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ABSTRACT OF THE DISSERTATION

Geometric Control Theoretical Analysis of the Nonlinear Unsteady Aerodynamics of
Oscillating Wings

By

Laura Pla Olea

Doctor of Philosophy in Mechanical and Aerospace Engineering

University of California, Irvine, 2023

Associate Professor Haithem Taha, Chair

More than a million species, including insects, birds and bats, rely on flapping wings to

fly. Despite being one of the most common modes of transportation in the animal king-

dom, flapping flight has long been an enigma for fluid dynamicists. The complex air motion

around moving wings generates an unsteady flow characterized by nonlinear interactions and

intricate flow structures. The complexity of these dynamics does not permit an analytical

distillation of the physical processes occurring in unsteady flows and, consequently, does not

provide a means to predict the flight conditions in which interesting unsteady phenomena

may occur. The lack of an analytical systematic method to predict and inspect the char-

acteristics of these higher-order effects may be attributed to a scarcity of tools capable of

analyzing nonlinear systems.

Geometric control theory is defined as the application of differential geometry to the study

of nonlinear control systems. Its capability to analyze higher-order effects allows for the

study of the nonlinear interactions between the inputs of a system, which may lead to

symmetry breaking or the generation of motion in an unactuated direction. The present

work introduces the potential of geometric control theory in the analysis of unsteady flows,

providing a framework for the systematic discovery of nonlinear unsteady phenomena.
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This study focuses on the analysis of the mean aerodynamic forces on a wing performing

harmonic pitching, plunging, and surging oscillations. The present research introduces a

state-space formulation for the aerodynamics of a pitching-plunging-surging wing, which is

sufficiently rich to capture the main physical aspects of the flow but efficient and compact to

permit an analytical study using gefometric control theory. A combination of averaging and

geometric control tools are applied to the dynamical model to derive analytical expressions

for the mean aerodynamic forces on the oscillating wing. These average unsteady forces

are then compared to their steady couterparts to identify any force generation mechanisms

that may appear due to symmetry breaking. Further analysis reveals flight regimes with lift

enhancement and drag reduction/thrust generation mechanisms as a product of the unsteady

motion.

The same problem is also pursued using a more complex, well-established reduced-order

model. The Beddoes-Leishman model for dynamic stall is a condensed state-space model

capable of capturing the unsteady aerodynamic forces on an oscillating airfoil, including the

contributions of the leading-edge vortex dynamics. Being in a state-space form makes it

suitable for a geometric control analysis. The application of the averaging theorem in a

geometric control framework permits an analytical study of the averaged dynamics of the

unsteady forces. Similarly, the results uncover flight regimes presenting force generation

mechanisms leading to lift enhancement and drag reduction.

xii



Chapter 1

Introduction

1.1 Motivation

Researchers have long been interested in reproducing the flight capabilities of insects and

birds. Their maneuverability, efficiency, and hovering ability prompted the birth of bio-

inspired flapping-wing micro air vehicles (FWMAVs), miniature drones that try to replicate

the flight performance of insects using flapping wings [25, 58]. The need for robust, agile

aircraft capable of executing sharp course variations over a broad range of speeds prompted

several design concepts, such as the MicroBat developed by the California Institute of Tech-

nology [63], the dragonfly-inspired DelFly of the Delft University of Technology [19], Har-

vard’s robot fly [45], AeroVironment’s Nano Hummingbird [31], or the Quadflapper at the

University of California, Irvine [33]. These recent developments in flapping vehicles demon-

strate the potential of exploiting the complex dynamics of unsteady flows. However, the

continuous development of such designs necessitates a tool capable of (i) explaining the force

generation mechanisms behind unsteady regimes, and (ii) predicting the flight conditions at

which these phenomena occur.
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The onset of classical unsteady aerodynamics formulation may be attributed to Wagner

[94], who, in 1925, characterized the time-response of the lift force experienced by a flat

plate impulsively started from rest at low angles of attack. A decade later, Theodorsen [88]

provided an analytical solution in the frequency domain for the lift and aerodynamic moment

of a harmonically pitching and plunging airfoil. The efforts that succeeded in the following

years, such as those of Von Kármán and Sears [93], Küssner [34], and Schwarz [72], expanded

on Theodorsen’s work, focusing on the frequency response of the lift force in harmonically

oscillating airfoils. Similarly, in the 1930s, Garrick [20] proposed a model for the thrust

force generated by an oscillating airfoil based on Theodorsen’s approach. These eminent

classical theories, though restricted to small angles of attack, provide valuable insight on the

contributions to the unsteady aerodynamic forces, such as the effect of the bound circulation,

the wake vortices and the added mass. However, they rely on complex mathematics and do

not permit an analytical scrutiny of the equations to predict the flight conditions leading to

force generation.

More compact models appeared as a product of the research efforts in aeroelasticity and

flight dynamic stability, which saw the need for unsteady aerodynamic representations that

could be coupled with structural and control models. Prominent finite-dimensional approx-

imations of unsteady forces are those of Jones [29], Jones [30], Leishman and Nguyen [40],

and Peters [59]. Developed under the assumption of small perturbations, the aforementioned

models are linear and, therefore, unsuitable for the prediction of the higher-order effects in

unsteady flows when the disturbances around the mean flow exceed the small perturbation

approximation.

Although not as common as linear representations, there are nonlinear models in the liter-

ature developed for the analysis of the dynamics of unsteady flows at high angles of attack.

The most prominent ones being the Beddoes-Leishman model for dynamic stall [37–39],

which represents the unsteady forces and aerodynamic moment on a two-dimensional airfoil

2



undergoing dynamic stall, and the Goman-Khrabrov state-space representation of forces and

moments on aircraft performing unsteady maneuvers [22].

Despite these theoretical studies, it is in experimental efforts where the richness of unsteady

flows becomes palpable. In the 1960s throughout the 1980s, studies in dynamic stall recorded

an increment in the lift force when an airfoil performed a dynamic maneuver near stall [12, 23,

35, 47, 49, 66]. Recent computational and experimental work focused on the flow structures

inducing lift enhancement, such as the leading-edge vortex (LEV) and the wake behind the

airfoil [3, 15–17, 65, 66, 91, 92]. On the other hand, experimental studies in oscillatory airfoils

unveiled the symmetry breaking phenomenon. When oscillating an airfoil, the lift and drag

forces are also oscillatory in nature, and intuition infers that the average of these forces may

correspond to the same forces registered at the mean angle of oscillation. However, plenty of

examples in the literature report an increment or reduction in the aerodynamic forces when

an airfoil is oscillated past a certain frequency [17, 20, 24, 41, 65–67], uncovering a force

generation mechanism breaking the expected symmetry in forces. Such phenomenon has

been recorded in non-aerodynamic applications as well, for instance, in Loumes’ impedance

pump [44], in which zero-mean transverse oscillations of an elastic tube generate a net

flow rate. Nonetheless, a relevant example in the literature is the study of a plunging flat

rectangular wing in a still fluid performed by Vandenberghe et al. [89]. When the wing

oscillated past a threshold frequency, the rectangular plate spontaneously moved forward,

revealing the existence of a thrust generation mechanism.

Therefore, the fluid dynamics community has, so far, relied on experimental observations to

uncover the rich dynamical behaviors of unsteady aerodynamics. This abundance in exper-

imental work contrasts with the lack of theoretical efforts to provide a foundation for the

systematic discovery of these unintuitive force generation mechanisms. Such scarcity in ana-

lytical models may be attributed to the lack of appropriate analysis tools. Unsteady regimes

are defined by higher-order flow interactions, and a theoretical study of these mechanisms
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requires a mathematical tool that does not neglect the nonlinear processes occurring in the

flow. The present study introduces geometric control theory as a potential tool to reconcile

the imbalance between theoretical and experimental work, providing a framework for the

analysis and discovery of known and yet-to-be-known unsteady phenomena.

Geometric control theory was first developed in the 1970s, when Brockett [6–9] and Suss-

mann [73–75] combined differential geometry and control theory. Seeking a method to study

nonlinear dynamical systems evolving on manifolds or curvy spaces, Brockett and Sussmann

referred to the mathematical formulation of differential geometry and, especially, Lie algebra

[5]. Instead of neglecting higher-order effects, geometric control theory thrives on nonlinear-

ities, analyzing the nonlinear interactions occurring within a system that may lead to the

generation of forces in unactuated directions or symmetry breaking. The versatility of such

a theory becomes apparent in its broad range of application, from motion planning and con-

trol in robotics [11, 51, 52], to spacecraft attitude control and stabilization [18, 70, 95, 96],

to airplane maneuverability near stall [26, 28, 79] and more recently, to bio-inspired flight

[27, 50, 80, 86, 87].

The nonlinear nature of geometric control theory hints at its suitability as an analysis tool of

the higher-order effects witnessed in unsteady flows. Moreover, its analytical nature permits

the development of a heuristic framework for the systematic analysis and discovery of the

rich phenomena behind unsteady aerodynamics. However, to the author’s knowledge, our

efforts were the first to apply such theory to fluid mechanics [60, 61, 76, 81].

1.2 Research objectives

The main objective of this study is to show the potential of geometric control theory as a

heuristic approach to (i) systematically discover force generation mechanisms in unsteady

4



flows and (ii) discern the physical processes behind them. To do so, the present work focuses

on the application of such theory in the prediction of the average aerodynamic forces on a

harmonically pitching-plunging wing.

The utilization of geometric control theory requires the reformulation of the oscillating wing

as a reduced-order model (ROM) in the form of a control system. Thus, the first objective

of this study is the development of an analytical ROM that is (i) rich enough to capture

the main physics of the flow, including higher-order effects, and (ii) efficient and compact to

permit an analytical study of the results in a geometric control framework. The goal of this

ROM is not the reconstruction of the entire flow field around the airfoil, but the dynamics

of some outputs of interest, in this case, the lift and drag forces.

The model is then analyzed using a combination of the averaging theorem and geometric

control theory to find a qualitative expression for the mean lift and drag forces, and the

point of separation. This reformulation of the averaging theorem in a geometric control

framework ensures that the nonlinear effects of zero-mean oscillations are not neglected in

the averaging process. The equations for the mean lift, drag, and point of separation are

compared to their steady counterparts to uncover the possible enhancement or reduction of

the mentioned variables due to symmetry breaking. The expressions are further analyzed to

dissect the causes behind the observed force generation mechanisms. Such observations may

provide an understanding of the conditions leading to symmetry breaking and serve as the

foundation for the prediction of these nonlinear processes.

Therefore, this work is of analytical nature, with no interest in the obtainment of the quan-

titative mean values of the lift and drag forces and the point of separation. The aim of this

study is the identification of trends in the flow that may lead to force generation mechanisms,

which can then be further scrutinized with experimental observations or computational sim-

ulations.

5



As a further demonstration of the potential of geometric control theory as a systematic

tool for the discovery of force generation mechanisms in fluid systems, the aforementioned

averaging analysis is likewise applied to a more another complex problem: dynamic stall.

To do so, this study focuses on the well-established ROM of Beddoes and Leishman [4, 38,

39]. The Beddoes-Leishman model for dynamic stall presents characteristics similar to the

previous model, making it amenable to geometric control theory: it captures the unsteady

higher-order aerodynamic effects of dynamic stall in a compact form. The analysis of the

mean lift and drag forces using the Beddoes-Leishman model presents a contrasting insight

on the effect of symmetry breaking at larger amplitudes of oscillation.

Finally, the study ends with an analysis of the effect of a surging harmonic motion on a

wing. The previously derived ROM is modified to include the effect of the surging motion,

along with the pitching and plunging oscillations. The averaging analysis determines the

average lift force of a wing performing these three oscillatory motions. The results reveal

force generation mechanisms of different nature than those observed for the pitching and

plunging motions.

1.3 Thesis overview

The following thesis is structured in six different chapters

• Chapter 1 outlines the motivation and objectives of the work.

• Chapter 2 introduces the foundations of unsteady aerodynamics through the classical

theories of Theodorsen and Wagner. The same chapter follows with the introduction

of two different ROMs, starting with the derivation of a new ROM for a pitching

and plunging wing and ending with an overview of the Beddoes-Leishman model for

dynamic stall.
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• Chapter 3 briefly describes the analytical tools of geometric control theory used in

the following chapters.

• Chapter 4 shows the application of averaging and geometric control theory to the

previously developed ROM. The analysis follows with the calculation of the mean lift

and drag forces and point of separation.

• Chapter 5 implements the aforementioned averaging analysis to the Beddoes-Leishman

model to characterize the mean lift and drag forces.

• Chapter 6 reformulates the developed ROM to include the effect of the surging motion

on the oscillating wing and studies its influence on the mean lift force.

• Chapter 7 summarizes the work presented in the study and offers suggestions on

future work.
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Chapter 2

Unsteady aerodynamics

The present chapter introduces the two main classical aerodynamics theories. Theodorsen

and Wagner built the foundations of unsteady aerodynamics, greatly influencing the theo-

ries in unsteady flows that followed. In this section, Theodorsen’s [88] classical theory is

introduced first, following his derivation of the lift force experienced by an oscillating airfoil

in the frequency domain. The chapter continues with Wagner’s [94] pivotal work, presenting

the time-evolution of the lift force on an impulsively started airfoil.

Following the derivation of these mathematically complex theories, the chapter introduces

two reduced-order models (ROMs) studying the same problem of an oscillating wing. The

chapter presents the development of a new ROM that is rich enough to capture the main

nonlinearities of unsteady flows while sufficiently compact to permit an analytical study of

the results in a geometric control framework. Such model is designed for wings oscillating

at low amplitudes and flying at low Reynolds numbers.

The last section of the chapter presents the Beddoes-Leishman model for dynamic stall. This

ROM is more complex than the previously introduced model and focuses on the dynamic

stall phenomenon. As such, the model places great importance on the processes leading to
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dynamic stall, especially, on the modeling and effects of the leading-edge vortex (LEV).

2.1 Theodorsen

In 1935, Theodor Theodorsen published his work on the frequency response of the lift force of

an oscillatory wing . His ground-breaking study, became the starting point of many unsteady

aerodynamics theories that followed, such as those of von Kármán and Sears [93], Küssner

[34], and Schwarz [72].

Theodorsen studied the aerodynamic forces on a wing with three degrees of freedom: pitch-

ing, plunging, and aileron flapping [88]. In his formulation, Theodorsen considered non-

stationary potential flow and small oscillations about the position of equilibrium. Likewise,

Theodorsen approximated the wake behind the airfoil to be in the direction of the free stream

velocity, neglecting any deformation with time. Making use of the no-penetration bound-

ary condition, the Kutta condition, and Kelvin’s theorem of conservation of circulation,

Theodorsen described the lift response of the airfoil under harmonic motion.

In his derivation of the velocity potentials describing the flow around the airfoil, Theodorsen

separated the contributions to the unsteady lift in two classes

• Non-circulatory lift: Determined by the instantaneous acceleration of the airfoil, the

non-circulatory lift does not generate any net circulation.

• Circulatory lift: Similar to the lift force described in steady aerodynamics, the circu-

latory lift accounts for the bounded circulation of the airfoil. However, in unsteady

flows, the wake induces a surface of discontinuity behind the airfoil that contributes to

the circulatory lift.

The sections that follow provide a further explanation of both contributions to the lift force
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as well as a thorough derivation of the described forces.

2.1.1 Non-circulatory lift

In classical potential theory, the calculation of forces on an airfoil is usually attained by

replacing the mentioned airfoil with vortices, which generate the circulation needed to induce

lift. As the name suggests, the non-circulatory lift requires flow singularities that do not

generate circulation. Hence, in this case, the airfoil is modeled as a set of sources and sinks.

To simplify the problem, the complex geometry of the wing is approximated to a flat plate of

chord c = 2b. As previously mentioned, the flat plate has three degrees of freedom: pitching

motion, plunging motion, and aileron flapping. Given the focus of this work on the pitching

and plunging motions, the following derivation does not consider the flapping aileron. Fig.

2.1a shows a scheme of the problem.

The resolution of the potential flow around the airfoil proceeds by making use of conformal

mapping, employing the Joukowsky transform to replace the airfoil by a cylinder of diameter

2b, as shown in Fig. 2.1b. In this transformation, the original airfoil is defined in the complex

z-plane, in which the coordinates are defined as z = x + iy. After the application of the

Joukowsky transform, the airfoil becomes a cylinder in the ξ-plane, where ξ = χ + iη. The

following calculations are performed in the ξ-plane.

As previously mentioned, in potential flow, solids are defined as a series of singularities, such

as vortices, sources, or sinks. Since the derivation of the non-circulatory lift cannot have

circulation-generating vortices, the present analysis relies on sources and sinks. As indicated

in Fig. 2.1b, a source of strength q is positioned on the surface of the cylinder at (χ1, η1),

and a sink of strength −q is likewise placed at the cylinder surface at (χ1,−η1). However,

the strengths q(ϕ) of the source and the sink are a function of their angular position ϕ. As
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(a) Parameters of a pitching-plunging airfoil in
the complex z-plane.

(b) Conformal representation of the airfoil by a
cylinder in the ξ-plane.

Figure 2.1: Transformation of a flat plate in the z-plane into a circle in the ξ-plane [60].

such, the complex potential FNC(ξ, ϕ) of a source-sink pair located at an angular position

(ϕ,−ϕ) is

FNC(ξ, ϕ) =
q(ϕ) b

2
dϕ

2π

[
ln

(
ξ − b

2
eiϕ
)
− ln

(
ξ − b

2
e−iϕ

)]
(2.1)

The complex velocity generated by the source-sink pair at a point located at ξ = χ+ iη is

w̄NC(ξ, ϕ) =
dFNC
dξ

=
q(ϕ) b

2
dϕ

2π

[
1

ξ − b
2
eiϕ
− 1

ξ − b
2
e−iϕ

]
(2.2)

The complicated equation of the complex velocity is simplified using polar coordinates, such

that ξ = reiθ. After some mathematical manipulations

w̄NC(r, θ, ϕ) =
q(ϕ) b

2

4
dϕ

2π
e−iθ

2i sinϕ

r2eiθ − b
2
r2 cosϕ+ b2

4
e−iθ

= e−iθ (vr − ivθ) (2.3)

where r is the distance of the point of study from the origin of coordinates, and θ is the

angle of this point with respect to the χ axis.

The equation can be further simplified by defining the real and imaginary parts of the

denominator as R(θ, ϕ) = r2 + b2

4
cos θ − br cosϕ and I(θ) =

(
r2 − b2

4

)
sin θ, respectively.
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With this new interpretation, the normal and tangential velocities are obtained with the

definition w̄NC = e−iθ (vr − ivθ). The normal and tangential velocities generated by the

source-sink pair at a point located at a distance r from the origin with an angle θ are

vθNC (r, θ, ϕ) = −
q(ϕ) b

2

4
sinϕR(θ, ϕ)dϕ

π (R2 + I2)
(2.4)

vrNC (r, θ, ϕ) =
q(ϕ) b

2

4
sinϕI(θ, ϕ)dϕ

π (R2 + I2)
(2.5)

The derived velocities are those generated by a source of strength q(ϕ) located at (χ1, η1)

and a sink of strength −q(ϕ) placed at (χ1,−η1). Nonetheless, this source-sink pair does

not define a cylinder in potential flow. Since the airfoil and the cylinder are continuous

surfaces, they cannot be described using a single source and a sink. Instead, the definition

of a continuous surface in potential flow requires a continuous distribution of singularities.

In this case, the upper half of the cylinder is constructed using a distribution of sources and

the lower half with a distribution of sinks. In this case, the complex velocities generated by

this distribution of sources and sinks are the integral of Eq. (2.4) and Eq. (2.4) over the

whole cylinder, with ϕ ∈ [0, π]

vθNC (θ) = − 1

2π

∫ π

0

q(ϕ) sinϕdϕ

cos θ − cosϕ
(2.6)

vrNC (θ) =
q(θ)

2
(2.7)

During this mathematical derivation, the source strength distribution q(ϕ) has remained
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undefined. The no-penetration boundary condition is applied to the cylinder surface to find

the value of q(φ). The no-penetration boundary condition states that the normal velocity of

the flow on the surface of the cylinder has to be equal to the normal velocity of the cylinder

wall, or v⊥ = vmotion. In other words, the flow cannot permeate the surface of the cylinder.

