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ABSTRACT*

This paper concerns the benefits from vehicle route guidance in urban networks. We
suppose that vehicle routes can be altered by En-Route Vehicle Guidance (ERVG) in such
a way as to achieve system optimal assignment. Benefits are measured by the savings in
total travel time for a given demand when comparing this assignment with the user
equilibrium, which is assumed to occur in the absence of route guidance. A continuum
approach is used to analyze some idealized corridors in which a freeway is superimposed
over a dense grid of surface streets. Two cases are considered: in the first, the freeway
corridor is a distributor and is long compared to average trip length. In the second case
the corridor is considered as a link to an end point such as a CBD. In the first case trips
of length L are within the corridor and freeway flow along the corridor is constant. In the
second, with all trips destined to the end point, the flow on the freeway accumulates as
that point is approached. The main role of ERVG in both cases is to divert traffic from the
freeway whenever its marginal cost exceeds that of the street system.

It is found that travel time savings of the order of 3-4% can be achieved from route
guidance. Benefits are quite sensitive to city street speed. At low speed more users would
choose the freeway resulting in congestion, and the potential benefits of route guidance
are relatively high. But as street speed increases and approaches that of the freeway route
guidance would be of less value as more of the motorists would be choosing the city
street on their own. Route guidance benefits can be enhanced if information is customized
to motorists on the basis of their origins and destinations. Finally, it is shown that route

guidance benefits are reduced when the freeway network is dense. It is recommended that
future research should focus on potential opportunities for using ERVG technology in
managing networks under conditions of non-recurring congestion (accidents/incidents).
This paper does not consider important aspects of the evaluation of route guidance, such
as the equity issue stemming from increasing some trip times in order to achieve system
optimum, or the local impact of diverted traffic.

* The authors greatly acknowledge the helpful discussions with Professor Pruvin Varaiya (Department
of Electrical Engineering and Computer Science at the University of California, Berkeley). The authors
would also like to thank Steven Shladover, PATH Technical Director, for revising an earlier version
of this report.
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CHAPTER 1

INTRODUCTION

A. Background

The idea of using real time traffic information to guide vehicles through an urban network
has gained a lot of attention in recent years. It has been thought that route guidance is
capable of improving the performance of urban transportation networks. En-Route
Vehicle Guidance (ERVG) provides information to the driver that suggests a route to be
followed between the driver’s origin and destination. The route given to the driver is
based on minimizing some cost function. It can be based on the minimum distance path
between the driver’s origin and his destination or on the path of minimum travel time
under existing network conditions. *

The concept of ERVG is that, with information transmitted to drivers, it might be
possible to shift traffic assignment from user equilibrium (UE) to system optimal (SO)
assignment such that available capacity in the network is utilized**. In a typical urban
area in which the choice exists between the freeway system and the street network, it is
often observed that congestion on the freeways rises while there is excess capacity on the
street network. Under these conditions the marginal cost on the freeway will at some
point exceed that on the city streets and it becomes beneficial, at least from the total
system point of view, to divert traffic off the freeway.

This scenario, which is the subject of this study, is one of many where route guidance
might be beneficial. Another, probably more important opportunity for the use of this
technology is in managing networks under conditions of non-recurring congestions, i.e
accidents that temporarily shut down segments of the network.

* In addition, it is possible to develop some generalized cost function that includes travel time as well
as other cost components such as vehicle operating cost (wear and tear) and use it as a basis for
selecting the cheapest path.

l * Both (UE) and (SO) assignments will be discussed later in chapter 2.
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As the idea of route guidance gathers momentum and as experiments and demonstration
projects proliferate, it has become clear that some sort of assessment of benefits from this
technology is needed. Numerous attempts have been made to evaluate these benefits. In
one of the earlier studies at the TRRL, Jeffries (1981a) estimated that between 8% and
10% of the vehicle miles can be saved if people do in fact take the shortest paths between
origins and destinations. In later studies King (1987) estimated U.S losses in billions of
dollars caused by excess travel time experienced by drivers who are unfamiliar with the
network, wastage that can be recovered if drivers are guided properly to their
destinations. However, estimates made by King did not emphasize benefits of real time
traffic information systems. Jeffries (1987a) estimates of benefits of ERVG were based
on drivers unfamiliar with the network under recurring and non-recurring congestion.
Jeffries results, however, may not be valid for the U.S networks, simply because his
results are network specific.

In earlier PATH studies of the potential benefits of real time traffic information systems
Al-Deek, et. al. (1988 and 1989) simulated traffic conditions in the SMART Corridor in
Los Angeles. In these studies it was demonstrated that the benefits of diverting traffic are
limited in the case of recurring congestion when only a small percentage of the vehicles
are equipped with information of route guidance.

This report documents a phase of an on-going research activity of which the main goal is
to evaluate network level benefits of ERVG and its feasibility to various network
conditions. It is recognized that there is a need for the assessment of system benefits.
System benefits can be thought of in two ways. One is the total benefits to drivers
equipped with information and benefits to drivers without information. The other is total
benefits from the supplier or system manager perspective. This relates to the question of
whether public money should be invested in the ERVG technology and if so how much
public benefit this will produce. The customer decision to buy or not to buy an ERVG
product depends on whether the customer perceives ERVG as being worthwhile or not.
The decision to spend public dollars on ERVG depends in addition on whether ERVG is
worthwhile from a system perspective.
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B. The Problem

The problem addressed in this study seems to have more than one aspect. We have just
recognized the need for a comprehensive evaluation of system benefits which includes
technology users, nonusers and infrastructure suppliers (e.g public agencies).

