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FOREWORD TO THE TRANSLATION

The usage of Lie methods in classical mechanics is widespread. The reasons for this are
fundamental: they arise naturally in the study of differential equations today just as they
did in Sophus Lie’s time. Indeed, it is the natural (and historical) place to introduce Lie
brackets. '

In beam dynamics, which is my field of study, Lie methods show their usefulness in at
least two different ways. -

First of all, in rings, where questions of stability are important, there are absolutely
fundamental to an efficient theoretical framework. In fact, they are important for the
hamiltonian problem of a hadron ring as well as in the case of an electron ring. In electron
rings they enter in the study of the “radiative” non-hamiltonian map of the ring as well
as in the stochastic map used to compute the equilibrium beam sizes. In all these cases,
Lie transforms appear in some sort of normalized version of the one-turn map.

In addition, Lie methods often help in the design of certain systems by easing the
exploitation of certain symmetries. This is true in electron microscopes, and in the final
focusing part of linacs. Recently, John Irwin of the Stanford Linear Accelerator has used
Lie methods extensively to design the interaction regions of linacs and colliders. This work
relies on formal manipulations of Lie algebras which is the topic of this thesis. In fact,
most analytical calculations in rings use a combination of techniques based on automatic
differentiation and formal Lie algebra manipulations.

There is little literature on formal Lie algebras which connects with concepts such
as the Deprit method, the Dragt-Finn factorization, explicit symplectic integrators and
normalization methods. The thesis of Pierre-Vincent Koseleff covers all these concepts.
Of course, it was not written for accelerator physicists. Indeed, while the thesis goes
into the “rarefied atmosphere” of mathematics, its discussions of practical applications
often deal with simple Hamiltonians by the standard of ring physicists. Nevertheless this
thesis fills a gap in the formal Lie methods literature. For this reason, the Center for Beam
Physics at the Lawrence Berkeley Laboratory, lead by Dr. Swapan Chattopadhyay, and the
Accelerator Theory and Special Projects Group of the Stanford Linear Accelerator, lead
by Dr. Ronald Ruth, sponsored its translation. In addition Profs. Alex Dragt of Maryland
and John Cary of Colorado contributed financially to this endeavor. Dr. Leo Michelotti
of the Fermi National Laboratory initially suggested this insane enterprise. And, finally,
Dr. David Sutter of the United States Department of Energy gave me the encouragement

‘to go ahead with the project.

The person most responsible for the bulk of the translation is Mrs. Danitle Boucher, a
lecturer of French at the University of California at Berkeley. I would like to thank Mrs. Joy
Kono for working out the financial and bureaucratic details which are always present in
such an enterprise. And, finally, I would like to thank Dr. Pierre-Vincent Koseleff for
permitting this translation to proceed and for proof-reading the entire document.

Etienne Forest
Berkeley, California, May 1994.
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INTRODUCTION

- Among the perturbation methods used in mechanics, Lie Methods play a major role
in such diverse fields as celestial mechanics, geometrical optics, plasma physics, particle
accelerator theory, neutron transport or electricity. Their development took off rapidly
after the publication of two articles, one by celestial mechanicist Andre Deprit [11] in 1969
and another by two physicists, Alex Dragt and John Finn [14] in 1976.

Whenever possible, Lie Methods provide explicit change of variables (contrary to the
von-Zeipel method, for example) in which the system’s equations are “simpler”. These
methods provide formal invariants in the form of Lie series. Series do not generally con-
verge, but computation of their first terms may provide information about the system’s
stability in the vicinity of points of equilibrium.

Lie methods are primarily based on the use of Lie transformations in order to achieve
symplectic change of variables which preserve the system’s integrity. When I first became
interested in Lie methods in hamiltonian mechanics, and more specifically in celestial
mechanics, there turned out to be two schools which used a priori distinct transformations.
Celestial mechanics usually consider canonical transformations as Lie transformations,
that is, as a mapping produced by a non-autonomous Hamiltonian for one unit of time. For
others, canonical transformations are represented as compositions of maps which represent
the flow of autonomous Hamiltonians for one unit of time. The use of one transformation
or another induces perturbation methods that are very close in their formalism. Therefore,
I was interested in comparing them.

Their comparison consisted, on the one hand, of showing that these two transforma-
tions where two ways of representing the same object, and on the other hand, studying
the application costs of these two methods. Finally, since these methods produce series
whose qualitative study can provide information about the systern’s stability, I deemed in-
dispensable to propose convergence estimations for the Dragt-Finn method, in accordance
with what had been done for the Deprit transformation.

That the two transformations be equivalent is a known fact, but I sought to express
how they interrelate with each other, and to give some schemes to compute them effec-
tively. These schemes rest essentially on the possibility of expressing identities between
exponentials, in a free Lie algebra. -

Several articles also proposed to compare both methods, either experimentally, based
on examples, or by counting the number of terms in the expansion series. Here, algorithms
are supplied for the computation of transformations, and the number of evaluations nec-
essary for every order is compared.

Estimations for the Deprit transformation where offered, and yielded stability results.
Following the same model, I propose some estimations for the Dragt-Finn method. These
results are no better than for the Deprit transformation, but roughly of the same order.
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Considering a hamiltonian system in appropriate form, here I will primarily focus on
two kinds of problems. The first one, quantitative in nature, is to be able to provide, when-
ever possible, rough estimates of the trajectories for a given category of initial conditions.
The second one, more qualitative (although effective bonds are nevertheless searched for),
is to be able to estimate the system’s stability in the vicinity of points of equilibrium.

In both problems, Lie methods are effective: for both problems, Lie methods yield
results, because the obtained forms provide either approximate solutions, or approximate
invariants, which gives us information about the system’s stability.

The formal manipulation of Lie transformations is the first step. This will be achieved
through a free Lie algebra in which methods for the computation of relationships between
~ transformations will be given, allowing us to identify both perturbation methods. The
methods to compute these relations are made possible by using the Lyndon basis rather
than the Hall basis. This will give us the opportunity to discuss the specific properties
of the Lyndon basis that allow the computation of such identities, particularly the Baker-
Campbell-Hausdorff formula.

The algorithms developed in the first part will also enable us to effectively compute
formal Lie transformations. The search of certain algebraic properties of Lie transforma-
tions’ coefficients will provide symplectic integrators. Symplectic integrators are numerical
schemes to compute, over very extensive periods, the approximate solutions for hamilt-
onian systems. hamiltonian systems characteristically maintain energy surfaces that are
- similar to the energy of the system to be studied.

£

The present thesis is divided into five distinct major sections.

The first section deals with free Lie algebras. Here, methods to.compute exponential
type relationships will be presented. I will also show how one can go from the exponential
to the Lie transformation, and from the Lie transformation to.the Dragt-Finn transforma-
tion. These relations will be expressed in one of the bases made available to us. The Hall
basis, as well as the Lyndon basis will be considered, and I will show that polynomials can
be manipulated in either. I originally focused on the Hall basis, in which decomposition al-
gorithms are introduced. The Hall basis fortunately enabled the computation of relations
between the generators of the Dragt-Finn transformation, and the Deprit transformation.
I only just recently learned of a possible generalization for the Lyndon basis. The Lyndon
basis made the computation of exponential type relations possible within the associative
algebra. ' '

However we shall discuss another alternative, which consists of using a factorization
property of the Lyndon basis. This will in turn allow us to generalize the computation of
relationships between transformations generators of the group of automorphisms of formal
series of free Lie algebra, while remaining in free Lie algebra. This property essentially
states that adjoint operator [a,] defines a module isomorphism which can be represented
by the identity in the Lyndon basis.

The second section deals with hamiltonian systems. After succinctly presenting the
basic concepts of hamiltonian formalism, I will then focus on the utilization of the Dragt-
Finn and Deprit -transformations. The.various perturbation methods induced by these
transformations will be discussed. I will demonstrate the formal equivalence of the Deprit
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and Dragt-Finn transformations, and compare their respective costs. I shall also present
various randomly compiled methods to solve the well known perturbation equation, key-
stone of the normal form construction.

In the third section, I will give estimations on the convergence radius of the series
which come up in perturbation methods. In particular, and in the fashion of previous
works published on the Deprit transformation, I shall also give the solution estimates
related to the use of the Dragt-Finn transformation. However, since these estimates are
unfortunately not better than those obtained for the Deprit transformation, we shall simply
recall the deductions that can be drawn from them in the calculation of the diffusion or
stability of hamiltonian systems in the vicinity of an elliptical point. It is worth mentioning
that these deductions do not, in effect, depend on the transformation used, but simply on
properties related to the existence of formal invariants.

In the fourth section, we shall discuss how one gets symplectic integrators, numerical
integration schemes for hamiltonian systems, as an application of the results obtained in
the first part. These integrators have recently appeared, and I will show how they can be
constructed by using results from the first part. An exhaustive list of previously known
results will be compiled for low orders. I will show that the various methods used for
computing them are algebraically equivalent. I will propose some improvement in the case
where kinetic energy is a second degree polynomial, and I will give a few integrators for
the problem of perturbed Kepler motion. One of these integrators will soon be tested by
the Bureau des Longitudes.

Finally, in the last, but not least copious section, I shall describe the various imple-
mentations achieved in AXIOM or in SCRATCHPAD II from algorithms of the preceding
parts. After a brief overview of the basic concepts of the Formal Computation AXIOM
system, I shall thoroughly describe the implementation of free Lie algebras. Specifically, I
shall compare a Lie monomials representation by way of lists or trees (which seems more
natural), and it will become patent that in the first representation, an algorithms dere-
cursification is possible, and in particular, that the Hall order, that is to say a total order
on the magma, is a lexicographical order.

I shall explain how the packages enabling the computation of relations between gener-
ators of Lie transformations were written, which will allow us to generate the equations
to be solved for the search of symplectic integrators. These packages are achieved by find-
ing the actual solutions to a system of polynomial equations. For this purpose, existing
routines in AxioM and in MACAULAY will be used, that is to say, the computation of the
Grobner basis. :

I shall also describe various implementations of perturbation methods mentioned in pre-
vious sections. Various domains will have been created for the purpose of this discussion,
including that of the Poisson series, which are convenient for working with action-angle
variables, and for some non-autonomous cases.

In the appendix, I shall give a few examples implemented on an IBM-RS/6000-550
computer, using the obtained implementations. I shall also indicate the computation
times, as well as the number of terms in the relations between the generators of the
various transformations.



Chapter 1

Free Lie Algebras

In this chapter, our goal is to provide schemes for the explicit computation of identities
between exponentials such as, for example, the Baker-Campbell-Hausdorff formula.

' These identities will first be proved within Lie series algebra on a well-balanced al-

phabet. In particular, we study the subgroup within the group of Lie automorphisms

approximating the identity generated by exponentials.

We describe the tools and results necessary for the implementation of a manipulator
of polynomials and formal Lie series in a free Lie algebra.

We use, in particular, two of the free Lie algebra bases: the Hall’ ba51s and the Lyndon
basis. For both, we will give a construction algorithm, and we will recall a method of
decomposition of Lie polynomials onto these bases.

A classic method (cf. [42, 57]) to compute the Campbell Hausdorff and other expo-
nentjal identities consists of using the bijection between the Lyndon basis and the Lyndon
words. This bijection extends itself into an isomorphism of modules in which the triangu-
lar matrix is easily reversible. This technique requires the introduction of the associative
algebra.

Here, we propose to use a property of the Lyndon basis (cf. lemma 18, page 23) which
will enable us to factorize a Lie polynomial by an inner derivative of a monomial of the
basis.

Hence we shall deduce general methods in order to express the Baker-Campbell-
Hausdorft formula, as well as the exponential of a Lie series in the form of an increas-
ing infinite product of homogeneous Lie polynomials, or as a Lie transformation, while
remaining in the free Lie algebra.

These general methods will later be used to represent the canonical transformations in
hamlltoman mechanics.

1. DEFINITIONS

In all that follows, R will denote a commutative ring, and X, an alphabet, that is, a
totally ordered set whose elements will be called letters.
1.1. Free Monoid, Free Magma

We denote by X* the free monoid over X, the free structure generated by X, relative
to concatenation, which is an associative composition law, and which possesses a neutral
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element. The elements of X* will be called the words. The composition law onto X*

admits a neutral element, which is the empty word. Given w = uv a word of X*. We will

say that u and v are factors of w, and proper factors, if they are distinct from w. We w111

say that u is the left factor, and v, the right factor of w. '
X* is a set ordered by lexicographical order. One definition is:

— if u is a proper left factor of v € X*, thﬁs u < v,
= for any u,v in X*, u < v if there is r,a,b,t,s € X* with u = ras,v = rbt and a < b.
This total order also satisfies:

— for any w,u,v € X*, we have u < v if and only if wu < wv,

— if v is not a left factor of u, thus for any w, 2 e X*, we héve ww < vz ifu <.

For any u,v of X*, we shall say that the words w; = uv and we = vu are conjugates,
and proper conjugates if u and v are not the empty word. The conjugation is an equivalence
relation. We denote by |u| the length u, that is to say the number of letters formmg the
word, and by X,, the set of words of X* of length n.

M(X) is the free magma generated by X. It is the set of parenthesized words provided

~with the composition law:
MxM —- M
(w,v) — (u,v).

We inducti\zely define the magma M (X) by considering the family:
— My(X)=X ‘ |

— M,(X) - Lptg=n Mp(X) x My(X) for n > 2 where | | denotes the set union or
fusion, .

and by defining M(X) = [ |,>; Mn(X). Likewise, we define the length over M(X), as the
only n > 0, such that u € Mp(X). ‘

We denote by 6 the canonical mapping of M(X) over X* given by unparenthesizing.
For example, if z,y € X

§(z, ((z,9), (z, (z,9))) ,¥)) = zzyzTyy = Yy’

1.2. Associative Algebra, Free Lie Algebra

A(X, R) denotes the free associative algebra, on ring R, generated by X. It is the
algebra of non commutative polynomials in variables X. It is obviously a free R-module
with basis X*, totally graded in length. Barring exceptions, we use A(X) for A(X, R).

The free algebra A(X,R) is an R-algebra of the free magma M(X). Multiplication
over A(X, R) is an extension of the composition law of M(X).

A £ Lie algebra is an algebra in which the multiplication law —or Lie bracket- is
bilinear, antisymmetric, and satisfies the Jacobi identity. For any a,b,c € £, we have

- [_a'aa’] =

= '[a‘.a [b’ C]] + [b7 [C) a’” + [C, [a'a b]] =0
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The algebra on R with Lie bracket [u,v] = uv — uv, where u,v,uv € A(X, R), is a Lie
algebra.

L(X, R) will denote the free Lie algebra on R, generated by X. It will be defined
as the quotient of A(X,R) by the ideal generated by the elements of form (u,u) and
(u, (v,w)) + (v, (w,u)) + (w, (u,v)). Given the canonical map of M(X) — L(X,R), a
magma morphism for the Lie bracket, the image of an element of M(X) will be called a
Lie alternate or monomial. Lie monomials of length n generate a free submodule L,(X, R)
of L(X, R) of elements of length n. We use, barring exceptions, L(X) and L,(X) instead
of L(X, R) and Ln(X, R). Thus L(X, R) appears, graded by degree, but it is not the only
possible gradation. .

If X is finite of cardinality ¢, we have (cf. [6, 43, 44]) the Witt formula:

> ddim(Ly(X)) = g™ 1.1)

d|n

Elements of L(X) will be called Lie polynomials.
We define a canonical injection of R-module ¢ : L(X, R) — A(X, R), by extension of
the inclusion of X C A(X, R):

— if u € X thus ¢(u) =u
— if u = [v,w] thus ¢(u) = ¢(v)d(w) — p(w)e(v).

2. BASIC FAMILIES OF FREE LIE ALGEBRA
Let us consider the bases of L(X), made-up by a set of Lie monomials.
2.1. Hall Basis '
A Hall set is a family H of M(X) with a total order < safisfying:
— if u,v € H and |u| < |v] then u < v,
— X CHand HN Mz(X) = {(z,y);z <y € X},

— h = (u,v) € H and |h| > 3 if and only if u,v € H, u < v and v = (v1,v2) with
m <u. »

By abuse of notation, let us also denote by H, the range of H in L(X). Let us pose,
for any n, H, = HN M,(X).

THEOREM 1 ([6]). — H, is a basis of La(X).

We shall prove that H, is a generative family, by giving a multiplication algorithm of
two Lie polynomials. With respect to linear independence, see [6], where a direct proof .
will be given.

2.2. Lyndon Basis

‘Let us consider, in the monoid X*, conjugation classes, and let us take, to represent
each class, the smallest element according to its lexicographical order. We have thus
defined the set L of the Lyndon words. We have the following properties:
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— any word of X* is uniquely decomposed into a descending product of Lyndon words
- (lemma of SirSov, [57]).

— w € L if there exists | < m € L such that w = Im.

However, a Lyndon word may be decomposed into Lyndon words in several ways. For
example, we have aabb = a(abb) = (aab)b. The (I, m) pair, where m is of maximum length,
is the standard factorization of /m which we will denote o(Im). Therefore, for the previous
example, we have o(aabb) = (a,abd).

We can thus define a mapping A reciprocal of § : L = M(X) as follows : A(a) = a if
a € X, else A(n) = (A(l),A(m)) if o(n) = (I, m).

We denote £ = A(L). In addition, we denote the Lyndon basis by £, as well as its -
range in L(X). We also express £, = £ N Mp(X).

THEOREM 2 ([44]). — Ln(X) is a basis of L,(X).

‘Remark. — It appears that Sirsov might be the source of this family, usually called
the Lyndon basis.

Because of another property, the Lyndon basis may be defined similarly to the Hall
basis: it is a set £ of M(X), with a total order (the lexicographical order on the corre-
sponding Lyndon words) satisfying:

— X c Land LN M(X) = {(z,9);z <y},

— h=(u,v) € £ and |h| > 3 if and only if u,v € £, v < v and |u| = 1 or u = (u1, u2)
with v < us. ' .

2.3. Construction of the Hall Basis

The recursive construction of the Hall basis is not as hard as one might have thought,
since if u € Hp(X) and v € Hy(X), thus [u,v] € Hpy4(X) provided that u < v and that,
if v = [v1,v2] we have v; < u. Conversely, if w € Hn(X), thus there exists p,q with -
p+q=mn,ucHp(X) and v € Hy(X) such that w = [u,].

We shall consider the following construction:

Hi(X) = X,
Hao(X) = {lz,y)iz <y e Hi(X)},
‘n—1
Ho(X) = |J{lz 92 € Hp(X),y = 1, 92] € Hap(X), 11 < = < [11, %]}
p=1
= U {lzvhzerX),y= [yl € H(X), 1 < z}.
p+q=n,p<q

We notice that the above are disjoint reunions, which makes the construction easier,
since we do not have to eliminate doubles. The underlying algorithm thus returns the
sorted list of the elements of the Hall basis. :
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2.4. Construction of the Lyndon Basis

The construction of the Lyndon basis is similar to that of the Hall basis, with only a
minor difficulty, since if u,v € L and u < v for the lexicographical order, thus uv € L,
but [A(u),A(v)] does not necessarily belong to £, if (u,v) is not the standard factor-
ization of uv. This inconvenience is definitely related to the fact that the lexicograph-
ical order is not a total order over M(X). Nevertheless, by constructing successively
- Uzec,(x) {Uyel;q(x);Ky{[x,y]}} for increasing 2 and y, we shall directly construct the
Lyndon bracket which corresponds to the standard factorization. Thus the following al-
gorithm is applied:

Li(X) = X
LX) = {leahe<ye LX)
LX) = | A=yl € Lna(X),z <y}
z2€L1(X)
n—1
LI { L] =9y € Lop(X),[21,22) =2 <y < xz}}
p=2 | z€L,(X)

where A[ | B denotes the fusion of both sorted lists A and B for the lexicographical order
over the unparenthesized words.

2.5. Examples

For X = {z,y} we have, as the elements of the basis to the sixth order:
Hall Basis:
{z,y, =9 = [2,9]], [y, [z, 9)], [z, [, [2,9]]), [y, [, o, ), (s [ [, ), [ [, [, e, M

W, [z, [z, [z, y1I]}, (v, [y, [, [z, Y11, (9, s [, [z, 1), ([, ), (oo [ 90, (L2, 9, [, (2, 900D,
[z, [z, |z, [z, [, ¥ll}l}, [y, [, [z, [z, (=, y}}]]); [, [, [z, [z [, 000, s s [, [om, (2, 9000
v, [y, (v, [y, [z, ¥1], ([, 9, [, [, [, w000, (e, 9, (s [, B, 90000, (2, 9, [, (s [, 001D
[z, [z, 1], [y, [z, ]I}

Lyndon Basis:
{z, 9, (2,9 [z, [z, 9], [z, 4], 9], [z, [z, lx: ylll, [, ([, y), 9}l iz, 9), 9, 9, [, [, (o, [, 000D,

[z, [z, [z, 9], ¥l]}, llz, [z, 1], [z, ], [, Uz, ), 1, 9], (2, 9, (o, 91, 90, [l 9, 90, 9, 91,
[z, [z, [z, [z, [z, y]]]I}, (=, [z, [z, [f, v, ¥]]1); [, ([, [, 9], [z, ), (2, (s ({2, 910, ), 9000
[z, ([, 9}, [l=, 9], Y11}, ([, {[=, 9], ], [, 9], Lo, ({{{, 9], 90, ), ), [l ), (s 9, 90, 91,
[{llz, 9], v], 9], 1, 9]}

3. DECOMPOSITION ONTO THE BASES

Let us now focus on the process of Lie polynomial decomposition onto one of the two
previously defined bases. The question is to know whether common operations such as
adding or multiplying can be done on this algebra.
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If we consider Lie polynomials as linear combinations of monomials of the Hall basis
or the Lyndon basis, operations related to the addition group structure follow naturally.

The main step in the multiplication (here multiplication refers to the Lie bracket) of
two Lie polynomials is the multiplication of two monomials of the basis. In the case of the
Hall basis as in that of the Lyndon basis, this operation can be inductively implemented
without knowing any element in the basis.

Here, I shall give two decomposition algorithms of the product of two monomials of
the basis. Since the L(X) Lie algebra is graded by length, this will also provide the
opportunity to show that the Hall basis and the Lyndon basis are generative families of
L(X).

In the last section, we propose an implementation of these algorithms.

3.1. Hall Basis

For u and v, two elements of the Hall basis, let us denote mult(u,v) the decomposition
of [u,v] onto the Hall basis.

The multiplication of two Lie polynomials: p = Y p;.u; and g = Y g;.v; is thus defined
by p *q = X pig;mult(u;, v;). Given the properties of the Lie bracket and the Hall basis,
mult may be defined as follows:

if u = v then mult(u,v):=0
else if v < u then mult(u,v) := —mult(v, u);
if |v] = 1 then mult(u,v) := 1.[u,v]
else v = [v1,v2); if v1 < u then mult(u,v) :=1. [u )
else mult(u,v) := l.ug x mult(u,ve) — 1.vp * mult(u,v;).

In order to show the convergence of this algorithm, one merely needs to show that
any monomial in the form |a, [b ], with a < b < ¢ < [b,¢] € H, is decomposed by
mult(a, [b, c]).

Let us speculate on the existence of monomials that cannot decompose. Let us specif-
ically consider monomials of minimum length (which are in finite number if the alphabet
is finite), and among these monomials, the one where a is maximum for the order on the
Hall basis.

Since a < b, we have to compute 1.b* milt(a,c) — 1.c x mult(a,b). But, by hypothesis
on triplet (a,b,c); mult(a,c) and mult(a,b) decompose respectively into Y Gi[as, ¢;] and
3= ilai, b;]. Therefore, we are bound to compute terms mult (b, [a;, ¢;]) and mult(e, [as, b))

Since b < ¢, we have |b] < || < |[a, ¢]| = |[ai, ci]|, therefore, b < [a;, ¢;] and mult(b, [a;, ci])
decompose, either because a; < b, or because @ < b and a was presumed maximal.

If ¢ < [ai, bi], then either a; < ¢ and mult(c, [as, b)) = [c, [as, )] € H,ora < ¢ < a;
and, by assumption on a, mult(c, [a;, b;]) decomposes. If [a;, bi] < ¢, then |a| < |[a;, b;]| and
nult(c, [a;, bi]) = —mult([a;, bi), c) by assumption decomposes onto a, since a < [as, bi].

In any case, the existence of maximal a is contradicted. On the other hand, the
evidence that the multiplication algorithm of two monomials of the Hall basis comes to
an end in a finite number of steps proves that the Hall basis is in fact a generative family
of L(X), since L;(X) is generated by X ¢ M(X).

It is worth mentioning that it is not necessary to test whether or not a Lie monomial
belongs to the Hall basis, but that all one needs to do is compare two Lie monomials. So
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the comparison of two monomials is the main phase of the algorithm, and consequently,
it is essential to optimize it.

3.2. Lyndon Basis

The same considerations apply to the Lyndon basis, and one just needs to know how
to multiply two monomials of the Lyndon basis. In the same fashion, (cf. [45]), we define
mult as follows:

if u = v then mult(u,v) :=0
else if v < u then mult(u,v) := —mult(v,u);
if Ju} = 1 then mult(u,v) := 1.[u,v]
else u = [uy, us]; if v < uy then mult(u,v) := 1.|u,v]
else mult(u,v) := L.y *x mult(ug, v) + mult(ug, v) * Lug.

in order to show the convergence of this algorithm, we pose

LemMMA 3 (Perrin [44]). — For any a <b € £, mult(a,b) is a finite linear combina-
tion of Lyndon monomz_’als la;, b;] which satisfies

6([as, bi]) > 8(Ja, b)) or &(lai, b)) = 8([a,b]) and a;<a. (3.1)

Since the case of length 1 or 2 brackets is at hand, as well as that of {a,b] <c < b€ L, we
will simply have to show that any monomial of type [[a,d], ], with a < [a,b] <b<c€ L,
decomposes, by mult([a, b], ¢), into the previous form.

Let us suppose the existence of monomials that cannot decompose according to (3.1).
Among these, let us consider those of minimal length (they will be in finite number if the
alphabet is finite), and among these, the monomial where §(a)d(b)é(c) is maximal for the
order on the Lyndon basis, and §(ab) is minimal.

One must now compute l.a * mult(b,¢) + mult(a,c) * 1.b. But by assumption on
the lengths, mult(d, ¢) = 3 os[bs, &;] with 6([bi, c]) = 6(b)é(c) and mult(a,c) =3 Bifas, ¢i)
with 6([as, ci]) = 6(a)é(c). We are led to compute terms like mult([a;, ¢;], b) and mult(a, [b;, ¢;])-

6(a)8([bs, c]) = 6(a)6(b)é(c) but this time a < [a,d], and by assumption on a,b, ¢, we
deduce from this that mult(a, [b;, ¢;]) decomposes in the desired form, that is, into a sum of
monomials [u;, v;], which satisfies 6(u;)6(v;) > 6(a)é(bi)é(ci) > 6(a)é(b)é(c) = 6([[a, b], ¢]).

Since b < ¢, we have §(b)é(c) < 6(c)8(b), therefore, from 6([ai,¢;]) = 8(a)é(e), we
deduce 6([as, ¢:])6(b) > 6(a)é(c)6(b) > 6(a)é(b)é(c), which is maximal by assumption. We
conclude that mult([a;, ¢;], b) decomposes into Lyndon monomials. [u;,v;] which satisfies
6([uj, v5]) = 6(las, ¢i])6(b) = 6(a)6(c)6(b) = 6(a)6(b)6(c) = 6([a, b])6(c).

From this we thus deduce that, for any pair of Lyndon monomials (a,b), mult(a,b)
is a linear combination of Lyndon monomials which satisfy, besides being greater for the
lexicographical order, than §(a)é(b). This proves that the Lyndon basis is a generative
family of the free Lie algebra L(X). In order to show that £ is a free family of L(X), we
will show :

LEMMA 4 (Viennot [56]). — For any u € L, ¢(u) = 1.6(u) + v where v is a linear

combination of words that are strictly superior to u.
: £
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So this lemma states that there is a bijection between Lyndon words and Lyndon
brackets, and that module isomorphism occurs between L(X,R) and the projection of
A(X, R) onto the submodule generated by those Lyndon words which constitute a basis. -

3.3. Exaxriples
Let us take X = {a,b,c} as an alphabet.

e m = [[a, b], ¢] decomposes onto the Lyndon basis into [a, [b, ¢]] + [[a, ], 8], and on
the Hall basis into —[e, [a, 8]] -

o m = [[[{l[e, b], a], a], a, a], a] decomposes onto the Hall basis into :

[b, [a, [a, [a, la, [a, ]Il - ¢, la, [a, [a, [a, [a, BI]]]] + 5 [[a, B], [a, [, [a, [a, ]
-5 [la, d, [a, [a, [a, [a, BII}]] + 10 [(a, [a, b]}, [a, [a, a, c]l]]
+ 10 ([a, [a, ]I, [a, [a, [a, B]]]]

and onto the Lyndon basis into: —[a, [a', [a, {a, [a, [b, <]]]]]]

o m = [[[[[[a, b], d, c], d, c], ¢] decomposes onto the Lyndon basis into: |

[a, [[[lto, e, e, d], cl, ell +5 ({a, ], [[[1b, ], ¢, ], €]} +10 [[fa, ), d], [[b, o], ], cn
+10 [[lla, ¢l ¢}, ¢}, [1b, €], el +5 ({llla, ], ], ¢, ], [b, €]}
+ [[[[[[a7 C], C}, C], C], C], b]

and onto the Hall basis into: —[c, [c, [¢, [¢, [¢, [a, B]]]]]]-

4. LIE POLYNOMIALS AND NON COMMUTATIVE POLYNOMIALS

We just saw that manipulation of Lie polynomials, considered as linear combinations of
Hall basis or Lyndon basis monomials, is possible if one is able to implement the Lie bracket
" of two basic monomials. An implementation of such manipulations will be proposed in
the last section. o .

Another problem is to decide whether or not a polynomial in non commutative vari-
ables is the developed form of a Lie polynomial. Several methods help to solve this
problem. These methods are related to the manner in which we consider polynomials in
non commutative variables.

A polynomial in non commutative variables may be considered as an element of the
associative algebra A(X, R), that is, as a linear combination of words, with coefficients in
R. _

The associative algebra A(X, R) may be considered as the enveloping algebra of L(X, R)
(cf. [6, 42, 50, 57]), and the Poincaré-Birkhoff-Witt theorem provides a basis for this al-
gebra from a basis of L(X). More specifically, we have the theorem :

THEOREM 5 (Poincaré-Birkhoff-Witt). — If L(X) admits as its basis {P1 < P, <
s++ < Pp -} thus its enveloping algebra admits as its basis the elements of form P, P;, --- P;,,
with Py > P, > --- 2 P;_. '
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This theorem, and multiplication algorithms of some elements of the Poincaré-Birkhoff-
Witt (cf. Petitot [45]) basis have enabled us to implement polynomials in non commutative
variables as elements of the enveloping algebra.

For example, these algorithms allow us to test whether a non commutative polynomial
belongs to the free Lie algebra, to compute the Baker-Campbell-Hausdorff formula, as well
as other exponential identities ([42, 45, 56]).

Another way of proceeding, if we already know that the polynomial is a Lie polynomial,
is to consider the property inductively developed by lemma 4, which leads us to state that

THEOREM 6 (Michel [43]). — There is an isomorphism of modules between L(X)
and the submodule of A(X) generated by Lyndon words. Its matriz in the Lyndon basis is
triangular, with 1’s in its diagonal.

Thus we use the following algorithm, in order to write a polynomial p into a sum of
Lyndon monomials.

Let p=> asui3 r:=0
while p # 0 do
ri=r+aA(u)
p:=p— o16(u1)
return r

The function A is the parenthesizing function on Lyndon words. If we know the Lyndon
basis ahead of time, we do not need to compute A(u;), because the lexicographical order
is a total order on the Lyndon brackets. Otherwise, we may apply a standard factorization
algorithm, (cf. {44, 57]) which uniquely factorizes any word into a product of descending
Lyndon words.

The function ¢ is the composition of the projection 7 of A(X, R) on the submodule
generated by the Lyndon words with the decomposition function ¢ of a Lie bracket into an
A(X, R) polynomial. These techniques where used, for example, by [43] to compute the
coefficients of the Baker-Campbell-Hausdorff formula. I also proposed an implementation
in LE-L1SP, described in {32].

5. ForMAL LIE SERIES

In this section, we suppose that @ C R. Let us denote L(X, R) = [Tn>0 La(X, R), the
ring of formal Lie series. We denote L(X) for L(X, R) whenever there is no ambiguity. An
element of fJ(X ) is uniquely written as a sum of elements of L,(X), this ring containing
the Lie bracket

[‘ano’un, anovn] = Zn202p+q=n[up’ vQ]7

is a graded Lie algebra, separate and complete. In the same fashion, we define the ring of
non commutative formal Lie series A(X, R) = [],>0 An(X, R). Thus we note 9, ideal of
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.fi(X ) generated by X and we define maps exponential and logarithm by:
exp: M — 14+M

{7

T
T = anom, 51
log: 1+9 — 9 ' ‘ (5.1)
. l_wﬂ
z = 2:n>1( )

5.1. Baker-Campbell-Hausdorff Formula

We demonstrate that exp and log are reciprocal maps (cf. [6, 42]) Moreover, we have
the Campbell-Hausdorff theorem:

THEOREM 7 (Campbell-Hausdorff). — Given X = {z,y}, we have
log [exp(z) exp(y)] € L(X, @)

This result extends (cf. [6, Ch. II, §6]) to any graded free Lie algebra, separate and
complete, and we have the more general theorem:

THEOREM 8. — Ifz,y € L(X, Q) then

log [exp(z) exp(y)] € L(X, Q).

5.2. Weighted Lie Algebras

Given an alphabet X, finite or not, we attribute a weight |z|, to each z letter. Next,
we grade A(X) and L(X) by the weighted degree or the quasi-homogeneous multi-degree
|, which we usually define as the sum of the weight of the letters which make up the Lie
word or bracket. Of course, it is the only morphism of X* (resp. M(X)) — IN which
prolongs the weight on X. We can thus grade L(X) and .A(X) by the quasi-homogeneous
multi-degree, and we denote Ln(X ) and A,,(X), submodules of L(X) and .A(X), generated
by the elements of weight n.

Remark. — If all letters of the alphabet are of weight 1, we have Ln(X )= L (X) and.
An(X) = An(X ). If none of the letters of the alphabet have a null weight, we have

I Zn(X) = T Za(X).
n>1 n2>1
5.2.1. Examples

IfX = {xl,xé,xs,m,xs} and |z;|, =i, Es(X ) admits as the Lyndon basis
{lz1, [=1, 21, 22l]], [21, l21, 23], [[21, 22}, 22, (%1, 24], [22, 73], @5} (5.2)

If X = {z1,...,2n,...} where |z;|, = i, then we have dimL;(X) = 1 and for any
n > 2, dim L,(X) = 1, where [, is the dimension of L,({a,b}). Using the Witt formula,
we then deduce '

> ddimLa(X) =2" - 1. (5.3)
din ’



Formal Lie Series ' _ 11

Proof. — Let us pose Y = {a, b}, and show that monotonically increasing mapping

: - *

" ji N ;;k-1 (5.4)
extends into a module isomorphism L,(X) — Ln(Y) for n > 2. More specifically, we
show recurrently on n, that any Lyndon word of length n of Y* is uniquely written, as
any Lyndon wotd of X* of weight 72, and conversely. |

If n =1, then a is written as u;.

Let us consider (u,v), the standard factorization of w € Y*, a Lyndon word of length
n, different from b. If v = b, then w = ab™~ ! is written u,, else u and v are written like
Lyndon words of X*. 7 being increasing, uv is then written like a Lyndon word.

Conversely, the image by 7 of any increasing product of two Lyndon words of X* is an
increasing product of two Lyndon words and is a Lyndon word of Y*. »

We then deduce that dim L,,(X) = dim Ln(Y), for any n > 2, and the predicted result.
There is a bijection for £5(Y)

{la, [a, la, [a, B]l], [a, [a, [[a, B], B]]], [[a, la, B]], [a, b, a, [[a, 8], 8], b]],

lla, ¥, [la, Bl 8]}, {[[[a, b], 8], 8], b]}

Let us define
" EXR)=[[E.(X,R) and AX,R) =[] A(X,R) (5.5)

n>0 n>0

as formal Lie series or words. An element of L(X) is uniquely written as a sum of elements
of increasing weight. For z € L(X), we denote (z) or z,, whenever there is no ambiguity,
the term of weight n of z. If 2,y € L(X, R), we have

(z,9)n =D [Zp)yq)- ' (5.6)

pt+g=n

In this fashion L(X, R) is a graded Lie algebra, separate and complete.

Let us define A(X, R)* the module generated by words of weight > 1. In the same
fashion, we define L(X, R)* which may be included in A(X, R)*. We can then define the
exponential and the logarithm by:

exp: AX,R)* — 1+AX,R)t

x
T — Enzo ;L—!
log: 1+ A(X,R)t — A(X,R)*
n>1 " ) .

The logarithm and the exponential are reciprocal maps, and we get an equivalent of
the Campbell-Hausdorff theorem:

LEMMA 9. — Given z,y € L(X, R)*, we then have

— exp(z) exp(y) = exp(z), where z € L(X, R)t,
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— 2=+ 20+ Ynspign and 2p + 2g = Tp + g,
— Foranym >p+q, zm € Lim (Tp,- -+, Tmy Ygs - - - » Ym) -
Given z,y € L(X,R)*, we then have
— exp(x) exp(y) = exp(z), where z € L(X,R)t,
— Foranyn€eN, z, —z, ~y, € L, (Z1,-- -y Zn-1,Y15-- - Yn—1)-

Remark. — Ly, (Tp, . - ., Zrm, Ygs - - - » Ym) is the submodule of elements of weight m of the
subalgebra generated by (zp,...,Zm,¥g,- .-, Ym), or the submodule of elements of weight
m of free Lie algebra on the alphabet {zp,...,m,¥q;--- ,ym},_ which ultimately amounts

to the same thing.

- The fact that exp(z)exp(y) = exp(z), where z € L(X, R), is a consequence of the

- Campbell-Hausdorff theorem, (theorem?) and is due to the fact that [],>; In(X) =
a1 La(X) . We lso know that in L(X, R)

z=x+y+2zn where 2, € Ln(X),

n>2

and for any u € L,(z,y), we have |u|, > p+q.

***

Based on this lemma, we can then state the following property.

PROPOSITION 10 (Factorization in Product of Exponentials, [53]).
For any k € L(X, R)*, there exists a unique series g € L(X, R)* such that

exp(k) = - --exp(gn) - - -exp(g1)- (5.7)

Proof. — We construct series g term by term, and we show that for any n > 1, there
exists a unique k™ € [[,,., Lp(X), such that

exp(k) exp(—g1) - - exp(~gn) = exp(k(™). (5.8)
e If n =1, as a consequence of lemma 9, for g; = ki,
, exp(k(V) = exp(k) exp(—g1)
with kD = k; — g; = 0, therefore k¥ € [I,.5; Ln(X).
e Let us suppose property (5.8) demonstrated at rank p, we then get
exp(k) exp(—g1) - - -exp(—gp) = exp(k®P).
Let us take gp41 = k,(,’i)l. As a consequence of lemma 9, we still have

exp(k®) exp(—gp41) = exp(kP1),

where kz(,ﬁl) = kﬁ_l - Op+1 = 0, which confirms property (5.8) at rank p + 1.

int
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From this, we deduce the result by going to the limit.

6. LIE TRANSFORMATIONS

_ Here, we focus on Lie automorphisms, that is to say on Lie algebra automorphisms of
L(X, R). More specifically, we focus on mappings near the identity, that is to say for any
x € X, we have:

Tr—z€ [[ La(X,R). - (6.1)

n>lz|,

For z € M(X), let us denote tiz = (T'x)5|,+i- We then deduce from [Tz, Ty] = Tz, y),
" that to[z,y] = [z,y] and = — t;2 is a derivation:

e, ) + [z, 9] = tila, yl. | (6.2)

The set of derivations from L(X, R) is a Lie algebra. We have proposition (cf. [49)):
THEOREM 11. — If D is a derivation from L(X), then '

v — exp(tD) is a Lie automorphism, for anyt € R,

— The Lie algebra of the group of Lie automorphisms is identified to the set of deriva-
tions.

6.1. Adjoint Lie Algebra

We define L(x) = L., the inner derivation y — [z,y], also called Lie operator. We
have, in L(X), '

L(anofn) = ZnZOL(fn)- (6-3)

The set of inner derivations is a Lie algebra, called the adjoint Lie algebra, for the Lie
bracket [Lf, Ly] = LyLg — LyLy and we have the following property, based on the Jacobi
identity:

[Lf, Lg) = Liz,q)- (6.4)

We then define the group of Lie transformations or canonical transformations as the
group of automorphisms of L(X) near the identity, in the previously defined sense. The
group of canonical transformations operates on adjoint Lie algebra by automorphisms. We
have

TL;T 'g=T(f,T"'g) =(Tf,qg| (6.5)
therefore
TL;T7! = Lpy. (6.6)

Some of the elements of the group of Lie automorphisms near the identity are
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e the exponential of an inner derivation Ly defined by

exp(Lf)g E (6.7)

20

If f e L(X)t, g € L(X), G = exp(Ly)g is defined by

| o G _ .
GO = go, . 0,n gn,

where Ly, ---Ly (6.8) °
{ Gn = Eg=o GP,n—P, Gp,q = Zp1+~--+?k=p ——pl-}—!—igq. v

Remark. — Here 3, 1...4p, —p designates 3o, o op o

e Given f € L(X)*, we define the mapping T as follows: if g € L(X), F = Tyg is
defined by : .

n n

Fn—E(Tf)pgn-p where (Tp)o=1, (Tp)n=—3 E(TpnpLs,. (69)
p=0 _ p=1

Tts inverse (shown at a later stage) T‘ , is defined in similar fashlon For G = Tf g,
we have :

Gn=3(T}! oy where (T71)o =1, (T-‘)n—zsz,,(T-l)n-p (6.10)

p=0 ' p=1

The previous relations also énable us to write

- Go = go GO n = gn)
. ; where ’ 6.11
) { Gn = 2;:0 G N—P> Gp,q = k 1p [flw p— ,q] ( )
We use the transformatlon Tf ‘rather than Ty, because it is simpler to define recur-
sively.
***

Before verifying that these operators are Lie automorphisms, we shall give a charac-
terization of the type T transformations, which will enable us to verify that Ty and Tf
are in fact inverses of each other.

. Let us consider a smallness parameter € and:

fle) = e fn € L(X, R)[el.

n>0

Let us pose Tf) = Yn>0&"(Tf)n- By 1dent1fy1ng its members term by term, one sees
that T satisfies differential equation

0Ty (e)
Oe

= —TyeyLos. (6.12)
YORL

Conversely, Ty () is the solution of (6.12) equal to the identity at € = 0. We then deduce
the following characterization
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PropPOSITION 12. — The transformations Ty are the solutions for e = 1 of the dif-

ferential equation
0T (e)
— = ~TeLoge, Tro =1 (6.13)
£
In the same fashion, we characterize T ! by the differential equation
Tiie = Lopey Tl ’ (6.14)
9 _fgl fe)” )
We then deduce that
0
5 Tr0Tre) = —Tf(s)Laﬂe) Tie + Tf(e)Laﬂe) Tf(e) =0, (6.15)

that is to say Ty T} ' = Ty Ty = 1.
***
Let us now verify that these transformations are Lie transformations. We use lemma

(53])
Lemna 13. — For any k 2 0: Llo,h] = 3=, (9 L, I ~*h].

