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ABSTRACT OF THE DISSERTATION

Characterizations of the Boolean Prime Ideal Theorem in Models Without Choice
By
Brian Ransom
Doctor of Philosophy in Mathematics
University of California, Irvine, 2026

Professor Isaac Goldbring, Chair

This thesis aims to address three main objectives: to better understand when, and how BPI
holds in permutation models and in symmetric extensions; to develop a unifying relation-
ship between variants of the Halpern-Lauchli theorem and BPI in symmetric extensions; to
develop and expose simple dynamical perspectives on BPI in models without choice. Our
approach to these questions is to introduce a characterization program, where we aim to
provide conditions that are equivalent to BPI in permutation models and in symmetric ex-
tensions. By reproving known results, reworking known proofs, and proving new ones, we
show how each of these characterizing properties offer novel perspectives on BPI, and how

they address the three objectives listed above.

The case of BPI in permutation models is studied in chapter 3. This work reproves and
extends several results from [Bla87], [KPTO05], and [Blal1l]. These characterization theorems,
and the proofs we offer to relate them, can be seen as simpler, motivating versions of the

main theorems of this thesis, in chapter 4.

In chapter 4, we characterize BPI in symmetric extensions. The characterizing properties
that we introduce are based on the various properties studied in chapter 3 for permutation

models, and on our new proof of BPI in the generalized Cohen model. This new proof is given

1X



in section 4.2, and we adapt methods from Harrington’s forcing proof of the Halpern-Lauchli

theorem.

In chapter 5, we extend results from [KS20], and thereby answer a question asked in that
paper. In the context of our characterization program, these results allow us to infer the
general case of BPI in the generalized Cohen model from the particular case that Harrington’s

forcing proof can be adapted to handle.

A concise description of the main finding in this work is that to extend symmetric filters
to symmetric ultrafilters, one can consult an arbitrary (and not necessarily symmetric) ul-
trafilter in an outer model of choice. One can dynamically identify, inside this particular
ultrafilter, all the information that is needed to extend the symmetric filter to a symmetric
ultrafilter. We show that BPI holds in permutation models if and only if it can be proven

in this manner.



Chapter 1

Introduction

A central tension in the study of infinite objects is our limited ability to describe them. We

can illustrate this by considering three classical questions about real numbers:
(i) How many real numbers are there?
(ii) Is it possible to wellorder the real numbers?

(iii) Is there a way to (simultaneously) choose between every subset y C R and its comple-

ment R\ y?

The third of these questions is essentially taken from the introductory chapter of [Jec08], and
we can repeat his comment: try to come up with concrete sets that witness a positive reso-
lution to these questions, i.e. a bijection between R and a cardinal, an explicit wellordering
of R, or choice function on the set of two-set partitions of R. One can quickly get the sense
that these questions cannot be answered with concrete examples of sets, and that axioms

beyond ZF are needed to resolve them.



To justify this intuition, is not hard to imagine that there are decimal sequences that are
“random” beyond our ability to say anything concrete about more than finitely many of
their digits. This is approximately demonstrated by the ability to force Cohen-generic reals
over a model M F ZFC. Here, we take the sets that exist in M to be a proxy for the sets
that we can concretely describe. In the forcing extension M|c] that adds a Cohen-generic

real ¢, M only has access to the finite subsequences of digits of the decimal expansion of c.

There are subtleties to the overall discussion of concretely describing infinite objects; see,
for instance, [Ham25]. However, we wish to emphasize the heuristic that there is no reason
to believe that we can fully describe the details of an arbitrary infinite object in finite time,
and with finitely many symbols. In the case of the reals, this amounts to the fact that we
can only answer the question of which real numbers there are with some degree of vagueness:
they are all the infinite decimal expansions, or all the Cauchy sequences, or all the Dedekind
cuts, etc., but we are limited in our ability to describe which particular decimal expansions,
Cauchy sequences, or Dedekind cuts there are. This vagueness with respect to particular,
arbitrary real numbers explains why our three questions about reals are challenging to answer

— or, more formally, why their answers differ between models of ZF.

Over ZF(A), the axiom of choice (AC) and its consequences are non-effective axioms that
allow for a controlled degree of vagueness in asserting which sets exist.! The result is a great
strengthening of our ability to reason about infinite objects, without requiring fully concrete
details of their properties. For instance, although AC cannot address question (i), it can
positively answer questions (i7) and (iiz), without the need to specify any actual details of

the given wellordering or choice function.

Since we use consequences of AC to augment our ability to describe infinite objects, a natural

LZFA denotes the theory ZF with the existence of “atoms;” see subsection 2.1 of this paper or [Jec08] for
more details.



and motivating question is raised: to what extent can these non-effective axioms be used to
describe one another? The program to study the (lack of ) implications between consequences
of AC is a response to this central question. It is known, for instance, that our question (i)
can be positively answered by the axiom of choice for sets of pairs, which does not imply

2 Using the technique

the existence of a wellordering of the reals, as in our question (7).
of symmetric extensions, as exposited in [Jec08], is a standard exercise to give a model in
which the reals can be wellordered, so (i7) can be answered positively, but in which AC fails,

whereby a positive answer to (i) does not imply AC.

In this work, we revisit the relationship between the axiom of choice (AC) and the ultrafilter
lemma — that every filter, on every set, can be extended to an ultrafilter. The ultrafilter
lemma, which is implied by AC, has many known equivalents over ZF(A), two of which
are the compactness theorem for first-order logic, and the Boolean prime ideal theorem
(BPI). By historical convention, we use the label BPI throughout the thesis. Informally,
BPI expresses the ability to make arbitrarily many finitely bounded choices that are altogether
locally compatible with one another. For instance, an ultrafilter is a choice function on the
set of finite partitions of a given set, with a notion of local compatibility given by the finite

intersection property.

The ability to make locally compatible choice is fundamental, and as a result, BPI is both a
strong choice principle and central to mathematics. The role of ultrafilters in mathematics,
for instance, is ubiquitous — see [Gol22] — and its equivalent form of the first-order com-
pactness theorem is a staple tool of model theory. It is thus of interest that such a choice

principle can hold while the full axiom of choice fails.

In [HL64] it was announced that every set in the Cohen model can be linearly ordered, which implies
the axiom of choice for sets of pairs; in the Cohen model, R is not wellorderable. Proofs of these standard
theorems can be found in [Jec08].



Historically, it has taken significant effort to prove BPI in models without AC. It was first
shown in Halpern’s thesis [Hal62] that ZFA + BPI is strictly weaker than ZFCA; there it is
shown in particular that BPI holds in the ordered Mostwoski model of ZFA, introduced in
[Mos39].%* Then, in [HL71], it was first shown that ZF + BPI is strictly weaker than ZFC;
in particular, they show that BPI holds in the Cohen model, and more generally that BPI
holds in any model of a certain theory that abstracts properties of the Cohen model. In
the former work [Hal62], Halpern introduced a contradiction framework to prove BPI. In
[HL71], the main argument applies this same contradiction framework, and critically uses

the original version of the Halpern-Léuchli theorem from [HL66] to derive the contradiction.

In terms of our informal characterization of BPI as a choice principle, the results from
[Hal62] and [HL71] may seem surprising: locally compatible choices do not need to be made
“one at a time” via some wellordering by AC.> Put another way, these results may seem
expected: one can get the sense that first-order compactness should not be able to wellorder
an arbitrary set, since compactness can only exert local control over the construction. This
tension captures much of the typical intrigue and difficulty of questions in the study of

fragments of AC.

Halpern’s contradiction framework, as applied in [Hal62] and [HL71], also appears, to the
author’s knowledge, in every other proof of BPI in a choiceless model to date, including
both permutation models of ZFA and symmetric extensions of ZF.® While this contradiction
framework has been widely influential, the underlying forcing used to define symmetric

extensions has often made its application quite technical.” To simplify these arguments would

3This portion of Halpern’s thesis was later rewritten as the paper [Hal64].

4The ordered Mostowski model and Halpern’s proof of BPI are exposited in [Jec08].

5This is a prime example of the usefulness of AC: choices in a construction can be made in some
wellordered infinite sequence, with perfect hindsight for previous choices.

In [Pin97], Pincus made these same observations on the known proofs of BPI in models without choice.

"Comments along these lines are made, for instance, in [Pin77b] and in [Jec08].



be of inherent interest, but it would also help to address several contemporary questions
relating to BPI in choiceless models. The question of preserving BPI in iterated symmetric
extensions, for instance, is raised in [Kar19]. This is related to longstanding open conjectures
from [Pin77a]: that BPI holds in a candidate model for the independence of AC from ZF +
BPI+DC (an independence which Pincus later proved in [Pin77b]), and that a certain related
variant of the Halpern-Lauchli theorem holds.® Questions like these seem to have remained

open because generalizing the existing techniques would be exceedingly complicated.

The broad, primary goal of this thesis is thus to better understand when, and how BPI
holds in permutation models and in symmetric extensions. We carry out this goal by study-
ing properties that equivalently characterize BPI in permutation models and in symmetric

extensions, and that are primarily based around a new, direct framework of proof.

A secondary goal is to better understand the abstract relationship between variants of the
Halpern-Lauchli theorem and BPI in symmetric extensions. Various connections along these
lines have been exposed in the literature, for instance in [HL71], [Pin77al, and [Ste23] in the

manner described above. This suggests that a unifying relationship is nascent.

A tertiary goal is to develop and expose simple dynamical perspectives on BPI in models
without choice. We will see that one such perspective for permutation models is mostly
known, from the work in [Blall], based on the work in [Bla87] and [KPTO05]. To our knowl-

edge, however, the dynamics of BPI in symmetric extensions have not yet been considered.

After the preliminaries chapter 2, the remaining chapters can be read roughly independently
of one another, although they are ordered to build upon and motivate one another. We will

very briefly outline chapters 3, 4, and 5 below.? The introductory section of each chapter

8In [Pin77a], Pincus proved his conjectured Halpern-Léuchli theorem to be sufficient for BPI in this
candidate model. His argument follows the approach from [HL71].
9Chapter 2 states the preliminaries, and we aim to only assume knowledge of forcing.



provides a more thorough outline of said chapter, while still remaining concise.

In chapter 3, we study characterizations of BPI in permutation models. Several of these
characterizing properties are fully or partially known (see [Bla87], [Blall], and [KPT05]). In
the case of known results, we introduce new proofs, or adapt known proofs to the context
of choiceless set theory, when doing so provides a new perspective. Our work in chapter 3

serves as a simpler, and perhaps more clearly motivated version of the work in chapter 4.

In chapter 4 we study analogous versions of the properties in chapter 3, and we prove that
they characterize BPI in symmetric extensions. Each of these properties and characterization
theorems are new. Several of these characterizations are made possible by analyzing a new
proof of BPI in the generalized Cohen model N (I, @), which is based on Harrington’s proof

of the Halpern-Léauchli theorem; this new proof is given in section 4.2.1

In chapter 5, we strengthen a result from [KS20], and thereby answer a question posed in
that same paper. This is essentially done to show that the index set I in the generalized
Cohen model N(I,Q) can be taken to be arbitrarily large, without loss of generality.!! This
is of independent interest, but we originally pursued this problem for its application to the
material in chapter 4. Specifically, our adaptation of Harrington’s proof takes the set I, in
N(I,Q), to be large enough for a certain Ramsey-theoretic argument. The work in chapter

5 shows that this assumption is inessential.

With these brief outlines of the chapters in mind, we will take more care to outline the
characterizations of BPI that we will study, and the perspectives they offer in models without

choice. These are the main topics of the thesis, along with the new proof that N (I, Q) F BPI

0The generalized Cohen model N(I, Q) adds an infinite, Dedekind-finite set of mutually Q-generic filters.
This is done using a poset that adds I-many mutually @Q-generics filters, then moving to the inner model
N(I,Q) that strips away their wellordering. See the preliminaries section 2.5 for complete details.

UThis result is shown for the Cohen model N (w,2<%) in [KS20].



in section 4.2. In the outline below, we will group together the analogous properties in the
cases of permutation models and symmetric extensions. In each setting, the perspectives
that these analogous characterizing properties offer are essentially similar. We will refer to
basic defining features of permutation models and symmetric extensions, which the reader

can consult sections 2.1 and 2.2 to review.

The Filter Extension Property

In a model of ZFC(A), the standard proof of BPI involves showing that

(1) an arbitrary filter F', on an arbitrary set x, can be extended to include an arbitrary

subset y C x or its complement z \ y, and

(2) Zorn’s lemma can be applied to produce a maximal filter U O F on x; by (1), the

maximality of U ensures that it “completes” the extension of F' to an ultrafilter on x.

We find this method of proof to be exceptionally clear, and we wish to use a coarse version
of these two points to prove BPI in permutation models and in symmetric extensions. We
call the appropriate coarsening of (1) the filter extension property; we state versions of this

property for permutation models in chapter 3 and for symmetric extensions in chapter 4.

In the case of permutation models, given a filter F' on a set x, both in the permutation model
M(A,G,F), we aim to find a K € F, with K =< symg(F) Nsymg(z), so that the following

extension is possible:

F U Orb(yg, K) U Orb(y;, K) U Orb(ys, K) U ... = U,

where each y; € {y;, z\y;} is a choice of a subset of x in M (A, G, F) or its complement. If this

sequence can be extended to consider every subset of x in M (A, G, F), all while preserving



the finite intersection property (FIP), then U € M(A,G,F) is the desired ultrafilter on =
that extends F', with K =< symg(U). Here, the filter extension property (for permutation
models) is a statement that allows for some uniform manner to extend F' by a single orbit

Orb(y/, K) while retaining the FIP; this can then be iterated to produce the line above.

In the case of a symmetric extension IV, based on the symmetric system (P, G, F), we would
like to similarly characterize when p I-y BPL'? We do so by stating the filter extension
property below p. Given names F, & € HSx, so that 1 |- “F C & has the FIP,” we aim to

find a K € F, with K = symg(F) Nsymg (&), so that the following extension is possible:
F U Orb(<’f‘07 y6>? K) U Orb(<’f‘17 y/1>? K) U Orb(<7‘2, yé>? K) U..= U

In this case, the names y; € HSx are forced by 1 to be a subset of @; for a given such name
and the name for its complement, which we denote 7 \ ¢/, the conditions r; that tag either 3/
or & \ ¥ accumulate to be dense below some condition d < p. If this sequence of extensions
can be made, while at each step retaining that 1 forces the FIP, then said condition d forces
that resulting name U D F is the desired symmetric ultrafilter on &, with K < symg(U ).

We will ensure that this works for a dense set of d below p.

Here, the filter extension property below p allows for a uniform manner to extend F by a
single K-orbit Orb((r,y’), K) while retaining the FIP; again by iterating, we can produce the
line above. There is some additional subtlety to the picture, but this captures the essential
features of the filter extension property below p, which we prove exactly characterizes the

fact that p -y BPL

12Note that in this work, we will always define N with respect to a ground model of ZFC.



The Ramsey Property and the Halpern-Lauchli Property

For a permutation model M(A,G,F), the Ramsey property for the normal filter F was
introduced in [Bla87]. In this same paper, Blass proved that M (A, G, F) E BPI if and only
if 7 has the Ramsey property. To prove that the Ramsey property on F implied BPI in
M (A, G, F), Blass followed Halpern’s contradiction framework. In chapter 3, we give a new,
direct proof of this implication. Specifically, given F,z,y € M(A,G,F), with F a filter on
x and y C z, let Uy O F be any (not necessarily symmetric) ultrafilter on x in the outer
model M E ZFCA. We show that the Ramsey property implies that U, contains enough
information, up to translation by elements of some K =< symg(F) Nsymg(x), to check the

instance of the filter extension property that, for some v’ € {y,z \ y},

F UOrb(y', K) has the FIP.

In this sense, the Ramsey property is a dynamical condition that allows ultrafilters in an outer
model of choice to coordinate the extension of symmetric filters to symmetric ultrafilters.
By Blass’ equivalence theorem, BPI holds in a permutation model if and only if it can be

explained in this manner.

For a symmetric extension N, based on the symmetric system (P, G, F), we would like to
introduce an analogous property to characterize when p |-y BPI. We call this the Halpern-

Liauchli property below p. Given F, &, 7 € HSz, with

1IF “F C 2% has the FIP” Ay C 4,

let Uy 2 F be any P-name for an ultrafilter on #. The Halpern-Lauchli property below

p allows one to identify information in U, that, up to translation by elements of some

K < symg(F) Nsymg(2), checks the following instance of the filter extension property: for



some r < d < p (with d < p as in our sketch of the filter extension property above) and

some y' € {y,4\ ¥},
1IF “E'UOrb((r,y/), K) C 2% has the FIP.”

We prove that the Halpern-Lauchli property below p is necessary for p Iy BPI by generaliz-
ing Blass’ proof from [Bla87] that the Ramsey property on F is necessary for M(A,G, F) F
BPI. Thus, BPI holds in a symmetric extension if and only if this dynamical argument can

be used to prove it.

We can also note that we chose the name of the Halpern-Lauchli property because it can
be seen as an abstract form of the Halpern-Lauchli theorem. In fact, the Halpern-Lauchli
property generalizes features of a new proof of the BPI in the Cohen model from the Halpern-
Lauchli theorem, which we recently developed, and which will appear in forthcoming work
(but not in this thesis). In this sense, the Halpern-Léuchli property gives our desired abstract
unifying relationship between variants of the Halpern-Lauchli theorem and BPI in symmetric

extensions. This connection will also be described in greater detail in forthcoming work.

Extreme Amenability

In [KPTO05], seminal connections are developed between structural Ramsey theory, extremely
amenable topological groups, and Fraissé limits. In [Blall], Blass expresses a partial connec-
tion between extreme amenability and the Ramsey property for F. To do so, he combines
his characterization of BPI in permutation models in terms of the Ramsey property on F,

from [Bla87], and a characterization of certain extremely amenable groups from [KPTO05].

In chapter 3, we develop this partial connection from [Blall], to show that BPI holds in

a permutation model M (A, G, F) if and only if some group K € F is extremely amenable

10



(with the topology generated by subgroups of K in F). Our main proofs modify two proofs
from [KPTO05] to the context of BPI in permutation models. This exposes an essentially

dynamical perspective on BPI in permutation models.

The version of this property that characterizes BPI in symmetric extensions will appear in
forthcoming work. One of the main goals of the work in this thesis is to develop preliminary
ideas that will allow us to state a generalization of extreme amenability to characterizes BPI

in symmetric extensions.

The Search-and-Shift Property

The search-and-shift property for permutation models captures convergent features of our
proof of the filter extension property from the Ramsey property, and our proof of BPI from
the extreme amenability of some K € F. Let F,x € M(A,G,F), with F a filter on =z,
and let Uy O F be a maximal filter on z containing only subsets of x in M(A,G,F)."
The search-and-shift property (for permutation models) ensures the existence of some K =<
symg(F') Nsymg(x) and some symmetric ultrafilter U € M(A, G, F) on z, with U 2 F' and
K = symg(U), so that U is an ultralimit of the space K - Up.'* Expressing the desired
symmetric ultrafilter U as an ultralimit of K -Uj is a compressed way to say that Uy contains

enough information, up to translation by K, to fully determine U.

For a symmetric extension N, based on the symmetric system (P, G, F), we would again like
to analogously characterize when p Iy BPI. We call the resulting property the search-and-

shift property below p. Let F, 4 € HSF, with

11F “F C 2% has the FIP.”

13We call such a Uy an M (A, G, F)-valued ultrafilter on .
14Here the action of K on Uj is taken from the definition of the permutation model, and the topology on
K - Uy is the standard topology on a space of ultrafilters.

11



Let UO D F have rng(Uo) C HSz, but otherwise let 1 force UO be a maximal filter on
# up to this constraint.!® The search-and-shift property below p guarantees some d < p,

K= symg(F) N symg (), and U D F with K < symg(U), so that
d IF “U is an ultralimit of K - Uy” A “U is an ultrafilter on i.”

This is again a compressed way to say that U, contains enough information, up to translation

by K, to fully determine the desired symmetric ultrafilter U.

By introducing these versions of the search-and-shift property, we aim to capture an es-
sential dynamical feature of BPI in models without choice. This work is also intended to
suggest the right generalization of extreme amenability to characterize BPI in symmetric
extensions. For permutation models, we noted that the search-and-shift property captures
convergent features of our characterizations of BPI with the Ramsey property and with
extreme amenability. In forthcoming work, aim to use the version of the search-and-shift
property for symmetric extensions to state the intended generalization of extreme amenabil-

ity to this context.

I5We call this an HS r-valued ultrafilter on .

12



Chapter 2

Preliminaries

2.1 Permutation Models

Permutation models of ZFA are the precursors to symmetric extensions. They were in-
troduced to give methods by which models without choice could be produced before the
introduction of forcing. A comprehensive treatment of this topic can be found in [Jec08],

including a proof of the standard results that we list below.

The language of ZF(C)A includes the binary predicates =, €, the constant symbol 0 used to
denote the empty set, and the constant symbol A used to denote the set of atoms. There
are several standard modifications that ZFCA makes to ZFC. The primary adjustment is
to include the axiom A, which states that the “atoms” in A have no elements, but are
distinct from one another and from the empty set. The rest of the ZFC axioms are adjusted
accordingly to form the theory ZFCA; ZFA is this theory without choice.

Definition 2.1.1. Given a model M E ZFCA, with A its set of atoms and ON the class of

ordinals, for a € ON, one can recursively define
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(iti) Va(A) = Ug, Va(A) if o is a limit ordinal.

Theorem 2.1.2. Given a model M = ZFCA, with A its set of atoms,

M= [ Va(4).

aceON

Definition 2.1.3. For M E ZFCA and = € M, define rnk(z) = inf{«a | x € V,,}.

Note that we will write H < K to denote that H is a subgroup of K.
Definition 2.1.4. For a model M F ZFCA, let Aut(A) be the group of permutations of the

set A of atoms in M. Given G < Aut(A), recursively define the action of 7 € G on M by

mr={ny |y € x}.

Lemma 2.1.5. Every m € Aut(A), acting on M as above, is an €-respecting automorphism
of M.
Definition 2.1.6. Let M F ZFCA, A € M be the set of atoms, and G < Aut(A4). F is

called a normal filter of subgroups of G if
(i) Every K € F is a subgroup of G,
(ii) G € F,
(ii) if K € F and K < H <X G, then H € F,

(iv) if K, H € F then KN H € F,

!'Throughout the thesis, we use the convention that 2% denotes the powerset of a set .
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(v) if r € G and K € F then nKn~ ! € F (this is called the “normality” condition).
Definition 2.1.7. For x € M E ZFCA, let symg(z) = {7 € G | nx = z}.
Definition 2.1.8. For any y € M F ZFCA and K < Aut(A), let

Orb(y, K) = {ny | 7 € K}.

Definition 2.1.9. Given a model M F ZFCA, a group G < Aut(A), and F a normal filter
of subgroups of G, x € M is called F-symmetric if symg(z) € F. Recursively, x € M is
called and hereditarily F-symmetric if x is F-symmetric and every y € x is hereditarily

F-symmetric.

Intuitively, a set x € M is F-symmetric if it is fixed by an F-large subgroup of G. The
normality condition ensures that if x is F-symmetric, then so is mx for every m € G. The
intent is that G and F can be selected so that hereditarily F-symmetric sets cannot witness
particular consequences of AC, because they cannot sufficiently tell atoms apart. This targets
the rigidity of sets witnessing consequences of AC. For instance, for any wellordering f of
A, symg(f) is the trivial group.

Definition 2.1.10. Let M F ZFCA, A € M be the set of atoms, G be a group of permuta-
tions of A, and F be a normal filter on G. Define M (A, G, F) = {x € M | x is hereditarily F—
symmetric}.

Theorem 2.1.11. M(A,G,F) E ZFA.

We also state two normalizations, which Blass notes in [Bla87] and [Blall].

Lemma 2.1.12 (See Blass, [Bla87]). If M(A,G,F) is a permutation model, and if

F'={HeF|(3zeM(A,G,F)) symg(x) = H},

then M(A,G,F) = M(A, G, F').
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Unless otherwise stated, we will always assume that the normal filter F has the property
described above.
Lemma 2.1.13 (See Blass, [Blall]). If M F ZFCA and M(A,G,F) is a permutation model,
then N = (\xer K is a normal subgroup of G, F/N = {K/N | K € F} is a normal filter of
subgroups of G/N, and

M(A,G,F)=M(A,G/N,F/N).

2.2 Symmetric Extensions

A symmetric extension is an inner model of a P-extension M[G], defined analogously to a
permutation model by using a group G < Aut(P) and a normal filter F of subgroups of
G. By considering automorphisms of the underlying forcing P, symmetric extensions avoid
the need to use atoms. This results in a model of ZF, rather than ZFA. The reader can
again refer to [Jec08] for a complete exposition of this topic, including proofs of the standard
results listed below.

Definition 2.2.1. A symmetric system is a tuple (P, G, F), where P is a poset, G < Aut(P)
is a subgroup of automorphisms of P, and F is a normal filter on G (as in definition 2.1.6).
Definition 2.2.2. For a poset P € M = ZFC, let M¥ denote the class of P—names in M.

