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ABSTRACT OF THE DISSERTATION

Characterizations of the Boolean Prime Ideal Theorem in Models Without Choice

By

Brian Ransom

Doctor of Philosophy in Mathematics

University of California, Irvine, 2026

Professor Isaac Goldbring, Chair

This thesis aims to address three main objectives: to better understand when, and how BPI

holds in permutation models and in symmetric extensions; to develop a unifying relation-

ship between variants of the Halpern-Läuchli theorem and BPI in symmetric extensions; to

develop and expose simple dynamical perspectives on BPI in models without choice. Our

approach to these questions is to introduce a characterization program, where we aim to

provide conditions that are equivalent to BPI in permutation models and in symmetric ex-

tensions. By reproving known results, reworking known proofs, and proving new ones, we

show how each of these characterizing properties offer novel perspectives on BPI, and how

they address the three objectives listed above.

The case of BPI in permutation models is studied in chapter 3. This work reproves and

extends several results from [Bla87], [KPT05], and [Bla11]. These characterization theorems,

and the proofs we offer to relate them, can be seen as simpler, motivating versions of the

main theorems of this thesis, in chapter 4.

In chapter 4, we characterize BPI in symmetric extensions. The characterizing properties

that we introduce are based on the various properties studied in chapter 3 for permutation

models, and on our new proof of BPI in the generalized Cohen model. This new proof is given

ix



in section 4.2, and we adapt methods from Harrington’s forcing proof of the Halpern-Läuchli

theorem.

In chapter 5, we extend results from [KS20], and thereby answer a question asked in that

paper. In the context of our characterization program, these results allow us to infer the

general case of BPI in the generalized Cohen model from the particular case that Harrington’s

forcing proof can be adapted to handle.

A concise description of the main finding in this work is that to extend symmetric filters

to symmetric ultrafilters, one can consult an arbitrary (and not necessarily symmetric) ul-

trafilter in an outer model of choice. One can dynamically identify, inside this particular

ultrafilter, all the information that is needed to extend the symmetric filter to a symmetric

ultrafilter. We show that BPI holds in permutation models if and only if it can be proven

in this manner.
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Chapter 1

Introduction

A central tension in the study of infinite objects is our limited ability to describe them. We

can illustrate this by considering three classical questions about real numbers:

(i) How many real numbers are there?

(ii) Is it possible to wellorder the real numbers?

(iii) Is there a way to (simultaneously) choose between every subset y ⊆ R and its comple-

ment R \ y?

The third of these questions is essentially taken from the introductory chapter of [Jec08], and

we can repeat his comment: try to come up with concrete sets that witness a positive reso-

lution to these questions, i.e. a bijection between R and a cardinal, an explicit wellordering

of R, or choice function on the set of two-set partitions of R. One can quickly get the sense

that these questions cannot be answered with concrete examples of sets, and that axioms

beyond ZF are needed to resolve them.
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To justify this intuition, is not hard to imagine that there are decimal sequences that are

“random” beyond our ability to say anything concrete about more than finitely many of

their digits. This is approximately demonstrated by the ability to force Cohen-generic reals

over a model M ⊨ ZFC. Here, we take the sets that exist in M to be a proxy for the sets

that we can concretely describe. In the forcing extension M [c] that adds a Cohen-generic

real c, M only has access to the finite subsequences of digits of the decimal expansion of c.

There are subtleties to the overall discussion of concretely describing infinite objects; see,

for instance, [Ham25]. However, we wish to emphasize the heuristic that there is no reason

to believe that we can fully describe the details of an arbitrary infinite object in finite time,

and with finitely many symbols. In the case of the reals, this amounts to the fact that we

can only answer the question of which real numbers there are with some degree of vagueness:

they are all the infinite decimal expansions, or all the Cauchy sequences, or all the Dedekind

cuts, etc., but we are limited in our ability to describe which particular decimal expansions,

Cauchy sequences, or Dedekind cuts there are. This vagueness with respect to particular,

arbitrary real numbers explains why our three questions about reals are challenging to answer

– or, more formally, why their answers differ between models of ZF.

Over ZF(A), the axiom of choice (AC) and its consequences are non-effective axioms that

allow for a controlled degree of vagueness in asserting which sets exist.1 The result is a great

strengthening of our ability to reason about infinite objects, without requiring fully concrete

details of their properties. For instance, although AC cannot address question (i), it can

positively answer questions (ii) and (iii), without the need to specify any actual details of

the given wellordering or choice function.

Since we use consequences of AC to augment our ability to describe infinite objects, a natural

1ZFA denotes the theory ZF with the existence of “atoms;” see subsection 2.1 of this paper or [Jec08] for
more details.
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and motivating question is raised: to what extent can these non-effective axioms be used to

describe one another? The program to study the (lack of) implications between consequences

of AC is a response to this central question. It is known, for instance, that our question (iii)

can be positively answered by the axiom of choice for sets of pairs, which does not imply

the existence of a wellordering of the reals, as in our question (ii).2 Using the technique

of symmetric extensions, as exposited in [Jec08], is a standard exercise to give a model in

which the reals can be wellordered, so (ii) can be answered positively, but in which AC fails,

whereby a positive answer to (ii) does not imply AC.

In this work, we revisit the relationship between the axiom of choice (AC) and the ultrafilter

lemma – that every filter, on every set, can be extended to an ultrafilter. The ultrafilter

lemma, which is implied by AC, has many known equivalents over ZF(A), two of which

are the compactness theorem for first-order logic, and the Boolean prime ideal theorem

(BPI). By historical convention, we use the label BPI throughout the thesis. Informally,

BPI expresses the ability to make arbitrarily many finitely bounded choices that are altogether

locally compatible with one another. For instance, an ultrafilter is a choice function on the

set of finite partitions of a given set, with a notion of local compatibility given by the finite

intersection property.

The ability to make locally compatible choice is fundamental, and as a result, BPI is both a

strong choice principle and central to mathematics. The role of ultrafilters in mathematics,

for instance, is ubiquitous – see [Gol22] – and its equivalent form of the first-order com-

pactness theorem is a staple tool of model theory. It is thus of interest that such a choice

principle can hold while the full axiom of choice fails.

2In [HL64] it was announced that every set in the Cohen model can be linearly ordered, which implies
the axiom of choice for sets of pairs; in the Cohen model, R is not wellorderable. Proofs of these standard
theorems can be found in [Jec08].
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Historically, it has taken significant effort to prove BPI in models without AC. It was first

shown in Halpern’s thesis [Hal62] that ZFA + BPI is strictly weaker than ZFCA; there it is

shown in particular that BPI holds in the ordered Mostwoski model of ZFA, introduced in

[Mos39].3,4 Then, in [HL71], it was first shown that ZF + BPI is strictly weaker than ZFC;

in particular, they show that BPI holds in the Cohen model, and more generally that BPI

holds in any model of a certain theory that abstracts properties of the Cohen model. In

the former work [Hal62], Halpern introduced a contradiction framework to prove BPI. In

[HL71], the main argument applies this same contradiction framework, and critically uses

the original version of the Halpern-Läuchli theorem from [HL66] to derive the contradiction.

In terms of our informal characterization of BPI as a choice principle, the results from

[Hal62] and [HL71] may seem surprising: locally compatible choices do not need to be made

“one at a time” via some wellordering by AC.5 Put another way, these results may seem

expected: one can get the sense that first-order compactness should not be able to wellorder

an arbitrary set, since compactness can only exert local control over the construction. This

tension captures much of the typical intrigue and difficulty of questions in the study of

fragments of AC.

Halpern’s contradiction framework, as applied in [Hal62] and [HL71], also appears, to the

author’s knowledge, in every other proof of BPI in a choiceless model to date, including

both permutation models of ZFA and symmetric extensions of ZF.6 While this contradiction

framework has been widely influential, the underlying forcing used to define symmetric

extensions has often made its application quite technical.7 To simplify these arguments would

3This portion of Halpern’s thesis was later rewritten as the paper [Hal64].
4The ordered Mostowski model and Halpern’s proof of BPI are exposited in [Jec08].
5This is a prime example of the usefulness of AC: choices in a construction can be made in some

wellordered infinite sequence, with perfect hindsight for previous choices.
6In [Pin97], Pincus made these same observations on the known proofs of BPI in models without choice.
7Comments along these lines are made, for instance, in [Pin77b] and in [Jec08].
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be of inherent interest, but it would also help to address several contemporary questions

relating to BPI in choiceless models. The question of preserving BPI in iterated symmetric

extensions, for instance, is raised in [Kar19]. This is related to longstanding open conjectures

from [Pin77a]: that BPI holds in a candidate model for the independence of AC from ZF +

BPI+DC (an independence which Pincus later proved in [Pin77b]), and that a certain related

variant of the Halpern-Läuchli theorem holds.8 Questions like these seem to have remained

open because generalizing the existing techniques would be exceedingly complicated.

The broad, primary goal of this thesis is thus to better understand when, and how BPI

holds in permutation models and in symmetric extensions. We carry out this goal by study-

ing properties that equivalently characterize BPI in permutation models and in symmetric

extensions, and that are primarily based around a new, direct framework of proof.

A secondary goal is to better understand the abstract relationship between variants of the

Halpern-Läuchli theorem and BPI in symmetric extensions. Various connections along these

lines have been exposed in the literature, for instance in [HL71], [Pin77a], and [Ste23] in the

manner described above. This suggests that a unifying relationship is nascent.

A tertiary goal is to develop and expose simple dynamical perspectives on BPI in models

without choice. We will see that one such perspective for permutation models is mostly

known, from the work in [Bla11], based on the work in [Bla87] and [KPT05]. To our knowl-

edge, however, the dynamics of BPI in symmetric extensions have not yet been considered.

After the preliminaries chapter 2, the remaining chapters can be read roughly independently

of one another, although they are ordered to build upon and motivate one another. We will

very briefly outline chapters 3, 4, and 5 below.9 The introductory section of each chapter

8In [Pin77a], Pincus proved his conjectured Halpern-Läuchli theorem to be sufficient for BPI in this
candidate model. His argument follows the approach from [HL71].

9Chapter 2 states the preliminaries, and we aim to only assume knowledge of forcing.
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provides a more thorough outline of said chapter, while still remaining concise.

In chapter 3, we study characterizations of BPI in permutation models. Several of these

characterizing properties are fully or partially known (see [Bla87], [Bla11], and [KPT05]). In

the case of known results, we introduce new proofs, or adapt known proofs to the context

of choiceless set theory, when doing so provides a new perspective. Our work in chapter 3

serves as a simpler, and perhaps more clearly motivated version of the work in chapter 4.

In chapter 4 we study analogous versions of the properties in chapter 3, and we prove that

they characterize BPI in symmetric extensions. Each of these properties and characterization

theorems are new. Several of these characterizations are made possible by analyzing a new

proof of BPI in the generalized Cohen model N(I,Q), which is based on Harrington’s proof

of the Halpern-Läuchli theorem; this new proof is given in section 4.2.10

In chapter 5, we strengthen a result from [KS20], and thereby answer a question posed in

that same paper. This is essentially done to show that the index set I in the generalized

Cohen model N(I,Q) can be taken to be arbitrarily large, without loss of generality.11 This

is of independent interest, but we originally pursued this problem for its application to the

material in chapter 4. Specifically, our adaptation of Harrington’s proof takes the set I, in

N(I,Q), to be large enough for a certain Ramsey-theoretic argument. The work in chapter

5 shows that this assumption is inessential.

With these brief outlines of the chapters in mind, we will take more care to outline the

characterizations of BPI that we will study, and the perspectives they offer in models without

choice. These are the main topics of the thesis, along with the new proof that N(I,Q) ⊨ BPI

10The generalized Cohen model N(I,Q) adds an infinite, Dedekind-finite set of mutually Q-generic filters.
This is done using a poset that adds I-many mutually Q-generics filters, then moving to the inner model
N(I,Q) that strips away their wellordering. See the preliminaries section 2.5 for complete details.

11This result is shown for the Cohen model N(ω, 2<ω) in [KS20].
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in section 4.2. In the outline below, we will group together the analogous properties in the

cases of permutation models and symmetric extensions. In each setting, the perspectives

that these analogous characterizing properties offer are essentially similar. We will refer to

basic defining features of permutation models and symmetric extensions, which the reader

can consult sections 2.1 and 2.2 to review.

The Filter Extension Property

In a model of ZFC(A), the standard proof of BPI involves showing that

(1) an arbitrary filter F , on an arbitrary set x, can be extended to include an arbitrary

subset y ⊆ x or its complement x \ y, and

(2) Zorn’s lemma can be applied to produce a maximal filter U ⊇ F on x; by (1), the

maximality of U ensures that it “completes” the extension of F to an ultrafilter on x.

We find this method of proof to be exceptionally clear, and we wish to use a coarse version

of these two points to prove BPI in permutation models and in symmetric extensions. We

call the appropriate coarsening of (1) the filter extension property; we state versions of this

property for permutation models in chapter 3 and for symmetric extensions in chapter 4.

In the case of permutation models, given a filter F on a set x, both in the permutation model

M(A,G,F), we aim to find a K ∈ F , with K ⪯ symG(F ) ∩ symG(x), so that the following

extension is possible:

F ∪Orb(y′0, K) ∪Orb(y′1, K) ∪Orb(y′2, K) ∪ ... = U,

where each y′i ∈ {yi, x\yi} is a choice of a subset of x inM(A,G,F) or its complement. If this

sequence can be extended to consider every subset of x in M(A,G,F), all while preserving

7



the finite intersection property (FIP), then U ∈ M(A,G,F) is the desired ultrafilter on x

that extends F , with K ⪯ symG(U). Here, the filter extension property (for permutation

models) is a statement that allows for some uniform manner to extend F by a single orbit

Orb(y′, K) while retaining the FIP; this can then be iterated to produce the line above.

In the case of a symmetric extension N , based on the symmetric system ⟨P,G,F⟩, we would

like to similarly characterize when p ⊩N BPI.12 We do so by stating the filter extension

property below p. Given names Ḟ , ẋ ∈ HSF , so that 1 ⊩ “Ḟ ⊆ ẋ has the FIP, ” we aim to

find a K ∈ F , with K ⪯ symG(Ḟ ) ∩ symG(ẋ), so that the following extension is possible:

Ḟ ∪Orb(⟨r0, y′0⟩, K) ∪Orb(⟨r1, y′1⟩, K) ∪Orb(⟨r2, y′2⟩, K) ∪ ... = U̇ .

In this case, the names y′i ∈ HSF are forced by 1 to be a subset of ẋ; for a given such name y′

and the name for its complement, which we denote ẋ \ y′, the conditions ri that tag either y′

or ẋ \ y′ accumulate to be dense below some condition d ≤ p. If this sequence of extensions

can be made, while at each step retaining that 1 forces the FIP, then said condition d forces

that resulting name U̇ ⊇ Ḟ is the desired symmetric ultrafilter on ẋ, with K ⪯ symG(U̇).

We will ensure that this works for a dense set of d below p.

Here, the filter extension property below p allows for a uniform manner to extend Ḟ by a

single K-orbit Orb(⟨r, y′⟩, K) while retaining the FIP; again by iterating, we can produce the

line above. There is some additional subtlety to the picture, but this captures the essential

features of the filter extension property below p, which we prove exactly characterizes the

fact that p ⊩N BPI.

12Note that in this work, we will always define N with respect to a ground model of ZFC.
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The Ramsey Property and the Halpern-Läuchli Property

For a permutation model M(A,G,F), the Ramsey property for the normal filter F was

introduced in [Bla87]. In this same paper, Blass proved that M(A,G,F) ⊨ BPI if and only

if F has the Ramsey property. To prove that the Ramsey property on F implied BPI in

M(A,G,F), Blass followed Halpern’s contradiction framework. In chapter 3, we give a new,

direct proof of this implication. Specifically, given F, x, y ∈ M(A,G,F), with F a filter on

x and y ⊆ x, let U0 ⊇ F be any (not necessarily symmetric) ultrafilter on x in the outer

model M ⊨ ZFCA. We show that the Ramsey property implies that U0 contains enough

information, up to translation by elements of some K ⪯ symG(F ) ∩ symG(x), to check the

instance of the filter extension property that, for some y′ ∈ {y, x \ y},

F ∪Orb(y′, K) has the FIP.

In this sense, the Ramsey property is a dynamical condition that allows ultrafilters in an outer

model of choice to coordinate the extension of symmetric filters to symmetric ultrafilters.

By Blass’ equivalence theorem, BPI holds in a permutation model if and only if it can be

explained in this manner.

For a symmetric extension N , based on the symmetric system ⟨P,G,F⟩, we would like to

introduce an analogous property to characterize when p ⊩N BPI. We call this the Halpern-

Läuchli property below p. Given Ḟ , ẋ, ẏ ∈ HSF , with

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ,

let U̇0 ⊇ Ḟ be any P-name for an ultrafilter on ẋ. The Halpern-Läuchli property below

p allows one to identify information in U̇0 that, up to translation by elements of some

K ⪯ symG(Ḟ ) ∩ symG(ẋ), checks the following instance of the filter extension property: for

9



some r ≤ d ≤ p (with d ≤ p as in our sketch of the filter extension property above) and

some y′ ∈ {ẏ, ẋ \ ẏ},

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) ⊆ 2ẋ has the FIP.”

We prove that the Halpern-Läuchli property below p is necessary for p ⊩N BPI by generaliz-

ing Blass’ proof from [Bla87] that the Ramsey property on F is necessary for M(A,G,F) ⊨

BPI. Thus, BPI holds in a symmetric extension if and only if this dynamical argument can

be used to prove it.

We can also note that we chose the name of the Halpern-Läuchli property because it can

be seen as an abstract form of the Halpern-Läuchli theorem. In fact, the Halpern-Läuchli

property generalizes features of a new proof of the BPI in the Cohen model from the Halpern-

Läuchli theorem, which we recently developed, and which will appear in forthcoming work

(but not in this thesis). In this sense, the Halpern-Läuchli property gives our desired abstract

unifying relationship between variants of the Halpern-Läuchli theorem and BPI in symmetric

extensions. This connection will also be described in greater detail in forthcoming work.

Extreme Amenability

In [KPT05], seminal connections are developed between structural Ramsey theory, extremely

amenable topological groups, and Fräıssé limits. In [Bla11], Blass expresses a partial connec-

tion between extreme amenability and the Ramsey property for F . To do so, he combines

his characterization of BPI in permutation models in terms of the Ramsey property on F ,

from [Bla87], and a characterization of certain extremely amenable groups from [KPT05].

In chapter 3, we develop this partial connection from [Bla11], to show that BPI holds in

a permutation model M(A,G,F) if and only if some group K ∈ F is extremely amenable

10



(with the topology generated by subgroups of K in F). Our main proofs modify two proofs

from [KPT05] to the context of BPI in permutation models. This exposes an essentially

dynamical perspective on BPI in permutation models.

The version of this property that characterizes BPI in symmetric extensions will appear in

forthcoming work. One of the main goals of the work in this thesis is to develop preliminary

ideas that will allow us to state a generalization of extreme amenability to characterizes BPI

in symmetric extensions.

The Search-and-Shift Property

The search-and-shift property for permutation models captures convergent features of our

proof of the filter extension property from the Ramsey property, and our proof of BPI from

the extreme amenability of some K ∈ F . Let F, x ∈ M(A,G,F), with F a filter on x,

and let U0 ⊇ F be a maximal filter on x containing only subsets of x in M(A,G,F).13

The search-and-shift property (for permutation models) ensures the existence of some K ⪯

symG(F ) ∩ symG(x) and some symmetric ultrafilter U ∈ M(A,G,F) on x, with U ⊇ F and

K ⪯ symG(U), so that U is an ultralimit of the space K · U0.
14 Expressing the desired

symmetric ultrafilter U as an ultralimit of K ·U0 is a compressed way to say that U0 contains

enough information, up to translation by K, to fully determine U .

For a symmetric extension N , based on the symmetric system ⟨P,G,F⟩, we would again like

to analogously characterize when p ⊩N BPI. We call the resulting property the search-and-

shift property below p. Let Ḟ , ẋ ∈ HSF , with

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP.”

13We call such a U0 an M(A,G,F)-valued ultrafilter on x.
14Here the action of K on U0 is taken from the definition of the permutation model, and the topology on

K · U0 is the standard topology on a space of ultrafilters.
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Let U̇0 ⊇ Ḟ have rng(U̇0) ⊆ HSF , but otherwise let 1 force U̇0 be a maximal filter on

ẋ up to this constraint.15 The search-and-shift property below p guarantees some d ≤ p,

K ⪯ symG(Ḟ ) ∩ symG(ẋ), and U̇ ⊇ Ḟ with K ⪯ symG(U̇), so that

d ⊩ “U̇ is an ultralimit of K · U̇0” ∧ “U̇ is an ultrafilter on ẋ.”

This is again a compressed way to say that U̇0 contains enough information, up to translation

by K, to fully determine the desired symmetric ultrafilter U̇ .

By introducing these versions of the search-and-shift property, we aim to capture an es-

sential dynamical feature of BPI in models without choice. This work is also intended to

suggest the right generalization of extreme amenability to characterize BPI in symmetric

extensions. For permutation models, we noted that the search-and-shift property captures

convergent features of our characterizations of BPI with the Ramsey property and with

extreme amenability. In forthcoming work, aim to use the version of the search-and-shift

property for symmetric extensions to state the intended generalization of extreme amenabil-

ity to this context.

15We call this an HSF -valued ultrafilter on ẋ.
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Chapter 2

Preliminaries

2.1 Permutation Models

Permutation models of ZFA are the precursors to symmetric extensions. They were in-

troduced to give methods by which models without choice could be produced before the

introduction of forcing. A comprehensive treatment of this topic can be found in [Jec08],

including a proof of the standard results that we list below.

The language of ZF(C)A includes the binary predicates =,∈, the constant symbol 0 used to

denote the empty set, and the constant symbol A used to denote the set of atoms. There

are several standard modifications that ZFCA makes to ZFC. The primary adjustment is

to include the axiom A, which states that the “atoms” in A have no elements, but are

distinct from one another and from the empty set. The rest of the ZFC axioms are adjusted

accordingly to form the theory ZFCA; ZFA is this theory without choice.

Definition 2.1.1. Given a model M ⊨ ZFCA, with A its set of atoms and ON the class of

ordinals, for α ∈ ON, one can recursively define
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(i) V0(A) = A,

(ii) Vα+1(A) = 2Vα(A),1

(iii) Vα(A) =
⋃

β<α Vβ(A) if α is a limit ordinal.

Theorem 2.1.2. Given a model M ⊨ ZFCA, with A its set of atoms,

M =
⋃

α∈ON

Vα(A).

Definition 2.1.3. For M ⊨ ZFCA and x ∈ M , define rnk(x) = inf{α | x ∈ Vα}.

Note that we will write H ⪯ K to denote that H is a subgroup of K.

Definition 2.1.4. For a model M ⊨ ZFCA, let Aut(A) be the group of permutations of the

set A of atoms in M . Given G ⪯ Aut(A), recursively define the action of π ∈ G on M by

πx = {πy | y ∈ x}.

Lemma 2.1.5. Every π ∈ Aut(A), acting on M as above, is an ∈-respecting automorphism

of M .

Definition 2.1.6. Let M ⊨ ZFCA, A ∈ M be the set of atoms, and G ⪯ Aut(A). F is

called a normal filter of subgroups of G if

(i) Every K ∈ F is a subgroup of G,

(ii) G ∈ F ,

(iii) if K ∈ F and K ⪯ H ⪯ G, then H ∈ F ,

(iv) if K,H ∈ F then K ∩H ∈ F ,

1Throughout the thesis, we use the convention that 2x denotes the powerset of a set x.
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(v) if π ∈ G and K ∈ F then πKπ−1 ∈ F (this is called the “normality” condition).

Definition 2.1.7. For x ∈ M ⊨ ZFCA, let symG(x) = {π ∈ G | πx = x}.

Definition 2.1.8. For any y ∈ M ⊨ ZFCA and K ⪯ Aut(A), let

Orb(y,K) = {πy | π ∈ K}.

Definition 2.1.9. Given a model M ⊨ ZFCA, a group G ⪯ Aut(A), and F a normal filter

of subgroups of G, x ∈ M is called F-symmetric if symG(x) ∈ F . Recursively, x ∈ M is

called and hereditarily F-symmetric if x is F -symmetric and every y ∈ x is hereditarily

F -symmetric.

Intuitively, a set x ∈ M is F -symmetric if it is fixed by an F -large subgroup of G. The

normality condition ensures that if x is F -symmetric, then so is πx for every π ∈ G. The

intent is that G and F can be selected so that hereditarily F -symmetric sets cannot witness

particular consequences of AC, because they cannot sufficiently tell atoms apart. This targets

the rigidity of sets witnessing consequences of AC. For instance, for any wellordering f of

A, symG(f) is the trivial group.

Definition 2.1.10. Let M ⊨ ZFCA, A ∈ M be the set of atoms, G be a group of permuta-

tions ofA, and F be a normal filter on G. DefineM(A,G,F) = {x ∈ M | x is hereditarily F−

symmetric}.

Theorem 2.1.11. M(A,G,F) ⊨ ZFA.

We also state two normalizations, which Blass notes in [Bla87] and [Bla11].

Lemma 2.1.12 (See Blass, [Bla87]). If M(A,G,F) is a permutation model, and if

F ′ = {H ∈ F | (∃x ∈ M(A,G,F)) symG(x) = H},

then M(A,G,F) = M(A,G,F ′).
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Unless otherwise stated, we will always assume that the normal filter F ′ has the property

described above.

Lemma 2.1.13 (See Blass, [Bla11]). If M ⊨ ZFCA and M(A,G,F) is a permutation model,

then N =
⋂

K∈F K is a normal subgroup of G, F/N = {K/N | K ∈ F} is a normal filter of

subgroups of G/N , and

M(A,G,F) = M(A,G/N,F/N).

2.2 Symmetric Extensions

A symmetric extension is an inner model of a P-extension M [G], defined analogously to a

permutation model by using a group G ⪯ Aut(P) and a normal filter F of subgroups of

G. By considering automorphisms of the underlying forcing P, symmetric extensions avoid

the need to use atoms. This results in a model of ZF, rather than ZFA. The reader can

again refer to [Jec08] for a complete exposition of this topic, including proofs of the standard

results listed below.

Definition 2.2.1. A symmetric system is a tuple ⟨P,G,F⟩, where P is a poset, G ⪯ Aut(P)

is a subgroup of automorphisms of P, and F is a normal filter on G (as in definition 2.1.6).

Definition 2.2.2. For a poset P ∈ M ⊨ ZFC, let MP denote the class of P−names in M .

Definition 2.2.3. Given π ∈ G ⪯ Aut(P), recursively define the action of π on MP by

πẋ = {⟨πp, πż⟩ | ⟨p, ż⟩ ∈ ẋ}.

Lemma 2.2.4 (Symmetry Lemma). For π ∈ G ⪯ Aut(P),

p ⊩ ϕ(ẋ0, ..., ẋn) ⇐⇒ πp ⊩ ϕ(πẋ0, ..., πẋn).

Definition 2.2.5. For a P-name ẋ and a group G ⪯ Aut(P), let symG(ẋ) = {π ∈ G | πẋ = ẋ}.
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Definition 2.2.6. For any P-name ẏ, any condition p ∈ P, and any K ⪯ Aut(P), let

Orb(⟨p, ẏ⟩, K) = {⟨πp, πẏ⟩ | π ∈ K}.

Definition 2.2.7. For a symmetric system ⟨P,G,F⟩, a P-name ẋ is F-symmetric if symG(ẋ) ∈

F . Recursively, we say that ẋ is hereditarily F-symmetric if symG(ẋ) ∈ F and every

ẏ ∈ rng(ẋ) is hereditarily F -symmetric.

Similar to the motivation for permutation models, the intent is that symmetric systems

can be defined so that hereditarily F -symmetric names cannot be forced to witness certain

consequences of AC.

Definition 2.2.8. Given a symmetric system ⟨P,G,F⟩, let HSF be the class of hereditarily

F -symmetric P-names (with P, G, and the ground model M understood from context).

Definition 2.2.9. Given a ground model M ⊨ ZF(C), a symmetric system ⟨P,G,F⟩, and

an (M,P)-generic filter G, let HSG
F denote the class of interpretations of the names in HSF

by G. We call HSG
F a symmetric extension of M , presented by ⟨P,G,F⟩.

Unless otherwise specified, we will take the convention that symmetric extensions are defined

over ground models of ZFC.

Theorem 2.2.10. If M ⊨ ZF(C), ⟨P,G,F⟩ is a symmetric system, and G is a P-generic

filter, then M ⊆ HSG
F and

HSG
F ⊨ ZF.

Remark 2.2.11. For a symmetric extension N based on the symmetric system ⟨P,G,F⟩,

one can define the forcing relation ⊩HSF , or ⊩N , by relativizing the forcing relation for P

over M to the class HSF . In this work, we will often use ⊩ to mean either, and in any such

context the correct formalization will be clear.
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2.3 Ultralimits

Definition 2.3.1. If X is a topological space, {xi | i ∈ I} ⊆ X, and U is an ultrafilter on I,

then an ultralimit limi,U xi = x is a point in X so that for every open neighborhood W ⊆ X,

{i ∈ I | xi ∈ W} ∈ U.

Often, one takes I = X in the definition above, and takes U to be an ultrafilter on X itself;

then limz,U z denotes the corresponding ultralimit. The following facts are standard, and are

proven in [Gol22].

Lemma 2.3.2. If X is Hausdorff, all ultralimits in X that exist are unique.

Theorem 2.3.3. A topological space X is compact if and only if it is closed under ultralimits.

2.4 The Finite Intersection Property

Throughout this work, we refer to the finite intersection property (FIP): F has the finite

intersection property if the intersection of finitely many elements of F is infinite. It is well-

known that “is infinite” is not a first-order definable concept, but in a model M ⊨ ZFC there

are many known and equivalent definitions of infinite that reference the natural numbers

ω ∈ M .