~ We demonstrate this property recursively, by using the Jacobi identity:

£, [ o)) = =[u, [v, f) = [, [f, ul] = [, [£, 0] + (£, ), ). (6.16)
At rank k + 1, we describe
Lt g,Rl = LsLflg,h)
' k
- Lfg(’;){[ b9, Lh] + [Lig, L¥~h]}
= SO {505 + [t 5]
o
= > (i [Lig, LK1 ). (6.17)
=0

We then deduce, for the exponential

e(TleH = X Lo - (619)
n>0
- gn'E ()| L5, L7 7h] (6.19)
1 p+g!
= I%g,L%h 6.20
p+Z,>OP+q' plg! (759 251 (620)
aSEL L (6:21)
p20 920

= [exp(Ly)g,exp(Ly)h]. (6.22)
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***
For the transformation T;*, posing G = T;'g, H = T;'h and F = T;'[g,h], we
demonstrate (cf. {24]) that for any k > 1, we have
. | _
Fi =) _[Gi, Hy—i] = [G, H],. -~ (6.23)
=0

This is.shown recurswely by con51der1ng

F = gi:l%[fk’ Foi] - (624)
==é;gpngnm4 | (6.25)
= igﬂfk,[Gi,Hn—k—i]] | o (6.26)
>3 |
_ ;’i‘,ﬁ{[c,,[fk, Hocscd) + o G B i) (6:27)
- :f;gz{cz,[fk,ﬂn_k_,u+ufk, Gooked B} (629)
= §%[Gi,ﬂn_i]+;,§[0i,ﬂn_i] | (6.29)
=i@@@." (6.30)
-k**

These two transformations are noteworthy in that they are entirely determined by a Lie
series called the associate generative series. Thus in the group of canonical transformations.
we have at least three types of transformations:

~— The exponentials of inner derivations, exp(Lg), and their inverses, which are also
exponentials

— Type Ty transformations and their inverses T} 1

— Type My or Mg ! transformations, also called Dragt-Finn transformations. To g €
L(X) we associate the product of exponentials -

M;! = -exp(Lg,) - - exp(Lg,)- (6.31)

These three transformations may be defined as formal series of Lie operators 3,5 Th,
so as to have for any f € L(X)

Tf=3" 3 Tofayp. (6.32)

n>0p=0
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— for the exponential exp(Ly),

L L
To=1, Ta= 3. b Toem (6.33)
: m!
P+ +Pm=n ' : ~
— for the transformation 77,
n
To=1I, Ta=) EL, Ty, (6.34)
k=1 :
and, consequently, for the transformation T,
n
To=1I, Ta=-) ET, iLu,. (6.35)
k=1
The developed formula of T, is given by
k _k k;
To= Y B Ml L. (6.36)
ki+-tkj=n
— for the product of exponentials (inverse Dragt-Finn transformation),
LM ...[™
To=I T,= ), 6 -2 9% (6.37)
mpl---my!
p(l,n;n)
and as its inverse (that is to say the Dragt-Finn transformation)
Lm... [
L D=1, Ta= Y (-lmtimela e (6.38)
mql---mp!
p(1,nn)
Here p(p, q;n) represents partitions of n, made out from p and g,
p(p7q;n) = {("11’,“'7mq);pmp+"'+qmq =n}, (639)

6.2. Relations between Transformations

Let us show that these three transformations are but three different ways of represent-
ing the same transformation. More specifically, we demonstrate by steps

PROPOSITION 14. — Given w, g,k € L(X,Q)™, there exist
— ¢ e L(X)T, such that Ty = My, and for anyn > 1, g, — wn € L{wy, ..., Wn-1),
— k' € L(X)*, such that M, = exp(Ly), and for anyn > 1, kl,—gn € L(g1,- - -, Gn—1),
— w’ € L(X)*, such that exp(Ly) = Ty, and for anyn > 1, wl,—kn € L{k1, ..., kn_1)-

From proposition 9 and relation [Ly, Lg] = Lis], we deduce that the exponential of
an inner derivation may be written as a product of inner derivations of exponentials, that
is to say, given k € L(X)T, there exists g € L(X)* such that

exp(Lk) = -+ -exp(Lg,) - - - exp(Ly, ), (6.40)

and for anyn>1,g, €L (ki, -+, kn) and gn — kn € L(ky,-- -, kn—1), and conversely.

!l «Sommants” in the French original.
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***

Here, we show how a product of exponentials (Dragt-Finn transformation) may be writ-
ten as a type Ty transformation, and conversely. This result was partially demonstrated
by Finn [19], but he does not explicitly give the relations between generators.

_ PROPOSITION 15. -—  Given a generating series g(€) = X_p>1 £"gn, and éorresponding
Dragt-Finn transformation ' '

- My = exp(—€L,) - - -exp(—e"Ly,) - -,
there exists a unique series w(e) = ani e"w,, such that
T‘W(E) = Mg(s)-

We have, for any n,
k L;”"-k Y Mt
_ K n—k k+1
1<k<n 7 p(k+1n—kn—k) + "

Proof. — By differentiating M) in relation to €, we get

OM,, . o o . " . ' :
c')_z() = nz>:1 [exp(—€Lg,) - - exp(—e™ 1L, _,)] [-56- [exp(—¢ Lgn)]] [exp(=e™*1L,,,.) -]
= > [exp(—¢Ly,) - -exp(—e" 1Ly, _,)] [-ne" 1 Lg,] [exp(—€"Ly,) - ]
n>1 .
= Mgy > Ml [exp(—¢Lg,) - - exp(—""Lg, )] [-ne" ' Lg,] lexp(—e™Lg,) - -]
n>1 .
= My ) [---exple™Lg, )] [-ne™ L, ] [exp(—€"Lg,) -+ ]
n>1 ) . .
= Myl |:E ~ne™ 1 [ -exp(e™L,,)] gn] . v (6.41)
n2>1 . v
‘Thus we deduce that M .
oo = =My L(S),
where ’
S L= Z mn-—l [, .o exp(En—ngn_l)] gn ] (6.42)
n>1 .

> e

n>1

T n Lﬁln—k L TRl '
kX nok gl (6.43)

m l...m ng
k=1 p(k+1n—kn—k) k+1* n—k*

and p is defined in (6.39). On the other hand, accordivng to (6.12), and initial conditions
- To = My = I, a necessary and sufficient condition to get T,y = M) is that

ow(e)
e’

S =
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that is to say, considering each term of the formal series,

k

Wn = Z n Mol
1<k<n ' p(k+1n—kn—k) | kT

Lmn—-k "Lmk+1

M —k Mi41
Lynk ... L

k gn—k "' Lgri1
=gt ¥ - X : £9k- (6.44)
1<k<n1 " p(ktlm—kinok) TR M-k '
These explicit relations enable us to prove that, for any n, wn, € L(g1,...,9r), and
Wn — gn € L(g1,...,9n-1). The triangular form of the relations thus leads us to assert

that, for any n, g, € L(w1,...,wn) and g, — wn € L (wy,...,Wn_1).
Taking € = 1, we deduce the desired result for the Lie series.

***
The relation between the exponential and type Tj ! transformation is deduced from
the two previous relations.

6.3. Composition of Transformations

By considering the family of Ty Lie transformations and the differential equation which
characterizes it (proposition 12), we show that the composition of two Ty transformations
is obviously a T transformation, and we find the relations between generators.

Let us consider the two families of Lie transformations Ty and Ty(). From (6.12),
we have

ar, ATy,
—;5(—5)' = —Tye)Loue and 6’;(5) = —Tye)Lou(e)> (6.45)
56 (4
whence we deduce that
0
BETu(s)Tv(s) = - u(s)Lau(Ee) Toe) — Tu(e)Tv(e)Lav(:)

= —TyTue [ oy Loue To(e) +L6v(s):|
e =

-1 Bu v
= —TyeTuyel [Tv(;)T(:) + _a(e_sz] , (6.46)

which proves that T,)Ty ) is the Lie transformation associated with w(e) where

2w _ =1 0ue) | Do) (6.47)

which uniquely determines w, since wo = 0. More specifically, (6.47) is written term by
term:

n-1

mn = D (T)alp1 (P + Dupy1) +1vn (6.48)
p=0

= i(Tv);l,,pup + 0. (6.49)
p=1

From this property and from the relations between the various representations of canon-
ical transformations, we show that the composition of two exponentials is an exponential
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_ (which we already knew), that the composition of two Ty transformations is a Ty transfor-
mation, that the composition of two M, transformations is an M, transformation. Hence
we deduce the following result:

PROPOSITION 16. — The set of exponentials of Lie operators, the set of Ty trans-
formations, and the set of My transformations, are the same subgroup of the set of Lie
automorphisms near the identity.

Remark. — We can dispense with T Lor Mg"1 inverses by using proposition 14.

We denote by G, the subgroup of Lie automorphisms near the identity generated by
exponentials of Lie operators. We then have the following proposition:

PROPOSITION 17. — If any derivation of L(X) is an inner derivation, then G is the
group of Lie automorphisms near the identity.

Remark. — The proof will also be implemented within the framework of a Poisson
bracket algebra where a less strong property is satisfied (cf. proposition 25, page 43).

3 Given T, a Lie automorphism near the identity. We will show that there exists g €
L(X)*, such that T = M,, and such that, for any p > 0 and any z € M(X), posing
T® =T and T® = exp(—Lyg,) - - -exp(—Lg, )T , we get:

T®)z g ¢ T I.%. | (6.50)

n>p+|z|,

e For p = 0, (6.50) is verified for T by assumptlon

e Let us suppose (g1, - - -, gp) € L1(X) x -+ x Lp(X) are constructed and satisfy (6.50).
T®) is a Lie automorphism near the 1dent1ty, as a product of Lie automorphlsms near the
identity and, consequently, for any z,y € M(X) € L(X), we have

Tz, y] = [T®)z, TF)y]. (6.51)
Hence we deduce that .
TP, YD ol = | [(TP2)\),, (TPY)1.] = [z, 9], (6.52)
TP, o+ = 0, 1<k<p, (6.53)
TPk, Y441 = (TP 4p+1,3] + (2, (TPY) ) 1p1l- (6.54)

Let us define t, : L(X) — L(X), by linear prolongation
z € M(X) = (TP2)j3), 4p41 € Lpa), 4p1(X) € L(X). © (655

We thus deduce that, for any z,y € M(X), and for any z,y € L(X), that t, is a derivation,
therefore, an inner derivation. Since tpx € Liz, 4p+1, for € M(X), we then deduce that

there exists gp+1 € Ly+1(X), such that t, = —Lg,.,- Thus composing to the left by

exp(Ly,,,), we deduce, for any x € M(X), that
TPz —ze  J[ La(X). (6.56)
' n>|z|,+p+1 '

In the limit, we deduce that T' = M, therefore that T € G.
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000

In this section, we have essentially established the fact that the set of exponentials of
Lie operators, the set of Ty transformations, the set of M, transformations, are the same
subgroup of the group of Lie automorphisms near the identity.

We based our argument on the fact that it is possible to write an exponential as a Ty
or M, transformation, and conversely, and that the sum of exponentials of Lie operators
form a set, which is a consequence of the Campbell-Hausdorff theorem.

+We have given an explicit formula between the generator of the M, transformation, and
the generator of the T’y transformation, which enabled us to link these two transformations
(an approximated result had been demonstrated by Finn [19], but he had failed to show
that the generators belonged to L(X)).

7. COMPUTATION OF THE RELATIONS

Here, we give a method which is general enough to enable us to write an element of
G in the form of one of the three transformations previously studied. These techniques
thus allow us to retrieve the Baker-Campbell-Hausdorff formulas by using mampulatlons
of L1e polynomials only, without resorting to the assoc1at1ve algebra.

***

Originally, I had been able to find a means of computing the relations between the
generators of the T‘ , and the M;! transformations, without knowing general form (6.44),
and by usmg the Hall basis, since I only learned of the algorithms for the Lyndon basis
later.

The idea was to find the relations between w and g through direct identification of
(T ')nho and (M 1)nho. Because of the form of the expansion, we can write Ly, in rela-
tion to the Lg,’s, and conversely. On the other hand, in order to find the relations between
the w; and the g;, one has to be able to recognize Lie brackets in an expanded expression,
that is to say, it is equivalent to the general problem of recognizing Lie polynomials in
enveloping algebra.

For example, from [Ly, L] = Lng — LgLy = Lz, the equalities (Mg); D= (Tw)i?
induce '

Lg, = Luy, Lg; = Lup, Lgy = Ly + ':ls‘Luu L, - %sz_Lwn
Lg4 = Lw4 + %Lwles - %L‘WSL'WI + '112'L1201Lw2 + 'il'z'LW2L12ul - %LwlL‘szwu
that is to say, '

g3 =ws + 3lwi,wo] and gs=ws+ 1 [w1,ws] + '117[w1, [wi, wel], (7.1)

and so on and so forth, identification becoming increasingly difficult.

In the special case of the computation of the Lie transformation generator as a function
of a product of exponentials, we can use L(X) where X = {ho,g1,...,9n}, and decompose
(Ty M nho = (M )nho onto the Hall basis.

For in—q # 0 and ix4, # 0 in (6.44), we get the following decomposition onto the Hall
basis:

in—g tkip

1n—q T e Yt N
Lgn —-q° Lgk+pgk = [gn—qa [ T [ T [gk+p7 [ . '7gk] ot ] (7'2)
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in—q tkpp—1
e e, e e )
= —[gn-g[ - [+s [g_k+p: [+, l9Ks Gktp] - -] (7.3)
the general term in (6.44), thus decomposes onto the Hall basis into
p[Lgzs - Lgng ho = [LGI%-- Ltn g hol (7.4)
' in—gq 1.k-hx:_"l

e —— r—Nmn
= [hos[gn-as s [ [gkams [ 5 [90s Ghap] - - ] (7-5)

We deduce that, if 3 @;Gir is the decomposition onto the Hall basis of wn —gn = Gn,
thus the decomposition onto the Hall basis of [wn, ho] — [gn, ho] is = — X ai[ho, Gipn]- At
this point, all we need to do is solve term by term in relation to the g; :

0 = (Ty)aho — (M )nho - (76)
n-—1 5 : . L";';n-; . Ln‘:l .
= [wna h'O] + E %pr(Tw l)n—Ph'O - [gm hol — . E -Tri_r-_ﬁ% (7.7)

p=1 v p(ln—1;n)

) J il 1 L™
= [wn, ho] — gn,ho]+ZBLw,,(M Yopho — 3 g"*—gl-!—ho (7.8)

r=1 p(1,n—1;n) myle - My
= [wn, ho] - (g o] + > ailho, Gigl. - (7.9)
We have posed wp = gp + Gp for 1 < p < n, thus T, = M,™!, and the right hand side

of the previous formula is necessarily [ho, Gn]. Furthermore, it is unnecessary to compute
(Mg‘ 1), ho, because the decomposition

[dn [+ [g1, hol]
[gn,h0]+p(1§1n) e ~(7.10)

does not provide terms for the form [hy, ].

So step by step, we get the generating series of the Lie transformation as a function
of the ascending product of exponentials. However, the success of this technique rests on
the most peculiar form of the G,,. To confirm this, we observe that the same method to
compute the same relations —though in reverse—, stumbles on the term of order 7. In the
Hall basis, we have

97 = wr + 3wy, we] + Z{wa, ws) + $ws, wa] + 35 {w1, (w1, ws]] + 155 (w2, (w1, w4]
+ 35lws, [we, wa]] + gxlws, [w, ws)) — g7lws, [wl,wzl] + s15lwi, [wy, [w, wal]]

+ gglwe, [wi, (w1, ws]]] + 555 ws, [we, [wy, wol]] + s [ws, (w1, [wi,we]]]

+ 25 [wy, wa), [y, ws]] + g5 lwr, [w, [wi, [wy, wa)]]] + 75lwe, (w1, (w1, (w1, well]]

+ 613%[[1111, wa], [wy, fwy, wo]]] + is‘lz—o[wl, [wi, (w1, [wy, [w, wel]]]]-

g7 contains two terms in which the Lie bracket with z decomposes (the first one) into

[z, [fw1, w2], w1, wa]]] = [[w1, wa], [, [w1, wa]l] = [[w1,ws], [2, [w1, w2]]] (7.11)

Here, we took h =2z >w. The problem originates in the use of the Hall basis,
which, contrary to the Lyndon basis, does not permit a direct factorization of the previous
expressions. :
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7.1. Pseudo-Factorization and Triangular Systems

The Lyndon basis has a property which allows us to circumvent the afore-mentioned
drawback:

LEMMA 18. — Given X = {a}U X1 an alphabet and a < b for any b € X;. Then
for any x =3, osx; € L(X1), the decomposition of [a, x] onto the Lyndon basis L{X) is

[a,2] = > aila, 2]

We simply need to show that for any z; € £(X;), we have [a,2;] € L£(X), which,
according to the construction of the Lyndon basis, is verified, since a < z;, for the lexico-
graphical order on Lyndon words.

***

The previous lemma enables us to state _
PROPOSITION 19. — Given X = {a}UX; an alphabet and a < b for ahy b e X;.

The injection
L(X1) - L(X)

z a7z

extends itself into an isomorphism of R-module L, : L(X;) — L,L(X;) C I(X). Iis
matriz being the identity, in the corresponding Lyndon bases.

(7.12)

Generally, if X; and X, are two alphabets satisfying X, \ X1 = 22 € X3, Ly, : L(X;) —
L(X?) is an injective morphism, and proposition 19 states that the matrix is the identity
matrix, by using the Lyndon bases.

Remark. — If we attempt to compare proposition 19 and proposition 6, we reach the
following conclusions. '

If X, is an alphabet of cardinality ¢, the submodule of £441(X), generated by elements
of partial degree 1 in a, has dimension 29. Indeed, if we use the isomorphism between the
Lyndon words and the Lyndon basis of this submodule, a word w of Xg,, with partial
degree 1 in a, is a Lyndon word if it is smaller than its own conjugates, that is to say
if it spells w = au where u € X{q Thus the number of such words is 22. The range of
" Lo : Lg(X1) — Lg41(X) is a submodule of dimension I, in a module of dimension 29.

In proposition 6, we set up a submodule isomorphism of dimension /,, and the range is
considered in the homogeneous part of degree g of the associative algebra, whose dimension
is also 29. _

** % _
Here, we show how a triangular type system can be solved, with or without factoriza-

tion. A triangular system has the following form

fo = Rp-

Jrrat B = B (7.13)

b

fotn+ Fptn = Rpin

where the unknown quantities are the f;. Forany p+1 < ¢ <n, Fi € Lg(fp,--.-, fi-1)
and R; € Lr(X) for a given ring R, and a given alphabet X. ‘
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PROPOSITION 20. — Any triangular system can be solved by successive evaluations.

We immediately get fp, = Ry, and it is possible to modify system (7.13) into

fo = R

= . .y ,
fp+1. . .R?+1 P+l , i (7.14)

Jorn = Bpin—F b+n

then we deduce that fp+1 = Rpy1 — Fpy1 = Ry in Wthh we have evaluated Fpy; in
fp = R, (here f;, is considered as a Lie letter or monomlal) After applying this recursive
process, we eventually get fpin = Rp+n — Fpyn in which we have evaluated Fi,,+ﬂ in
(fp7 <y fp'*ﬂ) (Rp Rp+n)

We use this algorlthm to invert the relations we find, for example when we compute
a generating function in terms of another one. .

Let us now suppose that we know that (fp,..., fp4n) = (Rp,..., Rpyy,) satisfies a

factorizable triangular system —which is the case, for example, when one looks for Baker-
Campbell-Hausdorff relations— with form

.[a’"fP] = R’p .
[a, fo+1] + Fpt1 = Rpy1

’

| Lo , | (7.15)
[Q,fp+n]+Fp+n' = Rpin .

We have [a, ] = R, = 3,0 )[a, )], which yields f, = ¥ ol )t?’ ). Similarly, from
(for+-s fptn—1) = (Rp,.. .,R.;,+n_l), we deduce that [a, fo4n] = Ry, which we evalu- .
ate according to the previously found values, and must transform itself into [a, fp4n] =
(p+") [a, t(”+ n)] Finally, we end up with fo4n = 3 ; @; (p +")t(m ™) :
If one of the equations cannot be factorized, it is’ because system (7.15) does not have
solutions.

'7.2. Representation of Canonical Transformations

Given' G the set of canonical’ transformatlons generated by the exponentlals (or Ty or
M, transformations). '

LEMMA 21. Given T = exp(Ly) (resp T=T;1,T= M‘l) and A = Ta =
YnTna. In the decomposition onto the Lyndon basis, we have: An = —[a,kn] + Kn
(resp. Ap = —[a,wn] + Wa, A, = —|a,g,] + Gn) where K € L(a,ky,-..kn-1) (resp.

Wn € L(a, w1, ... wn-1), Gn € L(a,91,- - - gn-1))-

i)
We merely need to write T'a = 3°,,50(Ta)n, and. consider the expanded form of (Te)n
as needed

**

The previous lemma may be generalized for T € G. These considerations thus allow
~ us to write any transformation of G as one of the three types of transformations.

PROPOSITION 22. GivenT € G. T may be written as an exponential, a Tf 1

transformation, or an mﬁmte product of M . exponentzals Generating series are com-
puted by solving a factorizable triangular system
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Let us consider T € G, and the expansion of A = Ta in the Lyndon basis of the free
Lie algebra on an alphabet X = {a}{J X, which contains all the requisite letters. Then
we have

A =Tia =Y aia,ti, ’ (7.16)

where t; € L(X;), (the list may in some cases be empty). If we wish to write T as
an exponential, or as a Lie transformation Lie, or as a Dragt-Finn transformation, we
necessarily have k; (resp. g1, w1) = — Y ; ati. N

Let us suppose, in order to establish the notations, that we wish to write T" as expo-
nential exp(Lg). Given Ta = ¥, 4n, let us pose exp(Li)a = 3,50 En. The successive
k. are computed by solving the triangular system -

. Ay = B = _[a:k1]
A, = B = —[aki]+R
2o :[a 4+ R (7.17)
A, = E, = —[a,ka]+Rn

which, according to the previous section, has a solution.

7.3. Examples

Formula (6.44) yields the expression of w as a function of g. This is typically the case
of a triangular system.

wr =g

w2 = g2

w3 =93 — 31' [91, 92)

wg = g4 — 91, 93]

ws = g5 — 3 91, 94] = £ [92, 93] + 15 [[91, 92, 92]

Ws = ge —% [91, 5] ‘—% (92, g4 +% [91, (92, g5]] +% [lg1, g3, g2l

This system may be inverted by successive evaluations, and for the first 6 terms of
generating series for g, we find

g1 =un

g2 = w2

g3 =ws + 3 [w1, wol _

g4 =ws+ 5 [wr, wal + 35 w1, (w1, wol] .

g5 = ws + 5 (w1, wa] + & [wo, ws] + 55 [w1, [w1, ws]] — o5 [[w1, we), wo]
+ g5 (w1, [wr, [wi, well] | |

g6 = we+§ w1, ws]+ 3 [we, wa] + % [w1, (w1, wa]] — &5 (w1, [wa, ws]] — 3 [[w1, ws], wa
+ 330 (w1, [wy, [wr, wall] - 35 [wr, ([w1, wa], woll + 555 (w1, [wi, w1, (w1, wy]]]]

Let us compute, to order 5, exp(zp21 5”Lkp)e°a in which the weight of k; is ¢, and the
weight of a is 0. We get, by expanding in terms of €, 3°,>0 €™ A in which
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Ao=a
Ay = —|a, ki
Ay = —[a, ko] + 1 [[a, k1], k1]
Az = —[a, k] + 3 [a, [k1, k2]] + [[a, k2], ka] — § [lla, kal, Kul, ki
Ag = —[a, ka] + § [a, [k1, Kall + § [[a, k2], ko] + [a, ka], k1] — £ [a, [k1, [ka, K2]]
— L lla, [ky, Kall, k1] — 5 [lla, k2, k1, ka] + 57 [llla, k1), k1), Kal, Ka
As = —[a, ks| + 2 [a, [k1, k4]]'+% [a, [k2, k3] + [[a, ks, ko] + [[a, k4], k1]
—% la, [k1, [k1, ksl]] — 5 5 la, [[k1, k2l, ko]l = 3 [la, Kal, [k1, ko]l — 3 lla, [ka, Ks]l, ki
3 e, k2l, k2l, k1] — 3 (lla, ksl, ka), K] + 25 la, (K1, [kl, [k1, kel]]
[[a, [k1, [k, kolll, K1l + 3 [l (K1, k2l kal, ka] + [[[[a, ke, ki, ka], Ka]
o (e, k1], k1], kal, ki), k1]

On the other hand, let us compute to the same order exp(eLy) exp(eLy)ela =
Zn>05 B

—

By=a _

Bl —[a, ] - [a, y]
= +a, [z, y]] + 3 [lo, 93], z] + (la, ¥}, z] + 3 [[a, y], Y]

Bs =~1a, [z, [z, 9] - 5 [a, [lz, 9], ¥]] - [[a, yl, [z, ¥l] —la, [z, y]l, 2]

e, z), 21, 21— 3 [lla, yl, ], ] — 3 [lla, ¥), 9], 2] — § [lla, ¥}, 4], 9]

By = +é (e, [z, [z, [z, ¥ll] + § (o, [z, [z, y], ylll + % la, [llz, y], yl, yl)
+1 lla, ¥, 2, [z, v + 5 [la, 9], [z, 9}, 9] + 5 (o, [z, ], [, y]]

+ 1 [lla, 91, 9], Iz, Il + % o, [z, [z, ¥}, 2]+ 3 [la, (=, 9], ¥]), 2]
+[lle, l, [z, ¥ll, =] + 3 e, [z, ¥ll, 2, 2] + 35 [{[[a, 2], 2], 2], 2]
+ 3 (llla, ¥}, 1, 2), 2] + § {llla, ¥}, ), 2], z] + § [[lla, 9], 9], 9], 2]

+ o [lla, 9], 9), 9], 9]

Bs = -3 la, [z, [z, [z, [z, 9]]ll] - 1—12 la, [z, [z, ([, y], y]]] - Tlg la, [z, [{[z, y], y], yll]
- 1 [a, ([, 9], ([z, 9], 9]l - 5 3 (o, [z, [, o], [z, 1)} - 24 [a, ([[[z, ¥], 9], ¥}, 4]
~Lla, ), [z [z, [z, Y]] - § lla, 9l 2, (=, o], ¥]]] - § lla, 9], (2, ¥}, 9], ¥]]
-1 e, [z, ¥]}, [z, [z, 9]l - l (lla, 41, 9], [z, [z, 9]} - l (e, %], ¥}, [z, 9], ¥l]
=3 lla, [[=, 9, 9]l [z, 9] — 3 [[[a'a y), [z, ], [z, vl — & [llle, 9], ¥, ol [z 9]
=% lla, [z, [z, [z, yl]]], 2] - [[a [z, [z, 9], 9ll], =] - 3 e, [lz, 9], 9], 9]}, 2]
-3 llle, 9, [z, [z, y]ll, =] -% (lla, 91, =, 9, 9], =] —% (lla, [z, 9]l [z, ¥]], 2]
~ L llle, 9, 9, [=, 9], 2] — % [lla, |z, [z, 9]l 21, 2] — § [{[a, [z, ¥}, 9], 2, 2]
— 1 (llle, 9, [z, 9, 2, 2] — % {llla, [z, ¥}, 2], 2], 2] — 55 {(llla, 2], 2], 2], 2], 2]
— L (llllas 9], =, =, =, 2] — %5 (lllla, ¥l, ¥}, =], ], =] — 15 [[lle, 91, 9], ¥}, 2], =]
— L [lllla, ¥}, 9} v) vh 2} — o5 ([lle 9], 9} ¥l 0l 0]
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We find a triangular system of equations, which can be factorized by a, and solved for
the variables ki, ko, k3, k4, ks, ks, »

ki=xz+y

k2 = —3 [z, 9]

ks =15 [z, [z, ] + 35 =, v, 9l

ks = -3 [z, [z, v}, 9]

ks = —7 [z, [z, [z, [2, 9]ll) + 5 (2 (2, [l 9], o]l + 15 [z (e, 9l ol 9l
+ 135 [z, 9], [z, o), vl + 555 [z [, 9, (=, ol — 55 Uz 9l 9, 9, 9]

ks = i (&, [z, [, [lz, 9], v)))) - 555 [, [, ({2, o), 9], 9ll] = 555 [ {2 9, [l ), 9]
- 750 & [z, [z, ¥}, [, v]]] + g [ [z 9], 9l vl 9]

which is in effect the Campbell-Hausdorff formula to order 6.
Similarly, we find the generating series for the exponential in terms of the Lie trans-
formation,

ki =w

k‘2 = Wy

k3 = W3z — ;15- [wl,wg]

ky = wq — % [wl,wg]

ks = ws — § (w1, ws] — 2 (w2, wa] + 535 (w1, (w1, w3]] + g5 [[w1,wa], wo]
+ 355 (w1, w1, (w1, wa]]] |

ke = we — 3 (w1, ws] — & [w2, wa] + g5 (w1, [w1, wa]] + 55 (w1, [wa, wa]] + 57 [[w1, ws], wo]
+ 215 (w1, w1, (w1, ws)]] — 155 fwi, ([w, we), w2

kr = wr — 5 (w1, we] — 3 [wa, ws] — F [ws, ws] + & (w1, [wr, ws]] + 57 (w1, (w2, w]]
- Z%(_) [’LUQ, [w2’w3]] + "1'2_3 [[w17 ’IU3],’lU3] + 7_3;)' [[11)1,’(1}4],’11)2] + '2% [’lUl, [wh [1.01,'[04]]]
- 7%6 (w1, [wy, [we, ws]]] — 1—53'6 [wy, [[w1, w3], we]] — g% [[w1, wa, w1, ws]]
+ '(%6 [[[wl,’lU2],’w2], 'U}z] - '5?1216 ['LUl, [wla [wla [’U)], ’lU3”]] - rlz() [’LU], [wl) [[’U)l,‘U]Q], ’UJ2]]]
+ _1—819_0 [[wlr [wh ’UJ2”, [wh w2]] - '1—5_}'56 [wl, [wh [wl’ [wb [wla w2]]”]

and as a function of the generating series of the exponential of the Dragt-Finn transfor-
mation, ' ' :

ki=an

ko = go

ks=g3—73 lg1,92]

ks =g4— 3 91,93 + 75 91, g1, 92]]

ks = gs — 5 [91,94] — 3 [92, 93] + 15 91, 91, 93] + 35 [[91, 92, g2]

ks = g6 — 3 191,95] — 3 (92, 9] + 75 [91, (91, 94]] + F 91, (92, 93] + ¢ (191, 93], 92
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— 21 191, (91,92, g2l] — 735 (91, [91, 191, [91, g2]]]

kr = g7 — 3 [91,96] — 5 [92,95] — 3 [93,94) + 35 [91, (91, g5 + } [91, [g2, 94l + 35 (92, [92, g3l
+ 15 [[91, 93], 93] + § [l91, 94}, 92] — 75 [91, [91, (92, 9]]] — 55 91, [[91. 93], g]]
— 730 l91, 191, 91, (91, 93]ll] + 155 (91, [91, [lg1, 92}, 92)] + 385 [lg1, (91, 9211, {91, g2]]

The generating series of the Dragt-Finn transformation as a function of the generating
series of the exponential, -

g =k
g2 = k2
93 = k3 + 3 [k1, k2]
9a = kg + § (k1 ka] + § [k1, [k1, Kol
95 = ks + 3 [k, ka] + 3 [k, ks] + & [k, [ka, ksl] — § [[ka, ko), ko] + 5 [k, [en, [Ra, ko))
g6 = ke + 3 [k1, ks] + 1 [k2,k4] + & [k1, [ka, ka)) — 112 [k1, [k2, ka]] — 35 [[k1, ka), k2]
+ 51 [k, [kl,[khks]-]] — 3 [k, [[k1, k2], kz]] + 135 [k, e, [kl, (%1, k2]l]]
g7 = k1 + & [ky, k] + 3 [k, ks] + 3 [ks,k4] + 5 [ky, ka, Ksl] + § [Ka, k2, K]
+ 3 k2, [ka, kall = § ([, kal, ka] — & [[ka, kal, ko] + 57 [kl;[kla[kl>k4]”
— 5 kv, [ka, [Re, Ra]ll = ¢ [k, ([, Ks), kel + & [k, o, (ko Reall + 3 [k, kel Kol K]
+ 130 [k1, [k, [k, [k, ks]ll] — 56 [k, R, [[kl,k2l,k2]]] — & [y, k1, ko), [Rr, ko)l
kg Ve, e, [k, [, [k, ]l |

The generating series of the Lie transformation as a function of the generating series
of the exponential,

wp = kl
Wo = kz
w3 = k3 +% (K1, k2]
Cwy = k4'+§ [k1, ks) + ﬁ [k, [kl,kzll
ws = ks + [k1, k4] + 5 [kz,kS] + 15 15 [k1, [k1, ka]] — §6 (%1, k2], k2] + 135 120 [y, [k, [, kel
we = ks + 3 [k1, ks] + 2 [ko; ka) + 55 [k, [k1, ka]] — 35 [k, ks), k2] + 5 [kl,[k:l, [k, k3]]]
— & [ka, [tk kel kel] + 75 [k, ku, [Ra, (K1, Ralll] .
=k i Dokl 3 ko) + 5 D+ Do ol 2 o o, el
+ 2 [k s sl] = 3 [leu, sl k] = 2 ([ka, kal, ol + 35 [k, s, o, )
— 1 [ka, o, [k, kslll = 2 Tk, ([, K, Bal] — kg ([Ra, k), [k, o]
+ 38 [k, kal, kol kol + g [ [k, [k, [k, Rsll) = gl [k, o, ([, Kl Kol
+ gi5 (K1, (K1, k2], Ty, kal] + soug [Ka, [kes (K1, [k, [, R2]]])
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7.3.1. Composition of Transformations

The composition of the two inverse Lie transformations 77! and T; ! is T;;?, where

w1 =1u1+U1
w2 = u2 +v2 + 3 [u1,1]
ws = us +v3 + 5 [u,ve] + 3 [uz,v1] + § [, [u, 1]
Wy = uq + Ve + 3 [ur, 03] + 3 [uz,v2] + % [us,va] + § [ua, [u1,v2]] + & [u1, [uz, vil]
= 1 {[ua, va},uo) + 55 [u1, (w1, [ul;vlm
ws = us + Vs + & [u1,va) + £ [ug, vs] + F [us,ve] + & [ug,v1] + 3 [ug, [u1,v3]]
+ 2 [ug, [ug, vl + 5 [un, [us, va)] + 5 [ua, [uz, v1)] — 55 [fur, vi), us] = {5 [lu1, val, uo)
+ L fu, [u, [, val]] + & [, [ug, [uz, wall] = f5 [, ([u, w1, ual]
— 55 (w1, ua), fur, n1] + 35 [, [un, [ua, [ur, va]]l]
we = ug +v6 + 3 [u1, vs] + 2 [uz, va] + & [us, vs] + § [ua,v2] + § [us,v1] + 5 [ua, [u1, va]]
+ 1 [un, [ug, va]) + & [un, [us, val] + 35 fua, [ua, va]] + § [ue, [uz, va]] + 5 [uz, [us, v1]]
— 2 [fug, va), ua] — 3 (w1, val, us] — § [[u1, 03], ua] = 5 {[u2, v1], us]
+ & [u, [, [, vall) + 75 [ua, [wr, [uz, v2ll] + w35 [u1, [ug, [us, v1]]]
+ & [ur, [ua, [uz, 01]l] — 5 (w1, [fur, v1), us]] — 55 [us, [[u1, ve], uo]]
— & [lur, ual, [ur, ve]] — o [[ws, wa], [ur, va]] — g5 [[us, [uz, v1]], u2]
+ 2 [lug, v1], uo), ua) + 75 (w1, [u1, [us, [ur, volll] + 585 [u1, [, fug, [uz, ni]}]]
- % [ug, [, [[u1, 1], uel] - % fug, ([u1, u2], [u1, wa]]] + % [, [u1, v1]], [u1, u2)]
+ 735 (w1, [ua, [, (w1, [ug, va]]]]]
wr = u7 +v7 + & [u1,ve) + £ [uo,vs] + % [us, va] + £ [ua,va] + 3 [us,v2] + 7 [u6, 1]
+ 5 [un, [un, vs)] + o [un, [ug, val] + 55 [, [us, val] + & [u, [ug, v2]]
+ & [un, [us, v1]) + 3 [uz, [uz, vs]] + 5% [z, [us, val] + 5y [ue, [ug, vi]]
+ & [us, [us, v1]) = 55 [[ur, vil, us] — & [[ua, v2l, ua] — 55 [[w1, 3], us]
— B [fur, va),u2) — & [fuz,v1),u4) — 55 ([uz, v2], us] + Z w1, [u1, [u1, val]]
+ 5 (w1, (w1, [, va]]] + 75w, [us, [us, vall] + o1 [un, [ws fua, wall]
+ & [, [, [uz, valll + 5 [ua, [uz, fus, vil]] + 25 [u2, [u2, [uz, val]]
— & [uy, [fur, 1), ual) = 75 (w1, [[u1,v2), us]] = 35 [ur, [[u1, vs], u2]
— 1&5 (w1, [[uz, v1], us]] — 3 (w1, u2), [ur, vs]] — 55 [fus, us], [u1, v2]]
— & [[uy, us], [uz, v1)] — 35 (w1, ua, fur, v1)] + 5y [[u1, vi], [u2, us]]
- 1‘33 ([, [uz, vo]), uz] — glz ([u1, fus, v1]], ua] + % [[[w1, v1], ual, u2]
+ ‘1% ([[u1, val, wel, ua] + 35 [, [us, [ua, [U1>U3”]].+ A5 [, [u, [, [ug, v2l]l]
+ g [ur, [, [un, fus, vll]] + 55 [, [w, (ue, [ug, v1]l]] — ggp [, [un, ([ua, v1l, us]]

- '7?_0 [uh [ula [[ulavﬂ’u?]”_— §16 [ula [[u1:u2]) [ulav2m - '1(2)_5 [ul) [[ul)u3]’ [ul, Ulm
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140 fur, [[u1, fuz, v1]), wal] + g5 [, [[[u1, 1], ual, ua]] — 252 ({1, ua], [ur, [uz, v1]]]
+ & [lua, ua), ([ur, 1), u2]] + 55 [[ul, (w1, v1]], [u1, us]] + 135 [[w1, [w1, v2]), [ur, u2])
+ gy [[lus, ual, ual, fur, va]] + g T, [, fua, [ug, [us, v2]]]]]
+ 550 (U1, [u1, [u1, [u1, [uz, ni]]l]] = 185 [, fur, [ug, [[u1, vi), ualll)
— 51 [un, [uy, [fur, wl, fur, val]) + g5 [ua, [[ur, [ur, vi]l, [ur, uel]]
+ 507 [[w, fur, wel), fug, [us, vi]] + sog5 [ws, [, [us, fus, [us, fug, vi]]))])

Hence we deduce the Lie transformation T, in the form of an inverse Lie transformation

Tv, , by solving the previous system, where w = 0, in relation to the u;
v = -
’Ué = —V2
vh = —v3 + % [v1,79]
vy = —vg + % [v1,v3) — 35 [v1, [v1, v2)]
v = ~v5 + % [v1, v4] +% [v2, v3] — -2% [v1, [v1, va]] + 35 [[v1, v2), 0] + 55 [v1, [v1, 01, v2]])
vg = —vs + 3 [v1,vs] + 3 [’02,114] 3 1, [vi,v4]] — 55 [1, [v2, va)] + 35 [[1,v3], 2
+ 35 [v1, [vi, [or, va]]] — g5 [Ul, [[v1, 2], val] = 585 [y, [V, [01, [v1, w2 ]]]
vp = —vr + 3 [v1,v6) + 2 [Uz,vsl +1 [v3,v4] — 3t [v1,[v1,vs]] — 7 [v1, [v2,v4]]

70 [v2, [v2, v3]] + 5 [[vl,val v3) + 105 [[v1, val, vz] + o1 (o1, [1, [v1, v4]]]

+ g (v, [0, [v2, 3]]] - 420 [v1, [[v1, vs], v2]] — 155 [[v1, v2), [01, vs]]
+ 515 v, v2],v2], v2] — g [v1, [v1, [1, (o, wslll] + 555 (w1, [va, ([0, w2}, 22]])
— 1365 L1, [on, v2ll, [o1, v2)] + 5855 [v1, (01, [v; [on, w1, 02)]]]]

Similarly, we get the inverse of the inverse Dragt-Finn transformation M, 1 = My,
where

9'1 = -4

92 = —g2

95 = —g3 + g1, v2)

gy = —g4 + lg1, 93] — 1 91, [g1, va]]

g5 = —gs + [g1,94] + g2, 93] — & 91,191, 9s]] + & {[91,92] g2l + ¢ lg1, (91, 91, 92]]]

96 = —96 + (91, 95) + (92, 94] — § [91, (91, 94]] — 5 91, [92, va]] + & ([91, 93], 2]
+§ (91,91, (91, 931 — ¥ (91, (91, 92), 92]) — 51 [91, [91, [91, [91, g2)))]

97 = —g7 + 91, 96] + (92, 95] + (93, 9a) — % 91, [91, g5]] — [91, [v2, 9a)) — 3 [92, [92, gs]]
+ 3 [l91, 93}, 93] + § (91,91, (91, 9all} — § [91, ([91, 93, 921] + § [[91, g2], [91, 93]
+ 3 [llgs,v2), 92, 92} — % [91, 91, [91, [91, 93]} + 35 [91, lg1, [[91, 92, gl
+ & [l91; [v1, g2]l [91, 2]l + 5 (91, [91, (91, (g1, [v1, g2ll]]]
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OOO

Obviously, these formulas might have been obtained by using the bijection between the
Lyndon words and the Lyndon basis, by using the expanded formulas of Lie automorphisms
as functions of Lie operators. However, it would probably have been difficult to compose
mappings, and it would have become necessary to combine several expanded formulas.

The convenient form of the injective morphism L, : z + [a, z] is the equivalent of the
superior triangular form of the bijection between the Lyndon words and the Lyndon basis,
written in this basis. In my opinion, the advantage lies in the fact that one can remain in
the free Lie algebra, which, from the standpoint of implementation, is most useful.

This morphism has the same properties, regardless of the basis chosen, but it does not
appear that its representation in the Hall basis would be simple.

On the other hand, the relations between the various representations of the elements
of the group generated by the exponentials of Lie operators will later enable us to formally -
demonstrate the equivalence of perturbation methods, or the equivalence of methods for
searching for symplectic integrators. The means of explicitly computing these relations
will provide the means of explicitly finding symplectic integrators.

I had initially proposed an algorithm for Lie polynomial manipulation in the Hall
basis (cf. [32]), without realizing that the same considerations applied for the Lyndon
basis. Only recently, after reading Mr. Petitot’s thesis, was I able to effectively transpose
the algorithm. Both decompositions, in the Hall basis and in the Lyndon basis, will be
implemented from the same representation of the basic principles, in the last section of
this text. "
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Chapter II

Hamiltonian Formalism

In this chapter, we introduce the definitions and basic concepts of hamiltonian mechan-
ics —which will be useful for the rest of this text— while setting them apart from actual
perturbation methods. Hopefully, this section should provide the necessary tools to define
the framework of perturbation methods, which are primarily relevant to computational
issues.

First of all, we will recall hamiltonian formalism. All notions addressed here were
primarily inspired by Arnold’s two books, ([2, 3]) as well as Meyer & Hall’s book ([41]).

Next, we focus on families of canonical transformations, specifically those which are
written in formal series of a small parameter. Here my ideas were primarily inspired by
original articles by Deprit {11] and Dragt & Finn [14] on the one hand, and by general
articles like Cary’s [7] on the other.

Finally, we compare the use of the Deprit transformation and that of the Dragt-Finn
transformation as functions of the number of evaluations of Poisson brackets which they
require.

8. DEFINITIONS AND NOTATIONS

For this entire discussion, we are in a phase space E of 2n dimension, which we will
eventually be able to regard as IR*™. State variables can be represented either by the
combination of coordinates and momenta ‘

(qap) =(q1a-"aqn) pla"')pn)a (81)
Qr‘ by
z=(q,p) = (21,-..,2n), - (8.2)

according to the concision desired in the formulas. Naturally, this space is provided with
an antisymmetric, bilinear form J

0 I
- (35) -
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where I, denotes the identity matrix of size n. The standard symplectic form is written
as

Ww=p1Aqi+ -+ PnAdn- (8.4)

A linear transformation T over the phase space is called symplectic if it maintains the
symplectic form w or if it belongs to the symplectic group

Sp(B,w) = {T;TTIT = J} . (8.5)

A linear operator H is formélly defined as being hamiltonian if it is the derivative, at
t =0, of a 1-parameter (t) family of symplectic transformations, which takes the identity
as its value, at t = 0. Thus for H, we get the condition

HTJ+JH =0. ' ~ (8.6)
H being a hamiltonian operatbr, we define |
h(z) = lw(z, Hz) 8T

as the Hamiltonian of H. Conversely, to any quadratic form h, we associate a Hamiltonian
H by : A '
w(y, Hz) = h(z +y) — h(z) — h(y) - (8.8)
‘which defines an isdmorphism between quadratic forms, and hamiltonian operators.