Since the airfoil is performing pitching and plunging oscillations, as seen in Fig. 2.1a, the

velocity at the airfoil surface is

vmotion(x) = −U sinα− ḣ cosα− α̇ (x̂− â) (2.8)

where U is the free stream velocity, α the angle of attack, ḣ the plunging velocity, x̂ the

position of the point of interest normalized by the chord and â the position of the pitching

axis with respect to the airfoil midpoint. Applying the no-penetration boundary condition,

the source distribution is found

q(θ) = 2vrNC = 4vmotion(θ) sin θ = 4
[
−U sinα− ḣ cosα− α̇ (b cos θ − a)

]
sin θ (2.9)

Inserting Eq. (2.9) into Eq. (2.6), the tangential velocity at the cylinder surface is obtained

vθNC (θ) = 2

[(
U sinα + ḣ cosα− α̇â

)
cos θ +

α̇b

4
cos (2θ)

]
(2.10)

Since, in potential flow, the tangential and radial velocities are derived from a potential

vθ =
1

r

∂φ

∂θ

vr =
∂φ

∂r

(2.11)
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the potential of the cylinder is calculated from Eq. (2.10) to be

φNC(θ) = − b
2

∫ π

0

vθNC (ϕ)dϕ = b

[(
U sinα + ḣ cosα− α̇â

)
sin θ +

α̇b

4
sin (2θ)

]
(2.12)

Knowing the non-circulatory potential of the cylinder, the unsteady Bernoulli equation is

applied to find the pressure at the cylinder surface

p− p∞ = −ρ
[
U∞

∂φ

∂x
+
∂φ

∂t

]
(2.13)

where p is the pressure, p∞ the pressure of the free stream, and ρ the density of the flow.

Therefore, the integration of this pressure field due to non-circulatory contributions provides

the expression of the non-circulatory lift

lNC = 2ρ

[∫ b
2

− b
2

∂φ

∂t
dx+ U∞ (φTE − φLE)

]
(2.14)

where φTE and φLE are the velocity potentials at the trailing edge and the leading edge

respectively. Assuming small perturbations and the velocity potential at the trailing edge to

be equal to zero, and substituting the values of the velocity potentials in Eq. (2.12) to Eq.

(2.14), the non-circulatory lift is obtained

lNC = πρb2
(
Uα̇ + ḧ− α̈â

)
(2.15)

which can be further simplified to

lNC(t) = −mva⊥1/2
(t) (2.16)

The non-circulatory lift is proportional to the instantaneous acceleration of the airfoil at the

midpoint. This acceleration is multiplied by the term mv = πρb2, known as the added or
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virtual mass, and is equivalent to the mass of a cylinder of air of radius b. Therefore, the

non-circulatory lift represents the force required to accelerate the flow around the airfoil. In

vacuum, the force required to move the airfoil is equal to its mass times its acceleration.

However, when the airfoil is surrounded by air, the force needed to move the airfoil is bigger

because it is not only necessary to accelerate the structure but also to accelerate the mass

of air around it. The non-circulatory lift is this extra force needed to accelerate the added

mass of air.

Eq. (2.16) also reveals the instantaneous nature of the force. Given its algebraic definition,

the non-circulatory lift does not present any lag. Any motion of the airfoil will instanta-

neously lead to a variation in the non-circulatory lift; the force will not require any time to

accommodate to the changes in the airfoil motion.

2.1.2 Circulatory lift

The second contribution to the lift force is the circulatory lift. This force is similar to the

lift defined in steady aerodynamics, which accounts for the circulation that builds around

the airfoil. However, under unsteady conditions, the circulatory lift also includes the effect

of the wake behind the airfoil. This section describes the impact of the addition of vortices

to the distribution of sources and sinks defined in the previous section to characterize the

cylinder. The following calculations are also performed on the cylinder in the ξ-plane.

To account for the circulation effects in the airfoil, a vortex of strength Γ is added behind

the cylinder to model the wake of the airfoil. To satisfy Kelvin’s theorem of the conservation

of circulation, another vortex of strength −Γ is added, bounded to the cylinder. However,

the addition of these singularities changes the distribution of velocities in the flow, which

may disrupt the no-penetration boundary condition. To ensure the normal velocity at the

cylinder surface is still equal to its motion, the positions of the bounded and wake vortices
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need to satisfy the condition

d =
b2

4X
(2.17)

where d and X are the locations of the bounded and wake vortices, respectively, with respect

to the center of the cylinder. Fig. 2.2 shows a schematic of the positions of the bounded and

wake vortices.

Figure 2.2: Location of the bounded and wake vortex [60].

Having determined the location of the vortices, their strength can be found with the appli-

cation of the Kutta condition. In other words, the tangential velocity at the trailing edge

of the cylinder has to be equal to zero or, equivalently, the tangential velocity due to circu-

latory effects and the tangential velocity due to non-circulatory effects have to be equal in

magnitude but of opposite sign

vθNC (θ = 0) + vθC (θ = 0) = 0 (2.18)

To calculate the tangential velocity due to the vortices, it is necessary to define the complex

potential of a vortex located at (d, 0) combined with a vortex at (X, 0)

FC =
Γ

2πi
[ln (ξ −X)− ln (ξ − d)] (2.19)

and, following the derivation of the previous section, the tangential velocity due to the
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circulation is obtained

vθC (θ) = − Γ

bπ

X2 − b2

4

X2 + b2

4
− bX cos θ

(2.20)

The combination of the tangential velocities in Eq. (2.6) and Eq. (2.20) with the Kutta

condition in Eq. (2.18) gives an equation for the circulation distribution of the wake. The

transformation of this equation from the cylinder domain to the airfoil domain using the

Joukowsky transformation z = ξ + b2

ξ
leads to the equation

−2v3/4 −
1

πb

∫ ∞
b

γw(z, t)

√
z + b

z − b
dz = 0 (2.21)

where v3/4 is the velocity at the three-quarter chord point, and γw is the unknown vortex

distribution of the wake. Similar to the case of the sources and the sinks, the surface

discontinuity of the wake is not represented by a single vortex but by a continuous distribution

of vortices extending from b, the airfoil trailing edge, to ∞. The upper limit of the integral

is set to infinity to account for the accumulated effects of the wake over time. Eq. (2.21) is

obtained under the assumption that the wake is in the direction of the free stream and does

not deform over time [88]. The validity of this assumption generates discussion among the

community.

Under the small angle approximation α3/4 = −v3/4

U
, Eq. (2.21) can be expressed as a function

of the angle of attack at the three-quarter point α3/4. Such arrangement leads to Wagner’s

equation [94]

∫ ∞
b

γw(z, t)

√
z + b

z − b
dz = 2πα3/4(t)Ub = Γ0(t) (2.22)

where Γ0 is the quasi-steady circulation of the airfoil, which is defined as the value that the

circulation would take if it developed instantaneously. In other words, Γ0 is the value of the
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circulation in steady conditions evaluated at the flight conditions at time t.

As previously shown in the derivation of the non-circulatory lift, the integration of the

tangential velocity in Eq. (2.20) results in the velocity potential of the circulatory flow

φc(θ) =
Γ

π

[
π

2
− arctan

(√
z + b

z − b

√
1− cos θ

1 + cos θ

)]
(2.23)

which, in combination with the unsteady Bernoulli equation of Eq. 2.13, leads to the calcu-

lation of the circulatory lift

lC(t) = ρ

∫ ∞
b

γw(z, t)z√
z2 − b2

dz (2.24)

Given the similitude between Wagner’s equation for the quasi-steady circulation (Eq. (2.22))

and the expression of the circulatory lift in Eq. (2.24), the latter is multiplied and divided

by Γ0 in the following way

lC(t) = lC(t)
Γ0

Γ0

= ρUΓ0(t)

∫∞
b

γw(z,t)z√
z2−b2 dz∫∞

b
γw(z, t)

√
z+b
z−bdz

= l0(t)

∫∞
b

γw(z,t)z√
z2−b2 dz∫∞

b
γw(z, t)

√
z+b
z−bdz

(2.25)

where l0 is the quasi-steady lift, the lift coefficient under static conditions, given by the

Kutta-Joukowsky theorem as

l0 = ρUΓ0 (2.26)

Due to the unknown vortex distribution of the wake γw, Eq. (2.25) does not have a general

analytical solution. Nonetheless, the circulatory lift can be resolved for certain cases, such

as harmonic oscillations [88]. For a pitching motion, the angle of attack at the three-quarter
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code takes the form

α3/4 = ᾱeiωt (2.27)

where ω is the frequency of oscillation. The assumption of a non-deforming wake parallel

to the free stream implies that a harmonic motion of the angle of attack translates to a

harmonic motion with the same frequency for the vortex distribution of the wake

γw(z, t) = γw(z)eiωt (2.28)

Therefore, combining the harmonic motion of Eq. (2.28) with the definition of the circulatory

lift in Eq. (2.25), one obtains the equation of the circulatory lift derived by Theodorsen [88]

lC(t) = l0(t)C (k) (2.29)

where C (k) is the Theodorsen function, which depends on the reduced frequency k = ωb
U

.

C(k) is defined using Hankel functions of the second kind of order n, H
(2)
n , or modified Bessel

functions of second kind of order n, Kn

C(k) =
H

(2)
1 (k)

H
(2)
1 (k) + jH

(2)
0 (k)

=
K1(jk)

K1(jk) +K0(jk)
(2.30)

Therefore, according to Eq. (2.29), the circulatory lift of a wing following a sinusoidal motion

with small amplitude, is equal to the quasi-steady lift L0 multiplied by a modulation function

C(k) [88]. The Theodorsen function attenuates the lift response as a function of the reduced

frequency, as pictured in Fig. 2.3a. In the steady case, C(k) is real and equal to unity, but

its value decreases with the reduced frequency. For high values of k, the magnitude of the
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Figure 2.3: Magnitude and phase of the frequency response (Theodorsen) function and step
response (Wagner) function of the circulatory lift.

Theodorsen function is ‖C(k)‖ = 1/2. Thus, a change in the angle of attack prompts an

instantaneous lift force equal to half of its steady value. This rapid generation of force does

not correspond to the behavior of physical systems, revealing a limitation in Theodorsen’s

work [82, 84].

2.2 Wagner

A decade before Theodorsen published his theory, Wagner [94] solved the time response

of the lift force on a flat plate due to a step change in the angle of attack or in the free

stream. This section derives Wagner’s work from the results of Theodorsen. This derivation

is different from that in Wagner’s original work, but provides a better understanding of the

connection between Theodorsen and Wagner’s work.

The Theodorsen function provides the unsteady lift under harmonic motion, but the theory

presents some constraints. First, the results are in the frequency domain, giving only the

steady state response of the lift. Therefore, the steady state of the lift force remains unsolved.
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Second, Theodorsen’s theory is limited to harmonic motion. Both of these limitations may

be addressed by resolving the lift response in the time domain.

In a flat problem under pitching motion, similar to the one in Fig. 2.1a, the angle of attack

is a function of time α(t). The calculation of the circulatory lift using Theodorsen’s Eq.

(2.29) requires a frequency-domain representation of α3/4(t), obtained with the application

of the Fourier transform

α3/4(ω) =

∫ ∞
−∞

α3/4(t)e−iωtdt (2.31)

Once the frequency response of the angle of attack is known, the circulatory lift is calculated

using Theodorsen’s equation (Eq. (2.29))

lC(ω) = ρU2b2πα3/4(ω)C (k) (2.32)

The inverse Fourier transform of Eq. (2.32) results in the time-domain response of the

circulatory lift

lC(t) =
1

2π

∫ ∞
−∞

lC(ω)eiωtdω (2.33)

Up to this point, α3/4(t) has remained an undefined function of time. However, to solve

Wagner’s problem of the lift response in a flat plate due to a step change, α3/4(t) needs to

be defined in the following way

α3/4(t) =


α t ≥ 0

0 t < 0

(2.34)

The Fourier transform of the angle of attack at the three-quarter point reveals the expression
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in the frequency domain

α3/4(ω) =
α

iω
(2.35)

The insertion of Eq. (2.35) into the equation for the circulatory lift in Eq. (2.33) uncovers

the time-response of the circulatory lift generated on a flat plate due to a step change in the

angle of attack

lC(t) = ρU2b2πα
1

2π

∫ ∞
−∞

C (k)

k
dk = l0

∫ ∞
−∞

C (k)

k
dk (2.36)

or, in a simplified manner

lC(t) = l0W (τ) (2.37)

where W (τ) is the Wagner function, expressed as a function of the non-dimensional time

τ = Ut
b

and represented in Fig. 2.3b. The comparison of Eq. (2.37) with Theodorsen’s in Eq.

(2.29) reveals that both, Wagner and Theodorsen, define the unsteady circulatory lift as the

multiplication of the quasi-steady lift by a modulation function: the Theodorsen function in

the frequency domain, and the Wagner function in the time domain. In fact, both functions

constitute a Fourier pair [21].

Wagner’s function accounts for the lag between the step change in angle of attack and the

time at which the lift reaches the corresponding steady lift value at that angle of attack. That

is, a change in the angle of attack does not instantaneously generate a lift force equivalent

to its steady value at that angle of attack. The lift needs some time to build up to its

final steady value. Wagner’s function describes the dynamics of this transient response.

However, as shown in Fig. 2.3b, Wagner’s function presents the same non-physical behavior

observed in Theodorsen’s: a step change in the angle of attack instantaneously prompts a
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force equivalent to half of the steady lift.

Unlike Theodorsen’s, Wagner’s function does not have an analytical expression. The func-

tion, as Wagner defined it, is characterized by the integral [94]

W (τ) =

∫ τ

0

µ(σ)
1 + τ − σ√

(1 + τ − σ)2 − 1
dσ (2.38)

where µ is governed by the equation

∫ τ

0

µ(σ)

√
2 + τ − σ
τ − σ

dσ = 1 (2.39)

The lack of an analytical expression complicates the use of Wagner’s equation. Such com-

plexity prompted the apparition of several approximations, the most common ones defining

W (τ) with exponential functions. Some prevailing approximations are those of Jones [29]

and Jones [30], which define Wagner’s function as

W (τ) = 1− A1 exp(−b1τ)− A2 exp(−b2τ) (2.40)

where the values of the constants A1, A2, b1, and b2 are listed in Table 2.1.

A1 A2 b1 b2

Jones [29] 0.165 0.335 0.0455 0.3

Jones [30] 0.165 0.335 0.041 0.32

Table 2.1: Constants defining the exponential approximations of the Wagner function.
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2.3 Reduced-order modeling of the unsteady aerody-

namics

The classical unsteady aerodynamics theories presented in the previous sections rely on

complex mathematical formulation, making the calculation of unsteady aerodynamic loads

lengthy and tedious. In contrast, ROMs offer an approximation to the resolution of the

unsteady forces in a compact form. This section presents the derivation of a ROM for a

pitching and plunging wing oscillating at low Reynolds numbers, starting with a definition

of the problem to be formulated, followed by its derivation. The developed model is later

analyzed in a geometric control framework in Chapter 4.

2.3.1 Problem statement

The application of geometric control theory requires the formulation of an oscillating wing as

an efficient dynamical system [84]. In other words, this control theory necessitates a system

that is rich enough to capture the main physics of the system, including the nonlinearities

within unsteady flows, but at the same time compact to permit an analytical distillation of

the results. As such, one of the main objectives of this work is the development of a ROM

capable of predicting the unsteady forces on an oscillating wing in a form that is amenable

to geometric control theory.

The purpose of this section is the derivation of a ROM describing the unsteady forces in

a pitching-plunging wing in a constant free stream U , as seen in Figure 2.4. The pitching

angle α is defined positive when pitching up, and the plunging displacement h is positive in

the downward direction.

In other words, this study seeks to find a physics-based control system in the form of a
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Figure 2.4: Schematic diagram of a pitching-plunging airfoil in a free stream [81].

nonlinear state-space model, such as the one in Eq. (3.1), representing the dynamics of the

unsteady lift and drag forces and separation point over the wing. Given the compactness

of the model, the purpose of the ROM is not a reconstruction of the flow field around the

wing, but a derivation of the dynamics of the lift force L(t), drag force D(t), and separation

point xS(t).

The ROM is derived to take the following form

ẋ(t) = f(x(t)) + gα(x(t))α̈(t) + gh(x(t))ḧ(t)

y(t) = [L(t) D(t) xs(t)]
T

(2.41)

where x is the vector that contains all the states of the system, and y is the vector of output

variables; in this case, the lift, drag and point of separation. The vectors gα and gh are the

control vector fields associated with the pitching and plunging inputs.

The control inputs of the system are α̈ and ḧ, the pitching and plunging accelerations,

respectively. The definition of a proper dynamical system requires the model to avoid any

direct dependence on the derivatives of the inputs. Therefore, since the aerodynamic forces

depend on the velocities and accelerations, the accelerations are chosen to be the inputs

of the system. If the inputs of the system were the position or velocities, the dynamical

equations would depend on the derivatives of those inputs, preventing the formulation of a

proper dynamical system.
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2.3.2 State-space model for the unsteady aerodynamics

The ROM developed in this section is based on the state-space model formulated by Taha

et al. [77] to compute the unsteady lift of a pitching wing. The model is also derived in

[60, 81].

Circulatory lift dynamics

The first step in the development of a state-space model for the unsteady aerodynamic

forces is the derivation of the lift dynamics. To do so, the model refers to the definition of

the circulatory lift according proposed in the classical theory of Wagner [94], as derived in

Section 2.2

LC(τ) = L0W (τ) = ρU2(τ)bCL,sW (τ) = 2πρU2(τ)bα(τ)W (τ) (2.42)

where W is the Wagner function, which depends on the non-dimensional time τ

τ =
2

c

∫ t

0

U(s)ds (2.43)

Note that this definition of the non-dimensional time accounts for a time-varying U(t).

Although the problem presented in Section 2.3.1 concerns a wing in a constant free stream,

the following derivation of the circulatory lift accounts for a time-varying free stream to

present a general formulation for a ROM valid for any arbitrary wing motion. However, the

assumption of a constant free stream is applied at the end of the derivation to obtain a ROM

suitable for the problem defined in Section 2.3.1.

Eq. (2.42) is the solution of the circulatory lift due to a step change in the angle of attack.

However, this work is interested in the derivation of a ROM capable of capturing the dynam-
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ics of the unsteady forces for different types of pitching and plunging motions, without being

restricted to step functions. As such, the Duhamel principle is applied to Wagner’s equation

to extend the lift response to an arbitrary input. Thus, the circulatory lift is the superpo-

sition of the indicial time response on the first instant of motion and the time-variation of

the input variable [77]

LC(τ) = 2πρU2(τ)b

(
α(0)W (τ) +

∫ τ

0

dα(0)

dτ
W (τ − σ)dσ

)
(2.44)

The input variable in Eq. (2.44) is the angle of attack α. However, Wagner’s function

represents the indicial response due to a step change in the angle of attack but also to

other aerodynamic inputs, such as the velocity of the wing. Therefore, the equation could

be defined with any other input. According to potential flow theory, lift appears due to

the circulation, and moreover, lift is linearly dependent on the circulation. Hence, the

present model relies on the quasi-steady circulation Γ0 as the input of the system defining

the circulatory lift [77]

LC(τ) = 2πρU2(τ)b

(
Γ0(0)W (τ) +

∫ τ

0

dΓ0(0)

dτ
W (τ − σ)dσ

)
(2.45)

The quasi-steady circulation is defined as the static value of the circulation at any time

instant. Given the nature of the pitching motion, in this study the circulations accounts for

the translational and rotational effects of the wing in the form

Γ0(t) = U(t)bCL,s(α(t)) + b2kα̇α̇(t) (2.46)

where kα̇ = 4π
(

3
4
− â
)

is a coefficient depending on the location of the pitching axis nor-

malized by the chord â and measured from the center of the wing. As presented in Eq.

(2.46), the quasi-steady circulation depends on the curve of the steady lift coefficient CL,s.

However, no assumptions are made in the form of the steady lift coefficient; CL,s represents
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an arbitrary static CL − α curve defined by the user. Therefore, CL,s can take any desired

form, from the conventional linear lift coefficient 2πα to any nonlinear function derived from

theoretical analyses, numerical, or experimental data.

Given the lack of an analytical expression for the Wagner function, the manipulation of

Eq. (2.45) is not trivial. However, as described in Section 2.2, Jones [29] and Jones [30]

approximated the Wagner function with an exponential representation

W (τ) = 1− A1 exp(−b1τ)− A2 exp(−b2τ) (2.47)

where A1, A2, b1, and b2 are constants determined by Jones [29] and Jones [30].