Based on system and user benefits and costs, two important questions to answer are
where and when is it most likely beneficial to use advanced driver information systems
for route guidance? The “where” question refers to the configuration of the urban
network and the sensitivity of route guidance to this configuration. The “When” question
refers to traffic conditions (recurring and non-recurring congestion) under which ERVG
is applied. The importance of the first question, for example, becomes obvious as one
compares a network grid composed of a freeway with several parallel arterials or alternate
routes (such as Los Angeles basin) with another network that has a single route (e.g a
bridge or a tunnel) to reach destination (such as the Oakland-San Francisco Bay Bridge).
Since driver options in the latter are limited there would be little or no benefits of ERVG.

C. Objective

The objective of this study is to explore some theoretical aspects of the benefits from
route guidance. Sensitivity analysis is used to achieve an understanding of the
relationships between potential benefits and network parameters used such as speed on
the surface street network and trip length. In this research study analysis will be generic
using an example of a rectangular shape network. The motivation is that if some general
results can be found concerning this subject, then it would be possible to focus work on
benefit estimation and to permit relaxing the many restrictive assumptions that have so far
been made in this field.
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CHAPTER 2

STUDY APPROACH

A. Introduction

A quick review of the research on traffic assignment in urban networks is presented.
This is followed by mathematical formulations of the user optimal and system optimal
assignments as used in conventional analysis of assigning flows to network links.

Research on traffic assignment in highway networks is as old as highway networks
themselves. The notion of traffic equilibrium assignment was described in a simple
intuitive example by Knight (1924). In Beckmann et. al. (1976), Knight said (we quote):

“Suppose that between two points there are two highways, one of which is broad
enough to accommodate without crowding all the traffic which may care to use it,
but is poorly graded and surfaced, while the other is a much better road but narrow
and quite limited in capacity. If a large number of trucks operate between the two
termini and are free to choose either of the two routes, they will tend to distribute
themselves between the roads in such proportions that the cost per unit of
transportation, or effective return per unit of investment, will be the same for every
truck on both routes. As more trucks use the narrower and better road, congestion
develops until at a certain point it becomes equally profitable to use the broader but
poorer highway”.

The above quoted example of one origin and one destination connected by two routes
can be intuitively expanded to a network with many origins, many destinations, and
many links, therefore resulting in a large number of possible routes.

The general principle of network equilibrium was introduced by Wardrop (1952), where
he mentioned that under network equilibrium conditions all drivers on all used routes
between a certain origin-destination pair in the network experience the same travel time
and so no driver can improve his journey time by shifting to another used route. All

unused routes, therefore, must have travel time greater than that of the used routes. This
results from the assumptions that each driver seeks for the minimum travel time path
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between his origin and his destination. Consequently used routes are actually the shortest
paths between origins and destinations.

The flows resulted from the network equilibrium assignment are called “user optimized”
flows and the network equilibrium assignment is also known as user-optimum traffic
assignment. The (UE) traffic assignment was developed as a mathematical optimization
problem by Beckmann et. al. (1956). In a glance we would like to formulate equations for
the user optimal traffic assignment according to Beckmann.

Consider a transportation network of N nodes and K links. A node represents an origin,
a destination or an intersection of streets. The user optimum (UE) assignment is
formulated as following:

fk

Minimize  21(f) = c Ck(W)  dw
K \

0

(2-l)

Subject to:

1. Flow conservation constraints:

If there are qod trips that need to travel from origin “0” to destination “d” then the
summation of flows on all paths (P) from “0” to “d” must equal to qod. This is

expressed as :

2. Non-negativity constraint:

and

fk 2 0 , for all k.

Ck(W) is the travel time experienced by each driver on link (k) as a function of flow

(w) on link (k).

fk is the flow on link (k).
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An implicit assumption made in the above formulation is that traffic is homogeneous (i.e
there is no distinction made between cars, trucks,... etc). As the above is a convex
minimization problem, there are algorithms which can solve it [see Sheffi (1985)].

A hypothetical situation is when a central controller assigns all drivers to routes from
their origins to their destinations such that the total cost of travel (e.g total travel time) in
the network is minimized. Equivalently this means that the average journey time is
minimized. This is called Wardrop second principle (Wardrop 1952) and also known as
“system optimal” (SO) traffic assignment. The system optimal link flows pattern can be
known if the following mathematical program is solved :

Minimize z2(fk) = C fkCk(fk)
K

G-2)

Subject to the same constraints as the (UE) assignment in Eq. (2-l) above, i.e

and
fk 2 0 , for all k.

By definition of (SO) assignment it will be always true that if

T, is the total vehicle hours travelled per hour in the network under (UE) assignment,

and

T2 is the total vehicle hours travelled per hour in the network under (SO) assignment,

then
T, 2 T,

B. Continuum Analysis of Urban Transportation Networks

The formulation of both (UE) and (SO) assignments as described above uses
conventional methods in representing and analyzing networks. In the conventional

approach an urban area is represented by a network of streets and zones, and estimates
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of the number of trips between each pair of zones are given. The problem is to determine
traffic volumes on each link in the network according to either (LIE) or (SO) assignment.
The conventional methods of representing the network with links and nodes as described
above work well for rural and suburban networks where the number of nodes and links
is not too large. But when it comes to dense urban networks then the level of complexity
increases enormously. The very large number of links involved leads to a huge number
of possible routes between origin-destination pairs in the network. This can be far
beyond what any computer can handle. In the conventional network approach, a partial
solution for this problem is that networks with large number of links are usually
approximated by ones with a relatively small number of links by aggregating flows of
minor roads and loading such flows to major roads or arterials. Minor roads are then
eliminated and not coded into the computer.