In a model N ⊨ ZF, many of these definitions of infinite are known to no longer be equivalent.

Because the models we study in this paper do not have choice, we need to specify what is

meant by the FIP. In both permutation models and in symmetric extensions, note that ω

is still definable in the model. We can give the following definition for “infinite.”

Definition 2.4.1. In a model M ⊨ ZF(A), we say that a set x is infinite if there are no

bijections between x and any n ∈ ω.
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Note that this definition of “infinite” is absolute between a permutation model or symmetric

extension and their relevant outer model of ZFC(A).

2.5 The Generalized Cohen Model

Our presentation follows [Ste23], where the generalized Cohen model was introduced.

Definition 2.5.1. A set x ∈ M ⊨ ZF(A) is called Dedekind-finite if there are no injections

from ω into x in M . In this paper, we will further require that Dedekind-finite sets are

infinite, in the sense of definition 2.4.1.

The Cohen model primarily introduces a Dedekind-finite set of mutually generic Cohen reals;

the generalized Cohen model, denoted N(I,Q) for some index set I and poset Q, primarily

introduces a Dedekind-finite set of mutually Q-generic filters, which is defined with respect

to an index set I in the ground model. We will first define a poset that adds I-many mutually

Q-generic filters.

Definition 2.5.2. For a poset Q and an index set I, let P(I,Q) denote the partial order of

finite functions from I to Q ordered by

(∀p, q ∈ P(I,Q))(q ≤ p) ⇐⇒ (dom(p) ⊆ dom(q) ∧ (∀i ∈ dom(p))q(i) ≤Q p(i))).

Note that the coordinatewise strengthening q(i) ≤Q p(i) refers to the order ≤Q on the poset

Q. We will just write q(i) ≤ p(i) when the context is clear.

Definition 2.5.3. Given a set X, let [X]κ = {A ⊆ X | |A| = κ} and [X]<κ =
⋃

α<κ[X]α.

Definition 2.5.4. For a group G ⪯ Aut(I) and E ∈ [I]<ω, let fixG(E) = {π ∈ G | π fixes E pointwise}.

Definition 2.5.5. LetM ⊨ ZFC, and define the symmetric system ⟨P(I,Q),G,F⟩ by setting

(i) P(I,Q) as in definition 2.5.2, with I an infinite index and Q a nontrivial poset,

19



(ii) G the group of finite permutations of I, acting on p ∈ P(I,Q) by dom(πp) = πdom(p)

and

(∀i ∈ dom(p))πp(πi) = p(i), 2

(iii) the normal filter F on G generated by subgroups of the form fixG(E), for E ∈ [I]<ω.3

The corresponding symmetric extension ofM is a generalized Cohen model, denotedN(I,Q).

If we wish to emphasize the index set I, we will write ⟨P(I,Q),GI ,FI⟩, and HSFI
. If we wish

to emphasize the P(I,Q)-generic filter G used to define N(I,Q), we will write NG(I,Q).

Throughout the paper, whenever we refer to ⟨P(I,Q),G,F⟩, we will mean the symmetric

system from definition 2.5.5.

Definition 2.5.6. For n ∈ I, let ȧn = {⟨p, q̌⟩ | p(n) = q}, and let Ȧ = {⟨1, ȧn⟩ | n ∈ I}.

Theorem 2.5.7. For a generalized Cohen model NG(I,Q) over a ground model M ⊨ ZFC,

ȧGn ∈ NG(I,Q) is Q-generic over M and ȦG ∈ NG(I,Q) and is Dedekind-finite in NG(I,Q).

Definition 2.5.8. For D ∈ [I]<ω, disjoint sets Hi ⊆ I (for i ∈ D), α⃗ = {⟨i, αi⟩ | i ∈ D} ∈∏
i∈D Hi, and G as in definition 2.5.5, define the permutation πα⃗ ∈ G by

πα⃗ =
∏
i∈D

(i αi).

Note the convention that elements α⃗ ∈
∏

i∈D Hi are functions from D into
⋃

i∈D Hi, with

α⃗(i) = αi ∈ Hi. This will be convenient for tracking the supports of sets, as defined below.

Lemma 2.5.9. For the symmetric system ⟨P(I,Q),G,F⟩, if ẋ ∈ HSF , there is an X ∈ [I]<ω

so that fixG(X) ⪯ symG(ẋ), and X ⊆ X ′ for every other X ′ ∈ [I]<ω with fixG(X
′) ⪯ symG(ẋ).

2By this group action, G can be formally identified with a subgroup of Aut(P(I,Q)), as is required in
definition 2.2.1.

3For every K ∈ F , this guarantees that we can find some E ∈ [I]<ω for which fixG(E) ⪯ K ⪯ G. In
general, however, K ∈ F may not equal fixG(E) for any E ∈ [I]<ω.
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Proof. See [Jec08] for the proof of “least supports” in “support models.”

Definition 2.5.10. X ∈ [I]<ω as in lemma 2.26 is the support of ẋ, denoted supp(ẋ) = X.

Definition 2.5.11. For p ∈ P(I,Q), let supp(p) = dom(p).

Definition 2.5.12. Given p ∈ P(I,Q) and X ⊆ I, define the restriction of p to X to be the

(possibly empty) function p ↾X= {⟨i, p(i)⟩ | i ∈ X}.

The following lemma states an essential property that is used throughout the paper: when

forcing a property, one only needs to consider the behavior of conditions on the relevant

supports of names.

Lemma 2.5.13. For the symmetric system ⟨P(I,Q),G,F⟩, if ẋ0, ..., ẋn ∈ HSF have supports

X0, ..., Xn, and p ⊩ ϕ(ẋ0, ..., ẋn), then for X ⊇
⋃

i≤nXi,

p ↾X⊩ ϕ(ẋ0, ..., ẋn).

Proof. By the symmetry lemma 2.2.4, if π ∈ fixG(X), then πp ⊩ ϕ(ẋ0, ..., ẋn). Because the

set of conditions D = {πp | π ∈ fixG(X)} is dense below p ↾X in P(I,Q), we get that

p ↾X⊩ ϕ(ẋ0, ..., ẋn).

Definition 2.5.14. Given G as in definition 2.5.5, π ∈ G, and X ⊆ I, define the restriction

of π to X to be the (possibly empty) function π ↾X= {⟨i, π(i)⟩ | i ∈ X}. Note that π ↾X

may no longer be an element of G = Aut(I).

Lemma 2.5.15. Let ⟨P(I,Q),G,F⟩ be as in definition 2.5.5, p ∈ P(I,Q), and ẋ ∈ HSF . If

supp(p), supp(ẋ) ⊆ D ∈ [I]<ω, then for every π, τ ∈ G with π ↾D= τ ↾D,

πp = τp ∧ πẋ = τ ẋ.
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Proof. Because π ↾D= τ ↾D, we have that π−1τ ∈ fixG(D). Then,

πp = π(π−1τp) = τp ∧ πẋ = π(π−1τ ẋ) = τ ẋ.

Theorem 2.5.16 (Halpern, Lévy, [HL71], Stefanović, [Ste23]4). N(I,Q) ⊨ BPI.

4This is proven for the Cohen model in [HL71]; in [Ste23], the proof from [HL71] is shown to generalize
N(I,Q).
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Chapter 3

Characterizations of BPI in

Permutation Models

The main goals of this chapter are to study conditions that are equivalent to BPI in per-

mutation models, and to give simple proofs of the equivalence of these conditions. It is of

independent interest to do so, but this will also motivate our analogous characterizations of

BPI in symmetric extensions in chapter 4, which are the main topics of this thesis.

As noted in the preliminaries section 2.1, we will always make two assumptions about a

permutation model M(A,G,F). First, we will take M(A,G,F) to be defined with respect to

an outer model M ⊨ ZFCA. Second, we will always assume that for every H ∈ F , there is

an x ∈ M(A,G,F) with symG(x) = H. As in lemma 2.1.12, this second assumption can be

made without affecting which sets appear in the permutation model. These two assumptions

match assumptions that Blass often makes, for instance in [Bla79], [Bla87], and [Bla11].

Theorem 3.4.4 and its uniform version, theorem 3.4.5, are the main results of this chapter.

We can note that the second normalizing assumption listed above is only used in the proof
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of the implications (i) ⇒ (iii) and (i) ⇒ (iv) in both of these main theorems. In the case of

the other implications, one can ignore this extra assumption.

There are several known results relating to BPI in permutation models, notably from Halpern,

Blass, and from joint work by Kechris, Pestov, and Todorčević. Several of our arguments will

be new proofs of known implications, or known proofs reworked into a new context, relating

particularly to work from [Bla87], [KPT05], and [Bla11]. We will survey these known results

before outlining each section of this chapter.

In Halpern’s thesis [Hal62], later published as [Hal64], it was shown that BPI holds in the

ordered Mostowski model of ZFA. This gave the first proof that AC is independent of BPI

over ZFA. In this proof, Halpern introduced a contradiction framework that appears, to the

author’s knowledge, in every other known proof of BPI in a model of ZF(A) without choice.1

By analyzing Halpern’s proof, and a similar proof of Johnstone in [Joh84], Blass was able to

isolate a dynamical property that exactly characterizes BPI in permutation models, which

he called the Ramsey property. His proof that the Ramsey property implies BPI closely

follows Halpern’s contradiction proof of BPI in the ordered Mostowski model. We state

Blass’ Ramsey property and characterization theorem below. We will use the equivalent

form of the Ramsey property given in [Bla11].2

Definition 3.0.1 (Blass, [Bla87], [Bla11]). Let G be a group.

(i) An action of G on a set A has the Ramsey property if for every coloring c : A → 2 and

for every ∆ ∈ [A]<ω, there is a σ ∈ G so that the restriction c ↾σ∆ is monochromatic.

1Pincus has made this same observation 29 years ago, in [Pin97].
2If the reader is unfamiliar with this definition, or finds it to be technical, note that it can be motivated

as the apparent and exact device needed in our new proof of BPI from the Ramsey property in section 3.2.
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(ii) A subgroup H ⪯ G is called a Ramsey subgroup of G if the action of G on the cosets

G/H (by left multiplication) has the Ramsey property.

(iii) A normal filter F of subgroups of G has the Ramsey property if F has a base B, so

that for every K ∈ B, every subgroup H of K in F is a Ramsey subgroup of K.

Theorem 3.0.2 (Blass, [Bla87]). If M ⊨ ZFCA, given our normalizing assumptions for a

permutation model M(A,G,F), the following are equivalent:

(i) M(A,G,F) ⊨ BPI,

(ii) F has the Ramsey property.

Note that Blass’ Ramsey property is defined for normal filters F of subgroups of some group

G, as are seen in the definition of a permutation model M(A,G,F). We would like to draw

the distinction between Blass’ Ramsey property from [Bla87], and the related (structural)

Ramsey property studied in [KPT05]. In this latter paper, connections are developed between

this structural Ramsey property, extremely amenable topological groups, and Fräıssé limits.

In response to [KPT05], Blass examined the connection between these two versions of the

Ramsey property in [Bla11]. He focused on the connection between his characterization of

BPI in permutation models and a characterization of certain extremely amenable topological

groups in proposition 4.2 of [KPT05]. We state below several necessary definitions, and then

Blass’ theorem from [Bla11].

Definition 3.0.3. A group G is a topological group if it is equipped with a topology so

that the group operation corresponds to a continuous map from G × G (with the product

topology) to G, and the mapping of elements of G to their inverses in G is continuous.

Definition 3.0.4. The action of a topological group G on a topological spaceX is continuous

if the associated map from G ×X (with the product topology) to X is continuous.
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Informally, for a continuous group action of G on X, if g, h ∈ G are close in G and x, y ∈ X

are close in X, then gx, hy ∈ X are also close in X. The following formalization of this

idea makes assumptions that are relevant to this chapter. This is standard to prove, but we

include its proof regardless for the reader’s benefit.

Lemma 3.0.5. Let K be a topological group acting continuously on a topological space X,

let {πi | i ∈ I} ⊆ K, let {xi | i ∈ I}, {πixi | i ∈ I} ⊆ X, and let U be an ultrafilter on I.

Then if the limits below exist, they satisfy the relationship

lim
i,U

πixi = (lim
i,U

πi)(lim
i,U

xi).

Proof. Let π = limi,U πi and let x = limi,U xi. Let W ⊆ X be an open neighborhood of

πx ∈ X. We aim to show that

{i ∈ I | πixi ∈ W} ∈ U,

from which the lemma follows. By the continuity of the action of K on X, there are open

neighborhoods Wπ ⊆ K of π and Wx ⊆ X of x, so that

Wπ ·Wx = {τz | τ ∈ Wπ, z ∈ Wx} ⊆ W.

By the definition of the ultralimits π = limi,U πi and x = limi,U xi,

{i ∈ I | πi ∈ Wπ} ∈ U and {i ∈ I | xi ∈ Wx} ∈ U,

so

V = {i ∈ I | πi ∈ Wπ} ∩ {i ∈ I | xi ∈ Wx} ∈ U.

26



Since

{πixi | i ∈ V } ⊆ Wπ ·Wx ⊆ W,

we have that

V ⊆ {i ∈ I | πixi ∈ W} ∈ U.

Definition 3.0.6. A topological group G is extremely amenable if every continuous action

of G on a compact, Hausdorff space X has a fixed point.

We find it startling that a group can enjoy such a strong fixed-point property; the authors of

[KPT05] refer to the existence of non-trivial extremely amenable groups as “remarkable.” A

connection between extreme amenability and BPI in permutation models is thus of interest

to further clarify each property. This is the main topic of [Bla11].

Note that the group G ⪯ Aut(A) in a permutation model M(A,G,F) is not already assumed

to be a topological group. We can repeat several observations that Blass makes in [Bla11], to

see that the notion of “small open subgroups” of a topological group can be used to naturally

associate topological groups with the groups used to define permutation models.

Definition 3.0.7. For a topological group G, an open subgroup is a subgroup of G that is

also an open set in the topology on G.

Definition 3.0.8. A topological group G is said to have small open subgroups if every open

neighborhood of the identity element of G contains an open subgroup of G.

For a permutation model M(A,G,F), there is a natural way to promote G ⪯ Aut(A) to be a

topological group with small open subgroups: take the topology on G generated by the base

of open sets B = {gK | g ∈ G, K ∈ F} = {Kg | g ∈ G, K ∈ F}, so that the normal filter F
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contains exactly the small open subgroups of G.3

Similarly, given a topological group G ⪯ Aut(A) with small open subgroups, the set F of

small open subgroups of G is a normal filter F . This can then be used to define a permutation

model M(A,G,F). Note that F may not meet our normalizing assumption that for every

H ∈ F , there is an x ∈ M(A,G,F) so that symG(x) = H. This isn’t a concern, because in

every proof that starts by considering a permutation model based on a topological group G,

we will never use this normalizing assumption anyway.

In each case, the topology on G is Hausdorff if and only if
⋂

K∈F K is the trivial group. We

can assume that this intersection is trivial without loss of generality, by lemma 2.1.13. For

a topological group G, we can note that G is extremely amenable if and only if G/
⋂

K∈F K

is, since the relevant actions of G are assumed to be continuous. There is thus minimal cost

to move between the groups used to define permutation models and (Hausdorff) topological

subgroups of Aut(A) with small open subgroups.

Theorem 3.0.9 (Blass, [Bla11]). Let G be a topological group with small open subgroups,

and let F be the normal filter of its small open subgroups.4 The following are equivalent:

(i) G is extremely amenable,

(ii) every subgroup H of G in F is a Ramsey subgroup of G.

In [Bla11], Blass notes the difference between point (ii) in his above theorem and the full

Ramsey property on F , where the latter of which calls for a base of subgroups in F with

the property from (ii). To make this point, he gives the following example.

Example 3.0.10 (Blass, [Bla11]). Let G be extremely amenable. The product G × Z/2 is

3The equality in this line follows from the normality of F .
4Blass takes the convention that the topology on G is Hausdorff. By his observations that we repeat

above the theorem, he justifies that this is inessential for part (i). In section 3.3, we will see that this is also
inessential for part (ii).
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not extremely amenable, because it can act continuously without fixed points on a set with 2

elements. The normal filter F of open subgroups of G, identified with G×{0}, has the Ramsey

property by theorem 3.0.9. He concludes by writing: “[s]o extreme amenability cannot

correspond exactly to Ramseyness of the filter of open subgroups; the latter is preserved

from G to G × Z/2, and the former is not.”

With this survey of the literature in mind, we can outline the sections of this chapter. Again,

we aim to further develop a list of properties that are equivalent to BPI in permutation

models, along with the perspectives on BPI offered by each of these properties. Theorem

3.4.4 and its uniform version, theorem 3.4.5, collect the various conditions that we will prove

to be equivalent to BPI in permutation models; these are again the main theorems of this

chapter. Across the sections, we prove various implications between the conditions in these

main theorems. Several of these proofs are formally redundant, as they follow from linking

together other implications, but we include them when they offer novel perspectives on the

relationships between these equivalent conditions that characterize BPI. The proofs in this

chapter can again be recognized as simpler, motivating versions of the more involved proofs

from chapter 4.

In section 3.1, we develop means to directly prove BPI in permutation models. We intend

for this approach to clarify the existing proofs in the literature, all of which follow Halpern’s

contradiction framework from [Hal62]. To do so, we wish to formalize the näıve approach

to extend filters to ultrafilters (thus proving BPI) by repeatedly extending filters by min-

imal increments. Accordingly, we introduce the filter extension property (for permutation

models) and prove that it is sufficient for BPI in permutation models.5 More interestingly,

we show that the filter extension property is also necessary for BPI in permutation models.

5In chapter 4, we introduce a more general version of the filter extension property for symmetric systems.
We will refer to either as the filter extension property, and the correct version will be clear from context.
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Thus our näıve, direct approach to extend filters to ultrafilters in permutation models fully

characterizes BPI.

In section 3.2, we prove that the filter extension property follows directly from Blass’ Ramsey

property. This gives a new, direct proof of Blass’ theorem that the Ramsey property implies

BPI in permutation models. We call this a search-and-shift argument: we show that the

Ramsey property is exactly what allows one to search through an arbitrary ultrafilter from an

outer model of choice, to identify certain isomorphic (shifted) copies of certain substructures.

These substructures are then used to justify the filter extension property, i.e. the ability to

extend a given hereditarily symmetric filter by a “minimal” symmetric increment. This proof

is inspired by methods used in Harrington’s proof of the Halpern-Läuchli theorem, which we

adapt further in chapter 4 to prove BPI in certain symmetric extensions.

In section 3.3, we further develop the connection to extreme amenability given in [Bla11],

which is in turn based on previous work from [Bla87] and [KPT05]. We first observe that,

depite Blass’ example 3.0.10, his theorem 3.0.9 can be extended to give a full characterization

of BPI in terms of extreme amenability: F has the Ramsey property if and only if there is

some subgroup K ∈ F that is extremely amenable.6 We then rework, in terms of symmetric

ultrafilters, the two directions of the proof of proposition 4.2 from [KPT05] – these are the

main arguments of the section. As an application, we use this work to give a short proof of

a uniform version of our main characterization theorem (a preliminary version of theorem

3.4.5), which answers a natural question that arises from section 3.2.

In section 3.4, we compare the proof of BPI from extreme amenability in section 3.3 to the

search-and-shift proof of BPI from the Ramsey property in section 3.2. This suggests a

way to formalize the idea that BPI holds in a permutation model if and only if it can be

6Again, with the topology on K generated by the subgroups of K in F .
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proven using a search-and-shift argument. We thus introduce the search-and-shift property

(for permutation models), and prove that it also characterizes BPI.7 Doing so also lets us

explicitly connect our proofs of BPI from the Ramsey property and from extreme amenability.

The main theorems 3.4.4 and 3.4.5 are given in this section. Our characterization of BPI

using the search-and-shift property, and the fact that it can be generalized to symmetric

extensions in chapter 4, are two central ideas of the thesis.

3.1 The Filter Extension Property for Permutation Mod-

els

In a model of ZFC(A), the standard proof of BPI involves showing that

(1) an arbitrary filter F , on an arbitrary set x, can be extended to include an arbitrary

subset y ⊆ x or its complement x \ y, and

(2) Zorn’s lemma can be applied to produce a maximal filter U ⊇ F on x; by (1), the

maximality of U ensures that it “completes” the extension of F to an ultrafilter on x.

While the full axiom of choice generally fails in permutation models, it can still be found to

hold up to a coarse degree – certain choice functions, wellorderings, etc. are also hereditarily

symmetric. In this section, we will introduce a coarsening of (1) called the filter extension

property for permutation models (definition 3.1.1), which can be used to prove BPI by a

coarse version of (2) (theorem 3.1.2). We will also show that the filter extension property is

necessary for BPI to hold in permutation models (theorem 3.1.11).

To motivate the filter extension property, consider F, x ∈ M(A,G,F), with F a filter on x.

7We will later introduce a version of the property for symmetric systems, and call each the search-and-shift
property when the correct version is clear from context.
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To mimic (1), we consider how to extend F by some minimal, symmetric increment while

retaining the finite intersection property (FIP). If this can be done in a manner that is stable

under iteration, we can then apply a coarse version of (2) to produce an ultrafilter U ⊇ F .

To determine what should be meant by extending F by a “minimal, symmetric increment,”

we can note that for an arbitrary w ∈ M(A,G,F),

w =
⋃
y∈w

Orb(y, symG(w)).

This is a partition of w, up to the fact that some orbits may be repeated in the union above.

One can view these orbits as the building blocks of (hereditarily) symmetric sets. This also

gives the sense in which choice holds coarsely in a permutation model: if f ∈ M ⊨ ZFCA is a

wellordering of the set {Orb(y, symG(w)) | y ∈ w} of orbits contained in w, then symG(f) =

symG(w), and so f ∈ M(A,G,F). While w itself may not be wellorderable in M(A,G,F),

it is still possible to wellorder the partition of w given by the symG(w)-orbits.

Thus, to extend the filter F by a minimal, symmetric increment involves selecting a subset

y ∈ M(A,G,F) of x, a group K ⪯ symG(F ) ∩ symG(x), and extending to

F ∪Orb(y,K) or F ∪Orb(x \ y,K),

while ensuring that the finite intersection property holds in the chosen extension.8 If this

process can be iterated, using the same group K ⪯ symG(F ) ∩ symG(x) at every stage of

the iteration, the union of these extensions is an ultrafilter U ⊇ F on x in M(A,G,F), with

K ⪯ sym(U). Definition 3.1.1 expresses that the hypotheses in this sketch hold, and theorem

3.1.2 shows that BPI follows.

8Here we mean “minimal” more in a figurative than a literal sense, as it may be possible to choose a
smaller group K with this same property.
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Definition 3.1.1. A permutation model M(A,G,F) has the filter extension property (for

permutation models) if F has a base B, so that the following property holds for every K ∈ B:

for every F, x, y ∈ M(A,G,F) such that K ⪯ symG(F ) ∩ symG(x) and

M(A,G,F) ⊨ “F ⊆ 2x has the FIP” ∧ y ⊆ x,

there is a y′ ∈ {y, x \ y} such that

M(A,G,F) ⊨ “F ∪Orb(y′, K) ⊆ 2x has the FIP.”

Theorem 3.1.2 uses the fact that the filter extension property guarantees groups K ∈ F that

are stable under iterations of filter extensions, in the sense described above.

Theorem 3.1.2. If M ⊨ ZFCA and M(A,G,F) has the filter extension property, then

M(A,G,F) ⊨ BPI.

Proof. Let F, x ∈ M(A,G,F) so that

M(A,G,F) ⊨ “F ⊆ 2x has the FIP, ”

and let K ⪯ symG(F ) ∩ symG(x) witness the filter extension property. To prove BPI in

M(A,G,F), we will show that there is an ultrafilter U ∈ M(A,G,F) on x that extends F .

At the cost of lengthening a standard application of Zorn’s lemma, we would like our proof to

emphasize the notion that K can be used to extend F , by minimal increments, in a manner

that is stable under iteration.

In the outer model M ⊨ ZFCA, use choice to wellorder the subsets y ⊆ x that appear in
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M(A,G,F); denote this wellordering as {yα|α < β}. Using choice again in M , define the

sequence Fα, for α ≤ β, in the following manner.

Let F0 = F . At successor stages α+ 1, choose between

Fα+1 = Fα ∪Orb(yα, K)

and

Fα+1 = Fα ∪Orb(x \ yα, K),

so that Fα+1 has the FIP and K ⪯ symG(Fλ+1)∩ symG(x). If we suppose inductively that Fα

meets these constraints, then the fact that K witnesses the filter extension property ensures

that Fα+1 can be chosen to meet these constraints as well.

At limit stages α, let

Fα =
⋃
γ<α

Fγ.

If we again suppose inductively that for every γ < γ′ < α, Fγ has the FIP, K ⪯ symG(Fγ)∩

symG(x), and Fγ ⊆ Fγ′ , then Fα has the FIP and K ⪯ symG(Fα) ∩ symG(x) as well. To

prove that Fα has the FIP, note that we use the fact that Fγ ⊆ Fγ′ , if γ < γ′, to conclude

that every finite subset of the limit Fα appears as a finite subset of some Fγ, with γ < α.

Then U = Fκ ⊇ F is an ultrafilter on x in M(A,G,F), with K ⪯ symG(U).

Note that theorem 3.2 is essentially the same as the step in Halpern’s contradiction framework

to consider a filter U ∈ M(A,G,F) on x that extends F and is maximal with respect to

having some specified K ⪯ symG(U). The next step in Halpern’s contradiction framework,

to produce a contradiction from the assumption that there is a subset y ∈ M(A,G,F) of

x for which y ̸∈ U and x \ y ̸∈ U , can be rephrased as a contradiction proof of the filter
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extension property.

We will now prove that the filter extension property is necessary for BPI to hold in a permu-

tation model, whereby this relationship to Halpern’s contradiction framework is inevitable.

Note that the filter extension property ensures that filters can be extended in a manner

based uniformly on witness groups K ⪯ symG(F ) ∩ symG(x), irrespective of the filter F or

the set x. In other words, regardless of which new K−orbits of subsets of x are chosen to

extend F , there is no need to consider a less restrictive group K0 ⪯ K to extend the filter

further. This uniformity can be explained in terms of the uniform method given in [Bla79]

to define ultrafilters in models of SVC + BPI.

Definition 3.1.3 (Blass, [Bla79]). Let SVC (small violations of choice) be the axiom that

there is a set S so that, for every set a, there is an ordinal α and a function from a subset

of S × α onto a.9

Theorem 3.1.4 (Blass, [Bla79]). A model of ZF satisfies SVC if and only if some generic

extension is a model of ZFC.

Note that forcing has also been studied over models of ZFA, and we can cite the relevant

version of the above theorem in this context.

Theorem 3.1.5 (Hall, [Hal07]). A model of ZFA satisfies SVC if and only if some generic

extension is a model of ZFCA.

Theorem 3.1.6 (Blass, [Bla79]). Permutation models satisfy SVC.

For our purposes, it is important to check that there is a witness S ∈ M(A,G,F) with

symG(S) = G. This can be observed in Blass’ original proof, which we sketch below.

Proof sketch, based on the proof of theorem 4.2 from [Bla79]. Consider the permutation model

9In [Bla79], the original statement is that there is a function from the entire set S×α onto a. Blass notes
that this is equivalent to the form stated here, since all points outside a subset of S × α can be mapped to
a single element.

35



M(A,G,F). Recall that we take the normalizing assumption that for every K ∈ F , there is

a x ∈ M(A,G,F) so that K = symG(x).
10

For H,K ∈ F , with H ⪯ K, let yH,K be a set in M(A,G,F) so that symG(yH,K) = H.

Ensure also that if H ̸= H ′ or K ̸= K ′, then Orb(yH,K ,G) ∩Orb(yH′,K′ ,G) = ∅. Let

S =
⋃

H,K∈F ,H⪯K

Orb(yH,K ,G),

so that symG(S) = G, and thus S ∈ M(A,G,F). For every x ∈ M(A,G,F), we have that

x =
⋃
y∈x

Orb(y, symG(x)),

which is a partition of x up to the repetition of orbits. For every y ∈ x, there is a natural

bijection b : Orb(yH,K , K) → Orb(y, symG(x)), with H = symG(y), K = symG(x), and

symG(b) = K. Let α = |{Orb(y, symG(x)) | y ∈ x}|, so that there is a bijection f between a

subset s ⊆ S×α and x. Here, we can take s to be a union of sets of the form Orb(yH,K , K)×

{β}, with K = symG(x) and β < α, so that symG(s) = symG(f) = K. Because s, f ∈

M(A,G,F), S witnesses SVC.

We can isolate two features of the construction given above, that will be useful in later

arguments.

Definition 3.1.7. The set S ∈ M(A,G,F) is a normal witness of SVC if it witnesses SVC

forM(A,G,F), if symG(S) = G, and if for everyK ∈ F , there is an s ∈ S with symG(s) ⪯ K.

Corollary 3.1.8. There is a normal witness of SVC in every permutation model, given our

normalizing assumption from lemma 2.1.12.

10This will be convenient to assume, but it is not needed in this argument.
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Proof. Given our normalizing assumption, our proof of theorem 3.1.6 proves the corollary.

For our purposes, it is also important that SVC gives a uniform characterization of BPI.

Definition 3.1.9. For a set S, the fine filter on S<ω is the filter generated by the sets

{p ∈ S<ω|s ∈ rng(p)}, for s ∈ S. An ultrafilter on S<ω is fine if it extends the fine filter.

Theorem 3.1.10 (Blass, [Bla79]). If N ⊨ ZF(A) and S witnesses SVC, then N ⊨ BPI if

and only if there is a fine ultrafilter on S<ω.

We will need to use certain definability features that can be observed in Blass’ proof, which

we sketch below.