Reformulating Eq. (2.45) with the dimensional time t

LC(t) = ρU(t)

(
Γ0(0)W (t) +

∫ t

0

dΓ0(s)

dτ
W (t− s)ds

)
(2.48)

and integrating the second term by parts, the following expression is obtained

LC(t) = ρU(t)

(
Γ0(0)W (t) + Γ0(t)W (t− t)− Γ0(0)W (t− 0)−

∫ t

0

Γ0(s)
dW (t− s)

ds
ds

)
= ρU(t)

(
Γ0(t)W (0)−

∫ t

0

Γ0(s)
dW (t− s)

ds
ds

)
= ρU(t)Γeff (2.49)

where the inclusion of Jones approximation of the Wagner function (Eq. (2.47)) leads to the

derivative

dW (t− s)
ds

=
dW (τ − σ)

dσ

(
dσ

ds

)
= − [A1b1 exp (−b1(τ − σ)) + A2b2 exp (−b2(τ − σ))]

(
U(s)

b

)
= −U(s)

b

[
A1b1 exp

(
−b1

b

∫ t

s

U(s)ds

)
+ A2b2 exp

(
−b2

b

∫ t

s

U(s)ds

)]
(2.50)
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or in a more compact form, with summation on the repeated indices

dW (t− s)
ds

= −Ai
bi
b
U(s) exp

(
−bi
b

∫ t

s

U(s)ds

)
, i = 1, 2 (2.51)

Consequently, the effective circulation Γeff of Eq. (2.49) is given by

Γeff (t) = (1− A1 − A2)Γ0(t) + xi(t), i = 1, 2 (2.52)

where the states are the solutions of the nonlinear differential equation

ẋi =
biU(t)

b
(−xi(t) + AiΓ0(t)), i = 1, 2 (2.53)

with the initial condition xi(0) = 0. Therefore, as shown in Eq. (2.53), the circulatory lift

can be obtained through the resolution of a two-state dynamical system in which the quasi-

steady circulation is the input. The number of states comes from the two-pole approximation

of the Wagner function given by Eq. (2.47). However, if a more accurate approximation is

to be used, the number of states will increase. Therefore, the number of states is completely

arbitrary, and the system in Eq. (2.53) can be generalized to include any number of states.

Hence, the dynamics of the circulatory lift are given by

ẋC(t) = [A]nxnU(t)xc(t) + [B]nx1U(t)Γ0(t)

LC(t) = ρU(t) ([C]1xnxc(t) + [D]1x1Γ0(t))

(2.54)

where xc ∈ Rn represents all the internal aerodynamic states that model the lift dynamics,

and the matrices A, B and C depend on the characteristics of the wing and the flow.

The parameter D = khf is the high-frequency gain of the system (the magnitude of the

output at infinite frequency, the instantaneous response of the system), and the quasi-steady

circulation Γ0 is the input of the system.
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For a constant free stream, such as the problem of study, U can be absorbed into matrices

A and B, leading to the system

ẋC(t) = [A′]nxnxc(t) + [B′]nx1Γ0(t)

LC(t) = ρU(t) ([C]1xnxc(t) + [D]1x1Γ0(t))

(2.55)

Non-circulatory lift dynamics

As derived in section 2.1 (Eq. (2.16)), the non-circulatory lift is the multiplication of the vir-

tual mass times the normal acceleration at the half-chord point. Nonetheless, Theodorsen’s

derivation only applies to small angles of attack. To account for higher α’s, the following

formulation is needed

LNC = −mva⊥1/2
(t) cosα(t) (2.56)

where mv = ρπb2 is the virtual mass, and the normal acceleration for a pitching-plunging

wing is

a⊥1/2
(t) =

d

dt

(
U(t) sinα(t) + ḣ(t) cosα(t)− âbα̇(t)

)

where âb is the distance between the hinge location and the half-chord point. Eq. (2.56)

indicates a direct dependence between the lift (output of the system) and the accelerations

(input). Nonetheless, it is preferable for the output to only depend on the states x and

not on the inputs. Moreover, Taha and Rezaei [83] found that viscosity induces a phase lag

between the normal acceleration and the non-circulatory lift. As such, the effect of viscosity
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can be modeled into the system through the state xv

ẋv(t) = −xv(t)
τv

+
a⊥1/2

(t)

τv

LNC(t) = mvxv(t) cosα(t)

(2.57)

where τv is the time constant governing the dynamics of the non-circulatory lift. These

dynamics only appear when viscosity is taken into account, causing a phase lag in the

generation of non-circulatory lift. Eq. (2.57) is not necessary when considering potential

flow.

Drag dynamics

Aside from the lift force, another interesting variable in flow phenomena is the drag force.

The pressure drag is given by

D(t) = L(t) tanα(t)− FS(t) (2.58)

where L = LC +LNC is the total lift force, and FS is the suction force. The first component

of the drag is the projection of the resultant force N (when there is no leading-edge suction)

in the direction parallel to the flow. In fact, without leading-edge suction, the lift and drag

forces are given by N cosα and N sinα respectively.

The second contribution is the suction force derived by Garrick [20]

FS(t) = 2πρb

[
v3/4(t)C(k)− b

2
α̇(t)

]2

(2.59)

where v3/4 is the normal velocity at the three-quarter chord point and C(k) is the Theodorsen

function in terms of the reduced frequency k. The suction force is always positive, and since

its contribution to the drag force is negative (Eq. (2.58)), it decreases the drag force. As
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such, the suction force points to a possible reduction in the drag force due to unsteady

motion.

As seen in Eq. (2.59), the suction force depends on the Theodorsen function and, therefore,

on the circulatory lift dynamics. This dependence is further evident when after the following

algebraic manipulation. The quasi-steady speed at the three-quarter chord point can be

expressed through the quasi-steady circulation as v3/4 = Γ0/(2πb). Therefore, the unsteady

three-quarter chord point velocity v3/4C(k) can be replaced by the dynamics of the unsteady

Γ0

FS(t) = kSρb

[
Cxc(t) +DΓ0(t)

2πb
− b

2
α̇(t)

]2

(2.60)

where kS is a parameter of the suction force that depends on the conditions of the flow. For

potential flow, kS = 2π, as seen in Garrick’s Eq. (2.59).

Separation point dynamics

In ideal conditions, the flow is constantly attached to the wing surface and leaves the wing

smoothly at the trailing edge. In real viscous flows, as the angle of attack increases, the flow

separates from the top surface, creating a low pressure region behind it [2]. Consequently,

when separation occurs, there is a high increase in the drag force and a reduction in lift.

Hence, the prediction of the separation phenomenon is of high interest to aerodynamicists.

In steady flows, there are several approaches to define the location of the separation point.

Given the velocity profile around the wing, Thwaites [? ] computes the point of separation

through a series of integral expressions. However, this model is not applicable in this case

because the velocity profile is unknown. Another well-known model is Kirchhoff’s, in which
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the lift coefficient changes as a function of the point of separation

CL,s(α) = 2π sinα

(
1 +
√
x0

2

)2

(2.61)

where x0 is the location of the separation point under steady conditions normalized by the

chord, and 2π sinα is the theoretical expression of the lift curve when there is no separation.

Therefore, if the static lift coefficient is known for a certain angle of attack, the position of

the separation point can be determined from Eq. (2.61).

For unsteady flows, the separation point is calculated with the state-space model developed

by Goman and Khrabrov [22] for a pitching wing. The unsteady effects are the result of

two phenomena. The first one accounts for the quasi-steady effects, such as the delay of the

circulation or the convection of the boundary layer. This delay is assumed to be proportional

to the rate of variation of the angle of attack α̇. As such, the quasi-steady variation of the

separation point is modeled as an argument shift x0 (α− τ2α̇), with τ2 being the time-delay

constant.

The second effect comes from the transient aerodynamics that cannot be defined as quasi-

steady. This group includes the disturbances in the flow that occur without a change in

the angle of attack. These disturbances cause a build up from the conditions before the

perturbation to the steady state conditions after the perturbation. It is modeled as a first

order lag with the relaxation constant τ1. Thus, the dynamics of the unsteady point of

separation are

ẋs(t) = −xs(t)
τ1

+
x0 (α(t)− τ2α̇(t))

τ1

(2.62)
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Final state-space model

The model derived above works for a two-dimensional pitching wing in a time-varying free

stream. However, the problem of study is the representation of a pitching and plunging wing

in a constant free stream. As such, the following equations neglect any time dependence in

U . On the other hand, the application of the model to a pitching-plunging wing requires

any dependence on the angle of attack α to be replaced by the effective angle of attack

αeff = α+ arctan ḣ
U

to account for the plunging motion. Thus, the quasi-steady circulation

of Eq. (2.46) becomes

Γ0(α, α̇, ḣ) = UbCL,s

(
α(t) + arctan

ḣ(t)

U

)
+ b2kα̇α̇(t) (2.63)

Eq. (2.63) is introduced in the final model, obtained with the combination of the equations

derived in the previous sections. As a result, the ROM for a pitching-plunging wing in a

constant free stream is given by

d

dt



xc

xv

xs

α

α̇

ḣ



=



Axc + BΓ0

(
α, α̇, ḣ

)
− 1
τv

[
xv +

(
U cosα− ḣ sinα

)
α̇
]

− 1
τ1

[
xs − x0

(
α + arctan ḣ

U
− τ2α̇

)]
α̇

0

0



+



0nx1

ab
τv

0

0

1

0



uα +



0nx1

cosα
τv

0

0

0

1



uh (2.64)

where x =
[
xc, xv, xs, α, α̇, ḣ

]
is the state vector of dimension n + 5, the vector containing

all the internal states of the system. The inputs are uα = α̈ and uh = ḧ, the pitching and

plunging accelerations, respectively. The outputs of the system are the lift force, the drag
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force, and the location of the point of separation, which are written as follows

L(t) = ρU
(
Cxc(t) +DΓ0

(
α, α̇, ḣ

))
D(t) = L(t) tanα(t)− ksρb

(
Cxc(t) +DΓ0(t)

2πb
− b

2
α̇(t)

)2

xs(t) = xs(t)

(2.65)

2.4 Beddoes-Leishman model for dynamic stall

The ROM derived in Section 2.3.2 proves the efficacy of a compact form in the description of

the dynamics of unsteady flows. Nonetheless, the model serves as a general representation of

the unsteady aerodynamics problem and is not applicable to the study of specific phenomena

such as dynamic stall. In fact, the ROM of the previous section is capable of capturing the

effects of the standing LEV appearing in pitching wings at low Reynolds numbers. However,

in dynamic stall, the LEV separates from the leading edge, convecting downstream along

the airfoil and detaching from the wing as it reaches the trailing edge. Such effect, essential

in the description of the dynamic stall phenomenon, is not captured by the model in Section

2.3.2. Therefore, the present section provides a description of the Beddoes-Leishman model

[37–39], a ROM focused on modeling the processes undergone by an airfoil experimenting

dynamic stall, including the LEV and its effect on the aerodynamic forces.

In the 1980s, Beddoes and Leishman derived a ROM to calculate the loads on the blades of a

helicopter rotor under dynamic stall. The Beddoes-Leishman model [37–39] reproduces the

dynamical behavior of a two-dimensional airfoil pitching about the quarter-chord point and

undergoing dynamic stall using state-space formulation. Given the motion of the airfoil, this

ROM predicts the unsteady lift and drag forces and pitching moment experienced by the air-

foil. The model consists of a set of first order ordinary differential equations (ODE’s) divided

in four different subsystems, each of them representing a distinct aspect of the unsteady flow
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behavior. The model describes the dynamic stall phenomenon as the combination of four

different features: (i) attached flow, (ii) dynamic stall onset, (iii) trailing edge separation,

and (iv) vortex induced dynamic stall. The combination of these subsystems, which are

related in a nonlinear way such that the input of one block is the output of the previous

one, characterizes the lift and drag coefficients, and moment coefficient experienced by the

airfoil.

2.4.1 Attached flow

The first aspect of the flow described by the Beddoes-Leishman model is the unsteady aero-

dynamic response under attached flow conditions. To do so, the model refers to the Jones

[29] and Jones [30] state-space approximation of Wagner’s theory [94], which formulates the

indicial response for the unsteady circulatory lift (Section 2.2). However, given the com-

pressibility effects present in the rotor aircraft studied by Beddoes and Leishman, Wagner’s

solution is generalized in terms of the Mach number [37–39]. Similarly, the indicial response

for the non-circulatory lift is obtained from piston theory. The combination of these resulting

indicial functions is used to describe the attached flow response, given by the state-space

system

ẋ1→4 = Ax1→4 + B


αeff

q

 (2.66)

Cp
N = Cx1→4 + D


αeff

q

 (2.67)
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where x1→4 is the vector that contains the first four states of the attached flow module,

Cp
N is the normal force coefficient under attached flow conditions, and q = 2α̇b

U
is the non-

dimensional pitch rate. That is, the dynamical system characterizing the attached flow

response (Eq. (2.66), (2.67)) consists of two inputs: the effective angle of attack αeff and

the pitch rate q, and one output: the normal force coefficient under attached flow conditions

Cp
N . The effective angle of attack combines the contributions of the pitching angle and the

plunging velocity

αeff (t) = α(t) + arctan
ḣ(t)

U
(2.68)

The matrices A, B, C, and D depend on the Mach number M and the characteristics of

the airfoil as described by the equations below

A = −diag

[
b1

(
β2U

b

)
, b2

(
β2U

b

)
,

1

KαTI
,

1

KqTI

]

B =

 1 1 1 0

0.5 0.5 0 1


T

C =

[
Cnα

(
β2U
b

)
A1b1 Cnα

(
β2U
b

)
A2b2

4
M

(
−1
KαTI

)
1
M

(
−1
KαTI

)]
D =

[
4/M 1/M

]
(2.69)

where β =
√

1−M2 is the compressibility factor, CNα is the slope of the linear regime of the

normal force coefficient curve, and TI = 2b/Vs, where Vs is the sound speed. The parameters

Kα and Kq depend on the flight conditions

Kα =
κα

(1−M) + 0.5β2CNαM
2 (A1b1 + A2b2)

Kq =
κq

(1−M) + β2CNαM
2 (A1b1 + A2b2)

(2.70)
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Data Source A1 A2 b1 b2 κα κq

Boeing 0.636 0.364 0.339 0.249 0.77 0.70

ARA 0.625 0.375 0.310 0.312 1.00 1.00

NASA 0.482 0.518 0.684 0.235 0.72 0.70

Consolidated data 0.918 0.082 0.366 0.102 0.85 0.73

Table 2.2: Coefficients of derived indicial lift approximations as obtained from different data
sources. Consolidated data combines the data from all the listed sources [36].

The parameters A1, A2, b1, b2, κα, and κq are constants associated with the airfoil indicial

response. They are obtained from curve-fitting of experimental data, and their value may

change depending on the flight conditions. Table 2.2 lists the values of the constants as

obtained from different experimental data, and Table 2.3 summarizes the testing parameters

of each data source. Refer to [36] for a more detailed overview.

The attached flow normal coefficient Cp
N accounts for the circulatory and non-circulatory

responses of the airfoil. The circulatory component of the normal coefficient is described by

the first two states, and is defined as

CC
N(t) = CNααE(t) (2.71)

where αE is the equivalent angle of attack

αE(t) = β2

(
U

b

)
(A1b1x1 + A2b2x2) (2.72)

The original formulation of the Beddoes-Leishman model [37–39] describes the attached flow

with eight states. However, but states x5→9 characterize the pitching moment associated

with the attached flow response. Since moment calculation is outside the scope of this study,

these states have been excluded. Nonetheless, the following sections maintain the original

notation of the Beddoes-Leishman model for the remaining states, creating a gap in the

numbering system.

38



Data Source Airfoil M k

Boeing NACA 0012, NACA 23010 0.2− 0.6 ≤ 0.72

ARA NACA 0012 0.3− 0.75 ≤ 0.25

NASA NACA 64A010 0.5− 0.8 ≤ 0.3

Table 2.3: Testing parameters of the data sources [36].

2.4.2 Stall onset

One of the most critical aspects in the modeling of dynamic stall is the identification of

the conditions leading to the onset of leading-edge separation. The literature includes suc-

cessful criteria such as the leading-edge suction parameter (LESP) criterion, proposed by

Ramesh, Gopalarathnam and their colleagues [53, 64, 68]. In contrast to the LESP crite-

rion, in the Beddoes-Leishman model, leading-edge separation occurs at the attainment of

a critical leading-edge pressure. Since the leading-edge pressure and the normal force coeffi-

cient are related, the criterion is implemented by defining a critical normal force coefficient

CN1 instead, which corresponds to the critical pressure for separation onset [38]. In other

words, instead of modeling the leading-edge pressure and verifying if it surpasses a critical

value, we implement the condition such that there is no separation as long as the normal

force coefficient is lower than CN1 . However, in unsteady conditions there is a lag in CN

with respect to the motion of the wing. Similarly, there is a lag in the leading-edge pressure

response with respect to the normal force coefficient. These dynamics are represented with

a first-order lag given by the state x9

ẋ9 = − x9

TP
+
Cp
N(t)

TP
(2.73)

C ′N(t) = x9 (2.74)
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where the Mach-dependent time constant TP is determined empirically. The input of the

system is the attached normal force coefficient Cp
N , which exemplifies the recursive structure

of the Beddoes-Leishman model, where the output of one differential equation is the input

of the next one.

The output coefficient C ′N(t) represents a substitute value on which to apply the dynamic

stall criterion. The flow remains attached for C ′N(t) < CN1 , and leading-edge separation is

initiated when C ′N(t) exceeds CN1 .

2.4.3 Trailing edge separation

The effect of trailing edge separation on the aerodynamic force coefficients is modeled using

Kirchhoff’s theory [38, 39]

CN = CNα

(
1 +
√
x0

2

)2

α (2.75)

where x0 ∈ [0, 1] is the separation point normalized by the chord, where x0 ' 0 indicates

fully separated flow and x ' 1 implies separation near the trailing edge. The variation of

the separation point with the angle of attack is modeled modeled with the empirical relation

[38]

x0 =


1− 0.3 exp

(
α−α1

S1

)
if α < α1

0.04 + 0.66 exp
(
α1−α
S2

)
if α > α1

(2.76)

where α1 is the angle at which the location of the separation point is x0 = 0.7, and S1 and

S2 are empiric constants that define the stall characteristic.
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In the Beddoes-Leishman model, the lag in trailing edge separation is modeled assuming a

first order lag in trailing edge separation

ẋ10 = −x10

Tf
+
x0

(
x9

CNα

)
Tf

(2.77)

f ′′(t) = x10 (2.78)

where f ′′ is the effective separation point, and Tf is an empirical time constant dependent

on the Mach number.

The normal force coefficient due to trailing edge separation Cf
N is computed according to

Kirchoff’s theory in Eq. (2.75)

Cf
N(t) = CNα

(
1 +
√
f ′′

2

)2

αE(t) (2.79)

Similarly, the force in the tangential direction, or chord force, is the projection of the normal

force in the horizontal direction

CC(t) = ηCNαα
2
E

√
f ′′ (2.80)

Since viscous effects prevent the pressure distribution from realizing the chord force that

could be obtained in potential flow, η serves as an empiric parameter, obtained from static

data, that permits the modeling of viscous effects in the flow.

41



2.4.4 Dynamic stall

The dynamic stall phenomenon is characterized by the formation of a vortex near the leading

edge of the airfoil [3, 12, 32, 47, 48, 92]. The vortex grows in size and strength until it

separates from the leading edge and convects downstream over the top surface of the airfoil.

According to the Beddoes-Leisman model, vortex detachment occurs when the absolute value

of C ′N(t) exceeds CN1 [38, 39]. At this point, the non-dimensional counter τv is established,

marching uniformly according to the non-dimensional time Ut/b while the LEV starts to

grow and accumulate circulation. After a time interval Tvl the vortex reaches the trailing

edge its contribution to the lift force vanishes.

The convection process of the leading-edge vortex is described by the differential state equa-

tions

ẋ11 = −x11

Tv
+
Ċv
Tv

(2.81)

Cv
N(t) = x11 (2.82)

where the input of the system is Ċv, a measure of the vortex strength. It is the rate of change

of the parameter Cv, and its evolution over time is modeled as

Cv =


CC
N

[
1−

(
1+
√
f ′′

2

)2
]

for τv ≤ 2Tvl

0 for τv > 2Tvl

(2.83)

The output of the differential equation is the vortex contribution to the normal force coeffi-

cient Cv
N(t).
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2.4.5 Total aerodynamic response

The total normal force coefficient under dynamic stall conditions encompasses all the con-

tributions listed in the previous sections. It is the sum of the normal force coefficients due

to trailing edge separation, the LEV contribution, and the non-circulatory or added mass

effects

CN(t) = Cf
N(t) + Cv

N(t) + Cp
N(t)− CC

N(t) (2.84)

The lift and drag coefficients are the projection of the normal and chord force coefficients in

the directions perpendicular and tangential to the flow, respectively

CL(t) = CN(t) cosα(t) + CC(t) sinα(t)

CD(t) = CN(t) sinα(t)− CC(t) cosα(t)

(2.85)
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Chapter 3

Geometric control theory

Geometric control theory is a mathematical theory combining differential geometry and

control theory. Developed by Brockett [6–9] and Sussmann [73–75] in the 1970s, this theory

was adopted in the study of dynamical systems evolving on manifolds or curvy spaces. The

integration of differential geometry in the study of these nonlinear systems proved essential

for performing calculations on these curvy spaces.