Another approach of representing the highway network has been developed recently. The
new approach uses “continuum” modeling of transportation networks, [see Dafermos
(1980) and Newell (1980)]. Dense urban networks are modeled as a continuum in space
where fast roads (e.g freeways) are superimposed on fine grids with slower speeds (e.g
dense urban areas). One does not need to compute traffic flows on every road in the
network but rather determine at every point the traffic density travelling in each direction.

C. Basic Idea

The basic idea in this study is that the maximum benefit that one can gain from route
guidance is equal to the difference between system costs of both user and system optimal
assignments (i.e T1 and T2). We look at the sensitivity of benefits of route guidance to
selected network parameters.

It is easy to verify, using Eq. (2-l) and (2-2), that under free flow conditions (UE) and
(SO) assignments lead to the same link flow pattern. This results in that T1 = T2
whenever the network is not congested, i.e ERVG has zero benefit in this case.
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CHAPTER 3

IDEALIZED CORRIDORS FOR ANALYSIS
CASE-I: LONG FREEWAY CORRIDOR

We explore the difference between user and system optimal assignment in two types of
corridors, both of which represent idealizations of real networks. In this chapter we
discuss the first case where we consider a freeway corridor that is long in relation to the
trip length L. Initially, we consider all trip trajectories to remain on one side of the
freeway. We later consider the effect of adding trajectories that cross over from one side
of the freeway to another. In this initial case a trip originating from a point A&y) will
have a destination at B(x+L,y) as illustrated in Fig. (3-l). Since L is small compared to
the corridor length, all trips remain within the corridor, and the flow on the freeway is
constant and depends on the width of the freeway shed area.

ORIGIN A DESTINATION B

FREEWAY

FIGURE (3-l) CASE-I: TRAVELLER PATH CHOICES
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In Chapter 4 we discuss the second case where we consider a corridor leading to a
destination, such as a CBD. All trips are destined to the same area, and have lengths
varying depending on their origin points along the corridor. Flow on the freeway starts
off at some distance, a, from the destination and increases up to a point, b, beyond
which no additional motorists can enter the freeway. Trip trajectories are assumed as
shown in Fig. (3-2), to go from (a-x,y) to (a,~).

ORIGIN A DESTINATION B

X b
a4

FIGURE (3-2) CASE-II: TRAVELLER PATH CHOICES

These are two of many cases that can be studied. They are chosen because they represent
two conditions that are different in an important way: one in which freeway flow is
constant, and the other in which freeway flow accumulates as a destination area is
approached.

In the following analysis we compare user equilibrium with system optimal assignments.
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A. User Eauilibrium Assignment Case-I

Referring to Fig. (3-3) below, we consider a traveller originating at point A(x,y) and
destined to point B(x+L,y).

ORIG<IN A USER OPTIMAL. SHED BOUNDARY\ DESTINATION B

FREEWAY

L

FIGURE (3-3) USER OPTIMAL SHED BOUNDARY yl

The traveller has a choice between two routes: 1) using the surface street, or 2) driving
down to the freeway and using it for the distance L and then returning back to point B. A
traveller who minimizes travel cost will choose the freeway route if it costs less than
driving straight through on the city streets. In other words, the freeway path is used
when:

2yK+Lc(f) I L K (3-l)
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where,

K is the constant average and marginal cost on the city street

L is the trip length

cm is the freeway average travel cost function

f is the freeway flow

Equating the two sides of Eq. (1) gives the critical value yr which defines the user shed
boundary of the freeway:

y1 JW-ml
2 K (3-2)

The flow on the freeway can be calculated by considering that all users within the shed
defined by yr on either side of the freeway, and between any two sections L apart use
the freeway:

f =2PLy1 (3-3)

where p is the trip density, We now use a freeway cost function of the following

standard type:
c(f> = to 1+f2[ 01CL

(3-4)

where,

to is the free flow travel time on the freeway (eg. 1 minute per mile)

CL is the capacity of the freeway

Using this function we can calculate the flow j’r and the total system cost Tr resulting
from the user equilibrium assignment:
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fl = CL2 I
-K + ‘)‘(A

2t,PL2 CL 1 (3-5)

in which,

A = K2 /.t2

B  =  -4P2L4t,(t,-K)

The total system cost T1 resulting from the user equilibrium assignment can be calculated
by adding the street flow cost to the total cost on the freeway as follows:

(3-6)

in which D represents the total demand in the section of the corridor of length L, and
depends on the overall width of the corridor.

B. Svstem Optimal Assignment Case-I

System optimal assignment occurs when the marginal costs on the freeway and on the

city streets are equal. The latter is constant and equal to the average cost K, and the
former can be obtained by differentiating the total freeway cost functions with respect to
freeway flow. By equating these two marginal costs, we obtain the system optimal
freeway flow,f2, as follows:

f2 J-PK+wml
6 t, p L2

(3-7)

in which A and B are as defined above. The total cost T2 for the system optimal
assignment is obtained in a manner similar to Eq. (3-6). Note that a new shed boundary
y2 applies in this case, and that y2 I yt. The difference, Q, between the two cost

functions can be used as an indication of the benefits from route guidance:

Q = Tt - T2 or



14

Q = t,Lti-f; )+K(f:-f; )+(b K)(fi-f2)L
CL2 2pL -

(3-g)

It should be noted that @ is considered as an upper limit to the potential benefits. It

implies that it is possible to control the amount of traffic that enters the freeway.