Proof sketch, based on the proof of theorem 4.1(b) from [Bla79]. The “only if” direction is

clear, so we will prove the “if” direction. Let B be a boolean algebra, let S witness SVC, let

f : S × α → B be a surjection (as is guaranteed in footnote 9), and let U ′ be an ultrafilter

as in the theorem statement. We claim that there is a prime ideal I of B, definable with

respect to the parameters f, S and U ′. After proving this claim, we will show how to modify

the argument to get the same result if the domain of f is an arbitrary subset of S × α.

Every p ∈ S<ω is itself a wellordering of rng(p). Based on this, wellorder rng(p) × α by

the lexicographical order; this is definable with respect to the parameter p. Then, wellorder

f(rng(p)× α) by sending points to the least element of their preimage in rng(p)× α; this is

definable with respect to the parameters p and f . Let Bp be the subalgebra of B generated

by f(rng(p) × α); this is also definable with respect to the parameters p and f . Define

a prime ideal Ip of Bp based on the wellorder of f(rng(p) × α), again with respect to the

parameters p and f . One can then define, with respect to the parameters f, S, and U ′, the
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prime ideal of B:

I = {b ∈ B | {p ∈ S<ω | b ∈ Ip} ∈ U ′}.

If we had taken dom(f) ⊊ S × α, the same proof works to define a prime ideal I of B from

f, S, and U ′, if one takes the convention that

f(rng(p)× α) = {f(y) | y ∈ (rng(p)× α) ∩ dom(f)}.

We can now extend theorem 3.1.2 to an equivalence.

Theorem 3.1.11. If M ⊨ ZFCA, the following are equivalent:

(i) M(A,G,F) ⊨ BPI,

(ii) M(A,G,F) has the filter extension property.

Proof. The direction (ii) ⇒ (i) is given in theorem 3.1.2, so we will prove the remaining

direction (i) ⇒ (ii). Fix a permutation model M(A,G,F) ⊨ BPI. By theorem 3.1.10, there

is some S ∈ M(A,G,F) that witnesses SVC. In M(A,G,F), let B be a Boolean algebra,

let f be a surjection from a subset of S × α to B, and let U ′ be the ultrafilter on S<ω from

the statement of theorem 3.1.10. By the proof sketch of theorem 3.1.6, we can assume that

symG(S) = G and symG(f) = symG(B). By the proof sketch of theorem 3.1.10, we have a

formula ϕ(w0, w1, w2, w3) so that the following is a prime ideal in B:

I = {b | ϕ(b, f, S, U ′)}.
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Given a filter F on a set x in M(A,G,F), one can let B = 2x/F to get a first-order formula

φ(w0, w1, w2, w3) for which

U = {y | φ(y, f, S, U ′)} (3.1.0.1)

is an ultrafilter on x extending F . By this definition and by lemma 2.1.5, we have that

symG(f) ∩ symG(S) ∩ symG(U
′) ⪯ symG(U).

Because symG(S) = G and symG(f) = symG(2
x/F ) = symG(F ) ∩ symG(x), we then have

symG(x) ∩ symG(F ) ∩ symG(U
′) ⪯ symG(U). (3.1.0.2)

Now let K = symG(U
′). The normal filter F has a base of subgroups {H ∩ K|H ∈ F};

we will show that this base witnesses the filter extension property. Let H ∈ F , and let

F ∈ M(A,G,F) be a filter on a set x ∈ M(A,G,F), so that H ∩K ⪯ symG(F ) ∩ symG(x).

Let U ⊇ F be the ultrafilter on x in M(A,G,F), defined by the formula φ as in line (3.1.0.1).

For every y ⊆ x in M(A,G,F), there is a y′ ∈ {y, x \ y} so that

F ∪Orb(y′, symG(U)) ⊆ U.

By line (3.1.0.2), and since H ∩K ⪯ symG(F ) ∩ symG(x) and K = symG(U
′), we have that

H ∩K ⪯ symG(F ) ∩ symG(x) ∩ symG(U
′) ⪯ symG(U),

and so

M(A,G,F) ⊨ “F ∪Orb(y′, H ∩K) ⊆ F ∪Orb(y′, symG(U)) ⊆ U ⊆ 2x has the FIP.”
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Thus, H ∩K is a witness of the filter extension property. Because H ∩K was an arbitrary

group in the specified base for F , M(A,G,F) has the filter extension property.

3.2 The Ramsey Property

We can now turn our attention to developing direct methods to prove the filter extension

property. As mentioned in the introduction to this chapter, Blass introduced the Ramsey

property for normal filters of subgroups in [Bla87], and used it to exactly characterize BPI

in permutation models; his proof that the Ramsey property on F implies BPI in M(A,G,F)

uses Halpern’s contradiction framework.

We will directly prove this implication, by showing that the Ramsey property on F implies

that M(A,G,F) has the filter extension property. The style of argument we use, which we

call a search-and-shift argument, is generalized several times in chapter 4 to address BPI

in symmetric extensions. The version of this argument for permutation models is simple

enough to be faithfully captured by the doodle in figure 3.1 at the end of this section.

Before giving our direct proof, note that the main theorem of this section is already proven:

Theorem 3.2.1. If M ⊨ ZFCA, the following are equivalent:

(i) M(A,G,F) ⊨ BPI,

(ii) M(A,G,F) has the filter extension property (for permutation models),

(iii) F has the Ramsey property.

Proof. Combine the equivalences from theorems 3.1.11 and 3.0.2.

The filter extension property and its relationship to the Ramsey property are not identified
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explicitly in [Bla87], but the implications (iii) ⇒ (ii) ⇒ (i) in the theorem above are implicit

in Blass’ use of Halpern’s contradiction framework, for the reasons sketched after our proof

of theorem 3.1.2; Blass proves the implication (i) ⇒ (iii) explicitly. We can now present a

new, direct proof of the implication (iii) ⇒ (ii).

Proof of (iii) ⇒ (ii). Let K ∈ F witness the Ramsey property. We will show that K also

witnesses the filter extension property; then, the base of subgroups in F witnessing the

Ramsey property also witnesses the filter extension property. Let F, x, y ∈ M(A,G,F),

K ⪯ symG(F ) ∩ symG(x), and

M(A,G,F) ⊨ “F ⊆ 2x has the FIP” ∧ y ⊆ x.

Let H = K ∩ symG(y) = K ∩ symG(x \ y). Because K is a witness of the Ramsey property

and H is a subgroup of K in F , H is a Ramsey subgroup of K.

Let U ∈ M be an ultrafilter on x extending F ; U itself is not necessarily hereditarily F -

symmetric, but exists in M ⊨ ZFCA. Define the coloring c : K/H → {green, red} by

setting

c(πH) =


green if πy ∈ U

red if π(x \ y) ∈ U.

Note that c(πH) is well-defined, since every h ∈ H fixes both y and x \ y. For every

∆ = {π0H, ..., πnH} ∈ [K/H]<ω, the fact that H is a Ramsey subgroup of K guarantees a

σ ∈ K so that c ↾ σ∆ is monochromatic. If c colors the elements of σ∆ = {σπ0H, ..., σπnH}

green, then

(F ∪ {σπiy | i ≤ n}) ⊆ U. (3.2.0.1)
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Because σ, σ−1 ∈ K ⊆ fix(F ) ∩ fix(x), we can apply σ−1 to conclude that

(F ∪ {πiy | i ≤ n}) ⊆ σ−1U.

By symmetry (lemma 2.1.5), σ−1U is still an ultrafilter on σ−1x = x inM , so we can conclude

M(A,G,F) ⊨ “F ∪ {πiy | i ≤ n} ⊆ 2x has the FIP.”

If c colors the elements of σ∆ = {σπ0H, ..., σπnH} red, the same argument concludes

M(A,G,F) ⊨ “F ∪ {πi(x \ y) | i ≤ n} ⊆ 2x has the FIP.”

Now define a coloring C : [K/H]<ω → {green, red} by

C(∆) =


green if (∃σ ∈ K)c ↾ σ∆ is green.

red otherwise.

Ordering [K/H]<ω by reverse-inclusion, [K/H]<ω is downward-directed by unions. This

ensures that C colors a dense subset of this ordering on [K/H]<ω to be either mutually

green or mutually red. In the former case, we claim that F ∪Orb(y,K) has the FIP; in the

latter case, we claim that F ∪Orb(x\y,K) has the FIP. Without loss of generality, we prove

the former claim.

For π0, ..., πn ∈ K arbitrary, we aim to show that F ∪ {πiy | i ≤ n} has the FIP. Let

∆ = {π0H, ..., πnH} ∈ [K/H]<ω. By the assumption that C colors a dense subset of [K/H]<ω

green, we can find some ∆′ ⊇ ∆ in [K/H]<ω so that C(∆′) = green. In other words, there
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is a σ ∈ K so that c ↾ σ∆′ is green, and so

M(A,G,F) ⊨ “F ∪ {πy | πH ∈ ∆′} has the FIP.”

Since ∆ ⊆ ∆′, this gives the desired result that

M(A,G,F) ⊨ “F ∪ {πiy | i ≤ n} has the FIP.”

Since π0, ..., πn ∈ K were arbitrary, we can conclude that F ∪Orb(y,K) has the FIP. Because

F, x, y ∈ M(A,G,F) arbitrarily meet the hypothesis of the filter extension property, with

K ⪯ symG(F )∩symG(x), we can conclude that K witnesses the filter extension property.

Figure 3.1: The main step in our proof of theorem 3.2.1(iii) ⇒ (ii).

Remark 3.2.2. We see that the Ramsey property is a dynamical condition that allows

ultrafilters in the outer model M ⊨ ZFCA to coordinate symmetric filter extension in the

inner model M(A,G,F). By the Blass’ theorem 3.0.2, whenever BPI holds in M(A,G,F) it

can be attributed to this mechanism of inheritance from the outer model M .

We call this method of proof a “search-and-shift” argument, since we search through an

arbitrary ultrafilter U ⊇ F on x, with U from an outer model of choice, then shift the results
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of this search to verify instances of the filter extension property.

3.3 Extreme Amenability

To relate BPI in permutation models to extreme amenability, we will first show how minor

observations can be made to strengthen theorem 3.0.9.

Theorem 3.3.1. Let M ⊨ ZFCA and let M(A,G,F) be a permutation model. The following

are equivalent:

(i) M(A,G,F) ⊨ BPI,

(ii) M(A,G,F) has the filter extension property (for permutation models),

(iii) F has the Ramsey property,

(iv) there is a K ∈ F that is extremely amenable, with topology generated by the subgroups

of K in F .

Proof. To extend theorem 3.2.1, we will show that (iv) ⇒ (i), and that (iii) ⇒ (iv), under

the assumption that
⋂

K∈F is the trivial group, and so the topology on G is Hausdorff. After

proving the result in this case, we show that the general case follows.

(iii) ⇒ (iv) If K ∈ F , then K is a topological group with the subspace topology from G,

and we can define the normal filter of open subgroups of K

FK = {H ∩K | H ∈ F}.

By theorem 3.0.9, K is extremely amenable if and only if every H ∈ FK is a Ramsey

subgroup of K. Equivalently, we have that:
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Observation 3.3.2. K ∈ F is extremely amenable if and only if K is a witness of the

Ramsey property for F .

From this observation, it is immediate that (iii) ⇒ (iv).

(iv) ⇒ (i) Suppose that K ∈ F is extremely amenable, with the subspace topology from G.

By observation 5.2.2, K ∈ F is a witness of the Ramsey property. By our proof of theorem

3.2.1(iii) ⇒ (ii), if K ∈ F witnesses the Ramsey property, then it also witnesses the filter

extension property.

Recall theorem 3.1.10: M(A,G,F) ⊨ BPI if and only if there is a fine ultrafilter U ∈

M(A,G,F) on S<ω, where S witnesses SVC. By corollary 3.1.8, for the fine filter F on S<ω,

we can take symG(S
<ω) = symG(F ) = G, so that K ⪯ symG(S

<ω) ∩ symG(F ) = G. Then,

since K witnesses the filter extension property, by our proof of theorem 3.1.2, there is a fine

ultrafilter U ∈ M(A,G,F) on S<ω, with K ⪯ symG(U). Thus (i) holds, so (iv) ⇒ (i).

Now, suppose we do not assume that N =
⋂

K∈F K is trivial, nor equivalently that the

topology on G is Hausdorff.

To show (iv) ⇒ (iii), note that Blass’ observations, which we repeat before theorem 3.0.9,

justify that K is extremely amenable if and only if K/N is, and that K/N is Hausdorff. The

above argument then proves BPI in M(A,G/N,F/N), which is the same as M(A,G,F) by

lemma 2.1.13. By theorem 3.0.2, (iii) then holds.

To show (i) ⇒ (iv), we similarly note that BPI in M(A,G/N,F/N) is equivalent to (i),

that G/N is Hausdorff and so our arguments above justify that G/N is extremely amenable,

which is then equivalent to (iv). This settles the general case of the theorem.

45



Remark 3.3.3. Note how the above theorem addresses Blass’ example 3.0.10, where the

subgroup G × {0} ⪯ G × Z/2Z is extremely amenable.

The main idea of this proof is observation 5.2.2; this is essentially theorem 3.0.9, which

Blass notes is essentially proposition 4.2 of [KPT05]. It is worthwhile to rework the proof

of proposition 4.2 from [KPT05] to the language of BPI in permutation models. Doing so

results in proofs of the implications (i) ⇒ (iv) and (iv) ⇒ (i) from the theorem above, which

avoid mention of the points (ii) and (iii). These are the two main proofs of this section.

Proof of theorem 3.3.1(i) ⇒ (iv), based on the proof of proposition 4.2(ii) ⇒ (i) from [KPT05].

Let S be a normal witness of SVC in M(A,G,F).11 Given that M(A,G,F) ⊨ BPI, there is

a fine ultrafilter U ∈ M(A,G,F) on S<ω.12 We will show that, if K ∈ F and K ⪯ symG(U),

then K is extremely amenable with the subspace topology from G.

Towards this end, let fix a K ⪯ symG(U) in F , let X be an arbitrary compact, Hausdorff

space, and let K act continuously on X. Our aim is to find a fixed point x ∈ X of the action.

We prove a motivating lemma below.

Lemma 3.3.4. Let K be a topological group that acts continuously on a compact Hausdorff

space X. Let V be an ultrafilter on X, with limz,V z = x ∈ X. If πW ∈ V for every open

neighborhood W ⊆ X of x and every π ∈ K, then x is a fixed point of the action.

Proof. Let π ∈ K be arbitrary. We aim to show that limz,V πz = x. Then, by the continuity

of the action,

πx = (lim
z,V

π)(lim
z,V

z) = lim
z,V

πz = x.

11Here we rely on our normalizing assumption for permutation models, from lemma 2.1.12, in the form of
corollary 3.1.8.

12Recall theorem 3.1.10, that the existence of a fine ultrafilter U on S<ω is equivalent to BPI inM(A,G,F).
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Let W ⊆ X be an arbitrary open neighborhood of x. Since limz,V z = x, we have that

W ∈ V . Since π−1 ∈ K, by assumption we have that

{z ∈ X | πz ∈ W} = {π−1z ∈ X | z ∈ W} = π−1W ∈ V.

Since W ⊆ X was an arbitrary open neighborhood of x, we can conclude that limz,V πz = x,

and that πx = x. Since π ∈ K was arbitrary, x is a fixed point of the action.

Thus, the overall proof is completed by identifying such an ultrafilter V on X. The next

lemma shows provides a method to approximate the action of K on X with the action of

K on S<ω ∈ M(A,G,F), where the latter action is from the definition of the permutation

model. Instead of the particular case for S<ω, with symG(S
<ω) = G, we phrase the lemma

in general terms of a set Z ∈ M(A,G,F) with K ⪯ symG(Z).

Lemma 3.3.5. Let Z ∈ M(A,G,F), with K ⪯ symG(Z). In M ⊨ ZFCA, there is a function

f : Z → X so that for every z ∈ Z, and every π ∈ K,

f(πz) ∈ π(symG(z) ∩K)f(z) = {πτf(z) | τ ∈ symG(z) ∩K},

where πz is given by the action of K on Z and πτf(z) is given by the action of K on X.

Proof. It suffices to define the function f : Z → X on a single orbit Orb(z,K) ⊆ Z.

The entire function is then the union of its definition over these orbits. Accordingly, let

z0 ∈ Z. Fix f(z0) ∈ X arbitrarily, and for every (distinct) πz0 ∈ Orb(z0, K), choose some

τ ∈ symG(z0) ∩K and set f(πz0) = πτf(z0).
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To show that f satisfies the lemma, let z ∈ Orb(z0, K) be arbitrary, and fix some σ ∈ K so

that z = σz0. Let π ∈ K be arbitrary. Then there are τ0, τ1 ∈ symG(z) ∩K, so that

f(z) = f(σz0) = στ0f(z0) and f(πz) = f(πσz0) = πστ1f(z0).

Then

f(πz) = πστ1τ
−1
0 σ−1f(z).

Thus f(πz) = πτf(z), for τ = στ1τ
−1
0 σ−1 ∈ σ(symG(z0) ∩K)σ−1 = symG(z) ∩K.

We can think of f as approximating the action of K on X with the action of K on Z ∈

M(A,G,F). We can only approximate, because although we have τz = z for every τ ∈

symG(z)∩K, it may not be the case that τf(z) = f(z). Instead of exactly relating the actions

by f(πz) = πf(z), we can think of symG(z) ∩K as an error term in the approximation.

If the error term symG(z) ∩ K tends to the identity subgroup {e} as z ranges over Z, the

error term vanishes in the limit. This is the use of taking Z = S<ω, for a normal witness S

of SVC. Recall that S is a normal witness of SVC if symG(S) = symG(S
<ω) = G and if for

every H ∈ F , there is an s0 ∈ S so that symG(s0) ⪯ H.

Fix f : S<ω → X, as in lemma 3.3.5. Note that the fine ultrafilter U ∈ M(A,G,F) on S<ω

is not generally an ultrafilter in M ⊨ ZFCA, since it only evaluates the subsets of S<ω in

M(A,G,F). Fix some U ′ ⊇ U that is an ultrafilter on S<ω in M . Consider the pushforward

V = f(U ′) = {y ⊆ X | f−1(y) ∈ U ′},

which is an ultrafilter on X. We claim that V meets the criteria of lemma 3.3.4, and thus

that limz,V z = x ∈ X is a fixed point of the action.
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Note first that the limit limz,V z = x exists, since X is compact, and is unique, because

X is Hausdorff. To prove that lemma 3.3.4 is satisfied, let W ⊆ X be an arbitrary open

neighborhood of x, and let π ∈ K be arbitrary. We aim to show that πW ∈ V .

By the continuity of the action, there are open neighborhoods We ⊆ K of the identity e ∈ K

and Wx ⊆ X of x, so that

We ·Wx = {τz | τ ∈ We, z ∈ Wx} ⊆ W.

Let H ⊆ We be an open subgroup of K, and fix s0 ∈ S so that symG(s0) ⪯ H ⊆ We. Then

for every s ∈ S<ω with s0 ∈ rng(s), we have that

sym(s) ⪯ symG(s0) ⪯ H ⊆ We.

Since Wx ⊆ X is an open neighborhood of x = limz,V z, we have that Wx ∈ V , and in

particular that

{s ∈ S<ω | f(s) ∈ Wx} ∈ U ′.

Since U ′ extends U ,

{s ∈ S<ω | s0 ∈ rng(s), f(s) ∈ Wx} ∈ U ′.

Then, since {s ∈ S<ω | s0 ∈ rng(s), f(s) ∈ Wx} ⊆ {s ∈ S<ω | symG(s) ⪯ H, f(s) ∈ Wx},

{s ∈ S<ω | symG(s) ⪯ H, f(s) ∈ Wx} ∈ U ′. (3.3.0.1)

Recall that U ′ ∈ M extends U ∈ M(A,G,F), so it may be the case that {s ∈ S<ω | symG(s) ⪯

H, f(s) ∈ Wx} ̸∈ M(A,G,F), and thus that {s ∈ S<ω | symG(s) ⪯ H, f(s) ∈ Wx} ̸∈ U .
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To account for this, let y =
⋃

h∈H h{s ∈ S<ω | symG(s) ⪯ H, f(s) ∈ Wx}, so that symG(y) ⪯

H, and y ∈ M(A,G,F). Then because {s ∈ S<ω | symG(s) ⪯ H, f(s) ∈ Wx} ⊆ y, we have

that y ∈ U ′. Since y ∈ U ′ ⊇ U , U is an ultrafilter on S<ω inM(A,G,F), and y ∈ M(A,G,F),

we have that y ∈ U .

Next, note that an arbitrary element of y is of the form hs, with h ∈ H and s ∈ {s ∈

S<ω | symG(s) ⪯ H, f(s) ∈ Wx}. By the defining property of the approximating map

f : S<ω → X,

f(hs) ∈ h(symG(s) ∩K)f(s) ⊆ Hf(s) ⊆ We ·Wx ⊆ W.

Since π ∈ K ⪯ symG(U), we also have that πy ∈ U . Then, for πhs ∈ πy, with h ∈ H and

s ∈ {s ∈ S<ω | symG(s) ⪯ H, f(s) ∈ Wx}, we have that

f(πhs) ∈ πh(symG(s) ∩K)f(s) ⊆ πHf(s) ⊆ πWe ·Wx ⊆ πW.

This shows that πy ⊆ f−1(πW ), so f−1(πW ) ∈ U ′. Thus, πW ∈ V , which show that lemma

3.3.4 is satisfied, and consequently that limz,V z = x ∈ X is a fixed point of the action.

Before giving the corresponding proof of theorem 3.3.1(iv) ⇒ (i), we can derive two conse-

quences from the above proof. The first can be motivated by the following question.

Question 3.3.6. In section 3.2, we proved that if K ∈ F witnesses the Ramsey property,

then it also witnesses the filter extension property. Is this implication reversible?

Theorem 3.2.1 establishes that if F has a base of subgroups B witnessing the filter extension

property, then it also has a base of subgroups B′ witnessing the Ramsey property – but this

does not justify whether one can take B′ = B. We can answer this question by proving a

uniform version of theorem 3.3.1.

Theorem 3.3.7. Let M ⊨ ZFCA, let G ⪯ Aut(A) be a topological group with small open
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subgroups, let F be the normal filter of its small open subgroups, fix K ∈ F , and fix S ∈

M(A,G,F) that is a normal witness of SVC. The following are equivalent:

(i) there is a fine ultrafilter U ∈ M(A,G,F) on S<ω, with K ⪯ symG(U),

(ii) K witnesses the filter extension property (for permutation models)

(iii) K witnesses the Ramsey property

(iv) K is extremely amenable, with the subspace topology from G,

and the existence of such a K ∈ F is equivalent to BPI in M(A,G,F).

Proof. The implication (iv) ⇒ (iii) is a result of observation 5.2.2; (iii) ⇒ (ii) is shown in

our direct proof of theorem 3.2.1(iii) ⇒ (ii); (ii) ⇒ (i) is shown in our proof of theorem

3.1.2, since S is a normal witness of SVC, and so K ⪯ symG(F )∩symG(S
<ω) = G; (i) ⇒ (iv)

is shown in the version of the proof of 3.3.1(i) ⇒ (iv) given above.

We next prove a corollary, which prepares us to adapt the other direction of the proof of

proposition 4.2 from [KPT05].

Corollary 3.3.8. Let M ⊨ ZFCA, let G ⪯ Aut(A) be a topological group with small open

subgroups, let F be the normal filter of its small open subgroups. If K ∈ F witnesses any

point of theorem 3.3.7, then so does every subgroup H of K in F .

Proof. If K satisfies any of the equivalent points from theorem 3.3.7, then there is a fine

ultrafilter U ∈ M(A,G,F) on S<ω, with S a normal witness of SVC, and withK ⪯ symG(U).

Then, for every H ⪯ K with H ∈ F , we have that H ⪯ K ⪯ symG(U), so H also satisfies

all of the equivalent points from theorem 3.3.7.
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Recall that we saw part of the above corollary in our proof of 3.1.11, when we showed that if

K witnessed theorem 3.3.7(i), then every subgroup of K in F witnessed the filter extension

property. Note also that conclusion of the corollary for extreme amenability is the same as

lemma 13 from [BPT13], where it is shown that open subgroups of an extremely amenable

group are also extremely amenable. The corollary could also be proven by citing their lemma.

Definition 3.3.9. Let M(A,G,F) be a permutation model of M ⊨ ZFCA, and let x ∈

M(A,G,F). We say that U ∈ M is a M(A,G,F)-valued ultrafilter on x if U is a maximal

filter in M , subject to the constraint that U ⊆ M(A,G,F).

Definition 3.3.10. For F, x ∈ M(A,G,F), where F ⊆ 2x has the FIP, let βx/F be the space

of M(A,G,F)-valued ultrafilters on x that extend F , with the usual topology generated by

the open sets {U ∈ βx/F | y ∈ U}, for y ⊆ x.

It is standard that βx/F is closed under ultralimits, and is thus compact by theorem 2.3.3.

Proof of theorem 3.3.1(iv) ⇒ (i), based on the proof of proposition 4.2(i) ⇒ (ii) from [KPT05].

Suppose that K ∈ F is extremely amenable, with the subspace topology from G, so that K

also has small open subgroups. Let F, x ∈ M(A,G,F), with F a filter on x in M(A,G,F).

Let K ′ = K ∩ symG(F )∩ symG(x). Since the groups in this interesection are are small open

subgroups of K, so is K ′. Then, by corollary 3.3.8, K ′ is extremely amenable.

Take care to note that this application of corollary 3.3.8 uses the theorem 3.3.7(iv) ⇒ (i).

To avoid circularity in the current proof, one has two options. First, one could draw this

same conclusion that K ′ is extremely amenable from lemma 13 of [BPT13]. Second, one

could first run this argument for the fine filter F on S<ω, with S a normal witness of SVC,

so that K ′ = K ∩ symG(F ) ∩ symG(S
<ω) = K ∩ G ∩ G = K is extremely amenable without

cost; this would prove the theorem 3.3.7(iv) ⇒ (i) from scratch. One would then use this to

derive corollary 3.3.8 and proceed with the general case, as is given below.
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Returning to the main argument, consider the same action of K ′ on βx/F as is used to

define the permutation model M(A,G,F). To see that this action on βx/F is continuous,

note that K ′ fixes both F and x, and so the basic open set {U ∈ βx/F | y ∈ U}, for y ⊆ x,

is fixed by the small open subgroup symG(y) ∩K ′ ⪯ K ′.

Fixing an arbitrary U0 ∈ βx/F , note that the closure U0 ·K ⊆ βx/F is also compact, and

that the action ofK on U0 ·K is also continuous. Then, sinceK is extremely amenable, there

is a fixed point U ∈ U0 ·K. This is our desired ultrafilter U ⊇ F on x in M(A,G,F), with

K ⪯ symG(U). Since F, x ∈ M(A,G,F) were arbitrary, we then have M(A,G,F) ⊨ BPI.

3.4 The Search-and-Shift Property for Permutation Mod-

els

We can conclude this chapter by observing a fundamental connection between our search

and shift proof of the filter extension property from the Ramsey property in section 3.2 and

the use of extreme amenability to prove BPI in section 3.3. After the former proof, we

noted in remark 3.2.2 that every M(A,G,F)-valued ultrafilter U0 ∈ M on x that extends F

contains enough information to check (individual) instances of the filter extension property.

As in our proof that the filter extension property implies BPI, one would use U0 to extend

F to some F1 = F ∪ Orb(y0, K), then use some U1 ⊇ F1 to extend F1 to some F2 =

F1 ∪ Orb(y1, K), and so on. By this method, one gets a sequence of M(A,G,F)-valued

ultrafilters U0, U1, U2, ... ∈ βx/F that converge to U .13 In other words, to extend F to

U with a search-and-shift argument that uses the Ramsey property, the method given in

sections 3.1 and 3.2 references infinitely many ultrafilters U0, U1, U2, ... ∈ βx/F .

13One can check that U is the ultralimit of this sequence, for any ultrafilter on the indices 0, 1, 2, ... that
avoids initial segments.
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It is not immediately apparent that a search-and-shift argument can succeed while using

only one ultrafilter U0 ∈ βx/F . In section 3.3, however, our proof of BPI from extreme

amenability gives U ⊇ F as an ultralimit of K ·U0 – so it must be possible for a single U0 to

do the job of the entire sequence U0, U1, U2, ... ∈ βx/F . We introduce a final characterization

of BPI that captures the notions that

(i) search-and-shift arguments exactly characterize BPI in permutation models,

(ii) an arbitrary M(A,G,F)-valued ultrafilter U0 ⊇ F contains enough information to

extend the filter F ∈ M(A,G,F) to an ultrafilter U ∈ M(A,G,F), and

(iii) our search-and-shift proof of BPI from the Ramsey property in section 3.2 can be

adapted to explicitly identify the desired ultralimit U of K · U0 from section 3.3.

Point (iii) offers a notable connection between our proofs of BPI using the Ramsey property

(and filter extension property) in section 3.2 and extreme amenability in section 3.3.

Definition 3.4.1. A permutation model M(A,G,F) has the search-and-shift property (for

permutation models) if F has a base B, so that the following property holds for every K ∈ B:

for every F, x, y ∈ M(A,G,F) such that K ⪯ symG(F ) ∩ symG(x) and

M(A,G,F) ⊨ “F ⊆ 2x has the FIP, ”

and for every M(A,G,F)-valued ultrafilter U0 ⊇ F on x, there is a U ∈ M(A,G,F) that is

an ultralimit of the subspace K · U0 ⊆ βx/F , so that K ⪯ symG(U) and

M(A,G,F) ⊨ U ⊇ F is an ultrafilter on x.”

To justify how the above property is related to search-and-shift proofs, the definition below
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isolates a feature of our search-and-shift proof of the filter extension property from the

Ramsey property. Note that this is exactly the feature captured in figure 3.1.