The interest in geometric control theory lies on the exploitation of nonlinear interactions

within systems. The integration of higher-order effects allows for the study of unintuitive

phenomena, such as the generation of motion in unactuated directions, the unconventional

force generation via symmetry breaking due to high-frequency oscillatory inputs, or the sta-

bilization of mechanical systems due to high-frequency periodic forcing (vibrational control

theory).

This chapter introduces the fundamental concepts required to gain an understanding of

geometric control theory and applies these concepts to the study of dynamical systems. The

objective is the demonstration of the potential of geometric control theory as a tool for the

analysis of nonlinear interactions within a system.

44



3.1 Unconventional force generation

Consider the nonlinear, finite-dimensional dynamical system

ẋ(t) = f (x(t)) +
m∑
j=1

gj (x(t))uj(t) (3.1)

where x is a state vector evolving on an n-dimensional manifoldMn, f is the drift vector field

(uncontrolled dynamics of the system), and gj’s are the control vector fields corresponding

to the control inputs uj’s. For instance, in a driftless system (f = 0) we move along the

vector gj by turning off all the inputs except uj.

However, according to geometric control theory, it is possible to generate motion in a pre-

scribed direction, even when there is no direct actuation in that said direction. We may

generate forces in that unactuated direction through the specific manipulation of our con-

trol inputs. In other words, geometric control theory gives us additional directions in which

to move along. These directions are determined by Lie bracket operations between control

vector fields. The Lie bracket between the control vector fields gj and gk is computed as

[11]

[
gj, gk

]
=
∂gk
∂x

gj −
∂gj
∂x

gk (3.2)

If the resulting Lie bracket
[
gj, gk

]
is linearly independent with respect to the two control

vector fields that generated it gj and gk, geometric control theory states that we can move

in the new direction given by this Lie bracket. In other words, through the adequate ma-

nipulation of the control inputs uj and uk one can generate motion along an unactuated

direction with no direct control authority. Essentially, the Lie bracket provides us with a

new direction of actuation, one that cannot be obtained with linear control theory. Motion

along this direction can be realized through an out-of-phase periodic signal of the control
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inputs uj and uk [42, 43, 52].

3.2 Periodic excitation

The application of geometric control theory to averaging theory [10, 90] allows for the analysis

of systems with periodic forcing. These two theories, in combination with chronological

calculus [1], capture the higher-order effects characteristic of nonlinear systems that are

usually neglected by direct averaging [46].

Given a system such as Eq. (3.1), for small-amplitude high-frequency oscillatory inputs

uj = ωUj cos(ωt), the averaged dynamics of the system according to geometric control theory

are

˙̄x = f (x̄)−
m∑

j,k=1

UjUk
4
〈gj : gk〉 (x̄) (3.3)

where the over-bar indicates an averaged quantity, and 〈gj : gk〉 is the symmetric product

between the input vectors gj and gk

〈gj : gk〉 = 〈gk : gj〉 ,
[
gj, [f , gk]

]
=
[
gk,
[
f , gj

]]
(3.4)

From Eq. (3.3), we can infer the difference between the application of direct averaging and

geometric control theory. Since the inputs are oscillatory, a direct application of averaging

theory would have led to an averaged system in which the contribution of the inputs would

have been neglected. Hence, the last term in Eq. (3.3) would be canceled. However, the

inclusion of nonlinear terms leads to an additional contribution to the averaged system.

Therefore, geometric control theory states that high-frequency zero-mean oscillations may

modify the averaged dynamics of the system. That is, periodic inputs may lead to net
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motion, and their effects are on the averaged dynamics are represented by the symmetric

product.

3.3 Averaging analysis of a high-frequency, high-amplitude

periodically forced nonlinear system

This section presents a generalization of the concept mentioned in the previous Section 3.2.

We start with the definition of the Averaging theorem.

Theorem 3.1 (Averaging theorem). Consider the following nonlinear time periodic (NLTP)

system written in averaging-canonical form [46]

ẋ = εX(x, t, ε) (3.5)

where ε is a small parameter such that 0 < ε << 1, and the vector field X is T -periodic in

t. The averaged system corresponding to Eq. (3.5) is

¯̇x = εX̄ (x̄) (3.6)

where X̄ (x̄) = 1
T

∫ T
0
X(x, τ, 0)dτ .

1. If x(0)− x̄(0) = O(ε), then there exist b, ε∗ ∈ R+ such that x(t)− x̄(t) = O(ε) for all

t ∈ [0, b/ε] and for all ε ∈ (0, ε∗).

2. If the origin x̄ = 0 is an exponentially stable equilibrium of system (3.5) and if x(0)−

x̄(0) = O(ε), then there exists an ε∗ such that x(t)− x̄(t) = O(ε) for all t ≥ 0 and for

all ε ∈ (0, ε∗). Furthermore, system 3.5 has a unique, exponentially stable, T -periodic

solution xT (t) such that ||xT (t)|| ≤ kε for some k ∈ R+.
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Assume a nonlinear system subject to high-amplitude, high-frequency periodic forcing in the

form

ẋ(t) = f(x(t)) +
1

ε
G

(
x(t),

t

ε

)
(3.7)

The averaging theorem cannot be directly applied to Eq. (3.7). Since f and G are not

of the same order, the system is not in the averaging-canonical form of Eq. (3.5) and the

direct application of the averaging theorem could lead to incorrect results. Thus, the system

necessitates a more rigorous averaging technique; the Variation of Constants (VOC) formula

usually provides a remedy for this issue [46, 54–57, 69]. It allows decomposing the system

(3.7), which is not directly amenable to the averaging theorem to 2 systems each of which is

amenable to the form 3.5. .

Theorem 3.2. If G is a T -periodic, zero-mean vector field, and f and G are both continu-

ously differentiable, the averaged dynamical system corresponding to Eq. (3.7) is written as

˙̄x(t) = F̄ (x̄(t)) (3.8)

where F̄ (x̄(t)) = 1
T

∫ T
0
F (x(t), τ) dτ , and F is the pullback of f along the flow ΦG

t of the

time-varying vector field G.

With the chronological calculus formulation of Agrachev and Gamkrelidze [1, 11], for a time-

invariant f and a T -periodic G, the pullback can be written in terms of iterated Lie brackets

of f and g as follows

F (x(t), t) = f (x(t)) + G (x(t), t) (3.9)
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where

G(x(t), t) =
∞∑
k=1

∫ t

0

· · ·
∫ sk−1

0

(
adG(x(t),sk) . . . adG(x(t),s1)f (x(t))

)
dskds1 (3.10)

where adGf = [G,f ].
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Chapter 4

Geometric control averaging of the

unsteady aerodynamics

The main objective of this work is the application of geometric control theory to the study of

unsteady aerodynamics. In particular, this research aims to utilize geometric control theory

to uncover any force generation mechanisms that may appear on a harmonically oscillating

wing.

The present chapter analyzes the reduced-order model (ROM) derived in Section 2.3.2 in a

geometric control framework. The model, representing a pitching and plunging wing, is in

the form of the nonlinear dynamical system in Eq. (3.1), making it amenable to geometric

control theory. The analysis starts with the averaging of the system dynamics using a

geometric control approach. This study leads to the derivation of analytical expressions

for the average lift and drag forces and the average location of the point of separation.

These mean unsteady values are compared to their steady counterparts to reveal any lift

enhancement or drag reduction mechanisms that may occur on the wing due to unsteady

motion. The analytical nature of the work permits a distillation of the causes behind the
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unsteady generation of forces. This meticulous analysis provides an understanding of the

conditions leading to symmetry breaking.

The reader is reminded of the qualitative nature of the study. This research does not provide

a quantitative assessment of the unsteady forces. The objective is the prediction of regimes

at which force generation mechanisms may appear. This work serves as a guide to identify

trends in the flow that may induce force generation mechanisms through symmetry breaking.

These trends may be later further analyzed with computational simulations or experimental

work.

4.1 Problem definition

The application of geometric control theory requires the definition of the problem of study

as a ROM. The model needs to be rich enough to capture the higher-order effects occurring

in unsteady flows, but also compact to permit an analytical study of the results. The ROM

of a pitching-plunging wing (pictured in Fig. 2.4) derived in Section 2.3.2 satisfies both

characteristics. The dynamical model representing the wing takes the form derived in Eq.

(2.64), repeated below for clarity

d

dt



xc

xv

xs

α

α̇

ḣ



=



Axc + BΓ0

(
α, α̇, ḣ

)
− 1
τv

[
xv +

(
U cosα− ḣ sinα

)
α̇
]

− 1
τ1

[
xs − x0

(
α + arctan ḣ

U
− τ2α̇

)]
α̇

0

0



+



0nx1

ab
τv

0

0

1

0



uα +



0nx1

cosα
τv

0

0

0

1



uh (4.1)
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where x =
[
xc, xv, xs, α, α̇, ḣ

]
is the state vector of the system. The pitching and plunging

accelerations uα = α̈ and uh = ḧ, respectively, are the inputs of the system; the outputs

of the model are the lift force, the drag force, and the location of the point of separation,

described in Eq. (2.65) and repeated below for clarity

L(t) = ρU
(
Cxc(t) +DΓ0

(
α, α̇, ḣ

))
D(t) = L(t) tanα(t)− ksρb

(
Cxc(t) +DΓ0(t)

2πb
− b

2
α̇(t)

)2

xs(t) = xs(t)

(4.2)

Given the qualitative nature of the study, some of the parameters of the model are treated as

bookkeeping parameters in this symbolic analysis. For example, a term that is proportional

to mv implies a contribution due to virtual or added mass effects, or a term including

C ′L,s =
∂CL,s
∂α

points to a dependence on the static curve slope. The specific values of these

parameters are irrelevant to the qualitative analysis of this research.

This work focuses on the average aerodynamic forces on a wing performing zero-mean har-

monic pitching and plunging oscillations. The oscillatory motion of the pitching angle α

(defined as positive pitching up) and the plunging displacement h (positive downward) are

defined by

α(t) = α∗ − Aα cos (ωt) and h(t) = −Hb cos (ωt+ φ) (4.3)

where α∗ is the mean pitching angle, Aα the pitching amplitude, H the plunging amplitude

normalized by the half-chord length, ω the frequency of oscillation, and φ the phase differ-

ence between both motions. Thus, the inputs of they system, the pitching and plunging

accelerations, are obtained by differentiating twice the oscillations in Eq. (4.3)

uα = α̈ = ω2Aα cos (ωt) and uh = ḧ = ω2Hb cos (ωt+ φ) (4.4)
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This study focuses on finding the average dynamics of the unsteady lift, drag and separation

point under high-frequency small-amplitude oscillations at high angles of attack in a high

velocity free stream. The described conditions define the order of the main parameters in

the problem

Aα = O (ε) , H = O (ε) , ω = O
(

1

ε

)
, U = O

(
1

ε

)
⇒ k =

ωb

U
= O (1) (4.5)

with k being the reduced frequency and ε a small parameter. The order of the parameters

indicates the terms that are more prevalent in the equations: terms of order ε2 may be

neglected with respect to terms of order ε.

4.2 Averaging of the unsteady aerodynamics model

The inclusion of the system inputs in Eq. (4.4) in the ROM (4.1) leads to

ẋ(t) = f(x(t)) + [Aαgα(x(t)) cos (ωt) +Hbgh(x(t)) cos (ωt+ φ)] (4.6)

which, with the scaling of the parameters defined in Eq. (4.5), is simplified to

ẋ(t) = f(x(t)) +
1

ε
G

(
x(t),

t

ε

)
(4.7)

The resulting system is a high-frequency, high-amplitude, nonlinear time-varying system in

the form of Eq. (3.7). If direct averaging was to be performed, the contribution of the

pitching and plunging motions to the average dynamics would be neglected due to the zero

mean of the cosine signals. Thus, it is necessary to apply the averaging technique described

in Section 3.3. The application of chronological calculus and averaging to the ROM (4.1)
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leads to the average dynamics of the system

d

dt



x̄c

x̄v

x̄s

ᾱ

¯̇α

¯̇h



=



Ax̄c + BΓ0

(
ᾱ, ¯̇α, ¯̇h

)
− 1
τv

[
x̄v +

(
U cos ᾱ− ¯̇h sinα

)
¯̇α
]

− 1
τ1

[
x̄s − x0

(
ᾱ + arctan

¯̇
h
U
− τ2

¯̇α
)]

¯̇α

0

0



+



Ḡnx1 (ᾱ)

Ḡn+1 (ᾱ)

Ḡn+2 (ᾱ)

0

0

0



+O
(
ε3
)

(4.8)

where Ḡnx1 (ᾱ) are the first n components of the vector field G averaged over one cycle of

motion, and Ḡn+1 (ᾱ) and Ḡn+2 (ᾱ) are the (n + 1)-th and (n + 2)-th entries, respectively.

These indicated components are the only non-zero entries, and they depend only on the

angle of attack. Since the pullback is defined as an infinite series of integrals (Eq. (3.10)),

in these calculations the series are truncated after the order O (ε2).

According to the averaging theorem, the properties of an original nonlinear time-periodic

system may be inferred from the equilibrium of the averaged dynamics of such system. As

such, once the average dynamics of ROM (2.64) are obtained, the equilibrium of the averaged

system is calculated. To do so, the left hand side of the averaged dynamics in Eq. (3.3) is

set to zero, and the system is solved for x∗ that satisfies the equation

0 = f̄ (x∗) + Ḡ (x∗) (4.9)

Since the last three components of the vector field Ḡ are zeros, the equilibrium of the last

two states α̇ and ḣ is automatically satisfied; and the ᾱ equilibrium equation indicates that

α̇∗ = 0. As a simplification of the equations, since the equilibrium of ḣ is automatically

satisfied, its value is taken to be zero, ḣ∗ = 0. The mean angle of attack α∗ is kept arbitrary,

to study the effect of the angle of attack on the average dynamics. As such, the equilibrium
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values of the states of the system are

x∗c = −A−1
(
Ḡnx1 (α∗) + BUbCL,s (α∗)

)
x∗v =

Hbω

τv
cosα sinφ

x∗s = x0 (α∗) + τ1Gn+2 (α∗)

(4.10)

Once the equilibrium point x of the averaged dynamics is known, the average values of

the output values can be obtained. Since the relationship between the lift, drag, and

separation point and the states x is nonlinear, their average is not simply the substitu-

tion of the equilibrium values into their expressions. For example, the average lift force

is not L (x∗). Instead, the states are defined using a first order approximation of the

form xi(t) = x∗i + Axi cos (ωt+ φi). With this approximation, the outputs of the function

ym (x) ,m ∈ (L,D, xs) are expanded around x∗ in a multi-variable Taylor series expansion

ym =
∞∑

n1=0

· · ·
∞∑

nd=0

(x1 − x∗1)n1 . . . (xd − x∗d)
nd

n1! . . . nd!

(
∂n1+···+ndym
∂xn1

1 . . . ∂xndd

)
(x∗)

= ym (x∗) +
n+5∑
i=1

∂ym (x∗)

∂xi
(xi − x∗i ) +

1

2!

n+5∑
i=1

n+5∑
q=1

∂2ym (x∗)

∂xi∂xq
(xi − x∗i )

(
xq − x∗q

)
+ . . .

(4.11)

Finally, the average of Eq. (4.11) gives the averaged output over one cycle of motion

ȳm =
1

T

∫ T

0

ym(t)dt (4.12)
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4.2.1 Average lift coefficient

The lift coefficient of a two-dimensional airfoil is defined as

CL =
L

ρU2b
(4.13)

Hence, the application of Eq. (4.12) to the lift coefficient leads to

CL = CL,s (α∗)−HkC ′L,s (α∗) sinφ

+

[
khfA

2
α

4
+
H2k2

2

(
1

2
+ sin2 φ

)
− khfAαHk

2
sinφ

]
C ′′L,s (α∗)

+
Hkmv

ρUbτv
cos2 α∗ sinφ + O

(
ε4;mv, Aα

)
(4.14)

where the series is truncated after O (ε2). The lack of terms of orders O (ε2) and O (ε3)

results in a remainder of O (ε4). The parameters C ′L,s =
∂CL,s
∂α

and C ′′L,s =
∂2CL,s
∂α2 are the first

and second derivatives of the steady lift coefficient curve as a function of the angle of attack,

respectively. The variable CL represents the mean unsteady lift coefficient of a pitching-

plunging airfoil over one cycle of motion, whereas CL,s (α∗) is the steady lift coefficient at

the mean angle of attack α∗. Any difference between these two coefficients represents lift

enhancement or reduction due to unsteady effects. Therefore, the average dynamics of the

lift coefficient are modified due to zero mean, low-amplitude, high-frequency oscillations; Eq.

(4.14) points to symmetry breaking in the flow.

In the particular case in which the pitching and plunging motions are in phase, the average

lift coefficient is

CL = CL,s (α∗) +
1

4

(
khfA

2
α +H2k2

)
C ′′L,s (α∗) +O

(
ε4;mv, Aα

)
(4.15)

Eq. (4.15) implies that there may be lift enhancement due to the pitching and plunging
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(a) NACA 0012 airfoil, Re = 500, 000 [81].
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(b) Delta wing [13].

Figure 4.1: Steady lift curve for a NACA 0012 airfoil and a three-dimensional delta wing.

motion of the airfoil. Moreover, this increment is proportional to the curvature of the steady

lift coefficient curve. The expression also reveals the role of the pitching contribution due

to added-mass effects in the higher order contributions, which are proportional to mv and

Aα. Besides, when the pitching and plunging motions are not in phase, Eq. (4.14) hints to

possible lift enhancement or deficiency due to the out-of-phase motion of the pitching and

plunging oscillations and added mass effects proportional to H.

These results point to the role of the curvature of the steady lift coefficient as the parameter

controlling lift enhancement in unsteady conditions. To understand the implications of this

finding, one may refer to the steady lift coefficient curve as a function of the angle of attack.

On a conventional airfoil, such as the NACA 0012 presented in Fig. 4.1a, the curvature

of the lift curve is almost zero in the linear regime at small angles of attack, suggesting

that the steady and mean unsteady lift coefficients have similar values. Nonetheless, in the

stall region, the curvature becomes negative, pointing to lift deficiency in this regime and,

consequently, a decrease in lift due to unsteady motion. More interestingly, in the post-stall

regime, the positive curvature suggests an increment in the unsteady lift with respect to

its steady counterpart. This behavior may be different for different wings and airfoils. For

example, on a delta wing (Fig. 4.1b), the steady lift curve shows a positive curvature even at
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CL,s CL (CL − CL,s)/CL,s
α∗ = 5◦ (pure-plunging) 0.6371 0.6605 3.67%

α∗ = 8◦ (pure-plunging) 0.8937 0.7029 −21.35%

α∗ = 10◦ (pure-plunging) 1.0097 0.8752 −13.32%

α∗ = 8◦ (pure-pitching) 0.8888 0.6574 −26.04%

Table 4.1: Steady lift coefficient, mean unsteady lift, and percentage of increase in the lift
coefficient experienced by a SD7003 airfoil pitching and plunging at k = 0.1 and Re = 60, 000
at different mean angles of attack. Data extracted from [65].

low α due to an attached leading-edge vortex (LEV). As a result, the present theory suggests

lift enhancement even in this regime.

The results are verified through experimental and numerical studies available in the litera-

ture, such as McCroskey et al. [49], Carr [12], Rival and Tropea [65], Cleaver et al. [17],

and Chiereghin et al. [14]. For examle, For example, Rival and Tropea [65] measured the

lift force and aerodynamic moment on the SD7003 airfoil oscillating under different pitching

and plunging conditions at Re = 60, 000. Fig. 4a of their work shows the results for a

reduced frequency of k = 0.1, which have been summarized in Table 4.1. When the airfoil is

plunging around α∗ = 5◦ (linear regime), the difference between the average unsteady lift CL

and the steady lift at the mean angle of attack CL,s (α∗) is negligible. Nonetheless, when the

airfoil oscillates around α∗ = 8, 10◦, near the peak in the stall regime at that Re (αs = 10◦),

there is a 21% and 13% decrease in the unsteady lift coefficient with respect to its steady

value, respectively. For a pitching motion around α∗ = 8◦, there is also a decrease in the

unsteady lift of 26%. Similar results are observed in the experimental studies of Carr [12]

and McAlister et al. [47] for airfoils oscillating at high frequencies and small amplitudes.