C .  Sensitivitv Analvsis

We use a numerical example to investigate the sensitivity of route guidance benefits 0

with respect to system parameters. We consider a freeway with a lane capacity of 2000
vehicles per hour. The trip length L is 5 miles and the corridor is much longer than that.
The trip density p varies from 10 to 100 vehicle trips per square mile per minute; the

speed on the city streets varies from 10 to 40 mph corresponding to a value of K from
1.34 to 6.0. The width of the corridor is 4 miles. The number of lanes on the freeway
ranges from 1 to 10 corresponding to a range for p from 2000 to 20,000 vehicles per

hour.

The sensitivity of benefits to capacity is shown in Fig. (3-4). When freeway capacity is
small, user equilibrium route choice would not favor the freeway much and the benefits
from diversion would be limited. On the other hand, it is evident that with unlimited
freeway capacity there would be no point in traffic diversion since the marginal cost
would be virtually constant. The quadratic relationship between benefits and capacity can
in fact be seen from the manipulation of Eqs. 4-6. The freeway capacity at which
maximum benefits are achieved also increases with trip density.

While the benefits from route guidance will rise with trip length L, the percentage savings
will eventually decline as shown in Fig. (3-5). This is because as L increases the total
time spent in the corridor increases more rapidly than the benefits.

As Fig. (3-6) shows, street speed appears to influence route guidance benefits

significantly. As the speed approaches 40 mph on the city streets the freeway looses its
advantage, and user equilibrium route choice will cease to favor it. The result is that route

guidance will not have significant benefits. On the other hand, with street speeds down to
20 mph or less, benefits rise sharply and become quite sensitive to speed. The implication
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FIGURE (3-6) PERCENT TIME SAVINGS VS. SPEED ON SURFACE STREEETS

of this is that in a simple corridor of the type studied effective street traffic management
may be considered as an alternative to route guidance.

It is interesting to note that the levels of benefits, in the range of 2-4% are lower than
earlier assessments. Earlier results suggest that gains of the order of 8-10% in vehicle-
miles of travel can be saved by improving the routing of motorists. While it may be
possible to save that much in miles of travel, the savings in time are likely to be lower.
The difference is probably due to congestion effects, which will occur even under the
optimal assignment conditions. Minimum path routing, which is achievable with
autonomous navigators on automobiles might save 8-10% of miles traveled. But such
savings can be meaningless under conditions of congestion.
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D. Some Extensions

We explore some extensions to the problem by modifying some of the characteristics of
the idealized corridor considered above. We first relax the assumption that all trip
trajectories begin and end on the same side of the freeway and consider travel across it.
We then consider the case of a grid of parallel freeways.

1. Travel Across the Freeway

In relaxing the assumption that trips originating on one side of the freeway have their
destination on the same side, we consider two types of trajectories Z and ZZ as illustrated
in Figure (3-7).

FREEWAY

FIGURE (3-7) BACKTRACKING TRIPS (TYPE I) AND

CROSS FREEWAY TRIPS (TYPEII)

The fundamental difference between trip types Z and ZZ is that the first trajectory involves
backtracking in order to use the freeway, whereas the second does not. For trips of type Z
the shed boundary as defined by Eq. (3-2) results from equating the benefits of the faster
freeway with the disbenefits of backtracking. For trips type II on the other hand, it will

always be advantageous to use the freeway as long as c(f)< K. Thus for these trips there
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is no shed boundary, and the selection of the freeway is an all-or-nothing decision
depending on cv> in which the flowfdepends on the trip density, as shown in Eq.(3-3).

It can therefore be said that in user equilibrium route choice, cross-freeway trips retain a
sort of priority on freeway use in the sense that they will more readily opt for the freeway
and will only switch to city street routes when congestion causes c(f, to exceed K, long
after the trip ZZ makers have stopped using the freeway. It should be noted that while the
average cost of a freeway tips is higher for type Z than for type ZZ trips due to the
backtracking involved in the former, the freeway marginal cost function is the same for
both. Thus from the system optimization point of view the route guidance strategy need
not distinguish between trip makers. However, since they are more likely to be using the
freeway, type ZZ motorists stand to lose more from diversion to city streets. Thus if route
guidance is capable of providing guidance to specific vehicles on the basis of their origins
and destinations, or at least if it can distinguish between type Z and type ZZ motorists and
convey specific guidance to each, then it would be beneficial to favor type ZZ motorists for
freeway use and divert type Z motorists first. It is noted that as trip length L increases, the
relative effect of backtracking on the trajectory of trip types Z diminishes and the two
types become similar.

2. Parallel Freeways

The case of a freeway network made of a set of parallel freeways represents an interesting

extension to the problem of the benefits of route guidance. Suppose such a network has
freeways spaced at a distance S. Using the assumption that a trip originating at A&y) is
destined to B&+&y), it is easy to see that there is a freeway spacing S, below which no
traffic will use the city street network, regardless of whether user optimal or system
optimal assignment is in force. This value is given by:

s, = 2 y

where y represents the shed boundary. For equilibrium assignment:

(3-9)

s, = L 1-cv>
[ IK (3-10)
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and for system optimal assignment:

s;= L I-$[ 1 (3-11)

where c’(f) i s  t h e  f r e e w a y  m a r g i n a l  c o s t  f u n c t i o n .  I t  i s  e a s y  t o

see that S10 ’S,. As is shown in Fig. (3.8), if the spacing between parallel freeways is
larger than the value given by Eq. (3-10) or (3-11,  then the difference would represent
the width of a strip generating non-freeway users. One can argue, then, that freeway
grids should be spaced at distances less that StO. [See Newell (1980)]. At such spacings
there is no difference between user and system optimal assignments for trips of length L
or more. Such a spacing is often referred to as the optimal freeway spacing, since any
increase in S would result in an increase in total cost. Ironically, route guidance will be of
no use in this case.

