

gives rise to this Hamiltonian and for references· on the application of the 

random phase approximation to nuclear structure physics. 
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the present case this consists of diagonalizing the Hamiltonian· ('5) ;in. the set of 

states 

(6) 

Even without attempting detailed fits the fact that the general distribution 

of the levels is qualitatively predicted in this model is quite striking, with 

the increased density of levels n~ar the phonon energy of the neighboring even-

even nuclei strongly suggesting the quasi-particle phonon coupling scheme. 

Moreover, the tendency for the q:-p. 1 s at the Fermi surface to be more ~oreakly 

coupled than the higher lying q. -p. 1 s as predicted by the (UU-:Vv) factor in the 

second term of the Hamiltonian: ( 5) is , sys.tematically :.observed. 

Consider first the Hamiltonian in the intermediat~)coupl:\-hg form.(5) for a 
I 

single j...:she:Ll with j large. Figure l shows a typical case of rather weak 
! 

coupling.in which only one phonon is included. Only the level of spin j is 

affected. The effect of coupling with more phonons will change the results 

quantitatively but not qualitatively under conditions in which the approxi-

mation can be expected to be useful. Note that for the nucleus at approxi-

mately the middle of the:shell U. ~ V. and the interactions vanish. 
J J 

Thus 

in the cases where the j -level being considered the most important in the _ 

major shell the coupling is weakest, leading to a compressed level scheme as 

discussed in Ref. 3. In particular, the level of spin j-l is never singled 

out. 

f 
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B. Three Quasi-Particle States 

Let us now return-~to the Hamiltonian (3). For the situation in which 

the j-shell is approximately half filled, in which case that j-level will be 

t most important in the low-lying states, the Hamiltonian can be taken to a good 

approximation as 

(7) 

with 

( 7a) 

We wish io. diagonalize the Hamiltonian ( 7) in the one ana three quasi-particle 

states 

neglecting the higher quasi-particle states. Since the Hamiltonian (7) does 

not mix one and three quasi-particle states, and since the diagonal element in 

the one quasi-particle state.can be absorbed in the gap energy= 2E. by are-
.· J 

norma~ization of the pairing force strength, the main consideration is the 

diagonalization of the Hamiltonian in three quasi-particle states. 

This is most easily accomplished by noting that we can find a representa-

tion in which the Hamiltonian (7) is approximately diagonal. Let us first con-

sider normalized states 

-~ (8) 
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where \j!O is the q.-p- vacuum and NJj . is the normalization constant 
· 1Ja 

-I 

{_ [ 1- 2(7-::J;-+!)Wl J,;;:;J;; JJ~JJ (9) 

From the properties of the second quantized operators from which the states 

are constructed the states are also antisymmetric in the three Fermions. If 

there is a unique state with spin j then for any J. (satisfying the triangle 
a l 

relation with j and j ) one has the proper antisymmetrized normalized state in a 

which to calculate the matrix elements. When there are several states with 

the same ja then one must take suitable orthogonal linear combinations of the 

states ¢j We would like to suggest that there is one representation 
J1jaMa 

which is most convenient: Define 

p&<J - y;} .· 
J M - 7- 1 /·-'14.. . 

?- "'-· c/1>.. 0; . 1-
tp l(dj . -- o!(3J f I{'J- +}; ~ 
<.J... J~ /'1,~, -- . (~1-;J c._/-'!~ 'f{;J_P<- )-fc-..__ ( ) 
rr.~_;t1·J (•;' - 1 . .... (J-J ; 10 
\.J/ "· ., - a 6 r." .~J . + u?J-!·'n·?: -t- C [£J u ....... )~/· .. ·.rr.._ ~ -..... '~,-~, 1 'LA U LJLl ,_~ 7 6 ~ rt , · ""vo.. 1 - 1 

"'-· I Ja..rrt::.__ 1/o... c.... . 
and choose the ~onstants a(~), .b(~), ... so that 

(11) 

. j 
I.e., carry out a Schmidt orthogonalization process for the states ¢J . M 

1Ja a 
which are not orthogonal, starting with J 1 = 2. In the representation (10) 

one must find the matrix elements 

(l2a) 



t 

,J 

·~------- ----·---------· 

-7-

with 

(12b) 

In Appendix II it is shown that (except fo:t an energy shift vlhich is the same 

for all of the levels) all matrix elements of the quadrupole interaction in the 

representation (12) vanish except for the diagonal matrix element in the state 

(a) . 
'Y ) i.e.) 

