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1 .o I NTRODUCTI ON 

The s imulat ion o f  subsidence i n  a geothermal r e s e r v o i r  invo lves 

the  s o l u t i o n  o f  equations governing f l u i d  movement, energy t ranspor t ,  and 

r e s e r v o i r  skeleton deformation. The three phenomena are, o f  course, 

coupled and i n  the  most r igorous formulat ion would be considered and 

approximated as a s i n g l e  system. 

the  r e s e r v o i r  skeleton has only  a minor impact on f l u i d  f l ow  and energy 

t ranspor t  whereas these l a t t e r  phenomena are very important i n  r e s e r v o i r  

deformation. This type o f  one-way coupl ing i s  n o t  unusual i n  mathematical 

physics and can be used e f f e c t i v e l y  t o  enhance the e f f i c i e n c y  of a geotherma 

r e s e r v o i r  subsidence code. 

decoupling o f  t he  f l u i d  f l ow  and energy t ranspor t  from the deformation 

I n  pract ice,  however, deformation o f  

The most important consequence o f  t h i s  i s  a 

equations such t h a t  they can be solved sequen t ia l l y  r a t h e r  than simultaneously 

w i thou t  t he  i n t r o d u c t i o n  o f  s i g n i f i c a n t  e r r o r .  Thus, the geothermal 

r e s e r v o i r  model, exc lus ive o f  ske le ta l  deformation, can be viewed and 

analyzed meaningful ly as a separate e n t i t y .  

The o b j e c t i v e  o f  t h i s  r e p o r t  i s  t o  summarize and, t o  the  degree 

possible,  evaluate the s t a t e  o'f the a r t  i n  geotehrmal r e s e r v o i r  modell ing. 

As used here in the  term geothermal r e s e r v o i r  model re fers  t o  the representat ion 

o f  the dynamics and thermodynamics o f  a geothermal , reservoir ,  w i thou t  

s k e l e t a l  deformation, using the  con 

subsequent s o l u t i o n  o f  t he  resu l  

d i f f e r e n t i a l  equations. 

e x c l u s i v e l y  f o r  geothermal s imulat ion w i l l  be considered w i t h i n  the scope 

of t h i s  repo r t .  Thus, we have exluded from t h i s  discussion models prepared 

f o r  t he  s imu la t i on  o f  steam i n j e c t i o n  processes i n  o i l  recovery (see f o r  

example, Coats e t  a l .  1973; Coats, 1974; and Weinstein e t  a l .  1974). We 

of 'porous flow physics and the  

mblage o f  d i f f e r e n t i a l  and p a r t i a l  

Only those 'mode1s"which have been developed 



w i l l  a l so  focus a t t e n t i o n  p r i m a r i l y  on t he  two and three dimensional 

d i s t r i b u t e d  parameter models. 

considerable success has been achieved i n  p r e d i c t i n g  the  performance o f  

t h e  Wairakei geothermal f i e l d  using zero dimensional o r  lumped parameter 

formulat ions (see, f o r  example, Whit ing and Ramey, 1969; Brigham and 

Morrow, 1974). 

6 
It should be pointed out, however, t h a t  

There are several d i s t i n c t  b u t  i n t e r r e l a t e d  elements o f  

geothermal r e s e r v o i r  modell ing. 

conceptual model of t he  reservo i r .  

scarce and, a t  l e a s t  i n  pa r t ,  n o t  f r e e l y  a v a i l a b l e  t o  the s c i e n t i f i c  

community, there i s  nevertheless a general concensus o f  op in ion on the  

fundamental aspects o f  t he  rese rvo i r .  

c l e a r l y  demonstrated, t h a t  t he  primary condui ts of energy t ranspor t  are 

f rac tu res .  

as the long-term energy supp l i e rs  feeding the  f r a c t u r e  system. 

v i s u a l i z e  t h i s  system i n  two d i s t i n c t  ways and we w i l l  r e t u r n  t o  t h i s  

The most fundamental element i s  t he  

While f i e l d  data i s  r e l a t i v e l y  

It i s  bel ieved, and i n  some r e s e r v o i r s  

The porous medium blocks, de l ineated by these f rac tu res ,  a c t  

One can 

l a t e r  i n  the  repor t .  

Geothermal rese rvo i r s  can be c l a s s i f i e d  on the  basis o f  t h e i r  

f l u i d  composition. 

r e s e r v o i r  f l u i d  which i s  predominantly water i n  the  l i q u i d  phase. 

type of f i e l d ,  o f t e n  r e f e r r e d  t o  as a h o t  water system, i s  found a t  Wairakei, 

New Zealand, Cerro P r ie to ,  Mexico and many o the r  l oca t i ons  around the world. 

Reservoi r s  which produce p r imar i  l y  steam are c a l l  ed vapour dominated. 

major rese rvo i r s  o f  t h i s  c lass  are found a t  t he  Geysers i n  C a l i f o r n i a ,  

a t  La rde re l l o  i n  I t a l y ,  and a t  t he  Matsukawa f i e l d  i n  Japan. Hot water 

systems c h a r a c t e r i s t i c a l l y  produce from 70 t o  90 percent o f  t h e i r  t o t a l  

mass as water a t  t he  surface wh i l e  vapour dominated systems produce dry  t o  

superheated steam (Toronyi and Farouq A1 i , 1977). The pressures o f  vapour 

dominated systems are below hydrostat ic .  Moreover, t he  i n i t i a l  temperatures 

The most common type o f  f i e l d  i s  character ized by 

Th is  

The 
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and pressures a re  very near those corresponding t o  the  maxfwm enthalpy 

of saturated steam; 236OC and 31.8 kg./sq.cm (see f i g u r e  5). The 

reg ional  d i s t r i b u t i o n  o f  f l u i d s  w i t h i n  a rese rvo i r  i s  e s s e n t i a l l y  unknown. 
6mJ 

The assumptions inherent  i n  the conceptual model o f  t he  

r e s e r v o i r  should d i c t a t e  the  framework of i t s  mathematical descr ip t ion.  

I n  the  case o f  geothermal reservo i rs ,  however, t he  phys ica l  and mathematical 

foundations f o r  mu1 ti phase mass and energy t ranspor t  through f r a c t u r e d  

porous media do n o t  e x i s t .  

models assume the  r e s e r v o i r  t o  be a porous medium. 

included, they are h i g h l y  i d e a l i z e d  geometr ica l ly  and, although the  

parameter values may d i f f e r ,  (Coats, 1977) employ the  same governing 

equations as the  porous medium. Fractured r e s e r v o i r  mass and energy 

t ranspor t  has been considered i n  a formal way f o r  h o t  water systems 

(0' Ne i l1  , 1977) bu t  t h i s  has n o t  y e t  been extended t o  a steam-water 

rese rvo i r .  

Consequently, a l l  o f  t he  e x i s t i n g  mult iphase 

When fractures are 

Given the t h e o r e t i c a l  c o n s t r a i n t  c i t e d  above, the governing 

f l ow  and t ranspor t  equations f o r  geothermal r e s e r v o i r  s imulat  

obtained through one o f  three ways. The simplest  approach i s  

a macroscopic mass balance. I n  o the r  words, one assumes t h a t  

laws observed a t  t he  microscopic l e v e l  are, w i t h  minor mod i f i  

on are 

e s s e n t i a l l y  

t he  balance 

at ion,  v a l i d  

f o r  t he  porous medium as we l l .  

i n t o  the  micro-physics o f  energy t r a n s f e r  a t  t he  pore l e v e l  b u t  does provide 

a s e t  of governing equations no t  u n l i k e  tho'se'obtained using more s o p h i s t i -  

cated techniques. A second approach involves the  use o f  mix ture theory as 

developed i n  continuum mechanics. This approach' i s  more r igorous but, wh i l e  

recogniz ing the existence o f  pore l e v e l  i n t e r a c t i o n ,  i t  does n o t  provide 

This approach does n o t  prov ide i n s i g h t  

3. 



adequate i n s i g h t  i n t o  the  nature o f  t h i s  i n t e r a c t i o n .  The most promising 

approach t o  ob ta in ing  a r igorous formulat ion o f  t he  governing equations 

i s  through formal i n t e g r a t i o n  o f  t he  microscopic balance equations over 

the  porous medium, poss ib ly  augmented through c o n s t i t u t i v e  theory. I n  the  

development o f  t he  governing equations, we w i l l  employ t h i s  approach. 

Having generated an appropr iate s e t  o f  governing equations, one 

i s  faced w i t h  the task o f  so l v ing  a s e t  o f  h i g h l y  non- l inear p a r t i a l -  

d i f f e r e n t i a l  equations. 

There are several d i f f i c u l t i e s  encountered i n  the numerical s o l u t i o n  o f  

t he  geothermal r e s e r v o i r  equations. The f i r s t  task i s  t o  s e l e c t  a s e t  

o f  dependent var iab les s ince several p o s s i b i l i t i e s  e x i s t .  

decide upon a method o f  approximation. 

finite element schemes are employed. 

associated w i t h  the  s imulat ion o f  convection dominated t ranspor t ,  namely 

numerical d ispers ion ( o s c i l l a t i o n s )  and d i f f u s i o n  (smearing o f  a 

sharp f r o n t ) .  Possibly the  most d i f f i c u l t  task, however, remains; t he  

e f f i c i e n t  and accurate treatment o f  the h i g h l y  non-1 i nea r  c o e f f i c i e n t s .  As 

we s h a l l  see v i r t u a l l y  every geothermal model handles t h i s  problem d i f f e r e n t l y .  

I n  near ly  a l l  cases, t h i s  i s  approached numerical ly.  

One must then 

Current ly,  f i n i t e  d i f ference and 

One i s  now confronted with the problems 

From the  r e s e r v o i r  engineering p o i n t  o f  view, the re  are two 

a d d i t i o n a l  factors t o  consider. The f i e l d  a p p l i c a t i o n  of a geothermal 

code requi res a proper representat ion o f  t he  we l l  -bore dynamics and thermo- 

dynamics. This i s  p a r t i c u l a r l y  important i n  the case o f  s imulat ions i n  the  

immediate v i c i n i t y  o f  t he  we l l .  

r educ t i on  of t he  general three-dimensional system t o  an areal  two-dimensional 

representat ion.  This requires,  o f  course, formal i n t e g r a t i o n  over the  

v e r t i c a l .  This i n t e g r a t i o n  should be c a r r i e d  ou t  c a r e f u l l y  so t h a t  essen t ia l  

elements o f  the r e s e r v o i r  physics are salvaged. 

A second p r a c t i c a l  problem involves the  

4. 



I n  t h i s  repor t ,  t he  general porous f l ow  theory, which 

should be common t o  a l l  models, w i l l  be formulated. Then each geothermal 

r e s e r v o i r  model known t o  the  author w i l l  be examined. I n  p a r t i c u l a r ,  

we w i l l  present t he  governing equations, method o f  approximation, treatment 

o f  t he  convection term, treatment o f  t he  nonl inear  c o e f f i c i e n t s ,  s o l u t i o n  

o f  t he  r e s u l t i n g  a lgebra ic  equations, and representat ion o f  t he  well-bore. 

We w i l l  b r i e f l y  discuss example problems t h a t  have been treated. 

f a c i l i t a t e  a comparison o f  the various models, t he  a t t r i b u t e s  o f  each w i l l  

be tabulated. 

u 

To 

5. 



2.0 GOVERNING POINT EQUATIONS 

2.1 

(2.1 1 

where 

The p o i n t  o f  departure f o r  t he  development o f  t h e  equations 

governing mass and energy t ranspor t  i n  e i t h e r  the porous medium or 

f r a c t u r e d  porous medium model i s  the p o i n t  balance equations. These 

are the  expressions der ived through averaging o f  t he  molecular l e v e l  

equations and genera l ly  encountered i n  continuum mechanics, f l u i d  and 

s o l i d  mechanics, heat f l ow  and other  f i e l d s  o f  science and engineering, 

The p o i n t  balance equations f o r  a continuum are 

Mass Balance 

+ v * ( p v )  = 0 .. .a, 

p i s  the densi ty  [ML-3], and 

v i s  t he  mass average v e l o c i t y  [Lt- '1 .. 

The f i r s ,  term describes the  instantaneous r a t e  o f  change i n  mass per  un i  

volume and the second describes the  n e t  outward f l ow  o f  mass from the  

po in t .  

2.2 Momentum Balance 

where p i s  t he  mechanical f l u i d  pressure [ML -1 t -2 1, and 

i s  the  viscous s t ress  tensor (ML -1 t -2 3, and .. 
g i s  the g r a v i t a t i o n a l  accelerat ion [Lt'2] 



The f i r s t  term i n  (2.2) describes the  instantaneous r a t e  o f  change o f  

momentum per u n i t  volume, the  second describes the  outward f l ow  o f  CIS 
momentum per u n i t  volume from the point ,  t he  t h i r d  and f o u r t h  represent 

the  loss o f  momentum per u n i t  volume due t o  viscous s t ress  d i s s i p a t i o n  

and pressure forces and the  f i f t h  accounts f o r  the gain i n  momentum 

per  u n i t  volume a t t r i b u t a b l e  t o  body forces, i n  our case g rav i t y .  

Equation (2.2) may be r e w r i t t e n  as 

which, i n  l i g h t  o f  ( 2 . 1 )  becomes 

Dv 
0 p 2 + vp - v*.r - pg = D t f  - .... ,.. (2.4) - 

D t f  - a t  where 

Dv - .  

and i s  known as the  subs tan t i a l  de r i va t i ve .  Because A i s  the accelerat ion,  Dt, 
i t  i s  ev ident  t h a t  (2.4) simply describes a balance o f  forces. 

2.3  Energy Balance 

2 where E = U + 1/2 v + @ and 

E 

U 

i s  t he  t o t a l  energy per u n i t  mass [L 2 t -2 1, 
i s  the  i n t e r n a l  energy pe r  u n i t  mass [L 2 t -2 3 , 

1/2 v2 i s  t he  k i n e t i c  energy per  u n i t  mass [L 2 t -2 1, 

i s  the p o t e n t i a l  energy per  u n i t  mass [L 2 t -2 3 ,  and 

i s  the  heat f l u x  vector  [L 3 t -3  J 

@ 

q - 

7. 



The f i r s t  term i n  (2.5) i s  t he  r a t e  o f  ga in o f  t o t a l  energy per  u n i t  

volume, the second i s  the  r a t e  o f  t o t a l  energy l oss  per u n i t  volume by 

convection, t he  t h i r d  i s  the r a t e  of l o s s  o f  t o t a l  energy per  un i t  

volume by conduction, the f o u r t h  i s  t he  r a t e  o f  loss o f  t o t a l  energy 

per  u n i t  volume by pressure forces and the  l a s t  term i s  the  r a t e  o f  

l o s s  o f  t o t a l  energy per u n i t  volume by viscous forces. 

Equation (2.5) can a l so  be r e w r i t t e n  more compactly using 

the c o n t i n u i t y  equation (2.1) 

In our investigations, it is sufficient t o  work w i t h  a simpler form o f  

t he  t o t a l  energy balance. Le t  us f i r s t  use the  momentum equation t o  

ob ta in  an expression f o r  t he  k i n e t i c  energy. Thus p remu l t i p l y ing  

(2.4) by v, we o b t a i n  

S u b s t i t u t i o n  f o r  E i n  (2.6) and subsequent sub t rac t i on  o f  ( 7 )  y i e l d s  

We can f u r t h e r  s i m p l i f y  (2.8) by assuming t h a t  t he  body f o r c e  can be 

expressed i n  terms of t he  gradient  o f  a sca la r  funct ion,  i .e . ,  g = - w  

( B i r d  e t  a1 1960) 
- -  

0. 

n 

/--- 

- .., I " . . . , - .. 



D a@ - pv-va = - p - a  + p - - -  - -  D t  a t  pv *g  - - (2.9) 

If, as i n  the case o f  g rav i t y ,  we can assume 4 i s  t ime inde 

and equation (2.8) becomes 

DU + v.q 
P D t f  ...- (2.10) 

Equation (2. 

some geothermal models 

var iab le,  others p r e f e r  

From the  d e f i n i t i o n  o f  

ndent 

+ pv*v  + T:vv - = 0 - -  - -.- 

0) describes the  i n t e r n a l  energy balance. 

e l e c t  t o  use i n t e r n a l  energy as a dependent 

t o  use enthalpy because i t  i s  a " f i e l d  va r iab le " .  

enthalpy h we have 

While 

(2.11) h = U + E- 
P 

Thus, the energy balance (2.10) can be w r i t t e n  i n  the  equiva lent  form 

The three balance equations a re  now l i s t e d  f o r  convenience 

(2.1 1 + v * ( p v )  = 0 (Mass) .. .. 

9. 



(Moment um ) 

DU + V*q - -  + pV*v - -  + !:Vv .. -- = 0 ( I n t e r n a l  Energy) 

o r  

(2.12) p - -  Dh + v - q  + T:VV = 0 (Enthalpy) 
D t f  D t f  - - z -- 

We now have three equations i n  s i x  unknowns. 

c o n s t i t u t i v e  re la t i onsh ips  a t  t h i s  p o i n t  t o  reduce the indeterminancy o f  

t h i s  system o f  equations. 

t h a t  once t h i s  i s  done, i t  precludes the  p o s s i b i l i t y  o f  i n t roduc ing  a 

macroscopic c o n s t i t u t i v e  r e l a t i o n s h i p  a t  a l a t e r  p o i n t  i n  the  development. 

It i s  tempting t o  in t roduce 

This i s  permi t ted provided one keeps i n  mind 

3.0 POROUS MEDIUM EQUATIONS 

The purpose o f  t h i s  sec t i on  i s  t o  i l l u s t r a t e  a methodology f o r  

f o rmu la t i ng  the  mass, energy, and momentum balance equations f o r  a geothermal 

rese rvo i r .  The energy equation i s  se lected as an example. 

can be skipped by the casual reader w i thou t  loss o f  c o n t i n u i t y  i n  the 

discussion. 

This sec t i on  

10. 



3.1 Averaging 

We now face the task o f  fo rmal ly  i n t e g r a t i n g  the  balance 

equations over the porous medium t o  ob ta in  a ser ies  o f  macroscopic 

r a t h e r  than microscopic equations. Our ob jec t i ve  requi res t h a t  we 

define a smoothly vary ing func t iona l  r e l a t i o n s h i p  f o r  each dependent 

va r iab le  such t h a t  the  behavior o f  t he  system can be described using 

p a r t i a l - d i f f e r e n t i a l  equations. The procedure invo lves the d e f i n i t i o n  

o f  a volume o f  porous medium which i s  s u f f i c i e n t l y  l a rge  t h a t  micro- 

scopic e f f e c t s  can be averaged i n  a meaningful way, y e t  n o t  so l a rge  

t h a t  l a rge  scale heterogenei t ies become s i g n i f i c a n t .  I n  f i g u r e  1 , 
we i l l u s t r a t e  the  nature o f  such a volume and denote i t  as a representat ive 

elementary volume (REV) (Bear, 1972). 

(a = s,w,R) can be represented i n  a s t a t i s t i c a l l y  meaningful way as the  

average def ined as 

We assume t h a t  a proper ty  JI, 

where $a i s  non-zero on ly  i n  the  a phase. One can a l t e r n a t i v e l y  w r i t e  

Y 

where ya i s  def ined f o r  phase a as (Gray and Lee, 1977) 

f o r  a l l  t 

11. 
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Figure 1 : Representative elementary volume (REV) conta in ing steam 
( s ) ,  water ( w )  and rock ( R )  (Vw + Vs + VR =V). 



and J, i s  def ined simply as a property.  

de f i ne  t h a t  p a r t  of dV occupied by the  a phase, (dV,), as 

Using y one can f o r m a l l y  
a 

6J 

where dv i s  the microscopic element o f  volume. Thus, i t  becomes 

apparent t h a t  i n t e g r a t i o n  i s  being c a r r i e d  ou t  over the  microscopic 
5 

l o c a l  coordinate system 5 .  This formulat ion leads n a t u r a l l y  t o  the  

d e f i n i t i o n  of t he  macroscopic element o f  area along dA 
- 

(3.5) dA aa = dA aa ( x , t )  - = I ya(x+S,t)daE 

dA 

where da i s  t he  microscopic element o f  area. 
5 

up o f  two par ts :  

Note t h a t  dAa i s  made 

aa 1) the  p a r t  t h a t  makes up the boundary o f  dA, i .e .  dA 

2)  the p a r t  whol ly w i t h i n  dV, i.e., i t  forms the  i n t e r f a c e  

o f  t he  a-phase w i t h  a l l  o the r  phases i .e .  

thus 

13. 



It i s  c r i t i c a l  t o  an understanding o f  t h e  volume averaging approach t o  

r e a l i z e  t h a t  t he  macroscopic var iab les w i l l  represent smooth funct ions.  

That i s ,  i n  the  absence o f  macroscopic shocks, there w i l l  be no d i scon t in -  

u i t i e s  i n  these funct ions.  

6 

This conceptual model o f  a meaningful average i s  t h e  one 

employed i n  a l l  geothermal formulat ions publ ished t o  date. There i s ,  

however, an important quest ion t h a t  can be ra i sed  regarding the adequacy 

o f  t h i s  approach. The proper ty  JI may be e i t h e r  i n tens i ve  (e.g. dens i t y )  

o r  extensive (e.g. mass). 

i n t e n s i v e  va r iab le  i s  o f  questionable v a l i d i t y ,  i .e. 

I n  many instances the  volume average o f  an 

This type o f  average appears, f o r  example, i n  Assens (1977) and Faust 

and Mercer (1977). The averaging operator can be mod i f ied  t o  circumvent 

t h i s  d i f f i c u l t y  as suggested by Hassanizadeh and Gray (1979) 

The use o f  t h i s  average provides a meaningful q u a n t i t y  because the  in tegrand 

i s  now an extensive property.  Moreover, i t  considerably reduces the  com- 

p l e x i t y  o f  surface i n t e g r a l  terms which a r i s e  i n  the  formal i n t e g r a t i o n  

process. S i m i l a r  mass-average surface-average operators may a l s o  be defined. 



3.2 Averaging Theorems 

While the  various d e f i n i t i o n s  o f  an average form the  crux o f  t he  

formal averaging procedures, there are several add i t i ona l  concepts t h a t  

requ i re  considerat ion.  

theorems b u t  omit  t he  proofs. ( f o r  d e t a i l s  see Gray and Lee, 1977) 

We present these i n  the  form o f  a se r ies  o f  

Theorem 1: 

(3.8) 

Theorem 2: 

(3.9) 

The i n t e g r a l  of t he  t ime d e r i v a t i v e  o f  a f u n c t i o n  over dVa 

i s  r e l a t e d  t o  the  d e r i v a t i v e  o f  the i n t e g r a l  as 

where w i s  the v e l o c i t y  o f  the a6 i n te r face ,  Y i s  t he  volume 

o f  the e n t i r e  domain, and we omit  t he  subsc r ip t  5 on the  

1 oca1 v a r i  ab1 es . 
The i n t e g r a l  o f  the space d e r i v a t i v e  o f  a f u n c t i o n  over dY 

i s  r e l a t e d  t o  the  d e r i v a t i v e  of t he  i n t e g r a l  as 

.. 

a 

Y dY Y dAaB 

Divergence Theorem f o r  Discontinuous Media (Eringen and Suhubi, 1964). 