 FREEWAY

,. ., ,., .I, . . . .:. ...

A
FREEWAY

S
I

s - s o

7 FREEWAY

L
4 b

LEGEND NON-FREEWAY USERS

FIGURE (3-8) SYSTEM OF PARALLEL FREEWAYS

FREEWAY USERS

AND OPTIMAL SPACING
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CHAPTER4

IDEALIZED CORRIDORS FOR ANALYSIS
CASE-II SINGLE DESTINATION CORRIDOR

Here we relax the assumption that the corridor is very long and consider one that leads to
a given destination such as a CBD. As mentioned earlier in Chapter 3, the flow on the
freeway in this case is not constant, but varies with distance. As shown on Fig. (4-l),
the flow F(x) starts off at zero some distance a from the destination and increases up to a
point b at which no additional motorists would enter the freeway. The trip trajectory is
assumed as shown in the Figure (4-l): a trip with origin (a-x,y) will have a destination
(a,~). The shed boundary y(x) for freeway users will look as shown.

This boundary can be calculated for the user equilibrium case by equating the average
costs of freeway and non-freeway trajectories as in case-I, Chapter 3.

For a given y(w), the flow on the freeway increases with distance as follows:

(4-l)

0

This flow function is transformed into a cost function by applying cost equation (3-4) to
yield freeway average cost, C(F) as a function of flow. Since the flow, and hence the
cost, accumulates as we approach the CBD at point a, it is necessary in order to obtain
the total cost, g(x), from any point, x, along the corridor to integrate the cost function
over the range from x to a:

a

g(x) =

I

C(z) dz

X

(4-2)
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F(b) = F(a)

II
b

I )x
a

GRID OF SURFACE STREETS WITH COST K MINUTES PER MILE

Y(X)

YkW,yl PATH (1)

FREEWAY WITH COST c(f)
b a

FIGURE (4-l) CUMULATIVE FLOW F(x) AND SHED BOUNDARY

y(x) FUNCTIONS (SINGLE DESTINATION CORRIDOR)
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A. User Equilibrium Assignment Case II-

To calculate the uSer equilibrium assignment, we equate the average costs of the freeway
and non-freeway trajectories:

a

(a-x) K = 2K yl(x)
I

C(z) dz (4-3)

X

which yields the boundary function yt(x) as:

YlW = &[a-x)K-iC(z)dz] (4-4)

Equations (4-l) through (4-4) can be rewritten as a system of differential equations as
follows:

2K y)(x) =-K + C(x) (4-5)

F’lW = 2 P YlW (4-o)

where yt’(.) and F,‘(.) are the first order differentials. It is possible [see Appendix -A-]

to show that:

i-1dF1 2
dx

= Ai F;+ A2 F1 + A3

where the A’s are known constants. As a first order nonlinear differential equation (4-7)
requires one initial condition for its solution. Since as shown in Fig. (4- 1) the flow on the
freeway levels off at some point bi for user equilibrium assignment or point b2 for
system optimal assignment, it follows that

Wbl) = Fl(a)

c(x) = C(b,) = C[F,(bl)] for bllx I a

Substituting these conditions into a cost function such as Eq. (3-4) will yield the initial
condition F,(bl) as follows:
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Fl(bl) = Min. (p , PDF) (4-8)

An iterative solution algorithm for Eq. (4-7) and a numerical example are presented in the
next section.

1. Solution Algorithm for (UE) Assignment of Case-II

Since it may not be possible to get exact forms of yl(x) and F,(x) by solving Eq. (4-7)

analytically, an algorithm was developed to solve it numerically.

A description of the algorithm developed as well as a graphical proof of its convergence
are presented as follows:

We start with a given form of Fl(x), e.g Fl(t)(x) is linear in x as shown in the first
quadrant of Fig. (4-2)***. Regardless of how FlU)(x) is obtained the speed-flow curve
is going to look as shown in the second quadrant where V is the difference between
freeway speed and speed on the city streets. Fl(l)(V) is plotted only for V 20. As V
increases more drivers become attracted to use the freeway which means a larger yl(V).
Once V is known from Fl(l)(V) curve, then yl(V) and yl(x) curves can be determined
using Eq. (4-4). Iterative curves of yl(V) and yl(x) are shown in the third and fourth
quadrants of Fig. (4-2).

To illustrate how one can determine final curves of Fl(x) and yl(x) the following
sequence of algorithm iterations is presented:

First Iteration

(1) First we will consider as if the freeway has infinite capacity such that it can take all
trips generated in the urban network. We start at any point x=x1 and find Fl(l)(x).

(2) Given Fl(U(x) we can find V[FlU)(xl)] from the F-V curve in the second quadrant.

(3) Given V[FlU)(xl)] we can find yl(l)[VIF1(l)(~l))]  in the third quadrant.

*** The superscript (1) in Fl(l)(x) refers to the sequential number of iteration.
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F(V) F(x)
F(l)1 (4

FIGURE (4-2) SOLUTION ALGORITHM FOR (UE) ASSIGNMENT CASE-II

(4) Given yr(l)[V{  Fr(l)(xr))] we can find yr(l)(xr) which is a point located on the

yr(t)(x) curve in the fourth quadrant. If one does this for all points of x one can
determine yr(l)(x) in the fourth quadrant.

Second Iteration

Since the shed boundary yt(l)(x) is not infinite then there is some trips which use city
streets and F~@)(x) curve should be lower than Fr(t)(x) curve (i.e FrP)(x)  < Fl(l)(x) for
all x).
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We repeat steps (1) through (4) above to get ylU)(x). It is noticed that ytG)(x) > yl(l)(x)
which means that ylU)(x) curve would result more trips using the freeway than yr(l)(x)
curve. In other words Fr(3)(x) > FtGV(x) .