For an example of lift enhancement, the reader can refer to Chiereghin et al. [14], where

the average lift force in a periodically plunging NACA 0012 airfoil at Re = 20, 000 was

measured for different ranges of amplitudes of motion, reduced frequencies, and mean angles

of attack. In their work, they list the average unsteady lift coefficient as a function of the

reduced frequency and the plunging amplitude. Their results for small amplitudes and high
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Figure 4.2: Variation of mean unsteady lift enhancement as a function of k for a NACA 0012
airfoil plunging with an amplitude of H = 0.05 at Re = 20, 000. Data extracted from [14].

frequencies (summarized in Fig. 4.2) match the trend discovered in Eq. (4.15); there is a lift

decrease when plunging around angles of attack in the stall region (α∗ = 9◦ for Re = 20, 000)

but an increase in lift when plunging in the post-stall region (α∗ = 15, 20◦). No appreciable

difference in the lift force is observed in the linear region (α∗ = 0, 5◦).

The previously mentioned studies refer to experimental results for small-amplitude, high-

frequency pitching and/or plunging oscillations. The presented averaging results are not

applicable to high amplitude oscillations, as the scaling parameters of Eq. (4.5) would not

be valid and, consequently, the truncation of CL up to order O (ε2) would not be correct.

Similarly, the application of the averaging theorem requires oscillations at high frequencies.

Otherwise, the theorem may lead to flawed results.
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Figure 4.3: Steady CL,s − α curve for a NACA 0012 airfoil at Re = 500, 000 along with
plunging simulations around α∗ = 0, 15, 20◦ for k = 0.5 and arctanHk = 5◦ [81].

Computational validation

The presented results are also validated through Unsteady Reynolds-Averaged Navier Stokes

(URANS) simulations of a harmonically plunging NACA 0012 airfoil at Re = 500, 000 [81].

The steady lift coefficient curve at this Re is presented in Fig. 4.1. The theoretical analysis

performed above culminated in Eq. (4.15), which suggests that the parameter that controls

the lift enhancement or reduction in unsteady conditions is the curvature of the steady

lift coefficient curve. Thus, the validation of this finding requires the simulation of pitching

and/or plunging motion around angles of attack located in the three different regimes: linear

(where the analysis predicts no net effect on the lift), stall (decrease in the lift coefficient),

and post-stall regimes (increase in the average lift coefficient). According to Fig. 4.1, the

minimum curvature is at the peak of the CL,s − α curve at α = o15◦, and the maximum

curvature is at the trough at around α = 20◦. Therefore, the simulations are performed

around a mean angle of attack of α∗ = 0, 15, 20◦, which covers the three mentioned regions.
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The computational simulations are performed at high frequency and small plunging ampli-

tude to satisfy the assumptions made in the theoretical analysis (ω = O(1
ε
), H = O(ε)). On

the other hand, the effective angle of attack αeff = α∗ ± arctanHk should stay within the

curvature of the range of study. Therefore, a reduced frequency of k = 0.5 and a plung-

ing amplitude arctanHk = 5◦ are chosen. For more details on the setup of the URANS

simulations refer to Taha et al. [81].

The results are summarized in Fig. 4.3. The black line illustrates the steady lift coefficient

curve of the NACA 0012 airfoil at Re = 500, 000, also computed with URANS simulations.

The black dots on the curve indicate the angles of attack at which the plunging simulations

were performed. The small boxes next to the black dots show the evolution of the unsteady

lift coefficient compared with its average value and the steady CL,s at the same angle of

attack. At α∗ = 0◦, in the linear regime (C ′′L,s = 0), there is almost no change in the mean

lift coefficient. Near the peak of the curve, when plunging around α∗ = 15◦ (C ′′L,s < 0), there

is a 5% decrease in the unsteady lift coefficient when compared to its steady value. Finally,

at the trough of the lift curve, around α∗ = 20◦ (C ′′L,s > 0), the simulation shows a 40.7%

enhancement of the lift coefficient. A more detailed representation of the time evolution of

the unsteady lift coefficient when plunging around α∗ = 15, 20◦ can be found in Fig. 4.3.

These results support the trends predicted by the geometric control analysis. At the same

time, the curvature of the steady lift coefficient is consolidated as the parameter governing the

enhancement or deficiency in the lift coefficient resulting from zero-mean, small-amplitude,

hihg-frequency plunging oscillations.
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Figure 4.4: Comparison of the unsteady lift coefficient over one plunging cycle with its
average and the steady lift coefficient for a NACA 0012 airfoil at k = 0.5 and arctanHk = 5◦

at Re = 500, 000 [81].

4.2.2 Average drag coefficient

The drag coefficient of a two-dimensional airfoil is defined as

CD =
D

ρU2b
(4.16)

Thus, the application of Eq. (4.12) to the drag coefficient leads to

CD = CD,s (α∗)−Hk sinφC ′L,s (α∗)

[
tanα∗ − kS

2π2
CL,s (α∗)

]
+
A2
α

4

{
2

cos2 α∗
[
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

]
+ khfC

′′
L,s (α∗) tanα∗

− kS
2π2

[
khfC

′′
L,s (α∗)CL,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2

[
khfkα̇ (khfkα̇ − 2π) + π2

]]}

+
H2k2

4

{(
1 + 2 sin2 φ

)
C ′′L,s (α∗) tanα∗

− kS
2π2

[(
1 + 2 sin2 φ

)
C ′′L,s (α∗)CL,s (α∗) +

(
k2
hf + 2 sin2 φ

) (
C ′L,s (α∗)

)2
]}
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− khfAαHk

2

{
C ′′L,s (α∗) tanα∗ sinφ+

sinφ

cos2 α∗
C ′L,s (α∗)

− kS
2π2

[[
CL,s (α∗)C ′′L,s (α∗) + khf

(
C ′L,s (α∗)

)2
]

sinφ+ k (π − khfkα̇)C ′L,s (α∗) cosφ
]}

+
Hmvk

ρUbτv
sinα∗ cosα∗ sinφ + O

(
ε3
)

(4.17)

where the series is truncated after O (ε2). The variable CD represents the mean unsteady

drag coefficient of a pitching-plunging airfoil, and CD,s (α∗) is the steady drag coefficient as a

function of the mean angle of attack α∗. A difference between these two coefficients indicates

an increase or a reduction in the drag force due to unsteady effects.

In the particular case in which the pitching and plunging motions are in phase

CD = CD,s (α∗) +
A2
α

4

{
2

cos2 α∗
[
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

]
+ khfC

′′
L,s (α∗)

− kS
2π2

[
khfC

′′
L,s (α∗)CL,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2

[
khfkα̇ (khfkα̇ − 2π) + π2

]]}

+
H2k2

4

{
C ′′L,s (α∗) tanα∗ − kS

2π2

[
C ′′L,s (α∗)CL,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
]}

+
kSkhfAαHk

2

4π2
(π − khfkα̇)C ′L,s (α∗) + O

(
ε3
)

(4.18)

The contribution to the unsteady drag coefficient due to the pitching appears in the first and

second lines of Eq. (4.18). The third line shows the contribution of the plunging motion.

And the last line reveals the effect of the combination of both pitching and plunging motions.

Focusing on the effect of the plunging motion, the average drag of a pure-plunging airfoil is

given by the expression

CD = CD,s (α∗)+
H2k2

4

{
C ′′L,s (α∗) tanα∗− kS

2π2

[
C ′′L,s (α∗)CL,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
]}

+ O
(
ε3
)

(4.19)
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The difference between the average unsteady drag coefficient and the steady drag coefficient

evaluated at the mean angle of attack is given by a term proportional to the parameters of

the plunging motion, the amplitude H and the reduced frequency k. The analytical nature

of this work permits a distillation of the parameters causing an increase or decrease in the

drag force. For example, the last term −kSk
2
hf

2π2

(
C ′L,s (α∗)

)2
is negative, indicating thrust

production proportional to the lift curve slope. This term represents the thrust production

mechanism occurring in the linear regime due to plunging oscillations defined by Garrick [20].

In fact, substituting the parameters of the term for its values in potential flow (kS = 2π,

C ′L,s = 2π), and recalling that khf is the frequency gain of the lift transfer function given by

Theodorsen’s function (khf = |C(k)|), Garrick’s result is recovered

CT = πH2k2|C(k)|2 (4.20)

Therefore, Eq. (4.19) is a high-frequency generalization of Garrick’s classical result to arbi-

trary lift dynamics and mechanisms. The model permits any dynamics, lift does not have

to be governed by Theodorsen’s function C(k); and the lift mechanism may take any form,

the analysis is not restricted to a linear steady lift coefficient 2πα.

Eq. (4.18) does not only reveal Garrick’s thrust mechanism. The first two terms of the ex-

pression are proportional to C ′′L,s, pointing to a nonlinear drag/thrust generation mechanism

in the stall and/or post-stall regions. The first term implies an increase in the drag force

that occurs due to lift enhancement in the regions with positive curvature, or a decrease

in the drag force due to lift deficiency when the curvature is negative. The second term

appears from the suction force and generates thrust when C ′′L,s > 0. Both of these terms are

competing, one increases the drag force while the other one reduces it; as such, a study is

performed to determine their role in the generation of thrust or drag. However, before such

study, it is necessary to understand the mechanisms behind the steady drag force.
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Fig. 4.5 shows the projection of the static lift coefficient in the direction of the free stream

and the static drag coefficient as a function of the angle of attack. The results are obtained

from RANS simulation of a NACA 0012 airfoil at Re = 500, 000. In the absence of leading-

edge suction and skin friction, the resultant of the aerodynamic forces is normal to the

wing surface [71]. Therefore, with a simple geometric relation, the drag coefficient may

be approximated as the projection of the lift coefficient in the direction of the free stream

CL,s tanα. Using this definition, the present work defines the suction force coefficient as

CS = CL tanα− (CD − CD,f ) (4.21)

with CD,f being the skin friction drag coefficient. Fig. 4.5 shows the resulting suction force

coefficient obtained from the application of Eq. (4.21) using the lift and drag coefficients

obtained from the URANS simulations. The figure shows a significant difference between

CL,s tanα and CD,s at small angles of attack, hinting at the importance of the suction force

in the linear regime. However, CS reaches a maximum value at stall (α ' 15◦) and decreases

at higher angles of attack. Defining the relation between the suction force coefficient and

the lift coefficient to be the following

CS =
kS
4π2

C2
L (4.22)

one can examine the changes in the suction parameter kS with the angle of attack. Fig. 4.5

shows an increase of the suction parameter with α followed by a sudden decrease at stall.

The significant change in kS over the studied range, suggests that the calculation of the drag

coefficient needs to account for the derivatives of the suction parameter.

The unsteady drag force coefficient experiences similar force mechanisms as those described

for the steady drag coefficient. To understand the change in the average drag force due

to low-amplitude, high-frequency plunging oscillations, the present study defines the thrust
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Figure 4.6: Effect of the plunging motion on
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NACA 0012 airfoil at Re = 500, 000 [81].

generation parameter χT as

χT = −CD − CD,s (α∗)

H2k2/4

= −C ′′L,s (α∗) tanα∗ +
kS
2π2

[
C ′′L,s (α∗)CL,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
]

(4.23)

The thrust generation parameter measures the capacity of the flow to generate thrust. A

positive χT reveals the production of thrust, and a negative value indicates an increase on

the drag force. Fig. 4.6 shows the thrust generation parameter χT as a function of the

mean angle of attack α∗. The plotted results show the application of Eq. (4.23) using the

CL,s, CD,s, and kS values obtained from the steady simulations of a NACA 0012 airfoil at

Re = 500, 000. The figure also shows the effect of kS on the thrust control parameter. The

red line shows the value of χT with no suction present in the flow (kS = 0). In other words,

referring to Eq. (4.23), the red line indicates the effect of the curvature on the average drag

coefficient, with χT only accounting for the first term, −C ′′L,s (α∗) tanα∗. The other lines

show the difference in the thrust generation parameter when assuming a constant kS = 2π,

a varying kS but without accounting for its derivatives (dashed blue line), and a kS that
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changes with the angle of attack, including the effect of its derivatives (solid blue line). The

results indicate the importance of the evolution of kS with α in the determination of the

average drag coefficient. Therefore, the average drag coefficient of a plunging airfoil over one

cycle of motion, when considering the changing nature of kS is given by

CD = CD,s (α∗) +
H2k2

4

{
C ′′L,s (α∗) tanα∗ − kS

2π2

[
CL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
]

− CL,s (α∗)

π2

[
khfk

′
s (α∗)C ′L,s (α∗) +

k′′s (α∗)CL,s (α∗)

4

]}
+O

(
ε3
)

(4.24)

where k′S = ∂kS
∂α

and k′′S = ∂2kS
∂α2 are the first and second derivatives of the suction parameter

as a function of the angle of attack, respectively. The results of Eq. (4.24) are represented

by the solid blue line in Fig. 4.6. At small angles of attack, the thrust generation parameter

is positive, predicting generation of thrust. This is the thrust generation mechanism in the

linear regime described by Garrick [20], given by the last term in the first line of Eq. (4.24).

However, in the stall region the theory shows an increase in the average drag coefficient. The

effect can be highly attributed to the first term in brackets of the first line of Eq. (4.24),

which accounts for the increase in the drag force due to lift enhancement. Finally, in the

post-stall regime, χT becomes positive, indicating the generation of thrust due to suction in

the nonlinear regime.

The effects of the pitching motion are similar to those of plunging. The average drag coeffi-

cient for an airfoil pitching at low amplitudes and high frequencies is

CD = CD,s (α∗) +
A2
α

4

{
2

cos2 α∗
[
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

]
+ khfC

′′
L,s (α∗) tanα∗

− kS
2π2

[
khfCL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2 (π − kα̇khf )2

]
− CL,s (α∗)

π2

[
khfk

′
s (α∗)C ′L,s (α∗) +

k′′s (α∗)CL,s (α∗)

4

]}
+O

(
ε3
)

(4.25)
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Therefore, the thrust generation parameter for a pitching wing becomes

χT = −CD − CD,s (α∗)

A2
α/4

= − 2

cos2 α∗
[
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

]
− khfC ′′L,s (α∗) tanα∗

+
kS
2π2

[
khfCL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2 (π − kα̇khf )2

]
+
CL,s (α∗)

π2

[
khfk

′
s (α∗)C ′L,s (α∗) +

k′′s (α∗)CL,s (α∗)

4

]
(4.26)

Eq. (4.26) shows a higher dependency on the high-frequency gain khf , when compared to

the plunging motion. Another difference is the role of the rotational terms through kα̇.

This contribution indicates that, as the reduced frequency k increases and the location of

the pitching axis is moved backwards, the capability for thrust generation increases. These

results are shown in Fig. 4.7, which plots Eq. (4.26) using the CL,s, CD,s, and kS values

obtained from the steady simulations of a NACA 0012 airfoil at Re = 500, 000. In the

linear regime, the thrust generation parameter is higher at higher k. In fact, contrary to the

plunging motion, pure pitching oscillations only generate thrust at low angles of attack past

a certain threshold frequency, as described by Garrick [20]. The increase in chiT due to the

displacement of the pitching axis from the quarter-chord to the mid-chord is negligible in

comparison with the effects of the reduced frequency.

As the angle of attack increases, the thrust generation parameter grows, reaching a maxi-

mum at stall. There is a sudden decrease in χT when oscillating at angles higher than stall,

indicating an increase in the unsteady drag coefficient with respect to its steady counterpart.

However, after the trough of the steady lift curve, the thrust generation capability is recov-

ered. Nonetheless, at higher angles and once C ′′L,s < 0, the airfoil loses its thrust generation

capability.

Eq. (4.17) represents the combined effect of the pitching and plunging motions of the airfoil,

but it does not account for the change on kS with the angle of attack. As such, the average
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Figure 4.7: Effect of the pitching motion on the thrust parameter χT as a function of the
mean angle of attack for different reduced frequencies k and locations of the pitching axis.
The solid black line represents the steady lift coefficient curve [81].

unsteady drag force on a pitching-plunging airfoil is

CD = CD,s (α∗)−Hk
{
C ′L,s (α∗)

[
tanα∗ − kS (α∗)

2π2
CL,s (α∗)

]
+
C2
L,s (α∗)

4π2
k′S (α∗)

}
sinφ

+
Hkmv

ρUbτv
sinα∗ cosα∗ sinφ

+
A2
α

4

{
2

cos2 α∗
(
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

)
+ khfC

′′
L,s (α∗) tanα∗

− kS (α∗)

2π2

[
khfCL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2 (π − kα̇khf )2

]
− CL,s (α∗)

π2

(
khfk

′
S (α∗)C ′L,s (α∗) +

k′′S (α∗)CL,s (α∗)

4

)}

+
H2k2

4

{(
3− 2 cos2 φ

)
C ′′L,s (α∗) tanα∗

− kS (α∗)

2π2

[(
3− 2 cos2 φ

)
CL,s (α∗)C ′′L,s (α∗) +

(
2
(
1− cos2 φ

)
+ k2

hf

) (
C ′L,s (α∗)

)2
]

− CL,s (α∗)

π2

[(
2
(
1− cos2 φ

)
+ khf

)
k′S (α∗)C ′L,s (α∗)
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+
k′′S (α∗)CL,s (α∗)

4

(
3− 2 cos2 φ

)]}

− AαHk

2

{
khf

(
C ′′L,s (α∗) tanα∗ +

C ′L,s (α∗)

cos2 α∗

)
sinφ

− khfkS (α∗)

2π2

[(
CL,s (α∗)C ′′L,s (α∗) + khf

(
C ′L,s (α∗)

)2
)

sinφ

+ k (π − kα̇khf )C ′L,s (α∗) cosφ
]
− CL,s (α∗)

π2

[
CL,s (α∗) k′′S (α∗)

4
sinφ

+ k′S (α∗)

(
k

2
(π − kα̇khf ) cosφ+ khfC

′
L,s (α∗) sinφ

)]}
+O

(
ε3;mv, Aα, H

)
(4.27)

In the particular case in which the pitching and plunging motions are in phase

CD = CD,s (α∗) +
A2
α

4

{
2

cos2 α∗
(
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

)
+ khfC

′′
L,s (α∗) tanα∗

− kS (α∗)

2π2

[
khfCL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2 (π − kα̇khf )2

]
− CL,s (α∗)

π2

(
khfk

′
S (α∗)C ′L,s (α∗) +

k′′S (α∗)CL,s (α∗)

4

)}

+
H2k2

4

{
C ′′L,s (α∗) tanα∗ − kS (α∗)

2π2

[
CL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
]

− CL,s (α∗)

π2

[
khfk

′
S (α∗)C ′L,s (α∗) +

k′′S (α∗)CL,s (α∗)

4

]}

+
AαHk

2

{
khfkS (α∗)

2π2

[
k (π − kα̇khf )C ′L,s (α∗)

]
− k′S (α∗)CL,s (α∗)

π2

(
k

2
(π − kα̇khf )

)}
+ O

(
ε3;mv, Aα, H

)
(4.28)

Computational validation

A validation of the analytical results is performed by comparing them to numerical sim-

ulations of a plunging NACA 0012 airfoil at k = 0.5 and Re = 500, 000. The plunging

amplitude is defined by the effective amplitude Aeff = arctanHk = 5◦. The simulations

are performed at the mean angles of attack α∗ = 0, 12, 14, 15, 16, 17, 18◦. Fig. 4.8 shows
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Figure 4.8: Theoretical predictions of the thrust control parameter χT against URANS
simulations of a plunging NACA 0012 airfoil at k = 0.5 and Re = 500, 000 [81].

the comparison between the theoretical results and the URANS simulations. The figure

shows the difference between the mean unsteady drag coefficient and its steady counterpart,

∆CD = CD −CD,s. Even though this work only provides qualitative trends, the accuracy of

the results is satisfactory. The black line shows the theoretical values for ∆CD, and the red

dots indicate the computational results. The small figures show the time evolution of the

unsteady CD and its average over one cycle of motion, and compares it with the steady drag

coefficient evaluated at the mean angle of attack for α∗ = 0, 12, 17◦. In the linear regime, the

theory predicts a decrease in the drag force, which is observed in the simulation at α∗ = 0◦;

the mean unsteady drag coefficient is 64% lower than the steady value. Similarly, at the

mean angle of attack α∗ = 12◦, the theoretical results also anticipate a reduction in the drag

coefficient, which is validated in the simulation, with CD being 20% lower than CD,s. For

α∗ = 17◦, after the stall peak in the CL,s − α curve, the theory implies an increase in the

drag force, which is captured in the computational results with a 45% increase in drag with

respect to the steady case.
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4.2.3 Average location of the point of separation

The average location of the separation point over one cycle of motion is

xs = x0 (α∗) +Hkx′0 (α∗) sinφ

+
k2

4

[
A2
ατ̂

2
2 +H2

(
1 + 2 sin2 φ

)
− 2AαHτ̂2 cosφ

]
x′′0 (α∗) +O

(
ε4
)

(4.29)

where the series is truncated after O (ε2). The lack of terms of orders O (ε2) and O (ε3)

results in a remainder of O (ε4). The variable x0 (α∗) is the separation point evaluated at

the mean angle of attack, and τ̂2 = τ2U
b

. The parameters x′0 = ∂x0

∂α
and x′′0 = ∂2x0

∂α‘2
are the

first and second derivatives of the steady location of the separation point as a function of

the angle of attack, respectively. In the particular case in which the pitching and plunging

motions are in phase, the location of the separation point is given by

xs = x0 (α∗) +
k2

4

[
A2
ατ̂

2
2 +H2 − 2AαHτ̂2

]
x′′0 (α∗) +O

(
ε4
)

(4.30)

The effect of the unsteady motion on the location of the separation point depends on the

second derivative of the steady location of the separation point as a function of the angle of

attack. For a positive curvature, both pitching and plunging motions move the separation

point backwards. Consequently, more surface of the airfoil is under attached flow conditions,

which is generally desirable. However, for a negative curvature of x0, the separation point

moves forwards, increasing the surface of the airfoil under separation.