V dU U dY A dA 

S u b s t i t u t i o n  o f  t he  divergence theorem i n t o  (3.9) y i e l d s  ( l e t t i n g  I $y ) a 
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(3.10) 

aB 
A dA V dA 

3.3  Perturbat ion Q u a n t i t i e s  

During the  formal i n t e g r a t i o n  from microscopic t o  macroscopic 

one w i l l  encounter several non- l inear terms (e.g., pvovv i n  the  momentum - -  
equation (2.4)). There w i l l  be considerably fewer o f  these i f  mass 

averaging, i.e., (3.7), i s  used i n  l i e u  o f  (3.2), f o r  selected var iab les.  

To accommodate n o n - l i n e a r i t i e s  we expand JI as fo l lows (assuming mass 

averaging ) 

The f o l l o w i n g  i d e n t i t i e s  are usefu l  i n  s i m p l i f y i n g  complex i n t e g r a l  

re1 a t  ions h i  ps : 

a a  
(3.12) 1 )  9 = <p> dU 

a 
dV 

u 
(3.13) 2 )  + P a  = p p  t o  (by equation 3.12) 



(3.16) 

3.4 Example Problem 

Given the  t o o l s  presented i n  the preceding sect ions (3.1 - 
3.3) the  nex t  s tep  i s  t o  apply these t o  equations (2.1)¶ (2.4), (2.10) or 

(2.12). 

therefore,  consider t h i s  equation as an example. 

The s implest  case i s  the  mass t ranspor t  equat ion (2.1). We w i l l ,  

Rewr i t ing (2.1) 

m u l t i p l y i n g  by y and i n t e g r a t i n g  over the  porous medium we ob ta in  a 

U dU 

L e t  us consider the f i r s t  term 

I 1  (3.18) 

U dU 

App l ica t ion  of theorem 1 y i e l d s  

U dU v dU U dAcrB 

The second term i n  (3.17) can be r e w r i t t e n  us ing (3.9) as 

17. 



.. .. . 

Combination o f  (3.19) and (3.20) y i e l d s  

Y dY 

We can now use e i t h e r  volume o r  mass averaging i .e. , (3.2) o r  (3.7). 

averaging i s  the  most s t ra igh t - fo rward  and y i e l d s  d i r e c t l y  

Mass 

Y dAaB 

Assuming c e r t a i n  smoothness condi t ions,  t h i s  equat ion can be w r i t t e n  as the  

p o i n t  equat ion 

L e t  us now develop the  macroscopic equat ion us ing the volume average. The 

f i r s t  task i s  t o  expand the  product  pv .. 

(3.24) pv = (<p>a + F) (<v>a + F) - - 

18. 



<P>, 
where <p>a = - and 

€ a 
s c a l l e d  the  i n t r i n s i c  phase average dens i ty  and 

Expansion o f  ( 3.24) y i  e l  ds 

pv = <p>a<v>a + y < v > a  + y < p > a  + W'La p v (3.25) 
I - .. .. .. 

Because we requ i re  <pv> i n  (3.21) we average (3.25) t o  y i e l d  - 

(3.26) a a  ww ww a a  <pv> = <<p> <v> > + < p  v > = E <p> <v> + <p v >a 
. .a - a  . . a  a - .. 

The second term i n  (3.17) now becomes 

(3.27) 

U dU U dU U dU 

App l i ca t i on  o f  t he  averaging re la t i onsh ips  y i e l d s  

(3.28) 

V dV Y dU 

19. 



S u b s t i t u t i n g  (3.28), (3.19) and (3.2) i n  (3.17), we ob ta in  

The appropr iate p o i n t  equation becomes 

The surface i n t e g r a l  describes mass movement across the  i n t e r f a c e  as 

encountered, f o r  example, i n  the  change o f  phase from water t o  steam. 

Examination o f  (3.23), obtained using the  mass average, and (3.30) obtained 

using the  volume average, reveals an a d d i t i o n a l  pe r tu rba t i on  term 

v*<p  v > a r i ses  i n  the  volume average approach. Assens (1976) i nd i ca tes  

t h a t  t h i s  accounts f o r  d ispersion. 

expect such a term t o  be s i g n i f i c a n t .  

'Law% - - 
I n  a homogeneous f l u i d  we would n o t  

The macroscopic balance equations f o r  momentum and energy are, 

o f  course, considerably more complicated. 

conservation equation (Gray and Hassanitadeh, 1978). 

We can w r i t e  a general macroscopic 

20. 
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i' \ 

where 

i is  a surface flux vector, .. 

f i s  an external supply 

dA 

G i s  a net production. 

The  appropriate macroscopic balance equation i s  readily obtained u s i n g  

(3.31) and table  1. 

equation through s u b s t i t u t i o n  o f  row 1 i n  table  1 i n t o  (3.31). 

One can readily verify the form of the mass balance 

21. 



Quant i ty  

0 - 
r - 

Mass 0 

9 ." Linear 
Momentum 

Angular 
Momentum 

Energy 

Entropy 

JI 

1 

V - 

rxv ..- 
1 2  u + 2 v  

$ 

j I f  G 
A 

Table 1: Properties for substitution i n t o  the general 
balance equation (3.31) where r " i s  the position 
vector, U i s  the internal energy density function, 
$ i s  the internal entropy density function, 
E i s  the stress tensor, q i s  the heat f l u x  vector, 
4 i s  the entropy f l u x  vector, g i s  the external 
;upply of momentum (body forcej, h i s  the external 
supply of energy, b i s  the external supply of 

- 

entropy, r i s  the t o t a l  entropy production. (after 
Hassanazadeh and Gray, 1979) 
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While (3.31) provides an accurate representat ion o f  t he  

physics o f  t he  system, i t  cannot be solved d i r e c t l y  because of the 

presence o f  microscopic var iab les w i t h i n  the macroscopic equations, e.g. 

e ,  i etc.  

r e l a t i o n s h i p s  t o  make the  system o f  equations t rac tab le .  

i... 
% Thus, i t  i s  necessary t o  introduce a se r ies  o f  c o n s t i t u t i v e  

.a. 

The r i g o r  

dedicated t o  t h i s  step l a r g e l y  d i c t a t e s  the accuracy o f  t he  f i n a l  s e t  

o f  governing equations. 

l i t e r a t u r e  (Assens, 1976; Faust and Mercer, 1977; Voss, 1978) have n o t  

attempted a r igorous formulat ion based, f o r  example, on c o n s t i t u t i v e  

theory. Moreover, a l l  attempts t o  date have employed volume r a t h e r  

than mass averaging. 

t he  governing equations used i n  each and the  i n t e r e s t e d  reader can 

deduce the  approximations inherent  i n  the  reduct ion o f  (3.31). 

3.5 Equation Reduction 

Formulations c u r r e n t l y  a v a i l a b l e  i n  the  

I n  the  discussion o f  each model we w i l l  provide 

As an i l l u s t r a t i o n  o f  the c o n s t i t u t i v e  assumptions employed i n  formulat ing 

the  f i n a l  s e t  o f  p a r t i a l - d i f f e r e n t i a l  equations, we w i l l  present t he  

energy equation as developed by Voss (1978). 

w i l l  omi t  the averaging brackets: 

be denoted as (?'). We w i l l  begin w i t h  the  volume averaged equations which 

have been summed over each phase. 

To s i m p l i f y  notat ion,  we 

var iab les def ined as microscopic w i l l  

23. 



n 

1 % Q  
p r (5 -2 )-nRda + / P s r 5 (5 ,s -3 - 5  )-nsda , R R ,R ,R , 

+ 1 I dV w w ,w ,w , 
? (5 -8 )-nwda = 0 

24. 
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I n  (3.32) (1-E) i s  t he  volumetr ic f r a c t i o n  of s o l i d  m a t r i x  and E 

i s  the l o c a l  poros i ty ;  ( E S ~ )  and (€SW) are the volumetr ic f r a c t i o n s  o f  

steam and water respec t i ve l y  where Ss and S, are the  l o c a l  sa tu ra t i ons  

o f  steam and water, Ss + S, = 1; the quan t i t y  r i s  the  sum of k i n e t i c  

energy and enthalpy, r = h + 1/2 v . 
a 

2 
a a a 

Voss (1978) now assumes t h a t  t he  s o l i d  ma t r i x  i s  mechanical ly 
" 
WR = 0, non-react ive and r i g i d  such t h a t  E # c ( t ) ,  rR = hR, vR = " -  yR - 

pR # pR( t )  and the  pressure i n  the ma t r i x  pR i s  independent o f  t ime and 

space. These are reasonable assumptions i n  descr ib ing the  r e s e r v o i r  

hydrodynamics. These assumptions reduce (3.32) t o  t h e  form 

p r (v -w ) *nwda = 0 
dU I " " " "  w w -w ,w - " "  " " S 

P r s s ,s ,s - (v  -w )en da + - 



To f u r t h e r  simp1 i fy (3 .33)  several assumptions are introduced 

which are common t o  many geothermal models: 

(3 .34)  P = SSPS + SWPW where p i s  t he  l o c a l  average dens i t y  of t he  

f l u i d ,  

(3 .35)  PJ, = SSPSJIS + swPw14w where J, i s  an i n tens i ve  property,  e.g. 

r, 1/2 v2, h and 

v = -  (S  p v + S p v ) where v i s  t he  mass-average v e l o c i t y .  
I p s s,s w w,w (3 .36)  .., 

Employing (3 .34 )  and (3 .35)  the second and t h i r d  terms i n  (3 .33)  become 

where we have used the i d e n t i t y  (Voss, 1978) 

While the  surface i n t e g r a t i o n  expressed i n  (3 .33)  i s  over a l l  in ter faces,  

i.e., s, w, R, a l l  the f l u i d  and i n t e r f a c e  v e l o c i t i e s  a re  zero on f l u i d -  

rock i n te r faces .  The surface i n t e g r a l s  now become 

c 
26. 



(3.40) 

V 

% R  

According t o  the  jump energy balance the sum o f  these i n t e g r a l s  must be 

zero, i.e., = 0. The macroscopic energy f l u x  q can be def ined I2 ..a 

(3.41) 

where Ta i s  the temperature o f  the  a phase and K~ 

d u c t i v i t y  o f  t h a t  phase ( K may be tenso r ia l ) .  

can now be w r i t t e n  

i s  the  thermal con- 

Term 4 i n  equat ion (3.33) 

= - v * [ ( ~ - E ) K R V T  + E ( S ~ K ~  + S K ) V T ]  
, .. w w ,  

= - V*(KVT) 
, .. 
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where T = T ( x , t )  i s  the equilibrium temperature o f  the three constituents - 
a t  any p o i n t  in the system and K i s  an average thermal conductivity 

defined as 

(3.43) 

Consider now the viscous stress work contribution t o  the energy balance. 

Voss (1978) argues t h a t ,  because the internal and kinetic energies have 

been considered together in this equation, the transfer of energy due t o  

friction on the solid grains i s  implicitly accounted for. Thus, term 

4 must represent only internal fluid interactions and may be neglected. 

Term 6 i n  (3 .33)  can be written 

(3.44) 

where pc i s  the capillary pressure 

(3.45) - P, = Ps - P, 

In general , the capillary pressure i s  neglected since, for steam-water 

systems relatively l i t t l e  i s  known concerning i t s  existence or behaviour. 

This i s ,  of course, an assumption subject t o  experimental verification. 

Substitution of (3.37 - 3.45) into (3 .33)  yields the simplified 

energy equation 



+ P O [ (  )S  S p p (r -r ) ( v  - v  ) ]  - V*(KVT) .. p s w s w  s w ,s,w .. ,., 

aPW - E - - EP(V.9) = 0 a t  -.. 

where we have used (3.36) i n  modify ing the  g r a v i t y  work term. 

equiva lent  form o f  t he  energy equation can be determined from (3.46) 

by s u b s t i t u t i o n  o f  the mass conservation equation f o r  t he  f l u i d  

An 

+ v=[( )S S p p ( r  -r ) ( v  -v ) ]  - v-(KvT) .., s w s w  s w , s , w  .. .. 

apW - E - - cp(V-9) = 0 a t  - , -  

F i n a l l y ,  one can argue t h a t  t he  i n t e r n a l  energy is much greater  than the  

k i n e t i c  and consequently a reasonable approximation i s  

(3.48) r z h  

We a l s o  i m p l i c i t l y  assume, however, t h a t  t he  d e r i v a t i v e s  o f  r and h are 
. .  

also approximately equal ; t h i s  i s  n o t  i n t u i t i v e l y  obvious. S u b s t i t u t i o n  
7 .  

o f  (3.48) i n t o  (3.47) ' y i e l d s  
' I  
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+ Pa[( f )S S P P (h -h ) ( v  - V  ) ]  - V*(KVT) - s w s w  s w ,s,w - -  

Ep(V-g) = 0 ap W - E  - -  
a t  I., 

The approximation (3.48) was tes ted  by Voss (1978) and found t o  be 

s a t i s f a c t o r y .  

Equation (3.49) i s  now i n  a form amenable t o  so lu t i on .  To 

so lve (3.49) i n  conjunct ion w i t h  the  mass and momentum conse 

equations, i t  i s  necessary t o  employ the  thermodynamic re la t i onsh ips  

o f  the  steam tables.  This w i l l  be discussed i n  more d e t a i l  i n  sec t ion  

5 on the  s p e c i f i c  models. 

3.6 De f o rma t i on Eq ua t i ons 

While we focused a t t e n t i o n  i n  the  previous sec t ion  on t h e  

development o f  an energy r e l a t i o n s h i p  f o r  t he  f l u i d ,  a s i m i l a r  development 

w i t h  d i f f e r e n t  c o n s t i t u t i v e  assumptions can be formulated f o r  a s o l i d .  

Employing t h e  same averaging re la t i onsh ips  presented above, Bear and 

Pinder (1978) have developed the  system o f  equations descr ib ing  porous 

media deformation i n  mult iphase f low. 

non-isothermal case which a r i ses  i n  geothermal s imulat ion.  The mult iphase 

isothermal case was solved by Safai  (1977) f o r  a ser ies  o f  hypothe t ica l  

subsidence problems. 

t h a t  under m i l d  cons t ra in t s  t h e  volume averaged equations reduce t o  those 

developed by B l o t  (1956) and V e r r u i j t  (1969). These equations, modi f ied 

t o  accommodate non-e last ic  deformation and non-isothermal flow, appear t o  

be s u i t a b l e  f o r  s imu la t ing  the  geothermal system. 

They d i d  not, however, t r e a t  t h e  

I n  the  work by Bear and Pinder (1978), they demonstrated 
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Brownell , e t  a1 (1975) have presented equations f o r  a 

deformable geothermal reservo i r .  The macroscopic equations a re  

presented d i r e c t l y  (wi thout  t he  use of averaging). The rock gra ins 

are assumed t o  be a l i n e a r  thermoelast ic mater ia l .  The authors 

argue t h a t  t h i s  i s  a reasonable assumption f o r  the range o f  

temperatures and pressures encountered i n  geothermal rese rvo i r s .  

I n  a d d i t i o n  t o  the g r a i n  deformation, a c o n s t i t u t i v e  expression 

f o r  p o r o s i t y  was required. While the func t i ona l  form o f  t h i s  

expression was n o t  given, i t  was suggested t h a t  t he  p o r o s i t y  would, 

i n  general, depend upon mixture pressure P, ( i .e.,  P, = EP + ( l -€ )pR,  

f l u i d  pressure pf and d e v i a t o r i c  s t ress T. 

Grs 

.. 
I n  summary, the equations descr ib ing porous media deformation 

and f l u i d  f l ow  a r i s e  from the  same balance equations, (2.1, 2.4, 2.10, 

2.12). 

porous medium, a coupled s e t  o f  p a r t i a l  d i f f e r e n t i a l  equations desc r ib ing  

f l u i d  f l ow  and ma t r i x  deformation w i l l  a r ise.  

becomes t r a c t a b l e  upon i n t r o d u c t i o n  o f  appropr iate c o n s t i t u t i v e  assumptions. 

There i s  no apparent j u s t i f i c a t i o n  f o r  decomposing the  problem i n t o  

separate f l ow  and deformation components. In o the r  words, the r e s e r v o i r  

model must, i n  some way, account f o r  deformation and the  deformation 

model must account f o r  the f l u i d  f l ow  and energy t ranspor t .  

main purpose o f  t h i s  r e p o r t  i s  n o t  subsidence, we w i l l  n o t  present i n  

de ta i  1 the formulat ion o f  t he  governing equations. 

When these p o i n t  equations are proper ly  i n teg ra ted  over the  

This system o f  equations 

Because the  
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4.0 FRACTURED MEDIUM EQUATIONS 

4.1 Discrete Fracture Model 

There are two schools of t h o u g h t  regarding the mathematical 

description of fractured geothermal reservoirs. One approach i s  t o  con- 

sider each fracture as a discrete entity defined by its size and 

orientation. Generally, a different set of governing equations will 

be assumed for the fracture t h a n  the adjacent porous medium. This 

approach was employed by Coats (1977) i n  his analysis of multiphase 

geothermal reservoirs. He employed a variable grid finite-difference 

network t o  simulate this system (see figure 2).  

fracture flow he used sufficiently large permeabilities (10-20X10’8 

cm ) t o  render viscous forces negligible relative t o  gravitational 

In  simulating the 

2 

forces. The corresponding matrix permeability was cm2 w i t h  a 

porosity of 0.2. A zero capillary pressure was used for the fractures 

and a linear relationship between pc = 0 a t  Sw = 1 and pc = 10 a t  Sw = 0 

was used for the porous medium. The rock relative permeability was 

described by 

(4.2) 

where 
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Figure 2: Discrete f racture  system modelled used f i n i t e  differences 
( a f t e r  Coats, 1977) .  The number of vertical  blocks employed i n  
the original experiment by Coats was 31. 
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i s  t he  i r r e d u c i b l e  water sa tu ra t i on  = 0.2, 

i s  t he  c r i t i c a l  steam sa tu ra t i on  = 0.0, 

i s  t he  r e l a t i v e  permeabi l i ty  t o  steam a t  i r r e d u c i b l e  

water s a t u r a t i o n  = 0.5, 

Swc 

ss c 

krscw 

= 2.0. - 
nw - "s 

n 

The f r a c t u r e  r e l a t i v e  permeabi l i ty  was given by 

kr = Ss 

He observed t h a t  t he  numerical s o l u t i o n  e x h i b i t e d  the  f o l l o w i n g  i n t e r e s t i n g  

features: 

1) Due t o  the  d i s c o n t i n u i t y  i n  the  c a p i l l a r y  pressure between 
blocks and ho r i zon ta l  f ractures,  t he re  was poor recovery 
o f  water from the  m a t r i x  blocks. 

3)  

The ho r i zon ta l  f rac tu res  r a p i d l y  approach 100% steam. The 
water d ra in ing  v e r t i c a l l y  downward from the  blocks i n t o  these 
f rac tu res  f lows p r e f e r e n t i a l l y  down i n t o  the  top o f  t he  next  
lower ma t r i x  b lock r a t h e r  than l a t e r a l l y  i n t o  the  v e r t i c a l  
f r a c t u r e  . 
I n  comparison w i t h  a standard porous-medium s imu la t i on  o f  
t he  system, the  f r a c t u r e d  porous medium t r a n s i t i o n  zone i s  
considerably lower than observed i n  the  standard porous medium 
model when viewed e i t h e r  from the f rac tu res  o r  the i n te rven ing  
porous blocks. 

Coats concl udes : 

"Considering t h e  basic d i f f e r e n s  i n  mechanisms f o r  t h e  conventional 
and more c o r r e c t  m a t r i x - f i s s u r e  ca l cu la t i ons ,  we h o l d  1 i t t l e  
hope f o r  f o r c i n g  accuracy from a conventional s imulat ion".  

The ve rac i t y  o f  t h i s  conclusion rests ,  i n  l a r g e  par t ,  on the  degree t o  which 

the proposed model represents the  phys ica l  system. The experiment suggests , 



porous media 

i ( 0 )  
REGION (Pores) 

I I 

L 

fractured media 

I 
I 

I I (b)  
+-f 

; (Fractures) I 

XBL 795-9557 

Figure 3: Conceptual model for  overlapping continua, curve ( a )  i s  
the p l o t  of a property $ measured fo r  d i f fe ren t  volume (REV)  Ls 
of  porous media; curve ( b )  is3the plot of  a property $ measured 
for  d i f fe ren t  volumes (REV) L of fractured porous media. The 
region ( c )  i s  the common region where bo th  the :porous medium and 
f rac ture  medium physics can be represented as t h o u g h  each were 
a continuum. 
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however, t h a t  a f r a c t u r e d  porous medium may behave fundamentally d i f f e r e n t  

than i t s  non-fractured counterpart.  

4.2 Random Fracture Model 

The p r i n c i p a l  d i f f i c u l t y  associated w i t h  the d i s c r e t e  f r a c t u r e  

model, whether formulated using f i n i t e  dif ference o r  more f l e x i b l e  f i n i t e  

element schemes, i s  t he  i n a b i l i t y  t o  e s t a b l i s h  f r a c t u r e  geometry i n  the  

f i e l d .  This i s ,  o f  course, essent ia l  i n p u t  i n t o  the d i s c r e t e  f rac tu re  

model. 

designed t o  circumvent t h i s  d i f f i c u l t y .  The conceptual model i s  

There i s ,  however, a second approach t o  the  problem which i s  

i l l u s t r a t e d  i n  f i g u r e  3. As i n  the porous medium case, we s e l e c t  a 

REV which manifests c e r t a i n  s t a t i s t i c a l  proper t ies.  We assume the  REV 

i s  s u f f i c i e n t l y  l a rge  t h a t  a porous media proper ty  J, i s  we l l  behaved 

b u t  n o t  so l a r g e  t h a t  the sample i s  a f f e c t e d  by non-homogeneities (see 

f i g u r e  3). These are the  same cons t ra in t s  introduced e a r l i e r  f o r  t he  

porous medium equations. 

an add i t i ona l  cons t ra in t .  

P m  

I n  the  f r a c t u r e  f l ow  model, however, we impose 

We requ i re  t h a t  the REV be s u f f i c i e n t l y  l a r g e  

t h a t  a f r a c t u r e  proper ty  $f i s  a l so  w e l l  behaved i n  a s t a t i s t i c a l  sense. 

The REV must a l s o  be s u f f i c i e n t l y  small t h a t  l a r g e  scale non-homogeneities 

i n  the  ma te r ia l  do n o t  s i g n i f i c a n t l y  i n f l uence  the  mean parameter value. 

Thus, we must r e s t r i c t  our considerat ion t o  REVS which res ide  w i t h i n  the  

area o f  ( c )  of f i g u r e  3c. In o the r  words, we are requi red t o  work a t  a l e v e l  

where over lapping porous and f r a c t u r e  continua are meaningful. Whether 

such a physical  system i s  r e a l i z a b l e  i n  the  f i e l d  remains t o  be determined 

exper imental ly.  C e r t a i n l y  such a system w i l l  e x i s t  if we re lega te  l a r g e  

scale d i s c o n t i n u i t i e s ,  f a u l t s  f o r  example, t o  a separate b u t  coupled 

system analogous t o  t h a t  def ined fo r  t he  d i s c r e t e - f r a c t u r e  system. 