In matrix formalism, to any symmetrical matrix S, we associate a symplectic endo-
morphism T by : ,

' . m
T =e’% = go (J:L 3 S -9
On the other hand, any hamiltonian operator H for which the matrix is _
H ='< e ) (8.10)
satisfies conditions (8.6), that is to say. _ |
| BT =B,cT=¢,DT = -A. - (8.11)

The corresponding Hamiltonian is a quédratic form h for which the matrix is a symmetrical
matrix ' '

1 1 cC D

The Poisson bracket of two Hamiltonians is defined as the Hamiltonian associated with
the hamiltonian operator, which is the commutator of the two respective hamiltonian
operators. Thus we get, in canonical coordinates '

2. Oh18hy  Ohy Ohe

{h1, ho} =§ op: 30~ a; Opi” (8.13)
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From this definition
Ty

Lnyhoy = [Lhyy L)y (8.14)

we deduce that hamlltoman operators form a Lie algebra with the commutator as the Lie
bracket.
8.1. Canonical Transformations

Considering the 2-form w = dp A dq, we define the Poisson bracket of two smooth
functions f and g as

{£,9} = w(df, dg), | (8.15)

that is, in the Darboux coordinates

of 0g Of Og
{f.9}= Z . Bp: 50; ~ Bg: Opi” (8.16)

The Poisson bracket of two functions of phase space may be written in matrix form

{figt= > -z =VfIVg (8.17)
1<k, l<2n )
where
of af
Vf= ( B2y 52%) (8.18)

denotes the gradient of f.
In this fashion, the space of smooth functions on FE is provided with a Lie algebra
structure in relation to the Poisson bracket.

***

We denote by Ly or L(f), the Lie operator g — {f,g}. The Jacobi identity thus
enables us to write

(L, Lg]l = Li1,} (8.19)

where [A, B] = AB — BA denotes the commutator of A and B. This last property thus -
allows us to give Lie operators a Lie algebra structure.

By extension, we define a canonical transformation over phase space as a transforma-
tion which maintains the Poisson bracket. Thus, we must have for Z = Tz,

{Zi, 2} = {2, 25} = Jij, 1 < 4,5 < 2n. | (8.20)
that is to say, for any 1 <14,j < 2n

E 8Z,-J 0Z;

a7 Ty = (M1 IM)ss, (8:21)

Jij =12Zi,Z;} =

1<k,1<2n

where M denotes the Jacobian matrix of the transformation 7". In other words, canon-
ical transformations are those whose Jacobian belongs to the symplectic set. Literature
indifferently uses the adjective canonical or symplectic to denote such transformations.
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Canonical transformations of phase space is extended to the functions over phase space
by posing :

Tf(z) = f(T%). (8.22)

Since canonical transformations preserve the Poisson brackets, we have, for a canonical
transformation T, and two functions f and g (denoting Z = T'z),

{f7g}z = E 821, :JazJ

1<1,7<2n
-y Lz": of azk] [ g azl]
1<4,5<2n Lk=1 07 0z b7 07, 0z;

N 3Zk 1 ﬁ
= 2 az,c [Z ”az]azl

1<k,l<2n

- v 2 29
1<k, l<2n aZ

= {f,g}z- | (823)

which means that the Poisson bracket is unchanged, whether it is considered as a function
of Z or z. Therefore, we have

{f1g}z={f7g}Z (824)

which, consequently, implies for any canonical transformation T,

T{f,9} = {Tf,Tg} and Lr;=TL;T7'. : (8.25)

9. HAMILTONIAN SYSTEMS

Newton’s laws for classical mechanics produce systems of differential equations of sec-
- ond order in R™. If the forces are derived from a potential, the equations of motion can
be reduced to the hamiltonian system, that is to say to the study of a system of first order
‘differential equations in a space of 2n dimension. Let us consider a material system for
which Newton’s laws of mechanics may be written

Mz + VF(z) = g(t) | (9.1)

where x € R™, M is a symmetrical invertible n x n matrix, F is a smooth function with
a real value defined over an open set of IR™, and g(t), a smooth function taking values in
IR", defined on an open set of IR. By posing p = M, we have

&=M"p, p=g(t)-VF(z), (9:2)
that is to say, by posing '

h=3p"M™p+ F(z) - 27g(2), ‘ (9.3)
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Newton’s equations are reduced to a first order system

. Oh | oh _
h is called the Hamiltonian of the system (9.1). Generally, T = — T M~—1p is the kinetic
energy, and U = —F(z) + z7g(t) is the potential energy. If g = 0 the Hamiltonian is
autonomous and the total energy h = T + U is invariant.

***
Another approach consists of considering the equations of Lagrangian mechanics.
Given L(z,%,t) = T — U the Lagrangian of the system (9.1), the principle of least ac-
tion of mechanics states that the system’s evolution is defined by an extremal curve of

[ pta,a0a | (09)
which, according to Euler’s equations, can be reached only if
ddL OL
Py el e (9.6)
Differentiating
h=>_ &y — L(z,,1), (9.7)
where p; is a new variable, which we will define later, we get
O6h Oh '
dh = Z dacl+z Pt 5 (9.8)
: oL oL
C _YbN . . il — = dt 9
l;(p, aa_:l)dxz +l§;x1dpl l; 7,0 5 4 (9.9)
n OL. .. | <~. d OL dL
= Z(pl — =—)di; + }:xzdpz Z [-—]dxz —dt. (9.10)
=1 Oty =1 1= ot
The previous equation is only satisfied if
oh_ oL 0L Oh_,. oh__doL 0.1
ot~ ot P T i op v Bm dtom '
Posing p; = %, q = z1, we get Hamilton’s equations
oh oh
= —a— G ==, l<l<n. 9.12
= "% "7 on (012)
***

A hamiltonian System consists of a phase space, and a Hamiltonian h. The study of a
hamiltonian system is the study of the system of differential equations
Oh oh

ﬁl = ——,QI = -6%, 1 S l S n. (9.13)
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Such a system can also be written, by introducing the form J (8.3):
&= JVh = JDhz, | (9.14)

where Dh denotes the dlfferentlal of h Usmg the Poisson bracket, (9.14) can also be
written -

i={zh}. a © (9.15)

In the case of a linear hamiltonian operator, since h is a homogeneous polynomial of
degree 2, we have:

JVh=H(z) = JDh(z) = JH(z) (9.16)

where H is the Hessian of h:

2 ' :
T = (-a—a-—h-) . o (9.17)
202 1<i,j<on

In the space of vector fields, we will state that Jdh is the hamiltonian field of Hamilt-
onian h by analogy to the system of equations obtained with Jdh in canonical coordinates: -

oh . oh | -
Dy = — 7 <[l <n. . .
e 1<i<n (9.18)

The Hamiltonian h may in some cases depend on time, and in that case, we will state
that the system is non-autonomous.
9.1. Integrable Systems

The integrability of a hamiltonian system relies on getting a certain number of invari-
ants. We state that F' is an invariant of the hamiltonian system glven by h if and only if
we have:

{F,h} =0. | _ (9.19)

According to Liouville’s theorem (cf. [3]), we state that a hamiltonian system is com-
pletely integrable, as implied by Liouville, if, and only if there exist n independent invari-
ants in involution, that is to say if there exist Fi,..., F, such that

{Fi,h} =0 and {EaEI}:O 1<14,j5,<n. ' (9:20)
For example,

— an autonomous hamiltonian system of 1 degree of freedom is completely integrable,
since h is an invariant of the system.

— a linear hamiltonian system is completely integrable.

However, since Poincaré’s contributions, we have known that generally, a hamiltonian
system with several degrees of freedom is not integrable.
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9.1.1. Examples

The study of a harmonic oscillator is the study of the system of differential equations
of order 2: ‘
&+ wiz =0, (9.21)
where w > 0 is a constant. Posing p = ;f and q¢ = z, we get the system of differential
equations of order 1: '

p==%=-wr=-wq§=23=uwp, (922)
that is to say, posing h = %(p? + ¢%), we have
' Oh Oh
)= —— = —. 9.23
The system has 1 degree of freedom, so it is integrable, which we verify with
d o, 2y _
@ (r* +¢*) =0.

The solutionslare given by
(¢,9) = ¥ (go, po)

where .
0 —w
H_(w 0 ) B (9.24)
Therefore, we have
—ea _ [ cos(wt) sin(wt)
€= ( —sin(wt) cos(wt) : (9.25)
and
p = cos(wt)p(0) + sin(wt)q(0)
g = -sin(wt)p(0) + cos(wt)q(0) ° \
Similarly, the Hamiltonian of n uncoupled oscillators is written
n
h=3Y wiof +q), (9.26)
=1

in which the n invariants are actions
L=3® +4¢), 1<I<n (9-27)

The actions and their conjugate variables (angles) form a set of canonical variables defined
by:

n = v2lcos¢y _ << :
. ***
We have Arnold-Liouville’s theorem [2]:
THEOREM 23 (Amnold). — If a system of n degrees of freedom is completely inte-

grable, there exist n invariant tori for the hamiltonian system, that is to say a change in
canonical action-angle variables. Furthermore, this change of variables can be carried out
by quadrature.
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9.2. Time Evolution

In the case of an autonomous system, in the formalism of Lie operators, the time
evolution of the system is given by

#={z,h} = Ly (9.29)
- Thus, for any n > 1, we have |
d*z n
T = (- 1) Lyz (9.30)

The formal solution z(t) is given by its Taylor series

z(t)_Z( 1)ﬂ z(O)—e tLh 2(0). (9:31)

n>0

A family of transformations e~tL» is a one parameter family of canonical transformations,
also called mapping at time t, of the hamiltonian flow. For any smooth function of the
phase space, we have along the solution curves

. af °
o= +Z|: f 6fpz}
~ af of oh _ 8f Ok
- anzapz pi Op;

= —37 + {/f, h‘}. g ' (9.32)

In the general case ([7]), whenever h is time-dependent, we define, for an integrable
system, the mapping in time t, as the mapping which, at one point of a phase space z,
associates the point z(t), position at time ¢ of the solution, with a position z at £ = 0. We
denote this mapping Sp(t).

Similarly, we define Sp(t1,t2), the mapping which associates with z the point z(t),
position at time £ = 5 of the solution to the hamiltonian system, at position z and ¢ = t;.

***

The following theorem gives us a first fémily of canonical transformations.
THEOREM 24. —  Si(t1,1), is a family of canonical transformations.
In the linear case, that is to say‘whenever we study the hamiltonian system
z = H(2), _ (9.33)
where H is a hamiltonian operator, Sy (t1,t) is a linear mapping, and we have (cf. [41})
Sh(t1,t1) = Id and 'Sh(ti,t) = HSh(t1,1). (9.34)
Let us pose then U(t) = Sx(t1,t)T JSk(t1,t). We have, according to (8.6),
U(t) = SLJSh + SIS, = SF(HTJ + JH)Sp = (9.35)
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that is to say, for any ¢, U(t) = U(0) = J, and consequently, the linear operator Sy, is a
symplectic transformation.

In the general case, let us denote Z(t;,t, 2) = Sp(t1,t)z the general solution of (9.29).
From

2 70, 1,2) = {2i0n,1,2), k) = J(DW)Zi(1n 1,2, (9.:36)
we deduce, by differentiating, that
) ~ ’
- B, t2,2) = JHE(t, ta, 2), " (9.37)
Oto

where Z(t1, 12, z) is the Jacobian matrix of Z(¢;,t2,2). From Z(t1,1t1,2) = 2, we deduce
that Z(t1,t1,z) = I, next that = is the general solution of the linear hamiltonian system
(9.37), and consequently, is symplectic according to (9.34). The time evolution transfor-
mation is thus canonical, according to definition (8.21).

***

These time evolution transformations form a group, since we have, for any ti,t2,ts,
Sh(t1,t2)Shlte, ts) = Sn(ti,t3) and  Spl(t1, t2) = Sw(te, t1).

Sh(t1,12) is derivable, and we have

-£—Sh(t1, tz) = —S(tl,tz)L(h(tl)) and &ish(tl)tz) = L(h(tz))S(tl,tz).
1 2

If, for example, k no longer is time-dependent, we then have a group of parameter ¢, since
Sh(t1,t2) = Sp(0,t2 — t1). In this case

OSh(1)
ot

and we are back to the equality SnLnS;, 1(t) = Ly, that is to say that Sph=h. -

— —Sh(®)Ln = —LaS(t), (939

***

If we know the exact form of Sy, then we can solve the differential equation

of

5 t{fhk =g (9-39)

which is solved by noting that

- Sh(t1,82)f (1) = S, 2)g(01),
1

which gives ,
Sat1,t2) (1) = [ Salt, ta)g(t)dt + Slto, ) o),

and consequently,

£6) = Shtto, )1 (t0) + [ Si(tr, g (t1)dts. (9.40)
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'10. FAMILIES OF CANONICAL TRANSFORMATIONS

Given w'(p, q, 6), a family of functions of phase space of class C, let us consider the
hamiltonian system given by

Op ow' O ou'
e = — i —— <l<n. .
58~ oa’ 80 om’ 1<I<n (10.1)

" The mapping Ty at time @ of the hamiltonian flow of w’, verifies, for any z,

5 .
-a—eng = —{w'(Tyz),Tsz}
‘ —{To’w,(Z)., TOZ}
= —TyLyz, (1_0.2)
which solves the differential equation
0Ty
50" —~TyL,,. (10.3)

Let us call w, the function whose derivative? with respect to 6 is w’, and vanishes at
6 = 0. If Ly commutes with Ly, that is to say if [Lw, Ly] = Ly 4} =0, then we have,
for any p > 0,

OLf, _ OLw .y _ -1
50 ~Pog v =PLwli
therefore 8 |
%.e_Lw = —e MLy = —Lye .

— If w' = w) does not depend on 6, then [Ly, Lgy| = Liw,guwy = 0, Z,‘%[Gw’] = o
therefore, the solution of (10.3) is

Tp = e lw = ¢~ Lw,

— If w'(p, q,6) = a(8)W(p, q) then, calling A(f) = f: 'a(v)du the integral (see footnote)
of a, which vanishes at 0, we have w = A(6)w and [A®,aw] = Aa|w,®] = 0.
Similarly, the solution of (10.3) is given by '

Ty = ¢~ Jo oW)vd (10.4)

— On the other hand, if L,s does not commute with L., the solution is no longer an
exponential, but what we call the Lie or Deprit transform in relation to the exponen-
tial. Nevertheless, the exponential of a Lie operator is a canonical transformation
(6.7). We can also show (cf. [42]), that the solution of (10.3) is an exponential.

2The integral of w: primitive in the French text.
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10.1. General Form of Transformations

Let us now focus on the canonical transformations that are formal series

T=Y T, and T7'=Y T,
n>0 n>0

-

The fact that T is a canonical transformation imposes some conditions on the various
terms Tp,. The following theorem indicates two possible representations of these transfor-
mations, which justifies, in a certain way, the use of either the Dragt-Finn transformatlon
or the Deprit transformation.

PROPOSITION 25. — Given a transformation T, such that T'z; is a formal series for
any 1 <i<2n: ‘

Tzi=z+ Y aij(z) =Y 'a:;(2), (10.5)
j21 Jj20
where a; ;(2) is a function of z = (z1,...,22n),

— there exists a formal series w = 3, ~1 E™wn, Such that T is the mapping of the
hamiltonian flow 22 5= integrated for at time ¢,
— there exists a formal series g = 3,51 €"gn such that T-1 is the mﬁmte product

of the mappings of the autonomous hamiltonian flows e™gr, integrated for a unit of
time.

Remark. — We can consider the mappings of the autonomous hamiltonian flows €”g,
integrated for one unit of time, as mappings at time ™ of the autonomous hamiltonian
flows g, or as the mappings at time & of the non-autonomous hamiltonian flows ne™~!g,.

The proof of this property may be found in similar form in [14], but there exist more
general results for the form of the canonical transformations which continuously depend
on a parameter. The proof only relies on algebraic considerations on the Poisson bracket,
and more specifically on the following lemma, which states that any derivative is an inner
derivative. The same proof may apply when showing proposition 17, page 20. -~

LeEMMA 26 (Dragt-Finn [14]). — Given the canonical coordinates (21, ..,22:) and a
 set of 2n functions fi,..., fon, there is equivalence between the two following properties:

(Z) fOT any 1< ’L,j S 2n, we have {ziyfj} = {zj’f‘i}y
(ii) there exists g such that for any 1 < i < 2n, we have f; = {2;,9}-

Proof. — If we have for 1 <1 < 2n, f; = {z;,9}, then we deduce

{2, f5} = {z, {#,9}} = —{z, {9, }} - {g,'{z_i,zj}} = {z;,{z,9}} = {#, fi}

that is to say (i) is obtained using the Jacobi identity and the fact that {z;,z;} is a
constant.
Conversely, let us suppose that we have (i). Let us call 2* = Jz, then we have

0z}
0z;

=Jij, 1<i<2n. "~ (10.6)
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For any f we then deduce

: 9z of of of
{z, f} = —Jjkm— = Z Jiks— = 75 (10.7)
1 Sj,zk:s2n 0z; 0z 1<kZ2n Oz, 0z}
so that we have, for any 1 < 1,5 < 2n,
of; _ of,
0z} 82*'

Hence we deduce Y fidz} is an exact form, and that g=—-/ Z fidz? is indeed: defined,
and satisfies, for any 1 <i < 2n; {z,, g9} = fi.

***

In order to show proposition 25, we construct the g term by term. Let us show the
following result: :

LEMMA 27 (Dragt-Finn [14]). — There exists g1,...,9p, ... Such that foranyp > 1,
we have A
» e Lep .. ELsuTz, =z +Ze’ ”, 1 gz < 2n. h (10.8)
‘ i>p

) If p=1,Tisa canomcal transformation. If we expand {z, z,} = {Tz, TzJ} in g, we get

=& ({zu a;1(2)} +{ai1(2), 25}) + Z e E {aip(2), aJ,q(Z)} (10.9)

. n>2 p+g=n

and, identifying term by term the coefficients of the series,
{zi,051(2)} + {ai1(2), 25} = 0.

According to lemma 26, there exists g; such that for any 1 <'i < 2n we have

_ a1 = {2, 1} = —Lg, 2. ' - (10.10)
" Hence we deduce that ‘ |
eflai Ty, = efla (z: + E eain(2))
n>1
2

= 2T D Pagl)

n>1  pte=n

' Lr
= z+elgz+ ai,l(z) +> Y —a:4(2)
: n>2 ptg=n_ p:

= z+ Ze“ (1)(2) ,' (10.11)
n>2
e Let us suppose the property (10.8), satisfied at rank k — 1. Since e s is a canonical

. k—
transformation, for any 1 < p < k — 1, we deduce that e Lok ... efLa1 T is a canonical
transformation, and consequently, for any 1 <1,j < 2n, we have

(it Y el 0@, 5+ Y el @) = (2.

m2>k m>k
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In the same way, we deduce that

0= ({z, ‘k‘l><z>}+{a,k”(z),zy})+ > oem Y sV @,d V@),

m>k+1 kp+q=m

which, identifying the terms of degree k, gives
£-1 k-1 A
{z,a5 V@Y + {ali (), 2} = 0

and proves the existence of gx, such that, for any 1 < i < 2n, we have

(k V- {2, 9k} = —Lg, %-

Similarly, we deduce that

Lok .. 'engszi — Lo ...efla (2 + Z Ema(k 1) (2))
m2>k

— z’i+z€m Z I;Zk (k— 1)(2)

m2k . kptg=m

= z;+€° (Lgkz,+a(’c 2 z)) + > ™S gk (k Y(2)
m>k+1 kp+q=m '
= zi+ Z em a (z) (10.12)
m>k+1 :
***

In order to demonstrate the second part of proposition 25, we use following lemma:

LEMMA 28 (Dragt-Finn [14]). — If T is a canonical transformation, there exists a

function h(T'z, &) such that
oTz
5 = ~Tz6), Tz}

Proof. — From {T'z;,Tz;} = {zi, 2;}, we deduce that, for any 1 <1i,j < 2n,

3 ePe{aip(2), ajq(2)} = {2, 25} o)

P,920

When differentiating the previous equation with respect to €, we have

Y et aip(2), 40(2)} + P71 (Paip(2), ajg(2)} = O (10.14)
?.920
therefore
{Z £°a;p(z), Z QEq—laj,q(z)} + {Z PEp_lai,p(z), Z ea;4(2)} =0,
p2>0 920 p>0 q>0

that is to say, oT or
2j 2
{Tzh—'—J} = {TZJ’ z}7
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with the Poisson bracket taken in z, and T canonical, we have, according to (8.24),

0Tz, _ (o, 0Tz
{Tz'" 65 }Z - {Tz‘l" 65 }TZ,

and since the T'z; are canonical coordinates, there exists, according to lemma 28, a function
h(Tz,¢€), which satisfies, for any 1 < i < 2n,

aTZ,;

e = —{M(Tz,€), Tz} = —T{h(2,€),z;} = =T Lpz;. (10.15)
Then we have
8T .
% = —TLp. (10.16)

Let us pose h = %w;, to be consistent with previous material, and to later obtain more
concise formulas. Specifically if w = e™w,, we again come up with the exponential of a
Lie operator. .

The existence of w is subordinate to the equality

OTz; 3TZ,;
{Tz, -b—E—J} = {Tz, -55—}, (10.17)

which, for example, is satisfied if T is of class C?, or satisfies for any 1 <4,j < 2n

02z 8z
0z;0s  0edz;’

(10.18)

10.2. Deprit Transformation

The type Ty Lie transformation is also called the Deprit transformation. It was intro-
duced by Deprit [11]. Given a generating series

w= Ze"'wn, ' (10.19)

n>1

we focus on the mapping, at time ¢, of the non-autonomous hamiltonian flow given by the

hamiltonian function %’. Let us denote Ty, a one parameter family, we have,
0T,
Tw(0) =1, — =-TywLp,. (10.20
‘w( ) 65 w %;:_ ( )

From (10.20), we deduce that T,;! verifies the differential equation

v oy—1 T _p, 71 10.21
w ( )— b 86 - ?Tw w - ( . )
{4

The solution is expanded in the small parameter ¢, and we get inductively

Tw= " Tn)n, Tp'=)_ e (Tghn, (10.22)

n>0 : n>0
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with
Tw)o =1, (Tw)n=-_ E(Tw)n-pLu,, (10.23)
p=1
ToNo=1, To")=> BLu(TaVn—p - (10.24)
p=1

Whenever there will be no ambiguity, we will denote T;, for (T, ) and T,;* for (T ).

Remark. — This transformation, which I shall take the liberty of calling the Deprit
transformation, is not, strictly speaking, the Deprit transformation. In [11], it in fact
denotes the mapping of the hamiltonian flow of w (instead of %“’;). I used the other
notation for the sake of conciseness in the formulas, and also because this formulation is
used, specifically, to provide estimates (cf. [22, 25, 52, 24]).

The Deprit transformation, just as its inverse, is a canonical transformation, since it
is the mapping, at time ¢, of a hamiltonian flow, and direct computation shows that it is
linear, that it maintains the product and Poisson bracket (cf. [11, 22] or (6.30) page 16).

The general term T}, is expanded into

— i k k k;
T, = Z (—1)175}k1—}?k2 ... k1+--7-+kj kal - .kaj’ (10_25)
ky+-+kj=n
and T;7! into
-1 __ k k. k; .
"= Z e Tk Lk, kaj- (10.26)
kr+--tkj=n

The previous sums are the sums for all possible j-uplets of strictly positive integers, whose
sum is n. The number t, of terms in (10.25) or (10.26) is the number of increasing
sequences {1,...,n}, that is to say that

t, =271, (10.27)
For f = 3,50€"f, we have, for the first terms of F = 3,50 ePFp = T ' f,
Fo=fo
F1 = fi —{fo, w1}
Fy = fo—{fo, wa} — {f1, w1} + 3 {{fo, w1}, w1}
Fy = fs = {fo, wa} = {f1, wo} — {fo, w1} + § {fo, {w1, wa}} + {{fo, w2}, w1}
+ 3 {{f1, w1}, wi} = § {{{fo, w1}, w1}, w1}
Fy = fs —{fo, wa} — {f1, ws} — {fo, w2} — {fa, w1} + § {fo, {w1, ws}}
+ 2 {1, {w1, w2} + & {{fo, w2}, wa} + {{fo, ws}, w1} + {{f1, wa}, w1}
+ 3 {{f2, w1}, w1} = 1 {fo, {wy, {w1, w2}}} — % {{fo, {w1, wa}}, w1}
- 3 {{{fo, w2}, w1}, w1} — § {{{ /1, w1}, w1}, w1}
+ 55 {{{fo, w1}, w1}, w1}, w1}
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10.3. Exponential

Given a series

k=3 ek,

n>1
we consider Ti(c), the mapping at time € of the flow associated with the autonomous
hamiltonian system

E_d_z = {z,k}. | : (10.28)

OTe) | o 1 L
o —Ty(e)Lr and consequently, Ty = e” k. Tk(s) = evk,

Therefore, we have ¢

The general term T;! of Tk‘(;) is expanded into

L D>

i
ki+-+kj=n J:

iy Ly o (1029)

The number of elements in (10.29) is the number of increasing sequences of {1,...,n—1},
that is to say, 2"~1. For f = 3,50 P fp, the first terms of F = 3,50 P F, = el* f are

‘ Fo = fo
~{Jfo, k1}

Fp= f2 —{fo, ko} — {f1, k1} + 3 {{fo, kl} kl}

- Fz = f3—{fo, ka} — {f1, kz} —{fo, k1} + § {Jo, {k1, k2}} + {{fo, K2}, ku}

| +3 {fi;, k), ki) = § {{{fo, K1}, ka}, ku}

F4 = fi — {fo, ka} — {f1, ks} — {fo, K2} - {f3, ka} + 3 3 {fo, {kl, ks}} +3 {fh {k1, k2}}
+ 3 {{fo, ke}, K2} + {{fo, ks}, k1} +{{f1, keo}, k1} + 3 {{fo, Ku}, ka}
— L {fo, {ka, {1, k2}}} — 3 {{Fo, {ku, ke}}, B} — & {{{/o, K2}, ku}, ki}
SAUGEVEN kil + & {{{fo, I}, n}, ki), K.

10.4. Dragt-an Transformation

Let us consider the infinite product, at time ", of autonomous hamiltonian flows gy.
The Dragt-Finn transformation, as well as its inverse, are infinite products

M, = e~€lor...e=€"Lon ... Mg—l = ... Lon ...efLay (10.30)

The Dragt-Finn transform is an infinite product of Deprit transformations, which makes
it a canonical transformation.

Remark. — It seems that the idea of this transformation might have been Kamel’s, in
the early 70’s. However, the name Dragt-Finn remains attached to this transformation.

We can expand M, and M;! as a function of the parameter e:

My=Y e"Mp, M;'=> "M, (10.31)
n>0 n2>0
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with the general form
L’Z":n . L;'lll

. .32
mn'ml’ (103 )

Myt=1, M7'= Y
p(1,n;m)

Here, p(1,n;n) is the set of partitions of n, defined in (6.39), that is to say

p(1,n;n) = {(mq,...,mp),my +2ma +-- -+ nm, = n}.
We know (cf. Andrews [1]) that the number p, of partitions of n is equivalent, whenever
n tends toward the infinite, at

/2
e 3

4n/3’

that is to say that there are radically fewer terms in (10.32) than in the other expansions
corresponding to the other transformations.
For f = 3,50 €” fp, the first terms of F = 3,50 Fp, = M; ! f are

Fo=fo
Fi = fi—{fo, 91} _
F> = f2 —{fo, g2} — {f1, ¢1} + § {{fo, ;1}, ;1}
F3 = fa—{fo, gs} — {f1, g2} — {f2, 1} + {fo, {91, 92}} + {{/fo, g2}, ¢}
+ 3 {{fi, a1}, ¢} = § ({{fo, 1}; ¢}, ¢}
Fy = fs = {fo, 91} = {1, 95} — {2, 92} — {fo, 1} + (o, {on, gs}} + L, {gn, 0}
+ 3 {{fo, g2}, g2} + {{ /o, 93}3 a1} + {{f1, g2}, a1} + 3 {{fos 1}, o1}
— 4 {fo, {91, {91, 92}}} — {{fo, {91, 92}}, 1} — & {{{fo, 92}, 1}, g1}
— 5 ({{fi, ¢}, ¢}, ¢} + 25 {{{/fo, 91}, 1}, g1}, g}

(10.33)

11. COMPUTATION OF INVERSE TRANSFORMS

The computation of inverse transforms can be done by evaluating the expansion for-
mulas of the transformations. But, since the number of the monomials is considerable, we
compute the transforms directly.

In order to compute the inverse transform by the Deprit transformation, we use the
algorithm proposed by Henrard [29], which takes into consideration the inductive relations
between the T, 1 and incidentally, is more convenient, from the computation point of
view, than the algorithm proposed by Deprit. This algorithm is often used to carry out
estimations of the radius of convergence, as, for example, in Giorgilli’s, Galgani’s or Simo’s
work. (25, 22, 8].

For the Dragt-Finn transformation, since we do not know a priori of any closed for-
mula between the M, 1 we use the fact that the transformation is an infinite product of
‘exponentials of homogeneous terms.
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Al
Given a formal series f = 3°,5( €™ fn, We denote F' the inverse transform of f:
F=T7'f=Y €'F,. (11.1)
n>0
11.1. Deprit Transformation

From Fp = 33}_o T fa—p and the relations T, fy = S°7_; £Lu, T, fo, by-products
~of (10.24), we successively construct Fp g = T, } fo for p + ¢ < r. We must then fill out a
chart

| fo fi £ o fi o fa
Fio F, Fp .1 R
- TR (11.2)
Fo F, - Fin o
o | SRR JAN
Fob F, F, -+ FE ... F,

column by column. Each term F(j,i — j) is deduced from the previous ones F(k,i — j),
which are in the same diagonal, the diagonals being independent from each other. In
particular if f; = F(i,0) = 0, then we have F(k,i) = 0 for any k. Each term F; is found
as the sum of the elements in column F(j,i — j).

With initial values Fp = foy ..., Fr = fr, we use the loop:

for i:=1 to r do’
for j:=1to i do
for k:=1to j do Fj;_; :=F;} i + = {'wk, G—k ,_J},
F,:=F, + Fj;-j.

In the previous algorithm, we evaluate a Poisson bracket of a term of order P, and
a term of order €7, whenever k = p, and j — k + i — j = g, or, similarly, whenever
k =p, and i = p + g. The number of such Poisson brackets is the number of elements of
{j;p £j <p+gq}, that is to say, ¢ + 1.

The number of computed Poisson brackets gives a good indication of the cost involved,
but one must also take into consideration the number of terms stored in memory during
the computation. In the algorithm proposed for the Deprit transformation, one must store’
all the terms Fp 4, for p+ ¢ < r in memory, in order to compute. Fp, ..., F,. Furthermore,
it is a good idea to store them, in the event one should have to compute Fr4i.

The inverse Deprit transformation thus requires evaluating ¢ + 1 Poisson brackets
involving terms of order p and ¢, and storing in memory k + 1 terms of order k.

Remark. — Although it does not affect the number of necessary evaluations, it might
prove more interesting to compute the elements of the chart, diagonal per diagonal. Each
diagonal represents a T—1f;. This technique gives us the option of storing in memory one
single diagonal, — sum of the previous diagonals—. However, if we wish to compute Fr41,
we must compute the entire chart again.
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11.2. Dragt-Finn Transformation

Since there is, a priori, no closed formula between the various M, !, the computation
cost of 37 _o M}, fm ought to be equivalent to the cost of the evaluation of 3°;,p(i)
Lie monomials, which is, all things considered, substantially less than 2". But the fact
that M~! is a product of exponentials of homogeneous terms compels us to use another
algorithm.

- Given a function f =3 ,54¢™ fn, We will construct an auxiliary sequence of series,

Fy = f, Fk = eEkLgk Fk_]'.

. Then we have

Fr= ) &L} B, (11.3)
Fk+p=n
and consequently F,, = F. Given FI’:-I = Z;___OePF:‘I, we construct successively Flf’o =
F]r'l Fk = lL_q,cF‘k1 1 so that i < [f] = max{n € N;n < 7} Then we get F|’; as
k
Zkz<T‘F‘|r1‘
Next, we construct the chart

fo i f2 - fi oo o fr
' (11.4)

F Fia Fr

! L ! - ] - .- FT

Fo i F, - FE - ol

with the algorithm:

for i:=1tor do
for k:=1itor do
for j:=1 to [§] do Fiyjo1x := }{gi, Firj-26-i}3
for k:=1 to r do
for j:=2 to [%] do Fip:=Fix+ Fitj_1k5
Fix=Fix+Fi_1k.

The chart is filled out line by line, which is the main difference with the algorithm
for the Deprit transformation. We temporanly store the F”J in the same chart, on the
(i+j5- 1)th line.

We get a Poisson bracket between a term of order €?, and a term of order €? when
i=pand k — 1 = g, thus the number of such Poisson brackets is equal to [P——q]

On the other hand, the algorithm uses a chart which is partially erased at every loop.
This chart is filled by the F;” for ij < p < r. During the computation of the F*, it is filled,
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on the one hand, by F* for 0 < ¢’ < 4, which makes inf(i, k + 1) terms of order k yielded,
on the other hand, by the F*, which also yields [¥] terms of order k. Therefore, we have
simultaneously inf(i, k + 1) + ["] terms of order k in the chart at the end of the ¢th loop.
If i > k then inf(i,k + 1) + ] =k + 1, else inf(i,k + 1)+ [£] =i+ ¥ <i+ 5 <k+1,50
that the chart contains at most k + 1 terms of order k. _

+ 11.3. Cost of Algorithms

From [P—q] < 2;1 < g+ 1, we deduce that the computation of the inverse Dragt-Finn
transform costs less in evaluations of Poisson brackets of terms of order p and ¢, than
an inverse Deprit transform. The total number of Poisson brackets needed to compute

Fo, ..., F; by the inverse Deprit transformation is -
r. i—-1 1 3
= 3 g+1=) 3 q+1=y 8 EDERD T o0 (1)
1<p+g<r 1—_1 g=0 =1 6

For the Dragt-Finn trahsformation, we find

mp= EZ +0(1)) = Z(zlogH—O(z)) =1ir logr+0(r2) (11.6)

1§p+q<r i=1p=1

Let us recapitulate in a chart for given perturbation orders, the number of products

of Lie operators in 3> <, T 1 (resp. Pre<r Mg ) and the number of Poisson brackets

evaluated when computing F}, = T-!f (resp. M~!) with the previous algorithms.

I ' Cost of Transformations H
“Lie Operators Evaluated Poisson Brackets
Order Ek<r MI:I Zk<'r Tlc—1 Fi"‘ = M_lf ‘FIT = T—lf
1 1 1 1 1
2 3 3 4 4
3 6 7 9 10
4 11 , 15 17 20
5 18 31 27 35
6 29 63 41 56
7 44 127 57 84
- 8 66 255 77 120
9 96 511 100 165
10 138 1023 127 - 220
15 683 32767 - 314 680
20 2713 1048575 600 1540
30 28628 1073741823 1492 4960
Table 1 :
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The Dragt-Finn transform uses fewer Poisson brackets than the Deprit transform.
Furthermore, the Deprit transformation and the Dragt-Finn transformation imply storing
k + 1 terms of order k (they may be polynomials of degree k or k + 2). The difference
becomes apparent at order 3, and is obvious at order 10 and beyond. This order may
seem high, but while computing normal forms for the moon (cf. Henrard [29]), or for the
stability study of the point £4, we carry the computation to at least order 30 (cf. Simo
[52], Giorgilli et al. [25], Galgani & Giorgilli [8]).

It would undoubtedly be most interesting to search, for each of these two transfor-
mations, for the minimum number of evaluations of Lie brackets necessary to compute
the various transforms. This could possibly be carried out by using rewriting techniques,
" based on a distributed representation of Lie polynomials.
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Perturbations

In this section, we study certain aspects of the perturbation theory for the hamiltonian
systems. We recall the results of this theory by contributing some specific information, as
well as some answers to the questions which arise during implementation attempts.

A perturbed system implies a hamiltonian system approximating an integrable ham-
iltonian system. Here, the study of perturbed hamiltonian systems consists, on the one
hand, of searching after formal invariants, and on the other hand, whenever possible, it
involves a qualitative study of the system’s stability in the vicinity of points of equilibrium.

In a specified framework, Lie transformations may provide methods which construct
step by step formal invariants in the form of an expansion into Lie series which do not
generally converge. When the first terms of these series are known, we can deduce finer
asymptotic estimations for regions of stability (cf. Giorgilli et al. [25], or Giorgilli’s and
Galgani’s work, or Simd’s work [52]). This theory is comparable to Nekhoroshev’s, in
so far as we only consider the case of unperturbed Hamiltonians, which are linear in the
actions.

In this section, we recall the two methods suggested by the two types of transformations
previously mentioned: the Dragt-Finn transformation, and the Deprit transformation. We
prove that in some cases, these two methods are equivalent.

We present various ways of solving the perturbation equation. This discussion essen-
tially rests on the possibility of reducmg a linear hamiltonian operator in a symplectic
basis.

12. INVARIANTS

In the following discussion, we place ourselves in the vicinity of a point of equilibrium
of the hamiltonian system, that is to say we can write

h="> e*hy, (12.1)
k>0

where hy, is a polynomial of degree k + 2, and hg, a quadratic form which we will presume
non-degenerate. hp is, for example, the Hamiltonian of n uncoupled harmonic oscillators

n
=13 w@} + g (12.2)
=1



56 Chapter I

For a Hamiltonian such as this, the invariants are the actions I; = %(p? + ¢#), and we are
obviously concerned with the search for invariants of the perturbed system. -

We can search for invariants directly, in the form of series, which are considered like
perturbations of the actions. We then search for

=D+ ™ {&, h} =0, 1<i<n. (12.3)

n>1

Therefore, we must seek to solve, for any n > 0,

0={h&} = > & > {hn&a} (12.4)
n>0 pig=n |
= 2_€"[{ho, éz,n}+2{hp,szn_,,}1 (12.5)
n2>0
= ¢ l{ho,&,n}—zbz,n] | (12.6)
n>0 .

in which ¢, is known provided that we know &;,, for 0 <p<n—1.
At this point, we give the following method in an attempt to formally construct the
invariants: solve successively, forn >1,

Lnyéin = Yin, (12.7)

which does not necessarily have a solutlon
Let us therefore suppose that hg = 1 T, w (p, +g2). In this case, the canonical
change of variables

1 - i ,
;= W(pz +1QI)7yl = %(pl —‘QI)a 1<i<n, (128)

transforms hg into iy 7., ‘wla:zyl. Ly, is then diagonalizable in the basis of monomials z*y’.
We have

La, 2y = i(k — §)waiy®, (12.9)

and we can easily find the solution of (12.7), as long as we have established that vy, is
in the range of Ly,. A priori, there is no reason for this to happen, since at each step,
&1 is defined modulo an element of the kernel of ho. In some cases, we show directly
(cf. [23, 22]) that at every step, we can construct & », so that the equation (12.7) may be
consistent. One of the conditions, for example, is the linear independence over Q of the
w; ( non-resonance condition) and, on the other hand, (cf. [8]), the reversibility of h, that
is to say that h(p,q) = h(p, —q)-

***

Another approach consists of implementing a change of variables which transforms I
into &, for any l. This change of variables is a canonical transformation T, or rather, a
family of canonical transformations, which transforms h into K = T~ 1h.

K = T-'h is the Hamiltonian of the system in the variables Tz;. K must be con-
structed' in such a way as to allow the reading of invariants. After setting an order r, we
require, for any 1 <1< n

{Kp, 1} =0 for 0<p<r, (12.10)
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which means that the I; are invariants at the order . Let us denote then

&) =Th=3 ¢ =n+3 ¢ (12.11)

p>0 p>1
From (12.10), we deduce that
(K} = > {0, Ky}, : (12.12)
p2r+1
next that

T{L,K} = an Z To-p{L, K¢}

n>0 ptg=n

= > Xn: Tn—p{li, Kp}. (12.13)

n>r+l  p=r+l
But

{€n) = X > (&) he} (12.14)

n>0 p+g=n

and, since T is canonical, we have
T{L, K} = {TL,TK} = {¢",h} (12.15)
and

{gNn}= 3 e 3 (e (12.16)

n>r+l1 p4g=n

and, forany 0<n<r,

S} = ()t S} 0 e
p=1

p=0

In particular, 5 is an invariant of h, up to order r + 1.

Generally speaking, a Hamiltonian K, satisfying an equation of type (12.10) is called
a normal form. The normal form is determined by the type of invariants sought after. We
shall now show how normal forms are constructed formally.

13. NorMAL ForM

The normal form of a Hamiltonian h, refers to a function K which is the image of k by
a (symplectic) canonical change of variables on' which the invariants can be plainly read.
The notion of a normal form is somewhat vague, and strongly depends on the use that is
to be made of it.

For example, if h is time-independent, if ho = 3 37, wi(p? + ¢F) and if the w; are
rationally independent, we shall say that K is a normal form of A, if K only depends on



re

58 | ‘ Chapter III

the actions, or if, —-which amounts to the same thlng in thls case— hg is an invariant of K.
We search after K in the form

K =Ko+ Kn(lh,...,I5). (13.1)

n>1
We shall say that K is a normal form at the order r if
20 = Y 2, ... 1)
’R'(r) = Zz>r+1 R(r)

If h verifies the same hypotheses as previously, but the w; are no longer rationally
1ndependent the module of resonance M,, C Z" may be introduced,

K = Z(T) + R(T) Where { (13.2)

MW = {(kh ey k‘n)) kw= Zklwl = O}, - (13.3)

or any submodule M of Z". If we now take our discussion from the point of view of the
complex variables (zi, 1), defined in (12.8), we shall say that K is a normal form, with
respect to M, at the order r if

A - im0 2kl =r zk,l:l:kyl
k—leM

13.4

K=2m +'R,('_) Where {

We notice that, for M = {0}, we have

r . T T
2z = Z Z zgxtyt = Z Z Zexky* = E E zeI*, (13.5)
=0 lk|+|l|=r =0 2|k|=r =0 2|k|=r
k—leM :
and we come up again with the previous normal form.

If, for example, h is quasi-periodic, that is to say if h admits an expansion in reciprocal
circular functions, we will be able to have as a normal form a Hamiltonian which is no
longer time-dependent. ' :

The main idea behind the construction of the normal form, is the construction of formal
invariants. _ .

13.1. Construction of the Normal Form

Here, we study the construction of normal forms, in the autonomous or non-

- autonomous case. However, in all that follows, we suppose that h = 3,5 €™h, Where ho

is integrable. In-all cases, we attempt to search for a canonical transformation near the
identity,

T=3 e"Ty, (13.6)

n>0

which, —contrary to the other methods, which give the change of variables in the form of
implicit functions— offers the advantage of giving explicit change of variables. We suppose
that the new Hamiltonian is written as

K=Y "Kn. (13.7)
n>0



Normal Form 59

In the general case, we look for a canonical transformation T'(g, t), of class C2. Let us call
Z =Tz, we have, for 1 <1,j < 2n,

: BZ
{Zz" ZJ} e {21,, zJ} k;l 82k, 52[ (13’8)

But T is of class C?, therefore, the partial derivatives commute, and we have

_ i 8%z; . 8Z; 8z J 8%Zz;
k,l=

é
ot {2:, 25} 2k Tk Oz 0Oz kil Otdz

_ ii[%}; 9%; , 9%, a[az]
-2 I R PR P P W7
_ [9Z 9431 _
- { g ,Z,}+{z,, i }—0, (13.9)
and in the same fashion,
0% 1 8Z;\ _
{E’ z,} + {z,, = }_o. (13.10)

From the use of lemma 26, we deduce the existence of two functions u and v, such that,
for any 1 < i < 2n, we have

% = {Z;,u} and Erle {Z,,v} (13.11)
that is to say,
or or
a. = u -, v 12
o TL, and 5 TL (13.12)
and for the inverses,
or-! 1 or-t -1
5 = LT and 5 = L,T7". (13.13)
Besides, for the new variables Z;, we have (cf. 9.32)
7 = aazti o (2, 1,€)) (13.14)
_ 9z (T} |
= S+ {2, M(T12,1,6)} (13.15)
= {Z-i,’U} + {Z‘i7H(th’€)} (1316)
{Zi, K(Z,t,¢€)}. (13.17)
Here,
K=H+v=T"h+v | (13.18)

is the Hamiltonian of the system expressed in the new variables Z; = T'z;. Taking the
derivative of (13.18) with respect to €, we find
or 0K 0h  OTv

¥K+T %~ B + - e’ (13.19)
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 therefore, according to (13.12),

oK 1Oh 18T

—LuK + o =TT = 4 T (13.20)
But ‘
Loy = =Lz | (13.21)
2T ke :
_ 0 -1
- = (7,771 - (13.22)
0 0,1
-2 [T&—T ] (13.23)
oT 0 ,.._ o*r-t
= wal T (13.24)
o, _ o A :
= _TLuEZT Bi0e (13.25)
_ 0,1 0 -1
= —TL.sT™'+T5 [LuT ] (13.26)
= TLa, T} " (13.27)
3t o
= L_ou- - (13.28)
o Ty
Therefore, within an mdependent constant of the phase variables, we have -
oTv Ou :
=712 2
, 5 T E? (13.29)
Equation (13.20) becomes
TR} ¢ h |
—=a— T2 _ L K. 13.30
ot Oe Oe “ ( )

Let us now call ©u = ‘%’;’, so that the notations may be coherent with the previous
sections, and let us search for w in the form w = 3,5, €®wn. T and T~ are defined by
their series, and we have

n n
To=To' =1, Th=~Y BT Ly, T;'=) BL.,T;.. (13.31)
p=1 ' p=1
Identifying term by term the elements of the series (13.20), we have

6;vtn =nk,, Zl pTLh ,,X_: Lu,Kn—p, (13.32)
therefore
n% =nK, —nhy, — ZpT _php Z Ly, Kn_p — {wn, ho}. (13.33) |
We get the equation of perturbatlon which we have to solve, for any n,
aw,, = 4 {wn, ho} = Kn — hn — Z [T,;_,,h,, + Lw,Kn_,,] (13.34)

This equation is solved with respect to wp, and K,, using (9.40). K, must be chosen so
that the equation has a solution in wn, and K, has the proper form. We shall specify
these conditions later. :

\
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13.2. Deprit Method

The Deprit method is the method previously mentioned, since it involves the Deprit
-transformation. This method is used primarily for autonomous Hamiltonians. However,
we saw that.it adapts perfectly to its non-autonomous counterpart, provided that the
perturbation equation can be solved (13.34).

