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FOREWORD TO THE TRANSLATION 

The usage of Lie methods in classical mechanics is widespread. The reasons for this are 
fundamental: they arise naturally in the study of differential equations today just as they 
did in Sophus Lie's time. Indeed, it is the natural (and historical) place to introduce Lie 
brackets. 

In beam dynamics, which is my field of study, Lie methods show their usefulness in at 
least two different ways. 

First of all, in rings, where questions of stability are important, there are absolutely 
fundamental to an efficient theoretical framework. In fact, they are important for the 
hamiltonian problem of a hadron ring as well as in the case of an electron ring. In electron 
rings they enter in the study of the "radiative" non-hamiltonian map of the ring as well 
as in the stochastic map used to compute the equilibrium beam sizes. In ~ll these cases, 
Lie transforms appear in some sort of normalized version of the one-turn map. 

In addition, Lie methods often help in the design of certain systems by easing the 
exploitation of certain symmetries. This is true in electron microscopes, and in the final 
focusing part of linacs. Recently, John Irwin of the Stanford Linear Accelerator has used 
Lie methods extensively to design the interaction regions of linacs and colliders. This work 
relies on formal manipulations of Lie algebras which is the topic of this thesis. In fact, 
most analytical calculations in ring~ use a combination of techniques based on automatic 
differentiation and formal Lie algebra manipulations. 

There is little literature on formal Lie algebras which connects with concepts such 
as the Deprit method, the Dragt-Finn factorization, explicit symplectic integrators and 
normalization methods. The thesis of Pierre-Vincent Koseleff covers all these concepts. 
Of course, it was not written for accelerator physicists. Indeed, while the thesis goes 
into the "rarefied atmosphere" of mathematics, its discussions of practical applications 
often deal with simple Hamiltonians by the standard of ring physicists. Nevertheless this 
thesis fills a gap in the formal Lie methods literature. For this reason, the Center for Beam 
Physics at the Lawrence Berkeley Laboratory, lead by Dr. Swapan Chattopadhyay, and the 
Accelerator Theory and Special Projects Group of the Stanford Linear Accelerator, lead 
by Dr. Ronald Ruth, sponsored its translation. In addition Profs. Alex Dragt of Maryland 
and John Cary of Colorado contributed financially to this endeavor. Dr. Leo Michelotti 
of the Fermi National Laboratory initially suggested this insane enterprise. And, finally, 
Dr. David Sutter of the United States Department of Energy gave me the encouragement 
to go ahead with the project. 

The person most responsible for the bulk of the translation is Mrs. Daniele Boucher, a 
lecturer of French at the University of California at Berkeley. I would like to thank Mrs. Joy 
Kono for working out the financial and bureaucratic details which are always present in 
such an enterprise. And, finally, I would like to thank Dr. Pierre-Vincent Koseleff for 
permitting this translation to proceed and for proof-reading the entire document. 

Etienne Forest 
Berkeley, California, May 1994. 
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Introduction vii 

INTRODUCTION 

Among the perturbation methods used in mechanics, Lie Methods play a major role 
in such diverse fields as celestial mechanics, geometrical optics, plasma physics, particle 
accelerator theory, neutron transport or electricity. Their development took off rapidly 
after the publication of two articles, one by celestial mechanicist Andre Deprit [l1J in 1969 
and another by two physicists, Alex Dragt and John Finn [14J in 1976. 

Whenever possible, Lie Methods provide explicit change of variables (contrary to the 
von-Zeipel method, for example) in which the system's equations are "simpler". These 
methods provide formal invariants in the form of Lie series. Series do not generally con­
verge, but computation of their first terms may provide information about the system's 
stability in the vicinity of points of equilibrium. 

Lie methods are primarily based on the use of Lie transformations in order to achieve 
symplectic change of variables which preserve the system's integrity. When I first became 
interested in Lie methods in hamiltonian mechanics, and more specifically in celestial 
mechanics, there turned out to be two schools which used a priori distinct transformations. 
Celestial mechanics usually consider canonical transformations as Lie transformations, 
that is, as a mapping produced by a non-autonomous Hamiltonian for one unit of time. For 
others, canonical transformations are represented as compositions of maps which represent 
the flow of autonomous Hamiltonians for one unit of time. The use of one transformation 
or another induces perturbation methods that are very close in their formalism. Therefore, 
I was interested in comparing them. 

Their comparison consisted, on the one hand, of showing that these two transforma­
tions where two ways of representing the same object, and on the other hand, studying 
the application costs of these two methods. Finally, since these methods produce series 
whose qualitative study can provide information about the system's stability, I deemed in­
dispensable to propose convergence estimations for the Dragt-Finn method, in accordance 
with what had been done for the Deprit transformation. 

That the two transforinations be equivalent is a known fact, but I sought to express 
how they interrelate with each other, and to give some schemes to compute them effec­
tively. These schemes rest essentially on the possibility of expressing identities between 
exponentials, in a free Lie algebra. . 

Several articles also proposed to compare both methods, either experimentally, based, 
on examples, or by counting the number of terms in the expansion series. Here, algorithms 
are supplied for the computation of transformations, and the number of evaluations nec­
essary for every order is compared. 

Estimations for the Deprit transformation where offered, and yielded stability results. 
Following the same model, I propose some estimations for the Dragt-Finn method. These 
results are no better than for the Deprit transformation, but roughly of the same order. 



viii Introduction 

Considering a hamiltonian system in appropriate form, here I will primarily focus on 
two kinds of problems. The first one, quantitative in nature, is to be able to provide, when­
ever possible, rough estimates of the trajectories for a given category of initial conditions. 
The second one, more qualitative (although effective bonds are nevertheless searched for), 
is to be able to estimate the system's stability in the vicinity of points of equilibrium. 

In both problems, Lie methods are effective: for both problems, Lie methods yield 
results, because the obtained forms provide either approximate solutions, or approximate 
invariants, which gives us information about the system's stability. 

The formal manipulation of Lie transformations is the first step. This will be achieved 
through a free Lie algebra in which methods for the computation of relationships between 
transformations will be given, allowing us to identify both perturbation methods. The 
methods to compute these relations are made possible by using the Lyndon basis rather 
than the Hall basis. This will give us the opportunity to discuss the specific properties 
of the Lyndon basis that allow the computation of such identities, particularly the Baker­
Camp bell-Hausdorff formula. 

The algorithms developed in the first part will also enable us to effectively compute 
formal Lie transformations. The search of certain algebraic'properties of Lie transforma­
tions' coefficients will provide symplectic integrators. Symplectic integrators are numerical 
schemes to compute, over very extensive periods, the approximate solutions for hamilt­
onian systems. hamiltonian systems characteristically maintain energy surfaces that are 
similar to the energy of the system to be studied. 

The present thesis is divided into five distinct major sections, 
The first section deals with free Lie algebras. Here, methods to . compute exponential 

type relationships will be presented. I will also show how one can go from the exponential 
to the Lie transformation, and from the Lie transformation to.the Dragt-:Finn transforma­
tion. These relations will be expressed in one of the bases made available to us. The Hall 
basis, as well as the Lyndon basis will be considered, and I will show that polynomials can 
be manipulated in either. I originally focused on the Hall basis, in which decomposition al­
gorithms are introduced. The Hall basis fortunately enabled the computation of relations 
between the generators of the Dragt-Finn transformation,' and the Deprit transformation. 
I only just recently learned of a possible generalization for the Lyndon basis. The Lyndon 
basis made the computation of exponentiai -type relations possible within the associative 
algebra. 

However we shall discuss another alternative, which consists of using a factorization 
property of the Lyndon basis. This will in turn allow us to generalize the computation of 
relationships between transformations generators of the group of automorphisms of formal 
series of free Lie algebra, while remaining in free Lie algebra. This property essentially 
states that adjoint operator [a, I defines a module isomorphism which can be represented 
by the identity in the Lyndon basis. 

The second section deals with hamiltonian systems. After SUCcinctly presenting the 
basic concepts of hamiltonian formalism, I will then focus on the utilization of the Dragt­
Finn and Deprit ,transformations. The.various perturbation methods induced by these 
transformations will be discussed. I will demonstrate the formal equivalence of the Deprit 

"', 
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and Dragt-Finn transformations, and compare their respective costs. I shall also present 
various randomly compiled methods to solve the well known perturbation equation, key­
stone of the normal form construction. 

In the third section, I will give estimations on the convergence radius of the series 
which corne up in perturbation methods. In particular, and in the fashion of previous 
works published on the Deprit transformation, I shall also give the solution estimates 
related to the use of the Dragt-Finn transformation. However, since these estimates are 
unfortunately not better than those obtained for the Deprit transformation, we shall simply 
recall the deductions that can be drawn from them in the calculation of the diffusion or 
stability of hamiltonian systems in the vicinity of an elliptical point. It is worth mentioning 
that these deductions do not, in effect, depend on the transformation used, but simply on 
properties related to the existence of formal invariants. 

In the fourth section, we shall discuss how one gets symplectic integrators, numerical 
integration schemes for hamiltonian systems, as an application of the results obtained in 
the first part. These integrators have recently appeared, and I will show how they can be 
constructed by using results from the first part. An exhaustive list of previously known 
results will be compiled for low orders. I will show that the various methods used for 
computing them are algebraically equivalent. I will propose some improvement in the case 
where kinetic energy is a second degree polynomial, and I will give a few integrators for 
the problem of perturbed Kepler motion. One of these integrators will soon be tested by 
the Bureau des Longitudes. 

Finally, in the last, but not least copious section, I shall describe the various imple­
mentations achieved in AXIOM or in SCRATCHPAD II from algorithms of the preceding 
parts. After a brief overview of the basic concepts of the Formal Computation AXIOM 
system, I shall thoroughly describe the implementation of free Lie algebras. Specifically, I 
shall compare a Lie monomials representation by way of lists or trees (which seems more 
natural), and it will become patent that in the first representation, an algorithms dere­
cursification is possible, and in particular, that the Hall order, that is to say a total order 
on the magma, is a lexicographical order. 

I shall explain how the packages enabling the computation of relations between gener­
ators of Lie transformations were written, which will allow us to generate the equations 
to be solved for the search of symplectic integrators. These packages are achieved by find­
ing the actual solutions to a system of polynomial equations. For this purpose, existing 
routines in AXIOM and in MACAULAY will be used, that is to say, the computation of the 
Grobner basis. , . 

I shall also describe various implementations of perturbation methods mentioned in pre­
vious sections. Various domains will have been created for the purpose of this discussion, 
including that of the Poisson series, which are convenient for working with action-angle 
variables, and for some non-autonomous cases. 

In the appendix, I shall give a few examples implemented' on an IBM-RS/6000-550 
computer, using the obtained implementations. I shall also indicate the computation 
times, as well as the number of terms in the relations between the generators of the 
various transformations. 
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Chapter I 

Free Lie Algebras 

In this chapter, our goal is to provide schemes for the explicit computation of identities 
between exponentials such as, for example, the Baker-Campbell-Hausdorff formula. 

These identities will first be proved within Lie series algebra on a well-balanced al­
phabet. In particular, we study the subgroup within the group of Lie automorphisms 
approximating the identity generated by exponentials. 

We describe the tools and results necessary for the implementation of a manipulator 
of polynomials and formal Lie series in a free Lie algebra. 

We use, in particular, two of the free Lie algebra bases: the Hall"basis and the Lyndon 
basis. For both, we will give a construction algorithm, and we will recall a method of 
decomposition of Lie polynomials onto these bases. 

A classic method (cf. [42, 57]) to compute the Campbell-Hausdorff and other exp<r 
nential identities consists of using the bijection between the Lyndon basis and the Lyndon 
words. This bijection extends itself into an isomorphism of modules in which the triangu­
lar matrix is easily reversible. This technique requires the introduction of the associative 
algebra. 

Here, we propose to use a property of the Lyndon basis (cf. lemma 18, page 23) which 
will enable us to factorize a Lie polynomial by an inner derivative of a monomial of the 
basis. 

Hence we shall deduce general methods in order to express the Baker-Campbell­
Hausdorff formula, as well as the exponential of a Lie series in the form of an increas­
ing infinite product of homogeneous Lie polynomials, or as a Lie transformation, while 
remaining in the free Lie algebra. 

These general methods will later be used to represent the canonical transformations in 
hamiltonian mechanics. 

1. DEFINITIONS 

In all that follows, R will denote a commutative ring, and X, an alphabet, that is, a 
totally ordered set whose elements will be called letters. 

1.1. Free Monoid, Free Magma 

We denote by X* the free monoid over X, the free structure generated by X, relative 
to concatenation, which is an associative composition law, and which possesses a neutral 
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element. The elements of X* will be called the words. The composition law onto X* 
admits a neutral element, which is the empty word. Given W = uv a word of X*. We will 
say that u and v are factors of w, and proper factors, if they are distinct from w. We will 
say that u is the left factor, and v, the right factor of w. 

X* is a set ordered by lexicographical order. One definition is: 

- if u is a proper left factor of v E X*, thus u < v, 

- for any u, v in X*, u < v if there is r, a, b, t, SEX· with u = ras, v = rbt and a < b. 

This total order also satisfies: 

- for any W,U,V E X·, we have u < v if and only if wu < wv, 

- if v is not a left factor of u, thus for any w, Z E X*, we have uw < vz if u < v. 

For any u, v of X*, we shall say that the words WI = uv and W2 = vu are conjugates, 
and proper conjugates if u and v are not the empty word. The conjugation is an equivalence 
relation. We denote by lui the length u, that is to say the number of letters forming the 
word, and by Xn the set of words of X* of length n. 

M (X) is the free magma generated by X. It is the set of parenthesized words provided 
with the composition law: 

MxM -t M 
(u,v) 1--+ (u,v). 

We inductively define the magma M(X) by considering the family: 

- MI(X) =X, 

- Mn(X) = Up+q=n Mp(X) x Mq(X) for n ~ 2 where U denotes th~ set union or 
fusion, 

and by defining M(X) = Un>! Mn(X). Likewi,se, we define the length over M(X), as the 
only n ~ 0, such that u E M~(X). . 

We denote by 8 the canonical mapping of M(X) over X· given by unparenthesizing. 
For example, if x, y E X 

<5 (x, «(x, y), (x, (x,y») , y» = xxyxxyy = x2yx2y2. 

1.2. Associative Algebra, Free Lie Algebra 

A(X, R) denotes the free associative algebra, on ring R, generated by X. It is the 
algebra of non commutative polynomials in variables X. It is obviously a free R-mQdule 
with basis X*, totally graded in length. Barring exceptions, we use A(X) for A(X, R). 

The free algebra A(X, R) is an R-algebra of the free magma M(X). Multiplication 
over A(X, R) is an extension of the composition law of M(X). 

A .c Lie algebra is an algebra in which the multiplication law -or Lie bracket- is 
bilinear, antisymmetric, and satisfies the Jacobi identity. For any a, b, e E .c, we have 

[a,a] =0 

la, [b, ell + [b, [e, all + [e, [a, b]] = O. 

!f 
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Basic families of free Lie algebra 3 

The algebra on R with Lie bracket [u, v] = uv - uv, where u, v, uv E A(X, R), is a Lie 
algebra. 

L(X, R) will denote the free Lie algebra on R, generated by X. It will be defined 
as the quotient of A(X, R) by the ideal generated by the elements of form (u, u) and 
(u, (v, w)) + (v, (w, u)) + (w, (u, v)). Given the canonical map of M(X) -+ L(X, R), a 
magma morphism for the Lie bracket, the image of an element of M(X) will be called a 
Lie alternate or monomial. Lie monomials of length n generate a free submodule Ln(X, R) 
of L(X, R) of elements of length n. We use, barring exceptions, L(X) and Ln(X) instead 
of L(X, R) and Ln(X, R). Thus L(X, R) appears, graded by degree, but it is not the only 
possible gradation. 

If X is finite of cardinality q, we have (cf. [6, 43, 44]) the Witt formula: 

Lddim(Ld(X)) = qn. (1.1) 
din 

Elements of L(X) will be called Lie polynomials. 
We define a canonical injection of R-module ¢ : L(X, R) -+ A(X, R), by extension of 

the inclusion of X c A(X, R): 

- if u E X thus ¢( u) = u 

- if u = [v,w] thus ¢(u) = ¢(v)¢(w) - ¢(w)¢(v). 

2. BASIC FAMILIES OF FREE LIE ALGEBRA 

Let us consider the bases of L(X), made-up by a set of Lie monomials. 
2.1. Hall Basis 

A Hall set is a family 1t of M (X) with a total order < satisfying: 

- if u,v E 1t and lui < Ivl then u < v, 

- Xc 1t and 1t n M2(X) = {(x,y);x < Y EX}, 

- h = (u,v) E 1t and Ihl 2: 3 if and only if U,V E 1t, u < v and v = (Vt,V2) with 
VI ~ u. 

By abuse of notation, let us also denote by 1t, the range of 1t in L(X). Let us pose, 
for any n, 1tn = 1t n Mn(X). 

THEOREM 1 ([6]). - 1tn is a basis of Ln(X). 

We shall prove that 1tn is a generative family, by giving a multiplication algorithm of 
two Lie polynomials. With respect to linear independence, see [6], where a direct proof 
will be given. 

2.2. Lyndon Basis 

Let us consider, in the monoid X*, conjugation classes, and let us take, to represent 
each class, the smallest element according to its lexicographical order. We have thus 
defined the set L of the Lyndon words. We have the following properties: 
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- any word of X* is uniquely decomposed into a descending product of Lyndon words 
(lemma of Sirsov, [57]). 

- wE L if there exists 1 < m ~ L such that w = 1m. 

However, a Lyndon word may be decomposed into Lyndon words in several ways. For 
example, we have aabb = a(abb) = (aab)b. The (l, m) pair, where m is of maximum length, 
is the standard factorization of 1m which we will denote (j(lm). Therefore, for the previous 
example, we have (j(aabb) = (a, abb). 

We can thus define a mapping A reciprocal of (; : L --+ M(X) as follows: A(a) = a if 
a E X, else A(n) = (A(l),A(m» if (j(n) = (l,m). 

We denote C, = A(L). In addition, we denote the Lyndon basis by c', as well as its' 
range in L(X). We also express c'n = C, n Mn(X). 

THEOREM 2 ([44]). - c'n(X) is a basis of Ln(X) . 

. Remark. - It appears that Sirsov might be the source of this family, usually called 
the Lyndon basis. 

Because of another property, the Lyndon basis may be defined similarly to the Hall 
basis: it is a set C, of M(X), with a total order (the lexicographical order on the corre­
sponding Lyndon words) satisfying: 

- Xc C, and c,nM2(X) = {(X,Y)iX < Y}, 

- h = (u,v) E C, and Ihl ~ 3 if and only ifu,v E c', u < v and lui = 1 or U= (UI,U2) 

with v ::; U2. 

2.3. Construction of the Hall Basis 

The recursive construction of the Hall basis is not as hard as one might have thought, 
since if u E 'H.p(X) and v E 'H.q(X), thus [u, v] E 'H.p+q(X) provided that u < v and that, 
if v = [VI, V2] we have VI ::; u. Conversely, if w E 'H.n(X), thus there exists p, q with 
p + q = n, u E 'H.p(X) and v E 'H.q(X) such that w = [u, v]. 

We shall consider the following construction: 

'H.I(X) - X, 

'H.2(X) - {[X,Y]iX < Y E 'H.I(X)}, 
n-l 

'H.n(X) - U {[x, Y]i x E 'H.p(X) , Y = [YI, Y2] E 'H.n-p(X), YI ::; x < [YI, Y2]} 
p=I 

U {[x, Y]i X E 'H.p(X), Y = [Yb Y2] E 'H.q(X), YI ::; x}. 
p+q=n.p$;q 

We notice that the above are disjoint reunions, which makes the construction easier, 
since we do not have to eliminate doubles. The underlying algorithm thus returns the 
sorted list of the elements of the Hall basis. 
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2.4. Construction of the Lyndon Basis 

The construction of the Lyndon basis is similar to that of the Hall basis, with only a 
minor difficulty, since if u, VEL and u < v for the lexicographical order, thus uv E L, 
but [A(u),A(v)j does not necessarily belong to £, if (u,v) is not the standard factor­
ization of uv. This inconvenience is defi~itely related to the fact that the lexicograph­
ical order is not a total order over M(X). Nevertheless, by constructing successively 

Uxe£p(x) {Uye£q(X);x<y {[x, y]}} for increasing x and y, we shall directly construct the 
Lyndon bracket which corresponds to the standard factorization. Thus the following al­
gorithm is applied: 

£l(X) = 

£2(X) = 

£n(X) = 

x 
{[x,yj;x < y E £l(X)} 

U {[x,yj;y E £n-l(X),X < y} 
Xe£l(X) 

Un0
1 

{ U {[x,yj;y E £n-p(X) , [Xl,x2j = X < y::; X2}} 
p=2 xe£p(x) 

where AU B denotes the fusion of both sorted lists A and B for the lexicographical order 
over the un parenthesized words. 

2.5. Examples 

For X = {x,y} we have, as the elements of the basis to the sixth order: 
Hall Basis: 
{x, y, [x, y], [x, [x, y]], [y, [x, yj], [x, [x, [x, ylll, [y, [x, [x, ylll, [y, [y, [x, y]]], [x, [x, [x, [x, yjlll, 

[y, [x, [x, [x, yjlll, [y, [y, [x, [x, y]]]], [y, [y, [y, [x, ylll]' [[x, y], [x, [x, y]]], [[x, y], [y, [x, yll]' 

[x, [x, [x, [x, [x, ylllll, [y, [x, [x, [x, [x, y]]lll, [y, [y, [x, [x, [x, yjlll]' [y, [y, [y, [x, [x, y]jlll, 

[y, [y, [y, [y, [x, ylllll, [[x, yj, [x, [x, [x, ylllj, [[x, y], [y, [x, [x, ylll]' [[x, y], [y, [y, [x, ylllj, 

[[x, [x, yj], [y, [x, yj]]} 

Lyndon Basis: 
{x, y, [x, yj, [x, [x, yj], [[x, y], y], [x, [x, [x, y]]], [x, [[x, y], yll, [[[x, y], y], y], [x, [x, [x, [x, ylll]' 

[x, [x, [[x, yj, ylll, [[x, [x, yll, [x, yll, [x, [[[x, y], yj, yj], [[x, y], [[x, y], yll, [[[[x, y], y], yj, y], 

[x, [x, [x, [x, [x, y]lll]' [x, [x, [x, [[x, y], ylll]' [x, [[x, [x, y]], [x, ylll, [x, [x, [[[x, y], y], ylll, 

[x, [[x, yj, [[x, y], ylll, [[x, [[x, y], y]], [x, yll, [x, [[[[x, y], y], y], yj], [[x, y], [[[x, y], y], y]], 

[[[[[x, y], y], y], y], y]} 

3. DECOMPOSITION ONTO THE BASES 

Let us now focus on the process of Lie polynomial decomposition onto one of the two 
previously defined bases. The question is to know whether common operations such as 
adding or multiplying can be done on this algebra. 
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If we consider Lie polynomials as linear combinations of monomials of the Hall basis 
or the Lyndon basis, operations related to the addition group structure follow naturally. 

The main step in the multiplication (here multiplication refers to the Lie bracket) of 
two Lie polynomials is the multiplication of two monomials of the basis. In the case of the 
Hall basis as in that of the Lyndon basis, this operation can be inductively implemented 
without knowing any element in the basis. 

Here, I shall give two decomposition algorithms of the product of two monomials of 
the basis. Since the L(X) Lie algebra is graded by length, this will also provide the 
opportunity to show that the Hall basis and the Lyndon basis are generative families of 
L(X). 

In the last section, we propose an implementation of these algorithms. 
3.1. Hall Basis 

For u and v, two elements of the Hall basis, let us denote mul t(u, v) the decomposition 
of [u, v] onto the Hall basis. 

The multiplication of two Lie polynomials: P = LPi.Ui and q = Lqi.Vi is thus defined 
by P * q = LPiqj.mult(ui, Vj). Given the properties of the Lie bracket and the Hall basis, 
mul t may be defined as follows: 

if u = v then mult(u, v) := 0 
else if v < U then mult(u,v):= -mult(v,u); 
if Ivl = 1 then mult(u, v) := qu, v] 
else v = [VI,V2]; if VI:::; u then mult(u,v) := 1.[u, v] 

. else mult(u, v) := 1.vI * mult(u, V2) - LV2 * mult(u, VI). 

In order to show the convergence of this algorithm, one mereiy needs to show that 
any monomial in the form [a, [b, cll, with a < b < c < [b, c] E1-£, is decomposed by 
mult(a, [b, c]). 

Let us speculate on the existence of monomials that cannot decompose. Let us specif­
ically consider monomials of minimum length (which are in finite number if the alphabet 
is finite), and among these monomials, the one where a is maximum for the order on the 
Hall basis. ' 

Since a < b, we have to compute lob * mult(a, e) -I.e * mult(a, b). But, by hypothesis 
on triplet (a,b,c); mult(a,c) and mult(a,b) decompose respectively into L.Bi[ai,Ci] and 
Lii[ai, biJ. Therefore, we are bound to compute terms mUlt(b, [ai, Ci]) and mult(e, [ai, biD. 

Since b < c, we have Ibl :::; Icl < Ha, ell = Hai, Cill, therefore, b < [ai, CiJ and mult(b, [ai, Ci]) 
decompose, either because ai :::; b, or because a < b and a was presumed maximal. 

If c < [ai, biJ, then either ~ :::; e and mul t(c, [ai, biD = [c, [~, bill E 1-£, or a < c < ~ 
and, by assumption on a, mul t(c, [ai, biD decomposes. If [ai, biJ < c, then lal < Hai, biJ I and 
mult(c, [ai, bi]) = -mult([ai, bi], c) by assumption decomposes onto a, since a < [ai, bi]. 

In any case, the existence of maximal a is contradicted. On the other hand, the 
evidence that the multiplication algorithm of two monomials of the Hall basis comes to 
an end in a finite number of steps proves that the Hall basis is in fact a generative family 
of L(X), since LI(X) is generated by Xc M(X). 

It is worth mentioning that it is not necessary to test whether or not a Lie monomial 
belongs to the Hall basis, but that all one needs to do is compare two Lie monomials. So 
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the comparison of two monomials is the main phase of the algorithm, and consequently, 
it is essential to optimize it. 

3.2. Lyndon Basis 

The same considerations apply to the Lyndon basis, and one just needs to know how 
to multiply two monomials of the Lyndon basis. In the same fashion, (cf. [45]), we define 
mul t as follows: 

if U = v then mult(u, v) := 0 
else if v < U then mult(u, v) := -mult(v, u)j 
if lui = 1 then mult(u, v) := l.[u, v] 
else u = [UI' U2]; if v::; U2 then mul t(u, v) := l.[u, v] 

else mult(u, v) := l.UI * mult(u2, v) + mu1t(uI, v) * l.U2. 

in order to show the convergence of this algorithm, we pose 

LEMMA 3 (Perrin [44]). - For any a < bE £, mult(a, b) is a finite linear combina­
tion of Lyndon monomials [ai, bi ] which satisfies 

(3.1) 

Since the case of length 1 or 2 brackets is at hand, as well as that of [a, b] < c ::; b E £, we 
will simply have to show that any monomial of type Ha, b], c], with a < [a, b] < b < c E £, 
decomposes, by mu1t([a, b], c), into the previous form. 

Let us suppose the existence of monomials that cannot decompose according to (3.1). 
Among these, let us consider those of minimal length (they will be in finite number if the 
alphabet is finite), and among these, the monomial where 8(a)8(b)8(c) is maximal for the 
order on the Lyndon basis, and 8( ab) is minimal. 

One must now compute l.a * mUlt(b, c) + mult(a, c) * l.b. But by assumption on 
the lengths, mUlt(b, c) = 2:: ai[bi, Gi] with 8([bi , Gi]) 2: 8(b)c5(c) and mult(a, c) = 2::f3i[ai, Gi] 
with 8([ai' GiD 2: 8(a)8(c). We are led to compute terms like mult([ai, Gil. b) and mult(a, rbi, Gi]). 

8(a)8([bi, Cil) 2: 8(a)c5(b)c5(c) but this time a < [a, b], and by assumption on a, b, c, we 
deduce from this that mul t( a, fbi, GiD decomposes in the desired form, that is, into a sum of 
monomials [Uj, Vj], which satisfies 8(uj)c5(vj) 2: c5(a)c5(bi)8(Ci) 2: c5(a)c5(b)c5(c) = c5([[a, b], cD· 

Since b < c, we have 8(b)8(c) < 8(c)8(b), therefore, from c5([ai' Ci]) 2: 8(a)8(c) , we 
deduce c5([ai, Ci])8(b) 2: 8(a)c5(c)8(b) 2: 8(a)8(b)8(c), which is maximal by assumption. We 
conclude that mu1t([ai, Gil. b) decomposes into Lyndon monomials. [Uj, Vj] which satisfies 
8([uj, Vj]) 2: c5([ai' Ci])8(b) ~ 8(a)c5(c)8(b) 2: 8(a)c5(b)8(c) = 8([a, bl)8(c). 

From this we thus deduce that, for any pair of Lyndon monomials (a, b), mult(a, b) 
is a linear combination of Lyndon monomials which satisfy, besides being greater for the 
lexicographical order, than 8(a)c5(b). This proves that the Lyndon basis is a generative 
family of the free Lie algebra L(X). In order to show that £ is a free family of L(X), we 
will show 

LEMMA 4 (Viennot [56]). - For any U E £, ¢(u) = l.8(u) + v where v is a linear 
combination of words that are strictly superior to u. 
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So this lemma states that there is a bijection between Lyndon words and Lyndon 
brackets, and that module isomorphism occurs between L(X, R) and the projection of 
A(X, R) onto the submodule generated by those Lyndon words which constitute a basis. 

3.3. Examples 

Let us take X = {a, b, e} as an alphabet . 

• m = Ha, b], e] decomposes onto the Lyndon basis into [a, [b, ell + Ha, e], b], and on 
the Hall basis into -Ie, [a, bll . 

• m = [[[me, b], a], a], a], a], a] decomposes onto the Hall basis into: 

[b, [a, [a, [a, [a, [a, ell]]]] - [e,[a, [a, [a, [a, [a, bllllll + 5 [[a, b], [a, [a, [a, [a, e]]]]] 

- 5 Ua, e], [a, [a, [a, [a, blllll + 10 Ua, la, b]], [a, [a, [a, elll] 
+ 10' Ha, [a, ell, [a, [a, [a, blll] 

and onto the Lyndon basis into: -[a, [a, [a, [a, [a, [b, e]lll]] 

'. m = [[[[[[a, b], e], e], e], e], e] decomposes on~o the Lyndon basis into: 

[a, [[[[[b, e], e], e], e], ell + 5 [[a, el, [[[[b, e], e], e], ell + 10 ma, e], e], rUb, e], e], ell 
+ 10 [[Ha, e], e], e], [[b, e], ell + 5 [[[[[a, e], e], c], e], [b, ell 
+ [[[[[[a, e], e], e], e], e], b] 

and onto the Hall basis into: -Ie, [e, [e, [e, [e,. la, b]]]]]]. 

4. LIE POLYNOMIALS AND NON COMMUTATIVE POLYNOMIALS 

We just saw that manipulation of Lie polynomials, considered as linear combinations of 
Hall basis or Lyndon basis monomials, is possible if one is able to implement the Lie bracket 
of two basic monomials. An implementation of such manipulations will be proposed in 
the last section. 

Another problem is to decide whether or not a polynomial in non commu~ative vari­
ables is the developed form of a Lie polynomial. Several methods help to solve this 
problem. These methods are related to the manner in which we consider polynomials in 
non commutative variables. 

A polynomial in non commutative variables may be considered as an element of the 
associative algebra A(X, R), that is, as a linear combination of words, with coefficients in 
R. 

The associative algebra A(X, R) may be considered as the enveloping algebra of L(X, R) 
(cf. 16, 42, 50, 57]), and the Poincare-Birkhoff-Witt theorem provides a basis for this al­
gebra from a basis of L(X). More specifically, we have the theorem: 

THEOREM 5 (Poincare-Birkhoff-Witt). - If L(X) admits as its basis {PI < P2 < 
... < Pn ... } thus its enveloping algebra admits as its basis the elements of form Pil g2 ... Pi". 

with HI ~ H2 ~ ... ~ Pi".. 
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This theorem, and multiplication algorithms of some elements of the Poincare-Birkhoff­
Witt (d. Petitot [45]) basis have enabled us to implement polynomials in non commutative 
variables as elements of the enveloping algebra. 

For example, these algorithms allow us to test whether a non commutative polynomial 
belongs to the free Lie algebra, to compute the Baker-Campbell-Hausdorff formula, as well 
as other exponential identities ([42, 45, 56]). 

Another way of proceeding, if we already know that the polynomial is a Lie polynomial, 
is to consider the property inductively developed by lemma 4, which leads us to state that 

THEOREM 6 (Michel [43]). - There is an isomorphism of modules between L(X) 
and the submodule of A(X) generated by Lyndon words. Its matrix in the Lyndon basis is 
triangular, with 1 's in its diagonal. 

Thus we use the following algorithm, in order to write a polynomial p into a sum of 
Lyndon monomials. 

Let p = L>~iUi; r := 0 
while p f= 0 do 

return r 

r := r + (l:lA(Ul) 
P := P - (l:l4>(ud 

The function A is the parenthesizing function on Lyndon words. If we know the Lyndon 
basis ahead of time, we do not need to compute A(Ul), because the lexicographical order 
is a total order on the Lyndon brackets. Otherwise, we may apply a standard factorization 
algorithm, (d. [44, 57]) which uniquely factorizes any word into a product of descending 
Lyndon words. 

The function 4> is the composition of the projection 7r of A(X, R) on the submodule 
generated by the Lyndon words with the decomposition function 4> of a Lie bracket into an 
A(X, R) polynomial. These techniques where used, for example, by [43] to compute the 
coefficients of the Baker-Campbell-Hausdorff formula. I also proposed an implementation 
in LE-LISP, described in [32]. 

5. FORMAL LIE SERIES 

In this section, we suppose that <Q c R. Let us denote L(X, R) = TIn>O Ln(X, R), the 
ring of formal Lie series. We denote L(X) for L(X, R) whenever there is n~ ambiguity. An 
element of L(X) is uniquely written as a sum of elements of Ln(X), this ring containing 
the Lie bracket 

[Ln~oUn, Ln~oVn] = Ln~04+q=n[up,Vq], 
is a graded Lie algebra, separate and complete. In the same fashion, we define the ring of 
non commutative formal Lie series A(X, R) = TIn~o An(X, R). Thus we note 9)1, ideal of 
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A(X) generated by X and we define maps exponential and logarithm by: 

exp: rot 

x 

log: 1 + rot 

x 

5.1. Baker-Campbell-Hausdorff Formula 

Chapter I 

(5.1) 

We demonstrate that exp and log are reciprocalmaps (cf. [6, 42]). Moreover, we have 
the Campbell-Hausdorff theorem: 

THEOREM 7 (Campbell-Hausdorff). - Given X = {x,y}, we have 

log (exp(x) exp(y)] E L(X, <Q). 

This result extends (cf. [6, Ch. II, §6]) to any graded free Lie algebra, separate and 
complete, and we have the more general theorem: 

THEOREM 8. - If x, y E L(X, <Q) then 

log [exp(x) exp(y)] E L(X, <Q). 

5.2. Weighted Lie Algebras 

Given an alphabet X, finite or not, we attribute a weight Ixi. to each x letter. Next, 
we grade A(X) and L(X) by the weighted degree or the Quasi-homogeneous multi-degree 
"* which we usually define as the sum of the weight of the letters which make up the Lie 
word or bracket. Of course, it is the only morphism of X· (resp. M(X» ~ 1N which 
prolongs the weight on X. We can thus grade L(X) and A(X) by the Quasi-homogeneous 
multi-degree, and we denote'Ln(X) and An(X), submodules of L(X) and A(X), generated 
by the elements of weight n. 

Remark. - If all letters of the alphabet are of weight 1, we have Ln(X) = L;;(Jn and 
k(X) = An(X). If none of the letters of the alphabet have a null we~ght, we have 

II Ln(X) ~ II Ln(X). 
n~l n~l 

5.2.1. Examples 

If X = {XI, X2, X3, X4, xs} and IXil. = i, £s(X) admits as the Lyndon basis 

{[Xl, [XI, [Xl, X2]]], [Xl, [XI, x311, [[Xl, x21, X2], [Xl, X4], (X2, X3], xs}. (5.2) 

If X = {Xl, ... ,Xn , ... } where IXil. = i, then we have dimL1(X) = 1 and for any 
n 2: 2, dim Ln(X) = In where In is the dimension of Ln({a,b}). Using the Witt formula, 
we then deduce 

L:ddimLn(X) = 2n-l. (5.3) 
din 

.,;, 
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Proof. - Let us pose Y = {a, b}, and show that monotonically increasing mapping 

'fJ: X -+ Y* 
Xk 1-+ abk- 1 (5.4) 

extends into a module isomorphism Ln(X) -+ Ln(Y) for n ~ 2. More specifically, we 
show recurrently on n, that any Lyndon word of length n of Y* is uniquely written, as 
any Lyndon word of X* of weight n, and conversely. 

If n = 1, then a is written as Ul. 

Let us consider (u, v), the standard factorization of W E Y*, a Lyndon word of length 
n, different from b. If v = b, then w = abn - 1 is written Un, else U and v are written like 
Lyndon words of X*. 'fJ being increasing, uv is then written like a Lyndon word. 

Conversely, the image by 'fJ of any increasing product of two Lyndon words of X* is an 
increasing product of two Lyndon words and is a Lyndon word of Y*. 

We then deduce that dim Ln(X) = dim Ln(Y), for any n ~ 2, and the predicted result. 
There is a bijection for £5 (Y) 

{[a, [a, [a, [a, blll]' [a, [a, [[a, b], blJ], [[a, [a, bJ], [a, bJ], [a, [[[a, b], b], blJ, 
[[a, b], [[a, b], bJ],[[[[a, bl, b], b], bl} 

Let us define 

L(x, R) = II Ln(x, R) and A(X, R) = II An(X, R) 
n~O n~O 

(5.5) 

as formal Lie series or words. An element of L(X) is uniquely written as a sum of elements 
of increasing weight. For x E L(X), we denote (x)n or Xn, whenever there is no ambiguity, 
the term of weight n of x. If x, Y E L(X, R), we have 

([x, Y])n = 2: [xp, yqJ. (5.6) 
p+q=n 

In this fashion L(X, R) is a graded Lie algebra, separate and complete. 
Let us define A(X, R)+ the module generated by words of weight ~ 1. In the same 

fashion, we define L(X, R)+ which may be included in A(X, R)+. We can then define the 
exponential and the logarithm by: 

exp: A(X,R)+ -+ 1 + A(X,R)+ 
xn 

X 1-+ ~n~o n!' 
log: 1 + A(X,R)+ -+ A(X,R)+ 

x 1-+ - 2:n~l 
(1- x)n 

n 

The logarithm and the exponential are reciprocal maps, and we get an equivalent of 
the Campbell-Hausdorff theorem: 

LEMMA 9. - Given x,Y E L(X,R)+, we then have 

- exp(x) exp(y) = exp(z), where z E L(X, R)+, 
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- Z == Zp + Zq + 2:n~+q Zn and Zp + Zq = xp + Yq, 

- For any m ~ p+ q, Zm ELm (Xp,'" ,Xm,Yq,'" ,Ym). 

Given x, Y E L(X, R)+, we then have 

- exp(x)exp(y) = exp(z), where Z E L(X,R)+, 

- For any n E IN, Zn - Xn - Yn E Ln (x}, ... ,Xn-I,Yl,'" ,Yn-l). 

Remark. - Lm (xp, ... ,Xm, Yq, ... ,Ym) is the submodule of elements of weight m of the 
subalgebra generated by (xp,"" Xm, Yq,'" ,Ym), or the submodule of elements of weight 
m of free Lie algebra on the alphabet {xp,'" ,m, Yq,"" Ym}, which ultimately amounts 
to the same thing. 

The fact that exp(x) exp(y) = exp(z), where Z E L(X, R), is a consequence of the . 
. Campbell-Hausdorff theorem,(theorem7) and is due to the fact that TIn~1 Ln(X) '" 
I1n~l Ln(X) . We also know that in £(X, R) 

Z = x +y + L Zn where Zn E Ln(X), 
n~2 

and for any U E Ln(x, Y), we have lul* ~ p + q. 

Based on this lemma, we can then state the following property. 

PROPOSITION 10 (Factorization in Product of Exponentials, [53]). 
For .any k E L(X, R)+, there exists a unique series 9 E L(X, R)+ such that 

exp(k) = .:. exp(gn) '" exp(gI). (5.7) 

Proof. - We construct series 9 term by term, and we show that for any n ~ 1, there 
exists a unique Mn) E TIp>n Lp(X), such that 

exp(k) exp( -gt} ... exp( ~gn) = exp(k(n»). (5.8) 

• If n = 1, as a consequence of lemma 9, for gl = kl' 

exp(k(l») = exp(k) exp( -gI) 

with kP) = kl - gl = 0, therefore k(l) E I1n>l Ln(X) . 

• Let us suppose property (5.8) demonstrated at rank p, we then get 

exp(k) exp( -gI) ... exp( -gp) = exp(k(P»). 

Let us take gp+l = k~I' As a consequence of lemma 9, we still have 

where k~~l) = k~l - gp+I = 0, which confirms property (5.8) at rank p + 1. 
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From this, we deduce the result by going to the limit. 

6. LIE TRANSFORMATIONS 

Here, we focus on Lie automorphisms, that is to say on Lie algebra automorphisms of 
L(X, R). More specifically, we focus on mappings near the identity, that is to say for any 
x E X, we have: 

Tx - X E II Ln(X, R). 
n>lxl. 

(6.1) 

For x E M(X), let us denote tiX = (Tx)lxl.+i' We then deduce from [Tx, Ty] = T[x, y], 
that to[x, y] = [x, y] and x 1-+ tlX is a derivation: 

[tlx, y] + [x, tlY] = tdx, y]. (6.2) 

The set of derivations from £(X, R) is a Lie algebra. We have proposition (cf. [49]): 
THEOREM 11. - If D is a derivation from £( X), then 

- exp(tD) is a Lie automorphism, for any t E R, 

- The Lie algebra of the group of Lie automorphisms is identified to the set of deriva-
tions. 

6.1. Adjoint Lie Algebra 

We define L(x) = Lx, the inner derivation y 1-+ [x, y], also called Lie operator. We 
have, in L(X), 

(6.3) 

The set of inner derivations is a Lie algebra, called the adjoint Lie algebra, for the Lie 
bracket [Lj, Lgl = LfLg - LgLf and we have the following property, based on the Jacobi 
identity: 

(6.4) 

We then define the group of Lie transformations or canonical transformations as the 
group of automorphisms of £(X) near the identity, in the previously defined sense. The 
group of canonical transformations operates on adjoint Lie algebra by automorphisms. We 
have 

(6.5) 

therefore 

(6.6) 

Some of the elements of the group of Lie automorphisms near the identity are 
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• the exponential of an inner derivation L f defined by 

Li 
exp(Lf)9 = L -+9. 

i~O t. 

If f E L(X)+, 9 E L(X), G = exp(Lf)9 is defined by 

9n, 

Chapter I 

(6.7) 

where 
{ 

GO,n 

Gp,q 
Lf ... Lf (6.8) , 

" PI Pit 
L..,Pl+··+Pk=P k! 9q· 

• Given f E L(X)+, we define the mapping Tf as follows: if 9 E L(X), F = Tf9 is 
defined by 

n· n 

Fn == I:(Tf)pgn-p where (Tf)O = I, (Tf)n = - L *(Tf)n-pLfp: (6.9) 
p=O p=l 

Its inverse (shown at a later stage) Til, is defined in similar fashion. For G = Tilg, 
we have . 

n n 

Gn = L(Ti1)pgn-p where (Til)O = I, 
p=:O 

(Til)n = L *Lfp(Ti1)n-p. (6.10) 

The previous relations also enable us to write 

where { 
GO,n = 
Gp,q 

p=l 

9n, 
2:1=1 ~[fk,Gp-k,qJ. 

(6.11) 

We use the transformation Til rather than T" because it is simpler to define recur-
sively. -

Before verifying that these operators are Lie automorphisms, we shall give a charac­
terization of the type Tf transformations, which will enable us to verify that Tf and Til 
are in fact inverses of each other. 

Let us consider a smallness parameter c and 

f(c) = L cnfn E L(x, R)[c]. 
n~O 

Let us pose Tf(E;) = 2:n~o cn(Tf )n. By identifying its members term by term, one sees 
that Tf(E;) satisfies differential equation 

oTf(E;) . 
-!:l- = -Tf(E;)L{Jf· 

Uc 8i 
(6.12) 

Conversely, Tf(E;) is the solution of (6.12) equal to the identity at c = o. We then deduce 
the following characterization 
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PROPOSITION 12. - The transformations Tf are the solutions for € = 1 of the dif­
ferential equation 

()Tf(€:) 
f:ie = -T€:L8~~€:)' Tf(o) = I. (6.13) 

In the same fashion, we characterize Tf-
1 by the differential equation 

()T-l 
f(€:) -1 f:ie = L&~~€:) TI (€:)· (6.14) 

We then deduce that 

! Tf(€:) Ti<!) = -Tf(€:)L8f(€:) Ti<!) + Tf(€:)L8f(€:) Ti<!) = 0, (6.15) 
~ ~ 

that is to say TfT!1 = Tf(€:)Ti<!) = I. 

Let us now verify that these transformations are Lie transformations. We use lemma 
([53]) 

LEMMA 13. - For any k 2: 0: L1[g, h] = 2::=0 (~) [L~g, L}-ih] . 

. We demonstrate this property recursively, by using the Jacobi identity: 

[f, [u, v]] = -[u, [v, fll- [v, [f, u]] = [u, [f, vll -+- [[f, u], v]. 

At rank k + 1, we describe 

L~+1[g, h] = Lf L1[g, h] 
k 

Lf L: (7) {[L}g, L1-ih] + [L}g, L1-ih]} 
i=O 

k 

= 2:(7) {[L~+1g,L}-ih] + [L~g,L}+1-ih]} 
i=:O 

k+1 
= 2: (ktl) [L~g, L}+1-ih]. 

i=O 

We then deduce, for the exponential 

Ln 

exp(Lf)[g,h] = ~ nf[g,h] 

2: ~, t (;)[Ljg,Lj-Ph] 
n~O • P=O 

_ '" 1 P + q! [LP Lq h] 
+~O p + q! p!q! f

g
, f 

P q_ 

[2: ~Ljg, 2: ~L}h] 
p~O q~O 

[exp(Lf )g, exp(Lf )h]. 