I f  we accept the  existence o f  a system such as i l l u s t r a t e d  i n  

f i gu re  3b, t he  ground r u l e s  a re  establ ished f o r  t he  formal i n t e g r a t i o n  



o f  the  p o i n t  equations (2.1, 2.4, 2.10 and 2.12) over the  f r a c t u r e d  porous 

media. To date, t he  only  energy t ranspor t  formulat ion based on t h i s  type 

o f  approach i s  t h a t  o f  O ' N e i l l  (1977). 

t o  s i n g l e  phase energy t ranspor t  and does no t  address the more general 

mult iphase system encountered i n  geothermal systems. I f  one assumes t h a t  

two phases, a, are f r a c t u r e  water and pore water, the equation development 

i s  s i m i l a r  t o  t h a t  employed i n  formulat ing the porous media equations using 

volume averaging. Because o f  t he  lengthy development requi red t o  

p roper l y  present t h i s  approach, we omi t  i t  i n  t h i s  r e p o r t  and r e f e r  t he  

i n t e r e s t e d  reader t o  the  o r i g i n a l  work (O 'Ne i l l ,  1977). Note t h a t  t he  

f i e l d  parameters a r i s i n g  o u t  o f  t h i s  type o f  approach are volume averages 

and s i m i l a r  i n  concept t o  permeabi l i ty  i n  a porous medium formulat ion.  

The d i s c r e t e  f r a c t u r e  geometry no longer appears e x p l i c i t l y  i n  the  governing 

equations. 

case o f  a steam-water system. 

He r e s t r i c t s  h i s  work, however, 

Work i s  c u r r e n t l y  going on t o  extend O ' N e i l l ' s  work t o  the  

5.0 SUMMARY OF EXISTING MODELS 

I n  t h i s  sect ion we w i l l  present the s a l i e n t  features o f  e x i s t i n g  

Each model w i l l  be i d e n t i f i e d  by the authors o f  t he  geothermal models. 

referenced p u b l i c a t i o n ( s ) .  The summary w i l l  i nc lude  the  governing equations, 

a d e s c r i p t i o n  o f  t he  numerical procedure used t o  so lve these equations, an 

o u t l i n e  o f  problems considered and a b r i e f  d iscussion of-advantages and 

disadvantages, strengths and weaknesses o f  each model. 

on l y  d i s t r i b u t e d  parameter mu1 t iphase models thereby excluding the  zero 

dimensional models o f  Whit ing and Ramey (1969) and Brigham and Morrow (1974)and 

We w i l l  consider 
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t he  single-phase models o f  Mercer and Pinder (1975), Lippmann e t  a l .  

(1977), Riney e t  a1 . (1977) , and Sorey (1975). The many a n a l y t i c a l  

convective models are a l so  beyond the  scope o f  t h i s  r e p o r t  (e.g. 

Kassoy , 1976). 

5.1 Model o f  Lasseter, W i  therspoon and L i  ppmann 

The model by Lasseter, Witherspoon and Lippmann was ong o f  

t h e  f i r s t  two phase geothermal models. It i s  described i n  the  papers 

by Lasseter, W i  therspoon and Lippmann (1975), Lasseter, 1. 3.  (1975), 

and Assens (1976). 

5.1.1 Governing Equations : 

The governing equations were formulated by Lasseter e t  a1 

(1975) using a macroscopic mass and i n t e r n a l  energy balance. 

f o r  i n t e r n a l  energy 

He obtains, 

- Q + UfRU = 0 

where Uf  = U f ( t )  volume o f  f l u i d  occupying the  c o n t r o l  volume U, 

i s  the mass o f  rock w i t h i n  U,  mR 

U:,paf,~~and Ta a re  the  f l u i d  i n t e r n a l  energy, f l u i d  densi ty,  

e f f e c t i v e  thermal c o n d u c t i v i t y  o f  t he  f l u i d  s o l i d  matr ix ,  

and m a t r i x  temperature evaluated along the  surface A, 

Q i s  the i n t e r n a l  energy i n j e c t i o n  r a t e  from sources w i t h i n  

R i s  t he  mass i n j e c t i o n  r a t e  per  u n i t  volume from sources w 
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It i s ,  perhaps, worth no t i ng  t h a t  an i n t e r n a l  energy balance i s  no t  

a v iab le  concept i n  an i r r e v e r s i b l e  thermodynamic system. 

energy balance i s  meaningful. 

development of (5.1) i t  i s  assumed t h a t  t he  var iab le  Uf can be moved through 

the  area i n teg ra t i on .  

i s  no t  apparent how t h i s  procedure can be j u s t i f i e d .  

i t  i s  poss ib le  t o  remove k i n e t i c  and po ten t i a l  energy employing the  momentum 

equation and c e r t a i n  assumptions on the  form o f  t he  p o t e n t i a l  energy funct ion.  

Lasseter e t  a1 (1975) recognized the  l i m i t a t i o n s  o f  t he  formulat ion and 

suggested t h a t  a compressible work and viscous d i s s i p a t i o n  term should be 

Only a t o t a l  

We a l so  observe t h a t  dur ing  the  ";4$ 

Because t h i s  va r iab le  i s  s p a t i a l l y  dependent, i t  

A t  a l a t e r  stage, 

added t o  the  equations. They surmised, however, t h a t  these terms would 

be small. ( t h i s  was, i n  par t ,  demonstrated t o  be t r u e  by Garg and P r i  t c h e t t ,  

1377) 

Essent ia l l y ,  the  same model was proposed by Assens (1976) al though 

a volume averaging approach was employed t o  formulate the  governing 

equations. 

s o l i d  and f l u i d  combined 

H is  energy equations was reduced t o  a p o i n t  equat ion f o r  t he  

- a 
( E  p U + E. p U ) + V * ( E  p v U ) - V*K*VT (5.2) a t  R R R  f f f  f f - f f  - = -  

Neg l i g ib le  viscous d i s s i p a t i o n  was also' an assumption i n  t h i s  formulat ion.  
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The momentum conservation equation i s  given by Darcy's law 

sumned f o r  each f l u i d  phase, .e. 

where M i s  t he  m o b i l i t y  o f  the a phase and def ined as a 

M = - ,  kkra 

"a 
(5.4) a 

k i s  t he  r e l a t i v e  permeabi l i ty  o f  t he  a phase, 

k 

r a  

2 i s  the permeabi l i ty  [L 3 ,  and 

-1 -1 i s  the dynamic v i s c o s i t y  [ML t ] 
'a 

Mass conservation i s  s t ra igh t - fo rward  and given by 

5.1.2 As s ump t i ons : 

Because many o f  t he  assumptions inherent  i n  t h i s  model a l s o  h o l d  

f o r  the remaining models, we w i l l  l i s t  them on ly  once. When i n  the  d i s -  

cussion o f  o ther  models a d d i t i o n a l  assumptions are introduced o r  some on 

the  l i s t  relaxed, they w i l l  be noted. 



the  porous medium can be assumed t o  be a continuum, 
the  rese rvo i r  i s  a porous medium, f rac tu res  do n o t  
m a t e r i a l l y  in f luence e i t h e r  the  dynamics o r  thermodynamics 
o f  t he  system, 
the  system i s  l o c a l l y  i n  thermodynamic equ i l ib r ium,  
the  thermodynamic pressure i s  e s s e n t i a l l y  the  same as the  
mechanical f l u i d  pressure, 
Darcy's law f o r  a mult iphase f l u i d  i s  va l i d ,  
the  var ious hypotheses inherent  i n  the  averaging formal ism 
are va l  i d ,  
incompressi b le ,  non reac t i ng  so l i d ,  
non deformable s o l i d  matr ix ,  
f l u i d  i n e r t i a  i s  n e g l i g i b l e  ( re la ted  t o  5), 
n e g l i g i b l e  viscous d iss ipa t ion ,  
n e g l i g i b l e  c a p i l l a r y  pressure, 
temperature equ i l i b r i um between the  f l u i d  phases, 
temperature equ i l i b r i um between the  s o l i d  and f l u i d ,  
negl i g i  b l e  pressure work, 
t he  equat ion o f  s t a t e  f o r  water, determined us ing f l a t  
in te r faces ,  i s  v a l i d  i n  the  reservo i r .  

5.1.3 Numeri c a l  Approxi mat i ons : 

The numerical scheme used t o  so lve (5.2), (5.3), and (5.5) has 

While the  general been c a l l e d  the  in tegra ted  f i n i t e - d i f f e r e n c e  method. 

approach has been known f o r  some time, i t  has recen t l y  been c l e v e r l y  

implemented i n  a computer code by Edwards (1972) which he c a l l e d  TRUMP. 

This code forms the  foundat ion o f  the  Lasseter, Witherspoon and Lippmann 

model. 

a p o i n t  equation. 

(a polygon i n  two space dimensions) where the  f l u x  across each face i s  

approximated using a f i n i t e  d i f f e rence  approximation o f  these f i r s t  order  

terms. 

as i n t e g r a l  equations. 

over V y i e l d s  

The basic idea i s  t o  so lve (5.1) d i r e c t l y  w i thout  reducing i t  t o  

The volume V i s  se lected t o  be a mul t i - face ted  sphere 

To apply t h i s  approach, i t  i s  necessary t o  r e w r i t e  (5.3) and (5.5) 

Subs t i t u t i on  o f  (5.3) i n t o  (5.5) and i n t e g r a t i o n  
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v A 

- I Rdv = 0 

n 

where (Mp)* MSps + MWpw 

The f i n i t e  d i f f e rence  approximation t o  (5.1) and (5.6) are 

(see f i g u r e  4 f o r  nomenclature) 

A 
+ -  nm K (Tn-Tn)/ - Qfn + UfnRnVn nm m n Dm 

6Ufn nm '"fm aUfn 
- -  A aTm 

m nrn 

where Fnm i s  the  f l u i d  f l ow  r a t e  between the  nodes n and m ( p o s i t i v e  i f  

i n t o  n),  

i s  the t ime l e v e l  when used as a superscr ip t ,  n 

i s  the energy o f  t he  upstream node, 
uUP 

/-- 

T, i s  t he  temperature a t  t he  node n, and 
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F igure 4: D i s c r e t i z a t i o n  by t h e  i n teg ra ted  f i n i t e  d i f f e r e n c e  
method ( a f t e r  Lasseter, W i  therspoon and L i  ppmann, 1975). 

. . - ,  
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i s  h e l d  constant i n  the  p a r t i a l  d i f f e r e n t i a t i o n  P f 

The incremental form SU i s  obtained from the r e l a t i o n s h i p  

u = eu n+l + ( i -e )un  = un + e(u n+l - Un) z Un + 66U 

Thus, 6 i s  the weight ing parameter which locates the s p a t i a l  operator 

i n  the  t ime domain. 

solves f o r  6U r a t h e r ’ t h a n  U. 

dependent va r iab le  6Uf (assuming a s u i t a b l e  choice f o r  SU 

Numerical round-of f  e r r o r  i s  reduced when one 

Note t h a t  (5.7) i s  now w r i t t e n  i n  one 

i s  made). 
UP 

To achieve t h i s  reduct ion i n  unknowns, thermodynamic r e l a t i o n -  
dTn 
dU fn  

ships der ived from the  steam tab les were introduced, i.e., - . 
These re la t i onsh ips  are h i g h l y  non-1 i nea r  c o e f f i c i e n t s  which make the 

s o l u t i o n  o f  the two parameter (here Uf and p f )  r e s e r v o i r  s imulat ion 

problem very d i f f i c u l t  (see f i g u r e  5).  I n  t h i s  model, t he  change i n  the  

vapour s a t u r a t i o n  o f  t he  f l u x  i s  assumed t o  be the  change i n  the  vapour 

sa tu ra t i on  a t  t he  upstream node. This type o f  upstream weight ing o f  

t he  convective term i s  necessary because o f  t he  hyperbol ic behavior o f  

UP 
t h i s  equation. Upstream weight ing was a l s o  appl ied t o  U, i .e.  Sun, = SU 

To present the  f i n i t e - d i f f e r e n c e  form o f  t he  f l o w  equation, 

we proceed i n  two steps because o f  t he  complexity o f  t he  thermodynamic 

c o e f f i c i e n t s .  L e t  us f i r s t  f i n i t e  d i f f e r e n c e  (5.6) 
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Figure 5: Pressure-enthalpy diagram fo r  water and steam with 
thermodynamic regions: 
steam and water, and 3) superheated steam ( a f t e r  Faust  
and Mercer, 1977a) .  

1 ) compressed water, 2 )  two-phase 
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where yllm i s  the d i r e c t i o n  cosine between the normal from node n t o  m 

and the g r a v i t a t i o n a l  acce le ra t ion  vector.  Equation (5.8) contains t h e  

dependent va r iab le  p which we now e l im ina te  through the use o f  the  steam 

tab les.  

(5 .9)  

n 

(MP 

Dm %] a P f m  1 + RnUn 

where 
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i n t e r n a l  

5.1.4 

1 i near f 

f l u i d  Uf 

t o  solve 

energy i s  he ld  constant i n  

So lu t i on  o f  Approximating 

Equations (5 .7 )  and ( 5 . 9 )  

the d i f f e r e n t i a t i o n .  

Equations : 

form a coupled s e t  o f  h i g h l y  non- 

n i t e  d i f f e rence  equations n terms o f  the i n t e r n a l  energy o f  t he  

and f l u i d  densi ty  pf .  

these equations, as determined from the  pub1 i c a t i o n  by Lasseter, 

The s a l i e n t  features o f  t he  method used 

Witherspoon and Lippmann, can be summarized as fo l l ows :  

The densi ty  equation ( 5 . 9 )  i s  solved a t  t + A t  using i n i t i a l  
est imates o f  t he  i n t e r n a l  energy (t = 0). 

The mass f l u x  i s  ca l cu la ted  e x p l i c i t l y  from the densi ty  and 
i n t e r n a l  energy. 

The i n t e r n a l  energy equation i s  solved f o r  t + 2 A t  using the  
densi ty  s o l u t i o n  obtained a t  t + A t .  

The time weighting parameter 8 i s  computed f o r  each t ime 
step; i t  i s  the same f o r  a l l  nodes du r ing  t h a t  step. 

The l i n e a r i z e d  a lgebra ic  equations are solved i t e r a t i v e l y  
using a scheme s i m i l a r  to,  bu t  d i f f e r e n t  from, successive 
over- re laxat ion.  
e t  a l ,  1954. 

The procedure was f i r s t  der ived by Evans 
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5 1.5 Exampl e Problem 

Two problems were considered i n  the paper o f  Lasseter, 

W therspoon and Lippmann (1975). 

cross sec t i on  d i s c r e t i z e d  i n t o  a uni form n e t  w i t h  10 rows and 25 

columns. 

l o c a l i z e d  heat and mass source a t  t he  base. 

s t a t e  i s  achieved forced convection i s  introduced by f l u i d  withdrawal 

from a node located along the  wel l -bore edge o f  t he  model. 

problem was no t  used t o  i l l u s t r a t e  the accuracy o f  t he  model. 

The f i r s t  i s  an axisymmetric 

A ho t  water c i r c u l a t i o n  system i s  establ ished through a 

When a dynamic steady 

The 

The second problem i s  an i d e a l i z e d  representat ion o f  

the Geysers f ie ld.  It i s  a l so  axisymnetr ic w i t h  15 evenly spaced rows 

o f  nodes and 10 nodes i n  the ho r i zon ta l  w i t h  increas ing spacing w i t h  

radius.  

Steam i s  withdrawn from three nodes along the  wel l -bore s ide o f  t he  

model. The s o l u t i o n  i s  i l l u s t r a t i v e  o f  the phys ica l  processes 

encountered, bu t  n o t  designed t o  demonstrate model accuracy. 

5.1.6 Model Evaluation: 

The system i s  almost completely f i l l e d  w i t h  steam i n i t i a l l y .  

This model played an important r o l e  i n  the  development o f  

geothermal r e s e r v o i r  s imulators.  

f l u i d - f l o w  concept suggested by Garg (1974) was workable. Many o f  t he  

l a t e r  models assumed t h i s  general methodology. The use o f  t he  thermo- 

dynamic r e l a t i o n s h i p s  t o  reduce the number o f  dependent var iab les was 

an important con t r i bu t i on .  

be used e f f e c t i v e l y  i n  some problems because o f  i t s  f l e x i b i l i t y  through 

the  use of i r r e g u l a r  elements. 

It demonstrated t h a t  t he  combined- 

The in teg ra ted  f i n i t e  d i f f e r e n c e  scheme could 

n 
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The major de f i c ienc ies  i n  the  model l i e  i n  the  fundamental 

equations and the  s o l u t i o n  of the approximating equations. 

energy equation should be developed completely fo l lowed by appropr iate 

The u 
term by term reduct ion.  

Uf and pf, i t  i s  assumed T = T(Uf) and p = p(pf ) .  

i s  cons is tent  w i t h  the numerical scheme, i t  requi res a d d i t i o n a l  in-  

I n  the representat ion o f  T and P i n  terms o f  

While t h i s  assumption 

vest igat ion.  A w e l l  bore model i s  a l so  requi red before r e a l i s t i c  

s imulat ions are undertaken. The numerical scheme does n o t  appear 

t o  solve the non- l inear equations. 

t h i s  i s  a ser ious def ic iency.  The model does n o t  appear tohave been 

" v e r i f i e d "  against  experimental data o r  s i n g l e  phase f l o w  a n a l y t i c a l  

I n  t h i s  h i g h l y  non- l inear  problem 

sol ut ions.  

b u t  the two phase example problem suggests some d i f f i c u l t i e s  may have 

been encountered. 

No mass and energy balance ca l  cu l  a t i ons  have been presented 

I n  sumnary, t h i s  model was an important step i n  the 

development o f  geothermal r e s e r v o i r  models b u t  could n o t  be considered 

an engineering t o o l .  

n o t  been publ ished may have r e c t i f i e d  these de f i c ienc ies .  

5.2 Model o f  Brownell, Garg and P r i c h e t t  

More recent  v a r i a t i o n s  on t h i s  code which have 

Brownell, Garg, and P r i t c h e t t  were among the  f i r s t  t o  consider 

the  s o l u t i o n  o f  t he  mu1 ti phase problem using two dependent var iab les.  

Informat ion re levan t  t o  t h e i r  model can be f o u n d - i n  Brownell e t  a1 (1975), 

P r i t c h e t t  (1975), and Garg e t  a1 (1975). 

devoted t o  the  development o f  the governing equations f o r  geothermal 

r e s e r v o i r  s imulat ion (Brownell , Garg and P r i t c h e t t ,  1977; Garg and P r i t c h e t t ,  

1977) and a number o f  comprehensive repo r t s  (Garg e t  a1 

a1 . , 1975; P r i  t c h e t t  e t  a l .  , 1976; Garg e t  a1 . , 1978; P r i  tchett,. 1978) 

There a re  a l s o  several papers 

1977; P r i t c h e t t  e t  
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5.2.1 Governing Equations 

The governing equations are obtained using a mixture theory 

For the  r i g i d  rock ma t r i x  case (analogous t o  the model o f  approach. 

Lasseter, W i  therspoon and Lippmann) we ob ta in  f o r  mass 

( 5.1 Oa ) at a (€SWPW) + v*(EswPwyw) + m = 0 (water) 
, 

at a (ES& + v+S P v ) - m = 0 ( steam) ,. s s,s (5.10b) 

where m i s  the mass t r a n s f e r  r a t e  from l i q u i d  t o  vapour due t o  phase 

change. 

importance ,  t h u s  ( 5 . 1 0 a )  and ( 5 . 1 0 b )  are summed to g i v e :  

I n  a p p l i c a t i o n  the  mixture (rock-1 iquid-vapour) i s  o f  primary 

(5.11) € a t  a (Swpw + Ssps) + v*(ES,P,~, .. + ~S,p,y,) = 0 (combined mass) 

This equation no longer contains the condensation term. 

I n  place o f  t he  momentum equation, one uses the  mult iphase 
I 

Darcy’s law: 

- P g )  = o  k k r w  
ESw!W + - (“w w, (5.12a) 

vW 
(moment um) 

A 

kkrs + - COPs - P S d  = 0 (5.12b) ESSVS us , 



Assuming c a p i l l a r y  pressure t o  be n e g l i g i b l e  (5.12) can be subs t i t u ted  

i n t o  (5.11) t o  y i e l d  

= o  

where R i s  added as the, source term. 

The energy equation, w r i t t e n  i n  terms o f  i n t e r n a l  energy, i s  

where K -. i s  the  mixture thermal conduct iv i t y .  I n  the s imu la to r  (5.14) and 

(5.13) are s i m p l i f i e d ,  us ing standard assumptions, (see below), t o  g ive  

- - [l + (1-0) 
where B, = Bs ss 

51. 



= o  

where 0 i s  the steam qual i ty  i .e .  0 5 p s / ( p a  + p,) and U v a p  i s  the l a t en t  

heat of vaporizat ion per u n i t  f l u id  volume. The set  of equations (5.15) 

and  (5.16) a re  solved i n  terms of internal energy and f lu id  density. 

Pr i tche t t  (1975) points out  t h a t  this choice of variables results 

i n  an exact conservation of mass and energy since these are the dependent 

variables ra ther  than an auxi l iary property. 

(5.16) requires auxi l iary information on the relat ionship between the 

The solution of (5.15) and 

dependent var iab les  Uf and pf and t h e  o ther  unknown q u a n t i t i e s  such as 

pressure, temperature, steam qual i ty ,  vapour saturat ion,  l a t en t  heat of 

vapourizatioh viscosi ty ,  and thermal conductivity. In this model, large 

data tables combined w i t h  in terpolat ion schemes a re  used f o r  this purpose. 

The relative permeabilities a r e  g iven  by the equations of Corey e t  a1 

(1956). 

* 4  (5.17a) k, = (SW) 

( 5 . 1 7 ~ )  
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Other i d e n t i t i e s  employed i n  the  development of (5.16) and no t  

presented e a r l i e r  include: 
Grs 

- (rn) 
pw - Pf  14,  (5.18) 

(5.19) = Pf ss 

I n  add i t i on  the fo l l ow ing  c o n s t i t u t i v e  r e l a t i o n s h i p  a t t r i b u t e d  t o  

Budiansky (1970) i s  used 

-1 -1 

(5.20) 

-1 

and the assumption 

where CVR i s  the  constant volume heat capaci ty  o f  the  so l id .  

I n  add i t i on  t o  the  geothermal r e s e r v o i r  model, Garg has a subsidence 

model which works e i t h e r  i n t e r a c t i v e l y  o r  i n  tandem w i t h  the  rese rvo i r  model. 