Definition 3.4.2. For y ∈ M(A,G,F), with y ⊆ x, and for K ∈ F , we say that U0 ∈ βx/F

checks y (with respect to K) if for every δ ∈ [K]<ω, there is some σ ∈ K so that

{πyi | π ∈ δ} ⊆ σU0.

When K ∈ F is clear from context, we will just say that U0 checks y.

Lemma 3.4.3. Let F, x ∈ M(A,G,F) with F ⊆ 2x, let K ∈ F with K ⪯ symG(F )∩symG(x),

and let U0, U ∈ βx/F , with K ⪯ symG(U). Then U0 checks every y ∈ U (with respect to K)

if and only if U is an ultralimit of the subspace K · U0 ⊆ βx/F .

Proof. Suppose that U is an ultralimit of K · U0. Let y ∈ U and let δ ∈ [K]<ω; since

K ⪯ symG(U), we have that

{πy | π ∈ δ} ⊆ U.

Since U is an ultralimit of K · U0, there is at least one σU0 ∈ K · U0, with σ ∈ K, so that

{πy | π ∈ δ} ⊆ σU0. Since δ ∈ [K]<ω was arbitrary, U0 checks y; since y ∈ U was arbitrary,

U0 checks every y ∈ U .

Now suppose that U0 checks every y ∈ U . To express U as an ultralimit of K ·U0, let y ∈ U

and let W = {U ′ ∈ βx/F | y ∈ U ′} be a basic open neighborhood of U in βx/F . If W ∩K ·U0

is nonempty, it follows that U is an ultralimit of the subspace K · U ⊆ βx/F . Because U0

checks y, for δ = {e} ∈ [K]<ω, where e ∈ K is the identity, there is a σ ∈ K so that y ∈ σU0.

Then σU0 ∈ W ∩K · U0, which completes the proof.

We state the main theorem of the chapter below.
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Theorem 3.4.4. Let M ⊨ ZFCA, let G ⪯ Aut(A) be a topological group with small open

subgroups, and let F be the normal filter of its small open subgroups. The following are

equivalent:

(i) M(A,G,F) ⊨ BPI,

(ii) M(A,G,F) has the filter extension property (for permutation models),

(iii) F has the Ramsey property,

(iv) there is a K ∈ F that is extremely amenable, with the subspace topology from G,

(v) M(A,G,F) has the search-and-shift property (for permutation models).

Proof. The equivalences of (i)− (iv) have been established, it is straightforward that (v) ⇒

(i), and the details of our proof of theorem 3.3.1(iv) ⇒ (i) prove that (iv) ⇒ (v).

We can also state the final uniform version of this theorem.

Theorem 3.4.5. Let M ⊨ ZFCA, let G ⪯ Aut(A) be a topological group with small open

subgroups, let F be the normal filter of its small open subgroups, fix K ∈ F , and fix S ∈

M(A,G,F) that is a normal witness of SVC. The following are equivalent:

(i) there is a fine ultrafilter U ∈ M(A,G,F) on S<ω, with K ⪯ symG(U),

(ii) K witnesses the filter extension property (for permutation models)

(iii) K witnesses the Ramsey property

(iv) K is extremely amenable, with the subspace topology from G,

(v) K witnesses the search-and-shift property (for permutation models),
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and the existence of such a K ∈ F is equivalent to BPI in M(A,G,F).

Proof. The equivalences of (i)− (iv) have been established, it is straightforward that (v) ⇒

(i), and the details of our proof of theorem 3.3.1(iv) ⇒ (i) again prove that (iv) ⇒ (v).

We can now give the main proof of this section: a search-and-shift proof of theorem 3.4.5(iii) ⇒

(v); theorem 3.4.4(iii) ⇒ (v) then follows from its uniform version.

Proof of theorem 3.4.5(iii) ⇒ (v). Fix F, x ∈ M(A,G,F) as in the hypotheses of the search-

and-shift property, fix U0 ∈ βx/F , and let K ⪯ symG(F ) ∩ symG(x) witness the Ramsey

property for F . We aim to show that K also witnesses the search-and-shift property. By

lemma 3.4.3, it suffices to use the Ramsey property to construct an ultrafilter U ⊇ F on

x in M(A,G,F), with K ⪯ symG(U), so that U0 checks every y ∈ U (with respect to K).

Note that this construction addresses the question raised in the beginning of this section,

by showing that a search-and-shift argument can succeed to extend F to U while using only

one ultrafilter U0 ∈ βx/F .

First, we prove a useful lemma. In section 3.2, we proved that the Ramsey property implies

that U0 checks at least one set in every partition x = y⊔(x\y), so long as y, x\y ∈ M(A,G,F).

We can generalize this result to arbitrary finite partitions of x, with all sets in M(A,G,F).

Lemma 3.4.6 (Blass, [Bla11]). Let k < ω. The Ramsey property, as stated in definition

3.0.1 with respect to colorings c : A → 2 in part (i), can equivalently be stated with respect

to colorings c : A → k.

Lemma 3.4.7. With respect to K, x is hereditarily checked by U0.

Proof. Suppose that x = y0⊔...⊔yn, with y0, ..., yn ∈ M(A,G,F). We aim to show that there

is some i ≤ n so that U0 checks yi. Our main proof in section 3.2 gave a {green, red}-coloring
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of K/symG(y) based on how U0 made decisions on the images πy and π(x \ y).14 There we

showed that if K witnessed the Ramsey property, and if a dense subset of δ ∈ [K]<ω were

colored monochromatically green (resp. red), then U0 checks y (resp. x \ y). This proof

can be modified to consider the partition x = y0 ⊔ ... ⊔ yn, and one can give an analogous

n + 1-coloring of K/(
⋂

i≤n symG(yi)), based on how U0 makes decisions on the partition of

images x = πy0 ⊔ ...⊔ πyn, for π ∈ K/(
⋂

i≤n symG(yi)). The version of the Ramsey property

for k = n+1, as in lemma 3.4.6, can be applied to find a dense subset of δ ∈ [K]<ω that are

colored monochromatically by some i ≤ n. The same proof shows that U0 checks yi.

Now define the set

F0 = {y ⊆ x | y ∈ M(A,G,F) ∧

“U0 checks y (with respect to K)” ∧

“U0 does not check x \ y (with respect to K)”⟩}.

Claim 3.4.8. We claim that F ⊆ F0, that K ⪯ symG(F0), and that F0 has the FIP.

We first apply the claim to complete the overall proof. Since F0 ⊆ M(A,G,F) and K ⪯

symG(F0), we have F0 ∈ M(A,G,F). Because K witnesses the Ramsey property, it also wit-

nesses the filter extension property. Then because F0 ⊆ 2x has the FIP and K ⪯ symG(F0)∩

symG(x), there is an ultrafilter U ⊇ F0 ⊇ F on x in M(A,G,F), with K ⪯ symG(U).

Let y ∈ U be arbitrary. If y ∈ F0, then by definition U0 checks y. By lemma 3.4.7, U0 must

check at least one y′ ∈ {y, x \ y}. Then, if y ∈ U \ F0, because y ̸∈ F0, it must be the case

that U0 checks both y and x \ y. We now complete the proof by establishing the claim.

14See figure 3.1.
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Proof of claim 3.4.8. Because F ⊆ U0 and K ⪯ symG(F ), for every σ ∈ K, we have that

F ⊆ σU0. From this, we have that U0 checks every y ∈ F and does not check any x \ y, for

y ∈ F . Thus, F ⊆ F0.

Suppose that y ∈ F0 and π ∈ K. Then y ∈ M(A,G,F), U0 checks y with respect to K, and

U0 does not check x \ y with respect to K. It is immediate that πy ∈ M(A,G,F). By the

definition of being checked by U0 with respect to K, because π ∈ K, it is also the case that

U0 checks πy with respect to K and that U0 does not check πy with respect to K. Then

πy ∈ F0. Since π ∈ K was arbitrary, K ⪯ symG(F0).

From the definition of being checked by U0, we can observe that if y is checked by U0, then

every y′ ⊇ y (with y′ ⊆ x) is also checked by U0. Suppose that y0, ..., yn ∈ F0. For i ≤ n, let

zi ∈ {yi, x \ yi} by arbitrary, and consider the intersection z =
⋂

i≤n zi. If any zi = x \ yi,

then z ⊆ x \ yi. In this case, because U0 does not check x \ yi, it also does not check z. By

lemma 3.4.7, it must then be the case that U0 checks
⋂

i≤n yi. In particular, this shows that⋂
i≤n yi is infinite.

This proof of the claim completes the overall proof, in the manner described above.

In the context of chapter 4, this route to prove the search-and-shift property from the

Ramsey property will be valuable. In this thesis, we do not provide a generalization of

extreme amenability to characterize BPI in symmetric extensions – this will be the topic

of future work. In section 4.3, we introduce a generalization of the Ramsey property to

symmetric extensions. In section 4.4, we introduce a generalization of the search-and-shift

property to symmetric extensions. By adapting the main proof in this section, we will still

be able to prove that these two generalized properties are equivalent to one another, and to

BPI, without reference to a generalized version of extreme amenability.
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Chapter 4

Characterizations of BPI in Symmetric

Extensions

It is our eventual goal to generalize the four properties considered in chapter 3 to also

characterize BPI in symmetric extensions. In this chapter, we establish such generalizations

of the filter extension property, the Ramsey property, and the search-and-shift property.

Within the scope of this broader characterization program, the work in this chapter addresses

several other goals. We outline these below, along with the sections of this chapter, and a

survey of the relevant literature.

We note again that the known proofs of BPI in symmetric extensions all follow the contradic-

tion framework introduced in [Hal62], where BPI was proven in the ordered Mostowski model

of ZFA. The first proof of BPI in a symmetric extension (or in any model of ZF without

choice) was given in [HL71], where BPI is proven in the Cohen model (and more generally

in models of a certain theory that abstracts properties of the Cohen model).1 The combi-

1While [HL71] was published in 1971, this work was originally given in the proceedings of a conference
at UCLA in 1967.
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natorial engine of the contradiction argument in [HL71] was the original Halpern-Läuchli

theorem, which was proven in [HL66] for the purpose of its application in [HL71].

Both the main result and the proof method in [HL71] have had great influence over the

literature surrounding BPI in symmetric extensions – many of the known models of ZF+BPI

without choice are clever modifications of the Cohen model. A recent example of interest

can be found in [Ste23], where the application of the Halpern-Läuchli theorem in [HL71] is

generalized to prove BPI in the generalized Cohen model N(I,Q).

While Halpern’s contradiction framework has been widely influential, the underlying forcing

used to define symmetric extensions has often made its application quite technical.2 To sim-

plify these arguments would be of inherent interest, but it would also help to address several

contemporary questions relating to BPI in choiceless models. The question of preserving

BPI in iterated symmetric extensions, for instance, is raised in [Kar19]. This is related to

longstanding open conjectures from [Pin77a]: that BPI holds in a candidate model for the

independence of AC from ZF + BPI + DC (an independence which Pincus later proved in

[Pin77b]), and that a certain related variant of the Halpern-Läuchli theorem holds.3 Ques-

tions like these seem to have remained open because generalizing the existing techniques

would be exceedingly complicated.

A primary goal of this chapter is thus to provide a simpler, direct framework to prove BPI

in symmetric extensions. In terms of generalizing the characterizations of BPI from chapter

3, we begin to achieve this goal by introducing the filter extension property for symmetric

systems in section 4.1, and by proving its equivalence with BPI in symmetric extensions.4

2Comments along these lines are made, for instance, in [Pin77b] and in [Jec08].
3In [Pin77a], Pincus proved his conjectured Halpern-Läuchli theorem to be sufficient for BPI in this

candidate model. His argument follows the approach from [HL71].
4For each of the characterizations of BPI that we give in this chapter, note the technical detail that we

introduce versions of these properties that hold below some condition p ∈ P, and prove that this is equivalent
to p forcing BPI in the symmetric extension.
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In section 4.2, we give a new proof of BPI in the generalized Cohen model N(I,Q), by

showing that the filter extension property holds. Recall from section 2.5 that the model

N(I,Q) primarily introduces a Dedekind-finite set of mutually Q-generic filters, as an inner

model of a forcing extension M [G] that adds I-many mutually Q-generic filters.

In subsection 4.2.1, we prove this result in the case that the index set I is large. To do

so, we adapt Harrington’s forcing proof of the Halpern-Läuchli theorem – a proof which is

celebrated for its conceptual simplicity. Our adaptation of Harrington’s proof is a search-

and-shift argument, in an essentially similar way to our proof from section 3.2.5

In chapter 5 of this thesis, we generalize work from [KS20] to show that one can take the

index set I in N(I,Q) to be arbitrarily large, without loss of generality; we apply these

theorems in section 4.2.2 to complete our new proof of BPI in N(I,Q), when I is arbitrary.6

In section 4.3, we generalize features of our adaptation of Harrington’s proof to state the

Halpern-Läuchli property.7 One can view this property as stating the most general dynamical

conditions needed to run a search-and-shift proof of BPI; this is the desired generalization

of the Ramsey property from chapter 3. We prove that the Halpern-Läuchli property is

equivalent to BPI in symmetric extensions, and thus that search-and-shift arguments are a

fully comprehensive method to prove BPI in symmetric extensions.

In chapter 3, one purpose of the search-and-shift property was to capture convergent features

of our proofs of BPI from the Ramsey property and from extreme amenability. While we

leave a generalization of extreme amenability for future work, in section 4.4 we use the

Halpern-Läuchli property to state a version of the search-and-shift property for symmetric

5Actually, this adaptation of Harrington’s proof was the first result of this thesis that was proven; the
proofs in chapter 3 are modeled after this one.

6Note again that this result is originally due to Stefanović in [Ste23], based on the proof from [HL71].
7We use the name “Halpern-Läuchli property” in reference to forthcoming work, where we show that this

property can be viewed as an abstract form of the Halpern-Läuchli theorem.
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extensions. We prove that this search-and-shift property characterizes BPI in symmetric

extensions. This emphasizes the fact that the Halpern-Läuchli property captures the ability

to prove BPI using an abstract search-and-shift argument. The intent of this characterization

is to prepare for the future work of generalizing extreme amenability to characterize BPI in

symmetric extensions.

4.1 The Filter Extension Property

We will motivate the filter extension property by making similar observations as in section

3.1. Note again that in a model of ZFC(A), the standard proof of BPI involves showing that

(1) an arbitrary filter F , on an arbitrary set x, can be extended to include an arbitrary

subset y ⊆ x or its complement x \ y, and

(2) Zorn’s lemma can be applied to produce a maximal filter U ⊇ F on x; by (1), the

maximality of U ensures that it “completes” the extension of F to an ultrafilter on x.

We would again like to identify some coarse version of (1) and (2) that can be applied

in the context of a symmetric extension. Definition 4.1.3 – the filter extension property

– is the appropriate modification of (1) above, and can be compared to definition 3.1.1

for permutation models; theorem 4.1.5 is the approapriate modification of (2) above, and

can be compared to theorem 3.1.2 for permutation models. It is again the case that the

filter extension property exactly characterizes BPI in symmetric extensions, which we prove

in theorem 4.1.17; this theorem and its proof are analogous to theorem 3.1.11, where we

characterized BPI using the filter extension property for permutation models. We will misuse

notation slightly by writing 2ẋ to denote a name for the powerset of ẋ and ẋ \ ẏ to denote a

name for the complement of ẏ in ẋ.
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To state the filter extension property for the symmetric system ⟨P,G,F⟩, we will consider

arbitrary P-names Ḟ , ẋ, ẏ ∈ HSF , for which

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ,

with the goal of extending Ḟ to choose between ẏ and ẋ \ ẏ.

Lemma 4.1.1 justifies that we can assume, without loss of generality, that 1 forces the above

line. Although this assumption is not strictly necessary, it helps to streamline our definition.

Lemma 4.1.1. If M ⊨ ZFC, ⟨P,G,F⟩ is a symmetric system, G is P-generic (over M),

and N is the corresponding symmetric extension of M , then for every F, x, y ∈ N for which

N ⊨ “F ⊆ 2x has the FIP” ∧ y ⊆ x,

there are names Ḟ , ẋ, ẏ ∈ HSF so that ḞG = F, ẋG = x, ẏG = y, and

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ.

Proof. Fix F, x, y ∈ N , Ḟ ′, ẋ, ẏ′ ∈ HSF , and p ∈ G so that Ḟ ′G = F, ẋG = x, ẏ′G = y, and

p ⊩ “Ḟ ′ ⊆ 2ẋ has the FIP” ∧ ẏ′ ⊆ ẋ. Without loss of generality, take ⟨q, ż⟩ ∈ Ḟ ′ ⇐⇒ q ⊩

ż ∈ Ḟ , and do the same for ẏ′. We aim to find Ḟ , ẏ ∈ HSF so that p ⊩ Ḟ = Ḟ ′ ∧ ẏ = ẏ′ and

so that 1 ⊩ “Ḟ ⊆ 2ẋ has the FIP”∧ ẏ ⊆ ẋ. Since we assume p ∈ G, this would establish that

ḞG = Ḟ ′G = F and ẏG = ẏ′G = y; we have already assumed that ẋG = x. Thus, the lemma

follows from identifying such names Ḟ and ẏ.

Let ẏp = {⟨q, ż⟩ | q ≤ p ∧ ⟨q, ż⟩ ∈ ẏ′}, so that p ⊩ ẏp = ẏ′. Let K = symG(ẋ) ∩ symG(ẏ
′) and

let ẏ =
⋃

π∈K πẏp, so that K ⪯ symG(ẏ) and ẏ ∈ HSF . Because K ⪯ symG(ẏ
′), we have that,

as P-names, ẏp ⊆ ẏ ⊆ ẏ′, and so 1 ⊩ ẏp ⊆ ẏ ⊆ ẏ′. Since p ⊩ ẏp = ẏ′ and 1 ⊩ ẏp ⊆ ẏ ⊆ ẏ′, we
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have that p ⊩ ẏp = ẏ = ẏ′.

To check that 1 ⊩ ẏ ⊆ ẋ, we first prove 1 ⊩ ẏp ⊆ ẋ. If q ≤ p, recall that p ⊩ ẏp = ẏ′

and (by assumption) p ⊩ ẏ′ ⊆ ẋ, so q ⊩ ẏp = ẏ′ ⊆ ẋ. If p, q ∈ P are incompatible, then

q ⊩ ẏp = ∅ ⊆ ẋ. Thus, 1 ⊩ ẏp ⊆ ẋ as claimed. Because K ⪯ symG(ẋ), for every π ∈ K we

then have that 1 ⊩ πẏp ⊆ ẋ, and so 1 ⊩ ẏ ⊆ ẋ.

Similarly, let Ḟ p = {⟨q, ż⟩ | q ≤ p ∧ ⟨q, ż⟩ ∈ Ḟ ′}, let K = symG(ẋ) ∩ symG(Ḟ
′), and let

Ḟ =
⋃

π∈K πḞ p. By similar reasoning as above, we can conclude that p ⊩ Ḟ p = Ḟ = Ḟ ′.

To check that 1 ⊩ “Ḟ ⊆ 2ẋ has the FIP, ” we again first prove that this is the case for Ḟ p.

If q ≤ p, then q ≤ p ⊩ Ḟ p = Ḟ ′; if p, q ∈ P are incompatible, then q ⊩ Ḟ p = ∅. Thus,

1 ⊩ “Ḟ p = ∅̌ has the FIP” ∨ “Ḟ p = Ḟ ′ has the FIP.”

Because K ⪯ symG(ẋ) ∩ symG(Ḟ
′), for every π ∈ K we have that

1 ⊩ “πḞ p = ∅̌ ⊆ 2ẋ has the FIP” ∨ “πḞ p = Ḟ ′ ⊆ 2ẋ has the FIP.”

From this, we can conclude that

1 ⊩ “Ḟ = ∅̌ ⊆ 2ẋ has the FIP” ∨ “Ḟ = Ḟ ′ ⊆ 2ẋ has the FIP, ”

and thus

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP.”

Remark 4.1.2. Lemma 4.1.1 worked for names for filters because ∅ is trivially a filter, but

the lemma will not generally work for names for ultrafilters. If N is a symmetric extension
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and N ⊨ “U is an ultrafilter on x, ” in general one can only identify U̇ ∈ HSF and d ∈ P so

that d ⊩ “U̇ is an ultrafilter on ẋ.” The standard trick to “glue” these names for ultrafilters

together, indexed by a maximal antichain of conditions, may no longer be a symmetric name.

Given Ḟ , ẋ, ẏ ∈ HSF as above, we would again like to consider how to extend Ḟ by some

minimal increment to match (1), in a manner that is stable under iteration to produce a

name U̇ that is forced to be an ultrafilter on ẋ. Note that if ẇ ∈ HSF , then

ẇ =
⋃

⟨q,ẏ⟩∈ẇ

Orb(⟨q, ẏ⟩, symG(ẇ)),

which can again be expressed as a partition up to some repetition of orbits. We can draw

the same conclusions as in the case for permutation models: these orbits are the building

blocks for (hereditarily) symmetric names, and one can identify a name ḟ for a wellordering

of the symG(ẇ)-orbits that partition ẇ, so that symG(ḟ) = symG(ẇ).

With remark 4.1.2 in mind, to extend Ḟ to a name U̇ for an ultrafilter, we will first fix

two conditions d ≤ p, with the intention of reaching the conclusions that p ⊩N BPI and

d ⊩N “U̇ ⊇ Ḟ is an ultrafilter on ẋ.” In this case, extending Ḟ by some minimal increment

involves selecting some condition r ≤ d, some name ẏ for a subset of ẋ, and some group

K ⪯ symG(Ḟ ) ∩ symG(ẋ), then extending to either

Ḟ ∪Orb(⟨r, ẏ⟩, K) or Ḟ ∪Orb(⟨r, ẋ \ ẏ⟩, K),
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so that 1 forces that the FIP is still met.8 We would again like to use the same group K at

every stage of an iteration that terminates in a name U̇ , with K ⪯ symG(U̇), and so that

d ⊩HSF “U̇ ⊇ Ḟ is an ultrafilter on ẋ.”

Doing so will involve extending to include a dense set of conditions r below d that force

whether a given name ẏ or its complement ẋ \ ẏ appears in U̇ . Definition 4.1.3 expresses

that the hypotheses in this sketch hold in a uniform way.

Definition 4.1.3. A symmetric system ⟨P,G,F⟩ has the filter extension property below p ∈ P

(over a ground model M) if there is a set D ⊆ P that is dense below p, so that for every

d ∈ D, F has a base of subgroups Bd, and so that the following holds for every K ∈ Bd: for

every Ḟ , ẋ, ẏ ∈ HSF such that K ⪯ sym(Ḟ ) ∩ sym(ẋ) and

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ,

and for every q ≤ d, there is an r ≤ q and a y′ ∈ {ẏ, ẋ \ ẏ} so that

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) has the FIP.”

When proving BPI from the filter extension property, we would like our proof to emphasize

that definition 4.1.3 allows us to iterate the extension of names for filters in HSF by minimal

symmetric increments. This again comes at the cost of lengthening a standard application

of Zorn’s lemma. Lemma 4.1.4 shows that the filter extension property implies the ability to

extend a name for a filter Ḟ ∈ HSF on a set ẋ ∈ HSF to choose between an arbitrary subset

ẏ ∈ HSF and its complement in ẋ.

8Again, we mean “minimal” more figuratively than literally, as it may be possible to choose a smaller
group K with this same property.
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Lemma 4.1.4. If M ⊨ ZFC, and if d ∈ D ⊆ P and K ∈ Bd ⊆ F witness the filter

extension property below p ∈ P (over M), for the symmetric system ⟨P,G,F⟩, then for every

Ḟ , ẋ, ẏ ∈ HSF such that K ⪯ symG(Ḟ ) ∩ symG(ẋ) and

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ,

there is a name Ḟẏ ⊇ Ḟ , with K ⪯ symG(Ḟẏ) ∩ symG(ẋ), so that

(1 ⊩ “Ḟẏ ⊆ 2ẋ has the FIP”) ∧ (d ⊩ ẏ ∈ Ḟẏ ∨ ẋ \ ẏ ∈ Ḟẏ).

Proof. Fix d ∈ D ⊆ P, K ∈ F , and Ḟ , ẋ, ẏ ∈ HSF as in the statement of the lemma. In the

ground model M ⊨ ZFC, let {qα | α < β} denote a wellordering of the set {q ∈ P | q ≤ d}.

Again in M ⊨ ZFC, inductively define the sequence Ḟα, for α ≤ β, as follows.

Let Ḟ0 = Ḟ . For α ≤ β, assume inductively that for every γ < γ′ < α, we have Ḟγ ⊆ Ḟγ′ ,

K ⪯ symG(Ḟγ) ∩ symG(ẋ), and

1 ⊩ “Ḟγ ⊆ 2ẋ has the FIP.”

At stages α+ 1, use filter extension property to choose r ≤ qα and y′ ∈ {ẏ, ẋ \ ẏ} so that

1 ⊩ “Fα ∪Orb(⟨r, y′⟩, K) ⊆ 2ẋ has the FIP, ”

and set

Ḟα+1 = Fα ∪Orb(⟨r, y′⟩, K).

By the inductive hypothesis on Ḟα and our application of the filter extension property, Ḟα+1

also meets the inductive hypothesis.
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At limit stages α, set

Ḟα =
⋃
γ<α

Ḟγ.

By the inductive hypothesis for Ḟγ with γ < α, particularly the fact that Ḟγ ⊆ Ḟγ′ if γ < γ′,

we can see that Ḟα also meets the inductive hypothesis.

Because we have added a dense set of conditions below d that decide between ẏ and ẋ \ ẏ,

the name Ḟẏ = Ḟβ has the desired properties to satisfy the lemma.

Theorem 4.1.5. If M ⊨ ZFC and ⟨P,G,F⟩ has the filter extension property below p ∈ P

(over M), and N is the corresponding symmetric extension of M , then p ⊩N BPI.

Proof. Fix Ḟ , ẋ ∈ HSF so that 1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” – lemma 4.1.1 shows that this

restriction can be made without loss of generality. We will prove that p forces that Ḟ extends

to an ultrafilter on ẋ; since Ḟ , ẋ ∈ HSF are arbitrary, this shows that p ⊩N BPI.

Fix a dense set D ⊆ P, a d ∈ D, and a K ⪯ symG(Ḟ ) ∩ symG(ẋ) that witness the filter

extension property. In the ground model M ⊨ ZFC, fix a wellordering {ẏα | α < β} of the

names in HSF that are forced by 1 ∈ P to be subsets of ẋ – again, lemma 4.1.1 shows that

this restriction can be made without loss of generality. In a manner similar to the proof of

lemma 4.1.4, one can inductively define a sequence Ḟα, for α ≤ β, with Ḟ0 = Ḟ , and so that

for every α ≤ β, K ⪯ symG(Ḟα) ∩ symG(ẋ),

(1 ⊩ “Ḟα ⊆ 2ẋ has the FIP”) ∧ (d ⊩ ẏα ∈ Ḟα+1 ∨ ẋ \ ẏα ∈ Ḟα+1),

and so that Ḟλ ⊆ Ḟλ′ if λ < λ′. Lemma 4.1.4 justifies the ability to extend from Ḟα to Ḟα+1

in such a manner; at limit stages, unions are taken. We can then see that for U̇ = Ḟβ, we
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have that K ⪯ symG(U̇), so U̇ ∈ HSF , and furthermore that

d ⊩HSF U̇ ⊇ Ḟ is an ultrafilter on ẋ.”

Because D ⊆ P is dense below p, we have that

p ⊩ “Ḟ extends to an ultrafilter on ẋ.”

Remark 4.1.6. One might wonder whether it is possible to prove theorem 4.1.5 while only

assuming a ground model M ⊨ ZF+BPI. This would not work; it is consistent that one can

force with a poset P over a model M ⊨ ZF+BPI to add a filter that does not extend to any

ultrafilter in the extension M [G]. Forcing with P can be expressed in terms of a symmetric

system ⟨P,G,F⟩ in which G and F are trivial, and which trivially has the filter extension

property. In [HKT13], for instance, the authors force over the Cohen model (a known model

of ZF + BPI), and identify a filter on ω in the resulting extension that does not extend to

an ultrafilter. The main obstacle that prevents a proof of theorem 4.1.5, using only BPI, is

that there are infinitely many options to take r ≤ q that witnesses an instance of the filter

extension property. This exceeds the ability of BPI to make finitely bounded choices.

For the same reason as the case for permutation models, a proof of BPI in a symmetric

extension by Halpern’s contradiction framework can be rephrased as a contradiction proof

that filter extension property holds. With the same approach as in theorem 3.1.11, we can

prove that the filter extension property is necessary for BPI in symmetric extensions, so that

this connection is inevitable.

Note that the filter extension property below p ∈ P expresses a strong uniformity. For d ∈ D
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and K ∈ Bd, so long as K ⪯ symG(Ḟ ) ∩ symG(ẋ), every filter extension of Ḟ by K-orbits

can continue to be extended by K-orbits. We are never made to use a less restrictive group

K ′ ⪯ K. This can again be seen as a consequence of Blass’ uniform classification of BPI in

models of SVC. For the reader’s convenience, we repeat the definition of SVC below, along

with its relationships to AC and BPI.

Definition 4.1.7 (Blass, [Bla79]). Let SVC (small violations of choice) be the axiom that

there is a set S so that, for every set a, there is an ordinal α and a function from a subset

of S × α onto a.9

Theorem 4.1.8 (Blass, [Bla79]). A model of ZF satisfies SVC if and only if some generic

extension is a model of ZFC.

Definition 4.1.9. For a set S, the fine filter on S<ω is the filter generated by the sets

{p ∈ S<ω|s ∈ rng(p)}, for s ∈ S. An ultrafilter on S<ω is fine if it extends the fine filter.

Theorem 4.1.10 (Blass, [Bla79]). If N ⊨ ZF(A) and S witnesses SVC, then N ⊨ BPI if

and only if there is a fine ultrafilter on S<ω.