(13) 

For spin 
1
j ~ 7/2 there will be at least one three quasi-particle state of spin 

I 

. j 
j such that either j < j-2 or j > j+2) so that the state ¢ 2 :. M does not 
a i a . a . . Ja a 

exist and the representation must be extended. The quadrupole interaction is 

weak in these states (See.Appendix II). 

Thus it has been demonstrated that the pairing plus quadrupole inter-

·action for .·a single j-level is approximately diagonalized when the quasi-parti-

cle corresponding to that j is low-lying and that for each state ja there is 

one state 

From Eq. 

'Y(a) 
ja 

(13) 

which can be significantly affected by. the quadrupole force. 

one can see that for a given nucleus it is the Racah coefficient 

W(2jj2;jja) which determined the relative positions of the various levels ja. 

Finally we note that 

( :-14) . 
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' Thus we see that there is one level, the one of spin j = j-1, which is affected a 

much more than the other levels. The results for the levels j = 712, 912, 1112 

and 1312 are given in Fig. 2. The results are s·chematic but roughly indicate 

the results obtained from the .parameters of Ref. l. Examples of the general 

conclusions which have been drawn here c13:n be observed in exact diagonalization 

of the pairing plus quadrupole force Hamiltonian in the three particle states of 

I 2 I . 4 the 7 2 level and the 9 2 level. 

III. REALISTIC NUCLEI-TRANSITION RATES 

A. Several j-Levels 

First let us note that the matrix element vja 
00 

j-l · of Eq. (~3) is 

roughly proportional to the spin j of the j-level. This indicates that this 
I 

effect of lowering of three quasi-particle· states .by a large diagonal matrix 

element rather than the phonon particle interaction will only be important for 

the large-spin,.opposite-parity level which ~ppears in each major harmonic 

oscillator shell of medium and ·heavy nuclei. 

Moreover, the opposite parity le~el not only tends to make a fairly 

small contribution to the phonon, but usually is extremely weakly coupled to 

* the phonon in the odd-mass nuclei and the corresponding one quasi-particle 
I 

state and the states of this quasi-particle coupled to the phonon tend to be 

' ' 

quite pure. The results of the preceding section suggest that there will be 

one additional opposite parity state of spin j = j-1 which can be quite low­
a 

lying· and yet not mix very much into the other states.. Of· course there will 

be some mixing. In fact the j-l level of the same parity found from the one 

quasi-particle plus one phonon is not orthogonal to this state and could mix 

quite strongly. But to the extent that the phonon is formed from many levels, 

this new state can be relatively pure. 

7<-This is apparent from the small coefficients· C~ ,12 in Ref. 3. 

;i 

• 



I 

) 

~ . 
'l !I 
' ~ 
I 

I 
! 
I 

l 
l 
j 

l 
~ 
I 
I 
l 

' l 
! 
I 

I 
I 
I 
1 
l 
i 

r -- --··--M----- ---..-.----·-¥------···~·-·.--·-------- ·-'·----- ----·-·~·-•• ..... ..-.,_. __ ..,._ .. ___ ..___ ___ ,,_ -' --·-- ---·-----· ---··------- •-•',• ----·•- _,,, 

-9- . UCRL-16341 

B. Electromagnetic Transition States 

The characteristic feature of this new "intruder" state is to be found 
-, 
' 

in the transition rates. The main transition which vall be seen from this in-

truder state leads to the one quasi-particle state. The transition is a ~J = 1, 

-
no parity change. Therefore one expects Ml. or E2 trimsi tions to dominate. For 

example, if the j-1 level were the spin orbit partner, which is a natural assump-

tion when one too many of these states is found in experiment than can arise out 

of the phonon-q.-p. coupling scheme, then the Ml dominates. 

The Ml and E2 transition operators are: 

(i5a) 

(l5b) 

The transition matrix element which are pertinent are · 1 

( .. )/ m ,., .. ) .;:; 1~ Vi -t~ V: V. (-t/;, 5JII£J__ft2Jif:;.> _r r, -I o w(:J.jj 2j j 5-1) J 
<(~f.'~/Ef .EZ; ~;;-rM . 5 iJ c'- () <.ji/!J({2)/lj-J/Rt'.. 