The governing equations are der ived from the  fundamental 'balance laws 

augmented by c o n s t i t u t i v e  re la t i onsh ips  from s o l i d  mechanics. 

ba l  ance y i e l d s  

The momentum 
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where pR i s  the  s o l i d  pressure, and 

T :R i s  the  d e v i a t o r i c  s t ress  tensor f o r  porous rock 

It i s  necessary t o  compliment (5.21) w i t h  the  f o l l o w i n g  

cons t i t u t  i ve re1 a t i  ons h i ps : 

. 
* 1  t 
= 2 ,,R _ -  , , 

(5.22) 1)  E = - [vv + (VV,) 3 = 5 I + 6 

where 

i s  the  bu lk  s t r a i n  r a t e  tensor f o r  rock, 

i s  t he  d e v i a t o r i c  p a r t  o f  t he  s t r a i n  r a t e  tensor, 

, 

6 
I 

t 
(VvR) denotes the  transpose o f  (vv,). --  -- 

e 'OR -1 = (e) (1+E)  - - 1 
(5.23) 2) E = - 

PR 

where 2 i s  t he  bu lk  vo lumetr ic  s t r a i n  

ee i s  the  rock g ra in  vo lumetr ic  s t r a i n  

3) the rock g r a i n  i s  a l i n e a r  thermoelast ic  mater ia l  

where KR(nR) denotes the  c o e f f i c i e n t  o f  l i n e a r  thermal expansion for  t he  

rock g ra in  



4 )  shear stresses are l i n e a r l y  r e l a t e d  t o  shear s t r a i n s  e .. through 

Hooke's law 
,. 

(5.25) 't :R = 2up! 

where v i s  the shear modulus o f  t he  porous rock. 
P 

where pT = ( l -E)pR + Epf 

K i s  t he  bu lk  modulus o f  the  porous rock, (may have a h y s t e r e t i c  

e f f e c t ) ,  and 

pr-pf  i s  the  e f f e c t i v e  pressure. 

This model i s  genera l l y  run i n  sequence w i t h  the  rese rvo i r  model 

(Pri t c h e t t ,  1978). 

5.2.2 Assumptions : 

The assumptions d i f f e r  f rom those presented i n  5.1.2 as 

f o l  1 ows : 

1) The s o l i d  i s  no t  assumed incompressible i n  the  presence of 

the deformation model, 

The s o l i d  ma t r i x  i s  no t  assumed non-deformable i n  the  

presence o f  t he  deformation model, 

2) 
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3) The assumption o f  n e g l i g i b l e  pressure work and 

viscous d i s s i p a t i o n  are demonstrated t h e o r e t i c a l l y  

and through numerical experiment r a t h e r  than assumed 

(Garg and P r i t c h e t t ,  1977) 

5.2.3 Numerical Approxi mat i ons : 

The geothermal reservo i  r model i s  approximated using 

standard f i n i t e  d i f f e rence  methods w i t h  the f o l l o w i n g  features:  

1 )  F i r s t  order space terms are represented using a one- 

s ided d i f f e rence  i n  the upstream d i r e c t i o n  (upstream 

weight ing) . 
Equations are formulated i n  1-D areal ,  1-0 c y l i n d r i c a l ,  

1-D spher ica l ,  2-D areal  o r  cross sect ion,  2-D 

axisymmetric, and 3-D Cartesian geometries. 

2) 

The subsidence model i s  approximated using a standard 

f i n i t e  element formulat ion,  modi f ied t o  account f o r  ma te r ia l  non- 

l i n e a r i t i e s .  

deformation. 

The code i s  a l so  designed t o  accommodate p l a s t i c  

The code i s  2-D (ax isymet r ic ' )  

5.2.4 We1 1 -bore Model : 

Recently a "near well-bore' '  model was added t o  t h i s  s imulator  

which permits ca l cu la t i ons  w i t h  w e l l s  t h a t  penetrate more than one 

zone ( P r i t c h e t t ,  1978). 

sandface pressure and f l ow  r a t e  f o r  a s i n g l e  we l l  i n  a s i n g l e  zone i s  

computed by the  model. 

i n s i s t i n g  t h a t  t he  pressure d i s t r i b u t i o n  i n  the  open i n t e r v a l  i n  the  w e l l  

be hydrostat ic .  One version of  t he  we l l  bore model accounts f o r  the 

discharge o f  methane i n  s o l u t i o n  i n  a geothermal f l u i d  ( s i n g l e  water phase). 

The r e l a t i o n s h i p  between wel l -b lock pressure, 

The w e l l  blocks a re  then coupled together by 

+ assumed by author. 



5.2.5 So lu t i on  o f  t he  Approximating Equations 

The i t e r a t i v e  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  procedure ADIP 

i s  used t o  solve the r e s e r v o i r  s imulat ion equations. 

t he  mult i-dimensional problem i s  decomposed i n t o  a ser ies o f  one- 

I n  t h i s  scheme, crs 
dimensional problems. This corresponds t o  a p a r t i c u l a r  form o f  m a t r i x  

decomposition. 

ser ies o f  one-dimensional problems w i thou t  i t e r a t i o n .  For l a r g e  t ime 

steps, however, i t  i s  genera l ly  advisable t o  i t e r a t e  between the rows 

I n  l i n e a r  cases, i t  i s  o f t e n  poss ib le  t o  solve the 

and column solut ions.  There i s  quest ion t h a t  ADIP, when appl icable,  

i s  an exceedingly powerful numerical approach. 

Each one-dimensional problem i s  genera l ly  solved using 

d i r e c t  methods. The Thomas algorj thm, an e f f i c i e n t  Gaussian e l i m i n a t i o n  

method, i s  p a r t i c u l a r l y  e f fec t i ve .  I n  geothermal s imulat ion,  these one- 

dimensional problems are h i g h l y  non- l inear  and must be solved i t e r a t i v e l y .  

That i s  t o  say one must i t e r a t e  w i t h i n ,  as w e l l  as between, each row 

and column ca lcu la t i on .  While the d e t a i l s  o f  t he  aqgorithms are n o t  

ava i l ab le ,  P r i  t c h e t t  (1978) repo r t s  t h a t  the i t e r a t i o n  scheme designed 

t o  accommodate the n o n - l i n e a r i t y  employs a Newton Raphson procedure w i t h i n  

each one-dimensional ca l cu la t i on .  Addi t ional  i n fo rma t ion  on the  methodology 

can be found i n  P r i t c h e t t  e t  a l .  (1975). 

When the  s o l u t i o n  o s c i l l a t e s  across the  steam-water boundary of 

the thermodynamic diagram ( f i g u r e  5),  t he  o s c i l l a t i o n s  are damped by 

r e q u i r i n g  t h a t  the amplitude o f  each o s c i l l a t i o n  decrease by a speci f ied 

amount ( P r i t c h e t t ,  1973). This i s  t he  on ly  model developed t o  date t h a t  

employs an A D I P  approach. 

The consol idat ion model i s  probably solved using a d i r e c t  s o l u t i o n  

a lgo r i t hm (Gaussian e l i m i n a t i o n )  although t h i s  has not  been s tated e x p l i c i t l y .  
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A Exampl e Problems : 

This model has been appl ied t o  a number of t e s t  problems: 

One dimensional s imulat ions o f  t he  laboratory  experiments 
by Kruger and Ramey (1974) and Ar ihara (1974). 

I n j e c t i o n  i n t o  and product ion from a hypothet ica l  r i g h t  
c i r c u l a r  cy1 inder.  Production takes place from a c e n t r a l  
v e r t i c a l  crack and f l u i d  r e i n j e c t i o n  i s  i n t o  two s i m i l a r  
cracks located a t  t he  r e s e r v o i r  per iphery.  The r e s e r v o i r  
i n i t i a l l y  contains pressur ized water. 
o f  384 nodes. 

This model consisted 

A homogeneous, i s o t r o p i c ,  i n i t i a l l y  isothermal c i r c u l a r  
r e s e r v o i r  w i t h  a w e l l  located a t  t he  center. The i n i t i a l  
pressure i n  the  r e s e r v o i r  i s  s p e c i f i e d  such t h a t  i n  the  th ree  
cases considered the  f i r s t  i s  i n  a l i q u i d  s tate,  the second 
i s  a pure vapor r e s e r v o i r  and the  t h i r d  i s  i n i t i a l l y  
l i q u i d  but  y i e l d s  two-phase f l ow  near the  w e l l  as the  
s imulat ion proceeds. The purpose o f  these experiments was 
t o  demonstrate the  s ign i f icance,  o r  l ack  thereof,  o f  the 
pressure-work and viscous d i s s i p a t i o n  terms i n  the  energy 
equation. 

Pre l iminary ca l cu la t i ons  on the Wairakei geothermal f i e l d .  

The one-dimensional s imulat ion (1) was an attempt t o  v e r i f y  t he  accuracy 

o f  the code. Several groups have used those experiments as a means of 

demonstrating the  v a l i d i t y  o f  t h e i r  models. 

ma te r ia l  parameters a re  unknown i n  t h i s  experiment and on ly  one 

thermodynamically independent va r iab le  was measured a t  the e x i t  p o i n t .  

Thus, an a b i l i t y  t o  reproduce the  experiment numer ica l ly  i s  a necessary 

bu t  n o t  s u f f i c i e n t  cond i t i on  t o  demonstrate i t s  ve rac i t y .  The second 

experiment i s  important i n  t h a t  t he  system must move from pressur ized 

water t o  a steam-water mixture;  a good t e s t  f o r  any geothermal model. 

I n  a d d i t i o n  t o  the  t e s t  problems, a two-dimensional v e r t i c a l  

Unfortunately,  several 

cross sec t i on  o f  Wairakei was simulated. The sec t i on  was selected t o  pass 

through the  p r i n c i p a l  features o f  t he  rese rvo i r .  A successful h i s t o r y  



match o f  pressure dec l ine  i n  the  system was achieved. 

An analys is  was a l so  performed o f  t he  Sal ton Sea geothermal 

reservo i r .  A two-dimensional, areal  s imu la t ion  was performed t o  

es tab l i sh  the  importance o f  l i t h o l o g i c  va r ia t i ons  on the  response 

o f  the  rese rvo i r  t o  production. 

i 

To demonstrate the app l i ca t i on  o f  t h e i r  s imulator  t o  problems 

invo lv ing  subsidence and methane production, a model o f  the  Brazor ia  

County, Texas p r o j e c t  was undertaken. 

ments were computed f o r  a problem case i n  c y l i n d r i c a l  coordinates. 

V e r t i c a l  and hor izon ta l  d isplace- 

A s i m i l a r  model was developed t o  demonstrate the  a b i l i t y  o f  

t h e i r  s imulator  t o  descr ibe the  p r e c i p i t a t i o n  o f  s a l t  dur ing  f l a s h i n g  

o f  geothermal br ines.  Simulat ions us ing 70 and 100 percent s a l t -  

saturated b r ine  were successfu l ly  conducted. 

p r e c i p i t a t i o n  o f  s a l t  i n  the  pores d i d  n o t  occur: i t  d i d  occur, 

however, i n  the  100 percent case. 

For the  70 percent case 

5.2.7 Model Evaluat ion:  

The Brownell, Garg and P r i  t c h e t t  model ( 5 )  appears t o  be 

t h e o r e t i c a l l y  sound and should be computat ional ly e f f i c i e n t .  

employs governing equations which have been c a r e f u l l y  der ived and appear 

t o  encompass the  s a l i e n t  physics o f  t he  geothermal system. I t  i s  the  

on ly  model which incorporates a non-isothermal subsidence fo rmula t ion  

and s a l t  p r e c i p i t a t i o n .  The numerical scheme i s  one o f  t he  most e f f i c i e n t  

c u r r e n t l y  ava i l ab le  f o r  rese rvo i r  engineer ing problems. 

The code 

While the model(s) are genera l ly  o f  h igh  ca l i be r ,  they have some 

The f i n i t e - d i f f e r e n c e  fo rmula t ion  on a rectangular  negat ive aspects. 

ne t  i s  somewhat l i m i t i n g  i n  terms o f  f l e x i b i l i t y  i n  d i s c r e t i z a t i o n  when 
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compared with in tegra ted  f i n i t e  d i f fe rences  o r  f i n i t e  elements. 

i s  l a r g e l y  o f f s e t  by the  e f f i c i ency  o f  the  ADIP algor i thm. 

o f  an a r t i f i c i a l  cons t ra in t  i n  the s o l u t i o n  o f  the  non- l inear  

equations i s  undesirable and casts suspic ion on t h e  convergence proper t ies  

o f  the non- l inear  algor i thm. 

would a s s i s t  i n  eva lua t ing  t h i s  p o s s i b i l i t y .  

Th is  

The use 

In format ion on mass and energy balances 

A 

5.3 Model o f  Faust and Mercer 

The model o f  Faust and Mercer was developed i n  p a r a l l e l  w i t h  b u t  

While many independent from the work o f  Brownell, Garg and P r i t c h e t t .  

o f  the features o f  the two models are s im i la r ,  others are d i s t i n c t l y  

d i f f e r e n t .  The essent ia l  elements o f  the  Faust and Mercer model 

are described i n  a number o f  pub l i ca t i ons  (Faust and Mercer, 1975 ; 

Mercer and Faust, 1975; Faust 1976; Faust and Mercer, 1977a; Faust 

and Mercer, 1977b; Faust and Mercer, 1978a; Faust and Mercer, 1978b). 

5.3.1 Governing Equations: 

The governing equations f o r  t h i s  model were formulated using 

a volume averaging approach (Faust, 1976; Faust and Mercer, 1977b). 

r e s u l t i n g  equations f o r  mass and momentum are  the  same as presented f o r  

the model o f  Brownell , Garg, and P r i  t c h e t t .  

wish t o  solve the energy equat ion i n  terms o f  enthalpy ra the r  than 

i n t e r n a l  energy, they use (2.12) as the  p o i n t  o f  departure f o r  fo rmula t ing  

t h e i r  energy equations. Wr i t i ng  (2.12) i n  combination w i t h  the  c o n t i n u i t y  

equat ion,  one obtains 

The 

Because Faust and Mercer 



(5.28) 

Assuming viscous d i s s i p a t i o n  can be neglected, Faust and Mercer present 

the  f o l  1 owing macroscopi c energy bal  ance equations 

(ESSPS) + v * ( q  +q s s s,s DtS - - 1 s  -2s  
a at (ESspshs) + v+S - p h v ) - - (5.29a) 

- Ql - R,h; = 0 (steam) 

- Q \ ; - R h '  = 0 (water ) w w  

where h; i s  the enthalpy o f  the  source f l u i d ,  Qi are interphase energy 

exchange terms and qla and q2a are  heat f l u x  by v i r t u e  o f  conduction and 

d ispers ion  respect ive ly .  Imposing the genera l l y  accepted assumptions on (5.29) 

the  three separate energy re la t i onsh ips  can be combined t o  y i e l d  
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n 

+ ES v ) *vp f  - v - (KvT)  - Rsh; - Rwh; = 0 
w-w ." I -  

- (ESsys 

where 

(5.40) C !ai = -KVT 
a 1  

- 

The f i n a l  form o f  the  balance equations i s  obtained by 

combining the mass conservat ion equat ion f o r  the  th ree  phases and by 

in t roduc ing  the momentum balance i n t o  the  mass and energy balances. 

Thus, we obta in ,  assuming I)p = 0, 
tu 

= o  

- Rsh; - Rwh; = 0 

/-- 
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It i s  i n t e r e s t i n g  t o  compare (5.41) and (5.42) w i t h  the  f i n a l  form o f  

t he  equations used by Brownell, Garg and P r i t c h e t t  (5.15) and (5.16). 

The d i f f e rence  i n  these two equations i s  due t o  the  f a c t  t h a t  f o r  (5.15) 

and (5.16) the  s o l u t i o n  var iab les are Uf and pf  wh i l e  f o r  (5.41) and 

(5.42) t he  s o l u t i o n  var iab les are hf and pf. 

Faust and Mercer (1978a) have a lso  provided balance equations 

The procedure f o r  which are v e r t i c a l l y  in tegra ted  over the reservo i r .  

v e r t i c a l  i n t e g r a t i o n  i s  w e l l  known and was used f o r  some t ime i n  surface 

water hydrodynamics before being introduced i n t o  hydrology. It i s ,  

nevertheless, a use fu l  t o o l  t o  assure t h a t  a cons is ten t  a rea l  fo rmula t ion  

i s  obtained from the  three dimensional equations. I n  some ways, the  

procedure i s  analogous t o  the  volume averaging introduced e a r l i e r  and 

su f fe rs  from the  same l i m i t a t i o n s .  The bas ic  r u l e s  fo l low.  Le t  us assume 

t h a t  t he  operator i n  quest ion i s  L ( J , )  = 0. I n t e g r a t i o n  over J, y i e l d s :  

(5.43) f Z L ( $ ) d Z  = 0 

1 Z 

One now app l ies  L e i b n i t z '  r u l e  t o  the  various terms i n  L. 

example an extensive quan t i t y  ~t such t h a t  

Consider f o r  

We now def ine  the  averaging operator 

z2 

- <J,> = 1 $dz ; b : z2 
b (5.45) 
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Equation (5.45) can now be used i n  an obvious way t o  modify (5.44) 

When non- l inear terms are encountered, we draw on theory which i s  again 

analogous t o  the  volume averaging theory developed e a r l i e r .  

property j be def ined such t h a t  (see f i g u r e  6) 

Le t  a 

A 

(5 .47)  $ = <$> + JI 

One can then t r e a t  t he  product <$y> as the equiva lent  expression 

L A  

(5.48) <$y> = <$>CY> i <$y> 

which can be r e a d i l y  handled. 

While t h i s  formalism leads n a t u r a l l y  t o  an averaged equation 

i n  the  areal  plane, one must be c a r e f u l  t h a t  a t  each stage of t he  

i n tegra t i on meani ng f  u l  v a r i  a b l  es are generated. 

regarding the o r i e n t a t i o n  o f  coordinate axes and the  t ime invar iance o f  

the thickness o f  t he  rese rvo i r ,  one obtains f o r  t he  v e r t i c a l l y  averaged 

form o f  (5.41) and (5 .42)  (Faust and Mercer, 1978a) 

Ma k i  ng c e r t a i n  assumptions 

A 

A 



= o  

- b<Rf> + v I *V(z-z,) - ]If m~(2-z~) = 0 
,f - I -  

+ and where yf  - - ES,Psys - 

Rf E Rw + Rs 

A A 
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where 

(5.51) 

(5.52) 

(5.53) 

(5.54) 

(5.55) 

(5.56) 

(5.57) 

(5.58) 

- k k p  x x r w w  + kxxkrsPs 
vW VS 

w -  
X 

k k p h  k k p h  - - x x r w w w  + x x r s s s  
Whx vW 

2 
- - k z z r w w w  k p2gh + kzzkrsPsghs 

Whgz vW % 



XBL 795-9554 

Figure 6: Definition sketch for  the ver t ical .  integration of the 
A 

parameter IJ.J ( z )  = <IJ.J>(z) ( a f t e r  Faust and Mercer, 1978a) .  
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(5.59) 

and sim 

a hf azl 
Wch ax ) I  ax 

z1 z1 

a P f  
ch az 

a p f  + 

("cp ay - + ("cp E- - 
1 i 

1 z 

. .  . .I 

l a r  expressions can be w r i t t e n  f o r  t2 .  

Le t  us now examine (5.50). Terms o f  t he  form <epfhf> a re  

meaningful i n  the  sense t h a t  the in tegrand ( w f h f )  i s  an extensive 

var iab le.  This i s  n o t  t rue,  however, f o r  a l l  terms i n  (5.50). Consider, 

> . The integrand i n  t h i s  case i s  n o t  f o r  example, the term < - a hf 
aY 

an extensive va r iab le  and i t s  volume i n t e g r a l  appears t o  have no 

phys ica l  meaning. I n  other  words, we a re  employing var iab les which 

are mathematical abst ract ions w i thou t  phys ica l  i n t e r p r e t a t i o n .  The 

impact o f  t h i s  questionable s tep i n  the  formulat ion i s  d i f f i c u l t  t o  

judge bu t  c e r t a i n l y  warrants add i t i ona l  study. ' 

Faust and Mercer (1978a) now i n v e s t i g a t e  the evaluat ion o f  t he  

averaged terms appearing i n  (5.49 - 5.59). Employing a d e f i n i t i o n  o f  

hyd ros ta t i c  pressure and Leibn i  t z '  r u l e ,  one obtains f o r  pressure 

az2 + - I  a 1 azl where <D> = - ( ax ax 

and f o r  enthalpy 

c 
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ahf > = - a <hf> - E 1 (<hf> < -  
ax ax (5.61) 

Z l  

To evaluate the averaged coe f f i c i en ts  Faust and Mercer (1978a) 

assume l o c a l  v e r t i c a l  equi l ibr ium.  They have used f i e l d  data and s imu la t ion  

runs t o  es tab l i sh  the  equ i l i b r i um form o f  pressure and enthalpy. 

assume that ,  i n  the absence o f  s i g n i f i c a n t  c a p i l l a r y  pressure, steam and water 

They 

segregate due t o  g r a v i t y  and a steam cap i s  produced w i t h  a water sa tu ra t i on  

equal t o  res idua l  water saturat ion.  Below the  cap, t he  sa tu ra t i on  i s  u n i t y .  

This provides a ser ies  o f  re la t i onsh ips  which are  subsequently used i n  

ob ta in ing  the  averaged values o f  the c o e f f i c i e n t s  appearing i n  (5.49) and 

(5.50). Cer ta in  r e l a t i v e l y  m i l d  assumptions must be made t o  achieve the  

f i n a l  form. The p r i n c i p a l  assumption here i s  v e r t i c a l  equ i l i b r i um - an 

assumption which can i n  a sense be checked using a three-dimensional 

simul a t o r .  

5.3.2 Assumptions: 

The on ly  new assumption associated w i t h  t h i s  model invo lves  the  

two dimensional formulat ion wherein one assumes t h e  r e s e r v o i r  has a 

h igh  degree o f  v e r t i c a l  communication such t h a t  v e r t i c a l  . .  gradients  can be 

d i  sregarded. 

5.3.3 Numerical Apprdximations: i 

A standard f i n i t e  d i f f e rence  scheme i s  used f o r  ,the primary 

s imulator .  -The g r i d  i s  b lock centered (nodes are  placed i n  the  center o f  

each b lock) .  The g r i d  blocks may change s i ze  bu t  must remain rectangles.  

I n  formulat ing the  c o e f f i c i e n t s  o f  t he  d i f f e rence  equations, the  fo l l ow ing  

r u l e s  were observed: 
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1 ) Densi t y  , v i  scos i t y  , G) , and (%) a r e  
aPf hf P f  

evaluated as  ari thmetic averages of values i n  adjacent blocks. 

2 )  Re1 a t i  ve permeabi 1 i t i e s  and enthal pies a re  usual l y  assigned 

the upstream value. 

3) Other space dependent terms are  determined as harmonic means 

o f  the values i n  the two adjacent blocks. 

The same basic scheme is  used fo r  both the two and three-dimensional models. 

5.3.4 Solution of the Approximating Equations: 

The resulting s e t  of f in i  te-difference approximating equations 

a re  highly non-linear, a s  w i t h  a l l  preceeding models. 

(1978a) use a slightly different scheme for approximating the three and two- 

dimensional equations. The three-dimensional model uses a f u l l y  imp1 i c i t  

scheme t o  approximate the transmissivity,  accumulation, and source terms. 