In the autonomous case, we have K = T 1A, that is to say, for each term

Kn = 3 T oy | (13.35)
p=0
] n—1
= T 'ho+hn+ Y Ty thnp - (13.36)
p=1 v _
n—1
= {wn, ho} + hn + D B[Lu, Tolpho] + T‘lh,,_,, (13.37)
p=1

We get the perturbation equation
-1
{ho,wn} + Kp = hn + 2 2 Loy T tpho + Ty thnp. (13.38)
We can also directly use (13.34), which yields
n--1 ' -
{wn, ho} = Kn = hn— 3 B |Tlhp + Lu, Knp| , (13.39)
p=1

that is to say,

n—1
{ho,wn} + Kn = bn+ 3 B [Tl by + Lu, Knoyp)] - © (13.40)
p=1

13.3. Dragt-Finn Method

With the Dragt-Finn method, we search for the transformation, in the form of the
Dragt-Finn transformation. In the autonomous case, from K = M~!h, we deduce that

Kn = ) My'hnp ' (13.41)
p=0 .
n—1
= M7'ho+hat Y Ty by (13.42)
=1

L"n-nl

= {gnh}o+bn+ —g"'—'—ihwr ZM Y. (13.43)

1.
p(1;n—1;n) T o t!
Hence we deduce, as in the case of the Deprit method, the perturbation equation

My~ : —_
Lg‘n.nl : Lml e

{hogn} + En=hnt 3 o ho+ZM oy - (13.44)

1..
p(1n—1;n) my:
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We can also use the auxiliary sequence
KO = p K@) = Loy g(-1), | (13.45)

The successive elements are defined by

L?
(n) _ n -1 :
KW= > ;,Kgn ), (13.46)
np+q=k
and, in particular,
Kn K(")—{g h,o}+K<"-1> (13.47)

We then get the perturbation equation the form

{ho,gn} + Kn = K&, (13.48)
*

* %

In the non-autonomous case, we add a degree of freedom to phase space (cf [7]), whlch
is the time t, so that we must have as the new Poisson bracket {,}':

Lyg={f,gY ={f.q} + %%g—i - %g%- | (13.49)
" From f=1=2 and ¢ = ~9% we simply have to take k' = h + ¢, that is to say,
=hot+e+ ) hn (13.50)
n>1 :
‘We then look for a eeries,
9(e,) = 3 gn(t), (13.51)
n>1
and a new Hamiltonian |
K=M"h=e"Vin...eLor . (13.52)
Here, since % =0, if n > 1, we have . }
L} o= Loy b, | (13.53)
and for the first term hg
Ly ho=Lgho+ % and Ly L) ho = Lg,Ly,ho. (13.54)

In particular, for the Dragt-Finn transformation, we have

n
Kn = Y MH,_, ' (13.55)
p=0 '

n-1
= M ho+ Y My hny (13.56)
p=0 ,
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ot Lgn— Lml = -1
== Lg,,hO + Z —TITT_—T_—'hO + 2 M hn..p (13.57)
p(l,n—1;n) L n—1:
ag L ™ R .4 n—1 N
= =+ Lahot+ 3 Rg‘l—mi"—ho +3 M7 hop  (13.58)
p(ln—1m) L n—1° - p=0
d .
- 9” + E My by, (13.59)
p=0 .
which yields the perturbation equation
ag L‘"':In -1, Lm1 n—1
=+ {gn ho} =Kn—bn— D mg—,‘-—m—glho Z M hy oy (13.60)
p(1,n—1;n) n—1
Using the auxiliary sequence
KO — p g® = Loy gP-1) (13.61)
we get, as for the autonomous case,
%n | {gn o} = Ko KGD. (13.62)

13.4. Computation Algorithms of the Normal Form and the Generating
"~ Series

Here, we suppose that we have an algorithm to solve the perturbation equation involved
in the various methods. We denote by solve such an algorithm. For the Dragt-Finn
method as for the Deprit method, we can use almost the same algorithms as for the
computation of the inverse transformations (cf. pages 49-51). Let us take h = hy +
201" b

For the Deprlt method, we construct the same chart K*(p, q), but, at every loop, we
must solve the perturbation equation (13.38)

Lpown + Ky = R Z {wp, K*(n —p, 0)}+ZK"’(n p,p). (13.63)
p_

We use the following algorithm:

for i:=1 to r do

for j:=1toi—1do
for k:=1to j do Kj—j = Kjij + 5{wp, Kj—ri_s};
R;:=Ri+ Kj;_;;

fork:=1toi—1do
Ri:=Ri+3% {wk, ik}
Kz,O = K‘I.O + {wk; ‘L—]CO},

solve Lp,w; + K; = R;

K;p 1= Kip + {w;, Ko}
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With the Dragt-Finn method, the computa.tlon of K™! is replaced by the solution of
the equation (13.40)

Lhogn + Kt = K371, (13.64)
The algorithm used is the following:

fori:=1to r do
solve Lp,g: + K;; = K15
for k:=i+1tordo
for j:=1 to [i] do Kirjovi = j{gs Kivs-ap-i);
for k:=1 tor do
for j:=2to [k] do K,,k —sz+Kt+J 1,k
Ktk —K‘;k’*‘K-—lk

The cost of the solution to the perturbation equation by.the algorithm solve being
the same for both methods, the difference is established by the number of respective
evaluations, which tips the scale in favor of the Dragt-Finn method. These results are in
part confirmed by the study carried out by Fried & Ezra (|21]), on the Hénon & Heiles
Hamiltonian. However, in the absence of a description of their algorithm to compute the
Dragt-Finn transformation, one is led to think that it could be improved, which would

- confirm that the Dragt-Finn method is faster.
14

14. SOLUTION OF THE PERTURBATION EQUATION

'Whether with the Dragt-Finn method or the Deprit method, the computation algo-
rithm of the normal form of a Hamiltonian h requires that the perturbation equations
(13.34), (13.38), (13.40), (13.44), (13.48), (13.60) or (13.62) must be solved. In the au-

- tonomous case, the perturbation equation may be summarized as '

{ho,wp} + Kn = Rn, (14.1)
and for the non-autonomous case, as _
awn )
5 + {wn, ho} = Kn — Rn. : (14.2)

At each step, (14.1) or (14.2) must be solved by choosing K, in order to simplify it, or
to express it in terms of the invariants. The equation (14.2) may be solved, after choosing
K,, by acting with the flow of ko and by using (9.40).

14.1. The Case of Uncoupled Harmonic Oscillators

Leé us now suppose that .
n .
=1 Z wi(pf + @),

where the w; are rationally independent. By implementing the canonical change of vari-
ables (12.8),

1 . i . :
n=r (o +ig),y = 7 (m —iq), (14.3)
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ho becomes i 31 ; wixy; and Ly, is diagonalized in the basis of the monomials z*y’. In
particular, the range and the kernel of Ly, are in direct sum. Furthermore, since the w;
are rationally independent, 27y* € KerLy, if

L,y = i(k — j).waiy* = 0, (14.4)
that is to say, if k = j. Noting that

. k1 ; kn
ghyt =y akeyk = (303 +aD) - (30E+6D) (14.5)
the kernel of Ly, is then made up of linear combinations of products of actions.
So the solution of the perturbation equation (14.1) is the decomposition of R, onto
the range and the kernel of L. .
In the basis of the eigenvectors z7y*, we proceed as follows: if

Ro= ) ra’yt, (14.6)
lil+Hkl=n
we take
I3 7\ 3 k . k
Kn= Y rxd’y® and wa= Y 227~ (14.7)
IJ'I-HkI£=n |j|+';|:’|c=,, 'l(] - k)w
= 7

Another way of proceeding is to consider K, as the projection of R, on the kernel of Ly,
then to solve

LhoLh.own = LhoRm (14.8)

which has a unique solution, since Ly, is an isomorphism on its range. This method may
prove to be better if the change of variables (14.1) is costly.
In.all cases, we construct K, step by step, so that kg is an invariant. From

ho =3 w@f +)=>_n (14.9)
=1

=1

where the r; are in involution, we deduce that the r; are n invariants of K.

14.1.1. Study of the Pendulum at Order 4 Using the Dragt-Finn Method

We use the Cartesian coordinates, and
'h=-§p2+(1—cosq)=%(p2+q2)—§q4+%q6+---. ©(14.10)

The first equation based on (13.44) yields
{ho, 91} + K1 = h1 =0, (14.11)

which may be solved by K; = h; = g1 = 0. Then, for n = 2, we have

LnoLnogz = Lny (—g")  which gives g2 = —150°p — Zrar’, (14.12)
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and we get

K> ={g2,ho} + ha = —%; (p2 + qz)z- ' (14.13)

For n = 3, we get as previously

- 93=0,K3=0. - (14.14)
Finally |
L},94 = Lno (—385¢° — 58167 + g0’ + msa?®) (14.15)
 which yields
| 94 = — 50D — 334D + 1o519P"- (14.16)

Therefore we have
Ka={gs,ho} — 5559° — 22:0°P* + g " + 5igp® = ~om (* + ¢9)°%.  (14.17)

. We thus find, at order 4

K =30 +¢") - &0+ - mg@®+0)°+--. (14.18)

© 14.2. Reduction of the Linear Part

Since all the linear Hamiltonians are not Hamiltonians of uncoupled oscillators, we
may ask ourselves whether we can by a change of variables bring them to a diagonal form.

In the case where we can find a symplectic change of variables which diagonalizes Ly,
we will then be able to solve the perturbation equation by going to the complex variables
(12.8).

Let us call H = Ly, the operator of the linear portion of h. From JHT + HJ = 0, we
deduce that the eigenvalues of H are in inverse pairs, and since H is a real operator, that
they are complex conjugates. On the other hand, if Hx = Az and Hy = py then '

w(z, Hy) + w(Hz,y) = (A + plw(z,y) =0, (14.19)
therefore if A + u # 0, we have w(z,y) = 0.

***

Let us first demonstrate a lemma which may bring us back to systems of one degree
of freedom. "

LEMMA 29. — If hg is positive definite, or if the eigenvalues of H = Ly, are distinct,
then the phase space E decomposes into
n
E=P, (14.20)
i=1

where the P; are stable planes for Ly,, orthogonals for w.
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o If ho = dw(z, H(z)) is positive definite, ho defines a scalar product on the phase
space. Therefore, there exists a matrix U of the linear group such that UTJHU = I.
But then, J; = UTJU is the antisymmetric matrix of an endomorphism v = —u*. From
u?* = (—u)(—u) = u?, we deduce that u? is self-adjoint for the scalar product, defined
by I, therefore diagonalizable. Given z an eigenvector of u?, then P, =< z,u(z) > is a
stable plane by u (the only eigenvectors of u are the elements of the kernel), just as its
orthogonal is stable by u*, therefore by u. So we can decompose the space into a sum of
stable orthogonal planes by u: E = @7._; P;.

e In the general case, the characteristic polynomial of H is written [[f,(2% — A2),
where the \; are eigenvalues of H. Hence we deduce that, if the A; are distinct, —though
it is not always necessary— then

E=@ker (H*-3I) =@PR, (14.21)
=1 1=1

where the P are the eigenspaces associated with H2— )21, and are two by two orthogonals
(according to 14.19) for the symplectic form w.

***

Later, we examine the case where the space E decomposes into a direct sum of or-
thogonal planes for w. After a change of the symplectic basis, we can then write (cf.

[53]),
n .
ho = Z’”l’ where 7 = jouqi + Biipr + %%p?, (14.22)
=1

and, in particular, for any 1 <1i,j <mn,

(Lo Le;] = Ly = 0. (14.23)

***

By simple computation, or using (8.12), we deduce the form of the matrix of L,, in

the basis py, qi:
B m
. 14.24
( a B ( )
The eigenvalues, £);, of L., are given by |

A= \/ﬁlz - . (14.25)

Depending on the values of the o, 8,7, we find a set of eigenvectors which form a
symplectic basis (not necessarily real), except if one of the ) is zero, in which case, L,, is
nilpotent. '

o If 1, is defined, then 87 — a;y; < 0 and

N = fiy/Jay — B = tiw,. (14.26)
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- Given ¢; + i fz, such that H(e; + ifi) = iwi(er + ifi): 'We then have, for example in the
* positive definite case, He; = —w; fi, H fl = wye; and

h(fz) = dw(fi, Hfi) = jww(fi,er) > 0. (14.27)

Let us pose P, = \/wzlel,Ql = \/wzlfl We have w(P;, Q1) = 1 and, consequently, (P}, Q)

- forms a symplectic basis, in which

= +1uy(P + QP). C (14.28)

To conclude, if the restriction of h in every eigensubspace of H is defined, hy may

be made orthogonal in a real symplectic basis, Ly, is diagonalizable and, in particular, - -

its range and its kernel are in direct sum, which makes the perturbatlon equation self-
consistent.

o If ﬂ, - oy > O let us pose ¢ and fj, the elgenvectors of Ly, He; = Ne; and
Hfi = —=Aifi. e, and f; are independent and (P, Q; = fz) forms a symplectic basis
in which

el fz

= Iu(EE - QD). (1429

ok

Since Ly, is a derivation, we deduce that, if a and b are eigenvectors of Ly,, associated
with the eigenvalues A\, and A, then :

{hO: G,b} = a{hﬁy b} + {hO7 a’}b = (/\a, + Ab)a'ba i (1430)

which proves that ab is an eigenvector of Lp,.

. Let us suppose that we have diagonalized Ly, in a symplectic basis (z,y) of E;. The
isomorphism (p,q) — (z,y) of E; extends into a ring isomorphism over the ring of the
polynomials F, so that for each degree n, the set of the products of the elements of the
symplectic basis, is a basis of E,, a basis of eigenvectors of the restriction of La, to En.

14.3. Geheral Autonomous Case

In this paragraph, let us go back to the idea developed by Steinberg ([53]), of using
a Euclidian structure, and looking for adjoints of Lp,. Nevertheless, we show that the
interesting cases are reduced to the case where Ly, is diagonalizable.

The idea behind the choice of K, is the search for invariants in involution. The first
being the construction of an invariant, we search for a function h*, such that, for any n,

we have {h*, K,} = 0. So we attempt to find A*, such that the equation

will admit a solution. We search for h*, such that Lp. is an isomorphism on the range of
L*

In the case where Ly, is an isomorphism on its range (for example, diagonalizable in
each homogeneous space), we can take h* = ho. But generally, Ly, is not an isomorphism
on its range.
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\

The idea is to find h*, such that L. is the adjoint of Lp,, for a given Euclidian structure
(cf. Steinberg, [53]). For z;; = p'¢’ € Eg, with |i| + |j| = k, let us consider the scalar
product which makes the basis z;; orthogonal, and such that

@il zig) =i inljil - gl (14.32)
Noting that
oz ; 0x; ;
(=== 54 | Zrs) = (@i; | axr,s) and  ( e | Zrs) = (35 | pizr,s), (14.33)
we deduce by linearity, for zx, yx € Fk, that |
ox ox ‘
P =(x and (— = (z . 14.34
 Gelv=@la) wd (G (v =(zlmw) (1439)
But then
Oy

({pi23,2} 19) = i+ pi5e 1) = (o |q18pz+q,a = @ ~{asa,}) (14.39)

. (0T Oz _,.0y _ .
({thﬂx} | ¥) "‘( pzapj +q]8p¢ ly) = (x| qtaq +pj i) = (z | {(hpjay}) (14.36)

and we deduce that

({ho(p, 0,2} | ) = (x| —{ho(—a,P), 9}), (14.37)
which establishes that
h*(p, q) = —ho(—q,p) (14.38)
satisfies )
Lpy = L,- (14.39)

In the case where h* = hg, equation (14.31) admits a solution for any n > 1. If,
moreover, {h* hg} = 0, then h* is an invariant of the normal form. In the case where
{h*,ho} = O, then [Ly,, L}, | = 0, so that Ly, commutes with its adjoint and is therefore
diagonalizable (eventually in a complex, non- symplectic basis). In particular, the kernel
and the range of Ly, are in direct sum. In fact, we can take hg as the invariant of the new
Hamiltonian.

If ho = > ;2 r1 where the 1;’s are in involution, then

{r* ho}=0& {n,m}=0, 1<Ii<n (14.40)
If r = jou6f + Bigip + §pf, then rf = —3q? + By — 3pf and
{ri, 7} = (cr + M) (Braf + (m — a)ap — Bip?). (14.41)

Hence we deduce that {r, 7]} = 0 if n = dwi(p? + ¢f), or if = Lwi(p? — ¢ + Bina),
which brings us back to the case r = 1w (P? — Q3).

***

In conclusion, we are most often led to search for ho as the invariant of the new
Hamiltonian. Whenever one of the r; is nilpotent, this may pose a problem.

Depending on the cases, it may be more or less costly to reduce Ly, in a symplectlc
basis in order to solve the perturbation equation, or to solve Ly« Lpyx = Lp+y directly by
using linear algebra techniques.
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14.4. Non-autonomous Equation

With the same hypotheses on ho (12.9), we can also solve the perturbation equation
(14.2), since we know the flow of hy. Going to action-angle variables

=1+ ) @i =arctg™ (B), 1<i<n, (14.42)
we have, under the action of hy, ,
Ji(t) = Ji(0), &i(t) = ®1(0) +wit, 1<I<n (14.43)

Whether the h; do not depend on time, or depend on it through circular functions, we
will solve the perturbation equation (14.2) by choosing K, as the constant term of R,.
We then have

Wn(t) = Sho(0,2) / Kn(—t') — Ru(—t')dt". | (14.44)
t' .
In the case where h is independent from time, we write
' Hm
Sho(0,DRn(P(®),4() = 3 mml 7 e (14.45)
[t} +]mj=n

and consequently, we take

. |
K= Y nml 2 = Y mlt.Ib (14.46)
It Imi= Lt Fla=n
and
I+ . , :
wa = S0,8) Y mmd T / Hi=m)(8=t'w) gy (1447)
U+ Im|=n t _
N l#m )
__Tm AP -me (14.48)
Uim=n il —m)w . _
~ . l#m

We come up with the same result as for the solution of (14.1).

14.4.1. Study of the Pendulum at Order 4 through the Deprit Method

Let us consider the Hamiltonian of the pendulum

h=31p®+(1—cosq) = 1(p* + ¢%) +pz>:l ((21))' . (14.49)

The flow of hg is given by ‘
a(t) = p(0) sin(t) + g(0) cos(t), p(t) = p(0)cos(t) — g(0)sinz).  (14.50)

We use the action-angle coordinates, that is to say j = 1(p% + q%),0 = arctg™! (%). The
mapping at time ¢ of the flow of hy becomes

j=17jo,8 =00 +1. : (14.51)
We have
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ho = j,ha = 0,hy = —22 (3 + 4cos(26) — cos(46)) , ha = 0,

hy = 2080 5555 (—10 + 15 cos(26) — 6 cos(48) + cos(66)) .
The first equation based on (13.34) yields

Bwl

at + {wl, ho} +Ki=h =0 (14.52)
which may be solved by taking K1 = h; = 0 and w; = 0. For n = 2, we get
ow 2
-—5t2 + {wa, ho} =2 (Kz + 45 (3 + 4 cos(260) + cos(49))) , (14.53)
which we solve by taking Ko = —% j% and

Wo = /t%; (4cos(2(6 —t)) — cos(4(8 —1))) dt = -9% (8 si-n(29) — sin(46)) . (14.54) |

Next K3 = hg = 0,93 = 0, and finally

ow
8t4 + {wq, ho} = 4 <K4 + 53k — 257 €0s(260) + 555 C0s(40) + &35 cos(69))) , (14.55)
which we solve by taking K4 = — 155 =53, So we find, at order 4
K=j-k%i*— 4 (14.56)

15. UNIQUENESS OF THE NORMAL FORM

Here, we demonstrate the uniqueness of the normal form, under certain hypotheses.
As a first step, we show the uniqueness of the normal form, whenever the canonical trans-
formation is a Deprit transformation, then we show the uniqueness of the normal form,
whether we choose a Deprit transformation or a Dragt-Finn transformation. The proof of
this property also occurs in another form in the book by Siegel & Moser ([51]). First, let
us give a proof of this classical proposition (the proof is sketched in [41]).

ProPOSITION 30. — Under the following hypotheses:

(’i) ho € Es, _
(ii) the kernel and the range of Ly, are in direct sum.
(ii7) for any a,b € ker Ly, we have {a,b} =0,
there exists a unique normal form K, and a generating series w such that K =Ty 1h.

For ho = 1 3", wi(p?+¢?) and the rationaliy independent w;’s, the two first hypotheses
are verified. Since the kernel of Ly, is the vector subspace of E generated by products of
actions, we deduce (ii7) from

{Ifl.--I,’;n,Iil---I,ﬁﬂ} Ik1+’1 Ikn”nzzkl’ {I,I;} = 0. (15.1)
i=1j=1 "
{
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Given u and v two generating series, such that K* = T;'h and K® = T, !h are two
normal forms of h, at a certain order r. Calling T = T.7'T, we deduce that K* =T K",
By taking the derivative, we get :

or-! _ oT;! lzaT,,

— -1 -1
= T+ T 2 = LT L - T, TuL( u) (15.2)
therefore
-1
ag_s = [L@) -1y T = L[ - T g T (15.3)

T appears as the Lie transformation associated with w, where
= === O (154)

which transforms the normal form K* into the normal form K¥, at the same order r.
Using (13.38) and hy = K§ = K¢§, we deduce, for any n, the associated perturbation
equation

. —1
{ho,wn} + K¥ = R® = K* + Z T, Kp_,+ Z 2L (wp) T 20k (15.5)
p_.

Let us now prove recursively that, for any 0 <n <rand 1 <i,i+j <n,
RU=K*=K! {hown}=0 and T 'K¥=0. (15.6)
Given an ordef T, (15;5) Bécomes, forn=1, | |
- {ho, w1} + K = K} o (15.7)
According to hypothesis (1), since K} and K7 € ker Lp,, we have
{ho,w1} =0 and K} =Kj7. (15.8)

Let us suppose that we have (15.6), for 1 <i <n < r, then (15.5) becomes

n—1

{ho,wn} + K = Kn+) T, IK:;_,, + Z 2L, T,:_,,h0 (15.9)
=1 _0(15 6)
= Kr+ Z Z Lo, T2 Ky, (15.10)
r=1¢=1
 n—-1p-1
= Kn+3 Y 1L, ToLKE  + Z Ly K,  (1511)
p=1g=1 \_q,-——/ p=1 1 N———
=0(15.6) =0(31)
= K . (15.12)

- and consequently,

K=K* and {ho,wn}=0 (15.13)
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~and, for 1 < 4,7+ j = n, we have, according to (15.6),

T K} = Z T K} + Ly, K} =0. (15.14)
e

=0(15.6)  =0(ii)
Hence we deduce that, for any n <r, »
{ho,wn} =0 and K, =K,. o (15.15)

We thus have K* = K", which proves the uniqueness of the normal form. However, the
transformation T is not necessarily the identity, because it is sufficient that w € ker Lp,.

15.1. Equivalence of the Méthods

We will now deduce the equivalence of the Deprit and Dragt-Finn methods, as well as
the uniqueness of the normal form.

PROPOSITION 31. — Under the same conditions as for proposition 30, the two nor-
mal forms K* and K9 obtained by the Deprit method and by the Dragt-Finn method, are
equal.

Let us pose My, the Dragt-Finn transformation which corresponds to the normal form
K9, that is to say we have K9 = Mg‘lh. According to proposition (15), there exists a
series w’ such that '

T, =M;! therefore K“ =T,'h= K. (15.16)

By uniqueness of the normal form obtained with the Deprit method, we deduce that
KY = K9.

Any normal form obtained by the Dragt-Finn method is the unique normal form ob-
tained by the Deprit method. Consequently, it is unique. Therefore, both methods produce
the same normal form, but the transformations used are not necessarily the same.

(o]
o 0

In the case of autonomous perturbed Hamiltonians, it will be to our advantage to
use the Dragt-Finn method, rather than the Deprlt method, since they provide the same
objects at a reduced cost.

. The solution of the perturbation equation may be carried out, either by diagonalizing
Lp,, which forces us to implement changes of variables, —which may prove very costly
for high orders— or by solving linear systems, —which may also be very costly— since the
dimensions of the n increase very rapidly. In any case, the use of the adjoint endomorphism
does not yield any more answers in the case where the kernel and the range of Ly, are not
in direct sum. :



75

Chapter IV

Estimations

In this section, we propose some estimations on the convergence of the series used with
the perturbation methods. It is unusual for normal forms to converge, or to be able to
find convergent invariants.

However, in light of Giorgilli’s (|8, 25]) and Sim¢’s ([52]) contributions, some results
—concerning regions of stability in the vicinity of elliptical points— may be deduced from
certain asymptotic estimations about the general term of the normal form.

There are several types of results. First of all, as we had done for the Deprit transfor-
mation, we give some estimations about the radius of convergence of the inverse transform
of a series by the Dragt-Finn transformation. The results fall roughly in the same range
as those found with the Lie transformation.

Next we use the results of {25, 52|, in order to bound the gap between the new and old
coordinates, then, in the same fashion, we give an estimation for the radius of convergence
of the remainder of the normal form for any order r. This result is however inferior to the
result obtained for the Deprit method, although I cannot say with certainty whether this
phenomenon is due to greater precision in Giorgilli’s results, et al. or to a property of the
Deprit transformation. ,

Finally, since these results are inferior to those obtained for the Deprit method, we
recall the way in which we deduced regions of stability. However, we shall see that the
best estimations are not so much due to the Deprit transformation as to the existence of
approximate invariants (12.16).

Remark. — 1 very recently learned of Fassd & Benettin’s article ([18]), which also
proposes some estimates for the same transformation. My goal, in this chapter, was to
compare my estimations to those, given by Giorgilli for the Deprit method, by using the
same norm. In this article, the authors remark, and rightly so, that they cannot carry
out any comparisons, since the norms are vastly different. Despite this limitation, they
eventually proceed to give stability results, which I do not propose to do.

16. UPPER BOUNDS FOR THE TRANSFORMATIONS

In this section, we give an upper bound of the inverse transform of a function, by the
Deprit or Dragt-Finn transformations. _ _
Let us first recall a few useful inequalities. For a homogeneous polynomial of degree n
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in the state variables z1,... zon,
Z fi,thﬁa
Lil+il=n

we denote

= > 1fisl, (16.1)

[il+H7=n

the norm L;. We know (cf. [22]) that if f; and f2 are polynomials of degree d; and da,
we have

I{f1, 21 < drdz | A1l 1 f2Ml 5 (16.2)

where .
L(fi)fa = {f1, f2} = E 62 6;3 : g—;:g-gf

is a polynomial of degree d; + d2 —
16.1. Upper bound for the Deprit Transformation

We know the following result (cf. [25]):

THEOREM 32 ([25]). — Giwenw = Zkélwk and f = 3 g>1fk two functions of the
phase space. We suppose that there exist constants a,b,c,d, such that, for anyn > 1,

— wp, is of degree n +2 and ||wy| < a™ b,
— fn is of degree n and || fn| < *71d,

50, the function F = 3,50 Fn = T f satisfies, for anyn >0,
IFa]l < (0a+pb+79" " d, (16.3)

wherea=%,8=3,v=1.

16.2. Upper Bound for the Dragt-Finn Transformation .

We call M g—l =...elen ... ela1 | the inverse Dragt-Finn transformation associated with
g. We propose to demonstrate the following result:

. THEOREM 33. — Given g = > k>19c and f = Yk>1fk two functions of the phase
space. We suppose that there exist constants a, b, ¢,d, such that, for anyn > 0,

— gn is of degree n +2 and ||ga| < ™1,
— fn is of degree n and || fo|l < ¥ 4.

' So, the functz’o.n F=30Fn=M; 1f satisfies, for any n >0,
Bl < (aa+Bb+7¢)" 7 d, (16.4)

where a, 3,7 are constants which will be determined later.
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First of all, we demonstrate the following lemma:

LEMMA 34. — Based on the hypotheses of theorem 33, we have, for F =3 5o Frn =
L
e~ f

. 1
IFall < C7*d where Cgey = (k(k +2) llgell +¢*) ¥ (16.5)

Proof. — According to (16.2), we have, based on the hypotheses of theorem 33

IL(ge) foll < alg+k)---(a+ (p— k) +2) llgillP *~*d, - (16.6)

therefore

Z ”L(gk‘)pfq” < d Z Q(Q’*‘k)"’(q"*' (p - 1)k) ((k+2) llgel)Pe n—kp—-1
kptq=n P kp+q—n P

= p B0 BB g jggpetl 6)
kp+g=n :

Let us denote, for m € Q and n € IN,

m(m—1)---(m — n+1)
nl

(M)n = (16.8)

We then have

IFall < d 3 (= Dp(k(k +2) llgel)Pe™~!
kp+q=n
[%] |
= dY (%~ Dplk(k+2) llgel)Pc" . (16.9)

p=0

o If n = kr is a multiple of k, then (16.9) becomes

1Bl < @ ) p( p)(k(k+2)||gk||)pck(r— —p)+(k-1)

kp+g=kr

: -1
= dt! (k<k+2) lgell +¢

v

roj_n=1
= (kD) gl + ) F k<k+2>||gku+c) 1 k]

!

?rl
—
r_"'—l

?rl»-‘

= (k42 o + ) F

?r
;—-
r‘——ﬁ

(ke +2) llgxll + )

()

)- r—-

(
< d(k(k+2) llgell + )
( (16.10)

= d(kk+D el + ) F

therefore
n—1
&

1Bl < ) -”—L—(——g]’;!)';f"” <d (k‘(k +2) llgell + ck) =d

kp+gq=n

ol (16.11)
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e If n # kr, we have [%] < % therefore [£] < "—;—1- 1 e we would have n — 1 < k[%] < n,

" which is impossible. On the other hand, % — therefore (F-1)p < ("‘l)p for
- p<——-l ‘hence -
e ey R
Y, /==L < d) (% —1)p(k(k+2) llgell)P(c™) %
kp+g=n b _ p=0

(%]
< d) (%h)p(k(k +2) |ngll)”(0'°)_ -
. p=0

%] v
= de™t Z("‘I)p(k(k+2) ||gk|lc kye. (16.12)
p=0 _

" According to Taylor’s formula at the order [%], where the remainder is expressed as an
1ntegral we have, for * ——— >1,

. & _ B el im
(1+2)F = Ek:(ﬁ;—‘-)pw” + /01 (1_[‘%2]1[_16]("7‘1)[%]“'(1 Lo -l a 6.13)
p=0 . :
But
/0 l Q—{%f])!—[-ﬂ(ﬂ—;-l){%lﬂ(l + t)"T_l-[%l-ldt >0, | (16.14)
N’ .

>0
whence we deduce, by using (16.12), that
L{gr)? ) n-1
> 1E(g0) el (9"? Il < a1+ kG +2) gl )% (16.15)
kp+g=n P , '
n—1
= d(k(k+2) llgell + ) F . (16.16)
Hence we deduce lemma 34, and if ||gx|| < a*~1b, that |
Chy < klk+2) gl +c
(k+2) ((k—1)a* +0°) +c*
(k +2)(k —1)a* + (k + 2)b* + c~. (16.17)

IA

***
Let us call FO = f,..., F¥ = ¢Lox F¥~1 and demonstrate the following lemma:

" LEMMA 35. — For any k, we can wm’te

”Fk” < CP7'd where CF < aka* +bfb* + ik (16.18)
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Proof. — For k = 1, we have C; = 3b+ c. So we can write (16.18) with
a) = 0,vb1 = 3,01 = 1. (16.19)

According to (16.17), and supposing (16.18) for k — 1, we have
K ,
Ck < (k+2)(k—1)a* + (k+2)b* + (ak a1+ pflvk1 + cﬁ:}ck-l) k=1 (16.20)
1 . |
But the function k ~ (M) * is increasing (cf. [47]), which implies that we have

: 1
Ck < (k+2)(k—1)a* + (k+2)0° + 3FT (af_ja* +f_,b* + cf_1*) (16.21)

< aka® + bfvF 4 cfck (16.22)
with |
1
af = (k-1)k Jq 2) + 3k-1ak_,
¥ o=k —{; 2 4 3F-1p_, (16.23)
of = 3FTcf ).

For k=2, we have
C2 < 4a% + 4b% + (3b +¢)? < 4a? + 4b% + 4(36% + ¢2) = 4a® + 16b% + 4c%,  (16.24)

so we can therefore take

“ay=2,bp=4,c0 =2, _ (16.25)
which is a better bound than (16.23).
**'k
We conclude this proof by the lemma
LEMMA 36. — ag, bk, ck are bounded by constants a, 3,7.

_ Proof. — For the last equation (16.23), we get

o ygPT-d _giod (16.26)
For the other equations, let us pose, for any p,
(p—1)(p+2) = 0p3P- 1a _, and (p+2)=[,3P “1“1 bh_ (16.27)
therefore, with (16.23),
af =1+ ak)Bk-lak . and bf=(1 +ﬁk)37€L _1 (16.28)

We deduce that

ay = ak_1(1+ak)k3 (" 1)
by = be- 1(1+ﬁk)k3k(k-1)

(16.29)
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whence
' — @3k .1 > > 32k
W= 11 =g (1 + ap)l = ® 11 (16.30)
b = 0232 k[ s(1+6)P 2 by 327K,
therefore
(k—1)(k+2) < (k-1)(k+2) (k-=1)(k+2)
Otk L SR Sy T Sl N
3F-Taf_, 3F-1g§32 F-T (22v3) 651
_ (k+2) . _ (k+2) (k+2) (16.31)
be = 1 = T T 3%
3F-Tpk_, 3F-Tpk32 " F-T (b2\/§)
But .
aV3=2v3>1 and bV3=4v3>1 | (16.32)
and, for k > 3, |
ap < 3(—k—:—!)(k—-:2) and G < 3M)E (16.33)
(azx/g) ' . (52\/3)
which are the main terms of a convergent series, which proves that
1 ~ ; 1 ,
[[O+op)? <J[(0+0p) and J[Q+8)? < J[Q+85) (16.34)

p22 p22 p22 p22
are cohvergent and bounded. Using (16.30), we deduce that ax and by are convergent and
bounded by a and . Using the fact that the L, are decreasing norms, we find
. v
Ci < (a¥a* + B56* + v*¢*)F < aa + b+ e, (16.35)

We can find explicit upper bounds for a and 3, by using the usual upper bounds
on entire series, but it is clear that the upper bounds can be improved if we know the
respective values of a, b, c.

16.3. Upper Bounds of the Remainders

For r € IN, we denote the remainder at the order r of F = M !f (resp. F - ')
by

RM = Y B, (16:36)
p2r+1 '

We denote, for the Dragt-Finn transformation, as well as for the Deprit transformation,
R* = (aa+ Bb+7e)7}, | (16.37)

the radius of convergence of F. We demonstrate the following result:
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THEOREM 37 ([25]). — Based on the hypotheses of theorems (82) and (33), F is
convergent in ball Dp = {(w,y) e ™, Iz, ), < R} where R < R* and

R\" (. R\!
< [ — —_— .
PTES WORA RV

: -1
IFlp, < (1- Rﬁ) Rd, |R®)

' -1
Proof. — From ||F,|| < R*'™"d, we deduce that |Falp, < dR (%)n . Hence we
deduce that

n>0 R*

Flp, <dRY" (&) = de—l—R =(1-£) R4 (16.39)

and, in the same fashion,

<(B) (1-£) R (16.40)

IR(T)
Dp —

THEOREM 38 ([25]). — Based on the same hypotheses as in théorems (32) and (33),
and R* defined in (16.87), we have, for any R* > pR > R, for any (X,Y) € Dgr and
(@,y) = MgH(X,Y) (resp. (z,y) =T, (X,Y))

(z,9) — (X, V)lp, < (X,Y)|p, V2(p—1)7". (16.41)

Proof. — Posing Z, one of the coordinates of (X,Y’), we have

Z—z=Y Zp(X,Y) (16.42)
p<2 i

where Z, is a homogeneous polynomial of degree p. Using norm L;, we have
1 Zp]l < (aa +BOPH (16.43)

- since we can take c=0and d =1 for f(X,Y) = (X,Y).
In this case, we have '

2= 2lp, < D IZIIX. V5, (16.44)
p>2
< (X, Y)lp, 3 (ca+ BbY (X, V), (16.45)
p21

|(X,Y)|p, (ca + Bb)

= (X, V)lp, 7 —aa + 65 (X, . (16.46)
< (X V)lpep'y i (16.47)
= |(X,Y)lp, (p—1)7". (16.48)

Since |(X,Y)| < v2sup (|X|,|Y]), hence we deduce the stated property.
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17. UPPER BOUNDS FOR THE NORMAL FORM

Here, we give an estimation for the radius of convergence of the normal form at a given
order. We pose, for any k > 1,

= min (Jkw|) = _ min (|7 kwl). 17.1
W= o ke (|_ = Z);‘_llszr(lilz_l wil) (17.1)

| Here, we suppose that h = 2 k>0 hk where hy is of degree k + 2 and satisfies, for any k,
IRkl < a*b.
-17.1. Deprit Method

We construct the normal form of A using the Deprit method. We call w, the generating
function of T, the Deprit transformation which corresponds to the method. We get the
following result [25] :

LemMA 39 ([25]). — Foranyk <,
3ab [12k b \1*! | i
] <i[ a(1+’-—)] : 17.2)
(87 5 Qr
Hence we deduce, by applying theorem 32 that
"THEOREM 40 ([25]) — Forw = Ek L wi and K = Tyth, the normal form at the

order r, we have

|Knl| < A™d, 1<n where A=a [(9 + %r) b
a

.
Posing R* = A~!, we get, for the normal form T;th = Z) + R(") at the order r

— Tz'h is convergent in any ball D with R < R¥,

— the general term of the remainder is bounded by ”Rﬁf ) < ( }é)nd and
R\" R -1
(r < Rk .
|’R bR (R*) (1 R*) . (a7 4)

17.2. Dragt-Finn Method

We construct K© = h, K® = els K(*-1) for k > 0. The generator gi verifies
Lhogk + K& = K&V, ‘

LEMMA 41. — For any k,n € N, we have
(k) n a’k— b
x| < ab and gl < ==L, (17.5)
where
k 1
ax =20 ] (1 + ﬂ’%")b)” . (17.6)

- p=1

+(1+ 3—5%)} . (17.3)

ca
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Proof. — Let us define ag, bx so that we have, for any k and any n,
||’K,(L’°)” < ally. . ar)

From Lp,gx + K,(ck) = K,(ck_l), we first get, by projection (cf. [25]), and since ax (cf. 17.1)
is the smallest of the eigenvalues of Ly, on E, :

[ < |xE0] and poud < & ). ar.8)
For n € IN, we have ‘
o] = 5 A
< Z (Q+2)(Q+k+2) (g+(p- 1)k+2)(k+2)p llgx|IP ”K(k—l)”
B kp+g=n P!
< Z (%2-—1)..'.(1_15‘2_77) (k(k +2) llgel)? HK‘gk—l)Il
kp+g=n P
(%]
< a?_qbr-1 Z(i 1), (Mk—l) . (17.9)
p=0

We must now distinguish between several cases.
o If k =1, we have

o] < o500 (oY o
= a1+ 2)" - ()]
< b (a(n'+' 1w (1 + g—’;))n, A (17.10)
and we can take
by = b, a1 = amax ((n+1)rl‘z) (1+§%) =20 (1+2). (17.11)

o If k > 2, we have 22 —1 < 2 and

IA

“K'r(zk)H Q—1brk—1 Z(")p (M)

p=0

IA

&f")__”_)z (17.12)

aj_1be—1 (1 + o

This inequality is obtained by writing Taylor’s formula with integral remainder

G+0f = 2( )px”+/1 u- tﬂk]( D ]+1(1+t>k El-q (17.13)

v

%]
> (B)pa” (17.14)

p=0
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' 1
k(k+2)bk 1) 13

We can now take by = by_; and ak = ak 1 (1 + o

***

Hence we deduce a result on the convergence of the normal form. -

THEOREM 42. — Ifh =35, h)_c satisfies, for any k > 0, ||hk| < a*b, we get; with
the notations of lemma 41, for the normal form at the order r:

K(T) — Z(r) + R(T) — eLgr e eLglh = M(T)—lh’ » : (17.15)
— K™ is convergent in any ball Dg with
. r 1 -1 c
* _ " p(p+2)b\ p .
R<R'=2a [1:[1 (1 + 2ex2) PJ , (17.16)

< R!™d, and we have

— the general term of the remainder is bounded by "RS: |-

<bR(R)r(1—£>_l - ara)

|R£‘r) Dp R* R

The proof follows from lemma 41, as well as classical upper bounds on numerical Serigs.

***
THEOREM 43. — Based on the hypotheses of the previous theorem, given f =
Yon>1fn where fn is a polynomial of degree n and satisfies ||fn]] < ¢~ 1d Posmg'
p= max( ,1), we have

— MO f is convergent in the disc Dg = {(-’B, y) € T Iz, y)ll < R} where

R<R,—2a
=1

_ -1 B
H(pp+ﬂ%:}>—")%] , (17.18)

< & 1d, where

_ F(r) = MO f s convergent in Dg and, for any n € IN, ”F 7

. . -
¢ = 2a H (2 + 2222, )7, (17.19)
p=1 ’

< —_— —_— Rd. ?. “ .
Dr <R*> <1 R*) (17.20)

Proof. — As for the previous theorem, let us define

! F®

: RN\"1_
- (r
Dr s (1 R"‘) R@’ |R :

FO = f F®) = ¢La F(k‘l)_ | (17.21)
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In virtue of lemma 34, we can pose, for any n € IN, HF,(ll) ” < c¥~'d where

a1 <3|a1ll+pa=a (p + 2—2’) . » , (17.22)
Let us now suppose that HE(;k_l)” < ¢%_,d with
k-1 e
Cr-1 < 2a H (p’c + L’:';g)—)” . (17.23)
: =1 ’
Hence we deduce that
k< (k(k+2) llgll + k) (17.24)
k k| kerap |57 (2)blk kT (+2)bllc
+ +
< ok | HERR\TT (34 2edB) | o gk | TT (4 BEED)P | | (17.25)
k= 2)b 1 k(k+2)b
< 2kg* 1'[1 (o9 + IRV | (ph 4 HEEDR) (17.26)
L P=
- ~k
' . 2)b 2
= 2%* |[] (o2 +2EE2R)P| (17.27)
-p-_-l - .

and recursively that, for any k,n > 1, we have

”F,(,k)” <cf7'd where cx=2a ﬁ (pp + ﬂ’;lfﬁ)’-l’ . (17.28)
p=1

The other upper bounds follow from elementary manipulations on the numerical series.

17.3. Comparisons

Since the a;’s tend toward 0, it is most unlikely that the normal forms will converge.
Let us take for example the classical diophantian approximation for a..,

k

pm= 1

ar = (17.29)

where k and m — 1 are positive constant. From (17.2), we deduce, for the Deprit trans-
formation, that
R:—l =9+ %T%Tm‘l + 1+ 3—52’!‘ ~ /\17‘m,

whereas, for the Dragt-Finn transformation, upper bound (17.18) yields

R = 2aTT, (1+ kp(p+ 2)p™ 1) /?