Recall that the above theorem is listed as theorem 3.1.10 in chapter 3, where we sketch

Blass’ proof with special attention to certain definability features. These features will be

useful here as well.

Theorem 4.1.11 (Blass, [Bla79]). Symmetric extensions satisfy SVC.10

In [Bla79], theorem 4.1.11 is proven using the theorem that a symmetric extension N , over

a ground model M , can be expressed as the definable closure M(x), for some x ∈ M [G].11

It will be useful for us to sketch a new proof, in terms of the orbits Orb(⟨p, ẋ⟩,G), which we

9In [Bla79], the original statement is that there is a function from the entire set S×α onto a. Blass notes
that this is equivalent to the form stated here, since all points outside a subset of S × α can be mapped to
a single element.

10Recall that we take symmetric extensions to be based on set-sized symmetric systems and ground models
of ZFC; this theorem fails for symmetric extensions that use proper class forcings in a nontrivial way.

11This was proven in [Gri75], and was recently reproven in terms of a simpler, unified framework in [KS26].
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model after the use of the orbits Orb(yH,K ,G) in Blass’ proof of SVC in permutation models

(see our proof sketch of theorem 3.1.6).

In the case of permutation models, the orbit Orb(yH,K ,G), with symG(yH,K) = H, is isomor-

phic to the cosets G/H. There are then only set-many such orbits, up to isomorphism. In

the proof sketch of theorem 3.1.6, this allows us to define S as the union of one orbit of each

isomorphism type.

In the case of symmetric extensions, however, it may not be the case that the interpretation

Orb(⟨p, ẏ⟩,G)G is isomorphic to the cosets G/symG(ẏ). For some π ∈ G, it could be the case

that πẏG is not forced to appear in Orb(⟨p, ẏ⟩,G)G at all; for distinct πẏ and τ ẏ, it may be

the case that πẏG = τ ẏG. Thus, the interpretation of the orbit Orb(⟨p, ẏ⟩,G) may look like

some collapsed version of the cosets G/symG(ẏ), instead of being simply isomorphic.

What is needed to model SVC is that, up to isomorphism, there are only set-many ways to

collapse orbits from the set-many possible quotients G/sym(ẏ), as these can then be gathered

in a name Ṡ to witness SVC. We develop this formally below, and start by defining a strong

notion that the interpretation of two G-orbits collapse in an isomorphic way.

Definition 4.1.12. Let ⟨P,G,F⟩ be a symmetric system, let p ∈ P, and let ẋ, ẏ ∈ HSF .

Let ḟ ∈ HSF be the name for a relation on Orb(⟨p, ẋ⟩,G) × Orb(⟨p, ẏ⟩,G), defined by the

property that symG(ḟ) = G, and that for every π ∈ G,

πp ⊩ ḟ(πẋ) = πẏ.

We say that the names Orb(⟨p, ẋ⟩,G),Orb(⟨p, ẏ⟩,G) ∈ HSF are G-orbit equivalent, written

Orb(⟨p, ẋ⟩,G) ∼G Orb(⟨p, ẏ⟩,G),
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if it is the case that

1 ⊩ “ḟ : Orb(⟨p, ẋ⟩,G) → Orb(⟨p, ẏ⟩,G) is a bijection.”

We now define tools to prove that there can only be set-many G-orbit equivalence classes.

Definition 4.1.13. For a symmetric system ⟨P,G,F⟩, a condition p ∈ P, and a P-name ẋ,

define the equivalence relation ∼p,ẋ on G by

π ∼p,ẋ τ ⇐⇒ p ⊩ πẋ = τ ẋ.

Definition 4.1.14. For a symmetric system ⟨P,G,F⟩ and a P-name ẋ, the (P,G)-profile of

ẋ is the function Pẋ : P → 2G, so that for every p ∈ P, Pẋ(p) is the set of ∼p,ẋ-classes of G.

Lemma 4.1.15. For a symmetric system ⟨P,G,F⟩ and a condition p ∈ P, if ẋ, ẏ ∈ HSF

have the same (P,G)-profile, then Orb(⟨p, ẋ⟩,G) ∼G Orb(⟨p, ẏ⟩,G).

Proof. Let ḟ be as in definition 4.1.12. We can observe that 1 forces the domain and codomain

of ḟ (as a relation), respectively, to be Orb(⟨p, ẋ⟩,G) and Orb(⟨p, ẏ⟩,G). To see that 1 forces

ḟ to be a well-defined function, suppose that there is a q ∈ P and π, τ ∈ G so that

q ⊩ πẋ = τ ẋ.

Since Pẋ(q) = Pẏ(q), we then also have that

q ⊩ πẏ = τ ẏ,

and so 1 forces ḟ to be a name for a well-defined function.
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We can now check that 1 forces ḟ to be injective. This is proven in the same way as above:

if there is a q ∈ P and π, τ ∈ G so that

q ⊩ πẏ = τ ẏ,

then again since Pẋ(q) = Pẏ(q), we can conclude that

q ⊩ πẋ = τ ẋ.

We conclude the proof by showing that 1 forces ḟ to be surjective. If q ⊩ πẏ ∈ Orb(⟨p, ẏ⟩,G),

in general there must be some τ ∈ G so that q ≤ τp – in which case q ⊩ τ ẏ ∈ Orb(⟨p, ẏ⟩,G)

– and that q ⊩ πẏ = τ ẏ. Since Pẋ(q) = Pẏ(q), we also have that q ⊩ πẋ = τ ẋ, and since

q ≤ τp, we have that q ⊩ πẋ = τ ẋ ∈ Orb(⟨p, ẋ⟩,G). Then, q ⊩ ḟ(πẋ) = πẏ, and so

q ⊩ πẏ ∈ rng(ḟ). We conclude that 1 forces that Orb(⟨p, ẋ⟩,G) is the range of ḟ , so 1 forces

that ḟ is surjective, and thus bijective, ensuring that

Orb(⟨p, ẋ⟩,G) ∼G Orb(⟨p, ẏ⟩,G).

Lemma 4.1.16. For a ground model M ⊨ ZFC and a symmetric system ⟨P,G,F⟩, there is

a set in M with one representative from each G-orbit equivalence class.

Proof. For every p ∈ P, by lemma 4.1.15 there are at most |(2G)P| many G-orbit equivalence

classes of the form Orb(⟨p, ·⟩,G). Thus, there are at most |P×(2G)P|many G-orbit equivalence

classes. Choice can be used in M to produce a set with an element of each class.

We can now sketch a proof that SVC holds in symmetric extensions.
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Proof sketch of theorem 4.1.11. Fix a ground model M ⊨ ZCF and a symmetric system

⟨P,G,F⟩. Let S0 ∈ M be a set with one representative of every G-orbit equivalence class in

HSF . Ensure further that the representatives of these classes are forced by 1 to be disjoint

(for instance, by tagging with distinct ordinals as in a disjoint union), and define the P-name

Ṡ =
⋃

S0. Then symG(Ṡ) = G, Ṡ ∈ HSF , and we will show that 1 forces Ṡ to witness SVC.

For every ẋ ∈ HSF , we have the identity

ẋ =
⋃

⟨p,ż⟩∈ẋ

Orb(⟨p, ż⟩, symG(ẋ)),

which is a partition of ẋ up to the repetition of orbits. By the construction of Ṡ, for

every ⟨p, ż⟩ ∈ ẋ, there is a subset of Ṡ that is G-orbit equivalent to Orb(⟨p, ż⟩,G) – call this

Orb(⟨p, ẇ⟩,G) ⊆ Ṡ. By the definition of G-orbit equivalence, there is a name ḟ for a bijection

from Orb(⟨p, ẇ⟩,G) to Orb(⟨p, ż⟩,G), as in definition 4.1.12, with symG(ḟ) = G. Fix a subset

ġ ⊆ ḟ with symG(ġ) = symG(ẋ) = K, so that for every π ∈ K,

πp ⊩ ġ(πẇ) = πż,

and so that 1 forces that ġ is a bijection between Orb(⟨p, ẇ⟩, K) ⊆ Ṡ and Orb(⟨p, ż⟩, K).

Letting α = |{Orb(⟨p, ż⟩, symG(ẋ)) | ⟨p, ż⟩ ∈ ẋ}|, it is straigthforward to define a name

ṡ ⊆ Ṡ and a name ḃ that 1 forces to be a bijection between a subset of ṡ × α̌ and ẋ, with

symG(ẋ) = symG(ṡ) = symG(ḃ) = K; this is done in the same manner as in the proof of

theorem 3.1.6. Thus 1 forces that Ṡ witnesses SVC.

Theorem 4.1.17. For a ground model M ⊨ ZFC, a symmetric system ⟨P,G,F⟩, and the

corresponding symmetric extension N ⊇ M , the following are equivalent:

(i) p ⊩N BPI,
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(ii) ⟨P,G,F⟩ has the filter extension property below p.

Proof. Part (ii) ⇒ (i) is given in theorem 4.1.5. Given theorem 4.1.11, that symmetric

extensions also model SVC, the proof of (i) ⇒ (ii) is the same argument as our proof of

theorem 3.1.11(i) ⇒ (ii). Let p ⊨N BPI, and let 1 force that Ḟ , ẋ ∈ HSF meet the hypothesis

of the filter extension property. Let Ṡ ∈ HSF be a witness of SVC in N , and let ḃ ∈ HSF

be a name for a surjection from a subset of Ṡ × α̌ onto the Boolean algebra 2ẋ/Ḟ , with

symG(ḟ) = symG(2
ẋ/Ḟ ).12 By the proof of theorem 4.1.11, we are justified in assuming these

symmetry properties for Ṡ and ḟ .

Since p ⊩N BPI, let D ⊆ P be dense below p, so that each d ∈ D forces that U̇ ′
d ∈ HSF is

a name for an ultrafilter witnessing 4.1.10 (the same as theorem 3.1.10 in chapter 3) in N .

By our proof sketch of theorem 3.1.10, and since SVC holds in N , the first-order formula

φ(w0, w1, w2, w3) from our proof of theorem 3.1.11 part (i) ⇒ (ii) can be used to define

ultrafilters extending filters in N . In other words, for the name

U̇ = {⟨q, ẏ⟩|q ⊩ φ(ẏ, ḟ , Ṡ, U̇ ′
d)},

since d ≤ 1 forces that ḟ , Ṡ and U̇ ′
d play their respective roles in the definition of U̇ by φ, we

have

d ⊩N “U̇ ⊇ Ḟ is an ultrafilter on ẋ.”

By the symmetry lemma 2.2.4, we have that

symG(ḟ) ∩ symG(Ṡ) ∩ symG(U̇
′
d) ⪯ symG(U̇).

12The correct formalizations of these names should be clear.
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Since symG(Ḟ ) ∩ symG(ẋ) ⪯ symG(2
ẋ/Ḟ ) = symG(f) and symG(Ṡ) = G, it follows that

symG(Ḟ ) ∩ symG(ẋ) ∩ symG(U̇
′
d) ⪯ symG(U̇).

As in the proof of lemma 4.1.1, since d forces U̇ to be the name for a filter, we can modify

U̇ further to ensure that 1 ⊩ U̇ ⊆ 2ẋ has the FIP, ” without changing symG(U̇), and while

retaining the fact that d ⊩N “U̇ ⊇ Ḟ is an ultrafilter on ẋ.”

Now, for d ∈ D, and letting Kd = symG(U̇
′
d), we will show that the base of subgroups

Bd = {H ∩ Kd | H ∈ F} of F witnesses the filter extension property. Let H ∈ F , and

consider Ḟ , ẋ, ẏ meeting the hypotheses of the filter extension property, with H ∩ Kd ⪯

symG(Ḟ ) ∩ symG(ẋ). Let U̇ be the name, defined by φ, that d forces to be an ultrafilter on

ẋ extending Ḟ , and that 1 forces to have the FIP. For every q ≤ d, there is an r ≤ q and a

y′ ∈ {ẏ, ẋ \ ẏ} so that

Ḟ ∪Orb(⟨r, y′⟩, symG(U̇)) ⊆ U̇ .

Because H ∩Kd ⪯ symG(Ḟ ) ∩ symG(ẋ) ∩ symG(U̇
′
d) ⪯ symG(U̇), in particular

1 ⊩ “Ḟ ∪Orb(⟨q, y′⟩, H ∩Kd) has the FIP.”

Thus the set D ⊆ P that is dense below p, and the bases Bd, for d ∈ D, witness the filter

extension property for ⟨P,G,F⟩.

4.2 BPI in the Generalized Cohen Model N(I,Q)

Having stated the filter extension property in the context of symmetric extensions, and

proven its relationship to BPI, the next step in generalizing the material from chapter 3 would

be to generalize the Ramsey property. Our first step in addressing this problem is to instead
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focus on giving a new, direct proof of BPI in the generalized Cohen model N(I,Q).13 In this

section, we adapt Harrington’s forcing proof of the Halpern-Läuchli theorem to give a search-

and-shift proof of the filter extension property for the symmetric system ⟨P(I,Q),G,F⟩,

which is used to define N(I,Q).

Recall that we gave a search-and-shift proof of the filter extension property for permutation

models in section 3.2, and that figure 3.1 faithfully captures this method. Recall also that

our main theorems 3.4.4 and 3.4.5 from chapter 3 express, in various ways, that BPI holds in

a permutation model if and only if it can be proven by extending filters to ultrafilters using

search-and-shift arguments. In fact, this style of proof was inspired by Harrington’s proof of

the Halpern-Läuchli theorem, and the manner in which we adapt Harrington’s proof in the

present section.14

In Harrington’s proof, one searches through a P(⊕i<dTi, θ)-name U̇ for an ultrafilter on ω,

and identifies “shifted” copies of certain substructures of U̇ , whose compatibility (in terms of

the FIP from U̇) is used to prove the Halpern-Läuchli theorem for the level product ⊗i<dTi.
15

The search through U̇ is ensured to be successful by a Ramsey-theoretic argument, given

that one takes θ to be sufficiently large, so that θ-many mutually generic branches through

the each of the trees Ti are added to the extension. For more details, see the full exposition

given in chapter 6 of [TF95].

The similarity to our search-and-shift proof in section 3.2 is apparent: there, we also searched

through an ultrafilter U (on a particular set x, extending a particular filter F ) in an outer

model M ⊨ ZFCA, to identify shifted copies of substructures whose compatibility we checked

13Recall from section 2.5 that the generalized Cohen model, denoted N(I,Q) for some index set I and
poset Q, primarily introduces a Dedekind-finite set of mutually Q-generic filters, which is defined with respect
to an index set I in the ground model.

14In the timeline of our work, we proved the results in this section before any other material in this thesis
– along with early versions of some of the theorems in section 4.1.

15Here we take ⊕ to be the lottery sum, as in [Ham00].
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using the FIP in U . In subsection 4.2.1, we show that Harrington’s proof can be adapted

more closely to handle the underlying forcing in the symmetric system ⟨P(θ,Q),G,F⟩ that

is used to present the model N(I,Q) – when θ is assumed to be large enough to support

the Ramsey-theoretic part of Harrington’s proof. Carrying this out will result in the desired

search-and-shift proof of the filter extension property for ⟨P(I,Q),G,F⟩, which refers to

P(θ,Q)-names for ultrafilters in the outer model M [G] ⊨ ZFC. In subsection 4.2.2, we show

that the index set I in N(I,Q) can be assumed to be arbitrarily large, without loss of

generality, from which we conclude that our adaptation of Harrington’s proof addresses the

general case of BPI in the model N(I,Q).

More precisely, in both subsections, we will work to reprove the following theorem and

corollary below. In [HL71], a contradiction proof was given for that BPI holds in the Cohen

model; in [Ste23], it was shown that this contradiction proof can be modified to prove BPI in

the generalized Cohen model N(I,Q). We slightly reformat these results below to be stated

in terms of the filter extension property:

Theorem 4.2.1 (Hapern, Lévy, [HL71], Stefanović, [Ste23]). Let ⟨P(I,Q),G,F⟩ be a sym-

metric system for a Generalized Cohen model and let Ḟ , ẋ, ẏ ∈ HSF , with supp(Ḟ ) = F ,

supp(ẋ) = X, and K = fixG(F ∪X), such that

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ.

Then, for every q ∈ P(I,Q), there is an r ≤ q and a y′ ∈ {ẏ, ẋ \ ẏ} so that

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) has the FIP.”

Corollary 4.2.2 (Halpern, Lévy, [HL71], Stefanović, [Ste23]). The symmetric system ⟨P(I,Q),G,F⟩

has the filter extension property below 1, and thus N(I,Q) ⊨ BPI.
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Proof. We will show that, for every d ∈ D = P(I,Q), the base of subgroups Bd = {fixG(E) | E ∈

[I]<ω} of F witnesses the filter extension property.

To see why, let K = fixG(E), let Ḟ , ẋ, ẏ ∈ HSF with K ⪯ symG(Ḟ ) ∩ symG(ẋ) and

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ,

and let q ≤ d ∈ P(I,Q) both be arbitrary. By theorem 4.2.1, for supp(Ḟ ) = F and

supp(ẋ) = X, there is an r ≤ q and y′ ∈ {ẏ, ẋ \ ẏ} for which

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, fixG(F ∪X)) has the FIP.”

Because K = fixG(E) ⪯ symG(Ḟ )∩symG(ẋ), by lemma 2.5.9 we can conclude that F,X ⊆ E,

so F ∪X ⊆ E, and thus that K = fixG(E) ⪯ fixG(F ∪X). We can then conclude

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) has the FIP.”

4.2.1 Adapting Harrington’s Proof

In Harrington’s proof, given a level product ⊗i<dT and a coloring c : ⊗i<dT → {green, red},

one searches through a P(θ, T )-name U̇ for an ultrafilter on ω, and takes θ large enough to

identify a node t⃗ ∈ ⊗i<dT and a color c′ ∈ {green, red} that are regulated by U̇ to witness

the Halpern-Läuchli theorem for ⊗i<dT and c.16

Suppose that Ḟ , ẋ, and ẏ meet the hypotheses of the filter extension property. The main

16This represents the case of the Halpern-Läuchli theorem in which Ti = T for every tree in the level
product ⊗i<dTi. See [TF95] for more details.
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idea of this subsection is that one can search through a P(θ,Q)-name U̇ for an ultrafilter on

ẋ that extends Ḟ , and take θ large enough to identify a condition r ≤ q in P(θ,Q) and a

y′ ∈ {ẏ, ẋ \ ẏ}, so that U̇ can regulate that

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, fixG(F ∪X)) ⊆ 2ẋ has the FIP.”

This is made precise in our proof of theorem 4.2.11. For the rest of the subsection, we will

write θ instead of I, to indicate that we wish to take I = θ to be sufficiently large. This

also matches the notation from the exposition of Harrington’s proof in chapter 6 of [TF95];

we have written our main proof in style similar to the exposition from [TF95], for ease of

comparison between our proof and Harrington’s.

The lemmas and definitions preceding theorem 4.2.11 establish several basic combinatorial

features that are needed in our adaptation of Harrington’s proof. Lemma 4.2.3, definition

4.2.4, and lemma 4.2.5 can be seen to be simple modifications made to the exposition pre-

ceding Harrington’s proof in [TF95]. Note that our definition of a condition “type” differs

slightly from theirs, and that our lemma 4.2.5 is essentially their lemma 6.8. See Appendix

A for the proof of lemma 4.2.5 as a corollary of their lemma 6.8.

Lemma 4.2.3. For every pair of cardinals κ, λ, there is a cardinal θ so that for every d ∈ ω,

and every function of the form

c : θd → κ,

there are disjoint sets H0, ...,Hd−1 ⊆ θ of cardinality λ with f is constant on
∏

i<d Hi.

Proof. This is essentially due to the Erdős-Rado theorem, as stated in line 17.32 of [EMHR11].

On page 280 of [Tod07], the cardinals Θd are defined, which satisfy the lemma for fixed d, in

the case that κ = λ = ω. It is noted in the remark on page 52 of [TF95] that the Erdős-Rado

theorem implies that Θd ≤ ℶ+
d−1. This idea is then applied in theorem 11 of [Ste23] to prove
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that there is a θd satisfying the lemma for arbitrary κ, λ and fixed d; this is a pidgeonhole

proof, by a finite induction on d that relies on the fact that powersets grow in cardinality.

Taking θ =
⋃

d<ω θd then satisfies the lemma.

Definition 4.2.4. Two conditions p, q ∈ P(θ,Q) are said to be of the same type if there is

an order-preserving map π from dom(p) to dom(q), so that p(ξ) = q(e(ξ)). We use the term

type to refer to an equivalence class in P(θ,Q) under this relation.

Lemma 4.2.5. For every type t of a condition in P(θ,Q) and integers m and d, there is an

integer M = M(t,m, d) such that for every set {pα⃗ | α⃗ ∈ Md} of elements of P(θ,Q) of type

t, there exist Hi ⊆ M (for i < d) of size m, so that the conditions in {pα⃗ | α⃗ ∈
∏

i<d Hi} are

pairwise compatible.

Proof. See Appendix A, where this is derived from the analogous lemma 6.8 of [TF95].

When choosing an r ≤ q to witness the filter extension property (in the form of theorem

4.2.1), one can strengthen r to refine which images of y′ ∈ {ẏ, ẋ \ ẏ} can mutually appear in

an interpretation of Orb(⟨r, y′⟩, K). If r(i) ⊥ r(j) for some i, j ∈ supp(r), then for π = (i j),

r and πr are incompatible and y′, πy′ will never simultaneously appear in an interpretation

of Orb(⟨r, y′⟩, K). We introduce the definition below to capture this important property.

Definition 4.2.6. A condition p ∈ P(I,Q) distinguishes its support if for every distinct

i, j ∈ supp(p), p(i) ⊥ p(j).

Taking conditions to be of the same type and to distinguish their supports will also help

manage the calculation of certain restrictions and images of conditions that are relevant to

our proof; the following lemmas express these properties.

Lemma 4.2.7. Let π0, ..., πn ∈ G; if r ∈ P(I,Q) distinguishes its support, and if π0r, ..., πnr

are compatible, then the union
⋃

i≤n πir is a well-defined condition in P(I,Q).
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Proof. If each r distinguishes its support, then rng(r) is a finite antichain A in Q; by the

definition of the action of G on P(θ,Q), we also have that rng(π0r) = ... = rng(πnr) =

A ⊆ Q. Since the conditions π0r, ..., πnr are compatible, for every i, j ≤ n and every

k ∈ supp(πir) ∩ supp(πjr), it must be the case that ri(k) ∈ A and rj(k) ∈ A are compatible

in Q. Since A is an antichain, this can only happen if ri(k) = rj(k). For this, the union⋃
i≤n ri is well-defined as a finite function from

⋃
i≤n supp(πir) to Q.

Corollary 4.2.8. If r0, ..., rn ∈ P(θ,Q) are compatible conditions of the same type, and that

distinguish their supports, then the union
⋃

i≤n ri is a well-defined condition in P(θ,Q).

Proof. If r0, ..., rn are of the same type, then there are (order-preserving) π1, ..., πn ∈ G

so that πir0 = ri, for 1 ≤ i ≤ n. Since r0 distinguishes its support, and the conditions

r0, π1r0, ..., πnr0 are mutually compatible, lemma 4.2.7 can be applied.

Lemma 4.2.9. Let r ∈ P(θ,Q), K ∈ F , let π0, ..., πn ∈ K, and let r0 ≤ π0r, ..., rn ≤

πnr be compatible conditions of the same type, that distinguish their supports, and so that

ri ↾supp(πir)= πir for every i ≤ n. Then
⋃

i≤n ri restricts to
⋃

i≤n πir over supp(
⋃

i≤n πir).

Proof. By our proof of the previous lemma, for every i, j ≤ n and k ∈ supp(ri) ∩ supp(rj),

we have that ri(k) = rj(k). In particular, since rj ↾supp(πjr)= πjr, for every i, j ≤ n and k ∈

supp(ri)∩ supp(πjr), we have that ri(k) = πjr(k). From this we can conclude that
⋃

i≤n πir

is well-defined, and that for every k ∈ supp(
⋃

i≤n πir), (
⋃

i≤n ri)(k) = (
⋃

i≤n πir)(k).

Lemma 4.2.10. Suppose that r ∈ P(θ,Q) distinguishes its support, and that for δ ∈ [G]<ω,

the conditions in {πr | π ∈ δ} are mutually compatible. Then for i ∈ supp(r), the sets

Ji = {π(i) | π ∈ δ} ⊆ θ

are mutually disjoint.
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Proof. For each π(i) ∈ Ji, πr(π(i)) = r(i) – in this sense, Ji collects the indices over which

the conditions πr, for π ∈ δ, copy the output of r(i). Thus, if k ∈ Ji ∩ Jj, with i ̸= j,

then for some π, τ ∈ δ we have that πr(k) = r(i) and τr(k) = r(j). Because πr and τr are

compatible, it must be the case that πr(k) = r(i) and τr(k) = r(j) are compatible in Q.

This contradicts the fact that r distinguishes its support, and so Ji ∩ Jj = ∅.

We now prove the main theorem of this section. Recall that for ease of comparison, the

language and formatting of our proof are modeled after the exposition of Harrington’s proof

from [TF95].

Theorem 4.2.11 (Halpern, Lévy, [HL71], Stefanović, [Ste23]). Let Q be a poset, and let θ be

large enough to satisfy lemma 4.2.3 with κ = |Q|. Then theorem 4.1 holds for ⟨P(θ,Q),G,F⟩.

Proof. Let Ḟ , ẋ, ẏ ∈ HSF , K = fixG(F ∪ X), and q ∈ P(θ,Q) be as in the statement of

theorem 4.1, with F,X, Y ∈ [θ]<ω the supports of Ḟ , ẋ, and ẏ. Without loss of generality,

we may assume that supp(q) ⊆ F ∪ X ∪ Y . To see why, note that for q′ = q ↾F∪X∪Y , our

proof will produce witnesses r′ ≤ q′ and y′ ∈ {ẏ, ẋ \ ẏ}, with supp(r′) = F ∪X ∪ Y , so that

1 ⊩ “Ḟ ∪Orb(⟨r′, y′⟩, K) ⊆ 2ẋ has the FIP.”

In this case, r = r′ ∪ p is well-defined, and

1 ⊩ Orb(⟨r, y′⟩, K) ⊆ Orb(⟨r′, y′⟩, K).

As such, r ≤ q and

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) ⊆ 2ẋ has the FIP.”

We can thus assume without loss of generality that supp(q) ⊆ F ∪ X ∪ Y , and produce

witnesses r ≤ q and y′ ∈ {ẏ, ẋ \ ẏ} to theorem 4.1, with supp(r) = F ∪ X ∪ Y . This will
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simplify the calculation of supports throughout the proof.

For i ∈ Y \ (F ∪ X), let θi ⊆ θ \ (F ∪ X) be pairwise disjoint sets of cardinality θ. Recall

from definition 2.5.8 that for

α⃗ = {⟨i, αi⟩|i ∈ Y \ (F ∪X)} ∈
∏

i∈Y \(F∪X)

θi

we define

πα⃗ =
∏

i∈Y \(F∪X)

(i αi) ∈ K = fixG(F ∪X).

The membership πα⃗ ∈ K follows from the fact that each transposition (i αi) cycles i ∈

Y \ (F ∪X) with αi ∈ θi ⊆ θ \ (F ∪X), and thus fixes F ∪X.

Let U̇ be a (not necessarily symmetric) P(θ,Q)-name for an ultrafilter on ẋ extending Ḟ .

For every α⃗ ∈
∏

i∈Y \(F∪X) θi, either

1. πα⃗q ⊩ πα⃗(ẋ \ ẏ) ∈ U̇ , or

2. there is some rα⃗ ≤ q so that πα⃗rα⃗ ⊩ πα⃗ẏ ∈ U̇ .

In the second case, extend rα⃗ if necessary so that F ∪ X ∪ Y ⊆ supp(rα⃗) and so that rα⃗

distinguishes its support. Recall that we assume θ to be large enough to satisfy lemma 4.2.3

for κ = |Q|. Then, for i ∈ Y \ (F ∪X), there are disjoint infinite sets Hi ⊆ θi so that either

(a) the first alternative above happens for all α⃗ ∈
∏

i∈Y \(F∪X)Hi, or

(b) there is a type t and a condition r with supp(r) = F ∪ X ∪ Y that distinguishes its

support, so that for all α⃗ ∈
∏

i∈Y \(F∪X)Hi, πα⃗rα⃗ satisfies the second alternative above,

is of type t, and we have the restriction rα⃗|F∪X∪Y = r.17

17In the ground model M ⊨ ZFC, there are κ = |Q| many possibilities specified in the outcome (b).
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Note that r ≤ q, as is required by theorem 4.2.1. Without loss of generality, we assume the

second case and argue that

1 ⊩ “Ḟ ∪Orb(⟨r, ẏ⟩, K) ⊆ 2ẋ has the FIP.” (4.2.1.1)

By lemma 4.2.5, for every m ∈ ω and i ∈ Y \ (F ∪ X), we can find subsets Hm
i ⊆ Hi of

cardinality m, so that for α⃗ ∈
∏

i∈Y \(F∪X)H
m
i , the conditions πα⃗rα⃗ are mutually compatible.

We claim that for every S ⊆
∏

i∈Y \(F∪X)H
m
i ,

1 ⊩ “Ḟ ∪ {⟨πα⃗r, πα⃗ẏ⟩|α⃗ ∈ S} ⊆ 2ẋ has the FIP.” (4.2.1.2)

Since we have taken the conditions πα⃗rα⃗ to all be of the same type and distinguish their

supports, and since the conditions πα⃗rα⃗, for α⃗ ∈ S, are also mutually compatible, we can

apply lemma 4.2.7 to conclude that their union
⋃

α⃗∈S πα⃗rα⃗ is a well-defined condition in

P(θ,Q). Then because the conditions rα⃗, for α⃗ ∈ S satisfy case (b) above, we have that

⋃
α⃗∈S

πα⃗rα⃗ ⊩ (∀α⃗ ∈ S)πα⃗ẏ ∈ U̇ .