( i . e . ,  these parameters a re  evaluated a t  the new time level ( n + l ) )  To 

achieve this implici t  formulation, Newton-Raphson i t e r a t ion  was applied 

t o  these non-linear terms. For the areal models only the accumulation and 

source terms were t reated implici t ly  and Picard i t e r a t ion  was used f o r  the 

transmissivity.  

Faust and Mercer 

The three-dimensional model is  solved u s i n g  a block i t e r a t i v e  

scheme cal led s l i c e  successive over-relaxation (SSOR) (see Wattenbarger 

and Thurnaw, 1976). 

the g r i d .  

a standard band solver based on Gaussian elimination. Each node ca r r i e s  

an unknown value of pressure and enthalpy. 

the Newton-Raphson i t e r a t ion .  This i s  i n  contrast  t o  the Brownell; Garg 

and Pr i tche t t  model (section 5.2)  where the Newton-Raphson i t e r a t ion  i s  

The blocks i n  this case a re  ver t ical  cross-sections of 

Each block (a two-dimensional problem) is  solved implici t ly  u s i n g  

The SSOR i s  imbedded w i t h i n  

/- 
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imbedded w i t h i n  each one-dimensional imp1 i c i t  s o l u t i o n  generated using 

ADIP. The advantage t o  so l v ing  on ly  l i n e a r  equations i n  SSOR i s  t h a t  

t he  mat r ix  must be decomposed on ly  once per  Newton-Raphson i t e r a t i o n .  

I n  the  areal  model, t he  two equations (5.49 and 5.50) are  

solved sequent ia l l y .  

and Lippmann (sec t ion  5.1). 

described i n  Coats e t  a l .  1974. 

i s  app l ied  t o  the  l i n e a r i z e d  Newton-Raphson equations i n  such a way 

as t o  upper t r i a n g u l a r i z e  the  2x2 blocks associated w i t h  each node. 

Consider, f o r  example, t he  t y p i c a l  p a i r  o f  equations w r i t t e n  f o r  an 

This  i s  the  approach taken by Lasseter, Witherspoon 

The scheme used by Faust and Mercer i s  

I n  t h i s  scheme, Gaussian e l i m i n a t i o n  

a r b i t r a r y  node 

(5.62) 
22 C 

where, f o r  t he  flow equat ion (5.49 and 5.50) 

- k+ l  k k+ 1 6pf - pf - pf 6hf = hf - h: 

- aM 'b 
cll - apfE 

aM 'b 
c12 = a h , t  

a(RSh;-.+ ah;) . - ax b 
'21 apf A t  

- - - -  
a p f  

- axf 'b a(RSh; + ah\;) 

a hf c22 - ahf ix - 
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Vb i s  t he  gr id-b lock volume 

y2 = A[TiA(ap!+')] + A[TzA(&h",+')] 

r 1  = AUT, * + T$Pf * n+l] + bRf - ( Mn+l - Mn) 'b at 

* n+l) + bRsh; - bR h '  - (En+1 - En) 'b 
w w  = A(TiAp?+') + A(TcAhf r2 

* * * KmA aT Th = Twhw + Tshs + 7 ( - ) h  
a p f  f 

where Km i s  a combined i s o t r o p i c  conduction - thermal d ispers ion c o e f f i c i e n t  

and A and 11 are the  g r i d  cross sect ional  areasperpendicular t o  the  f l o w  

d i r e c t i o n  and the  l eng th  increment i n  the  f l o w  d i r e c t i o n  respec t i ve l y .  

The f i n i t e  d i f f e r e n c e  operator A i s  defined, i n  the  x d i r e c t i o n  for 

example, 



n + l )  = (b"' n+l ) - (bn+l - n+l  
a i -1 /2 jk  i j k  b i - l j k  Ax ( aAxb a i + l / 2 j k  i + l j k  - b i j k  

where P(x,y,z) = P ( i A X ,  JAY, kAz). 

App l ica t ion  o f  Gaussian e l im ina t i on  t o  (5.62) y i e l d s  

(Faust and Mercer, 1978b) 

Y1 rl 
' 

+ 
c21 - r  - y2 r2 1 Cll 

Note t h a t  [c]  contains on ly  t ime mat r i x  informat ion.  

on ly  the accumulation and source terms were t rea ted  i m p l i c i t l y .  

now solve a s e t  of N equations i n  6h"f+l and subsequently a s e t  o f  N equations 

i n  6p"f+l. The c o e f f i c i e n t  matr ices invo lved are symmetric and can be 

solved e f f i c i e n t l y  using D4 order ing  (Pr ice  and Coats, 1974). 

This i s  because 

One can 

One must 

i t e r a t e  between sequent ia l  so lu t ions  w i t h i n  each Newton-Raphson i t e r a t i o n .  

Only one decomposition per  Newton-Raphson i t e r a t i o n  i s  required. 

and Mercer (1978b) c la im t h i s  procedure (sequent ia l  s o l u t i o n  and D4 order ing)  

reduces the  computational e f f o r t  requ i red  t o  solve the  s e t  o f  a lgebra ic  

equations t o  

o rder ing  . 

Faust 

1 1 t o  - of t h a t  requ i red  f o r  simultaneous s o l u t i o n  and normal 16 

I t i s  no t  apparent from the  ava i l ab le  l i t e r a t u r e  how the  

t r a n s i t i o n  from a water t o  a steam-water system i s  accomplished. I t 
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reportedly involves a modified Newton-Raphson scheme similar t o  t h a t  

presented later i n  Huyakorn and Pinder (section 5.6) (Faust, 1978). 

5.3.5 Example Probl ems : 

The model of Faust and  Mercer has been tested extensively 

and applied t o  a number of physical situations, 

compared their model against other methodologies. 

problems they consider are: 

In a d d i t i o n  they have 

Some of the 

one-dimensional single phase flow: a problem which has an 
analyt ical  sol ution 

one-dimensional experiment of Kruger and Ramey (1974) : 
reproduction of this experiment should be considered a 
necessary b u t  n o t  sufficient condition for model verifica- 
t ion.  T h i s  problem was solved using finite difference 
and f inite element techniques. 

hypothetical cross section w i t h  two phase flow: designated 
t o  evaluate the va l id i ty  of assumptions used i n  the 
vertical ly i ntegrated areal model . 
either 48 or  80 equally spaced g r i d  blocks. 

The model consists of 

hypothetical three-dimensional reservoir: used t o  
evaluate the a b i l i t y  of the areal model t o  reproduce three- 
dimensional systems. 

hypothetical three-dimensional reservoir solved using areal , 
vertically integrated model 

vertical cross sectional model of Wairakei, New Zealand. 

vertically integrated three-dimensional model of Wairakei , 
New Zealand, Faust ( 1 9 7 8 ~ )  

The primary objective o f  many of the simulations was the 

justification of vertical integration i n  simul a t i  ng three-dimensional 

problems. 

1978b). 

Thei r general concl usi ons are as fol 1 ows : (Faus t and Mercer, 

a )  assumption of vertically uniform properties i s  suitable for 
ho t  water systems and two phase systems i n  t h i n  reservoirs. 

b)  assumption of no gravity segregation or vertical 'variation 
i n  thermodynamic properties, for most two-phase problems 
gives erroneous pressures and saturations leading t o  an 
incorrect prediction of early reservoir depletion. 

n 



5.3.6 

c )  the cross-section and three-dimensional models converge 
t o  the pressure solution of the ver t ical  equilibrium 
model as  Az -+ 0. 

d )  the ver t ical  equilibrium model i s  most useful for reservoirs 
l e s s  t h a n  500 meters thick w i t h  re la t ive ly  h i g h  permeability 
and a t h i n  steam cap. 

Model Eva1 ua t i on : 

The model of Faust and Mercer i s  the most thoroughly tes ted 

and documented multiphase geothermal model available i n  the pub1 i c  

domain. 

methodologies i n  both the theoretical  formulation and numerical solution of 

I t  has been careful ly  developed and employs the most current 

the resul t ing approximate equations. The reduction of the three- 

dimensional formulation t o  two dimensions through ver t ical  integration 

i s  important. Considerable savings i n  bo th  man hours and computer time 

can be realized u s i n g  the ver t ica l ly  integrated model. 

The only major deficiency i n  this model i s  the lack of an 

accurate well-bore simulator. Thus, the model i s  essent ia l ly  r e s t r i c t ed  

from application i n  near well bore regions. 

There a re  several minor theoretical  questions which require 

fur ther  s t udy . 
1 ) the ver t ical  integration of intensive variables leading 

2)  

3 )  

t o  non-physical parameters. 

the method of representing the non-linear coeff ic ients  
i n  the neighborhood of the phase t rans i t ion  boundary 

the accuracy o f  the numerical solut ions,  i .e. ,  some informa- 
t ion on global and local mass and energy balances. ( t h i s  
apparently has been included i n  a recent paper). 
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5.4 Model o f  Toronyi and Farouq A l i  

The Toronyi and Farouq A l i  model was poss ib ly  the  f i r s t  o f  t he  

mult i-phase models. 

and l a t e r  i n  a journa l  a r t i c l e  (Toronyi and Farouq A l i ,  1975). The model 

i s  more r e s t r i c t i v e  than those discussed thus f a r  inasmuch as the  f l u i d  

must be two phases. 

It was f i r s t  described i n  the thes is  o f  Toronyi (1974) 

5.4.1 Governing Equations: 

The governing equations are obtained through a macroscopic 

mass and energy balance. 

re la t i onsh ips  are der ived f o r  a mixture,  i .e.,  the  water and steam are  

combined t o  form a s ing le  f l u i d .  

f o r  the  two phases and the  c o n t i n u i t y  equat ion w r i t t e n  f o r  each phase 

and summed y i e l d s  

As i n  e a r l i e r  cases, the  mass and energy balance 

Combination o f  Darcy's law w r i t t e n  

This  expression i s  s i m i l a r  t o  the  c o n t i n u i t y  of mass expressions presented 

e a r l i e r ,  eg. equat ion (5.13). 

The conservat ion o f  energy equat ion i s  expressed i n  terms o f  

enthalp ies.  The s implest  form o f  t h i s  formulat ion y i e l d s  

L. 



This equation i s  an approximation t o  the true energy balance inasmuch 

as the pressure work .term does not  appear. 

be an erroneous formulation wherein an enthalpy balance relationship was 

used. 

such a balance was implied, b u t  no mention i s  made of the assumption 

of negligible pressure work. 

y i  e l  ds 

Coats (1977) claims this t o  

I t  i s  not c lear  from the paper by Toronyi and Farouq Ali whether 

Substi tution of Darcy's law in to  (5.65) 

(5.66) 

1 k k  p h - r s s s  k k  p h 
z r w w w  - v *  [ '(!Pf - Pw!) + - '(YPf - P s g )  

pW % 

We note tha t  i n  the original paper by Toronyi and Farouq Ali (1975), there 

appears t o  be a typographical e r ro r  and the sign of the convective term 

is incorrect.  

To this point,  the form of the equations is  t o t a l l y  general. 

Only when the consti tutive equations are introduced and the dependent 

variables selected does the restriction t o  the two phase region appear. 

The density,  viscosity and enthalpy f o r  b o t h  water and steam are assumed 

functionally dependent on pressure and temperature a t  saturated conditions. 

The temperature and pressure w i t h i n  the reservoir are related by 

0.225 (5.67) (Farouq Ali ,  1970) T = 115.1 Pf 
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where pf has the units of lbf/sq.in. and T i s  i n  O F .  The dependent 

variables are chosen as saturation and pressure: 

meaningful only in the two phase region (see figure 5). 

this choice i s  obviously 

5 .4 .2  Assumptions : 

The principal new assumption i s  t h a t  the fluid i s  two phase 

only. A second relationship of interest i s  the functional dependence 

of  E = ~ ( p ) ,  i .e . ,  the function is  assumed separable into spacial and pressure 

dependent parts. 

(5.68) E = E + X ¶ Y ) E + P f )  

(5.69) 

A 

where c i s  the rock compressibility. r 

5 . 4 . 3  Numerical Approximations : 

The equations (5.64) and  (5.66) are approximated using standard 

finite-difference procedures w i t h  the following idiosyncrasies: 

1 ) saturation dependent terms are assumed non-linear and 
evaluated a t  the new (n+l) time level 

2 )  backward difference approximation is  used for the time 
derivative 

3 )  for pressure dependent terms, a linear average of adjacent 
g r i d  point values is used 

4 )  f o r  saturation dependent terms, upstream saturations are 
used based on fluid potentials 

5)  permeability i s  taken as  the harmonic mean of adjacent grid 
p o i n t  values 

.- ~ ~ ~ . .-. . _ _  .. .. ., . . .. . ... 
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The we l l  bore model i s  formulated as fo l lows:  l e t  the 

heat s ink  term i n  the  energy equation be w r i t t e n :  

(5.70) Q = hwR + (hS-hw)RS 

The steam product ion r a t e  i s  determined by f r a c t i o n a l  f l o w  as 

(5.71a) R, = asR 

where 

(5.71 b)  , and r s  k 

s krs + Akk, ( J =  

S u b s t i t u t i o n  o f  (5.71a) i n t o  (5.70) y i e l d s ,  i n  f i n i t e  d i f f e rence  form, 

Qi j k:ll + A n k, n + l  

where Qij 

the flow equation (5.64). 

appears i n  the energy equation (5.66) and R!il appears i n  

5.4.4 So lu t i on  of t he  Approximating Equations: 

When N nodes are considered a system of 2N equations i s  generated 

by the  f i n i t e  d i f f e rence  equations. 

using a Newton-Raphson technique. 

scheme i s  used t o  solve the l i n e a r i z e d  equations. 

These non- l inear  equations are solved 

A t  each i t e r a t i o n ,  a d i r e c t  s o l u t i o n  

79. 
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5.4.5 Example Probl ems : 

Several example problems were run u s i n g  a two-dimensional 

The' cross-section does n o t  appear areal and cross-sectional model. 

t o  have been formulated i n  cylindrical  coordinates although a "well" 

was involved i n  the simulation. The models involved 36 nodes each. 

A 5 x 2 x 2 x 2 fac tor ia l  experiment was run  where the 

factors  were as follows: i n i t i a l  saturation 1.0, 0.8, 0 .6 ,  0.4, 0.2; 

porosity 0.05 and 0.35; i n i t i a l  pressure 650 psia and 450 psia; 

permeability 1.0 and 0.10 darcy. 

saturations were 0.50, 0.40, 0.30, 0.20, and 0.10. 

tolerance used was lo-' and the typical mass and energy residuals 

were - and 10'' - 10-l' respectively. The percent e r ro r  

i n  both incremental and cumulative mass balances was 10'' t o  10-l'. 

A s t a b i l i t y  parameter was defined as the dimensionless throughput. 

For the cross section, the i n i t i a l  

The convergence 

(5.73) - R A t  
*TP - m 

P 

where m i s  the to t a l  mass per cellcontaining the well 
P 

A t  i s  the time step size , and 

R is  the to ta l  mass production r a t e  

The maximum s tab le  value of NTP was from about 1.0 t o  33. 

t h a t  for  higher levels of i n i t i a l  saturation NTP was not a good measure 

of s t a b i l i t y .  Toronyi and Farouq Ali (1975) suggest this is due t o  the 

importance of thermal e f f ec t s ,  such as  flashing, on the s t a b i l i t y  of the 

system. 

I t  is interest ing 

c 
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5.4.6 Model Eva1 uat ion:  

The Toronyi -Farom A1 i model was an important con t r i bu t i on  i n  

the  development o f  geothermal s imulators.  It was designed t o  examine 

var ious geothermal rese rvo i r  phenomena under the  cons t ra in t  o f  two 

phase flow. Several i n t e r e s t i n g  aspects o f  geothermal rese rvo i r  

behavior were e l  u c i  dated. 

The formulat ion o f  the  governing equations was n o t  presented 

i n  any d e t a i l .  

generated by others f o r  t he  case o f  n e g l i g i b l e  pressure work. 

choice o f  sa tu ra t i on  and pressure as dependent var iab les  has the  advantage 

o f  e l im ina t i ng  problems associated w i t h  the t r a n s i t i o n  f rom water t o  

steam. 

t o  the m a j o r i t y  o f  geothermal reservo i rs .  

The f i n a l  expressions, however, are the  same as those 

The 

The obvious disadvantage i s  t h a t  the model i s  n o t  r e a d i l y  app l i cab le  

The numerical scheme appears sound. The general approach i s  

mathematical ly sound. 

presented such t h a t  the accuracy of t he  non- l inear  a lgor i thm can be 

evaluated. 

the one t h a t  was selected probably has l i t t l e  relevance t o  a model designed 

Moreover, mass and energy balances are 

The choice o f  a s t a b i l i t y  c r i t e r i a  i s  worthwhi le although 

t o  s imulate the  t r a n s i t i o n  from pure l i q u i d  water t o  steam. 

5.5 Model of Coats 

While the  p a r t i c u l a r  model we i d e n t i f y  w i t h  Coats was publ ished 

i n  1977, he and h i s  colleagues presented e a r l i e r  a number o f  r e l a t e d  

simulators.  

Coats (1977) because i t  describes a scheme designed s p e c i f i c a l l y  f o r  geo- 

thermal rese rvo i r  s imulat ion.  It w i l l  become apparent i n  the  course of 

t h i s  discussion t h a t  the Coats mo'del'is probably the  most advanced formula 

t i o n  fo r  t he  general s imu la t ion  of mult i -d imensional  reservo i rs .  

(Coats, 1974, Coats e t  a l . ,  1974) We focus on the  paper 
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5.5.1 Governing Equations: 

The governing equations are formulated using a macroscopic 

The mass and energy balance i s  formulated for  the balance approach. 

combined steam-water mixture, as i n  earlier examples. The mass balance 
+ i s ,  

This is  similar t o  (5 .64) ,  the mass balance of Toronyi and Farouq Ali, 

b u t  we do not  assume a single f l u i d  pressure, i.e.,  capillary pressure 

may exist. 

The energy equation, w i t h  potential and kinetic terms ignored, 

becomes 

- V * K * V T  ... - Q,, - Q, = 0 -".,-" 

n 

The continuous form is  not presented and here the p a r t i a l  differential 
equations are formulated from the difference equations. 

+ 
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where Q,, i s  a heat ga in r a t e  and 

Q, i s  an enthalpy i n j e c t i o n  ra te .  

We have n o t  spec i f i ed  the  form o f  QHL o r  Q, as i n  the case o f  the Faust 

and Mercer model (5.42). A l l  o f  t he  functions i n  (5.74) and (5.75) can 

be expressed as s i n g l e  valued funct ions o f  T, Ss,  ps.  

water sa tu ra t i on  and pressure are a l so  known through the  re la t i onsh ips  

Note t h a t  t he  

(5.76) sw + ss = 1 

(3.45) - P, - Ps - P, 

where, once again, pc i s  the c a p i l l a r y  pressure. 

Examination o f  f i g u r e  5 reveals t h a t  t he  three var iab les T, 

are n o t  independent everywhere on the thermodynamic diagram. 
s s p  ps 
I n  the water reg ion 1 )  t he  two independent var iables a re  pressure pw 

and temperature T. The independent var iab les i n  reg ion 2 )  are pressure 

ps and sa tu ra t i on  Ss: 

Farouq A l i  i n  t h e i r  two-phase model: i n  the superheated steam region 

3)  

t h i s  we have seen was the  choice o f  Toronyi and 

temperature and pressure are once again the  dependent var iab les o f  choice. 

In t he  water reg ion Uw i s  assumed t o  be a s ingle-valued f u n c t i o n  of 

temperature and the  densi ty i s  obtained from 

(5.77) pw PWS(T)[ l  + c,(T)(Ps-Pss(T))l 

z ,  

where the subsc r ip t  ss denotes saturated condi t ions.  

r e l a t i o n s h i p s  are a lso obtained f o r  the o the r  var iables f u n c t i o n a l l y  r e l a t e d  

C o n s t i t u t i v e  

t o  the  dependent var iab les o f  choice. Thus, t h e  a lgor i thm employs three 

d i f f e ren t  formulations o f  the governing equations; one f o r  each o f  the 
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regions i nd i ca ted  i n  f i g u r e  5. 

operate i n  the  v i c i n i t y  o f  t he  water-multiphase f l u i d  boundary o f  t he  

thermodynamic diagram? I n  o the r  words, the troublesome non-1 i n e a r i  t y  

has been a r t i f i c a l l y  removed from the  governing equations b u t  must, 

nevertheless, e x i s t  i n  the  model formulat ion.  Coats (1977) does n o t  d e t a i l  

The question which ar ises i s  how does one 

the  i t e r a t i v e  procedure i nvol ved. 

5.5 .2  Ass umpt i ons : 

The assumption o f  zero c a p i l l a r y  pressure I s  re laxed i n  t h i s  

There i s  a l s o  an attempt t o  employ a d i s c r e t e  f r a c t u r e  r e s e r v o i r  model. 

formulat ion (see sect ion 4.1). A sophis t icated we l l  bore model i s  employed. 

5.5.3 Numeri ca l  Approxi m a t  i ons : 

The appropr iate governing equations are approximated us ing 

standard block-centered f i n i  t e -d i f f e rence  approximations. Id iosyncras ies 

of t h i s  p a r t i c u l a r  formulat ion fo l l ow :  

1) r e l a t i v e  pe rmeab i l i t i es  and enthalpies are evaluated a t  
t he  upstream g r i d  b lock condi t ions 

2 )  i n t e r b l o c k  p a / p a  and y, are evaluated as a r i t h m e t i c  averages 
o f  t h e i r  values i n  the  two g r i d  blocks. 

5 .5 .4  We1 1 -bore Model : 

Coats (1977) has gone t o  considerable t r o u b l e  t o  formulate a 

meaningful wel l -bore model. The development i s  long and r a t h e r  tedious 

bu t  e s s e n t i a l l y  addresses the  f o l l o w i n g  poss ib le  cases: 

1) the  product ion ra tes  o f  water phase, steam phase and t o t a l  
water and enthalpy from a given l a y e r  

2)  t he  i n fo rma t ion  obtained i n  1 )  b u t  extended t o  consider the  
case of a m u l t i l a y e r  w e l l  completion 

3 )  the formulat ion presented i n  2 )  bu t  assuming a semi - imp l i c i t  
we l l  treatment ( t he  model otherwise i s  t o t a l l y  i m p l i c i t )  

84. 
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4 )  i n  s i n g l e  w e l l  problems def ined i n  c y l i n d r i c a l  geometry, 
the we l l  i s  t rea ted  i m p l i c i t l y  by simply i nco rpo ra t i ng  
the we l l  bore i n  the r e s e r v o i r  g r i d  system. 
unique f l ow  c h a r a c t e r i s t i c s  o f  the we l l  bore, one must 
e i t h e r  employ a code s u i t a b l e  t o  f u l l y  developed t u r b u l e n t  
mult iphase flow o r  modify the normal Darcy formulat ion 
through the use o f  psuedo r e l a t i v e  pe rmeab i l i t i es  which 
accomplish the  same e f f e c t .  
t h i s  type of formulation involves the throughput r a t i o  
i n  the  very small wel l -bore blocks. 