T mj;l
~ Agelor= P OEP
m+1 ‘

2
A26 2 logr

~ /\27‘m2 . logr

(17.30)

IR



86 Chapter IV

Consequently, the upper bound for the Deprit transformation proposed by Giorgilli is
better inasmuch as

m _ ,
> 22—, .
logr > 2m+1 (17.31)

18. ESTIMATION OF THE DIFFUSION

Using an application of the mean value theorem, we search for a ball centered at the
point of equilibrium, such that, for the longest possible time, we may predict that the
trajectories originating in this ball, do not get too far away from it. The bounds given
here are not the best possible, but they give some indication of what could be expected.
In fact, it appears necessary to adapt an upper bound ad hoc to every type of problem

encountered. :
- The technique (cf. [25]) primarily consists of bounding the derivative of the actions,
which are the distances from the origin. At this point, we search for an optimal pertur-
bation order rop¢ for the truncation.

Given h = ¥ ,50bn with ho = 37, $(p? + ¢f). We also suppose that the w; are
rationally independent. Let us denote T("), the Dragt-Finn or Deprit transformation which
enabled us to construct the normal form at the order r, K = Z(™ 4+ R(") | as well as

(QM, PM) = T(")(g,p). Let us now pose I = -§-<P<’>2 +Q(M?), we get the following

theorem where R} denotes the radius of convergence of R(":

THEOREM 44 ([25]). — For R < R}, we have the upper bound.
. R R "R -2
M <4 <_) ( - —) (1 - —) . 18.1
DR__CR T R+1 TR: T (18.1)
The upper bound is obtained by using the previous results, and noticing that
i ={" ="} (18.2)
***

The following step consists of finding an optimal order Topt SO that the upper bound
of I) is minimal. We then deduce that, for a time ¢ < T, determined by the previously
introduced constants, we have, for a given p > 1:

Any particle located at t = 0 in the ball Dg, is located in the ball Dyraslongast <T,
-since T now depends on the bounds chosen for h, R, the a;’s, p and, especially with this
method, the transformation used, since T depends on the upper bounds on the remainder.

Since the estimation for the Dragt-Finn method is a priori not as good as that obtained
- by [25] or [52] for the Deprit method, we do not explain the upper bounds obtained in
detail at this point.

These upper bounds only depend on the upper bounds obtained theoretically, and
the transformation is only used to compute intermediate bounds on the remainder of the
normal form.



Estimation of the Diffusion 87

We may now ask ourselves what purpose effectively computing the normal forms or
the transformations might serve. It so happens that, in an article subsequent to [25], the
results obtained by using information based on the computation of the first terms of the
Lie transformation, ~whether a Deprit or Dragt-Finn transformation— are radically better.

The results rely essentially on the existence of approximate invariants (12.16) of the
hamiltonian system, whose construction is insured by the Deprit or Dragt-Finn method.

Therefore, let us presume given a Hamiltonian h. The existence, at any order r, of a
function {l(’) =50 fl(,;) which satisfies, for any 1 <1 < n,

()= = T e 3 el n}, (18.3)
n2r+l  ptg=n ,
is insured by (12.16). Let us consider then
q)("') Z 6(7') Z q)("') ‘ (18.4)
=0 p=0 ’

The first terms verify, for 0 <n <r,

o{y =1, i {‘I’z(,rp),hn—;} ={®7) ho} + Z {5 b} =0. (18.5)
p=0 |
So we have
80 = {30} = T % {8k} =S T ol by} (186)
n20p+g=n p=0n>r

The idea, in [8], is to use (18.6), as well as the first terms of <I>( ), to bound I; in time. In
(8], we write

L) — LO)| < 1) - 2 @)+ |1(0) - 2 (0)] + |81 @t) - #7(0)| . (18.7)
The two first terms are of the form

=1 @5;)', for which we have some estimates, either
(r) )

17>
secured estimates of ||hx|. In this case, we deduce estimates for the <I>l(p) , by using (18.5).
We increase the last term, using the mean value theorem, as well as an upper bound
deduced from (18.6). -

The proof is rather technical, but it appears to yield far better bounds than the method
which consists of giving an estimation of the remainder. In [8], the estimation of the
stability region is compared to the results achieved by Simo (]52]), and it appears that the
latter technique yields better results. This shows that the knowledge of the first terms of

the normal form and of the related transformation can contribute major improvements.

because they have been computed, or we have computed in part @; and we have

18.1. Example

Here, we recall an application of the previous results to the study of the Hamiltonian
of the restricted three-body problem, in the vicinity of the Lagrange (cf. [52, 25]) point
Ly.
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We consider the following system: 2 bodies of great relative masses p and 1 — g, in
uniform rotation around their center of mass. The distance between these bodies is one
unit, the rotation period is 2. We study a third body subjected to the attraction of these
two primary bodies. Its mass m, is considered of negligible influence on the motion of
the two primary bodies. We place ourselves in the rotating frame of reference, that is to
say where the positions of the body of mass u and 1 — i are respectively (1 — 4,0 0) and
(1,0,0). The third body has the coordinates:

x cos(t) sin(t)l. o\ [/ x

y | =| —sin(t) cos(t) 0 || Y |. (18.8)

z 0 0 1 Z
The energy of the system T is given by |
T = L(X? + Y24+2h) =1 ((a‘%(:z: cbs(t) — ysin(2)))? + (Z(zsin(t) + yc:os(t).)b)2 + 22)
= 1 ((@ - y)cos(®) = (¥ + 2) sin(®))? + (& — y) sin(t) + (3 + ) cos(t))” + 2°)
= (@9 + -2+, | - (189)
and the potential energy by | , _-
e | (18.10)
‘where d; and d are the distances from the primary bodies:
=(@-1+p’+*+2 E=@E-p’+y*+7 (18.11)

The hamiltonian system is given by the canonical variables

Pz = (& —9),py = (§ +2),p: = %, - (1812)
and the Hamiltonian |
h = ped+pg+pi—~T+U . - (18.13)
= PPz +y) +py(py — ) — 12 +p2+p%) + v (18.14)
= 302 +p2+p2) +py—pyz+U. . (18.15)

The points of equilibrium of the system verify

oh oh oh
r = = — = 9 = —_ = — 2 =. R . 1
E=prty=o-=09=p -z 5y =P 5 0, (18.16)
which yields, as its general solution |
ou oU '
z=p,=0, pz+y——pg+5;—0,?y—x—pz+a—y—0, (18.17)
given,
aU U | Y | aU
=Py = s _— — y = 3 = — _— - 18 18
z=p, =0, 2+ o y+6y 0, Pz +py + 5 Pe =Py =2 ( )
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- Let us call -
V=3 +y*+25)+U =3(pd} + (1 - pd} — u(l —p) +U. (18.19)

If y = 0, we find three solutions that are the three Lagrange points £, L2, L3, aligned on
the straight line which joins the primary bodies. If y # 0 then (z,y,2) — (di1,dz2,2) is a
diffeomorphism, and V. = V{(d;, ds, 2) is differentiable. DV = 0 is written as

1-—
udl—;%=07 (1~#)d2_d_2”=0, z2=0, (18.20)
1 2 ‘

that is to say di = do = 1. We find the two Lagrange points L4, L5 which form an
equilateral triangle with the primary bodies.
After a change of origin at the point £4, we find the new Hamiltonian

h=3@2+p2+p2) +ype—apy — (u—3) —yF — £ - 122, (18.21)
where
=1-z+V3y+a?+y?+25ri =14+ V3y+22+9y%+ 22 (18.22)

Posing a = —3(1 — 2,u)34@ , We can write b = 3,50 hn with

ho = %(p3+py+pz)+ypx—xpy+§x2— 802 _ qpy 4 22 (18.23)
hn = prtPa(Z5Y3) 4+ (1— pyr P28, n>1, (18.24)

where the P, are the Legendre polynomials of degree k.
The hamiltonian operator Ly, admits, as its characteristic polynomial,

M+ X +Z _a®) (A2 +1) =0. (18.25)

A pair of eigenvalues corresponds to =i for the plane (0, z, p,), and the others are multiples
of i, and distinct whenever p(1 — i) < Z, that is to say whenever 0 < p < (1 - ‘/_TSE). In
this case, £4 is an elliptical point of equilibrium of the system.

This Hamiltonian may then be handled using perturbation methods possibly diagonal-
izing Ly, (the w;’s are of opposite signs) (cf. [25, 52, 41]).

-If we keep masses 1 and 1—u as parameters, the computation of the normal form proves
too large to be carried out at high orders using the algorithms which I implemented.

Nevertheless, the normal forms were computed for low orders (cf. [41]). At the order

2, in the action-angle coordinates:

h() = u)1I1 - w2I2 (18.26)
he = L(AIf +2BLI, +CI?) (18.27)

where

_ 1 (81— 696w} + 124w} B
A = 72W2 ( 2&)1)(1 —5(4}1) ’ C(wlaw2) —A(U)2,LJ1), (1828)

- wiwz(43 + 64wiw3)
B = 6 (1 -2w?)(1 —5w?)(1 - ;wz)(l ~5w2) (18.29)
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However, the study was completed for numerical values corresponding to the Sun and
Jupiter as the primary bodies in [8, 25, 52]. The normal forms were computed to the
degree 30, which made it possible to define a non-negligible stability zone for a period
approximating the age of the universe (10'° rotation periods of Jupiter around the sun).
In [25], using theoretical bounds based on the estimations of the Hamiltonian h, we find a
stability zone of a few kilometers. The particles wander in a region 1.005 times the size of
the original stability zone during a time comparable to the age of the universe. In [52] or
[8], we find a stability zone of the order of a few thousand kilometers, for the same period,
by computing effective bounds on the normal form computed at a high order.

OOO .

The estimations given in this section for the Dragt-Finn method, do not, in and of
themselves, improve the stability results that could be deduced, by mere estimation of
the truncated invariants, by using the estimations carried out on the Lie transformation
by Giorgilli et al. . Undoubtedly, the use of combinatorial properties on partitions would

enable us to improve the estimations for the Dragt-Finn transformation, but who is to say
whether they would be better than those taken directly from invariants ?

Knowing the first terms of the invariants, as well as using recursive formulas relating
to the successive terms, enables us to significantly improve the asymptotic estimations
which provide information concerning the system’s stability. Effective computation of
normal forms and truncated invariants, is one of the essential tools which provide stability
information, and the Dragt-Finn method is definitely an efficient means of achieving this
goal. : :
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Symplectic Integrators

We frequently have to compute the time evolution of hamiltonian systems. In celestial
mechanics, we use multi-step integration methods at fairly high orders. The disadvantage
of such methods, is that the error on the positions increases quadratically in time.

Symplectic integrators are numerical methods to compute, on a very long term basis,
the time evolution of a hamiltonian system. At every step, the transformation is symplec-
tic, which holds the advantage of preserving an energy approximating the system’s energy>.
On the other hand, a disadvantage is that they are, for the most part, considerably more
costly than multi-step integrators of the same order.

Symplectic integrators can be considered like mappings of perturbed hamiltonian flows
with respect to the original Hamiltonian. So these integrators can be represented either
as Deprit transformations, or as exponentials, or as Dragt-Finn transformations.

The construction which we propose here relies mainly on the possibility of generating
identities of exponential type, by using the algorithms of the first. section.

This brings us back to the general construction ideas, inspired by Forest & Ruth’s [20]
and Yoshida’s [60, 61] contributions. We represent symplectic integrators either by Lie
transformations, which holds the advantage of not requiring the computation of exponen-
tial identities, or by exponentials, which may have symmetry properties. First, we show
‘the strict equivalence of these representations, that is to say the sets of solutions obtained
coincide from an algebraic point of view. Next, we give an exhaustive list of the symplectic
integrators for low orders. The low orders are obtained by searching for the solutions to
a system of polynomial equations, using algebraic tools such as standard bases. Some of
the solutions were thus far unknown. We show elsewhere that the method proposed by
Yoshida [61] provides all possible solutions.

In the case where the Hamiltonian is written as the sum of a kinetic energy and of a
potential energy, we decrease the number of terms necessary to the manufacture of such
integrators. In the case where the Hamiltonian is the sum of three terms, we give an
exhaustive list of order 2 and 4 integrators. _

The purpose of this section is not to compare the respective merits of the various
integrators used to implement very long term integrations, but to supply the means to
construct symplectic integrators at the highest possible orders.

3This statement is rigorously exact only for linear problems. Therefore, in cases for which the Hamilt-
onian is preserved, one must gauge how much artificial chaos is induced by the symplectic integrator. N.
T.
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19. GENERAL METHODS OF CONSTRUCTION

Let us consider a hamiltonian system, given by k = A+ B, in which we seek to compute
the time evolution Si(t). Sp(?) is the solution to the differential equation

oS
'?aTh = —Sh(t)Lp. (19.1)
If A and B are autonomous, we have _
Sh(t) = e7tbr = g7tla—tle : (19.2)
else, Sy (t) is a Lie transformation
Su(t) =Ty, a2 =, (19.3)

which can be written as an exponential (cf. [42]).

Whenever S;, cannot be computed easily, it might be advisable to approx1mate it by a
product of S4(t) and Sp(t), when these are simpler. :

If we consider Euler’s classical method of integration, we get, for a step T,

p(t+7) =p(t) — T%ﬂz gt +7) =q(t)+ 'r—aa%. (19.4)

This transformation is not usually symplectic, as is, for example, the case for h =
— (p2 + ¢?) where (19.4) becomes .

p(t+ 1) = p(t) —wrq(t), q(t+ 'r) = q(t) + wrp(t), (19.5)

in which the determmant is equal to 1 4+ w372, At every step, the value of the total energy
of the Hamiltonian A, is multiplied by 1 + w?72.
On the other hand, the product of the two symplectic transformations

— - Q_I:I_ ' | p = p '
P P‘ T g and . +T2I_I_ , (19.6)
g — q ? 1T

is a symplectic transformation. For h = % (P + ¢°) we get

2.2
(633)-0= 1) (38): @)
In this case, the transformation obtained is the product
T(r) = e kK = e~ 27l o= T TLy2 (19.8)
where, according to the Baker-Campbell-Hausdorffvformula,
K=%0"+¢)-14pq+7°5(0* +¢°) — T 5pq + -+ - (19.9)

We note that K is invariant by (19.8), but is not the Hamiltonian which corresponds to
the transformation (19.8). The corresponding Hamiltonian satisfies

d .
—d—tT(t) = —Lw(t)T(t), i.e. LW(t) =-T~ l(t) T(t) (19.10)
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Using (6.46), we get
W) = g 2P+ ¢?)

= (& +9° - 2, 2}+ﬁ{q2,{q2,p2}}) |
= £(p* + ¢ + 2twpg + 25 4% (19.11)

***

The typical case where the symplectlc integrators demonstrate their efficiency. is the
case in which

h="T(p) + V(q), (1912)

that is to say when, for example, h is the sum of uncoupled kinetic and potential energies.
In this case, since

{T(®),p} =0, {T(»).q} = f% and {V(g),q} =0, {V(q),p} = %% (19.13) ,’
we have ,
{T,{T,q}} =0 and {V,{V,p}}=0. (19.14)

When we compute the time evolutlon of the state variables, we get the extremely simple
form:

- LT i 1% ‘
Sr0)p0) = T00,0 = ¥ 0 = g +150),  (01)
n>0
- oT
Svm0 =00 =3 To 09 =012, 919
n>0 .
The main idea is to construct ;
S™(t) = Sp(e1t)Sv(dat) - - - S(cat) Sy (dnt), (19.17)
in such a way that, for a given integer k,
S™ (1) = Su(t) + o(t¥). (19.18)
In this case, we get Sip(7) as a sequence of transformations
i i 0T i i or, ;
@=q=p ..., " =p"+ Ttdia_(q th, ¢t =g+ ma—p(p +1)  (19.19)

oT
and p; = p”, ¢ = q" appear after n evaluations of B and %‘;

19.1. Direct Determination of Symplectic Integrators

Given h = A+ B and Sa(t) = e7*4,Sp(t) = e~*LB. For a preset n and k, we search
for a minimal set ¢y, ...,¢pn,ds, ... dys, such that we have

S™(t) = Sa(c1t)Sp(dit) - - - Sa(cnt)Sp(dnt) = Sh(t) + o(tF). (19.20)
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Let us denote R = Qlc1, - - - ,Cn,d1, - - -, dn), Lp({4, B}), the submodule of L({4, B}, R)
generated by the elements of weight p, where |A|, = |B|, = 1. -

We also denote by L,{z, A, B}, the submodule of L({z, 4, B}, R), generated by the
elements of weight p, which contain only once the letter z, where |z|, = 0,|A], = |B|, = 1.

Remark. — L,{z, A, B} is of dimension 27. Indeed, if w € {2z, A, B}p44, wWith z <
A < B, then if z appears once, and only once, in w, w is a Lyndon word if and only if
w = zw; where wy € {4, B}, that is to say there are exactly 27 Lyndon words of length
p+ 1 containing once, and only once, the letter z. '

**x

In order to solve (19.20), we must first express exponential identities, by placing our-
selves in a free Lie algebra, and by using the methods from the first section. First, we
show the algebraic equality of the solutions obtained, by representing the integrators in
various ways. We have the following property: : o

LEMMA 45. — Let us consider the three following problems
1. Having represented S (t) as exp(é Yo>1tPLK,),
solve in L({A,B}): K1=A4+B,Ky=---=K; =0,
2. Having represented S(“)(t) as exp(—tLg,) - - -exp(t?Lg,) - - -,
solve in L({A,B}): G1=A+B,Ga=+--- =G =0,
3. Having represented S5M(t) as TZ '-;ltpwp,
) o1 U7 ,
solve in L({A,B}): Wi =A+B,Wo=---=W=0.

The varieties, solutions to the 3 problems, are defined by the same ideal.

Proof. — Denoting Zp,1,--.,%p,, the Lyndon basis of £,({A, B}), we can write
Iy , Iy I :
Kp =Y Kpitpi,Gp = Gpittpis Wp =D _ Wpitpi. (19.21)
i=1 i=1 i=1 -

For every one of these methods, the solutions are the zeros of the ideals: -

' 5(1?) = (Kl,,l -1,K12—1,K21,K3,1, ceny Kkrl,’.'v’ .),
3% = (G11-1,G12-1,G21,Gs1,--.,Chs-- ), (19.22)
jgj) = (Wl,l —_ 1,W1,2 — 1, W2,1,W3,1,....,Wk,l,...).

Note that Sw is the Deprit transformation, associated, not with W(t), but with the
integral of W, which cancels out at 0. Then, we have the following relations, extracted
from the first section (cf. proposition 14):

K, = IWp+RY, R} €L,(Wi,...,Wp1),
=W, = Gp+R, R{€LyGy,...,Gp1), (19.23)
Gp = Kp+RK, RKeLyKi,...,Kp1).

For p > 1, every R;V , is expressed in the Lyndon basis £,({4, B}), and the coefficients are
polynomials in the {Wy,1, Wy 2, Wa1,Wa1,..., Wp_1,1,- -+, Wp—1,1,_, }. The monomials of
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these polynomials all contain a W; ; with ¢ > 1, and so they are in J(vf,). Hence we deduce
that 3% c 3%,

Using the same argument, we deduce that J(k) CJa ) and J(k) J(Iif), that is to say
that

k k k '
30 =58 = 5 (19.24)
*

* %k

Let us now consider the following lemma:
LEMMA 46. — Given the following problems:

2. Having represented S(")(t) as exp(— tLGl) --exp(tPLg,) - -,
" solve in L({A,B}): Gi=A+B,Go=---=Gr=0

4. Having posed Z = S™(t)z, solve in L,({z, A, B}):
Zo = (exp(—tLa+B)2)o, - - -, Zx = (exp(—tLa+B)2)k-

The varieties solutions to the two above problems are defined by the same ideal.

Proof. — For any p > 1, Z, decomposes into Ly,({z, A, B}). Let us denote z,,1, - - . , Zp,2¢
the Lyndon basis of this subspace which corresponds to the images of zw, where w €
{A, B};, by the parenthesizing mapping A. So we have, for any p, Z, = E§P=1 Zp aZp.a>
and the solutions to problem 4. are the zeros of the ideal

I =(Z,,—0a;1<i<k1<j<2 19.25
Z V] ’J

where the a; ; are the coefficients obtained by decomposing exp(—tL 4, g)z in L{z, A, B}.
From S™ (t)z—exp(—tLayB)z = (S(”) (t) — exp(+~tL A+B)) z = o(t*), we deduce term
by term, for p < k, that

~1)P my+etm LG’l Lg: _(=DPsp
p— S, pz=| Y (-1) P SE 17, 5| 2=0. (19.26)

#(1,p;p) mpt - -
Hence we deduce, for p = 1, that
—{2,A+ B} =—(Lg, — LayB)2={2,G1 — (A+ B)} =0, (19.27)
that is to say, on the basis ([z, 4], [z, B]),
Z11—1=G11—-1=0, Zis—1=G12—1=0. (19.28)

At the order 1 < p <k, (19.26) is written

L ... Lg?
—1)? 1)?
£_|)—LA+BZ = (12: )( 1)mtetmy ml 1' (p‘) LA+B 2
ol L.pp
= O (1%, -5, 5) 2 Lo,z + (19.29)
L. e
> (epmttmeen e, (19.30)
mp!---my!

p(1p—1;p);m1<p
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L%, — L% g is written

(Gk1+ +kpGl1+ Hp )L Lll L L (19.31)
kit--tkptly+--+lp=p

A coefficient of (19.31) is then written
GE Gty —1= (G5 —1)G i+ (Gly—1) € (G11—1,Gi - 1) CID,  (19.32)

On the other hand, every Lf{ L’1 L Ll £z decomposes linearly onto the Lyndon basis,
and consequently, the coefﬁcients of term (LG1 L 4+p)z belong to (G11 —1,G12—-1) C

S(Gp) . The other terms of (19.29) and (19.30) also decompose, and the coefficients are in
(Ga,1,---,Cpy,---Gpy,) C I (19.33)
Let us assume proven, for any m < p, that S(m) (m) So, at the order p,

o we deduce from (19.26), by identifying every coefficient, that J7 @ 5(”)

e from (19.26), we also deduce that

n )
———— ~
—Le,z = Zp— P15, g2 - S (15, — I p) 2 -
| Lg - LG |
> (—1)‘ml+"'+mr—1—1,——-;’—z. (19.34)
mp: .-ml. '

p(l,p—1;p),m1<n

s

(I11)

All the terms, on the right hand side of the previous equation, decompose onto
the basis 2, 4. The coefficients of (I) belong to 3% , and, by assumption, those of
(II) or (III) are in (G1y — 1,G12—1) C 3(”—1) C 3(”_1). Therefore Lg,z can be
decomposed on the z,4 and the coefficients are in 3(” ) Thus G, can decompose on
the z, 4, by solving a linear system with coefficients in J(ZP).

So we have, J(é’) - J(Zp).

***

In order to get symplectic integrators directly, we will be able to use the three following

methods, which are equivalent in virtue of the lemma 46.

19.1.1. Direct Method
- The problem (19.20) may be solved directly by searching after, for any z

S ()2 = Sa(c1t)Sp(dit) - - - Saleat)Sp(dat)z = Sh(t)z + o(t¥). (19.35)
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19.1.2. Invariant Function

Problem (19.35) may be reformulated by expressing S(™ as an exponential, and by
searching after ¢,...,¢,,ds, ... d, such that

Sa(c1t)Sp(dit) - - - Salcnt)Sp(dnt) = e~tlx (19.36)

with K = h + o(t*~!). K is not the Hamiltonian of the hamiltonian system associated
with S but, simply, an invariant function of the system. This technique is used by -
Yoshida. '

-~

19.1.3. Perturbed Hamiltonian

S(™)(t) can also be written as a Lie transformation

Sa(ert)Sp(dit) - - Sa(ent)Sp(dnt) = Sw (19.37)
where W = h + o(t*~1). The condition is achieved by writing that
%_SW = =SwLw = —SpLp + o(tF™1). (19.38)

The Hamiltonian of the associated hamiltonian system is then given by W.

x
The three methods yield equal solutions, which seemed clear. Lemmas 45 and 46 prove
that these methods steer us toward the study of the same algebraic objects.

19.2. Computation of the First Integrators

For every preset order, by one method or another, we search for n such that S()(t)
is an integrator of order k. We attempt to find the solutions to a system of polynomial
equations, that is to say we search for the points of the variety defined by the ideal of the
polynomial equations. Here, we use algebraic methods of elimination, or computational
methods in standard bases. The software used is, either MACAULAY, which computes
standard bases in a ring Z/pZ, or whenever possible, AXIOM.

For low orders, these methods provide symplectic integrators. Besides, we use the rep-
resentation by the Lie transformations (Deprit), which has the advantage of not requiring
the computation of exponential identities.

Using the Lie transformations, we get, at the order 4

W = Wi1A + Wi2B + 3Wa,1 |4, Bl + 4Ws1[A, (A, B)] + 4Wa[[A, B], B]
+ %W‘i,l[A: [Aa [A’ B]” + %W4,2[A’ “A) B]a B” +%W4,3[A7 [[A; B]a B”y

where the W; ; are polynomials. For n = 4, and 7 variables ¢i, ¢z, ¢3, ¢4, d1, d2, d3, we have
Wipt=cst+e2t+e+e—1

Wizg=d3+dy+d;~1 .
Wai1=(ca—ca—c1—co)ds+(cstca—cr—co)de+(cs+c2+c1—co) dr
War=(GFd+(-a-a-cw) ea)d+(Gd+(@—a—cw)a+id+(-a—c)c)d
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+(%c§+(cz+cl—co)cs+%c§+(cl—co)c2+%'c"1’—coc1) dx
W3,2=(—;~ 62+%cl+%60) d§+((—02+61+00) d2+(—62—61+0{)) dy) d3»+(% 1
+1c) &+ (—e1+c)dide+3codi |
Wir=G d+(-tea-ta-taoa)dd+GEd+Ga-sa-3w)d+EFG+(
—a-—c)e)atidt(—ta-ta)d)d+GEd+Getia—gw)d+
(1 c§+(c1—-co)cz+%‘c§—coc1) C3+%c§+(%c1—%_co) G+(id—coa)e
+tgd-3cc)d | , |
Wia=(3co+2er+ico)esdd+(((—e2+e1+co) ea—3 G+ (c1+co) e2) do+ ((—ce
—ate) - d+(—atw)ea—3d+twa)d)d+((Gatze) atza
+%Co)Cz)dg+((—61+60)63+(—01+Co)62—%c%+0001)d1d§+(%6063
+lwetica)d _
Wis=(-te-ta-to)d+{(3e-3a—3a)d+(Getiea—3c)d)d+(
(-tea-}c)d+@-dd-jodd+(-ta-gw)d+(Ga
— 3 co)didi—} cod} do—3 co i |
e A solution for k = 1 is given by ¢; = d; =1 and
S1 = $V(t) = Sa(£)S(4)- | (19.39)
e A solution for k = 2 is given by' ,
Cl+62=1,d1=1,(02—01)d1 =0, .(19.40)
that is to say, 1 = ¢z = 3,d; = 1 and
Sa(t) = SA(t) = Sa($)Sa(1)Sa(d)- - (1941)

Mapping_n time the operator Sp(r) amount to mapping once S4(3%), then n times
the operator S; of order 1 (19.39).

e The solutions for k = 3 are the solutions to the system of polynomial equations:

cst+ept+e =1
d+d = 1
(c3 —ca —e1)da + (es+ca—c)dy = 0 (19.42)
(3 G+ (—ca—a1) ¢3) d2+(1.—§ E+{czc—ca)ea+tid—-aewd = 0

Getsa)d+(-eta)didtzad = 0
which, by successive eliminations, is reduced to

do+2c¢ =
d1—201 =
C:;-l-cl——'l

2 1 _
gg—za+p =

(19.43)

I
i = N o R
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We notice that ¢3 and ¢; are conjugate roots just as d; = 2¢; and d2 = 2¢3. On the
other hand, the solutions are not real. We must include an added term, and we get,
for example, as a real (and even rational) solution:

yds = &,do=-3,dy = -Z,cs=1,02= 2. (19.44)

win

C1 =

The previous 6 term solution was also found by Forest & Ruth ([20]).

e After successive eliminations, the system of polynomial equations is equivalent for
k=4to

((d3+288 ¢4 —312c34+96c¢3—14 ¢+ %
do—288 ¢t +312¢} —96c3+16¢; — 3
d1—201

{ es+144c¢8-156c3+483 T+ 1
c3+c¢—5
c2—144c1+156c§—48c%+7c1—z

5 13 .3 2, 1 ) S
cl——cl+24cl c1+§c1—m =

(19.45)

fl

i
cooococooO

\

The last polynomial is factored into
C(E-ta+g) (@ -d+ia-%), (19.46)
in which the first factor has no real solution.

If ¢; is the root of (¢3 — cZ+ 1 1 — %), we get

4

d3i—2c¢ =
d2+4c1——1

d1—2c1
4 - C4—C1
ezt — 3
C2+CI—I‘2'
| d-d+ia—3

(19.47)

i
coocoocoo

1
or else, for example for ¢; = AT’

. :
C4 =C = -2-(—3\/—15_—1), d3 d1 -\/y——,dz %— Cy =C3 = ;%—;—? (1948)

We then come up again with the solutions obtained by Forest & Ruth ([20]) o

Yoshida ([61}).

If ¢; is the root of (c? — % a+ %), we get two additional solutions

ds+2a=3d=d=2c,a+a=ta+ta=3e-a=3 (1949

or similarly
c1=C,c3=0=4%—c,ds=d; =26,ds = 3. (19.50)
e For k = 5, we do not find solutions directly. So far, using MACAULAY, we can say
that there are 46 solutions for integrators obtained as product of 11 operators (the

computation is carried out in Z/pZ, for p = 31991). As for the AXIOM system, it
fails to complete the computation.
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e For k = 6, there is no solution whose product would have fewer than 13 operators.
Above 13, I was not able to find any reasonable means to know whether or not the
algebraic variety of the solutions was empty.

We notice that, for k = 2 and k = 4, the integrators of real values are reversible, that
is to say, if S(t) is an integrator of order k, we have

S(—t) = S7¢). (19.51)
This observation inspires us to search for reversible symplectic integraﬁo_rs. The re-
versibility is an additional stability criterion.
19.3. Search for Reversible Integrators

If we supposé that the integrator is reversible, we have the following result ({61]):

LEMMA 47. — If S(t)r= e~tLK® is a reversible integrator, then K(t) = K(—t).
The existence of K is warranted by the Campbell-Hausdorff theorem. Since
| [e-tx0] ™ = gtbxeo (19.52)
we deduce that Ly ;) = L (—¢), therefore that K(t) = K(—t).
***

So now, we can directly search for reversible integrators of 2k order. We search for
C0y---yCnyd1,- .. dn and SV = Sir(t) + o(t?*) in the form

Sa(cnt)Sp(dnt) - Sa(c1t)Sp(dit)Sa(cot)Sp(dit)Sa(eit) - - - Sp(dnt)Saleat). (19.53)

We can express Sﬁ"), either in the form of an exponential e*LX, or in the form of a
Lie transformation Sw. The solutions found are strictly the same, owing to lemma 46. If
we express Sﬁn) in the form of an exponential, we get an even Hamiltonian K, and the
search for the integrator of order 2k is achieved by simultaneously canceling polynomial
equations of odd degree, in number dim Lg,;1({A, B}). Else, we get a Hamiltonian W,
that is not even, and we must, a priori, consider the terms of odd degree. However, the
following proposition enables us to consider the terms of even order only: :

PROPOSITION 48. — If Sy is reversible, and if, for a given k € IN, we have
W (t) = h + o(t?*~1), then W(t) = h + o(t%*).
Let us define K(t) = 3";>9 t'Kiy1 € L({K1,..., Kn}), such that
Sw = exp(—tLx) = Sh(t) + o(t%). (19.54)

Here, the basic ring is Q[co, ..., ¢n,d1,...,dn]. K and W are connected by expressions of
the form (cf. proposition 14):

Kp=1W,+W,, p>1, where W;e€L(Ki,...,Kp1). (19.55)
Therefore, let us suppose that W = h + o(t>**~1), that is to say Wy = h,Wp = ... =
Wor-1 =0. §ince Sw is reversible, we deduce that Ky, = 0, that is to say Wor + W5, = 0.
But Wy, € L(Ka,..., K1), vanishes, because its weight is 2k. Consequently, Wa; = 0
and W = h + o(t3*). ’
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***

In the case of the search for reversible integrators in the form of Lie transformations,
all that is required is to cancel the terms of even order. The Lie transformation is all the
more useful that the generator W is deduced without using exponential identities. For
low orders, the direct search is implemented as follows:

— we compute the polynomials to be canceled, that is to say the coefficients of the Lie
series,

— we compute a standard basis, —for the order of the elimination— of the ideal defining
the variety . Besides, we use MACAULAY software to compute the standard bases
modulo p. Only in the case where the variety of the solutions is not void in Z/pZ,
do we attempt to compute it on ®, by using AXIOM.

Let us give specifications for proposition 48.

PROPOSITION 49. —  Given 329 = (W“—l Wis—1,Wai,..., Wak1s---» Wokiy ),

the ideal defining the variety of the solutions to 5§ )(t) = Sw) = Sh +0(t%*), so, for any
p < k, we have

{Wop1, .- sz,zzp} c 3%V thatis to say IPP =3FFD, (19.56)

For any p > 1, we get, by searching for the solutions to st )(t) in exponential form
exp(— > t* ‘K;), the ideal

3(1?) =(K11—-1,Ki12—1,Kay,...,Kp1, Kp,) (19.57)

where the K; ; are homogeneous polynomials of degree i. According to the lemma 45, we
have 3(” ) = 3(” ). for any p < 2k However since Sw is reversible, we have Ko, = 0, for
any p, that is to say I 32” ~!and 5% = 3271,

**

The previous lemma enables us to consider the polynomials of odd degree only.
e For k = 4, we find, at the order 3,
=(2di1+2d) A+ (c0+2c1) B

+E(—L B —dydi— L1 ) co+ (2 d2 -2 dp di — d2) c1)[A, [4, B)]
3((2 di+ 3 do) &+ (—di+2d2) 1 co+(— d1+2d2)c1) [[4, B], B].
The general solution is given by ,
cot+dde—1=0,c1—-2d,=0,d1+do—1=0,d5-dj+1do— =0 (19.58)

We come up again with three of the solutions obtained with the previous method, and
specifically with the real solution:

3
do = —(3\/-———-,(11 -\/i/-é; €= \/51_1,‘60 = f—l (19.59)

e For k = 6, we find, with n = 8, a variety of dimension 0, by using MACAULAY. The
degree being 39, we deduce that there are at most 39 solutions. These solutions would
provide integrators of order 6 as the reversible product of 15 operators. Unfortunately, we
cannot directly find the solutions on Q. However, we still find these solutions by using the
method proposed by Yoshida ([61]), which we will mention in the next section.



102 - ‘ ' Chapter V

| Number of Equations |
Order | Non Reversible | Reversible
1] 2 _ 2
2|1 3 12
3] 2 : 2
4| 3 8 4
5| 6 6
6] 9 23 10
7118 18
8130 71 28
956 56 | '
10| 99 226 84
Table 2
***

For higher orders, we find the system of polynomial equations to be solved, but we.
do not find any more solutions than with the direct method. Here, we give (table 2) the
number of polynomial equations to solve, in the case where we only compute the even
terms, or all the terms. The number of equations is, in fact, the dimension of L,({A, B}).

- 20. SEARCH FOR INTEGRATORS OF HIGHER ORDER

The advantage of considering only reversible integrators also lies in the fact that we
can find an integrator of order 2k + 2, as a function of an integrator of order 2k. Indeed,
we have lemma (cf. [54}): '

LEMMA 50. — If Sor(t) is a symplectic integrator of order 2k, then
5(t) = Sar(gmppryt) Sok(— omtlot) Sor(g—oy ) (20.1)
is a symplectic integrator of order 2k + 2, insofar as wgﬁﬂ =2.

We simply need to write

Sax(t) = e~HKHERRE 4ol E) - (20.2)

and
log [Sox(at)Sox (bt) Sax(at)] = t(2a + b) Ky + t%*+1(2a2F+1 4 b’“+1)K§i’j}1 + o(t%+2).(20.3)

We must have 2a + b = 1, 2a%%+1 4 p?*t!1 = 0 and b = —~wor418,;0(2 — Wory1) = 1, that is
to say, :

_ 1 . _W2k41
0= 5gmr b= —5=22t5 - (20.4)
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1
With the integrator So(t) = e ~3tLa e‘tLBe 2tla we come up again with the integrator of
order 4

S4(t) = a5 S2(7550) S2(5251)- o (209)

This method enables us to construct integrators of even order, but an integrator of
order 2k is a product of 2.3*~! 4+ 1, which are operators of order 1, S4 or Sg. This way,
we would find an integrator of order 6, a product of 19 elementary operators, as well as
an integrator of order 8, as a product of 55 operators.

20.1. Construction of Integrators as Products of Integrators of Order 2

Since we do not directly find solutions by searching for reversible integrators for high
orders, Yoshida ([61]) proposes the search for reversible integrators, as reversible products
of integrators of order 2.

Given S>(t), the integrator of order 2 defined in (19.41). We search for reversible
integrators that are the products of Sz, in the form

S™() = Sy(cat) - Salcrt)Sa(cot)Sa(crt) - - - Saleat) = e7Ex™ . (20.6)

Similarly, we can write, based on

log Sa(t) = Yt KT, (20.7)
i>0
K(O) = Z t2icgiK2i+1, . . _ (208)
i>0
_tK(n+1) - log [e-— Eizo t2i+lc%iLK2i+1 e_tLK(")(")e_ EiZO t2i+1c?,iLK2,~+1:| . (20.9)

Considering the alphabet X = {Kaiy1,i > 0,|Kais1], = 2i +1}, K™ is expressed as
a formal Lie series of L(X, R), where R is the ring of the polynomials with coefficients in

Q.

Let us denote the Lyndon basis of L,(X) by {Kn 1.+ Kny,}, where I, = dim L, (X).
We can
‘ loity
KW =3¢ Z k)L Kaivnj. (20.10)
>0
Then, we find the equations which define the coefficients ¢y, ..., cn, by expressing recur-
(n+1) (n)

sively the k5,1, ; in function of the ks;}, ;. In order to do this,

— we compute the various Lyndon bases for the odd orders,
— we formally compute, at a given order, log [Sz(cnt)e"tLK Sz(cnt)], where
1241
K=) 3 ksit1;Kair1,j (20.11)
i20 j=1

is a generic element of the Lie algebra.
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The Lyndon basis, at order 9, of L(X) is

Ky =k1,Ks1 = k3, Ks1 = ks, K52 = [k1, [k1, k3], :

K71 = k7, K72 = [[k1, ks, ks], K7,3 = [k1, [k1, ks]l, K74 = [k1, [k1, [k1, [k, Ks]l]],

Ko, = ko, Koz = [[k1, ks}, k3], Ko, = k1, [ks, ks]], Ko,a = [k1, [k1, krl},
K9,5 = [[kb [kla k3]]7 [kl; k3]]’K9,6 = [kl7 [kly [[kl’ k3]7 k3”];
Ko7 = [k1, [k1, [k1, [k1, ksll]l, Kog = [k1, [k1, (K1, [ka, [k1, [Ra, Rs]]I]])-

Then we find, at order 9, the following ’relations:

KD = k™) 42 ¢, |

k("+1) k(n) +2 C?u

KD = kM +2 6,

kY = kgnz (L kM -1 ) KN+ k§"1 +3ct kM,

KD =k +2d,

A Dt T
k(n+1) k( e Cn k:(stl} + (- % C?z g i 6 as, 1 — " ‘ kgni’

k-(/'.tjl) ='k§?‘)1 + ("é Cn kgni "'(15 Cﬁ) (n) + (360 Cn kgnl + 1 45 ‘32 kl,lz + 1;0 Cs k(n)

| + 355 €a) k(") — 3% kgn )* — 1% Ch k(n) - 155 kﬁ’) — 35 5 kgni’
KD = k) 42 @ |
= KL (h o K- ) K Y 4 A
KD R (d e B — 3 @ R — 3 ) K+ (R S R+ 3 o8 k) — 1 & K,
K =K+ G i - d S B+ ) K+ (-E k‘"l £ K- 1 k),
k(nH) k(n) (% cn k(n) —%c) k$n2 + (385 k(n)l +4% G k(nl + 155 Cn kgni

b ) K- K - S K - k(") 320 & K,

KraD = kL + (—4 e k) - 18)k$"3+(6cnk‘"i+écik&’,‘i+lc4)k‘"’+(—mcnk‘">
n n n n)2 : n
_Zz'czk()—lsocvsz)kgi'*'(mo k§%+45 4k§,) 1;;0 ik() T;_oc?z

+35 45 Cn k(n) + gl k(ni + 1% 120 ¢ a1,1,

n -2 n
B =K en kot d AT 4 o) D+ (g oo KT 35 T+ & ) ST

2
+(~3% & k(n) - & Cn kg?) T80 h k(n) + 355 <a) k(n) + 35 5 ki, 2 - % Cn kgni

T8 (n)
— 360 n k1,10

n) 2
D <K (—d en KL~ ) KL (e o K 4 2 K

——
+
—
&~
=
S
HR;\
- 3
-
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* ) (n) 1 ( ) 53 3 _ 13 ( )2
+ 365 n) kg,l’.’ (- 15120 cn k1l — 265 © k "1~ Tei%0 c kl?l 1é90 c ki, §
6 5 4
sgio 5 k(n) 3 n) k(n) + 15120 Cﬁ kgn} + % cf, kgni + 1’17‘ cs k(n)
3
+ To95 k(n)l + 5555 n kgn)l + 50 & k(n)
* 5%k

With kgll) = co, kéll) =, k5, = c&*, we find for the various orders:
eFork=4andn=1,

K = co+ 21, k3 = ¢ +2c} (20.12)
and the solution, to get an integrator of order 4 is kg 2 =1, kng = 0, that is to say,
= 1 __2
Q=" 0= 303 (20.13)

e For k = 6 and n = 4, we find, for the coefficients,

k§21) = ¢p + 2¢1 + 2¢2 + 2¢3,
k§21) = c§ + 2¢} + 2¢§ + 23,

kA =g +2d2 g +2 6,

§22)~(3C2+ tic)d+Ed+GEat+ian)atid+icat+id)d
Fedd-1R-1Ddr(ddsda-tordeid-de i
~lod-ida-td)atGatind+Gd+ticoatid) d
tzd-ga)d+(-fed-zad-sda-sHatsad+sdd

1 2 1
—saad—-tda.

After reduction, we get co as the root of an irreducible polynomial of degree 39, which
admits 3 real roots,

39 38 37 _ 232 36 4 6469 (35 | 8108 .34 _ 82144 .33 _ 239008 32 | BT0652 .31
6 tdeg —18¢' — g+ 5 @ t45 % — 13 % — i3z C tes G0 T
| 5808416 (30 _ 618824 20 _ 5158016 28 | 2525372 27 , 32135888 .26 _ 1377776 25
2025 0 — ~&75 0 2025 30375 30375 10125
33361568 (24 | 535366 (23 | 3561416 22 _ 19660868 .21 _ SOS1504 20 | 5636474
91125 C0 T 70125 C0 T+ 455635 1366875 455625 + 1366875 cp’ +
11313208 18 _ 17674448 ,17 _ 8733536 .16 , 1302268 87632 624184 13
4100625 CO — 50503125 €0 — 20503125 C0 T 6834375 cg® + 2460375 et — 20503125 €0 T
288448 12 , 3333844 11 _ _ 716752 10 _ 127664 143264
952640625 C0 T 922640625 0 022640625 O — 553584375 g+ 922640625 5 —
136499 7 19996 117142 .5 _ 33848 17431 3
2613203125 0 ™ 8303765625 g+ 41518828125 C0 ~ 71518828125 b+ 134556484375 <0

9668 656 © 64
622782421875 cO + 622782421875 €0 ~ 1868347265625°

and ¢; = Py(cp),c2 = Py(co),cs = Ps(co) where Py, Py, P; are polynomials of degree 38
(this result is obtained in 20’ of C.P.U. time, with AX10M, on an IBM Risc6000 computer).
We have thus found all possible solutions for the reversible integrators of order 6, since
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we know that there are at most 39 solutions. The obtained integrators are products of 15
elementary operators.

.o Likewise, by using numerical methods, Yoshida found an integrator of order 8 with
n =7, that is to say as a product of 15 integrators S, or 31 operators of order 1: S4 and
Sp. We have been able to verify that these integrators are not the reversible product of
integrators of order 4, which would also have totaled 31 terms.