Definition 2.2.3. Given 7 € G < Aut(PP), recursively define the action of 7 on M¥ by
ni = {(mp,w2) | (p, %) € }.
Lemma 2.2.4 (Symmetry Lemma). For m € G < Aut(P),
plF ¢(io, ..., Tn) <= 7plF @(nig, ..., wdy).

Definition 2.2.5. For a P-name ¢ and a group G < Aut(P), let symg(¢) = {7 € G | m& = &}.
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Definition 2.2.6. For any P-name ¢, any condition p € P, and any K < Aut(P), let

Orb({p, ), K) = {(mp,7y) | 7 € K'}.

Definition 2.2.7. For a symmetric system (P, G, F), a P-name & is F-symmetric if symg(1) €
F. Recursively, we say that & is hereditarily F-symmetric if symg(¢) € F and every

y € rng(z) is hereditarily F-symmetric.

Similar to the motivation for permutation models, the intent is that symmetric systems
can be defined so that hereditarily F-symmetric names cannot be forced to witness certain
consequences of AC.

Definition 2.2.8. Given a symmetric system (P, G, F), let HSx be the class of hereditarily
F-symmetric P-names (with P, G, and the ground model M understood from context).
Definition 2.2.9. Given a ground model M F ZF(C), a symmetric system (P, G, F), and
an (M,P)-generic filter G, let HS]GE denote the class of interpretations of the names in HS

by G. We call HS?—_ a symmetric extension of M, presented by (P, G, F).

Unless otherwise specified, we will take the convention that symmetric extensions are defined
over ground models of ZFC.
Theorem 2.2.10. If M E ZF(C), (P, G, F) is a symmetric system, and G is a P-generic
filter, then M C HSJGT and

HSS F ZF.

Remark 2.2.11. For a symmetric extension N based on the symmetric system (P, G, F),
one can define the forcing relation IFyg,, or Iy, by relativizing the forcing relation for [P
over M to the class HSx. In this work, we will often use I to mean either, and in any such

context the correct formalization will be clear.
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2.3 Ultralimits

Definition 2.3.1. If X is a topological space, {z; | i € [} C X, and U is an ultrafilter on I,

then an wltralimit lim, ;y x; = x is a point in X so that for every open neighborhood W C X,

{iel|xz, e W}eUl.

Often, one takes I = X in the definition above, and takes U to be an ultrafilter on X itself;
then lim, ;7 2 denotes the corresponding ultralimit. The following facts are standard, and are
proven in [Gol22].

Lemma 2.3.2. If X is Hausdorff, all ultralimits in X that exist are unique.

Theorem 2.3.3. A topological space X is compact if and only if it is closed under ultralimaits.

2.4 The Finite Intersection Property

Throughout this work, we refer to the finite intersection property (FIP): F has the finite
intersection property if the intersection of finitely many elements of F' is infinite. It is well-
known that “is infinite” is not a first-order definable concept, but in a model M F ZFC there
are many known and equivalent definitions of infinite that reference the natural numbers

we M.

In amodel N E ZF, many of these definitions of infinite are known to no longer be equivalent.
Because the models we study in this paper do not have choice, we need to specify what is
meant by the FIP. In both permutation models and in symmetric extensions, note that w
is still definable in the model. We can give the following definition for “infinite.”

Definition 2.4.1. In a model M F ZF(A), we say that a set x is infinite if there are no

bijections between z and any n € w.
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Note that this definition of “infinite” is absolute between a permutation model or symmetric

extension and their relevant outer model of ZFC(A).

2.5 The Generalized Cohen Model

Our presentation follows [Ste23], where the generalized Cohen model was introduced.
Definition 2.5.1. A set x € M F ZF(A) is called Dedekind-finite if there are no injections
from w into x in M. In this paper, we will further require that Dedekind-finite sets are

infinite, in the sense of definition 2.4.1.

The Cohen model primarily introduces a Dedekind-finite set of mutually generic Cohen reals;
the generalized Cohen model, denoted N (I, Q) for some index set I and poset ), primarily
introduces a Dedekind-finite set of mutually (Q-generic filters, which is defined with respect
to an index set [ in the ground model. We will first define a poset that adds I-many mutually
@Q-generic filters.

Definition 2.5.2. For a poset () and an index set I, let P(7, (Q)) denote the partial order of

finite functions from I to () ordered by

(Vp,q € P(1,Q))(¢ < p) <= (dom(p) C dom(q) A (Vi € dom(p))q(i) <q p(i))).

Note that the coordinatewise strengthening ¢(i) <g p(i) refers to the order <g on the poset
Q. We will just write ¢(i) < p(i) when the context is clear.
Definition 2.5.3. Given a set X, let [X]* = {A C X | |A| = &} and [X]<* = |J,..[X]*

Definition 2.5.4. For a group G < Aut(/) and E € [I|<¥, let fixg(F) = {m € G| 7 fixes E pointwise}.

Definition 2.5.5. Let M F ZFC, and define the symmetric system (P(7, @), G, F) by setting

(i) P(1,Q) as in definition 2.5.2, with I an infinite index and @) a nontrivial poset,
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(ii) G the group of finite permutations of I, acting on p € P(/, Q) by dom(7wp) = mdom(p)
and

(Vi € dom(p))mp(mi) = p(i),?

(iii) the normal filter F on G generated by subgroups of the form fixg(E), for E € [[]<*.3

The corresponding symmetric extension of M is a generalized Cohen model, denoted N (I, Q).
If we wish to emphasize the index set I, we will write (P(/, Q), Gr, Fr), and HSx,. If we wish
to emphasize the P(I, Q)-generic filter G used to define N (I, Q), we will write N¢(I, Q).

Throughout the paper, whenever we refer to (P(1,Q), G, F), we will mean the symmetric
system from definition 2.5.5.

Definition 2.5.6. For n € I, let a, = {(p,§) | p(n) = ¢}, and let A = {(1,a,) | n € I}.
Theorem 2.5.7. For a generalized Cohen model NY(I,Q) over a ground model M E ZFC,
aS € N(I,Q) is Q-generic over M and AS € N(I,Q) and is Dedekind-finite in N¢(I, Q).
Definition 2.5.8. For D € [I|<¥, disjoint sets H; C I (for i € D), a@ = {(i,ay) | i € D} €

[Licp Hi, and G as in definition 2.5.5, define the permutation 74 € G by

Note the convention that elements & € [],., H; are functions from D into (J,., H;, with
a(i) = a; € H;. This will be convenient for tracking the supports of sets, as defined below.
Lemma 2.5.9. For the symmetric system (P(I1,Q), G, F), if © € HSg, there is an X € [I]<*

so that fixg(X) < symg (), and X C X' for every other X' € [I]=% with fixg(X') < symg().

2By this group action, G can be formally identified with a subgroup of Aut(P(I,Q)), as is required in
definition 2.2.1.

3For every K € F, this guarantees that we can find some F € [I]<% for which fixg(F) < K < G. In
general, however, K € F may not equal fixg(E) for any E € [I]<%.
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Proof. See [Jec08] for the proof of “least supports” in “support models.” O]

Definition 2.5.10. X € [I|<¥ as in lemma 2.26 is the support of &, denoted supp(z) = X.
Definition 2.5.11. For p € P(1,Q), let supp(p) = dom(p).
Definition 2.5.12. Given p € P(I,Q) and X C [, define the restriction of p to X to be the

(possibly empty) function p [x= {(i,p(:)) | 1 € X}.

The following lemma states an essential property that is used throughout the paper: when
forcing a property, one only needs to consider the behavior of conditions on the relevant
supports of names.

Lemma 2.5.13. For the symmetric system (P(1,Q),G,F), if &g, ..., &, € HSF have supports
Xoy s Xy and p = @(ig, ..., T), then for X 2 |, Xi,

p [X”_ ¢(:t07 7xn)

Proof. By the symmetry lemma 2.2.4, if 7 € fixg(X), then 7p IF ¢(io, ..., &,). Because the

set of conditions D = {mp | m € fixg(X)} is dense below p [x in P(I,Q), we get that
p IxIF @(do, ..., ). 0

Definition 2.5.14. Given G as in definition 2.5.5, 7 € G, and X C I, define the restriction
of m to X to be the (possibly empty) function 7 [y= {(i,7(:)) | i € X}. Note that 7 [x
may no longer be an element of G = Aut([).

Lemma 2.5.15. Let (P(I,Q),G,F) be as in definition 2.5.5, p € P(1,Q), and & € HSx. If

supp(p),supp(z) C D € [I]<¥, then for every m,7 € G with w [p= T [p,

T =TpA\TL = TL.
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Proof. Because 7 [p= 7 |p, we have that 7=17 € fixg(D). Then,

m =n(r"trp) =Tp ATi = n(n i) = Td.

Theorem 2.5.16 (Halpern, Lévy, [HL71], Stefanovi¢, [Ste23]*). N(I,Q) F BPL.

4This is proven for the Cohen model in [HL71]; in [Ste23], the proof from [HL71] is shown to generalize
N(I,Q).
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Chapter 3

Characterizations of BPI in

Permutation Models

The main goals of this chapter are to study conditions that are equivalent to BPI in per-
mutation models, and to give simple proofs of the equivalence of these conditions. It is of
independent interest to do so, but this will also motivate our analogous characterizations of

BPI in symmetric extensions in chapter 4, which are the main topics of this thesis.

As noted in the preliminaries section 2.1, we will always make two assumptions about a
permutation model M (A, G, F). First, we will take M (A, G, F) to be defined with respect to
an outer model M F ZFCA. Second, we will always assume that for every H € F, there is
an x € M(A,G,F) with symg(z) = H. As in lemma 2.1.12, this second assumption can be
made without affecting which sets appear in the permutation model. These two assumptions

match assumptions that Blass often makes, for instance in [Bla79], [Bla87], and [Blal1].

Theorem 3.4.4 and its uniform version, theorem 3.4.5, are the main results of this chapter.

We can note that the second normalizing assumption listed above is only used in the proof
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of the implications (i) = (¢i7) and (i) = (iv) in both of these main theorems. In the case of

the other implications, one can ignore this extra assumption.

There are several known results relating to BPI in permutation models, notably from Halpern,
Blass, and from joint work by Kechris, Pestov, and Todorcevié. Several of our arguments will
be new proofs of known implications, or known proofs reworked into a new context, relating
particularly to work from [Bla87], [KPTO05], and [Blall]. We will survey these known results

before outlining each section of this chapter.

In Halpern’s thesis [Hal62], later published as [Hal64], it was shown that BPI holds in the
ordered Mostowski model of ZFA. This gave the first proof that AC is independent of BPI
over ZFA. In this proof, Halpern introduced a contradiction framework that appears, to the

author’s knowledge, in every other known proof of BPI in a model of ZF(A) without choice.!

By analyzing Halpern’s proof, and a similar proof of Johnstone in [Joh84], Blass was able to
isolate a dynamical property that exactly characterizes BPI in permutation models, which
he called the Ramsey property. His proof that the Ramsey property implies BPI closely
follows Halpern’s contradiction proof of BPI in the ordered Mostowski model. We state
Blass” Ramsey property and characterization theorem below. We will use the equivalent
form of the Ramsey property given in [Bla11].?2

Definition 3.0.1 (Blass, [Bla87], [Blall]). Let G be a group.

(i) An action of G on a set A has the Ramsey property if for every coloring ¢ : A — 2 and

for every A € [A]<¥, there is a 0 € G so that the restriction ¢ [, is monochromatic.

!Pincus has made this same observation 29 years ago, in [Pin97].
2If the reader is unfamiliar with this definition, or finds it to be technical, note that it can be motivated
as the apparent and exact device needed in our new proof of BPI from the Ramsey property in section 3.2.
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(ii) A subgroup H =< G is called a Ramsey subgroup of G if the action of G on the cosets

G/H (by left multiplication) has the Ramsey property.

(iii) A normal filter F of subgroups of G has the Ramsey property if F has a base B, so
that for every K € B, every subgroup H of K in F is a Ramsey subgroup of K.
Theorem 3.0.2 (Blass, [Bla87]). If M E ZFCA, given our normalizing assumptions for a

permutation model M(A,G,F), the following are equivalent:
(1) M(A,G,F)EBPI,
(i1) F has the Ramsey property.

Note that Blass’ Ramsey property is defined for normal filters F of subgroups of some group
G, as are seen in the definition of a permutation model M (A, G, F). We would like to draw
the distinction between Blass’ Ramsey property from [Bla87], and the related (structural)
Ramsey property studied in [KPT05]. In this latter paper, connections are developed between

this structural Ramsey property, extremely amenable topological groups, and Fraissé limits.

In response to [KPT05], Blass examined the connection between these two versions of the
Ramsey property in [Blall]. He focused on the connection between his characterization of
BPI in permutation models and a characterization of certain extremely amenable topological
groups in proposition 4.2 of [KPT05]. We state below several necessary definitions, and then
Blass’ theorem from [Blall].

Definition 3.0.3. A group G is a topological group if it is equipped with a topology so
that the group operation corresponds to a continuous map from G x G (with the product
topology) to G, and the mapping of elements of G to their inverses in G is continuous.
Definition 3.0.4. The action of a topological group G on a topological space X is continuous

if the associated map from G x X (with the product topology) to X is continuous.
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Informally, for a continuous group action of G on X, if g,h € G are close in G and z,y € X
are close in X, then gz, hy € X are also close in X. The following formalization of this
idea makes assumptions that are relevant to this chapter. This is standard to prove, but we
include its proof regardless for the reader’s benefit.
Lemma 3.0.5. Let K be a topological group acting continuously on a topological space X,
let {m; | i € I} C K, let {x; | i € I}, {mz; | i € I} C X, and let U be an ultrafilter on I.
Then if the limits below exist, they satisfy the relationship

111151 mix; = (lim ;) (lim ;).

i, U i, U

Proof. Let m = lim;ym; and let z = lim; yx;. Let W C X be an open neighborhood of

7x € X. We aim to show that
{iel|mz, e W}eU,

from which the lemma follows. By the continuity of the action of K on X, there are open

neighborhoods W, C K of m and W, C X of z, so that
W, Wyo=A{rz|7€eW,, 2€ W} CW.
By the definition of the ultralimits 7 = lim, y 7; and x = lim; iy @,
{iel|meW,}eU and {iel|x,eW,}el,

SO

V={iel | meWtn{iel |z, eW,}eU.
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Since

{WZI‘1|Z€V}QWWW$£W,

we have that

Vg{’lEI|7T,L.Z'ZEW}EU

]

Definition 3.0.6. A topological group G is extremely amenable if every continuous action

of G on a compact, Hausdorff space X has a fixed point.

We find it startling that a group can enjoy such a strong fixed-point property; the authors of
[KPTO05] refer to the existence of non-trivial extremely amenable groups as “remarkable.” A
connection between extreme amenability and BPI in permutation models is thus of interest

to further clarify each property. This is the main topic of [Blall].

Note that the group G < Aut(A) in a permutation model M (A, G, F) is not already assumed
to be a topological group. We can repeat several observations that Blass makes in [Blall], to
see that the notion of “small open subgroups” of a topological group can be used to naturally
associate topological groups with the groups used to define permutation models.
Definition 3.0.7. For a topological group G, an open subgroup is a subgroup of G that is
also an open set in the topology on G.

Definition 3.0.8. A topological group G is said to have small open subgroups if every open

neighborhood of the identity element of G contains an open subgroup of G.

For a permutation model M (A, G, F), there is a natural way to promote G < Aut(A) to be a
topological group with small open subgroups: take the topology on G generated by the base
of opensets B={gK | g€ G, K € F} ={Kg | g € G,K € F}, so that the normal filter F
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contains exactly the small open subgroups of G.3

Similarly, given a topological group G < Aut(A) with small open subgroups, the set F of
small open subgroups of G is a normal filter F. This can then be used to define a permutation
model M(A,G,F). Note that F may not meet our normalizing assumption that for every
H € F, there is an x € M(A, G, F) so that symg(x) = H. This isn’t a concern, because in
every proof that starts by considering a permutation model based on a topological group G,

we will never use this normalizing assumption anyway.

In each case, the topology on G is Hausdorff if and only if (. K is the trivial group. We
can assume that this intersection is trivial without loss of generality, by lemma 2.1.13. For
a topological group G, we can note that G is extremely amenable if and only if G/ (. K
is, since the relevant actions of G are assumed to be continuous. There is thus minimal cost
to move between the groups used to define permutation models and (Hausdorff) topological
subgroups of Aut(A) with small open subgroups.

Theorem 3.0.9 (Blass, [Blall]). Let G be a topological group with small open subgroups,

and let F be the normal filter of its small open subgroups.* The following are equivalent:
(i) G is extremely amenable,
(ii) every subgroup H of G in F is a Ramsey subgroup of G.

In [Blall], Blass notes the difference between point (i¢) in his above theorem and the full
Ramsey property on F, where the latter of which calls for a base of subgroups in F with
the property from (ii). To make this point, he gives the following example.

Example 3.0.10 (Blass, [Blall]). Let G be extremely amenable. The product G x Z/2 is

3The equality in this line follows from the normality of F.

4Blass takes the convention that the topology on G is Hausdorff. By his observations that we repeat
above the theorem, he justifies that this is inessential for part (z). In section 3.3, we will see that this is also
inessential for part (i).
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not extremely amenable, because it can act continuously without fixed points on a set with 2
elements. The normal filter F of open subgroups of G, identified with Gx {0}, has the Ramsey
property by theorem 3.0.9. He concludes by writing: “[s|o extreme amenability cannot
correspond exactly to Ramseyness of the filter of open subgroups; the latter is preserved

from G to G x Z/2, and the former is not.”

With this survey of the literature in mind, we can outline the sections of this chapter. Again,
we aim to further develop a list of properties that are equivalent to BPI in permutation
models, along with the perspectives on BPI offered by each of these properties. Theorem
3.4.4 and its uniform version, theorem 3.4.5, collect the various conditions that we will prove
to be equivalent to BPI in permutation models; these are again the main theorems of this
chapter. Across the sections, we prove various implications between the conditions in these
main theorems. Several of these proofs are formally redundant, as they follow from linking
together other implications, but we include them when they offer novel perspectives on the
relationships between these equivalent conditions that characterize BPI. The proofs in this
chapter can again be recognized as simpler, motivating versions of the more involved proofs

from chapter 4.

In section 3.1, we develop means to directly prove BPI in permutation models. We intend
for this approach to clarify the existing proofs in the literature, all of which follow Halpern’s
contradiction framework from [Hal62]. To do so, we wish to formalize the naive approach
to extend filters to ultrafilters (thus proving BPI) by repeatedly extending filters by min-
imal increments. Accordingly, we introduce the filter extension property (for permutation
models) and prove that it is sufficient for BPI in permutation models.> More interestingly,

we show that the filter extension property is also necessary for BPI in permutation models.

5In chapter 4, we introduce a more general version of the filter extension property for symmetric systems.
We will refer to either as the filter extension property, and the correct version will be clear from context.
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Thus our naive, direct approach to extend filters to ultrafilters in permutation models fully

characterizes BPI.

In section 3.2, we prove that the filter extension property follows directly from Blass” Ramsey
property. This gives a new, direct proof of Blass’ theorem that the Ramsey property implies
BPI in permutation models. We call this a search-and-shift argument: we show that the
Ramsey property is exactly what allows one to search through an arbitrary ultrafilter from an
outer model of choice, to identify certain isomorphic (shifted) copies of certain substructures.
These substructures are then used to justify the filter extension property, i.e. the ability to
extend a given hereditarily symmetric filter by a “minimal” symmetric increment. This proof
is inspired by methods used in Harrington’s proof of the Halpern-L&auchli theorem, which we

adapt further in chapter 4 to prove BPI in certain symmetric extensions.

In section 3.3, we further develop the connection to extreme amenability given in [Blall],
which is in turn based on previous work from [Bla87] and [KPT05]. We first observe that,
depite Blass’ example 3.0.10, his theorem 3.0.9 can be extended to give a full characterization
of BPI in terms of extreme amenability: F has the Ramsey property if and only if there is
some subgroup K € F that is extremely amenable.® We then rework, in terms of symmetric
ultrafilters, the two directions of the proof of proposition 4.2 from [KPTO05] — these are the
main arguments of the section. As an application, we use this work to give a short proof of
a uniform version of our main characterization theorem (a preliminary version of theorem

3.4.5), which answers a natural question that arises from section 3.2.

In section 3.4, we compare the proof of BPI from extreme amenability in section 3.3 to the
search-and-shift proof of BPI from the Ramsey property in section 3.2. This suggests a

way to formalize the idea that BPI holds in a permutation model if and only if it can be

6 Again, with the topology on K generated by the subgroups of K in F.
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proven using a search-and-shift argument. We thus introduce the search-and-shift property
(for permutation models), and prove that it also characterizes BPL.” Doing so also lets us
explicitly connect our proofs of BPI from the Ramsey property and from extreme amenability.
The main theorems 3.4.4 and 3.4.5 are given in this section. Our characterization of BPI
using the search-and-shift property, and the fact that it can be generalized to symmetric

extensions in chapter 4, are two central ideas of the thesis.

3.1 The Filter Extension Property for Permutation Mod-
els
In a model of ZFC(A), the standard proof of BPI involves showing that

(1) an arbitrary filter F', on an arbitrary set z, can be extended to include an arbitrary

subset y C x or its complement z \ y, and

(2) Zorn’s lemma can be applied to produce a maximal filter U O F on x; by (1), the

maximality of U ensures that it “completes” the extension of F' to an ultrafilter on .

While the full axiom of choice generally fails in permutation models, it can still be found to
hold up to a coarse degree — certain choice functions, wellorderings, etc. are also hereditarily
symmetric. In this section, we will introduce a coarsening of (1) called the filter extension
property for permutation models (definition 3.1.1), which can be used to prove BPI by a
coarse version of (2) (theorem 3.1.2). We will also show that the filter extension property is

necessary for BPI to hold in permutation models (theorem 3.1.11).

To motivate the filter extension property, consider F,z € M(A, G, F), with F a filter on x.

"We will later introduce a version of the property for symmetric systems, and call each the search-and-shift
property when the correct version is clear from context.
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To mimic (1), we consider how to extend F' by some minimal, symmetric increment while
retaining the finite intersection property (FIP). If this can be done in a manner that is stable

under iteration, we can then apply a coarse version of (2) to produce an ultrafilter U D F.

To determine what should be meant by extending F' by a “minimal, symmetric increment,”

we can note that for an arbitrary w € M (A, G, F),

w = U Orb(y, symg(w)).

yew

This is a partition of w, up to the fact that some orbits may be repeated in the union above.
One can view these orbits as the building blocks of (hereditarily) symmetric sets. This also
gives the sense in which choice holds coarsely in a permutation model: if f € M F ZFCA is a
wellordering of the set {Orb(y, symg(w)) | y € w} of orbits contained in w, then symg(f) =
symg(w), and so f € M(A,G,F). While w itself may not be wellorderable in M(A,G,F),

it is still possible to wellorder the partition of w given by the symg(w)-orbits.

Thus, to extend the filter F' by a minimal, symmetric increment involves selecting a subset

y € M(A,G,F) of x, a group K =< symg(F)Nsymg(z), and extending to
FUOrb(y, K) or FUOrb(z\ y, K),

while ensuring that the finite intersection property holds in the chosen extension.® If this
process can be iterated, using the same group K =< symg(F) Nsymg(x) at every stage of
the iteration, the union of these extensions is an ultrafilter U O F on x in M (A, G, F), with
K =< sym(U). Definition 3.1.1 expresses that the hypotheses in this sketch hold, and theorem

3.1.2 shows that BPI follows.

8Here we mean “minimal” more in a figurative than a literal sense, as it may be possible to choose a
smaller group K with this same property.
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Definition 3.1.1. A permutation model M (A, G, F) has the filter extension property (for
permutation models) if F has a base B, so that the following property holds for every K € B:

for every F,x,y € M(A,G,F) such that K < symg(F) Nsymg(x) and

M(A,G,F)E “F C 27 has the FIP” Ay C z,

there is a ¢y € {y,z \ y} such that

M(A,G,F)E “FUOrb(y, K) C 2° has the FIP.”

Theorem 3.1.2 uses the fact that the filter extension property guarantees groups K € F that
are stable under iterations of filter extensions, in the sense described above.

Theorem 3.1.2. If M E ZFCA and M(A,G,F) has the filter extension property, then

M(A,G, F) E BPL

Proof. Let F,xz € M(A,G,F) so that

M(A,G, F) E “F C 2" has the FIP,”

and let K =< symg(F') N symg(x) witness the filter extension property. To prove BPI in
M(A,G,F), we will show that there is an ultrafilter U € M (A, G, F) on x that extends F.
At the cost of lengthening a standard application of Zorn’s lemma, we would like our proof to
emphasize the notion that K can be used to extend F', by minimal increments, in a manner

that is stable under iteration.

In the outer model M F ZFCA, use choice to wellorder the subsets y C x that appear in
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M(A,G,F); denote this wellordering as {y.|a < }. Using choice again in M, define the

sequence F,, for a < (3, in the following manner.

Let Fy = F. At successor stages a + 1, choose between

Foi1 = F,UOrb(y,, K)

and

Foi1=F,UOrb(z\ ya, K),

so that F, 41 has the FIP and K = symg(Fh41) Nsymg(z). If we suppose inductively that F,
meets these constraints, then the fact that K witnesses the filter extension property ensures

that F,.; can be chosen to meet these constraints as well.