Because o f  the 

A problem encountered i n  

5.5.5 So lu t i on  o f  Approximating Equations 

The t o t a l l y  i m p l i c i t  s o l u t i o n  o f  the approximating a lgebra ic  

equations i s  achieved using Newton-Raphson i t e r a t i o n .  While t h i s  

accounts f o r  t he  r e l a t i v e l y  weak n o n - l i n e a r i t y  w i t h i n  a phase reg ion 

(see f i g u r e  5),  i t  does n o t  i n d i c a t e  the technique employed i n  r e s o l v i n g  

the extreme n o n - l i n e a r i t y  encountered i n  moving between phases. 

The convergence c r i t e r i a  associated w i t h  the  Newton-Raphson 
+ 

change 6 ( 0 )  i s  repor ted as 

MaxldTijk I - < 1°F 

The t i m e  t runca t ion  e r r o r  was examined us ing sequen t ia l l y  smal ler  t i m e  

steps. 

an "acceptable" e r r o r .  

For the  problem considered t ime steps o f  1000 days produced 

The r a t e  o f  convergence o f  the method was such 

t h a t  the f i r s t  t ime step requi red 20-23 i t e r a t i o n s  wh i l e  each add i t i ona l  

s tep requi red only  two t o  three. I n  the  one-dimensional problem considered, 

convergence was achieved using a throughput ra te ,  here def ined as, 

+ 
Note t h a t  6 ( * )  here denotes changes between i t e r a t i o n s  r a t h e r  than t ime 

l e v e l s .  
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(5.78) 

6 of 52.45 x 10 . In (5.78),Yp i s  the finite-difference g r i d  block pore 

volume and q v  i s  the to ta l  volumetric flow r a t e  through the g r i d  

block. 

was achieved and this was under a range of saturations,  f o e . ,  

0 5 Ss 5 0.8993. 

30 i n  the Toronyi and Farouq A1 i model. I t  would be very interesting 

t o  know the mass and energy balance achieved i n  the Coats model. 

In a two-dimensional problem twice as  large a throughput r a t i o  

Note tha t  this corresponds t o  a value of approximately 

The 2N algebraic equations generated a t  each i te ra t ion  level 

a re  solved using a "reduced band w i d t h  d i rec t  solution" algorithm 

at t r ibuted t o  Price and Coats (1974). 

by Faust and Mercer (1978b) i n  t h e i r  ver t ica l ly  integrated, a r ea lB  

two-dimensional model (section 5.3.4). 

5.5 .6  Example Problems : 

T h i s  is  the same scheme employed 

A number of problems have been r u n  u s i n g  the Coats simulator. 

They a re  sumnarized as follows: 

1 )  a radial  tes t  problem designed t o  compare the simulators 
calculated de l iverabi l i ty  against an analytical  determined 
value. 
s tabi  1 i t y  and time-truncation error .  
zero capi l lary pressure was used. A maximum deviation 
between the numerical and analytical  o f  approximately 10% 
was observed. 
associated w i t h  the discrepancy between the assumptions 
required i n  the analytical  solution and those realized i n  
the numerical simulator. Time steps o f  1000 days resulted i n  

7 a small truncation e r ro r  and s tab le  throughput ra t ios  of 10 
were observed. Nine nodes were used i n  this model. 

2 )  a problem cas t  i n  cylindrical  coordinates w i t h  50 nodes. A 
s t ra ight - l ine  pseudo capi l lary pressure curve was used such 
tha t  pc = 18.45 psi when Sw = S 
sw = 1.0. To demonstrate spacY6l convergencg, the problem 
was a l so  run using twice as many nodes i n  the vertical  Le. 
1 to ta l  of 100 nodes i n  the problem. The time truncation 
e r r o r  Was a l so  examined and A t  - 500 days produced l i t t l e  

In addition, this problem was used t o  examine 
In these experiments, 

T h i s  i s  probably w i t h i n  the tolerance 

= 0.2 and p = -18.45 when 
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8 truncation error. 
was achieved w i t h  a saturation change from 0 t o  0.8993. 
T h i s  problem was r u n  using several i n i t i a l  pressures, 
permeabilities of 100 and 500 md and porosity values of 
0.05 and 0.35. Average computer time fo r  the 50 node 
problem was 0.016 seconds per g r i d  block-time step.  
T h i s  f igure compares with 0.01 seconds fo r  semi-implicit 
models used by Coats. 

A stable t h r o u g h p u t  r a t i o  of 10 

3) a two-dimensional (cy1 indr ica l )  discrete  f rac ture  model 
The de t a i l s  of this problem was formulated and tested. 

were presented e a r l i e r  (section 4.1). 

4 )  a three-dimensional ( 5 x 5 ~ 5 )  model of a ver t ical  f rac ture  
i n  a h o t ,  dry rock. 
sui table  spacial truncation error .  
permeabilities were considered. 
only one half of the symmetric problem. 
time s tep  se lec tor  was used which employs steps r a n g i n g  
from 0.1 days t o  500 days. 

Tests were conducted t o  achieve a 
Several matrix 

The model considered 
An automatic 

5.5.7 Model Eva1 uation: 

The Coats (1977) model represents the s t a t e  of the a r t  i n  

geothermal reservoir engineering. 

the features  of other models considered, the poss ib i l i ty  of d i scre te  

I t  incorporates , i n  addition t o  

f racture  representation ( a l b e i t  somewhat ideal ized)  i n  addition t o  an 

e f fec t ive  well bore model. The s t a b i l i t y  and time truncation aspects 

of the a1 gori t h m  employed a re  qui te  irnpressi ve. 

While s tab le  solutions fo r  d i f f i c u l t  problems were achieved 

i t  i s  not apparent how t h e  i t e ra t ive  algorithm which  employs three 

d i f fe ren t  equations was appl ie'd a t  the phase t rans i t ion  boundary. Because 

no mass o r  energy balances were employed, the convergence charac te r i s t ics  

of the algorithm are  not evident. 

problems simulated by others were attempted by Coats. 

par t icular ly  interest ing t o  invest igate  the impact of non-zero capi l la ry  

pressure since i t  i s  one of the few models currently available t o  handle 

this s i tua t ion .  

Moreover, none o f  the experimental 

I t  would be 
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5.6 Model o f  Huyakorn and Pinder 

The model o f  Huyakorn and Pinder i s  p r i n c i p a l l y  o f  i n t e r e s t  

because i t  demonstrates t h a t  a f i n i t e  element formulat ion can be used 

t o  solve the  mult iphase geothermal rese rvo i r  equations. I t  should be 

considered as an a1 t e r n a t i v e  formulat ion t o  t h a t  presented by Faust 

(1976) wherein he experienced d i f f i c u l t i e s  when apply ing a standard 

Galerk in  formulat ion.  The Huyakorn and Pinder model i s  presented i n  

Huyakorn and P i  nder (1 977). 

5.6.1 Governing Equations: 

The governing equations were n o t  formulated from f i r s t  

p r i n c i p l e s  b u t  r a t h e r  adopted d i r e c t l y  from Mercer and Faust (1975). 

The mass and energy balance f o r  the  combined water-steam system i n  a 

hor izon ta l  column can be w r i t t e n  
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(%)hi 
The nonlinear coeff ic ients  appearing i n  (5.79) and (5.80) eg. 

are obta ined  from formulae written i n  terms o f  pf and hf .  

5.6.2 Ass ump t i ons : 

The standard assumptions ou t l ined  earlier are applicable t o  

t h i s  model. 

5.6.3 Numeri cal Approxi ma t i  on : 

The numerical scheme used t o  approximate (5.79) and (5.80) 

i s  a modification of the Galerkin f i n i t e  element method. Because t h i s  

formulation i s  not  as well known as standard f i n 1  te difference approximations 

we will out l ine i t  here. 

b u t  more compact form 

Let us rewrite (5.79) and (5.80) i n  an equivalent 

where S T = T  + T  
W 

+ %PS 
p z s p  w w  
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x K (k)hf + hSrs + hwrw (hw ,< h ,< hs) 

X E K (,%) + Taha 
(h <hw o r  h >  hs) 

f 

H E cpfhf + ( l-o)pRhR 

The f i r s t  s tep i n  the  numerical development i s  t he  

representat ion o f  t he  unknown funct ions and the  c o e f f i c i e n t s  us ing 

f i n i t e  ser ies  i n v o l v i n g  undetermined c o e f f i c i e n t s  and bas is  func t ions  



i- 1 L L+1 

Figure 7: Linear 'chapeau' basis functions. 

Fiaure 8: 

XBL 795,-9553 

Asymmetric weighting function w i .  
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(5.83f) 

(5.839) 

N 

/--- 

where sumnabion n o t a t i o n  i s  assumed, i.e., I.JpJ E c NJpJ. The 
331 

func t iona l  form o f  NJ(x) has n o t  been s p e c i f i e d  bu t  a number o f  p o s s i b i l i t i e s  

e x i s t :  the s implest  choice i s  the piecewise l i n e a r  chapeau func t ion  

i l l u s t r a t e d  i n  f i g u r e  7. 

The method o f  weighted res idua ls  assumes a res idual  e x i s t s  

when (5.83) i s  s u b s t i t u t e d  i n t o  (5.81) and (5.82) i .e.,  

(5.84) L&P) = Rf 

One then minimizes t h i s  res idua l  i n  an average sense us ing weight ing 

funct ions , wI ( x )  . 

(5.85) RfwIdx = I = 1,2, ... N 
X 

I 
X 

When wI(x) 5 NI(x ) ,  t h e  method o f  weighted res idua ls  becomes the Galerk in  

method. S u b s t i t u t i o n  o f  (5.81), (5.82) and (5.83) i n t o  (5.85) y i e l d s :  

(5.86) I (g NI - & [T 2 pJ] w1)dx = 0 
X 
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ax hJ)] wI)dx = 0 

X 

Note t h a t  i n  (5.86) and (5.87) we have used wI E NI f o r  the t ime de r i va t i ve .  

The remaining wI funct ions are asymmetric basis funct ions designed t o  

accommodate upstream weight ing (see f i g u r e  8). 

One normal ly modi f ies (5.86) and (5.87) using Green's theorem 

t o  t ransform the  second d e r j v a t i v e  terms: 

-1 = 1,2, ... N 

xR 
A I A 

- ( A = +  6 % )  WI/ = 0 I = l ,Z ,  ... N ax 

Thus, we have 2N equations i n  the  2N unknowns pJ and hJ, provided, of course, 

one performs the  appropr ia te i n teg ra t i on .  The remaining task i s  t o  

i nves t i ga te  the boundary terms, i.e., those terms loca ted  a t  xR and xo. 

Le t  us r e w r i t e  the  l a s t  term on (5.89) as 

xfi x,fi xQ 

0 xO 
X 

xO 

where 0 = A-K - aT 
aP 

h 
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The f i r s t  term on the  r i g h t  hand s ide  o f  (5.90) i s  the conductive heat 

f l u x  and i s  genera l ly  known (assuming i i t s e l f  i s  no t  avai lab le) .  The 

second term i s  genera l ly  unknown and thus must be c a r r i e d  as p a r t  o f  t he  

c o e f f i c i e n t  matr ix .  We w i l l  r e t u r n  t o  t h i s  problem shor t l y .  

5.6.4 So lu t i on  o f  Approximating Equations: 

The non- l inear equations (5.88) and (5.89) are solved using a 

The r e s u l t i n g  1 i n e a r  a lgebra ic  equations are Newton-Raphson procedure. 

solved d i r e c t l y :  a t r i v i a l  task s ince the  problem i s  one-dimensional. 

Inasmuch as we have no t  described the  Newton-Raphson procedure t o  t h i s  

po int ,  we w i l l  now do so using the  r e l a t i v e l y  simple system o f  (5.88) 

and (5.89). 

5.6.4.1 Newton-Raphson Approximation: 

The Newton-Raphson procedure i s  modi f ied s l i g h t l y  t o  account 

f o r  d i s c o n t i n u i t i e s  i n  the  d e r i v a t i v e s  o f  the non- l inear  c o e f f i c i e n t s  when 

phase conversion occurs. 

(5.89) using operator n o t a t i o n  

L e t  us f i r s t  de f i ne  the  equations (5.88) and 

+ ‘ I -  - dx RI dx dx 
I (NI Fn+l - Fn 

A t  (5.91) 
x \  

(5.92) GI. I (N I Hnil A t  - Hn + 
x \  

where we have temporar i ly  dropped the 

dx dx 

boundary terms. I n  a completely 

i m p l i c i t  formulat ion,  we a l s o  assume the  non- l inear  c o e f f i c i e n t s  A and T 

are t o  be evaluated a t  t he  n+l l e v e l .  When a s o l u t i o n  f o r  (5.88) and 

(5.89) i s  achieved RI = GI = 0. We now generate a Taylor  se r ies  expansion 

n 
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around the  des i red zero res idual ,  i 

(5.94) 

aRI 
R1 It+, =o=RIl k + -  aPJ 

(5.93) 

= O = G I  + -  aG I ( P g '  - PJk 1 + - aG i (h[j+' - hJk ) 
k+ l  k aPJ k ahJ k 

e., 

(PJk+ 
k 

- pJ k ) + aRI I (hi+' - hJ k ) 
ahJ k 

where the  superscr ip t  o f  pJ and hJ has been suppressed. 

aGI Let  us now examine the  form of the de r i va t i ves  I\... etc .  

(5.95) 

(5.96) 

(5.97) 

(5.98) 

OI'J 

- =  ' c -  dNJ + -  dNJ 1) dx dx dx 'J 
aRI 
aPJ 

X 

dwI dNJ 

dx dx 
X 

5 = ,('I""'+-- A t  ahJ dx dwI dNJ dx [ p J t + ~ + h J  

ahJ X 
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We can now combine (5.91 - 5.98) t o  y i e l d  

(5.99) {T$ + -  ::PJ o d x  
X 

n+l  dx AhJ 
k 

dwI dNJ 
ahJ dx dx 'J + 

X 

).' k 

~ W I  d N ~  n+l  
dx dx 'J + T-- 

X 

k 

= o  

(5.100) I (ggl + K T  dwI dNJ [a + p j  ap a x  + h -1).. 
J aPJ 

X 
APJ 

.- 

X k 

dwI dNJ - Hn + - - [ xp:+l + fjhY+l 
dx dx 

X 

k+l  k (5.101a) where Apj L: pJ - pJ 

(5.101 b)  AhJ = hi+'  - h i  

= o  
k 



Equations (5.99 - 5.101) can be writ ten i n  matrix form 

N~ aF"' a T  dwI dNJ 

Grs 
(5.102) 

(5.103a) 

(5.103b) 

( 5 . 1 0 3 ~ )  

(5.103d) 

(5.103e) 

(5.103f) 

(5.1039) 

NI n+19k - where f I  = - ' t -  dx 'J A t  + - [F dNJ k 

X (2 
- 1 k 1  ndNJ [ ~ p ~  k + ~ h , k ]  + 

dx dx 91 - - 
X 

C A i j I  = 
'IJ bIJ 1 
'13 dIJ  J 

k 
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The procedure from t h i s  p o i n t  forward can be summarized as: 

1) Solve (5.102) f o r  the incremental pressures ( A P ~ )  and 
enthalpies (Ah ) 

2)  The increments are used t o  update pJ and hJ 

3) The new values, p and hJ are used t o  update t h e  
c o e f f i c i e n t s  i n  [ 1 ] and the r ight-hand-side vectors. 

4 )  Steps 1 )  - 3)  are repeated u n t i l  the increments Apj and 
AhJ are w i t h i n  a prescr ibed to lerance 

The de r i va t i ves  o f  t he  non- l inear  c o e f f i c i e n t  T, F etc.  are approximated 

by a chord slope determined using nodal values pJ and hJ and t a k i n g  small 

increments from them. 

the  p o s s i b i l i t y  o f  crossing the  phase boundary, i .e.,  e i t h e r  a p o s i t i v e  

or negative increment may be used, depending upon the  l o c a t i o n  o f  t he  

p o i n t  (pJ, hJ ) We have n o t  presented the formulat ion f o r  t he  boundary terms 

bu t  they are approximated using a procedure analogous t o  t h a t  o u t l i n e d  above. 

k k 

These increments are taken such t h a t  one avoids 

k k  

5.6.5 Example Problems : 

Two one-dimensional problems were simulated. The f i r s t  was the  

Ar ihara experiment mentioned i n  e a r l i e r  examples. A s o l u t i o n  which 

s u i t a b l y  matched the  experimental data was obtained. 

was a mod i f i ca t i on  o f  t he  f i r s t .  

sandstone core was i n i t i a l l y  f i l l e d  w i t h  ho t  water and then subjected t o  

a r a p i d  pressure drop. This i s  a severe t e s t  o f  t he  a b i l i t y  o f  the model 

The second problem 

Using the  same experimental s e t  up, t he  

t o  accommodate h i g h l y  non- l inear  f low. Mass lumping, which i s  t he  

diagonal i z a t i  on o f  t he  ma t r i  x associated w i  t h  the  t ime de r i va t i ve ,  

produced good r e s u l t s  i n  both o f  t he  above problems. Using a convergence 

c r i t e r i a  o f  0.05 percent s a t i s f a c t o r y  mass and energy balance checks were 

achieved. 

c 



5.6.6 Model Evaluation: 

The Huyakorn and Pinder model i s  important on l y  i n  the sense 

t h a t  i t  demonstrates t h a t  f i n i t e  element schemes, s u i t a b l y  modif ied, 

can be used t o  s imulate geothermal r e s e r v o i r  behavior. 

present form cannot be considered an important r e s e r v o i r  engineering 

t o o l .  The i t e r a t i v e  scheme i s  i n t e r e s t i n g  and e f f e c t i v e .  The treatment 

o f  the downstream boundary o f  the Ar ihara experiment appears t o  work 

we l l  ( t h i s  i s  discussed a t  l eng th  i n  the paper (Huyakorn and Pinder, 1977)). 

The model i n  i t s  

5.7 Model o f  Thomas and Pierson 

The three dimensional f i n i t e  d i f f e rence  model o f  Thomas and 

Pierson i s  described i n  Thomas and Pierson (1976). 

handling mu1 t iphase f l ow  using an i m p l i c i t  pressure, e x p l i c i t  s a t u r a t i o n  

formul a t i  on. 

It i s  capable o f  

5.7.1 Governing Equati ons : 

The governing equations a re  n o t  f o rma l l y  developed. The 

combined w a t e r  and steam mass and energy balances are presented 

(5.111) 

- % - I t s  = o  (mass ) 
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=kkwrPwhw + - v - K V T  - R w h i  - Rsh; - Q [( lJw 
?f - - 

= o  

I n  addition, Thomas and Pierson provide the following relationships t o  

further determine the physical s ta te  of the water 

(water phase only) 

- - (saturated steam) (5.11 3b) Pf Psat(T)  

n+l 0 -  n (5 .113~)  sw - sw - - sw (superheated steam) 

5.7.2 Ass ump ti  ons : 

The standard assumptions have been made i n  this model. I t  

would appear t h a t  additional assumptions regarding the gravity force term 

are  employed i n  (5.112) a l t h o u g h  this may be a misprint or  my misinterpretation. 

5.7.3 Numerical Approximation and Solution o f  Approximating Equations: 

The governing equations are approximated u s i n g  standard f i n i t e -  

difference procedures. 

these equations is  rather unusual and  not  considered heretofore i n  this 

report, we now consider i t  i n  some de ta i l .  

Because the scheme employed in the solution of 

Let us f i r s t  expand the time 
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d e r i v a t i v e  o f  (5.111) 

Grs 

(2) aPf + Es (!yT - a P f  a t  + E S W  (2) + ap a t  w ap 
p f 

I n  f i n i t e  d i f fe rence form, t h i s  becomes: 

+ [€ n+ l  sw n (2) t EntlS: (2) ]6T 
p f p f 

[ n+l n+l + snp.pnc + ss n E: n+ l  ) - W E  p w c w  w 1 w f  aPf T 

n n  + s s p s E.C 1 f IQf  

(5.115) where 6S, = S;+l - Sl or ,  i n  general, 6(.) = ( e ) " "  - 

i s  t he  compress ib i l i t y  o f  water 

i s  t he  format ion compress ib i l i t y  

cW / '  

Cf 

E i s  the i n i t i a l  po ros i t y  i 
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Note t h a t  (5.115) can be w r i t t e n  

(.)"+' = 6(.) + (.)n 

such t h a t  the second term i n  (5.111) can be w r i t t e n  

(5.116) v*[Mwpw(yPw - pW9) + MSPs(PPs - P s ? ) l  

where A 

Combination o f  (5.116), (5.114), and (5.113) y i e l d s  

i s  the standard f i n i t e  d i f f e rence  s p a t i a l  operator. .. 

(5.117) A=[(MWpw .. + Ms~,)A6Pf'1 ." = cl16Sw + clz6T + c136p + R1 (mass) 

where the cli are 

1 Vb n+l n+l n+l n+l  c11 = [E Pw - E  P s  

c12 - Ilt w a T  + %  aT )] Yb [€n+l(Sn ("w) n - 
p f p f 

.+ snpn E c 3 s s  i f  

c 
where cw i s  water compress ib i l i ty  and cf i s  formation compress ib i l i ty .  
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drs 

R1 i s  given by the second term on the  r ight -hand-s ide o f  (5.116) p lus  

the  source terms. One can f o l l o w  a s i m i l a r  development and a r r i v e  a t  

the  f o l l o w i n g  expression f o r  energy 

where cZi a re  non- l inear  c o e f f i c i e n t s  and R2 i s  once again the  known 

in fo rmat ion  a t  the  nth level .  Now, f o l l o w i n g  the  same l o g i c  as Coats 

(1977) we recognize t h a t  the  cons t ra in ts  of (5.113) a r i s e  from the  f a c t  

t h a t  on l y  two o f  6pf, 6T, 6Sw a re  independent i n  any given phase. 

Thus, (5.117) and (5.118) must be mod i f ied  t o  account f o r  t h i s .  Thomas 

and Pierson accomplish t h i s  through an add i t i ona l  c o n s t r a i n t  equation 

~ 3 1 6 s ~  + ~ 3 2 6 T  + c 6p + Rg = 0 33 (5.119) 

To i l l u s t r a t e  the use o f  (5.119) l e t  us consider the  case when steam and 

l i q u i d  water coex is t  a t  n+ l .  From (5.113b) 

&p = Psat (Tn) + (%)p 6T - Pn 
f 
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where 

Thus ,  the coeff ic ients  o f  (5.119) become 

- P! n ‘31 = O; ‘32 (%)pf ; c33 = 1 ;  R3 = p 

One can now visualize (5.117), (5.118) and (5.119) as a system o f  three 

equations in three unknowns. 

fol  1 owing steps (Thomas and P i  erson , 1976). 

The  solution procedure involves the 

1 )  eliminate s S ,  and sT from (5.117 - 5.119) by multiplying 
(5 .118)  and (5 .119)  by appropriate coeff ic ients  and adding 
(5.117 - 5.119) 

2 )  solve the resul t ing equation i n  one unknown us ing  the 
reduced band w i d t h  d i r ec t  solution method (Price and Coats, 
1974). 