* %
The same methods may be applied when searching for reversible integrators as the
reversible product of integrators of order 4. The technique is identical, and consists of
searching for a K of the form

K™ = k§f‘1)K1,1 + k( )Ks 1+ k( )K7,1 + k-(,t;)K'z,z +-ee (20.14)
We first compute the Lyndon basis: |
K11 = ki,
Ks1 = ks,

K71 = kr, K72 = [k1, [k1, ks]],
Ko = ko, Ko = lk1, [k1, k7]], Ko3 = k1, [k1, [k1, [k1, ks}]]]

We find the rela'tionsv between the k,(,’;-) at order 9:

KD Z ) 42 0,

KD ) 2 s,

P ) o,

B =k + (-t e k™) 1) kD + 1 e R+ 1 8 A,
ke =k 42 6,

K=k + (Ch e b - ) K+ L e+ L B A,

k(n+1) (n) +(_~ (n) ~1 L 02) k(n) + (360 en kgn% + L 45 2 ki i + 'Zﬁ k(")
.+360 )k(") 1 cf,kg"‘) _'é sk(n) _ 7 k(") __g_ﬁc kg)l
o For k = 6, we find a solution with n = 2: ¢g +2¢; = 1,¢§ + 2¢3 = 0, that is to say
5, . '
Co = -2:11"/3,01 = 27\/—52/—5 (2015)

e For k = 8 and n = 3, the variety of the solutions is empty, which proves that the
integrator of order 8 found by Yoshida, ([61]) is not a reversible product of integrators of
order 4, which would also have had 31 factors.

***

In chart 3, for each order and method, we give the number of polynomial equations,
and the number of solutions obtained, with the number of operators in the product. In the
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Polynomials Operators Solutions
Reversibles Reversibles Reversibles
Order D L | RL Sh L RL Sa L | RL Sa
1 2 2 2 1 1
2 4 1 1 3 3 3 1
3 8 2| 4 5 ' 3
6 o0
4 16 3 1 7 7 7 5-1 |-3-1 3-1
5] 32 6| 6 117 467
6| 64 9 2 >1 15 15 39 | 39-3
71 128 |18/ 18
8| 256 | 30 4 31 7-5
9| 512 [ 56| 56
10 || 1024 | 99 8

Table 3 — Symplectic Integrators —
For example, in the line corresponding to order 4, the number of polynomials defining the zeros
is respectively 30 polynomials (the sum in the column) with the direct method, 8 by using Lie
transformations, 6 by searching for reversible integrators, and 2 by searching for reversible products
of S5. In the same line, we find solutions which provide integrators of order 4 as a product of 7
operators. We find 5 solutions with the Lie transformations (1 real solution), and 3 with the other
methods. In the line that corresponds to order 3, there are 3 integrators as the product of 5
operators, but none has a real value, and there is an infinite number of them as the product of 6

operators.

first column, D means using the direct method (19.85), L means representing the operator
by a Lie transformation, or an exponential (19.87), or (19.86), RL means searching for
reversible integrators represented by the Lie transformations, using proposition (49)), S2
means searching for products of reversible integrators Sz2. In the column “solutions”,
whenever there are two integers, the first one is the number of solutions and the second
one, the number of realizatiSns . '

20.2. Higher Number of Operators

We can generalize the construction of symplectic integrators in the case where h is a

finite sum of terms (see for example Suzuki [54]). _

In this section, we search for integrators, in the case where h = A + B + C, using the
previous algorithms. Such integrators may prove useful when we study the perturbed Ke-
pler motion, whose Hamiltonian may be written in the previous form, by using Poincaré’s
canonical heliocentrical variables (see 21.1).

We give an exhaustive list for orders 2 and 4.

e The integrator of order 1 is obtained as

S1(t) = Sa(t)Sp(t)Sc(t)- - (20.16)

o For the integrator of order 2, from S3(t) = SB(%)Sc(t)Sp(%), we deduce the inte-
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grator
Sa(t) = Sa(£)SB(£)Sc(t)SB(5)Sa(%)- . (20.17)
" If we search directly for solutions of the form

Sa(t) = Sa(c1t)Sp(dit)Sc(ext) - - Sa(ent)Sp(dnt) Sc(ent), - (20.18)

»we find a system of polynomial equations for n = 3:

(. cs+c+ec—-1=0

do+di—-1=0

) eg_—}—el—1=0
(es3—ce—c1)de+(cs+cz—c1)di =0~

(ca+co—cr)ea+(eca—co—c1) e =0

{ (d2 —dy) e2+(—d2—d1) e1 =0

(20.19)

‘The previous system is reduced to a standard basis

“epter—1 =
'(d1—1)61—d1+%
S cge1+C1—35

J : (a-YHe—-Lteo-a+;
dp+di—1"

62d1—62.—61+%
(1-3)ditze =

cz+ezte1—1
kC%+(2_61—1)62+2c%-f2’61+% =

¢

| (20.26)

Il
cCocoocoooO

~ The last p_olyﬁomial equation is written as a sum of 2 squares
(c2+c¢1— %)2 + (¢ — %)2 (20'21)

So the real solutions are given by

Cl =C3

C2

dy +ds

e1 +e2

(d1 — 1)62 + % =

fi
O = Ol

(20.22)

In the case where we search for the least possible number of 'operatcl)rs, we again come up
with the previous integrator.

o For the integrator of order 4, we could, by searching for reversible integrators, apply
the same technique, namely, if

| S4t) = SA@DSa(e) SaAUDS () SAd)Ss(e)Saldst)  (2023)
where

—1 -

_ 1 _192-2 _ 1 _ ¥32-3 '
d2 = m, d1 = 2%—%, C1 —’3\/5_ Co = %’ (2024)
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is the integrator of order 4 (20.5), then
Sc(dzt)S4 (Clt)Sq(dlt)Sl;(Cot)Sc(dlt)S4(clt)Sc(d2t) (20.25)

is an integrator of order 4 for h = A + B + C, which shows up as the product of 25
operators of order 1: S4,Sp.or Sc.

However, if we use lemma 50, we deduce that an operator of order 4 can be written as
the product of 3 reversible integrators of order 2, therefore, as the product of 13 operators.
Specifically, we find

Sa(5t)SB(51)Sc(at)Sp(§t)Sa(*$24) S (3t)Sc(bt)
Se(5t)Sa(252t)Sp(4t)Sc(at)Sp(§t)Sa($1)-
where '

b —_wa_ (20.26)

a= 2-ws"

2—-uJ3

If we search directly for all the reversible integrators which are written as a 13 term
product, we must search for a product of the form

» Sa(cnt)Sc(ent)Sp(dnt) - -
Sc(e1t)Sp(dit)Sa(cot)Sp(dit)Sclert) - - - Sp(dnt)Sc(ent)Salent).

Since the A, B,C, play a symmetrical part, the previously found integrator requires
that 9 variables be used (17 terms, a priori) cp,¢1 = 0,¢3,d1,ds = 0,d3,e;,e2,e3. If we
search for 9 variables integrators, that is to say n = 3, we get a variety of null dimension
of degree 12 in which a standard basis is

e +%661_T)%Lc60_1}gg768 541708 3123CO_L2(0)7'CS+1%68+11’_70_60163
4 G+ G- B oo+ 1 =0

62_§%(5)_1c(1)1+&?c(1)0+1950071 9 12708c(8) g+_%1)_1cg_9_§_(7)§ 5—%03
PR A

ot YRR P G W AW G- B G B - d

G+ a - R -+ P - R - PR+ T S+ T S A
i - otd=0

-2 A+ IR A+ S-S T S+ R - S-Fh+ 5 4
—%634-5%[60—%3:0,

d1 -3¢0 =0,

e +8§(5J1€(1)1_%Qcéof1_5;5(_g_1c0+12708 8 __ 2527%—2%08*'%08"‘2‘%1‘%
AR G- ot =0,

cl_ys_g_lcél_i_%c(l) + 9507108 1227508 8+2727c0+¥c8—%c8—2331c3
F MR I g 3o,

o~ —2e’+a -2 -+ ¥ f-F -+ B -FF+i—g=0
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We notice the relations

ds =e3,d = %co, c1 = ep. (20.27)
. The last polynomial is factorized into |
(B-28+f+38~F+3d-3B+5c0—FNE+Bd—cot3)  (2028)

and we get two families of solutions

. Co=2€1—2d1,
ca=e=d=42Td -8 J+35+Lf-15c4-93+ZL Z-L c+2,
co=ds=e3=—; —3co— 3,
B-28+d+ig-d+3S-3d+io—4

and the previously known solutions
co=ey=0,dy=dz=es=3c=—2cot+t},di=23co, e1=%c0+% F+F-co=-%

The first family provides integrators as a 17 term product, while the last family provides
integrators of order 4 as a 13 term products. These integrators are the product of 4
operators Sa, of 6 operators Sg, and 3 operators Sc. The Hamiltonian with the least
costly computation of the mapping of the flow should be used for B. .

21. SpPECIAL KINETIC ENERGY

In the preceding discussion, we considered b as a Hamiltonian, sum of A and B, without
taking into account the special form of A and B. In numerous cases, if h = T'(p) + V(q),
-the kinetic energy is a polynomial of degree 2 in p. From this we deduce that {T,V} is a
polynomial of degree 1 in p, and that {{T,V},V} = Vi(q) only depends on g, and finally,
that ‘

{({{T,V},V},V}=0. - (211)

If we take (21.1) into consideration, we do not find any integrators (at least for the first
orders), as the product of fewer operators St or Sy.
Here, instead of Sy (t), let us consider the operator

S, 3(t) — e—t(aV+t2ﬁ{{T,V},V})' (21’2)
We have, as before
ov. 5.0
Sast)p=p— ta-a—q— —t ﬁ-é—(}{{T, V1, V} and S.g(t)g=gq. (21.3)

Let us search for integrators of the form
ST() = Sen,zn (8)S1(dnt) - - Sey 21 (V)ST(dot)Scy 0 (8) - - - ST(dnt) Senon (8 (21.4)
or, ~which amounts to the same thing— of the form

ST (t) = Sep o (8) -+ ST(A18) Satr26 (D)ST(A1) - -+ S o (B)- (21.5)



Special Kinetic Energy 7 11

e For n =1 and k = 4, we find the relations
do+2dy =1, 2¢; = 1, (3d3 — dido — d3)er =0, 221 + (—3do +2d1)c} =0, (21.6)
which admit as a solution
n+ddi=45 =% do+2d =1, &2 —dy = -3, (21.7)
or
21 =1, co+2¢1 =1, (—3c0 +2 e1)di, 221 + 20 + (36§ — crc0 — &), (21.8)
which admit as a general solution
zl+-;—zo+v4—18-:0,d1—%=O,co—§=0,él—é=0. (21.9)
We can now take the second solution

(21.10)

O

—

I
Nl

1 1 —2
21=0,20:—’2—I, d1=§7 Co=3

Sy is the product of an operator S, g, of two operators St, of two operators Sy, totaling
5 operators. At each step, 6 evaluations must be implemented, which represents some
progress with respect to the 7 evaluations found in the general case. '
e Likewise, for k = 6, we find, w1th n=2
L 20=0,2; — }2c§+ co— o =0,20 — 3¢ - 62+48—-0d2‘+3(32—%=0,
dy —3c2 =0,¢0 — 30c2+12c2—1_0 cl+1502—SC2-—0 ;-3 + ke — g5 =0
The integrator of order 6 is a product of 9 operators (instead of 15), and each step is

computed after 12 evaluations.

***

If T(p) = TFjo1 ta,jpipj, we have {T,V} = ¥ ti,pide + p; 5% and

e oV oV
{T,V},v}= 21";@,Ja Fr = 2T(VV). .(21.11)

21.1. Integrator for the Problem of the Perturbed Kepler Motion

Symplectic integrators can demonstrate their efficiency in the perturbed Kepler prob-
lem (cf. for example, Wisdom [59], Channel & Scovel [9, 10]).

Please refer to [37] for more details on what follows. We focus on the problem of
n + 1-body. Denoting G the barycenter of the n + 1 bodies, u; the position vectors with
respect to G, and A; ; = ||u; — u;||, the Hamiltonian of the system is classically written as

H=T4+U=1 Zm, lwl> -G ) Al (21.12)
=0 0<i<j<n '

Calling %; = mt;, the conjugate momentum of u;, we get, in the canonical coordinates

T = %ZM. , - (21.13)
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~ The idea is to use the canonical heliocentrical variables: 79 = ug, 7; = u; — ug. In order
for the transformation to be canonical, we pose

n .
fo=Y ui=0f=1, 1<i<n (21.14)
=0

which is

" . ,
== Fii=7, 1<i<n. (21.15)

So, in the heliocentrical coordinates, we have

) n =, 2
T — 1 171> l”Z <1 il _ . 21.16
2 ; m; | 2 - my ( )
= 2 i.Fj
1.
= I PR+ &)+ > = (21.17)
1=1 0<’L<J
and

- ¢y T oe y T (21.18)

: i=1 b 0<i<j<n W '

So we can write H = Hy + Hy with Hy = Ty + Uy, Hy = Ty + Uy, where Hyp éppears as a
sum of two-body problems, and Hj, as an interaction perturbation. We.will have

L moem;
To= 3 Y IR [ + 7] o= -GZ o (21.19)
i=1 Ti
74.7; mim;
‘Tl = E * 0],U1 -G Z A —2 (2120)
0<i<j o<i<j<n ShI '

H, has a particularly simple form, since the kinetic energy and the potential energy are
decoupled. Hp can be interpreted as n Hamiltonians of Keplerian motion of bodies of
mass 227 around a stationary center of mass mo + m.

By writing H = Hy + 11 + U;, where Ty has a form which is particularly easy to
integrate, we can attempt to integrate H numerically, by using the integrator of order 4,
where ST, is used 6 times, Sy, , 4 times, and Sy,, the Hamiltonian of n two-body Keplerian
problems, 3 times.

The interpretation is the following: the n bodles gravitate around the central body.
SH, represents the gravitation of the n bodies, independently around the central body.
Sr, amounts to modifying the velocities, and Sy,, surreptitiously, the positions, as if it
were a matter of putting them back on their correct trajectories.

OOO
In this section, we finally gave an exhaustive list of the symplectic integrators all the
way to order 4. Some were previously known, except for 2 integrators of order 4 with a
complex value, and two integrators of order 3. At order 5, there seem to be non reversible
~ solutions (46) obtained as a product of 11 operators. There are no integrators of order 6
with a product of fewer than 13 terms. All the reversible integrators were found. There
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are exactly 39, which are written as the product of 15 operators. Three are real, and had
been known by Yoshida ([61]).

We showed that the various methods of searching for integrators were algebraically
equivalent.

In the case where the Hamiltonian is the sum of a kinetic energy of degree 2, and of a
potential energy, we improved on the previous results.

We gave an exhaustive list of the reversible integrators when the Hamiltonian is written
as the sum of 3 terms, which is the case for the Hamiltonian in the problem of the perturbed
Kepler motion. '
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Implementations

In this section, we describe the various implementations of the algorithms quoted in the
previous sections. The formal computation program used is AxioM (NAG), or Scratchpad
(an AX10M prototype). Some algorithms were carried out in Scratchpad in 1989, and have
not been transferred into AXIOM as yet.

First of all, we describe the implementations of the algorithms that are specific to
free Lie algebras, that is to say, primarily the decompositions onto the bases. In fact,
we propose two representations for the magma elements, the tree representation, or a
representation by list, which enables us to consider the order of the Hall basis as a lexico-
graphical order.

Next we mention the implementations carried out to write the relations between the
generators of the various Lie transformations. It is interesting to note that these issues
have long interested optical physicists, namely Dragt’s team. In fact, a software program
(MARYLIE) —which computes exponential identities within the framework of the composi-
tion of the Dragt-Finn transformations— is already in place for optical applications.

Next we shall describe a set of functions implemented to compute symplectic integra-
tors.

Last, we mention various packages and domains created to compute normal forms
in specific cases, in particular when the perturbed Hamiltonian is written as a series of
polynomials, or in the action-angles coordinates. Some non-autonomous cases can also be
handled. In order to do so, a domain of the Poisson series with one or several variables
was needed.

22. AXIOM IN SHORT

Just one word to briefly introduce the AxioM formal computation system. We suggest
that the reader read the official documentation ({30}), the first section of M. Petitot’s thesis
[45], or D. Pinchon’s article [46]. AX10M is the commercial version —distributed by NAG-
of the formal computation prototype system Scratchpad II. Scratchpad II was developed
as early as the 70’s, at the Yorktown Heights IBM Research Center.

AXIOM is a strongly typed formal computation system. The objects handled by the
system all have a name, a value, and a type. Objects of a same type all belong to the
same domain. The domains are constructed from different categories.
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A category is defined by a collection of operations given by their signature —a series of
properties (or attributes)—, and it is eventually parametrized by other categories. At this
point, it is possible to do a semantic control of the types used.

For example, category Ring of the rings, consists of a set and two operations, —addition
and multiplication. The multiplication is not necessarily commutative, but category Com-
mutativeRing includes this attribute. The category of square matrices of constant size,
is parametrized by the ring category —which corresponds to the basic ring—, and by a
NonNegativelnteger integer. This category has the basic properties of a unitary ring, and
a mapping determinant when the basic ring is commutative. With the new version of
AXx10M, it is possible to implement certain functions by default. In this case, the imple-
mentation does not predict which representation will be used in the domains.

A domain defined as a category Ring domain (all domains belong to a category) there-
fore has an addition and a multiplication, and all the properties of the category. If the
category had been CommutativeRing, the domain would have been commutative. It is
however possible to add specific operations to every domain. The inheritance (the part
which is dependent on the category), as well as the operations and specific attributes form
what we commonly call the public part of the domain. The private part of the domain is
essentially the implementation of the algorithms, once the internal representation of the
objects has been chosen. The domains themselves can be parametrized by other domains.

So AX10M offers a library of domains and categories directly accessible by the user. In
addition, a number of packages contain functions which have not been implemented from
the point of view of domain definition, because they are either too specific, or they involve
several domains. For example, the package COMBINAT contains a number of functions
used in integer combinatorial. Although not officially included in the currently available
version, the compiler may also be used, — which is what we have done- in order to create
one’s own categories, domains, and packages.

- 23. LIE MONOMIALS

In view of the implementation, in AXIOM, of a domain of the Lie algebras, one needs
to consider several aspects. The notion of inheritance in AXIOM makes it possible to
implement only the algorithms that are typical of the domaln considered, or that strongly
depend on the structure of the data used. '

In order to implement a domain of Lie algebras, it is necessary to first consider the fact
that a Lie algebra on an alphabet X, with coefficients in a ring R, is first and foremost
an algebra on R, and a free module on R, with support in the magma M(X). These
notions do not depend on the basis chosen to represent the Lie polynomials. We shall first
implement the category of free Lie algebras.

One problem that immediately arises, is to know whether every free Lie algebra of the
defined category is a module with support in every one of the possible bases, which are

“subsets of the magma. It seems clear that, first and foremost, it is necessary to implement
the magma domain which will be parametrized by the alphabet X.

Should one define the Lyndon or Hall bases as subsets of the magma? We could define
a’ category of the submagmas whose domains could be the magma M(X), L, H, etc...,
with every one of these domains equipped with the needed elementary operations.
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23.1. Magma

Independently of any representation of the data, the elementary operations to consider
on the magma are:

— comparison operations, and the definition of an order relation,
— computation of the length, and unparenthesizing operation,
— finding left and right factors,

-— an evaluation or substitution morphism; for example, the substitution in [[a, ], [b, ¢]]
of {[a,?],c} by {[[a,],¢],[a, b]} will be

([la, 8], ], [b, [a,B]]] .

The three latter operations are specific to the magma. On the other hand, the order
relations are specific to the bases considered. The lexicographical order is not a total order
relation on the magma ([a, [b, ¢]], and [[a, }], ¢] are not comparable), contrary to the order
relation used for the Hall basis. . | :

Furthermore, unlike the Hall and Lyndon bases, M(X) has a monoid structure, since
the parenthesized product of two elements of the basis does not belong to the basis.

Therefore, it appeared simpler to define the magma M(X), as a domain that is an
ordered set, and also contains X, with the following basic operations:

MG SE: ORDSET is a domain comstructor

Abbreviation for Magma is MG

This constructor is exposed in this frame.

Issue )edit magma.spad to see algebra source code for MG

- - Operations-=-—-====-———-—-——-———co————-
%7 : (3,8 > § 7<? : ($,$) -> BOOLEAN

7=7 : ($,$) -> BOOLEAN ad : $ > (¢ > %

coerce : $ -> LIST SE _ coerce : SE -> §

coerce : $ -> OUTFORM eval : ($,LIST SE,LIST $)-> ¢
eval : ($,LIST $,LIST $) —> ¢ hall : ($,$) -> BOOLEAN

left : § > § _ - length : $§ -> INT

lexico : ($,$) -> BOOLEAN lexicoInv : ($,$) -> BOOLEAN
lvar : $ -> LIST SE max : ($,$) > ¢

min : ($,$) > ¢ retract : § -> SE

right : § -> § signature : $ -> LIST SE

signatureOrder : ($,$) -> BOOLEAN
retractlfCan : $§ -> Union(SE,"failed")

Part of these operations are inherited from the category OrderedSet

OrderedSet is 5 category constructor.
Abbreviation for OrderedSet is ORDSET

------------------- Operations--- ————= -
7<? : (§,$) -> BOOLEAN 7=7 : ($,$) -> BOOLEAN
coerce : $ -> QUTFORM max : ($,$) > ¢

min : (§,$) -> §
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and from the category RetractableTo

RETRACT S: OBJECT is a category comstructor
Abbreviation for RetractableTo is RETRACT

- Operations .
coerce : S -> § retract : § -> S
retractIfCan : § -> Union(S,"failed") '

It might prove interesting to enumerate the elements of H or £ of bounded length,
but we are not interested in this information from the point of view of Lie polynomial
manipulation. -

23.2. Monomial Representatioh by binary.trees

The classic representation of a Lie monomial, ~that is to say a parenthesized word- is
the binary tree structure. This structure allows us to carry out the usual operations in
a straightforward manner, such as the product, or the search for the left or right factor.
‘Where the computation of the length, the Hall order, and the lexicographical order on the
unparenthesized word are concerned a recussive deﬁmtlon is easy to implement —whlch is

what was done in the first version.
Having defined the Magma M (X) as an ordered set containing the alphabet SE, by

the command
)abbrev domain LMS LieMonomSorted .
++ Here we define the abbreviation LMS for the domain

LieMonomSorted (SE:OrderedSet): Export == Implement where
LSE ==> List SE
I ==> Integer
0 ==> OutputForm
B ==> Boolean
NNI ==> NonNegatlveInteger

++ We declare LieMonomSorted as dependent on an ordered set SE. We introduce a number of
abbreviations.- The first line expresses the fact that the category on which the domain depends
is defined by Export, and that the function declarations pertaining to the domain (local) will be
declared and implemented in Implement.

Export == Join(OrderedSet RetractableTo SE) with

++ We have defined Export. The domain is all at once an ordered set, contalmng SE, and possessing
a coercion into SE.

lvar : $ -> LSE

AN (3,8 > %
lex : (3,8) -> B
lexinv : ($,$) > B
hall : ($,8) -> B

length : $§ > I

coerce : SE -> $

coerce : $§ -> LSE

left : 8 —> %

right : $ -> §

signature : $ -> LSE

eval : ($,List $,List $) —> $
Implement == add '



Lie Monomials 119

++ We declare the functions and their signatures (the dollar sign designates the domain itself).
Then, the choice of the data representation is made by the command

RC :=Record(left:$,right:$)
Rep:=Union(SE,RC)

++ which indicates that an element of the domain is either an element of the alphabet, or a two-
field recording (left and right), which are elements of the domain. Rep is a key-word, meant to
designate the internal representation.

At this time, implementation of the a.lgorlthms can begin.

— length returns the length of a monomial, and is defined straightforwardly as follows.

length(x) ==
x case RE => 1$I
x case RC => length(x.left) + length(x.right)

— left and right return, whenever possible, the right and left factor, respectively, or
a error message. For example, right was implemented as follows.

left(x) ==
~ x case RC => x.left
x case SE => error "is of length 1"

— x*y returns the product of x and y, and its straightforward implementation is as
follows.

xxy == [x,y]$RC

— coerce(x) : LSE sends back the corresponding unparenthesized word, in the form of
a leaf list. The recursive definition is immediate.

coerce(x):LS
x case SE => construct(x)$LSE
x case RC => append(coerce(left x),coerce(right x))

— From the unparenthesizing function, we are able to redefine the lexicographical or-
der (AxioM’s —on lists— does not work out). We can also exhibit the list of letters
involved in the monomial, or the signature (multi-degree commutative evaluation),
useful in refining the lexicographical order on the Lyndon words, since Lie mono-
mials are related if and only if they have the same signature. This function can be
implemented by

signature(x) ==
x case SE => construct(x)$LSE .
x case RC => sort(append(signature left x,signature right x))

— eval(x,ly,1z) is the evaluation morphism. eval(x,ly,1z) sends back z, in which
all monomials of ly that are factors of x, are evaluated in the corresponding mono-
mials of [z. This function is implemented recursively, and must assume that there
is no ambiguity.
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eval(x,ly,lz) ==
i:=position(x,ly)
i>0 => 1z.i '
x case RC => eval(left x,ly,1z) * eval(right x,ly,1lz)
x case SE => x

— x=y tests the equality of z and y

x=y == "
(x case SE) and (y case SE) => x:SE =$SE y:SE
(x case RC) and (y case RC) =>

left(x)=left(y) and right(x)=right(y)

false
— coerce(x):0 is the printing function, and it is straightforwardly defined recursively

coerce(x:$): 0 ==
x case SE => x::SE::0
xx:= x::RC -
bracket ([xx.left::0,xx.right::0]1)$0

— coerce(m:SE) enables us to inject the letters of X into M(X)
coerce(m:SE):$ == m::SE: :Rep |

— x<y tests whether £ < y. We have chosen a total order on the monomials. This order
must be organized in such a way that the monomials of lesser length be printed first
in the writing of a Lie polynomial. For this reason, I chose the inverse Hall order.

x<y == hall(y,x)

— hall(x,y) tests whether z < y for the Hall order. A recursive implementation is
easy with ‘

hall(x,y) ==
length x = length y =>
(x case SE) and (y case SE) => x:SE <$SE y:SE
(x case RC) and (y case RC) =>
x.left = y.left => hall(x.right,y.right)
hall(x.left,y.left)
length x < length y => true
false

This representation offers the advantage of being more straightforward, and is easier
to implement. But, for example, for the function hall, a number of redundancies appear,
and derecursifying this algorithm did not seem simple to me.

Indeed, let us suppose that z and y have the same length. In order to compute it, we
had to compute the respective lengths of the left and right subtrees. In order to determine
whether z < y, one must then compute again the lengths of the left subtrees of 2 and y.
This had already been done, since we know the total lengths. This process is repeated, as
long as the lengths on the left are equal. Since the derecursification of this algorithm did
not appear straightforward, it would be advisable to use a different data structure.

With respect to the lexicographical order, we encounter similar drawbacks, since we
carry out a comparison on totally unparenthesized words, where all that might be required
is to know the first letters.
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*
23.3. List Representation

~ The other representation, which proves more efficient, is the following. We represent a
parenthesized word u by a list 1p(u), which corresponds to the word length enumeration
under every knot or leaf. ‘

For example

— a is represented by: (a)

— [a, b] is represented by: (2,a,b5

— [a,[b, ¢]] is represented by: (3,a,2,b,c)

— [[a, b}, ] is represented by: (3,2,a,b,c)

— [la, 8}, [[¢, d], €] is represented by: (5,2,a,b,3,2,c,d,e)
Thevrepresentation is.automatically constructed as follows:

— If |u| = 1 then 1p(u) =(u)

~— Else u = [u3, u2] and 1p(u) = |u| 1p(u1)lp(uz)

The length of the position list 1p is the number of leaves and knots on the tree, namely
2n — 1, if n is the length of the word.

So the position list may be interpreted as the list —for all the knots and leaves on the
tree— of the number of leaves under the trees, —knots and leaves are sorted from left to
right.

PROPOSITION 51. — The Hall order is the lexicographical order on the position lists,
where x < n, for any x € X and any 1 <n € IN.

Given to compare u and v, two Lie monomials.
o if |u| = |[v| = 1 then 1p(u) < 1p(v) < u<wv
e if |u| # |v] then 1p(u) < 1p(v) = iul <|v| <= u<v
e else, we can pose u = [uj,u2] and v = [v1,v2]. In this case,
1p(u) < 1p(v) <= 1p(u1)lp(ue) < 1p(v1)1lp(v2)

— if |u1| # |v1] then since |u;| and |vy| are the first elements in the lists to compare,
we have
1p(u) < 1p(v) <= W] <|n1] <= u<v

~ if Juy| = |v1| then 1p(u;) and 1p(v;) are of same length. With the properties of
the lexicographical order, we have '

1p(u1) < 1p(vy)
1p(u) < 1p(v) < or
1p(u1) = 1p(v1) and 1p(uz) < 1p(v2)

In all cases, we do have the articulated proposition, since it is true for monomials of length
1. .
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Rather than using this single list 1p, which has the disadvantage of containing elements
of different types, we use two lists, 1v and 1p, which are, for 1v, the list of leaves, that is
to say, the unparenthesized word, and for the second one, the same list as 1p, where 1’s
will have been substituted to letters. ‘ '

With this representation, the Lyndon order is the lexicographical order on 1v. The
Hall order is only very slightly different, and is not quite the lexicographical order on 1p,
as is apparent in the following example. ,

Let us call u = [[a, b],[[c,d],€]] and v = [[a, €], [b, [c, d]]]. We have u < v for the Hall
order, since |u| = |v], and [a, ] < [a,€]. If we use the proposed representation, we have:

— lv(u) =(a,b,c,d,e) and 1p(u) =(5,2,1,]_.,3,2,1,1,1)
— 1v(v) =(a,e,b,c,d) and 1p(v) =(5,2,1,1,3,1,2,1,1)

therefore 1p(v) < 1p(u).
So one test must be added in order to differentiate the 1 in the 1p lists. This is done

by simultaneously running lists 1p and 1v.
The Hall order is implemented as follows:

bhall(x,y) == 1
lpx:=x.1lp
lpy:=y.1lp
lvx:=x.1lv
lvy:=y.lv
while “null lpx and "“null lpy and 1px.1=1py.1 repeat

if lpx.1=1 then
if lvx.1=lvy.1 then
lvx:=rest lvx
lvy:=rest lvy
" else return lvx.1<1lvy.1
lpx:=rest lpx
lpy:=rest lpy
null 1lpy => false
null lpx => true
1px.1<1py.1 => true
false '

© 23.3.1. Implementation

The representation declaration is done by
Rep}=Record(1v:List SE,1p:LP)
where LP denotes the type 1ist of integers.
— 1length is defined by
length x == x.1p.1
— left(x) and right(x) are also readily defined, for we know that the first element

of 1p is the length of z, the second one is the length of the left factor, and the length
of 1p is 2|z] — 1.
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left ==
[first(x.1lv,x.1p.2::NNI),rest
first(x.1lp,2%(x.1p.2::NNI))]

right x ==
[rest(x.1lv,x.1p.2::NNI),rest(x.1lp,2*(x.1p.2::NNI))]

— xx*y is computed by concatenation of lists and by appending on top of 1p, of the
length of [z, y], that is to say, the sum of the first elements of 1p(x) and 1p(y).

x*y == .
[append(x.1v,y.1lv),concat(x.1lp.1+y.1p.1,append(x.1p,y.1p))]

— x<y is the lexicographical order on 1p, then the lexicographical order on 1v. It is a
total order

x<y ==

lpx:=x.1lp

lpy:=y.1lp

lvx:=x.1lv

lvy:=y.1lv

vhile “null lpx and "null lpy and lpx.1=1lpy.l1 repeat
lpx:=rest lpx
lpy:=rest lpy

null lpx and null lpy => lexico(y,x)

null lpy => true

null lpx => false

lpy.i<lpx.1 => true

false

— x=y tests the equality of z and y. We compare the list of leaves (words), and the list
of positions (structure)

x=y == x.lv=y.lv and x.1lp=y.lp

— coerce transforms a letter into a word
coerce(v:SE):$ == [[v],[1]]

— coerce returns the list of leaves, that is to say the unparenthesized word
coerce(x):LSE == x.1lv

— 1var x yields the list of the variables which make up z, which consists of eliminating
the doubles in the list of leaves 1v, and sorting it out.

lvar x == sort(setUnion(x.lv,[]))

— signature x yields the signature, that is to say the commutative multi-degree. It
is a sorting on 1v(x) ’

signature x == sort(x.1lv)
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— retractIfCan tests whether x € X and, eventually, returns z as an element of X

retractIfCan x ==
x.lp.1 =1 =>x.1v.1
"failed"

— retract x transforms x into an element of X, or fails during execution

retract x == )
if (u:=retractIfCan x) case SE then u
else error "Not of Length 1"

— lexico(x,y) tests the lexicographical order on z and y. This order was rewritten,
since the order which had been implemented by default on the lists was not suitable

lexico(x,y) ==
lvx:=x.1lv
lvy:=y.1lv
while "null lvx and. “null lvy and lvx.1=lvy.1 repeat

lvx:=rest lvx
. lvy:=rest lvy
null lvy => false
null lvx => true
lvx.1<1lvy.1 => true
false :

— eval(x,ly,1z) evaluates the monomial z, by substituting to any factor in ly, the
corresponding element of [z. This function was derecursified by using the following
procedure. The list 1p(x) is run from left to right, and for every knot or leaf, we
verify whether the tree under this is an element of 1y. The result is progressively
constructed with 1vr and 1pr.

eval(x:$,ly:List $,1z:List $) ==
1vr:={]
lpr:=[]
lvx:=x.1lv.
lpx:=x.1lp
while “null 1lpx repeat
n:NNI:=1px.1 pretend NNI
lvrx:LSE:=first(1vx,n)
lprx:LP:=first(1px, (2*n -1) pretend NNI)
if (i:=position([lvrx,lprx],1ly))>0 then
lvr:=append(lvr,lz.i.lv)
1lvx:=rest(lvx,n)
lpx:=rest{lpx,(2*n-1) pretend NNI)
if “((k:=1z.i.lp.1 - 1lprx.1)=0) then
nbl:=0 ,
lpp:=reverse lpr
1pr:=[]
while “null 1lpp repeat
if 1pp.1=1 then
nbi:=nbl+1
lpr:=concat(lpp.1,1lpr)
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else
if nbi<lpp.1 then lpr:=concat(lpp.1 + k,lpr)
else lpr:=concat(lpp.1,1lpr)
1lpp:=rest lpp
lpr:=append(1pr,lz.i.lp)
else
if 1px.1=1 then
lvr:=concat(lvr,lvx.1)
lvx:=rest lvx
lpr:=concat(lpr,lpx.1)
lpx:=rest lpx
[lvr,1pr]

— coerce x prints . The programming is recursive.

coerce(x:$):0 ==
x.lp.1=1 => x.1lv.1 :: O
bracket([coerce left x,coerce right x])

This algorithm could have been derecursified, but the benefit is not 51gn1ﬁcant, par-
ticularly because coerce is only called once for printing purposes.

However, if we consider the list of positions, run from left to right, an opening
parenthesis must be added each time we encounter a true knot, and the corresponding
letter each time we encounter a leaf. In order to place the closing parentheses, we
must compute the number of leaves which have been placed since we encountered
the last knot, and add one, as many times as the number of leaves reaches the values
of the previously visited knots.

Here, let us describe the algorithm for which we will have opted for a list of positions
where the leaves are letters rather than 1’s.

1n:=[] - list of visited knots
res:="" - result
for all elements of 1p do
if the first element of 1p is a number p
add p at the beginning of 1n
add " (" at the end of res
else the first element of 1p is a letter a
add a at the end of res
substract 1 from all the elements of 1n
add as many ")" at the end of res as there are 0’s beginning of 1n
take away all the 0’s from 1n
return res

23.4. Coinparisons

Let us compare the complexity of these algorithms, according to the representation
—either tree or list— used.

— length
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— Tree Representation
In order to compute the length of a tree of length 7, one has to

Test whether or not the root is a leaf.

Compute the lengths of the left and right subtrees, and add them up.

The number of tests t(n) is therefore defined by t(n) = 1 + t(p) + t(q) for
P+ q=n and t(1) = 1. The number of additions is defined by a(1) = 0 and
a(n) = 1+ a(p) + a(q). So we have, for any n, t(n) =2n—1 and a(n) =n—1.

— List Representation
All that is needed is to read the first element of the list of positions, which costs
one test. : '

Regardless of the size reached by the stack while computing the length of a tree, the '
difference speaks for itself.

— Lexicographical Order

— Tree Representation

As the order has been implemented, we initiate the process by searching for all
the leaves on the trees, then we carry out a lexicographical comparison on the
lists we have thus obtained. As in the previous procedure, this computation
costs 2n — 1 tests of leaves, and 2n concatenations of lists. In this case, the cost
is higher by these lengths. _

It is conceivable to search for the leaves progressively from left to right until we
can be determine which of the two trees is the smallest. But in the worst case
scenario, the search for the first leaf may cost 7 tests, if all the right subtrees
of the successive left subtrees are of length 1.

— List Representation :
It amounts to the cost of the lexicographical order on both lists.

— Hall Order

— Tree Representation

If the two trees are not of the same length, the cost h(m,n) is that of the
computation of the length of both trees, or 2(n + m — 1) tests of leaves and
n + m — 2 additions, if n and m are the respective lengths.
If the lengths are equal, the left subtrees —and possibly the right subtrees— must
be compared. The cost becomes, for the leaf tests, h(n,m) = t(n) + t(m) +
h(Prn,Pm) + h(gn, gm), for the computation of the lengths, and the Hall order
on the subtrees. In the worst case, (the equality case, for example), recursively,
h(n,n) = 26(n) + 80Dy gn(h(p, 1) +1(q,0)) 2 24(n) +h(n—1,n—1)+h(1). But
h(1) = 2 (the lengths must be computed on two leaves), therefore, h(n,n) >
h(n —1,n — 1) + 4n = 2n2 4 2n — 2. As for the number of additions resulting
from the computation of the lengths, we also find a second-degree polynomial,
and we have not computed the number of leaf comparisons which, in all cases, is

. also involved in the list representation. At each step, the lengths are compared,
thérefore, 2n—1 integer comparisons, which corresponds to the number of knots.

— List Representation .
With this representation, the Hall order is the lexicographical order on the list

~
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of positions and leaves. In the case of the equality, there are 2n — 1 integer
comparisons, and 2(2n — 1) equality tests to 1 (which correspond to the leaf
tests), and the comparison tests on the leaves (n). There is not a single addition.

Aside from the additions, there is a factor n on the number of leaf tests in favor of
list representation.

— Equality

— Tree Representation _
For each tree, we test whether the root is a leaf, then we compare the left
subtrees and the right subtrees, which yields a linear cost in function of the
length. _ '

— List Representation
We test on the equality of 2 lists, which costs, —-depending on list size- 3n — 1
tests, at most, if the words are equal, and of size n.

List representation enables us to immediately detect any difference in the lengths,
whereas for tree representation, the whole tree must be run.

24. LIE POLYNOMIALS

Having available a magma depending on an alphabet X, which is an ordered set pro-
viding a few basic operations, we can define the category of the free Lie algebras as an
algebra on R, a free module on R, with support in M. The elementary operations —aside
from those that result from the inheritance of the algebraic and free module structures
are:

— Access to the coefficients, to the various Lie monomials,

— access to the letters of the alphabet involved

— an evaluation morphism,

— whenever possible, factorization by a Lie monomial
— an injection (coercion) of M(X) into £.

Most of these basic operations can be implemented by default, at the category level,
since they do not depend on either the representation of the chosen data, or the chosen
bases. However, since the free module category is not defined with AxioM, I have opted
to define L as a non-associative algebra on R, which enables me to retrieve the following
basic operations:

NAALG R: COMRING is a category constructor

Abbreviation for NonAssociativeAlgebra is NAALG

This constructor is exposed in this frame.

Issue )edit naalgc.spad to see algebra source code for NAALG

- Operations------—=----=-= -
7%? : (R,$) > § 7*? : ($,R) > §
77 : ($,8) > § ?7%? : (INT,$) —> $
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< 7%7 : (NNI,$) > § - o 7%7 ; (PI,$) > $

7%%7 : ($,PI) -> $ ' 747 2 ($,8) > ¢

-7 : ($,$) > $ . _ ?-7 : ($,$) -> Union($,"failed")
=7 :$->8 . ?=? : ($,$) -> BOOLEAN :

0: O >$ antiCommutator : ($,$) ->$

associator : ($,$,$) -> ¢ coerce : $ -> OUTFORM

commutator : ($,$) -> $ leftPower : ($,PI) -> $

plenaryPower : ($,PI) -> § rightPower : ($,PI) -> §

zero? : $ -> BOOLEAN

L is also an element of the Indexed Direct Products category, which enables me to inherit
the operatlons specific to the free module structure: .

IDPC(A: SETCAT,S: ORDSET) is a category constructor
Abbreviation for IndexedDirectProductCategory is IDPC

This constructor is exposed in this frame.

Issue )edlt indexedp. spad to see algebra source code for IDPC

fememmeee- - - -—= Operations -- --
7=7 : ($,$) -> BOOLEAN j - coerce : § -> OUTFORM
leadingCoefficient : § -> A ©  leadingSupport : $ -> S
map : ((A -> A),$) -> § monomial : (A,8) => §

reductum : $§ -> §

24.1. Domains of Lie Algebras

© Once a basis is chosen, the implementation only amounts to an implementation of the

order relation specific to the basis, and the algorithm of multiplication of two monomials.
Order relations have been defined at the magma level, that is to say we have opted to
represent the elements of the Hall basis and the Lyndon basis in the same fashion.

" The underlying natural structure is the free module structure available in AX10M, but
the difficulty arises from the fact that this structure is a domain structure. Therefore, for
the internal representation, we have chosen the free module structure on R with support -
in M(X). The only algorithms to implement ~regardless of the data structures chosen for
the magma— are the multiplication of two basic monomials.

. One of the great strengths of multiplication algorithms, —for the Lyndon basis as well
as for the Hall basis— is that there is absolutely no need to know the bases. It might
however be interesting to know the bases constructed on a finite subset of letters of the
alphabet. :

24.2. Cétegory of Free Lie Alge'br.as‘

: First of all, we define the category of free Lie Algebras, and we implement by default
the operations that do not depend on either the basis, nor the internal representation
chosen. ,

FLA(R: COMRING,SE: ORDSET) is a category comstructor
Abbreviation for FreelieAlgebra is FLA

This constructor is exposed in this frame.

Issue )edit flac spad to see algebra scurce code for FLA

—-----—4—-----——-----——---—4——— Operations—---=--——-—==--—-——--c—c————-
7%? : (MG SE,MG SE) -> $ ' 7?7 : (R,$) -> §.
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?7%7 : ($,R) > §
?*? : (INT,$) -> ¢
?7%7 : (PI,$) > ¢
7+7 : ($,8) > $
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77 : ($3,8) > ¢
7%7 : (NNI,$) -> $
7%x? : ($,PI) -> §
7-7 : (3,8 > ¢

7-7 : ($,$) -> Union($,"failed") -7 :$->%

7=7 : ($,$) -> BOOLEAN 0: O —>¢

antiCommutator : ($,$) -> $ associator : ($,$,$) -> $

coerce : SE -> § coerce : MG SE -> §

coerce : $ -> OUTFORM commutator :- ($,$) —> $

degree : $ -> NNI eval : ($,LIST MG SE,LIST$) > §$.
inBasis? : MG SE -> BOOLEAN leadingCoefficient : $§ -> R
leadingMonomial : § > § leadingSupport : $ -> MG SE
leftAd : ¢ -> (3 -> §) leftDivide : ($,MG SE) -> LIST $
leftPower : ($,PI) -> § listOfCoefficient : $§ -> LIST R
listOfMonomials : $ -> LIST MG SE lvar : $ -> LIST SE

map : ((R -> R),$) -> § ' monomial : (R,MG SE) -> §
plenaryPower : ($,PI) -> § reductum : $ -> §

rightAd : $§ -> ($ > ¢ rightDivide : ($,MG SE) -> LIST $
rightPower : ($,PI) -> § size : § -> INT

zero? : $ ~> BOOLEAN

basis : (LIST SE,NNI) -> LIST LIST MG SE

boundedBasis : (LIST SE,MG SE,NNI) -> LIST LIST MG SE
boundedWeightedBasis : (LIST LIST SE,MG SE,NNI) -> LIST LIST MG SE

eval : ($,LIST MG SE,LIST MG SE) -> §$
mkGenerator? : (MG SE,MG SE) -> BOOLEAN
weightedBasis : (LIST LIST SE,NNI) -> LIST LIST MG SE

‘Note that we have defined a multiplication on the magma, —of value in the Lie algebra-
which will only be implemented within each domain. After defining the category of free
Lie algebras by

Jabbrev category FLA FreeLieAlgebra

FreeLieAlgebra(R:CommutativeRing,SE:OrderedSet): Category ==
Join(NonAssociativeAlgebra(R),IndexedDirectProductCategory(R,Magma SE)) with

:(list of functions and attributes)
aéd
Algorithm implementation can begin
— coerce minjects an element m of M(X) in the free Lie algebra, and it is implemented

recursively, since m is not necessarily an element of the basis.

coerce(m:Magma SE):$ ==
retractIfCan m case SE => monomial (1$R,m)
coerce(left m) * coerce(right m)

— listOfCoefficient, listOfMonomials, size, lvar, leadingMonomial are func-
tions that may be defined on the basis of leadingSupport, leadingCoefficient
and reductum.
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— xxy is the multiplication. It is defined if there exists a multiplication of two basic
monomial in free Lie algebra.

x:$ *x y:$ =
x=0 or y=0 => 0
1x:=1ist0fCoefficient x
-mx:=1ist0fMonomials x
ly:=1ist0OfCoefficient y.
my:=listOfMonomials y
res:$:=0
for u in 1lx for a in mx repeat
for v in 1y for b in my repeat
res:=res + (u*v)*(axb)
res

Here, u*v is the multiplication of two elements of the basic ring, and axb, the
multiplication of two basic elements in algebra This multiplication is 1mplemented
in each one of the domains.