At limit stages «, let

If we again suppose inductively that for every v < o' < «, F, has the FIP, K < symg(F,)N
symg(z), and F, C F,, then F, has the FIP and K =< symg(F,) Nsymg(x) as well. To

prove that F,, has the FIP, note that we use the fact that F, C F.,

Y, if v < 4/, to conclude

that every finite subset of the limit I, appears as a finite subset of some F,, with v < a.

Then U = F,, 2 F is an ultrafilter on x in M (A, G, F), with K < symg(U). O

Note that theorem 3.2 is essentially the same as the step in Halpern’s contradiction framework
to consider a filter U € M(A,G,F) on x that extends F' and is maximal with respect to
having some specified K < symg(U). The next step in Halpern’s contradiction framework,
to produce a contradiction from the assumption that there is a subset y € M(A,G, F) of

x for which y ¢ U and = \ y € U, can be rephrased as a contradiction proof of the filter
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extension property.

We will now prove that the filter extension property is necessary for BPI to hold in a permu-
tation model, whereby this relationship to Halpern’s contradiction framework is inevitable.
Note that the filter extension property ensures that filters can be extended in a manner
based uniformly on witness groups K = symg(F) Nsymg(x), irrespective of the filter F' or
the set x. In other words, regardless of which new K —orbits of subsets of x are chosen to
extend F', there is no need to consider a less restrictive group Ky =< K to extend the filter
further. This uniformity can be explained in terms of the uniform method given in [Bla79]
to define ultrafilters in models of SVC + BPI.

Definition 3.1.3 (Blass, [Bla79]). Let SVC (small violations of choice) be the axiom that
there is a set S so that, for every set a, there is an ordinal a and a function from a subset
of S x a onto a.’

Theorem 3.1.4 (Blass, [Bla79]). A model of ZF satisfies SVC if and only if some generic

extension is a model of ZFC.

Note that forcing has also been studied over models of ZFA, and we can cite the relevant
version of the above theorem in this context.

Theorem 3.1.5 (Hall, [Hal07]). A model of ZFA satisfies SVC if and only if some generic
extension is a model of ZFCA.

Theorem 3.1.6 (Blass, [Bla79]). Permutation models satisfy SVC.

For our purposes, it is important to check that there is a witness S € M(A,G,F) with

symg(S) = G. This can be observed in Blass’ original proof, which we sketch below.

Proof sketch, based on the proof of theorem 4.2 from [Bla79]. Consider the permutation model

9In [Bla79], the original statement is that there is a function from the entire set S x o onto a. Blass notes
that this is equivalent to the form stated here, since all points outside a subset of S X « can be mapped to
a single element.

35



M(A,G,F). Recall that we take the normalizing assumption that for every K € F, there is

ax e M(A, G, F)so that K = symg(z)."

For H,K € F, with H <X K, let ygx be a set in M(A,G,F) so that symg(ynx) = H.
Ensure also that if H # H' or K # K, then Orb(yy x,G) N Orb(yy k1, G) = 0. Let

S= |J Orb(yux.9),

HKeF H=K

so that symg(S) = G, and thus S € M(A, G, F). For every x € M(A,G, F), we have that

x = U Orb(y, symg(z)),

yex

which is a partition of  up to the repetition of orbits. For every y € x, there is a natural
bijection b : Orb(ymx, K) — Orb(y,symg(x)), with H = symg(y), K = symg(z), and
symg(b) = K. Let a = |{Orb(y,symg(z)) | y € x}|, so that there is a bijection f between a
subset s C S x « and x. Here, we can take s to be a union of sets of the form Orb(ygy k., K) X
{8}, with K = symg(z) and § < «, so that symg(s) = symg(f) = K. Because s, f €
M(A,G,F), S witnesses SVC. ]

We can isolate two features of the construction given above, that will be useful in later
arguments.

Definition 3.1.7. The set S € M(A, G, F) is a normal witness of SVC if it witnesses SVC
for M(A, G, F),if symg(S) = G, and if for every K € F, thereis an s € S with symg(s) = K.
Corollary 3.1.8. There is a normal witness of SVC in every permutation model, given our

normalizing assumption from lemma 2.1.12.

10This will be convenient to assume, but it is not needed in this argument.
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Proof. Given our normalizing assumption, our proof of theorem 3.1.6 proves the corollary.

]

For our purposes, it is also important that SVC gives a uniform characterization of BPI.
Definition 3.1.9. For a set S, the fine filter on S<“ is the filter generated by the sets
{p € S<¥|s € rng(p)}, for s € S. An ultrafilter on S<“ is fine if it extends the fine filter.
Theorem 3.1.10 (Blass, [Bla79]). If N E ZF(A) and S witnesses SVC, then N E BPI if

and only if there is a fine ultrafilter on S<%“.

We will need to use certain definability features that can be observed in Blass’ proof, which

we sketch below.

Proof sketch, based on the proof of theorem 4.1(b) from [Bla79]. The “only if” direction is
clear, so we will prove the “if” direction. Let B be a boolean algebra, let S witness SVC, let
f S x a— B be a surjection (as is guaranteed in footnote 9), and let U’ be an ultrafilter
as in the theorem statement. We claim that there is a prime ideal I of B, definable with
respect to the parameters f, S and U’. After proving this claim, we will show how to modify

the argument to get the same result if the domain of f is an arbitrary subset of .S x a.

Every p € S<“ is itself a wellordering of rng(p). Based on this, wellorder rng(p) x « by
the lexicographical order; this is definable with respect to the parameter p. Then, wellorder
f(rng(p) x a) by sending points to the least element of their preimage in rng(p) x «; this is
definable with respect to the parameters p and f. Let B, be the subalgebra of B generated
by f(rng(p) x «); this is also definable with respect to the parameters p and f. Define
a prime ideal I, of B, based on the wellorder of f(rng(p) x «), again with respect to the

parameters p and f. One can then define, with respect to the parameters f, S, and U’, the
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prime ideal of B:
I={beB|{peS¥|bel}elU}

If we had taken dom(f) C S x «, the same proof works to define a prime ideal I of B from

f, S, and U’, if one takes the convention that

f(rmg(p) x ) = {f(y) | y € (mg(p) x a) Ndom(f)}.

We can now extend theorem 3.1.2 to an equivalence.

Theorem 3.1.11. If M E ZFCA, the following are equivalent:
(i) M(A,G,F)E BPI,

(ii)) M(A,G,F) has the filter extension property.

Proof. The direction (i7) = (i) is given in theorem 3.1.2, so we will prove the remaining
direction (i) = (i7). Fix a permutation model M (A, G, F) E BPI. By theorem 3.1.10, there
is some S € M(A,G,F) that witnesses SVC. In M(A,G,F), let B be a Boolean algebra,
let f be a surjection from a subset of S x a to B, and let U’ be the ultrafilter on S<“ from
the statement of theorem 3.1.10. By the proof sketch of theorem 3.1.6, we can assume that
symg(S) = G and symg(f) = symg(B). By the proof sketch of theorem 3.1.10, we have a

formula ¢(wo, wy, we, ws) so that the following is a prime ideal in B:

I=A{b]| (b, f 5 U)}
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Given a filter F' on a set x in M (A, G, F), one can let B = 2*/F to get a first-order formula

o(wg, w, wy, w3) for which

U={ylely f.5U)} (3.1.0.1)

is an ultrafilter on x extending F'. By this definition and by lemma 2.1.5, we have that

symg(f) Nsymg(S) Nsymg(U’) < symg(U).

Because symg(S) = G and symg(f) = symg(2%/F) = symg(F') Nsymg(z), we then have

symg(z) Nsymg(F) Nsymg(U’) < symg(U). (3.1.0.2)

Now let K = symg(U’). The normal filter F has a base of subgroups {H N K|H € F};
we will show that this base witnesses the filter extension property. Let H € F, and let
F e M(A,G,F) be afilter on a set x € M(A,G,F), so that H N K = symg(F) Nsymg(x).
Let U D F be the ultrafilter on x in M (A, G, F), defined by the formula ¢ as in line (3.1.0.1).

For every y C z in M (A, G, F), thereis a y € {y,z \ y} so that

F U Orb(y', symg(U)) C U.

By line (3.1.0.2), and since H N K =< symg(F) Nsymg(x) and K = symg(U’), we have that

HNK < symg(F)Nsymg(z) Nsymg(U') < symg(U),

and so

M(A,G, F)E “FUOrb(y, HN K) C F UOrb(y,symg(U)) C U C 2 has the FIP.”
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Thus, H N K is a witness of the filter extension property. Because H N K was an arbitrary

group in the specified base for F, M (A, G, F) has the filter extension property. n

3.2 The Ramsey Property

We can now turn our attention to developing direct methods to prove the filter extension
property. As mentioned in the introduction to this chapter, Blass introduced the Ramsey
property for normal filters of subgroups in [Bla87], and used it to exactly characterize BPI
in permutation models; his proof that the Ramsey property on F implies BPI in M (A, G, F)

uses Halpern’s contradiction framework.

We will directly prove this implication, by showing that the Ramsey property on F implies
that M (A, G, F) has the filter extension property. The style of argument we use, which we
call a search-and-shift argument, is generalized several times in chapter 4 to address BPI
in symmetric extensions. The version of this argument for permutation models is simple

enough to be faithfully captured by the doodle in figure 3.1 at the end of this section.

Before giving our direct proof, note that the main theorem of this section is already proven:

Theorem 3.2.1. If M F ZFCA, the following are equivalent:
(i) M(A.G. F) - BPL
(ii) M(A,G,F) has the filter extension property (for permutation models),

(i1i) F has the Ramsey property.
Proof. Combine the equivalences from theorems 3.1.11 and 3.0.2. [

The filter extension property and its relationship to the Ramsey property are not identified
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explicitly in [Bla87], but the implications (ii7) = (i7) = (i) in the theorem above are implicit
in Blass’ use of Halpern’s contradiction framework, for the reasons sketched after our proof
of theorem 3.1.2; Blass proves the implication (i) = (i4i) explicitly. We can now present a

new, direct proof of the implication (iii) = (i7).

Proof of (iii) = (ii). Let K € F witness the Ramsey property. We will show that K also
witnesses the filter extension property; then, the base of subgroups in F witnessing the
Ramsey property also witnesses the filter extension property. Let F,z,y € M(A,G,F),

K = symg(F) Nsymg(z), and

M(A,G, F)E “F C 2% has the FIP” Ay C z.

Let H = K Nsymg(y) = K Nsymg(x \ y). Because K is a witness of the Ramsey property

and H is a subgroup of K in F, H is a Ramsey subgroup of K.

Let U € M be an ultrafilter on = extending F'; U itself is not necessarily hereditarily F-
symmetric, but exists in M E ZFCA. Define the coloring ¢ : K/H — {green, red} by
setting

green if my € U
c(rH) =
red if n(z\y) eU.
Note that ¢(mH) is well-defined, since every h € H fixes both y and z \ y. For every
A ={moH,....m,H} € [K/H|<¥, the fact that H is a Ramsey subgroup of K guarantees a

o € K so that ¢ [ 0A is monochromatic. If ¢ colors the elements of cA = {omoH, ..., om, H}

green, then

(FU{omy |i<n}) CU. (3.2.0.1)
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Because 0,071 € K C fix(F) N fix(z), we can apply ™! to conclude that

(FU{my |i<n}) Co'U.

1

By symmetry (lemma 2.1.5), 01U is still an ultrafilter on o'z = x in M, so we can conclude

M(A, G, F)E “FU{my | i <n} C 2" has the FIP.”

If ¢ colors the elements of cA = {omoH, ...,om, H} red, the same argument concludes

M(A, G, F)E “FU{m(z\y)|i<n}C2" has the FIP.”

Now define a coloring C' : [K/H]|<“ — {green, red} by

green if (o € K)c | oA is green.
cA) =

red otherwise.

Ordering [K/H|<“ by reverse-inclusion, [K/H]|<“ is downward-directed by unions. This
ensures that C' colors a dense subset of this ordering on [K/H]<“ to be either mutually
green or mutually red. In the former case, we claim that F'U Orb(y, K) has the FIP; in the
latter case, we claim that F'UOrb(x\y, K) has the FIP. Without loss of generality, we prove

the former claim.

For m,...,m, € K arbitrary, we aim to show that F' U {my | ¢ < n} has the FIP. Let
A ={mH,....m,H} € [K/H]<“. By the assumption that C' colors a dense subset of [K/H]<*

green, we can find some A’ D A in [K/H|<¥ so that C'(A’) = green. In other words, there
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isa o € K sothat ¢ [ 0A’ is green, and so
M(A, G, F)E “FU{ry | tH € A’} has the FIP.”
Since A C A/, this gives the desired result that
M(A, G, F)E “FU{my | i <n} has the FIP.”

Since 7, ..., T, € K were arbitrary, we can conclude that FFUOrb(y, K) has the FIP. Because
F,x,y € M(A,G,F) arbitrarily meet the hypothesis of the filter extension property, with

K = symg(F)Nsymg(x), we can conclude that K witnesses the filter extension property. [

o 'UeM

U<\

{G'Tl:f,o-'f.qp"lr,_y, 6_"'1’:0. w‘l ")
(g, my o Ty g S

O

C_ -

WARARAR R

Figure 3.1: The main step in our proof of theorem 3.2.1(ii7) = (i1).

Remark 3.2.2. We see that the Ramsey property is a dynamical condition that allows
ultrafilters in the outer model M F ZFCA to coordinate symmetric filter extension in the
inner model M (A, G, F). By the Blass’ theorem 3.0.2, whenever BPI holds in M (A, G, F) it

can be attributed to this mechanism of inheritance from the outer model M.

We call this method of proof a “search-and-shift” argument, since we search through an

arbitrary ultrafilter U O F on x, with U from an outer model of choice, then shift the results
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of this search to verify instances of the filter extension property.

3.3 Extreme Amenability

To relate BPI in permutation models to extreme amenability, we will first show how minor

observations can be made to strengthen theorem 3.0.9.
Theorem 3.3.1. Let M F ZFCA and let M (A, G, F) be a permutation model. The following

are equivalent:

(i) M(A,G,F)E BPI,

(i1) M(A,G,F) has the filter extension property (for permutation models),
(iii) F has the Ramsey property,

(iv) there is a K € F that is extremely amenable, with topology generated by the subgroups
of K in F.

Proof. To extend theorem 3.2.1, we will show that (iv) = (i), and that (iii) = (iv), under
the assumption that ().~ is the trivial group, and so the topology on G is Hausdorff. After

proving the result in this case, we show that the general case follows.

(1ii) = () If K € F, then K is a topological group with the subspace topology from G,

and we can define the normal filter of open subgroups of K
Fx={HNK | HEe F}.

By theorem 3.0.9, K is extremely amenable if and only if every H € Fg is a Ramsey

subgroup of K. Equivalently, we have that:
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Observation 3.3.2. K € F is extremely amenable if and only if K is a witness of the

Ramsey property for F.

From this observation, it is immediate that (iii) = (iv).

(iv) = (i) Suppose that K € F is extremely amenable, with the subspace topology from G.
By observation 5.2.2, K € F is a witness of the Ramsey property. By our proof of theorem
3.2.1(i7i) = (i1), if K € F witnesses the Ramsey property, then it also witnesses the filter

extension property.

Recall theorem 3.1.10: M(A,G,F) E BPI if and only if there is a fine ultrafilter U €
M(A,G,F) on S<¢ where S witnesses SVC. By corollary 3.1.8, for the fine filter F' on S<%,
we can take symg(S<*) = symg(F) = G, so that K =< symg(S<¥) Nsymg(F) = G. Then,
since K witnesses the filter extension property, by our proof of theorem 3.1.2; there is a fine

ultrafilter U € M(A,G, F) on S<¥, with K < symg(U). Thus (¢) holds, so (iv) = ().

Now, suppose we do not assume that N = (7, K is trivial, nor equivalently that the

topology on G is Hausdorff.

To show (iv) = (iii), note that Blass’ observations, which we repeat before theorem 3.0.9,
justify that K is extremely amenable if and only if K/N is, and that K/N is Hausdorff. The
above argument then proves BPI in M (A,G/N,F/N), which is the same as M (A, G, F) by

lemma 2.1.13. By theorem 3.0.2, (¢iz) then holds.

To show (i) = (iv), we similarly note that BPI in M(A,G/N,F/N) is equivalent to (i),
that G/N is Hausdorff and so our arguments above justify that G/N is extremely amenable,

which is then equivalent to (iv). This settles the general case of the theorem. O
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Remark 3.3.3. Note how the above theorem addresses Blass’ example 3.0.10, where the

subgroup G x {0} < G x Z/27Z is extremely amenable.

The main idea of this proof is observation 5.2.2; this is essentially theorem 3.0.9, which
Blass notes is essentially proposition 4.2 of [KPTO05]. It is worthwhile to rework the proof
of proposition 4.2 from [KPT05] to the language of BPI in permutation models. Doing so
results in proofs of the implications (i) = (iv) and (iv) = () from the theorem above, which

avoid mention of the points (i) and (¢iz). These are the two main proofs of this section.

Proof of theorem 3.3.1(i) = (iv), based on the proof of proposition 4.2(ii) = (i) from [KPTO05].
Let S be a normal witness of SVC in M (A, G, F).'' Given that M(A, G, F) E BPIL, there is
a fine ultrafilter U € M(A,G,F) on S<“.'* We will show that, if K € F and K < symg(U),

then K is extremely amenable with the subspace topology from G.

Towards this end, let fix a K < symg(U) in F, let X be an arbitrary compact, Hausdorff
space, and let K act continuously on X. Our aim is to find a fixed point x € X of the action.

We prove a motivating lemma below.

Lemma 3.3.4. Let K be a topological group that acts continuously on a compact Hausdorff
space X. Let V' be an ultrafilter on X, with lim,y 2z =x € X. If tW € V for every open

netghborhood W C X of x and every m € K, then x is a fixed point of the action.

Proof. Let m € K be arbitrary. We aim to show that lim, y mz = x. Then, by the continuity
of the action,

mx = (lim7)(lim 2) = lim 7z = x.

2,V z,V 2,V

HHere we rely on our normalizing assumption for permutation models, from lemma 2.1.12, in the form of
corollary 3.1.8.
12Recall theorem 3.1.10, that the existence of a fine ultrafilter U on S<“ is equivalent to BPIin M (A, G, F).
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Let W C X be an arbitrary open neighborhood of x. Since lim,y z = x, we have that

W € V. Since 77! € K, by assumption we have that

zeX|nmzeWt={n2eX |2zeW}=0'WeV

Since W C X was an arbitrary open neighborhood of z, we can conclude that lim, y 7z = =,

and that mx = x. Since m € K was arbitrary, x is a fixed point of the action. n

Thus, the overall proof is completed by identifying such an ultrafilter V on X. The next
lemma shows provides a method to approximate the action of K on X with the action of
K on S<¥ € M(A,G,F), where the latter action is from the definition of the permutation
model. Instead of the particular case for S<¢, with symg(S<*) = G, we phrase the lemma

in general terms of a set Z € M(A,G,F) with K = symg(Z).

Lemma 3.3.5. Let Z € M(A,G,F), with K < symg(Z). In M E ZFCA, there is a function

f:Z — X so that for every z € Z, and every m € K,

f(mz) € m(symg(2) N K) f(2) = {n7f(2) | T € symg(z) N K},

where 7z is given by the action of K on Z and w7 f(2) is given by the action of K on X.

Proof. Tt suffices to define the function f : Z — X on a single orbit Orb(z, K) C Z.
The entire function is then the union of its definition over these orbits. Accordingly, let
20 € Z. Fix f(z) € X arbitrarily, and for every (distinct) mzq € Orb(zg, K), choose some

T € symg(20) N K and set f(mzy) = 77 f(20).
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To show that f satisfies the lemma, let z € Orb(zg, K) be arbitrary, and fix some ¢ € K so

that z = 0z. Let 7 € K be arbitrary. Then there are 79, 71 € symg(2) N K, so that

f(z) = floz) =07 f(20) and  f(7z) = f(woz) = nom f(20).

Then

f(r2) = monry to~ f(2).

Thus f(rz) = 77 f(2), for 7 = o775 "o € o(symg(z0) N K)o ™! = symg(2) N K. O

We can think of f as approximating the action of K on X with the action of K on Z €
M(A,G,F). We can only approximate, because although we have 7z = z for every 7 €
symg(z)NK, it may not be the case that 7 f(z) = f(z). Instead of exactly relating the actions

by f(nz) = nf(z), we can think of symg(z) N K as an error term in the approximation.

If the error term symg(z) N K tends to the identity subgroup {e} as z ranges over Z, the
error term vanishes in the limit. This is the use of taking Z = S<“, for a normal witness S
of SVC. Recall that S is a normal witness of SVC if symg(S) = symg(S<¥) = G and if for

every H € F, there is an sy € S so that symg(so) = H.

Fix f: S<¥ — X, as in lemma 3.3.5. Note that the fine ultrafilter U € M (A, G, F) on S<*
is not generally an ultrafilter in M F ZFCA, since it only evaluates the subsets of S<“ in

M(A,G,F). Fix some U’ D U that is an ultrafilter on S<¢ in M. Consider the pushforward

V=fU)={yCX |y elU]},

which is an ultrafilter on X. We claim that V' meets the criteria of lemma 3.3.4, and thus

that lim, y 2 = z € X is a fixed point of the action.
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Note first that the limit lim, z = z exists, since X is compact, and is unique, because
X is Hausdorff. To prove that lemma 3.3.4 is satisfied, let W C X be an arbitrary open

neighborhood of x, and let 7 € K be arbitrary. We aim to show that 7WW € V.

By the continuity of the action, there are open neighborhoods W, C K of the identity e € K

and W, C X of z, so that

We Wo=A{rz|1eW,, ze¢W,} CW.

Let H C W, be an open subgroup of K, and fix sy € S so that symg(sg) < H € W,. Then

for every s € S<“ with sy € rng(s), we have that

sym(s) = symg(so) = H C We.

Since W, C X is an open neighborhood of z = lim,y 2, we have that W, € V, and in
particular that

{s €S| f(s) e W, } e U".

Since U’ extends U,

{s € S| sg € rng(s), f(s) e W} € U".

Then, since {s € S | 59 € tng(s), f(s) € W} C {s € S<¥ | symg(s) X H, f(s) € W,},

{s € S | symg(s) < H, f(s) e W} e U". (3.3.0.1)

Recall that U’ € M extends U € M (A, G, F), so it may be the case that {s € S< | symg(s) <

H, f(s) e Wo} & M(A,G,F), and thus that {s € S<¥ | symg(s) <X H, f(s) € W,} € U.
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To account for this, let y = (J, oy h{s € 5<% | symg(s) = H, f(s) € W,}, so that symg(y) =<
H,and y € M(A,G,F). Then because {s € S<“ | symg(s) = H, f(s) € W,} C y, we have
that y € U'. Sincey € U’ D U, U is an ultrafilter on S<“ in M (A, G, F),andy € M(A,G,F),

we have that y € U.

Next, note that an arbitrary element of y is of the form hs, with h € H and s € {s €
S<¥ | symg(s) = H, f(s) € W,}. By the defining property of the approximating map
f:85% = X,

F(hs) € hisymg(s) N K)f(s) € HF(s) € W, - W, C W,

Since m € K = symg(U), we also have that 7y € U. Then, for 7hs € 7y, with h € H and

s € {se S |symg(s) = H, f(s) € W,}, we have that

f(mhs) € mh(symg(s) N K)f(s) CnH f(s) C 7aW, - W, C 7W.

This shows that 7y C f~(7W), so f~(7W) € U’. Thus, #W € V, which show that lemma

3.3.4 is satisfied, and consequently that lim, z = x € X is a fixed point of the action. [

Before giving the corresponding proof of theorem 3.3.1(iv) = (i), we can derive two conse-
quences from the above proof. The first can be motivated by the following question.
Question 3.3.6. In section 3.2, we proved that if K € F witnesses the Ramsey property,

then it also witnesses the filter extension property. Is this implication reversible?

Theorem 3.2.1 establishes that if F has a base of subgroups B witnessing the filter extension
property, then it also has a base of subgroups B’ witnessing the Ramsey property — but this
does not justify whether one can take B’ = B. We can answer this question by proving a
uniform version of theorem 3.3.1.

Theorem 3.3.7. Let M £ ZFCA, let G < Aut(A) be a topological group with small open
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subgroups, let F be the normal filter of its small open subgroups, fir K € F, and fix S €

M(A,G,F) that is a normal witness of SVC. The following are equivalent:
(i) there is a fine ultrafilter U € M(A,G,F) on S<¥, with K =< symg(U),
(i) K witnesses the filter extension property (for permutation models)

(111) K witnesses the Ramsey property
(i) K is extremely amenable, with the subspace topology from G,

and the existence of such a K € F is equivalent to BP1 in M(A,G,F).

Proof. The implication (iv) = (7i7) is a result of observation 5.2.2; (iii) = (i7) is shown in
our direct proof of theorem 3.2.1(iii) = (i7); (ii) = (i) is shown in our proof of theorem
3.1.2, since S is a normal witness of SVC, and so K < symg(F) Nsymg(S<¥) = G; (i) = (iv)

is shown in the version of the proof of 3.3.1(i) = (iv) given above. O

We next prove a corollary, which prepares us to adapt the other direction of the proof of
proposition 4.2 from [KPTO05].