Third and Fourth Iteration

It is noticed that

and
y1W(x)  < y&3)(x)  < y&2)(x)

F@(xt) < F1(4)(x1)< F&3)(x1)

which means that both Ft(x) and yt(x) are converging into some final forms of curves
Fr*(x) and yt*(x).

2. Numerical Example

We consider a freeway with capacity lo of 100 vehicles/minute, distance a of 10 miles, to

of 1 minute/mile, and K of 2.4 minutes/mile. The algorithm sequence is shown in Fig.
(4-3) and is explained as follows:

(1) Start with a linear form of F(x), call it FtU)(x), where

F?‘(x) = (;) x

(2) Find C,(x) by substituting Ft(l)(x) into Eq. (3-4) and then find yl(t)(x) by
substituting C,(x) into Eq. (4-4).

(3) Find F~@)(x) by substituting yt(t)(x) into Eq. (4-l). Notice that FIG?(X) < Ft(l)(x).

(4) Repeat step (2) above to find ylQ)(x). Notice that yt(2)(x) > yt(l)(x).
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(5) Repeat step (3) to find F1(3)(x) by substituting ylW(x) into Eq. (4-l). Notice that
FlW(x)  > F~@)(x), hence, both Fl(x) and yl(x) are converging into some final forms
of curves Fl*(x) and yl*(x). One more iteration shows that FI(~)(x)< F~@(x).

2 4 6 8 10

Distance X (miles)

0 2 4 6 8 10

Distance X (miles)

STARTP

FIGURE (4-3) SEQUENCE OF ALGORITHM ITERATIONS
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Derivation of equations of F,(x) and yr(x) are provided in Appendix -B-.

Figure (4-4) shows the algorithm convergence. The maximum difference between F,(x)

cumulative values in the third and fourth iterations was less than 6% which may be
considered close enough.

80 --

70 --

60 --

50 --

40 --

30 --

2 0  -.

10 --

f’(x) -F!‘)(x)

If’(x) - F?‘(x)

g’(x) -F?‘(x)
0 b

o 1 2 3 4 5 6 7 8 9 10

Distance X ( miles )

FIGURE (4-4) ALGORITHM CONVERGENCE

B. System Optimal Assignment Case-II

To obtain the system optimal boundary function y2 we equate the marginal costs of the

freeway and non-freeway trajectories, or equivalently by minimizing total system cost
including all trajectories. The total cost for freeway trips originating at (a-x,z) and
destined to (a,~) (as shown in Fig. (4-5)) is given by:



GRID OF CITY STREETS

Trip Density = p

Origin [(a-x),z] Destination [a,z]

FREEWAY b

FIGURE (4-5) DERIVATION OF TOTAL COST OF USING THE CORRIDOR IN CASE-II

a

P(z,x) = 2zK +
I

@WI dh

X

(4-9)

where C[.] and F(.) are the cost and the flow functions as defined earlier. If we let,

a

and then integrate (4-9) for all trips originating within the freeway shed boundary as
defined by y(x) then we obtain the total cost Tf for freeway trajectories as follows:
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b

(4-10)

where

G[YWI = Ky2(x> + g(x) Y(X) (4-11)

The total cost for non-freeway trajectories can also be calculated on the basis of the shed
boundary given by y(x) as follows:

a”

T,f = 2PK
J

(a - x)[W - y(x)] dx

0

(4- 12)

where W is the width of the corridor. The total system cost, which is optimized by the
selection of the optimal boundary y2(x) is then given by the sum of the freeway and the

non-freeway costs:

or

T = Tf+T,f

b
r

T = 2p
J

[K y2(x) + y(x) g(x) - K y(x) (a - xl] dx + PKWa2 (4-13)

0

Eq. (4-13) applies for both (UE) and (SO) assignments; when y(x), g(x), and b are
replaced by yt(x), gl(x), and bl respectively then T becomes T1 of (UE) assignment.
Similarly yz(x), gz(x), b2, and T2 correspond to (SO) assignment. The last term in Eq.
(4-13) is constant and does not depend on the type of assignment.

A simple way to find the exact value of the optimal shed boundary yz(x) is to calculate
and then equate the marginal costs to freeway and to non-freeway traffic due to an
incremental increase in trips generated at the boundary as shown in Figure (4-6). Even
then the solution for y2(x) is fairly complex and is given by the implicit function [see

Appendix -C- for derivations]:



where

C’[.] denote first derivative.

GRID OF CITY STREETS

Trip Density = p

x x+dx FREEWAY b

FIGURE (4-6) FINDING OPTIMAL SHED BOUNDARY y2(x) IN CASE-II

We can gain some insight onto the nature of the benefits from optimal assignment by
comparing the shed boundaries for this and for the user equilibrium case. In Appendix
-C- an argument is used to draw shed boundaries yt(x) and y2(x) as shown in Fig. (4-7).
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This means that the system optimal assignment will always divert some traffic away from
the freeway. The extent of benefits is shown by the magnitude of the shaded area on the
Fig. (4-7). This area represents the origins of trips that use the freeway under no
guidance, but would divert from the freeway if they were to follow optimal route
guidance instructions from ERVG.

CBD

FIGURE (4-7) BENEFITS OF (ERVG) AS RELATED TO SHED

BOUNDARIES yl(x) AND y2(x) OF CASE-II
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CHAPTER 5

CONCLUSIONS

The goal of en-route vehicle route guidance is to influence individual motorist trajectories
in such a way as to move toward system optimal assignment. If it is assumed that user
equilibrium assignment will prevail in the absence of route guidance, and that motorists
will follow guidance instructions then the benefits from route guidance technology can be
measured by the difference in total travel time, for a given demand, between the system
optimal and the user equilibrium assignments.