. . >< <c~-"') 1 t9{rt) /;;~' /~!ls.f'-
(loa) 

(l6b) 

The Ml matrix element vanishes while the E2 is given in Eq. (l6a). Typical 

results for the B(E2)'s are given in the .table. In that table B(E2) is s.p. 

calculated by assuming that the transition is between the spin orbit doublet 
,_I 

states j, j-1 with the orbital angular,momentum 2 given by the quasi.:..particle j. 
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C; Discussion and Conclusion 

In the intennediate coupling picture for ,spherical nuclei, associated '"• 

with the large-spin opposite parity j-level in the shell are predicted levels 

of the same parity and spins j, j±l, and j:t2 at an excitation energy of the 

vibrational phonon energy, hw, above the quasi~particle j. It is observed in 

.the present work that one state of three a~ quasi-particles of spin j-1 is 
J 

very much lowered in energy by the quadrupole interaction. Although the state 

of spin j-1 fonned from a phonon and the quasi-particle a: is not orthogonal 
J 

to this level, the result is an extra level of .that spin which is much lower-

lying than predicted in the conventional treatment. This should be a charac­

teristic and systematic feature of odd-mass nuclei. The low-lying 7/2+ states 

in the'odd-mass Ag isotopes and the 5/2 51 state in V are examples. This 

9/2 state which appears in the diagonalization of one and three quasi-particle 
8 . . ' 

states by Baranger and Kuo, which is the most dramatic difference from the 

calculation of Ref. 3, is also an example of this state associated with the 

11/2 h d . I - . 125 h b s ell mo el level. Recently, a low-lyJ.ng 9 2 state J.n Te ·as een 

observed9 with a very retarded Ml transition rate, in addition to a second 

9/2 state which can be identified with the state in Ref. 3. 

A characteristic feature of this intruder state is the complete 

absence of Ml transition, so the E2 will dominate. The Ml transition from the 

j -1 state arisi.ng from one q. -p. and one phonon' also will tend to be reduced, 

although not so much. As a result one will see an extra state of the spin 

j-1 corresponding to the large opposl.te par:ity j-level, with the amount of Ml 

depending upon the mixing of the two states but in any case much smaller than 

single-particle. An estimate of the B(E2) is given for' the most important 

cases. 
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The empirical fact that in odd-mass nuclei in which a level of spin j 

is presumably being filled there is a competition between a spin j and'spin 

j-1 level for the ground state was recognized as important during the earliest 

days of the j-j shell model. The calculations with a zero-range force 10 showed 

that the level j is lowest, in agreement with the usual rule in spherical nuclei. 

Although the level j-1 can be.come the ground sta~e for a finite range force, in 

the single j-level calculation the range must be more than twice as large as the 

currently accepted range of the effective·interaction in order for the spin j-1 

level to cross below the level of spin j. 11 , 12 

In the present work it is the quadrupole force which reproduces this 

effect of a long range force. However, the results are quite different, as 

might be expected since the quadrupole force is a long range force in the angular 

space and there is no exact correspondence·between the range of the two body force 

and the effect of the quadrupole component. For example, the relative positions 

of the levels j and j -1 are much more sensitive to the relative amount of pairing 

and quadrupole force in the treatment used here than to the range of the effective 

interaction in the conventional shell model treatment. This can be seen by 

comparing the results of this note with those of Kurath. 11 

The possible connection between the appearance of the j-1 level as 

ground state and the onset of deformation has been pointed out by Bohr and 

13 Mottelson. They have stressed the difficulty in predicting the ground states 

of j-1 type in a conventional spherical shell model with traditional forces. More 

recently there has been both experimental and theoretical3 evidence for insta-

1·~ bili ty toward deformation of some of these nuclei in the regions where levels 

which must be identified as this j-1 character are the ground state or very low..: 

lying. On the other hand, it seems that especially for A:2:80 there are regions 

of nuclei in which the coupling scheme is best described as spherical, but in 
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which there appear these Jow-lying intruder states. It will be extremely 

interesting to have systematic experimental information on these states, which 

are associated with the deforming quadrupole interaction and yet are low-lying 

in sph~rical nuclei. 