3) eliminating 6Sw from equations (5.117) and (5.118) we have 
the following exp l i c i t  relationship for  sT. 

R3 
c1 1 -(‘13‘31 - ‘11‘33) s p  + - 

‘31 ‘31 

4)  calculate  the change i n  water saturation from (5.117) 



5) s teps  1-4 a re  repeated u s i n g  updated coeff ic ients  unt i l  
a prescribed convergence c r i t e r i a  i s  achieved. 
and Pierson (1977) report  two t o  three i t e r a t ions  per time 
step. 

T h i s  scheme i s  known as the implici t  pressure exp l i c i t  saturat ion method 

(IMPES) and was discussed i n  Coats (1977) for  geothermal simulation. 

Thomas 

5.7.3.1 Implicit Production Rate: 

The production r a t e  can be considered implici t ly  (e.g. Faust 

and Mercer, 1978b; Coats, 1977). 

is achieved using the following approach. 

In the Thomas and Pierson model, t h i s  

Let the production r a t e  be 

writ ten 

(5.122) 

where pwf i s  flowing bottom-hole pressure 

- Rn i s  the exp l i c i t  production r a t e  defined by 

3 where T* is  the ver t ica l ly  integrated permeability [L ] 

r i s  external radius,  

r i s  well-bore radius, 

s 

V 

e 

W 

i s  skin e f f ec t  [ L O ] ,  and 

i s  g r i d  block b u l k  volume 
9 
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The de r i va t i ve  dd i s  obtained from Rn 
a P f  

2nTkr P/P  

(kn (L) + s- 1/21 

- -  aRn - - (5.124) 

rW 

This term i s  kept i n  the  i m p l i c i t  pressure ca lcu la t ion .  

development can be extended t o  m u l t i w e l l  s imulat ions.  

This  type o f  

The f i n a l  

s tep i s  the determinat ion o f  t he  f r a c t i o n a l  f l ow  o f  water, fw. 

procedure described by Thomas and Pierson (1976) i s  

The 

" A f t e r  pressure and temperature convergence i s  reached 
and 6s i s  ca lcu la ted  e x p l i c i t l y ,  an i m p l i c i t  SS c a l c u l a t i o n  
i s  mad8 using i m p l i c i t  product ion ra tes  w i t h  resbect t o  water 
saturat ion.  
product ion i s  given by 

..n+l 

The d i f f e rence  between i m p l i c i t  and e x p l i c i t  

(5.125) 

where sS* i s  sa tu ra t i on  change ca lcu la ted  using e x p l i c i t  
p r o d u c t i b  ra tes  and SS i s  t he  i m p l i c i t  sa tu ra t i on  change. 
The term f i s  the  f r a c f i o n a l  f l o w  o f  water and R i s  the  
t o t a l  p r o d l c t i o n  ra te .  

R = R w + R  S 

Frac t iona l  water f l o w  i s  w r i t t e n  a t  t ime n+l  as 

- W  

A; + (3) f6sw + A: + (2) 6SW 
p w P f '  
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kn 
n 

vW 

n r w  = - where 

kn r s  
n 

- -  A; - 

Subs t i t u t i ng  the  above expressions i n t o  (5.125) y i e l d s  a 
quadrat ic  equat ion which can be solved d i r e c t l y  f o r  bSw." 

Note t h a t  equat ion (5.125) appears t o  conta in  a typographical  e r r o r  

s ince the  dimensions on each s ide  o f  t he  equation do no t  match. 

5.7.4 Exampl e Problems : 

One-dimensi onal , two-dimensi onal cy1 i n d r i  c a l  and areal  , 
and three-dimensional problems were simul ated. 

1 )  one dimensional problems: The problem considered 
i s  the  labora tory  experiment o f  Ar ihara wherein 
a core, i n i t i a l l y  saturated w i t h  h o t  water, i s  
subjected t o  decreasing pressure u n t i l  f l a s h i n g  
occurs. It i s  worth no t i ng  t h a t  i n  t h i s  example 
the  i n i t i a l  cond i t ions  d i c ta ted  saturated water so 
t he  t r a n s i t i o n  per iod  was simulated. Pinder and 
Huyakorn a lso  s imulated the  problem through the  
d i f f i c u l t  t rans1 t i o n  per iod.  
se lec t i on  y ie lded  steps o f  one t o  ten  seconds. 
Sa t i s fac to ry  r e s u l t s  were achieved. 
t o  have ,been 14 nodes used i n  the  problem w i t h  
Ax/2 spacing used f o r  t he  f i r s t  and l a s t  b lock.  

Automatic t ime step 

There appear 

2) areal  two dimensions: This  problem i s '  the  same as 
t h a t  t rea ted  by Toronyi, 1974 and discussed i n  sec t ion  
5.4.5. The r e s u l t s  were e s s e n t i a l l y  i d e n t i c a l  t o  
those obtained by Toronyi. A 36 node b lock centered 
g r i d  was used. 

s imu la t ion  o f  the  behavior o f  a rese rvo i r  i n i t i a l l y  
conta in ing subcooled water and subjected t o  product ion 
a t  a constant r a t e .  
temperature of 500°F and a pressure of 1000 ps ia .  
Seventy nodes were used i n  t h i s  example problem. 

3 )  r a d i a l  two dimensions: This  problem involved the  

The r e s e r v o i r  was i n i t i a l l y  a t  a 
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5.7.5 

4 )  three-dimensional : A three-dimensional reservoir with 
a 10" d i p  is  simulated. The model contained a well 
i n  the top five blocks and,due t o  symnetry, only half  
the region was modelled. 
nodes. The model used implici t  ra tes  w i t h  respect t o  
pressure and saturation and w i t h  implici t  t ransmissivi t ies .  
(this option i s  not discussed herein b u t  can be found 
i n  Thomas and Pierson, 1976) 
1.0020 and 0.9998 respectively were achieved. Explicit  
transmissivit ies yielded mass and energy balances of 
0.9998 and 1.0003. 
approximately 10% fewer time steps. Minor osc i l la t ions  
were observed a t  the bottom perforations of the well using 
the exp l i c i t  scheme. 

The g r i d  was 12x3~10 = 360 

Mass and energy balances of 

The imp1 i c i  t formulation required 

Model Evaluation: 

The Thomas and Pierson model i s  s imilar  t o  the Coats model 

in theoretical  foundation and f l e x i b i l i t y  i n  application. B o t h  models 

have some semblance of a well bore model, can be applied t o  a range 

of dimensions and geometries and appear t o  be both accurate and eff ic ient .  

The principal differences involve solution technique (d i r ec t  versus 

IMPES) and fracture  representation (only attempted i n  Coats). 

and Pierson model appears t o  have beenmre thoroughly tested, i .e. ,  i t s  

The Thomas 

solutions were compared w i t h  experiment and other numerical simulators, 

and mass and energy balances were reported. The Coats model would appear 

t o  be more computationally e f f i c i en t  although no d i r ec t  comparisons were 

attempted. T h e  methodology fo r  crossing the water-two phase boundary 

i s part icular ly  interest ing.  

The model appears t o  s a t i s f y  most of the requirements of a geo- 

thermal reservoir simulator. I t  does not have some of the practical  

n 

features of the Coats model such as  an e f fec t ive  methodology fo r  simulating 

flow from adjacent formations. I t  has the inherent l imitat ions in 

discret izat ion normally associated w i t h  standard f i n i t e  difference schemes. 



5.8 Model of Voss and Pinder 

The Voss and Pinder model was designed t o  demonstrate t h a t  

the finite-element method could be employed in a large scale simulator. 

There are several new concepts i n  this model including the governing 

u 

equations and method of solution. 

as a research tool  and consequently lacks the practical features which 

would qualify i t  as an effective reservoir engineering tool. 

model is  described i n  Voss (1978). 

The model has been used primarily 

This 

5.8.1 Governing Equations 

The governing equat ons were formulated from the primitive 

poin t  balance equations using the volume averaging approach (see section 

3.0). 

and internal energy components th rough  the entire development and then 

imposes simplifications based on the magnitude of the kinetic energy com- 

ponent. 

enthalpy i s  

I n  contrast t o  other workers, this formulation carries the kinetic 

The mass balance expression written i n  terms of pressure and 

(mass) 
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The energy equation w i thout  assumptions regarding the importance o f  

k i n e t i c  o r  p o t e n t i a l  energy y i e l d s  

1 2  where rf 5 hf + z V f  - 

I Z  I f  we assume v cch then rf:hf. Further,  I f  we assume the  de r i va t i ves  i n  

r and hf are esse%t ia l ly  the same, we ob ta in  
- f '  

= o  

Le t  us now r e w r i t e  (3 .49 ) ,  using thermodynamic re la t ionsh ips ,  t o  ob ta in  an 

expression i n  terms of enthalpy and pressure 

c 
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Grs 
(5.127) 

P f  

5.8.2 Assumptions : 

I n  the most general form, three o f  the generally accepted assumptions 

have been relaxed: 

1 )  pressure work i s  not considered negligible 

2 )  kinet ic  energy i s  not assumed negligible 

3) no assumptions have been made regarding potential  energy 

5.8.3 Numerical Approximations 

The governing equations (3.4a) and (5.127) a re  approximated u s i n g  

a Galerkin f i n i t e  element method. The only modification t o  the basic theory i s  

the use of asymmetric weighting functions f o r  the convective term. 

weighting i s  used fo r  the dispersive term. The mass matr ix  was not lumped. 

Symmetric 
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Isoparametric quadrilateral and brick finite elements defined 

i n  two and three space dimensions respectively were used. 

f inite element has the advantage t h a t  the subspaces can be quite general i n  

The isoparametric 

shape: 

sides. 

Thus, this model and t h a t  of Lasseter, Witherspoon and Lippmann bo th  have 

greater flexibility i n  appl ica t ion  t h a n  standard finite-difference schemes. 

Because i t  is  impossible t o  summarize isoparametric finite element theory 

i n  a few paragraphs we refer the reader t o  Voss, 1978 and s tandard texts 

such as Pinder and Gray (1977). 

those employing higher degree polynomials can actually have curved 

In this model only straight-sided isoparametrics were employed. 

5.8.4 Solu t ion  of the Approximating Equations: 

The approximating equations are linearized using the total increment 

method o f  Settari and Aziz (1975). 

method, yet quite different i n  some ways. 

S ($ )$ ( t ) .  From our earlier development 

The scheme i s  similar t o  the Newton-Raphson 

Let us consider a nonlinear coefficient 

Thus, the non-linear product  can be written 

The change i n  the non-linear coefficient S can be written (considering only 

one node) as 



as 
a$ ss = - SJ, (5.131 ) 

Substitution of (5.131) in to  (5.130) yields  

To handle the non-linearit ies,  we introduce the i te ra t ion  level k and 

def i ne 

- Iln 
k n+l  , k  (5.133b) S$ = J, 

,$k+l = $n+l,k+l n 
(5 .133~)  - $  

ask ,$k+l (5.133d) ss = - aJ, 

k A t  convergence SJ, = S J , ~ ”  = s$. 

Substi tution of (5.133) in to  (5.132) yields  

(5.134) ( S J , ) ~ ”  = Snqn t J , ~  k 6qkt1 t S n SJ, k+l  + - ask &$k+l 6gk+l 
a$ a$ 

We now apply the Newton-Raphson method t o  the last term i n  (5.134) and  

obtain (see Nolen and Berry, 1972). 

113. 



The f i n a l  r e l a t i o n s h i p  f o r  (S$)n+l i s  obtained through combination o f  

(5.135) and (5.134) 

Not ice t h a t  i n  t h i s  formulat ion,  the d e r i v a t i v e  aSk i s  n o t  the tangent a t  

the p o i n t  J, n+l*k bu t  r a t h e r  the  chord slope between J, '+' 9k and J , ~  as 

determined by (5.133a). 

aJ, 

I n  p rac t i ce ,  t he  de r i va t i ves  would be taken w i t h  

J,, i .e.,  $k9 k = 1,2 ,... N. 

t he  s i t u a t i o n  may a r i s e  where the numerical 

respect t o  each node1 value o f  

It i s  recognized tha  

s o l u t i o n  w i l l  occur exac t l y  on 

seem u n l i k e l y ,  numerical exper 

the two phase boundary. 

ments i n d i c a t e  c e r t a i n  problems are so lvable 

While t h i s  may 

only  when t h i s  p o s s i b i l i t y  i s  accounted f o r .  

t h i s  goal i s  presented i n  Voss (1978). 

The l i n e a r  a lgebra ic  equations are solved using a block i t e r a t i v e  

An a lgo r i t hm f o r  achieving 

scheme which circumvents the  need t o  i n t e g r a t e  the  c o e f f i c i e n t s  o f  t he  

m a t r i x  equation a f t e r  each i t e r a t i o n .  

and i s  described i n  Voss and Pinder (1978). 

( i .e.,  0.5 i s  Crank-Nicolson) wre selected t o  minimize mass and energy 

balance errors .  

This technique i s  r a t h e r  invo lved 

The t ime i n t e g r a t i o n  parameters 
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5.8.5 Example Problem: 

/ \  Several problems were considered i n  order  t o  demonstrate the  

accuracy and appl i cabi 1 i ty  o f  the  model. The fo l l ow ing  one-dimensional 

s imulat ions were conducted: 

1) single-phase f low w i t h  d i f fus ion  dominated energy t ranspor t  

2 )  s i  ngl  e phase f l ow  w i t h  convection dominated energy t ranspor t  

3)  l i n e a r i z e d  two phase f low: a check on the  pressure s o l u t i o n  

4) two phase f low w i t h  phase change (several  problems inc lud ing  
the  A r i  hara dep le t ion  experiment). 
permeab i l i t ies  were employed. 
nodes) were used w i t h  a vary ing t ime step s ize.  
so lu t ions  were obtained. 

Both Carey and A r i  hara 
Twenty f i n i t e  elements (21 

Sat is fac to ry  

The two and th ree  dimensional problems involved s imu la t ion  o f  the  product ion-  

r e i n j e c t i o n  problem. The two dimensional areal  problem requ i red  29 nodes 

(see f i g u r e  9). 

29 elements. 

The three dimensional s imu la t ion  requi red 73 nodes and 

No d i f f i c u l t i e s  were encountered i n  the  s imu la t ion  o f  e i t h e r  

o f  t he  above problems. 

5.8.6 Model Evaluat ion 

The Voss and Pinder model was developed as a prototype t o  evaluate 

new ideas i n  l a rge  scale geothermal rese rvo i r  s imulat ion.  Several concepts 

were in t roduced a l l  t he  way from the  formulat ion o f  the  equations through t o  

t h e i r  numerical so lu t ion .  By and large, the  new aspects o f  t h i s  s imu la to r  

have proven s a t i s f a c t o r y  and improved model l ing e f f i c i e n c y .  The model has 

been tes ted  c a r e f u l l y  and probably i s  the  most accurate c u r r e n t l y  ava i lab le .  

The model does no t  incorporate c e r t a i n  features which are 

important i n  p r a c t i c a l  rese rvo i r  engineering. I n  p a r t i c u l a r ,  i t  does no t  

inc lude a w e l l  bore model o r  enhanced input-output  devices. The program 

i s  h igh l y  complex because i t  attempts t o  u t i l i z e  the  ideosyncrasies of the  

I B M  i n s t a l l a t i o n  t o  achieve increased ef f ic iency.  I t  would probably be 
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d i f f i c u l t  t o  convert  the computer code t o  computers outs ide the  IBM ser ies .  

The Voss and Pinder model should probably be viewed p r i m a r i l y  

Gos as a research t o o l  although problems o f  p r a c t i c a l  i n t e r e s t  have been 

inves t i ga ted  dur ing the  course o f  i t s  development. Many o f  the  ideas 

introduced i n  t h i s  code should prove valuable i n  the  formulat ion o f  the  

nex t  generation o f  geothermal r e s e r v o i r  models. 

6.0 SUMMARY AND CONCLUSIONS 

6.1 Conceptual Model 

Geothermal reservo i rsare d i f f i c u l t  t o  catalogue phys c a l l y .  

They are  r e l a t i v e l y  scarce and tend t o  be r a t h e r  unique i n  the r res- 

pec t i ve  se t t i ngs .  Moreover, they a re  d i f f i c u l t  t o  instrument because 

o f  the  adverse nature o f  t h e  geothermal environment. For tunate ly ,  a 

few f i e l d s ,  p a r t i c u l a r l y  those a t  Wairakei i n  New Zealand, The Geysers 

i n  C a l i f o r n i a ,  La rde re l l o  i n  I t a l y ,  and more r e c e n t l y  Cerro P r i e t o  i n  

Mexico a re  monitored. With the  exception o f  The Geysers, these i n s t a l l a -  

t i o n s  a re  p u b l i c l y  administered and thus the f i e l d  data i s  genera l l y  

ava i l ab le .  

While there i s  s t i l l  a g r e a t  d e a l  t o  learn a b o u t  geothermal  

rese rvo i r s ,  a knowledge o f  the  physics o f  t h e  system i s  gradual ly  emerging. 

I n t e r a c t i o n  between mathematical model lers and r e s e r v o i r  engineers has shed 

l i g h t  on many aspects o f  the  problem. “By and la rge ,  t h i s  in format ion 

. *  . -  

. l  

! ‘  ’ I .  i 

tends t o  corroborate concepts’ formulated by ’  e a r l  i e r  s c i e n t i s t s  and engineers 
1 1  

I -  

( 3 -  

working i n  the  f i e l d .  Nevertheless, fundamental questions remain. A t  

t he  megascopic l e v e l ,  t he re  i s  s t i l l  speculat ion on the  r o l e  o f  recharge 

i n  the  o v e r a l l  system and the  source o f  energy a t  depth i s  poo r l y  understood. 

A t  the  macroscopic scale, the r o l e  o f  f rac tu res  i n  mass and energy t r a n s p o r t  

i s  n o t  w e l l  understood and t h e  i n t e r a c t i o n  between f rac tu res  and porous blocks 
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i s  v i r t u a l l y  unknown.  

The conceptual model of the reservoir i s  par t icular ly  

important  i n  fabr icat ing the i n i t i a l  and boundary conditions on the system 

and the source terms. I n  the short term, the flux terms are  probably 

of the greatest  concern. As the pressure decline approaches the 

boundaries of the reservoi r ,  boundary condi t i  ons obviously begi n t o  

play an important role .  Fortunately, or perhaps unfortunately i n  the 

case o f  newly developed f i e l d s ,  long term records i n  conjunction with 

geohydrologic information can provide important insight  i n t o  boundary 

type and locations.  To achieve r e l i ab le  forecasts of productivity in  

an undeveloped geothermal reservoir new or  improved geophysical techniques 

for  the def ini t ion of reservoir geometry and properties will  be required. 

6.2 Reservoi r Physics 

By reservoir physics we re fer  t o  those physical phenomena 

t h a t  involve the transport  of energy mass and momentum w i t h i n  a geothermal 

reservoir.  The mathematical real izat ion of these phenomena give r i s e  t o  

the governing equations of the reservoir simulator. U n t i l  very recently 

the procedure f o r  establishing these equations was based on analogy w i t h  

p o i n t  equations 'derived using the concepts of continuum mechanics. 

This approach was extended, i n  the case of porous media, using mixture theory. 

Another methodology which appears t o  be gaining favour i s  based on the 

concepts of  mass and volume averaging (see sections 3.0).  T h i s  approach 

appears t o  provide enhanced physical insight  i n t o  the interact ion between the 

various phases encountered i n  the reservoir.  

stage where a rigorous development o f  the equations governing multiphase 

I believe we are  now a t  the 

mass and  energy transport  i n  a porous medium reservoir i s  possible. ,  The 

next chal lenge will be t o  establ ish techniques f o r  measuring the parameters 
/- 

ar i s ing  i n  these new and more comprehensive equations. While these develop- 



ments w i l l  provide a b e t t e r  understanding of t he  physical  processes 

encountered i n  the  rese rvo i r ,  they w i l l  probably n o t  m a t e r i a l l y  i n f l uence  

the  accuracy o f  long-term r e s e r v o i r  performance. 

The r o l e  o f  f rac tu res  i n  geothermal r e s e r v o i r  performance, 

however, i s  q u i t e  a d i f f e r e n t  matter. Wairakei and The Geysers depend 

upon f r a c t u r e  permeabi l i ty  t o  achieve s a t i s f a c t o r y  mass f lows. 

we know very l i t t l e  about model l ing f rac tu red  r e s e r v o i r  systems and even less  

To date 

about how t o  determine accurate ly  important p roper t i es  such as f r a c t u r e  

permeabi l i ty ,  poros i ty ,  o r i e n t a t i o n  and extent.  Two schools o f  thought 

e x i s t  on how f rac tu red  rese rvo i r s  should be modelled. The f i r s t  we 

denote as the d i s c r e t e  f r a c t u r e  approach: t h i s  conceptual model requi res 

in format ion on d i s c r e t e  f rac tu res .  

combination w i t h  t h e i r  neighboring porous medium blocks. Unless the re  a re  

major advances i n  f i e l d  measurement methodology, i t  i s  u n l i k e l y  such data w 

even occasional ly  be ava i lab le .  The second approach i s  based on the  concep 

o f  over lapping continua: 

These are subsequently modelled i n  

one f o r  t he  f rac tu res  and the o the r  f o r  t he  

11 

porous blocks.  I n  t h i s  approach, several new se ts  o f  f i e l d  parameters would 

be necessary: 

permeabi l i ty .  

reservo i rs ,  i t  i s  a r a t h e r  recent concept and probably belongs w i t h i n  the 

realm o f  research a t  t h i s  time. 

these would be volume averaged parameters s i m i l a r  t o  

Although t h i s  may prov ide a v i a b l e  t o o l  f o r  model l ing f rac tu red  

Un l i ke  porous-f low physics, advances i n  f r a c t u r e  f l ow  physics 

could r e s u l t  i n  important changes i n  ou r  ideas about geothermal r e s e r v o i r  

s i  mu1 a t i  on. 
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6.3 Cons t i t u t i ve  Equations 

We have r a t h e r  a r b i t r a r i l y  ex t rac ted  t h i s  discussion o f  

c o n s t i t u t i v e  theory from the  preceeding sec t ion  on rese rvo i r  physics. 

It i s  a very important area which i s  rece iv ing  on ly  token a t ten t i on .  

The Stanford Geothermal program i s  responsible f o r  the  m a j o r i t y  of 

research re levant  t o  t h i s  top ic .  While i t  i s  poss ib le  t o  determine 

a grea t  deal about the func t iona l  form o f  c o n s t i t u t i v e  equations 

a r i s i n g  i n  rese rvo i r  physics, experiments are essent ia l  t o  v e r i f y  

hypotheses and measure parameters. Fundamental re1 at ionships such as 

r e l a t i v e  permeab i l i t y  curves are n o t  ava i lab le ;  the existence o r  

nonexistence o f  important c a p i l l a r y  e f f e c t s  has y e t  t o  be establ ished; 

the thermodynamic re la t i onsh ips  f o r  curved steam-water i n te r faces  are  

not ava i lab le ;  e l a s t i c i  t y - p l a s t i  c i  t y  models requ i re  add i t i ona l  

i nves t i ga t i on .  

chemical p r e c i p i t a t i o n  and d i s s o l u t i o n  f u r t h e r  aggravates the  problem 

o f  an inadequate experimental program i n  t h i s  area. 