(6.16) 

(6.17) 

(6.18) 

(6.19) 

(6.20) 

(6~21) 

(6.22) 
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For the transformation Ti I, posing G = Tj I g, H = Tj I hand F = Tj I [g, h], we 
demonstrate (cf. [24]) that for any k ~ 1, we have: 

k 

Fk = L [Gi , Hk-i] = [G, H]k· 
i=O 

This issho'¥n recursively by considering 

n 

Fn = L ~[/k, Fn-k] 
k=l 

n 

L ~[lk' [G,H]n_k] 
k=l 
n n-k 

= L L ~Uk' [Gi, Hn-k-ill 
k=l i=O 

n n-k 
- L L ~ {[Gi , [lk, Hn-k-ill + [Uk, Gil, Hn-k-i]} 

k=I'i=O 

n-l n-i 
= L L ~ {[Gi , [lk, Hn-k-i]] + !11k, Gn-k-i], Hi]} 

i=O k=O 
n-l n 

- L n;;i[Gi , Hn- i] + L *[Gi' Hn-i] 
i=O i=l 
n 

= L[Gi,Hn-i]. 
i=l 

(6.23) 

(6.24) 

(6.25) 

(6.26) 

(6.27) 

(6.28) 

(6.29) 

(6.30) 

These two transformations are noteworthy in that they are entirely determined by a Lie 
series called the associate generative series. Thus in the group of canonical transformations, 
we have at least three types of transformations: , 

- The exponentials of inner derivations, exp(Lk) , and their inverses, which are also 
exponentials 

- Type Tf transformations and their inverses Tj I 

- Type Mg or Mil transformations, also called Dragt-Finn transformations. To 9 E 

£(X) we associate the product of exponentials 

(6.31) 

These three transformations may be defined as formal series of Lie operators Ln~O Tn, 
so as to have for any 1 E £(X) 

n 

Tl = L LTpl~-p. (6.32) 
n2:0p=O 
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- for the exponential exp(Lk), 

To =1, Tn= L 
P1+"'-!-Pm=n 

- for the transformation Til, 
n 

To = I, Tn = 2: ~LwkTn-k' 
k=1 

and, consequently, for the transformation T/, 

n 

To = I, Tn = - 2: ~Tn-kLwk' 
k=1 

The developed formula of Tn is given by 

- for the product of exponentials (inverse Dragt-Finn transformation), _ 

To =1, 
Lm,.,. ... Lm1 

T, - 2: gn gl 
n - (I ) mn !··· ml! ' 

p ,n;n 

and as its inverse (that is to say the Dragt-Finn transformation) 

L m 1 '" Lm,.,. 
Tn = ""' (_I)m1+··+mp gl gn . 

L.J mll ... m I p(l,n;n) . n· 
To =1, 

Here p(P, q; n) represents partitions of n, made lout from p and q, 

p(p,q;n) = {(mp, ... ,mq);pmp + ... + qmq = n}. 

6.2. Relations between Transformations 
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(6.33) 

(6.34) 

(6.35) 

(6.36) 

(6.37) 

(6.38) 

(6.39) 

Let us show that these three transformations are but three different ways of represent­
ing the same transformation. More specifically, we demonstrate by steps 

PROPOSITION 14. - Given w, g, k E L(X, <Q)+, there exist 

- g' E L(X)+, such that Tw = Mgl, and for any n 2: 1, g~ - Wn E L(WI,'" ,Wn-I), 

- k' EL(X)+, suchthatMg =exp(Lk'), and for anyn 2: 1, k~-gn E L(gl, ... ,gn-l), 

- W' E L(X)+, such thatexp(Lk) = Tw', and for anyn 2: 1, w~-'kn E L(kl, ... ,kn-d. 

From proposition 9 and relation [L/, Lg] = L[/,gJ, we deduce that the exponential of 
an inner derivation may be written as a product of inner derivations of exponentials, that 
is to say, given k E L(X)+, there exists 9 E L(X)+ such that 

(6.40) 

and for any n 2: 1, gn E L (kl,"', kn) and gn - kn E L (kl ,"', kn-l), and conversely. 

1 "Sornmants" in the French original. 
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Here, we show how a product of exponentials (Dragt-Finn transformation) may be writ­
ten as a type Tf transformation, and conversely. This result was partially demonstrated 
by Finn [19], but he does not explicitly give the relations between generators. 

I ' 

PROPOSITION 15. -' Given a generating series g(c) == :En>l cngn, and corresponding 
Dragt-Finn transformation -

there exists a unique series w(c) = :En;:::l cnWn such that 

Tw(e) = Mg(e)· 

We have, for any n, 

k L
mn-k Lmk+l 

"" "" gn-k ••• gk+l 
Wn = L.J - L.J ' gk· n mk+l'···m k' l$k$n p(k+l,n-k;n-k) . n- . 

Proof. - By differentiating Mg(e) in relation to c, we get 

E [exp( -c:LgJ··. exp( _c:n
-

1 Lg,,_J] [:c: [exp( _c:n Lg,,)]] [exp( _c:n +1 Lg,,+J· .. ] 
n;:::l 

E [exp( -c:LgJ . " exp( _c:n
- 1 L9"_I)] [_nc:n

- 1 Lg,,] [exp( _c:n Lg,,) ... ] 

= Mg(e) L M;(!) [exp( -c:Lg1 ) ... exp( _c:n
-

1 Lg,,_J] [_nc:n
-

1 Lg,,] [exp( -c:nLgJ ... ] 
n;:::l 

(6.41) 

Thus we deduce that 
'DMg(e) 

Dc = -Mg(e)L(S), 

where 

(6.42) 

(6.43) 

and p is defined in (6.39). On the other hand, according to (6.12), and initial conditions 
. To = Mo = I, a necessary and sufficient condition to get Tw(e) = Mg(e:) is that 

S = DW(c) 
. Dc' 
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that is to say, considering each term of the formal series, 

k L 1l'l.n-k Lmk+l 
'"' '"' gn-k ... 9k+1 
L..J - L..J gk 

l~k~n n p(k+l,n-k;n-k) mk+l!··· mn-k! 
Wn = 

k L1l'l.n-k L mk+1 

= gn + L L' gn-k,··· 9k+1,gk. 

l~k~n-l n p(k+l,n-k;n-k) mk+l···· mn-k· 
(6.44) 

These explicit relations enable us to prove that, for any n, Wn E L (gl, ... , gn), and 
Wn - gn E L (gl, .•. ,gn-l). The triangular form of the relations thus leads us to assert 
that, for any n, gn E L(wI, ... , w n ) and gn - Wn E L (WI, ... , Wn-l). 

Taking e = 1, we deduce the desired result for the Lie series. 

The relation between the exponential and type Tjl transformation is deduced from 
the two previous relations. 

6.3. Composition of Transformations 

By considering the family of Tf Lie transformations and the differential equation which 
characterizes it (proposition 12), we show that the composition of two Tf transformations 
is obviously a Tf transformation, and we find the relations between generators. 

Let us consider the two families of Lie transformations Tu(e) and Tv(e). From (6.12), 
we have 

OTu(e) 
-~- = -Tu(e)L{}v.(e) 

u€ --rJ€ 
and 

whence we deduce that 

a 
o€ Tu(e)Tv(e) 

which proves that Tu(e)Tv(e) is the Lie transformation associated with wee) where 

aw(e) _ r- 1 cu(e) + a-vee) 
---rJ6 - v( e) 8£ ----a£, 

(6.45) 

(6.46) 

(6.47) 

which uniquely determines w, since Wo = O. ,More specifically, (6.47) is written term by 
term: 

n-l 

nWn L(Tv);;:~P-l ((P + l)Up-tl) + nVn (6.48) 
p=o 

n 

= L(Tv);;:~ppup + nVn· (6.49) 
p=1 

From this property and from the relations between the various representations of canon­
ical transformations, we show that the composition of two exponentials is an exponential 
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(which we already knew), that the composition of two Tf transformations is a Tf transfor­
mation, that the composition of two Mg transformations is an Mg transformation. Hence 
we deduce the following result: 

PROPOSITION 16. - The set of exponentials of Lie operators, the set of Tf trans­
formations, and the· set of Mg transformations, are the same subgroup of the set of Lie 
automorphisms near the identity. 

Remark. - We can dispense with Tjl or Mgl inverses by using proposition 14. 

We denote by G, the subgroup of Lie automorphisms near the identity generated by 
exponentials of Lie operators. We then have the following proposition: 

PROPOSITION 17. - If any derivation of L(X) is an inner derivation, then G is the 
group of Lie automorphisms near the identity. 

Remark. - The proof will also be implemented within the framework of a Poisson 
bracket algebra where a less strong property is satisfied (cf. proposition 25, page 43). 

Given T, a Lie automorphism near the identity. We will show that ~here exists g E 

£(X)+, such that T = Mg, and such that, for any p ;::: 0 and any x E M(X), posing 
T(O) = T and T(p) = exp( -Lgp)··· exp( -Lg1)T , we get: 

T(p)x - x E II Ln(X). (6.50) 
n>p+lxl • 

• For p = 0, (6.50) is verified for T by assumption . 
• Let us suppose (91, ... , 9p) ELI (X) X ••• x Lp(X) are constructed and satisfy (6.50). 

T(P) is a Lie automorphism near the identity, as a product of Lie automorphisms near the 
identity and, consequently, for any x, Y E M(X) c L(X), we have 

Hence we deduce that 

(T(p) [x, Y])l!x,yll. 

(T(p) [x, Y])l!x,yll. +k 

(T(P) [x, Y])l!x,yll.+P+l = 

[(T(p)X)lxl.' (TP)Y)lyl.l = [x, V], 

0, 1 ~ k ~p, 

[(T(p)x)lxl.+P+1, yl + [x, (T(P)Y)lyl.+P+ll· 

Let us define tp : L(X) -+ L(X), by linear prolongation 

x E M(X) I-t (T(p)x)lxl.+P+1 E L 1x1 .+P+1(X) c L(X). 

(6.51) 

(6.52) 

(6.53) 

(6.54) 

(6.55) 

We thus deduce that, for any x, Y E M(X), and for any x, Y E L(X), that tp is a derivation, 
therefore, an inner derivation. Since tpx E L1xl.+P+l, for x E M(X), we then deduce that 
there exists 9p+1 E Lp+l(X), such that tp = -Lgp+l. Thus composing to the left by 
exp(Lgp+l)' we deduce, for any x E M(X), that 

(6.56) 
n>lxl.+p+l 

In the limit, we deduce that T = Mg-l, therefore that T E G. 
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In this section, we have essentially established the fact that the set of exponentials of 
Lie operators, the set of Tf transformations, the set of Mg transformations, are the same 
subgroup of the group of Lie automorphisms near the identity. 

We based our argument on the fact that it is possible to write an exponential as a Tf 
or Mg transformation, and conversely, and that the sum of exponentials of Lie operators 
form a set, which is a consequence of the Campbell-Hausdorff theorem. 

I We have given an explicit formula between the generator of the Mg transformation, and 
the generator of the Tf transformation, which enabled us to link these two transformations 
(an approximated result had been demonstrated by Finn [19], but he had failed to show 
that the generators belonged to L(X)). 

7. COMPUTATION OF THE RELATIONS 

Here, we give a method which is general enough to enable us to write an element of 
G in the form of one of the three transformations previously studied. These techniques 
thus allow us to retrieve the Baker-Campbell-Hausdorff formulas by using manipulations 
of Lie polynomials only, without resorting to the associative algebra. 

Originally, I had been able to find a means of computing the relations between the 
generators of the Tjl, and the Mgl transformations, without knowing general form (6.44), 
and by using the Hall basis, since I only learned of the algorithms for the Lyndon basis 
later. 

The idea was to find the relations between wand 9 through direct identification of 
(T.;;;-l )nhO and (Mg l )nho. Because of the form of the expansion, we can write LWn in rela­
tion to the Lg, 's, and conversely. On the other hand, in order to find the relations between 
the Wi and the gi, one has to be able to recognize Lie brackets in an expanded expression, 
that is to say, it is equivalent to the general problem of recognizing Lie polynomials in 
enveloping algebra. 

For example, from [Lf' Lg] = LfLg - LgLf = L[I,gJ' the equalities (Mg)i l = (Tw)i l 

induce . 

L91 = Lwu L92 = LW2 ' L93 = LW3 + tLw1Lw2 - tLw2LwU 
L94 = LW4 + -i LW1 LW3 - ~ LW3 LW1 + l2 L;1 LW2 + l2 LW2 L;1 - ! LW1 LW2 LW1 , 

that is to say, 

g3 = W3 + t[Wl, W2] and g4 = W4 + HWl, W3] + 112 [WI, [WI, W2]J, (7.1) 

and so on and so forth, identification becoming increasingly difficult. 
In the special case of the computation of the Lie transformation generator as a function 

of a product of exponentials, we can use L(X) where X = {ho,g!, ... ,gn}, and decompose 
(T.;;;-l)nhO = (Mg-l)nho onto the Hall basis. 

For in - q =1= 0 and ik+p =1= 0 in (6.44), we get the following decomposition onto the Hall 
basis: 

(7.2) 



i n - q ik+p-I 
...-"-... ~ 

= -[9n-q, [ ... , [ ... , [9k+p, [ ... , [9k,9k+Pj·· .j. (7.3) 

the general term in (6.44), thus decomposes onto the Hall basis into 

L [Lin-q Lik+p] J.._ . gn-q··· gk+p9k '''0 = (7.4) 

in-q ik+p-I 
~~ 

= rho, [9n-q, [ ... , [ ... , [9k+p, [ ... , [9k,9k+pj·· .j. (7.5) 

We deduce that, if L: D:iGi,n is the decomposition onto the Hall basis of Wn ""'~9n = Gn, 
thus the decomposition onto the Hall basis of [wn, hoj-[9n, f4Jj is = - L: D:i [f4J , Gi,n]. At 
this point, a}l we need to do is solve term by term in relation to the 9i : 

o = (T.;;I)nho - (M;I)nf4J (7.6) 
n-I Lmn- 1 ••• Lml, 

= [wn,ho] + L ~Lwp(T.;;I)n_pho - [9n,f4J]- L gn;l 9\ f4J (7.7) 
1 (1 1) mI···· mn-I· p= p ,n-;n 

(7.9) 
i 

We have posed wp = 9p + Gp for 1 ::; P ::; n, thus T;I = M;l, and the right hand side 
of the previous formula is necessarily rho, Gn]. Furthermore, it is unnecessary to compute 
(Mg-l )nf4J, because the decomposition 

[9n,ho] + ~ (7.10) 
p(l,n-l;n) 

does not provide terms for the form [ho,]. 
So step by step, we get the generating series of the Lie transformation as a function 

of the ascending product of exponentials. However, the success of this technique rests on 
the most peculiar form of the Gn . To confirm this, we observe that the same method to 
compute the same relations -though in reverse-, stumbles on the term of order 7. In the 
Hall basis, we have 

97 = W7 + ~[Wl,W6] + ¥[W2,WS] + ~[W3,W4] + l2[Wl, [wl,wsll + lls[W2, [wl,w4ll 

+ 3~[W2,[W2,W31l + :s[W3,[WI, W3]]- 2\ [W4' [WI,W2]] + 2~O[WI,[Wb[WI,W4]]] 
+ :lS[W2, [WI, [WI, W3]]] + 2\~[W2,[W2' [WI, W2]]J + l~ [W3, [WI, [WI, W2]]] 

+ 1:1 [[WI, W2], [WI, W3ll + S!O [WI, [WI, [WI, [WI, W3]]]] + 7~ [W2' [WI, [WI, [WI, W2]]]] 

+ l~ [[WI, W2j, [WI, [WI, W2]]] + 2S12O [WI, [WI, [WI, [WI, [WI, w2lllll· 

97 contains two terms in which the Lie bracket with z decomposes (the first one) into 

(7.11) 

Here, we took h = z > w. The problem originates in the use of the Hall basis, 
which, contrary to the Lyndon basis, does not permit a direct factorization of the previous 
expressions. 
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7.1. Pseudo-Factorization and Triangular Systems 

The Lyndon basis has a property which allows us to circumvent the afore-mentioned 
drawback: 

LEMMA 18. - Given X = {a}UXI an alphabet and a < b for any bE Xl. Then 
for any x = LiOiXi E L(XI), the decomposition oJ[a, x] onto the Lyndon basis C(X) is 

[a;x] = I:>:¥i[a, Xi]. 
i 

We simply need to show that for any Xi E C(XI ), we have [a,xi] E C(X), which, 
according to the construction of the Lyndon basis, is verified, since a < Xi, for the lexico­
graphical order on Lyndon words. 

The previous lemma enables us to state 

PROPOSITION 19. - Given X = {a} UXI an alphabet and a < b for any b E Xl. 
The injection 

C(XI ) -+ C(X) 
X I-t [a, X] (7.12) 

extends itself into an isomorphism of R-module La : L(XI) -+ LaL(Xt} C L(X). Its 
matrix being the identity, in the corresponding Lyndon bases. 

Generally, if Xl and X2 are two alphabets satisfying X2 \ Xl = X2 E X 2 , LX2 : L(XI) -+ 

L(X2) is an injective morphism, and proposition 19 states that the matrix is the identity 
matrix, by using the Lyndon bases. 

Remark. - If we attempt to compare proposition 19 and proposition 6, we reach the 
following conclusions. 

If Xl is an alphabet of cardinality q, the submodule of Cq+I(X), generated by elements 
of partial degree 1 in a, has dimension 2q• Indeed, if we use the isomorphism between the 
Lyndon words and the Lyndon basis of this submodule, a word w of X;+l with partial 
degree 1 in a, is a Lyndon word if it is smaller than its own conjugates, that is to say 
if it spells w = au where u E Xiq • Thus the number of such words is 2q • The range of 
La: Lq(Xt} -+ Lq+1(X) is a submodule of dimension lq in a module of dimension 2q. 

In proposition 6, we set up a submodule isomorphism of dimension lq, and the range is 
considered in the homogeneous part of degree q of the associative algebra, whose dimension 
is also 2q • 

Here, we show how a triangular type system can be solved, with or without factoriza-
tion. A triangular system has the following form 

! 
fp = Rp. 

fp+I + Fp+~ 7 ~+1 , 

fp+n + Fp+n = Rp+n 

(7.13) 

where the unknown quantities are the k For any p + 1 ::; i ::; n, Fi E LR(Jp, ... , fi-I) 
and ~ E LR(X) for a given ring R, and a given alphabet X. 



24 Chapter I 

PROPOSITION 20. - Any triangular system can be solved by successive evaluations. 

We immediately get /p = lip, and it is possible to modify system (7.13) into 

1 
I.! 7~w FP+l , 

/p+n = lip+n - Fp+n 

(7.14) 

then we deduce that /p+1 = lip+1 - Fp+1 = R~+1 in which we have evaluated FP+l in 
fp = lip (here /p is considered as a Lie letter qr monomial). After applying this recursive 
process, we eventually get /P+n = lip+n - Fp+n in which we have evaluated Fp+n in 
Up, ... , /p+n) = (~, ... '~+n)' 

We use this algorithm to invert the relations we find, for example, when we compute 
a generating function in terms of another one. 

Let us now suppose that we know that Up, ... , /P+n) = (R~, .. ·., R~+n) satisfies a 
factorizable triangular system ~which is the case, for example, when one looks for Baker­
Campbell-Hausdorff relations- with form 

1 
Ia,/pJ = lip 

[a,Jp+l[ + Fp+~ 7 ~1 , 

[a, /p+nJ + Fp+n = Rp+n. 

(7.15) 

We have [a, /pj = lip = L:i aip) [a, tip)j, which yields /p = L:i a~p)t~p). Similarly, from 
Up, ... ,/p+n-l) = (~, ... , ~n-l)' we deduce that [a, /P+nJ = R~ which we evalu­
ate according to the previously found values, and must transform itself into [a, /p+nl = 

L:i ar+n) [a, t~p+n)l. Finally, we end up with /p..tn = L:i a~p+n)t~p+n) . 
If one of the equations cannot be factorized, it is because system (7.15) does not have 

solutions. 

7.2. Representation of Canonical Transformations 

Given' G the set of canonical·transformations generated by the exponentials (or Tf or 
Mg transformations). 

LEMMA 21. - Given T = exp(Lk) (resp. T = T;l, T = M;l) and A = Ta = 
L:n Tna. In the decomposition onto the Lyndon basis, we have: An == -[a, lenJ + Kn 
(resp. An = -[a, wnj + Wn, An = -[a, Yn] + Gn) where Kn E L(a, kl, ... kn- 1) (resp. 
Wn E L(a,wl," .wn-d, Gn E L(a,YI," ·Yn-d)· 

j 
We merely need to write Ta = L:n>o(Ta)n, and· consider the expanded form of (Ta)n 

as needed. -

The previous lemma may be generalized for T E G. These considerations thus allow 
us to write any transformation of G as one of the three types of transformations. 

PROPOSITION 22. - Given T E G. T may be written as an exponential, a TIl 
trans/ormation, or an infinite product 0/ M;l exponentials. Generating series are com-
puted by solving a /actorizable triangular system. . 
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Let us consider T E G, and the expansion of A = Ta in the Lyndon basis of the free 
Lie algebra on an alphabet X = {a} U Xl which contains all the requisite letters. Then 
we have 

(7.16) 

where ti E L(X1), (the list may in some cases be empty). If we wish to write T as 
an exponential, or as a Lie transformation Lie, or as a Dragt-Finn transformation, we 
necessarily have k1 (resp. gl, WI) = - Li (}iti· 

Let us suppose, in order to establish the notations, that we wish to write T as expo­
nential exp(Lk). Given Ta = Ln>O An, let us pose exp(Lk)a = Ln>O En. The successive 
len are computed by solving the triangular system -

1 
Al = E1 = -[a,kl] 

A~ = ~2 = ~[a, k2 ] + R2 

An = En - -[a,kn] +Rn 

(7.17) 

which, according to the previous section, has a solution. 

1.3. Examples 

Formula (6.44) yields the expression of W as a function of g. This is typically the case 
of a triangular system. 

WI =gl 

W2 =g2 

W3 = g3 - -l [gl, g2] 

W4 = g4 - ~ [gb g3] 

Ws = gs -} [gb g4]- ~ [g2, g3] + fo [[gl, g2], g2] 

W6 = g6 - i [g}, gs] - i [g2, g4] + i [gl, [g2, g3]] + i [[gI, g3], g2] 

This system may be inverted by successive evaluations, and for the first 6 terms of 
generating series for g, we find 

gl = WI 

g2 =W2 

g3 = W3 + -l [Wb W2] 

g4 = W4 + ~ [WI, W3] + l2 [WI, [WI, W2]] 

gs = Ws +} [WI, W4] + ~ [W2, W3] + io [WI, [WI, W3]] - ;0 [[WI, W2], W2] 

+ k [Wb [WI, [WI, W2]]] 

g6 = W6 +! [WI, ws] + -l[W2, W4] + 3~ [WI, [WI, W4]]- lo [WI, [W2' W3]] - ~ [[WI, W3], W2] 

+ I~O [w}, [WI, [WI, W3]]]- ls [WI, [[Wb W2], W2]] + 3~O [WI, [WI, [Wb [WI, w2lll] 

Let us compute, to order 5, exp(Lp~I eP Lkp)eOa in which the weight of ki is i, and the 
weight of a is O. We get, by expanding in terms of e, Ln~O en An in which 
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Ao =a 
Al = -[a, kll 

A2 = -[a, k21 + ~ [[a, kl], kll 

Aa = -[a, kal + 4 [a, [kl' k2 ]] + [[a, k2 ], kll - t [[[a, kll, kl], kll 

A4 = -[a, k4] + 4 [a, [k!, ka]] + 4 [[a, k2], k2] + [[a, ka], k1] - t [a, [k!, [kI, k2]]] 

- 4 [[a, [kl' k2]], k1] - 4 [[la, k2], k1], kll + l4 [[[[a, k1], k1], k1], k1] 

As = -[a, ks] + ! [a, [kl' k4Jl + 4 [a, [k2' k3]] + [[a, k3], k2] + [[a, k4 ], k1] 

- t [a, [kb [kl' ka]]] - t [a, [[k!, k2], k2J] - 4 [[a, k2], [kl' k2J] - 4 [[a, [k!, kaJ], kll 

- 4 [[[a, k21, k21, kll -:- 4 [[la, kal, k1], kll + 2~ [a, [kl, [kl, [kl, k2]]]] 

+ ~ [[a, [kl' [kl, k2]]], klJ + ~ [[[a, [k1) k21]' kIl, kl] + ~ [[[[a, k21, kl], kl], k1] 

- l~ [[[[[a, kl], k1], kll, k1], k1] 

On the other hand, let us compute to the same order exp{cLy) exp{cLx)cOa = 
2:n~ocnBn . 

Bo =a 
Bl = -[a, x] - [a, V] 

B2 = +[a, [x, VJ] + 4 [[a, x], x] + [[a, vI, xl + 4 [[a, v], v] 

Ba = -4 [a, [x, [x, VJ]] - 4 la, [[x, v], vlJ - [[a, v], [x, v]] - [[a,[x, VJ], x] 

- i [[[a, x], x], x] - 4 [[[a, vI, x], x]- ~ [[[a, v], v], x] - i [[[a, v], V], v] 

B4 = +i [a, [x, [x, [x, v]]]] + ~ [a, [x, [[x, v], vllJ + i [a, [[[x, vI, v], VJ] 

+ ~ [[a, v], [x, [x, v]]] + ! [[a, v], [[x, v], VJ] + ! [la, [x, yll, [x, ylJ 

+ 4 [[[a, v], v], [x, VJ] + 4 [[a, [x, [x, V]]], xl + ! [[a, [[x, v], v]], x] 

+ [[[a, vI, [x, VJ], xl + ~ [[[a, [x, y]], x], x] + l4 [[[[a, x], x], x], x] 

+ ~ [[[la, v], x], x], x] + t [[[[a, v], V], x], x] + ~ ([[[a, V], v], V], xl 

+ 2~ [[[[a, v], v], v], vI 

Bs = - it [a, [x, [x, [x, [x, vJ]lll - l2 [a, [x, [x, [[x, y], y]]]] ~ l2 la, [x, [[[x, V], v], vllJ 

- ~ [a, [Ix, v], [[x, v], vlll- i [a, [[x, [x, vII, [x, Ylll- it [a, [[[[x, yl, v], v], vlJ 

- i [[a, v], [x, [x, [x, V]]]]- ~ [[a, v], [x, [[x, v], Ylll- ~ [[a, v], [[[x, v], v], VJ] 

- ~ [[a, [x, vI], [x, [x, vlll - ~ [[[a, y], v], [x, [x, vlll - ~ [[[a, V], v], [[x, v], VJ] 

-! [[a, [[x, v], v]], [x, vll-! [[[a, V], [x, V]], [x, yll- i [[[la, V], V], yl, [x, VJ] 

- ~ [la, [x, Ix, [x, vlll], xl- ~ [[a, [x, [[x, vI, vlll, xl- ~ [[a, [[[x, v], v], v]], xl 

- ! [[[a, v], [x, [x, v]]], xl- ! [[[a, v], [[x, yl, vll, xl - 4 [[[a, [x, yJ], [x, v]], x] 

- ! [[[[a, v], v], [x, V]], x]- ~ [[[a, [x, [x, ylll, xl, xl- ~ [[[a, [[x, v], y]], x], x] 

-! [[[[a, v], [x, v]], xl, x] - i [[[[a, [x, v]], x], xl, x] - l~O m[[a, x], x], x], x], x] 

- l4 [[[[[a; v], x], x], x], xl - 112 [[[[[a, v], y], xl, x], x] - l~ [[[[[a, v], v], vI, xl, xl 

- 2~ [[[[[a, vI, yl, v], vI, xl - l~O [[[[[a, yl, vI, v], v], vI 

• \ 
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We find a triangular system of equations, which can be factorized by a, and solved for 
the variables kb k2, k3, k4' k5, k6, 

kl =x+y 

k2 = -t [x, y] 

k3 = A [x, [x, y]] + 1~ [[x, y], y] 

k4 = -2~ [x, [[x, y], y]] 

k5 = -7~0 [x, [x, [x, [x, y]lll + 1~ [x, [x, [[x, y], y]]] + 1~0 [x, [[[x, y], y], y]] 

+ 1~0 [[x, y], [[x, y], y]] + 3~ [[x, [x, y]], [x, y]]- 7~0 [[[[x, y], y], y], y] 

k6 = 1140 [x, [x, [x, [[x, y], y]]]] - 3io [x, [x, [[[x, y], y], y]]]- :Jo [x, [[x, y], [[x, y], y]]] 

- 7~0 [x, [[x, [x, y]], [x, y]]] + 1140 [x, [[[[x, y], y], y], y]] 

which is in effect the Campbell-Hausdorff formula to order 6. 
Similarly, we find the generating series for the exponential in terms of the Lie trans­

formation, 

kl = WI 
k2 =W2 

k3 = W3 -! [Wl,W2] 

k4 = W4 - t [Wl,W3] 

k5 = W5 - ~ [WI, W4]- 4 [W2' W3] + 1~0 [WI, [WI, W3]] + t1 [[WI, W2], W2] 

+ 3io [WI, [WI, [WI, W211l 

k6 = W6 - ! [WI, W5]- ! [W2' W4] + io [WI, [WI, W4]] + lo [WI, [W2' W3]] + 2~ [[WI, W3], W2] 

+ 2!0 [WI, [WI, [WI, W311l - 1~0 [WI, [[WI, W2], W21l 

k7 = W7 - 154 [WI, W6]- 134 [W2,W5]- 1~ [W3,W4] + 4~ [WI, [wl,w511 + 2\ [WI, [W2,W4]] 

- 4~0 [W2' [W2' W3]] + 1~ [[WI, W3], W3] + io [[WI, W4], W2] + 2~0 [WI, [WI, [WI, W4]]] 

- 2~~0 [WI, [WI, [W2' W31ll- 1~~ [WI, [[WI, W3], W2]]- 3~5 [[WI, W2], [WI, W3]] 

+ 6~0 [[[WI, W2], W2], W2] - 50
140 [WI, [WI, [WI, [WI, W3]1Il - 2i20 [WI, [WI, [[WI, W2], W2]]] 

+ Il90 [[WI, [WI, W2]], [WI, W2]] - 15i20 [WI, [WI, [WI, [WI, [WI, W2]]]]] 

and as a function of the generating series of the exponential of the Dragt-Finn transfor­
mation, 

kl = 91 

k2 = 92 

k3 = 93 -! [91,92] 

k4 = 94 -! [91,93] + A [91, [91,92]] 

k5 = 95 -! [9I,94]-! [92,93] + l2 [91, [91,93]] + l2 [[91,92],92] 

k6 = 96 -! [91,95]-! [92, 94] + A [91, [91,94]] + 1 [gl, [92,9311 +! [[91,93], 92] 
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- 2~ [gl, [[g1,g2], g2Jl - 7~O [g1, [gl, [gl, [g1, g2]lll 

k7 = g7 - 4 [gl,g6]- 4 [g2,g5]- 4 [ga,g4] + 1~ Igl, IgI,g5]]+! [gl, Ig2,g4ll + l2 [g2, [g2,gall 

+ l2 11gb ga], ga] +! IIgl,g4],g2]-l2 [91, [gl, 192,ga]]]- A 191, [lgl,g3],g2ll 

- 7~ [gl,[gl, Igl,lgi,galll] + I~O Igl, [91, [lgl,g2], g2]]] + 3~ [lgl, Igl,g2ll, [gl,g2]] 

The generating series of the Dragt-Finn transformation as a function of the generating 
series of the exponential, . 

gl = kl 
g2 = k2 

ga = k3 +! [kt,k2] 

g4 = k4 + J [kb ka] +! [kt, [k1 , k2Jl 

g5 = k5 + 4 [kl , k4] + 4 [k2, ks] + k [kl , [kI, kaJl- ~ I[kl , k2]' k2l + 2~ [k1, [kl' Ik1, k2lll 

g6 = k6 + 4 [kl , k5l + 4 [k2, k4l + i [k1, [kI, k4]]- l~ [kI' [k2,ka]l- 1
52 IIkI, ka], k2l 

+ 2~ [kI, [kb [kt, k3]]] - i [kI, I[kI,k2l, k2ll + I~ [kt, [kI, [kI, [kI, k2llll 

g7 = k7 + ! [kt, k6l + 4 [k2, k5] + 4 Ika, k4] +i [k1, [kl' k5]] + i IkI, [k2' k4]] 

+ k [k2, [k2, k3]] - k IIkl , ka], ka]-! [[kI' k4], k21 + 2~. [kt, [kl, [kt, k4lll 
1 . I .. 1 1 . 

- 8 [kI, [kl, [k2, ka]]] - 4" [kl, IIkI, ka], k2]l + 8 IIkl' k2], [kI, ka]] + 8 ([[kI, k2], k2], k2] 

+ l~ [kl, [kl' [kl, IkI, kaJlll- a~ IkI, [kl, IIkl' k2], k2lll- do IIkI, [kl, k21]' [kl' k2lJ ' 

+ 7~ Ik1, Ikl , [k1, Ik1, [kI, k2111l1 . 

The generating series of the Lie transformation as a function of the generating series 
of the exponential, 

WI = kl 
W2 =k2 

w3=ka+i [kl,k21 

W4 == k4+ i [kl, ka] + 2~ [k1, [kl, k2Jl 

W5 = k5 +! Ikl, k4] + 4 [k2, ka] + A [kl, [kl' kall - a~ IIkI, k21, k21 + I~O [kI, [k 1 , Ik1 , k2]]] 

W6 = k6 + i [kI, k51 + ! [k2, k41 + A [kl, [kl' k4ll- l2 [[kI, kal, k21 + i2 [kl; [kb [kt, ka]]] 

-/2 [kl, IIkl' k2], k2Jl + 7~ [kl' [kI, [kl' Ikl, k2lll1 

W7 = k7 + 1
54 [kl, ks] + 134 Ik2, k5] + l~ [ka, k41 + il [kl' Ikl, k5ll + 4~ [kl, [k2, k4]] 

+ l2 [k2, [k2,k3]]- il [[k1,k3],ka]- il I[k!,k4],k21 + l6 Ikl, IkI, Ikl,k4lll 

- lis [k1, [kl' [k2, k3lll - 2~ 'lk1, I[k!, kal, k2]]- lis ([kt, k2], [kl , kaJl 

+ l~ IfIkI, k2], k2], k2] + 4~O [kI, [kl , Ikl' [kl, k3]]]] ~ ~o [kI, [kl' Ukl' k2], killl 

+ Jo Ukl, [kl' k2]]' [kl , k2]] + 50~O [kl' [kl' [kl' [kl' [kl' k2lllll 
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7.3.1. Composition of Transformations 

The composition of the two inverse Lie transformations T;l and T;;l is T;;l, where 

WI = UI +VI 

W2 = U2 + V2 + ! lUll VI] 

W3 = U3 + V3 + ~ [UI, V2] + i [U2, VI] +! [UI, [UI, VIJJ 

W4 = U4 + V4 + ~ [UI, V3] +! [U2, V2] +:l [U3, VI] + :l [UI, [UI, V2lJ -+ l~ [UI, [U2, VIlJ 

- ! lluI, VI], U2] + i4 [UI, [UI, [UI, VIlli 

W5 = U5 + V5 + ~ [UI, V4] + i [U2, V3] + ~ [U3, V2] + t [U4, VI] + ~ [UI, [UI, V3lJ 

+ 125 luI, [U2, V2JJ + :b [UI, [U3, VI]] +! [U2, [U2, VIJJ - i [[UI, VI], U3] - is [[UI, V2], U2] 

+ ls [UI, [UI, [UI, V2JJJ + lo [UI, [UI, [U2, VIlli - 112 luI, [[UI, VI], U2]] 

- :b [[UI, U2], [UI, VI]] + lk lUI, [UI, [UI, lUI, VI]]]] 

W6 = U6 + V6 + i lUI, vs] + ~ IU2, V4] +! IU3, V3] + i IU4, V2] + ! IU5, VI] + i lUI, luI, V4JJ 

+ ! lUI, [U2, V3JJ + l2 [UI, IU3, V2]J + 31 [UI, [U4, VIlJ +! [U2, [U2, V2lJ + A [U2' [U3, VIlJ 

- {s llUI, VI], U4] -:l [[UI, V2],U3] - i [[UI,V3],U2]- ~ [[U2,VI],U3] 

+ l2 [UI, [UI, [UI, V3llJ + 316 lUI, [UI, [U2' V2]]] + 1~0 lUI, [UI, [U3, VIlli 

+ k [UI, [U2' [U2' VIllJ - 430 [UI, [[UI' VI], U3lJ - ;6 luI, [[UI, V2], U2JJ 

- l2 [[UI' U2], [UI, V2JJ - 21 [luI, U3], [UI, VIlJ -is [luI, [U2' VI]], U2] 

+ is [[lUI, VI], U2], U2] + /2 [UI' lUI, [UI, lUI, V2]]]] + 3~O [UI, lUI, luI, IU2, VI]llJ 

- 4~ IUI,luI,lIuI,vlj, U2JJ] - 3~ IUI,lIuI,U2],luI,vI]JJ + 9~ IIUI,[UI,VIlJ,luI,u2lJ 

+ 7~0 luI, luI, lUI, [UI, [UI, VIlli]] 

W7 = U7 + V7 + ~ [UI, V6] + ~ [U2, vs] + 4 [U3, V4] + ¥ [U4' V3] + ~ [U5, V2] + ~ [U6, VI] 

+ (4 [UI, [UI, vsJJ + 241 luI, [U2' V4JJ + ~ [UI, [U3, V3]] + is [UI, [U4' V2]] 

+ i2 [UI, [Us, VI]] + l~ [U2' [U2, V3]] + 3~ [U2, [U3, V2lJ + 211 [U2, [U4' VIlJ 

+ l~ [U3, [U3, VI]] - 4~ [[UI, VI], Us] - :s [[UI' V2], U4] - i8 lIuI, V3], U3] 

- :1 [[UI' V4], U2] - 221 [IU2, VI], U4] - 3~ [[U2, V2], U3] + il [UI, luI, luI, V4JJJ 

+ is [UI, [UI, [U2, V3]]] + 7~ [UI, luI, [U3, V2JJJ + 2~0 lUI, [UI, [U4, vIIll 

+ is luI, [U2' [U2' V2JJJ + 16s [UI, [U2' [U3, VIlli + 412 [U2' [U2' [U2' VIlli 

- A [UI, [[UI, VI], U4]] - io [UI, [[UI' V2], U3]] - i8 lUI, [[UI, V3], U2JJ 

- I~S [UI, [[U2, VI], U3]] - is [luI, U2], [UI, V3]] - 33S lluI, U3], [UI, V2]] 

-l2 [[UI, U3],[U2,VI]] - 2\ IIUI,U4],[UI,VI]] + il [[UI,VI],[U2,U3lJ 

- 1~5 lIuI, [U2, V2]], U2] - it [luI, [U3, VI]], U2] + l2 [[lUI, VI], U3], u2l 

+ I~S [[[UI, V2], U2],U2] + i6 lUI, luI, lUI, IUI,v3llJl + 2~0 lUI, lUI, luI, IU2,v2111l 

+ Jo [UI, lUI, luI, IU3, vIllll + 4~O lUI, luI, IU2, IU2, vIllll- ilo luI, lUI, [[UI, VI], U3]]] 

- ;0 luI, [UI' [[UI, V2], U2JJJ - 31 lUI, lIuI, U2], [UI, v2111 - I~S lUI, [luI, U3], luI, VI]]] 
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- I!O lUI. [[UI, [U2, VI]], U2]] + l~ lUI, [[luI, VI], U2J, U2]] - 2~2 [[UI, U2], luI, [U2, VIlli 

+ i3 [[UI, U2], [[UI, VI], U2]] + 8~ [[UI, [UI, VIJ], [UI, U3]] + I~5 [[UI, [UI, V2]], luI, U2]] 

+ l4 [[[UI, U2], U2], lUI, VI]] + 4~O luI, [UI, lUI, lUI, lUI, V2JIlIJ 

+ 25~0 lUI, luI, lUI, luI, [U2, vIllI]]- I~ lUI, [UI) lUI, [[UI, VI], U2JllI 

- 2~0 luI, lUI, [[UI, U2], lUI, vIllIJ + I~O [UI, [[UI, luI, VI]], lUI, U2JJJ 

+ 5~ [[UI, luI, U2J], luI. [UI, VI]]] + 50~O luI, luI, luI, lUI, luI, luI, vI]]IIIJ 

Hence we deduce the Lie transformation Tv in the form of an inverse Lie transformation 
Tv-;I, by solving the previous system, where w = 0, in relation to the Ui 

Vi = -VI 

V~ = -V2 

-V~ = -V3 + ! [VI, V2] 

V~ = -V4 + ! [VI, V3J - l2 [VI, [VI, V2JJ 

Vs = -:-V5 + ~ [VI,V4] + -k [V2,V3J - ;0 [VI, [VI,V3]] + lo [[VI,V2],V2] + 6~ [VI, [VI, [VI,V2JJ1 

V~ = -V6 + i [VI, vsJ +! [V2, V4J - -k [VI, [VI,V4]]- ls [VI, [V2, V3]] + l2 [[VI, V3J, V2J 

+ 3~ [VI, [VI, [VI, V3]]] - 6~ [VI, [[VI, V2], V2]]- 3io [VI, [VI, [VI, [VI, V2JJJJ 

V~ = -V7 + ~ [VI,V6J + ~ [V2,VSJ + ~ [V3,V4J - ~i [VI, [VI,VS]]- ~ [VI, [V2,V4]] 

- io [V2, [V2, V3]] + 2~ [[VI, V3], V3] + I~\ [[VI, V4], V2J + 2\ [VI, [VI, [VI, V4]]] 

+ 8~ [VI, [VI, [V2, V3JJJ - 4~ [VI, [[VI, V3], V2]] - IA5 [[VI, V2],[VI, V3]] 

+ 2~0 [[[VI, V2J, V2], V2]- Ik [VI, [VI, [VI, [VI, V31l1J + 2io [VI, [VI, [[VI, V2], V21l1 

- Ii60 [[VI, [VI, V2]], [VI, V2]] + 2120 [VI, [VI, [VI, [VI, [VI, V2JJJ]] 

Similarly, we get the inverse of the inverse Dragt-Finn transformation Mg-;I = Mg, 
where 

gi = -gl 

g~ = -g2 

g~ = -g3 + [gI, V2J 

g~ = -g4 + [gl', g3J - ! [gl, [gl, V2]] 

gs = -gs + [gI,g4J + [g2,g3]-! [gI, [gl,g3JJ +! [[gl,g2],g2J + i [gl, [gl, [gl,g2]]] 

g~ = -g6 + [gI, gsJ + [g2, g4]- t [gI, [gI, g4]] - t [gl, [g2, V3]] + t [[gl, g3], g2J 

+ i [gI, [gI, [gI,g3]]]- t [gI, [[gI,g2],g2]] - i4 [gI, [gI, [gl, [gl,g2]]]] 

g~ = -g7 + [gI,g6J + [g2,gSJ + [g3,g4J -! [gl, [gI,gS]] - [gl, [V2,g4]] -! [g2, [g2,g3]] 

+ ! [[gl, g3], g3J + 1 [gI, [gI, [gI, g41l1 - t [gl, [[gl, g3J, g2]] +! [[gl, g2], [gI, g3]] 

+ 1, [[[gl, V2], g2], g2] - 2
1
4 [gl, [gI, [gl, [gl, g3]]]] + l2 [gl, [gl, [[gI, g2], g2JJJ 

+ i [[gI, [VI, g2]], [gl, g2]] + I~O [gI, [gl, [gI, [gl, [VI, g2]1lI] 
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Obviously, these formulas might have been obtained by using the bijection between the 
Lyndon words and the Lyndon basis, by using the expanded formulas of Lie automorphisms 
as functions of Lie operators. However, it would probably have been difficult to compose 
mappings, and i~ would have become necessary to combine several expanded formulas. 

The convenient form of the injective morphism La : X 1-+ [a, xl is the equivalent of the 
superior triangular form of the bijection between the Lyndon words and the Lyndon basis, 
written in this basis. In my opinion, the advantage lies in the fact that one can remain in 
the free Lie algebra, which, from the standpoint of implementation, is most useful. 

This morphism has the same properties, regardless of the basis chosen, but it does not 
appear that its representation in the Hall basis would be simple. 

On the other hand, the relations between the various representations of the elements 
of the group generated by the exponentials of Lie operators will later enable us to formally 
demonstrate the equivalence of perturbation methods, or the equivalence of methods for 
searching for symplectic integrators. The means of explicitly computing these relations 
will provide the means of explicitly finding symplectic integrators. 

I had initially proposed an algorithm for Lie polynomial manipulation in the Hall 
basis (cf. [32]), without realizing that the same considerations applied for the Lyndon 
basis. Only recently, after reading Mr. Petitot's thesis, was I able to effectively transpose 
the algorithm. Both decompositions, in the Hall basis and in the Lyndon basis, will be 
implemented from the same representation of the basic principles, in the last section of 
this text. 
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Chapter II 

Hamiltonian Formalism 

In this chapter, we introduce the definitions and basic concepts of hamiltonian mechan­
ics -which will be useful for the rest of this text- while setting them apart from actual 
perturbation methods. Hopefully, this section should provide the necessary tools to define 
the framework of perturbation methods, which are primarily relevant to computational 
issues. 

First of all, we will recall hamiltonian formalism. All notions addressed here were 
primarily inspired by Arnold's two books, ([2, 3]) as well as Meyer & Hall's book ([41]). 

Next, we focus on families of canonical transformations, specifically those which are 
written in formal series of a small parameter. Here my ideas were primarily inspired by 
original articles by Deprit [11] and Dragt & Finn [14] on the one hand, and by general 
articles like Cary's [7] on the other. 

Finally, we compare the use of the Deprit transformation and that of the Dragt-Finn 
transformation as functions of the number of evaluations of Poisson brackets which they 
require. 

8. DEFINITIONS AND NOTATIONS 

For this entire discussion, we are in a phase space E of 2n dimension, which we will 
eventually be able to regard as IR2n. State variables can be represented either by the 
combination of coordinates and momenta 

(q,p) = (ql, ... ,qn, Pl,···,Pn), (8.1) 

or' by 

z = (q,p) = (Zl, ... , Z2n), (8.2) 

according to the concision desired in the formulas. Naturally, this space is provided with 
an antisymmetric, bilinear form J 

J = ( 0 In) -In 0 
(8.3) 
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where In denotes the ~dentity matrix of size n. The standa:rd symplectic form is written 
as 

w = PI 1\ ql + ... + Pn 1\ qn· (8.4) 

A linear transformation T over the phase space is called symplectic if it maintains the 
symplectic form w or if it belongs to the symplectic group 

Sp(E,w) = {T;TT JT = J}. (8.5) 

A linear operator H is formally defined as being hamiltonian if it is the derivative, at 
t = 0, of a I-parameter (t) family of symplectic transformations, which takes the identity 
as its value, at t = O. Th~s for H, we get .the condition 

(8.6) 

H being a hamiltonian operator, we define 

hex) = !w(x, Hx) (8.7) 

as the Hamiltonian of H. Conversely, to any quadratic form h, we associate a Hamiltonian 
Hby 

w(y, Hx) = hex + y) - hex) - hey) (8.8) 

which defines an isomorphism between quadratic forms, arid hamiltonian operators. 
In matrix formalism, to any symmetrical matrix S, we associate a symplectic endo­

morphism T by 

T = eJS = L (Js)m. 
m;::O m! 