Corollary 3.3.8. Let M F ZFCA, let G < Aut(A) be a topological group with small open
subgroups, let F be the normal filter of its small open subgroups. If K € F witnesses any

point of theorem 3.3.7, then so does every subgroup H of K in F.

Proof. If K satisfies any of the equivalent points from theorem 3.3.7, then there is a fine
ultrafilter U € M (A, G, F) on S<¥, with S a normal witness of SVC, and with K < symg(U).
Then, for every H < K with H € F, we have that H < K < symg(U), so H also satisfies

all of the equivalent points from theorem 3.3.7. O
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Recall that we saw part of the above corollary in our proof of 3.1.11, when we showed that if
K witnessed theorem 3.3.7(7), then every subgroup of K in F witnessed the filter extension
property. Note also that conclusion of the corollary for extreme amenability is the same as
lemma 13 from [BPT13], where it is shown that open subgroups of an extremely amenable
group are also extremely amenable. The corollary could also be proven by citing their lemma.
Definition 3.3.9. Let M(A,G,F) be a permutation model of M E ZFCA, and let = €
M(A,G,F). We say that U € M is a M (A, G, F)-valued ultrafilter on z if U is a maximal
filter in M, subject to the constraint that U C M (A, G, F).

Definition 3.3.10. For F,z € M (A, G, F), where F' C 2* has the FIP, let Sz /F be the space
of M(A, G, F)-valued ultrafilters on z that extend F', with the usual topology generated by

the open sets {U € pz/F |y € U}, fory C x.

It is standard that Sa/F is closed under ultralimits, and is thus compact by theorem 2.3.3.

Proof of theorem 3.3.1(iv) = (i), based on the proof of proposition 4.2(i) = (ii) from [KPTO05].
Suppose that K € F is extremely amenable, with the subspace topology from G, so that K
also has small open subgroups. Let F,z € M(A,G,F), with F a filter on = in M(A, G, F).
Let K’ = K Nsymg(F) Nsymg(x). Since the groups in this interesection are are small open

subgroups of K, so is K’'. Then, by corollary 3.3.8, K’ is extremely amenable.

Take care to note that this application of corollary 3.3.8 uses the theorem 3.3.7(iv) = (i).
To avoid circularity in the current proof, one has two options. First, one could draw this
same conclusion that K’ is extremely amenable from lemma 13 of [BPT13]. Second, one
could first run this argument for the fine filter /' on S<¢, with S a normal witness of SVC,
so that K’ = K Nsymg(F) Nsymg(S<¥) = KNGNG = K is extremely amenable without
cost; this would prove the theorem 3.3.7(iv) = (i) from scratch. One would then use this to

derive corollary 3.3.8 and proceed with the general case, as is given below.
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Returning to the main argument, consider the same action of K’ on fz/F as is used to
define the permutation model M (A, G, F). To see that this action on Sz/F is continuous,
note that K’ fixes both F' and z, and so the basic open set {U € px/F |y € U}, for y C z,

is fixed by the small open subgroup symg(y) N K’ < K.

Fixing an arbitrary Uy € Bx/F, note that the closure Uy - K C Bx/F is also compact, and
that the action of K on U, - K is also continuous. Then, since K is extremely amenable, there
is a fixed point U € Uy - K. This is our desired ultrafilter U D F on x in M (A, G, F), with
K = symg(U). Since F,x € M(A, G, F) were arbitrary, we then have M (A,G, F) F BPL. O

3.4 The Search-and-Shift Property for Permutation Mod-
els

We can conclude this chapter by observing a fundamental connection between our search
and shift proof of the filter extension property from the Ramsey property in section 3.2 and
the use of extreme amenability to prove BPI in section 3.3. After the former proof, we
noted in remark 3.2.2 that every M(A, G, F)-valued ultrafilter Uy € M on x that extends F’
contains enough information to check (individual) instances of the filter extension property.
As in our proof that the filter extension property implies BPI, one would use Uj to extend
F to some F; = F U Orb(yp, K), then use some U; O Fj to extend F) to some F» =
F; U Orb(y;, K), and so on. By this method, one gets a sequence of M(A,G,F)-valued
ultrafilters Uy, Uy, Uy, ... € Bz/F that converge to U.'* In other words, to extend F to
U with a search-and-shift argument that uses the Ramsey property, the method given in

sections 3.1 and 3.2 references infinitely many ultrafilters Uy, Uy, U, ... € fx/F.

130ne can check that U is the ultralimit of this sequence, for any ultrafilter on the indices 0,1, 2, ... that
avoids initial segments.
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It is not immediately apparent that a search-and-shift argument can succeed while using
only one ultrafilter Uy € fz/F. In section 3.3, however, our proof of BPI from extreme
amenability gives U D F' as an ultralimit of K - Uy — so it must be possible for a single Uy to
do the job of the entire sequence Uy, Uy, Us, ... € fz/F. We introduce a final characterization

of BPI that captures the notions that
(i) search-and-shift arguments exactly characterize BPI in permutation models,

(ii) an arbitrary M (A, G, F)-valued ultrafilter Uy O F contains enough information to
extend the filter F' € M (A, G, F) to an ultrafilter U € M(A, G, F), and

(iii) our search-and-shift proof of BPI from the Ramsey property in section 3.2 can be

adapted to explicitly identify the desired ultralimit U of K - Uy from section 3.3.

Point (7i7) offers a notable connection between our proofs of BPI using the Ramsey property
(and filter extension property) in section 3.2 and extreme amenability in section 3.3.

Definition 3.4.1. A permutation model M (A, G, F) has the search-and-shift property (for
permutation models) if F has a base B, so that the following property holds for every K € B:

for every F,z,y € M(A,G,F) such that K < symg(F) Nsymg(x) and

M(A,G, F)E “F C 2" has the FIP,”

and for every M (A, G, F)-valued ultrafilter Uy 2O F on z, there is a U € M (A, G, F) that is

an ultralimit of the subspace K - Uy C fx/F, so that K < symg(U) and

M(A,G,F)EU D F is an ultrafilter on z.”

To justify how the above property is related to search-and-shift proofs, the definition below
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isolates a feature of our search-and-shift proof of the filter extension property from the
Ramsey property. Note that this is exactly the feature captured in figure 3.1.
Definition 3.4.2. For y € M(A, G, F), with y C z, and for K € F, we say that Uy € fx/F

checks y (with respect to K) if for every § € [K]<“, there is some o € K so that

{ry; | m € 0} C al.

When K € F is clear from context, we will just say that Uy checks y.
Lemma 3.4.3. Let F,x € M(A,G, F) with F C 2%, let K € F with K =< symg(F)Nsymg(x),
and let Uy, U € Bx/F, with K =< symg(U). Then Uy checks every y € U (with respect to K')

if and only if U is an ultralimit of the subspace K - Uy C fx/F.

Proof. Suppose that U is an ultralimit of K - Uy. Let y € U and let § € [K]<¥; since
K = symg(U), we have that

{my | med} CU.

Since U is an ultralimit of K - Uy, there is at least one oUy € K - Uy, with ¢ € K, so that
{my | m € §} C olUy. Since ¢ € [K]<“ was arbitrary, Uy checks y; since y € U was arbitrary,

Uy checks every y € U.

Now suppose that U, checks every y € U. To express U as an ultralimit of K - Uy, let y € U
and let W = {U’ € pz/F | y € U'} be a basic open neighborhood of U in Sz /F. f WNK-Uj
is nonempty, it follows that U is an ultralimit of the subspace K - U C fz/F. Because Uy
checks y, for § = {e} € [K]<“, where e € K is the identity, there is a o € K so that y € oUj.

Then ocUy € W N K - Uy, which completes the proof. O

We state the main theorem of the chapter below.
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Theorem 3.4.4. Let M F ZFCA, let G < Aut(A) be a topological group with small open
subgroups, and let F be the normal filter of its small open subgroups. The following are

equivalent:
(i) M(A,G,F)E BPI,
(i) M(A,G,F) has the filter extension property (for permutation models),
(i1i) F has the Ramsey property,
(iv) there is a K € F that is extremely amenable, with the subspace topology from G,

(v) M(A,G,F) has the search-and-shift property (for permutation models).

Proof. The equivalences of (i) — (iv) have been established, it is straightforward that (v) =

(), and the details of our proof of theorem 3.3.1(iv) = (i) prove that (iv) = (v). O

We can also state the final uniform version of this theorem.
Theorem 3.4.5. Let M E ZFCA, let G < Aut(A) be a topological group with small open
subgroups, let F be the normal filter of its small open subgroups, fir K € F, and fix S €

M(A,G,F) that is a normal witness of SVC. The following are equivalent:
(i) there is a fine ultrafilter U € M(A,G,F) on S<¥, with K < symg(U),
(i) K witnesses the filter extension property (for permutation models)

(111) K witnesses the Ramsey property
(iv) K is extremely amenable, with the subspace topology from G,

(v) K witnesses the search-and-shift property (for permutation models),
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and the existence of such a K € F is equivalent to BPI in M(A,G,F).

Proof. The equivalences of (i) — (iv) have been established, it is straightforward that (v) =

(i), and the details of our proof of theorem 3.3.1(iv) = (i) again prove that (iv) = (v). O

We can now give the main proof of this section: a search-and-shift proof of theorem 3.4.5(7ii) =

(v); theorem 3.4.4(ii) = (v) then follows from its uniform version.

Proof of theorem 8.4.5(iii) = (v). Fix F,xz € M(A,G,F) as in the hypotheses of the search-
and-shift property, fix Uy € fx/F, and let K < symg(F) N symg(z) witness the Ramsey
property for F. We aim to show that K also witnesses the search-and-shift property. By
lemma 3.4.3, it suffices to use the Ramsey property to construct an ultrafilter U O F on
xzin M(A,G,F), with K < symg(U), so that Uy checks every y € U (with respect to K).
Note that this construction addresses the question raised in the beginning of this section,
by showing that a search-and-shift argument can succeed to extend F' to U while using only

one ultrafilter Uy € fx/F.

First, we prove a useful lemma. In section 3.2, we proved that the Ramsey property implies
that Uy checks at least one set in every partition x = yLI(z\y), so long as y, x\y € M(A, G, F).

We can generalize this result to arbitrary finite partitions of z, with all sets in M (A, G, F).

Lemma 3.4.6 (Blass, [Blall]). Let k < w. The Ramsey property, as stated in definition
3.0.1 with respect to colorings ¢ : A — 2 in part (i), can equivalently be stated with respect

to colorings ¢ : A — k.

Lemma 3.4.7. With respect to K, x s hereditarily checked by U,.

Proof. Suppose that x = yoU...Uy,, with yo, ..., y, € M(A,G, F). We aim to show that there

is some i < n so that Uy checks y;. Our main proof in section 3.2 gave a {green, red}-coloring
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of K/symg(y) based on how Uy made decisions on the images my and m(z \ y).'* There we
showed that if K witnessed the Ramsey property, and if a dense subset of § € [K]<“ were
colored monochromatically green (resp. red), then Uy checks y (resp. x \ y). This proof
can be modified to consider the partition = yo U ... U y,, and one can give an analogous
n + 1-coloring of K/((;<, symg(y;)), based on how Uy makes decisions on the partition of
images z = 7y U ... Umy,, for m € K/((N,<,, symg(vi)). The version of the Ramsey property
for k =n+1, as in lemma 3.4.6, can be applied to find a dense subset of § € [K]<“ that are

colored monochromatically by some ¢ < n. The same proof shows that Uy checks ;. O

Now define the set

Fo={yCz|yeMAGF)A
“Up checks y (with respect to K)” A

“Up does not check z \ y (with respect to K)”)}.

Claim 3.4.8. We claim that F' C Fj, that K < symg(Fp), and that Fj has the FIP.

We first apply the claim to complete the overall proof. Since Fy C M(A,G,F) and K =<
symg(Fp), we have Fy € M(A,G, F). Because K witnesses the Ramsey property, it also wit-
nesses the filter extension property. Then because Fy C 2” has the FIP and K < symg(Fy)N

symg(x), there is an ultrafilter U O Fyy 2 F on x in M (A, G, F), with K < symg(U).

Let y € U be arbitrary. If y € Fj, then by definition Uy checks y. By lemma 3.4.7, Uy must
check at least one ¥’ € {y,z \ y}. Then, if y € U\ Fy, because y ¢ Fp, it must be the case

that Uy checks both y and z \ y. We now complete the proof by establishing the claim.

14Gee figure 3.1.
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Proof of claim 3.4.8. Because ' C Uy and K = symg(F), for every o € K, we have that
F C oUy. From this, we have that Uy checks every y € F' and does not check any x \ y, for
y € F. Thus, F C Fy.

Suppose that y € Fy and 7 € K. Then y € M(A, G, F), Uy checks y with respect to K, and
Up does not check x \ y with respect to K. It is immediate that 7y € M (A, G, F). By the
definition of being checked by Uy with respect to K, because m € K, it is also the case that
Uy checks 7y with respect to K and that Uy does not check my with respect to K. Then

7y € Fy. Since m € K was arbitrary, K =< symg(Fp).

From the definition of being checked by Uy, we can observe that if y is checked by Uj, then
every ¢y Oy (with ¢/ C z) is also checked by Uy. Suppose that yo, ..., y, € Fy. For i <n, let
zi € {yi,x \ y;} by arbitrary, and consider the intersection z = (), 2. If any z; = 2\ y;,
then z C z \ y;. In this case, because Uy does not check x \ y;, it also does not check z. By
lemma 3.4.7, it must then be the case that Uj checks ﬂisn y;. In particular, this shows that

i<, ¥: is infinite. O
This proof of the claim completes the overall proof, in the manner described above. O

In the context of chapter 4, this route to prove the search-and-shift property from the
Ramsey property will be valuable. In this thesis, we do not provide a generalization of
extreme amenability to characterize BPI in symmetric extensions — this will be the topic
of future work. In section 4.3, we introduce a generalization of the Ramsey property to
symmetric extensions. In section 4.4, we introduce a generalization of the search-and-shift
property to symmetric extensions. By adapting the main proof in this section, we will still
be able to prove that these two generalized properties are equivalent to one another, and to

BPI, without reference to a generalized version of extreme amenability.
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Chapter 4

Characterizations of BPI in Symmetric

Extensions

It is our eventual goal to generalize the four properties considered in chapter 3 to also
characterize BPI in symmetric extensions. In this chapter, we establish such generalizations
of the filter extension property, the Ramsey property, and the search-and-shift property.
Within the scope of this broader characterization program, the work in this chapter addresses
several other goals. We outline these below, along with the sections of this chapter, and a

survey of the relevant literature.

We note again that the known proofs of BPI in symmetric extensions all follow the contradic-
tion framework introduced in [Hal62], where BPI was proven in the ordered Mostowski model
of ZFA. The first proof of BPI in a symmetric extension (or in any model of ZF without
choice) was given in [HL71], where BPI is proven in the Cohen model (and more generally

in models of a certain theory that abstracts properties of the Cohen model).! The combi-

"While [HL71] was published in 1971, this work was originally given in the proceedings of a conference
at UCLA in 1967.
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natorial engine of the contradiction argument in [HL71] was the original Halpern-Lauchli

theorem, which was proven in [HL66] for the purpose of its application in [HL71].

Both the main result and the proof method in [HL71] have had great influence over the
literature surrounding BPI in symmetric extensions — many of the known models of ZF +BPI
without choice are clever modifications of the Cohen model. A recent example of interest
can be found in [Ste23], where the application of the Halpern-Léuchli theorem in [HL71] is

generalized to prove BPI in the generalized Cohen model N (I, Q).

While Halpern’s contradiction framework has been widely influential, the underlying forcing
used to define symmetric extensions has often made its application quite technical.? To sim-
plify these arguments would be of inherent interest, but it would also help to address several
contemporary questions relating to BPI in choiceless models. The question of preserving
BPI in iterated symmetric extensions, for instance, is raised in [Karl9]. This is related to
longstanding open conjectures from [Pin77al: that BPT holds in a candidate model for the
independence of AC from ZF + BPI + DC (an independence which Pincus later proved in
[Pin77b]), and that a certain related variant of the Halpern-Lauchli theorem holds.? Ques-
tions like these seem to have remained open because generalizing the existing techniques

would be exceedingly complicated.

A primary goal of this chapter is thus to provide a simpler, direct framework to prove BPI
in symmetric extensions. In terms of generalizing the characterizations of BPI from chapter
3, we begin to achieve this goal by introducing the filter extension property for symmetric

systems in section 4.1, and by proving its equivalence with BPI in symmetric extensions.?

2Comments along these lines are made, for instance, in [Pin77b] and in [Jec08].

3In [Pin77a], Pincus proved his conjectured Halpern-Liuchli theorem to be sufficient for BPI in this
candidate model. His argument follows the approach from [HLT71].

4For each of the characterizations of BPI that we give in this chapter, note the technical detail that we
introduce versions of these properties that hold below some condition p € P, and prove that this is equivalent
to p forcing BPI in the symmetric extension.
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In section 4.2, we give a new proof of BPI in the generalized Cohen model N(I,Q), by
showing that the filter extension property holds. Recall from section 2.5 that the model
N(I,Q) primarily introduces a Dedekind-finite set of mutually Q-generic filters, as an inner

model of a forcing extension M[G] that adds I-many mutually Q-generic filters.

In subsection 4.2.1, we prove this result in the case that the index set [ is large. To do
so, we adapt Harrington’s forcing proof of the Halpern-Lauchli theorem — a proof which is
celebrated for its conceptual simplicity. Our adaptation of Harrington’s proof is a search-

and-shift argument, in an essentially similar way to our proof from section 3.2.°

In chapter 5 of this thesis, we generalize work from [KS20] to show that one can take the
index set I in N(I,Q) to be arbitrarily large, without loss of generality; we apply these

theorems in section 4.2.2 to complete our new proof of BPI in N(I,Q), when [ is arbitrary.®

In section 4.3, we generalize features of our adaptation of Harrington’s proof to state the
Halpern-Lauchli property.” One can view this property as stating the most general dynamical
conditions needed to run a search-and-shift proof of BPI; this is the desired generalization
of the Ramsey property from chapter 3. We prove that the Halpern-Lauchli property is
equivalent to BPI in symmetric extensions, and thus that search-and-shift arguments are a

fully comprehensive method to prove BPI in symmetric extensions.

In chapter 3, one purpose of the search-and-shift property was to capture convergent features
of our proofs of BPI from the Ramsey property and from extreme amenability. While we
leave a generalization of extreme amenability for future work, in section 4.4 we use the

Halpern-Léauchli property to state a version of the search-and-shift property for symmetric

5Actually, this adaptation of Harrington’s proof was the first result of this thesis that was proven; the
proofs in chapter 3 are modeled after this one.

6Note again that this result is originally due to Stefanovié in [Ste23], based on the proof from [HL71].

"We use the name “Halpern-Léauchli property” in reference to forthcoming work, where we show that this
property can be viewed as an abstract form of the Halpern-Lauchli theorem.
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extensions. We prove that this search-and-shift property characterizes BPI in symmetric
extensions. This emphasizes the fact that the Halpern-Lauchli property captures the ability
to prove BPI using an abstract search-and-shift argument. The intent of this characterization
is to prepare for the future work of generalizing extreme amenability to characterize BPI in

symmetric extensions.

4.1 The Filter Extension Property

We will motivate the filter extension property by making similar observations as in section

3.1. Note again that in a model of ZFC(A), the standard proof of BPI involves showing that

(1) an arbitrary filter F', on an arbitrary set z, can be extended to include an arbitrary

subset y C x or its complement z \ y, and

(2) Zorn’s lemma can be applied to produce a maximal filter U O F on x; by (1), the

maximality of U ensures that it “completes” the extension of F' to an ultrafilter on .

We would again like to identify some coarse version of (1) and (2) that can be applied
in the context of a symmetric extension. Definition 4.1.3 — the filter extension property
— is the appropriate modification of (1) above, and can be compared to definition 3.1.1
for permutation models; theorem 4.1.5 is the approapriate modification of (2) above, and
can be compared to theorem 3.1.2 for permutation models. It is again the case that the
filter extension property exactly characterizes BPI in symmetric extensions, which we prove
in theorem 4.1.17; this theorem and its proof are analogous to theorem 3.1.11, where we
characterized BPI using the filter extension property for permutation models. We will misuse
notation slightly by writing 2% to denote a name for the powerset of & and i \ ¢ to denote a

name for the complement of ¢ in .
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To state the filter extension property for the symmetric system (P, G, F), we will consider

arbitrary P-names F, i,y € HS#, for which

11k “F C 2% has the FIP” A g C 4,

with the goal of extending F' to choose between ¢ and \ 9.

Lemma 4.1.1 justifies that we can assume, without loss of generality, that 1 forces the above
line. Although this assumption is not strictly necessary, it helps to streamline our definition.
Lemma 4.1.1. If M E ZFC, (P,G,F) is a symmetric system, G is P-generic (over M),

and N s the corresponding symmetric extension of M, then for every F,xz,y € N for which

N E “F C 2% has the FIP” Ay C z,

there are names F,jc,y € HSr so that F¢ = F,i¢ = z, 9% = vy, and

1k “F C 2% has the FIP” Ay C .

Proof. Fix F,z,y € N, F', &, € HS#, and p € G so that F'¢ = F,2% = z,¢9/¢ = y, and
p - “E" C 2% has the FIP” A ¢/ C 4. Without loss of generality, take (¢, %) € F' <= ¢ IF
% e F, and do the same for /. We aim to find F',y € HSz so that p IF FF' = F' Ay = ¢/ and
so that 1 IF “F C 2% has the FIP” A C 4. Since we assume p € G, this would establish that
FG = F'G = F and ¢¢ = ¢/Y = y; we have already assumed that #¢ = z. Thus, the lemma

follows from identifying such names F and .

Let 7 = {(q,2) | ¢ <pA{q,2) € §'}, so that p IF y? = ¢/. Let K = symg(2) Nsymg(y’) and
let § = (U, cx 9", so that K < symg(y) and iy € HSy. Because K < symg(y'), we have that,

as P-names, y» Cy C ¢/, andso 1 IFg? Cy Cy/. Since plk g =¢ and 1 IF ¢? C gy C 3/, we
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have that plF 9? =9y =19’

To check that 1 IF y C &, we first prove 1 IF ¢? C z. If ¢ < p, recall that p IF 97 = ¢/

and (by assumption) p IF ¢/ C &, s0 ¢ IF ¢9?» =9 C &. If p,q € P are incompatible, then

qglFg? =0 C & Thus, 11 g” C i as claimed. Because K = symg(#), for every 7 € K we

then have that 11-7my? C &, and so 1 1F 9y C .

Similarly, let F? = {{g,2) | ¢ < pA{q,2) € F'}, let K = symg(i) N symg(E), and let

F= Urex TE®. By similar reasoning as above, we can conclude that p I+ FP=F=F"

To check that 1 IF “EF C 2% has the FIP,” we again first prove that this is the case for FP.

If ¢ < p, then ¢ < pl- FP = F; if p,q € P are incompatible, then ¢ I+ F? = §). Thus,
1l “F? = () has the FIP” VV “P = F” has the FIP.”
Because K =< symg (i) Nsymg(F"), for every 7 € K we have that
LIk “gFP = () C 27 has the FIP” V “r [P = ' C 2% has the FIP.”
From this, we can conclude that
LIk “F' = C 2% has the FIP” v “F = F’ C 2% has the FIP,”

and thus

11F “F C 2% has the FIP.”

]

Remark 4.1.2. Lemma 4.1.1 worked for names for filters because () is trivially a filter, but

the lemma will not generally work for names for ultrafilters. If NV is a symmetric extension
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and N E “U is an ultrafilter on z,” in general one can only identify U € HSF and d € P so
that d I+ “U is an ultrafilter on #.” The standard trick to “glue” these names for ultrafilters

together, indexed by a maximal antichain of conditions, may no longer be a symmetric name.

Given F, i,y € HSF as above, we would again like to consider how to extend F' by some
minimal increment to match (1), in a manner that is stable under iteration to produce a

name U that is forced to be an ultrafilter on 4. Note that if w € HS#, then

i= | Orbl(g.i). symg(w)).

(g,9)€w

which can again be expressed as a partition up to some repetition of orbits. We can draw
the same conclusions as in the case for permutation models: these orbits are the building
blocks for (hereditarily) symmetric names, and one can identify a name f for a wellordering

of the symg(w)-orbits that partition w, so that symg(f) = symg(w).

With remark 4.1.2 in mind, to extend F' to a name U for an ultrafilter, we will first fix
two conditions d < p, with the intention of reaching the conclusions that p |-y BPI and
dIFy “U D F is an ultrafilter on #.” In this case, extending F' by some minimal increment
involves selecting some condition » < d, some name g for a subset of &, and some group

K =< symg(F') Nsymg (&), then extending to either

FUOrb((r,9),K) or FEFUOrb((r,i\y),K),
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so that 1 forces that the FIP is still met.® We would again like to use the same group K at

every stage of an iteration that terminates in a name U, with K < symg(U ), and so that
d lFps, “U7 D F is an ultrafilter on 2.”

Doing so will involve extending to include a dense set of conditions r below d that force
whether a given name ¢ or its complement & \ y appears in U. Definition 4.1.3 expresses
that the hypotheses in this sketch hold in a uniform way.