Fig. 4.9 shows the steady lift curve, the steady separation point, and the average unsteady

separation point (obtained from Eq. (4.30)) for a plunging NACA 0012 airfoil at Re =

500, 000. The difference between the steady and unsteady location of the point of separation

is negligible in the linear regime. In the stall region (C ′′L,s < 0), the separation point moves

forward, increasing the separated flow region on the airfoil. However, moving to the post-stall
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Figure 4.9: Steady lift curve, steady separation point, and average unsteady separation
point as a function of the mean angle of attack for a NACA 0012 airfoil at Re = 500, 000
and k = 0.5 plunging with an amplitude of arctanHk = 5◦ [81].

regime (C ′′L,s > 0), the unsteady separation point moves backwards, eventually surpassing the

steady location. Near the trough xs > x0, showing a reduction of the separated flow region

under unsteady conditions. The difference between the steady and unsteady separation point

becomes negligible again after the trough. Eq. (4.29) also points to a displacement of the

separation point in the direction opposite to the curvature of x0 when the airfoil is both

performing pitching and plunging.
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Chapter 5

Geometric control averaging of the

Beddoes-Leishman model

The analysis performed in Chapter 4 demonstrates the capability of geometric control theory

as a tool for the intrinsic discovery of force generation mechanisms in unsteady flows. The

study of the low-Reynolds aerodynamic loads over a pitching-plunging airfoil in a geometric

control framework uncovered unconventional lift enhancement and drag reduction mecha-

nisms induced by the pitching and plunging motions. Similarly, this chapter aims to repeat

the geometric control analysis described in Chapter 4 to study the nonlinear behavior of the

average lift and drag forces over an oscillating airfoil, but with a focus on the contributions

of the leading-edge vortex (LEV) during a harmonic dynamic stall maneuver [62].

The present chapter makes use of the Beddoes-Leishman model [37–39] derived in Section

2.4 to describe the dynamics of dynamic stall. This reduced-order model (ROM) satisfies

the conditions required for a geometric control analysis: it reasonably captures the unsteady

nonlinear aerodynamics of dynamic stall, and is represented in a state-space form, which is

convenient for dynamical systems analysis as well as geometric control and averaging.
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The following section describes the reformulation of the model in a geometric control frame-

work. The model is then analyzed with a combination of mathematical tools from the av-

eraging theorem and geometric control theory to derive analytical expressions for the mean

lift and drag forces. Finally, these expressions are studied to uncover and identify the causes

behind the lift and thrust enhancement mechanisms that may occur due to unsteady effects.

5.1 Reformulation of the Beddoes-Leishman model

The purpose of this section is the application of the Beddoes-Leishman model to the two-

dimensional pitching-plunging airfoil introduced in Section 2.3.1. The system is also refor-

mulated in the form of Eq. (2.41) to make it amenable to the geometric control analysis of

Section 3.3. The first step is the formulation of all the equations using the state variables of

the system instead of the outputs of previous equations

d

dt


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=
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β2U
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+
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q (5.1)
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where β =
√

1−M2 is the compressibility factor, and Kα, Kq, and TI are parameters that

depend on the Mach number M and the characteristics of the airfoil.

Once the relations are formulated in terms of the state variables, the system is rearranged

such that the inputs of the state-space model are the pitching and plunging accelerations.

To do so, it is worth reminding the reader the definitions of the kinematic effective angle of

attack αeff = α + arctan
(
ḣ
U

)
, the non-dimensional pitch rate q = 2α̇b

U
, and the equivalent

angle of attack αE = β2
(
U
b

)
(A1b1x1 + A2b2x2). The resulting control system of the Beddoes-

Leishman model for the unsteady nonlinear dynamics of a pitching-plunging airfoil such that

it is amenable to geometric control theory is

d

dt
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+
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ḧ

(5.2)

The resulting system takes the nonlinear control affine form of Eq. (2.41), repeated here for
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clarity

ẋ(t) = f(x(t)) + gα(x(t))α̈(t) + gh(x(t))ḧ(t) (5.3)

where x = [x1, x2, x3, x4, x9, x10, x11, α, α̇, ḣ] is the state vector, and the control inputs uα

and uh are the pitching and plunging accelerations α̈ and ḧ respectively. The outputs of the

system are the lift and drag coefficients

y(t) = [CL(t) CD(t)]T (5.4)

The pitching angle α and the plunging displacement h follow the harmonic motion described

in Section 4.1. Hence, the accelerations (inputs of the system) take the same form as they

did in the previous ROM, repeated here for clarity

uα = α̈ = ω2Aα cos (ωt) and uh = ḧ = ω2Hb cos (ωt+ φ) (5.5)

5.2 Averaging of the Beddoes-Leishman model

Plugging in the definitions of the inputs from Eq. (5.5) and referring to the scaling in Eq.

(4.5), the dynamical system takes the form

ẋ(t) = f(x(t)) + [Aαgα(x(t)) cos (ωt) +Hbgh(x(t)) cos (ωt+ φ)] (5.6)

As a high-frequency, high-amplitude, time-periodic system, Eq. (5.6) is not amenable to

direct averaging [46]. Besides, since the cosine signal has zero mean, the typical averaging

procedure would neglect the effect of the pitching-plunging oscillations. Thus, a more rig-

orous averaging technique is required, such as the one presented in Section 3.3, which is
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particularly fitting for this problem.

The application of the Variation of Constants formula to the system in Eq. (5.2) leads to

the average dynamics

d

dt
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(
ε3
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(5.7)

where the infinite series of the pullback (Eq. (3.10)) is truncated after order O (ε2). Gi

denotes the i component of the vector G, which depends on the states of the system. The in-

dicated entries are the only components of G that don’t vanish after performing the proposed
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averaging analysis, and their values are

G1 = − HUbω

2

(
U2 + ḣ

2
)2

[
2

(
U2 + ḣ

2
)

sinφ+Hbḣω
(
1 + 2 sin2 φ

)]

G2 = − HUbω
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(
U2 + ḣ

2
)2

[
2

(
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2
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sinφ+Hbḣω
(
1 + 2 sin2 φ
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G3 = − HUbω
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(
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2
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2
)

sinφ+Hbḣω
(
1 + 2 sin2 φ
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sinφ+Hbḣω
(
1 + 2 sin2 φ

)]
(5.8)

The averaging theorem relates the properties of a nonlinear time-periodic system, such as

Eq. (5.2), to those of its average dynamics. In other words, stability of some periodic

orbit solution of the original nonlinear dynamical system may be inferred from the stability

properties of the corresponding equilibrium points of the averaged system in Eq. (5.7). Its

equilibrium is obtained by setting the left hand side to zero, and solving for the fixed point

x∗ that satisfies the equation

0 = f (x∗) + G (x∗) (5.9)

The last two equations of the average dynamics in Eq. (5.7) imply that the equilibrium

of the states α̇ and ḣ is automatically satisfied, and the α equation indicates that α̇∗ = 0.

Taking the averaged plunging speed ḣ∗ to be zero (otherwise, there will be a net drift upward

or downward, which is non-physical) but keeping α∗ at an arbitrary value to study the effect

of the mean angle of attack on the results, the following equilibrium values for the internal
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aerodynamic states are obtained

x∗1 =
b

b1β2U
(α∗ −Hk sinφ)

x∗2 =
b

b2β2U
(α∗ −Hk sinφ)

x∗3 = KαTI (α∗ −Hk sinφ)

x∗4 = 0

x∗9 = CNα (α∗ −Hk sinφ)

x∗10 = x0 (α∗ −Hk sinφ)

x∗11 = Ċ∗v

(5.10)

where the results have been simplified with the definition of the reduced frequency k = ωb
U

.

The equilibrium x∗ of the average dynamics affects the average value of the lift and drag force

coefficients. However, since the force coefficients are not linearly dependent on the states,

their average are not simply CL (x∗) and CD (x∗). Instead, each state is approximated with

the first order expression xi(t) = x∗i +Axi cos (ωt+ φi), and substituted into a multi-variable

Taylor series expansion of the lift and drag coefficients around x∗

ym =
∞∑

n1=0

· · ·
∞∑

nd=0

(x1 − x∗1)n1 . . . (xd − x∗d)
nd

n1! . . . nd!

(
∂n1+···+ndym
∂xn1

1 . . . ∂xndd

)
(x∗)

= ym (x∗) +
n+5∑
i=1

∂ym (x∗)

∂xi
(xi − x∗i ) +

1

2!

n+5∑
i=1

n+5∑
q=1

∂2ym (x∗)

∂xi∂xq
(xi − x∗i )

(
xq − x∗q

)
+ . . .

(5.11)

where ym(x),m ∈ (CL, CD). Finally, the average of the outputs over a cycle of motion of

the inputs is

ym =
1

T

∫ T

0

ym(t)dt (5.12)
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5.2.1 Average lift coefficient

The average of the lift coefficient over one cycle of motion is found to be

CL =
CNα

2
(α∗ −Hk sinφ)

[
(1 +

√
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2

2
cosα∗ + 2η (α∗ −Hk sinφ)

√
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]
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2
α

4

{
CNαα

∗

2

[
(1 +

√
x∗0)

2

2
cosα∗ + 2ηα∗

√
x∗0 sinα∗

]
+ Ċ∗v cosα∗ +

8 sinα∗

M

}

+
2AαHk

M
sinα∗ sinφ + O

(
ε3
)

(5.13)

with the infinite series being truncated at the order O (ε2). The average lift coefficient is a

function of the mean angle of attack α∗, the motion parameters (reduced frequency k and

pitching and plunging amplitudes Aα and H, respectively), and the airfoil characteristics.

There is also a dependency on the equilibrium values of the average dynamics of the states

x∗10 = x∗0 and x∗11 = Ċ∗v , listed in Eq. (5.10). The equilibrium state x∗10 is the point of

separation evaluated at an equivalent angle of attack (α∗ −Hbk sinφ), and it can be directly

calculated with Eq. (2.76).

The equilibrium state x∗11 = Ċ∗v represents the mean value of the time derivative of Eq.

(2.83), which is obtained by numerical simulation of the Beddoes-Leishman model at different

combinations of Aα, H, and k. These data are then used to mathematically represent the

relation Ċ∗v = Ċ∗v (α∗, Aα, H, k,M) in a smooth way.

The analytical expression of the average lift coefficient in Eq. (5.13) permits a distillation of

the role of each variable in the generation of lift. In fact, one might expect the average lift

coefficient CL to be equal to the steady lift coefficient evaluated at the mean angle of attack

α∗. However, Eq. (5.13) uncovers more complex force due to behind the oscillatory motion

of the airfoil. The first line of the equation is simply the expression of the lift coefficient

given by the Beddoes-Leishman model evaluated at the equilibrium points of the averaged
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dynamics; the first term in brackets is the projection of the normal force coefficient given

by Kirchhoff’s model in the direction perpendicular to the free stream, and the second term

in brackets is the projection of the chord force. Both expressions account for the effect

of trailing edge separation. In fact, these two terms in the first line present the average

lift coefficient if direct averaging were to be performed on the system without accounting

for higher-order effects. Roughly speaking, a deviation of CL from this term may indicate

lift enhancement or deficiency and, in essence, the appearance of the symmetry breaking

phenomenon. In the following discussion the two terms in the first line are referred to as the

effects of the normal and the tangential forces, respectively.

The second line in Eq. (5.13) lists two contributions. The first one indicates a clear de-

pendence of the average lift force on the strength of the leading-edge vortex represented by

Ċ∗v , which is one of the key parameters capturing dynamic stall in the Beddoes-Leishman

model. As such, this term implies that the circulation of the leading-edge vortex, which only

forms in unsteady conditions, generates a net resulting force even when the airfoil motion is

harmonic with zero-mean, and plays a role in breaking symmetry and shifting the average lift

force from the steady value. However, given its high dependence on the mean angle of attack

and the motion parameters, its contribution to CL can be positive or negative depending on

the flight conditions, inducing either lift enhancement or deficiency, respectively.

The second contribution groups all the terms that depend explicitly on the pitching motion.

The first and second terms are the projections of the normal and the chord forces in the

direction perpendicular to the free stream, and they account for the effect of trailing edge

separation. Given their positive nature, the role of these terms through the pitching motion

is to decrease the average lift coefficient. However, the third term in brackets lists the

contribution of the leading-edge vortex due to the pitching motion, and it may take positive

or negative values. As such, it may generate a force that increases or decreases CL as a

function of the angle of attack and the flight conditions. Lastly, the fourth term in brackets
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represents the effect of the Mach number on the average lift coefficient, which hints at a

decrease in the lift force that is attenuated as the Mach number increases. Due to its

non-circulatory nature, this term can also be understood as an expression of the added

mass effects. Nonetheless, since Ċ∗v also depends on M , the dependence of the average lift

coefficient on the free stream Mach number is more complex than the term suggests.

Finally, the third and last line in Eq. (5.13) reveals the effect of the interaction between the

pitching and plunging motions. The contribution of this combination is unimportant when

both movements are in phase. However, the expression suggests a lift enhancement mech-

anism when the pitching motion lags behind the plunging displacement, and lift deficiency

when the motion is otherwise. This interactive mechanism diminishes as compressibility

effects become more important.

Eq. (5.13) does not contain any terms that depend solely and directly on the amplitude of

the plunging motion, as some terms do on Aα. Nonetheless, the influence of the plunging

speed on the average lift coefficient occurs through the leading-edge vortex Ċ∗v , whose value

is determined by Aα, H, k, and the Mach number M . Thus, the effect of the pitching and

plunging motions on the average lift coefficient is highly determined by their influence on

the rate of change of the leading-edge vortex strength, which is one of the key parameters in

the study of dynamic stall behavior.

Before studying the effects of unsteadiness in the lift and drag coefficients, it is necessary

to understand their behavior under steady conditions. Fig. 5.1 shows the steady CL and

CD as a function of the angle of attack for a NACA 0012 airfoil at Re = 500, 000. For this

conventional airfoil, the steady lift coefficient increases linearly at low angles of attack until

we reach the stall angle (approximately 15◦), where lift decreases again until it reaches a

minimum point at around 20◦. After this trough, lift keeps increasing at a lower rate reaching

another maximum at 42◦. On the other hand, at low angles of attack, the drag coefficient

increases slowly with α. However, there is a sudden raise in CD,s at stall. At higher angles of
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Figure 5.1: Steady lift and drag coefficients as a function of the angle of attack for a NACA
0012 airfoil at Re = 500, 000.

attack, the steady drag coefficient keeps increasing significantly. The results presented in this

section are performed on the presented NACA 0012 airfoil. The conclusions are believed to

be analogous for other conventional airfoils. Delta wings and other unconventional airfoils,

which are outside of the scope of this work, may present dissimilar results.

Fig. 5.2 shows the value of each of the terms in Eq. (5.13) when compared to their counter-

parts under steady conditions for a NACA 0012 airfoil pitching with an amplitude of Aα = 5◦

at a reduced frequency of k = 0.5 for different mean angles of attack and Mach numbers. To

do this comparison, the static values have been subtracted from the corresponding terms in

Eq. (5.13) and normalized by the maximum value of Ċ∗v at the amplitude of study, Aα = 5◦.

At low Mach numbers, the resulting unsteady lift coefficient seems to be dominated by

the added mass term (solid blue line), showing the effects of the Mach number, and whose

magnitude increases with the mean angle of attack. This contribution actually results in a

decrease in CL, which diminishes as the Mach number increases. The second most domi-

nant contribution is due to the leading-edge vortex through Ċ∗v (solid orange line), which

becomes more pronounced at higher M . This term contributes positively to the average lift

force when oscillating about mean angles of attack close to the stall angle (α∗ = 15◦). In
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Figure 5.2: Terms of the average lift coefficient CL minus the same terms for static conditions
vs. mean angle of attack α∗ for a pitching amplitude of Aα = 5◦ and a reduced frequency of
k = 0.5 for different Mach numbers (NACA 0012 airfoil, Re = 500, 000, H = 0).
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fact, at high free stream Mach numbers, the positive effect of Ċ∗v counteracts the negative

contribution of M , suggesting a lift enhancement in this regime. In contrast, oscillation

around a mean angle of attack with a negative steady lift curve slope (α∗ = 15◦ − 20◦),

the leading-edge vortex has a negative impact on the average CL. Interestingly, the terms

showing a direct dependence on the pitching amplitude are negligible, especially at low Mach

numbers. This behavior is to be expected because these terms are proportional to the square

of the pitching amplitude; and we focus here on small-amplitude oscillations. These terms,

however, acquire more importance at higher Mach numbers, especially the component of the

normal force (dashed red line), which results in a decrease in lift with a maximum value

when oscillating at mean angles of attack slightly higher than the stall angle.

Fig. 5.3 shows the value of each of the terms in Eq. (5.13) when compared to their steady

counterparts for a NACA 0012 airfoil plunging at a reduced frequency of k = 0.5 for dif-

ferent mean angles of attack and Mach numbers. The amplitude of the plunging motion

is determined by the effective amplitude Aαeff
= arctanHk = 5◦, such that the results are

comparable to those of the pitching motion. In this case, the leading-edge vortex takes a

major role in the enhancement or reduction of the lift force. Similarly to the pitching case,

the Ċ∗v term (solid orange line) suggests a positive contribution to the average lift force at

mean angles of attack close to the stall angle, but a decrease in CL when plunging at post-

stall angles of attack where the steady lift curve slope is negative. In the pitching motion,

however, the positive and negative contributions of the leading-edge vortex to the lift force

were of similar magnitude than in the plunging motion, with the negative effect at post-

stall being more pronounced than the positive one at stall. The other terms of Eq. (5.13)

are negligible in the studied cases. Interestingly, no considerable dependence on the Mach

number is observed in the case of plunging, in contrast to pitching.
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Figure 5.3: Terms of the average lift coefficient CL minus the same terms for static
conditions vs. mean angle of attack α∗ for a plunging motion of effective amplitude
Aα,eff = arctanHk = 5◦ and a reduced frequency of k = 0.5 for different Mach numbers
(NACA 0012 airfoil, Re = 500, 000, Aα = 0◦).
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5.2.2 Average drag coefficient

The average of the drag coefficient over one cycle of motion is derived to be

CD (α∗) =
CNα

2
(α∗ −Hk sinφ)

[
(1 +

√
x∗0)

2

2
sinα∗ − 2η (α∗ −Hk sinφ)

√
x∗0 cosα∗

]

+Ċ∗v sinα∗−A
2
α

4

{
CNαα

∗

2

[
(1 +

√
x∗0)

2

2
sinα∗ − 2ηα∗

√
x∗0 cosα∗

]
+ Ċ∗v sinα∗ − 8 cosα∗

M

}

− 2AαHk

M
cosα∗ sinφ + O

(
ε3
)

(5.14)

with the infinite series being truncated at the order O (ε2).

The average unsteady drag coefficient CD depends on the mean angle of attack α∗, the

motion parameters (Aα, H, and k), the airfoil characteristics such as the slope of the normal

force curve CNα and the separation point x∗0, and the equilibrium value of the derivative of

the vortex strength Ċ∗v . Similar to the average lift coefficient, the first line in Eq. (5.14)

is simply the expression of the drag coefficient as given by the Beddoes-Leishman model

in Eq. (2.85) evaluated at the equilibrium points of the averaged dynamics. For instance,

the first and second terms represent the components of the normal and tangential force

coefficients, respectively, in the direction of the free stream. Therefore, as it occurred with

the lift coefficient, roughly speaking, a deviation of CD from this expression may entail drag

reduction or augmentation as a result of unsteady motion.