— leftDivide and rightDivide are a left or right pseudo-division by an element of -

the magma considered as a Lie polynomial. These functions return a dividend and
a remainder. They are implemented by default, by testing —for each monomial-
whether the left or right factor is the element of the magma that we are looking for.
They can eventually by re-implemented in each domain of the category.

leftDivide(x:$,m:Magma SE
x=0 => [0,0]
mx:=list0fMonomials x
1x:=listOfCoefficient x
resi:$:=0
res2:$:=0
for u in 1x for v in mx repeat
N if v=m then resl:=resi+monomial (1x.1,mx.1)
else if lemgth v = 1 then res2:=res2+monomial(}x.1,mx.1)
else if left v = m then resi:=resi+monomial(lx.1,right mx.1)
else if right v = m then
resl:=resl -monomial(lx.1,left mx.1)
else res2:=res2+monomial(1x.1,mx.1)

mx:=rest mx
1lx:=rest 1lx
[resi,res2]

— leftAd and rightAd denotes the left and right adjoint operators, respectively. We
generally denote 1eftAd by ad.

— Finally, we implement a number of evaluation functions. The first one uses the
function eval of the magma, and the coercion in Lie algebra. The second one uses
a local function ev, and it is defined recursively, since we cannot access the internal
data representation.

eval(x:$,ly:List Magma SE,1z:List Magma SE):
=0 => x
+/ [ux(eval(v,ly,1z)::8) for u in listOfCoefficient x
for v in listOfMonomials x]
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ev(m:Magma SE,ly:List Magma SE,lz:List $):$ ==
m=1 => m::$ .
(i:=position(m,ly))>0 => 1z.i
retractIfCan m case SE => m::$
ev(left m,1ly,1z) * ev(right m,ly,1z)

eval(x:$,ly:List Magma SE,1z:List $):$ ==
x=0 => x : '
+/ [u*ev(v,ly,1z) for u in listOfCoefficient x for
' ' ’ v in listOfMonomials x]

The rest of the operations is either inherited from the categories which define the free
Lie algebras, or implemented within the domains that are the free Lie algebras equipped
with various bases. These operations consist, in fact, of nothing more than multiplying two
basic monomials, and finding elements of the basis —of given length. The addition of two
polynomials, which is inherited from the algebraic structure, has not been implemented,
because it depends on the data structure.

24.3. Free Lie Algebra using the Hall Basis
This domain is defined by

Jabbrev domain HFLA HallFreeLieAlgebra

' HallFreeLieAlgebra(R,SE): Export == Implement where
R:CommutativeRing

SE:0OrderedSet

LSE ==> List SE

I ==> Integer

0 ==> OutputForm

B ==> Boolean

NNI ==> NonNegativelnteger

MG ==> Magma(SE)

FM ==> FreeModule(R,MG)

Export == FreelLieAlgebra(R,SE)

Implement == FM add

++ This domain is of the FLA category and as such, it inherits its operations. For the internal
representation, we have used the FreeModule domain for any operations related to the module
structure.” Their implementation is the default implementation in the FreeModule domain.

We define the multiplication of two elements of the Hall basis. They are, in fact,
a priori, elements of the magma, but while the operation is in process, they are neces-
sarily elements of the Hall basis. We use an auxiliary function mult, thereby avoiding
comparisons when we know that a < b.

a*b ==
a=b => 0
hall(b,a) => -mult(b,a)
mult(a,b)

]
fl

nult(a,b):$
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length(b)=1 or “(hall(a,left b)) => monomial (1$R,axb)
x:=mult(a,right b)
bb:=left b
+/ [u*mult(bb,v) for u in listO0fCoefficient x
for v in listOfMonomials x]
- monomial (1$R,right b)*mult(a,bb)
We have redefined the union (union) of two sorted lists, since it is incorrectly imple-
‘mented in AXioM. This enables us to construct the elements of the basis.

— basis(1x,n) constructs a basis with length smaller than n on the alphabet lx.

basis(1x,n) ==

1l:List List MG:=[[] for i in 1..n]
1.1 := sort(hall, [u::MG for u in 1x])
for i in 2..n repeat

for j in 1..(i quo 2) repeat

. k:=(i-j)::NNI
for u in 1.j repeat
1.i:=union(l.i, [u*v for v in 1.k | mkGenerator?(u,v)])

1 .

. /

— weightedBasis constructs a basis of weight smaller than n, on a weighted alphabet
llz. This will be useful at a later stage. llz is a list of lists of letters of X, of increasing
weights. weightedBasis returns a list of lists of elements, this time sorted by weight
rather than length. It is the same algorithm, but elements of excessive welght have
been eliminated. The order on the Lie brackets is the same.

weightedBasis(11x,n) ==
- m:=min(n,#11x)
1:List List MG:=[[] for i in i..n]
for i in 1..m repeat l.i:=sort(hall, [u MG for u in 11x.i])
for i in 2..n repeat
for j in 1..(i-1) repeat
k:=(i-j)::NNI
for u in 1.j repeat
1.i:=union(l.i, [u*v for v in 1.k | mkGenerator?(u,v)])
1 o

— boundedWeightedBasis(11x,n) and boundedBasis(11x,n) compute bases of the
free Lie algebra, — weighted or not — in which all the elements have a bounded (com-
mutative multi-degree) signature. The implementations are the same as previously,
but one test has been added.

boundedWeightedBasis(1lx,n) ==

m:=min(n,#11x)
1:List List MG:=[[] for i in 1..n]
for i in 1..m repeat l.i:=sort(hall, [u::MG for u in 1lx.il)
for i in 2..n repeat

for j in 1..(i-1) repeat

k:=(i-j)::NNI

for u in'1l.j repeat

1l.i:=union(1l.i,[u*v for v in 1.k |
mkGenerator?(u,v) and signatureOrder (u*v,a)]})])
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1

boundedBasis(1x,n) ==

1l:List List MG:=[[] for i in 1..n]
1.1 := sort(hall, [u::MG for u in 1x])
for i in 2..n repeat

for j in 1..(i quo 2) repeat

k:=(i-j)::NNI
~for u in 1.j repeat
l.i:=union(l.i, [u*v for v in 1.k |
- mkGenerator?(u,v) and signatureOrder(u*v,a)])])

- — mkGenerator? tests whether the product of two elements is an element of the basis.

mkGenerator?(a,b) =
retractIfCan b case SE => hall(a,b)
hall(a,b) and “hall(a,left b))

24.4. Free Lie Algebra using the Lyndon Basis

Strictly the same principle is at work here. The functions a*b and mult are defined

axb ==
a=b => 0
lexico(b,a) => -mult(b,a)
mult(a,b)

mult(a,b) ==
length(a)=1 or “lexico(right a,b) => monomial (1$R,axb)
aa:=left a
x:=mult(right a,b)
+/ [u*mult(aa,v) for u in l1st0fCoeff1c1ent x
for v in listOfMonomials x]
+ mult(aa,b)*monomial (1$R,right a)

The operations to compute the bases are implemented as follows.

" weightedBasis(1lx,n) ==
m:=min(n,#11x)
1:List List MG:=[[] for i in 1..n] :
for i in 1..m repeat l.i:=sort(lexico,[u::MG for u in 11x.i])
for i in 2..n repeat
for j in 1..(i-1) repeat
k:=(i-j)::NNI
for u in 1.j repeat
l.i:=union(1l.i,[u*v for v in 1.k | mkGenerator?(u,v)])
1 :

basis(1x,n) ==
1l:List List MG:=[[] for i in 1..n]
1.1 := sort(lexico,[u::M¢ for u in 1x])
for i in 2..n repeat
for j in 1..(i-1) repeat
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k:=(i-j)::NNI
for u in l.j repeat
1.i:=union(l.i, [u*v for v in 1.k | mkGenerator?(u,v)])
1
‘mkGenerator?(a,b) ==
retractIfCan a case SE => lexico(a,b)
lexico(a,b) and “lexico(right a,b)

25. LIE SERIES

- Here, rather than creating a domain of Lie series, we have written a package which
manipulates lists of elements of a previously defined free Lie algebra.

In this package, we have basic operations such as scalar addition and multlphcatlon,
Derivation and integration are done with respect to a fictitious parameter. The com-
position of two lists consists of multiplication, taken as in the Lie series. We have also
implemented the three transformations and their inverses, and, given a triangular system,
-factorized or not— implemented its solution. Finally, con51der1ng the developed form of
a canonical transformation, —made up of several transformations— we can give it as a Lie
transformation, an exponential, or a Dragt-Finn transformation. :

LS(R: COMRING,FLA: FLA(R,SYMBOL)) is a package comstructor
Abbreviation for LieSeries is LS '

This constructor is exposed in this frame.

Issue )edit 1ls.spad to see algebra source code for LS

. Operations :
~ derivate : LIST FLA_f>_LIST FLA integrate :.LIST FLA -> LIST FLA

mult : (FLA,LIST FLA) -> LIST FLA mult : (R,LIST FLA) -> LIST FLA

addi : (LIST FLA,LIST FLA) -> LIST FLA

‘compose : (LIST FLA,LIST FLA) -> LIST FLA

exponential : (LIST FLA,LIST FLA) -> LIST FLA

exponentialGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA
‘exponentialGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA
factoredProductGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA
factoredProductGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA
factoredProductTransform : (LIST FLA,LIST FLA) -> LIST FLA
inverseFactoredProductGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA
inverseFactoredProductGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA
inverseFactoredProductTransform : (LIST FLA,LIST FLA) -> LIST FLA
inverseFactoredProductTransform : (LIST FLA,LIST FLA) -> LIST FLA
inverseLieGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA
inverselLieGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA
inverseLieTransform : (LIST FLA,LIST FLA) -> LIST FLA

inverseLieTransform : (LIST FLA,LIST FLA) -> LIST FLA

lieGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA

lieGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA

lieTransform : (LIST FLA,LIST FLA) -> LIST FLA

mkLieMon : (SYMBOL,NNI,NNI) -> LIST MG SYMBOL

mkLiePol : (SYMBOL,NNI,NNI) -> LIST FLA

mkSymbol : (SYMBOL,NNI,NNI) -> LIST SYMBOL ,
triangularFactorSystemSolve : (LIST MG SYMBOL,LIST FLA,LIST FLA,MG SYMBOL) ->\
LIST FLA
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triangularSystemSolve : (LIST MG SYMBOL,LIST FLA,LIST FLA) -> LIST FLA

A Lie series is assumed to be of the form

f= j{:tnfﬁ
n>0
where t is a parameter equal to 1. f, is considered of weight n. We give ourselves two
elements, £ and g, in the form £ = (£0,f1,...,fn) and g = (g0,gl,...,gm).

— mkSymbol(s,m,n) creates a list of symbols (taken as in AXIOM) $m, -+ +, Sn, where s
- is a symbol. -

— mkLieMon and mkLiePol create the same elements as before, but the result is a list
of elements of the magma or the free Lie algebra.

— mult is a multiplication by a scalar or an element of the free Lie algebra. addi carries
out a sum of two lists term by term. The first element of each list is of degree 0.

‘mult(r:R,x:LF) == [r*u for u in x]
mult(x:FLA,y:LF) == [x*u for u in y]

addi(x,y) ==
n:=min(#x,#y)
[x.i + y.i for i in 1..n]

— derivate and integrate differentiates and integrates lists with respect to a fictitious
parameter.

derivate(x) ==
#x=0 => []
concat([i::I * x.((i+1)::NNI) for i in 1..((#x-1)::NNI)],O$FLA)

integrate(x) ==
#x=0 => [] _
concat (O$FLA, [recip(j::I::R)$R pretend R * x.j
for j in 1..((#x-1)::NND)])

+ — compose (x,y) computes [z,y]. The length of the result is the length of y.

compose(x,y) ==
#x=0 or #y=0 => []
n:=#x
m:=#y '
[+/ [x.((j-i+1)::NNI) * y.i for i in 1..j | j<no+i] for j in 1..m]

— exponential is the exponential of L, applied to y.

exponential (x,y) ==

#x=0 or #y=0 => []

1x:=y

Exp:LF:=y

for i in 1..(#y-1) repeat
r:=recip(i::I::R)$R pretend R
1x:=mult(x, compose(x,1x))
Exp:=addi(Exp,1x)

Exp
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— inverseLieTransform(w,f) computes the inverse Lie transform of f by T,. wand
f are given in the form of lists of elements of free Lie algebra.

inverseLieTransform(w,f) ==
n:=itf
m:=#w
Lie:List LF:=concat(f, [[0$FLA for i in 1..n] for j in 1..n])
m=1 => £ '
for i in 1..n repeat
for j in 1..i repeat
r:=recip(j::I::R)$R pretend R
jj:=(j+1)::NNI
ii:=(i-j+1)::NNI _
Lie.jj.ii := r*(+/[k * w.((k+1)::NNI) * Lie.((jj-k)::NNI).ii
_ : for k¥ in 1..j | k<m])
[+/ [Lie.j.((i-j+1)::NNI) for j imn 1..i] for i in 1..n]

— inverseFactoredProductTransform(g,f) computes the inverse Dragt-Finn trans-
form '

inverseFactoredProductTransform(g,f) ==
n:=#f,m:=#g
F:=[f.i for i in 1..n]
w:=[0 for i in 1..m]
for i in 2..m repeat
w.i:=g.i
F:=exponential (w,F)
w.i:=0.
F

— exponentialGenerators(n,1l,h) computes, at the order n, the generator of expo-
nential exp(L.), which verifies exp(L;)h = (lp, . . ., l,). Here, h is a Lie monomial and
l, a truncated Lie series. The technique consists of formally computing exp(L;)h,
and formally solving a triangular system that is factorizable by h. In the second
version, we suppose that the first terms of the result (i.e. kk1) are already known.

exponentialGenerators(n,l,h) ==

kk:LF:=concat (0,mkLiePol (k::SE,1,n))

Exp:LF:=[0$FLA for i in 0..n]

Exp.1:=h::MG::FLA

1x:LF:=Exp

r:R:=13R

for i in 1..n repeat
ji=(i+1)::NNI
1x:=mult(recip(i::I::R)$R pretend R,compose(kk,1lx))
kk. j:=leftDivide(Exp.j+1x.j-1.j,h).1 + kk.j
1s:List MG:=mkLieMon(k::SE,i,i)
1x:=append(first(ix,i), [eval(u,ls, [kk.j]) for u in rest(lx,i)])
Exp:=append(first(Exp,i), [eval(u,ls, [kk.j]) for u in rest(Exp,i)])
Exp:=addi (Exp,1x) '

kk

exponentialGenerators(n,l,h,kkl) ==
n<#kkl => kki
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kk:LF:=append (kk1,mkLiePol(k: :SE, #kki,n))
Exp:LF:=[0$FLA for i in 0..n]
Exp.1:=h::MG::FLA

1x:LF:=Exp

r:R:=1$R

for i in 1..(#kk1-1)::NNI repeat
ji=(i+1)::NNI

1x:=mult(recip(i::I::R)$R pretend R,compose(kk,1lx))
Exp:=addi(Exp,1x)

for i in (#kk1)..n repeat
ji=(i+1)::NNI ,
1x:=mult(recip(i::I::R)$R pretend R,compose(kk,1x))
kk.j:=leftDivide(Exp.j+lx.j-1.j,h).1 + kk.j
1s:List MG:=mkLieMon(k::SE,i,i) .
1x:=append(first(1x,i), [eval(u,1ls, [kk.j]) for u in rest(lx,i)])
Exp:=append(first (Exp,i), [eval(u,ls, [kk.j]) for u in rest(Exp,i)])
Exp:=addi(Exp,1x)

kk

— inverseLieGenerators, inverseFactoredProductGenerators compute the same
operations as previously shown, but this time, for the Lie transformation or the
Dragt-Finn transformation.

inverseLieGenerators(n,1l,h) ==
ww:=[0$FLA for i in 1..n]

r:R:=1$R _
for i in 1..n repeat
j:=(i+1)::NNI

~r:=recip(i::I::R)$R pretend R
ww.i:=leftDivide((+/ [k * r * ww.k * 1.({(j-k)::NNI)
for k in 1..(i-1)::NNI])-1.j,h).1
concat (O$FLA, ww)

inverseLieGenerators(n,l,h,wwl) ==
n<#ywl => wwl
ww:=append (rest (ww1), [O$FLA for i in #wwil..n])

r:R:=1%R
for i in ((#ww1l-1)::NNI)..n repeat
ji=(i+1)::NNI

r:=recip(i::I::R)$R pretend R

ww.ir=leftDivide((+/ [k * r * ww.k * 1.((j-k)::NNI)

for k in 1..(i-1)::NNI])-1.j,h).1
concat (O$FLA,ww) '

_ inverseFactoredProductGenerators(n,1,h) ==
gg:LF:=[0$FLA for i in O..n]
g:=0$FLA
Fac:LF:=[0$FLA for i in O..n]
Fac.1:=h::MG::FLA
for i in 1..n repeat
j:NNI:=(i+1)::NNI
g:=leftDivide(Fac.j - 1.j,h).1
gg-j:=g
Fac:=exponential (concat ([0$FLA for k in 1..i],g),Fac)

’
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gg

inverseFactoredPrbductGenerators(n,l,h,ggi) ==

n<#ggl => ggi
gg:=append(ggl, [0O$FLA for i in (#ggl)..n])
Fac:LF:=[0$FLA for i in 0..n]
Fac.1:=h::MG::FLA ‘
Fac:=inverseFactoredProductTransform(first(gg,#ggl) ,Fac)
for i in #ggl..n repeat -

J:NNI:=(i+1)::NNI

g:=leftDivide(Fac.j - 1.j,h).1

gg.j:=g B

Fac:=exponential (concat ([0$FLA for k in 1..i],g),Fac)
gg

— triangularSystemSolve(1l,1f,1g) solves a system of equations 1f=1g with respect

to the list of monomials 1. 1£ and 1g are lists of elements of free algebra. The system
must be triangular, otherwise an error occurs during execution. The basic procedure
is the following: for each line 1f. 1-1g i, we locate the monomial with support 1. 1i:
al.i, and the solutionis1.i = —1f i-1g.i—al.i. Next, we evaluate the following
lines w1th the new value of 1.1.

triangularSystemSolve(1,1f,1g) ==

n:NNI:=min(#1,min(#1£,#1g))
lgg:LF:=[1g.i - 1f.i for i in 1..n]
Im:List MG:=listOfMonomials(lgg.1)
lc:List R:=listDfCoefficient(lgg.1)
- j:NNI:=position((1.1)::MG,1m)::NNI
1gg.1:=(recip(lc.j)$R pretend R) * (1c.j * ((lm. J) :FLA) - 1gg.1)
for i in 2..n repeat : :
k:=(i-1)::NNI
lgg.i:=eval(lgg.i,first(1,k),first(lgg,k)) .
lm:List MG:=list0fMonomials(lgg.i)
lc:List R:=listO0fCoefficient(lgg.i)
j:NNI:=position((1.i)::MG,1lm)::NNI
lgg.i:=(recip(lc.j)$R pretend R) * (lc.j * ((Im.j)::FLA) - lgg.i)
legg - ' '

— triangularFactorSystemSolve(l,1f,1g,s) solves the same system after inner

derivation by a. The process is the same as before, but s will have been extracted
at every step. :

triangularFactorSystemSolve(l,1f,lg,s) ==

n:=min(#1,min(#1f,#1g))
lgg:LF:=[1g.i - 1f.i for i in 1..n]
lgg.1:=leftDivide(lgg.1,s).1
lm:List MG:=listOfMonomials(lgg.1)
lc:List R:=list0fCoefficient(lgg.1)
j:NNI:=position((1.1)::MG,1m): :NNI
lgg.1:=(recip(lc.j)$R pretend R) * (1c.j * ((Im.j)::FLA) - lgg.1)
for i in 2..n repeat
k:NNI:=(i-1)::NNI
lgg.i:=leftDivide(eval(lgg.i,first(1,k) f1rst(1gg,k)) s).1
lm: -llstOfMonomlals(lgg i)

\
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lc:=listOfCoefficient(lgg.i)

j:=position((l.1i)::MG,1m)::NNI )

lgg.i:=(recip(lc.j)$R pretend R)*(lc.j * ((Im.j)::FLA)-lgg.i)
1gg

Remark. — s is assumed smaller than all the letters of the alphabet. Consequently
we must verify that this'is true. In a future version, the first step will be to ascertain
that s is indeed the smallest letter of the alphabet.

Samples of the obtained will be given in the appendix;

= 25.1. Composition of Transformations

Here, let us show how we have written —in a directory read by AxioM- the few func-
tions that enable us to compose Lie transformations, in order to construct symplectic

integrators.

First of all, we give ourselves the basic ring which is the ring of polynomials with
coefficients in Q. We construct the free Lie algebra —using the Lyndon basis—, and we load
the package with the corresponding Lie series.

R:=POLY FRAC INT -
L:=LFLA(Symbol,R)
LL:=LieSeries(R,L)

We give ourselves a list of variables —which are in fact scalars in R.

" lc:List R:=[char(i)::ST::SE::R for i in 65..90]
1d:List R:=[char(i)::ST::SE::R for i in 97..122]
le:=reverse 1ld '

Then we implement the functions which will construct the compositions of Lie transforma-
tions. Starting from S4(t) = exp(tL4) and Sp(t) = exp(tLp), we construct successively

S™ () = Sa(c1t)Sp(dut) - - - Sa(cnt)Sa(dnt), (25.1)

using S@PV(t) = S (1)Sy(cp1t) and S@PHA(t) = S+ (4)Sp(dpiat). Since the
transformations S are considered Lie transformations, they are represented by the
derivative of their generating series. Sa(t) is represented by A and Sp(t) by B. If
SM)(t)y = T;(},)( 5 We will have the following relations:

0 0 0 0
=t = (@) —w(2p+2) Z w2t . (25.2
el Sa(cpt) Erid + cpt14, w Sp(dpt) Erid + dp+1B. (25.2)

The ¢; and the d; are taken in 1¢ and 1d.
symplectic(n:NNI,r:NNI):List L ==

1:List L := concat(lc.1 * (A::L),[O$L for i in 2..r])
11:List L := [O$L for i in 1..r]

n=1 =>1

- 1:NNI:=2

vhile i<(n+1) repeat
Ji=iquo 2+ 1
if (i rem 2)=0 then 11.1:=1d.((j-1)::NNI) * (B::L)
else 11.1:=1c.j * (A::L)
1:=addi(11,exponential (integrate 11,1))
i:=i+1 .
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The same thing can be done supposing that the products are reversible.

symplecticr(n:NNI,r:NNI):List L ==

1:NNI:=n+1 '

j:=1 quo 2

if (i rem 2)=0 then 1l:List L := concat(ld.j * B::L,[0$L for i in 2..r])

else 1l:List L := concat(lc.j * A::L,[O$L for i in 2..r])

11:List L := [O$L for i in 1..r]

n=1 =>1

i:=n

while i>1 repeat

- ji=1 quo 2
if (i rem 2)=0 then 11.1 := 1d.j * (B::L)
else 11.1 := lc.j * (A::L)
1:=addi(1l1,exponential (integrate 11,1))
i:=i-1

i:=3

while i<n+2 repeat
j:=1 quo 2 _
if (i rem 2)=0 then 11.1 := 1d.j * (B::L)
else 11.1 := 1lc.j * (A::L)
1:=addi(11,exponential (integrate 11,1))
i:=i+l

1

We can study the same products, but this time, using 3 operators S4, Sg and Sc.

symplex3(n:NNI,r:NNI):List L ==

1l:List L := concat(lec.1 * A::L,[O$L for i in 2..r])

11:List L := [O$L for i in 1..r] '

n=1 =>1 k

i:NNI:=2

while i<(n+1) repeat
j:=iquo 3+ 1 .
if (i rem 3)=2 then 11.1:=1d.j * (B::L)
else if (i rem 3)=0 then 11.1:=le.((j-1)::NNI) * (C::L)
) else 11.1:=1c.j * (A::L)
1:=addi(11,exponential (integrate 11,1))
ir=1i+1

1

symplex3r(n:NNI,r:NNI):List L ==
i:=n+2
j:=1i quo 3
if (i rem 3)=0 then 1l:List L := comcat(lc.j * (A::L),[O$L for i in 2..r])
else if (i rem 3)=1 then 1:List L:=concat(ld.j * (B::L),[0$L for i in 2..r])
else 1l:List L := concat(le.j * (C::L),[O$L for i inm 2..r])

11:List L := [O$L for i in 1..r1]
n=1 => 1
1:NNI:=n+1
while i>2 repeat

j:=1i quo 3

if (i rem 3)=0 then 11.1:=lc.j * (A::L)

else if (i rem 3)=1 then 11.1:=1d.j * (B::L)

else 11.1:=le.j * (C::L)
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1:=addi(1l,exponential (integrate 11,1))
i:=i-1

i:=4

while i<n+3 repeat
j:=i quo 3
if (i rem 3)=0 then 11.1:=lc.j * (A::L)
else if (i rem 3)=1 then 11.1:=1d.j * (B::L)

else 11.1:=le.j * (C::L)

1:=addi(11,exponential (integrate 11,1))
i:=i+1

1

From these results, we extract the coefficients, —which will be analyzed later— by using

other procedures. :

For computational examples, as well as methods of computing symplectic integrators,
see the appendix. !

26. COMPUTATION OF NORMAL FORMS

Several domains and packages were implemented in order to compute the normal forms
on a few concrete examples. Unfortunately, the complexity of interesting problems is such,
that for the time being, we had to limit our scope to elementary problems.

At first glance, it might appear very difficult, if not unrealistic, to construct packages
that are general enough to handle most cases. We have witnessed the development of
highly specialized software on one class of problems. In my opinion, these difficulties
are related to the fact that every problem has a specific representation, which cannot be
handled by unspecialized software.

26.1. Manipulations of the Poisson Series

As we have seen, it would be interesting to be able to handle polynomials with trigono-
metric expressions on a ring. Therefore, we have created a number of domains of Poisson
series.

We only handle the case where hg has a simple enough form so that its flow is known;
for example, if

n
ho=73 Y (07 +widg), (26.1)
i=1
the curve solutions are, in the case of the classic coordinates,
g:i(t) = qi(0) cos (wit) + pi(0) sin (w;t) (26.2)
pi(t) = pi(0) cos (wit) — ¢i(0) sin (wit), (26.3)
in the case of the action-angle variables,
) =5:0) , ¢ =$(0) +wit. (26.4)

We simultaneously developed two types of algebraic manipulations, polynomials in the
cartesian variables on the one hand, and expressions in the action-angle coordinates on
the other. '
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26.1.1. In Cartesian Coordinates:

We suppose that for any n, h, is a polynomial in p;, ¢;, with coefficients in a ring
containing trigonometric expressions in the form cos (P t), sin (P t), where P is a rational
fraction with several variables, and closed under derivation and integration.

In order to manipulate such expressions, we were led to create new domains and pack-
ages (cf. [30]).

e Domain MTGD(x,1v1,1v2)
Poisson series of a list of variables lv1, of time z, where the frequencies are polyno-
mials with several variables [v2, with coefficients in Q. The coefficients are in the
field of its fractions. For example :

U= cos (U +q1—q2) - (26.5)

w
02 — o2

e Derivation and integration package, with respect to time, for MTGD. For example,

Su w . : |
.55.1. = —9—2-_—‘(‘}5 sin (QU+q1—¢q2), (26.6)
/u———u)— sin ( Q%+ q1 — q2) | (267)

e Manipulation package in DMP(1v,MTGD(t,1v1)), where lv is the list of variables
of the phase space considered. (DMP is the constructor of polynomials with several
distributed variables).

e Domain : OTGD(t,1v1)
Poisson series of a variable t, where the frequenmes belong to the ring of polynomlal
with several variables lv1l on @, with coefficients in its field of fraction.

e Derivation and integration package, with respect to time, for 0TGD(t,1v1)

. Manipulatio:n package in DMP(1v,0TGD(t,1v1)), where [v is the list of the phase
space variables. :

Using these various packages, we can apply our version of Deprit’s algorithm. At the
start, we have h as the list of polynomials with 2n variables p;, g;, with coefficients in the
ring of the Poisson series.

-26.1.2.. action-angle Coordinates

This second way of approaching the solution is, in fact, better adapted to the frame-
work in which we have placed ourselves. We make the same hypotheses as previously.
We are led to work in a Scratchpad domain which contains square roots, and we use
RadicalExtension, which is the extension by radicals, of a given field.

o Domain RTGD(x,1v1)
Poisson series of a list of variables lvl, of time z, where the frequencies are rational
fractions with several variables (not predefined) with coefficients in @, the coefficients
are in the extension by the radicals of the rational fractions on Q. For example,

u=\/—2g coé(Qt+¢1—¢2) . . (26.8)
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e Derivation and integration package, with respect to time, in the case of RTGD. For

example,
%:-\/%} sin ( QU 4 ¢ — ¢2) , (26.9)
1
2] 3 .
/juv =~ /% sin (0t +61-62). (26.10)

e It was created for each one of these domains, with two packages containing the
functions necessary for the algorithms of the Dragt-Finn and Deprit methods.

Here is, for example, a presentation of RTGD :

RTGD(x: E,lvp: L E,lvq: L E) is a domain constructor
Abbreviation for RadicalTimeTrigoDomain is RTGD

This constructor is currently exposed.

Issue )edit RATRIGD2 SPAD Al to see algebra source code for RTGD

Operations-======m—=c——ccom e
7 : (8,8) > % ?*7 : (RF RN,$) —> §$
?2%? : (RN,$) > $ 7*7 :(RE RF RN,$) > §
7*? : ($,8) > § 77 : ($,$) > §
77 : (I,$) > § 7xx? : ($,NNI) -> §
7-7 : ($,8) > ¢ -2 :$->%
7=7 : ($,$) -> B cderiv : ($,SE) —> §
-- characteristic : () -> NNI coerce : RE RF RN -> §
coerce : $ > ¢ coerce : I -> §
coerce : $§ > E -- coerce : E -> Union($,"failed")
const : $§ > ¢ ’ cos : (P RN,DP(# 1vq,I)) -> §$
deriv : $ -> $ integ : $§ -> § :
p : PI -> SE pderiv : ($,0V lvq) -> §
pinteg : ($,0V lvq) -> § poisson : ($,$) > §
q : PI -> 0V 1lvq recip : $ ~> Union($,"failed")
retract : $ -> RE RF RN retractable? : $§ -> B
sin : (P RN,DP(# 1lvq,I)) -> § 1:0->%

0: O ->% :
new : Record(c: RE RF RN,s: RE RF RN,int1: P RN,int2: DP(# 1lvq,I)) -> §
retractIfCan : $ -> Union(RE RF RN, "failed") '

Here, RN represents the rationals, RF the rational fractions, RE RadicalExtension etc.

26.2. Polynomials

Whenever the systems under study are time independent, one will be able to manipu-
late the polynomials. As arepresentation, we take the polynomials with several distributed
variables. In order to solve the perturbation equation, on the one hand we compute re-
cursively —from the Hessian of ho- the matrix Ly, and on the other, we transform the
polynomials into a vector, and we use the packages already existing under Scratchpad II
to invert the linear system. The Hamiltonians, as well as the generating functions, are
given in the form of lists where the ith term is the term of order i + 2.
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CONCLUSION AND PERSPECTIVES

The starting point of this study is the comparison of two perturbation methods com-
monly used in mechanics.

The first result, which is nothing new in itself, is that both methods are equivalent,
insofar as they produce the same normal forms and the same formal invariants. This
result is mostly due to the uniqueness of Birkhoff’s normal form in the non-resonant case.
Nevertheless, we have come to the conclusion that the representation of a formal canonical
transformation has a definite influence on the complexity of the required computation.

The use of the Dragt-Finn transformation (an increasing product of exponentials) is
justified for the computation of normal forms, since it requires fewer evaluations. The
use of the exponential presents definite advantages in the search for reversible symplectic
integrators, whereas the Lie transformation is quite convenient in composing canonical
transformations. Furthermore, the Lie transformation is the classic representation for the
mapping of a non-autonomous flow.

The asymptotic estimations achieved when using the Deprit transformation are better
than those I obtained myself while using the Dragt-Finn transformation. In all likelihood,
finer results could be obtained by using combinatorial results on the partitions. However,
this phenomenon does not as yet have any bearing on the stability estimations that can
be deduced from it, as shown in the results obtained by Giorgilli & Celleti [8].

From these results, we can deduce that it is necessary to effectively compute normal
forms and formal invariants in order to obtain finer results, even if the orders used in
their computation are frequently very low. They are so low, because the complexity of
the computation, or the size of the data, are too great. One way of remedying this would
be to keep the smallest possible number of parameters, and to proceed numerically. A
follow-up study on the relative importance of the various parameters would be indicated.

Using the Lyndon basis enabled us to compute relations between the generators of
the various canonical transformations near the identity, which would not be possible with
the Hall basis. We further recover a computation method from the Baker-Campbell-
Hausdorff formula. In my opinion, the fact that we are able to compute these identities
while remaining in the free Lie algebra does not, in any way, increase the overall complexity
of the computation. The dimensions of the modules under consideration are the same as
when the bijection between the Lyndon words and the Lyndon basis is used. One does
not need to know the parenthesizing of every element of the Lyndon basis.

Representation of the magma elements by lists saved a substantial amount of time.
In this representation, it appears that the decomposition onto the Lyndon bas1s is faster
than the decomposition onto the Hall basis.
~ Finally, the search for symplectic integrators —whose formalism reminds us of the
motion-planning problem- ([45]) is connected, at high orders— with the search for real
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points in a variety. For orders under 6, we gave an exhaustive list of the symplectic inte-
grators (except for order 5, where some doubt remains). A thorough study of the geometry
of the solutions would undoubtedly enable us to give algebraic solutions at higher orders.
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»‘Appendix

In this appendix, we propose examples of normal form éomputation obtained through
the use of the Dragt-Finn method. We also present examples of sessions in AXIOM which

‘enable us to manipulate Lie polynomials. We will show, using AXioM, how one gets the

equations to solve for symplectic integrators, and using MACAULAY and AXiOM, how one
computes the solutions, or the dimension and degree of the variety of the solutions.

A. NormAL FOrRM COMPUTATION

The examples of normal form computation presented here are relatively simple cases.
These results were obtained by using Scratchpad II. With several degrees of freedom, we
frequently come across data that are too large to be properly handled. It appears necessary
to adapt a specific program for every type of Hamiltonian to be dealt with.

A.1. Examples with one degree of freedom

A.1.1. Perturbed Oscillator
Let us consider the Hamiltonian h = } (p? + ¢2) + 4¢®. Applying the Dragt-Finn
method, we find a normalized Hamiltonian at order 20:
K=3@+) -5 0+ -Z5(0°+¢*)’ - 5 0*+ ) - 2L 0* + ¢»)°
— $550% (0 +¢0)° - BB 00+ ) - e 02+ ¢0)°
— Ittt (07 + ¢°)° — RSIIRUSEE (12 +¢7) "

Time c.p.u : 3 minutes. (IBM4381)

A.1.2. Pendulum
Old Hamiltonian (at order 30):

_1,2,12 1.4, 1 .6, _1 8., 1 _10_ 1 12 1 14
h=3p°+ 30" — 550" + 759" + — 35309 + Fezs004 1750016004 T s7T782912009

_ 1 16 4 1 18 _ 1 20
0922789888000 6102373705728000 4 2432902008176640000 4

+ 1 22 1 24 4 1 26
1124000727777607680000 £20448401733239439360000 403291461126605635584000000 1

_ 1 % 1 30
304888344611713860501504000000 26525285981 21910586363084800000007 -

New Hamiltonian (at order 30):
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‘ 2 . 3 4 : 5
1@+ - & @ +9)° - (@ +9)° - 557 (@@ + 0D — g (6 +09)
8
- Wzslsim (¢ + pz) 8589592374592 (¢ +7° ) 109959'1318-'g2_77'7“6 (® +1%)
: 10
- 140731774?843555328 (¢° +p2) - 225_17332?2285248 (¢® +p°)

4194753 (A2 2y11 1330745 2 2y12
— TaiTsissorasssez (& +P°) — smemmosrersirira (- + D7)

4403374207 2413 578183175 2 2y 14
~— 530295810358705651712 (q +9°)" — Tramsceasssconasaraeos (4 + P°)
_ 12308013927 2)15

S0IAE000807 514587353088 (4° + D)

Generating function (at order 9):

1,.3 5 121 3 1513 |
— 8490 — 7639°P — 102a9P" — w14 p® 15360‘1 5p— 131072‘”’ 3932169 o ~ 58982409 5p®
2657
— 227726084 . .
Old variables with respect to the new variables (at order 9):
_ 3.2 3 37 3.2 115 39 731
Q=0— W ~ %9 — 51z — 70969 P — 1228809 — s519e80P° — T5roseid 0"
1415 463 1687
1572864‘1 P’ + 14155776‘1 + 1"342"1‘7'7‘28‘17’ 160663296 4 3p® — 7108864 4 °p*
51281 438161

~ Teooeqoa0d P’ 54358179840q

These formulas were computed to order 30 in 2 minutes, using Scratchpad on an
IBM4381.

A.1.3. Perturbed Harmonic Oscillator

Old Hamiltonian:
h =3 (0% + %) + a2¢" + a3¢® + aag® + asq™ + aeq™® + arg™ + agq™® + a9q™® + a10™

New Hamiltonian (at order 20):
. _
3(*+ 4%

2

1 1

+3en) (302 + %)
3
+ 1—16(—17ag+10a3)'(%(p2 + q2))
4
+ 2(37503+330a203+70a4) (%(p2 + q2))
RN
+ 4 (~1068904+1251602 a3~ 157202 +3024a2a4+504as) (%(pz + q2))
6
+ (8754905 +127932a305-+336840502 +32368a3+7112a304-+6720a2a5+9240s) (%(p2 + q2))
+ 'Q—ég(—3132399ag+5485374a§a3+2218788a§a§+117960a§+i420296ag+679824a2a3a4+31880¢z}+320760a%
: 12 1 a2)
| +62640a305+58608a2a6+6864a7) (5(;0 +gq ))

+ Wl[g (238225977a +486162630a2a3 +265977900a3 a% +332888400203 + 127609830a4 +95859000a2a3
+7006680a30.4 +6728760aza2 3301 194000.2+ 13215600a2a3+1115280az2as5 +61’73640a2 +1085040a3a6

8
+1009008a;a7 +102960ag) (% ®*+ q2))
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+ Tsé—M(-18945961925«:5+44145981880aga3+30477140760aga§+6275802720aga§+183218640a§+usgussszoag
+12040842880a3 a3 +2109803520a2a2 a4 +1012431200a% +136607680a3a3+2834774800a4 +1987740480a2 a3
+1341225600%+ 2575795200264 85 +9700160a2 +618280960a3 +250440960a203+19212160a4a6+116276160a3

3 5 2 2

9
++18578560a3a7+17205760a2a5+1555840a0) (%(;o2 + q2))

-+ K}ﬂ(2956096a10+194904116847ag+510499888800a'2’a3 +425756036376a303+124085886144ada3
+9047682864a2a4+136034613880a5+178463437680a3a3 +52065396768a2a2+1900075584a3aq
+1664743713603 +5469343968a3a342 +10959132803 +3358461955243 +32674055040a3 a3 +5368091520a243
+515171712002+645507456a3a405+ 304231488002+ 761413250404 +500622038402a3 +31370275202
+602431104a2a4+41587392a56-+1547562016a3 +582149568a203+40936896a407+269178624a2

12 4 210
+39426816a3a5+36406656a2a4) (§(p +q ))

A.1.4. Perturbed Harmonic Oscillator
Hamiltonian:
h =% (p® + ¢%) + azq* + a3q® + asg® + asq'.
New Hamiltonian:
K =4%(p*+¢%) + 22 (p* + ¢?)° + (= 17624100500 (p2 +¢2)° + 5k (37508 - 33002030
+70aaw2)? (p? + g2)* + 5 (— 1068904 +1251603a3w—1572a% — 3024asa4w
+504a50%)? (p? + g2)°
This Hamiltonian frequently shows up, for example, when we study a system with
several degrees of freedoms, which we reduce with respect to one of the degrees of freedom.
A.2. Examples with two degrees of freedom
A.2.1. Particle in a Magnetic Field

We use the model given in {15} of the Hamiltonian of a particle subjected to a magnetic
field. We have, as the Hamiltonian

h=73 @3 +a8) + 3} + 30763 + aid3 -
Applying the method of the adjoint operator, we find
: 2
h=3 @} +d) + 30} + 34 (% (33 +a8) + (33 + q%))) + gt (303 +ad) -

\ ,
Posing 02 = § (3(n + @) + (%(p% +3)) and ez = }(p} +g3), and carrying out the
change of variables

Pr=+Qp and Q= 7(%, (A1)

we end up with an Hamiltonian with one degree of freedom

H=e+ 3P +Q}) + %201 . (A2)
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This Hamiltonian is in the previous form. Its normal form is

K = e+2(PP+Q)+§ (1) P2+ @2, (A3)
) . P2 232 .
K = i@+ad)+3(P+Qh+ 2 | St (A4)
1+3 (5(202 + (155

So, we have found, at order 4, 2 invariants in involution:
PP+Q} and pi+q3. | (A.5)

The first normalization was implemented in 90 seconds. The second one is just a series of
evaluations and rewriting of the expressions.

A.3. Time Dependent Examples

Let us consider the following Hamiltonian:
h =1 (p? + aw? (1 +sin()) ¢2) . (A.6)
We use the action-angle coordinates, so that
h = wj + 2ajwsin(Qt) sin(4) cos(¢) . : (A.f’)

Using the Deprit method, we find

s . 2,8 gl . 204 — 350,202 + 120wt .
K = ju - jimmsytorm T 1% it asmre T (A-8)

We can also consider the Hamiltonian
h = 3p* + aw? (1 +sin(Qt)) (1 - cos(q)) -

In this case, we find

a2i2w? 250, -

K—w'—-l—z——{z—y"z""a +3 + S (

= W) — 1—2w)Qt2w 8 —2w) (12w B76(0—2w) 3 (14 2w) 3 (21— w) (QHw ) {((+4w) (S 1—4w)

‘ —371252w8 - 8640a2w % (582452w5 +5580a2w %) N2 — (24725202 460302 w8) Q4 +(37652w? +18a2w* )6
—16520%)

This model corresponds to a swing with a child sitting on it. The eigenfrequency of the
swing is w, and the child swings its legs with a frequency €2. As we well know, the system
resonates when 2 = +2w, but also, to a lesser extent, when = tw, or Q! = +4w.