Definition 4.1.3. A symmetric system (P, G, F) has the filter extension property below p € P
(over a ground model M) if there is a set D C P that is dense below p, so that for every
d € D, F has a base of subgroups B,, and so that the following holds for every K € B,: for

every F, &, 1 € HS7 such that K < sym(F) N sym(i) and
1 “F C 2% has the FIP” Ay C 4,
and for every ¢ < d, there is an r < g and a ¢y € {y,2 \ ¢} so that

1k “F U Orb({r,y'), K) has the FIP.”

When proving BPI from the filter extension property, we would like our proof to emphasize
that definition 4.1.3 allows us to iterate the extension of names for filters in HS by minimal
symmetric increments. This again comes at the cost of lengthening a standard application
of Zorn’s lemma. Lemma 4.1.4 shows that the filter extension property implies the ability to
extend a name for a filter F' € HS 7 on aset £ € HSx to choose between an arbitrary subset

y € HS# and its complement in .

8 Again, we mean “minimal” more figuratively than literally, as it may be possible to choose a smaller
group K with this same property.
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Lemma 4.1.4. If M F ZFC, and if d € D C P and K € By C F witness the filter
extension property below p € P (over M ), for the symmetric system (P, G, F), then for every

F.i,9 € HSF such that K < symg(F) Nsymg (&) and
1IF “F C 2% has the FIP” A ¢ C i,
there is a name Fy D F, with K < symg(Fy) Nsymg (), so that
(1IF “F, C 27 has the FIP") A (dIF g € Fy Vi \ g € Fy).

Proof. Fix d € D CP, K € F, and F, &,y € HS# as in the statement of the lemma. In the
ground model M E ZFC, let {q, | @ < $} denote a wellordering of the set {¢ € P | ¢ < d}.

Again in M E ZFC, inductively define the sequence F,,, for o < 3, as follows.

Let Fy = F. For o < f3, assume inductively that for every v < 7' < a, we have F7 C FV/,

K =< symg(F,) Nsymg(&), and

11 “F, C 2% has the FIP.”

At stages a + 1, use filter extension property to choose r < ¢, and y' € {y, 2 \ ¢} so that
1 “F, UOrb({r,y'), K) C 2¢ has the FIP,”

and set

Foy1 = F,UO0rb({(r,y), K).

By the inductive hypothesis on F, and our application of the filter extension property, Fa+1

also meets the inductive hypothesis.
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At limit stages «, set

By the inductive hypothesis for F7 with v < «, particularly the fact that F7 C Fy if v <+,

we can see that F), also meets the inductive hypothesis.

Because we have added a dense set of conditions below d that decide between y and & \ ¥,

the name Fy = F 5 has the desired properties to satisfy the lemma. O

Theorem 4.1.5. If M E ZFC and (P,G,F) has the filter extension property below p € P

(over M), and N is the corresponding symmetric extension of M, then p IFy BPL.

Proof. Fix F',& € HSx so that 1 IF “F C 2% has the FIP” — lemma 4.1.1 shows that this
restriction can be made without loss of generality. We will prove that p forces that F extends

to an ultrafilter on @; since F, & € HS# are arbitrary, this shows that p IFy BPL

Fix a dense set D C P, a d € D, and a K =< symg(F) N symg(&) that witness the filter
extension property. In the ground model M F ZFC, fix a wellordering {g, | « < S} of the
names in HSz that are forced by 1 € P to be subsets of & — again, lemma 4.1.1 shows that
this restriction can be made without loss of generality. In a manner similar to the proof of
lemma 4.1.4, one can inductively define a sequence E,, fora < B, with Fy = F, and so that

for every a < 8, K < symg(F,) Nsymg(Z),

(11F “F, C 2" has the FIP") A (dIF o € Fur1 Vi \ o € Fara),

and so that F, C Fy if A < ). Lemma 4.1.4 justifies the ability to extend from E, to Fa+1

in such a manner; at limit stages, unions are taken. We can then see that for U=F 3, We
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have that K =< symg(U ), so U € HSy, and furthermore that
d IFus, U B F is an ultrafilter on 7.”
Because D C P is dense below p, we have that

p I “F extends to an ultrafilter on .

[]

Remark 4.1.6. One might wonder whether it is possible to prove theorem 4.1.5 while only
assuming a ground model M F ZF + BPI. This would not work; it is consistent that one can
force with a poset P over a model M F ZF + BPI to add a filter that does not extend to any
ultrafilter in the extension M[G]. Forcing with P can be expressed in terms of a symmetric
system (P, G, F) in which G and F are trivial, and which trivially has the filter extension
property. In [HKT13], for instance, the authors force over the Cohen model (a known model
of ZF + BPI), and identify a filter on w in the resulting extension that does not extend to
an ultrafilter. The main obstacle that prevents a proof of theorem 4.1.5, using only BPI, is
that there are infinitely many options to take r < g that witnesses an instance of the filter

extension property. This exceeds the ability of BPI to make finitely bounded choices.

For the same reason as the case for permutation models, a proof of BPI in a symmetric
extension by Halpern’s contradiction framework can be rephrased as a contradiction proof
that filter extension property holds. With the same approach as in theorem 3.1.11, we can
prove that the filter extension property is necessary for BPI in symmetric extensions, so that

this connection is inevitable.

Note that the filter extension property below p € P expresses a strong uniformity. For d € D
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and K € By, so long as K < symg(F) Nsymg(x), every filter extension of F by K-orbits
can continue to be extended by K-orbits. We are never made to use a less restrictive group
K’ < K. This can again be seen as a consequence of Blass’ uniform classification of BPI in
models of SVC. For the reader’s convenience, we repeat the definition of SVC below, along
with its relationships to AC and BPI.

Definition 4.1.7 (Blass, [Bla79]). Let SVC (small violations of choice) be the axiom that
there is a set S so that, for every set a, there is an ordinal v and a function from a subset
of S x a onto a.’

Theorem 4.1.8 (Blass, [Bla79]). A model of ZF satisfies SVC if and only if some generic
extension is a model of ZFC.

Definition 4.1.9. For a set S, the fine filter on S<“ is the filter generated by the sets
{p € S<¥|s € rng(p)}, for s € S. An ultrafilter on S<¥ is fine if it extends the fine filter.
Theorem 4.1.10 (Blass, [Bla79]). If N E ZF(A) and S witnesses SVC, then N E BPI if

and only if there is a fine ultrafilter on S<%.

Recall that the above theorem is listed as theorem 3.1.10 in chapter 3, where we sketch
Blass’ proof with special attention to certain definability features. These features will be
useful here as well.

Theorem 4.1.11 (Blass, [Bla79]). Symmetric extensions satisfy SVC.1°

In [Bla79], theorem 4.1.11 is proven using the theorem that a symmetric extension N, over
a ground model M, can be expressed as the definable closure M(z), for some z € M|[G].M

It will be useful for us to sketch a new proof, in terms of the orbits Orb({p, &), G), which we

9In [Bla79], the original statement is that there is a function from the entire set S x a onto a. Blass notes
that this is equivalent to the form stated here, since all points outside a subset of S X a can be mapped to
a single element.

10Recall that we take symmetric extensions to be based on set-sized symmetric systems and ground models
of ZFC; this theorem fails for symmetric extensions that use proper class forcings in a nontrivial way.

HThis was proven in [Gri75], and was recently reproven in terms of a simpler, unified framework in [KS26].
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model after the use of the orbits Orb(ym i, G) in Blass’ proof of SVC in permutation models

(see our proof sketch of theorem 3.1.6).

In the case of permutation models, the orbit Orb(yg x,G), with symg(ym k) = H, is isomor-
phic to the cosets G/H. There are then only set-many such orbits, up to isomorphism. In
the proof sketch of theorem 3.1.6, this allows us to define .S as the union of one orbit of each

isomorphism type.

In the case of symmetric extensions, however, it may not be the case that the interpretation
Orb((p,9),G)¢ is isomorphic to the cosets G/symg(y). For some 7 € G, it could be the case
that 7y is not forced to appear in Orb((p, ), G)¢ at all; for distinct 7y and 79, it may be
the case that 7% = 79¢. Thus, the interpretation of the orbit Orb((p, ), G) may look like

some collapsed version of the cosets G/symg(y), instead of being simply isomorphic.

What is needed to model SVC is that, up to isomorphism, there are only set-many ways to
collapse orbits from the set-many possible quotients G/sym(7), as these can then be gathered
in a name S to witness SVC. We develop this formally below, and start by defining a strong
notion that the interpretation of two G-orbits collapse in an isomorphic way.

Definition 4.1.12. Let (P,G,F) be a symmetric system, let p € P, and let ,y € HSgx.
Let f € HS# be the name for a relation on Orb((p, t),G) x Orb({(p, ), G), defined by the

property that symg(f) = G, and that for every 7 € G,

I f(ri) = my.

We say that the names Orb(({p, ), G),Orb((p,y),G) € HSF are G-orbit equivalent, written

Orb((p,2),G) ~g Orb({(p,9),9),
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if it is the case that

LIF “f : Orb({p, &), G) — Orb({(p,7),G) is a bijection.”

We now define tools to prove that there can only be set-many G-orbit equivalence classes.
Definition 4.1.13. For a symmetric system (P, G, F), a condition p € P, and a P-name ,

define the equivalence relation ~, ; on G by

Trpse T = plEnmd =711,

Definition 4.1.14. For a symmetric system (P, G, F) and a P-name z, the (P, G)-profile of
i is the function P, : P — 29, so that for every p € P, P;(p) is the set of ~p.i-classes of G.

Lemma 4.1.15. For a symmetric system (P,G, F) and a condition p € P, if &,y € HSx
have the same (P, G)-profile, then Orb({p, &),G) ~g Orb((p,v),G).

Proof. Let f be as in definition 4.1.12. We can observe that 1 forces the domain and codomain
of f (as a relation), respectively, to be Orb({(p, &), G) and Orb({(p, %), G). To see that 1 forces

f to be a well-defined function, suppose that there is a ¢ € P and 7, 7 € G so that

qlFmx =711

Since P;(q) = Py(q), we then also have that

q -y =Ty,

and so 1 forces f to be a name for a well-defined function.
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We can now check that 1 forces f to be injective. This is proven in the same way as above:

if there is a ¢ € P and 7,7 € G so that

q -y =Ty,
then again since P;(q) = Py(q), we can conclude that

qlFmx =711

We conclude the proof by showing that 1 forces f to be surjective. If ¢ IF 75 € Orb((p, ), G),
in general there must be some 7 € G so that ¢ < 7p — in which case ¢ IF 79 € Orb((p,9), )
— and that ¢ IF 7y = 7y. Since P;(¢) = Py(q), we also have that ¢ |- 7& = 7, and since
q < 7p, we have that ¢ IF 7t = 7& € Orb({p,z),G). Then, ¢ I- f(mc) = my, and so
qIF 7y € rng(f). We conclude that 1 forces that Orb((p, ), G) is the range of f, so 1 forces

that f is surjective, and thus bijective, ensuring that

Orb((p,i),G) ~g Orb({p,9),G).

]

Lemma 4.1.16. For a ground model M E ZFC and a symmetric system (P, G, F), there is

a set in M with one representative from each G-orbit equivalence class.

Proof. For every p € P, by lemma 4.1.15 there are at most |(29)F| many G-orbit equivalence
classes of the form Orb((p, ), G). Thus, there are at most |Px (29)F| many G-orbit equivalence

classes. Choice can be used in M to produce a set with an element of each class. O

We can now sketch a proof that SVC holds in symmetric extensions.
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Proof sketch of theorem 4.1.11. Fix a ground model M F ZCF and a symmetric system
(P,G,F). Let Syp € M be a set with one representative of every G-orbit equivalence class in
HS#. Ensure further that the representatives of these classes are forced by 1 to be disjoint
(for instance, by tagging with distinct ordinals as in a disjoint union), and define the P-name

S =JSo. Then symg(S) =G, S € HSz, and we will show that 1 forces S to witness SVC.

For every & € HSx, we have the identity

T = U Orb(<pyz>75ymg(x))7
(p,2)€T

which is a partition of & up to the repetition of orbits. By the construction of S, for

every (p, 2) € &, there is a subset of S that is G-orbit equivalent to Orb((p, 2),G) — call this

Orb({p,w),G) C S. By the definition of G-orbit equivalence, there is a name f for a bijection

from Orb((p, W), G) to Orb((p, 2),G), as in definition 4.1.12, with symg,(f) = G. Fix a subset

g C f with symg(g) = symg(2) = K, so that for every 7 € K,
mp Ik g(mw) = 7z,

and so that 1 forces that ¢ is a bijection between Orb({p,), K) C S and Orb({(p, 2), K).
Letting o = [{Orb((p, 2),symg(&)) | (p,%) € &}, it is straigthforward to define a name
$ C S and a name b that 1 forces to be a bijection between a subset of s X & and &, with

symg(&) = symg($) = symg(b) = K this is done in the same manner as in the proof of

theorem 3.1.6. Thus 1 forces that S witnesses SVC. OJ

Theorem 4.1.17. For a ground model M E ZFC, a symmetric system (P,G, F), and the

corresponding symmetric extension N O M, the following are equivalent:

(i) p Iy BPI,
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(ii) (P,G,F) has the filter extension property below p.

Proof. Part (ii) = (i) is given in theorem 4.1.5. Given theorem 4.1.11, that symmetric
extensions also model SVC, the proof of (i) = (ii) is the same argument as our proof of
theorem 3.1.11(7) = (ii). Let p Fy BPI, and let 1 force that F, & € HSx meet the hypothesis
of the filter extension property. Let S € HS# be a witness of SVC in N, and let b € HS#
be a name for a surjection from a subset of S X ¢ onto the Boolean algebra 2% / F, with
symg(f) = symg(2%/F).2 By the proof of theorem 4.1.11, we are justified in assuming these

symmetry properties for S and f.

Since p Iy BPI, let D C P be dense below p, so that each d € D forces that Ucll € HSF is
a name for an ultrafilter witnessing 4.1.10 (the same as theorem 3.1.10 in chapter 3) in N.
By our proof sketch of theorem 3.1.10, and since SVC holds in N, the first-order formula
o(wp, wy, wy, w3) from our proof of theorem 3.1.11 part (i) = (i7) can be used to define

ultrafilters extending filters in N. In other words, for the name

U= {{a.0laF e f,5,U)}

since d < 1 forces that f,S and U J play their respective roles in the definition of U by p, we
have

dlFn “ D F is an ultrafilter on i.”

By the symmetry lemma 2.2.4, we have that

symg(f) Nsymg(S) Nsymg(Uy) < symg(U).

12The correct formalizations of these names should be clear.
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Since symg(F) Nsymg (&) = Symg(Q‘i/F) = symg(f) and symg(S) =G, it follows that
symg (F) N symg(#) N symg(U)) < symg(U).

As in the proof of lemma 4.1.1, since d forces U to be the name for a filter, we can modify
U further to ensure that 1 |- U C 2% has the FIP,” without changing symg(U ), and while

retaining the fact that d I-y “U7 D F is an ultrafilter on 3.

Now, for d € D, and letting K; = symg(UC’l), we will show that the base of subgroups
B ={HNK,; | He F} of F witnesses the filter extension property. Let H € F, and
consider F, &, 1 meeting the hypotheses of the filter extension property, with H N K, <
symg(F) Nsymg(#). Let U be the name, defined by ¢, that d forces to be an ultrafilter on

i extending F, and that 1 forces to have the FIP. For every ¢ < d, there is an r < ¢ and a

y € {y,2\ y} so that
F U Orb((r,y'),symg(U)) C U.

Because H N K, =< symg(F) Nsymg(#) Nsymg(U4) < symg(U), in particular
1IF “E'UOrb((q,y), H N K,) has the FIP.”

Thus the set D C P that is dense below p, and the bases By, for d € D, witness the filter

extension property for (P, G, F). ]

4.2 BPI in the Generalized Cohen Model N(I,Q)

Having stated the filter extension property in the context of symmetric extensions, and
proven its relationship to BPI, the next step in generalizing the material from chapter 3 would

be to generalize the Ramsey property. Our first step in addressing this problem is to instead
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focus on giving a new, direct proof of BPI in the generalized Cohen model N(I,Q).'* In this
section, we adapt Harrington’s forcing proof of the Halpern-Lauchli theorem to give a search-
and-shift proof of the filter extension property for the symmetric system (P(I,Q),G,F),
which is used to define N (I, Q).

Recall that we gave a search-and-shift proof of the filter extension property for permutation
models in section 3.2, and that figure 3.1 faithfully captures this method. Recall also that
our main theorems 3.4.4 and 3.4.5 from chapter 3 express, in various ways, that BPI holds in
a permutation model if and only if it can be proven by extending filters to ultrafilters using
search-and-shift arguments. In fact, this style of proof was inspired by Harrington’s proof of
the Halpern-Lauchli theorem, and the manner in which we adapt Harrington’s proof in the

present section.'

In Harrington’s proof, one searches through a P(®;47;, §)-name U for an ultrafilter on w,
and identifies “shifted” copies of certain substructures of U, whose compatibility (in terms of
the FIP from U ) is used to prove the Halpern-Liauchli theorem for the level product ®;47;.'°
The search through U is ensured to be successful by a Ramsey-theoretic argument, given
that one takes 6 to be sufficiently large, so that #-many mutually generic branches through
the each of the trees T; are added to the extension. For more details, see the full exposition

given in chapter 6 of [TF95].

The similarity to our search-and-shift proof in section 3.2 is apparent: there, we also searched
through an ultrafilter U (on a particular set z, extending a particular filter F') in an outer

model M E ZFCA, to identify shifted copies of substructures whose compatibility we checked

13Recall from section 2.5 that the generalized Cohen model, denoted N (I,Q) for some index set I and
poset @, primarily introduces a Dedekind-finite set of mutually QQ-generic filters, which is defined with respect
to an index set [ in the ground model.

14Tn the timeline of our work, we proved the results in this section before any other material in this thesis
— along with early versions of some of the theorems in section 4.1.

15Here we take @ to be the lottery sum, as in [Ham00].
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using the FIP in U. In subsection 4.2.1, we show that Harrington’s proof can be adapted
more closely to handle the underlying forcing in the symmetric system (P(0,Q), G, F) that
is used to present the model N(7,(Q) — when 6 is assumed to be large enough to support
the Ramsey-theoretic part of Harrington’s proof. Carrying this out will result in the desired
search-and-shift proof of the filter extension property for (P(I,Q),G,F), which refers to
P(0, @)-names for ultrafilters in the outer model M[G] E ZFC. In subsection 4.2.2, we show
that the index set I in N(/,Q) can be assumed to be arbitrarily large, without loss of
generality, from which we conclude that our adaptation of Harrington’s proof addresses the

general case of BPI in the model N(I,Q).

More precisely, in both subsections, we will work to reprove the following theorem and
corollary below. In [HL71], a contradiction proof was given for that BPI holds in the Cohen
model; in [Ste23], it was shown that this contradiction proof can be modified to prove BPI in
the generalized Cohen model N (I, Q). We slightly reformat these results below to be stated
in terms of the filter extension property:

Theorem 4.2.1 (Hapern, Lévy, [HL71], Stefanovié, [Ste23]). Let (P(1,Q),G,F) be a sym-
metric system for a Generalized Cohen model and let F, i,y € HSF, with supp(F) = F,
supp(#) = X, and K = fixg(F'U X), such that

1 Ik “F C 2% has the FIP” Ay C .

Then, for every q € P(1,Q), there is anr < q and ay' € {y, 2\ y} so that

1k “FUOrb((r,y/), K) has the FIP.”

Corollary 4.2.2 (Halpern, Lévy, [HL71], Stefanovi¢, [Ste23]). The symmetric system (P(I,Q),G, F)

has the filter extension property below 1, and thus N(I,Q) F BPIL.
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Proof. We will show that, for every d € D = P(I, Q), the base of subgroups B, = {fixg(E) | E €

[I]<“} of F witnesses the filter extension property.

To see why, let K = fixg(E), let F, i, € HSz with K < symg(F) N symg (&) and

11+ “F C 2% has the FIP” Ay C 4,

and let ¢ < d € P(I,Q) both be arbitrary. By theorem 4.2.1, for supp(F) = F and

supp(z) = X, there is an r < ¢ and ¢’ € {y, 2 \ y} for which

1IF “E'U Orb((r,9/), fixg(F U X)) has the FIP.”

Because K = fixg(F) < symg(F)Nsymg(2), by lemma 2.5.9 we can conclude that F, X C E,

so FUX C FE, and thus that K = fixg(F) = fixg(F U X). We can then conclude

1IF “F U Orb({r,y'), K) has the FIP.”

4.2.1 Adapting Harrington’s Proof

In Harrington’s proof, given a level product ®;.4T" and a coloring ¢ : ®;.4T — {green, red},
one searches through a P(6, T')-name U for an ultrafilter on w, and takes 0 large enough to
identify a node ¢ € ®;4T and a color ¢ € {green, red} that are regulated by U to witness

the Halpern-Liuchli theorem for ®;.47" and c.'¢

Suppose that F', i, and ¢ meet the hypotheses of the filter extension property. The main

16This represents the case of the Halpern-Lauchli theorem in which T; = T for every tree in the level
product ®;«47T;. See [TF95] for more details.
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idea. of this subsection is that one can search through a P(6, Q)-name U for an ultrafilter on
& that extends F', and take 6 large enough to identify a condition r < ¢ in P(0,Q) and a

y € {y,%\ 9}, so that U can regulate that

1IF “FUOrb((r,y), fixg(F U X)) C 2% has the FIP.”

This is made precise in our proof of theorem 4.2.11. For the rest of the subsection, we will
write # instead of I, to indicate that we wish to take I = 6 to be sufficiently large. This
also matches the notation from the exposition of Harrington’s proof in chapter 6 of [TF95];
we have written our main proof in style similar to the exposition from [TF95], for ease of

comparison between our proof and Harrington’s.

The lemmas and definitions preceding theorem 4.2.11 establish several basic combinatorial
features that are needed in our adaptation of Harrington’s proof. Lemma 4.2.3, definition
4.2.4, and lemma 4.2.5 can be seen to be simple modifications made to the exposition pre-
ceding Harrington’s proof in [TF95]. Note that our definition of a condition “type” differs
slightly from theirs, and that our lemma 4.2.5 is essentially their lemma 6.8. See Appendix
A for the proof of lemma 4.2.5 as a corollary of their lemma 6.8.

Lemma 4.2.3. For every pair of cardinals k, A, there is a cardinal 6 so that for every d € w,
and every function of the form

c: 04—k,

there are disjoint sets Ho, ..., Hq—1 € 0 of cardinality X with f is constant on [],_, H;.

Proof. This is essentially due to the Erdés-Rado theorem, as stated in line 17.32 of [ EMHR11].
On page 280 of [Tod07], the cardinals ©, are defined, which satisfy the lemma for fixed d, in
the case that kK = A = w. It is noted in the remark on page 52 of [TF95] that the Erdds-Rado

theorem implies that ©4 < 37 |. This idea is then applied in theorem 11 of [Ste23] to prove
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that there is a 6, satisfying the lemma for arbitrary s, A and fixed d; this is a pidgeonhole
proof, by a finite induction on d that relies on the fact that powersets grow in cardinality.

Taking 6 = J,,, 0a then satisfies the lemma. O

Definition 4.2.4. Two conditions p,q € P(0, Q) are said to be of the same type if there is
an order-preserving map 7 from dom(p) to dom(q), so that p(§) = g(e(§)). We use the term
type to refer to an equivalence class in P(, () under this relation.

Lemma 4.2.5. For every type t of a condition in P(0,Q) and integers m and d, there is an
integer M = M (t,m,d) such that for every set {ps | @ € M4} of elements of P(0, Q) of type

t, there exist H; C M (for i < d) of size m, so that the conditions in {pz | & € [[,_, H:} are

i<d

pairwise compatible.
Proof. See Appendix A, where this is derived from the analogous lemma 6.8 of [TF95]. [

When choosing an r < ¢ to witness the filter extension property (in the form of theorem
4.2.1), one can strengthen r to refine which images of /' € {y, &\ y} can mutually appear in
an interpretation of Orb((r,y/), K). If r(i) L r(j) for some i, j € supp(r), then for 7 = (i j),
r and 7r are incompatible and ¢/, 7y’ will never simultaneously appear in an interpretation
of Orb({(r,y/), K). We introduce the definition below to capture this important property.

Definition 4.2.6. A condition p € P(I,Q) distinguishes its support if for every distinct

i,j € supp(p), p(i) L p(j).

Taking conditions to be of the same type and to distinguish their supports will also help
manage the calculation of certain restrictions and images of conditions that are relevant to
our proof; the following lemmas express these properties.

Lemma 4.2.7. Let ng,...,m, € G; if r € P(I, Q) distinguishes its support, and if wr, ..., Tpr

are compatible, then the union |, mir is a well-defined condition in P(I,Q).

82



Proof. If each r distinguishes its support, then rng(r) is a finite antichain A in @Q; by the
definition of the action of G on P(6,Q), we also have that rmg(mor) = ... = rg(m,r) =
A C . Since the conditions myr,...,m,r are compatible, for every 7,5 < n and every
k € supp(m;r) Nsupp(m;r), it must be the case that r;(k) € A and r;(k) € A are compatible
in ). Since A is an antichain, this can only happen if 7;(k) = r;(k). For this, the union

Ui<,, i is well-defined as a finite function from (J,,, supp(m;r) to Q. O

Corollary 4.2.8. Ifrg,...,r, € P(0,Q) are compatible conditions of the same type, and that

distinguish their supports, then the union ., ri is a well-defined condition in P(0, Q).