The first term in the second line of Eq. (5.14) shows the effect of the leading-edge vortex

on the average drag coefficient. However, since Ċ∗v is highly dependent on the mean angle of

attack and the motion parameters, its net effect on the average drag force is intricate and

needs some scrutiny, as demonstrated in the discussions of Fig. 5.4, 5.5 below. The next

term in the second line (the bracketed terms) collects all the terms that depend directly on

the amplitude of the pitching motion Aα. The last term in brackets notes the dependence
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of CD on the Mach number through added mass effects, which decreases as compressibility

effects become more important. Interestingly, some of the terms in brackets contribute to a

reduction in the drag force, hinting at a possible thrust generation mechanism.

Lastly, the final line of Eq. (5.14) shows the impact of the combination of both pitching and

plunging motions, which also vanishes if both oscillations are in phase. Of particular interest

is the case when the plunging motion lags behind the pitching oscillations; in this case,

the interactive term becomes negative, pointing to a possible drag reduction mechanism.

However, the effect of this interactive mechanism decreases as the Mach number increases.

As it occurred with CL, the average drag coefficient does not contain any terms that depend

solely and explicitly on the plunging amplitude. However, the dependence of CD on the

plunging motion takes place through the average value of the leading-edge vortex strength

Ċ∗v , which heavily depends on the motion parameters Aα, H and k, as well as the Mach

number M . Fig. 5.4 shows the value of each of the terms in Eq. (5.14) in comparison to

their steady counterparts for a NACA 0012 airfoil pitching with an amplitude of Aα = 5◦ at

a reduced frequency of k = 0.5 for different mean angles of attack and Mach numbers. As it

occurred with the lift coefficient, the added mass term (solid blue line) dominates over the

others. However, contrary to CL, even though this contribution decreases with M , its effect

is prevalent even at the highest Mach numbers. This relevance implies an increase of the drag

force in all flight conditions, although this increment is lower when pitching at higher angles

of attack. Nonetheless, Fig. 5.4 also shows a decrease in the drag force due to a negative

contribution of the leading-edge vortex decreasing the drag force when oscillating at angles

of attack in the post-stall regime. Similarly, the normal force contributes negatively to CD

as the airfoil pitches at higher α∗. However, such effects are negligible when compared to

the added mass term.

Fig. 5.5 shows the value of each of the terms in Eq. (5.14) when compared to the same terms

under steady conditions for a NACA 0012 airfoil plunging at a reduced frequency of k = 0.5
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Figure 5.4: Terms of the average drag coefficient CD minus the same terms for static condi-
tions vs. mean angle of attack α∗ for a pitching amplitude of Aα = 5◦ and a reduced frequency
of k = 0.5 for different Mach numbers (NACA 0012 airfoil, Re = 500, 000, H = 0).
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Figure 5.5: Terms of the average drag coefficient CD minus the same terms for static con-
ditions vs. mean angle of attack α∗ for a plunging motion with an effective amplitude
Aα,eff = arctanHk = 5◦ and a reduced frequency of k = 0.5 for different Mach numbers
(NACA 0012 airfoil, Re = 500, 000, Aα = 0◦).
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with an effective amplitude of Aαeff
= arctanHk = 5◦ for different mean angles of attack and

Mach numbers. Similar to the lift coefficient, in the case of the plunging motion the leading-

edge vortex seems to be the dominant factor in controlling the average drag coefficient. In

fact, the depicted trends are similar to the lift case, which indicates that lift and drag are

just two components of the resultant aerodynamic force. Drag increases right before stall,

and decreases between the stall angle and the trough of the steady lift curve, with the drag

reduction being more pronounced than the increase. As shown for CL, this increase and

decline in the drag coefficient is not considerably dependent on the Mach number. The rest

of the terms in Eq. (5.14) are also negligible, as they were for the lift coefficient.
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Chapter 6

Surging-induced symmetry breaking

The previous chapters studied the effect of pitching and plunging oscillations on a wing,

uncovering force generation mechanisms that intensify and reduce the aerodynamic forces.

However, these motions are by some means equivalent; both pitching and plunging induce a

change in the effective angle of attack of the wing. Therefore, one might expect the enhance-

ment or deficiency to be governed by the same parameter in both cases; as derived in previous

chapters, the curvature of the steady lift curve in low-Reynolds unsteady applications, and

the leading-edge vortex (LEV) in dynamic stall.

The present chapter investigates the effect of the surging motion on an oscillating wing. This

motion, of different nature when compared to pitching-plunging oscillations, might present

different force enhancement and reduction characteristics than those obtained for a pitching-

plunging wing. The study of low-amplitude, high-frequency surging oscillations is performed

by extending the reduced-order model (ROM) in Section 2.3.2 to include a surging input.

The model is then analyzed with a combination of averaging and geometric control theory to

find the average unsteady lift and drag forces on the wing. The comparison of the resulting

mean unsteady forces with their steady counterparts may uncover the appearance of force
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Figure 6.1: Schematic diagram of a pitching-plunging airfoil in a time-varying free stream.

enhancement or reduction mechanisms prompted by the surging motion. Finally, the average

forces are further studied to reveal the causes behind these force generation mechanisms.

6.1 Problem statement

The current chapter is concerned with a problem similar to that presented in Section 4.1,

which introduced a ROM for a pitching and plunging wing in a constant free stream. Sim-

ilarly, in this case the wing of study is also pitching and plunging. However, the wing is

in a time-varying free stream or, equivalently, the wing moves back and forth following the

surging motion presented in Fig. 6.1.

The objective is the definition of a physics-based dynamical system capable of representing

the unsteady lift and drag forces over the airfoil. The model needs to be sufficiently rich

to capture the main physical aspects of the flow, including the nonlinearities of unsteady

flows, but also compact to permit a geometric control analysis. The model in Section 2.3.2

was developed following these characteristics. As such, the ROM presented in this chapter

builds upon the work introduced in the aforementioned section. The dynamical system of a

pitching-plunging-surging wing will be derived to take the following form

ẋ(t) = f(x(t)) + gα(x(t))α̈(t) + gh(x(t))ḧ(t) + gU(x(t))U̇(t)

y(t) = [L(t) D(t)]T
(6.1)
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where x is the vector containing all the states of the system, and y is the vector of output

variables; in this case, the lift and drag forces. The vectors gα, gh and gU are the control

vector fields associated with the pitching, plunging and surging inputs. The control inputs

of the system are α̈, ḧ and U̇ , the pitching, plunging and surging accelerations, respectively.

6.2 System development

The present section follows the derivation of the ROM presented in Section 2.3.2 but account-

ing for a time-varying free stream velocity U . The formulation is changed, when needed,

to add the surging effect on the wing to the dynamical representation of the lift force. The

dynamics of the drag force are represented by the same output equation and do not require

new formulation.

6.2.1 Circulatory lift

Although Section 2.3.2 is concerned with a wing in a constant free stream, the dynamics

of the circulatory lift are derived for a time-varying free stream to develop a model for any

arbitrary wing motion (α(t), h(t), U(t)). As such, the dynamics of the circulatory lift for a

pitching-plunging wing in a time-varying free stream are defined by

ẋC(t) = [A]nxnU(t)xc(t) + [B]nx1U(t)Γ0(t)

LC(t) = ρU(t) ([C]1xnxc(t) + [D]1x1Γ0(t))

(6.2)

where xc ∈ Rn represents all the internal aerodynamic states that model the lift dynamics,

and the matrices A, B and C depend on the characteristics of the wing and the flow.

The parameter D = khf is the high-frequency gain of the system (the magnitude of the

output at infinite frequency, the instantaneous response of the system), and the quasi-steady
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circulation Γ0 is the input of the system.

The resulting circulatory dynamics are similar to those presented in the final ROM of Section

2.3.2. However, in that model, since the free stream does change with time, the U(t) terms

multiplying the coefficients of ẋC in Eq. (6.2) are absorbed into the A and B matrices. In

this surging model, U(t) is separated from these coefficients to show the dependence of ẋC

on the time-varying state U .

6.2.2 Non-circulatory lift

Although the non-circulatory lift is classically represented by an arithmetic multiplication

of a virtual mass and the normal acceleration of the wing at the mid-point, Section 2.3.2

defines this lift contribution using the state xv. This formulation accounts for the phase lag

between the normal acceleration and the non-circulatory lift induced by viscosity effects. As

such, the dynamics of the non-circulatory lift are described by the system

ẋv(t) = −xv(t)
τv

+
a⊥1/2

(t)

τv

LNC(t) = mvxv(t) cosα(t)

(6.3)

where τv is the time constant governing the dynamics of the non-circulatory lift.

6.2.3 Reduced-order model for a pitching-plunging-surging wing

The dynamical representation of a pitching-plunging-surging wing is constructed with the

combination of the systems derived in the previous sections. The final resulting system for
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a pitching-plunging-surging wing is given by

d

dt


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xv
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ḣ

U



=
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AUxc + BUΓ0

(
α, α̇, ḣ, U

)
− 1
τv

[
xv −

(
U(t) cosα− ḣ(t) sinα

)
α̇
]

− 1
τ1

[
xs − x0

(
α + arctan ḣ

U
− τ2α̇

)]
α̇

α̇

0

0

0
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+
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ḧ+
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0nx1
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τv
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

U̇

(6.4)

where the indication of time dependence on α(t), h(t), U(t) and their derivatives has been

dropped for clarity. The model is similar to the originally derived ROM of Section 2.3.2,

but includes an input for the surging motion. This model defines the state xs for the point

of separation, as the previous model did. The calculation of the average unsteady point of

separation is outside the scope of this work and will not be included in the results. However,

the state is kept in the calculations to exemplify the possible calculation of the mean dynamics

of xs.

6.2.4 Inputs

The inputs of the system are assumed to be high-frequency, small-amplitude oscillations

at arbitrary angles of attack. The pitching angle α (positive pitching up), the plunging
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displacement h (positive downward), and the surging velocity U are defined by

α = α∗ − Aα cos (ωt)

h = Hb cos (ωt+ φ)

U = U∗ (1− σ cos (ωt+ φU))

(6.5)

where ω is the oscillation frequency, α∗ is the mean pitching angle, H is the amplitude of

the plunging displacement normalized by the half-chord length b, and σ is the amplitude of

the surging motion normalized by the mean free stream velocity U∗. The angles φ and φU

represent the phase difference between the pitching and plunging motions, and the pitching

and surging motions, respectively. Since the inputs of the system are the accelerations, they

are obtained by differentiating Eq. (6.5) twice

uα = α̈ = ω2Aα cos (ωt)

uh = ḧ = ω2Hb cos (ωt+ φ)

uU = U̇ = −ωU∗σ sin (ωt+ φU)

(6.6)

In the case of the pitching and plunging motions, the input is given by the second derivative

of the motion. However, for the surging motion, the input is defined by the first derivative of

the motion. Consequently, even though the pitching and plunging inputs are determined by

a cosine function, the surging motion is described with a sine function, which is equivalent

to a cosine function with a phase shift. The order of the inputs is the same for all three

motions

uα = ω2Aα = O
(

1

ε2
ε

)
= O

(
1

ε

)
uh = ω2Hb = O

(
1

ε2
ε

)
= O

(
1

ε

)
uU = U̇ = ωU∗σ = O

(
1

ε

1

ε
ε

)
= O

(
1

ε

) (6.7)
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Consequently, the definition of the surging motion should be adequate for a geometric control

analysis of the model.

6.2.5 Outputs

The outputs of the system are the lift and drag forces, as defined in Section 2.3.2

L(t) = ΨL (x(t)) = ρU
(
Cxc(t) +DΓ0

(
α, α̇, ḣ, U

))
+mvxv(t) cosα(t)

D(t) = ΨD (x(t)) = L(t) tanα(t)− ksρb

Cxc(t) +DΓ0

(
α, α̇, ḣ, U

)
2πb

− b

2
α̇(t)

2
(6.8)

6.3 Average dynamics

The application of averaging in combination with chronological calculus leads to the average

dynamics of the system

d

dt



xc

xv

xs

α

α̇

ḣ

U



=



AUxc + BUΓ0

(
α, α̇, ḣ, U

)
− 1
τv

[
xv −

(
U cosα− ḣ sinα

)
α̇
]

− 1
τ1

[
xs − x0

(
α + arctan ḣ

U
− τ2α̇

)]
α̇

0

0

0



+



G1→n
(
α, U

)
Gn+1

(
α, U

)
Gn+2

(
α, U

)
0

0

0

0



(6.9)

where Gi are the only non-zero entries of the averaged vector field G and depend only on α

and U .
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The averaging theorem relates the properties of a nonlinear time-periodic system, such as

the ROM (6.4), to those of its average dynamics in Eq. (6.9). In other words, stability of

some periodic orbit solution of the original nonlinear dynamical system may be inferred from

the stability properties of the corresponding equilibrium points of the averaged system. The

equilibrium of the average dynamics of the system is obtained by setting the left-hand side

of the average dynamics to zero and solving for x∗ that satisfies the equation

0 = f (x∗) + G (x∗) (6.10)

From this equation, one can infer that the equilibrium of the states
(
α̇∗, ḣ∗, U∗

)
is auto-

matically satisfied because the equations are already equal to zero. However, the α equation

reveals the equilibrium value of the pitching speed to be α̇∗ = 0. Since the equilibrium for

ḣ∗ is satisfied for any value of ḣ, calculations are simplified by setting ḣ∗ = 0. The angle of

attack of equilibrium α∗ and the wind speed U∗ are taken as arbitrary values to study their

effect on the force dynamics. The equilibrium of the rest of the states of the system is given

by

x∗c = −A−1
(
G1→n (α∗, U∗) + UbCL,s (α∗)B

)
(6.11)

xv =
1

τv
(Hbω cosα∗ sinφ− σU∗ sinα∗ cosφU) (6.12)

xs = x0 (α∗, U∗) + τ1Gn+2 (α∗, U∗) (6.13)

The equilibrium x∗ of the average dynamics affects the average value of the lift and drag force

coefficients. However, since the force coefficients are not linearly dependent on the states,

their average is not simply CL (x∗) and CD (x∗). Instead, each state is approximated with

the first order expression xi(t) = x∗i +Axi cos (ωt+ φi) and substituted into a multi-variable
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Taylor series expansion of the lift and drag coefficients around x∗

ym =
∞∑

n1=0

· · ·
∞∑

nd=0

(x1 − x∗1)n1 . . . (xd − x∗d)
nd

n1! . . . nd!

(
∂n1+···+ndym
∂xn1

1 . . . ∂xndd

)
(x∗)

= ym (x∗) +
n+5∑
i=1

∂ym (x∗)

∂xi
(xi − x∗i ) +

1

2!

n+5∑
i=1

n+5∑
q=1

∂2ym (x∗)

∂xi∂xq
(xi − x∗i )

(
xq − x∗q

)
+ . . .

(6.14)

where ym(x),m ∈ (CL, CD).

Finally, the average of the force coefficients over one cycle of motion of the inputs is

ym =
1

T

∫ T

0

ym(t)dt (6.15)

6.3.1 Average lift coefficient

The average lift coefficient of a pitching-plunging-surging wing over one cycle of motion is

CL = CL,s (α∗) + σ (1− khf )CL,s (α∗)
(
cosφU + σ sin2 φU

)
−Hk

[
sinφ+ σ

(
1

2
− khf

)
sin (φ− φU)

]
C ′L,s (α∗)

+

[
A2
αkhf
4

+
H2k2

4

(
1 + 2 sin2 φ

)
− AαHkkhf

2
sinφ

]
C ′′L,s (α∗)

+
σAαkα̇k (1− khf )

2b2
sinφU +

π cosα∗

τvU∗
(Hk cosα∗ sinφ− σb cosφU sinα∗)

+ O
(
ε3;mv, Aα, H, σ

)
(6.16)

with the infinite series being truncated at the order O (ε2). The variable CL represents the

mean unsteady lift coefficient, and CL,s (α∗) is the steady lift coefficient at the mean angle

of attack α∗. Therefore, any difference between these two variables indicates the generation

of forces due to unsteady motion. The parameters C ′L,s =
∂CL,s
∂α

and C ′′L,s =
∂2CL,s
∂α2 are the
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Figure 6.2: Steady lift curve for a NACA 0012 airfoil at Re = 500, 000 [81].

first and second derivatives of the steady lift coefficient curve as a function of the angle of

attack, respectively.

In the particular case in which the surging, pitching and plunging motions are in phase, the

average lift coefficient over one cycle of motion is

CL = CL,s (α∗) + σ (1− khf )CL,s (α∗) +

(
khfA

2
α

4
+
H2k2

4

)
C ′′L,s (α∗)

+ O
(
ε3;mv, Aα, H, σ

)
(6.17)

The analysis recovers the results in Eq. (4.14) of Section 4, in which the curvature of the

steady lift curve governs the lift enhancement and deficiency due to the pitching and plunging

motions. In that case and for a conventional airfoil, the theory predicted no unsteady effects

in the linear region of the steady lift curve, at low angles of attack; a decrease in the lift force

at stall, where the curvature is negative; lift enhancement in the post-stall regime, where the

curvature of the steady lift curve is positive, as pictured in Fig. 6.2.

However, in the case of the surging motion, the force generation mechanisms are not propor-

tional to the second derivative of the steady lift curve. The surging effects are proportional
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to the value of the steady lift curve. Recalling that khf is the high-frequency gain, which is

always lower than one, the term (1− khf ) is always positive. Therefore, for a conventional

airfoil, the analysis predicts lift enhancement at all angles of attack, with the increase in

force being proportional to σ, the amplitude of the surging motion normalized by the free

stream velocity U∗.

Eq. (6.16) shows the combined effect of pitching, plunging, and surging oscillations when

the motions are not in phase. The second line in Eq. (6.16) indicates the possibility of force

generation when the plunging and surging motions are delayed with respect to the pitching

oscillations. The possible force mechanism is proportional to the first derivative of the steady

lift curve, predicting lift deficiency in the linear region but an increment in the force after

stall and before the trough of the curve. A similar effect appears in the last line, with the

first term predicting the occurrence of force generation mechanisms when the pitching and

surging motions are not in phase. Finally, the last term uncovers the effect of the added

mass, which only appears through the interaction between the different motions when they

are not in phase.

6.3.2 Average drag coefficient

The average drag coefficient of a surging wing over one cycle of motion is

CD = CD,s (α∗) + σ (1− khf )
[
CL,s (α∗) tanα∗ − kS (α∗)

2π2
C2
L,s (α∗)− mv

U∗bρτv
sin2 α∗

]
+ σ2 (1− khf )

[
CL,s (α∗) tanα∗ − kS (α∗)

2π2

3 (7− 3khf )

4
C2
L,s (α∗)

]
+ O

(
ε3;mv, Aα, H, σ

)
(6.18)

with the infinite series being truncated at the order O (ε2). The variable CD represents the

mean unsteady drag coefficient, and CD,s (α∗) is the steady drag coefficient at the mean angle
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Figure 6.3: Percentage of increase in the drag force due to the surging motion for different
amplitudes of oscillation for a NACA 0012 airfoil at Re = 500, 000.

of attack α∗. Therefore, any difference between these two variables indicates the generation

of forces due to unsteady motion. The variable ks is the suction parameter, used in the

definition of the suction force.

Eq. (6.18) reveals the role of the projection of the lift force in the direction of the free

stream, the suction force, and the added mass effects in the reduction or increase of the

unsteady drag force. The term CL,s (α∗) tanα∗ is responsible for the increase in drag due to

nonlinear lift occurring in the post-stall regime, as pictured in Fig. 6.3. The figure plots Eq.