In this study some idealized freeway corridors are considered for an assessment of these
benefits. The main effect of route guidance in these corridors is to divert traffic from the
freeway to the street network when the marginal cost on the former exceeds that on the
city streets. We find total time savings to be typically of the order of 3-4%, but to be also
quite sensitive to some corridor parameters. The benefits of route guidance are quite
sensitive to city street speed. At low speed more users would choose the freeway
resulting in congestion, and the potential benefits of route guidance are relatively high.
But as street speed increases and approaches that of the freeway route guidance would be
of less value as more of the motorists would be choosing the city street on their own.

For the corridor studied in the first case maximum route guidance savings from 3% to 9%
depending on trip density can be achieved when the average speed on the street network
is 10 mph. These savings drop to lS%-3.5% with a speed of 25 mph and virtually
disappear at a speed of 40 mph. The implication is that in a corridor of the first type
studied, local street traffic management may be an alternative to route guidance. In other
words excessive traffic on the freeway can be avoided either by diverting motorists with
route guidance, or by improving conditions on the street network.

Benefits are also quite sensitive to freeway capacity. There is little gain from route
guidance if there is a severe shortage of freeway capacity since user equilibrium
assignment would not send many motorists to the freeway anyway. On the other hand if
there is ample freeway capacity then, depending on trip density, freeway congestion may
not arise and there may be little need for route guidance.
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There are opportunities to enhance the benefits from route guidance if it is capable of
providing information tailored to specific vehicles on the basis of their origins and
destinations. It was seen earlier that trip trajectories across the freeway will more readily
use the freeway than trajectories that involve backtracking. Route guidance that would
divert backtrackers first would achieve the optimal assignment with less individual
“sacrifice” than a system that diverts traffic indescriminantly.

In the second case corridor it was found that the level of complexity of this analysis
increases rapidly as one begins to relax simplifying assumptions.

Since the scenario analyzed in this study considered only corridors under normal traffic
conditions then, in order to have an overall assessment of benefits, it would be necessary
for future research to investigate corridors under incident conditions,

In any case, it appears inevitable that route guidance in congested freeway corridors will
result in diverting traffic off the freeway and onto local city streets. Many issues are
related to such a strategy. Some of them are perhaps more important than savings in total
travel time. These include the noise and air quality impacts on affected neighborhoods,
and the potential disruption of local mobility due to the diversion of large flows of
through traffic onto local streets. There are also the equity issues stemming from the
possibility of diverting individual vehicles onto longer routes in order to achieve overall
system optimum. Such effects could seriously affect the manner by which motorists
respond to route guidance, or whether they would acquire the technology in the first
place. Thus, while certainly part of the overall picture, time savings alone are not going to
tell us whether route guidance is worthwhile or not.
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APPENDIX -A-

SHED BOUNDARY yl(X) FOR USER EQUILIBRIUM ASSIGNMENT

CASE-II

Derivation of Equation (4-7)

Recalling Eq. (3-4) one can express C(x) in terms of Fl(x) in Eq. (4-5) and then one can
solve for y’l(x) as follows:

y'1(x)  = g = DF; +  H (A-1)

where,
DdJ-

2w
and

Eq. (4-6) can be rewritten as

sQL = 2p y1(x)
dx (A-2)

Dividing Eq. (A-l) by Eq. (A-2) yields

by separation of yt and Ft

dY1---Z DFt+H
dF1 2P Yl

which gives:

P y+> - (!$ F:(x) - H FI(x) = 1

(A-3)

(A-4)

(A-3

where I is the constant of integration. It is possible to solve for yt(x) as a function of Fl(x)
and then substitute for Fl(x) into Eq. (4-6) to get the final Eq. (4-7):
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= AlF3+A2F+A3 (4-7)

A2 = 4PH, and A3 = 4p2 I
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APPENDIX -B-

DERIVATION OF Fl(x) AND yl(x) FORMULAS IN THE NUMERICAL

EXAMPLE

First Iteration

(1) Start with a linear form of F1 (x) as follows

F;‘)(x) = ($) x (B-1)

where p=lOO vehicle/minute, a=10 miles, and x is measured in miles.

(2) Find C(‘)(x)1

Substitute for Fl(x) as in Eq. (B- 1) into Eq. (B-2) which gives

C?‘(x) = b [ 1 + ($21

and
ar

X

hence,

g?)(x) = t, I(a - x) + (a3 - ‘“)
3a2 1

(3) Find yl(l)(x) by substituting for glU)(x) into Eq. (4-4) therefore

y?(x)  = 12K
[
(a - x) (K - to) -to (a3 - “‘1

3a2

(B-2)

(B-3)

(B-4)

(B-5)
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yt(l)(x) is plotted in Fig. (4-3).

Second Iteration

(1) Find F~@)(x)

To find FrQ)(x) we substitute for yl(l)(x) into Eq. (4-l) to get

F?‘(x) = k[(ax-$)(K- tO)-b(q)+s]

with p = 1 trip/minute F1(2)(x) is plotted as shown in Fig. (4-3).

(2) To find yr@)(x) we repeat steps (2) and (3) above.