Proof. 1f 1, ...,r, are of the same type, then there are (order-preserving) my,...,m, € G
so that myrg = r;, for 1 < ¢ < n. Since ry distinguishes its support, and the conditions

ro, T170, ---, TnTo are mutually compatible, lemma 4.2.7 can be applied. O

Lemma 4.2.9. Let r € P(0,Q), K € F, let mo,....,m, € K, and let ro < mor,...;mp, <
mar be compatible conditions of the same type, that distinguish their supports, and so that
7Ti7").

7i Tsupp(mr)y= it for every i < n. Then |J,,, r: restricts to |J,., mr over supp(lJ,<,

Proof. By our proof of the previous lemma, for every i,j5 < n and k € supp(r;) N supp(r;),
we have that r;(k) = r;(k). In particular, since r; [supp(x,r)= 7;7, for every 4,7 < n and k €
supp(r;) Nsupp(;r), we have that r;(k) = m;r(k). From this we can conclude that | J;, mir
is well-defined, and that for every k € supp(U,,, mir), (U;<,, i) (k) = (U<, mir) (K). O

Lemma 4.2.10. Suppose that r € P(0, Q) distinguishes its support, and that for 6 € [G]<*,

the conditions in {mr | m € 0} are mutually compatible. Then for i € supp(r), the sets

Jy=1{n(i) | medy Ch

are mutually disjoint.
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Proof. For each m(i) € J;, mr(n(i)) = r(i) — in this sense, J; collects the indices over which
the conditions 77, for 7 € 0, copy the output of r(i). Thus, if k£ € J; N J;, with ¢ # j,
then for some m, 7 € 0 we have that 7r(k) = r(i) and 7r(k) = r(j). Because 7r and 7r are
compatible, it must be the case that 7r(k) = r(i) and 7r(k) = r(j) are compatible in Q.

This contradicts the fact that r distinguishes its support, and so J; N J; = 0. O

We now prove the main theorem of this section. Recall that for ease of comparison, the
language and formatting of our proof are modeled after the exposition of Harrington’s proof
from [TF95].

Theorem 4.2.11 (Halpern, Lévy, [HL71], Stefanovié, [Ste23]). Let Q be a poset, and let 6 be

large enough to satisfy lemma 4.2.3 with k = |Q|. Then theorem 4.1 holds for (P(0,Q),G, F).

Proof. Let F, i,y € HSz, K = fixg(F U X), and ¢ € P(A,Q) be as in the statement of
theorem 4.1, with F, XY € [#]<“ the supports of F, i, and §. Without loss of generality,
we may assume that supp(q) € FU X UY. To see why, note that for ¢ = ¢ [ruxuy, our

proof will produce witnesses 7’ < ¢ and ' € {g, 4 \ y}, with supp(r’') = FUX UY, so that

1IF “EUOrb((,y), K) C 2% has the FIP.”

In this case, r = ' U p is well-defined, and

1IF Orb((r,y"), K) C Orb({r', /), K).

As such, r < ¢ and
1IF “FUOrb({r,y'), K) C 2% has the FIP.”

We can thus assume without loss of generality that supp(¢) € F U X UY, and produce

witnesses r < g and ¢y € {y,% \ y} to theorem 4.1, with supp(r) = FU X UY. This will
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simplify the calculation of supports throughout the proof.

Fori e Y\ (FUX), let ; C 0\ (FUX) be pairwise disjoint sets of cardinality §. Recall

from definition 2.5.8 that for

i={{adiev\(Fuxyye [[ @
€Y \(FUX)
we define

ma= || (i) eK=fixg(FUX).

€Y\ (FUX)
The membership 7z € K follows from the fact that each transposition (i «;) cycles i €

Y\ (FUX) with o; € 0; C6\ (FUX), and thus fixes FFU X.

Let U be a (not necessarily symmetric) P(6, Q)-name for an ultrafilter on 4 extending F.

For every @ € [[;ey (pux) b either
1. maq - mg(@\ 9) € U, or
2. there is some rz < g so that wgrg IF 75y € U.

In the second case, extend rg if necessary so that FFU X UY C supp(rg) and so that rg
distinguishes its support. Recall that we assume 6 to be large enough to satisfy lemma 4.2.3

for kK = |Q|. Then, for i € Y\ (F'U X), there are disjoint infinite sets H; C 6; so that either
(a) the first alternative above happens for all @ € [];cy\ (pux) His or

(b) there is a type t and a condition r with supp(r) = FFU X UY that distinguishes its

support, so that for all @ € Hiey\( FUX) H;, mars satisfies the second alternative above,

is of type t, and we have the restriction rg|ruxuy = .17

1"Tn the ground model M F ZFC, there are x = || many possibilities specified in the outcome (b).
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Note that r < ¢, as is required by theorem 4.2.1. Without loss of generality, we assume the

second case and argue that

1IF “FUOrb({r,9), K) C 2% has the FIP.” (4.2.1.1)

By lemma 4.2.5, for every m € w and ¢ € Y \ (F'U X), we can find subsets H™ C H,; of
cardinality m, so that for @ € Hiey\( FUX) H", the conditions mgz7g are mutually compatible.

We claim that for every S C [ iy pux) Hi™
LIk “FU {(ngr, may)|d € S} C 2% has the FIP.” (4.2.1.2)

Since we have taken the conditions mzrs to all be of the same type and distinguish their
supports, and since the conditions 7wgrg, for @ € S, are also mutually compatible, we can
apply lemma 4.2.7 to conclude that their union (J;.g 7ara is a well-defined condition in

P(A,@). Then because the conditions rg, for & € S satisfy case (b) above, we have that

| maraIF (Va € S)may € U.

aes

Because 1 IF F C U , we can conclude in particular that

| mara I “FU{(1,759)|@ € S} € 2° has the FIP.” (4.2.1.3)
aes
We would like to use lemma 2.5.13 to restrict the condition in line (4.2.1.3) to the support
of the names that appear in the statement being forced. We can first calculate this union of

supports to be

supp(F') U supp() U |_J supp(raj) =

aes
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FuXuUmY:

aes

| supp(mar) =

aes

supp( U Tar).

aes
One can verify that the hypothesis of lemma 4.2.9 are met by the conditions mzrg < mar,
for @ € S. One can then apply the lemma to conclude that | g mara restricts to (Jzeg mar
over the latter condition’s support. Given that supp(|Jz.g 7ar) is the support of the names

in line (4.2.1.3), we can use lemma 2.5.13 to conclude that
| mar Ik “F U {(1,7a9)|@ € S} C 2° has the FIP.” (4.2.1.4)
aes

Because S C []icy\(rux) Hi" was arbitrary, line (4.2.1.4) holds for every S C S, which

allows us to conclude line (4.2.1.2).

To complete our proof of line (4.2.1.1), let A € [Orb({q,y), K)]<“ be arbitrary, and take
§ € [K]<¥ so that A = {(mq,7y) | m# € §}. We may assume without loss of generality that
the conditions in the set {mq | 7 € 6} are mutually compatible, so that the names in rng(A)

can mutually appear in an interpretation of Orb({(q, ), K). If we can derive that
1IF “FUA C 2% has the FIP,” (4.2.1.5)

then the desired conclusion in line (4.2.1.1) follows from the fact that A € [Orb({(q, y), K)]<*

was taken to be arbitrary.

We will show that, essentially, the lines (4.2.1.2) and (4.2.1.5) are the same up to an appli-

cation of the symmetry lemma by some ¢ € K = fixg(F U X). We claim that m € w can be
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taken large enough to define a 0 € K, for which

o6 ={or|medyC{mlaec ] H"} (4.2.1.6)
i€Y\(FUX)

If this can be done, let S = ¢d and apply line (4.2.1.2) to get
1IF “FUcA C 2% has the FIP.” (4.2.1.7)

Because 0 € K = fixg(F U X), we can apply the symmetry lemma 2.2.4 with ¢~! to line

(4.2.1.7), while fixing F' and #, to get line (4.2.1.5), which completes the proof.

We will now justify the existence of such a ¢ € K. Fix an enumeration § = {m; | j < n},

and for j < n, define

—

B = {0 m@)i e Y\ (FUX)]},

so that 7; [ruxuy= 75 . Because supp(y) € supp(q) = FU X UY, lemma 2.5.15 shows

i
that m;r = 5T and 7y = ngjy. Without loss of generality, we can thus assume that

§= {w[;j | 7 <n}. Fori e Y\ (FUX), define the sets
J; =A{n(i)|m € §}.

Because we assume that the conditions in {7q | 7 € §} are mutually compatible, by lemma
4.2.10 the sets J;, for i € Y \ (F U X), are mutually disjoint. For every i € Y \ (F U X),
because every m € 6 C K = fixg(F U X), J; is also disjoint from F'U X. For every j < n,

B;- € [iey\(rux) Ji» Which gives the inclusion

b={mgli<n}<{mlye [I 7}

€Y \(FUX)
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Now let m = max;ey\(rux)|/i| and for i € Y\ (F'U X), consider the sets H" C H; C 0; C
0\ (FUX) defined above. Fori € Y\ (FUX), let f; : J; = H™ be an injection. Define
o€ K:ﬁXg(FUX) by

o= 1] Il fia).

€Y \(FUX) a€J;
Because the sets J; are mutually disjoint, and the functions f; are injections into mutually
disjoint codomains, o is well-defined as an automorphism of the index set #, an in particular
it is an injection from [;cy puxy i b0 [[ien (pux) Hi"- Moreover, for i € Y\ (F'U X)),
the sets J; and H™ are disjoint from FU X, so 0 € K = fixg(F' U X). We can then conclude

that

05 ={omjlj <n}={omzlj<n}C{omlye [ J}<{imlae [[ "}
ey (\(FUX) €Y \(FUX)

which satisfies line (4.2.1.6) and completes the proof. O]

Remark 4.2.12. As in our search-and-shift argument from section 3.2, we search through
any name U for an ultrafilter on & that extends £, then shift the outcomes of this search

(stated in line (4.2.1.2)) to verify that for every relevant A € [Orb({q,y’), K)|<¥,
1IF “FUA C 2% has the FIP,”

In this sense, BPI in N(6,Q) can is inherited from the outer model M|G| F ZFC, with

arbitrary names for ultrafilters coordinating the extension of names for symmetric filters.

4.2.2 The General Case of BPI in N(/,Q)

The previous subsection assumes that the index set I = 6 is large enough to run our adapta-

tion of Harrington’s proof. In chapter 5 of this thesis, we will generalize results from [KS20]
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to show that one can assume that [ is arbitrarily large, without loss of generality. We state
these results from [KS20] below.

Definition 4.2.13 (Karagila, Schlicht, [KS20]). For sets X and Y, let Col;y;(X,Y) be the
poset of well-orderable partial injections from X into Y, ordered by reverse-inclusion.
Theorem 4.2.14 (Karagila, Schlicht, [KS20]). Let M E ZFC, and I,J € M be infinite.
Let G be P(1,2<%)-generic, and let A € N(I,2<) be the standard Dedekind-finite set of
Cohen-generic reals. If F is Colliy;(J, A)-generic over N¢(I,Q), then F is P(J,2<*)-generic
over M.

Corollary 4.2.15 (Karagila, Schlicht, [KS20]). Let M F ZFC and let I,J € M be infinite.

For every P(1,2<%)-generic G, there is a P(J,2<%)-generic F' (as in theorem 5.0.2), so that

NY(I,2<%) = NF(J,2<).

Informally, one can view the generics F' and G from theorem 5.0.2 as essentially containing
two pieces of information: a new set A of mutually generic Cohen reals, and a bijection
witnessing the cardinality of A. In theorem 5.0.2, one takes the generic filters F' and G to
have the same set A of Cohen reals, but to disagree on the bijection from A to a cardinal.
Because the inner models N9(I,Q) C M[G] and N¥(J,Q) C M|[F] retain A but lose its
bijection to any cardinal, we arrive at the same model N¢(I,2<%) = N¥(.J,2<%) by removing

the point of disagreement between M[G] and M |[F].

In chapter 5, we justify that the same reasoning works to compare the models N (I, Q) and

N(J,Q); this resolves a question posed in [KS20]. We state our theorem below.
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Theorem 4.2.16. Let M F ZFC, let I,J € M be infinite, and let ) € M be a poset. For
every P(I,Q)-generic G, there is a P(J, Q)-generic F' so that

NO(1,Q) = N¥(J,Q).

Corollary 4.2.17 (Stefanovi¢, [Ste23]). For every set I and every poset @, N(I,Q) F BPL

Proof. Fix an arbitrary index set I, and a P(I, Q)-generic G, for N¢(I,Q). Let 6 be large
enough for theorem 4.2.11, so that for every P(, Q)-generic ', N¥' (0, Q) E BPI. By corollary

5.0.3, there is a P(0, Q)-generic F, so that

NY(I,Q) = N¥(9,Q) F BPL

While this justifies BPI in N(7, @), and thus the filter extension property below 1 € P(I, Q)
as well, it leaves open two questions. First, we have not justified theorem 4.2.1, i.e. that
the filter extension property holds for the base of subgroups fixg(E), with E € [I]<*“. More
broadly, we can ask how witnesses to the filter extension property, in the case when [ = @ is
large, relate to witnesses in the arbitrary case. To resolve these loose ends, we cite another

theorem that we will prove in chapter 5.

Recall the convention that we can emphasize the index set I with the notation (P(1, @), Gy, Fr)
HSz,. Note also that in chapter 5, we will define the map ¥ : HSy, — HSx,. For now, the

exact details are not needed, except for the fact that supp(&) = supp(X(2)).
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Theorem 4.2.18. Let M F ZFC, let I C J € M be infinite, and let ) € M be a poset. For

every p € P(I,Q) CP(J,Q), every iy, ..., &, € HSx,, and every formula ¢,

P H_N(I,Q) ¢(dfg, ,LL’n) <~ p H_N(J,Q) (b(E(SCo), 72(33”))

Corollary 4.2.19 (Halpern, Lévy, [HL71], Stefonovi¢, [Ste23]). Theorem 4.2.1 holds in

general.

Proof. Let I be arbitrary, let F.,&,9 € HS7, meet the hypotheses of theorem 4.2.1, with

supp(F') = F,supp(z) = X,supp(y) = Y, and K = fixg(F U X). Let ¢ <1 € P(1,Q) be

arbitrary.

Take § D I large enough for theorem 4.2.11. By theorem 4.2.18, (&), X(F), ¥(j) € HSz,
also meet the hypotheses of theorem 4.2.1. By the property of ¥ noted above, supp(2(F)) =
F,supp(X(2)) = X and supp(2(y)) =Y. Since I C 6, we have that ¢ € P(1,Q) C P(0,Q).
We can then apply theorem 4.2.11 to produce witnesses r < ¢ (with supp(r) C supp(q) U
FUXUY C1I,sothat r € P(I,Q)) and X(y') € {3(9),X(¢\ 9)}. By theorem 4.2.18, r < ¢

and y' € {9y, \ ¢} witness theorem 4.2.1 for (P(/,Q), Gr, Fr). O

4.3 The Halpern-Lauchli Property

We are now able to return to our goal of generalizing the Ramsey property from chapter
3. In the previous subsection, we gave a search-and-shift proof of BPI in the generalized
Cohen model N(I,Q), in the case that I is sufficiently large. In this section, we introduce
the Halpern-Lauchli property (below p), which can be seen to express the most general
conditions that allow one to apply a search-and-shift argument to prove BPI in a symmetric

extension. We show that this fully characterizes BPI in symmetric extensions. In future
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work, we will show that the Halpern-Lauchli property also captures an abstract form of the
Halpern-Léauchli theorem, and formalizes the general relationship between variants of the
Halpern-Lauchli theorem and BPI in symmetric extensions.

Definition 4.3.1. The symmetric system (P, G, F) has the Halpern-Lauchli property below
p € P if there is a set D C P that is dense below p, so that for every d € D, F has a base
B4, so that the following holds for every K € By: for every y € HSz, every P-name ¢ that
1 forces to be a {green, red}-coloring of Orb((1,y), K), and every ¢ < d in P, there is an
r < qand ac € {green, red}, so that for every § € [K]<“, and every s < {nr | m € 6} below
d, there is a 0 € K so that

oslf (3r € d)c(omy) # .

Remark 4.3.2. As in our proof from subsection 4.3.2, the idea behind the Halpern-Léauchli
property is that for every condition s that forces finitely many images of 4/ to appear in the
union ' U Orb({r, '), K), one can shift by ¢ so that it is not too late for U to verify the
desired o-shifted instance of the FIP.

Theorem 4.3.3. For a ground model M E ZFC, a symmetric system (P,G,F), p € P, and

the corresponding symmetric extension N O M, the following are equivalent:
(i) pFn BPI,
(ii) (P,G,F) has the filter extension property below p,

(iii) (P,G,F) has the Halpern-Lduchli property below p.

Proof. Theorem 4.1.17 establishes (i) <= (i1); we will prove (iii) = (i) and (ii) = (7).

(i1i) = (ii) Let (P,G,F) be a symmetric system for which the Halpern-Léuchli property
below p holds, as witnessed by the set D C P that is dense below p, and the bases By of F,

for d € D. We aim to show that the same D, and By, for d € D, witness the filter extension
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property below p. To do so, fix arbitrary d € D and K € B, and we will show that d and

K witness the filter extension property below p. We use another search-and-shift argument.

Let I, &,y € HSF so that K < Symg(F) N symg(&) and
11k “F C 2% has the FIP” Ay C 4,
and fix ¢ < d. Recall that we aim to produce an r < g and a ¢’ € {y,% \ ¥} so that
1IF “F UOrb({r,y), K) has the FIP.” (4.3.0.1)

Let U D F be a P name that is forced by 1 to be an ultrafilter on #, and let ¢ be the name

for a {green, red}-coloring of Orb(y, K) so that for every m € K
(t IF ¢(m) = gréen) <= (tIF 7y € U) and (tIF é(ny) =red) <= (¢t (2 \y) € U).

For the coloring ¢ and the ¢ < d that we fixed above, take r < ¢ and ¢ € {green, red} to
witness the Halpern-Lauchli property. We then claim that if ¢ = green that, then r < ¢
and y = ¢ satisfy line (4.3.0.1), and if ¢ = red, then r < ¢ and ¢y = & \ y satisfy line
4.3.0.1. Since d € D and K € B, were arbitrary, proving this claim completes the proof of

the implication (iii) = (47).

Without loss of generality, we prove this in the case that ¢ = green. Suppose that ¢ € [K]<¥,
and that the conditions in {7r | 7 € §} are mutually compatible, and are also compatible
with d. This way, when G is P-generic and d € G, the names in A = {7y | 7 € 0} can

mutually appear in an interpretation of Orb((r,y/), K). In this case, we would like to find a
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set of conditions that are dense below {7r | # € §} and d, and that force
“FU{(1,79) | = € 6} has the FIP.”

Fix an arbitrary s < {mr | 7 € §} below d, and use use Halpern-Lauchli property to identify
o € K so that

oslff (Im € 0)é(omy) # gréen.

Then, there must be some t < o5 so that
tI- (Vm € 0)é(omy) = green.
By the definition of ¢, this is equivalent to
tlFFU{(l,omy) |7 €6} CU.

Recall that we took U D) F to be forced by 1 to be an ultrafilter on #. Since 0,0~ ! € K <

fixg(F) Nsymg(i), o~'U D F is also forced by 1 to be an ultrafilter on #. So o~ 't < s and
o tIF FU{{l,my) | €} Co U,

in which case

o't IF FU{(1,7y) | 7 € 6} has the FIP.”

Since s < {mr | m € §} below d was arbitrary, we have that the above line is forced by a dense
set of conditions below {7r | 7 € §}. Since § € [K]<* was arbitrary, up the the constraint
that the conditions in {77 | m € 6} were compatible, we can then conclude that for every

§ € [K]=¥, every condition s below d that forces {my | m € 6} C Orb({r,7), K), also forces
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the above line. We can thus conclude, as desired, that

1IF “F U Orb({r,y'), K) has the FIP,”

and that d € D, K € B, witness the filter extension property below p.

(17) = (i1i) We will generalize Blass’ argument from [Bla87], which shows that BPI in a
permutation model M(A,G,F) implies the Ramsey property for F. We encourage the
reader to review Blass’ proof in the setting of permutation models. The main difference
between the proofs can be explained as follows. Blass begins with a group K € F and
identifies a subgroup G N K = K that witnesses the Ramsey property. We will instead
take K be a witness of the filter extension property, and show that K itself witnesses the
Halpern-Lauchli property. This adjustment allows us to avoid a certain technical issue that

arises when adapting Blass’ proof more directly.

In section 4.4, it will be useful to have a version of the Halpern-Lauchli property that is
stated with respect to P-names ¢ that 1 forces to be functions with arbitrarily large finite
codomains, instead of just {green, red}. We will thus assume in this proof that the relevant

names ¢ have arbitrarily large finite codomain. The {green, red}-coloring case is subsumed.

Let D C P (which is dense below p), and for d € D, let B, (which is a base for F) witness the
filter extension property below p. We will show that these also witness the Halpern-Lauchli

property below p; we will prove this, in particular, for an arbitrary d € D and K € By.

For d and K, we say that (7, n, ¢, q) is a contradiction of the Halpern-Lauchli property below

pify € HSz, n < w, ¢is a P-name so that 1 I ¢: Orb((1,9), K) — n, ¢ < d, and if for every
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r < g, there is a §, € [K]<¥ and an s, < {7r | 7 € §} below d, so that for every ¢ € K,

osy Ik (Img, ooy o1 € 0,) (Vi < n)é(omy) # 1. (4.3.0.2)

We aim to prove that, for d and K, there are no contradictions (y,n,¢,q) to the Halpern-

Lauchli property below p.

If there were such a contradiction (g, n, ¢, q), we can use it to define a name 0 for finitely
satisfiable first-order theory, with K < symg(f) and § € HSz. Since d € D, K € By witness
the filter extension property, we claim that there is then a name A € HSz that d forces to be
a model of the theory 6, with K < symg (A) The proof of this claim is essentially the same
as the proof of theorem 4.1.5; instead of giving this proof here, we outline it in Appendix B.

We will define the name 6 so that the existence of such a A produces a contradiction.

For every r < ¢, choose some 9§, € [K|<“ and s, < {nr | 7 € §} below d, so that for every

o € K, the issue in line (4.3.0.2) occurs. Then define

6 ={(1,mg(C) C )} Ul JOrb((s,, \ \/ C(my) # 1), K).
r<q i<n wEH,
We can briefly specify the formal details of the above line. First, we let C' be a name for
a function symbol, for some arbitrary ¢’ € HSy with K < symg(C’); then, we have that

K < symg(0). Recall that ¢ is taken from the contradiction (y,n,¢, ¢), and define a name

for the set of constant symbols

X = {(1,7) | i <n}UOrb((1,3), K).
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By the sentences rng(C) C 7 and A, ., Vies C(my) # 1, we mean names for these sentences,
so that for every o € K,

o(mg(C) C i) = mg(C) C n,

and

A AV Cmi) 1) = NV Clomi) £

i<n wEH i<n wEd

For ¢, as in the contradiction (g, n, ¢, q), we claim that
1IF “¢ is a model of 4.

To see why, note that by the definition of 6, 1 forces that € is a subset of the theory of ¢
(when ¢ is taken as a structure in the relevant language). It is then immediate that 1 forces

that ¢ models its own theory. Because there is a name in HSz for every finite subset of ¢,

1IFy “0 is finitely satsfiable.”

Because d and K witness the filter extension property, we then have some A € HSx with

K =< symg(A), so that

d N “A is a model of 0.

However, this cannot be the case. By a slight misuse of notation, we will let A denote the
intepretation of the function symbol C' in this model of §. Recall from the definition of the
name X for the set of constants, 1 IF ¢ € X, for ¢ as in the contradiction (g,m,¢,q). Then

for ¢ < d, with ¢ as in the contradiction (y, n, ¢, q), there must be an r < ¢ and i < n so that
rl- Ay) =i
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Then, because K < symg(A), for every 7 € K,
mr - A(mg) = 1.
Then, for the chosen §, € [K]<“ and s, < {7r | 7 € §} below d, it must be the case that

sy IF /\ A(ry) =1.
71'667‘
This contradicts the fact that s, IF Ao, V s, C(ry) # i € 6. Thus (y,n, ¢ q) cannot be a
contradiction to the Halpern-Lauchli property below p, for d € D and K € B,;. We conclude

that D C P and By, for d € D, witness the Halpern-Lauchli property below p. O

Corollary 4.3.4. A symmetric system (P, G, F) has the Halpern-Ldauchli property below p
if and only if it has the version of the Halpern-Lauchli property below p that results from
changing the P-names ¢, from definition 4.3.1, to be forced by 1 to have arbitrary finite
codomains. In particular, d € D CP and K € B; C F witness the Halpern-Lduchli property

below p if and only if they witness this adjusted version of the property.