The author would like to thank Drs. N. Stone and D. Shirley for dis-

125 cussion of their experimental results on Te . He would also like to acknow-

ledge helpful discussions with a number of theorists at Berkeley during the 

summer, 1965. He is grateful for the hospitality extended by the Lawrence 

Radiation Laboratory during this period. 
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APPENDIX I.. NOTATION 

The notation is e~sentially that of Ref. 3, but differs in some details. 

The shell model particle creation operator 
+ 

b. and shell model vacuum 
Jill I o) are 

+ .. 
defined as b. I 0) = I jm), the one particle state with the other quantum numbers 

Jill 

n, 2, etc. suppressed. + 
Condon and Shortley phases are used throughout (b and b 

+ 
satisfy Fermian commutation rules b. 1 ,b. +b. b., 1 J m JID JID J m 

Bogoliubov transformation is the form of Eq. (2) 

t J!.-f J +Yl'J a; b
7

n
1 
-t \6 (-t) . . b -1-vvr 

t7 c: cr - C"" 

is equivalent to, e.g;, that of Belyaev
6 

and of Kisslinger and Sorensen.
2 '3 

results in posibive values. for both U. 
Jill 

and v .. 
Jill 

With'the definition 

~-~- vY) /\ 

o{Am = (-) o{d-vn 
;;· 

+ + 
where a. = (a. ) ' a. a., , +a a - 5jj 1 522, 5 the operators Jill Jill JID J m j 'm' jm rnm' ) 

"' 10 a. are Condon and Short ley operators and can be couple .. d quite simply. 
J-m 

With these we define 

(I-2) 

where the notation [ ] signifies vector coupling i.e., 

with 

1f'J t,.., L 

[ -t -tJ'- _ '\ r"(l if· 
. o{,. I o{l ,A--1 - L. "-n1 P/-WI 

c/ (7 J'/1 

• I 'L 
CJ J being a Clebsch-Gordan coefficient. m,f.l.-m . 

we define: 

In terms of these operators 

It 
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(I:.j) 

(I-4) 

(I-' 6) 

(I-1) 

T 
.LM 

he operator TJ •• , 
JJ 

differs by a factor (-1). The a .. , and b .. , . differ in that 
JJ JJ 

QI-8) 

APPENDIX II. 

In this appendix we give some of the details of the calculation 

A. Representation for a-Single j-Shell 

The states of the system which. we wish to include are the one quasi-

particle state and the three quasi-particle states 

') 

<i 

t~, 

:.,., 



t 

~-

' 
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(II-1) 

( II-2) 

For j ~ 7/2 there is no more than one state for each angular momentum (i.e., 

there is no more than one state for each ja and ja f j). For j = 9/2 there is 

(nO more than one state for each ja' but ja = j = 9/2 appears.\ This state 

+ + + 
[ o; j ex j ex,j ] j a= j '¥ 0 contains seniority one as well as 'seniority three components. 

For spins j ~ ll/2 the spin ja does not uniquely determine the state. We would 

like to find a convenient representation for the complete set of states (of the 

subspace which is b~ing considered). -x-

Let us take as an example the case where there are two states of the 

spin ja (e.g., the j-l levels for j = ll/2 and 13/2). Defining (see Eqs. (8) 

~and (9) in body of paper) 

( 2) 

In particular we call the state with Ji = 2 the ex-state which is thus defined 

(assume j, ja' and 2 form a triangle) by 

-)(­

In the traditional way of forming antisymmetrical states one must sum over all 

of the spins of the antisymmetrized two-particle wave function, using fractional. 
:1_ :,-, ' 

parentage coefficients. With second quantized oper~tors one only needs the 

number of terms equal to the -number of states of the same spin. Thereby the 

calculation of matrix elements as well as the states themselves is greatly 

facilitated. We neglect considerations of spurious. states, assuming that they 

are spread over the states arising from several j-levels. 
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(II-3) 

In the example being considered there is one other state of spin j . We look a 

for constants a and b such that 

and that 

' . . , 

Using Eqs'~ (II-6), (II-5a), and (II-5b) ohe finds that 

(II-4) 

(II-5a) 

(II-5b) 

(II-7) 

t 

,.., 

t 
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• 
where 

1.' 