O f  more press ing importance t o  the  r e s e r v o i r  engineer i s  t he  

Needless t o  say, the i n t r o d u c t i o n  o f  f r a c t u r e  f low, 

measurement o f  c o n s t i t u t i v e  parameters a t  the f i e l d  l e v e l .  

various r a t h e r  reasonable assumptions, some o f  the  c o n s t i t u t i t v e  knowledge 

gaps o u t l i n e d  above can be s e t  aside, a t  l e a s t  momentarily. 

however, d isregard problems i n  the measurement o f  impor tant  parameters 

such as permeabi l i ty ,  p o r o s i t y  and thermal conduc t i v i t y .  Accurate 

forecasts  r e f l e c t  accurate parameter estimates and these are exceedingly 

d i f f i c u l t  t o  come by i n  the geothermal environment. 

parameter uncer ta in ty  we w i l l  examine separate ly  i n  a l a t e r  sect ion.  

Given 

One cannot, 

The impact o f  t h i s  
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6 .4  Numerical Approximations 

The numerical schemes employed i n  e x i s t i n g  geothermal models 

have been described i n  the body o f  t h i s  repo r t  (sec t ion  5.x). The 

s a l i e n t  features o f  each are a lso  summarized i n  t a b l e  2. The important 

elements o f  the discussion can be b r i e f l y  s ta ted  as fo l lows:  

DEPENDENT VARIABLES : v a r i  ab1 es so l  ved f o r  expl i c i  t l y  i n  the  governing 
equa t i  ons 
. Variables are defined i n  l i s t  o f  var iab les  

WELL APPROXIMATION: the  u t i l i z a t i o n  o f  a model o f  t he  w e l l  bore 

JATION APPROXIMATION: the mathematical formal ism employed i n  ob ta in ing  
the governing porous medium equations . 
. M I X  designates mixture theory methodology o f  continuum 

. V I N T  denotes volume i n t e g r a t i o n  from the  microscopic l e v e l  

MACRO designates a macroscopic balance 

mechanics 

t o  the macroscopic l e v e l .  

DIMENSIONS: number o f  space dimensions employed i n  example problems 

PHASES: The number o f  phases t h a t  can coex is t  a t  any given p o i n t  i n  space 
and time. 

SPACIAL APPROXIMATION: The numerical scheme used t o  approximate space 
de r i va t i ves  
. I F D  denotes in tegra ted  f i n i t e  d i f f e rence  
. FD denotes f i n i t e  d i f f e rence  
. FE denotes f i n i t e  element 

TEMPORAL APPROXIMATION: The numerical scheme used t o  approximate the t ime 
d e r i v a t i v e  . FD denotes f i n i t e  d i f f e rence  ' 

VERTICAL INTEGRATION: The formal procedure o f  i n t e g r a t i n g  the  th ree  dimensional 
equations v e r t i c a l  l y  when generating a two-dimensional areal  model 

CONVECTIVE TERM: form i n  which the  convective t e r m  appears i n  the  model 

CONVECTIVE TERM APPROX.: numerical scheme employed i n  approximating the 
convective term . UFD denotes upstream weighted f i n i t e  d i f f e rence  . UFE denotes upstream weighted f i n i t e  element 
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TIME INTEGRATION OF UNKNOWNS: 
empl oyed . 6 denotes a general formulation 0.5 < 6 < 1 . CENT denotes a Crank-Nicolson scheme - ( i  .;. , 6 = 0.5) . IMP denotes a backward difference approximation 

type of time derivative approxjmation 63 

TIME INTEGRATION COEFFICIENTS: The location in the time domain where the 
non-1 inear coeff ic ients  a re  evaluated. Nomenclature the same 
as previous case. 

NON-LINEAR APPROX.: method used t o  l inear ize  non-linear equations 
. NRA denotes Newton-Raphson i t e r a t ion  . . TIM denotes the t o t a l  increment method 

PHASE CHANGE METHOD: 
phase change boundary . L E X  denotes 1 imi ted excursion technique 
. A t  AD3 denotes a modification of A t  as the phase boundary 

i s  approached 
. TAN denotes a modification o f  Newton-Raphson t o  allow the 

tangent to be taken i n  a direction away from the phase 
boundary . IMP denotes a formulation accounting fo r  the phase change 
w i t h  the equations . SLA denotes saturat ion l i n e  adjustment 

IMPES denotes impl i c i  t pressure, exp l i c i t  saturation 

technique used t o  more numerically across the 

SOLUTION SCHEME: The method used t o  solve the two coupled governing 
equations . SEQ denotes the sequential solution of each, i . e . ,  N 

. SIM denotes the simultaneous solution of 2N equations a t  
equations a re  solved twice per i t e r a t ion  

each i t e r a t ion  

MATRIX SOLUTION: 

AD1 

Technique used t o  solve l inear  algebraic equations 

denotes a1 te rna t i  ng di rection impl i c i  t procedure 
. ITR denotes an i terative method . 
. D denotes a d i r ec t  solution scheme 
. SSOR denotes s l i c e  successive over relaxation . IMPES denotes impl i c i  t pressure expl ic i t  saturat ion method . BIFEPS denotes block i t e r a t i v e  f i n i t e  element preprocessed 

scheme 

AVAILABILITY:. designation of ava i l ab i l i t y  o f  model t o  the public . PUB designates models funded through public monies and 

. PRIV designates models developed with private funds and 
therefore avai 1 ab1 e t o  the pub1 i c  . 

thus probably proprietary.  



Table 2b: Nomenclature f o r  t a b l e  2a. 

The se ts  o f  dependent var iab les  employed i n  s o l v i n g  the  f l ow  
and energy t ranspor t  equations are  ( p  ,U ), (p ,h ), (pf,Sw), 
(p,,T;p , S s )  and (pw,T;Sw,T;pgT). The l h o f c e  befwezn 
( p  ,U 5 and (p ,h ) seems r a t h e r  a r b i t r a r y  s ince one i s  r e a d i l y  
d e f i v l d  from tffe k h e r  f o r  presentat ion.  

The m a j o r i t y  o f  models w i l l  accommodate one, two, and th ree  
space dimensions: the notable exceptions a re  Toronyi and Farouq- 
A l i  and Huyakorn and Pinder. 

With the exception o f  the Toronyi and Farouq-Ali model, a l l  
s imulators  can handle e i t h e r  one o r  two phase f low. 

F i n i t e  d i f fe rence,  f i n i t e  element, and in teg ra ted  f i n i t e  
d i f f e rence  methods have been used i n  spacia l  approximations: 
the m a j o r i t y  of models employ f i n i t e  d i f ference methods 

A l l  models approximate the t ime dimension us ing f i n i t e  d i f f e rence  
methods 

E x p l i c i t ,  i m p l i c i t ,  and mixed e x p l i c i t - i m p l i c i t  schemes are  
employed i n  the  representat ion o f  t he  non- l inear  c o e f f i c i e n t s :  
the  m a j o r i t y  of a lgor i thms employ an i m p l i c i t  fo rmula t ion  

Where an i m p l i c i t  fo rmula t ion  i s  used, e i t h e r  Newton-Raphson o r  
the  t o t a l  increment method i s  employed t o  l i n e a r i z e  the  
approximating equations. 

The on ly  v e r t i c a l l y  i n teg ra ted  area l  model i s  t he  one developed 
by Faust and Mercer. 

A l l  methods employ some form o f  upstream we igh t ing  f o r  the 
convective term. 

The t r a n s i t i o n  across the  phase boundary i s  accomplished i n  a 
number o f  ways. Most schemes invq lve  some method o f  numerical 
damping which stops the  o s c i l l a t i o n  across t h i s  boundary. 

model o f  Voss and Pinder completely resolves the  phase 
change problem. The approach o f  Thomas and Pierson deserves 
add i t i ona l  study: i t  was ' d i f f i c u l t  t o  evaluate based on the  a v a i l a b l e  
1 i te ra tu re .  

Only 
the 
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A we l l  bore model i s  included i n  the models o f  Toronyi and 
Farouq-Ali, Coats, Thomas and Pierson and Brownell, Garg and 
P r i  t c h e t t .  

11 1 

The fo rmula t ion  o f  the approximating equations i s  r e l a t i v e l y  

s t ra igh t fo rward .  

i s  ra the r  chal lenging. 

treatment o f  the phase change. 

o f  those encountered i n  the f i e l d ,  the  problem can be t rea ted  ra the r  

The 1 i n e a r i z a t i o n  o f  the r e s u l t i n g  non- l inear  equations 

The A c h i l l e s '  heel o f  t he  methodology i s  t he  

For some problems, probably the m a j o r i t y  

crudely. 

an accurate fo rmula t ion  i s  essent ia l .  Because there i s  no t e s t  which 

For others, which are dominated by the  phase change phenomenon, 

i s  s u f f i c i e n t  t o  demonstrate the accuracy o f  geothermal r e s e r v o i r  

simulators, we can on ly  speculate on the  adequacy o f  t h i s  element of the  

development. 

6.5 So lu t ion  Scheme 

The f l ow  and energy equations can be solved e i t h e r  sequen t ia l l y  

o r  simultaneously. The sequential s o l u t i o n  employs estimates o f  the 

energy va r iab le  when so l v ing  the  f l ow  equation and estimates o f  the flow 

va r iab le  when so lv ing  the energy equat ion.  This uncoupling i s  des i rab le  

because i t  i s  more e f f i c i e n t  t o  solve N equations twice than 2N equations 

once. The disadvantage i s  t h a t  i t  i s  genera l l y  necessary t o  i t e r a t e  

between the  equations and convergence i s  not,  i n  general, guaranteed. 

The m a j o r i t y  o f  e x i s t i n g  models so lve the  two equations sirnul taneously 

and employ Newton-Raphson type schemes t o  accommodate, the n o n - l i n e a r i t y  

which ar ises.  The two dimensional model o f  Faust and Mercer and the  

formulation o f  Lasseter, Witherspoon and Lippmann are  exceptions t o  t h i s  

general r u l e .  drrs 
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The mat r i x  equations 

e i t h e r  d i r e c t l y  o r  i t e r a t i v e  

e l im ina t i on  and are r e l i a b l e  

which a r i s e  i n  e i t h e r  approach may be solved 

y. D i r e c t  methods are  based on Gaussian 

when app l ied  t o  a we l l  behaved system o f  equa- 

I t e r a t i v e  methods tend t o  be more e f f i c i e n t  f o r  l a rge  problems t ions .  

(e.g., more than 500 equations) b u t  genera l ly  requ i re  a higher l e v e l  o f  

numerical ingenu i ty  t o  program and apply e f f e c t i v e l y .  The m a j o r i t y  of 

i t e r a t i v e  schemes are  b lock i t e r a t i v e  and thus incorporate a d i r e c t  

s o l u t i o n  module i n  the i t e r a t i v e  a lgor i thm.  

considered w i t h  the exception o f  Lasseter, Witherspoon and Lippmann. 

This i s  t r u e  f o r  the models 

' The primary fac to rs  t o  consider i n  the se lec t i on  o f  a s o l u t i o n  

scheme are  accuracy and e f f i c i e n c y .  

a secondary r o l e  because o f  the considerable computer costs invo lved i n  

geothermal rese rvo i r  s imulat ion.  Because a comparison o f  the accuracy 

and e f f i c i e n c y  o f  the  models o u t l i n e d  i n  t a b l e  2 has never been undertaken, 

one cannot se lec t  an optimal approach d i r e c t l y .  

Ease o f  programming will probably p lay  

The complexity o f  geothermal rese rvo i r  physics e s s e n t i a l l y  pre- 

cludes the v e r i f i c i a t i o n  o f  e x i s t i n g  codes us ing a n a l y t i c a l  so lu t ions .  

One can, however, compare so lu t ions  generated by a model against  o ther  

numerical so lu t ions  o r  experimental data. This has been done t o  vary ing  

degrees by the m a j o r i t y  o f  modellers. 

n 



6.6 The Question of Uncer ta in ty  

I n  t h i s  section, we attempt t o  address the  question o f  s imu la t ion  
Grrs 

uncer ta in ty .  

t h i s  problem i n d i r e c t l y .  Because the h i s t o r y  o f  geothermal rese rvo i r  

s imu la t ion  i s  very shor t ,  we have l i t t l e  experience on which t o  estimate 

the accuracy o f  our forecasts. 

I n  fact, each o f  the  preceeding sect ions 6.x have addressed 

Thus, t h i s  discussion must draw on personal 

experience and s tud ies i n  r e l a t e d  areas. 

completely sub jec t ive  estimate o f  the d i s t r i b u t i o n  o f  uncer ta in ty  i n  the 

r e s e r v o i r  s imu la t ion  process. 

does no t  res ide  w i t h i n  the technology o f  equation 

the fo rmula t ion  o f  the equations and the measurements o f  f i e l d  parameters. 

I n  f i g u r e  10, we present a 

, 
We wish t o  emphasize t h a t  uncer ta in ty  

so l v ing  bu t  ra the r  i n  

The c l a s s i c a l  approach t o  es t imat ing  the impact o f  parameter 

uncer ta in ty  on ca l cu la ted  so lu t ions  i s  through s e n s i t i v i t y  analys is .  

method involves s imu la t ion  using maximum and minimum parameter estimates 

from a reasonable ensemble o f  values. Thus, the  range o f  s o l u t i o n  unce r ta in t y  

The 

i s ,  i n  some sense, bracketed. We w i l l  n o t  pursue t h i s  approach f u r t h e r  

because t h i s  data i s  n o t  c u r r e n t l y  ava i l ab le  f o r  the  geothermal case. 

Le t  us consider a more generic approach wherein we inves t i ga te  

the impact o f  parameter uncer ta in ty  f o r  an operator  o f  the form encountered 

r e s u l t s  are taken from Tang and Pinder (1977;1978 

The coupled non- l inear  s e t  o f  equations 

the  l i t e r a t u r e .  A s e t  o f  equations s i m i l a r  t o  a 

geothermal r e s e r v o i r  equations has been examined. 

i n  geothermal rese rvo i r  s imulat ion.  The ob jec t i ve  i s  t o  est imate imput 

unce r ta in t y  and compute the  r e s u l t a n t  output  uncer ta in ty .  The approach and 

has n o t  been considered i n  

inear ized  vers ion o f  the  

These equations are 
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2 

a x  aY 
a u  R ~ ( X - X ~ , Y - Y ~ )  = 0 (mass) 

2 
(6 .1)  T q + T - -  2 B a t -  w 

where 

T i s  transmissivity,  

u i s  f l u i d  potent ia l ,  

fl i s  the storage coeff ic ient  

6 i s  the Dirac del ta  function, and 

where 

u would be temperature, 

v the x velocity component, 

D the dispersion coef f ic ien t ,  

D = D(a,v) and  

a i s  the medium dispers ivi ty  

Equations ( 6 . 1 )  and (6 .2 )  were solved using uncertain values for  T, v ,  and  

a. While a ra ther  extensive analysis was performed, we will consider here 

only an overview of the resu l t s .  

Let us define a measure o f  coeff ic ient  uncertainty using the 
0 

a coeff ic ient  of variation i . e .  CV = < ~ > ! , x l 0 0  where ua i s  the variance and 

<a> the mean of the parameter a. I n  equation (6 .1)  we employed i n p u t  

parameters of  aT = 6.6 x cm /sec. and <T> = 6.6 x cm2/sec. The 2 
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I 

coeff ic ient  of variation i s  

6.6 x = 

6.6 x 
C . V .  = 

For the case of a radial flow problem defined on a rectangular net, 
2 
u ,max we obtain as a solution u 2 2 = 6.0 x 10 and < u >  = 0.5 x 10 . 

24'49 x 100 = 20.40% 2 C . V .  = 
1.2 x 10 

T h u s ,  the uncertainty in the i n p u t  generated uncertainty i n  output of about 

the  same magnitude. 

The transport  equation exhibi ts  a simular tendency. The i n p u t  
2 2 parameters i n  th i s  case were 0; = 87.10-12(cm /sec)  and <D> = 6.6 x 

2 cm /sec which yields  a coeff ic ient  of variation of 

C . V .  = 2.94 x 100 = 4.45% 
6.6 x 

The solution t o  a one dimensional transport  problem yields  0: = 2.4 x 

and < u >  = 0.82 w i t h  a coeff ic ient  of variation o f  

OS0l5 - 1.8% C . V .  = - - 0.82 

The resu l t s  of the above analyses suggest t ha t  the flow equation 

tends t o  amplify uncertainty while the transport  equation tends t o  dampen 

uncertainty. An examination of the resu l t s  i n  t h e i r  en t i r e ty  muld  reveal 

t h a t ,  as time elapses,  the variance i n  the solution tends t o  decrease. 

T h u s ,  the impact of i n i t i a l  uncertainty i n  parameter values i s  less  as 
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boundary values begin t o  i n f l uence  the so lu t i on .  

With respect t o  geothermal r e s e r v o i r  s imu la t ion  we are l e d  

t o  conclude t h a t  uncer ta in  i n p u t  data generates s o l u t i o n  uncer ta in ty  

o f  about the  same magnitude (using the c o e f f i c i e n t  o f  v a r i a t i o n  as the  

uncer ta in ty  measurement). 

occurs dur ing the pe r iod  o f  maximum change i n  the system. 

system approaches steady s t a t e  the s o l u t i o n  uncer ta in ty  decreases. 

The problem t h a t  remains t o  be considered i s  t he  est imat ion o f  the 

i nput uncer ta i  n t y  . 

The greatest  uncer ta in ty  i n  the s o l u t i o n  

As the 

7.0 NOMENCLATURE 

7.1 Upper Case Roman L e t t e r s  

A g r i d  cross-sect ional  area perpendicular to. f l o w  

d i r e c t i o n  

distance between node n and m 

t o t a l  energy (U + - + Q) 

Dnm 
2 

V 
2 E 

F E P  

G ne t  product ion 

H Epfhf + ( ~ - E ) P R ~ R  

K medium thermal conduct iv i t y  and d ispers ion =m 

Q 
M - .  r a  , m o b i l i t y  o f  the phase 

kk  

U 

i 
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(MP 

N 

Q 

R 

Rf 

S 

%c 

swc 

% 

'T  

basis function 

internal energy injection r a t e  per volume 

P s / ( P w  + P s )  

mass injection ra te  per volume 

residual 

volume saturation 

c r i t i c a l  steam saturation 

irreducible water saturation 

(Sw - swc)/(l-swc - ssc) 

entropy per u n i t  mass 

temperature 
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T* 
C 

KmA 
- R (%) 

P f  

U i n t e r n a l  energy pe r ' un i  t mass 

W wei gh t i  ng func t ions  

7.2 Lower Case Roman L e t t e r s  

b reservo i  r thickness 

cW 

Cf 

c V  

dm 

e -- 

h 

k 

kr 

- 

R 

compressi b i  1 i ty o f  water 

format ion compressi b i  1 i ty 

heat capaci ty  

rock compressi b i  1 i ty  

distance between nodal p o i n t  n and i n t e r f a c e  between 

nodes n and m 

d e v i a t o r i c  p a r t  o f  t h e  s t r a i n  r a t e  tensor 

g r a v i t a t i o n a l  force vector  

enthalpy ,per u n i t  mass 

i n t r i n s i c  permeabi l i ty  tensor 

re1 a t i  ve permeabi 1 i ty  

length  increment i n  the  f l ow  d i r e c t i o n  
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to ta l  mass per cel l  containing the well 
P 

m 

n u n i t  outward normal vector -. 
P pressure 

capi 11 ary pressure 
pC 

PT (l-E)PR ' €Pf  

pressure of saturated steam 

bottom well-bore pressure 

Psat 

Pwf 

q heat f l u x  vector 

W velocity of the interface 

A t  time step 
- 

7.3 Upper Case Greek Letters 

K thermal conductivity tensor 

A f i n i t e  difference operator 

X 

0 

A 
V W  

pwps 



7.4 Lower Case Greek L e t t e r s  crs 

8 

*S 
k] [l -t (1-0) 
U f P f  sS 

d i r e c t i o n a l  cosine between normal from node m t o  n and g 'mn ... 

8 

- 
E 

weight ing fac to r  i n  numerical scheme 

bulk  volumetr ic s t r a i n  

E poros i t y  

E a Y a / V  

e 
E rock g ra in  volumetr ic s t r a i n  

microscopic p o s i t f o n  vector  

dynami c v i  scos i ty 
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P P skew modulus o f  the porous rock 

7.5 

JI 

( j ) h f  + hSTS + hwTw 

+ 

densi ty  

s t ress tensor 

p o t e n t i a l  energy per u n i t  mass 

example v a r i  ab1 e 

hw - -  < h < hS 

Subscripts 

f l u i d  

p o s i t i o n  index i n  f i n i t e  d i f f e r e n c e  scheme 

mixture 

node index 

rock 

steam 

water (1  i q u i  d )  



nm 

a,B 

between nodes n and rn 

phases 

7 . 6  Operators 

Do = a (.) + v . v ( . )  
D t  a t  - I  

dV 

<$>a = - 
E a 

c na@ida *a 1 I =  
< p >  dV 

a Bfa - - 

dA 
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Figure Captions 

Figure 1 : 

Figure 2: 

Figure 3: 

Figure 4: 

Figure 5: 

Figure 6: 

Figure 7: 

Figure 8: 

Figure 9: 

Figure 10: 

Representative elementary volume (REV)  containing steam 
( s ) ,  water ( w )  and rock ( R )  ( V w  + Vs + V R  V )  

D i  sc re te  f racture  system model 1 ed used f i ni t e  di f ferences 
( a f t e r  Coats, 1977). 
ployed i n  the original experiment by Coats was 31. 

The number o f  vert ical  blocks em- 

Conceptual model fo r  overlapping continua, curve (a) i s  
the plot  of a property JI measured for  d i f fe ren t  volume 
( R E V )  LS of porous media; curve ( b )  i s  the p l o t  of a 
property JI measured for d i f fe ren t  volumes ( R E V )  L3 of 
fractured porous media. 
region where b o t h  the porous medium and fracture  medium 
physics can be represented as though each were a continuum. 

The region ( c )  i s  the common 

Discretization by the integrated f i n i t e  difference method 
( a f t e r  Lasseter, Witherspoon and Lippmann, 1975). 

Pressure-enthalpy diagram f o r  water and steam w i t h  
thermodynamic regions 1 ) compressed water 2 )  two-phase 
steam and water and  
Mercer, 1977a) 

3 )  superheated steam ( a f t e r  Faust and 

Definition sketch f o r  the ver t ical  integration o f  the para- 
meter JI(Z) = <$> + JI(Z) ( a f t e r  Faus t  and Mercer, 1978a) 

L i  near ' chapeau ' bas 

Asymme t r i  c weighting 

Two-dimensional f i n i  
problem ( a f t e r  Voss, 

s functions 

function wi 

e element mesh fo r  production-reinjection 
1978). 

Estimate of the uncertainty dis t r ibut ion among elements of 
geothermal reservoir simulation. 
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