On the other hand, any hamiltonian operator H for which the matrix is 

H=(~ ~) 
satisfies conditions (8.6), that is to say 

BT = B,CT = C,DT = -A. 

(8.9) 

(8.10) 

. (8.ll) 

The corresponding Hamiltonian is a quadratic form h for which the matrix is a symmetrical 
matrix 

~JH=~( CD). 
2 2 -A-B 

(8.12) 

The Poisson bracket of two Hamiltonians is defined as the Hamiltonian associated with 
the hamiltonian operator, which is the commutator of the two respective hamiltonian 
operators. Thus we get, in canonical coordinates 

(8.13) 
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From this definition 

(8.14) 

we deduce that hamiltonian operators form a Lie algebra with the commutator as the Lie 
bracket. 

8.1. Canonical Transformations 

Considering the 2-form w = dp /\ dq, we define the Poisson bracket of two smooth 
functions / and 9 as 

{f,g} = w(dj,dg), (8.15) 

that is, in the Darboux coordinates 

{f, g} = t 0/ og _ 0/ og . 
i=l 0Pi Oqi Oqi 0Pi 

(8.16) 

The Poisson bracket of two functions of phase space may be written in matrix form 

(8.17) 

where 

\1/= (~/ , ... , !:l0/) 
UZI UZ2n 

(8.18) 

denotes the gradient of /. 
In this fashion, the space of smooth functions on E is provided with a Lie algebra 

structure in relation to the Poisson bracket. 

We denote by Lf or L(f), the Lie operator 9 ~ {f,g}. The Jacobi identity thus 
enables us to write 

(8.19) 

where [A, B] = AB - BA denotes the commutator of A and B. This last property thus 
allows us to give Lie operators a Lie algebra structure. • 

By extension, we define a canonical transformation over phase space as a transforma­
tion which maintains the Poisson bracket. Thus, we must have for Z = Tz, 

(8.20) 

that is to say, for any 1 ~ i, j ~ 2n 

(8.21) 

where M denotes the Jacobian matrix of the transformation T. In other words, canon­
ical transformations are those whose Jacobian belongs to the symplectic set. Literature 
indifferently uses the adjective canonical or symplectic to denote such transformations. 
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Canonical transformations of phase space is extended to the functions over phase space 
by posing 

T J(z) = J(Tz). (8.22) 

Since canonical transformations preserve the Poisson brackets, we have, for a canonical 
transformation T, and two functions J and 9 (denoting Z = Tz), 

(8.23) 

which means that the Poisson bracket is unchanged, whether it is considered as a function 
of Z or z. Therefore, we have 

{J,gL = {J,g}z (8.24) 

which, consequently, implies for any canonical transformation T, 

T{J,g} = {TJ,Tg} and LT/ = TL/T- 1
• (8.25) 

9. HAMILTONIAN SYSTEMS 

Newton's laws for classical mechanics produce systems of differential equations of sec­
ond order in lRn. If the forces are derived from a potential, the equations of motion can 
be reduced to the hamiltonian system, that is to say to the study of a system of first order 
differential equations in a space of 2n dimension. Let us consider a material system for 
which Newton's laws of mechanics may be written 

Mx + VF(x) = g(t) (9.1) 

where x E IRn , M is a symmetrical invertible n x n matrix, F is a smooth function with 
a real value defined over an open set of lRn, and g(t), a smooth function taking values in 
lRn

, defined on an open set of lR. By posing p = Mx, we have 

. M-1 
X= p, p = g(t) - VF(x), (9.2) 

that is to say, by posing 

(9.3) 

;. 
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Newton's equations are reduced to a first order system 

. oh 
X= op' 

. oh 
P = -ox· (9.4) 

h is called the Hamiltonian of the system (9.1). Generally, T = !pTM-1p is the kinetic 
energy, and U = -F(x) + xTg(t) is the potential energy. If 9 = 0, the Hamiltonian is 
autonomous and the total energy h = T + U is invariant. 

Another approach consists of considering the equations of Lagrangian mechanics. 
Given L(x, X, t) = T - U the Lagrangian of the system (9.1), the principle of least ac­
tion of mechanics states that the system's evolution is defined by an extremal curve of 

J L(x, X, t)dt, 

which, according to Euler's equations, can be reached only if 

doL oL 
dt ox = ox· 

Differentiating 

n 

h = I:XlPI - L(x,x, t), 
1=1 

where PI is a new variable, which we will define later, we get 

n oh n oh oh 
dh = I: -;:;-dXl + I: "?ldPI + ~dt 

1=1 uXI 1=1 UPI ut 
noL n n oL oL 

= I:(Pl- -. )dXl + I:xldpl- I:-dXl- -dt 
1=1 OXI 1=1 1=1 OXI {)t 

n oL n n d oL oL 
= I:(PI - -. )dXl + I:xldpl - I: -[-. jdxl - -dt. 

1=1 OXI 1=1 1=1 dt OXI {)t 

The previous equation is only satisfied if 

oh 
{)t 

P . 8L 
osmg PI = F:fi' 

oh . 
-=Xl, 
OPI 

oh 
OXI 

ql = Xl, we get Hamilton's equations 

. oh 
Pl=--, 

Oql 
. oh 
ql = aPI' 1 ::; l ::; n. 

(9.5) 

(9.6) 

(9.7) 

(9.8) 

(9.9) 

(9.10) 

(9.11) 

(9.12) 

A hamiltonian system consists of a phase space, and a Hamiltonian h. The study of a 
hamiltonian system is the study of the system of differential equations 

. oh. oh 
PI = - Oql ' ql = {)PI' 1 ::; l ::; n. (9.13) 
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Such a system can also be written, by introducing the form J (8.3): 

z = J'Vh = JDhz, (9.14) 

where Dh denotes the differential of h. Using the Poisson bracket, (9.14) can also be 
written 

Z= {z, h}. (9.15) 

In the case of a linear hamiltonian operator, since h is a homogeneous polynomial of 
degree 2, we have: 

J'Vh = H(z) = JDh(z) = JH(z) (9.16) 

where H is the Hessian of h: 

(9.17) 

In the space of vector fields, we will state that J dh is the hamiltonian field of Hamilt­
onian h by analogy to the system of equations obtained with J dh in canonical coordinates: 

. oh. oh 
Pl = - Oql ,ql = OPl' 1 ~ I ~ n. (9.18) 

The Hamiltonian h may in some cases depend on time, and in that case, we will state 
that the system is non-autonomous. 

9.1. Integ~able Systems 

The integrability of a hamiltonian system relies on getting a certain number of invari­
ants. We state that F is a.n invariant of the hamiltonian system given by h if and only if 
we have: 

{F, Ii} = o. (9.19) 

According to Liouville's theorem (cf. [3]), we state that a hamiltonian system is com­
pletely integrable, as implied by Liouville, if, and only if there exist n independent invari­
ants in involution, that is to say if there exist F1, ... , Fn such that 

(9.20) 

For example, 

- an autonomous hamiltonian system of 1 degree of freedom is completely integrable, 
since h is an invariant of the system. . 

- a linear hamiltonian system is completely integrable. 

However, since Poincare's contributions, we have known that genentlly, a hamiltonian 
system with several degrees of freedom is not integrable. 
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9.1.1. Examples 

The study of a harmonic oscillator is the study of the system of differential equations 
of order 2: 

(9.21) 

where w > 0 is a constant. Posing P = ~ and q = x, we get the system of differential 
equations of order 1: 

p = ~ = -wx = ~wq, q = x = wp, 

that is to say, posing h = ~(p2 + q2), we have 

. oh. oh 
P = - oq , q = op' 

The system has 1 degree of freedom, so it is integrable, which we verify with 

! (p2 + q2) = O. 

The solutions are given by 

where 

Therefore, we have 

e-tH = (COS(wt) Sin(wt)) 
- sin(wt) cos(wt) 

and 

{ 
P = cos(wt)p(O) + sin(wt)q(O) 
q = - sin(wt)p(O) + cos(wt)q(O) 

Similarly, the Hamiltonian of n uncoupled oscillators is written 
n 

h = ! LWl(p; + qt), 
1=1 

in which the n invariants are actions 

11= !(PT + qt), 1 ~ 1 ~ n. 

(9.22) 

(9.23) 

(9.24) 

(9.25) 

(9.26) 

(9.27) 

The actions and their conjugate variables (angles) form a set of canonical variables defined 
by: 

{
PI = J2li cos ¢l 

¢l(t) = ¢1(0) + wit, 
ql = J2li sin ¢l ' 

We have Arnold-Liouville's theorem [2]: 

1 ~ 1 ~ n. (9.28) 

THEOREM 23 (Arnold). - If a system of n degrees of freedom is completely inte­
grable, there exist n invariant tori for the hamiltonian system, that is to say a change in 
canonical action-angle variables. Furthermore, this change of variables can be carried out 
by quadrature. 
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9.2. Time Evolution 

In the case' of an autonomous system, in the formalism of Lie operators, the time 
evolution of the system is given by .. 

.i = {z, h} = -LhZ. (9.29) 

Thus, for any n ;::: 1, we have 

trz = (-l)nLhZ. 
dtn , 

(9.30) 

The formal solution z( t) is given by its Taylor series 

(9.31) 

A family of transformations e-tLh is a one parameter family of canonical transformations, 
also called mapping at time t, of the hamiltonian flow. For any smooth function of the 
phase space, we have along the solution curves 

(9.32) 

In the general case ([7]), whenever h is time-dependent, we define, for an integrable 
system, the mapping in time t, as the mapping which, at one point of a phase space z, 
associate,s the point z(t), position at time t of the solution, with a position z at t = O. We 
denote this mapping Sh(t). 

Similarly, we define Sh(t}, t2), the mapping which associates with z the point z(t), 
position at time t = t2 of the solution to the hamiltonian system, at position z and t = tl. 

The following theorem gives us a first family of canonical transformations. 

THEOREM 24. - . Sh(t}, t), is a family of canonical tmnsformations. 

In the linear case, that is to say. whenever we study the hamiltonian system 

i = H(z), (9.33) 

where H is a hamiltonian operator, Sh(tl, t) is a linear mapping, and we have (cf. [41]) 

Sh(tl, tt) = Id and Sh(tl, t) = HSh(tl, t). (9.34) 

Let us pose then U(t) = Sh(tl, t)T JSh(iI, t). We have, according to (8.6), 

(9.35) 
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that is to say, for any t, U(t) = U(O) = J, and consequently, the linear operator Sh is a 
symplectic transformation. 

In the general case, let us denote Z(tl' t, z) = Sh(tl, t)z the general solution of (9.29). 
From 

d { . dtZi(tI,t,z) = Zi(tl,t,z),h} = J(Dh)Zi(tl,t,Z), 

we deduce, by differentiating, that 

. aa S(tl' t2, z) = JHS(tl, t2, z), 
t2 

(9.36) 

(9.37) 

where S(tl' t2, z) is the Jacobian matrix of Z(tl' t2, z). From Z(tb tl, z) = z, we deduce 
that S(tl' tl, z) = I, next that S is the general solution of the linear hamiltonian system 
(9.37), and consequently, is symplectic according to (9.34). The time evolution transfor­
mation is thus canonical, according to definition (8.21). 

These time evolution transformations form a group, since we have, for any tl, t2, t3, 

If, for example, h no longer is time-dependent, we then have a group of parameter t, since 
Sh(tl, t2) = Sh(O, t2 - tl). In this case 

aSh(t) 
at = -Sh(t)Lh = -LhSh(t), 

If we know the exact form of Sh, then we can solve the differential equation 

of 
at + {j,h} =g. 

which is solved by noting that 

a 
at

l 
Sh(tl, t2)f(tl) = Sh(tl, t2)g(tt}, 

which gives 

and consequently, 

(9.38) 

(9.39) 

(9.40) 
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\ 10. FAMILIES OF CANONICAL TRANSFORMATIONS 

Given w' (p, q, 0), a family of functions of phase space of class C 1, let us consider the 
hamiltonian system given by 

aql aw' 
ao = apI' 

1 ::; 1 ::; n. 

. The mapping To at time 0 of the hamiltonian flow of w', verifies, for any z, 

a 
aoToz = -{w'(Toz),Toz} 

which solves the differential equation 

= -{Tow'(z), Toz} 

-ToLw'Z, 

(10.1) 

(10.2) 

(10.3) 

Let us call w, the function whose derivative2 with respect to 0 is w', and vanishes at 
0=0. If LW1 commutes with Lw, that is to say if [Lw, Lw11 = L{w,wl} =·0, then we have, 
for any p ~ 0, 

therefore 
{) 
_e-Lw = _e-Lw LW1 = -Lw1e- Lw . 
ao 

- If w' = wb does not depend on 0, then [Lw1, Lo~;]= L{w',9wl} = 0, ?o[Ow'] = w' 
therefore, the solution of (10.3) is 

'T' _ e-9Lw' _ e-Lw .10 - - • 

- If w'(p, q, 0) = a(O)w(p, q) then, calling A(O) = Ita(v)dv the integral (see footnote) 
of a, which vanishes at 0, we have w = A(O)w and [Aw, awl = Aa[w, wI = O. 
Similarly, the solution of (10.3) is given by 

(lOA) 

- On the other hand, if Lw1 does· not commute with Lw, the solution is no longer an 
exponential, but what we call the Lie or Deprit transform in relation to the exponen­
tial. Nevertheless, the exponential of a Lie operator is a canonical transformation 
(6.7). We can also show (cf. [42]), that the solution of (10.3) is an exponential. 

2The integral of w: primitive in the French text. 
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10.1. General Form of Transformations 

Let us now focus on the canonical transformations that are formal series 

T = I: enTn and T- 1 = I: enT;;l. 
n~O n~O 

'rhe fact that T is a canonical transformation imposes some conditions on the various 
terms Tn. The following theorem indicates two possible representations of these transfor­
mations, which justifies, in a certain way, the use of either the Dragt-Finn transformation, 
or the Deprit transformation. 

PROPOSITION 25. - Given a transformation T, such that TZi is a formal series for 
any 1 ::s; i::S; 2n: 

TZi = Zi + I:ejai,j(Z) = I:ejai,j(Z), (10.5) 
j~l j~O 

where ai,j(z) is a function of Z = (Zl,"" Z2n) , 

- there exists a formal series w = Ln>l enwn, such that T-l is the mapping of the 
hamiltonian flow ~ integrated for at-time e, 

- there exists a formal series 9 = Ln>l engn such that T-l is the infinite product 
of the mappings of the autonomous hamiltonian flows engn integrated for a unit of 
time. 

Remark. - We can consider the mappings of the autonomous hamiltonian flows engn 
integrated for one unit of time, as mappings at· time en of the autonomous hamiltonian 
flows gn, or as the mappings at time e of the non-autonomous hamiltonian flows nen-1gn' 

The proof of this property may be found in similar form in [14], but there exist more 
general results for the form of the canonical transformations which continuously depend 
on a parameter. The proof only relies on algebraic considerations on the Poisson bracket, 
and more specifically on the following lemma, which states that any derivative is an inner 
derivative. The same proof may apply when showing proposition 17, page 20. 

LEMMA 26 (Dragt-Finn [14]). - Given the canonical coordinates (Zl,"" Z2n) and a 
set of2n functions iI, ... , /2n, there is equivalence between the two following properties: 

(i) for any 1 ~ i,j ~ 2n, we have {Zi' fj} = {Zj, Ii}, 
(ii) there exists 9 such that for any 1 ::s; i ::s; 2n, we have fi = {Zi' g}. 

Proof. - If we have for 1 ::s; i::S; 2n, fi = {Zi,g}, then we deduce 

that is to say (i) is obtained using the Jacobi identity and the fact that {Zi, Zj} is a 
constant. 

Conversely, let ,us suppose that we have (i). Let us call z* = J z, then we have 

fJz~ 
~ = Ji,j, 1::S; i ::s; 2n. 
vZj 

(10.6) 
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For any f we then deduce 

(10.7) 

so that we have, for any 1 :$ i, j :$ 2n, 

Hence we deduce I:: /idzi is an exact form, and that 9 = - J I:: /idzi is indeed defined, 
and satisfies, for any 1 :$ i :$ 2n; {Zi' 9} = Ii-

In order to show proposition 25, we construct the 9k term by term. Let us show the 
following result: 

LEMMA 27 (Dragt-Finn [14]). - There exists 91, ... ,9p, ... such that for any p 2: 1, 
we have ~ 

e€PLgp ... ~€L91Tz' = z· + '" eja~P!· 1 <_ i <_ 2n. 
t· t ~ t,]' (10.8) 

j>p 

• If p = 1, T is a canonical transformation. If we expand {Zi' Zj} = {TZi' TZj} in c, we get 

o =c({zi,aj,l(z)} + {ai,l(z),Zj})+ Len L {ai,p(z),aj,q(z)}, 
. n;:::2 p+q=n 

and, identifying term by term the coefficients of the series, 

According to lemma 26, there exists 91 such that for any 1 :$ i :$ 2n we have 

ai,1 = {zi,9d = -L91 Zi. 

Hence we deduce that 

e€Lg1Tzi =. e€L91(zi + Lenai,n(Z)) 
n;:::1 

IJ!. 
Zi + Len L ~1 ai,q(Z) 

n;:::l p+q=n p. 

Zi + eL91 Zi + ai,1 (z) + Len L ~1 ai,q(Z) 
n;:::2 p+q=n p. 

'" n (1)( ) - Zi + ~ e ai,n Z . 
n;:::2 

(10.9) 

(10.10) 

(10.11) 

• Let us suppose the property (10.8), satisfied at rank k -1. Since e€PLgp is a canonical 
transformation, for any 1 :$ p :$ k - 1, we deduce that e€k-

1
L9k_1 ... e€L91 T is' a canonical 

transformation, and consequently, for any 1 :$ i, j :$ 2n, we have , 

{ '" m (k-l)( ) '" m (k-l)()} { } Zi + L...J e ai,m Z ,Zj + L...J e aj,m Z = Zi,Zj . 
m;:::k m;:::k 
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In the same way, we deduce that 

O=({Zi,a;~k-I)(z)}+{a~~-I)(Z),Zj})+ 2: em 2: {a~;-I)(z),a~~q-I)(Z)}, 
m2:k+1 kp+q=m 

which, identifying the terms of degree k, gives 

{ (k-l)(} {(k-l)() } Zi, aj,k z) + ai,k z, Zj = 0 

and proves the existence of 9k, such that, for any 1 ::; i ::; 2n, we have 

a(k-l) - {z· 9k} - L z· i k - t, - - 9k t· , 

Similarly, we deduce that 

e€kLgk .. ·e€Lg1T
zi 

= e€kLgk .. . e€Lg1 (Zi + 2: ema~~l)(z)) 
m2:k 

Zi + 2: em I: ~k a~~-l)(z) 
m2:k . kp+q=m p. 

k (L (k-l)())" m " I{k (k-l)( ) = Zi + c: gk Zi + ai,k Z + ~ c: L....J -, ai,q Z 
m2:k+I kp+q=m p. 
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" m (k) ( ) = Zi + L..J e ai,m Z . (10.12) 
m2:k+1 

In order to demonstrate the second part of proposition 25, we use following lemma: 

LEMMA 28 (Dragt-Finn [14]). - If T is a canonical transformation, there exists a 
function h(Tz, e) such that 

OTz 
& = -{h(Tz,c),Tz}. 

Proof. ---: From {TZi,Tzj} = {Zi,Zj}, we deduce that, for any 1::; i,j::; 2n, 

2: ePcq {ai,p(z), aj,q(z)} = {Zi' Zj}. 
p,q2:0 

When differentiating the previous equation with respect to e, we have 

therefore 

2: ePeq-l{ai,p(z), qaj,q(z)} + cP-1cq{pai,p(z) , aj,q(z)} = 0 
p,q2:0 

{2: cPai,p(Z) , 2: qcq-1aj,q(z)} + {2:PcP- 1ai,P(Z), L Cqaj,q(z)} = 0, 
P2:0q2:0 p2:0 q2:0 

that is to say, 

(10.13) 

(10.14) 
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with the Poisson bracket taken in z, and T canonical, we have, accordiIig to (8.24), 

and since the TZi are canonical coordinates, there exists, according to lemma 28, a function 
h(Tz, c), which satisfies, for any 1 ~ i ~ 2n, 

(10.15) 

Then we have 

(10.16) 

Let us pose h =~, to be consistent with previous material, and to later obtain more 
concise formulas. Specifically if W = cnwn, we again come up with the exponential of a 
Lie operator. 

The existence of w is subordinate to the equality 

OTzj OTZi 
{TZi'~} = {Tzj'7k}' (10.17) 

which, for example, is satisfied if T is of class C2 , or satisfies for any 1 ~ i, j < 2n 

02Zi 02Zi 
OZjOc OcOZj . 

(10.18) 

10.2. Deprit Transformation 

The type Tf Lie transformation is also called the Deprit transformation. It was intro­
duced by Deprit [11]. Given a generating series 

(10.19) 

we focus on the mapping, at time c, of the non-autonomous hamiltonian flow given by the 
hamiltonian function ~. Let us denote Tw , a one parameter family, we have, 

Tw(O) = I, 
OTw 
~=-TwL8w' 
Uc 7Ji 

From (10.20), we deduce that T~l verifies the differential equation 

aT-I 
w L T- 1 

fjg= ~ w' 

The solution is expanded in the small parameter c, and we get inductively 

Tw = L cn(Tn)n, T~l = L cn(T~l)n, 
n~O n~O 

(10.20) 

(10.21) 

(10.22) 
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with 
n 

(Tw)o = I, (Tw)n = - L ~(Tw)n-pLwp, (10.23) 
p=I 
n 

(T~I)O = I, (T~I) = L ~Lwp(T~I)n_p. (10.24) 
p=I 

Whenever there will be no ambiguity, we will denote Tn for (Tw)n and T,:;-I for (T~I)n. 

Remark. - This transformation, which I shall take the liberty of calling the Deprit 
transformation, is not, strictly speaking, the Deprit transformation. In [11], it in fact 
denotes the mapping of the hamiltonian flow of W (instead of ~). I used the other 
notation for the sake of conciseness in the formulas, and also because this formulation is 
used, specifically, to provide estimates (cf. [22, 25, 52, 24]). 

The Deprit transformation, just as its inverse, is a canonical transformation, since it 
is the mapping, at time c, of a hamiltonian flow, and direct computation shows that it is 
linear, that it maintains the product and Poisson bracket (cf. [11, 221' or (6.30) page 16). 

The general term Tn is expanded into 

(10.25) 

and T,:;-I into 

(10.26) 

The previous sums are the sums for all possible j-uplets of strictly positive integers, whose 
sum is n. The number tn of terms in (10.25) or (10.26) is the number of increasing 
sequences {1, ... ,n}, that is to say that 

t - 2n - I 
n- . 

For f = I:p~o cP fp we have, for the first terms of F = I:p~o cP Fp = T~I f, 
Fo = fo 

FI = II -{fo, WI} 

F2 = h - {fo, W2} - {II, wI} +! {{fo, wd, wI} 

F3 = fa - {fo, W3} - {/I, W2} - {h, WI} + ~ {fo, '{WI, W2}} + {{fo, W2}, wI} 

+ ! {{II, WI}, wd - ! {{ {fo, WI}, wd, WI} 

F4 = f4 - {fo, W4} - {/I, W3} - {h, W2} - {f3, wI} + £ {fo, {WI, W3}} 

+ ~ {/I, {WI, W2}} +! {{fo, W2}, W2} + Hfo, W3}, WI} + H/I, W2}, WI} 

+! Hh, WI}, WI} -} {fo, {WI, {WI, W2}}} - ~ {{fo, {WI, W2}}, WI} 

- ~ H {fo, W2}, wIl, wI} - i H {/I, wIl, wI}, wI} 

+ ~ H Hfo, wI}, WI}, wI}, wI}. 

(10.27) 



10.3. Exponential 

Given a series 

we consider Tk(g), the mapping at time e of the flow associated with the autonomous 
hamiltonian system 

dz 
e dr = {z,k}. (10.28) 

Therefore, we have e ~;g) = -Tk(g)Lk and consequently, Tk(g) = e-Lk , Tk"{!) = eLk. 

Thegeneral term T;I of Tk"{!) is expanded into 

T.- I = . n (10.29) 

The number of elements in (10.29) is the number of increasing sequences of {I, ... , n-1}, 
that is to say, 2n

-
I • For f = 2:p~o eP fp, the first terms of F =2:p~o eP Fp = eLk fare 

Fo = fo 

PI = /I - {fo, kI} 

F2 = h -{fo, k2} - {/I, kI} +! {{fo, kl }, kd 

F3 = Is - {fo, k3} - {/I, k2} - {h, kd + ! {fo, {kI, k2}} + {{fo, k2}, kd 

+! {{fb kl }, kt} - ! {{ {fo, kl }, kl }, kt} 

F4 = f4 - {fo, k4} - {ft, k3} - {h, k2} - {h, kI} + ! {fo, {kI' k3}} +! {ft, {kb k2}} 

+ ! {{fo, k2 }, k2 } + {{fo, k3}, kt} + {{ft, k2}, kd +! {{h, kd, kt} 

- ! {fo, {kI' {kl' k2}}} - ! {{fo, {kl' k2}}, kd - ! {{ {fo, k2}, kI}, kl} 

- ! {{{/I, kIl, kIl, kI} + i4 {{{ {fo,kd, kl}, kd, kd· 

10.4. Dragt-Finn Transformation 

Let us consider the infinite product, at time en, of autonomous hamiltonian flows gn' 
The Dragt-Finn transformation, as well as its inv~rse, are infinite products 

M -gL _gnOL M I gnL gL 
9 = e 91 ••• e 9n ••• , ;- = ... e 9n ••• e 91 • (10.30) 

The Dragt-Finn transform is an infinite product of Deprit transformations, which makes 
it a canonical transformation. 

Remark. - It seems that the idea of this transformation might have been Kamel'S, in 
the early 70's. However, the name Dragt-Finn remains attached to this transformation. 

We can expand Mg and Mil as a function of the parameter e: 

M' -1= '"' nM-I 
9 ~e n' (10.31) 

n~O 
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with the general form 

M-I-I ° - , 
L'I71.n .•• Lm 1 

M -I _ '"' gn g1 
n-L...,; . 

mn!···mI! p(I,nin) 

Here, p(l, nj n) is the set of partitions of n, defined in (6.39), that is to say 

p(l, njn) = {(mI, ... , mn), mi + 2m2 + ... + nmn = n}. 
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(10.32) 

We know (cf. Andrews [1]) that the number Pn of partitions of n is equivalent, whenever 
n tends toward the infinite, at 

e7r j¥ 
4nv3 ' 

(10.33) 

that is to say that there are radically fewer terms in (10.32) than in the other expansions 
corresponding to the other transformations. 

For f = L:p~o €p fp, the first terms of F = L:p~o cP Fp = M;I fare 

Fo = fo 

FI = h - {fo, gd 

F2 = /2 - {fo, g2} - {h, gd +! {{fo, gd, gd 

F3 = /3 - {fo, g3} - {h, g2} - {/2, gI} + {fo, {gl, g2}} + {{fo, g2}, gd 

+! {{h, gd, gI} - i {{{fo, gd, gd, gd 

F4 = !4 - {fo, gd- {h, g3} - {/2, g2} - {/3, gd + {fo, {gI, g3}} + {iI, {gI, g2}} 

+ ~ {{fo, g2}, g2} + {{fo, g3}, gd + {{h, g2}, gil + ~ {{/2, gil, gI} 

- ! {fo, {gI, {gI, g2}}} - {{fo, {gI, g2}}, gil - ! {{ {fo, g2}, gil, gI} 

- i {{ {h, gil, gil, gd + l4 {{ {{fo, gd, gd, gd, gil· 

11. COMPUTATION OF INVERSE TRANSFORMS 

The computation of inverse transforms can be done by evaluating the expansion for­
mulas of the transformations. But, since the number of the monomials is considerable, we 
compute the transforms directly. 

In order to compute the inverse transform by the Deprit transformation, we use the 
algorithm proposed by Henrard [29], which takes into consideration the inductive relations 
between the T;I, and incidentally, is more convenient, from the computation point of 
view, than the algorithm proposed by Deprit. This algorithm is often used to carry out 
estimations oft~e radius of convergence, as, for example, in Giorgilli's, Galgani's or Sima's 
work. [25, 22, 8]. 

For the Dragt-Finn transformation, since we do not know a priori of any closed for­
mula between the M;I, we use the fact that the transformation is an infinite product of 
. exponentials of homogeneous terms. 
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~ 

Given a formal series I = En~o gn In, we denote F the inverse transform of I: 

F = T-II = LgnFn. 
n~O 

11.1. Deprit Transformation 

(11.1) 

From Fn = E~=o Tp-l In-p and the relations Tp-Ilq = E~=l ~LWkTp-.!klq, by-products 
of (10.24), we successively construct Fp,q = Tp-Ilq for p + q ::; r. We must then fill out a 
chart 

10 II h Ii In 

FI,o FII , FI ,2 FI,n-1 

(11.2) 
Fi,o Fi,l Fi,n-i 

! ! ! ! Fn,o 
Fo FI F2 Fi Fn 

column by column. Each term F(j, i - j) is deduced from the previous ones F(k, i - j), 
which are in the same diagonal, the diagonals being independent from each other. In 
particular if Ii = F(i; 0) = 0, then we h~ye F(k, i) = 0 for any k. Each term Fi is found 
as the sum of the elements in column F(j, i - j). 

With initial values Fo = 10, ... , Fr = Ir, we use the loop: 

for i := 1 to r do 
for j := 1 to i do 

for k:= 1 to j do Fj,i-j ;= Fj,i-j + ~{Wk' Fj-k,i-j}j 
Fi := Fi + Fj,i-j. 

In the previous algorithm, we evaluate ~ Poisson bracket of a term of order gP, and 
a term of order gq, whenever k = p, and j - k + i - j = q, or, similarly, whenever 
k = p, and i = p + q. The number of such Poisson brackets is the nuinber of elements of 
{jjp ::; j ::; p + q}, that is to say, q + l. 

The number of computed Poisson brackets gives a good indication of the cost involved, 
but one must also take into consideration the number of terms stored in memory during 
the computation. In the algo~ithm proposed for the Deprit transformation, one must store 
all the terms Fp,q, for p + q ::; r in memory, in order to compute. Fo, ... , Fr. Furthermore, 
it is a good idea to store them, in the event one should have to compute Fr+l . 

The inverse Deprit transformation thus requires evaluating q + 1 Poisson brackets 
involving terms of order p and q, and storing in memory k + 1 terms of order k. 

Remark. - Although it does not affect the number of necessary evaluations, it might 
prove more interesting to compute the elements of the chart, diagonal per diagonal. Each 
diagonal represents a T-I Ii- This technique gives us the option of storing in memory one 
single diagonal, - sum of the previous diagonals-. However, if we wish to compute Fr+1, 

we must compute the entire chart again. 
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11.2. pragt-Finn Transformation 

Since there is, a priori, no closed formula between the various M;;l, the computation 
cost of L~=O M;;!.mlm ought to be equivalent to the cost of the evaluation of Li~nP(i) 
Lie monomials, which is, all things considered, substantially less than 2n. But the fact 
that M-I is a product of exponentials of homogeneous terms compels us to use another 
algorithm. 

Given a function I = En~oc;n In, we will construct an auxiliary sequence of series, 

Fo = I, Fk = ee
k 
L 9k Fk-l . 

. Then we have 

(11.3) 

and consequently Fn = J?::. Given ~~-l = E;=oc;PF;-I, we construct successively ~~,o = 
~~-l, ~~,i = tL9k~;,i-1 so that i ::; [E = max{n E N;n ::; fl. Then we get FI~ as 
~ vk,i 
L.Jki~rL'lr . 

Next, we construct the chart 

10 II 
FI 

1 1 
Fo H 

with the algorithm: 

for i := 1 to r do 
for k := i to r do 

h Ii Ir 

Fi FJ FI r 

Ff Ff+I F/. 

1 1 Fr 
r 

F2 Fi Fr 

for j := 1 to [~] do Fi+i-l,k := 1{gi, Fi+i -2,k-i}; 
for k := i to r do 

for j := 2 to [~] do Fi,k := Fi,k + Fi+i-l,k; 
Fi,k = Fi,k + Fi-l ,k· 

(11.4) 

The chart is filled out line by line, which is the main difference with the algorithm 
for the Deprit transformation. We temporarily store the F~,j in the same chart, on the 
(i + j _l)th line. 

We get a Poisson bracket between a term of order c;P, and a term of order c;q when 
i = p and k - i == q, thus the number of such Poisson brackets is equal to [~]. 

On the other hand, the algorithm uses a chart which is partially erased at every loop. 
This chart is filled by the F~,i for ij ::; p ::; r. During the computation of the F i, it is filled, 
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on the one hand, by p' for 0 ::; i' ::; i, which makes inf(i, k + 1) terms of order k yielded, 
on the other hand, by the Fi·i, which also yields [f) terms of order k. Therefore, we have 

Simultaneously inf(i, k + 1) + [~] terms of order k in the chart at the end of the ith loop. 
If i 2: k then inf(i,k + 1) + [f) = k + 1, else inf(i, k + 1) + [f) = i + [f] ::; i + ~ ::; k + 1, so 
that the chart contains at most k + 1 terms of order k. 

11.3. Cost of Algorithms 

From [P;2) ::; p;q ::; q + 1, we deduce that the computation of the inverse Dragt-Finn 
transform costs less in evaluations of Poisson brackets of terms of order p and q, than 
an inverse Deprit transform. The total number of Poisson brackets needed to compute 
Fo, ... ,Fr by the inverse Deprit transformation is 0 

For the Dragt-Finn transformation, we find 

r i r 

m~ = L [P;2) = LL(~ +0(1)) = L:)ilogi + O(i)) = !r210gr+O(r2). (11.6) 
l~+q:5r i=l p=l i=l 

Let us recapitulate in a chart for given perturbation orders, the number of products 
of Lie operators in Lk<r T;l (resp. Lk<r M;l) and the number of Poisson brackets 
evaluated when computing Fir = T-l f (resp. M-1) with the previous algorithms. 

Cost of Transformations 

Lie Operators Evaluated Poisson Brackets 
Order Lk<rMk'! Lk<r Tk'! Fir = M olf Fir = T 01 f 

1 1 1 1 1 
2 3 3 4 4 
3 6 7 9 10 
4 11 15 17 20 
5 18 31 27 35 
6 29 63 41 56 
7 44 127 57 84 
8 66 255 77 120 
9 96 511 100 165 

10 138 1023 127 220 
15 683 32767 314 680 
20 2713 1048575 600 1540 
30 28628 1073741823 1492 4960 

Table 1 

i 
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The Dragt-Finn transform uses fewer Poisson brackets than the Deprit transform. 
Furthermore, the Deprit transformation and the Dragt-Finn transformation imply storing 
k + 1 terms of order k (they may be polynomials of degree k or k + 2). The difference 
becomes apparent at order 3, and is obvious at order 10 and beyond. This order may 
seem high, but while computing normal forms for the moon (cf. Henrard [29]), or for the 
stability study of the point £4, we carry the computation to at least order 30 (cf. Sima 
[52], Giorgilli et al. [25], Galgani & Giorgilli [8]). 

It would undoubtedly be most interesting to search, for each of these two transfor­
mations, for the minimum number of evaluations of Lie brackets necessary to compute 
the various transforms. This could possibly be carried out by using rewriting techniques, 
based on a distributed representation of Lie polynomials. 
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Chapter III 

Perturbations 

-
In this section, we study certain aspects of the perturbation theory for the hamiltonian 

systems. We recall the results of this theory by contributing some specific information, as 
well as some answers to the questions which arise during implementation attempts. 

A perturbed system implies a hamiltonian system approximating an integrable ham­
iltonian system. Here, the study of perturbed hamiltonian systems consists, on the one 
hand, of searching after formal invariants, and on the other hand, whenever possible, it 
involves a qualitative study of the system's stability in the vicinity of points of equilibrium. 

In a specified framework, Lie transformations may provide methods which construct 
step by step formal invariants in the form of an expansion into Lie series which do not 
generally converge. When the first terms of these series are known, we can deduce finer 
asymptotic estimations for regions of stability (d. Giorgilli et al. [25], or Giorgilli's and 
Galgani's work, or Sima's work [52]). This theory is comparable to Nekhoroshev's, in 
so far as we only consider the case of unperturbed Hamiltonians, which are linear in the 
actions. 

In this section, we recall the two methods suggested by the two types of transformations 
previously mentioned: the Dragt-Finn transformation, and the Deprit transformation. We 
prove that in some cases, these two ~ethods are equivalent. 

We present various ways of solving the perturbation equation. This discussion essen­
tially rests on the possibility of reducing a linear hamiltonian operator in a symplectic 
basis. 

12. INVARIANTS 

In the following discussion, we place ourselves in the vicinity of a pOint of equilibrium 
of the hamiltonian system, that is to say we can write 

(12.1) 

where hk is a polynomial of degree k + 2, and ho, a quadratic form which we will presume 
non-degenerate. ho is, for example, the Hamiltonian of n uncoupled harmonic oscillators 

n , 

ho = ~ I:wl(Pf + qr)· (12.2) 
1=1 
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For a Hamiltonian such as this, the invariants are the actions II = ~(pl + q[), and we are 
obviously concerned with the search for invariants of the perturbed system. 

We can search for invariants directly, in the form of series, which are considered like 
perturbations of the actions. We then search for 

~l = II + LC;n~l,n' {~l,h} = 0, 1:S l $ n. 
n~l 

Therefore, we must seek to solve, for any n ~ 0, 

n~O p+q=n 
n 

- Lc;n[{ho'~l,n} + L{hp'~l,n-p}] 
n~O p=l 

L c;n [{ho,6,n} - 'l/Jl,n] 
n~O 

in which 'l/Jl,n is known provided that we know 6,p, for 0 :S p:S n - l. 

(12.3) 

(12.4) 

(12.5) 

(12.6) 

At this point, we give the following method in an attempt to formally construct the 
invariants: solve successively, for n ~ 1, 

(12.7) 

which does not necessarily have a solution. 
Let us therefore suppose that ho == ~ Ll=l WI (p; + qt). In this case, the canonical 

change of variables 

1 i 
Xl = Y2 (PI + iql) ,Yl = Y2 (PI - iql) , 1:S l :S n, (12.8) 

transforms ho into i Li!::l WIXIYI. Lho is then diagonalizable in the basis of monomials xiyi. 
We have 

. k . k 
Lhox1y = i(k - j).wxJy , (12.9) 

and we can easily find the solution of (12.7), as long as we have established that 'l/Jl,n is 
in the range of Lho' A priori, there is no reason for this to happen, since at each step, 
~l,n is defined modulo an element of the kernel of ho. In some cases, we show directly 
(cf. [23, 22]) that at every step, we can construct ~l,n, so that the equation (12.7) may be 
consistent. One of the conditions, for example, is the linear independence over <Q of the 
WI ( non-resonance condition) and, on the other hand, (cf. [8]), the reversibility of h, that 
is to say that h(p, q) = h(p, -q). 

Another approach consists of implementing a change of variables which transforms Il 
into ~l, for any l. This change of variables is a canonical transformation T, or rather, a 
family of canonical transformations, which transforms h into K = T- 1 h. 

K = T-1h is the Hamiltonian of the system in the variables Tzi . K must be con­
structed'in such a way as to allow the reading of invariants. After setting an order r, we 
require, for any 1 :S l :S n 

(12.10) 
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which means that the II are invariants at the order r. Let us denote then 

(12.11) 

From (12.10), we deduce that 

{II, K} = L c:P{Il, Kp}, (12.12) 
p~r+l 

next that 

n~O p+q=n 
n 

L c:n L Tn-p{Il, Kp}. (12.13) 
n~r+l p=r+l 

But 

(12.14) 

and, since T is canonical, we have 

(12.15) 

and 

{et),h} = L c:n L {ei1,hq}, (12.16) 
n~r+l p+q=n 

and, for any 0 ~ n ~ r, 

n n 

L {el~~' hn-p} = {el(,~, ho} + L {el(,~, hn-p} = O. (12.17) 
p=O p=l 

In particular, et) is an invariant of h, up to order r + l. 
Generally speaking, a Hamiltonian K, satisfying an equation of type (12.10) is called 

a normal form. The normal form is determined by the type of invariants sought after. We 
shall now show how normal forms are constructed formally. 

13. NORMAL FORM 

The normal form of a Hamiltonian h, refers to a function K which is the image of h by 
a (symplectic) canonical change of variables on which the invariants can be plainly read. 
The notion of a normal form is somewhat vague, and strongly depends on the use that is 
to be made of it. 

For example, if h is time-independent, if ho = ! 2:f=l wl(Pf + qr) and if the WI are 
rationally independent, we shall say that K is a normal form of h, if K only depends on 
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the actions, or if, -which amounts to the same thing in this case- ho is an invariant of K. 
We search after K in the form 

K = Ko + L €nKn(Il, ... , In). 
n~1 

We shall say that K is a normal form at the order r if 

K = Z(r) + n.(r) where 
{ 

z(r) = Li"=o zt) (It, ... ,Il) 

'RJr) = Li>r+1 n.t) . 

(13.1) 

(13.2) 

If h verifies the same hypotheses as previously, but the Wl are no longer rationally 
independent, the module of resonance Mw C 7l.n may be introduced, 

n 

Mw = {(k1, • •• , kn)j k.w = L klWl = O}, (13.3) 
1=1 

or any submodule M of 7l.n . If we now take our discussion from the point of view of the 
complex variables (Xl, Yl), defined in (12.8), we shall say that K is a normal form, with 
respect to M, at the order r if 

K = Z(r) + n.(r) where 

We notice that, forM = {O}, we have 

"r " kl L.Ji=O L.J Ikl+lll=r Zk,lX Y 
k-IEM 

" R(r) L.Ji>r+l i . 

r r r 

Z(r) = L L zk,lXkyl = L L zkxkyk = L L zkIk , 

i=O Ikl+lll=r i=O 2lkl=r i=O 2lkl=r 
k-IEM 

and we come up again with the previous normal form. 

(13.4) 

(13.5) 

If, for example, h is quasi-periodic, that is to say if h admits an expansion in reciprocal 
circular functions, we will be able to have as a normal form a Hamiltonian which is no 
longer time-dependent. 

The main idea behind the construction of the normal form, is the construction of formal 
invariants. 

13.1. Construction of the Normal Form 

Here, . we study the construction of normal forms, in the autonomous or non­
autonomous case. However, in all that follows, we suppose that h = Ln>o €nhn where ho 
is integrable. In all cases, we attempt to search for a canonical transformation near the 
identity, 

(13.6) 

which, -contrary to the other methods, which give the change of variables in the form of 
implicit functions- offers the advantage of giving explicit change of variables. We suppose 
that the new Hamiltonian is written as . 

(13.7) 
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In the general case, we look for a canonical transformation T(e, t), of class C2. Let us call 
Z = Tz, we have, for 1 ~ i,j ~ 2n, 

(13.8) 

But T is of class C 2, therefore, the partial derivatives commute, and we have 

= 

(13.9) 

and in the same fashion, 

(13.10) 

From the use of lemma 26, we deduce the existence of two functions u and v, such that, 
for any 1 ~ i ~ 2n, we have 

that is to say, 

and for the inverses, 

OZi OZi 
Oe = {Zi'U} and ot = {Zi,V}, 

aT aT 
- = -TLu and ~ = -TLv, 
Oe U~ 

aT-I 
-- = L uT- 1 and 

Oe 

Besides, for the new variables Zi, we have, (cf. 9.32) 

OZi 
Zi = at + {Zi, h(z, t, e)} 

Here, 

OZi { (-1 )} at + Zi,h T Z,t,e 

{Zi'V} + {Zi' H(Z, t, e)} 
{Zi' K(Z, t, en. 

K = H + v = T- 1 h + v 

(13.11) 

(13.12) 

(13.13) 

(13.14) 

(13.15) 

(13.16) 

(13.17) 

(13.18) 

is the Hamiltonian of the system expressed in the new variables Zi = TZi. Taking the 
derivative of (13.18) with respect to e, we find 

aT K +ToK _ oh + aTv 
Oe Oe - Oe Oe' 

(13.19) 
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therefore, according to (13.12), 

-L K oK _ T-I oh T-I OTv 
u + o€ - o€ + o€ . 

But 

LOT'll 
7F 

a 
o€ [LTv] 

! [TLvT - I] 

= ~ [T~T-I] 
o€ &t 
OT a o2T-I 

- o€ Ot T -
1 
+ T o€Ot 

a &T- I 

= - T Lu at T-
I + T Oto€ 

-TL ~T-I + T~ [L T- I] 
u &t Ot u 

= TLau T - I 
N 

L Ou. 
TN 

Therefore, within an independent constant of the phase variables, we have 

OTv =TOu 
o€ &to 

Equation (13.20) becomes 
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(13.20) 

(13.21) 

(13.22) 

(13.23) 

(13.24) 

(13.25) 

(13.26) 

(13.27) 

(13.28) 

(13.29) 

(13.30) 

Let us now call u = ~, so that the notations may be coherent with the previous 
sections, and let us search for w in the form W = I:n> I €nwn . T and T-I are defined by 
their series, and we have -

n n 

To = TOI = I, T, -'- - '"' E.T, L T.- I 
- '"' E.L T.- I 

n - ~ n n-p Wp n - ~ n Wp n-p· (13.31) 
p=l p=l 

Identifying term by term the elements of the series (13.20), we have 

(13.32) 

therefore 
a n-l n-l 

n ;n = nKn - nhn - L pT;;!.php - L Lu.pKn_p - {Wn, iz{)}. 
p=l p=l 

(13.33) 

We get the equation of perturbation, which we have to solve, for any n, 

a n-l 

~n + {Wn, iz{)} = Kn - hn - L ~ [T;;!.php + LwpKn-p] . 
p=l 

(13.34) 

This equation is solved with respect to Wn and K n, using (9.40). Kn must be chosen so 
that the equation has a solution in Wn, and Kn has the proper form. We shall specify 
these conditions later. 
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13.2. Deprit Method 

The Deprit method is the method previously mentioned, since it involves the Deprit 
transformation. This method is used primarily for autonomous Hamiltonians. However, 
we saw that· it adapts perfectly to its non-autonomous counterpart, provided that the 
perturbation equation can be solved (13.34). 