Because 1 ⊩ Ḟ ⊆ U̇ , we can conclude in particular that

⋃
α⃗∈S

πα⃗rα⃗ ⊩ “Ḟ ∪ {⟨1, πα⃗ẏ⟩|α⃗ ∈ S} ⊆ 2ẋ has the FIP.” (4.2.1.3)

We would like to use lemma 2.5.13 to restrict the condition in line (4.2.1.3) to the support

of the names that appear in the statement being forced. We can first calculate this union of

supports to be

supp(Ḟ ) ∪ supp(ẋ) ∪
⋃
α⃗∈S

supp(πα⃗ẏ) =
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F ∪X ∪
⋃
α⃗∈S

πα⃗Y =

⋃
α⃗∈S

supp(πα⃗r) =

supp(
⋃
α⃗∈S

πα⃗r).

One can verify that the hypothesis of lemma 4.2.9 are met by the conditions πα⃗rα⃗ ≤ πα⃗r,

for α⃗ ∈ S. One can then apply the lemma to conclude that
⋃

α⃗∈S πα⃗rα⃗ restricts to
⋃

α⃗∈S πα⃗r

over the latter condition’s support. Given that supp(
⋃

α⃗∈S πα⃗r) is the support of the names

in line (4.2.1.3), we can use lemma 2.5.13 to conclude that

⋃
α⃗∈S

πα⃗r ⊩ “Ḟ ∪ {⟨1, πα⃗ẏ⟩|α⃗ ∈ S} ⊆ 2ẋ has the FIP.” (4.2.1.4)

Because S ⊆
∏

i∈Y \(F∪X)H
m
i was arbitrary, line (4.2.1.4) holds for every S ′ ⊆ S, which

allows us to conclude line (4.2.1.2).

To complete our proof of line (4.2.1.1), let ∆ ∈ [Orb(⟨q, ẏ⟩, K)]<ω be arbitrary, and take

δ ∈ [K]<ω so that ∆ = {⟨πq, πẏ⟩ | π ∈ δ}. We may assume without loss of generality that

the conditions in the set {πq | π ∈ δ} are mutually compatible, so that the names in rng(∆)

can mutually appear in an interpretation of Orb(⟨q, ẏ⟩, K). If we can derive that

1 ⊩ “Ḟ ∪∆ ⊆ 2ẋ has the FIP, ” (4.2.1.5)

then the desired conclusion in line (4.2.1.1) follows from the fact that ∆ ∈ [Orb(⟨q, ẏ⟩, K)]<ω

was taken to be arbitrary.

We will show that, essentially, the lines (4.2.1.2) and (4.2.1.5) are the same up to an appli-

cation of the symmetry lemma by some σ ∈ K = fixG(F ∪X). We claim that m ∈ ω can be
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taken large enough to define a σ ∈ K, for which

σδ = {σπ | π ∈ δ} ⊆ {πα⃗|α⃗ ∈
∏

i∈Y \(F∪X)

Hm
i }. (4.2.1.6)

If this can be done, let S = σδ and apply line (4.2.1.2) to get

1 ⊩ “Ḟ ∪ σ∆ ⊆ 2ẋ has the FIP.” (4.2.1.7)

Because σ ∈ K = fixG(F ∪ X), we can apply the symmetry lemma 2.2.4 with σ−1 to line

(4.2.1.7), while fixing Ḟ and ẋ, to get line (4.2.1.5), which completes the proof.

We will now justify the existence of such a σ ∈ K. Fix an enumeration δ = {πj | j ≤ n},

and for j ≤ n, define

β⃗j = {⟨i, πj(i)⟩|i ∈ Y \ (F ∪X)},

so that πj ↾F∪X∪Y= πβ⃗j
. Because supp(ẏ) ⊆ supp(q) = F ∪ X ∪ Y , lemma 2.5.15 shows

that πjr = πβ⃗j
r and πj ẏ = πβ⃗j

ẏ. Without loss of generality, we can thus assume that

δ = {πβ⃗j
| j ≤ n}. For i ∈ Y \ (F ∪X), define the sets

Ji = {π(i)|π ∈ δ}.

Because we assume that the conditions in {πq | π ∈ δ} are mutually compatible, by lemma

4.2.10 the sets Ji, for i ∈ Y \ (F ∪ X), are mutually disjoint. For every i ∈ Y \ (F ∪ X),

because every π ∈ δ ⊆ K = fixG(F ∪ X), Ji is also disjoint from F ∪ X. For every j ≤ n,

β⃗j ∈
∏

i∈Y \(F∪X) Ji, which gives the inclusion

δ = {πβ⃗j
|j ≤ n} ⊆ {πγ⃗|γ⃗ ∈

∏
i∈Y \(F∪X)

Ji}.
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Now let m = maxi∈Y \(F∪X)|Ji| and for i ∈ Y \ (F ∪X), consider the sets Hm
i ⊆ Hi ⊆ θi ⊆

θ \ (F ∪ X) defined above. For i ∈ Y \ (F ∪ X), let fi : Ji → Hm
i be an injection. Define

σ ∈ K = fixG(F ∪X) by

σ =
∏

i∈Y \(F∪X)

∏
a∈Ji

(a fi(a)).

Because the sets Ji are mutually disjoint, and the functions fi are injections into mutually

disjoint codomains, σ is well-defined as an automorphism of the index set θ, an in particular

it is an injection from
∏

i∈Y \(F∪X) Ji into
∏

i∈Y \(F∪X)H
m
i . Moreover, for i ∈ Y \ (F ∪ X),

the sets Ji and Hm
i are disjoint from F ∪X, so σ ∈ K = fixG(F ∪X). We can then conclude

that

σδ = {σπj|j ≤ n} = {σπβ⃗j
|j ≤ n} ⊆ {σπγ⃗|γ⃗ ∈

∏
i∈Y (\(F∪X)

Ji} ⊆ {πα⃗|α⃗ ∈
∏

i∈Y \(F∪X)

Hm
i },

which satisfies line (4.2.1.6) and completes the proof.

Remark 4.2.12. As in our search-and-shift argument from section 3.2, we search through

any name U̇ for an ultrafilter on ẋ that extends Ḟ , then shift the outcomes of this search

(stated in line (4.2.1.2)) to verify that for every relevant ∆ ∈ [Orb(⟨q, y′⟩, K)]<ω,

1 ⊩ “Ḟ ∪∆ ⊆ 2ẋ has the FIP, ”

In this sense, BPI in N(θ,Q) can is inherited from the outer model M [G] ⊨ ZFC, with

arbitrary names for ultrafilters coordinating the extension of names for symmetric filters.

4.2.2 The General Case of BPI in N(I,Q)

The previous subsection assumes that the index set I = θ is large enough to run our adapta-

tion of Harrington’s proof. In chapter 5 of this thesis, we will generalize results from [KS20]
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to show that one can assume that I is arbitrarily large, without loss of generality. We state

these results from [KS20] below.

Definition 4.2.13 (Karagila, Schlicht, [KS20]). For sets X and Y , let Colinj(X, Y ) be the

poset of well-orderable partial injections from X into Y , ordered by reverse-inclusion.

Theorem 4.2.14 (Karagila, Schlicht, [KS20]). Let M ⊨ ZFC, and I, J ∈ M be infinite.

Let G be P(I, 2<ω)-generic, and let A ∈ N(I, 2<ω) be the standard Dedekind-finite set of

Cohen-generic reals. If F is Collinj(J,A)-generic over NG(I,Q), then F is P(J, 2<ω)-generic

over M .

Corollary 4.2.15 (Karagila, Schlicht, [KS20]). Let M ⊨ ZFC and let I, J ∈ M be infinite.

For every P(I, 2<ω)-generic G, there is a P(J, 2<ω)-generic F (as in theorem 5.0.2), so that

NG(I, 2<ω) = NF (J, 2<ω).

Informally, one can view the generics F and G from theorem 5.0.2 as essentially containing

two pieces of information: a new set A of mutually generic Cohen reals, and a bijection

witnessing the cardinality of A. In theorem 5.0.2, one takes the generic filters F and G to

have the same set A of Cohen reals, but to disagree on the bijection from A to a cardinal.

Because the inner models NG(I,Q) ⊆ M [G] and NF (J,Q) ⊆ M [F ] retain A but lose its

bijection to any cardinal, we arrive at the same model NG(I, 2<ω) = NF (J, 2<ω) by removing

the point of disagreement between M [G] and M [F ].

In chapter 5, we justify that the same reasoning works to compare the models N(I,Q) and

N(J,Q); this resolves a question posed in [KS20]. We state our theorem below.
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Theorem 4.2.16. Let M ⊨ ZFC, let I, J ∈ M be infinite, and let Q ∈ M be a poset. For

every P(I,Q)-generic G, there is a P(J,Q)-generic F so that

NG(I,Q) = NF (J,Q).

Corollary 4.2.17 (Stefanović, [Ste23]). For every set I and every poset Q, N(I,Q) ⊨ BPI.

Proof. Fix an arbitrary index set I, and a P(I,Q)-generic G, for NG(I,Q). Let θ be large

enough for theorem 4.2.11, so that for every P(θ,Q)-generic F , NF (θ,Q) ⊨ BPI. By corollary

5.0.3, there is a P(θ,Q)-generic F , so that

NG(I,Q) = NF (θ,Q) ⊨ BPI.

While this justifies BPI in N(I,Q), and thus the filter extension property below 1 ∈ P(I,Q)

as well, it leaves open two questions. First, we have not justified theorem 4.2.1, i.e. that

the filter extension property holds for the base of subgroups fixG(E), with E ∈ [I]<ω. More

broadly, we can ask how witnesses to the filter extension property, in the case when I = θ is

large, relate to witnesses in the arbitrary case. To resolve these loose ends, we cite another

theorem that we will prove in chapter 5.

Recall the convention that we can emphasize the index set I with the notation ⟨P(I,Q),GI ,FI⟩

HSFI
. Note also that in chapter 5, we will define the map Σ : HSFI

→ HSFJ
. For now, the

exact details are not needed, except for the fact that supp(ẋ) = supp(Σ(ẋ)).
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Theorem 4.2.18. Let M ⊨ ZFC, let I ⊆ J ∈ M be infinite, and let Q ∈ M be a poset. For

every p ∈ P(I,Q) ⊆ P(J,Q), every ẋ0, ..., ẋn ∈ HSFI
, and every formula ϕ,

p ⊩N(I,Q) ϕ(ẋ0, ..., ẋn) ⇐⇒ p ⊩N(J,Q) ϕ(Σ(ẋ0), ...,Σ(ẋn)).

Corollary 4.2.19 (Halpern, Lévy, [HL71], Stefonović, [Ste23]). Theorem 4.2.1 holds in

general.

Proof. Let I be arbitrary, let Ḟ , ẋ, ẏ ∈ HSFI
meet the hypotheses of theorem 4.2.1, with

supp(Ḟ ) = F, supp(ẋ) = X, supp(ẏ) = Y , and K = fixG(F ∪ X). Let q ≤ 1 ∈ P(I,Q) be

arbitrary.

Take θ ⊇ I large enough for theorem 4.2.11. By theorem 4.2.18, Σ(ẋ),Σ(Ḟ ),Σ(ẏ) ∈ HSFθ

also meet the hypotheses of theorem 4.2.1. By the property of Σ noted above, supp(Σ(Ḟ )) =

F, supp(Σ(ẋ)) = X and supp(Σ(ẏ)) = Y . Since I ⊆ θ, we have that q ∈ P(I,Q) ⊆ P(θ,Q).

We can then apply theorem 4.2.11 to produce witnesses r ≤ q (with supp(r) ⊆ supp(q) ∪

F ∪X ∪ Y ⊆ I, so that r ∈ P(I,Q)) and Σ(y′) ∈ {Σ(ẏ),Σ(ẋ \ ẏ)}. By theorem 4.2.18, r ≤ q

and y′ ∈ {ẏ, ẋ \ ẏ} witness theorem 4.2.1 for ⟨P(I,Q),GI ,FI⟩.

4.3 The Halpern-Läuchli Property

We are now able to return to our goal of generalizing the Ramsey property from chapter

3. In the previous subsection, we gave a search-and-shift proof of BPI in the generalized

Cohen model N(I,Q), in the case that I is sufficiently large. In this section, we introduce

the Halpern-Läuchli property (below p), which can be seen to express the most general

conditions that allow one to apply a search-and-shift argument to prove BPI in a symmetric

extension. We show that this fully characterizes BPI in symmetric extensions. In future
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work, we will show that the Halpern-Läuchli property also captures an abstract form of the

Halpern-Läuchli theorem, and formalizes the general relationship between variants of the

Halpern-Läuchli theorem and BPI in symmetric extensions.

Definition 4.3.1. The symmetric system ⟨P,G,F⟩ has the Halpern-Läuchli property below

p ∈ P if there is a set D ⊆ P that is dense below p, so that for every d ∈ D, F has a base

Bd, so that the following holds for every K ∈ Bd: for every ẏ ∈ HSF , every P-name ċ that

1 forces to be a {green, red}-coloring of Orb(⟨1, ẏ⟩, K), and every q ≤ d in P, there is an

r ≤ q and a c′ ∈ {green, red}, so that for every δ ∈ [K]<ω, and every s ≤ {πr | π ∈ δ} below

d, there is a σ ∈ K so that

σs ̸⊩ (∃π ∈ δ)ċ(σπẏ) ̸= c′.

Remark 4.3.2. As in our proof from subsection 4.3.2, the idea behind the Halpern-Läuchli

property is that for every condition s that forces finitely many images of y′ to appear in the

union Ḟ ∪ Orb(⟨r, y′⟩, K), one can shift by σ so that it is not too late for U̇ to verify the

desired σ-shifted instance of the FIP.

Theorem 4.3.3. For a ground model M ⊨ ZFC, a symmetric system ⟨P,G,F⟩, p ∈ P, and

the corresponding symmetric extension N ⊇ M , the following are equivalent:

(i) p ⊩N BPI,

(ii) ⟨P,G,F⟩ has the filter extension property below p,

(iii) ⟨P,G,F⟩ has the Halpern-Läuchli property below p.

Proof. Theorem 4.1.17 establishes (i) ⇐⇒ (ii); we will prove (iii) ⇒ (ii) and (ii) ⇒ (iii).

(iii) ⇒ (ii) Let ⟨P,G,F⟩ be a symmetric system for which the Halpern-Läuchli property

below p holds, as witnessed by the set D ⊆ P that is dense below p, and the bases Bd of F ,

for d ∈ D. We aim to show that the same D, and Bd, for d ∈ D, witness the filter extension
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property below p. To do so, fix arbitrary d ∈ D and K ∈ Bd, and we will show that d and

K witness the filter extension property below p. We use another search-and-shift argument.

Let Ḟ , ẋ, ẏ ∈ HSF so that K ⪯ symG(Ḟ ) ∩ symG(ẋ) and

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP” ∧ ẏ ⊆ ẋ,

and fix q ≤ d. Recall that we aim to produce an r ≤ q and a y′ ∈ {ẏ, ẋ \ ẏ} so that

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) has the FIP.” (4.3.0.1)

Let U̇ ⊇ Ḟ be a P name that is forced by 1 to be an ultrafilter on ẋ, and let ċ be the name

for a {green, red}-coloring of Orb(ẏ, K) so that for every π ∈ K

(t ⊩ ċ(πẏ) = ˇgreen) ⇐⇒ (t ⊩ πẏ ∈ U̇) and (t ⊩ ċ(πẏ) = ˇred) ⇐⇒ (t ⊩ π(ẋ \ ẏ) ∈ U̇).

For the coloring ċ and the q ≤ d that we fixed above, take r ≤ q and c′ ∈ {green, red} to

witness the Halpern-Läuchli property. We then claim that if c′ = green that, then r ≤ q

and y′ = ẏ satisfy line (4.3.0.1), and if c′ = red, then r ≤ q and y′ = ẋ \ ẏ satisfy line

4.3.0.1. Since d ∈ D and K ∈ Bd were arbitrary, proving this claim completes the proof of

the implication (iii) ⇒ (ii).

Without loss of generality, we prove this in the case that c′ = green. Suppose that δ ∈ [K]<ω,

and that the conditions in {πr | π ∈ δ} are mutually compatible, and are also compatible

with d. This way, when G is P-generic and d ∈ G, the names in ∆ = {πẏ | π ∈ δ} can

mutually appear in an interpretation of Orb(⟨r, y′⟩, K). In this case, we would like to find a
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set of conditions that are dense below {πr | π ∈ δ} and d, and that force

“Ḟ ∪ {⟨1, πẏ⟩ | π ∈ δ} has the FIP.”

Fix an arbitrary s ≤ {πr | π ∈ δ} below d, and use use Halpern-Läuchli property to identify

σ ∈ K so that

σs ̸⊩ (∃π ∈ δ)ċ(σπẏ) ̸= ˇgreen.

Then, there must be some t ≤ σs so that

t ⊩ (∀π ∈ δ)ċ(σπẏ) = green.

By the definition of ċ, this is equivalent to

t ⊩ Ḟ ∪ {⟨1, σπẏ⟩ | π ∈ δ} ⊆ U̇ .

Recall that we took U̇ ⊇ Ḟ to be forced by 1 to be an ultrafilter on ẋ. Since σ, σ−1 ∈ K ⪯

fixG(Ḟ ) ∩ symG(ẋ), σ
−1U̇ ⊇ Ḟ is also forced by 1 to be an ultrafilter on ẋ. So σ−1t ≤ s and

σ−1t ⊩ Ḟ ∪ {⟨1, πẏ⟩ | π ∈ δ} ⊆ σ−1U̇ ,

in which case

σ−1t ⊩ Ḟ ∪ {⟨1, πẏ⟩ | π ∈ δ} has the FIP.”

Since s ≤ {πr | π ∈ δ} below d was arbitrary, we have that the above line is forced by a dense

set of conditions below {πr | π ∈ δ}. Since δ ∈ [K]<ω was arbitrary, up the the constraint

that the conditions in {πr | π ∈ δ} were compatible, we can then conclude that for every

δ ∈ [K]<ω, every condition s below d that forces {πẏ | π ∈ δ} ⊆ Orb(⟨r, ẏ⟩, K), also forces
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the above line. We can thus conclude, as desired, that

1 ⊩ “Ḟ ∪Orb(⟨r, y′⟩, K) has the FIP, ”

and that d ∈ D, K ∈ Bd witness the filter extension property below p.

(ii) ⇒ (iii) We will generalize Blass’ argument from [Bla87], which shows that BPI in a

permutation model M(A,G,F) implies the Ramsey property for F . We encourage the

reader to review Blass’ proof in the setting of permutation models. The main difference

between the proofs can be explained as follows. Blass begins with a group K ∈ F and

identifies a subgroup G ∩ K ⪯ K that witnesses the Ramsey property. We will instead

take K be a witness of the filter extension property, and show that K itself witnesses the

Halpern-Läuchli property. This adjustment allows us to avoid a certain technical issue that

arises when adapting Blass’ proof more directly.

In section 4.4, it will be useful to have a version of the Halpern-Läuchli property that is

stated with respect to P-names ċ that 1 forces to be functions with arbitrarily large finite

codomains, instead of just {green, red}. We will thus assume in this proof that the relevant

names ċ have arbitrarily large finite codomain. The {green, red}-coloring case is subsumed.

Let D ⊆ P (which is dense below p), and for d ∈ D, let Bd (which is a base for F) witness the

filter extension property below p. We will show that these also witness the Halpern-Läuchli

property below p; we will prove this, in particular, for an arbitrary d ∈ D and K ∈ Bd.

For d and K, we say that (ẏ, n, ċ, q) is a contradiction of the Halpern-Läuchli property below

p if ẏ ∈ HSF , n < ω, ċ is a P-name so that 1 ⊩ ċ : Orb(⟨1, ẏ⟩, K) → ň, q ≤ d, and if for every
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r ≤ q, there is a δr ∈ [K]<ω and an sr ≤ {πr | π ∈ δ} below d, so that for every σ ∈ K,

σsr ⊩ (∃π0, ..., πn−1 ∈ δr)(∀i ≤ n)ċ(σπiẏ) ̸= ǐ. (4.3.0.2)

We aim to prove that, for d and K, there are no contradictions (ẏ, n, ċ, q) to the Halpern-

Läuchli property below p.

If there were such a contradiction (ẏ, n, ċ, q), we can use it to define a name θ̇ for finitely

satisfiable first-order theory, with K ⪯ symG(θ̇) and θ̇ ∈ HSF . Since d ∈ D, K ∈ Bd witness

the filter extension property, we claim that there is then a name Ȧ ∈ HSF that d forces to be

a model of the theory θ̇, with K ⪯ symG(Ȧ). The proof of this claim is essentially the same

as the proof of theorem 4.1.5; instead of giving this proof here, we outline it in Appendix B.

We will define the name θ̇ so that the existence of such a Ȧ produces a contradiction.

For every r ≤ q, choose some δr ∈ [K]<ω and sr ≤ {πr | π ∈ δ} below d, so that for every

σ ∈ K, the issue in line (4.3.0.2) occurs. Then define

θ̇ = {⟨1, rng(Ċ) ⊆ ň⟩} ∪
⋃
r≤q

Orb(⟨sr,
∧
i≤n

∨
π∈δr

Ċ(πẏ) ̸= ǐ⟩, K).

We can briefly specify the formal details of the above line. First, we let Ċ be a name for

a function symbol, for some arbitrary Ċ ∈ HSF with K ⪯ symG(Ċ); then, we have that

K ⪯ symG(θ̇). Recall that q is taken from the contradiction (ẏ, n, ċ, q), and define a name

for the set of constant symbols

Ẋ = {⟨1, ǐ⟩ | i < n} ∪Orb(⟨1, ẏ⟩, K).
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By the sentences rng(Ċ) ⊆ ň and
∧

i≤n

∨
π∈δ Ċ(πẏ) ̸= ǐ, we mean names for these sentences,

so that for every σ ∈ K,

σ(rng(Ċ) ⊆ ň) = rng(Ċ) ⊆ ň,

and

σ(
∧
i≤n

∨
π∈δ

Ċ(πẏ) ̸= ǐ) =
∧
i≤n

∨
π∈δ

Ċ(σπẏ) ̸= ǐ.

For ċ, as in the contradiction (ẏ, n, ċ, q), we claim that

1 ⊩ “ċ is a model of θ̇.”

To see why, note that by the definition of θ̇, 1 forces that θ̇ is a subset of the theory of ċ

(when ċ is taken as a structure in the relevant language). It is then immediate that 1 forces

that ċ models its own theory. Because there is a name in HSF for every finite subset of ċ,

1 ⊩N “θ̇ is finitely satsfiable.”

Because d and K witness the filter extension property, we then have some Ȧ ∈ HSF with

K ⪯ symG(Ȧ), so that

d ⊩N “Ȧ is a model of θ̇.”

However, this cannot be the case. By a slight misuse of notation, we will let Ȧ denote the

intepretation of the function symbol Ċ in this model of θ̇. Recall from the definition of the

name Ẋ for the set of constants, 1 ⊩ ẏ ∈ Ẋ, for ẏ as in the contradiction (ẏ, n, ċ, q). Then

for q ≤ d, with q as in the contradiction (ẏ, n, ċ, q), there must be an r ≤ q and i < n so that

r ⊩ Ȧ(ẏ) = ǐ.
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Then, because K ⪯ symG(Ȧ), for every π ∈ K,

πr ⊩ Ȧ(πẏ) = ǐ.

Then, for the chosen δr ∈ [K]<ω and sr ≤ {πr | π ∈ δ} below d, it must be the case that

sr ⊩
∧
π∈δr

Ȧ(πẏ) = ǐ.

This contradicts the fact that sr ⊩
∧

i≤n

∨
π∈δr Ċ(πẏ) ̸= ǐ ∈ θ̇. Thus (ẏ, n, ċ, q) cannot be a

contradiction to the Halpern-Läuchli property below p, for d ∈ D and K ∈ Bd. We conclude

that D ⊆ P and Bd, for d ∈ D, witness the Halpern-Läuchli property below p.

Corollary 4.3.4. A symmetric system ⟨P,G,F⟩ has the Halpern-Läuchli property below p

if and only if it has the version of the Halpern-Läuchli property below p that results from

changing the P-names ċ, from definition 4.3.1, to be forced by 1 to have arbitrary finite

codomains. In particular, d ∈ D ⊆ P and K ∈ Bd ⊆ F witness the Halpern-Läuchli property

below p if and only if they witness this adjusted version of the property.

Proof. The case where the P-names ċ are forced by 1 to be {green, red}-colorings is subsumed

by the general case, which proves the “if” direction. In the first direction of the proof of the

above theorem, we showed that if d ∈ D ⊆ P and K ∈ Bd ⊆ F witness the Halpern-Läuchli

property below p, then they also witness the filter extension property below p. In the second

direction, we showed that this implies that d ∈ D ⊆ P and K ∈ Bd ⊆ F also witness this

finite-codomain version of the Halpern-Läuchli property below p.
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4.4 The Search-and-Shift Property

At this respective point in chapter 3, we dealt with extreme amenability as a characterization

of BPI in permutation models. In section 3.4, we then introduced the search-and-shift

property for permutation models, in part to analyze the convergent features of our proofs of

BPI from the Ramsey property and from extreme amenability. This gives us two avenues

to develop a version of the search-and-shift property for symmetric extensions: using an

appropriate generalization of extreme amenability, or using the Halpern-Läuchli property.

In the case of symmetric extensions, the appropriate generalization of extreme amenability

is not immediately apparent. In this section, we will thus develop a version of the search-

and-shift property with respect to the Halpern-Läuchli property. Our overall strategy is to

use this characterization of BPI to motivate a viable generalization of extreme amenability

to the context of symmetric extensions. This will appear in forthcoming work, but not in

this thesis. We sketch this overall idea in figure 4.1 below.

The Ramsey Property

The Search-and-Shift Property
(For Permutation Models)

Extreme Amenability

The Halpern-Läuchli Property

The Search-and-Shift Property

Some Generalization of Extreme Amenability
to Symmetric Extensions

Figure 4.1: The flow of ideas in chapter 3, and its influence on this section and intended
future work.

The Ramsey property and the Halpern-Läuchli property both express that search-and-shift

arguments are a fully comprehensive method to prove BPI, respectively in permutation
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models and in symmetric extensions. This is the main idea that we will use to state a

version of the search-and-shift property for symmetric extensions. We will briefly recall

several details of the case for permutation models.

In section 3.4, we show that for F, x ∈ M(A,G,F) satisfying the hypotheses of the filter

extension property, a single M(A,G,F)-valued ultrafilter U0 ⊇ F on x could be used to

determine an ultrafilter U ∈ M(A,G,F) extending F on x. In this case, we showed that U0

can be used in a search-and-shift argument to check each y ∈ U (see definition 3.4.2), i.e.

to verify that U has the FIP. This differed from our application of the Ramsey property

to prove BPI in section 3.2, where a sequence U0, U1, ... of M(A,G,F)-valued ultrafilters is

produced to guide the construction of the desired ultrafilter U ∈ M(A,G,F).

Similarly, by applying the Halpern-Läuchli property and the filter extension property to

prove that p ⊩N BPI, we start with names Ḟ , ẋ ∈ HSF that satisfy the hypotheses of the

filter extension property. We then produce a sequence

U̇0, Ḟ1 = Ḟ ∪Orb(⟨r0, ẏ0⟩, K), U̇1 ⊇ Ḟ1, Ḟ2 = Ḟ1 ∪Orb(⟨r1, ẏ1⟩, K), ...

where each U̇n ⊇ Ḟn is forced by 1 to be an ultrafilter on ẋ, so that a search-and-shift argu-

ment using U̇n and the Halpern-Läuchli property can be used to determine Ḟn+1. Eventually,

we have that Ḟβ = U̇ ∈ HSF is the desired name that some d ≤ p forces to be an ultrafilter

on ẋ extending Ḟ . We can ask the same question as in section 3.4: can this entire process

be completed by a single name for an ultrafilter U̇0 ⊇ Ḟ?

To answer this question, we isolate the property that U̇0 can be used in a search-and-shift

argument for a specific name ẏ for a subset of ẋ – this is the relevant generalization of

definition 3.4.2. First, we introduce some basic terminology.
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Definition 4.4.1. For a symmetric system ⟨P,G,F⟩, and ẋ ∈ HSF , we say that a P-name

U̇ is an HSF -valued filter on ẋ if rng(U̇) ⊆ HSF , 1 ⊩ ẏ ⊆ ẋ for every ẏ ∈ rng(U̇), and if

1 ⊩ U̇ ⊆ 2ẋ has the FIP.”

If if is also the case that for every ẏ ∈ HSF with 1 ⊩ ẏ ⊆ ẋ,

1 ⊩ ẏ ∈ U̇ ∨ ẋ \ ẏ ∈ U̇ ,

then we say that U̇ is an HSF -valued ultrafilter on ẋ.

Definition 4.4.2. For a symmetric system ⟨P,G,F⟩, and Ḟ , ẋ ∈ HSF satisfying the hy-

potheses of the filter extension property, let βẋ/Ḟ be the set of HSF -valued ultrafilters U̇ on

ẋ with Ḟ ⊆ U̇ .

We can now state the generalization of definition 3.4.2.

Definition 4.4.3. For a symmetric system ⟨P,G,F⟩, and Ḟ , ẋ, ẏ ∈ HSF satisfying the

hypotheses of the filter extension property, r ∈ P, and K ∈ F , we say that U̇0 ∈ βẋ/Ḟ

checks ⟨r, ẏ⟩ (with respect to d and K) if for every δ ∈ [K]<ω and every s ≤ {πr | π ∈ δ}

below d, there is a σ ∈ K so that

s ̸⊩ (∃π ∈ δ)πẏ ̸∈ σU̇0.