B. EXAMPLES OF SESSIONS

B.1. - Decomposition of Lie Polynomials

Here is a brief example, which makes it possible to decompose an element of the magma
onto the Hall basis or the Lyndon basis. In order to verify the computation, we are able

to go from one basis to the other, through the magma.
The first step is to load the various modules.
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)lo FLA

FLA- MG LFLA HFLA LS )cond

loading /cmat/formel/koseleff/Spad/spad7/FLA.NRLIB for category
FreelLieAlgebra
loading /cmat/formel/koseleff/Spad/spad7/FLA-.NRLIB for domain
FreeLieAlgebrak
loading /cmat/formel/koseleff/Spad/spad7/MG.NRLIB for domain Magma
loading /cmat/formel/koseleff/Spad/spad7/LFLA.NRLIB for domain

LyndonFreeLieAlgebra
loading /cmat/formel/koseleff/Spad/spad7/HFLA.NRLIB for domain
HallFreeLieAlgebra ‘
loading /cmat/formel/koseleff/Spad/spad7/LS.NRLIB for package LieSeries

We give a list of abbreviations:

macro ST

(29)

macro SE

(30)

31

macro 0

(32)

macro R

(33)

macro L

(34)

" macro H

(35)

== String

STRING

== Symbol

SYMBOL

' macro LSE == List SE

LIST SYMBOL

== OUTFORM

OUTFORM

== POLY FRAC INT

POLY FRAC INT

== LFLA(R,SE)

LFLA(POLY FRAC INT,SYMBOL)

== HFLA(R,SE)

HFLA(POLY FRAC INT,SYMBOL)

macro LL ==LS(R,L)

Type: DOMAIN
Time: O sec

Type: DOMAIN
Time: O sec

Type: DOMAIN
Time: 0.01 (IN) = 0.01 sec

Type: DOMAIN
Time: 0.01 (OT) = 0.01 sec

Type: DOMAIN
Time: O sec

Type: DOMAIN

Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec

Type: DOMAIN

Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec

(36) LS(POLY FRAC INT,LFLA(POLY FRAC INT,SYMBOL))

macro M

== MG SE

Type: DOMAIN

Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec

155
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(38) MG SYMBOL .
Type: DOMAIN
Time: 0.01 (IN) = 0.01 sec

We give ourselves an element of the magma:

a:M:=a
(40) a
' . Type: MG SYMBOL
Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec
b:M:=b :
(41) b
Type: MG SYMBOL
Time: 0.02 (OT) = 0.02 sec
c:M:=¢c
(42) ¢

Type: MG SYMBOL
Time: 0.01 (IN) = 0.01 sec

m:=axbkcxcxb*a*xaxbkc

(44> [[I({[[[2,b],c],c],b],a],al,b],c]
Type: MG SYMBOL
Time: 0.06 (IN) + 0.02 (OT) = 0.08 sec

We decompose this element onto both bases, —we can actually find out the number of
.monomials: ,

mh:=m: :H;
' Type: HFLA(POLY FRAC INT,SYMBOL)
Time: 4.54 (IN) + 0.04 (OT) + 0.59 (GC) = 5.17 sec
ml:=m::L;
Type: LFLA(POLY FRAC INT,SYMBOL)
Time: 0.51 (IN) = 0.51 sec
size mh -
(47) 128
Type: PI
Time: 0.06 (OT) = 0.06 sec
size ml
(48) 48

y Type: PI
Time: 0.01 (OT) = 0.01 sec

Finally, we can verify that both decompositions coincide:

reduce (+, [u*x(v::H) for u in listOfCoefficient ml for v in
listOfMonomials ml])-mh

(49) o
Type: HFLA(POLY FRAC INT,SYMBOL)
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Time: 0.52 (IN) + 51.45 (EV) + 0.25 (OT) + 4.34 (GC) = 56.56 sec
reduce(+, [ux(v::L) for u in list0fCoefficient mh for v in listOfMonomials mh])-ml

(50) 0
~ Type: LFLA(POLY FRAC INT,SYMBOL)
Time: 0.29 (IN) + 19.33 (EV) + 0.01 (OT) + 2.45 (GC) = 22.08 sec

We start over with another monomial:

m:=c*m

(52) [c,[LCL[[[[a,b],c],c],b],al,al,b],c]] .
Type: MG SYMBOL
Time: 0.03 (OT) = 0.03 sec

mh:=m::H;
Type: HFLA(POLY FRAC INT,SYMBOL)
. Time: 17.20 (IN) + 0.59 (GC) = 17.79 sec
ml:=m::L;
Type: LFLA(POLY FRAC INT,SYMBOL)
Time: 3.39 (IN) + 0.60 (GC) = 3.99 sec
size mh
(55) 229
Type: PI
Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec
size ml
(56) 153

Type: PI
Time: 0.01 (IN) = 0.01 sec

reduce (+, [ux(v::H) for u in listOfCoefficient ml for v in listOfMonomials ml])-mh

(57) o©
Type: HFLA(POLY FRAC INT,SYMBOL)
Time: 0.03 (IN) + 249.33 (EV) + 0.03 (OT) + 15.79 (GC) = 265.18 sec

reduce(+, [u*x(v::L) for u in listOfCoefficient mh for v in listOfMonomials mh])-ml

(68) 0
Type: LFLA(POLY FRAC INT,SYMBOL)
Time: 0.03 (IN) + 75.10 (EV) + 0.02 (OT) + 1.59 (GC) = 76.74 sec

Based on this example, it appears that the decomposition onto the Lyndon basis is
faster than the decomposition onto the Hall basis.
B.2. Computation of Symplectic Integratofs

Here, we compute the polynomial relations to be solved, in order to get reversible
symplectic integrators as the product of integrators of order 2.
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If K =3, ki; and Sa(t) = exp(T;31 t#+1Lp,,,,, we compute

+ log [Sy(at)ex Sy(at)] (B

The first step is the computation of the Lyndon basis for odd orders

kk:=mkSymbol(h,1,9)$LL

(5¢) [ ,h ,h ,h ,h ,h ,h ,h ,h ]
"1 2 3 4 5 6 7 8 9

' ' : Type: LIST SYMBOL

: Time: 0.03 (IN) + 0.03 (EV) + 0.07 (OT) = 0.13 sec
kkk:=[1list u for u in kk]

(60) [[m1,[k]1,[b],[bh],[h],[b],[k],[b],[hI]

1 2 3 4 5 6 7 8 9
~ Type: LIST LIST SYMBOL
Time: 0.02 (IN) + 0.01 (EV) + 0.07 (OT) = 0.10 sec
for i in 1..4 repeat kkk.(2*i) := []
: Type: VOID
Time: 0.38 (IN) + 0.01 (EV) + 0.06 (OT) = 0.45 sec

bk:=weightedBasis(kkk,9)$L

(62) - -
(lbl, 03, 1, b ,h]], (b ,[b,h]1),k], [[b,[(b,[b,nll], [k ,h 1], ,
1 3 "1 3 1 1 3 5 1 1 1 3 1 5 '
[[h ’[h ’[h )[h ’h ]]]]:[h r[h )’h ]],[[h sh ]:h ]lh ]: ) -
1 1 1 1 3 1 i 5. 1 3 3 7
b ,b,0]1], [[k,h],h], h]]
1 3 5 1 5 3 9

Type: LIST LIST MG SYMBOL
Time: 0.01 (IN) + 0.08 (EV) + 0.34 (OT) = 0.43 sec
for i in. 1..4 repeat bk.(2*i) := []

: Type: VOID
: Time: 0.13 (IN) = 0.13 sec
bk:=[reverse u for u in bk]; '
Type: LIST LIST MG SYMBOL

Time: 0.01 (IN) + 0.18 (OT) = 0.19 sec

Next, we compute a generic Lie polynomial

ck:List List SE:=[[subscript(a,[i,j]) for j in 1..#(bk.i)] for i in 1..9]

(65)
la 1,0, 1, 0,2 ,a 1,0,[a ,a ,a ,a 1, (1,
i,1 3,1 5,1 5,2 7,1 7,2 7,3 7,4

fa ,2 ,a ,a ,a ,a ,a ,a 1]
9,1 9,2 9,3 9,4 9,5 9,6 9,7 9,8 )
' Type: LIST LIST SYMBOL
Time: 0.28 (IN) + 0.35 (EV) + 0.85 (OT) + 0.75 (GC) = 2.23 sec
“hk:=[[(u::R)*(v::L) for u in xx for v in yy] for xx in ck for yy in bk]l;

Type: LIST LIST LFLA(POLY FRAC INT,SYMBOL)
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. Time: 0.03 (IN) + 0.11 (EV) + 0.49 (OT) = 0.63 sec
hh:=concat(O$L, [reduce(+,u,08L) for u in hk])

(67)

[2 h,0,a h,0,a h +a [h,[Ih,hl]], 0,

1,11 . 3,13 5,2 5 501 1 1 3

a h +a [h,h,hll]+a [h,hl,h]l+a T[h,lh,lhk,h,b 1111,
7.4 7 7,2 1 15 7,3 1 3 3 7,1 ¢t 1 1 1 3
o)

a h +a [h,lb,h]l+a [b,[h,h]l+a [[b,h],h]
9,89 9,5 1 1 7 9,6 1 3 5 9,7 1 5 3

a [b,[k,b,lb,h]JI]]+a [, ,k,[lk,h],h]]]
92 1 1 1 1585 °~ 931 1 13 3

a [b,k,n]),[b,b]1+a [b,lh,b ,k,k,k,b]1111]1]
9,4 1 1 3 1 3 9,1 1 t 1 1 1 1 3

Type: LIST LFLA(POLY FRAC INT,SYMBOL)
Time: 0.05 (IN) + 0.01 (EV) + 0.33 (OT) = 0.39 sec

We compute Sa{xt) exp(tLi)Sa(zt)a
ha:=[a::M::L]

(69) [al
Type: LIST LFLA(POLY FRAC INT,SYMBOL)
Time: 0.02 (IN) + 0.01 (OT) = 0.03 sec
ha:=concat(ha, [0O$L for i in 1..9])

(719 [a,0,0,0,0,0,0,0,0,0] :
Type: LIST LFLA(POLY FRAC INT,SYMBOL)

Time: 0.02 (IN) + 0.02 (EV) + 0.04 (OT) = 0.08 sec
hx:=[(x::R)**i * (v::L) for i in 1..9 for v in kk]

2 3 4 5 6 7 8 9
(1) xh,xh ,xh ,xh ,xh ,xh ,xh ,xh ,xh]
1 2 3 4 5 6 7 8 9
Type: LIST LFLA(POLY FRAC INT,SYMBOL)
Time: 0.46 (IN) + 0.04 (EV) + 0.56 (OT) = 1.06 sec
for i in 1..4 repeat hx.(2*i) := O$L
Type: VOID
Time: 0.03 (IN) + 0.01 (EV) +.0.01 (OT) = 0.05 sec
hx:=concat (O$L ,hx)

3 5 7 9
(73) [0,xh ,0,xhk ,0,xh ,0,xh ,0,xh]
1 3 5 7 9
Type: LIST LFLA(POLY FRAC INT,SYMBOL)
: Time: 0.01 (IN) + 0.03 (OT) = 0.04 sec
res:=exponential (hx,exponential (bh,exponential (hx,ha)));

Type: LIST LFLA(POLY FRAC INT,SYMBOL)
Time: 0.02 (IN) + 17.66 (EV) + 0.04 (OT) + 0.79 (GC) = 18.51 sec
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which we compare to exp(t3_p, )a
1kl :=concat (O$L,mkLiePol (k,1,9)$LL)

(7s) [k ,k ,k ,k ,k ,k ,k ,k ,k]
1 2 3 4 5 6 7 8 9
Type:
Time: 0.01 (IN) +
exp:=exponential (1kl,ha);

Type:
Time:
1k:=mkLieMon(k,1,9)$LL
(78) [k ,k ,k ,k ,k ,k .,k ,k ,k]
1 2 3 4 5 6 7 8 9

triangularFactorSystemSolve(first(1k,9),rest

Type:
Time: 0.02 (IN) +

triangularFactorSystemSolve (first (1k,5),rest
(79

3
[(a + 2x)h , 0, (a +2x )h, O,
1,1 1 3,1 . 3
5

(a + 2x )h

5,2 5

+ .
1 1 2 1 3

(a + (-~-xa - -x)a + - x

5,1 6 1,1 6 3,1 6

Type:
Time: 0.01 (IN) +

Appendix

LIST LFLA(POLY FRAC INT,SYMBOL)
0.02 (EV) + 0.06 (OT) = 0.09 sec

LIST LFLA(POLY FRAC INT,SYMBOL)
0.02 (IN) + 8.54 (EV) = 8.56 sec

Type: LIST MG SYMBOL
exp,rest res,a)

LIST LFLA(POLY FRAC INT,SYMBOL)
5.91 (EV) + 0.02 (OT) = 5.95 sec

exp,rest res,a)

2 1 4
a +-xa )h,h;r111]
1,1 6 1,1 1 1 3

LIST LFLA(POLY FRAC INT,SYMBOL)
0.21 (EV) + 0.11 (OT) = 0.33 sec

‘We have thus found the relations, which we now save in a file. The list of the polynomials

is called 1p2.
***

The following step is the construction of a function which computes the various rela-

tions, if we search for

Sy = Sa(cnt)-- Sa(cat) - - - Sa(cnt)- (B.2)

In fact, for technical reasons, we pose ¢; = a,

¢co = b etc. r denotes the number of

polynomials to compute. In order to have an integrator of order 4, one will need to take
T =2, r = 4, for an integrator of order 6, and r = 8, for an integrator of order 8.

eq2b(n:NNI,r:NNI):List R ==
ch:R:=char(97)::ST::SE::R
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1l:List R:=first([leadingMonomial u for u in 1p2],r)
lv:=reduce(append, [variables(u) for u in 1])
lv:=concat(lv,’b)
l:=first([ch,ch**3,ch**5,0,ch**7,0,0,0,ch*%9,0,0,0,0,0,0,0],x)
for i in 2..n repeat
ch:=char(96+i)::ST::SE::R
11:=concat(l,ch)
1l:=[eval(u,1lv,11) for u in first(lp4,r)]
1.1 :=1.1 -1
1
For example, we get, for the various orders
(108) ->eq2b(2,2)
loading /axiom/mnt/rios/algebra/VARIABLE.NRLIB for domain
Variable , ’
Compiling function eq2b with type (NNI,NNI) -> LIST POLY FRAC INT
3 3
(108) [2b +a-1,2b + a]
Type: LIST POLY FRAC INT
Time: 0.92 (IN) + 0.12 (EV) + 0.42 (OT) = 1.46 sec
(109) ->eq2b(4,4)
(109) .
3 3 3 3 5 5 5 5
[2d+2c+2b+a-1,2d +2c +2b +a,2d +2c +2b + a,
1 1 1 4 2 2 4 2 2 2 2 1 2 3
(~-c+-b+-a)d +(-c +(-b+-a)e+-b +-ab+-a)dd
.3 3 6 3 3 3 3 3 6
+
1 3 1 3 1 3 2
(--¢ --b ~-=-a)dd
3 3 6
+ .
2 4 2 1 3 2 3 1 3 2 4 1 3 1 3
-=-¢ +(--b--a)e +(--b --a)--b --ab --ab
3 3 3 3 3 3 3 3
+
1 4
--a
6
*
d
+
1 1 4 2 2 2 1 2 3 1 3 1 3 2
(-b+-2a)c +(-b +-ab+-a) +(--b --alc
3 6 3 3 6 '3 6
. | .
2 4 1 3 1 3 1 4 1 4 i 23 1 32 1 4
(--b --ab --ab--a)c+-ab +-ab --ab --ab]
3 3 3 6 6 6 6 6

Type: LIST POLY FRAC INT
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Time: 0.09 (EV) + 0.37 (OT) = 0.46 sec

The groebner function of AXIOM enables us to compute a standard basis for the elimina-
tion order

groebner ¥%; . _ : ' “

Type: LIST POLY FRAC INT
Time: 0.03 (IN) + 202.51 (EV) + 0.24 (OT) + 41.89 (GC) = 244.67 sec
(24) ->%.last

(24
39 38 37 232 36 6469 35 8108 34 82144 33 239008 32

a +4a -18a - ---a + -—---a + --——a = ---=- a = ------ a
3 45 15 135 135
+ : :
870652 31 5898416 30 618824 29 5158016 28 2525372 27
mm———e a + - a - —mm——- a = mem—=-- a + ===--==a

32135888 26 - 1377776 25 33361568 24 536566 23 . 35651416 22
-------- a = -----——a = ===—-—=-=@a + =—=--—="a 4+ -——=-—--a
30375 10125 91125 10125 455625
19660868 21 8051604 20 5636474 19 11313208 18 17674448 17
1366875 455625 1366875 4100625 20503125

8733536 16 1302268 15 87632 14 624184 13 288448 12

- mm————e- a + ------- a + --=---- a - —-m=---- a + ---me--e- a
20503125 6834375 2460375 20503125 922640625
+ .
3333844 11 716752 10 127664 9 143264 8 136499 7
--------- a - ——---—---a - --——=----a + —=-==----- a - —--------- a
- 922640625 922640625 553584375 922640625 4613203125
. . , .
19996 6 117142 5 33848 4 17431 3
- meeeeme———— a + ——e——ee——— a = mmm=m————ee- a + —m—————e———— a
8303765625 41518828125 - 41518828125 124556484375
+ . .
9668 2 656 64
- a + ———g e mmmmee e ——————
622782421875 622782421875 1868347265625 ‘ .
_ Type: POLY FRAC INT
Time: 0.02 (IN) + 0.01 (EV) + 0.44 (OT) = 0.47 sec
Since the other polynomials are of the form & = Py(a),c = P.(a),d = Pi(a), we deduce v

that the variety of the solutions is of null dimension, and contains 39 points.
Using the functions defined in the package of Lie series, we can compute the relations
” which must be satisfied by a reversible product of 15 (2.8-1) operators: -

res:=symplecticr(8,5); ,
Type: LIST LFLA(POLY FRAC INT,SYMBOL)
Time: 0.02 (IN) + 3.25 (EV) + 1.27 (GC) = 4.54 sec

res.4:=08L;
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1p:=reduce(append([[1listO0fCoefficient x for x in res]]));
res.l:=res.1 - 1;
res.2:=res.2 - 1;

The result, which is a list of polynomials, is converted in MACAULAY format, and we find
a list of polynomials with integer coefficients

; 2D+2C+2B+2A-1 2d+2c+2b+a-1

; ;2D2d-4DCd+4C2d-4DBd+8CBd+4B2d—4DAd+8CAd+88Ad+4A2d-2D2c-4DCc-2C2c—4DBc—4CBc \
; +4B2c-4DAc-4CAc+8BAc+4A2c-2D2b-4DCb-2C2b-4DBb-4CBb-2B2b-4DAb-4CAb-4BAb \
; +4A2b-D2a-2DCa-C2a-2DBa-2CBa-B2a-2DAa-2CAa-2BAa-A2a

; 4Dd2-2Cd2-2Bd2-2Ad2+8Ddc-4Cdc-4Bdc-4Adc+4Dc2+4Cc2-2Bc2-24¢2+8Ddb-4Cdb-4Bdb \
; -4Adb+8Dcb+8Ccb-4Bcb~4Acb+4Db2+4Cb2+4Bb2~2Ab2+4Dda-2Cda-2Bda-24da+4Dca \
H +4Cca-2Bca-2Aca+4Dba+4Cba+4Bba-2Aba+Da2+Ca2+Ba2+Aa2

; —2D3d-6D2Cd+4C3d-6D2Bd+12C2Bd+12CB2d+4B3d-6D2Ad+12C2Ad+24CBAd+12B2Ad+12CA2d \
; +12BA2d+4A3d-2D3c-6D2Cc-6DC2¢-2C3¢c-6D2Bc~12DCBc~6C2Bc+4B3¢c-6D2Ac-12DCAc \
;. —6C2Ac+12B2Ac+12BA2¢c+4A3c-2D3b-6D2Cb~6DC2b-2C3b-6D2Bb-12DCBb-6C2Bb-6DB2b \ .
; -6CB2b-2B3b-6D2Ab-12DCAb-6C2Ab~12DBAb-12CBAb-6B2Ab+4A3b-D3a-3D2Ca-3DC2a \
H -C3a~3D2Ba-6DCBa-3C2Ba-3DB2a-3CB2a-B3a-3D2Aa-6DCAa~-3C2Aa-6DBAa-6CBAa \

; -3B2Aa-3DA2a-3CA2a-3BA2a-A3a

; 4D2d2+4DCd2-4C2d2+4DBd2-8CBd2-4B2d2+4DAd2-8CAd2-8BAd2-4A2d2+8D2dc+8DCdc \

; -4C2dc+8DBdc-8CBdc-8B2dc+8DAdc-8CAdc-16BAdc-8A2dc+4D2¢2+8DCc2+4C2c2 \

; +4DBc2+4CBc2-4B2¢2+4DAc2+4CAc2-8BAc2-4A2¢c2+8D2db+8DCdb-4C2db+8DBdb-8CBdb \
; ~-4B2db+8DAdb-8CAdb-8BAdb-8A2db+8D2¢b+16DCcb+8C2¢b+8DBcb+8CBcb-4B2¢cb \

; +8DAcb+8CAcb-8BAcb-8A2¢b+4D2b2+8DCb2+4C2b2+8DBb2+8CBb2+4B2b2+4DAb2+4CAb2 \
; . +4BAb2-4A2b2+4D2da+4DCda-2C2da+4DBda-4CBda-2B2da+4DAda-4CAda-4BAda-2A2da \
; +4D2ca+8DCca+4C2ca+4DBca+4CBca-2B2ca+4DAca+4CAca-4BAca-2A2ca+4D2ba+8DCba \
H +4C2ba+8DBba+8CBba+4B2ba+4DAba+4CAba+4BAba-2A2ba+D2a2+2DCa2+C2a2+2DBa2 \

H +2CBa2+B2a2+2DAa2+2CAa2+2BAa2+A2a2

B.3. A MAcauLAY Session

Having initialized the MACAULAY environment, we can compute the Hilbert function
of the ideal defined by the previous polynomials. We proceed in characteristic 31991.

<inhomog_std j w
* hilb w

; codimension = 8
; degree = 39
; genus = 94

Hence we deduce that the variety thus defined is null in dimension of degree 39. All these

solutions were found with reversible products of integrators of order 2.

With the same software, we can study the variety of the solutions in the search for
an integrator of order 5, which is expressed as a product of 11 operators. We find in 140
minutes that the variety is of null dimension, and of degree 46.

1% hilb w

; codimension = 11
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; degree = 46

; genus ‘= 990
1% type w

; A46-90/7TA45-4/105A44+6268A443+8040A42+74/95A41-12607TA40+35/37A39+79/59A38 \

-837A37+66/115A36+4205A35+8812434~34/27A33+207A32+4540A31+9576A30+53A29 \
-65/21A28+31/27A27-92426-111/121A25-14668A24-143A23-87/80A22+31/108A21 \
~9910A20+55/63A19-14/115A18-4122417-9707A16+52/51A15+2771A14+1/1044A13 \
+83/109412+95/102A11+45/17A10+111/103A9~ 101/63A8+3436A7-103/23A6+86/65A5 A\
; -98/97A4-2300A3~-9386A2- 13527A—107/119

.
’

B+13653A445+52/5A44+66/103A43+4/15A42-12273A41~119/37A40+109/89A39+1178A38 \
-10603A37+7445A36+11306A35+124/119A34-8353A433-6566A32+114/43431-37/84A30 \
-89/91A29+178T7A28-68/65427+85/53A26-21/2425-21/61A24+85/T4A23+6T76422 \
-3/121A21-66/41A20+21/100A19+81/116A18+53/13A17-85/101A16~125/114A165 \-
+11931A14-6290A13+103/95A12+89/97A11+57/56A10+1570A9+9122A8-9751A7 \
-18/7A6-14704A5+15899A4+124/55A3-111/5242+13/82A+3983

C-44/15BA22-16/4TBA21+3905BA20-14321BA19-2/63BA18+8922BA17+35/59BA16 \
+37/8BA15+97/38BA14+65/124BA13+8774BA12+117/80BA11+11809BA10+6576BA9 \
+103/66BA8+9173BA7~837BA6-55/7BAS+1694BA4-83/41BA3-1158BA2-20/91BA \
+16/113B+8775A22+32/93A21+6949420-10544A19-67/45A18-13002417+103/38416 \
—93/121A15+46/19A14-6007A13-63A12-49/92A11-11775A10+7Q/59A9-79/76A8 \
+8605A7+5509A6—75/49A5+113/116A4+9005A3-68/105A2+12163A-71/30

D+108/47CA14 61/58CA13+119/47CA12+118/99CA11+81/76CA10-93/85CA9 -7658CA8 \
+5127CA7+57/13CA6+67/122CA5+6967CA4+119/69CA3+8232CA2-99/25CA-31/115C \
'-67/109BA15+9398BA14-53/52BA13+43/16BA12-5888BA11-10901BA10+12945BA9 \
+6692BA8+4395BA7-7687BA6-64/123BA5+79/70BA4-15805BA3+73/97BA2+89/124BA \
-25/88B+108/47A15+22/5TA14-11084A13+55/117A12-19/30411-109/55410 \
-114/115A9+11/97A8+24 /59A7~5/86A6+61/123A5+7861A4-37/64A3+11759A2-1868A \

: -107/103

; E+C+A-1/2 F4D+B-1/2 a-2A b-2B+2A c-2C+2B-2A d—2D+2C?23+2A e+2D+2B-1

C. RELATION OF EXPONENTIAL TYPE

C.1. Campbell-Hausdorff Formula

log(e”e )=z+y- 3 [z, 9] + 3 [z [z, ol + & (=, y] Yl = 5 [z, Iz, 9], vl] :
720 [z, [z, [z, [z, y]]]]+ 1% [z, [z, [z, v}, ]Il + 155 %0 [z, [[[:c y] yl, Yl + o5 iz, 9, liz, 9), y]]
+3so [z, [z, ¥]), [z, ¥]] — 735 [[[[z, 9, ), 9l ¥l + g [ [9c [z, ([=z, v], ¥]l]}
- 35 & & = 9, 9], W]l - 555 (=, (=, ), (=, ¥], 9]l - 535 [ (= [z 9], [ )]
+ 1w & [z, 9), 9] o), vl + a5 [ [z, [ [, [ [, ol — s [ [, (o) [, (I, ), 9]
+ 350 2[5 [z, (=, 9], ol ]+ 1855 = [, (I, o), ([ 9, 9]ll]
+ 15085 1@ [z, [z, [z, 9], [z, o)l + 555 (= [, ([l o) ), 9, o))
+ 13155 [ [z, 9, ([lz, 9, o], 9]l + 15 [, (=, ([, 9), 9l L=, 9]
- 5o & [[lllz, 9], 91, ¥l o], ¥l + 55 (I, ¥, (I, ), (=, 9], ¥]]]
- o1 1z, 9l [lllz, ¥, 9], o), ¥)) + o [l [z, 9], [ (=, o), 4]l)
- 505 Iz 9l 9bs [l 9l 9), 9l + 0w L 1=, [z, 9]l [z, [z, )]
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+ 1o0m0 [l [z, 9, 9, [z, 9, 9]l = 1353 [z, [z, 9l 9l 9l [, 9]

~ o0 iz, [z, 9], [z, ¥]), [, v} + g [z, 9], 4], 4l 9, 9], 9]

— sotms [& [, [7, [z, [z, [z, 9], ¥} + 10085 [% 2, [, [, (M2, ), 9, 10])

+ go1e0 12 [7, [z, [[z, 9], Iz, 9, o))l + wigg [ [ [, [l [, 9]), [, 9]

~ Taa950 1%, [z, [z, [[llz, 9], 9], 9], ¥lll] = 5000 [, [, ([, 9, [ll=z, 9], 9], 91ll)

— 3555 (& [, [iz, [z, ), 9l), = o]l + o055 [ [, ([l 9], 4l 9, 9, ]l

- ﬁ [.'L', [[za y]: [[.‘t, y]r [[27 y]1 y]n] + Wlsz [I, [[:E, y]1 l[[[.’l:, y], y]v y], y]]]

~ 1m [ (2, [z 9ll, [z, [z 9l ]l + o0m 12 [l 9}, o), (I, o), ol o]

- %iﬁ [x’ [[:r:, [z7 [:L', y]]]1 [I’ [:1:, y]]]] - 55}6—0 [.’L’, [[m’ [[:L‘, y], y]]: [[:l:, y]: y]]]

+ 5053 12, [[=z, (l[z, 9], v}, 9], [z, o]l + 10085 [ ([[z 2, 9l [ 9], [, 4]])

- Wlso [:Z:, [[[[[[:l:, y], y]a y]’ y]7 y]v y]] - ’mﬁ [:L‘, [ﬂ:, [Iv [:E, [:l:, [:E, [.'E, [I, y]]]]]]]]

+ 151300 [ [ [, [z, [, [, [l o), 9)))]) = sgte [ [ [, [, [, (I 9, 9, )]
~ qm5m (@ [, [z, 2, [z, 9], [z, o], ]}l = 1o0m00 [ [ [, [z [l [, 9, [z, y]l0]
+ﬁ [:L', [:l:, [I’ [:l:, [[[[z’ y]’ y]’ y]’ y]]]]] + 302% [(L‘, [:B, [:1:, [[:C, y]’ [[[:t, y]’ y], y]]]]]
+ 7580 =5 [, [z, [z, ([z, 9], 9], [l 9llll) + 5585 [, [, [, ({2, 9}, 9l 9], 9, 4]]])
+ 1o0800 1= [0 {[z, 9l [[=, 9, [[=z, 9], 9llll] + 5ie5 [z [ [[z, o), (M=, 9], 9], 9], i)
+ g (@ [, [z, [z, 9], (2, [z, ol vl + 50 [, [z (=, 9, 9, [z o) 9l 41l
+ motems [, [z, [k, [Iz, 9], 4l [[z, 9], 9l + w5136 [, [, [l [{lz, 9], 9], 9ll, [, 9]
+ e (= [, Iz, [z, 9]l =, 9], [z, 9] - seo5 [, [, ([, 9], 9, 9, 9, 9, 9]
+ g 2 [z, 9l [z 9], [llz, 9}, v}, 9l = 5630 [ [l 9l ([l 9], 9], vl 9, 9l)
+ 309500 (% [z, [z, 91, [z, (ll=, v} o), 9l + w565 [ (2. [z, 9l (= [, 9}, (2, 9]
— 130555 (@ [z vl 9), [[llz. v} 9}, 9], ¥l + 55355 [ [, [, {2, 9l ])), [, [, 9]
- Té'i% [1‘, [[21 [[[2:, y]s y]’ y]]’ [[I, y]s y]]] - m [x> [[[12, y]v [[Z, y]y y]]’ [[22, y]’ y]]]
+ gm0 [ [z, [z, 9l [z, 9l ¥lll, 2, 9l — 755 [ (i, (=, 9], 9l o), 9], [ 9]
- Taé‘g'o'a [z’ [[[(L‘, [[1:1 y]: y]]’ [:L‘, y]]v [.’L', y]]] + ’ﬁ)ﬁ [z’ [[[H[[:E, y]: y]1 y]’ y]v y]? y]’ y]]
+ 10085 %> v, [z, 9, Iz, v}, (=, ), 9llll - 7 (= o, (=, 9], (e, 9], 9, 9, 9]
- 15175 (12 ¥b [l vb 9l (llz ol 9l lll + gm50s [z, 9, [z, 9], 9], 4], ¥, 9, ]
+ 35w 1, [z, 9ll, [z, [lz, 9l (=, o), ¥} ~ 536 ([ [z, 9, [, [{llz, 4], 9}, 9, ]
- 5305 [[@, [z, ¥}, ([, (=, 9), 9], (=, y]]} + 5805 [z, 9 ol (=, 9], 9], 9], 9l 9]
+ 1w (% [o Iz, oll), (2, [ [z, ol v+ woiso [l [z 9 9), [ (([z 9], 9], 9ll)
+ go1g ([, {lz, 9), 9)), [z, 9, [z, ), 9lll + soams [, 9], ¥), ol [z, 4], 9], ¥], ¥]]
+ 35m0 I [z, [z, [z, 9]ll), [ B, [z 9]l + g (s [ (e, 9, 91, [, (L, 9), 9]
+ gm0 (1% [ll=, 9], 9l 9l [, ), o) vl) = 5500 e [ 9] (=, 9L [, ([, 9], 9]
= '2‘1?15'% [[ZL‘, [27 [[[x: y]» y], y]]]? [:L‘, [:L‘, y]]] - 302—146 [[:L‘, [[IL', [.’1:, y]]: [zv y”]? [Is [x, y]]]
+ goao [z [lllz, ol 9, 9, 9, {lz, 9], 9]l + 5155 Uz, 9 [z, 9], 91, vl =, 4], 9]
- Wlso [[.’l:, [[z’ y]3 [[[x: y]) y]? y]]L [:E, y]] + ﬁ.ﬁ [[.’l:,, [[[[[1: y]a y]v y]: y]: y]]’ [:c’ y]]
+ fﬁicfo [[[2:, [[:L', y]’ y]]a [[:L‘, y]v y]]’ [.’l:, y]] + W%go' [[[.’L‘, [[[z’ y]: y]’ y]]’ [Ir y]]v [:1:, y]]
+ 5555 Uz [z, 91, L2, ol [ 9]l L= o)) — tosees s v, o) 90, ol 9, ), 9l )
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+ mmon [ (7 [, [z (2, [ [, [z, o) 9] - somi08 [0 [ [, [ [, [ ([, ), @), 9000
+?;.7E181@_0 [:B, [:l:, [‘T’ [xv [$1 ”z: y]’ [[:E, y]’ y]]]]]]] - Xbﬁlzﬁ [Z’ [:L‘, [x’ [x’ [z’ [[2:, [:l:, y]]’ [.’1:, y]]]]]]]
+ 3538800 1©> [0 [, [z, [z, ({{[2, 9], vl o), W]l + 59 (s [ [, [ ([, o), [, 9] o) o]0

+W100 [.’L', [:L', [:L‘, [x’ [[:L‘, [[:l:, y]7 y]], [:E, y]]]]]] '—57_%0'6 [2:, [‘7:1 [:L', [:l:, [[[[[xa y}, y]: 9]7 y], y]]]”

+ soagoo [, [, [, [z, 9), (I, o), [z, ), ¥l = gaitmo [, [, [, iz, ol ([l 9], o), 9], 9]1I]

+mw & [ (o [l 2 vl [z, ), 9l - adgs [ [ [, ([l 9), 9, (=, o) vl 9]
+ 515w (2 & [ (=, [, (2 9l [, [z 9ll]) = s [ [ [ [l (I, 9, o) [l o), o]
— w505 1, [z, [z, [z, [[lz, 9}, v, 9l [z, 9llll] - sie [ [ [, (I (=, 9l [ o), [, o]

+ 353800 (& [, [, [[[[ll=, v} 9), 9l 9], 9l 9] = 05 [, [, ([, 9, (I, o), [l o), o), 9]
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+ o800 (%5 [, (I, 9, [{lllz, ¥, 9} ), 9}, 9lll] - sodas 1o [, [l [ 9l [, l[=, 9, 9], 9]
~ 7563 [ [, [z, [z, 9]}, =, [z, 9ll, [, vl + gaiizs [z, I, [k, 9l o), ([l 9], o) 9], 9]l
~ s [& [, [z, [, [z, o), 9ll), [, [, )] + soag (= [, (2, [k, 9l 90 9ll, Iz, o) i)
+ w3 [ [ [[lz, ), [z, ol 9]}, [z, o), 9]l - e [, [, [l ([, 9], ([, o) 9], [= 9lll]
+ 3’5%2'6 [.7:, [$7 [[.'l:, [[[[.'l!, y]’ y]’ y]; y]]s [:z:, y]]]] +#§00 [:C; [:L‘, [[[:l:, [[z’ y]: y]], [.'L', y]]’ [:1:, y]]]]

302400 [, [=, {[llllz, ¥, 9], 9], ], ¥, 9], ¥]i] - 20160 [z, [z, 9}, ([, 9], [z, ¥, [l=, ¥}, ¥l]]]]
+ 15120 [:1:, [[z, yl, [[:1:, v, [[[[37: yl, vl, yls y]]]]+3024o [z, [[1’, yl, [[[:z: y], Y, ([, y] yl, y]]]]

540 saw @ (=, v), [llllz, 91, 9], v) ol 9], 9]l - soqm [ (=5 [, 9], (=, ([, 9), ([, 9], 9100
+ 335 (&, [z, [, 9), [z, [[llz, v], 9], 9], 9lll] + 1e805 [, (= (= 9l [z (=, ob ol (2 9))])
= ﬁ(—)‘()‘ [I’ [[[, y]’ 'y]a [[[[[‘T, y]: y]a yl, y]1 y]]] - ﬁ [x’ [[.’1:, {:l:, [z’ y]]]’ [z, [z’ [[‘T’ y]’ y]]]]]
- T2_OL§'6—0' [11:, [[1:7 [[2, y]s y]]7 [x1 [[[:L‘, y], y]’ y]]n - Z'O;W [:L', [[2}, [[z’ y]a y]]’ [[zxy]r [[.’l:, y]’ y]]]]
- mlg'ﬁ)' [:l:, [[[[zv y]a y]’ y]’ [[[[1:, y]) y]) y]: y]]] - m [z’ [[z, [‘T’ [x’ [1:, y]]]],'[x, [:E, [x’ 'y]]]]]
- 1340 13 ([, [z, Iz, 9], 9lll, [z, {[z, o], 9)ll} - oass [ [l [z wh ), o), (llz, 9], o), 9]
+ 5350 [ lllz, [, 9ll, [z, 9l) [z, (i, 9], Y]]} + mde [ [, [, (I, 9], 9), 91}, (2, [, 9]
+ goimo [ [z, Iz, [z, oL, [, 9ll), [, (2, 9lll] - oo [ (2, [lllz ol 9l 9], 4], (o, 9], 9l)
- 3055 (= iz, 9l ([l 9], ), 9l [z, 9}, 9]l + sl [ (2 (i, 9], ({lz, o) vh 9])) [, 9]
- ﬁ(ﬁ [Iv [[z) [[[[[:E, y], y]7 y]’ y]: y]], [x’ y]]] - Fézo [:L‘, [[[.’Z:, [[:I:, y]$ y]]? [[z’ y]’ y]]’ [.’L‘, y]]]
- more0 & Iz, [z, 9], 9], 9ll, [z, 91}, [z, ¥]l] - 1o0s05 2, [lllz, [z, 9L, [z, 9]l [z 9]l (= 9]
+ 24_13_5(% [a:’ [[[[[[[[zv y]’ y]7 y]a y]7 y], y]’ y]’ y]]

C.2. Relations Between the Transformation Generators

C.2.1. Compositions of Transformations

In table 4, we give the number of terms and computation time for terms of successive
order, for the computation of the composition of transformations. We give, for each order
n, the dimension of the module ﬁn(X), where X = {uj,v1,...,Un,Un,...} and, for any
i € IN, we have |u;|, = |vil, = i, i < v; < U1 < Viga-

Order il 2 3 4] 5 6] 7] 8] 9 10
Dim. of the Space [ 2| 3 8 18 | 48 [ 116 | 312 | 810 | 2184 | 5880

w; as a function of the u;, and the v; in .
- eXp(e™Lu,) - - exP(eLuw,) = |- -exp(e”Lu,) - - -exp(eLu, )] [ --exp(e™ L, ) - - exp(eLy, )|

Nb. of Monomials || 2 2 4 7 12 27 48 113 | 229 - 539

Computation Time || 0211007]019[055]227] 9.53 | 40.54 | 180.15 | 798.61

w; as a function of the «; and the v; in
exp(eLy, +---+ €Ly, +---) =exp(eLy, +---+€" Ly, +---)exp(eLy, + -+ €L, +---)
Nb. of monomlals 2 2 4 7 15 33 75 174 413 987
Computation Time 0.10( 0.07[0.18]1 074 ] 4.21 | 13.98 | 66.95 | 328.38 | 1745.93

- Table 4

C.2.2. Change in Representation

In table 5, we give the computation times, as well as the number of terms in the
computation of the generators for the various transformations. For each order, we give
the dimension of L (X) where wX = {u1,..., un,...}, where |u;|, = i such that, for any
1, U < Uit1-
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Order 2 3 4 5 6 7 8 9 10

Pt

Dimension of the Space [ 1| 1 2 3 6 9 18 30 56 99

g; as a function of the k; in
---exp(e”Lg, ) ---exp(eLy, ) = exp(eLe, +--- +€"Le, +---)

Number of monomials 1 1 2 3 6 9 18 29 56 95

Computation Time 0211004 (007}014]1031]071]182} 525 | 16.31

w; as a function of the k; in
Tewy+enwyt = €Xp(eLlg, + -+ €™ Ly, + )

Number of monomials 1 1 2 3 6 8 18 29 53 90

Computation Time 006 | 005|0.10 (027 | 0.78 | 2.28 | 8.21 | 20.93 | 68.88
w; as a function of the g; in
Tewn4-enwntr = - -€Xp(e™ Ly, ) - - -exp(eLy,)
Number of monomials 1 1 2 2 4 5 8 12 19 | 28

Computation Time » 0.04 10.05]0.10 026 | 0.69 | 3.28 | 593 | 17.74 | 56.83

k; as a function of the g; in
exp(eLg, +---+e™Ly, +---) =---exp(e” L, ) - -exp(eLy, )

Number of monomials 1 1 2 3 5 7 11 16 23 33

Computation Time 0.04 1005007 (013|029 ]08| 383 834 | 27.35

k; as a function of the w; in
exp(eLli, +---+€" L, + ) = Tewy erenwn +--

Number of monomials 1 1 2 | 3 6 8 18 26 55 95

Computation Time . ]1004]1003}006]|014|030]0.97 427 9.86 | 34.34

gi as a function of the w; in
--exp(e™Lg,) - -exp(eLlg,) = Tow; 4+ emw, 4

Number of monomials 1 1 2 3 6 8 18 28 55 95

Computation Time 0.02 {004 008]015{029]|069] 180 5.16 | 16.29

Table 5
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Résumé : Le but premier de cette thése est de comparer les deux méthodes de Lie
utilisées en théorie des perturbations en mécanique hamiltonienne : la méthode de Deprit
et la méthode de Dragt-Finn. Toutes deux reposent sur 'utilisation de transformations
canoniques (symplectiques) formelles. On étudie en particulier les liens entre ces deux
approches pour conclure qu’elles conduisent, dans les cas non-résonants, a la construction
des mémes objets (forme normale et intégrales premiéres formelles). On propose, par la
suite, des méthodes de construction de tels objets et on observe que la méthode de Dragt-
Finn est moins cofiteuse.

La connaissance des premiers termes de ces séries de Lie peut fournir des informations
“sur la stabilité de systémes hamiltoniens, au voisinage de points d’équilibre elliptiques. On
propose, a l'instar de ce qui a été falt avec la transformation de Lie, des estimations pour
celle de Dragt-Finn.

Pour étudier les relations entre les dlﬂ'erentes transformatlons canoniques, on se place
dans une algébre de-Lie libre pour étudier des identités exponentielles. On donne alofs
des méthodes générales pour ’obtention de telles formules (dont la formule de Baker-
Campbell-Hausdorff), en utilisant des propriétés de la base de Lyndon.

‘Ces identités explicites et leur méthode de calcul permettent alors d’obtenir des
intégrateurs symplectiques On retrouve alors les intégrateurs connus et on en donne une
liste exhaustive pour les petits ordres, montrant que les différentes méthodes de recherches
sont complétement équivalentes. .

On décrit 'implantation de ces algorithmes dans le systeme de Calcul Formel AXIOM
et des exemples de calcul sont donnés en appendice.

Mots-clefs : méthodes de Lie, méthodes de .perturbations, algébres de Lie hbres,
transformations canoniques, caleul formel 1ntegrateurs symplecthues

Abstract: Our first goal in this report is the comparison of the two Lie perturbation
methods used in hamiltonian mechanics. The Deprit as well as the Dragt-Finn method are
"based on the use of canonical formal transformations. We particularly study the relations
between these two transformations and conclude that they produce the same objects, for
instance the normal form and formal first integrals. Therefore, we give methods to built
such invariants and show that the Dragt-Finn method is less- expenswe with regard to
the computational cost.

- The knowledge of the first terms of these series may provide results for the stability
of hamiltonian systems near an elliptic equilibrium point. We give some estimates for the
Dragt-Finn method, like it has been given for the Deprit transform.

In order to study the relations between several canonical transform, we work in a free
Lie algebra and study exponential identities. We give also general methods to compute
these relations (including the Baker-Campbell-Hausdorff formula) using the Lyndon basis.

These explicit identities and their methods of computation allow us to obtain symplec-
tic integrators. We list all the integrators of low order and prove that the several methods
of investigation are totally equivalent. ,

The algorithms have been implemented using AXIOM and some examples are given at
the appendix. '

Key words: Lie methods, perturbation methods, free Lie algebras, canonical trans-
formations, computer algebra, symplectic integrators.
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