In the autonomous case, we have K = T-1h, that is to say, for each term 

n 

Kn = LT;lhn_p 
p=O 

n-l 

T;;lha + hn + LTp-1hn_p 
p=l 

n-l 

= {Wn, ha} + hn + I: ~[LwpT;;.!phal + Tp-1hn_p. 
p=l 

We get the perturbation equation 

n-l 

{ha, wn} + Kn = hn + L ~LwpT;;.!pho + Tp-1hn_p. 
p=l 

We can also directly use (13.34), which yields 

n-l 

{Wn, ha} = Kn - hn - I: ~ [T;;!php + LwpKn_p] , 
p=l 

that is to say, 

n-l 

{ha,wn } + Kn = hn + L ~ [T;;!php + LwpKn-p] . 
p=l 

13.3. Dragt-Finn Method 

(13.35) 

(13.36) 

(13.37) 

(13.38) 

(13.39) 

(13.40) 

With the Dragt-Finn method, we search for the transformation, in the form of the 
Dragt-Finn transformation. In the autonomous case, from K = M-1h, we deduce that 

n 

Kn = L M;lhn_p 
p=o 

n-l 

= M;;lha + hn + I: Tp-1hn_p 
p=1 

Hence we deduce, as in the case of the Deprit method, the perturbation equation 

(13.41) 

(13.42) 

(13.43) 

(13.44) 
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We can also use the auxiliary sequence 

K(O) = h K(p) = eeP L9p K(p-l). , 

The successive elements are defined by 

and, in particular, 

We then get the perturbation equation the Jorm 

{ho,gn} + Kn = K~n-l). 

Chapter III 

(13.45) 

(13.46) 

(13.47) 

(13.48) 

In the non-autonomous case, we add a degree offreedom to phase space (cf [7]), which 
is the time t, so that we must have as the new Poisson bracket {, }': 

From i = 1 ::::::=~and e = - ~, we simply have to take h' = h + e, that is to say, 

We then look for a series, 

and a new Hamiltonian 

h' = ho + e + L: en hn. 
n~1 

g(e, t) = L: engn(t) , 
n~1 

,-I en LI eLI K = M h = ... e 9n ••• e 91 h. 

Here, since 8IJ:: = 0, if n 2:: 1, we have 

L~khn = Lgkhn, 

and for the first term ho 

L~kho = L9kho + ~ and L~pL~qho = LgpLgqho. 

In particular, for the Dragt-Finn transformation, we have 

n 
K ~ M,-l h, 

n = LJ p n-p 
p=o 

n-l 
M'~1 ho + L: M;1 hn-p 

p=o 

(13.49) 

(13.50) 

(13.51) 

(13.52) 

(13.53) 

(13.54) 

(13.55) 

(13.56) 
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L'Tnn-1 •.. Lm1 n-l . 
= L' ~ + ""' 9,,-1 91 ~ + ""' M-1 hn-p 

9n ~ ml'···m l' ~ P p(l,n-l;n) . n- . p=O 
(13.57) 

a L'Tnn-1 ••• L m 1 n-l 
= gn + L 1._ + ""' 9n-1 91 1._ + ""' M-1h 

~t 9,,'''U ~ , , '''U ~ P Ibn-p 
U ( 1) mI' ···mn-l·· 0 p l,n- ;n p= 

(13.58) 

agn ~ -11. 
at + ~ Mp '''n-p, 

p=O 
(13.59) 

which yields the perturbation equation 

(13.60) 

Using the auxiliary sequence 

K(O) = h, K(p) = eeP L~p K(P-l), (13.61) 

we get, as for the autonomous case, 

agn + {g h_} = K . _ K(n-l) at n, '''U n n . (13.62) 

13.4. Computation Algorithms of the Normal Form and the Generating 
Series 

Here, we suppose that we have an algorithm to solve the perturbation equation involved 
in the various methods. We denote by solve such an algorithm. For the Dragt-Finn 
method as for the Deprit method, we can use almost the same algorithms as for the 
computation of the inverse transformations (cf. pages 49-51). Let us take h = h{J + 
'i:n>lcnhn. 

For the Deprit method, we construct the same chart KW(p, q), but, at every loop, we 
must solve the perturbation equation (13.38) 

n-l n-l 

Lhown + K: = R~ = 2: ~{wp,KW(n - p, On + 2: KW(n - p,p). 
p=1 p=1 

We use the following algorithm: 

for i ;= 1 to r do 
for j := 1 to i -1 do 

for k := 1 to j do Kj,i-j := Kj,i-j + ~{Wk' Kj-k,i-j}; 

~ := ~ + Kj,i-j; 
for k := 1 to i - 1 do 

~:= ~ + HWk,Ki-k,O} 

Ki,O := Ki,o + ~{Wk' Ki-k,O}; 

solve Lho Wi + Ki = ~ 
Ki,o := Ki,O + {Wi, KO,i}' 

(13.63) 
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With the Dragt-Finn method, the computation of K;:,1 is replaced by the solution of 
the equation (13.40) 

Lho9n + K;:,l = K;:-l. 

The algorithm used is the following: 

for i := 1 to r do 
solve Lho9i + Ki,i = K i- 1,i; 
for k:= i + 1 to r do 

for j := 1 to [~] do Ki+i-l,k := j{9i' Ki+i - 2,k-i}j 
for k := i to r do 

for j := 2 to [~] do Ki,k := Ki,k + Ki+i-l,k 

Ki,k := Ki,k + K i- 1,k. 

(13.64) 

The cost of the solution to the perturbation equation by the algorithm solve being 
the same for both methods, the difference is established by the number of respective 
evaluations, which tips the scale in favor of the Dragt-Finn method .. These results are in 
part confirmed by the study carried out by Fried & Ezra ([21]), on the Henon & Heiles 
Hamiltonian. However, in the absence of a description of their algorithm to compute the 
Dragt-Finn transformation, one is led to think that it could be improved, which would 
confirm that the Dragt-Finn method is faster. 

( 

14. SOLUTION OF THE PERTURBATION EQUATION 

Whether with the Dragt-Finn method or the Deprit method, the computation algo­
rithm of the normal form of a Hamiltonian h requires that the perturbation equations 
(13.34), (13.38), (13.40), (13.44), (13.48), (13.60) or (13.62) must be solved. In the au­
tonomous case, the perturbation equation may be summarized as 

{ho, w~} +Kn = Rn, (14.1) 

and for the non-autonomous case, as 

~n + {wn, ho} == Kn - Rn. (14.2) 

At each step, (14.1) or (14.2) must be solved by choosing Kn in order to simplify it; or 
to express it in terms of the invariants. The equation (14.2) may be solved, after choosing 
Kn , by acting with the flow of ho and by using (9.40). 

14.1. The Case of Uncoupled Harmonic Oscillators 

Let us now suppose that 
n . 

ho = ! L wl(Pf + q1), 
1=1 

where the WI are rationally independent. By implementing the canonical change of vari­
ables (12.8), 

1 ( .) i ( .) 
Xl = .,fi PI + tql ,Yl = .,fi PI - tql , (14.3) 
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ho becomes i 2:1=1 WlXIYI and Lho is diagonalized in the basis of the monomials xiyj. In 
particular, the range and the kernel of Lho are in direct sum. Furthermore, since the WI 

are rationally independent, xjyk E KerLho if 

(14.4) 

that is to say, if k = j. Noting that 

(14.5) 

the kernel of Lho is then made up of linear combinations of products of actions. 
So the solution of the perturbation equation (14.1) is the decomposition of Rn onto 

the range and the kernel of Lhe' 
In the basis of the eigenvectors x j yk, we proceed as follows: if 

(14.6) 

we take 

and '" rj,k . k 
Wn = L...J 'C k) x1y. 

lil+lkl=n 2 J - .W 
(14.7) 

j#k 

Another way of proceeding is to consider Kn as the projection of Rn on the kernel of Lho ' 
then to solve 

(14.8) 

which has a unique solution, since Lho is an isomorphism on its range. This method may 
prove to be better if the change of variables (14.1) is costly. 

In,all cases, we construct K, step by step, so that ho is an invariant. From 

n n 

ho = ! E WI (pr + qf) = E rl (14.9) 
1=1 1=1 

where the rl are in involution, we deduce that the rl are n invariants of K. 

14.1.1. Study of the Pendulum at Order 4 Using the Dragt-Finn Method 

We use the Cartesian coordinates, and 

h = !p2 + (1 - cosq) =! (p2 + q2) - i4q4 + 7~q6 + .... (14.10) 

The first equation based on (13.44) yields 

(14.11) 

which may be solved by Kl = hI = 91 = O. Then, for n = 2, we have 

L L L ( 1 4) h' h . 5 3 1 3 ho he92 = he -24 q W IC gIves 92 = -192 q p- 64 Qp , (14.12) 
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and we get 

(14.13) 

For n = 3, we get as previously 

93 = 0,K3 = O. (14.14) 

Finally 

L2 _ L ( 49 6 23 4 2 3 2 4 1 6) 
ho94 - ho - 30720 q - 6144 q P + 2048q P + 2048P , (14.15) 

which yields 

17 5 1 3 3 1 5 
94 = - 15360 q P - 384 q P + 1024 qp . (14.16) 

Therefore we have 

K - { ho} 49 6 23 4 2 3 2 4 1 6 _ 1 (2 2)3 
4 - 94, - 30720 Q - 6144 q P + 2048 Q P + 2048P - -2048 P + q • (14.17) 

We thus find, at order 4 

(14.18) 

14.2. Reduction of the Linear Part 

Since all the linear Hamiltonians are not Hamiltonians of uncoupled oscillators, we 
may ask ourselves whether we can by a change of variables bring them to a diagonal form. 

In the case where we can find a symplectic change of variables which diagonalizes Lho' 

we will then be able to solve the perturbation equation by going to the complex variables 
(12.8). 

Let us call H = Lho, the operator of the linear portion of h. From J HT + H J = 0, we 
deduce that the eigenvalues of H are in inverse pairs, and since H is a real operator, that 
they are complex conjugates. On the other hand, if H x = AX and H y = J.Ly then 

w(x, Hy) + w(H x, y) = (A + J.L)w(x, y) = 0, (14.19) 

therefore if A+ J.L =1= 0, we have w(x, y) = O. 

Let us first demonstrate a lemma which may bring us back to systems of one degree 
of freedom. 

LEMMA 29. - If ho is positive definite, or if the eigenvalues of H = Lho are distinct, 
then the phase space E decomposes into 

n 

E=$n, (14.20) 
i=l 

where the H are stable planes for Lho, orthogonals for w. 
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• If ho = !w(x, H(x)) is positive definite, ho defines a scalar product on the phase 
space. Therefore, there exists a matrix U of the linear group such that UT JHU = I. 
But then, J1 = UT JU is the antisymmetric matrix of an endomorphism u = -u*. From 
u2* = (-u)( -u) = u2 , we deduce that u2 is self-adjoint for the scalar product, defined 
by I, therefore diagonalizable. Given x an eigenvector of u2, then Px =< x,u(x) > is a 
stable plane by u (the only eigenvectors of u are the elements of the kernel), just as its 
orthogonal is stable by u*, therefore by u. So we can decompose the space into a sum of 
stable orthogonal planes by u: E = EB~1 Pi. 

• In the general case, the characteristic polynomial of H is written I11=1 (x2 
- An, 

where the Al are eigenvalues of H. Hence we deduce that, if the Al are distinct, -though 
it is not always necessary- then 

n n 

E = Efjker (H2 - ArI) = Efjl1, (14.21) 
1=1 l=1 

where the 11 are the eigenspaces associated with H2 - Ar I, and are two by two orthogonals 
(according to 14.19) for the symplectic form w. 

Later, we examine the case where the space E decomposes into a direct sum of or­
thogonal planes for w. After a change of the symplectic basis, we can then write (cf. 
[53]), 

n 

ho = L Tl, where Tl = !alqr + f3lqlPl + !,lPr, (14.22) 
l=1 

and, in particular, for any 1 ::; i, j ::; n, 

(14.23) 

By simple computation, or using (8.12), we deduce the form of the matrix of Lrz in 
the basis Pl, ql: 

(14.24) 

The eigenvalues, ±Al, of Lrl' are given by 

(14.25) 

Depending on the values of the al, f3l, Il, we find a set of eigenvectors which form a 
symplectic basis (not necessarily real), except ifone of the Al is zero, in which case, Lrz is 
nilpotent. 

• If rz is defined, then f3r- ani < 0 and 

Al = ±i J alll - f31: = ±iWl. (14.26) 
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, Given el + ill, such that H(el + ill) = iwl(el + ill): We then have, for example, in the 
positive definite case, H el = -wzil' H!L = Wlel and 

(14.27) 

Let us pose ~ = j!ez, Qz = j!/!. We have,w(~, Qz) = 1 and, consequently, (~, Qz) 
forms a symplectic basis, in which 

(14.28) 

To conclude, if the restriction of h in every eigensubspace of H is defined, ho may 
be made orthogonal in a real symplectic basis, Lho is diagonalizable and, in particular, 
its range and its kernel are in direct sum, which makes the perturbation equation self­
consistent. 

• If 131 - anz > 0, let us pose el and II, the eigenvectors of Lrl' H ez = Azel and 
Hil = -"-AZ/!. ez and II are independent and (Pz,Qz = {el~Mlz) forms a symplectic basis 
in which 

(14.29) 

Since Lho is a derivation, we deduce that, if a and b are eigenvectors of L ho , associated 
with the eigenvalues >.a and Ab, then 

{ho,ab} =a{ho,b} +{ho,a}b= (>.a + Ab)ab, (14.30) 

which proves that ab is an eigenvector of Lho. 

Let us suppose that we have diagonalized Lho in a symplectic basis (x, y) of E1• The 
isomorphism (p, q) 1--+ (x, y) of El extends into a ring isomorphism over the ring of the 
polynomials E, so that for each degree n, the set of the products of the elements of the 
sympl~tic basis, is a basis of En, a basis of eigenvectors of the restriction of Lho to En. 

14.3. General Autonomous Case 

In this paragraph, let us go back to the idea developed by Steinberg ([53]), of using 
a Euclidian structure, and looking for adjoints of Lho. Nevertheless, we show that the 
interesting cases are reduced to the case where Lho is diagonalizable. 

The idea behind the choice of Kn is the search for invariants in involution. The first 
being the construction of an invariant, we search for a function h*, such that, for any n, 
we have {h*, Kn} = O. So we attempt to find h*, such that the equation 

(14.31) 

will admit a solution. We search for h*, such that Lh. is an isomorphism on the range of 

Lho· 
In the case where Lho is an isomorphism on its range (for example, diagonalizable in 

each homogeneous space), we can take h* = ho. But generally, Lho is not an isomorphism 
on its range. 



Solution of the Perturbation Equation 69 

The idea is to find h*, such that Lh+ is the adjoint of Lho, for a given Euclidian structure 
(cf. Steinberg, [53]). For Xi,j = piqj E Ek, with Iii + Iii = k, let us consider the scalar 
product which makes the basis Xi,j orthogonal, and such that 

(X o o·lxo 0)-';11.··,; 'Jo1'···J·' t,J t,J - o. on·· n·· 

Noting that 
oxo 0 oxo 0 ( o;;J I xr,s) = (Xi,j I qlxr,s) and (o;;J I xr,s) = (Xi,j I pzxr,s), 

we deduce by linearity, for Xk, Yk E Ek , that 

ax 
(Oqz I y) = (x I qlY) and 

ax 
(!::l I y) = (x I PLY)· 

UPl 

and we deduce that 

({I«l(p,q),X} I y) = (x I-{I«l(-q,p),y}), 

which establishes that 

h*(p, q) = -hoe -q,p) 

satisfies 

(14.32) 

(14.33) 

(14.34) 

(14.37) 

(14.38) 

(14.39) 

In the case where h* = ho, equation (14.31) admits a solution for any n 2: 1. If, 
moreover, {h*, ho} = 0, then h* is an invariant of the normal form. In the case where 
{h*, I«l} = 0, then [Lho' Lhol = 0, so that Lho commutes with its adjoint and is therefore 
diagonalizable (eventually in a complex, non- symplectic basis). In particular, the kernel 
and the range of Lho are in direct sum. In fact, we can take ho as the invariant of the new 
Hamiltonian. 

If I«l = L~l TZ where the Tl'S are in involution, then 

{h*, ho} = ° <=> {rz, Tn = 0, 1::; l ::; n. 

If Tl = !alqr + !3ZqlPl + !/IPr, then Tt = -!/lqr + !3lqZPI - !/IP; and 

{rl' rn =(Ol + 'Yl)(!3IQr + bl - OI)QIPI - !3lpf). 

(14.40) 

(14.41) 

Hence we deduce that {Tl' rn = ° if rz = !wz(p; + Qr), or if Tl = !wz(p; - qr + !3zpzqz), 
which brings us back to the case Tl = !Wl(P? - Qr>. 

*** 
In conclusion, we are most often led to search for ho as the invariant of the new 

Hamiltonian. Whenever one of the rz is nilpotent, this may pose a problem. 
Depending on the cases, it may be more or less costly to reduce Lho in a symplectic 

basis in order to solve the perturbation equation, or to solve Lh+Lhox = Lh+Y directly by 
using linear algebra techniques. 
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With the same hypotheses on ho (12.9), we can also solve the perturbation equation 
(14.2), since we know the flow of ho. Going to action-angle variables . 

Jl = t(Pf + qr), <PI = arctg-1 (fz), 1::; l ::; n, 

we have, under the action ofho, 

Jl(t) = JI(O), <Pl(t) = <PI (0) + wit, 1::; l ::; n. 

(14.42) 

(14.43) 

Whether the h;, do not depend on time, or depend on it through circular functions, we 
will solve the perturbation equation (14.2) by choosing Kn as the constant term of Rn. 
We then have 

Wn(t) = Sho(O, t) r Kn( -t') - Rn( -t')dt'. 
it' 

In the case where h is independent from time, we write 

Sho(O, t)Rn(p(t) , q(t» = L rl,m/+;m ei(l-m).(cf>+tw) 

111+lml=n 

and consequently, we take 

and 

Wn 

111+lml=n 
l=m 

l+m 
rl,mI - 2- = 

S(O, t) L rl,m/+;m 1. ei(l-m).(cf>-t'W)dt' 
111+lml=n t' 

lt6m 

L rl,m /t;m ei(l-m).cf>. 
111+lml=n i{l- m).w 

lt6m 

We come up with the same result as for the solution of (14.1). 

(14.44) 

(14.45) 

(14.46) 

(14.47) 

(14.48) 

14.4.1. Study of the Pendulum at Order 4 through the Deprit Method 

Let us consider the Hamiltonian of the pendulum 

h = tp2 + (1 - cos q) = t(P2 + q2) + ~ \;~~~ q2P+2. 
p-

(14.49) 

The flow of ho is given by 

q(t) = p(O) sin(t) + q(O) cos(t), pet) = p(O) cos(t) - q(O) sin(t). (14.50) 

We use the action-angle coordinates, that is to say j = ~(p2 + q2), 0 = arctg-1 (~). The 
mapping at time t of the flow of ho becomes 

j = jo, 0 = 00 + t. (14.51) 

We have 
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'2 
ho = j, hI = 0, h2 = -18 (3 + 4cos(20) - cos(40» , h3 = 0, 

'3 
h4 = -ko (-10 + 15cos(20) - 6cos(40) + cos(60». 

The first equation based on (13.34) yields 

aWl fit + {WI, ho} + KI = hI = 0 (14.52) 

which may be solved by taking KI = hI = 0 and WI = O. For n = 2, we get 

Ow2 ('2 ) fit + {W2' ho} = 2 K2 + fs (3 + 4cos(20) + cos(40» - , (14.53) 

which we solve by taking K2 = -l6j2 and 

W2 ~ 1 ~ (4cos(2(O - t)) - cos(4(B - t»)) dt = fs. (8sin(2B) - sin(4B). (14.54) 

Next K3 = h3 = 0, g3 = 0, and finally 

which we solve by taking K4 = - 1~8j3. So we find, at order 4 

K . 1·2 1·3 = J - 48J - 256J· , (14.56) 

15. UNIQUENESS OF THE NORMAL FORM 

Here, we demonstrate the uniqueness of the normal form, under certain hypotheses. 
As a first step, we show the uniqueness of the normal form, whenever the canonical trans­
formation is a Deprit transformation, then we show the uniqueness of the normal form, 
whether we choose a Deprit transformation or a Dragt-Finn transforrmi.tion. The proof of 
this property also occurs in another form in the book by Siegel & Moser ([51]). First, let 
us give a proof of this classical proposition (the proof is sketched in [41]). 

PROPOSITION 30. - Under the following hypotheses: 

(i) ho E E2, 

(ii) the kernel and the range of Lho are in direct sum. 

(iii) for any a, bE ker Lho' we have {a, b} = 0, 

there exists a unique normal form K, and a generating series W such that K = T;;lh. 

For ho = ! Ll=1 Wl(P;+qt) and the rationally independent Wl'S, the two first hypotheses 
are verified. Since the kernel of Lho is the vector subspace of E generated by products of 
actions, we deduce (iii) from 

{Ifl ... I~, Iil ... I;n} = If~+LI ... I~n+lnt t ;~i {h Ij} = O. (15.1) 
i=lj=1 ~ J 
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Given u and v two generating series, such that K U = T;;lh and KV = T;;lh are two 
normal forms of h, at a certain order r. Calling T = T;;ITv we deduce that KV = T-l K U. 
By taking the derivative, we get 

(15.2) 

therefore 

ar-1 
= [L(8V) _ T- 1 L(Bu)T] T- 1 = L [8V _ T- 1Bu] T- 1 oc . Fe . Fe Fe Fe . (15.3) 

T appears as the Lie transformation associated with w, where 

OW ov T-10U -=-- -, oc oc oc (15.4) 

which transforms the normal form KU into the normal form KV, at the same order r. 
Using (13.38) and ha = K8 = K8, we deduce, for any n, the associated perturbation 
equation 

n-l n-l 
{ha, wn } + K~ = ~ = K;: + LTp-l K;:_p + L ~L(wp)T;!pho. 

p=1 p=1 

Let us now prove recursively that, for any 0 ::; n ::; rand 1 ::; i, i + j ::; n, 

~ = K;: = K~, {ha, wn } = 0 and Ti-
1 Kj = O. 

Given an order r, (15.5) becomes, for n = 1, 

According to hypothesis (ii), since Kl and Kf E ker Lho' we have 

{ha,Wl} = 0 and Ki = Kf, 

Let us suppose that we have (15.6), for 1 ::; i < n ::; r, then (15.5) becomes 

n-l n-l 
{ha, wn } + K~ = K;: + LTp-l K;:_p + L ~LwpT;!pha 

p~1 p=1 ~ 
=0(15.6) 

n-l p 

= .K;: + L L ~LWqTp-.!qK;:_p 
p=1 q=1 
n-lp-l n-l 

= i<;: -+- L L ~Lwq T;!qK;:_p + L LwpK;:_p 
p=1 q=l --.".-.' p=1-------

=0(15.6) =O(iii) 

and consequently, 

K~ = K;: and {ha,wn} = 0 

(15.5) 

(15.6) 

(15.7) 

(15.8) 

(15.9) 

(15.10) 

(15.11) 

(15.12) 

(15.13) 
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and, for 1 :S i, i + j = n, we have, according to (15.6), 

i-I 

r-1 KU - '"' e T- 1 K U + L K U - 0 i j - L..J i i-p j wp j - . 
p= 1 '-,,--' "-.,--' 

=o( 15.6) =o( iii) 

Hence we deduce that, for any n::; r, 

{ho, wn } = 0 and K;: = K~. 
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(15.14) 

(15.15) 

We thus have KU = K'V, which proves the uniqueness of the normal form. However, the 
transformation T is not necessarily the identity, because it is sufficient that W E ker Lho. 

15.1. Equivalence of the Methods 

We will now deduce the equivalence of the Deprit and Dragt-Finn methods, as well as 
the uniqueness of the normal form. 

PROPOSITION 31. - Under the same conditions as for proposition 30, the two nor­
mal forms KW and Kg obtained by the Deprit method and by the Dragt-Finn method, are 
equal. 

Let us pose Mg , the Dragt-Finn transformation which corresponds to the normal form 
Kg, that is to say we have Kg = M;;lh. According to proposition (15), there exists a 
series w' such that 

T;;' 1 = Mg-
1 therefore K W' = T;;' 1 h = Kg. (15.16) 

By uniqueness of the normal form obtained with the Deprit method, we deduce that 
KW = Kg. 

Any normal form obtained by the Dragt-Finn method is the unique normal form ob-. 
tained by the Deprit method. Consequently, it is unique. Therefore, both methods produce 
the same normal form, but the transformations used are not necessarily the same. 

In the case of autonomous perturbed Hamiltonians, it will be to our advantage to 
use the Dragt-Finn method, rather than the Deprit method, since they provide the same 
objects at a reduced cost. 

The solution of the perturbation equation may be carried out, either by diagonalizing 
Lho' which forces us to implement changes of variables, -which may prove very costly 
for high orders- or by solving linear systems, -which may also be very costly- since the 
dimensions of the n increase very rapidly. In any case, the use of the adjoint endomorphism 
does not yield any more answers in the case where the kernel and the range of Lho are not 
in direct sum. 
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Chapter IV 

Estimations 

In this section, we propose some estimations on the convergence of the series used with 
the perturbation methods. It is unusual for normal forms to converge, or to be able to 
find convergent invariants. 

However, in light of Giorgilli's ([8, 25]) and Sima's ([52]) contributions, some results 
-concerning regions of stability in the vicinity of elliptical points- may be deduced from 
certain asymptotic estimations about the general term of the normal form. 

There are several types of results. First of all, as we had done for the Deprit transfor­
mation, we give some estimations about the radius of convergence of the inverse transform 
of a series by the Dragt-Finn transformation. The results fall roughly in the same range 
as those found with the Lie transformation. 

Next we use the results of [25, 521, in order to bound the gap between the new and old 
coordinates, then, in the same fashion, we give an estimation for the radius of convergence 
of the remainder of the normal form for any order r. This result is however inferior to the 
result obtained for the Deprit method, although I cannot say with certainty whether this 
phenomenon is due to greater precision in Giorgilli's results, et al. or to a property of the 
Deprit transformation. 

Finally, since these results are inferior to those obtained for the Deprit method, we 
recall the way in which we deduced regions of stability. However, we shall see that the 
best estimations are not so much due to the Deprit transformation as to the existence of 
approximate invariants (12.16). 

Remark. - I very recently learned of Fassa & Benettin's article ([18]), which also 
proposes some estimates for the same transformation. My goal, in this chapter, was to 
compare my estimations to those, given by Giorgilli for the Deprit method, by using the 
same norm. In this article, the authors remark, and rightly so, that they cannot carry 
out any comparisons, since the norms are vastly different. Despite this limitation, they 
eventually proceed to give stability results, which I do not propose to do. 

16. UPPER BOUNDS FOR THE TRANSFORMATIONS 

In this section, we give an upper bound of the inverse transform of a function, by the 
Deprit or Dragt-Finn transformations. 

Let us first recall a few useful inequalities. For a homogeneous polynomial of degree n 
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in the state variables Zl," . Z2n, 

we denote 

f = L Aiqipi, 
lil+/il=n 

Ilfll = L IAil, 
lil+lil=n 

Chapter IV 

(16.1) 

the norm Ll. We know (cf. [22]) that if !I and h are polynomials of degree dl and d2, 
we have 

(16.2) 

where 

is a polynomial of degree dl + d2 - 2. 
16.1. Upper bound for the Deprit Transformation 

We know the following result (cf. [25]): 

THEOREM 32 ([25]). - Given W = Ek>lwkand f = Ek>dk two functions of the 
phase space. We suppose that there exist constants a, b, c, d, such that, for any n ~ 1, 

- Wn is of degree n + 2 and IIwnll-::; an-lb, 

- fn is of-degree nand IIfnll ::; cfI'-ld, 

so, the function F = En~o Fn = T;;l f satisfies, for any n ~ 0, 

IlFnll ::; (aa + /3b + ,ct- l d, (16.3) 

where a = £, /3 = 3, , = 1. 

16.2. Upper Bound for the Dragt-Finn Transformation 

We call Myl = ... eLgn •.• eLg1, the inverse Dragt-Finn transformation associated with 
g. We propose to demonstrate the following result: 

. -

. THEOREM 33. - Given g = Ek>19k and f = Ek>lik two functions of the phase 
space~ We suppose that there exist constants a, b, c, d, such that, for any n ~ 0, 

- gn is of degree n +2 and IIgnll ::; an-lb, 

- fn is of degree it and IIfnll ::; cn-ld. 

So, the function F ,= En~o Fn = Myl f satisfies, for any n ~ 0, 

IlFnll ::; (aa + /3b + ,ct- l d, (16.4) 

where a, /3" are constants which will be determined later. 



Upper Bounds for the Transformations 77 

First of all, we demonstrate the following lemma: 

LEMMA 34. - Based on the hypotheses of theorem 33, we have, for F = I:n~o Fn = 

eL9k f 
1 

IIFnll :::; C(,c)ld where C(k) = (k(k + 2) 119kll + ck) k . (16.5) 

Proof. - According to (16.2), we have, based on the hypotheses of theorem 33 

therefore 

d I: q(q + k) ... (~+ (p - l)k) «k + 2) 119kll)Pcn- kp- 1 

Icp+q=n p. 

= d I: (!f - 1)· .,. (!f - p) (k(k + 2) 119kll)Pcn- kp- 1• (16.7) 
Icp+q=n p. . 

Let us denote, for m E <Q and n E IN, . 

m(m-1)···(m-n+1) 
(m)n = , . 

n. 

We then have 

IlFnll < d I: (!f - l)p(k(k + 2) 119kll)Pcn-lcp-l 
Icp+q=n 

l!fl 
= dI:(!f -l)p(k(k + 2) 119kll)Pcn-lcp-l. 

• If n = kr is a multiple of k, then ,(16.9) becomes 

IlFnll < d I: (r - 1)· .,. (r - p) (k(k + 2) 119kll)pck(r-l-p)+(k-l) 
kp+q=kr p. 

= dCk- 1 (k(k + 2) 119kll + ckr-1 

= d (k(k + 2) 119kll + ck) nkl [Ck- 1 (k(k + 2) 119kll + ck) r-l- nkl] 

= d (k(k+ 2) 119.11 + c") ".1 [c"-1 (k(k + 2) 119.11 + c") t-1] 

< 
n-l (1 I) 

d(k(k+2) 119kll +Ck)-k-ck-I(ck) k-

n-l 
= d (k(k + 2) 119kll + Ck)-k 

therefore 

IlFnl! :::; I: IIL(9ktfqll :::;d(k(k+2)1!9kll+ ck)nk l =dC~)l. 
Icp+q=n p. 

(1:6.8) 

(16.9) 

(16.10) 

(16.11) 
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• If n f: kr, we have [~] < ~ therefore [~] ::; nk"l else we would have n - 1 < k[~] < n, 
which is impossible. On the other hand, ~ - 1 ::; nk"l therefore (~ - l)p::; (nk"l)p for 
p ::; nk"l - 1,hence 

L IIL(9ktfqll. < d~(I -l)p(k(k + 2) 119kll)P(ck) nk"l_p 
kp+q=n p. p=O 

[Il n-l 
< dL(nk"l )p(k(k + 2) 119kIDP(ck)IC-P 

p=o 

[~l 
- dcn- l L(nk"l )p(k(k + 2) 119kll c-k)P. (16.12) 

p=O· 

According to Taylor's formula at the order [~], where the remainder is expressed as an 
integral, we have, for nk" 1 ~ 1, . 

(16.13) 

But 

10
1 (1 - t)m] n-l [n] 
..:....-::--+~._(n-l) (1 + t)-k-- k -ldt > 0 

o [~]! ~ - , 
(16.14) 

~o 

whence we deduce, by using (16.12), that 

L IIL(9ktfqll < 
kp+q=n p. 

(16.15) 

n-l 
- d(k(k + 2) 119kll + ck)-k . (16.16) 

Hence we deduce lemma 34, and if 119kll ::; ak - 1b, that 

Crk) < k(k + 2) 119kll + ck 

< (k + 2) (k -l)ak + bk
) + ck 

- (k + 2)(k -l)ak + (k + 2)bk + ck
• (16.17) 

*** 
Let us call [itO = f, ... , Fk = eLgk Fk-l, and demonstrate the following lemma: 

LEMMA 35. - For any k, we can 'Il!f'ite 

(16.18) 

'\ 

. 
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Proof. - For k = 1, we have C1 = 3b + c. So we can write (16.18) with 

(16.19) 

According to (16.17), and supposing (16.18) for k -1, we have 

1 

But the function k 1-+ x ±Y3 +z k is increasing (cf. [47]), which implies that we have ( k k k)-

1 
C~ < (k + 2)(k - l)ak + (k + 2)bk + 3k- 1 (aLlak + bL1bk + CL1~) (16.21) 

< a~ak + b~bk + C~Ck (16.22) 

with 
1 

ak 
k 

{ b~ 
= (k - l)(k + 2) + 3k- 1 aLl 

1 
k + 2 + 3k- 1 bLl (16.23) 

c~ 

For k=2, we have 

so we can therefore take 

1 
= 3k - 1 Ck 

k-1· 

" a2 = 2, ~ = 4, C2 = 2, 

which is a better bound than (16.23). 

We conclude this proof by the lemma 

LEMMA 36. - ak,bk,ck are bounded by constants a,/3". 

Proof. - For the last equation (16.23), we get 

1 1 1 1 
3-k 1--k+··+1--2 31--Ck = C1 - = k. 

For the other equations, let us pose, for any p, 

1 

(p - l)(p + 2) = ap3 P- 1 a~_l and 

therefore, with (16.23), 

k _l-k k 1 k 
ak = (1 +ak)3k-1ak_1 and bk = (1 +/3k)3 k- 1bk_ 1. 

We deduce that 

(16.25) 

(16.26) 

(16.27) 

(16.28) 

(16.29) 
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whence 

therefore 

Cik 
(k -l)(k + 2) ::; - 1 

3k-l ak 
, k-l 

{3k 
(k+ 2) 

< 1 
3 k- 1 bk 

k-l 

But 

1 1 
> a2 3'2-k 

1 1 
> b2 3'2-k, 

(k - l)(k + 2) 3 (k - l)(k + 2) 
1 k k -

(a2J3t 
- k--3k-la232- k-l 

(k + 2) 3 (k+2)k' 
1 k k 

3k-lb~3'2- k-l (b2J3) 

and, for k ~ 3, 

3
(k -l)(k + 2) 

Cik < k 
- (a2J3) 

which are the main terms of a convergent series, which proves that 

1 . 

II (1 + Cip)P ~ II (1 + Cip) and 
p~2 p~2 
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(16.30) 

(16.31) 

(16.32) 

(16.33) 

(16.34) 

are convergent and bounded. Using (16.30), we d~uce that ak and bk are convergent and 
bounded by Ci and {3. Using the fact that the Lp are decreasing norms, we find 

1 

Ck ~ (Cikak + (3kbk + , ... /ck) k ~ Cia + f3b + ,C. (16.35) 

We can find explicit upper bounds for Ci and {3, by using the usual upper bounds 
on entire series, but it is clear that the upper bounds can be improved if we know the 
respective values of a, b, c. 

16.3. Upper Bounds of the Remainders 

For r E 1N, we denote the remainder at the order r of F = MgI f (resp. F = T;;l f) 
by 

nCr) =2:: Fp. (16:36) 
p~r+l 

We denote, for the Dragt-Finn transformation, as well as for the Deprit transformation, 

(16.37) 

the radius of convergence of F. We demonstrate the following result: 
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THEOREM 37 ([25]). - Based on the hypotheses of theorems (32) and (33), F is 
convergent in ball DR = {(x,y) E <e2n, lI(x,y)lb ~ R} where R < R* and 

IFID < (1- ~)-I Rd IRCr)1 < (~)r (1 _ ~)-I Rd 
R - R* ' DR - R* R* ' 

(16.38) 

Proof. - From IlFnll ~ R*I-nd, we deduce that IFnlDR ~ 'dR (:. r- 1
. Hence we 

deduce that 

'" ( R )n 1 ( R )-1 IFIDR ~ dR L- R+ = dR _ K = 1- R+ Rd 
n~O 1 R+ 

(16.39) 

and, in the same fashion, 

(16.40) 

THEOREM 38 ([25]). - Based on the same hypotheses as in theorems (32) and (33), 
and R* defined in (16.37), we have, for any R* > pR > R, for any (X, Y) E DR and 
(x, y) = Mgl(X, Y) (resp. (x, y) = T~I(X, Y») 

I(x,y) - (X, Y)IDR ~ I(X, Y)IDR V2(p _1)-1. (16.41) 

Proof. - Posing Z, one of the coordinates of (X, Y), we have 

Z - z = I: Zp(X, Y) 
p~2 

where Zp is a homogeneous polynomial of degree p. Using norm L1, we have 

since we can take c = 0 and d = 1 for f(X, Y) = (X, Y). 
In this case, we have 

Iz - ZIDR < L IIZplll(X, Y)lbR 
p~2 

< I(X, Y)IDR L (aa + {3bt I(X, Y)lbR 
p~1 

= 
I(X, Y)IDR (aa + (3b) 

I(X, Y)IDR 1 - (aa + (3b) I(X, Y)I DR 

< 1 1 
I(X, Y)I DR p- 1- p-I 

= I(X, Y)I DR (p - 1)-1. 

Since I(X, Y)I ~ V2sup (lXI, IYI), hence we deduce the stated property. 

(16.42) 

(16.43) 

(16.44) 

(16.45) 

(16.46) 

(16.47) 

(16.48) 
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17. UPPER BOUNDS FOR THE NORMAL FORM 

Here, we give an estimation for the radius of convergence of the normal form at a given 
order. We pose, for any k ~ 1, 

ak = min (Ik.wl) = min (ILI=lklwll). 
O<lkl:5r L~llkzl:5r 

(17.1) 

Here, we suppose that h = Lk>O hk where hk is of degree k + 2 and satisfies, for any k, 
IIhkll :::; akb. -

-11.1. Deprit Method 

We construct the normal form of h using the Deprit method. We call w, the gerierating 
function of Tw , the Deprit transformation which corresponds to the method. We get the 
following result [25] : 

LEMMA 39 ([25]). - For any k :::; r, 

3ab [12k ( b )] k-I IIWkll:::; - -a 1+-
ak 5 ar 

(17.2) 

Hence we deduce, by applying theorem 32, that 

THEOREM 40 ([25]). 
order r, we have 

For w = Lk=1 Wk and K = T;lh, the normal form at the 

Posing R; = A-I, we get, for the normal form T;lh = zCr) + nCr) at the order r 

- T; 1 h is convergent in any ball DR with R < R* , 

- the general term of the remainder is bounded by \\~)\\ :::; (~)n d and 

,\nCr)\ < bR (!i)r (1- ~)-I (17.4) 
DR - R* R* 

11.2. Dragt-Finn Method 

We construct KCO) = h, KCk) = eL9k KCk-l) for k ~ o. The generator gk verifies 
L + K Ck) - K(k-I) 

hogk k - k . 

LEMMA 41. - For any k,n E N, we have 

(17.5) 

where 

k I 

ak = 2a IT (1 + PC~2)b)P . (17.6) 
p=1 
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Proof. - Let us define ak, bk so that we have, for any k and any n, 

(17.7) 

From Lho9k+Kkk) = Kt- 1
), we first get, by projection (cf. [25]), and sinceak (cf. 17.1) 

is the smallest of the eigenvalues of Lho on Ek, 

(17.8) 

For n E IN, we have 

L ~ II VykKt-1) II 
kp±q=nP· 

L (q + 2)(q + k + 2)· .,. (q + (p -l)k + 2) (k + 2)P 119kliP IIK~k-l)11 
kp±q=n p. 

< 

(n±2 1) (n±2 p') L k - .• ,. k - (k(k + 2) 119kll)P IIK~k-l) II 
kp±q=n p. 

< 

[~] , 
< ak_lbk-l L(nt2 -l)p (k(k+;~bk_l y. 

p=o 

We must now distinguish between several cases . 
• If k = 1, we have 

n 

< b L (n~l) (~br an
-

p 

p=o 

= anb [(1 + !~r+1 _ (!~)n+1] 

< bl(a(n+1)~(1+!~))n, 
and we can take 

b1 = b,al = am:x (n+ 1)~) (1 + !~) = 2a (1 + !~). 
• If k ~ 2, we have nt2 - 1 :::; ~ and 

[~] 
n b "'(!?:) (k(k±2)bk_1)P ak_l k-l ~ k P Ok 

p=o 
n 

n b, (1 k(k±2)aLl bk-1) 'k < ak_l k-l + Ok • 

This inequality is obtained by writing Taylor's formula with integral remainder 

[!?:] n >0 
n k lol (1 - t)['k] ,---::;-.. n [n] 

(1 + x)'k = 2)~)pXP + [!?:] , (~)[!?:1+l(1 + t)'k- 'k -ldt 
p=o 0 k . k 

[~l 
> 2)~)pxP. 

p=O 

(17.9) 

(17.10) 

(17.11) 

• 

(17.12) 

(17.13) 

(17.14) 
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1 

We can now take bk = bk_1and ak = ak-l (1 + k(k+;~bk_l) 7C • 

Hence we deduce a result On the convergence of the normal form .. 

THEOREM 42. - If h = Lk>O hk satisfies, for any k ~ 0, Ilhkll ::; akb, we get, with 
the notations of lemma 41, for the normal form at the order r: 

K(r) = Z(r) + 'R}r) = eL9r ... eL91 h = M(r)-i h, 

- K(r) is convergent in any ball DR with 

(17.15) 

(17.16) 

- the general term of the remainder is bounded by lin.}:') II::; R;nd, and we have 

1
'R,(r) I < bR (~)r (1- ~)-l.' 

n DR - R* R* 
(17.17) 

The proof follows from lemma 41, as well as classical upper bounds on numerical series. 

THEOREM 43. - Based on the hypotheses of the previous theorem, given f = 
En> 1 fn where fn is a polynomial of degree n and satisfies IIfnl! ::; (f1-1d. Posing 
p =-max(~, 1), we have . 

- M(r)-l f is convergent in the disc DR = {(x,y) E <e2n , lI(x,y)11 ::; R} where 

(17.18) 

:- F(r) = M(r)-l f is convergent in DR and, for any n E IN, IIF~r)11 ::; ~-ld, where 

. r 1 

c,. = 2a II (tf + P(P~2)b , ) P , 
p=l 

I
F(r) I < (1- ~)-l Rd 

DR - R* ' 1
'R,(r) I < (~)r (1- ~)-l Rd. 

DR - R* R* 

Proof. - As for the previous theorem, let us define 

F(O) = f, F(k) = eLgkF(k-l). 

(17.19) 

(17.20) 

(17.21) 
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In virtue of lemma 34, we can pose, for any n E IN, IIFJl) II ~ c~-ld where 

Cl ~ 3 119111 + pa = a (p + ~~) . (17.22) 

Let us now suppose that IIFJk-l) II ~ Ck_ld with 

k-l 1 

C < 2a II (l + P(P+2)b) p k-l _ Qp. (17.23) 
p=l 

Hence we deduce that 

C~ < (k(k+2)1I9kll+cLl) (17.24) 

< 2'atC':'2)' [il (1+ PC~2)') t r + I [il (I" + P{~2)') t n (17.25) 

< 2' a' [il (I" + P{~2)' ) ~ r (I + 'C':;';')') (17 .26) 

= 2'a' [Q (I" + P{~2)') ~ r. (17.27) 

and recursively that, for any k, n ~ 1, we have 

k 1 

IIFJk) II ~ c~-ld~ where Ck = 2a II (tl' + P(P:"2)b)p . 

p=l 
(17.28) 

The other upper bounds follow from elementary manipulations on the numerical series. 

17.3. Comparisons 

Since the ar's tend toward 0, it is most unlikely that the normal forms will converge. 
Let us take for example the classical diophantian approximation for ar, 

k 
a --­r - r m - 1 (17.29) 

where k and m - 1 are positive constant. From (17.2), we deduce, for the Deprit trans­
formation, that 

R;-l = 9 + 3;r~rm-l + 1 + 3;r ~ >'lrm, 

whereas, for the Dragt-Finn transformation, upper bound (17.18) yields 

R;-l 2a n;=l (1 + kp(p + 2)pm-l)1/P 
"r m+l l '" >'2 eL.Jp= 1 p ogp 

m+l 2 
>'2e-2- log r 

m+l 
>'2r 2 logr 

(17.30) 
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Consequently, the upper bound for the Deprit transformation proposed by Giorgilli is 
better inasmuch as 

m 
logr > 2--. . - m+l 

18. ESTIMATION OF THE DIFFUSION 

Using an application of the mean value theorem, we search for a ball centered at the 
point of equilibrium, such that, for the longest possible time, we may predict that the 
trajectories originating in this ball, do not get too far away from it. The bounds given 
here are not the best possible, but ,they give some indication of what could be expected. 
In fact, it appears necessary to adapt an upper bound ad hoc to every type of problem 
encountered . 

The technique (cf.[25]) primarily consists of bounding the derivative of the actions, 
which are the distances from the origin. At this point, we search for an optimal pertur­
bation order rapt for the truncation. 

Given h = 2:n~o hn with ho =.~ 2:1=1 ~(pr + q'f). We also suppose that the Wz are 
rationally independent. Let us denote T(r) , the Dragt-Finn or Deprit transformation which 
enabled us to construct the normal form at the order r, K(r) = z(r) + nJr) , as well as 

(Q(r),p(r») = T(r){q,p). Let us now pose It) = ~(p(r)2 + Q(r)2), we get the following 

theorem where R; denotes the radius of convergence of n(r): 

THEOREM 44 ([25]). - For R < R;, we have the-upper bound 

• d (R) ( R) ( R )-2 
/
I(r)/ <-R - R+l-r- I--

DR - C R; R;. R; (18.1) 

The upper bound is obtained by using the previous results, and noticing that 

(18.2) 

The following step consists of finding an optimal order rapt so that the upper bound 
of j(r) is minimal. We then deduce that, for a time t < T, determined by the previously 
introduced constants, we have, for a given p > 1: 

Any particle located at t = 0 in the ball DR, is located in the ball DpR as long as t < T, 
-since T now depends on the bounds chosen for h, R, the ai's, P and, especially with this 
method, the transformation used, since T depends on the upper bounds on the remainder. 

Since the estimation for the Dragt-Finn method is a priori not as good as that obtained 
by [25] or [52] for the Deprit method, we do not explain the upper bounds obtained in 
detail at this point. 

These upper bounds only depend on the upper bounds obtained theoretically, and 
the transformation is only used to compute intermediate bounds on the remainder of the 
normal form. 
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We may now ask ourselves what purpose effectively computing the normal forms or 
the transformations might serve. It so happens that, in an article subsequent to [25J, the 
results obtained by using information based on the computation of the first terms of the 
Lie transformation, -whether a Deprit or Dragt-Finn transformation- are radically better. 

The results rely essentially on the existence of approximate invariants (12.16) of the 
hamiltonian system, whose construction is insured by the Deprit or Dragt-Finn method. 