Proof. The case where the P-names ¢ are forced by 1 to be {green, red}-colorings is subsumed
by the general case, which proves the “if” direction. In the first direction of the proof of the
above theorem, we showed that if d € D C P and K € By C F witness the Halpern-Lauchli
property below p, then they also witness the filter extension property below p. In the second
direction, we showed that this implies that d € D C P and K € B; C F also witness this

finite-codomain version of the Halpern-Lauchli property below p. O
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4.4 The Search-and-Shift Property

At this respective point in chapter 3, we dealt with extreme amenability as a characterization
of BPI in permutation models. In section 3.4, we then introduced the search-and-shift
property for permutation models, in part to analyze the convergent features of our proofs of
BPI from the Ramsey property and from extreme amenability. This gives us two avenues
to develop a version of the search-and-shift property for symmetric extensions: using an

appropriate generalization of extreme amenability, or using the Halpern-Lauchli property.

In the case of symmetric extensions, the appropriate generalization of extreme amenability
is not immediately apparent. In this section, we will thus develop a version of the search-
and-shift property with respect to the Halpern-Lauchli property. Our overall strategy is to
use this characterization of BPI to motivate a viable generalization of extreme amenability
to the context of symmetric extensions. This will appear in forthcoming work, but not in

this thesis. We sketch this overall idea in figure 4.1 below.

The Ramsey Property The Halpern-Lauchli Property

L

The Search-and-Shift Property The Search-and-Shift Property
(For Permutation Models)

v

. Some Generalization of Extreme Amenability
Extreme Amenablhty to Symmetric Extensions

Figure 4.1: The flow of ideas in chapter 3, and its influence on this section and intended
future work.

The Ramsey property and the Halpern-Lauchli property both express that search-and-shift

arguments are a fully comprehensive method to prove BPI, respectively in permutation
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models and in symmetric extensions. This is the main idea that we will use to state a
version of the search-and-shift property for symmetric extensions. We will briefly recall

several details of the case for permutation models.

In section 3.4, we show that for F,z € M(A,G,F) satisfying the hypotheses of the filter
extension property, a single M (A, G, F)-valued ultrafilter Uy 2 F on z could be used to
determine an ultrafilter U € M (A, G, F) extending F on z. In this case, we showed that Uy
can be used in a search-and-shift argument to check each y € U (see definition 3.4.2), i.e.
to verify that U has the FIP. This differed from our application of the Ramsey property
to prove BPI in section 3.2, where a sequence Uy, Uy, ... of M (A, G, F)-valued ultrafilters is

produced to guide the construction of the desired ultrafilter U € M (A, G, F).

Similarly, by applying the Halpern-Lauchli property and the filter extension property to
prove that p IFy BPL we start with names I, & € HSz that satisfy the hypotheses of the

filter extension property. We then produce a sequence

Uy, Fy = F U Orb((ro, 1), K), Uy D Fy, Fy = Fy U Orb((ry, 1), K), ...

where each U, D F), is forced by 1 to be an ultrafilter on &, so that a search-and-shift argu-
ment using U, and the Halpern-Lauchli property can be used to determine F},, ;. Eventually,
we have that F B = U € HS 7 is the desired name that some d < p forces to be an ultrafilter
on & extending F. We can ask the same question as in section 3.4: can this entire process

be completed by a single name for an ultrafilter Uy D E7

To answer this question, we isolate the property that U can be used in a search-and-shift
argument for a specific name ¢ for a subset of # — this is the relevant generalization of

definition 3.4.2. First, we introduce some basic terminology.
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Definition 4.4.1. For a symmetric system (P, G, F), and & € HSx, we say that a P-name

U is an HS 7-valued filter on & if rng(U) C HSz, 115 C & for every g € rg(U), and if

1IF U C 2% has the FIP.”

If if is also the case that for every y € HSz with 1 I ¢ C z,

lFgeUvi\yel,

then we say that U is an HSr-valued ultrafilter on i.

Definition 4.4.2. For a symmetric system (P,G,F), and F,i € HSr satisfying the hy-
potheses of the filter extension property, let i/ F be the set of HS z-valued ultrafilters U on
i with F C U.

We can now state the generalization of definition 3.4.2.

Definition 4.4.3. For a symmetric system (P,G,F), and F,i,5 € HSz satisfying the
hypotheses of the filter extension property, r € P, and K € F, we say that U, € 59’5/F
checks (r,y) (with respect to d and K) if for every § € [K]|<¥ and every s < {nr | 7 € §}

below d, there is a ¢ € K so that

st (3r € 0wy & oy,

When d and K are clear from context, we will just write that Uy checks (r, 7).

In lemma 3.4.3, we proved the central relationship between Uy checking elements of a sym-
metric ultrafilter U, and U being an ultralimit of the space K - Uy. Stating the appropriate

generalization of this lemma is a key idea in this section.
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Note that for K € F and U, € Bm/F, will write K - Uy to formally mean the name
{(1,60,) | 0 € K} for a space with the standard topology of a space of ultrafilters.

Lemma 4.4.4. Let (P,G,F) be a symmetric system, let F,i € HSF satisfy the hypotheses
of the filter extension property, and let Uo € ﬂx/F For K € F, suppose that U e HS =,

FCU, K< symg(U), and d I+ U is an ultrafilter on &.” Then the following are equivalent:
(i) dIF “U is an ultralimit of K - Up,”

(1) Uy checks every (r,y) € U, with r < d, with respect to d and K.

Proof. (i) = (ii) Suppose that d IF “U is an ultralimit of K -U,.” For U as in the statement
of the lemma, let r < d with (r, ) € U, § € [K]<*, and s < {mr | 7 € 6} below d be arbitrary;
we aim to show that Uy checks (r,9) with respect to d and K. We have immediately that
r -y € U. Since we assume that K = Symg(U), for every m € K, we also have that
mr - 7 € U. Then

sl (Vred)nyel.

Since s is below d, we also have that
sk “U is an ultralimit of K - Up,”
so there is at least one t < s and o € K with
tI- (Vr € &)my € al.

Then for this o,
sl (3r € 0wy & oy,

so Uy checks (r,7) with respect to d and K.
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(i7) = (i) Suppose that Uy checks every (r,9) € U, with 7 < d, with respect to d and K.
Note that d I+ U € Bi / F. We will show that d forces that every basic open neighborhood of

U in Bi / F meets K - Uy, which is equivalent to d forcing that U is an ultralimit of K - U.

Let r < d force that W is a basic open neighborhood of U in the subspace K - Uy C 5$/F

Then there is some y € HS so that r Iy € U, and
riFW ={(s,oly) | 0 € K, slFy e ol

We complete the proof by showing that r also forces that W is nonempty.

Fix an arbitrary s < r. By the definition of the forcing relation, we can extend to some
t < s so that (t,5) € U and t IF §y = 9. Then, by assumption, Uy checks (t,7;), so for every

u <t <d, thereis a ¢ € K so that

wlf § & olp.
In this case, there is a v < u so that

vl g € U,
and thus

vk O'U() ew.

Because s < 1 was arbitrary, and v < s forces W to be nonempty, a dense set of conditions
below r force that W is nonempty. Thus, r also forces that W is nonempty. Since r < d was
an arbitrary condition that forces that W is an open neighborhood of U , d forces that U is

an ultralimit of K - UO. ]
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Based on the connection in the lemma, we can define the search-and-shift property as follows.
Definition 4.4.5. The symmetric system (P, G, F) has the search-and-shift property below
p € P if there is a set D C P that is dense below p, so that for every d € D, F has

a base By, so that the following holds for every K € By: for every F,i € HSz, with

K =< symg(F) Nsymg(z), and
11k “F C 2% has the FIP,”
and for every U, € ﬁ:i:/F, there is a U € HS#, so that F C U, K < symg(U), and
d I- “U is an ultralimit of K - Uy” A “U is an ultrafilter on z”

Theorem 4.4.6. For a ground model M E ZFC, a symmetric system (P,G, F), p € P, and

the corresponding symmetric extension N O M, the following are equivalent:
(i) pFn BPI,
(i) (P,G,F) has the filter extension property below p,

(iii) (P,G,F) has the Halpern-Léuchli property below p,

(iv) (P,G,F) has the search-and-shift property below p.

Proof. The equivalences (i) <= (ii) <= (iii) have been proven, and the implication
(iv) = (i) is immediate. We will thus prove (iii) = (iv) to complete the theorem. We
will follow the format of our proof that the Ramsey property implies the search-and-shift

property for permutation models, in section 3.4.

Let D C P be dense below p, and for every d € D, let B; be a base of F that witnesses the
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Halpern-Lauchli property below p. Let d € D and K € B, be arbitrary; we aim to show

that d and K also witness the search-and-shift property below p.

Fix arbitrary F', & € HS 7 for which K < symg(F) Nsymg (&) and 1 - “F C 2% has the FIP,”
and let Uy € 53’:/F be arbitrary. By lemma 4.4.4, it suffices to show that there is a U € HSx,

so that K < symg(U),

d Ik “U D F' is an ultrafilter on ,”
and so that U, checks every (r,9) € U, with r < d, with respect to d and K. To construct
U, we use following lemma.

Lemma 4.4.7. For every yo,...,yn € HSF so that 1 |- @ = | |,_, i, and for every q¢ < d,

there is anr < ¢ and an i < n so that Uy checks (r, ;) with respect to d and K.

Proof. We use the form of the Halpern-Lauchli property that references names for colorings
with arbitrarily large finite codomains. By corollary 4.3.4, because d and K witness the
Halpern-Léauchli property below p, they also witness this finite-codomain version of the

Halpern-Lauchli property below p.

Let 9o,...,yn € HSz, and let 1 I+ 2 =[], 9. Let gy = {(1,%) | i < n}, and define an

n + 1-coloring of Orb((1, ), K) by setting, for r < d,
(rlF é(mg) = 1) <= (r Ik 7y e Uy).

The proof can then be completed in the same was as our proof that the Halpern-Lauchli

property below p implies the filter extension property below p. O

106



Define the P-name

F={ry|rFyCin
j e HSx A
“Up checks (r, ) (with respect to d and K)” A

“(Vs < r) Uy does not check (s, \ 3) (with respect to d and K)”)}.
Claim 4.4.8. We claim that ' C Fy, K < symg([p), and that d |- “[ C 2% has the FIP.”

Supposing the claim, we will show how to complete the proof. Because d € D and K € By
witness the Halpern-Lauchli property below p, they also witness the filter extension property
below p. Because K =< symg(Ey) Nsymg (i), by our proof of lemma 4.1.1, we can find a name

I} € HSx, with K < symg(F") and so that
dl- Fy=F, and 1l “F} C 2% has the FIP.”

Then, because 1 - “F} C 27 has the FIP” and K < symg(Fy)Nsymg (), there is a U € HSx,

with K < symg(U) and Fé C U, so that
dIFFy = Fé C U A “U is an ultrafilter on 2.”

We can describe how to modify the name U , so that U, checks every (r,y) € U, with r < d,
with respect to d and K. For every (r,y) € U, with r < d, there is a set S C P that is dense

below 7, so that for every s € S,
(i) slFy € Fy, or
(ii) sl-y & Fy.
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For every s € S, we can extend further to some ¢, < s, so that either

(i) there is a (ty,5.) € Fy with t, IF § = ¢,. (by the definition of F}, this would also mean

that (t,,7) € £), or
(ii) by using lemma 4.4.7, Uy checks both (t,, %) and (t,, \ %), with respect to d and K.

In either case, Uy checks (t,,5) with respect to d and K. By the claim, K < symg(Fy) =

symg(U). Because of this, and the symmetry of the definition of being checked with respect

to d and K, we have that for every m € K, either

(i) (mty, my) € Fy, or

(ii) Uy checks both (rty, wj) and (t,, 7 \ §) with respect to d and K.
Again, in each case Uy checks (rt,, 7y) with respect to d and K.

To modify U, we can remove the orbit Orb((r, ), K) from U and replace it with Orb((t,, %), K),
for every s € S. For each (nr, my) € Orb({r,y), K) that we removed, we replaced with with
(mts, my), for s € S. Since {wts | s € S} is dense below 77, this adjustment does not affect
the interpretation of U. By making this modification for every (r,y) € U, with r < d, we
can ensure that Uy checks every (r,y) € U , with » < d, with respect to d and K. Given the

claim, this completes the proof.

Proof of claim 4.4.8. Because F C Uy and K < Symg(F), we also have that for every o € K,
I C oUy. Then for every (r,) € F, Uy checks (r,9) € F and fails to check every (s, \ #),

with s < r. Thus, (r,y) € ), and so F C F,.

Suppose that (r, 7)) € Fy, so that 119 C &, § € HS#, and U, checks (r, ) and fails to check

(s,2\ y), for every s <r. Let m € K be arbitrary. Because 7 € K =< symg(F) N symg(&),
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we have that 1 IF 7y C &. From the definition of the normal filter F, 7y € HS». By the
definition of U, checking (r,7) with respect to d and K, for every 7 € K, Uy checks 7 (r, %)

and fails to check 7 (s, 4 \ 9), for every s < r. Then n(r,y) € Fy, so K < symg(Fg).

Suppose that there are g, ..., v, € HSx and ¢ < d, so that ¢ IF 9o, ..., y, € F,. There is then
a dense set of conditions R C [P below ¢, where for every r € R, there are 3o, ..., Yn, € HSx

so that (r,90,), ..., (7, n.r) € Fy and

By the definition of Fj, for every i < n, U, checks (r,y;) with respect to d and K, and for

every s < r, U does not check (s, \ ¢;) with respect to d and K.

From this, we can observe that for every i <n, s <r, and 2 € HSz so that 1 I 2 C 2\ y;,
U, does not check (s, 2). Accordingly, for every i <n s <r, and z € HSg, U, does not check
(5,20 \ §;)."® Then by lemma 4.4.7, since r < d, there is an s < 7 so that (s, %) is

checked with respect to d and K, and consequently

s - () o

i<n

Thus, for every r € R, there is an s < r that forces the above line. Since R C P is dense

below ¢, g also forces the above line. Since ¢ < d was chosen arbitrarily, we can conclude

that d IF “F, C 2% has the FIP.” O

The application of the claim described above then completes the argument.

18Where we take 1 to force 2N \ ; to be the intended intersection.
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Chapter 5

Elementary Embeddings Between

Generalized Cohen Models

In section 4.2, we cited several results from chapter 5 to justify various ways in which the
index set I in the model N(I,Q) can be assumed to be arbitrarily large, without loss of
generality.! This was of interest because I could then be taken to be large enough to apply
certain Ramsey-theoretic arguments to prove BPI in N(I,Q). We will now pay our debt
and prove the theorems that we cited in section 4.2. Some of the citations and motivating
comments below were already made in section 4.2, but we also include them here for the
reader’s convenience. The work in this chapter generalizes a theorem from [KS20], and

answers a question posed in that paper.

In the standard presentation of the Cohen model, one forces countably many mutually Cohen-
generic reals over a ground model of ZFC, then moves to an inner model of ZF in which the

standard set of Cohen reals (denoted A) is Dedekind-finite. We use the notation N(w,2<%)

1See section 2.5 for the definition of N(I,Q).
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for this construction. The main theorem of [KS20] is that one can think of the Cohen model
as being truly agnostic about the size of A: one can force A to have an arbitrarily large
cardinality in an extension of N(w,2<“). In a sense, this is the opposite process of forcing to
collapse a cardinal. Another way to express their result is that, for any infinite index sets [
and J, the models N(I,2<¥) and N(J,2<%) — versions of the Cohen model that respectively
add I and J many Cohen reals, before taking the relevant inner model — are the same, up
to the right choice of generic filters. We state this work from [KS20] below.

Definition 5.0.1 (Karagila, Schlicht, [KS20]). For sets X and Y, let Coly,;(X,Y") be the
poset of well-orderable partial injections from X into Y, ordered by reverse-inclusion.
Theorem 5.0.2 (Karagila, Schlicht, [KS20]). Let M E ZFC, let I,J € M be infinite, let
G be P(1,2<%)-generic, and let A € N(I,2<%) be the standard Dedekind-finite set of Cohen
reals. If F is Colliy(J, A)-generic over N%(I,Q), then F is P(J,2<*)-generic over M.
Corollary 5.0.3 (Karagila, Schlicht, [KS20]). Let M F ZFC and let I,J € M be infinite.

For every P(1,2<%)-generic G, there is a P(J,2<%)-generic F' (as in theorem 5.0.2), so that

NC(I,2<%) = NF(J,2<%).

We can sketch a quick, informal account of theorem 5.0.2 and corollary 5.0.3. One can view
the generics F' and G from theorem 5.0.2 as essentially containing two pieces of information:
a new set A of mutually generic Cohen reals, and a bijection witnessing the cardinality
of A. In theorem 5.0.2, one takes the generic filters F' and G to have the same set A of
Cohen reals, but to disagree on the bijection from A to a cardinal. Because the inner models
NCE(I,Q) C M[G] and N¥(J,Q) C M[F] retain A but lose its bijection to any cardinal, we
arrive at the same model N¢(I,2<%) = N (J,2<%) by removing the point of disagreement

between M[G] and M[F].
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With this sketch in mind, one would expect that the proofs of theorem 5.0.2 and corollary
5.0.3 do not depend on the poset 2<“, and that the same results hold for N(I,Q) — the
result of forcing I-many mutually ()-generic filters over a model of ZFC, then moving to an
inner model in which the standard set of ()-generic filters is Dedekind-finite. Question 5.5
from [KS20] essentially asks whether this intuition holds. Here, the authors note that their
“proofs involved in a meaningful way the Cohen forcing [P(w,2<¢)] itself,” but that “on its
face it seems that the proof uses more of the fact that we take a finite-support product of
infinitely many copies of the same forcing, rather than the specific properties of the Cohen
forcing.” They then ask (up to a change in notation) whether the results in [KS20] hold for
N(I,Q). We will answer this question positively, in the case of corollary 5.0.3:

Theorem 5.0.4. Let M = ZFC, let I,J € M be infinite, and let ) € M be a poset. For

every P(I,Q)-generic G, there is a P(J, Q)-generic F so that

NY(1,Q) = N¥(J.Q).

This formalizes the notion that the index set I in N(I,Q) can be taken to be arbitrarily
large, without loss of generality. For the analysis given in section 4.2, we also used following
the stronger theorem. Note that 3 : HSz, — HSz, will be defined in section 5.1.2

Theorem 5.0.5. Let M F ZFC, let I,J € M be infinite, and let ) € M be a poset. For

every p € P(I,Q), every iy, ..., T, € HSx,, and every formula ¢,

p H_N(I,Q) qb([ij'g, ey l‘n) <~ p H_N(J7Q) ¢(E($Q), ceey E(l‘n))

While the approach from [KS20] can likely be generalized to prove these two theorems, we

2As noted in definition 2.5.5, we can include the subscripts (P(I,Q),Gr, F;) and (P(J,Q),Gs,Fs) to
emphasize the difference in index sets I and J.
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take a different approach that was inspired by a comment made in [KKS20], in the paragraph
immediately following their remark 4.4. There, the authors point out that their result does
not imply a bijection between w and « (or, in our case, I and J) in the ground model M,
only that x is countable in is some ambient outer model of M. This suggests that one
can study the results in [KS20] from the perspective of an outer model with a bijection
between I and J. We will use M to denote our intended ground model, and V' to denote
an outer model of M with a bijection b : I — J, and in which M is a class. In V', based
on the bijection b, there are natural notions of isomorphism between P(I, Q) and P(J,Q),
between VPU@) and VFUQ)  and thus between II-X,(LQ) and II-]Y](JQ). We prove that, in V,
the natural isomorphism between VFU@) and VF(@) restricts to an isomorphism between
the relativized classes (HSz, )™ and (HSz,)™. From this, we show that the isomorphism in
V between Il—x( 1) and II—%( 7.0) Testricts to an isomorphism between the relativized forcing
relations II—%(LQ) and II—%( 1.Q)- Even though this isomorphism is not in M itself, the fact
that the relations II-%I(LQ) and H-AN4( 7.qQ) are relativized to M allows us to draw conclusions

about the relationship between IFy(; ) and IFy(s0) in M. In particular, we can prove the

two intended theorems listed above.

To carry out this approach in the outer model V', it will be useful to have a thorough
understanding of the relationship between HSz, and HSx, that can be described in the

ground model M. In section 5.1, we introduce the maps in M
> HS]:I — HS]:J and I': HS]:J — HS]:I.

These maps capture the ability of M to compare the classes HSz, and HSx,, and hence to
compare the symmetric systems (P(1,Q), G, ;) and (P(J,Q), G, Fs). The main focus of

section 5.1 is developing the basic algebraic properties of these maps, for use in section 5.2.
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In section 5.2, we use the maps X and I' to analyze the isomorphisms that extend from a
bijection b : I — J in an outer model V of M, in which M is a class. We then carry out
the details of the approach sketched above. We examine the extent to which the ground
. . . M M .
model M can detect the existence of an isomorphism between IF N(LQ) and IF N n the
outer model V. We will show in theorem 5.2.11 that, in a sense, ¥ is the residue in M of

this isomorphism in V.

We note that, unavoidably, many of the details of the arguments in this chapter rely heavily
on computation. While we have provided the full details of each proof, we have also divided
the work in this chapter into definitions, lemmas, theorems, and corollaries that we hope are

believably true and naturally build upon one another.

5.1 Spreading and Gathering Maps in the Ground Model

In the ground model M F ZFC, we will introduce the maps
Y :HSy, — HSz, and I' : HSz, — HSg,

to capture the ability of M to compare HSr, with HS#,, and hence to compare (P(1,Q), Gr, Fr)
with (P(J,Q), G, Fs). We will assume without loss of generality that I C J and |I| < |J]

in M. Given this assumption, we have that P(I,Q) C P(J, Q). Our definition of the map %

aims to provide a canonical sense in which a name = € HSz, can be modified to produce a

corresponding name in HSx, with the same support.

Definition 5.1.1. Let I, J be infinite, with I C J and |I| < |J|. Define the “spreading”

function

DI HS]:I — HS]:J
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by recursively setting

S(@) = |J Orb((p.B(2)), fixg, (supp(i))-

(p,2)€x

We can think of ¥ as hereditarily “spreading” the name # € HSz, across the index set J,
while fixing the part of & above its support. Ultimately, in theorem 5.2.11, we will show that
Y} can be used to provide an elementary embedding in M between the relativized forcing
relations IFy(r,q) and IFy (7). Lemma 5.1.2 justifies that rng(3) € HSg,.

Lemma 5.1.2. If & € HS#,, then X(&) € HS£, and supp(X(¢)) C supp(#) C 1.3

Proof. Assume inductively that for every Z € rng(z), ¥(2) € HSx,. From the definition of
3, it is apparent that fixg, (supp(Z)) =< symg,(3(2)). Because I C J, note that supp(i) €
[I]<¥ C [J]=¥, and so fixg, (supp(&)) € F,;. Thus, ¥(&) is F -symmetric, and by the inductive
assumption, ¥(&) € HSz,. By lemma 2.5.9, supp(X(z)) is minimal, and so supp(3(%)) C

supp(¢) C I. O

An important ingredient in the proofs of our main theorems is that every name in HSz, can
be described, in M, in terms of HSx,, ¥, and G, (see corollary 5.1.8). To show this, it will
be helpful to define a “gathering” function I' : HSz, — HS£,, and prove that the restriction
of T to the class {w € HSx, | supp(w) C I} is the inverse of ¥ (see theorem 5.1.7).
Definition 5.1.3. Let I, J be infinite, with I C J and |I| < |J|. Recursively define the
“gathering” function

I': HS]:J — HS]:I

by setting

I(w) = {(p,T'(2)) | (p,2) € w Asupp(p),supp(%) € I}.
3In corollary 5.1.10, we strengthen this to show that supp(#) = supp(%()).
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We can think of I as hereditarily “gathering” the subset of w that can be stated with respect
to the index set I C J, and thus can be expressed as a P(/, ())-name.

Lemma 5.1.4. Forw € HSx, and m € Gy, nl'(w) = I'(mw).

Proof. Let w € HSz, and inductively assume that for every 2 € rng(w) and every 7 € Gy,
ml'(2) = I'(w2). We will first show that 7I'(w) C I'(mw). Suppose that (mp, 7['(2)) € nl'(w),
with (p,['(2)) € I'(w), and (p, 2) € w with supp(p),supp(w) C I. Then (mp, mw) € mw, and
because 7 € Gy, supp(mp),supp(mw) C I. From this, we see that (mp,I'(72)) € ['(rw), and

by the inductive hypothesis (mp, 7T'(2)) € T'(7w).

To prove the containment I'(mw) C 7wl'(w), let (mp,I'(72)) € I'(mw), with (7p, 7Z) € mw and
supp(mp),supp(wz) C I. Then (p,2) € w, and because 7,7~ € Gy, supp(p),supp(z) C I.
By the definition of I'(w), (p,I'(¢)) € I'(w), and so (wp,7I'(2)) € n['(w). By the inductive

hypothesis, (mp, ['(7£)) € n['(w), which completes the proof. ]

Lemma 5.1.5. If w € HSz, and supp(w) C I, then I'(w) € HSz, and supp(I'(w)) C

supp(ub).*

Proof. Suppose inductively that for every Z € rng(w) with supp(2) C I, I'(2) € HSg,.
From this, we can see that I'(w) € M*"?) and that I'(?) € HSz, if symg (D(w)) € F.
Let supp(w) = W € [I]<¥; we will show that fixg, (W) = symg (I'(w)), and thus that

symg, (I'(w)) € Fr.