Thus the states ~(a) a~d ~(~) form the complete representation for this 

example. 

We wish to find the energy spectrum in the Hamiltonian of Eq. (3) in 

the representation 

(II..,8) 

When the q.-p. j is low lying, TJ. z V. so one can simply treat the Hamiltonian (7). 
. J J " 

Therefore, the problem is to diagonalize the operator: .. 

(II-9) 

in the states (II-8). Making use of the identity 

(II-10) 

in the 

(II-ll) 

--
• 

In writing (II-ll) we make use of the fact that the 0 
~jj term just renormalizes 

the quasi-particle energy, which we indicate by replacing E. byE'.. Since 
. - J " J 



( 
··--···------ --·--·-· ~----- ----·----~-~ ~ --- ------ --·- r .. 

. ( II-12) 

only the three q.-p. states must be considered. However) from the manner from· 

which the states etc were constructed it immediately follows that: 

(II-13) 

From this follows the results of Eqs. (12) and (13). 

Finally) one must consider those three quasi-particle states of spin ja 

+ 
such that they cannot be formed by coupling a q. -P· 0:, 

J 

the representation ·toJ e. g. J · 

i£(~} 
'7) 11a-... ,;- .-. ... 

2+ 
to A .. · 

JJ 
One must extend 

(II-14) 

From Eq. (II-6) and some manipulation one can shm.;r that the interaction energy 

in these states involves Racah coefficients .which are small. For example: the 

diagonal matrix element for the state 

which is small. Thus the energy shift of the state ja 

larger than that of the other state's. 

(II-15) 

j-l is considerably 

• 

.. , 

• 
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B. Several j-Levels 

Note that if we e~tend these considerations to the situation in which 

there are several j levels the picture is not altered much when the large-spin 

opposite-parity quasi-particle is low lying. From parity considerations the 

new unperturbed states which must be considered.are 

(II-16) 

where j 1 , j 2 f j. Since the terms analogous to the second term in Eq. (l3b) is 

not present in these new matrix elements and since the j 's are smaller than j, 

the new matrix elements are all smaller than the large j = j = 1 matrix element 
a 

discussed above and are of varying sign. Ther~fore the conclusions reached for 

the single j-shell should not be seriously modified by the inclusion of the 
I . 

other states. 

Moreover, one cannot simply add these additional interactions, since 

they have already been included in part in the phonon-quasi-particle interaction . 



-·----·-- ------· -- - ---- - r._ --------
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FIGURE CAPTIONS 

Quasi-particle interaction with phonon for a single j-level, with 

one phonon included. 

The' approximation low-lying eigenstates of a pairing plus quadrupole 

interaction in a pure 7/2:, 9/2, 11/2, and 13/2 levels, as determined 

from Eqns. (12) and (13) in the text. The energies roughly correspond 

to those obtained with the parameters of Ref. 3. The states for which . 

j . , j 
1
· and 2 do not form a triangle are placed at the unperturbed a . 

three-quasi-particle energy. 
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TABLE 

E2 transition rates compared to single­
particle. See text for definitions. 

j B (E2) /B (E2) . s .p. 

7/2 9.12 2 (2U. V.) 
J J 

9/2 17.6 
. 2 

(2U. V.) 
J J 

11/2 29.7 2 (2U. V.) 
J J 

. 13/2 46.0 2 (2U. V.) 
J J 

UCRL-16341 
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t 

•• 

j 

Phonon / I I I I I I I / I j - 2, j - I , j·. + I , j + 2 

j 

MU B-7426 

.. 



I I I I I I I I I { 15;2 
7/2 

j =7/2 

3/2 

11/2 

5/2 

7/2 q.p. 

lllll.lll I { 3/2,5/2,7/2,1112 
I 19/2,21/2,23/2,25/2,27/2 

------11/2 

13/2 

7/2 
15/2 

9/2 

------ 11/2 q,p, 
j=ll/2 
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Fig. 2 
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'1.23/2 ,25/2, 2 7/2,2 9/2,33/2 

------13/2 
------15/2 
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------11/2 

------ 13/2 q.p. 

j = 13/2 
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