Therefore, let us presume given a Hamiltonian h. The existence, at any order r, of a 

function ~t) = 2:p~o ~i.~ which satisfies, for any 1 ~ l ~ n, 

(18.3) 

is insured by (12.16). Let us consider then 

r r 
,m.(r) _ '"' c(r) _ '"' ,m.(r) 
'J'l - L...J '>l - L...J 'J'l • (18.4) 

p=O p=O 

The first terms verify, for 0 ~ n ~ r, 

n n 

<pi~ = II, L {<pi;, hn-p } = {<pi~, ~} + L {~f,~, hn-p } = o. (18.5) 
p=O p=1 

So we have 

(18.6) 

The idea, in [8J, is to use (18.6), as well as the first terms of <Pt), to bound II in time. In 
[8], we write 

(18.7) 

The two first terms are of the form 12:;=1 <pi~ I, for which we have some estimates, either 

because they have been computed, or we have computed in part <pi~J ... <pi~J, and we have 

secured estimates of IIhk ll. In this case, we deduce estimates for the <pi~, by using (18.5). 
We increase the last term, using the mean value theorem, as well as an upper bound 
deduced from (18.6). r 

The proof is rather technical, but it appears to yield far better bounds than the method 
which consists of giving an estimation of the remainder. In [8], the estimation of the 
stability region is compared to the results achieved by Simo ([52]), and it appears that the 
latter technique yields better results. This shows that the knowledge of the first terms of 
the normal form and of the related transformation can contribute major improvements. 

18.1. Example 

Here, we recall an application of the previous results to the study of the Hamiltonian 
of the restricted three-body problem, in the vicinity of the Lagrange (cf. [52, 25]) point 
£4. 
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We consider the following system: 2 bodies of great relative masses J.L and 1 - J.L, in 
uniform' rotation around their center of mass. The distance between these bodies is one 
unit, the rotation period is 271". We study a third body subjected to the attraction of these 
two primary bodies. Its' mass m, is considered of negligible influence on the motion of 
the two primary bodies. We place ourselves in the rotating frame of reference, that is to 
say where the positions of the body of mass J.L and 1 - J.L are respectively (1 - j.L, 0, 0) and 
(J.L, 0, 0). The third body has the coordinates: 

(
X) (COS(t) 
; = -s~n(t) 

The energy of the system T is given by 

sin(t) 
cos(t) 

o 
(18.8) 

T - !(X2 + y2 +Z2) = ! (%t(xcos(t) - ysin(t»)2 + Cft(xsin(t) + ycos(t»))2 + Z2) 

! ((x - y) cos(t) ~ (iJ +x) sin(t))2 + «x·- y) sin(t) + (iJ + x) cOS(t»2 + Z2) 

_ !«(x - y)2 + (iJ.- x)2 + z2), (18.9) 

and the potential energy by 

where dl and d2 are the distances from the primary bodies: 

The hamiltonian system is given by the canonical variables 

Px = (x - Y),Py = (iJ + x),Pz = Z, 

and the Hamiltonian 

h -' Pxx + pyiJ + pzz - T + U 

- Px(Px + y) + Py(Py - x) - !(p; + P~ + p~) + U 

- !(p; + P~ + p~) + Pxy - pyX + U. 

The points of equilibrium of the system verify 

. oh 0 . oh. oh 0 
x = Px + y = ox = ,y = py - x = oy' z = pz = oz = , 

which yields, as its general solution 

aU aU 
z = pz = 0, Px + y = -Py + - = 0, Py - x = Px + - = 0, ox oy 

given, 

(18.10) 

(18.11) 

(18:12) 

(18.13) 

(18.14) 

(18.15) 

(18.16) 

(18.17) 

aU aU aU aU 
z = pz = 0, x + ox = y + oy = 0, Px + Py = -y + ox' Px - py = -x - oy· (18.18) 
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Let us call 

(18.19) 

If y = 0, we find three solutions that are the three Lagrange points £}, £2, £3, aligned on 
the straight line which joins the primary bodies. If y =1= 0 then (x, y, z) f-lo (d1 , d2, z) is a 
diffeomorphism, and v: = V(dI, d2, z) is differentiable. DV = 0 is written as 

1£ 1-1£ 
J.£dl - di = 0, (1 - 1£)d2 - ~ = 0, z = 0, (18.20) 

that is to say dl = d2 = 1. We find the two Lagrange points £4, £5 which form an 
equilateral triangle with the primary bodies. 

After a change of origin at the point £4, we find the new Hamiltonian 

h = 1(p2 + p2 + p2) + yp _ xp _ (II _ 1) _ y~ _ 1:. _ !=l: 
2 x Y z x y t'" 2 2 rl r2' 

where 

r~ = 1 - x + vl3y + x 2 + y2 + z2, r~ = 1 + x + vl3y + x2 + y2 + Z2. 

Posing a = -3(1 - 21£)4, we can write h = En>o hn with 

ho !(p; + p; + p;) + YPx - XPY + ix2 - iy2 - axy + Z2 

hn = 1£rn PnCx;:sy) + (1 - 1£)rn Pn( X-2~Y)' n ~ 1, 

where the Pk are the Legendre polynomials of degree k. 
The hamiltonian operator Lho admits, as its characteristic polynomial, 

(18.21) 

(18.22) 

(18.23) 

(18.24) 

(18.25) 

A pair of eigenvalues corresponds to ±i for the plane (0, z, Pz), and the others are multiples 
of i, and distinct whenever 1£(1- f..L) < i7' that is to say whenever 0 < f..L < !(1- ~). In 
this case, £4 is an elliptical point of equilibrium of the system. 

This Hamiltonian may then be handled using perturbation methods possibly diagonal­
izing Lho (the Wl'S are of opposite signs) (cf. [25, 52, 41]). 

-If we keep masses f..L and 1-f..L as parameters, the computation of the normal form proves 
too large to be carried out at high orders using the algorithms which I implemented. 

Nevertheless, the normal forms were computed for low orders (cf. [41]). At the order 
2, in the action-angle coordinates: 

where 

A 

B 

ho = wIh - W2 J2 

h2 !(AJ~ + 2BhJ2 + CJ?) 

I 2 (81 - 696wr + 124w1) 
72 W2 (1 _ 2wi)(1 _ 5w~) ,C(WI, W2) = A(W2, wt), 

1 WI W2( 43 + 64wrw~) 
-6 (1 - 2wr)(1 - 5wt)(1 - 2w~)(1 - 5w~)' 

(18.26) 

(18.27) 

(18.28) 

(18.29) 
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However, the study was completed for numerical values corresponding to the Sun and 
Jupiter as the primary bodies in [8, 25, 52]. The normal forms were computed to the 
degree 30, which made it possible to define a non-negligible stability zone for a period 
approximating the age of the universe (1010 rotation periods of Jupiter around the sun). 
In [25], using theoretical bounds based on the estimations of the Hamiltonian h, we find a 
stability zone of a few kilometers. The particles wander in a region 1.005 times the size of 
the original stability zone during a time comparable to the age of the universe. In [52] or 
[8], we fi~d a stability zone of the order of a few thousand kilometers, for the same period, 
by computing effective bounds on the normal form computed at a high order. 

The estimations given in this section for the Dragt-Finn method, do not, in and of 
themselves, improve the stability results that could be deduced, by mere estimation of 
the truncated invariants, by using the estimations carried out on the Lie transformation 

. by Giorgilli et al. . Undoubtedly, the use of combinatorial properties on partitions would 
enable us to improve the estimations for the Dragt-Finn transformation, but who is to say 
whether they would be better than those taken directly from invariants ? 

Knowing the first terms of the invariants, as well as using recursive formulas relating 
to the successive terms, enables us to significantly improve the asymptotic estimations 
which provide information concerning the system's stability. Effective computation of 
normal forms and truncated invariants, is one of the essential tools which provide stability 
information, and the Dragt-Finn method is definitely an efficient means of achieving this 
goal. 
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Symplectic Integrators 

We frequently have to compute the time evolution of hamiltonian systems. In celestial 
mechanics, we use multi-step integration methods at fairly high orders. The disadvantage 
of such methods, is that the error on the positions increases quadratically in time. 

Symplectic integrators are numerical methods to compute, on a very long term basis, 
the time evolution of a hamiltonian system. At every step, the transformation is symplec­
tic, which holds the advantage of preserving an energy approximating the system's energy3. 
On the other hand, a disadvantage is that they are, for the most part, considerably more 
costly than multi-step integrators of the same order. 

Symplectic integrators can be considered like mappings of perturbed hamiltonian flows 
with respect to the original Hamiltonian. So these integrators can be represented either 
as Deprit transformations, or as exponentials, or as Dragt-Finn transformations. 

The construction which we propose here relies mainly on the possibility of generating 
identities of exponential type, by using the algorithms of the first section. 

This brings us back to the general construction ideas, inspired by Forest & Ruth's [20] 
and Yoshida's [60, 61] contributions. We represent symplectic integrators either by Lie 
transformations, which holds the advantage of not requiring the computation of exponen­
tial identities, or by exponentials, which may have symmetry properties. First, we show 
. the strict equivalence of these representations, that is to say the sets of solutions obtained 
coincide from an algebraiC point of view. Next, we give an exhaustive list of the symplectic 
integrators for low orders. The low orders are obtained by searching for the solutions to 
a system of polynomial equations, using algebraiC tools such as standard bases. Some of 
the solutions were thus far unknown. We show elsewhere that the method proposed by 
Yoshida [61] provides all possible solutions. 

In the case where the Hamiltonian is written as the sum of a kinetic energy and of a 
potential energy, we decrease the number of terms necessary to the manufacture of such 
integrators. In the case where the Hamiltonian is the sum of three terms, we give an 
exhaustive list of order 2 and 4 integrators. 

The purpose of this section is not to compare the respective merits of the various 
integrators used to implement very long term integrations, but to supply the means to 
construct symplectic integrators at the highest possible orders. 

3This statement is rigorously exact only for linear problems. Therefore, in cases for which the Hamilt­
onian is preserved, one must gauge how much artificial chaos is induced by the symplectic integrator. N. 
T. 
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19. GENERAL METHODS OF CONSTRUCTION 

Let us consider a hamiltonian system, given by h = A + B, in which we seek to compute 
the time evolution Sh(t). Sh(t) is the solution to the differential equation 

aSh at = -Sh(t)Lh. 

If A and B are autonomous, we have 

Sh(t) = e-tLh = e-tLA-t~B , 

else, Sh(t) is a Lie transformation 

Sh(t) = Th(t) , ~~t) = h, 

which can be written as an exponential (cf. [42]). 

(19.1) 

(19.2) 

(19.3) 

Whenever Sh cannot be computed easily, it might be advisable to approximate it by a 
product of SA(t) and Ss(t), when these are simpler. ' 

If we consider Euler's classical method of integration, we get, for a step r, 

aH aH 
pet + r) =p(t) - r aq~. q(t + r) = q(t) + r ap . (19.4) 

This transformation is not usually symplectic, as is, for example, the case for h = 
w "2 (P2 + q2) where (19.4) becomes 

pet + r) = pet) - wrq(t), q(t + r) = q(t) + wrp(t) , (19.5) 

in which the determinant is equal to 1 +w2r2. At every step, the value of the total energy 
of the Hamiltonian h, is multiplied by 1 + w2r2. 

On the other hand, the product of the two symplectic transformations 

{ 
aH 

p 1-+ p-r­
. aq 

q 1-+ q 
and 

{

Pl-+P 
aH 

q 1-+ q+r- ' 
ap 

is a symplectic transformation. For h = ~ (p2 + q2) we get 

( 
q(t + r) ) = ( 1 - 'w

2
r2 wr) ( q(t) ) . 

pet + r) -wr 1 pet) 

In this case, the transformation obtained is the product 

where, according to the Baker-Campbell-Hausdorff formula, 

K = ~(p2 + q2) _ r~pq +r2 :;(p2 + q2) _ r3 ~pq + .... 

(19.6) 

(19.7) 

(19.8) 

(19.9) 

We note that K is invariant by (19.8), but is not the Hamiltonian which corresponds to 
the transformation (19.8). The corresponding Hamiltonian satisfies . 

:tT(t) = -Lw(t)T(t), i.e. LW(t) = _T-;l(t) :tT(t). (19.10) 
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Using (6.46), we get 

Wet) = ~(e-~tLq2p2 + q2) 

~ (q2 + p2 _ ~t {q2 , p2} + w~t2 {q2, { q2, p2} }) 

= ~(p2 + q2) + 2twpq + t2~2l. (19.11) 

The typical case where the symplectic integrators demonstrate their efficiency is the 
case in which 

h = T(P) + V(q), (19.12) 

that is to say when, for example, h is the sum of uncoupled kinetic and potential energies. 
In this case, since 

{T(p),p} = 0, {T(p) , q} = - 0;; and 

we have 

oV 
{V(q), q} = 0, {V(q),p} = op 

{T, {T, q}} = 0 and {V; {V;p}} = O. 

(19.13) 

(19.14) 

When we compute the time evolution of the state variables, we get the extremely simple 
form: • 

ST(t)(P, q) = e-tT(p)(p, q) = L (_t~)n (p, q) = (p, q + t o{)V) , 
n~O n. p 

(19.15) 

Sv(t)(p,q) = e-tV(q)(p,q) = L (-tL,v)n (p,q) = (p-ta;:,q). 
n~O n. q 

(19.16) 

The main idea is to construct 

(19.17) 

in such a way that, for a given integer k, 

(19.18) 

In this case, we get Sh (T) as a sequence of transformations 

qO = q, pO = p, ... , pi+l = pi + Ttdi oT (qi+l), qi+l = qi + TCi aT (pi+l) , (19.19) 
op op 

oT OV 
and Pr = pn, qr = qn appear after n evaluations of op and oq' 

19.1. Direct Determination of Symplectic Integrators 

Given h ~ A + Band SA(t) = e-tLA , SB(t) = e-tLB . For a preset nand k, we search 
for a minimal set el, ... , Cn, dl , ... dn, such that we have 

(19.20) 
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Let us denote R = <Q[CI, .•• , Cn, db"" lin], £p( {A, B}), the submodule of £( {A, B}, R) 
generated by the elements of weight p, where IAI. = IBI. = 1. 

We also denote by £p{z, A, B}, the submodule of £( {z, A, B}, R), generated by the 
elements of weight p, which contain only once the letter z, where Izl. = 0, IAI. = IBI. = 1. 

Remark. - £p{z,A,B} is of dimension 2P• Indeed, ifw E {z,A,B}~I' with z < 
A < B, then if z appears once, and only once, in w, w is a Lyndon word if and only if 
w = ZWI where WI E {A, B};, that is to say there are exactly 2P Lyndon words of length 
p + 1 containing once, and only once, the letter z. 

In order to solve (19.20), we must first express exponential identities, by placing our­
selves in a free Lie algebra, and by using the methods from the first section. First, we 
show the algebraic equality of the solutions obtained, by representing the integrators in 
various ways. We have the following property: 

LEMMA 45. - Lf:.t us consider the three following problems 

1. Having represented s(n)(t) as exp( - ~;;::l tP LKp), 
solve in L({A,B}): KI = A +B,K2 = '" = Kk = 0, 

2. Having represented s(n)(t) as exp( -tLo1) ... exp(tP Lap)' ", 
solve in L({A, B}): G I = A + B,G2 = ... = Gk = 0, 

3. Having represented s(n)(t) as TL:p~l tl'Wp' 

solve in L({A,B}): WI :;;= A + B, W2 = ... = Wk = O. 

The varieties, solutions to the 3 problems, are defined by the same ideaL 

Proof. - Denoting Xp,b"" Xp,lp the Lyndon basis of Cp( {A, B}), we can write 

lp lp lp 

Kp = L Kp,iXp,i, Gp = L Gp,iXp,i, Wp = L Wp,iXp,i. (19.21) 
i=l i=l i=l 

For every one of these methods, the solutions are the zeros of the ideals: 

(KI,1 - 1, KI,2 - 1, K2,1, K3,1, ... , Kk,l," .), 

(GI,1 - 1, G1,2 - 1, G2,b G3,}, ... , Gk,l," .), (19.22) 

(WI,1 - 1, WI,2 - 1, W2,1, W3,1, ... , Wk,l, .. . ). 

Note that Sw is the Deprit transformation, associated, not with Wet), but with the 
integral of W, which cancels out at O. Then, we have the following relations, extracted 
from the first section (cf. proposition 14): 

(19.23) 

For p > 1, every R;', is expressed in the Lyndon basis 4( {A, B}), and the coefficients are 
polynomials in the {W1,b W 1,2; W2,b W3,1, .. ·, Wp-l,b"" Wp-l,lp_J. The monomials of 
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these polynomials all contain a Wi,j with i > 1, and so they are in JW. Hence we deduce 
that J<;) C JW. 

Using the same argument, we deduce that JW C J~) and J~) C J<;), that is to say 
that 

.-y(k) _ .-y(k) _ .-y(k) 

.J K -.Jw -.Jo . 

Let us now consider the following lemma: 

LEMMA 46. - Given the following problems: 

2. Having represented s(n)(t) as exp( -tLCl)" . exp(tP Lop) "', 
. solve in L( {A, B}): C1 == A + B, C2 = ... = Ck = 0 

4. Having posed Z = s(n)(t)z, solve in £p({z, A, B}): 
Zo = (exp( -tLA+B)Z)O, ... , Zk = (exp( -tLA+B)Z)k. 

The varieties solutions to the two above problems are defined by the same ideal. 

(19.24) 

Proof. - For any p ;::: 1, Zp decomposes into £p( {z, A, B}). Let us denote Zp,b"" Zp,2P 

the Lyndon basis of this subspace which corresponds to the images of ZW, where W E 

{A, B};, by the parenthesizing mapping A. So we have, for any p, Zp = L~:l Zp,qZp,q, 
and the solutions to problem 4. are the zeros of the ideal 

(19.25) 

where the ai,j are the coefficients obtained by decomposing exp( -tLA+B)Z in £{z, A, B}. 

From s(n) (t)z-exp( -tLA+B)Z = (s(n)(t) - exp(:;-tLA+B») z = O(tk), we deduce term 
by term, for p::::; k, that 

Z - (-V LP - [ " (_1)m1+··+mp L'3: ... L-;: - (-1)P LP 1 -0 (19.26) p p. A+Bz - L.J m_l . .. m I -pr- A+B Z - . 
p(l,PiP) "-1" 1-

Hence we deduce, for p = 1, that 

Zl - {z, A + B} = -(LOI - LA+B)Z = {z, C1 - (A + B)} = 0, 

that is to say, on the basis ([z, AJ, [z, BD, 

Zl,l -1 = C1,1 -1 = 0, Zl,2 -1 = C1,2 - 1 = O. 

At the order 1 ::::; P ::::; k, (19.26) is written 

Z (-VPLP -P - p. A+Bz- [ 
" (_1)m1+-+mp L'3: ... L';; _ (-~)P L~ B] Z 
L.J mI ... m11 P- + 

p(l,PiP) p" 

(19.27) 

(19.28) 

(-~)P (L~l -L~+B)Z-LGpz+ (19.29) 

Lm1 L
mp 

I: (_1)m1+---+mp- 1 Gl _.. op z. (19.30) 
mp!···ml! p(1,P-1iP),ml <p 
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L~l - L~+B is written 

(19.31) 

A coefficient of (19.31) is then written 

GtIGi,2 - 1 = (Gf,l - I)Gi,2 + (Gi,2 - 1) E (GI,1 - 1, GI,2 - 1) C J~), (19.32) 

On the other hand, every L1 L~ ... L'l L~z decomposes linearly onto the Lyndon basis, 
and consequently, the coefficients of term (L~l - L~+B)z belong to (GI,1 -1, GI,2 -1) C 

J~). The other terms of (19.29) and (19.30) also decompose, and the coefficients are in 

(19.33) 

Let us assume proven, for any m < p, that Jkm ) = Jbm
). So, at the order p, 

• we deduce from (19.26), by identifying every coefficient, that J~) C J~) , 

• from (19.26), we also deduce that 

(19.34) 

v 

(III) 

All the terms, on the right hand side of the previous equation, decompose onto 
the basis Zp,q. The coefficients of (1) belong to J~ " and, by assumption, those of 
(II) or (III) are in (Glil - I,GI,2 -1) C J~-l) C J~-l). Therefore Lcpz can be 

decomposed on the Zp,q and the coefficients are in J~). Thus Gp can decompose on 

the Xp,q, by solving a linear system with coefficients in J~). 

So we have, J~) C J~). 

In order to get symplectic integrators directly, we will be able to use the three following 
methods, which are equivalent in virtue of the lemma 46. 

19.1.1. Direct Method 

. The problem (19.20) may be solved directly by searching after, for any z 

s(n)(t)z = SA(Clt)SB(dlt)··· SA (ent)SB(dnt)Z = Sh(t)Z + o(tk). (19.35) 
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19.1.2. Invariant Function 

Problem (19.35) may be reformulated by expressing sen) as an exponential, and by 
searching after CI, ... , Cn, dl , ... lin such that 

(19.36) 

with K = h + O(tk- l ). K is not the Hamiltonian of the hamiltonian system associated 
with s(n) , but, simply, an invariant function of the system. This technique is used by 
Yoshida. 

19.1.3. Perturbed Hamiltonian 

s(n)(t) can also be written as a Lie transformation 

(19.37) 

where W = h+ O(tk- l ). The condition is achieved by writing that 

d k-l dtSW = ....;.SwLw = -ShLh + o(t ). (19.38) 

The Hamiltonian of the associated hamiltonian system is then given by W. 

The three methods yield equal solutions, which seemed clear. Lemmas 45 and 46 prove 
that these methods steer us toward the study of the same algebraic objects. 

19.2. Computation of the First Integrators 

For every preset order, by one method or another, we search for n such that s(n)(t) 
is an integrator of order k. We attempt to find the solutions to a system of polynomial 
equations, that is to say we search for the points of the variety defined' by the ideal of the 
polynomial equations. Here, we use algebraic methods of elimination, or computational 
methods in standard bases. The software used is, either MACAULAY, which computes 
standard bases in a ring 7l./p71., or whenever possible, AXIOM. 

For low orders, these methods provide symplectic integrators. Besides, we use the rep­
resentation by the Lie transformations (Deprit), which has the advantage of not requiring 
the computation of exponential identities. 

Using the Lie transformations, we get, at the order 4 

W = WI,IA + WI,2B + 4W2,dA, B] + ~W3,I[A, [A, Bll + ~W3,2[[A, Bl, B] 

+ ~W4,dA, [A, [A, B]]] + ~W4,2[A, [[A, Bl, Bll + ~W4,3[A, [[A, Bl, B]l, 

where the Wi,j are polynomials. For n = 4, and 7 variables CI, C2, C3, C4, dl, d2, d3, we have 

WI,1 = C3 + C2 + CI + CO - 1 

WI,2 = d3 + ~ + dl - 1 

W2,1 = (C3 - C2 - CI - CO) d3 + (C3 + C2 - CI - CO) d2 + (C3 + C2 + CI - CO) dl 

W3,1 = (t ~ + (-C2 - Cl - CO) C3) d3 + (t ~ + (C2 - CI - CO) C3 + t ~ + (-CI - CO) C2) d2 
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+ (~ C~ + (C2 + Cl - eo) C3 + ~ ~ + (Cl - eo) C2 + l CI - eo cd dl 

W3,2 = (~ C2 + ~ CI + ~ eo) d~ + «-C2 + CI + eo) d2 + (-C2 - CI + eo) dl) d3+ (~ Cl 

+ ~ eo) d~ + ( -Cl + eo) dl d2 + ! eo di 
W4,1 = a c~ + (-~ C2 -! Cl -! eo) c~) d3 + (1 C~ + (! C2 -! Cl -! eo) C~ + (!~ + ( 

-Cl - eo) C2) C3 + 1 C~ + (-~ Cl - ! eo) ~) d2 + (1 C~ + (! C2 + ! CI -! eo) C~ + 

(! C~ + (Cl - eo) C2 + ~ CI - eo Cl) C3 + 1 q + (! CI - ! eo) C~ + (! CI - eo Cl) C2 

+ 1 cr - ! eo cn dl .-
W4,2 = (~ C2 + ! Cl + ~ eo) C3 ~ + «( -C2 + Cl + eo) C3 -! ~ + (CI + eo) C2) d2 + «-C2 

- Cl + eo) C3 -! ~ + (-Cl + eo)C2 -! CI +eo Cl) d1) d3 + «! Cl + !eo) C3+ (~ CI 

+ ~ eo) C2) d~ + « -Cl + eo) C3 + (-Cl + eo) C2 - ! CI + eo Cl) d1 d2 + (~ eo C3 

+ ! eo C2 + ! co Cl) di 
W4,3 = (-1 C2 - 1 Cl '- 1 eo) d~ + «! C2 .:..- ! Cl -! eo) d2 + (! C2 +! CI -,- ! Qj) d1) d~ + ( 

(-! Cl - ! eo) d~ + (CI - eo) dl d2 - ! eo di) d3 + (-1 Cl - 1 eo) 4 + (! CI 

- ! eo) dl d~ - ! eo di d2 ~ 1 eo dr 

• A solution for k = 1 is given by Cl = dl = 1 and 

SI = S(l)(t) = SA(~)SB(~)' (19.39) 

• A solution for k = 2 is given by 

(19.40) 

that is to say, Cl = C2 = ~,dl = 1 and 

(19.41) 

Mappingn time the operator S2(1') amount to mapping once SA(~)' then n times 
the operator Sl of order 1 (19.39). 

• The solutions for k =: 3 are the solutions to the system of polynomial equations: 

C3 + C2 + Cl 
~ +d1 

(C3 - C2 - cl)d2 + (C3 + C2 - cddl 
(! C~+(-C2-Cl) C3) d2+(l C~+(C2-Cl) C3+! C~-Cl C2) dl 

(~ C2 + 2 cd d~ + (-C2 + Cl) dl d2 + ~ Cl di 
which, by successive eliminations, is reduced to 

- 1 
1 
009.42) 
o 
o 

(19.43) 
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We notice that C3 and CI are conjugate roots just as d l = 2cI and d2 = 2C3. On the 
other hand, the solutions are not real. We must include an added term, and we get, 
for example, as a real (and even rational) solution: 

(19.44) 

The previous 6 term solution was also found by Forest & Ruth ([20]). 

• After successive eliminations, the system of polynomial equations is equivalent for 
k = 4 to 

d3 + 288 Cf - 312 ci + 96 CI - 14 CI + t = 0 
d 2 - 288 Cf + 312 ci - 96 CI + 16 CI - 2" = 0 

dl - 2 CI 0 

C4 + 144 Cf - 156 c~ + 48 cI - 7 CI + t = 0 
C3 + CI - - 0 

C2 - 144 Cf + 156 c~ - 48 cI + 7 CI -I 
5 5 4 13 3 1 2 + 1 1 

C1 - 4" C1 + 24 CI - 8" C1 64 CI - 1152 

The last polynomial is factored into 

. (ci - t CI + i4) (d - ci + t CI - 4~)' 

in which the first factor has no real solution. 

If CI is the root of (cf - CI + t CI - 18)' we get 

d3 - 2 CI 

d2 + 4 CI - 1 
d l - 2 CI 

C4 - CI 
1 

~:! ~~ = 1 
3 2 + 1 r 

CI - c 1 4' CI - 48 

or else, for example for CI = 2( ~_I)' 

= 0 

= 0 

= 0 

= 0 
0 

= 0 
0 

o 
o 

1 1 tl-3 1 n-2 
C4 = CI = 2( ~_I)' d 3 = d l = ~_I' d 2 = ~_I' C2 = C3 = 2" ~_I • 

(19.45) 

(19.46) 

(19.47) 

(19.48) 

We then come up again with the solutions obtained by Forest & Ruth ([20]) or 
Yoshida ([61]). 

If CI is the root of (CI - t CI + ~), we get two additional solutions 

d+2 -ld-Id-2 + _I + _I -1 3 CI - 2"' 2 - 2"' 1 - CI, C4 CI - 4" C3 CI - "2' C2 - CI - 4' (19.49) 

or similarly 

- - 1 d d- 2- d 1 C4 = CI, C3 = C2 = "2 - CI, 3 = 1 = CI, 2 = "2' (19.50) 

• For k = 5, we do not find solutions directly. So far, using MACAULAY, we can say 
that there are 46 solutions for integrators obtained as product of 11 operators (the 
computation is carried out in 7l./p71., for p = 31991). As for the AXIOM system, it 
fails to complete the computation. 
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• For k = 6, there is no solution whose product would have fewer than 13 operators. 
Above 13, I was not able to find any reasonable means to know whether or not the 
algebraic variety of the solutions was empty. 

We notice that, for k = 2 and k = 4, the integrators of real values are reversible, that 
is to say, if S(t) is an integrator of order k, we have 

S( -t) = S-l(t). (19.51) 

This observation inspires us to search for reversible symplectic integrators. The re­
versibility is an additional stability criterion. 

19.3. Search for Reversible Integrators 

If we suppose that the integrator is reversible, we have the following result ([61]): 

LEMMA. 47. - If S(t)1= e-tLK(t) is a reversible integrator, then K(t) = K(-t). 

The existence of K is warranted by the Campbell-Hausdorff theorem. Since 

(19.52) 

we deduce that LK(t) = LK(-t), therefore thatK(t) = K( -t). 

So now, we can directly search for reversible integrators of 2k order. We search for 
eo,. ", en, dl , ... , lin and S~n) = Sh(t) + o(t2k ) in the form 

SA(ent)SB(lint)··· SA(Clt)SB(dlt)SA(eot)SB(dlt)SA(Clt)··· SB (dnt) SA (ent). (19.53) 

We can express S~n), either in the form of ~n exponential e-tLK , or in the form of a 
Lie transformation Sw. The solutions found are strictly the same, owing to lemma 46. If 
we express S~n) in the form of an exponential, we get an even Hamiltonian K, and the 
search for the integrator of order 2k is achieved by simultaneously canceling polynomial 
equations of odd degree, in number dim L2p+ 1 ( {A, B}). Else, we get a Hamiltonian W, 
that is not even, and we must, a priori, consider the terms of odd degree. However, the 
follOWing proposition enables us to consider the terms of even order only: 

PROPOSITION 48. - If SW(t) is reversible, and if, for a given k E IN, we have 
W(t) = h + O(t2k- I ), then Wet) = h + o(t2k ). 

Let us define K(t) = Li~O tiKi+! E £( {KI, ... , Kn}), such that 

(19.54) 

Here, the basic ring is <Q[CO, ... , en, dl, ... , lin]. K and Ware connected by expressioris of 
the form (cf. proposition 14): 

. , -
where Wp E L(K1, ••• , K p- l ). (19.55) 

Therefore, let us suppose that W = h + o( t2k- 1 ), that is to say WI = h, W2 = ... = 
W2k-1 = O. Since Sw is reversible, we deduce that K2k = 0, that is to say W2k + W~k = O. 
But W~k E £(KI, ... , K 2k-I), vanishes, because its weight is 2k. Consequently, W 2k = 0 
and W = h + o(t2k). 
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In the case of the search for reversible integrators in the form of Lie transformations, 
all that is required is to cancel the terms of even order. The Lie transformation is all the 
more useful that the generator W is deduced without using exponential identities. For 
low orders, the direct search is implemented as follows: 

- we compute the polynomials to be canceled, that is to say the coefficients of the Lie 
series, 

- we compute a standard basis, -for the order of the elimination- of the ideal defining 
the variety. Besides, we use MACAULAY software to compute the standard bases 
modulo p. Only in the case where the variety of the solutions is not void in 7l./p71., 
do we attempt to compute it on <Q, by using AXIOM. 

Let us give specifications for proposition 48. 

PROPOSITION 49. - Given J~k) = (W1,1-1, W1,2 -1, W2,1,"" W2k,1,"" W2khk)' 
the ideal defining the variety of the solutions to S~n)(t) = SW(t) = Sh + O(t2k ), so, for any 
p ::; k, we have 

{
TXT TXT} J(2p-l) h J(2p) _ J(2p-l) 
Yl'2p,1,"" Yl'2p,l2p C W t at is to say W - W . (19.56) 

For any p ~ 1, we get, by searching for the solutions to S~n)(t) in exponential form 
exp(- 'Ei~l tiKi), the ideal 

(19.57) 

where the Ki,j are homogeneous polynomials of degree i. According to the lemma 45, we 

have JW:) = JW, for any p ::; 2k. However, since Sw is reversible, we have K2p = 0, for 
any p, that is to say J~ = J~-l and J~ = J~-l. 

*** 
The previous lemma enables us to consider the polynomials of odd degree only . 
• For k = 4, we find, at the order 3, 

W = (2 d1 + 2 d2 ) A + (C{) + 2 Cl) B 

+ t; « _! dj - d2 d1 - ! d~) C{) + (2 dj - 2 d2 d1 - d~) cl)[A, [A, Bll 
+ t;«! dl +! d2) ~ + (-dl + 2 d2) Cl Co + (-d1 + 2 d2) cn [lA, BI, B]. 

The general solution is given by 

Co + 4 d2 - 1 = 0, Cl - 2 d2 = 0, d1 + d2 - ! = 0, d~ - 4 + i d2- is = 0. (19.58) 

We come up again with three of'the solutions obtained with the previous method, and 
specifically with the real solution: 

1 1 ti-2 1 ti-3 () d2 = 2( V2-1) , dl = 2 ~-l' Cl = V2-1;C{) = ~-l' 19.59 

• For k = 6, we find, with n = 8, a variety of dimension 0, by using MACAULAY. The 
degree being 39, we deduce that there are at most 39 solutions. These solutions would 
provide integrators of order 6 as the reversible product of 15 operators. Unfortunately, we 
cannot directly find the solutions on <Q. However, we still find these solutions by using the 
method proposed by Yoshida ([61]), which we will mention in the next section. 
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Number of Equations 

Order Non Reversible Reversible 
1 2 2 
2 1 3 2 
3 2 2 
4 3 8 4 
5 6 6 
6 9 23 10 
7 18 18 
8 30 71 28 
9 56 56 

10 99 226 84 

Table 2 

For higher orders, we find the system of polynomial equations to be solved, but we 
do not find any more solutions than with the direct method. Here, we give (table 2) the 
number of polynomial equations to solve, in the case where we only compute the even 
terms, or all the terms. The number of equations is, in fact, the dimension of Ln( {A, B}). 

20. SEARCH FOR INTEGRATORS OF HIGHER ORDER 

The advantage of considering only reversible integrators also lies in the fact that we 
can find an integrator of order 2k + 2, as a function of an integrator of order 2k. Indeed, 
we have lemma (cf. [54]): 

LEMMA 50. - If S2k(t) is a symplectic integrator of order 2k, then 

Set) S ( 1 t)S ( W2ktl t)S ( 1 t) = 2k 2-W2k±l 2k - 2-w2k±l 2k 2-W2ktl 

is a symplectic integrator of order 2k + 2, insofar as w~~t~ = 2. 

We simply need to write 

and 

(20.1) 

(20.2) 

We must have 2a -+- b = 1, 2a2k+l + b2k+l = 0 and b = -W2k+la,.a(2 - W2k+l) = 1, that is 
to say, 

a = 1 b = W2ktl 
2-W2ktl' 2-w2k+l' (20.4) 

./ 
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1 1 
With the integrator S2(t) = e-2tLAe-tLBe-2tLA, we come up again with the integrator of 
order 4 -

(20.5) 

This method enables us to construct integrators of even order, but an integrator of 
order 2k is a product of 2.3k - 1 + 1, which are operators of order 1, SA or SB. This way, 
we would find an integrator of order 6, a product of 19 elementary operators, as well as 
an integrator of order 8, as a product of 55 operators. 

20.1. Construction of Integrators as Products of Integrators of Order 2 

Since we do not directly find solutions by searching for reversible integrators for high 
orders, Yoshida ([61]) proposes the search for reversible integrators, as reversible products 
of integrators of order 2. 

Given S2(t), the integrator of order 2 defined in (19.41). We search for reversible 
integrators that are the products of S2, in the form 

(20.6) 

Similarly, we can write, based on 

log S2(t) = I)2i+l K~:~I' (20.7) 
i;::O 

(20.8) 

(20.9) 

Considering the alphabet X = {K2i+l, i 2: 0, IK2i+ll* = 2i + I}, K(n) is expressed as 
a formal Lie series of L(X, R), where R is the ring of the polynomials with coefficients in 
<Q. 

Let us denote the Lyndon basis of Ln(X) by {Kn,l, ... , Kn,I.J, where In = dim Ln(X). 
We can 

12i+1 

K (n) ~ t2i ~ k(n) K = L....t L....t 2i+l,j 2i+l,j· (20.10) 
i;::O j=1 

Then, we find the equations which define the coefficients Co, .•. , Cn, by expressing recur-. 
sively the k~::I~~ in function of the k~~l,j. In order to do this, 

- we compute the various Lyndon bases for the odd orders, 

- we formally compute, at a given order, log [S2(ent)e-tLKS2(ent)] , where 

12i+1 

K = L L k2i+l,j K 2i+l,j 
i;::O j=1 

is a generic element of the Lie algebra. 

(20.11) 
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The Lyndon basis, at order 9, of £(X) is 

K1,1 = kl' K3,1 = k3, KS,1 = ks, K S,2 = [kl' [kl' k3]], 

K7,1 = k7, K7,2 = Ukl' k3], k3], K7,3 = [kl,[kI, ks]], K7,4 = [kl' [kI, [kl' [kl' k3]]]] , 

K9,1 = kg, K9,2 = Uk!, ks], k3], K9,3 = [kl, [k3, ks]], K9,4 = [kl, [kl' k7]], 

Kg,s = [[kl' [kb k3]], [kI, k3]], K 9,6 = [kl' [kI, [[kl' k3], k3]]], 

K9,7 = [kI, [kI, [kl' [kl' kslll] , Kg,s = [kl' [kI, Ikl , [kl' [kl' [kl' k3]lll]]· 

Then we find, at order 9, the following relations: 

k(n+l) - ken) + 2 ,. . 
1, 1 - 1, 1 --n, 

k(n+1) = ken) + 2 2 
3,1 3,1 n' 

k(n+1) _ ken) + (_1 ,. ken) _ 1 2) ken) + 1 2 ken) 2 + 1 c4 ken) 
5,2 - 5,2 6 --n 1, 1 6 n 3,1 6 n 1,1 6 n 1, l' 

k(n+1) = ken) + 2 c7 
7,1 7, 1 n' 

k
(n+1) ken) (1 ken) 1 ~'2) 1 5 k(n)2 1 6 ken) 
7,2 = 7,2+ -'6 en 1,l-'6Cfi a5,l+'6 Cn 1,1 +'6 Cn 1,1' 

k
(n+1) ken) 1 ken) 2 ( 13 ken) 1 4) 1 6 ken) 
7,3 = 7,3+'6 en 3,1 + -'6Cfi l,l+'6 Cn a3,1-'6 Cn 1,1' 

k
(n+l) 'k(n) ( 1 . ken) 1 ~'.l) ken) '( 1 k(n)3 1 ~2 k 2 7.3 ken) 
7,4 = 7,4+ -'6 en 1,1 - '6 Cfi 5,2+ 360 en 1,1 + 45 en 1,1 + 180 en 1,1 

7 4) ken) 1 _~ k(n)4 1 4 k(n)3 7 5 k(n)2 7 6 ken) 
+ 360 Cn 3,1- 360 Cfi 1,1 - 45 Cn 1,1 - 180 Cn 1,1 - 360 Cn 1,1' 

k(n+l) = ken) + 2 c9 
9,1 9, 1 n' 

ken) = ken) + (_1 ,.. ken) _ 1 2.) ken) + 1 c7 ken) 2 + 1 c8 ken) 
9,2 9,2 6 ..... 1,1 6 n 7,1 6 n 1,1 6 n 1,1' 

k(n+1) _ ken) + (1,. ken) _ 12 ken) _ 1 c4 ) ken) + (1 c5 k(n) + 1 c6 ) ken) _ 1 c8 ken) 
9,3 - 9,3 6 --n 3, 1 3 n 1, 1 6 n 5, 1 6 n 1,1 3 n 3, 1 6 n 1, l' 

k(n+1) _ ken) + (1 ,.~ ken) _ 1 2 ken) + 1 c4 ) ken) + (_1 c5 ken) + 1 c6 ) ken) _ 1 c8 ken) 
9,4 -9,4 ·3 ..... 3,1 6nl,l 6n 5,1 6nl,l·6n 3,1 3n1,1' 

k
(n+1) _ ken) (1 ken) 1.'.l) ken) (1 ken) 3 1 '2 ken) 2 73 ken) 
9,5 - 9,5 + -'6 en 1,1 - '6 en 7,2 + 360 en 1, 1 + 45 en 1,1 + 180 en 1, 1 

7 4) ken) l' 5 k(n)4 1 6 k(n)3 7 7 k(n)2 7 8 ken) 
+ 360 Cn 5,1 - 360 Cn 1,1 - 45 Cn 1,1 - 180 Gn 1, f - 360 Cn 1,1' 

k(n+1) = ken) + (_1 en ken) _ 1 2) ken) + (1 en ken) + 12 ken) + 1 c4 ) ken) +( __ 1 en k(n)2 
9,6 9,6 6 1, 1 6 n 7,3 6 3, 1 6 n 1,1 3 n 5,2 120 1,1 

2 ~'2 ken) 7 ~3) k(n)2 (1 ~3 k(n)3 1 4 k(n)2 7 5 ken) 7 6) L-(n) 
- 45 Cfi 1, 1 - 180 Cfi 3, 1 + 120 en 1, 1 + 45 en 1, 1 - 180 Cn 1, 1 - 120 en "'3, 1 

1 6 k(n)3 7 7 k(n)2 7 ~l'! 
+ 45 Cn 1,1 + 90 Cn 1,1 + 120 en aI, 1, 

k
(n+l) _ ken) (1 k 13 ken) 1 4) ken) (1 ken) 2 1'.l ken) 1.3) ken) 2 
9,7 - 9,7+ -3 en 3,1 + '6 en 1,1- '6 en 5,2+ 360 en 1,1 + 30 en 1,1+ 45 en 3,1 

( 
1 .3 k(n)3 2 4 ken) 2 1 5 ken) 7 6) ken) 16k 3 1 7 ken) 2 

+ - 360 en 1,1 - 45 en 1, 1 - 180 Cn 1,1 + 360 Cn 3,1 + 90 en 1,1 - 60 en 1,1 

7 8 ken) 
- 360 Cn 1, l' 

k
(n+1) _ ken) (1 ken) 1'2) ken) (1 ken) 3 1 '.l ken) 2 73 (n) 
9,8 - 9,8 + -'6 en 1,1 - '6 en . 7,4 + 360 en 1,1 + 45 en 1,1 + 180 en k1, 1 
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7 4) k(n) ( 1 k(n)5 1 2 k(n)4 53.~ k(n)3 13 4 k(n)2 + 360 en 5,2 + - 15120 Cn 1,1 - 1260 en 1,1 - 15120 c;. 1,1 - 1890 en 1, 1 

31 5 k(n) 31 6) k(n) 1 ~ k(n)6 1 4 k(n)5 53 5 k(n)4 
- 5040 en 1, 1 - 15120 en 3, 1 + 15120 c;. 1, 1 + 1260 en 1,1 + 15120 en 1,1 

13 6 k(n) 3 31 7 k(n) 2 31 8 k(n) + 1890 en 1, 1 + 5040 en 1, 1 + 15120 en 1, l' 

W· h k(l) k(l) 3 k(l) 2i+1 fi d C h . d It. 1,1 = eo, 3,1 = CO, 2i+l = Co , we n lor t e varIOUS or ers: 
• For k = 4 and n = 1, 

k (2) (2) 3 3 
1,1 = eo + 2Cl, k3,1 = CO + 2Cl (20.12) 

and the solution, to get an integrator of order 4 is k~~i = 1, k~~i = 0, that is to say, 

I ~12 
Cl = 2-V2' eo =~ . (20.13) 

• For k = 6 and n = 4, we find, for the coefficients, 

(2) 
kl 1 = eo + 2Cl + 2C2 + 2C3, , 

k (2) - 3 2 3 + 2 3 2 3 
3 1 - Co + CI C2 + C3' , 

k(2) - I'~ + 2c52 c5 + 2 c5 
5,1 - '1J I 2 3' 

k (2) ( 1 + 1 1) 4 (2 2 (4 2) 2 2 + 2 + 1 2) 3 
5,2 = '3 C2 '3 CI + 6 eo C3 + '3 C2 + '3 Cl + '3 eo C2 + '3 CI '3 eo CI 6 CO c3 

+ (-1 C~ - 1 cf - i ~) C~ + (-~ ~ + (-~ Cl -1 eo) C~ + (-~ cr - 1 c8) C - ~ ct 

- 1 eo cr - 1 ~ CI - i ~) C3 + (1 Cl +! eo) C~ + (~ ~ + ~ eo Cl + ! ~) C~ 
( 1 3 1 3) 2 ( 2 4 1 3 1 3 1 4) + 1 4 1 2 3 + -'3 C1 - 6" CO C2 + -'3 Cl - '3 eo Cl - '3 CO Cl- 6" CO C2 6" eo Cl + 6 CO Cl 

1 3 2 1 4 - 6 Co Cl Cl - 6 Co Cl· 

After reduction, we get eo as the root of an irreducible polynomial of degree 39, which 
admits 3 real roots, 

c89 + 4 ~8 - 18 ~7 _ 2~2 cg6 + 6!~9 ~5 + 8~g8 Co34 - 8i~~4 cJ3 _ 231~~8 c52 + 87~76;2 c51 + 
5898416 I'~O _ 618824 1'~9 _ 5158016 .,,28 + 2525372 .,,27 + 32135888 ...26 _ 1377776 ...25_ 

2025 '1J 675 "U 2025 co 30375 l..() 30375 l.{) 10125 l.{) 

33361568 1'~4 + 536566 1'~3 + 35651416 ...22 _ 19660868 .,,21 _ 8051504 C20 + 5636474 C19 + 
91125 '1J 10125 "U 455625 l..() 1366875 co 455625 0 1366875 0 