Third and Fourth Iteration

(B-6)

Similarly one can proceed to find equations for the third and fourth iterations. However,
equations for yl(x) and Fl(x) would become substantially longer and complicated as more
iterations are done.
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APPENDIX -C-

SHED BOUNDARY y2(X) FOR SYSTEM OPTIMAL ASSIGNMENT

CASE-II

Derivation of Equation (4- 14)

Suppose that there is an incremental increase in traffic generated at some shed boundary
y(x) between (x,x+&) and Cyy(x),y(x)+Ay) as shown in Fig. (4-6). This incremental
increase is equal to (2p Ay dx). For the optimal shed boundary y2(x) increase in total cost

due to incremental increase in traffic is supposed to be minimum.

Let At be the increase in total cost due to the incremental increase in traffic generated at y(x)

boundary. Hence,

and

At = (T + At) - T

b

T + At = 2p
I

[K (y + Ay)2 + (y+ Ay) g(x) - K (y + Ay) (a - x)] dx + PWKa2 (C-1)

0

bIIJThe integral 0 can be partitioned into three integrals as follows:

1 . . ..I = 1 .I... +r . . . . +I . . . . .
0 0 X x+dx

(C-2)

Consequently one can rewrite T and T+At as:
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T = 1 I.... +r . . . . +I . . . . .

0 X x+dx

T + A t  = ] . . . . . +r . . . . +] . . . . .

0 X x+dx

(C-3)

(C-4)

XIIIthe first integral 0 is common between T and T+At because the incremental increase in

traffic is generated between x and x+dx and therefore it affects time of travellers in the
X

II
I

spacing from (x to a) but not from (0 to x). Therefore when finding At the first integral 0
cancels out. Also if we neglect higher order terms of Ay2 in Eq. (C-l) and any term that

b

I 1
I

includes Ay in the integral x+dx (because Ay exists only in the interval (X,X+&) ) then
one can write At as follows:

x+dx x+dx b

At = 20 Ay
I

[2K y(w) + g(w)] dw - 2pAy
\

K(a-w) dw + 2p
I

Y(W)  k*(w) - g(w)] dw (C-5)

X X x+dx

where
a

g*(w) =
I

qF*(z)] dz , for w > x ( C - 6 )

w
and

F*(z) = F(z) + 2p Ay dx

F*(z) is being the flow after the incremental increase in traffic. Using series expansion and
neglecting higher order terms:

dF(z) + 2p Ay dx] = qF(z)] + 2p Ay dx C’[F(z)] + . . . .
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hence,

and consequently

a a

g*(w) =
I

aF(z)] dz + 2p Ay dx
I

C’ [F(z)] dz

W W

a

g*(w) = g(w) + 2p Ay dx
I

C’ [F(z)] dz

W

(C-7)

We use Eq. (C-7) to substitute for g*(w) in Eq. (C-5) and simplify to get At:
b

At= (2PAy dx) 2K y(w)+(2pAy dx) g(w) + (2pAy dx) 2p
1

y(w) s(w) dw - (2pAy dx) K(a - w) (C-8)

X

where
a

s(w) =
I

C’ [F(z)] dz

W

The sum of the first and second terms of the right hand side of Eq. (C-8) represent average
cost of using the freeway by the incremental flow (2pAy dx). The third term is an added

congestion cost to total system cost due the incremental flow. The last term is the decrease
in total system cost due to change in routes from city streets to the freeway by the flow
(2pAy dx). Eq. (C-8) can be rewritten as follows:

b

At
2pAy dx

= 2K y(w)+ g(w) + 2p
I

y(w) s(w) dw - K(a - w) (C-9)

X

We take the limit of Eq. (C-9) when the incremental flow (2pAy dx) is small. But when

(2pAy dx) is small, or close to zero, At diminishes. Also At is equal to zero when we have

a system optimal shed boundary yz(x). Therefore at the limit y(w), b, and g(w) are
replaced by yz(x), b2 and g2(w) in Eq. (C-9). After this replacement, the sum of the first
three terms of the right hand side of Eq. (C-9) becomes equal to the marginal cost on the
freeway while the absolute value of the last term is equal to the marginal cost on city
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freeway while the absolute value of the last term is equal to the marginal cost on city
streets. Obviously at system optimal shed boundary y2(x) the two marginal costs are equal
which means that the limit of Eq. (C-9) is equal to zero, or

2KY2(w)+g2(w)  + 2p
\

ydw)s(w) dw- K(a-w) = 0

X

where

(C- 10)

a

g2W = qFdz>l dz

I
X

Eq. (C-10) can be rewritten as:

Ydx) = ~lK~a-xljqi2(z),dz-2Dj.r,(^)s(w)dw: (C-11) or (4-14)

We compare Eq. (4-14) with Eq. (4-4). Note that Eq. (4-4) can be written as

(4-4)’

where Fl( .) and F2( .) are user equilibrium and system optimal flows on the freeway.
When x=b2 the last term in Eq. (4-41) becomes equal to zero. This means that there is no
more congestion effect because no more traffic uses the freeway for x>b2. Since

F2(x)SFr(x) then g2(w) < gr(w) for all w, where

a

hence,

gdb > c gdb >

From Eq. (4- 14) and (4-4) one can conclude that
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y2(b > > yl(bz >

but since we know that

consequently
y2(x) I yl(x) for all x

y&d = ydbd

This can be true only if user optimal and system optimal freeway  flows diminish at the
same point x= b2 = br.

At the other end where x=0

YZKV < Yl(O) (i.e yz(O) is strictly less than yt(0))

because at x=0 the congestion  term

bz
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I

y2W s(w) dw

0

(which has a negative sign in Eq. (4-14)) is likely to have large effect on reducing the value

of y2(0) such that y2(0) becomes strictly less than yr(0). Therefore shapes of the two
curves yz(x) and yt(x) are expected to look as shown in Fig. (4-7).