When d and K are clear from context, we will just write that U̇0 checks ⟨r, ẏ⟩.

In lemma 3.4.3, we proved the central relationship between U0 checking elements of a sym-

metric ultrafilter U , and U being an ultralimit of the space K · U0. Stating the appropriate

generalization of this lemma is a key idea in this section.
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Note that for K ∈ F and U̇0 ∈ βẋ/Ḟ , will write K · U̇0 to formally mean the name

{⟨1, σU̇0⟩ | σ ∈ K} for a space with the standard topology of a space of ultrafilters.

Lemma 4.4.4. Let ⟨P,G,F⟩ be a symmetric system, let Ḟ , ẋ ∈ HSF satisfy the hypotheses

of the filter extension property, and let U̇0 ∈ βẋ/Ḟ . For K ∈ F , suppose that U̇ ∈ HSF ,

Ḟ ⊆ U̇ , K ⪯ symG(U̇), and d ⊩ U̇ is an ultrafilter on ẋ.” Then the following are equivalent:

(i) d ⊩ “U̇ is an ultralimit of K · U̇0, ”

(ii) U̇0 checks every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d, with respect to d and K.

Proof. (i) ⇒ (ii) Suppose that d ⊩ “U̇ is an ultralimit of K · U̇0.” For U̇ as in the statement

of the lemma, let r ≤ d with ⟨r, ẏ⟩ ∈ U̇ , δ ∈ [K]<ω, and s ≤ {πr | π ∈ δ} below d be arbitrary;

we aim to show that U̇0 checks ⟨r, ẏ⟩ with respect to d and K. We have immediately that

r ⊩ ẏ ∈ U̇ . Since we assume that K ⪯ symG(U̇), for every π ∈ K, we also have that

πr ⊩ πẏ ∈ U̇ . Then

s ⊩ (∀π ∈ δ)πẏ ∈ U̇ .

Since s is below d, we also have that

s ⊩ “U̇ is an ultralimit of K · U̇0, ”

so there is at least one t ≤ s and σ ∈ K with

t ⊩ (∀π ∈ δ)πẏ ∈ σU̇0.

Then for this σ,

s ̸⊩ (∃π ∈ δ)πẏ ̸∈ σU̇0,

so U̇0 checks ⟨r, ẏ⟩ with respect to d and K.
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(ii) ⇒ (i) Suppose that U̇0 checks every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d, with respect to d and K.

Note that d ⊩ U̇ ∈ βẋ/Ḟ . We will show that d forces that every basic open neighborhood of

U̇ in βẋ/Ḟ meets K · U̇0, which is equivalent to d forcing that U̇ is an ultralimit of K · U̇0.

Let r ≤ d force that Ẇ is a basic open neighborhood of U̇ in the subspace K · U̇0 ⊆ βẋ/Ḟ .

Then there is some ẏ ∈ HSF so that r ⊩ ẏ ∈ U̇ , and

r ⊩ Ẇ = {⟨s, σU̇0⟩ | σ ∈ K, s ⊩ ẏ ∈ σU̇0}.

We complete the proof by showing that r also forces that Ẇ is nonempty.

Fix an arbitrary s ≤ r. By the definition of the forcing relation, we can extend to some

t ≤ s so that ⟨t, ẏt⟩ ∈ U̇ and t ⊩ ẏ = ẏt. Then, by assumption, U0 checks ⟨t, ẏt⟩, so for every

u ≤ t ≤ d, there is a σ ∈ K so that

u ̸⊩ ẏ ̸∈ σU̇0.

In this case, there is a v ≤ u so that

v ⊩ ẏ ∈ σU̇0,

and thus

v ⊩ σU̇0 ∈ Ẇ .

Because s ≤ r was arbitrary, and v ≤ s forces Ẇ to be nonempty, a dense set of conditions

below r force that Ẇ is nonempty. Thus, r also forces that Ẇ is nonempty. Since r ≤ d was

an arbitrary condition that forces that Ẇ is an open neighborhood of U̇ , d forces that U̇ is

an ultralimit of K · U̇0.
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Based on the connection in the lemma, we can define the search-and-shift property as follows.

Definition 4.4.5. The symmetric system ⟨P,G,F⟩ has the search-and-shift property below

p ∈ P if there is a set D ⊆ P that is dense below p, so that for every d ∈ D, F has

a base Bd, so that the following holds for every K ∈ Bd: for every Ḟ , ẋ ∈ HSF , with

K ⪯ symG(Ḟ ) ∩ symG(ẋ), and

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP, ”

and for every U̇0 ∈ βẋ/Ḟ , there is a U̇ ∈ HSF , so that Ḟ ⊆ U̇ , K ⪯ symG(U̇), and

d ⊩ “U̇ is an ultralimit of K · U̇0” ∧ “U̇ is an ultrafilter on ẋ”

Theorem 4.4.6. For a ground model M ⊨ ZFC, a symmetric system ⟨P,G,F⟩, p ∈ P, and

the corresponding symmetric extension N ⊇ M , the following are equivalent:

(i) p ⊩N BPI,

(ii) ⟨P,G,F⟩ has the filter extension property below p,

(iii) ⟨P,G,F⟩ has the Halpern-Läuchli property below p,

(iv) ⟨P,G,F⟩ has the search-and-shift property below p.

Proof. The equivalences (i) ⇐⇒ (ii) ⇐⇒ (iii) have been proven, and the implication

(iv) ⇒ (i) is immediate. We will thus prove (iii) ⇒ (iv) to complete the theorem. We

will follow the format of our proof that the Ramsey property implies the search-and-shift

property for permutation models, in section 3.4.

Let D ⊆ P be dense below p, and for every d ∈ D, let Bd be a base of F that witnesses the
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Halpern-Läuchli property below p. Let d ∈ D and K ∈ Bd be arbitrary; we aim to show

that d and K also witness the search-and-shift property below p.

Fix arbitrary Ḟ , ẋ ∈ HSF for which K ⪯ symG(Ḟ )∩symG(ẋ) and 1 ⊩ “Ḟ ⊆ 2ẋ has the FIP,”

and let U̇0 ∈ βẋ/Ḟ be arbitrary. By lemma 4.4.4, it suffices to show that there is a U̇ ∈ HSF ,

so that K ⪯ symG(U̇),

d ⊩ “U̇ ⊇ Ḟ is an ultrafilter on ẋ, ”

and so that U̇0 checks every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d, with respect to d and K. To construct

U̇ , we use following lemma.

Lemma 4.4.7. For every ẏ0, ..., ẏn ∈ HSF so that 1 ⊩ ẋ =
⊔

i≤n ẏi, and for every q ≤ d,

there is an r ≤ q and an i ≤ n so that U̇0 checks ⟨r, ẏi⟩ with respect to d and K.

Proof. We use the form of the Halpern-Läuchli property that references names for colorings

with arbitrarily large finite codomains. By corollary 4.3.4, because d and K witness the

Halpern-Läuchli property below p, they also witness this finite-codomain version of the

Halpern-Läuchli property below p.

Let ẏ0, ..., ẏn ∈ HSF , and let 1 ⊩ ẋ =
⊔

i≤n ẏi. Let ẏ = {⟨1, ẏi⟩ | i ≤ n}, and define an

n+ 1-coloring of Orb(⟨1, ẏ⟩, K) by setting, for r ≤ d,

(r ⊩ ċ(πẏ) = ǐ) ⇐⇒ (r ⊩ πẏ ∈ U̇0).

The proof can then be completed in the same was as our proof that the Halpern-Läuchli

property below p implies the filter extension property below p.
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Define the P-name

Ḟ0 = {⟨r, ẏ⟩ | r ⊩ ẏ ⊆ ẋ ∧

ẏ ∈ HSF ∧

“U̇0 checks ⟨r, ẏ⟩ (with respect to d and K)” ∧

“(∀s ≤ r) U̇0 does not check ⟨s, ẋ \ ẏ⟩ (with respect to d and K)”⟩}.

Claim 4.4.8. We claim that Ḟ ⊆ Ḟ0, K ⪯ symG(Ḟ0), and that d ⊩ “Ḟ0 ⊆ 2ẋ has the FIP.”

Supposing the claim, we will show how to complete the proof. Because d ∈ D and K ∈ Bd

witness the Halpern-Läuchli property below p, they also witness the filter extension property

below p. Because K ⪯ symG(Ḟ0)∩symG(ẋ), by our proof of lemma 4.1.1, we can find a name

Ḟ ′
0 ∈ HSF , with K ⪯ symG(Ḟ

′) and so that

d ⊩ Ḟ0 = Ḟ ′
0 and 1 ⊩ “Ḟ ′

0 ⊆ 2ẋ has the FIP.”

Then, because 1 ⊩ “Ḟ ′
0 ⊆ 2ẋ has the FIP” andK ⪯ symG(Ḟ0)∩symG(ẋ), there is a U̇ ∈ HSF ,

with K ⪯ symG(U̇) and Ḟ ′
0 ⊆ U̇ , so that

d ⊩ Ḟ0 = Ḟ ′
0 ⊆ U̇ ∧ “U̇ is an ultrafilter on ẋ.”

We can describe how to modify the name U̇ , so that U̇0 checks every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d,

with respect to d and K. For every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d, there is a set S ⊆ P that is dense

below r, so that for every s ∈ S,

(i) s ⊩ ẏ ∈ Ḟ0, or

(ii) s ⊩ ẏ ̸∈ Ḟ0.
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For every s ∈ S, we can extend further to some ts ≤ s, so that either

(i) there is a ⟨ts, ẏts⟩ ∈ Ḟ0 with ts ⊩ ẏ = ẏts (by the definition of Ḟ0, this would also mean

that ⟨ts, ẏ⟩ ∈ Ḟ0), or

(ii) by using lemma 4.4.7, U̇0 checks both ⟨ts, ẏ⟩ and ⟨ts, ẋ \ ẏ⟩, with respect to d and K.

In either case, U̇0 checks ⟨ts, ẏ⟩ with respect to d and K. By the claim, K ⪯ symG(Ḟ0) =

symG(U̇). Because of this, and the symmetry of the definition of being checked with respect

to d and K, we have that for every π ∈ K, either

(i) ⟨πts, πẏ⟩ ∈ Ḟ0, or

(ii) U̇0 checks both ⟨πts, πẏ⟩ and ⟨πts, πẋ \ ẏ⟩ with respect to d and K.

Again, in each case U̇0 checks ⟨πts, πẏ⟩ with respect to d and K.

To modify U̇ , we can remove the orbit Orb(⟨r, ẏ⟩, K) from U̇ and replace it with Orb(⟨ts, ẏ⟩, K),

for every s ∈ S. For each ⟨πr, πẏ⟩ ∈ Orb(⟨r, ẏ⟩, K) that we removed, we replaced with with

⟨πts, πẏ⟩, for s ∈ S. Since {πts | s ∈ S} is dense below πr, this adjustment does not affect

the interpretation of U̇ . By making this modification for every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d, we

can ensure that U̇0 checks every ⟨r, ẏ⟩ ∈ U̇ , with r ≤ d, with respect to d and K. Given the

claim, this completes the proof.

Proof of claim 4.4.8. Because Ḟ ⊆ U̇0 and K ⪯ symG(Ḟ ), we also have that for every σ ∈ K,

Ḟ ⊆ σU̇0. Then for every ⟨r, ẏ⟩ ∈ Ḟ , U̇0 checks ⟨r, ẏ⟩ ∈ Ḟ and fails to check every ⟨s, ẋ \ ẏ⟩,

with s ≤ r. Thus, ⟨r, ẏ⟩ ∈ Ḟ0, and so Ḟ ⊆ Ḟ0.

Suppose that ⟨r, ẏ⟩ ∈ Ḟ0, so that 1 ⊩ ẏ ⊆ ẋ, ẏ ∈ HSF , and U̇0 checks ⟨r, ẏ⟩ and fails to check

⟨s, ẋ \ ẏ⟩, for every s ≤ r. Let π ∈ K be arbitrary. Because π ∈ K ⪯ symG(Ḟ ) ∩ symG(ẋ),
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we have that 1 ⊩ πẏ ⊆ ẋ. From the definition of the normal filter F , πẏ ∈ HSF . By the

definition of U̇0 checking ⟨r, ẏ⟩ with respect to d and K, for every π ∈ K, U̇0 checks π⟨r, ẏ⟩

and fails to check π⟨s, ẋ \ ẏ⟩, for every s ≤ r. Then π⟨r, ẏ⟩ ∈ Ḟ0, so K ⪯ symG(Ḟ0).

Suppose that there are ẏ0, ..., ẏn ∈ HSF and q ≤ d, so that q ⊩ ẏ0, ..., ẏn ∈ Ḟ0. There is then

a dense set of conditions R ⊆ P below q, where for every r ∈ R, there are ẏ0,r, ..., ẏn,r ∈ HSF

so that ⟨r, ẏ0,r⟩, ..., ⟨r, ẏn,r⟩ ∈ Ḟ0 and

r ⊩ (∀i ≤ n)ẏi = ẏi,r.

By the definition of Ḟ0, for every i ≤ n, U̇0 checks ⟨r, ẏi⟩ with respect to d and K, and for

every s ≤ r, U̇ does not check ⟨s, ẋ \ ẏi⟩ with respect to d and K.

From this, we can observe that for every i ≤ n, s ≤ r, and ż ∈ HSF so that 1 ⊩ ż ⊆ ẋ \ ẏi,

U̇0 does not check ⟨s, ż⟩. Accordingly, for every i ≤ n s ≤ r, and ż ∈ HSF , U̇0 does not check

⟨s, ż ∩ ẋ \ ẏi⟩.18 Then by lemma 4.4.7, since r ≤ d, there is an s ≤ r so that ⟨s,
⋂

i≤n ẏi⟩ is

checked with respect to d and K, and consequently

s ⊩
⋂
i≤n

ẏi.

Thus, for every r ∈ R, there is an s ≤ r that forces the above line. Since R ⊆ P is dense

below q, q also forces the above line. Since q ≤ d was chosen arbitrarily, we can conclude

that d ⊩ “Ḟ0 ⊆ 2ẋ has the FIP.”

The application of the claim described above then completes the argument.

18Where we take 1 to force ż ∩ ẋ \ ẏi to be the intended intersection.
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Chapter 5

Elementary Embeddings Between

Generalized Cohen Models

In section 4.2, we cited several results from chapter 5 to justify various ways in which the

index set I in the model N(I,Q) can be assumed to be arbitrarily large, without loss of

generality.1 This was of interest because I could then be taken to be large enough to apply

certain Ramsey-theoretic arguments to prove BPI in N(I,Q). We will now pay our debt

and prove the theorems that we cited in section 4.2. Some of the citations and motivating

comments below were already made in section 4.2, but we also include them here for the

reader’s convenience. The work in this chapter generalizes a theorem from [KS20], and

answers a question posed in that paper.

In the standard presentation of the Cohen model, one forces countably many mutually Cohen-

generic reals over a ground model of ZFC, then moves to an inner model of ZF in which the

standard set of Cohen reals (denoted A) is Dedekind-finite. We use the notation N(ω, 2<ω)

1See section 2.5 for the definition of N(I,Q).
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for this construction. The main theorem of [KS20] is that one can think of the Cohen model

as being truly agnostic about the size of A: one can force A to have an arbitrarily large

cardinality in an extension of N(ω, 2<ω). In a sense, this is the opposite process of forcing to

collapse a cardinal. Another way to express their result is that, for any infinite index sets I

and J , the models N(I, 2<ω) and N(J, 2<ω) – versions of the Cohen model that respectively

add I and J many Cohen reals, before taking the relevant inner model – are the same, up

to the right choice of generic filters. We state this work from [KS20] below.

Definition 5.0.1 (Karagila, Schlicht, [KS20]). For sets X and Y , let Colinj(X, Y ) be the

poset of well-orderable partial injections from X into Y , ordered by reverse-inclusion.

Theorem 5.0.2 (Karagila, Schlicht, [KS20]). Let M ⊨ ZFC, let I, J ∈ M be infinite, let

G be P(I, 2<ω)-generic, and let A ∈ N(I, 2<ω) be the standard Dedekind-finite set of Cohen

reals. If F is Collinj(J,A)-generic over NG(I,Q), then F is P(J, 2<ω)-generic over M .

Corollary 5.0.3 (Karagila, Schlicht, [KS20]). Let M ⊨ ZFC and let I, J ∈ M be infinite.

For every P(I, 2<ω)-generic G, there is a P(J, 2<ω)-generic F (as in theorem 5.0.2), so that

NG(I, 2<ω) = NF (J, 2<ω).

We can sketch a quick, informal account of theorem 5.0.2 and corollary 5.0.3. One can view

the generics F and G from theorem 5.0.2 as essentially containing two pieces of information:

a new set A of mutually generic Cohen reals, and a bijection witnessing the cardinality

of A. In theorem 5.0.2, one takes the generic filters F and G to have the same set A of

Cohen reals, but to disagree on the bijection from A to a cardinal. Because the inner models

NG(I,Q) ⊆ M [G] and NF (J,Q) ⊆ M [F ] retain A but lose its bijection to any cardinal, we

arrive at the same model NG(I, 2<ω) = NF (J, 2<ω) by removing the point of disagreement

between M [G] and M [F ].
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With this sketch in mind, one would expect that the proofs of theorem 5.0.2 and corollary

5.0.3 do not depend on the poset 2<ω, and that the same results hold for N(I,Q) – the

result of forcing I-many mutually Q-generic filters over a model of ZFC, then moving to an

inner model in which the standard set of Q-generic filters is Dedekind-finite. Question 5.5

from [KS20] essentially asks whether this intuition holds. Here, the authors note that their

“proofs involved in a meaningful way the Cohen forcing [P(ω, 2<ω)] itself,” but that “on its

face it seems that the proof uses more of the fact that we take a finite-support product of

infinitely many copies of the same forcing, rather than the specific properties of the Cohen

forcing.” They then ask (up to a change in notation) whether the results in [KS20] hold for

N(I,Q). We will answer this question positively, in the case of corollary 5.0.3:

Theorem 5.0.4. Let M ⊨ ZFC, let I, J ∈ M be infinite, and let Q ∈ M be a poset. For

every P(I,Q)-generic G, there is a P(J,Q)-generic F so that

NG(I,Q) = NF (J,Q).

This formalizes the notion that the index set I in N(I,Q) can be taken to be arbitrarily

large, without loss of generality. For the analysis given in section 4.2, we also used following

the stronger theorem. Note that Σ : HSFI
→ HSFJ

will be defined in section 5.1.2

Theorem 5.0.5. Let M ⊨ ZFC, let I, J ∈ M be infinite, and let Q ∈ M be a poset. For

every p ∈ P(I,Q), every ẋ0, ..., ẋn ∈ HSFI
, and every formula ϕ,

p ⊩N(I,Q) ϕ(ẋ0, ..., ẋn) ⇐⇒ p ⊩N(J,Q) ϕ(Σ(ẋ0), ...,Σ(ẋn)).

While the approach from [KS20] can likely be generalized to prove these two theorems, we

2As noted in definition 2.5.5, we can include the subscripts ⟨P(I,Q),GI ,FI⟩ and ⟨P(J,Q),GJ ,FJ⟩ to
emphasize the difference in index sets I and J .
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take a different approach that was inspired by a comment made in [KS20], in the paragraph

immediately following their remark 4.4. There, the authors point out that their result does

not imply a bijection between ω and κ (or, in our case, I and J) in the ground model M ,

only that κ is countable in is some ambient outer model of M . This suggests that one

can study the results in [KS20] from the perspective of an outer model with a bijection

between I and J . We will use M to denote our intended ground model, and V to denote

an outer model of M with a bijection b : I → J , and in which M is a class. In V , based

on the bijection b, there are natural notions of isomorphism between P(I,Q) and P(J,Q),

between V P(I,Q) and V P(J,Q), and thus between ⊩V
N(I,Q) and ⊩V

N(J,Q). We prove that, in V ,

the natural isomorphism between V P(I,Q) and V P(J,Q) restricts to an isomorphism between

the relativized classes (HSFI
)M and (HSFJ

)M . From this, we show that the isomorphism in

V between ⊩V
N(I,Q) and ⊩V

N(J,Q) restricts to an isomorphism between the relativized forcing

relations ⊩M
N(I,Q) and ⊩M

N(J,Q). Even though this isomorphism is not in M itself, the fact

that the relations ⊩M
N(I,Q) and ⊩M

N(J,Q) are relativized to M allows us to draw conclusions

about the relationship between ⊩N(I,Q) and ⊩N(J,Q) in M . In particular, we can prove the

two intended theorems listed above.

To carry out this approach in the outer model V , it will be useful to have a thorough

understanding of the relationship between HSFI
and HSFJ

that can be described in the

ground model M . In section 5.1, we introduce the maps in M

Σ : HSFI
→ HSFJ

and Γ : HSFJ
→ HSFI

.

These maps capture the ability of M to compare the classes HSFI
and HSFJ

, and hence to

compare the symmetric systems ⟨P(I,Q),GI ,FI⟩ and ⟨P(J,Q),GJ ,FJ⟩. The main focus of

section 5.1 is developing the basic algebraic properties of these maps, for use in section 5.2.
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In section 5.2, we use the maps Σ and Γ to analyze the isomorphisms that extend from a

bijection b : I → J in an outer model V of M , in which M is a class. We then carry out

the details of the approach sketched above. We examine the extent to which the ground

model M can detect the existence of an isomorphism between ⊩M
N(I,Q) and ⊩M

N(J,Q) in the

outer model V . We will show in theorem 5.2.11 that, in a sense, Σ is the residue in M of

this isomorphism in V .

We note that, unavoidably, many of the details of the arguments in this chapter rely heavily

on computation. While we have provided the full details of each proof, we have also divided

the work in this chapter into definitions, lemmas, theorems, and corollaries that we hope are

believably true and naturally build upon one another.

5.1 Spreading and Gathering Maps in the GroundModel

In the ground model M ⊨ ZFC, we will introduce the maps

Σ : HSFI
→ HSFJ

and Γ : HSFJ
→ HSFI

to capture the ability ofM to compare HSFI
with HSFJ

, and hence to compare ⟨P(I,Q),GI ,FI⟩

with ⟨P(J,Q),GJ ,FJ⟩. We will assume without loss of generality that I ⊆ J and |I| < |J |

in M . Given this assumption, we have that P(I,Q) ⊆ P(J,Q). Our definition of the map Σ

aims to provide a canonical sense in which a name ẋ ∈ HSFI
can be modified to produce a

corresponding name in HSFJ
with the same support.

Definition 5.1.1. Let I, J be infinite, with I ⊆ J and |I| < |J |. Define the “spreading”

function

Σ : HSFI
→ HSFJ
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by recursively setting

Σ(ẋ) =
⋃

⟨p,ż⟩∈ẋ

Orb(⟨p,Σ(ż)⟩, fixGJ
(supp(ẋ))).

We can think of Σ as hereditarily “spreading” the name ẋ ∈ HSFI
across the index set J ,

while fixing the part of ẋ above its support. Ultimately, in theorem 5.2.11, we will show that

Σ can be used to provide an elementary embedding in M between the relativized forcing

relations ⊩N(I,Q) and ⊩N(J,Q). Lemma 5.1.2 justifies that rng(Σ) ⊆ HSFJ
.

Lemma 5.1.2. If ẋ ∈ HSFI
, then Σ(ẋ) ∈ HSFJ

and supp(Σ(ẋ)) ⊆ supp(ẋ) ⊆ I.3

Proof. Assume inductively that for every ż ∈ rng(ẋ), Σ(ż) ∈ HSFJ
. From the definition of

Σ, it is apparent that fixGJ
(supp(ẋ)) ⪯ symGJ

(Σ(ẋ)). Because I ⊆ J , note that supp(ẋ) ∈

[I]<ω ⊆ [J ]<ω, and so fixGJ
(supp(ẋ)) ∈ FJ . Thus, Σ(ẋ) is FJ -symmetric, and by the inductive

assumption, Σ(ẋ) ∈ HSFJ
. By lemma 2.5.9, supp(Σ(ẋ)) is minimal, and so supp(Σ(ẋ)) ⊆

supp(ẋ) ⊆ I.

An important ingredient in the proofs of our main theorems is that every name in HSFJ
can

be described, in M , in terms of HSFI
, Σ, and GJ (see corollary 5.1.8). To show this, it will

be helpful to define a “gathering” function Γ : HSFJ
→ HSFI

, and prove that the restriction

of Γ to the class {ẇ ∈ HSFJ
| supp(ẇ) ⊆ I} is the inverse of Σ (see theorem 5.1.7).

Definition 5.1.3. Let I, J be infinite, with I ⊆ J and |I| < |J |. Recursively define the

“gathering” function

Γ : HSFJ
→ HSFI

by setting

Γ(ẇ) = {⟨p,Γ(ż)⟩ | ⟨p, ż⟩ ∈ ẇ ∧ supp(p), supp(ż) ⊆ I}.
3In corollary 5.1.10, we strengthen this to show that supp(ẋ) = supp(Σ(ẋ)).
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We can think of Γ as hereditarily “gathering” the subset of ẇ that can be stated with respect

to the index set I ⊆ J , and thus can be expressed as a P(I,Q)-name.

Lemma 5.1.4. For ẇ ∈ HSFJ
and π ∈ GI , πΓ(ẇ) = Γ(πẇ).

Proof. Let ẇ ∈ HSFJ
and inductively assume that for every ż ∈ rng(ẇ) and every π ∈ GI ,

πΓ(ż) = Γ(πż). We will first show that πΓ(ẇ) ⊆ Γ(πẇ). Suppose that ⟨πp, πΓ(ż)⟩ ∈ πΓ(ẇ),

with ⟨p,Γ(ż)⟩ ∈ Γ(ẇ), and ⟨p, ż⟩ ∈ ẇ with supp(p), supp(ẇ) ⊆ I. Then ⟨πp, πẇ⟩ ∈ πẇ, and

because π ∈ GI , supp(πp), supp(πẇ) ⊆ I. From this, we see that ⟨πp,Γ(πż)⟩ ∈ Γ(πẇ), and

by the inductive hypothesis ⟨πp, πΓ(ż)⟩ ∈ Γ(πẇ).

To prove the containment Γ(πẇ) ⊆ πΓ(ẇ), let ⟨πp,Γ(πż)⟩ ∈ Γ(πẇ), with ⟨πp, πż⟩ ∈ πẇ and

supp(πp), supp(πż) ⊆ I. Then ⟨p, ż⟩ ∈ ẇ, and because π, π−1 ∈ GI , supp(p), supp(ż) ⊆ I.

By the definition of Γ(ẇ), ⟨p,Γ(ż)⟩ ∈ Γ(ẇ), and so ⟨πp, πΓ(ż)⟩ ∈ πΓ(ẇ). By the inductive

hypothesis, ⟨πp,Γ(πż)⟩ ∈ πΓ(ẇ), which completes the proof.

Lemma 5.1.5. If ẇ ∈ HSFJ
and supp(ẇ) ⊆ I, then Γ(ẇ) ∈ HSFI

and supp(Γ(ẇ)) ⊆

supp(ẇ).4

Proof. Suppose inductively that for every ż ∈ rng(ẇ) with supp(ż) ⊆ I, Γ(ż) ∈ HSFI
.

From this, we can see that Γ(ẇ) ∈ MP(I,Q), and that Γ(ż) ∈ HSFI
if symGI

(Γ(ẇ)) ∈ FI .

Let supp(ẇ) = W ∈ [I]<ω; we will show that fixGI
(W ) ⪯ symGI

(Γ(ẇ)), and thus that

symGI
(Γ(ẇ)) ∈ FI .

We claim that for every Orb(⟨p, ż⟩, fixGJ
(W )) ⊆ ẇ, it is possible to assume without loss of

generality that supp(p), supp(ż) ⊆ I. To see why, let supp(p) ∪ supp(ż) = S; since W ⊆ I,

4In corollary 5.1.10, we strengthen this to show that supp(ẇ) = supp(Γ(ẇ)).
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there is a π ∈ fixGJ
(W ) so that πS ⊆ I. Then supp(πp), supp(πż) ⊆ I, and

Orb(⟨p, ż⟩, fixGJ
(W )) = Orb(⟨πp, πż⟩, fixGJ

(W )).

As a result, we can write

ẇ =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

Orb(⟨q, ż⟩, fixGJ
(W )). (5.1.0.1)

Given that supp(p), supp(ż) ⊆ I, note that

{⟨q, ẏ⟩ ∈ Orb(⟨p, ż⟩, fixGJ
(W )) | supp(q), supp(ẏ) ⊆ I} = Orb(⟨p, ż⟩, fixGI

(W )).

By this, and from the definition of Γ, we have that

Γ(ẇ) =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

{⟨πp,Γ(πż)⟩ | π ∈ fixGI
(W )}.

By lemma 5.1.4, since π ∈ fixGI
(W ) ⪯ GI , we have Γ(πż) = πΓ(ż), so we rewrite this as

Γ(ẇ) =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

Orb(⟨p,Γ(ż)⟩, fixGI
(W )). (5.1.0.2)

From this, it is clear that fixGI
(W ) ⪯ symGI

(Γ(ẇ)), which completes the proof.

Remark 5.1.6. Generally, if ẇ ∈ HSFJ
, then we have Γ(ẇ) ∈ HSFI

, as the notation from

definition 5.1.3 suggests. We will not use this in any proof, we leave this detail to the reader.

Theorem 5.1.7. If ẋ ∈ HSFI
, then Γ(Σ(ẋ)) = ẋ; if ẇ ∈ HSFJ

and supp(ẇ) ⊆ I, then

Σ(Γ(ẇ)) = ẇ.

Proof. To prove the first part of the theorem, let ẋ ∈ HSFI
with supp(ẋ) = X, and suppose
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inductively that for every ż ∈ rng(ẋ), Γ(Σ(ż)) = ż. From the definition of Σ and Γ, we can

write

Σ(ẋ) =
⋃

⟨p,ż⟩∈ẋ

Orb(⟨p,Σ(ż)⟩, fixGJ
(X)),

and

Γ(Σ(ẋ)) = {⟨πp,Γ(πΣ(ż))⟩ | ⟨p, ż⟩ ∈ ẋ ∧ π ∈ fixGJ
(X) ∧ supp(πp), supp(πΣ(ż)) ⊆ I}.