~11~~i~: cA8 
- ~~~~!1~~ cA 7 

- ~5303:13265 cA6 + ~~~~~~ cA5 + 2~~~~~5 cA4 
- 2~~6~~~5 cr} + 

92~684~~25 cA2 + 9~~~~~5 c61 
- 9;l6~~6225 cA° - 5li~64~75 cg + 9l2~i;6~5 cg -

136499 7 19996 6 117142 5 33848 4 17431 3 
4613203125 CQ - 8303765625 Co + 41518828125 CO - 41518828125 CO + 124556484375 CO -

9668 2 656 . 64 
622782421875 CO + 622782421875 eo - 1868347265625' 

and Cl = Pl(eo),C2 = P2(eo),C3 = P3(eo) where P1,P2,P3 are polynomials of degree 38 
(this result is obtained in 20' of C.P. U. time, with AXIOM, on an IBM Risc6000 computer). 
We have thus found all possible solutions for the reversible integrators of order 6, since 
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we know that there are at most 39 solutions. The obtained integrators are products of 15 
elementary operators . 
• Likewise, by using numerical methods, Yoshida found an integrator of order 8 with 
n = 7, that is to say as a product of 15 integrators S2 or 31 operators of order 1: SA and 
SE. We have been able to verify that these integrators are not the reversible product of 
integrators of order 4, which would also have totaled 31 terms. 

The same methods may be applied when searching for reversible integrators as the 
reversible product of integrators of order 4. The technique is identical, and consists of 
searching for a K of the form 

K (n) k(n)K k' (n)K k(n)K k(n)K = 1,1 1,1 + 5,1 5,1 + 7,1 7,1 + 7,2 7,2 + .... 

We first compute the Lyndon basis: 

K l ,1 = kI, 

K 5,1 = k5, 

K7,1 = k7, K 7,2 = [kl' [kI, k51]' 
K9,1 = kg, K9,2 = [kl' [kl' k71]' K9,3 = [kl' [kI, [kI, [kl' k5lll1 

We find the relations between the ktj) at order 9: 

ken+!) - ken) + 2 
1,1 - 1,1 en, 

ken+!) - ken) + 2 5 
5,1 - 5,1 en, 

ken+!) = ken) + (_1 en ken) _ 1 c2) ken) + 1 ,.5 k(n) 2 + 1 c6 ken) 
7,2 7,2 6 1,1 6 n 5,1 6 '"'n 1,1 6 n 1, l' 

ken) = ken) + (_1 en ken) _ 1 c2 ) ken) + 1 c7 ken) 2 + 1 c8 ken) 
9,2 9,2 6 1, 1 6 n 7, 1 6 n 1, 1 6 n 1, l' 

(20.14) 

k(n+l) = ken) + (_1 en ken) _ 1 ,.2) ken) + (_1 en ken) 3 + l ,.2 ken) 2 +...l..- ,.3 ken) 
9,3 9,3 6 1, 1 6 --n 7,2 360 1, 1 45 --n I, 1 180 --n 1, 1 

7 4) ken) 1 5 k(n)4 1 6 k(n)3 7 7 k(n)2 7 8 ken) + 360 Cn 5, 1 - 360 Cn 1, 1 - 45 Cn 1, 1 - 180 Cn 1, 1 - 360 Cn 1, 1· 

• For k = 6, we find a solution with n = 2: CO + 2Cl = 1, c3 + 2cf = 0, that is to say 

(20.15) 

• For k = 8 and n = 3, the variety of the solutions is empty, which proves that the 
integrator of order 8 found by Yoshida, ([61]) is not a reversible product of integrators of 
order 4, which would also have had 31 factors. 

In chart 3, for each order and method, we give the number of polypomial equations, 
and the number of solutions obtained, with the number of operators in the product. In the 
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Polynomials Operators Solutions 
Reversibles Reversibles Reversibles 

Order D L RL S2 L RL S2 L RL S2 
1 2 2 2 1 1 
2 4 1 1 3 3 3 1 
3 8 2 4 5 3 

6 00 

4 16 3 1 7 7 7 5-1 3-1 3-1 
5 32 6 6 11? 46? 
6 64 9 2 ~ 13 15 15 39 39-3 
7 128 18 18 
8 256 30 4 31 ?-5 
9 512 56 56 

10 1024 99 8 

Table 3 - Symplectic Integrators -
For example, in the line corresponding to order 4, the number of polynomials defining the zeros 
is respectively 30 polynomials (the sum in the column) with the direct method, 8 by using Lie 
transformations, 6 by searching for reversible integrators, and 2 by searching for reversible products 
of 82 . In the same line, we find solutions which provide integrators of order 4 as a product of 7 
operators. We find 5 solutions with the Lie transformations (1 real solution), and 3 with the other 
methods. In the line that corresponds to order 3, there are 3 integrators as the product of 5 

operators, but none has a real value, and there is an infinite number of them as the product of 6 
operators. 

first column, D means using the direct method (19.35), L means representing the operator 
by a Lie transformation, or an exponential (19.37), or (19.36), RL means searching for 
reversible integrators represented by the Lie transformations, usin9 proposition (49)), 52 
means searching for products of reversible integrators 52. In the column "solutions", 
whenever there are two integers, the first one is the number of solutions and the second 
one, the number of realizati~ns . 

20.2. Higher Number of Operators 

We can generalize the construction of symplectic integrators in the case where h is a 
finite sum of terms (see for example Suzuki [54]). 

In this section, we search for integrators, in the case where h = A + B + C, using the 
previous algorithms. Such integrators may prove useful when we study the perturbed Ke­
pler motion, whose Hamiltonian may be written in the previous form, by using Poincare's 
canonical heliocentrical variables (see 21.1). 

We give an exhaustive list for orders 2 and 4, 
• The integrator of order 1 is obtained as 

(20.16) 

• For the integrator of order 2, from 52(t) = 5B(~)5cCt)SB(~)' we deduce the inte-
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grator 

. If we search directly for solutions of the form 

we find a system of polynomial equations for n = 3: 

C3 + C2 + Cl - 1 = 0 
d2 + d1 -1 = 0 
e2 + el -1 = 0 

(C3 - C2 - Cl) d2 + (C3 + C2 - cd d1 = 0 
(C3 + C2 - Cl) e2 + (C3 - C2 - Cl) el = 0 

(d2 - dl ) e2 + (-d2 - d l ) el = 0 

The previous system is reduced to a standard basis 

e2 + el -1 
. I 

. (dl - 1) el - dl + ~ 
C2 el + CI -- = 

0 
0 
0 

( I) I ~ CI - 2 el - 2 C2 - CI + 2 0 
d2 + d l -1 0 

. I 
0 C2 dl - C2- CI + 2 = 

(CI - !) dl + ! C2 = 0 

C3 + C2 + CI -1 - 0 

c~ + (2Cl - 1) C2 + 2 ci - 2Cl + ! 0 

The last polynomial equation is written as a sum of 2 squares 

So the real solutions are given by 
• 

CI = C3 I - 2 
C2 0 

d l +d2 - 1 

el + e2 - 1 

(dl -1)e2 +! - 0 

Chapter V 

(20.17) 

(20.18) 

(20.19) 

(20.20) 

(20.21) 

(20.22) 

I 

In the case where we search for the least possible number of operators, we again come up 
with the previous integrator . 

• For the integrator of order 4, we could, by searching for reversible integrators, apply 
the same technique, namely, if 

(20.23) 

where 

I I tl-2 I tl-3 
d2 = 2(~-1)' dl = 2 ~-l' CI = ~-l' Co = ~-l' (20.24) 
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is the integrator of order 4 (20.5), then 

(20.25) 

is an integrator of order 4 for h = A + B + C, which shows up as the product of 25 
operators of order 1: SA, SBor Se. 

However, if we use lemma 50, we deduce that an operator of order 4 can be written as 
the product of 3 reversible integrators of order 2, therefore, as the product of 13 operators. 
Specifically, we find 

where 

SA(~t)SB(~t)Sc(at)SB(~t)SA(~t)SB(~t)Sc(bt) 

SB( ~t)SA(~t)SB(~t)Sc(at)SB( ~t)SA (~t). 

a=_l_ b=-~ 
2-W3' 2-W3' 

(20.26) 

If we search directly for all the reversible integrators which are written as a 13 term 
product, we must search for a product of the form 

SA(ent)Sc(ent)SB(dnt)·· . 
Sc(e1t)SB(d1t)SA(Cot)SB(d1t)Sc(e1t) ... SB(dnt)Sc(ent)SA(ent ). 

Since the A, B, C, playa symmetrical part, the previously found integrator requires 
that 9 variables be used (17 terms, a priori) Co,C1 = 0,c2,d1,d2 = 0,d3,e1,e2,e3' If we 
search for 9 variables integrators, that is to say n = 3, we get a variety of null dimension 
of degree 12 in which a standard basis is 

e1 + 418~; c61 
- 3f0~1 c60 

- 1~~~7 c8 + 1~U7 ~ - 31tg~ C6 - 1~7 c8 + 1~~4 c3 + 1ioS; ~ 

- it~l c& + 21~ c5 - ~gg Co + ~~6 = 0, 

e2 - 8~81 c61 + 2~~9 c60 + 1~;1 c8 - 12:S08 ~ + 2;~7 c6 + 2~61 c8 - 9~~3 c3 _ 2~~1 ~ 
+ 3714 ,..~ _ 2402 ('~ + 1519 Co _ 323 - ° 

25 "U 25 "U 50 75 - , 

e3 + 2~g3 c61 - 1~g9 c60 - 5~3 c8 + 7~g3 cg - 1~g7 C6 - 7:3 c8 + If~7 c3 + 7;03 ~ - ~~9 c& 
+ 1357 ,..~ _ 427 Co + 14 - ° 

20"U 20 5-' 

d3 + 2403 ,..!I _ 1269 ,..!O _ 5373 ('~ + 7083 ,..~ _ 1557 ,..I _ 783 C06 + 1377 ,..~ + 723 ,..~ _ 2079 ,..~ 
20 '"'U 20 '"'U 20 '"'U 20 '"'U 20 '"'U 4 10 '"'U 20 "U 20 '"'U 

+ 1357 ,..~ _ 427 Co + 14 - ° 
20'"'U 20 5-' 

d2 - 2403 I'!I + 1269 I'!O + 5373 I'~ _ 7083 I'~ + 1557 I'I + 783 I'~ _ 1377 I'~ _ 723 I'~ + 2079 ,..~ 
20 '"'U 20 '"'U 20 '"'U 20 "U 20 '"'U 4 '"'U 10 '"'U 20 '"'U 20 '"'U 

_ 1357 ,..~ + 437 Co _ 33 - ° 
20"U 20 10-' 

d1 - lCo = 0, 

C2 + 8~1 c61 - 2~~9 cA0 ~ 19~;1 cg + 12;~8 cg - 2;~7 C6 - 2~61 c8 + 9~~3 c3 + 2~1 ~ 
_ 3714 I'~ + 2402 ,..~ _ 747 Co + 571 - ° 

25 "U 25 "U 25 150 - , 

C1 - 8~1 cfi1 + 2~~9 cA0 + 19
5
0;1 cg - 12;~8 c~ + 2;~7 C6 + 2~61 c8 _ 9~~3 c3 _ 2~1 ~ 

+ 3714 ,..~ _ 2402 ,..~ + 1519 Co _ 323 - ° 
~ '"'U 25 "U 50 ~ - , 

c62 
- cfi1 - 2 c60 + 4 c& - 2 cg - ! C6 + I; c8 - ~ c3 - ~ + ~~ c& - t c5 + ! Co - il = 0. 
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We notice the relations 

d3 = e3, d1 = ~CO, Cl = ~2. 

The last polynomial is factorized into 

(cg - 2 cg + cl + ~ c8 - cg + ~ e.g - i c5 + ~ Co'- 2\)(e.g + c5 - Co +~) 

and we get two families of solutions 

co = 2el = 2d1, 

Cl = e2 = d2 = +27 ~ - 821 cb + ~ q; + ~ c8 - i5 ~ - 9 e.g + 2; ~ - 1; CO + 2, 
C2 =·d3 = e3 = -C1 - ~Co -~, 

cg - 2 ~ + cb + ~ c8 - c8 + ~ e.g - i ~ + ~ Co = l7· 
and the previously known solutions 

(20.27) 

(20.28) 

The first family provides integrators as a 17 term product, while the last family provides 
integrators of order 4 as a 13 term products. These integrators are the product of 4 
operators SA, of 6 operators SE, and 3 operators Se. The Hamiltonian with the least 
costly computation of the mapping of the flow should be used for B. 

21. SPECIAL KINETIC ENERGY 

In the preceding discussion, we considered h as a Hamiltonian, sum of A and B, without 
taking into account the special form of A and B. In numerous cases, if h = T(P) + V(q), 
the kinetic energy is a polynomial of degree 2 in p. From this we deduce that {T, V} is a 
polynomial of degree 1 in p, and that {{T, V}, V} = V1(q) only depends on q, and finally, 
that 

{{{T, V}, V}, V} = o. (21.1) 

If we take (21.1) into consideration, we do not find any integrators (at least for the first 
orders), as the product of fewer operators ST or Sv. 

Here, instead of Sv(t), let us consider the operator 

(21.2) 

We have, as before 

( ) oV 3 0 
Sa,/3 t P = P - to! oq - t /3 oq {{T, V}, V} and Sa,/3(t)q = q. (21.3) 

Let us search for integrators of the form 

or, -which amounts to the same thing- of the form 

(21.5) 

.' 
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• For n = 1 and k = 4, we find the relations 

which admit as a sqlution 

or 

2d1 = 1, C{) + 2C1 = 1, (-!eo + 2 c1)d~, 2Z1 + ZO + (!c5 - C1C{) - C~)d1' 

which admit as a general solution 

1 1 -Od 1-0 2-0 1-0 ZI + 2ZO + 48 - , 1 - 2 - ,eo -"3 - ,Cl - 6 - . 

We can now take the second solution 

Z -0 ZO- 1 d _1 eo-~ C 1 1 -, - -24' 1 - 2' - 3' 1 = 6· 
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(21.7) 

(21.8) 

(21.9) 

(21.10) 

S4 is the product of an operator SO;,{3" of two operators ST, of two operators Sv, totaling 
5 operators. At each step, 6 evaluations must be implemented, which represents some 
progress with respect to the 7 evaluations found in the general case . 
• Likewise, for k = 6, we find, with n = 2: 

- 0 15 2 1 1 - 0 3 2 1 1 - 0 d + 3 1 - 0 Z2 - ,Z1 - 16 C2 + 4 C2 - 96 - ,ZO - gC2 - 4 C2 + 48 - ,2 C2 - 2 - , 
d1 - 3C2 = 0, eo - 30q + 12c2 - 1 = 0, C1 + 15c~ - 5C2 = 0, C~ - !C~ + lsC2 - Jo = O. 
The integrator of order 6 is a product of 9 operators (instead of 15), and each step is 

computed after 12 evaluations. 

n avav 
{{T, V}, V} = 2 L ti,j-a . -a . = 2T(VV). 

i,j=l qJ q, 
(21.11) 

21.1. Integrator for the Problem of the Perturbed Kepler Motion 

Symplectic integrators can demonstrate their efficiency in the perturbed Kepler prob­
lem (cf. for example, Wisdom [59], Channel & Scovel [9, 10]). 

Please refer to [37] for more details on what follows. We focus on the problem of 
n + I-body. Denoting G the barycenter of the n + 1 bodies, Ui the pOSition vectors with 
respect to G, and tl.i,j = lIui - Uj II, the Hamiltonian of the system is classically written as 

n 

H = T + U = ! L: mi IIUi 112 - G L: 
i=O O~i<j~n 

Tnimj 
L:i.i,i • (21.12) 

Calling Ui = miui, the conjugate momentum of Ui, we get, in the canonical coordinates 

(21.13) 
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The idea is to use the canonical heliocentrical variables: TO = UO, Ti = Ui - uo. In order 
for the transformation to be canonical,we pose 

which is 

n 

TO = LUi = 0, Ti = Ui, 1::; i ::; n 
i=O 

n 

Uo = - L Ti, Ui = Ti, 1::; i ::; n. 
i=I 

So, in the heliocentrical coordinates, we have 

and 
n 

U = -G ~ mOmi _ G ~ mimj. 
L.J T'L.J ~ .. 
i=I' O<i<j:S;n '.J 

(21.14) 

(21.15) 

(21.16) 

(21.17) 

(21.18) 

So we can write H = Ho + HI with Ho = To + Uo, HI = Tl + U1 where Ho appears as a 
sum of twcrbody problems, and HI, as an interaction perturbation. We will have 

(21.19) 

(21.20) 

HI has a particularly simple form, since the kinetic energy and the potential energy are 
decoupled. Ho can be interpreted as n Hamiltonians of Keplerian motion of bodies of 
mass m:;+~i around a stationary center of m,ass ma + mi. 

By writing H = Ho + Tl + Ul, where Tl has a form which is particularly easy to 
integrate, we can attempt to integrate H numerically, by using the integrator of order 4, 
where STl is used 6 times, SUlI 4 times, and SHo' the Hamiltonian of n twcrbody Keplerian 
problems, 3 times. 

The interpretation is the following: the n bodies gravitate around the central body. 
SHo represents the gravitation of the n bodies, independently around the central body. 
STl amounts to modifying the velocities, and SUI' surreptitiously, the positions, as if it 
were a matter of putting them back on their correct trajectories. 

In this section, we finally gave an exhaustive list of the symplectic integrators all the 
way to order 4. Some were previously known, except for 2 integrators of order 4 with a 
complex value, and two integrators of order 3. At order 5, there seem to be non reversible 
solutions (46) obtained as a product of 11 operators. There are no integrators of order 6 
with a product of fewer than 13 terms. All the reversible integrators were found. There 
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are exactly 39, which are written as the product of 15 operators. Three are real, and had 
been known byYoshida ([61]). 

We showed that the various methods of searching for integrators were algebraically 
equivalent. 

In the case where the Hamiltonian is the sum of a kinetic energy of degree 2, and of a 
potential energy, we improved on the previous results. 

We gave an exhaustive list of the reversible integrators when the Hamiltonian is written 
as the sum of 3 terms, which is the case for the Hamiltonian in the problem of the perturbed 
Kepler motion. 
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Chapter VI 

Implementations 

In this section, we describe the various implementations of the algorithms quoted· in the 
previous sections. The formal computation program used is AXIOM (NAG), or Scratchpad 
(an AXIOM prototype). Some algorithms were carried out in Scratchpad in 1989, and have 
not bee~ transferred into AXIOM as yet. 

First of all, we describe the implementations of the algorithms that are specific to 
free Lie algebras, that is to say, primarily the decompositions onto the bases. In fact, 
we propose two representations for the magma elements, the tree representation, or a 
representation by list, which enables us to consider the order of the Hall basis as a lexico­
graphical order. 

Next we mention the implementations carried out to write the relations between the 
generators of the various Lie transformations. It is interesting to note that these issues 
have long interested optical phYSicists, namely Dragt's team. In fact, a software program 
(MARYLIE) -which computes exponential identities within the framework of the composi­
tion of the Dragt-Finn transformations- is already in place for optical applications. 

Next we shall describe a set of functions implemented to compute symplectic integra­
tors. 

Last, we mention various packages and domains created to compute normal forms 
in specific cases, in particular when the perturbed Hamiltonian is written as a series of 
polynomials, or in tpe action-angles coordinates. Some non-autonomous cases can also be 
handled. In order to do so, a domain of the Poisson series with one or several variables 
was needed. 

22. AXIOM IN SHORT 

Just one word to briefly introduce the AXIOM formal computation system. We suggest 
that the reader read the official documentation ([30]), the first section ofM. Petitot's thesis 
[45], or D. Pinchon's article [46]. AXIOM is the commercial version -distributed by NAG­
of the formal computation prototype system Scratch pad II. Scratchpad II was developed 
as early as the 70's, at the Yorktown Heights IBM Research Center. 

AXIOM is a strongly typed formal computation system. The objects handled by the 
system all have a name, a value, and a type. Objects of a same type all belong to the 
same domain. The domains are constructed from different categories. 
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A category is defined by a collection of operations given by their signature -a series of 
properties (or attributes)-, and it is eventually parametrized by other categories. At this 
point, it is possible to do a semantic control of the types used. 

For example, category Ring of the rings, consists of a set and two operations, -addition 
and multiplication. The multiplication is not necessarily commutative, but category Com­
mutativeRing includes this attribute. The category of square matrices of constant size, 
is parametrized by the ring category -which corresponds to the basic ring-, and by a 
NonNegativelnteger integer. This category has the basic properties of a unitary ring, and 
a mapping determinant when the basic ring is commutative. With the new version of 
AXIOM, it is possible to implement certain functions by default. In this case, the imple­
mentation does not predict which representation will be used in the domains. 

A domain defined as a category Ring domain (all domains belong to a category) there­
fore has an addition and a multiplication, and all the properties of the category. If the 
category had been CommutativeRing, the domain would have been commutative. It is 
however possible to add specific operations to every domain. The inheritance (the part 
which is dependent on the category), as well as the operations and specific attributes form 
what we commonly call the public part of the domain. The private part of the domain is 
essentially the implementation of the algorithms, once the internal representation of the 
objects has been chosen. The domains themselves can be parametrized by other domains. 

So AXIOM offers a library of domains and categories directly accessible by the user. In 
addition, a number of packages contain functions which have not been implemented from 
the point of view of domain definition, because they are either too specific, or they involve 
several domains. For example, the package COMBINAT contains a number of functions 
used in integer combinatorial. Although not officially included in the currently available 
version, the compiler may also be used, - which is what we have don~ in order to create 
one's own categories, domains, and packages. 

23. LIE MONOMIALS 

In view of the implementation, in AXIOM, of a domain of the Lie algebras, one needs 
to consider several aspects. The notion of inheritance in AXIOM makes it possible to 
implement only the algorithms that are typical of the domain considered, or that strongly 
depend on the structure of the data used. 

In order to implement a domain of Lie algebras, it is necessary to first consider the fact 
that a Lie algebra on an alphabet X, with coefficients in a ring R, is first and foremost 
an algebra on R, and a free module on R, with support in the magma M(X). These 
notions do not depend on the basis chosen to represent the Lie polynomials. We shall first 
implement the category of free Lie algebras. 

One problem that immediately arises, is to know whether every free Lie algebra of the 
defined category is a module with support in everyone of the possible bases, which are 
subsets of the magma. It seems clear that, first and foremost, it is necessary to implement 
the magma domain which will be parametrized by the alphabet X. 

Should one define the Lyndon or Hall bases as subsets of the magma? We could define 
a' category of the submagmas whose domains could be the magma M(X), £, 1-£, etc ... , 
with every one of these domains equipped with the needed elementary operations. 
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23.1. Magma 

Independently of any representation of the data, the elementary operations to consider 
on the magma are: 

- comparison operations, and the definition of an order relation, 

- computation of the length, and unparenthesizing operation, 

- finding left and right factors, 

- an evaluation or substitution morphism; for example, the substitution in [[a, b] , [b, ell 
of {[a, b], e} by {[la, b], e], [a, b]} will be 

[[[a, b] ,e] , [b, [a, b]]]. 

The three latter operations are specific to the magma. On the other hand, the order 
relations are specific to the bases considered. The lexicographical order is not a total order 
relation on the magma ([a, [b, ell, and [[a, b], e] are not comparable), contrary to the order 
relation used for the Hall basis. . 

Furthermore, unlike the Hall and Lyndon bases, M(X) has a monoid structure, since 
the parenthesized product of two elements of the basis does not belong to the basis. 

Therefore, it appeared simpler to define the magma M(X), as a domain that is an 
ordered set, and also contains X, with the following basic operations: 

MG SE: OROSET is a domain constructor 
Abbreviation for Magma is MG 
This constructor is exposed in this frame. 
Issue )edit magma.spad to see algebra source code for MG 

?*? : ($,$) -> $ 
Operations-------------------------­

?<? : ($,$) -> BOOLEAN 
?=? : ($,$) -> BOOLEAN 
coerce : $ -> LIST SE 
coerce : $ -> OUTFORM 
eval : ($,LIST $,LIST $) -> $ 
left : $ -> $ 
lexico : ($,$) -> BOOLEAN 
Ivar : $ -> LIST SE 
min: ($,$) -> $ 
right : $ -> $ 
signatureOrder : ($,$) -> BOOLEAN 
retract If Can : $ -> Union(SE, "failed") 

ad : $ -> ($ -> $) 
coerce : SE -> $ 
eval : ($,LIST SE,LIST $)-> $ 
hall: ($,$) -> BOOLEAN 
length : $ -> INT 
lexicoInv : ($,$) -> BOOLEAN 
max : ($,$) -> $ 
retract : $ -> SE 
signature : $ -> LIST SE 

Part of these operations are inherited from the category DrderedSet 

OrderedSet is a category constructor. 
Abbreviation for OrderedSet is DROSET 

Operations------------------------

?<? : ($,$) -> BOOLEAN 
coerce : $ -> OUTFORM 
min: ($,$) -> $ 

?=? ($,$) -> BOOLEAN 
max ($,$) -> $ 



118 

and from the category RetractableTo 

RETRACT S: OBJECT is a category constructor 
Abbreviation for RetractableTo is RETRACT 

coerce : S -) $ 
Operations-----------~-----------­

retract : $ -) S 
retractIfCan : $ -> Union(S, "failed") 

Chapter VI 

It might prove interesting to enumerate the elements of 1£ or C of bounded length, 
but we are not interested in this information from the point of view of Lie polynomial 
manipulation. 

23.2. Monomial Representation by binary trees 

The classic representa.tion of a Lie monomial, -that is to say a parenthesized word- is 
the binary tree structure. This structure allows us to carry out the usual operations in 
a straightforward manner, such as the product, or the search for the left or right factor. 
Where the computation of th~ length, the Hall order, and the lexicographical order on the 
unparenthesized word are concerned, a recursive definition i~ easy to implement -which is 
what was done in the first version. ' 

Having defined the Magma M(X) as an ordered set containing the alphabet SE, by 
the command . 

)abbrev domain LMS LieMonomSorted 

++ Here we define the abbreviation LMS for the domain 

LieMonomSorted(SE:OrderedSet): Export == Implement where 
LSE ==> List SE 
I ==> Integer 
o ==> OutputForm 
B ==> Boolean 
NNI ==> NonNegativeInteger 

++ We declare LieMonomSorted as dependent on an ordered set SE. We introduce a number of 
abbreviations. The first line expresses the fact that. the category on which the domain depends 
is defined by Export, and that the function declarations pertaining to the domain (local) will be 
declared and implemented in Implement. 

Export == Join(OrderedSet,RetractableTo SE) with 

++ We have defined Export. The domain is all at once an ordered set, containing SE, and possessing 
a coercion into SE. 

Ivar $ -> LSE 
tt*" ($,$) -> $ 
lex ($,$) -> B 
lexinv ($,$) -> B 
hall ($,$) -> B 
length $ -> I 
coerce SE -> $ 
coerce $ -> LSE 
left $ -> $ 
right $ -> $ 
signature: $ -> LSE 
eval : ($,List $,List $) -> $ 

Implement == add 
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++ We declare the functions and their signatures (the dollar sign designates the domain itself). 
Then, the choice of the data representation is made by the command 

RC :=Record(left:$,right:$) 
Rep:=Union(SE,RC) 

++ which indicates that an element of the domain is either an element of the alphabet, or a two­
field recording (left and right), which are elements of the domain. Rep is a key-word, meant to 
designate the internal representation. 

At this time, implementation of the algorithms can begin. 

- length returns the length of a monomial, and is defined straightforwardly as follows. 

length(x) == 
x case RE => 1$I 
x case RC => length(x.left) + length(x.right) 

- left and right return, whenever possible, the right and left factor, respectively, or 
a error message. For example, right was implemented as follows. 

left(x) == 
x case RC => x.left 
x case SE => error "is of length 1" 

- x*y returns the product of x and y, and its straightforward implementation is as 
follows. 

x*y == [x,y]$RC 

coerce (x) : LSE sends back the corresponding unparenthesized word, in the form of 
a leaf list. The recursive definition is immediate. 

coerce(x):LSE == 
x case SE => construct(x)$LSE 
x case RC => append(coerce(left x),coerce(right x)) 

- From the un parenthesizing function, we are able to redefine the lexicographical or­
der (AXIOM'S -on lists- does not work out). We can also exhibit the list of letters 
involved in the monomial, or the signature (multi-degree commutative evaluation), 
useful in refining the lexicographical order on the Lyndon words, since Lie mono­
mials are related if and only if they have the same signature. This function can be 
implemented by 

signature (x) 
x case SE => construct(x)$LSE 
x case RC => sort(append(signature left x,signature right x)) 

eval (x, ly , lz) is the evaluation morphism. eval (x, ly , lz) sends back x, in which 
all monomials of ly that ;lre factors of x, are evaluated in the corresponding mono­
mials of lz. This function is implemented recursively, and must assume that there 
is no ambiguity. 
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eval(x,ly,lz) == 
i:=position(x,ly) 
i>O => lz.i 
x case RC => eval(left x,ly,lz) * eval(right x,ly,lz) 
x case SE => x 

- x=y tests the equality of x and y 

x=y == 
ex case SE) and (y case SE) => x:SE =$SE y:SE 
ex case RC) and (y case RC) => 

left(x)=left(y) and right(x)=right(y) 
false 

. Chapter VI 

- coerce (x) : a is the printing function, and it is straightforwardly defined recursively 

coerce(x:$): a == 
x case SE => x: :SE::O 
xx:= x: :RC 
bracket([xx.left::O,xx.right::O])$O 

- coerce(m:SE) enables us to inject the letters of X into M(X) 

coerce(m:SE): $ == m: :SE: :Rep 

- x<y tests whether x < y. We have chosen a total order on the monomials. This order 
must be organized in such a way that the monomials of lesser length be printed first 
in the writing of a Lie polynomial. For this reason, I chose the inverse Hall order. 

x<y == hall(y,x) 

- hall (x. y) tests whether x < y for the Hall order. A recursive implementation is 
easy with 

hall(x , y) == 
length x = length y => 

(x case SE) and (y case SE) => x:SE <$SE y:SE 
(x case RC) and (y case RC) => 

x.left = y.left => hall(x.right,y.right) 
hall(x.left,y.left) 

length x < length y => true 
false 

This representation offers the advantage of being more straightforward, and is easier 
to implement. But, for example, for the function hall, a number of redundancies appear, 
and derecursifying this algorithm did not seem simple to me. 

Indeed, let us suppose that x and y have the same length. In order to compute it, we 
had to compute the respective lengths of the left and right subtrees. In order to determine 
whether x < y, one must then compute again the lengths of the left subtrees of x and y. 
This had already been done, since we know the total lengths. This process is repeated, as 
long as the lengths on the left are equal. Since the derecursificationof this algorithm did 
not appear straightforward, it would be advisable to use a different data structure. 

With respect to the lexicographical order, we encounter similar drawbacks, since we 
carry out a comparison on totally unparenthesized words, where all that might be required 
is to know the first letters. 
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The other representation, which proves more efficient, is the following. We represent a 
parenthesized word u by a list Ip(u), which corresponds to the word length enumeration 
under every knot or leaf. 

For example 

- a is represented by: (a) 

- [a,b] is represented by: (2,a,b) 

- [a,[b,cll is represented by: (3,a,2,b,c) 

- [[a,b],c] is represented by: (3,2,a,b,c) 

- [[a,b],[[c,d],e]] is represented by: (5,2·,a,b,3,2,c,d,e) 

The representation is automatically constructed as follows: 

- If lui = 1 then Ip(u) =(u) 

- Else u = [UI, U2] and Ip(u) = lullp(ul)lp(u2) 

The length of the position list Ip is the number of leaves and knots on the tree, namely 
2n - 1, if n is the length of the word. 

So the position list may be interpreted as the list -for all the knots and leaves on the 
tree- of the number of leaves under the trees\ -knots and leaves are sorted from left to 
right. 

PROPOSITION 51. - The Hall order is the lexicographical order on the position lists, 
where x < n, for any x E X and any 1 < n E IN. 

Given to compare u and v, two Lie monomials. 

• if lui = Ivl = 1 then Ip(u) < Ip(v) ~ u < v 

• if lui =I Ivl then Ip(u) < Ip(v) ~ lui < Ivl ~ u < v 

• else, we can pose u = [UI, U2] and v = [Vl,V2]. In this case, 

- if lUll =I IVII then since lUll and IVllare the first elements in the lists to compare, 
we have 

Ip(u) < Ip(v) ~ lUll < IVII ~ u < v 

- if lUll = IVII then Ip(UI) and Ip(VI) are of same length. With the properties of 
the lexicographical order, we have 

In all cases, we do have the articulated proposition, since it is true for monomials of length 
1. 
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Rather than using this single list lp, which has the disadvantage of containing elements 
of different types, we use two lists, Iv and lp, which are, for lv, the list of leaves, that is 
to say, the unparenthesized word, and for the second one, the same list as lp, where l's 
will have been substituted to letters. 

With this representation, the Lyndon order is the lexicographical order on Iv. The 
Hall order is only very slightly different, and is not quite the lexicographical order on lp, 
as is apparent in the following example. 

Let us call u = [la, b], He, d], ell and v = [[a, e], [b, [e, dlll. We have u < v fOJ the Hall 
order, since lui = lvi, and [a, b] < [a, e]. If we,use the proposed representation, we have: 

- IV(u) =(a,b,c,d,e) and Ip(u)=(5,2,l,~,3,2,l,l,l) 

- IV(v) =(a,e,b,c,d) and lp(v) =(5,2,1,1,3,1,2,1,1) 

therefore lp(v) < lp(u). 
So one test must be added in order to differentiate the 1 in the lp lists. This is done 

by simultaneously running lists lp and Iv. 
The Hall order is implemented as follows: 

hall(x,y) == 
lpx:=x.lp 
lpy:=y.lp 
lvx:=x.lv 
lvy:=y.lv 
while ftnull lpx and ftnull lpy and lpx.1=lpy.1 repeat 

if lpx .1=1 then 
if lvx.1=lvy.1 then 

l:vx:=rest lvx 
lvy:=rest Ivy 

else return Ivx.1<lvy.1 
lpx:=rest lpx 
lpy:=rest lpy 

null lpy => false 
null lpx => true 
lpx.1<lpy.1 => true 
false 

23.3.1. Implementation 

The representation declaration is done by 

Rep:=Record(lv:List SE,lp:LP) 

where LP denotes the type list of integers. 

- length is defined by 

length x == x.lp.1 

- left (x) and right (x) are also readily defined, for we know that the first element 
of I p is the length of x, the second one is the length of the left factor, and the length 
of lp is 21xl - 1. 
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left x == 
[first(x.lv.x.lp.2::NNI).rest 

first(x.lp.2*(x.lp.2::NNI))] 

right x == 
[rest(x.lv.x.lp.2::NNI).rest(x.lp.2*(x.lp.2::NNI))] 
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- x*y is computed by concatenation of lists and by appending on top of lp, of the 
length of [x, yj, that is to say, the sum of the first elements of lp(x) and lp(y). 

x*y -­
[append(x.lv.y.lv),concat(x.lp.l+y.lp.l,append(x.lp,y.lp))] 

- x<y is the lexicographical order on lp, then the lexicographical order on Iv. It is a 
total order 

x<y = 
lpx:=x.lp 
lpy:=y.lp 
lvx:=x.lv 
lvy:=y.lv 
while ~null lpx and ~null lpy and lpx.l=lpy.l repeat 

lpx:=rest lpx 
lpy:=rest lpy 

null lpx and null lpy => lexico(y,x) 
null lpy => true 
null lpx => false 
lpy.l<lpx.l => true 
false 

- x=y tests the equality of x and y. We compare the list of leaves (words), and the list 
of positions (structure) 

x=y == x.lv=y.lv and x.lp=y.lp 

coerce transforms a letter into a word 

coerce(v:SE):$ == [[v],[l]] 

coerce returns the list of leaves, that is to say the unparenthesized word 

coerce(x):LSE == x.lv 

- I var x yields the list of the variables which make up x, which consists of eliminating 
the doubles in the list of leaves I v, and sorting it out. 

lvar x == sort (setUnion(x. lv, [])) 

signature x yields the signature, that is to say the commutative multi-degree. It 
is a sorting on lv(x) 

signature x sort(x.lv) 
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- retractlfCan tests whether x E X and, eventually, returns x as an element of X 

retractlfCan x == 
x.lp.1 = 1 => x.lv.1 
"failed" 

- retract x transforms x into an element of X, or fails during execution 

retract x == 
if (u:=retractlfCan x) case SE then u 
else error "Not of Length. 1" 

lexico(x,y) tests the lexicographical order on x and y. This order was rewritten, 
since the order which had been implemented by default on the lists was not suitable 

lexico(x,y) == 
lvx:=x.lv 
lvy:=y.lv 
while -null lvx and, -null Ivy an~ Ivx.1=lvy.1 repeat 

lvx:=rest lvx 
lvy:=rest lvy 

null Ivy => false 
null I vx => true 
Ivx.1<lvy.1 => true 
false 

eval (x,ly ,lz) evaluates the monomial x, by substituting to any factor in ly, the 
corresponding element of lz. This function was derecursified by using the following 
procedure. The list Ip(x) is run from left to right, and for every knot or leaf, we 
verify whether the tree under this is an element of ly. The result is progressively 
constructed with lvr and lpr. 

eval(x:$,ly:List $,lz:List $) 
Ivr:=[] 
lpr:=[] 
lvx:=x.lv. 
lpx:=x.lp 
while -null lpx repeat 

n:NNI:=lpx.1 pretend NNI 
lvrx:LSE:=first(lvx,n) 
Iprx:LP:=first(lpx,(2*n -1) pretend NNI) 
if (i:=position([lvrx,lprx],ly))>O then 

lvr:=append(lvr,lz.i.lv) 
lvx:=rest(lvx,n) 
Ipx:=rest(lpx,(2*n-1) pretend NNI) 
if -«k:=lz.i.lp.1 - lprx.1)=O) then 

nb1:=O 
lpp:=reverse lpr 
lpr:=[] 
while -null lpp repeat 

if lpp. 1=1 then 
nb1:=nbl+l 
lpr:=concat(lpp.l,lpr) 
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else 

[lvr,lpr) 

else 
if nb1<lpp.1 then Ipr:=concat(lpp.l + k,lpr) 
else Ipr:=concat(lpp.1,lpr) 

Ipp:=rest Ipp 
Ipr:=append(lpr,lz.i.lp) 

if Ipx. 1=1 then 
Ivr:=concat~lvr,lvx.1) 

Ivx:=rest Ivx 
Ipr:=concat(lpr,lpx.1) 
Ipx:=rest Ipx 

- coerce x prints x. The programming is recursive. 

coerce(x:$):O == 
x.lp.1=1 => x.lv.1 :: 0 
bracket([coerce left x,coerce right x)) 

This algorithm could have been derecursified, but the benefit 'is not significant, par­
ticularly because coerce is only called once for printing purposes. 

However, if we consider the list of pOSitions, run from left to right, an opening 
parenthesis must be added each time we encounter a true knot, and the corresponding 
letter each time we encounter a leaf. In order to place the closing parentheses, we 
must compute the number of leaves which have been placed since we encountered 
the last knot, and add one, as many times as the number of leaves reaches the values 
of the previously visited knots. 

Here, let us describe the algorithm for which we will have opted for a list of positions 
where the leaves are letters rather than 1 'so 

In: = [] - list of visited knots 
res: =" II - result 
for all elements of Ip do 

if the first element of Ip is a number p 
add p at the beginning of In 
add II (" at the end of res 

else the first element of Ip is a letter a 
add a at the end of res 
substract 1 from all the elements of In 
add as many ") II at the end of res as there are O's beginning of In 
take away all the O's from In 

return res 

23.4. Comparisons 

Let us compare the complexity of these algorithms, according to the representation 
--either tree or list- used. . 

- length 
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- Tree Representation 
In order to compute the length of a tree of length n, one has to 
Test whether or not the root is a leaf. 
Compute the lengths of the left and right subtrees, and add them up. 
The number of tests ten) is ·therefore defined by ten) = 1 + t(p) + t(q) for 
p + q = nand t(l) = 1. The number of additions is defined by a(l) = 0 and 
a(n) == 1 + a(p) + a(q). So we have, for any n, ten) = 2n -1 and a(n) = n-1. 

- List Representation 
All that is needed is to read the first element of the list of positions, which costs 
one test. 

Regardless of the size reached by the stack while computing the length of a tree, the 
difference speaks for itself. 

- Lexicographical Order 

- Tree Representation 
As the order has been implemented, we initiate the process by searching for all 
the leaves on the trees, then we carry out a lexicographical comparison on the 
lists we have thus obtained. As in the previous procedure, this computation 
costs 2n - 1 tests of leaves, and 2n concatenations of lists. In this case, the cost 
is higher by these lengths. 
It is conceivable to search for the leaves progressively from left to right until we 
can be determine which bf the two trees is the smallest. But in the worst case 
scenario, the search for the first leaf may cost ~ tests, if all the right subtrees 
of the successive left subtrees are of length 1. 

- List Representation 
It amounts to the cost of the lexicographical order on both lists. 