We claim that for every Orb(({p, 2), fixg,(W)) C w, it is possible to assume without loss of

generality that supp(p),supp(2) C I. To see why, let supp(p) Usupp(Z) = S; since W C I,

4In corollary 5.1.10, we strengthen this to show that supp(w) = supp(I'(w)).
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there is a m € fixg, (W) so that 7S C I. Then supp(np), supp(7z) C I, and
OI‘b((p, Z>7 ﬁXgJ<W)) = Ol"b(<7'{'p, 7T'73>7 ﬁXgJ(W)).
As a result, we can write

W= U Orb({(g, 2), fixg, (W)). (5.1.0.1)

(p,2)€wAsupp(p),supp(2)CT

Given that supp(p), supp(2) C I, note that

{(g,9) € Orb((p, £), fixg,(W)) | supp(q),supp(y) < I} = Orb((p, 2), fixg, (W)).

By this, and from the definition of I', we have that
[(w) = U {{mp, (x2)) | 7 € fixg, (W)},
(p,2) €t Asupp(p),supp(2)C1
By lemma 5.1.4, since 7 € fixg, (W) =< G;, we have I'(r2) = 7['(£), so we rewrite this as
I'(w) = U Orb((p,T'(2)), fixg, (W)). (5.1.0.2)
(p,2) €dbAsupp(p),supp(2)C1
From this, it is clear that fixg, (W) = symg (I'(w)), which completes the proof. O

Remark 5.1.6. Generally, if w € HSx,, then we have I'(w) € HSz,, as the notation from
definition 5.1.3 suggests. We will not use this in any proof, we leave this detail to the reader.
Theorem 5.1.7. If & € HSg,, then I'(3(%)) = @; if w € HSx, and supp(w) C I, then
Y(T(w)) = w.

Proof. To prove the first part of the theorem, let & € HSx, with supp(#) = X, and suppose
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inductively that for every Z € rng(z), I'(X(2)) = 2. From the definition of ¥ and I', we can

write

= |J Orb((p, 2(2)), fixg, (X)),

(p,2)ex

and

P(E(#)) = {(mp, L(x%(2))) | (p, 2) € @ A € fixg, (X) Asupp(7p), supp(nXi(2)) € I}.

To break this expression down further, we claim, for (p,2) € & and for 7 € G;, that
supp(mp),supp(7X(2)) C I if and only if there is a 7 € fixg,(X) so that 7p = 7p and
m5(2) = 7X(2). To prove this, let (mp, 7¥(2)) € X(&), with (p,2) € ¢ and 7 € fixg,(X).
Then supp(p) C I, and by lemma 5.1.2, supp(X(2)) € I. The claim then holds by lemma

2.5.15. As a result, we can write

[(5(2) = {(rp, T(7E(2))) | {p,2) € & AT € fixg, (X)}.

By lemma 5.1.4, since 7 € Gy, we can replace this with

P(%(@)) = {{rp, T0(X(2))) | (p,2) € @ AT € fixg, (X)}.

By the inductive hypothesis, this can again be replaced with

D(S(#) = {(rp,72) | (p,2) € & AT € fixg,(X)} = ] Orb({p, 2),fixg, (X)) = 4,

(p,2)€d

which proves the first part of the theorem.

To prove the second part of the theorem, let supp(w) = W, and suppose inductively for every

Z € rng(w) with supp(2) C I, that 3(I'(2)) = 2. Because W C I, we meet the hypothesis of
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lemma 5.1.5; then, as in lines (5.1.0.1) and (5.1.0.2), we can express w and I'(w) as
W= U Ol"b(<q,Z>,ﬁXg,(W))
(p,2) € Asupp(p),supp(2)C1

and

[(w) = U Orb((p, I'(2)), fixg, (W)).

(p,2) €wAsupp(p),supp(2)CI

From this, and the definition of X, we can see that

N(C(w)) = U Orb((p, E(I'(2))), fixg, (W)).

(p,2)€wAsupp(p),supp(2)CT

To complete the proof, apply the inductive hypothesis to the names 2z in the subscript of the

union, for which supp(2) C I, to get

E<P(U}>> = U Orb((p, Z.>7ﬁXgJ (W)) = w.

(p,2)€wAsupp(p),supp(2)CT

Corollary 5.1.8. Ifw € HSx,, 7 € G;, and wsupp(w) C I, then 7 '3S(T(7w)) = w.
Proof. supp(mw) = wsupp(w) C I, so by theorem 5.1.7, 7= (Z(T(7w))) = 7~ (7w) = w. O

Corollary 5.1.8 proves our claim that M can describe the class HSx, in terms of HSx,, ¥,

and G;. The following corollary will also be useful in the section 5.2.

Corollary 5.1.9. If & € HSz, and 7 € G;, then ¥(ni) = n¥(x).

Proof. Let & € HSx,, and let (&) = w. To prove the corollary, we will justify the line



By theorem 5.1.7, I'(3(%)) = &, so & can be replaced with I'(w) to show the first equality.
Since we assume that I C J, we have that 7 € G; < G;; then, by lemma 5.1.4, we have
that I'(mw) = #['(w) to justify the second equality. We then claim that supp(mw) C 1.
We have that supp(mw) = supp(nX(#)) = msupp(X(z)); by lemma 5.1.2, we have that
msupp(X(#)) C wsupp(z); because m € Gy and supp(#) C I, wsupp(z) C I and the claim
holds. Thus, because supp(mw) C I and by theorem 5.1.7, we have that X(I'(rw)) = 7.

Lastly, we had set w = (&) by definition. O

Although our main theorems can be proven without using this next corollary, it is quick to
prove and helps to fill out a mental image of the maps > and T'.
Corollary 5.1.10. Ifi € HSz,, then supp(&) = supp(X(z)); if w € HSx, and supp(w) C I,

then supp(w) = supp(I'(w)).

Proof. Let @ € HSz,. By lemma 5.1.2, ¥(&) € HSr, and supp(X(%)) C supp(#). By lemma
5.1.5, supp(I'(X(z))) € supp(23()), and by theorem 5.1.7, supp(I'(X(%))) = supp(z). Thus

supp (&) C supp(X(#)), and so supp(d) = supp(%()).

Let w € HSx, with supp(w) C I. By lemma 5.1.5, I'(w) € HSz, and supp(I'(w)) C supp(w).
By lemma 5.1.2, supp(X(I'(w))) € supp(I'(w)), and by theorem 5.1.7, supp(X(I'(w))) =

supp(w). Thus supp(w) C supp(I'(w)), and so supp(w) = supp(I'(w)). O

5.2 An Isomorphism and an Elementary Embedding

We can now fix a bijection b : I — J in some outer model V' of M, in which M is a class, and
consider the natural isomorphisms in V between VFU:Q) and VP(@)  and between II—]‘Q(I Q)

and Il—x( 1.0Q)" We will show that, in V', these maps restrict to isomorphisms between the

120



relativizations (HSz, )™ and (HSz,)™, and between the relativizations ||-]\N4(I o) and H—AN4(JQ).
We can first formally state the natural isomorphisms that b extends to in V.
Definition 5.2.1. Suppose that b : I — J is a bijection in V £ ZFC. By a slight misuse of

notation, define the map

b:P(I,Q) — P(J,Q)

by sending supp(b(p)) = b(supp(p)) and for every i € supp(b(p)), setting

From this, recursively define the map ¢y, : VEIQ) — VP(JQ) by

o(®) = {(b(p), u(2)) | (p, 2) € &}

Observation 5.2.2. Notice that for p € P(I, @), the definition of b(p) can equivalently be

expressed by setting b(p) = mp, for any m € G, so that 7(i) = b(i) for every i € supp(p).

It will be convenient to state the following lemma, which follows from this observation (or
immediatly from definition 5.2.1).
Lemma 5.2.3. Suppose that b : I — J is a bijection in V E ZFC, and that m € G;. Then
b I — J, defined by

V(i) = wb(i),

15 a bijection, and the consequent maps

Vi P(1,Q) = B(L,Q), py: VIR - VU,
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from definition 5.2.1, are given by

The following lemma is also standard to verify.
Lemma 5.2.4. Given a bijection b : I — J, the map b : P(I,Q) — P(J,Q) in definition
5.2.1 is a <-preserving isomorphism, and the map @, : VIR - VPUR) 45 an isomorphism

in the sense that it is a bijection that preserves the relation

(p,2) €@ <= (b(p), wu(2)) € @p(2)-

Moreover, (b, gp) is an isomorphism between II—K(LQ) and ||—]‘\/,(J7Q) in the sense that for every

formula ¢, we have that for every i, ..., &, € (HSx,)V
D “_X/(I,Q) P(zo, ..., Tn) <= b(p) H_XZ(J,Q) d(0p(E0), -, Pu(dn)),
and for every 1y, ..., w, € (HSz,)V,

b= (p) IFNe@) @y (), -y 0y (1)) = P IFY (1) O(to, ooy tim).

We can now consider how the map ¢, behaves when restricted to (HSz,)™. Put informally,

if # € HSz,, with X = supp(z), then ¢, alters & in two ways:
(i) it takes the part of & defined outside of its support X and spreads it across J \ X;
(ii) it copies the resulting name from (i), which still has the support X, and redefines it

over the new support b(X) = {b(i) | i € X }.

122



Point (i) can be expressed as taking & to X(&); point (ii) can be expressed as taking ()
to (&), for some 7 so that w(i) = b(i) for every i € X. Theorem 5.2.5 verifies that this
intuition is correct, and establishes the central relationship between ¥ € M and ¢, € V.

Theorem 5.2.5. Let M FZFC, I C J and |I| < |J] in M; let V E ZFC be an outer model
of M, with M a class in V', and let b € V be a bijection from I to J. If © € HSx,, m € G,

and (i) = b(i) for every i € supp(z), then
pu (i) = TE(E).

Proof. Let & € HSx,, supp(2) = X, and m € G, for which 7(i) = b(i) for every i € X.
Suppose inductively that for every bijection b: I — J, every Z € rng(%), and every 7 € G,

that if 7(¢) = b(i) for every i € supp(Z), then ¢,(2) = 7X(2).

Let b = 7 'b, so that b/(i) = i for every : € X. We will show that ¢y (2) = X(&), in which

case pp(2) = 7X(&) by lemma 5.2.3. Recall that

o (@) = {(V'(p), ev(2)) | (p, %) € @}
and

= |J Orb({p, #).fixg, (X)).

(p,2)€x

To show that ¢y (&) C X(x), let (V'(p), g (2)) € @y (&) be arbitrary, with (p, 2) € &. By the

inductive hypothesis, note that

(b'(p), v (2)) = (V'(p), TE(2))

for some 7 € G, so that 0/(i) = 7(i) for every ¢ € supp(2). We can also assume that
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7(i) = b/'(i) for every i € supp(p), so that b'(p) = 7p by observation 5.2.2. Because b’ fixes
X pointwise, we can further assume that 7 € fixg,(X). In this case, because (p, 2) € & and

7 € fixg, (X), we have that

(t'(p), e (2)) = (Tp, 7E(2)) € Orb({p, £(2)), fixg, (X)) C (),

so ('(p), pw(2)) € X(&), and thus ¢y (7)) C 3(1).

To show that X(z) C ¢y(), let (rp,7(2)) € X(&), with (p,2) € & and 7 € fixg,(X).
We wish to express 7 = po for some o € fixg,(X), and some p € G; so that p(i) = V/(7)
for every i € supp(op) U supp(cz). Let S = supp(p) Usupp(Z) C I, and fix ¢ € G; so
that, for every i € S, (i) = V"!(7(i)). Because b’ fixes X pointwise and 7 € fixg,(X),
it is possible to define such a o in fixg,(X). Because S C I and rng(V'"!) = I, it is also
possible to take o € fixg,(X). Fix p € G; so that 7 = po, in which case for every i € §,

7(i) = p(o(i)) =V (o(i)). Thus, p(i) = (i) for every i € supp(op) Usupp(cz).

We can prove that (7p, 7X(2)) € vy (&), and thus prove X(z&) C ¢y (), by justifying the line

(Tp, TE(2)) = (pop, poXi(2)) = (pop, p¥(a2)) = (V' (op), o (02)) € gy (E).  (5.2.0.1)

By observation 5.2.2, and because p(i) = b/(i) for every i € supp(op), 7p = pop = b(op);
thus, equality holds on the first component across line (5.2.0.1). By corollary 5.1.9, because
o€ Gr, TS(2) = po¥(z) = pX(cz). By the inductive hypothesis, and because p(i) = V(i)
for every i € supp(o2), pX(cZ) = ¢y(0Z). Because o € fixg,(X), (op,02) € &, and so
(V'(op), o (02)) € pu (). 0

Remark 5.2.6. Although ¢, ¢ M, by theorem 5.2.5 it is still the case that ¢,(%) € M for
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every @ € (HSz, ). Theorem 5.2.5 does not imply that the entire function ¢, is in M, since
this would require that M has a function assigning a m € G; to every & € (HSz,)", so that
(1) = b(i) for every i € supp(&). It is straightforward to see that the existence of such a
function is equivalent to the existence of the bijection b.

Lemma 5.2.7. Let M EZFC, I C J and |I| < |J| in M; let V = ZFC be an outer model of
M, with M a class in'V, and let b € V' be a bijection from I to J. The map py restricts to

an isomorphism from (HSz, )™ to (HSx,)M.

Proof. We will prove that ¢, restricts to a bijection between (HSz, )™ and (HSz,)™. If this
can be done, then because the map ¢, : VEEQ) — VPUQ) ig an isomorphism, in the sense
of lemma 5.2.4, the fact that ¢,((HSz,)™) = (HSz,)™ shows that the restriction of ¢ to

(HSx,)™ will also be an isomorphism in the sense of lemma 5.2.4.

Theorem 5.2.5 shows, in particular, that ¢, ((HSz,)™) C (HSx,)™; for i € (HSz, )™, theorem

5.2.5 gives us that ¢,(2) = 73(), with 7 € G; € M and %(#) € (HSg,)™ by lemma 5.1.2.

To prove (HSz,)™ C ¢, ((HSx,)M), we will apply corollary 5.1.8. Let w € (HSz,)™ and take
7 € G so that for every i € supp(w), m(i¢) = b~1(7). In this case, supp(7w) C I, and by
corollary 5.1.8,

w =7 ST (7).

Let & = I'(mw). Because supp(mw) C I, by lemma 5.1.5, & € HSx,. We can then calculate

that, by corollary 5.1.10

supp(#) = supp(I'(7)) = supp(mw) = mwsupp(w).
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Because we took 7 so that for every i € supp(mw) = supp(z), 7 (i) = b(i), we can apply

theorem 5.2.5 to conclude that
w=n1"N(0 (1)) = 7 '8(3) = ().

Since w € HSx, was arbitrary, (HSz,)” C ¢,((HSz,)"), which completes the proof. O

Remark 5.2.8. Note the important distinction that ¢, does not restrict to an €-preserving
isomorphism between the relativized classes MF@ and MPUQ) . If A; and A, are the
respective names for the sets of mutually @Q-generic filters added by P(7, Q) and P(J,Q), as
in definition 2.5.6, then ,(A;) = A;. However, there is a P(I,Q)-name ¢ for a bijection
between A; and |I|; ¢,(g) would also be a name for a bijection between A, and |I|. Since
1] < |J] in M, gy(g) € VFVD\ MU,

Theorem 5.2.9. Let M FZFC, I C J and |I| < |J] in M; let V E ZFC be an outer model
of M, with M a class in' V', and let b € V be a bijection from I to J. Then the map (b, pyp)
from lemma 5.2.4 restricts to an isomorphism in V' between the relativized forcing relations

M

N(1,Q) and IFM

N(J,Q)

Proof. We have that (b, ¢p) is an isomorphism in V' between II—]‘\/,(LQ) and H—X(J’Q), in the sense
of lemma 5.2.4. Because ¢, restricts to an isomorphism between (HSz, )" and (HSz,)M it
is straightforward to check that (b, vy [(HS]_.I)M> is an isomorphism between the relativized

forcing relations ||-AN4(I’Q) and ||-]\]\,4(J,Q)7 in that for every p € P(I, Q) and iy, ..., 2, € (HSx, )M,

p “_J]‘V/[(I,Q) gb(:t()? ) 1tU) — b(p) H_J]‘V/[(J,Q) ¢(§0b($0), i) Qpb(j:n)v

and that for every p € P(J, Q) and 1y, ..., w, € (HSx,)",

P |HAVJ(J,Q) (i, ..., 1) < b~ '(p) “‘JAVJ(LQ) oy (1), ..., gy ()
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]

Corollary 5.2.10. Let M E ZFC and let I,J € M be infinite. For every P(I,Q)-generic
G, there is a P(J,Q)-generic F so that N9(I,Q) = N¥(J,Q).

Proof. Let G be an arbitrary P(1, Q)-generic filter over M. Let H be Coll({, J)-generic over
M, and let V be any outer model for which both G, H € V, and in which M is a class.
Let b € V' be an bijection from I to J. Extend b to the isomorphism between P(7, Q) and
P(J, Q) from definition 5.2.1. From this isomorphism, it is straightforward to show that b(G)

is P(J, Q)-generic over M.

We then claim that for every @ € HSz,, ©% = ¢, ()¥. If this can be shown, the fact that

@b sz, )M surjects onto (HSx,)M shows the desired result that

NY(1,Q) = N"(J.Q).

Assume inductively that for every 2 € mg(i), 2% = ,(2)F. Using theorem 5.2.9, we have

the following sequence of equivalences in V:

;G

3¢ e i@

— (e@plyyg i€

<= (3b(p) € b(G) = F)b(p) IF%(J’Q) op(2) € pp(2)
= (2" € pp(@)F.

By the inductive hypothesis, ¢ = ¢,(3)F. By the definition of (i), every element of
op ()" is of the form ¢y (2)F, for some 2 € rng(i). We have thus shown that #¢ and oy (1)F

have the same elements, and so they are equal. O]
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Theorem 5.2.11. For every p € P(I,Q), every iy, ..., &, € HSx,, and every formula ¢,

p H_N(I,Q) gb(i‘g, ceny I’n) <~ p H_N(LLQ) gb(E(mO), ey E((L’n))

Proof. Let G be Coll(1, J)-generic, and let V = M[G]. Fix a p € P(I,Q), o, ..., &, € HSx,,
and a formula ¢. Let X = supp(p) U, supp(#). There is a bijection bx € V' that fixes X
pointwise, in which case bx(p) = p and by theorem 5.2.5, for every i < n, ¢y, (&;) = X().
Applying theorem 5.2.9 results in the conclusion of the theorem for p, zy, ..., Z,, and ¢, which

were arbitrary. O

Corollary 5.2.12. Let M E ZFC, let I C J be infinite sets in M, and let F' be P(J,Q)-
generic over M. Then G = {p € F | supp(p) C I} isP(I,Q)-generic over M, N¢(I,Q), N*(J, Q) C
MIF], and the map

¥ NC(1,Q) — N'(J,Q)

in M[F)|, defined by

1s well-defined and an elementary embedding.

Proof. The claim that G is P(I, Q)-generic over M is straightforward to verify. To prove that
¥* is well-defined, let @, 4, € (HSz, )™ so that 2§ = ©§. Then there is a p € G C P(I,Q)
so that

pIFN (o) Fo = 1.

By theorem 5.2.11, we get that

P FN ) B(io) = B(i1).
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Since G C F, p € F, so in M[F], ©*(i§) = S(ig)f = 2(#1)F = ¥*(f), making ¥
well-defined.

Nearly the same argument works to show that ¥* is an elementary embedding. Let &§, ..., 2% €

NY(I,Q), and let ¢ be an arbitrary formula. The corollary then follows by justifying that

NI Q) E ¢(if,...,in) <= (p e G)p N o(Eo, ..., &n)
— (Jg € FgI-¥ 0 ¢(5(E0), ..., B(dn))

— NT(J,Q)E &(Z* (o), ..., 2% (&n) ).

The second equivalence is the only one that needs further justification. To prove the direction
(=), note that p € G C F, so by theorem 5.2.11 we can take p = ¢ € F' so that the latter
statement holds. To prove the direction (<), note that for every i < n, supp(X(z;)) C I by

lemma 5.1.2. By lemma 2.5.13, taking p = ¢ [;€ F', we have that

p “‘%(J,Q) P(X(20), -y B(Tn)),

and that p € G. By theorem 5.2.11, we then have that

P “_%[(I,Q) (o, ..., n).
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Appendix A

A Proof of Lemma 4.2.5

The poset Cy and the Cyp-name 7, defined in [TF95], can be compared to P(#,2<¥), as in
definition 2.5.2, and the o' Cohen real added by P(6,2<%), which we denoted d,, in definition
2.5.6.

Definition A.0.1 (Todorcevié, Farah, [TF95]). Let Cp denote the poset of finite partial

functions p : € — 2, ordered by reverse-inclusion. For o < 6, define the Cy-name 7, so that

(plF7a(m) =n) <= (wa+m € dom(p) A p(wa+m) =n).

In [TF95], the term “isomorphism type” or just “type” is used. We replace this with “TF-
type” and so as not to conflict with our use of “type” in definition 4.5.

Definition A.0.2 (Todorcevié¢, Farah, [TF95]). Two conditions p,q € Cy are said to be of
the same TF-type if there is an order-preserving map 7 from dom(p) to dom(q), so that
p(&) = q(e(€)). We use the term TF-type to refer to an equivalence class in Cp under this

relation.

133



Note that the notion of TF-type is distinct from the notion of type in definition 4.5, given
the difference in the underlying posets Cy and P(0, Q)), but that these capture the same idea.
Lemma A.0.3 (Lemma 6.8, [TF95]). For every TF-type t of a condition in Cy and integers
m and d, there is an integer M = M(t,m,d) such that for every set {ps | @ € M} of
elements of Cy of TF-type t, there exist H; C M (for i < d) of size m, so that the conditions
in {pa | @ € [[,.4Hi} are pairwise compatible.

Corollary A.0.4. Lemma 4.6 holds.

Proof. Let t be a type in P(6, Q) and notice that for every p,r € t (which is well-defined,
since t C P(0, Q) is an equivalence class), rng(p) = rng(r) C Q. Let rng(t) C @ be the finite

range of any condition in ¢t. For every ¢ € rng(t) C @, fix some ¢, € 2¥, so that for every

q,q" € rng(t),

ty |ty = qll d

Define the map
f it —Cy

by setting f(p) to be the finite partial function

o U wawa+1) =2,

a€supp(p)

so that when p(a) = ¢, f(P) [wawa+ht(t,) 1S isomorphic to ¢, € 2<¢. This ensures that

conditions p,r € t are compatible iff and only if f(p), f(r) € 2<% are compatible in 2<%,

The map f allows us to translate between lemma A.0.3 for FT-types in Cy and lemma 4.2.5

for types in P(0, @), which concludes the proof. O]
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Appendix B

The Filter Extension Property and

the Compactness Theorem

Let (P, G, F) be a symmetric system, let p € P, and let D C P (which is dense below p) and,
for d € D, By (which is a base for F) witness the filter extension property below p. Suppose
that F, i € HSz, with

1l “F C 2% has the FIP.”

In the proof of theorem 4.1.5, it was shown that for d € D and K € By, if K = symg(F) N

symg (), then there is a U O F, with K < symg(U) and U € HS, so that
dIF “U D F is an ultrafilter on i.”

The aim of this section is to prove the corresponding fact for applications of the first-order
compactness theorem.

Lemma B.0.1. Suppose that d € D C P and K € By witness the filter extension property
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below p. Let £,0 € HSx be name that 1 forces respectively to be a first-order language, and
an associated finitely satisfiable first-order L-theory, and let K < symg(ﬁ) N symg(é). Then

there is a name A € HSx, with K < symg(A), so that
dI- “A is a model of §.”

Proof sketch. Recall that the ultrafilter lemma is the ability to extend every filter on every
set to an ultrafilter. The standard proof that the ultrafilter lemma implies the first-order
compactness theorem can be found in chapter 2 of [Jec08|. For the reader’s convenience, we
provide a sketch of this proof here. Let 6 in a first-order language £. There is a standard
process, referenced in [Jec08|, to extend £ and 6 so that for every single-variable formula

¢(z), there is a Skolem constant e4; € L, and the following Skolem sentence is in 6:

(Fv)o(v) = dley)-

From this, one can consider the Lindenbaum (Boolean) algebra of L-sentences (see [Gol22]),

in which 6 generates a filter.

The problem of extending names for Boolean filters to names Boolean ultrafilters can be
addressed in the same manner as in our proof of theorem 4.1.5. In other words, suppose

that 1 forces that § € HS F is a name for the above filter and that B € HS F is the name for

the above Lindenbaum (Boolean) algebra, with K =< symg(F) Nsymg(B). Then essentially

the same proof as in theorem 4.1.5 can be used to produce the desired name A € HSx, with

K =< symg(A), that satisfies the lemma.

The only remaining detail is to observe that the names for the language £ and theory 0,

with K =< symz(L) Nsymg(f), can be extended to contain the relevant Skolem constants

and sentences, while retaining the fact that K < symz(£) Nsymg(6). ]
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