To break this expression down further, we claim, for ⟨p, ż⟩ ∈ ẋ and for π ∈ GJ , that

supp(πp), supp(πΣ(ż)) ⊆ I if and only if there is a τ ∈ fixGI
(X) so that πp = τp and

πΣ(ż) = τΣ(ż). To prove this, let ⟨πp, πΣ(ż)⟩ ∈ Σ(ẋ), with ⟨p, ż⟩ ∈ ẋ and π ∈ fixGJ
(X).

Then supp(p) ⊆ I, and by lemma 5.1.2, supp(Σ(ż)) ⊆ I. The claim then holds by lemma

2.5.15. As a result, we can write

Γ(Σ(ẋ)) = {⟨τp,Γ(τΣ(ż))⟩ | ⟨p, ż⟩ ∈ ẋ ∧ τ ∈ fixGI
(X)}.

By lemma 5.1.4, since τ ∈ GI , we can replace this with

Γ(Σ(ẋ)) = {⟨τp, τΓ(Σ(ż))⟩ | ⟨p, ż⟩ ∈ ẋ ∧ τ ∈ fixGI
(X)}.

By the inductive hypothesis, this can again be replaced with

Γ(Σ(ẋ)) = {⟨τp, τ ż⟩ | ⟨p, ż⟩ ∈ ẋ ∧ τ ∈ fixGI
(X)} =

⋃
⟨p,ż⟩∈ẋ

Orb(⟨p, ż⟩, fixGI
(X)) = ẋ,

which proves the first part of the theorem.

To prove the second part of the theorem, let supp(ẇ) = W , and suppose inductively for every

ż ∈ rng(ẇ) with supp(ż) ⊆ I, that Σ(Γ(ż)) = ż. Because W ⊆ I, we meet the hypothesis of
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lemma 5.1.5; then, as in lines (5.1.0.1) and (5.1.0.2), we can express ẇ and Γ(ẇ) as

ẇ =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

Orb(⟨q, ż⟩, fixGJ
(W )).

and

Γ(ẇ) =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

Orb(⟨p,Γ(ż)⟩, fixGI
(W )).

From this, and the definition of Σ, we can see that

Σ(Γ(ẇ)) =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

Orb(⟨p,Σ(Γ(ż))⟩, fixGJ
(W )).

To complete the proof, apply the inductive hypothesis to the names ż in the subscript of the

union, for which supp(ż) ⊆ I, to get

Σ(Γ(ẇ)) =
⋃

⟨p,ż⟩∈ẇ∧supp(p),supp(ż)⊆I

Orb(⟨p, ż⟩, fixGJ
(W )) = ẇ.

Corollary 5.1.8. If ẇ ∈ HSFJ
, π ∈ GJ , and πsupp(ẇ) ⊆ I, then π−1Σ(Γ(πẇ)) = ẇ.

Proof. supp(πẇ) = πsupp(ẇ) ⊆ I, so by theorem 5.1.7, π−1(Σ(Γ(πẇ))) = π−1(πẇ) = ẇ.

Corollary 5.1.8 proves our claim that M can describe the class HSFJ
in terms of HSFI

,Σ,

and GJ . The following corollary will also be useful in the section 5.2.

Corollary 5.1.9. If ẋ ∈ HSFI
and π ∈ GI , then Σ(πẋ) = πΣ(ẋ).

Proof. Let ẋ ∈ HSFI
, and let Σ(ẋ) = ẇ. To prove the corollary, we will justify the line

Σ(πẋ) = Σ(πΓ(ẇ)) = Σ(Γ(πẇ)) = πẇ = πΣ(ẋ).
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By theorem 5.1.7, Γ(Σ(ẋ)) = ẋ, so ẋ can be replaced with Γ(ẇ) to show the first equality.

Since we assume that I ⊆ J , we have that π ∈ GI ⪯ GJ ; then, by lemma 5.1.4, we have

that Γ(πẇ) = πΓ(ẇ) to justify the second equality. We then claim that supp(πẇ) ⊆ I.

We have that supp(πẇ) = supp(πΣ(ẋ)) = πsupp(Σ(ẋ)); by lemma 5.1.2, we have that

πsupp(Σ(ẋ)) ⊆ πsupp(ẋ); because π ∈ GI and supp(ẋ) ⊆ I, πsupp(ẋ) ⊆ I and the claim

holds. Thus, because supp(πẇ) ⊆ I and by theorem 5.1.7, we have that Σ(Γ(πẇ)) = πẇ.

Lastly, we had set ẇ = Σ(ẋ) by definition.

Although our main theorems can be proven without using this next corollary, it is quick to

prove and helps to fill out a mental image of the maps Σ and Γ.

Corollary 5.1.10. If ẋ ∈ HSFI
, then supp(ẋ) = supp(Σ(ẋ)); if ẇ ∈ HSFJ

and supp(ẇ) ⊆ I,

then supp(ẇ) = supp(Γ(ẇ)).

Proof. Let ẋ ∈ HSFI
. By lemma 5.1.2, Σ(ẋ) ∈ HSFJ

and supp(Σ(ẋ)) ⊆ supp(ẋ). By lemma

5.1.5, supp(Γ(Σ(ẋ))) ⊆ supp(Σ(ẋ)), and by theorem 5.1.7, supp(Γ(Σ(ẋ))) = supp(ẋ). Thus

supp(ẋ) ⊆ supp(Σ(ẋ)), and so supp(ẋ) = supp(Σ(ẋ)).

Let ẇ ∈ HSFJ
with supp(ẇ) ⊆ I. By lemma 5.1.5, Γ(ẇ) ∈ HSFI

and supp(Γ(ẇ)) ⊆ supp(ẇ).

By lemma 5.1.2, supp(Σ(Γ(ẇ))) ⊆ supp(Γ(ẇ)), and by theorem 5.1.7, supp(Σ(Γ(ẇ))) =

supp(ẇ). Thus supp(ẇ) ⊆ supp(Γ(ẇ)), and so supp(ẇ) = supp(Γ(ẇ)).

5.2 An Isomorphism and an Elementary Embedding

We can now fix a bijection b : I → J in some outer model V of M , in which M is a class, and

consider the natural isomorphisms in V between V P(I,Q) and V P(J,Q), and between ⊩V
N(I,Q)

and ⊩V
N(J,Q). We will show that, in V , these maps restrict to isomorphisms between the
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relativizations (HSFI
)M and (HSFJ

)M , and between the relativizations ⊩M
N(I,Q) and ⊩M

N(J,Q).

We can first formally state the natural isomorphisms that b extends to in V .

Definition 5.2.1. Suppose that b : I → J is a bijection in V ⊨ ZFC. By a slight misuse of

notation, define the map

b : P(I,Q) → P(J,Q)

by sending supp(b(p)) = b(supp(p)) and for every i ∈ supp(b(p)), setting

b(p)(b(i)) = p(i).

From this, recursively define the map φb : V
P(I,Q) → V P(J,Q) by

φb(ẋ) = {⟨b(p), φb(ż)⟩ | ⟨p, ż⟩ ∈ ẋ}.

Observation 5.2.2. Notice that for p ∈ P(I,Q), the definition of b(p) can equivalently be

expressed by setting b(p) = πp, for any π ∈ GJ so that π(i) = b(i) for every i ∈ supp(p).

It will be convenient to state the following lemma, which follows from this observation (or

immediatly from definition 5.2.1).

Lemma 5.2.3. Suppose that b : I → J is a bijection in V ⊨ ZFC, and that π ∈ GJ . Then

b′ : I → J , defined by

b′(i) = πb(i),

is a bijection, and the consequent maps

b′ : P(I,Q) → P(J,Q), φb′ : V
P(I,Q) → V P(J,Q),

121



from definition 5.2.1, are given by

b′(p) = πb(p), φb′(ẋ) = πφb(ẋ).

The following lemma is also standard to verify.

Lemma 5.2.4. Given a bijection b : I → J , the map b : P(I,Q) → P(J,Q) in definition

5.2.1 is a ≤-preserving isomorphism, and the map φb : V
P(I,Q) → V P(J,Q) is an isomorphism

in the sense that it is a bijection that preserves the relation

⟨p, ż⟩ ∈ ẋ ⇐⇒ ⟨b(p), φb(ż)⟩ ∈ φb(ẋ).

Moreover, ⟨b, φb⟩ is an isomorphism between ⊩V
N(I,Q) and ⊩V

N(J,Q) in the sense that for every

formula ϕ, we have that for every ẋ0, ..., ẋn ∈ (HSFI
)V

p ⊩V
N(I,Q) ϕ(ẋ0, ..., ẋn) ⇐⇒ b(p) ⊩V

N(J,Q) ϕ(φb(ẋ0), ..., φb(ẋn)),

and for every ẇ0, ..., ẇn ∈ (HSFJ
)V ,

b−1(p) ⊩V
N(I,Q) ϕ(φ

−1
b (ẇ0), ..., φ

−1
b (ẇn)) ⇐⇒ p ⊩V

N(J,Q) ϕ(ẇ0, ..., ẇn).

We can now consider how the map φb behaves when restricted to (HSFI
)M . Put informally,

if ẋ ∈ HSFI
, with X = supp(ẋ), then φb alters ẋ in two ways:

(i) it takes the part of ẋ defined outside of its support X and spreads it across J \X;

(ii) it copies the resulting name from (i), which still has the support X, and redefines it

over the new support b(X) = {b(i) | i ∈ X}.
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Point (i) can be expressed as taking ẋ to Σ(ẋ); point (ii) can be expressed as taking Σ(ẋ)

to πΣ(ẋ), for some π so that π(i) = b(i) for every i ∈ X. Theorem 5.2.5 verifies that this

intuition is correct, and establishes the central relationship between Σ ∈ M and φb ∈ V .

Theorem 5.2.5. Let M ⊨ ZFC, I ⊆ J and |I| < |J | in M ; let V ⊨ ZFC be an outer model

of M , with M a class in V , and let b ∈ V be a bijection from I to J . If ẋ ∈ HSFI
, π ∈ GJ ,

and π(i) = b(i) for every i ∈ supp(ẋ), then

φb(ẋ) = πΣ(ẋ).

Proof. Let ẋ ∈ HSFI
, supp(ẋ) = X, and π ∈ GJ for which π(i) = b(i) for every i ∈ X.

Suppose inductively that for every bijection b : I → J , every ż ∈ rng(ẋ), and every τ ∈ GJ ,

that if τ(i) = b(i) for every i ∈ supp(ż), then φb(ż) = τΣ(ż).

Let b′ = π−1b, so that b′(i) = i for every i ∈ X. We will show that φb′(ẋ) = Σ(ẋ), in which

case φb(ẋ) = πΣ(ẋ) by lemma 5.2.3. Recall that

φb′(ẋ) = {⟨b′(p), φb′(ż)⟩ | ⟨p, ż⟩ ∈ ẋ}

and

Σ(ẋ) =
⋃

⟨p,ż⟩∈ẋ

Orb(⟨p, ż⟩, fixGJ
(X)).

To show that φb′(ẋ) ⊆ Σ(ẋ), let ⟨b′(p), φb′(ż)⟩ ∈ φb′(ẋ) be arbitrary, with ⟨p, ż⟩ ∈ ẋ. By the

inductive hypothesis, note that

⟨b′(p), φb′(ż)⟩ = ⟨b′(p), τΣ(ż)⟩

for some τ ∈ GJ so that b′(i) = τ(i) for every i ∈ supp(ż). We can also assume that
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τ(i) = b′(i) for every i ∈ supp(p), so that b′(p) = τp by observation 5.2.2. Because b′ fixes

X pointwise, we can further assume that τ ∈ fixGJ
(X). In this case, because ⟨p, ż⟩ ∈ ẋ and

τ ∈ fixGJ
(X), we have that

⟨b′(p), φb′(ż)⟩ = ⟨τp, τΣ(ż)⟩ ∈ Orb(⟨p,Σ(ż)⟩, fixGJ
(X)) ⊆ Σ(ẋ),

so ⟨b′(p), φb′(ż)⟩ ∈ Σ(ẋ), and thus φb′(ẋ) ⊆ Σ(ẋ).

To show that Σ(ẋ) ⊆ φb′(ẋ), let ⟨τp, τΣ(ż)⟩ ∈ Σ(ẋ), with ⟨p, ż⟩ ∈ ẋ and τ ∈ fixGJ
(X).

We wish to express τ = ρσ for some σ ∈ fixGI
(X), and some ρ ∈ GJ so that ρ(i) = b′(i)

for every i ∈ supp(σp) ∪ supp(σż). Let S = supp(p) ∪ supp(ż) ⊆ I, and fix σ ∈ GJ so

that, for every i ∈ S, σ(i) = b′−1(τ(i)). Because b′ fixes X pointwise and τ ∈ fixGJ
(X),

it is possible to define such a σ in fixGJ
(X). Because S ⊆ I and rng(b′−1) = I, it is also

possible to take σ ∈ fixGI
(X). Fix ρ ∈ GJ so that τ = ρσ, in which case for every i ∈ S,

τ(i) = ρ(σ(i)) = b′(σ(i)). Thus, ρ(i) = b′(i) for every i ∈ supp(σp) ∪ supp(σż).

We can prove that ⟨τp, τΣ(ż)⟩ ∈ φb′(ẋ), and thus prove Σ(ẋ) ⊆ φb′(ẋ), by justifying the line

⟨τp, τΣ(ż)⟩ = ⟨ρσp, ρσΣ(ż)⟩ = ⟨ρσp, ρΣ(σż)⟩ = ⟨b′(σp), φb′(σż)⟩ ∈ φb′(ẋ). (5.2.0.1)

By observation 5.2.2, and because ρ(i) = b′(i) for every i ∈ supp(σp), τp = ρσp = b(σp);

thus, equality holds on the first component across line (5.2.0.1). By corollary 5.1.9, because

σ ∈ GI , τΣ(ż) = ρσΣ(ż) = ρΣ(σż). By the inductive hypothesis, and because ρ(i) = b′(i)

for every i ∈ supp(σż), ρΣ(σż) = φb′(σż). Because σ ∈ fixGI
(X), ⟨σp, σż⟩ ∈ ẋ, and so

⟨b′(σp), φb′(σż)⟩ ∈ φb′(ẋ).

Remark 5.2.6. Although φb /∈ M , by theorem 5.2.5 it is still the case that φb(ẋ) ∈ M for
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every ẋ ∈ (HSFI
)M . Theorem 5.2.5 does not imply that the entire function φb is in M , since

this would require that M has a function assigning a π ∈ GJ to every ẋ ∈ (HSFI
)M , so that

π(i) = b(i) for every i ∈ supp(ẋ). It is straightforward to see that the existence of such a

function is equivalent to the existence of the bijection b.

Lemma 5.2.7. Let M ⊨ ZFC, I ⊆ J and |I| < |J | in M ; let V ⊨ ZFC be an outer model of

M , with M a class in V , and let b ∈ V be a bijection from I to J . The map φb restricts to

an isomorphism from (HSFI
)M to (HSFJ

)M .

Proof. We will prove that φb restricts to a bijection between (HSFI
)M and (HSFJ

)M . If this

can be done, then because the map φb : V
P(I,Q) → V P(J,Q) is an isomorphism, in the sense

of lemma 5.2.4, the fact that φb((HSFI
)M) = (HSFJ

)M shows that the restriction of φ to

(HSFI
)M will also be an isomorphism in the sense of lemma 5.2.4.

Theorem 5.2.5 shows, in particular, that φb((HSFI
)M) ⊆ (HSFJ

)M ; for ẋ ∈ (HSFI
)M , theorem

5.2.5 gives us that φb(ẋ) = πΣ(ẋ), with π ∈ GJ ∈ M and Σ(ẋ) ∈ (HSGJ
)M by lemma 5.1.2.

To prove (HSFJ
)M ⊆ φb((HSFI

)M), we will apply corollary 5.1.8. Let ẇ ∈ (HSFJ
)M and take

π ∈ GJ so that for every i ∈ supp(ẇ), π(i) = b−1(i). In this case, supp(πẇ) ⊆ I, and by

corollary 5.1.8,

ẇ = π−1Σ(Γ(πẇ)).

Let ẋ = Γ(πẇ). Because supp(πẇ) ⊆ I, by lemma 5.1.5, ẋ ∈ HSFI
. We can then calculate

that, by corollary 5.1.10

supp(ẋ) = supp(Γ(πẇ)) = supp(πẇ) = πsupp(ẇ).
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Because we took π so that for every i ∈ supp(πẇ) = supp(ẋ), π−1(i) = b(i), we can apply

theorem 5.2.5 to conclude that

ẇ = π−1Σ(Γ(πẇ)) = π−1Σ(ẋ) = φb(ẋ).

Since ẇ ∈ HSFJ
was arbitrary, (HSFJ

)M ⊆ φb((HSFI
)M), which completes the proof.

Remark 5.2.8. Note the important distinction that φb does not restrict to an ∈-preserving

isomorphism between the relativized classes MP(I,Q) and MP(J,Q). If ȦI and ȦJ are the

respective names for the sets of mutually Q-generic filters added by P(I,Q) and P(J,Q), as

in definition 2.5.6, then φb(ȦI) = ȦJ . However, there is a P(I,Q)-name ġ for a bijection

between ȦI and ˇ|I|; φb(ġ) would also be a name for a bijection between ȦJ and ˇ|I|. Since

|I| < |J | in M , φb(ġ) ∈ V P(J,Q) \MP(J,Q).

Theorem 5.2.9. Let M ⊨ ZFC, I ⊆ J and |I| < |J | in M ; let V ⊨ ZFC be an outer model

of M , with M a class in V , and let b ∈ V be a bijection from I to J . Then the map ⟨b, φb⟩

from lemma 5.2.4 restricts to an isomorphism in V between the relativized forcing relations

⊩M
N(I,Q) and ⊩M

N(J,Q).

Proof. We have that ⟨b, φb⟩ is an isomorphism in V between ⊩V
N(I,Q) and ⊩V

N(J,Q), in the sense

of lemma 5.2.4. Because φb restricts to an isomorphism between (HSFI
)M and (HSFJ

)M , it

is straightforward to check that ⟨b, φb ↾(HSFI
)M ⟩ is an isomorphism between the relativized

forcing relations ⊩M
N(I,Q) and ⊩M

N(J,Q), in that for every p ∈ P(I,Q) and ẋ0, ..., ẋn ∈ (HSFI
)M ,

p ⊩M
N(I,Q) ϕ(ẋ0, ..., ẋ0) ⇐⇒ b(p) ⊩M

N(J,Q) ϕ(φb(ẋ0), ..., φb(ẋn),

and that for every p ∈ P(J,Q) and ẇ0, ..., ẇn ∈ (HSFJ
)M ,

p ⊩M
N(J,Q) ϕ(ẇ0, ..., ẇ0) ⇐⇒ b−1(p) ⊩M

N(I,Q) ϕ(φ
−1
b (ẇ0), ..., φ

−1
b (ẇn).
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Corollary 5.2.10. Let M ⊨ ZFC and let I, J ∈ M be infinite. For every P(I,Q)-generic

G, there is a P(J,Q)-generic F so that NG(I,Q) = NF (J,Q).

Proof. Let G be an arbitrary P(I,Q)-generic filter over M . Let H be Coll(I, J)-generic over

M , and let V be any outer model for which both G,H ∈ V , and in which M is a class.

Let b ∈ V be an bijection from I to J . Extend b to the isomorphism between P(I,Q) and

P(J,Q) from definition 5.2.1. From this isomorphism, it is straightforward to show that b(G)

is P(J,Q)-generic over M .

We then claim that for every ẋ ∈ HSFI
, ẋG = φb(ẋ)

F . If this can be shown, the fact that

φb ↾(HSFI
)M surjects onto (HSFJ

)M shows the desired result that

NG(I,Q) = NF (J,Q).

Assume inductively that for every ż ∈ rng(ẋ), żG = φb(ż)
F . Using theorem 5.2.9, we have

the following sequence of equivalences in V :

żG ∈ ẋG ⇐⇒ (∃p ∈ G)p ⊩M
N(I,Q) ż ∈ ẋ

⇐⇒ (∃b(p) ∈ b(G) = F )b(p) ⊩M
N(J,Q) φb(ż) ∈ φb(ẋ)

⇐⇒ φb(ż)
F ∈ φb(ẋ)

F .

By the inductive hypothesis, żG = φb(ż)
F . By the definition of φb(ẋ), every element of

φb(ẋ)
F is of the form φb(ż)

F , for some ż ∈ rng(ẋ). We have thus shown that ẋG and φb(ẋ)
F

have the same elements, and so they are equal.
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Theorem 5.2.11. For every p ∈ P(I,Q), every ẋ0, ..., ẋn ∈ HSFI
, and every formula ϕ,

p ⊩N(I,Q) ϕ(ẋ0, ..., ẋn) ⇐⇒ p ⊩N(J,Q) ϕ(Σ(ẋ0), ...,Σ(ẋn)).

Proof. Let G be Coll(I, J)-generic, and let V = M [G]. Fix a p ∈ P(I,Q), ẋ0, ..., ẋn ∈ HSFI
,

and a formula ϕ. Let X = supp(p)∪
⋃

i≤n supp(ẋ). There is a bijection bX ∈ V that fixes X

pointwise, in which case bX(p) = p and by theorem 5.2.5, for every i ≤ n, φbX (ẋi) = Σ(ẋ).

Applying theorem 5.2.9 results in the conclusion of the theorem for p, ẋ0, ..., ẋn, and ϕ, which

were arbitrary.

Corollary 5.2.12. Let M ⊨ ZFC, let I ⊆ J be infinite sets in M , and let F be P(J,Q)-

generic overM . Then G = {p ∈ F | supp(p) ⊆ I} is P(I,Q)-generic overM , NG(I,Q), NF (J,Q) ⊆

M [F ], and the map

Σ∗ : NG(I,Q) → NF (J,Q)

in M [F ], defined by

Σ∗(ẋG) = Σ(ẋ)F

is well-defined and an elementary embedding.

Proof. The claim that G is P(I,Q)-generic over M is straightforward to verify. To prove that

Σ∗ is well-defined, let ẋ0, ẋ1 ∈ (HSFI
)M so that ẋG

0 = ẋG
1 . Then there is a p ∈ G ⊆ P(I,Q)

so that

p ⊩M
N(I,Q) ẋ0 = ẋ1.

By theorem 5.2.11, we get that

p ⊩M
N(J,Q) Σ(ẋ0) = Σ(ẋ1).
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Since G ⊆ F , p ∈ F , so in M [F ], Σ∗(ẋG
0 ) = Σ(ẋ0)

F = Σ(ẋ1)
F = Σ∗(ẋG

1 ), making Σ∗

well-defined.

Nearly the same argument works to show that Σ∗ is an elementary embedding. Let ẋG
0 , ..., ẋ

G
n ∈

NG(I,Q), and let ϕ be an arbitrary formula. The corollary then follows by justifying that

NG(I,Q) ⊨ ϕ(ẋG
0 , ..., ẋ

G
n ) ⇐⇒ (∃p ∈ G)p ⊩M

N(I,Q) ϕ(ẋ0, ..., ẋn)

⇐⇒ (∃q ∈ F )q ⊩M
N(J,Q) ϕ(Σ(ẋ0), ...,Σ(ẋn))

⇐⇒ NF (J,Q) ⊨ ϕ(Σ∗(ẋ0)
F , ...,Σ∗(ẋn)

F ).

The second equivalence is the only one that needs further justification. To prove the direction

(⇒), note that p ∈ G ⊆ F , so by theorem 5.2.11 we can take p = q ∈ F so that the latter

statement holds. To prove the direction (⇐), note that for every i ≤ n, supp(Σ(ẋi)) ⊆ I by

lemma 5.1.2. By lemma 2.5.13, taking p = q ↾I∈ F , we have that

p ⊩M
N(J,Q) ϕ(Σ(ẋ0), ...,Σ(ẋn)),

and that p ∈ G. By theorem 5.2.11, we then have that

p ⊩M
N(I,Q) ϕ(ẋ0, ..., ẋn).
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Appendix A

A Proof of Lemma 4.2.5

The poset Cθ and the Cθ-name ṙα, defined in [TF95], can be compared to P(θ, 2<ω), as in

definition 2.5.2, and the αth Cohen real added by P(θ, 2<ω), which we denoted ȧα in definition

2.5.6.

Definition A.0.1 (Todorčević, Farah, [TF95]). Let Cθ denote the poset of finite partial

functions p : θ → 2, ordered by reverse-inclusion. For α < θ, define the Cθ-name ṙα so that

(p ⊩ ṙα(m) = ň) ⇐⇒ (ωα +m ∈ dom(p) ∧ p(ωα+m) = n).

In [TF95], the term “isomorphism type” or just “type” is used. We replace this with “TF-

type” and so as not to conflict with our use of “type” in definition 4.5.

Definition A.0.2 (Todorčević, Farah, [TF95]). Two conditions p, q ∈ Cθ are said to be of

the same TF-type if there is an order-preserving map π from dom(p) to dom(q), so that

p(ξ) = q(e(ξ)). We use the term TF-type to refer to an equivalence class in Cθ under this

relation.
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Note that the notion of TF-type is distinct from the notion of type in definition 4.5, given

the difference in the underlying posets Cθ and P(θ,Q), but that these capture the same idea.

Lemma A.0.3 (Lemma 6.8, [TF95]). For every TF-type t of a condition in Cθ and integers

m and d, there is an integer M = M(t,m, d) such that for every set {pα⃗ | α⃗ ∈ Md} of

elements of Cθ of TF-type t, there exist Hi ⊆ M (for i < d) of size m, so that the conditions

in {pα⃗ | α⃗ ∈
∏

i<d Hi} are pairwise compatible.

Corollary A.0.4. Lemma 4.6 holds.

Proof. Let t be a type in P(θ,Q) and notice that for every p, r ∈ t (which is well-defined,

since t ⊆ P(θ,Q) is an equivalence class), rng(p) = rng(r) ⊆ Q. Let rng(t) ⊆ Q be the finite

range of any condition in t. For every q ∈ rng(t) ⊆ Q, fix some tq ∈ 2ω, so that for every

q, q′ ∈ rng(t),

tq || tq′ ⇐⇒ q || q′.

Define the map

f : t → Cθ

by setting f(p) to be the finite partial function

f(p) :
⋃

α∈supp(p)

[ωα, ω(α+ 1)) → 2,

so that when p(α) = q, f(p) ↾[ωα,ωα+ht(tq)] is isomorphic to tq ∈ 2<ω. This ensures that

conditions p, r ∈ t are compatible iff and only if f(p), f(r) ∈ 2<ω are compatible in 2<ω.

The map f allows us to translate between lemma A.0.3 for FT-types in Cθ and lemma 4.2.5

for types in P(θ,Q), which concludes the proof.
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Appendix B

The Filter Extension Property and

the Compactness Theorem

Let ⟨P,G,F⟩ be a symmetric system, let p ∈ P, and let D ⊆ P (which is dense below p) and,

for d ∈ D, Bd (which is a base for F) witness the filter extension property below p. Suppose

that Ḟ , ẋ ∈ HSF , with

1 ⊩ “Ḟ ⊆ 2ẋ has the FIP.”

In the proof of theorem 4.1.5, it was shown that for d ∈ D and K ∈ Bd, if K ⪯ symG(Ḟ ) ∩

symG(ẋ), then there is a U̇ ⊇ Ḟ , with K ⪯ symG(U̇) and U̇ ∈ HSF , so that

d ⊩ “U̇ ⊇ Ḟ is an ultrafilter on ẋ.”

The aim of this section is to prove the corresponding fact for applications of the first-order

compactness theorem.

Lemma B.0.1. Suppose that d ∈ D ⊆ P and K ∈ Bd witness the filter extension property
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below p. Let L̇, θ̇ ∈ HSF be name that 1 forces respectively to be a first-order language, and

an associated finitely satisfiable first-order L̇-theory, and let K ⪯ symG(L̇)∩ symG(θ̇). Then

there is a name Ȧ ∈ HSF , with K ⪯ symG(Ȧ), so that

d ⊩ “Ȧ is a model of θ̇.”

Proof sketch. Recall that the ultrafilter lemma is the ability to extend every filter on every

set to an ultrafilter. The standard proof that the ultrafilter lemma implies the first-order

compactness theorem can be found in chapter 2 of [Jec08]. For the reader’s convenience, we

provide a sketch of this proof here. Let θ in a first-order language L. There is a standard

process, referenced in [Jec08], to extend L and θ so that for every single-variable formula

ϕ(x), there is a Skolem constant eϕ ∈ L, and the following Skolem sentence is in θ:

(∃v)ϕ(v) ⇒ ϕ(eϕ).

From this, one can consider the Lindenbaum (Boolean) algebra of L-sentences (see [Gol22]),

in which θ generates a filter.

The problem of extending names for Boolean filters to names Boolean ultrafilters can be

addressed in the same manner as in our proof of theorem 4.1.5. In other words, suppose

that 1 forces that θ̇ ∈ HSF is a name for the above filter and that Ḃ ∈ HSF is the name for

the above Lindenbaum (Boolean) algebra, with K ⪯ symG(Ḟ ) ∩ symG(Ḃ). Then essentially

the same proof as in theorem 4.1.5 can be used to produce the desired name Ȧ ∈ HSF , with

K ⪯ symG(Ȧ), that satisfies the lemma.

The only remaining detail is to observe that the names for the language L̇ and theory θ̇,

with K ⪯ symF(L̇) ∩ symG(θ̇), can be extended to contain the relevant Skolem constants

and sentences, while retaining the fact that K ⪯ symF(L̇) ∩ symG(θ̇).
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