- Hall Order 

- Tree Representation 
If the two trees are not of the same length, the cost h( m, n) is that of the 
computation of the length of both trees, or 2(n + m - 1) tests of leaves and 
n + m - 2 additions, if n and m are the respective lengths. 
If the lengths are equal, the left subtrees -and possibly the right subtrees- must 
be compared. The cost becomes, for the leaf tests, hen, m) = ten) + t(m) + 
h(pn,Pm) + h(qn, qm), for the computation of the lengths, and the Hall order 
on the subtrees. In the worst case, (the equality case, for example), recursively, 
h(n,n) = 2t(n)+suPp+q=n(h(p,p)+h(q,q)) ~ 2t(n)+h(n-1,n-1)+h(l). But 
h(l) = 2 (the lengths must be computed on two leaves), therefore, hen, n) ~ 
hen -1, n -1) + 4n = 2n2 + 2n - 2. As for the number of additions resulting 
from the computation of the lengths, we also find a second-degree polynomial, 
and we have not computed the number of leaf comparisons which, in all cases, is 
also involved in the list representation. At each step, the lengths are compared, 
therefore, 2n-1 integer comparisons, which corresponds to the number of knots. 

- List Representation 
With this representation, the Hall order is the lexicographical order on the list 
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of positions and leaves. In the case of the equality, there are 2n - 1 integer 
comparisons, and 2(2n - 1) equality tests to 1 (which correspond to the leaf 
tests), and the comparison tests on the leaves (n). There is not a single addition. 

Aside from the additions, there is a factor n on the number of leaf tests in favor of 
list representation. 

- Equality 

- Tree Representation 
For each tree, we test whether the root is a leaf, then we compare the left 
subtrees and the right subtrees, which yields a linear cost in function of the 
length. 

- List Representation . 
We test on the equality of 2 lists, which costs, -depending on list size- 3n - 1 
tests, at most, if the words are equal, and of size n. 

List representation enables us to immediately detect any difference in the lengths, 
whereas for tree representation, the whole tree must be run. 

24. LIE POLYNOMIALS 

Having available a magma depending on an alphabet X, which is an ordered set pro­
viding a few basic operations, we can define the category of the free Lie algebras as an 
algebra on R, a free module on R, with support in M. The elementary operations -aside 
from those that result from the inheritance of the algebraic and free module structures 
are: 

- Access to the coefficients, to the various Lie monomials, 

- access to the letters of the alphabet involved 

- an evaluation morphism, 

- whenever possible, factorization by a Lie monomial 

- an injection (coercion) of M(X) into .e. 
Most of these basic operations can be implemented by default, at the category level, 

since they do not depend on either the representation of the chosen data, or the chosen 
bases. However, since the free module category is not defined with AXIOM, I have opted 
to define L as a non-associative algebra on R, which enables me to retrieve the following 
basic operations: 

NAALG R: COMRING is a category constructor 
Abbreviation for NonAssociativeAlgebra is NAALG 
This constructor is exposed in this frame. 
Issue )edit naalgc.spad to see algebra source code for NAALG 

?*? (R,$) -> $ 
?*? : ($,$) -> $ 

Operations--------------------------------
?*? ($,R) -> $ 
?*? : (INT,$) -> $ 
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~ ?*? : (NNI,$) -> $ 
?**? : ($,PI) -> $ 
?-? : ($,$) -> $ 
-? : $ -> $ 
o : 0 -> $ 
associator : ($,$,$) -> $ 
commutator: ($,$) -> $ 
plenaryPower : ($,PI) ~> $ 
zero? : $ -> BOOLEAN 

?*? (PI,$) -> $ 
?+? ($.$) -> $ 
?-? ($,$) -> Union($, "failed") 
?=? ($,$) -> BOOLEAN 
antiCommutator : ($,$) ->$ 
coerce : $ ->' OUTFORM 
leftPower : ($,PI) -> $ 
rightPower : ($,PI) -> $ 

Chapter VI 

L is also an element of the Indexed Direct Products category, whicheriables me to inherit 
the operations specific to the free module structure: 

IOPC(A: SETCAT,S: OROSET) is a category constructor 
Abbreviation for IndexedDirectProductCategory is IOPC 
This constructor is exposed in this frame. 
Issue )edit indexedp.spad to see algebra source code for IOPC 

'------------------------------- 0perations-----~--------------------
?=? : ($,$) -> BOOLEAN coerce: $ -> OUTFORM 
leadingCoefficient : $ -> A leadingSupport : $ -> S 
map: «A -> A),$) -> $ monomial: (A,S) -> $ 
reductum : $ -> $ 

24.1. Domains of Lie Algebras 

Once a basis is chosen, the implementation only amounts to an implementation of the 
order relation specincto the basis,_ and the algorithm of multiplication of two monomials. 
Order relations have been defined ,at the magma level, that is to say we have opted to 
represent the elements of the Hall basis and the Lyndon basis in the same fashion. 

-The underlying natural structure is the free module structure available in AXIOM, but 
the difficulty arises from the fact that this structure is a domain structure. Therefore, for 
the internal representation, we have chosen the free module structure on R with support 
in M (X). The only algorithms to implement -regardless of the data structures chosen for 
the magma- are the multiplication of two basic monomials. 

One of the great strengths of multiplication algorithms, -for the Lyndon basis as well 
as for the Hall basis- is that there is absolutely no need to know the bases. It might 
however be interesting to know the bases constructed on a finite subset of letters of the 
alphabet. 

24.2. Category of Free Lie Algebras 

First of all, we define the category of free Lie Algebras, and we implement by default 
the operations that do not depend on either the basis, nor the internal representation 
chosen. 

FLA(R: COMRING,SE: OROSET) is a category constructor 
Abbreviation for FreeLieAlgebra is FLA 
This constructor is exposed in this frame. 
Issue )edit flac.spad to see algebra source code 'for FLA 

Operations-----------------------------
?*? : (MG SE,MG SE) -> $ ?*? : (R,$) -> $, 
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?*? 
?*? 
?*? 
?+? 

($,R) -> $ 
(INT,$) -> $ 
(PI,$) -> $ 
($,$) -> $ 

?-? ($ ,$) -> Union ($ , "failed") 
?=? ($,$) -> BOOLEAN 
antiCommutator : ($,$) -> $ 
coerce SE -> $ 
coerce : $ -> OUTFORM 
degree : $ -> NNI 
inBasis? : MG SE -> BOOLEAN 
leadingMonomial : $ -> $ 
leftAd : $ -> ($ -> $) 
leftPower : ($,PI) -> $ 
listOfMonomials : $ -> LIST MG SE 
map: «R -> R),$) -> $ 
plenaryPower : ($,PI) -> $ 
rightAd : $ -> ($ -> $) 
rightPower : ($,PI) -> $ 
zero? : $ -> BOOLEAN 

?*? : ($,$) -> $ 
?*? : (NNI,$) -> $ 
?**? : ($,PI) -> $ 
?-? : ($,$) -> $ 
-? : $ -> $ 
o : 0 -> $ 
associator : ($,$,$) ~> $ 
coerce : MG SE 7> $ 
commutator :. ($,$) -> $ 
eval : ($,LIST MG SE,LIST$) -> $ 
leadingCoefficient : $ -> R 
leadingSupport : $ -> MG SE 
leftDivide : ($,MG SE) -> LIST $ 
listOfCoefficient : $ -> LIST R 
lvar : $ -> LIST SE 
monomial : (R,MG SE) -> $ 
reductum : $ -> $ , 
rightDivide : ($,MG SE) -> LIST $ 
size : $ -> INT 

basis : (LIST SE,NNI) -> LIST LIST MG SE 
boundedBasis : (LIST SE,MG SE,NNI) -> LIST LIST MG SE 
boundedWeightedBasis : (LIST LIST SE,MG SE,NNI) -> LIST LIST MG SE 
eval : ($,LIST MG SE,LIST MG SE) -> $ 
mkGenerator? : (MG SE,MG SE) -> BOOLEAN 
weightedBasis : (LIST LIST SE,NNI) -> LIST LIST MG SE 
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Note that we have' defined a multiplication on the magma, -of value in the Lie algebra­
which will only be implemented within each domain. After defining the category of free 
Lie algebras by 

)abbrev category FLA FreeLieAlgebra 

FreeLieAlgebra(R:CommutativeRing,SE:OrderedSet): Category == 
Join(NonAssociativeAlgebra(R),IndexedDirectProductCategory(R,Magma SE» with 

. (list of functions and attributes) 

add 

Algorithm implementation can begin 

coerce m injects an element m of M(X) in the free Lie algebra, and it is implemented 
recursively, since m is not necessarily an element of the basis. 

coerce(m:Magma SE):$ == 
retractlfCan m case SE => monomial(l$R,m) 
coerce(left m) * coerce(right m) 

- listOfCoefficient, listOfMonomials, size, 1 var, leadingMonomial are func­
tions that may be defined on the basis of leadingSupport, leadingCoefficient 
and reductum. 

\ 
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- x*y is the multiplication. It is defined if there exists a multiplication of two basic 
monomial in free Lie algebra. 

x:$ * y:$ = 
x=O or y=0 => 0 
Ix:=listOfCoefficient x 

. mx: =listOfMonomials x 
ly:=listOfCoefficient y 
my:=listOfMonomials y 
res:$:=O' 
for u in Ix for a in mx repeat 

for v in Iy for b in my repeat 
res:=res + (u*v)*(a*b) 

res 

Here, u*v is the multiplication of two elements of the basic ring, and a*b, the 
multiplication of two basic elements in algebra. This multiplication is implemented 
in each one of the domains. 

leftDivide and rightDivide are a left or right pseudo-division by an element of 
the magma considered as a Lie polynomial. These functions return a dividend and 
a remainder. They are implemented by default, by testing -for each monomial­
whether the left or-right factor is the element of the magma that we are looking for. 
They can eventually by re-implemented in each domain of the category. 

leftDivide(x:$,m:Magma SE) 
x=O => [0,0] 
mx.: =listOfMonomials x 
Ix:=listOfCoefficient x 
resl:$:=O 
res2:$:=0 
for u in Ix for v in mx repeat 
if v=m then resl:=resl+monomial(lx.l,mx.l) 
else if length v = 1 then res2:=res2+monomial(lx.l,mx.l) 

\ 

else if left v = m then resl:=resl+monomial(lx.l,right mx.l) 
else if right v = m then 

mx:=rest mx 
lx:=rest Ix 

[resl,res2] 

resl:=resl -monomial(lx.l,left mx.l) 
else res2:=res2+monomial(lx.l,mx.l) 

leftAd and rightAd denotes the left and right adjoint operators, respectively. We 
generally denote leftAd by ad. 

- Finally, we implement a number of evaluation functions. The first one uses the 
function eval of the magma, and the coercion in Lie algebra. The second one uses 
a local function ev, and it is defined recursively, since we cannot access the internal 
data representation. 

eval(x:$,ly:List Magma SE,lz:List Magma SE):$ == 
'x=O => x 
+/ [u*(eval(v,ly,lz)::$) for u in listOfCoefficientx 

for v in listOfMonomials x] 
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ev(m:Magma SE,ly:List Magma SE,lz:List $):$ == 
m=l => m::$ 
(i:=position(m,ly»>O => lz.i 
retractIfCan m case SE => m::$ 
ev(left m,ly,lz)* ev(right m,ly,lz) 

eval(x:$,ly:List Magma SE,lz:List $):$ == 
x=O => x 
+/ [u*ev(v,ly,lz) for u in listOfCoefficient x for 

v in listOfMonomials x] 
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The rest of the operations is either inherited from the categories which define the free 
Lie algebras, or implemented within the domains that are the free Lie algebras equipped 
with various bases. These operations consist, in fact, of nothing more than multiplying two 
basic monomials, and finding elements of the basis -of given length. The addition of two 
polynomials, which is inherited from the algebraic structure, has not been implemented, 
because it depends on the data structure. 

24.3. Free Lie Algebra using the Hall Basis 

This domain is defined by 

)abbrev domain HFLA HallFreeLieAlgebra 

HallFreeLieAlgebra(R,SE): Export == Implement where 
R:CommutativeRing 
SE:OrderedSet 
LSE ==> List SE 
I ==> Integer 
o ==> OutputForm 
B ==> Boolean 
NNI ==> NonNegativeInteger 
MC ==> Magma(SE) 
FM ==> FreeModule(R,MC) 

Export == FreeLieAlgebra(R,SE) 

Implement == FM add 

++ This domain is of the FLA category arid as such, it inherits its operations. For the internal 
representation, we have used the FreeModule domain for any operations related to the module 
structure. Their implementation is the default implementation in the FreeModule domain. 

We define the multiplication of two elements of the Hall basis. They are, in fact, 
a priori, elements of the magma, but while the operation is in· process, they are neces­
sarily elements of the Hall basis. We use an auxiliary function mul t, thereby avoiding 
comparisons when we know that a < b. 

a*b == 
a=b => 0 
hall(b,a) => -mult(b,a) 
mult(a,b) 

mult(a,b):$ == 
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1ength(b)=1 or A(hal1(a,left b» => monomial(l$R,a*b) 
x:=mu1t(a,right b) 
bb:=left b 
+/ [u*mu1t(bb,v) for u in 1istOfCoefficient x 

for v in 1istOfMonomials x] 
- monomial(l$R,right b)*mu1t(a,bb) 

Chapter VI 

We have redefined the union (union) of two sorted lists, since it is incorrectly imple­
mented in AXIOM. This enables us to construct the elements of the basis. 

- basis (lx,n)' constructs a basis with length smaller than n on the alphabet Lx. 

basis(lx,n) == 
l:List List MG:=[[] for i in 1 .. n] 
1.1 := sort (hall, [u:: MG for u in Ix]) 
for i in 2 .. n repeat 

1 

for j in 1 .. (i quo 2) repeat 
k:=Ci-j): :NNI 
for u in 1.j repeat 

1.i:=nnion(1.i,[u*v for v in 1.k I mkGenerator?(u,v)]) 

I 

- weightedBasis constructs a basis of weight smaller than n, on a weighted alphabet 
llx. This will be useful at a later stage. llx is a list of lists of letters of X, of increasing 
weights. weightedBasis returns a list oflists of elements, this time sorted by weight 
rather than length. It is the same algorithm, but elements of excessive weight have 
been eliminated. The order on the Lie brackets is the same. 

veightedBasis(llx,n) == 
m:=min(n,#l1x) 
l:List List MG:=[[] for i in 1 .. n] 
for iin 1 .. m repeat 1.i:=sort(hal1,[u::MG for u in 11x.i]) 
for i in 2 .. n repeat 

1 

for j in 1 .. (i-l) repeat 
k:=(i-j): :NNI 
for u in 1.j repeat 
1.i:=union(1.i,[u*v for v in 1.k I mkGenerator?(u,v)]) 

- boundedWeightedBasis(llx,n) and boundedBasis(llx,n) compute bases of the 
free Lie algebra, - weighted or not - in which all the elements have a bounded (com­
mutative mUlti-degree) signat~re. The implementations are the same as previously, 
but one test has been added. 

boundedWeightedBasis(llx,n) 
m:=min(n,#llx) 
l:List List MG:=[[] for i in 1. .n] 
for i in 1 .. m repeat 1.i:=sort(hal1,[u::MG for u in 11x.i]) 
for i in 2 .. n repeat 

for j in 1 .. (i-l) repeat 
k:=(i-j) : : NNI 
for u in"l.j repeat 
1.i:=union(1.i,[u*v for v in 1.k I 

mkGenerator?(u,v) and signatureOrder(u*v,a)])]) 
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1 

boundedBasis(lx,n) 
l:List List MG:=[[] for i in 1 .. n] 
1.1 := sort(hal1,[u::MG for u in Ix]) 
for i in 2 .. n repeat 

for j in 1 .. (i quo 2) repeat 
k:=(i-j): :NNI 

for u in l.j repeat 
1.i:=union(1.i, [u*v for v in 1.k I 

mkGenerator?(u,v) and signatureOrder(u*v,a)])]) 
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- mkGenerator? tests whether the product of two elements is an element of the basis. 

mkGenerator?(a,b) == 
retractlfCan b case SE => hall(a,b) 
hall(a,b) and ~hall(a,left b)) 

24.4. Free Lie Algebra using the Lyndon Basis 

Strictly the same principle is at work here. The functions a*b and mul t are defined 
by 

a*b == 
a=b => 0 
lexico(b,a) => -mult(b,a) 
mult(a,b) 

mult(a,b) == 
length(a)=l or ftlexico(right a,b) => monomial(l$R,a*b) 
aa:=left a 
x:=mult(right a,b) 
+/ [u*mult(aa,v) for u in listOfCoefficient x 

for v in listOfMonomials x] 
+ mu1t(aa, b)*monomial(l$R,right a) 

The operations to compute the bases are implemented as follows. 

weightedBasis(llx,n) == 
m:=min(n,#11x) 
1: List List MG: = [[] for i in 1.. n] 
for i in 1 .. m repeat 1.i:=sort(lexico,[u::MG for u in llx.i]) 
for i in 2 .. n repeat 

1 

for j in 1 .. (i-l) repeat 
k:=(i-j): :NNI 
for u in 1.j repeat 
l.i:=union(l.i, [u*v for v in l.k I mkGenerator?(u,v)]) 

basis(lx,n) == 
l:List List MG:=[[] for i in 1 .. n] 
1.1 := sort(lexico,[u::MG for u in Ix]) 
for i in 2 .. n repeat 

for j in 1 .. (i-l) repeat 
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k:=(i'-j): :NNI 
for u in l.j repeat 

1.i:=union(1.i,[u*v for v in -l.k I mkGenerator?(u,v)]) 
1 

mkGenerator?(a,b) 
retractlfCan a case SE => lexico(a,b) 
lexico(a,b) and ftlexico(right a,b) 

25. LIE SERIES 

Chapter VI 

Here, rather than creating a domain' of Lie series, we have written a package which 
manipulates lists of elements of a previously defined free Lie algebra. 

In this package, we have basic operations such as scalar addition and multiplication; 
Derivation and integration are done with respect to a fictitious parameter. The com­
position of two lists consists of multiplication, taken as in the Lie series. We have also 
implemented the three transformations and their inverses, and, given a triangular system, 
-factorized or not- implemented its solution. Finally, considering the developed form of 
a canonical transformation, -made up of several transformations- we can give it as a Lie 
transformation, an exponential, or a Dragt-Finn transformation. 
LS(R: COMRING,FLA: FLA(R,SYMBOL» is a package constructor 
Abbreviation for LieSeries is LS 
This constructor is exposed in this frame. _ 
Issue )edit ls.spad to see algebra source code for LS 

------------------------------- Operations--------------,------------------
derivate: LIST FLA ->LIST FLA integrate: LIST FLA ~> LIST FLA 
mult : (FLA,LIST FLA) -> LIST FLA mult : (R,LIS! FLA) -> LIST FLA 
addi : (LIST FLA,LIST FLA) -> LIST FLA 
compose : (LIST FLA,LIST FLA) -> LIST FLA 
exponential: (LIST FLA"LIST FLA) -> LIST FLA 
expo~entialGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA 
exponentialGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA 
factoredP·roductGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA 
factoredProductGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA 
factoredProductTransform : (LIST FLA,LIST FLA) -> LIST FLA 
inverseFactoredProductGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA 
inverseFactoredProductGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA 
inverseFactoredProductTransform : (LIST FLA,LIST FLA) -> LIST FLA 
inverseFactoredProductTransform : (LIST FLA,LIST FLA) -> LIST FLA 
inverseLieGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA 
inverseLieGenerators- : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA 
inverseLieTransform : (LIST FLA,LIST FLA) -> LIST FLA 
inverseLieTransform : (LIST FLA,LIST FLA) -> LIST FLA 
lieGenerators : (NNI,LIST FLA,MG SYMBOL) -> LIST FLA 
lieGenerators : (NNI,LIST FLA,MG SYMBOL,LIST FLA) -> LIST FLA 
1ieTransform : (LIST FLA,LIST FLA) -> LIST FLA 
mkLieMon (SYMBOL,NNI,NNI) -> LIST MG SYMBOL 
mkLiePol : (SYMBOL,NNI,NNI) -> LIST FLA 
mkSymbol : (SYMBOL,NNI,NNI) -> LIST SYMBOL 
triangularFactorSystemSolve : (LIST MG SYMBOL,LIST FLA,LIST FLA,MG SYMBOL) ->\ 

LIST FLA 

,-
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trianguIarSystemSolve : (LIST MG SYMBOL,LIST FLA,LIST FLA) -> LIST FLA 

A Lie series is assumed to be of the form 

i= ~tnin 
n~O 

135 

where t is a parameter equal to 1. in is considered of weight n. We give ourselves two 
elements, f and g, in the form f = (fO ,fi, ... ,fn) and g = (gO ,gi, ... ,gm). 

- mkSymbol.(s ,m ,n) creates a list of symbols (taken as in AXIOM) sm, ... ,Sn, where s 
< is a symbol. 

- mkLieMon and mkLiePol create the same elements as before, but the result is a list 
of elements of the magma or the free Lie algebra. 

- mul t is a multiplication by a scalar or an element of the free Lie algebra. addi carries 
out a sum of two lists term by term. The first element of each list is of degree O. 

muIt(r:R,x:LF) == [r*u for u in x] 

muIt(x:FLA,y:LF) == [x*u for u in y] 

addi{x, y) == 
n:=min(#x,#y) 
[x.i + y.i for i in 1 .. n] 

- deri ..rate and integrate differentiates and integrates lists with respect to a fictitious 
parameter. 

derivate(x) == 
#x=O => [] 
concat([i::I * x.«i+l)::NNI) for i in 1 .. «#x-l)::NNI)],0$FLA) 

integrate(x) == 
#x=O => [] 
concat(O$FLA, [recip(j::I::R)$R pretend R * x.j 

for j in 1 .. «#x-l)::NNI)]) 

- compose (x ,y) computes [x, y]. The length of the result is the length of y. 

compose(x,y) == 
#x=o or #y=0 => [] 
n:=#x 
m:=#y 
[+/ [x.«j-i+l)::NNI) * y.i for i in 1 .. j I j<n+i] for j in 1 .. m] 

- exponential is the exponential of Lx applied to y. 

exponentia1(x,y) == 
#x=O or #y=0 => [] 
Ix:=y 
Exp:LF:=y 
for i in 1 .. (#y-l) repeat 

r:=rec,ip(i::I: :R)$R pretend R 
Ix:=muIt(r,compose(x,lx» 
Exp:=addi(Exp,lx) 

Exp 
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inverseLieTransforin(w,f) computes the inverse Lie transform of f by Tw. wand 
f are given in t,he form of lists of elements of free Lie algebra. 

inverseLieTransform(v, f) 
n:=#f 
m:=#v 
Lie:List LF:=concat(f,[[O$FLA for i in l .. n] for j in l .. n]) 
m=l => f 
for i in l .. n repeat 

for j in l .. i repeat 
r:=recip(j::1::R)$R pretend R 
jj :=(j+1): :NN1 
ii:=(i-j+l): :NN1 
Lie.jj.ii := r*(+/[k * v.«k+l)::NN1) * Lie. «jj-k): :NN1).ii 

fork in l .. j I k<m]) 
[+/ [Lie.j.«i-j+l)::NNI) for j in i..i] for i in 1..n] 

inverseFactoredProductTransform(g,f) computes the inverse Dragt-Finn trans­
form 

inverseFactoredProductTransform(g, f) 
n:=#f;m:=#g 
F:=[f.i for i in l .. n] 
v:=[O for i in l .. m] 
for i in 2 .. m repeat 

F 

w.i:=g.i 
F:=exponential(w,F) 
w.i:=O 

exponentialGenerators(n,l,h) computes, at the order n, the generator of expo­
nential exp(Lx) , which verifies exp(Lx)h = (lo, ... , In). Here, h is a Lie monomial and 
l, a truncated Lie series. The technique consists of formally computing exp{Lx)h, 
and formally solving a triangular system that is factorizable by h. In the second 
version, we suppose that the first terms of the result (Le. kkl) are already known. 

exponentialGenerators(n,l,h) == 
kk:LF:=concat(O,mkLiePol(k::SE,l,n» 
Exp:LF:=[O$FLA for i in o .. n] 
Exp.l:=h: :MG: :FLA 
lx:LF:=Exp 
r:R:=l$R 
for i in l .. n repeat 

j :=(i+l): :NN1 

kk 

lx:=mult(recip(i: :1: :R)$R pretend R,compose(kk,lx» 
kk.j:=leftDivide(Exp.j+lx.j-l.j,h).l + kk.j 
ls:List MG:=mkLieMon(k::SE,i,i) 
lx:=append(first(lx,i),[eval(u,ls,[kk.j]) for u in rest(lx,i)]) 
Exp:=append(first(Exp,i),[eval(u,ls,[kk.j]) for u in rest(Exp,i)]) 
Exp:=addi(Exp,lx) 

exponentialGenerators(n,l,h,kkl) 
n<#kkl => kkl 
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kk:LF:=append(kkl,mkLiePol(k::SE,#kkl,n» 
Exp:LF:=[O$FLA for i in O .. n] 
Exp.l:=h::MG::FLA 
Ix:LF:=Exp 
r:R:=l$R 
for i in 1 .. (#kkl-l)::NN1 repeat 

j :=(i+l): :NN1 
Ix:=muIt(recip(i::1::R)$R pretend R,compose(kk,lx» 
Exp: =addi (Exp, Ix) 

for i in (#kkl) .. n repeat 
j :=(i+l): :NN1 
Ix:=muIt(recip(i: :1: :R)$R pretend R,compose(kk,lx» 
kk.j:=leftDivide(Exp.j+Ix.j-I.j,h).l + kk.j 
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ls:List MG:=mkLieMon(k::SE,i,i) 
Ix:=append(first(lx,i),[eva1(u,ls,[kk.j]) for u in rest(lx,i)]) 
Exp:=append(first(Exp,i),[eva1(u,ls,[kk.j]) for u in rest(Exp,i)]) 
Exp:=addi(Exp,lx) 

kk 

inverseLieGenerators, inverseFactoredProductGenerators compute the same 
operations as previously shown, but this time, for the Lie transformation or the 
Dragt-Finn transformation. 

inverseLieGenerators(n,l,h) == 
ww:=[O$FLA for i in l .. n] 
r:R:=l$R 
for i in l .. n repeat 

j :=(i+l): :NN1 
r:=recip(i::1::R)$R pretend R 
ww.i:=leftDivide«+/ [k * r * ww.k * 1.«j-k)::NNI) 

concat(O$FLA,ww) 

inverseLieGenerators(n,l,h,wwl) 
n<#wwl => wwl 

for k in 1 .. (i-l)::NN1])-1.j,h).1 

ww:=append(rest(wwl),[O$FLA for i in #wwl .. n]) 
r:R:=l$R 
for i in «#wwl-l)::NN1) .. n repeat 

j :=(i+l) : : NN1 
r:=recip(i::1::R)$R pretend R 
ww.i:=leftDivide«+/ [k * r * ww.k * 1.«j-k)::NN1) 

for k in 1 .. (i-l)::NN1])-1.j,h).1 
concat(O$FLA,ww) 

inverseFactoredProductGenerators(n,l,h) 
gg:LF:=[O$FLA for i in O .. n] 
g:=O$FLA 
Fac:LF:=[O$FLA for i in O .. n] 
Fac.l:=h: :MG: :FLA 
for i in l .. n repeat 

j:NN1:=(i+l)::NN1 
g:=leftDivide(Fac.j - I.j,h).l 
gg.j:=g 
Fac:=exponentia1(concat([O$FLA for k in 1 .. i],g),Fac) 
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gg 

inverseFactoredProductGenerators(n,l,h,ggl) 
n<#ggl => ggl 
gg:=append(ggl,[O$FLA for i in (#ggl) .. n]) 
Fac:LF:=[O$FLA for i in O .. n] 
Fac.l :=h: :MG: :FLA 
Fac:=inverseFactoredProductTransform(first(gg,#ggl),Fac) 
for i in #gg1..n repeat· 

gg 

j:NNI:=(i+l)::NNI 
g:=leftDivide(Fac.j - l.j,h).l 
gg.j:=g 
Fac:=exponential(concat([O$FLA for k in 1 .. i],g),Fac) 
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- triangUIarSystemSoI Ve (1. If ,Ig) solves a system of equations If=Ig with respect 
to the list of monomials 1. If and Ig are lists of elements of free algebra. The system 
must be triangular, otherwise an error occurs during execution. The basic procedure 
is the following: for each line If. i -Ig. i, we locate the monomial with support 1. i: 
a1. i, and the solution is 1. i = liIf. i-Ig. i"-a1. i. Next, we evaluate the following 
lines with the new value of 1. i. 

trianguIarSystemSolve(I,lf,lg) 
n:NNI:~in(#I,min(#lf,#lg)) 
Igg:LF:=[lg.i - If.i for i in 1 .. n] 
Im:List MG:=listOfMonomials(lgg.l) 
Ic:List R:=listOfCoefficient(lgg.l) 
j:NNI:=position«I.l)::MG,lm)::NNI 
Igg.l:=(recip(lc.j)$R pretend R) * (lc.j * «Im.j): :FLA) - Igg.l) 
for" i in 2 .. n repeat 

k:=(i-l): :NNI 
Igg.i:=eval(1gg. i ,first(l ,k) ,first(lgg,k))' " 
Im:List MG:=listOfMonomials(lgg.i) 

"lc:List R:=listOfCoefficient(lgg.i) 
j:NNI:=position«I.i)::MG,lm)::NNI 
Igg.i:=(recip(lc.j)$R pretend R) * (Ic.j * «lm.j)::FLA) - Igg.i) 

Igg 

- trianguIarFactorSystemSoI ve (1 , If , Ig, s) solves the same system after inner 
derivation by a. The process is the same as before, but s will have been extracted 
at every step. 

trianguIarFactorSystemSolve(l,lf,lg,s) 
n:=min(#I,min(#lf,#lg)) 
Igg:LF:=[lg.i - If.i for i in 1. .n] 
199.l:=leftDivide(lgg.l,s).l 
Im:List MG:=listOfMonomials(lgg.l) 
lc:List R:=listOfCoefficient(Igg.1) 
j:NNI:=position«1.1)::MG,lm): :NNI 
Igg.l:=(recip(lc.j)$Rpretend R) * (Ic.j * «lm.j)::FLA) -lgg.l) 

~ 

for i in 2 .. n repeat 
k:NNI:=(i-1)::NNI 
Igg.i:=leftDivide(eval(lgg.i,first(l,k),first(lgg,k)),s).1 
lm:=listOfMonomials(lgg:i) 
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lc:=listOfCoefficient(lgg.i) 
j:=position«l.i)::MG,lm)::NNI 
199.i:=(recip(lc.j)$R pretend R)*(lc.j * «lm.j): :FLA)-lgg.i) 

199 

Remark. - s is assumed smaller than all the letters of the alphabet. Consequently 
we must verify that this is true. In a future version, the first step will be to ascertain 
that s is indeed the smallest letter of the alphabet. 

Samples of the obtained will be given in the appendix. 

25.1. Composition of Transformations 

Here, let us show how we have written -in a directory read by AXIOM- the few func­
tions that enable us to compose Lie transformations, in order to construct symplectic 
integrators. 

First of all, we give ourselves the basic ring which is the ring of polynomials with 
coefficients in <Q. We construct the free Lie algebra -using the Lyndon basis-, and we load 
the package with the corresponding Lie series. 

R:=POLY FRAC INT 
L:=LFLA(Symbol,R) 
LL:=LieSeries(R,L) 

We give ourselves a list of variables -which are in fact scalars in R. 

lc:List R:=[char(i)::ST::SE::R for i in 65 .. 90] 
Id:List R:=[char(i)::ST::SE::R for i in 97 .. 122] 
le:=reverse Id 

Then we implement the functions which will construct the compositions of Lie transforma­
tions. Starting from SA(t) = exp(tLA) and SB(t) = exp(tLB) , we construct successively 

, 

s(n)(t) = SA(Clt)SB(d1t)··· SA (ent )SB(dnt) , (25.1) 

using S(2P+l)(t) = S(2p)(t)SA(Cp+lt) and S(2p+2)(t) = S(2P+l) (t)SB(dp+lt). Since the 
transformations s(n) are considered Lie transformations, they are represented by the 
derivative of their generating series. SA(t) is represented by A and SB(t) by B. If 
s(n)(t) = T':-(~)(t)' we will have the following relations: 

~W(2P+l) = SA(Cpt)~W(2P) + Cp+lA ~W(2P+2) = SB(dpt)~W(2P+l) + dp+lB. (25.2) 
at at ' at at 

The Ci and the dt, are taken in Ie and Id. 

symplectic(n:NNI,r:NNI):List L == 
I:List L .- concat(lc.1 * (A::L), [O$L for i in 2 .. r]) 
11:List L .- [O$L for i in 1 .. r] 
n=l => 1 
i:NNI:=2 
while i«n+1) repeat 

j:= i quo 2 + 1 

1 

if (i rem 2)=0 then 11.1:=ld.«j-1)::NNI) * (B::L) 
else 11.1:=lc.j * (A::L) 
l:=addi(ll,exponentia1(integrate 11,1» 
i:=i+1 
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The same thing can be done supposing that the products are reversible. 

symplecticr(n:NNI,r:NNI):List L == 
i:NNI:=n+1 
j:= i quo 2 
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if (i rem 2)=0 then l:List L := concat(ld.j * B::L,[O$L for i in 2 .. r]) 
else l:List L := concat(lc.j * A::L,[O$L for i in 2 .. r]) 
11:List L := [O$L for i in 1 .. r] 
n=1 => 1 
i:=n 
while i>1 repeat 

j:= i quo 2 
if (i rem 2)=0 then 11.1 := Id.j * (B::L) 
else 11.1 := lc.j * (A::L) 
l:=addi(ll,exponential(integrate 11,1)) 
i:=i-1 

i:=3 
while i<n+2 repeat 

j:= i quo 2 

1 

if (i rem 2)=0 then 11.1 := Id.j * (B::L) 
else 11.1 := lc.j * (A::L) 
l:=addi(ll,exponential(integrate 11,1)) 
i:=i+1 

We can study the same products, but this time, using 3 operators SA, SB and Se. 

symplex3(n:NNI,r:NNI):List L == 
l:List L := concat(lc.1 * A: :L, [O$L for i in 2 .. r]) 
ll:List L := [O$L for i in 1. .r] 
n=1 => 1 
i:NNI:=2 
while i«n+1) repeat 

1 

j:=i quo 3 + 1 . 
if (i rem 3)=2 then 11.1:=ld.j * (B::L) 
else if (i rem 3)=0 then 1l.1:=le.«j-1)::NNI) * (C::L) 
, else 11.1:=lc.j * (A::L) 
l:=addi(ll,exponential(integrate 11,1)) 
i:=i+1 

symplex3r(n:NNI,r:NNI):List L == 
i:=n+2 
j:= i quo 3 
if (i rem 3)=0 then l:List L := concat(lc.j * (A::L),[O$L for i in 2 .. r]) 
else if (i rem 3)=1 then l:List L:=concat(ld.j * (B::L),[O$L for i in 2 .. r]) 

else l:List L := concat(le.j * (C::L),[O$L for i in 2 .. r]) 
11:List L := [O$L for i in 1 .. r] 
n=l => 1 
i:NNI:=n+1 
while i>2 repeat 

j:=i quo 3 
if (i rem 3)=0 then 11.1:=lc.j * (A::L) 
else if (i rem 3)=1 then 11.1:=ld.j * (B::L) 

else 11.1:=le.j * (C::L) 
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l:=addi(ll,exponential(integrate 11,1)) 
i:=i-1 

i:=4 
while i<n+3 repeat 

j:=i quo 3 

1 

if (i rem 3)=0 then 11.1:=lc.j * (A: :L) 
else if (i rem 3)=1 then 11.1:=ld.j * (8::L) 

else 11.1:=le.j * (C: :L) 
1: =addi (11, exponential (integrate 11,1)) 
i:=i+1 
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From these results, we extract the coefficients, -which will be analyzed later- by using 
other procedures. 

For computational examples, as well as methods of computing symplectic integrators, 
see the appendix. 

26. COMPUTATION OF NORMAL FORMS 

Several domains and packages were implemented in order to compute the normal forms 
on a few concrete examples. Unfortunately, the complexity of interesting problems is such, 
that for the time being, we had to limit our scope to elementary problems. 

At first glance, it might appear very difficult, if not unrealistic, to construct packages 
that are general enough to handle most cases. We have witnessed the development of 
highly specialized software on one class of problems. In my opinion, these difficulties 
are related to the fact that every problem has a specific representation, which cannot be 
handled by unspecialized software. 

26.1. Manipulations of the Poisson Series 

As we have seen, it would be interesting to be able to handle polynomials with trigono­
metric expressions on a ring. Therefore, we have created a number of domains of Poisson 
series. 

We only handle the case where ~ has a simple enough form so that its flow is known; 
for example, if 

n 

ho = ~ L:(P? + w'fqt), (26.1) 
i=l 

the curve solutions are, in the case of the classic coordinates, 

(26.2) 

(26.3) 

in the case of the action-angle variables, 

(26.4) 

We simultaneously developed two types of algebraic manipulations, polynomials in the 
cartesian variables on the one hand, and expressions in the action-angle coordinates on 
the other. 
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26.1.1. In Cartesian Coordinates: 

We suppose that for any n, hn is a polynomial in Pi, qi, with coefficients in a ring 
containing trigonometric expressions in the form cos (P t), sin (P t), where P is a rational 
fraction with several variables, and closed under derivation and integration. 

In order to manipulate such expressions, we were led to create new domains and pack­
ages (d. [30]). 

• Domain MTGD (x ,I vi,l v2) 
Poisson sei'ies of a list of variables lvI, of time x, where the frequencies are polyno­
mials with several variables lv2, with coefficients in~. The coefficients are in the 
field of its fractions. For example: 

w 
u = 0 2 _ w2 cos ( Ot + ql - q2) . (26.5) 

• Derivation and integration package, with respect to time, for MTGD. For example, 

W 
0 2 _ w2 sin ( Ot + ql - q2) , (26.6) 

l u - w sin ( Ot + ql - q2) . 
. t - 0 3 - Ow2 (26.7) 

• Manipulation package in DMP(lv,MTGD(t,ivi», where lv is the list of variables 
of the phase space considered. (DMP is the constructor of polynomials with several 
distributed variables). 

• Domain: OTGD(t ,lvi) 
Poisson series of a variable t, where the frequencies belong to the ring of polynomial 
with several variables lvI on ~, with coefficients in its field of fraction. 

• Derivation and integration package, with respect to time, for OTGD (t ,I vi) 

• Manipulation package in DMP(lv,OTGD(t,lvi», where lv is the list of the phase 
space variables. 

Using these various packages, we can apply our version of Deprit's algorithm. At the 
start, we have h as the list of polynomials with 2n variables Pi, qi, with coefficients in the 
ring of the Poisson series. 

·26.1.2. action-angle Coordinates 

This second way of approaching the solution is, in fact, better adapted to the frame­
work in which we have placed ourselves. We make the same hypotheses as previously. 
We are led to work in a Scratchpad domain which contains square roots, and we use 
RadicalExtension, which is the extension by radicals, of a given field. 

• Domain RTGD(x,lvi) 
Poisson series of a list of variables lvI, of time x, where the frequencies are ratio.nal 
fractions with several variables (not predefined) with coefficients in~, the coefficients 
are in the extension by the radicals of the rational fractions on ~. For example, 

(26.8) 
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• Derivation and integration package; with respect to time, in the case of RTGD. For 
example, 

(26.9) 

(26.10) 

• It was created for each one of these domains, with two packages containing the 
functions necessary for the algorithms of the Dragt-Finn and Deprit methods. 

Here is, for example, a presentation of RTGD : 

RTGD(x: E,lvp: L E,lvq: L E) is a domain constructor 
Abbreviation for RadicalTimeTrigoDomain is RTGD 
This constructor is currently exposed. 
Issue )edit RATRIGD2 SPAD Al to see algebra source code for RTGD 

aperations--------------------------------

?+? ($,$) -> $ 
?*? (RN,$) -> $ 
?*? ($,$) -> $ 
?*? (1,$) -> $ 
?-? ($,$) -> $ 
?=? ($,$) -> B 
-- characteristic 
coerce : $ -) $ 
coerce : $ -> E 
const : $ -) $ 
deriv : $ -> $ 
P : PI -> SE 

0 -) NNI 

pinteg : ($,aV lvq) -> $ 
q : PI -> av lvq 
retract : $ - > RE RF RN 
sin: (p RN,DP(# lvq,I» -> $ 
o : 0 -> $ 

?*? : (RF RN,$) -> $ 
?*? : (RE RF RN,$) -> $ 
?*? : ($,$) -> $ 
?**? : ($,NNI) -> $ 
-? : $ -> $ 
cderiv ($,SE) -> $ 
coerce : RE RF RN -) $ 
coerce : I -> $ 
-- coerce : E -> Union($, "failed") 
cos : (P RN,DP(# lvq,I» -> $ 
integ : $ -> $ 
pderiv : ($,aV Ivq) -> $ 
poisson : ($,$) -> $ 
recip : $ -> Union($,"failed") 
retractable? : $ -> B 
1 : 0 -> $ 

new: Record(c: RE RF RN,s: RE RF RN,intl: P RN,int2: DP(# lvq,I» -> $ 
retract If Can : $ -> Union(RE RF RN, "failed") 

Here, RN represents the rationals, RF the rational fractions, RE RadicalExtension etc. 

26.2. Polynomials 

Whenever the systems under study are time independent, one will be able to manipu­
late the polynomials. As a-representation, we take the polynomials with several distributed 
variables. In order to solve the perturbation equation, on the one hand we compute re­
cursively -from the Hessian of ho- the matrix Lho and on the other, we transform the 
polynomials into a vector, and we use the packages already existing under Scratchpad II 
tc? invert the linear system. The Hamiltonians,as well as the generating functions, are 
given in the form of lists where the ith term is the term of order i + 2. 
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CONCLUSION AND PERSPECTIVES 

The starting point of this study is the comparison of two perturbation methods com­
monly used in mechanics. 

The first result, which is nothing new in itself, is that both methods are equivalent, 
insofar as they produce the same normal forms and the same formal invariants. This 
result is mostly due to the uniqueness of Birkhoff's normal form in the non-resonant case. 
Nevertheless, we have come to the conclusion that the representation of a formal canonical 
transformation has a definite influence on the complexity of the required computation. 

The use of the Dragt-Finn transformation (an increasing product of exponentials) is 
justified for the computation of normal forms, since it requires fewer evaluations. The 
use of the exponential presents definite advantages in the search for reversible symplectic 
integrators, whereas the Lie transformation is quite convenient in composing canonical 
transformations. Furthermore, the,Lie transformation is the classic representation for the 
mapping of a non-autonomous flow. 

The asymptotic estimations achieved when using the Deprit transformation are better 
than those I obtained myself while using the Dragt-Finn transformation. In all likelihood, 
finer results could be obtained by using combinatorial results on the partitions. However, 
this phenomenon does not as yet have any bearing on the stability estimations that can 
be deduced from it, as shown in the results obtaiped by Giorgilli & Celleti [8]. 

From these results, we can deduce that it is necessary to effectively compute normal 
forms and formal invariants in order to obtain finer results, even if the orders used in 
their computation are frequently very low. They are so low, because the complexity of 
the computation, or the size of the data, are too great. One way of remedying this would 
be to keep the smallest possible number of parameters, and to proceed numerically, A 
follow-up study on the relative importance of th~ various parameters would be indicated. 

Using the Lyndon basis enabled us to compute relations between the generators of 
the various canonical transformations near the identity, which would not be possible with 
the Hall basis. We further recover a computation method from the Baker-Campbell­
Hausdorff formula. In my opinion, the fact that we are able to compute these identities 
while remaining in the free Lie algebra does not, in any way, increase the overall complexity 
of the computation. The dimensions of the modules under consideration are the same as 
when the bijection between the Lyndon words and the Lyndon basis is used. One does 
not need to know the parenthesizing of every element of the Lyndon basis. 

Representation of the magma elements by lists saved a substantial amount of time. 
In this representation, it appears that the decompOSition onto the Lyndon basis is faster 
than the decomposition onto the Hall basis. 

Finally, the search for symplectic integrators -whose formalism reminds us of the 
motion-planning problem- ([45]) is connected, at high orders- with the search for real 
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points in a variety. For orders under 6, we gave an exhaustive list of the symplectic inte­
grators (except for order 5, where some doubt remains). A thorough study of the geometry 
of the solutions would undoubtedly enable us to give algebraic solutions at higher orders. 
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Appendix 

In this appendix, we propose examples of normal form computation obtained through 
the use of the Dragt-Finn method. We also present examples of sessions in AXIOM which 
enable us to manipulate Lie polynomials. We will show, using AXIOM, how one gets the 
equations to solve for symplectic integrators, and using MACAULAY and AXIOM, how one 
computes the solutions, or the dimension and degree of the variety of the solutions. 

A. NORMAL FORM COMPUTATION 

The examples of normal form computation presented here are relatively simple cases. 
These results were obtained by using Scratchpad II. With several degrees of freedom, we 
frequently corne across data that are too large to be properly handled. It appears necessary 
to adapt a specific program for every type of Hamiltonian to be dealt with. 

A.!. Examples with one degree of freedom 

A.I.!. Perturbed Oscillator 

Let us consider the Hamiltonian h = ! (P2 + q2) + !q3. Applying the Dragt-Finn 
method, we find a normalized Hamiltonian at order 20: 

K - 1 (p2 + q2) _ ...2.. (p2 + q2)2 _ 235 (p2 + q2)3 _ 38585 (P2 + q2)4 _ 2663129 (p2 + q2)5 
- 2 48 3456 497664 23887872 

_ 156934505 (p2 + q2)6 _ 13400341405 (p2 + q2)7 _ 7275692993855 (p2 + q2)8 
859963392 41278242816 11888133931008 

_ 12369775168615645 (p2 + q2)9 _ 2716847725011;438585 (p2 + q2)10 
10271347716390912 1109305553370218496 

Time c.p.u : 3 minutes. (IBM4381) 

A.I.2. Pendulum 

Old Hamiltonian (at order 30): 

h = ~p2 + ~q2 - 2~q4 + 7~oq6 + - 40~20q8 +- 362~ooql0 - 479oJl600 q12 + 87178~91200qI4 
- 2O~227i9888oo0qI6 + 64023737~5728oo0qI8 - 243290200~176640000q20 
+ 1124000727A7607680000

q22 
- 62044840173i239439360000

q24 + 4032914611266~563558400ooooq26 
- 30488834461171i605015040oo000 q28 + 2652528598121910~86363084800oo000 q30. 

New Hamiltonian (at order 30): 
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1 (2 2) 1 (2 2)2 1 (2 . 2)3 5 (2 2)4 . 33 (2 2)5 2 q + P - 64 q + P - 2048 q + p - 131072 q + p - 8388608 q + P 

- 1342~37728 (q2 + p2)6 - 858:92~592 (q2 + p2) 
7 

_ 1099;:1
8
:27776 (q2 + p2)8 

175045 (2 2)9 422565 (2 2) 10 
- 140737488355328 q + p - 2251799813685248 q + P 

4194753 '( 2 2) 11 1330745 (2 2) 12 
- 144115188075855872 q + P - 288230376151711744 q + P 

4403374207 (2 2)13 578183175 (2 2)14 
- 590295810358705651712 q + p - 4722366482869645213696 q + P 

12308013927 ( 2 2)15 
- 604462909807314587353088 q + P . 

Generating function (at order 9): 
1 3 5 3 1 5 1 3 3 17 5 11 7 121 3 5 1513' 5 3 

- 64 qp - 192 q P - 1024 qp - 384 q P - 15360 q P - 131072 qp - 393216 q P - 5898240 q P 
2657 7 

- 24772608q P • 

Old va,riables with respect to the new variables (at order 9): 

Q _ 3 2 5 3 37 4 37 3 2 11 5 39 6 731 3 4 
- q- 64 qp - 192 q - 8192 qp - 4096 q P - 122880 q - 524288 qp - 1572864 q P 

727 5 2 + 1415 7 + 83 8 463 3 6 1687 5 4 
- 1572864 q P 14155776 q 134217728 qp - 100663296 q P - 67108864 q P 

51281 7 2 438161 9 
- 1509949440q P - 54358179840 q , . 

These formulas were computed to order 30 in 2 minutes, using Scratchpad on an 
IBM4381. 

A.1.3. Perturbed Harmonic Oscillator 

Old Hamiltonian: 

h = ~ (p2 + q2) + a2q4 + a3q6 + a4q8 + a5ql0 + ~q12 + a7q14 + a8q16 + agq18 + alOq2D. 

New Hamiltonian (at order 20): 

!(p2 + q2) 

+ ~(3a2) (~(p2 + q2)) 2, 

+ 1~(-17~+l0a3)(~(P2 +q2))3 

+ k(375a~+330a2a3+70a4) (~(p2 + q2))4 

+ k(-10689a~+l2516~ag-1572a~+3024a2a4+504as) (!<r +q2)) 5 

+ k(87549a~+l27932a~a3+33684a2a~+32368a~+711~3a4+6720a2as+924a6) (!(P2 + q2)) 6 

+ 2~6 ( -3132399a~ +548537 4a~a3 +2218788a~a~ + 117960a~+ 142D296a~+679824a2a3a4 +3188Oa~+320760a~ 
, 7 

, +62640agas+58608a2a6+6864a7) (!(P2 + q2)) 

+ 2~8 (238225977 a~ +486162630a~a3 +265977900a~a~ +33288840a2a~ + 127609830a~ +95859000a~a3 

+7006680a~a4+6728760a2a~+30119400a~+13215600a2a3+1115280a2a5+6173640a~+1085040a3a6 

+1009OO8a2M+l02960as) (!(P2 + q2))8 
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+ 16~84 ( -1894596192~~+44145981880a~a3 +30477140760a~a~+6275802720a~a~ + 183218640a~+ 1169115~520a~ 
+12040842880~a3+2109803520a2a~a4+1012431200a~+136607680a3a~+2834774800a~+1987740480a~a3 

+134122560a~+257579520a2a4aS+9700160a~+618280960a~+25044096Oa2a3+19212160a4a6+116276160a~ 

+l8578560a3a7+l7205760a2as+l55584Oag) (!(p2 + q2») 9 

+ 16~84 (2956096alO+194904116847a~+510499888800a~a3+425756036376a~a~+124085886144a~a~ 
+904 7682864a2a~+ 136034613880a~ + 178463437680a~a3 +52065396768a~a~ + 1900075584a~a4 
+16647437136a~+5469343968a2a3a~+109591328a~+33584619552a~+32674055040a~a3+5368091520a2a~ 

+5151717120a~+645507456a3~4a5+304231488a2a~+7614132504~+5006220384a~a3+313702752a~ 

+602431104a2a4+41587392asa6+1547562016a~+58214~568a2a3+40936896a4a7+269178624a~ 

+39426816a3aS+36406656a2ag) (!(p2 + q2») 10 

A.1.4. Perturbed Harmonic Oscillator 

Hamiltonian: 

h = ~ (p2 + q2) + a2q4 + a3q6 + a4qB + a5qlO. 

New Hamiltonian: 

K = ~ (p2 + q2) + ~ (p2 + q2)2 + l2(-17a~+l0a3w)W (p2 + q2)3 + 2g6 (375a~-330a2a3w 

+70a4w2)w2 (P2 + q2)4 + 2~8(-10689a~+l2516a~a3w-1572a~-3024a2a4w2 
+504asw3)w3 (P2 + q2) 

5 

This Hamiltonian frequently shows up, for example, when we study a system with 
several degrees of freedoms, which we reduce with respect to one of the degrees of freedom. 

A.2. Examples with two degrees of freedom 

A.2.1. Particle in a Magnetic Field 

We use the model given in [15J of the Hamiltonian of a particle subjected to a magnetic 
field. We have, as the Hamiltonian 

h = ! (p~ + qi) + !pr + !qrq~ + qtq~ • 

Applying the method of the adjoint operator, we find 

h = ! (p~ + q~) + ~pr + !qr (l (!(p~ + q~»)2 + (!(P~ + q~»)) + iqi (!(p~ + q~») 

Posing 0 2 = l (! (p~ + q~) ) 2 
+ (! (p~ + q~») and e2 = ! (p~ + q~), and carrying out the 

change of variables 

(A.1) 

we end up with an Hamiltonian with one degree of freedom 

H = e2 + ~(Pf + Qi) + *Qt . (A.2) 
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This Hamiltonian is in the previous form. Its normal form is 

K (A.3) 

K (A.4) 

So, we have found, at order 4, 2 invariants in involution: 

Pf + Q~ and p~ + q~ . (A.5) 

The first normalization was implemented in 90 seconds. The second one is just a series of 
evaluations and rewriting of the expressions. 

A.3. Time Dependent Examples 

Let us consider the following Hamiltonian: 

h = ! (p2 + aw2 (1 + sin(nt») q2) 

We use the action-angle coordinates, so that 

h = wj + 2ajwsin(nt) sin(c/» cos(c/» . 

Using the Deprit method, we find 

K . ·1 a2w3 ·a4 w5 • 2n4-35w2n2+12Ow4 =?w -)"4 (n-2w)(n+2w) + )""64 +) (n-2w)3(n+2w)3(n-w)(n+w) + ... 

We can also consider the Hamiltonian 

h = !p2 + aw2 (1 + sin(nt» (1 - cos(q» 

In this case, we find 

(A.6) 

(A.7) 

(A.8) 

_ . _ 1 a2iw3 ! a2t?w2 a2jw 
K - w) 4 (n· 2w}(n+2w) + 8 (n-2w)(n+2w) + 576(n-2w)3(n+2w)3(n-w)(n+w)(n+4w)(n-4w) ( 

-3712j2w8_8640a2wlO+(5824j2w6+5580a2w8)n2_(2472j2w4+603a2w6)n4+(376j2w2+18a2w4)n6 

_16j2n 8) 

This model corresponds to a swing with a child sitting on it. The eigenfrequency of the 
swing is w, and the child swings its legs with a frequency n. As we well know, the system 
resonates when n = ±2w, but also, to a lesser extent, when n = ±w, or n = ±4w. 

B. EXAMPLES OF SESSIONS 

B.1. . Decomposition of Lie Polynomials 

Here is a brief example, which makes .it possible to decompose an element of the magma 
onto the Hall basis or the Lyndon basis. In order to verify the computation, we are able 
to go from one basis to the other, through the magma. 

The first step is to load the various modules. 
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)10 FLA FLA- MG LFLA HFLA LS )cond 
loading /cmat/formel/koseleff/Spad/spad7/FLA.NRLIB for category 
FreeLieAlgebra 
loading /cmat/formel/koseleff/Spad/spad7/FLA-.NRLIB for domain 
FreeLieAlgebrat 
loading /cmat/formel/koseleff/Spad/spad7/MG.NRLIB for domain Magma 
loading /cmat/formel/koseleff/Spad/spad7/LFLA.NRLIB for domain 
LyndonFreeLieAlgebra 
loading /cmat/formel/koseleff/Spad/spad7/HFLA.NRLIB for domain 
HallFreeLieAlgebra 
loading /cmat/formel/koseleff/Spad/spad7/LS.NRLIB for package LieSeries 

We give a list of abbreviations: 

macro ST == String 

(29) STRING 

macro SE == Symbol 

(30) SYMBOL 

macro LSE == List SE 

(31) LIST SYMBOL 

macro 0 == OUTFORM 

(32) OUTFORM 

macro R == POLY FRAC INT 

(33) POLY FRAC INT 

macro L == LFLA(R,SE) 

(34) LFLA(POLY FRAC INT,SYMBOL) 

macro H == HFLA(R,SE) 

(35) HFLA(POLY FRAC INT,SYMBOL) 

macro LL ==LS(R,L) 

Type: DOMAIN 
Time: 0 sec 

Type: DOMAIN 
Time: 0 sec 

Type: DOMAIN 
Time: 0.01 (IN) = 0.01 sec 

Type: DOMAIN 
Time: 0.01 (OT) = 0.01 sec 

Type: DOMAIN 
Time: 0 sec 

Type: DOMAIN 
Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec 

Type: DOMAIN 
Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec 

(36) LS(POLY FRAC INT,LFLACPOLY FRAC INT,SYMBOL)) 

macro M == MG SE 

Type: DOMAIN 
Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec 

155 



156 

(38) MG SYMBOL 

Appendix 

Type: DOMAIN 
Time: 0.01 (IN) = 0.01 sec 

We give ourselves an element of the magma: 

a:M:=a 

(40) a 

b:M:=b 

(41) b 

e:M:=e 

(42) e 

Type: MG SYMBOL 
Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec 

Type: MG SYMBOL 
Time: 0.02 (OT) = 0.02 sec 

Type: MG SYMBOL 
Time: 0.01 (IN) = 0.01 sec 

(44) [[[[[[[[a,b] ,e] ,e] ,b] ,a] ,a] ,b] ,e] 
Type: MG SYMBOL 

Time: 0.06 (IN) + 0.02 (OT) = 0.08 sec 

We decompose this element onto both bases, -we can actually find out the number of 
,monomials: . 

mh:=m: :H; 

ml:=m: :L; 

size mh 

(47) 128 

size ml 

(48) 48 

Type: HFLA(POLY FRAC INT ,SYMBOL) 
Time: 4.54 (IN) + 0.04 (OT) + 0.59 (dC) = 5.17 sec 

Type: LFLA(POLY FRAC INT,SYMBOL) 
Time: 0.51 (IN) = 0.51 sec 

Type: PI 
Time: 0.06 (OT) = 0.06 sec 

Type: PI 
Time: 0.01 (OT) = 0.01 sec 

Finally, we can verify that both decompositions coincide: 

reduee(+, [u*(v::H) for u in listOfCoeffieient ml for v in 
listOfMonomials ml])-mh 

(49) 0 
Type: HFLA(POLY FRAC INT,SYMBOL) 
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Time: 0.52 (IN) + 51.45 (EV) + 0.25 (OT) + 4.34 (GC) = 56.56 sec 
reduce(+,[u*(v::L) for u in listOfCoefficient mh for v in listOfMonomials mh])-ml 

(50) 0 
Type: LFLA (POLY FRAC INT, SYMBOL) 

Time: 0.29 (IN) + 19.33 (EV) + 0.01 (OT) + 2.45 (GC) = 22.08 sec 

We start over with another monomial: 

m:=c*m 

(52) [c, [[[[[[[[a,b] ,c] ,c] ,b] ,a] ,a] ,b] ,c]] 

mh:=m: :H; 

ml:=m: :L; 

size mh 

(55) 229 

Type: PI 

size ml 

(56) 153 

Type: MG SYMBOL 
Time: 0.03 (OT) = 0.03 sec 

Type: HFLA (POLY FRAC INT, SYMBOL) 
Time: 17.20 (IN) + 0.59 (GC) = 17.79 sec 

Type: LFLA(POLY FRAC INT ,SYMBOL) 
Time: 3.39 (IN) + 0.60 (GC) = 3.99 sec 

Time: 0.01 (IN) + 0.01 (OT) = 0.02 sec 

Type: PI 
Time: 0.01 (IN) = 0.01 sec 

reduce(+,[u*(v::H) for u in listOfCoefficient ml for v in listOfMonomials ml])-mh 

(57) 0 
Type: HFLA (POLY FRAC INT, SYMBOL) 

Time: 0.03 (IN) + 249.33 (EV) + 0.03 (OT) + 15.79 (GC) = 265.18 sec 

reduce(+,[u*(v::L) for u in listOfCoefficient mh for v in listOfMonomials mh])-ml 

(58) 0 
Type: LFLA(POLY FRAC INT,SYMBOL) 

Time: 0.03 (IN) + 75.10 (EV) + 0.02 (OT) + 1.59 (GC) = 76.74 sec 

Based on this example, it appears that the decomposition onto the Lyndon basis is 
faster than the decomposition onto the Hall basis. 

B.2. Computation of Symplectic Integrators 

Here, we compute the polynomial relations to be solved, in order to get reversible 
symplectic integrators as the product of integrators of order 2. 
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log [S2(xt)etLK S2(Xt)] . 

The first step is the computation of the Lyndon basis for odd orders 

kk:=mkSymbol(h,1,9)$LL 

(59) [h,h,h,h,h,h,h,h,h] 
1 234 5 6 789 

Appendix 

(B.1) 

Type: LIST SYMBOL 
Time: 0.03 (IN) + 0.03 (EV) + 0.07 (aT) = 0.13 sec 

kkk:=[list u for u in kk] 

(60) [[h], [h ], [h ], [h ], [h ], [h.], [h ], [h ]'Ih ]] 
1 234 5 6 7 8 9 

Type: LIST LIST SYMBOL 
Time: 0.02 (IN) + 0.01 (EV) + 0.07 (aT) = 0.10 sec 

for i in 1 .. 4 repeat kkk. (2*i) := [] 
Type: VOID 

Time: 0.38 (IN) + 0.01 (EV) + 0.06 (aT) = 0.45 sec 

bk: =ve ightedBas is (kkk, 9)$L 

(62) 
[[h], [], [h], [[h , h ]], [[h , [h , h ]], h], [ [h , [h , [h , h] ]], [h , h ]], 
13·13 113 5 1 113 1 5 

[[h , [h , [h , [h ,h ]]J], [h , [h ,h ]], [[h ,h ],h ],h ], 
1 1 113 115 133 7 

[h ,[h ,h]]' [[h ,h],h], h] ] 
1351539 

Type: LIST LIST MG SYMBOL 
Time: 0.01 (IN) + 0.08 (EV) + 0.34 (aT) = 0.43 sec 

for i in 1 .. 4 repeat bk.(2*i) := [] 

bk:=[reverse u for u in bk]; 

Type: VOID 
Time: 0.13 (IN) = 0.13 sec 

Type: LIST LIST MG SYMBOL 
Time: 0.01 (IN) + 0.18 (aT) = 0.19 sec 

Next, we compute a generic Lie polynomial 

ck:List List SE:=[[subscript(a,[i,j]) for j in 1 .. #(bk.i)] for i in 1 .. 9] 

(65) 
[ [a ], [], [a ], [], [a , a ], [], [a , a , a , a· ], [], 

1,1 3,1 5,1 5,2 

[a ,a ,a ,a ,a ,a ,a ,a ]] 
9,1 9,2 9,3 9,4 9,5 9,6 9,7 9,8 

7,1 7,2 7,3 7,4 

Type: LIST LIST SYMBOL 
Time: 0.28 (IN) + 0.35 (EV) + 0.85 (aT) + 0.75 (GC) = 2.23 sec 

- hk:=[[(u: :R)*(v: :L) for u in xx for v in yy] for xx in ck for yy in bk]; 

Type: LIST LIST LFLA(PoLY FRAC INT,SYMBoL) 
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Time: 0.03 (IN) + 0.11 (EV) + 0.49 (aT) = 0.63 sec 
hh:=concat(O$L,[reduce(+,u,O$L) for U in hk]) 

(67) 

fa h, 0, a h, 0, a h + a [h , [h , h ]], ° , 
5,1 1 1 3 1,1 1 3,1 3 5,2 5 

a h + a [h, [h ,h ]] + a [[h,h],h] + a [h ,[h ,[h ,[h ,h ]]]], 
7,4 7 7,2 1 1 5 7,3 1 3 3 7,1 1 1 1 1 3 

0, 

+ 

+ 

a h + a [h, [h ,h ]] 
9,8 9 9,5 1 1 7 

a [h ,[h ,[h ,[h ,h ]]]] 
9,2 1 1 1 1 5 

a 
9,4 

[[h ,[h ,h ]], [h ,h ]] 
1 ~ 3 1 3 

+ a [h, [h ,h ]] 
9,6 1 3 5 

+a [[h,h],h] 
9,7 1 5 3 

+ a [h ,[h ,[[h ,h],h]]] 
9,3 1 1 1 3 3 

+ a [h ,[h ,[h ,[h ,[h ,[h ,h ]]]]]] ] 
9,1 1 1 1 1 1 1 3 

Type: LIST LFLA(POLY'FRAC INT,SYMBOL) 
Time: 0.05 (IN) + 0.01 (EV) + 0.33 (aT) = 0.39 sec 

We compute S2(xt) exp(tLk)S2(xt)a 

ha:=[a: :M: :L] 

(69) [a] 
Type: LIST LFLA(POLY FRAC INT,SYMBOL) 

Time: 0.02 (IN) + 0.01 (aT) = 0.03 sec 
ha:=concat(ha,[O$L for i in 1 .. 9]) 

(70) [a,O,O,O,O,O,O,O,O,O] 
Type: LIST LFLA(POLY FRAC INT,SYMBOL) 

Time: 0.02 (IN) + 0.02 (EV) + 0.04 (aT) = 0.08 sec 
hx:=[(x: :R)**i * (v::L) for i in 1 .. 9 for v in kk] 

2 3 4 5 6 7 8 9 
(71) [x h ,x h ,x h ,x h ,x h ,x h ,x h ,x h ,x h ] 

1 234 5 6 7 8 9 
Type: LIST LFLA(POLY FRAC INT,SYMBOL) 

Time: 0.46 (IN) + 0.04 (EV) + 0.56 (aT) = 1.06 sec 
for i in 1 .. 4 repeat hx.(2*i) := O$L 

hx:=concat(O$L,hx) 

Type: VOID 
Time: 0.03 (IN) + 0.01 (EV) +,0.01 (aT) = 0.05 sec 

357 9 
(73) [o,x h ,O,x h ,O,x h ,O,x h ,O,x h ] 

1 357 9 
Type: LIST LFLA(POLY FRAC INT,SYMBOL) 

Time: 0.01 (IN) + 0.03 (aT) = 0.04 sec 
res:=exponential(hx,exponential(hh,exponential(hx,ha»); 

Type: LIST LFLA(POLY FRAC INT,SYMBOL) 
Time: 0.02 (IN) + 17.66 (EV) + 0.04 (aT) + 0.79 (GC) = 18.51 sec 
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which we compare to exp{t LLk.)a 
• 

lkl:=concat(0$L,mkLiePol(k,1,9)$LL) 

(75) [k"k,k,k,k,k,k,k,k] 
1 2 3 4 5 6 7 8 9 

exp:=exponential(lkl,ha); 

lk:=mkLieMon(k,1,9)$LL 

Type: LIST LFLA(POLY FRAC INT,SYMBOL) 
Time: 0.01 (IN) + 0.02 (EV) +'0.06 (OT) = 0.09 sec 

Type: LIST LFLA(POLY FRAC INT,SYMBOL) 
Time: 0.02 (IN) + 8.54 (EV) = 8.56 sec 

(78) [k,k,k,k,k,k "k ,k ,k ] 
123 4 5 6 789 

Type: LIST MG SYMBOL 

triangularFactorSystemSolve(first(lk,9),rest exp,rest-res,a) 

Type: LIST LFLA(POLY FRAC INT,SYMBOL) 
Time: 0.02 (IN) + 5.91 (EV) + 0.02 (OT) = 5.95 sec 

triangularFactorSystemSolve(first(lk,5),rest exp,rest res,a) 
(79) 

[(a + 2x)h , 0, (a 

1,1 1 3,1 

5 
(a + 2x )h 

5,2 5 
+ 

1 
(a + (- - x a 

5,1 6 1,1 

3 
+ 2x )h , 0, 

3 

1 2 1 3 
- - x )a + - x a 

6 3,1 6 

2 1 4 
+ - x a )[h , [h ;h ]] ] 

1,1 6 1,1 1 1 3 

Type: LIST LFLA(POLY FRAC INT,SYMBOL) 
Time: 0.01 (IN) + 0.21 (EV) + 0.11 (OT) = 0.33 sec 

We have thus found the relations, which we now save in a file. The list of the polynomials 
is called Ip2. 

The following step is the construction of a function which computes the various rela­
tions, if we search for 

(B.2) 

In fact, for technical reasons, we pose Cl = a, C2 = b etc. r denotes the number of 
polynomials to compute. In order to have an integrator of order 4, one will need to take 
r = 2, r = 4, for an integrator of order 6, and r = 8, for an integrator of order 8. 

eq2b(n:NNI,r:NNI):List R == 
cli:R:=char(97)::ST::SE::R 
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l:List R:=first([leadingMonomial u for u in lp2],r) 
lv:=reduce(append,[variables(u) for u in 1]) 
lv:=concat(lv,'b) 
l:=first([ch,ch**3,ch**5,0,ch**7,0,0,0,ch**9,0,0,0,0,0,0,0],r) 
for i in 2 .. n repeat 

ch:=char(96+i)::ST::SE::R 
11 : =concat (l , ch) 
l:=[eval(u,lv,l1) for uin first(lp4,r)] 

1.1 := 1.1 -1 
1 

For example, we get, for the various orders 

(108) ->eq2b(2,2) 
loading /axiom/mnt/rios/algebra/VARIABLE.NRLIB for domain 

Variable 
Compiling function eq2b with type (NNI,NNI) -> LIST POLY FRAC INT 

3 3 
(108) [2b + a - 1,2b + a ] 

Type: LIST POLY FRAC INT 
Time: 0.92 (IN) + 0.12 (EV) + 0.42 (OT) = 1.46 sec 

(109) ->eq2b(4,4) 

(109) 
3 3 3 3 5 5 5 5 

[2d + 2c + 2b + a - 1, 2d + 2c + 2b + a , 2d + 2c + 2b + a , 

+ 

+ 

* 

+ 

+ 

1 1 1 4 2 2 4 2 2 2 2 1 2 3 
(- c + - b + - a)d + (- c + (- b + - a)c + - b + - a b + - a )d 
3 3 6 3 3 3 3 3 6 

1 3 1 3 1 3 2 
(- - c - - b - - a )d 

3 3 6 

2 4 2 1 3 2 3 1 3 2 4 1 3 1 3 
- - c + (- - b - - a)c + (- - b - - a )c - - b - - a b - - a b 

3 3 3 3 3 3 3 3 
+ 

1 4 
- - a 

6 

d 

1 1 4 2 2 2 1 2 3 1 3 1 3 2 
(- b + - a)c + (- b + - a b + - a )c + (- - b a )c 
3 6 3 3 6 3 6 

3 1 3 1 4 1 4 123 132 1 4 241 
(- - b ab a b - - a )c + - a b + - a b 

6 
- - a b 

6 
a b ] 

3 3 3 6 6 6 

Type: LIST POLY FRAC INT 
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Time: 0.09 (EV) + 0.37 (or) = 0.46 sec 

The groebner function of AXIOM enables us to compute a standard basis for the elimina­
tion order 

groebner %; 

Type: LIST POLY FRAC INT 
Time: 0.03 (IN) + 202.51 (EV) + 0.24 (OT) + 41.89 (CC) = 244.67 sec 

(24) ->%.last 

(24) 
39 38 37 232 36 6469 35 8108 34 82144 33 239008 32 

a + 4a - 18a - --- a + ---- a + ---- a - ----- a - ------ a 
3 45 15 135 135 

+ 

+ 

+ 

+ 

870652 31 5898416 30 618824 29 5158616 28 2525372 27 
------ a + ------- a - ------ a - ------- a + ------- a 

675 2025 675 2025 30375 

3333844 11 716752 10 127664 9 143264 8 136499 7 

--------- a - --------~ a - --~------ a + --------- a - ---------- a 
922640625 922640625 553584375 922640625 4613203125 

19996 6 117142 5 33848 4 17431 3 

- ---------- a + ----------- a - ----------- a + ------------ a 
8303765625 41518828125 41518828125 124556484375 

9668 2 656 64 
- ------------ a + ------------ a - -------------

622782421875 622782421875 1868347265625 
Type: POLY FRAC INT 

Time: 0.02 (IN) + 0.01 (EV) + 0.44 (aT) = 0.47 sec 

Since the other polynomials are of the form b = Pb(a), c = Pc(a) , d = Pd(a), we deduce 
that the variety of the solutions is of null dimension, and contains 39 points. 

Using the functions defined in the package of Lie series, we can compute the relations 
r which must be satisfied by a reversible product of 15 (2.8-1) operators: 

res:=symplecticr(8,5); 

res .4: =O$L; 

Type: LIST LFLA (POLY FRAC INT, SYMBOL) 
Time: 0.02 (IN) + 3.25 (EV) + 1.27 (CC) = 4.54 sec 
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Ip:=reduce(append([[listOfCoefficient x for x in res]]»; 
res.1:=res.1 - 1; 
res.2:=res.2 - 1; 
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The result, which is a list of polynomials, is converted in MACAULAY format, and we find 
a list of polynomials with integer coefficients 

2D+2C+2B+2A-1 2d+2c+2b+a-l 

-2D2d-4DCd+4C2d-4DBd+SCBd+4B2d-4DAd+SCAd+SBAd+4A2d-2D2c-4DCc-2C2c-4DBc-4CBc \ 
+4B2c-4DAc-4CAc+SBAc+4A2c-2D2b-4DCb-2C2b-4DBb-4CBb-2B2b-4DAb-4CAb-4BAb \ 
+4A2b-D2a-2DCa-C2a-2DBa-2CBa-B2a-2DAa-2CAa-2BAa-A2a 

4Dd2-2Cd2-2Bd2-2Ad2+SDdc-4Cdc-4Bdc-4Adc+4Dc2+4Cc2-2Bc2-2Ac2+SDdb-4Cdb-4Bdb \ 
-4Adb+SDcb+SCcb-4Bcb-4Acb+4Db2+4Cb2+4Bb2-2Ab2+4Dda-2Cda-2Bda-2Ada+4Dca \ 
+4Cca-2Bca-2Aca+4Dba+4Cba+4Bba-2Aba+Da2+Ca2+Ba2+Aa2 

-2D3d-6D2Cd+4C3d-6D2Bd+12C2Bd+12CB2d+4B3d-6D2Ad+12C2Ad+24CBAd+12B2Ad+12CA2d \ 
+12BA2d+4A3d-2D3c-6D2Cc-6DC2c-2C3c-6D2Bc-12DCBc-6C2Bc+4B3c-6D2Ac-12DCAc \ 
-6C2Ac+12B2Ac+12BA2c+4A3c-2D3b-6D2Cb-6DC2b-2C3b-6D2Bb-12DCBb-6C2Bb-6DB2b \ 
-6CB2b-2B3b-6D2Ab-12DCAb-6C2Ab-12DBAb-12CBAb-6B2Ab+4A3b-D3a-3D2Ca-3DC2a \ 
-C3a-3D2Ba-6DCBa-3C2Ba-3DB2a-3CB2a-B3a-3D2Aa-6DCAa-3C2Aa-6DBAa-6CBAa \ 
-3B2Aa-3DA2a-3CA2a-3BA2a-A3a 

4D2d2+4DCd2-4C2d2+4DBd2-SCBd2-4B2d2+4DAd2-SCAd2-SBAd2-4A2d2+SD2dc+SDCdc \ 
-4C2dc+SDBdc-SCBdc-SB2dc+8DAdc-SCAdc-16BAdc-8A2dc+4D2c2+SDCc2+4C2c2 \ 
+4DBc2+4CBc2-4B2c2+4DAc2+4CAc2-SBAc2-4A2c2+SD2db+SDCdb-4C2db+8DBdb-SCBdb \ 
-4B2db+SDAdb-SCAdb-SBAdb-SA2db+SD2cb+16DCcb+SC2cb+SDBcb+SCBcb-4B2cb \ 
+SDAcb+SCAcb-SBAcb-SA2cb+4D2b2+SDCb2+4C2b2+SDBb2+SCBb2+4B2b2+4DAb2+4CAb2 \ 
+4BAb2-4A2b2+4D2da+4DCda-2C2da+4DBda-4CBda-2B2da+4DAda-4CAda-4BAda-2A2da \ 
+4D2ca+SDCca+4C2ca+4DBca+4CBca-2B2ca+4DAca+4CAca-4BAca-2A2ca+4D2ba+8DCba \ 
+4C2ba+SDBba+SCBba+4B2ba+4DAba+4CAba+4BAba-2A2ba+D2a2+2DCa2+C2a2+2DBa2 \ 
+2CBa2+B2a2+2DAa2+2CAa2+2BAa2+A2a2 

B.3. A MACAULAY Session 

Having initialized the MACAULAY environment, we can compute the Hilbert function 
of the ideal defined by the previous polynomials. We proceed in characteristic 31991. 

. hilb w 

codimension = S 
degree = 39 
genus = 94 

Hence we deduce that the variety thus defined is null in dimension of degree 39. All these 
solutions were found with reversible products of integrators of order 2. 

With the same software, we can study the variety of the solutions in the search for 
an integrator of order 5, which is expressed as a product of 11 operators. We find in 140 
minutes that the variety is of null dimension, and of degree 46. 

1% hilb w 

; codimension = 11 
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; degree 
; genus 

= 46 
= 990 

11. type w 

.' 
J 

A46-90/77A45-4/105A44+6268A43+8040A42+74/95A41-12607A4O+35/37A39+79/59A38 \ 
-837A37+66/115A36+4205A35+8812A34-34/27A33+207A32+4540A31+9576A30+53A29 \ 
-65/21A28+31/27A27-92A26-111/121A25-14668A24-143A23-87/80A22+31/108A21 \ 
-9910A20+55/63A19-14/115A18-4122A17-9707A16+52/51A15+277lA14+1/104A13 \ 
+83/109A12+95/102All+45/17Al0+lll/l03A9-101/63A8+3436A7-103/23A6+86/65A5 \ 
-98/97A4-2300A3-9386A2-13527A-l07/119 

B+13653A45+52/5A44+66/103A43+4/15A42-12273A41-119/37A40+109/89A39+1178A38 \ 
-10603A37+r445A36+11306A35+124/119A34-8353A33-6566A32~114/43A31-37/84A30 \ 
-89/91A29+1787A28-68/65A27+85/53A26-21/2A25-21/61A24+85/74A23+676A22 \ 
-3/121A21-66/41A20+21/100A19+81/116A18+53/13A17-85/101A16-125/114A15 \ 
+11931A14-6290A13+103/95A12+89/97All+57/56A10+1570A9+9122A8-9751A7 \ 
-18/7A6-14704A5+15899A4+124/55A3-111/52A2+13/82A+3983 

C-44/15BA22-16/47BA21+3905BA20-14321BA19-2/63BA18+8922BA17+35/59BA16 \ 
+37/8BA15+97/38BA14+65/124BA13+8774BA12+117/80BAll+11809BA10+6576BA9 \ 
+103/66BA8+9173BA7-837BA6-55/7BA5+1694BA4'-83/41BA3-1158BA2-20/91BA \ 
+16/113B+8775A22+32/93A21+6949A20-10544A19-67/45A18-13002A17+103/38A16 \ 
-93/121A15+46/19A14-6007A13-63A12-49/92All-11775Al0+7q/59A9-79/76A8 \ 
+8605A7+5509A6-75/49A5+113/116A4+9005A3-68/105A2+12163A-71/30 

D+l08/47CA14-61/58CA13+119/47CA12+118/99CAll+81/76CA10-93/85CA9-7658CA8 \ 
+5127CA7+57/13CA6+67/122CA5+6967CA4+119/69CA3+8232CA2-99/25CA-31/115C \ 
-67/109BA15+939~BA14-53/52BA13+43/16BA12-5888BA11-1090lBA10+12945BA9 \ 
+6692BA8+4395BA7-7687BA6-64/123BA5+79/70BA4-15805BA3+73/97BA2+89/124BA \ 
-25/88B+l08/47A15+22/57A14-11084A13+55/117A12-19/30A11-109/55Al0 \ 
-114/115A9+11/97A8+24/59A7-5/86A6+61/123A5+7861A4-37/64A3+11759A2~1868A \ 
-107/103 

E+C+A-1/2 F+D+B-l/2 a-2A b-2B+2A c-2C+2B-2A d-20+2C-2B+2A e+20+2B-l 

c. RELATION OF EXPONENTIAL TYPE 

C.l. Catnpbell-Hausdorff Formula 

log(eYe
z

) = x + y - ! lx, y] + 112 lx, lx, y]] + 1~ [Ix, y], y]- 2~ lx, [[x, y], y]] 
- 7~0 lx, lx, lx, lx, y]]]] + 1~0 lx, [x, [Ix, y], y]]] + 1~0 lx, [[Ix, y], y], y]] + rk [[x, y], [[x, y], y]] 
+ 3~0 [[x, [x, y]], lx, y]] - 7~0 [[[[x, y], y], y], y] + 14

1
40 [x, lx, [x, [Ix, y], y]]]] 

- 3~0 lx, lx, [[Ix, y], y], Ylll- 2!0 lx, [[x, y], [[x, y], y]]] ~ 7~0 lx, [[x, lx, y]], lx, ylll 
+ 1140 lx, [[[Ix, y], y], y], y]] + 30~40 lx, lx, lx, lx, lx, lx, y]]]]]] - 5140 lx, lx, lx, [x, [Ix, yj, yjlll] 
+ 3i80 lx, lx, lx, [[[x, yj, y], ylllj + lko lx, lx, [[x, yj, [[x, y], y]lll 
+ 10680 [x, [x, [Ix, lx, yj], [x, yjlll + 37~0 lx, Ix, [[[[x, yj, yj, yj, y]]] 
+ 15

1
1
3
20 [x, [[x, y], [[[x, y], y], ylll + 1160 [x, [[x, [[x, y], yll, Ix, y]]] 

- 5~0 [x, [[[[[x, yj, yj, yj, yj, yll + 12~0 [[x, yj, [[x, yj, [[x, yj, y]]] 
- 2116 [[x, yj, [I [[x , yj, y], yj, yll + 20\6 [Ix, lx, y]], lx, [[x, y], y]]] 
- 50~0 [[[x, yj, yj, ([[x, y], y], yll + 10680 [Ix, [x, lx, y]]], lx, lx, y]]] 
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+ 105so [[x, [[x, y], y]], [[x, y], y]]- ll12 [[x, [[[x, y], y], y]], [x, y]] 
- 50~0 [[[x, [x, y]], [x, y]], [x, y]] + 30~40 [[[[[[x, y], y], y], y], y], yj 
- 6o!SO [x, [x, [x, [x, [x, [[x, yj, yllllll + 10~0 [x, [x, [x, [x, [[[x, yj, yj, ylll]] 
+ 20~60 [x, [x, [x, [[x, y], [[x, y], ylll]] + 15~20 [x, [x, [x, [[x, [x, y]], [x, ylll]] 
- 12~~0 [x, [x, [x, [[[[x, yj, y], yj, yjlll- 352340 [x, [x, [[x, y], [[[x, y], y], yjlll 
- 25~0 [x, [x, [[x, [[x, yj, yj], [x, ylllj + 106so [x, [x, [[[[[x, y], yj, yj, y], ylll 
- 25\0 [x, [[x, yj, [[x, yj, [[x, yj, ylllj + 4532 [x, [[x, y], [[[[x, y], y], y], ylll 
- 40~2 [x, [[x, [x, y]], [x, [[x, y], ylllj + 105so [x, [[[x, yj, y], [[[x, y], yj, ylll 
- 20~60 [x, [[x, [x, [x, y)]], [x, [x, yjlll - 20~60 [x, [[x, [[x, y], yj], [[x, yj, yjjj 
+ 30\4 [x, [[x, [[[x, y], y], yj], [x, y)]] + 106so [x, [[[x, [x, y]], [x, y]], [x, ylll 
- 6olso [x, [[([[[x, yj, y], yj, yj, y], y]]- 120~00 [x, [x, [x, [x, [x, [x, [x, [x, Y)]]]]lll 
+ 151\00 [x, [x, [x, [x, [x, [x, [[x, yj, y]]lll]] - 56~00 [x, [x, [x, [x, [x, [[[x, y], yj, y]]lll] 
- 43~00 [x, [x, [x, [x, [[x, yj, [[x, y], y]]lllj - 1001S00 [x, [x, [x, [x, [[x, [x, y]], [x, yllllll 
+ 75ioo [x, [x, [x, [x, [[[[x, y], y], y], ylll]] + 30~!00 [x, [x, [x, [[x, y], [[[x, yj, y], yjlllj 
+ 75~00 [x, [x, [x, [[x, [[x, y], y]], [x, ylllll + 75~00 [x, [x, [x, [[[[[x, y], yj, yj, y], ylll] 
+ 105soo [x, [x, [[x, y], [[x, y], [[x, y], y]]lll + 20i60 [x, [x, [[x, y], [[[[x, y], y], y], ylllj 
+ 67~00 [x, [x, [[x, [x, y]], [x, [[x, y], ylllll + 30~40 [x, [x, [[[x, y], y], [[[x, y], yj, y]]]] 
+ 20~~00 [x, [x, [[x, [[x, yj, y]], [[x, y], yjlll + 15g00 [x, [x, [[x, [[[x, y], y], yjj, [x, ylllj 
+ 43~00 [x, [x, [[[x, [x, y]], [x, y]], [x, Y]lll- 56~00 [x, [x, [[[[[[x, yj, yj, yj, yj, y], ylll 
+ 6~8 [x, [[x, y], [[x, y], [[[x, y], yj, Y]lll- 30~~00 [x, [[x, y], [[[[[x, yj, yj, y], y], ylll 
+ 30~:00 [x, [[x, [x, y]], [x, [[[x, yj, y], Y]lll + 37~00 [x, [[x, [x, y]], [[x, [x, y]], [x, yjlll 
- 126~0 [x, [[[x, yj, yj, [[[[x, yj, yj, yj, ylll + 25~00 [x, [[x, [x, [[x, y], ylll, [x, [x, Ylllj 
- 15~20 [x, [[x, [[[x, y], yj, yj], [[x, yj, ylll - 20~60 [x, [[[x, y], [[x, yj, y]], [[x, yj, y]]] 
+ 33~00 [x, [[x, [[x, yj, [[x, yj, ylll, [x, ylll - 75~0 [x, [[x, [[[[x, yj, yj, y], y]], [x, ylll 
- 105~00 [x, [[[x, [[x, y], y]], [x, y]], [x, Ylll + 151200 [x, [[[[[[[x, y], y], y], yj, yj, y], yll 
+ 106so [[x, yj, [[x, yj, [[x, yj, [[x, y], yjlll- 75160 [[x, yj, [[x, yj, [[[[x, yj, yj, yj, ylll 
- 15i20 [[x, yj, [[[x, yj, yj, [[[x, y], yj, Ylll + 43~00 [[x, y], [[[[[[x, yj, y], y], y], yj, y]] 
+ 25~00 [[x, [x, yj], [x, [[x, yj, [[x, yj, Ylllj- 17~SO [[x, [x, y]], [x, [[[[x, y], yj, yj, ylll 
- sloo [[x, [x, yll, [[x, [[x, yj, yj], [x, ylll + 33~00 [[[x, yj, yj, [[[[[x, yj, yj, y], y], yjj 
+ 43~00 [[x, [x, [x, ylll, [x, [x, [[x, y], ylllj + 6o!SO [[x, [[x, y], y]], [x, [[[x, yj, y], ylll 
+ 20i60 [[x, [[x, yj, y]], [[x, yj, [[x, yj, ylll + 60!SO [[[[x, y], y], y], [[[[x, y], y], yj, yll 
+ 3021400 [[x, [x, [x, [x, yjlll, [x, [x, [x, y]lll + 67~00 [[x, [x, [[x, y], ylll, [x, [[x, yj, ylll 
+ 90~20 [[x, [[[x, yj, yj, yll, [[[x, y], yj, y]]- 25~00 [[[x, [x, yj], [x, yjj, [x, [[x, y], Ylll 
- 21~00 [[x, [x, [[[x, yj, yj, yj]], [x, [x, y)]] - 3~40 [[x, [[x, [x, y]], [x, ylll, [x, [x, ylll 
+ 6o!SO [[x, [[[[x, y], y], y], yj], [[x, yj, yll + 15i20 [[[x, y), [[[x, y), y], y]j, [[x, yj, yll 
- 106so [[x, [[x, yj, [[[x, y], yj, ylll, [x, yll + 21~00 [[x,. [[[[[x, y), y], yj, y], yll, [x, yll 
+ 20i60 [[[x, [[x, y], yj], [[x, y], y)], [x, y)) + 105so [[[x, [[[x, y), y], y]], [x, yll, [x, y)) 
+ 5o!OO [[[[x, [x, y]], [x, y]], [x, y]], [x, yll- 120~600 [[[[[[[[x, y), y], y], yj, y), y], yj, yj 
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+ 241~200 [x, [x, [x, [x, [x, [X, [x, [[x, y), Y]])]]lll-302~00 [x, [x, [x, [x, [x, [x, [[[x, y], y], yllljlll 
+ 6041S00 [x, [x, [x, [x, [x, [[x, y), [[x, y), yllllll) - 401200 [x, [x, [x, [x, [x, [[x, [x, y]], [x, ylll)lll 
+ 36::S00 [x, [x, [x, [x, [x, [[[[x, y), y], y), y]lll]) + 56~00 [x, [x, [x, [x, [[x, y], [[[x, .y], y], yllllll 
+ 37~00 [x, [x, [x, [x, [[x, [[x, y], yll, [x, Y]])lll -67~00 [x, [x, [x, [x, [[[[[x, y), y), y), yj, yj]])] 
+ 60!~00 [x, [x, [x, [[x, y], [[x, y], [[x, y], y))])]] - 24g20 [x, [x, [x, [[x, y], [[[[x, yj, y], y], ylllll 

- 1 1 + 75600 [x, [x, [x, [[x, [x, y]], [x, [[x, y], y]])]]] - 40320 [x, [x, [x, [[[x, y], y], [[[x, yj, yj, Y)]]ll 
+ 241920 [x, [x, [x, [[x, [x, [x, ylll, [x, [x, y])]]]]- 43~00[X, [x, [x, [[x, [[x, y], y]], [[x, y], y))]]] 
- 45~~00 [x, [x, [x, [[x, [[[x, y], y], y]], [x, ylllll - 50!00 [x, [x, [x, [[[x, [x, y]], [x, y]], [x, y]lll] 
+ 36::S00 [x, [x, [x, I[[[[[X, y], y], yj, y], yj, Ylllj- 12696 [x, [x, [[x, yj, [[x, y], [[[x, yj, y], y]]))] 
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+ 6J~OO [x, [x, [[x, yj, [[[[[x, yj, yj, yj, yj, ylllj - 60~~OO [x, [x, [[x, [x, yll, [x, [[[x, yj, y], yjlllj 
- 7S~OO [x, [x, [[x, [x, yll, [[x, [x, yj], [x, ylllll + 24~~20 [x, [x, [[[x, y], y], [[([x, y], y], yj, ylllj 
- so!oo [x, [x, [[x, [x, [[x, yj, y]]], [x, [x, ylllll + 30~40 [x, [x, [[x, [[[x, yj, yj, yll, [[x, yj, yllll 
+ 40~20 [x, [x, [[[x, yj, [[x, y], yll, [[x, y], Ylllj - 67~00 [x, [x, [[x, [[x, y], [[x, yj, ylll, [x, yjlll 
+ 1S~20 [x, [x, [[x, [[[[x, yj, yj, yj, yll, [x, ylllj + 20~~00 [x; [x, [[[x, [[x, y], yjj, [x, yll, [x, ylllj 
- 302~00 [x, [x, [[[[[[[x, yj, y], yj, yj, y], yj, ylll- 20~60 [x, [[x, yj, [[x, yj, [[x, y], [[x, yj, yjlllj 
+ 1S~20 [x, [[x, y], [[x, yj, [[[[x, yj, y], y], yjlll + 30~40 [x, [[X, yj, [[(x, yj, y], [[[x, y], yj, yjlll 
- ss!oo [x, [[x, yj, [[[[[[x, yj, yj, yj, yj, yj, ylll-~ [x, [[x, [x, yll, [x, [[x, yj, [[x, yj, ylllll 
+ 34~60 Ii, ([x, [x, yll, [x, ([[[x, yj, yj, y], ylllj + 1~00 [x, [[x, [x, yll, [(x, [[x, yj, yll, [x, ylllj 
.- 67~00 [x, [[[x, yj, yj, [[[[[x, yj, yj, yj, yj, ylll- ss!oo [x, [[x, [x, [x, Ylll, [x, [x, [[x, yj, ylllll 
- 120

1
960 [x, [[x, [[x, y], yll, [x, [[(x, yj, yj, ylllj - 40~20 [x, [[x, [[x, yj, yll, [[x, yj, [[x, yj, ylllj' 

- 121960 [x, [[[[x, yj, yj, yj, [[[[x, yj, yj, yj, ylll- 60~OO [x, [[x, [x, [x, [x, ylllj, [x, [x, [x, ylllll 
- 134~00 [x, [[x, [x, [[x, yj, yjj], [x, [[x, yj, ylllj - 1S1~40 [x, [[x, [[[x, yj, yj, yj], [[[x, y], y], ylll 

1 . 1 + 50400 [x, [[[x, [x, yll, [x, yll, [x, [[x, y], ylllj + 43200 [x, [[x, [X, [[[x, yj, yj, yjj], [x, [x, yjlll 
+ 6o!SO [x, [[x, [[x, [x, yll, [x, ylll, [x, [x, ylllj - 12~960 [x, [[x, [[[[x, y], yj, y], ylI, [[x, yj, ylll 
- 30~40 [x, [[[x, yj, [[[x, yj, yj, yll, [[x, yj, ylll + 20~60 [x, [[x, [[x, yj, [([x, y], yj, ylll, [x, ylll 
- 43~00 [x, [[x, [[[[[x, y], yj, yj, yj, yll, [x, ylll - 40~20 [x, [[[x, [[x, yj, yll, [[x, y], yll, [x, ylll 
- 20~60 [x, [[[x, [[[x, yj, yj, yjj, [x, yll, [x, Ylll- lO~SOO [x, [[[[x, [X, yll, [x, yll,[x, yjj, [x, ylll 
+ 241~200 [x, [[[[[[[[x, yj, y], yj, yj, yj, yj, yj, yll 

C.2. Relations Between the Transformation Generators 

C.2.t. Compositions of Transformations 

In table 4, we give the number of terms and computation time for terms of successive 
order, for the computation of the composition of transformations. We give, for each order 
n, the dimension of the module £n(X), where X = {UI' VI, ••• , Un, Vn, ... } and, for any 
i E lN, we have IUil. = IVil. = i, Ui < Vi < Ui+1 < Vi+l. 

Order 111 I 2 1 3 1 4 1 5 1 6 1 7 1 8 I 9 1 10 
Dim. of the Space II. 2 I 3 I 8 I 18 I 48 I 116 I 312 I 810 I 2184 I 5880 

Wi as a function of the Ui, and the Vi in 
... eXp(en Lwn ) ••• exp(eLWl) = [ ... exp(en L11.n ) ••• exp(eL11.l)j [ ... eXp(en Lv

n
) ••• exp(eLv1)j 

Nb. of Monomials II 2 1 2 1 4 1 7 I 12 1 27 I 48 I 113 I 229 I 539 
Computation Time II I 0.21 I 0.07 1 0.19 I 0.55 I 2.27 I 9.53 I 40.54 I 180.15 1 798.61 

Wi as a function of the Ui and the Vi in 
exp(eLWl + ... + en Lwn + ... ) = exp(eL11.l + ... + en L11." + ... ) exp(eLVl + ... + en Lv" + ... ) 
Nb. of monomials /12 I 2 1 4 1 7 1 15 I 33 I 75 I 174 I 413 I 987 

Computation Time /I I 0.10 I 0.07 I 0.18 I 0.74 I 4.21 I 13.98 I 66.95 1 328.38 I 1745.93 

Table 4 

C.2.2. Change in Representation 

In table 5, we give the comput~tion times, as well as the number of terms in the 
computation of the generators for the various transformations. For each order, we give 
the dimension of £n(X) where wX = {Ul, .•. , Un, .. . }, where IUil. = i such that, for any 
i, Ui < Ui+1. 

,w 
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.. 

Order 111 I 2 I 3 I 4 I 5 J 6 I 7 J 8 I 9 I 10 
Dimension of the Space II 1 I 1 I 2 I 3 I 6 I 9 I 18 I 30 I 56 I 99 

gi as a function of the ki in 
.. ·exp(enLgn)·· ·exp(eL9, ) = exp(eLkl + ... +enLkn + ... ) 

Number of monomials 1 I 1 I 2 I 3 I 6 I 9 I 18 I 29 I 56 I 95 
Computation Time I 0.21 I 0.04 I 0.07 I 0.14 I 0.31 I 0.71 I 1.82 I 5.25 I 16.31 

Wi as a function of the ki in 
Tewl+ ... enWn+ ... = exp(eLkl + ... + en Lkn + ... ) 

Number of monomials II 1 I 1 I 2 I 3 I 6 I 8 I 18 I 29 I 53 I 90 
Computation Time I 0.06 I 0.05 I 0.10 1 0.27 J 0.78 I 2.28 J 8.21 I 20.93 1 68.88 

Wi as a function of the gi in 
Tewl +···enwn+··· = ... exp(en Lgn) ... exp(eL9') 

Number of monomials 1 I 1 I 2 I 2 I 4 I 5 I 8 I 12 I 19 I 28 
Computation Time I 0.04 I 0.05 I 0.10 I 0.26 I 0.69 I 3.28 I 5.93 I 17.74 I 56.83 

ki as a function of the gi in 
exp(eLkl + ... +enLkn + ... ) = .. . exp(enLgJ .. . exp(eL9') 

Number of monomials 1 I 1 I 2 I 3 I 5 I 7 I 11 I 16 I 23 I 33 
Computation Time I 0.04 I 0.05 I 0.07 I 0.13 I 0.29 I 0.89 I 3.83 I 8.34 I 27.35 

~ as a function of the Wi in 
exp(eLk1 + ... + enLkn + ... ) = Tewl+··enWn+··· 

Number of monomials II 1 I 1 I 2 I 3 I 6 I 8 I 18 I 26 I 55 I 95 
Computation Time II. I 0.04 I 0.03 I 0.06 I 0.14 I 0.30 I 0.97 I 4.27 I 9.86 I 34.34 

gi as a function of the Wi in 
.. ·exp(en Lgn)··· exp(eLg1 ) = Tewl+···"nWn+··· 

Number of monomials ~ 1 I 1 I 2 I 3 I 6 I 8 I 18 I 28 I 55 I 95 
Computation Time II I 0.02 I 0.04 I 0.08 I 0.15 I 0.29 I 0.69 I 1.80 I 5.16 I 16.29 

Table 5 
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Resume: Le but premier de cette these est de com parer les deux methodes de Lie 
utilisees en thoorie des perturbations en mecanique hamiltonienne : la methode de Deprit 
et la methode de Dragt~Finn. Toutes deux reposent sur l'utilisation de transformations 
canoniques (symplectiques) formelles. On etudie en particulier les liens entre ces deux 
approches pour conclure qu'ellesconduisent, dans les cas non-resonants, a la construction 
des memes objets (forme normale et integrales premieres formelles). On propose, parla 
suite, des metl.todes de construction de tels objets et on observe que la methode de Dragt­
Finn est moins couteuse. 

La connaissance des premiers termes de ces series de Lie peut fournir des informations 
. sur la stabilite de systemes hamiltoniens, au voisinage de points d'equilibre elliptiques. On 
propose, a l'instar de ce qui a ete fait avec la transformation de Lie, des estimations pour 
celIe de Dragt-Finn. ' 

Pour etudier les relations entre les differEmtes transformations canoniques, on se place 
dans une algebre de' Lie libre pour etudier des identites exponentielles. On donne alots 
des methodes generales pour l'obtention de telles formules (dont la formule de Baker­
Campbell-Hausdorff), en utilisant des propriE~tes de la base de Lyndon. 

Ces identites explicites et leur methode de calcul permettent alors d'obtenir des 
integrateurs symplectiques. On retrouve alors les integrateurs connus et on en donne 't.me 
liste exhaustive pour les petits ordres, mont rant que les differentes methodes de recherches 
sont completement equivalentes. 

On decrit l'implantation de ces algorithmes dans Ie systeme de Calcul Formel AXIOM 

et des exemples de calcul sont donnes en appendice. 

Mots-clefs :. methodes d~ Lie, methodes de ,perturbations, algebres de Lie libres, 
transformations canoniques,calcul formel, integrateurs symplectiques. 

Abstract: Our first goal in this report is the comparison of the two Lie perturbation 
methOds used in hamiltonian mechanics. The Deprit as well as the Dragt-Finn method are 

'based on the use of canonical formal transformations. We particularly study the relations 
between these- two transformations and conclude that they produce the same object,S, for 
instance the normal form and formal first integtals. Therefore, we give methods to built 
such invariants and show that the Dragt-Finn method is less expensive, with regard to 
the computational cost. 

The knowledge of the first terms. of these series may provide results for the stability 
of hamiltonian systems near an elliptic equilibrium point. We give some estimates for the 
Dtagt-Finn method, like it has been given for the Deprit transform. 

In order to study the relations between several canonical transform, we work in a free 
Lie algebra and study exponential identities. We give also general methods to compute 
these relations (including the Baker-Campbell-Hausdorff formula) using the Lyndon basis. 

These explicit identities and their methods of computation allow us to obtain symplec­
tic integrators. We list all the integrators of low order and prove that the several methods 
of investigation are totally equivalent. 

The algorithms have been implemented using AXIOM and some examples are given at 
the appendix. 

Key words: Lie methods, perturbation methods, free Lie algebras, canonical trans­
formations, computer algebra, symplectic integrators. 
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