(6.18) using the CL,s, CD,s, and kS values obtained from steady simulations of a NACA 0012

airfoil at Re = 500, 000. More interestingly, Fig. 6.3 shows a significant reduction in the

drag force in the linear and stall regimes, indicating the production of thrust. In fact, the

theory predicts the generation of a thrust force overcoming drag when oscillating between

α∗ = 7, 15◦ (where ∆CD/CD,s < −100%), leading to forward motion. The thrust production

and drag increase mechanisms are proportional to the amplitude of motion, with the effect

of σ being more pronounced in the thrust production regime.
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The average drag coefficient of a pitching-plunging-surging airfoil over one cycle of motion

is

CD = CD,s (α∗) + σ (1− khf ) (σ + cosφU)CL,s (α∗) tanα∗

− kS (α∗)

2π2
C2
L,s (α∗)

[
1

2
+ σ (1− khf ) cosφU

]
+

mv

U∗bρτv
(Hk cosα∗ sinφ− σ sinα∗ cosφU) sinα∗

−Hk
{
C ′L,s (α∗)

[
tanα∗ − kS (α∗)

2π2
CL,s (α∗)

]
+
C2
L,s (α∗)

4π2
k′S (α∗)

}
sinφ

− σ2kS (α∗)

2π2
(1− khf )

[
1 + khf

4
+ 2 (2− khf )

(
1

4
+ cos2 φU

)]
C2
L,s (α∗)

+
A2
α

4

{
2

cos2 α∗
(
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

)
+ khfC

′′
L,s (α∗) tanα∗

− kS (α∗)

2π2

[
khfCL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2 (π − kα̇khf )2

]
− CL,s (α∗)

π2

(
khfk

′
S (α∗)C ′L,s (α∗) +

k′′S (α∗)CL,s (α∗)

4

)}

+
H2k2

4

{(
3− 2 cos2 φ

)
C ′′L,s (α∗) tanα∗

− kS (α∗)

2π2

[(
3− 2 cos2 φ

)
CL,s (α∗)C ′′L,s (α∗) +

(
2
(
1− cos2 φ

)
+ k2

hf

) (
C ′L,s (α∗)

)2
]

− CL,s (α∗)

π2

[(
2
(
1− cos2 φ

)
+ khf

)
k′S (α∗)C ′L,s (α∗)

+
k′′S (α∗)CL,s (α∗)

4

(
3− 2 cos2 φ

)]}

− AαHk

2

{
khf

(
C ′′L,s (α∗) tanα∗ +

C ′L,s (α∗)

cos2 α∗

)
sinφ

− khfkS (α∗)

2π2

[
k (π − kα̇khf )C ′L,s (α∗) cosφ+ khf

(
C ′L,s (α∗)

)2
sinφ

+ CL,s (α∗)C ′′L,s (α∗) sinφ
]
− CL,s (α∗)

π2

[
CL,s (α∗) k′′S (α∗)

4
sinφ

+ k′S (α∗)

(
k

2
(π − kα̇khf ) cosφ+ khfC

′
L,s (α∗) sinφ

)]}
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− Aασ

2

{
1

cos2 α∗
(1− khf )CL,s (α∗) cosφU − 2kα̇k

(
1

2
+ khf

)
tanα∗ sinφU

− kS (α∗)CL,s (α∗)

2π2

[
khf (1− khf )C ′L,s (α∗) cosφU + k

[
kα̇
(
1− k2

hf + 3khf
)

− π (2 + khf )
]

sinφU

]
−
C2
L,s (α∗)

2π2
(1− khf ) k′S (α∗) cosφU

}

+
Hkσ

2

{
(2khf − 1)C ′L,s (α∗) tanα∗ sin (φ− φU)

−kS (α∗)

2π2
CL,s (α∗)C ′L,s (α∗)

[(
5 (khf − 1)− k2

hf

)
sin (φ− φU)− 2 (2− khf ) sin (φ+ φU)

]
+
C2
L,s (α∗)

2π2
k′S (α∗)

[(
1

2
− khf

)
sin (φ− φU) + 2 (1− khf ) sin (φ+ φU)

]}

+ O
(
ε3;mv, Aα, H, σ

)
(6.19)

where k′S = ∂kS
∂α

and k′′S = ∂2kS
∂α2 are the first and second derivatives of the suction parameter

as a function of the angle of attack, respectively.

In the particular case in which the pitching, plunging, and surging motions are in phase

CD = CD,s (α∗) + σ2 (1 + σ) (1− khf )CL,s (α∗) tanα∗

− kS (α∗)

2π2
C2
L,s (α∗)

[
1

2
+ σ (1− khf )

]
− σmv

U∗bρτv
sin2 α∗

− σ2kS (α∗)

2π2
(1− khf )

3 (7− 3khf )

4
C2
L,s (α∗)

+
A2
α

4

{
2

cos2 α∗
(
CL,s (α∗) tanα∗ + khfC

′
L,s (α∗)

)
+ khfC

′′
L,s (α∗) tanα∗

− kS (α∗)

2π2

[
khfCL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
+ k2 (π − kα̇khf )2

]
− CL,s (α∗)

π2

(
khfk

′
S (α∗)C ′L,s (α∗) +

k′′S (α∗)CL,s (α∗)

4

)}

+
H2k2

4

{
C ′′L,s (α∗) tanα∗ − kS (α∗)

2π2

[
CL,s (α∗)C ′′L,s (α∗) + k2

hf

(
C ′L,s (α∗)

)2
]

− CL,s (α∗)

π2

[
khfk

′
S (α∗)C ′L,s (α∗) +

k′′S (α∗)CL,s (α∗)

4

]}
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+
AαHk

4π2

[
kk2

hf (π − kα̇) kS (α∗)C ′L,s (α∗) + k (π − kα̇khf ) k′S (α∗)CL,s (α∗)
]

− Aασ

2
(1− khf )

{
CL,s (α∗)

cos2 α∗
− CL,s (α∗)

2π2

[
khfkS (α∗)C ′L,s (α∗)− CL,s (α∗) k′S (α∗)

]}

+ O
(
ε3;mv, Aα, H, σ

)
(6.20)

Eq. (6.19) and Eq. (6.20) show the combined effect of the pitching, plunging, and surging

motions on the average aerodynamic forces on the wing.
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Chapter 7

Conclusions and future work

7.1 Summary of work completed

This work explores the application of geometric control theory to the study of unsteady

fluid flows. The objective of this research is the development of an analysis tool allowing

a systematic discovery of force generation mechanisms in unsteady flows and capable of

distilling the physics behind them. The study focuses on the prediction of the average

aerodynamic forces in a harmonically pitching-plunging wing.

After the introduction of the fundamental theories of unsteady aerodynamics, the work

follows with the derivation of a new reduced-order model (ROM) for a wing in harmonic

pitching-plunging motion. The modeling of the lift dynamics respects Theodorsen’s initial

division of the unsteady lift contributions: circulatory lift and non-circulatory lift. The repre-

sentation of the circulatory contribution relies on the quasi-steady circulation (the equivalent

circulation for a static airfoil) as the input of the state-space model, instead of the angle of

attack, as it usually is. The dynamics of the non-circulatory lift include the effect of the

viscosity, which induces lag to the non-circulatory force. This viscous addition changes the
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nature of the non-circulatory lift from an algebraic expression to a state-space model with

dynamics, similar to the circulatory lift. The drag dynamics are modeled with the projec-

tion of the normal force and with the suction force proposed by Garrick. The latter is a

pressure force whose total contribution amounts to a net force in the left direction. Hence,

the inclusion of this force, which only occurs in unsteady motion, shows the possibility of

drag reduction or even thrust generation in certain unsteady regimes. Finally, the model

includes the dynamics of the location of the separation point, derived from a combination

of Kirchoff’s theory for steady flows and Goman-Khrabrov’s model for pitching airfoils. The

combination of all these dynamics yields a reduced-order model capable of capturing the

main physical aspects of unsteady flows in a compact format. The conciseness of the model

permits an analytical study of the dynamics in a geometric control framework.

The application of averaging in combination with geometric control theory to the developed

ROM for small-amplitude, high-frequency oscillations reveals symmetry breaking in the lift

and drag dynamics. The results point to possible enhancement or reduction of the lift force

in certain flight regimes, with this generation of forces being governed by the curvature of

the steady lift coefficient curve as a function of the angle of attack. When oscillating in

regions of positive curvature (near the trough in the post-stall regime), lift enhancement

occurs. In contrast, oscillations in regions of negative curvature (around the peak of the

stall regime) lead to a decrease in the average lift coefficient with respect to its steady coun-

terpart. A literature review of experimental and computational studies of pitching-plunging

airfoils shows good agreement with the results. Further validation is performed with URANS

simulations of a NACA0012 airfoil, confirming the theoretical findings. The results confirm

the potential of geometric control theory as a tool for the discovery of unintuitive symmetry

breaking phenomena in unsteady flows. The aforementioned analysis is of qualitative nature

and does not provide accurate quantitative results. Instead, the study points to regimes

inducing nonlinear force generation flow mechanisms.
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The analysis of the drag force for small-amplitude high-frequency oscillations captures the

suction force effect described by Garrick, which occurs to airfoils plunging in the linear region

of the steady lift coefficient curve. The results also predict a drop in the suction force after

the lift stall, leading to a big increase in the average drag force coefficient with respect to

the steady drag. However, the post-stall regime presents another decrease in the drag force,

pointing to a thrust generation mechanism. The outcomes are also validated with URANS

simulations, showing similar results.

Given the promising results achieved in the analysis of the developed ROM using a geometric

control framework, the same study is applied to the well-established Beddoes-Leishman

model for dynamic stall. This ROM focuses on the effect of the leading-edge vortex (LEV)

that appears when the airfoil is undergoing dynamic stall. The analysis of the Beddoes-

Leishman model reveals symmetry breaking in both lift and drag forces. Moreover, the

rate of change in the strength of the leading-edge vortex is the main parameter governing

these force generation mechanisms. The positive contribution of the vortex when oscillating

around stall leads to lift enhancement, or an increase in the average lift force when compared

to its steady value. When the oscillation occurs in the post-stall region, the negative rate

of change in the vortex strength reduces the average lift on the airfoil. Both pitching and

plunging motions depict the aforementioned results, with the enhancement/reduction being

controlled by the reduced frequency and the amplitude of motion. However, compressibility

also plays a major role for pitching airfoils in this lift enhancement process. That is, pitching

oscillations need to occur at high Mach numbers to induce substantial lift enhancement.

Although leading-edge vortex effects are observed in the unsteady drag coefficient of pitching

airfoils, their contribution is negligible with respect to the added mass effects. This Mach-

dependent contribution, which is dominant over the other effects, suggests an increase in the

drag force due to the pitching motion at all mean angles of attack. However, the effect is

mitigated at higher angles of attack and high Mach numbers.
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On the other hand, the leading-edge vortex dictates the increment and reduction in the drag

force of plunging airfoils. The positive rate of change in the vortex strength at stall increases

the average drag force of a plunging airfoil when compared to a steady wing. Nonetheless, in

the post-stall regime, the leading-edge vortex yields a significant reduction in drag. In fact,

the present analysis suggests the generation of a thrust force that overcomes the aerodynamic

drag, propelling the airfoil forward. However, this thrust mechanism only occurs when the

airfoil is plunging above the stall angle.

Finally, this research studied the dynamics of the lift force on a wing performing harmonic

surging oscillations. Using the previously developed ROM, the averaging analysis determined

a force generation mechanism due to the surging motion that is proportional to the value of

the steady lift. This mechanism, of different nature than the ones observed in the pitching

and plunging motions, suggests an enhancement of the lift force at all angles of attack. At

the same time, the surging motion also changes the dynamics of the drag force. The analysis

reveals an increase and reduction of the drag coefficient in different flight regimes. More

interestingly, surging oscillations close to stall may produce thrust capable of overcoming

the drag force, leading to forward motion of the wing.

7.2 Recommendations for future work

The work completed shows the potential of geometric control theory as a tool for the analysis

of force generation phenomena in fluid mechanics. The ROM developed for this analysis,

formulated in Section 2.3.2 captures the main physical aspects of the flow in a compact form.

As such, it can expanded to include more inputs to the current pitching-plunging wing. Of

particular interest would be those inputs related to flight control dynamics. In other words,

one could perform the same geometric control analysis for the control surfaces of the wing. In

this case, the focus would not be on a wing but on the whole airplane. The objective would
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be to study the effect of oscillations of the control surfaces on the overall flight dynamics of

the aircraft. The resulting ROM would include the effect of the ailerons, the elevator, and

other flow control systems. A proposed formulation would be

ẋ(t) = f(x(t)) + gδa(x(t))δa(t) + gδe(x(t))δe(t)

+ gδAFC1
(x(t))δAFC1(t) + +gδAFC2

(x(t))δAFC2(t) + . . . (7.1)

where gδa and gδe are the aileron and elevator control vector fields, which correspond to

the aileron deflection δa and elevator deflection δe inputs. The second line of the equation

describes other longitudinal control inputs that may be associated to the aircraft, such as

synthetic jets, suction/blowing mechanisms, or plasma actuators.

Another field that could benefit from geometric control theory is the study of the flight me-

chanics of a rigid body, i.e. an insect, a bird, or an aircraft. In the recent years, there has

been a major development of flapping-wing microair vehicles (FWMAVs), and an increase

in the study of bio-flight. These multi-scale, nonlinear, time-varying systems rely on higher-

order interactions between the periodic aerodynamic forces and the body motion to generate

some stabilizing mechanisms [78, 85]. However, the majority of the studies on the flight

dynamics of FWMAVs average the dynamics of the aerodynamic forces over the flapping

cycle. This assumption has been shown to be deficient [78, 85]. In fact, there is a strong

interaction between the rapid-scale dynamics of the aerodynamic forces and the slow-scale

dynamics of the body, which is not captured when the forces are averaged over the flapping

cycle. The method described in this work, which applies a combination of averaging and

geometric control theory could analyze these higher-order effects. The application of geo-

metric control theory to the study of vibrational stabilization due to the flight dynamics of

a rigid body has been performed in the longitudinal direction [78, 80, 86]. However, lateral

vibrational stabilization mechanisms, with considerably richer dynamics, lack any similar

study in a geometric control framework. As such, the community could benefit of some work
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in this regard.
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Appendix A

Study on the average rate of change

in the strength of the leading-edge

vortex Ċ∗v

The results in Chapter 5 demonstrate the importance of the rate of change in the strength

of the leading-edge vortex (LEV) Ċ∗v in the calculation of the average lift and drag forces

on an airfoil. These parameter, of ultimate importance in the representation of dynamic

stall in the Beddoes-Leishman model, acts as the governing variable in the determination

of lift or drag enhancement or deficiency in most of the studied cases. Therefore, a proper

understanding of the behavior of Ċ∗v is needed to evaluate its effect on the force coefficients.

Nonetheless, the rate of change in the strength of the LEV has a complex nonlinear depen-

dence on the parameters of motion of the wing: the amplitude of the pitching oscillations Aα,

the amplitude of the plunging oscillations H, and the reduced frequency k. The prediction

of the relations between these variables is not trivial and requires a numerical approach. In

this section, the Beddoes-Leishman model is simulated at different values of Aα, H, and k
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(a) Airfoil pitching at Aα = 5◦.
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(b) Airfoil plunging at H = 0.2.

Figure A.1: Effect of the reduced frequency k on the time-derivative of the vortex strength
Ċ∗v for different mean angles of attack α∗ in an oscillating NACA 0012 airfoil at Re = 500, 000
and M = 0.3.

to obtain the value of Ċ∗v at different flight conditions. The results are presented below for

a NACA 0012 airfoil at Re = 5 · 105, with a summary of the conclusions at the end of the

section.

However, before studying the effect of the parameters of motion on Ċ∗v , it may be of interest

to clarify the forces on the airfoil under steady conditions. Fig. 5.1 displays the steady

lift and drag coefficients CL and CD, respectively, as a function of the angle of attack for a

NACA 0012 airfoil at Re = 5 · 105. The steady lift coefficient shows a linear increase at low

angles of attack until reaching the stall angle at α ' 15◦, indicated by a decrease in lift. At

higher angles of attack, the loss in lift reaches a minimum at α ' 20◦, and the lift coefficient

increases again, although at a lower rate. The drag coefficient grows slowly with α at low

angles of attack, with a sharp increment when the airfoil experiments stall. At higher angles

of attack, the steady drag coefficient keeps increasing with alpha at a higher rate.
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A.1 Effect of the reduced frequency

Fig. A.1a shows the effect of the reduced frequency on Ċ∗v for an airfoil pitching at different

mean angles of attack with an amplitude of Aα = 5◦. At low α∗, the rate of change of the

strength of the leading-edge vortex is positive and presents an asymptotic behavior past a

reduced frequency of approximately k = 0.2, with the asymptotic value increasing with the

mean angle of attack. However, as the mean angle of attack approaches the stall angle, the

evolution of the strength of the leading-edge vortex with the reduced frequency becomes

more complex. When α∗ enters the nonlinear region of the steady lift curve at α∗ = 10◦,

Ċ∗v rapidly increases with the reduced frequency, reaching a maximum at k = 0.12, and

then decreasing. After this parabolic behavior, at a reduced frequency of k = 0.25, the rate

of change of the leading-edge vortex shows the same asymptotic behavior obtained when

pitching the airfoil at mean angles of attack in the nonlinear region. As α∗ approaches the

stall angle (12◦ ≤ α∗ ≤ 16◦), the rise and reduction in Ċ∗v is accentuated, with the maximum

value occurring at higher reduced frequencies as the mean angle of attack increases. At these

angles of attack, however, an asymptotic behavior does not follow the decrease in Ċ∗v . When

pitching at the trough of the steady lift curve (α∗ = 18◦), the rate of change in the strength

of the leading-edge vortex becomes negative and diverges as the reduced frequency increases,

with Ċ∗v becoming more negative with k. Nonetheless, at higher mean angles of attack, even

though Ċ∗v is still negative, its value is smaller in magnitude. As α∗ increases, the behavior

of the time derivative of the strength of the leading-edge vortex becomes more similar to

that observed in the linear region but in the negative semi-plane.

Fig. A.1b shows the effect of the reduced frequency on Ċ∗v for an airfoil plunging at different

mean angles of attack with an amplitude of H = 0.2. In this case, the rate of change of

the strength of the leading-edge vortex is positive and increases exponentially with k when

oscillating at angles of attack in the linear region of the steady lift curve, reaching higher

Ċ∗v as α∗ increases. At these angles of attack, the rate of change of the strength of the
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leading-edge vortex is an order of magnitude higher than that obtained for a pitching airfoil.

However, as the mean angle of attack approaches the nonlinear region (α∗ = 10◦), a sudden

increase in Ċ∗v is observed at high reduced frequencies. This behavior is consistent throughout

the nonlinear pre-stall region (10◦ ≤ α∗ ≤ 14◦), with the rapid rise in Ċ∗v occurring at lower

reduced frequencies as the mean angle of attack increases. The trend is reversed when

plunging past the stall angle (α∗ ≥ 16◦). The rate of change of the strength of the leading-

edge vortex starts off as negative and decreases with k, until it reaches a given reduced

frequency where it abruptly switches signs, becoming positive and growing as k increases.

Examining Figures A.1a and A.1b, one can observe Ċ∗v being an order of magnitude higher for

a plunging airfoil when compared to a pitching airfoil. This difference implies the plunging

motion has a higher capacity to affect Ċ∗v and, consequently, modify the average dynamics of

the lift force than the pitching motion. At the same time, both figures show positive values

of Ċ∗v in the linear region of the steady lift curve and the section of negative curvature, and

negative values of Ċ∗v when the curvature is positive.

A.2 Effect of the mean angle of attack

Fig. A.2a plots the time-derivative of the strength of the leading-edge vortex as a function

of the mean angle of attack α∗ for different pitching amplitudes Aα. At low mean angles

of attack, Ċ∗v is positive and increases exponentially with α∗. As the mean angle of attack

enters the nonlinear region of the stall regime (10◦ ≤ α∗ ≤ 16◦), there is an abrupt increment

in the time-derivative of the vortex strength, with the parabola reaching its maximum value

when pitching at mean angles of attack close to the stall angle. In the post-stall regime,

Ċ∗v decreases with α∗, crossing the zero line and becoming negative. The rate of change

of the leading-edge vortex reaches a minimum value when the airfoil oscillates between

the peak and the trough of the steady lift curve, after which Ċ∗v increases asymptotically
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Figure A.2: Effect of the angle of attack α∗ on the time-derivative of the vortex strength Ċ∗v
on a NACA 0012 airfoil oscillating at a reduced frequency of k = 0.5, Re = 500, 000, and
M = 0.3 for different (a) pitching amplitudes Aα and (b) plunging amplitudes H.

towards zero. This trend, consistent with Fig. A.1a, is observed for all simulated amplitudes.

Nonetheless, even though the maximum time-derivative of the strength of the leading-edge

vortex is always obtained at the same mean angle of attack of α∗ ≈ 12◦, the range of α∗

at which the maximum Ċ∗v is attained increases with the pitching amplitude as well as its

value. In contrast, the minimum value of Ċ∗v is the same for all pitching amplitudes, but as

Aα increases, it occurs at a higher mean angle of attack.

Similarly, Fig. A.2b plots the time-derivative of the strength of the leading-edge vortex as

a function of the mean angle of attack α∗ for different plunging amplitudes H. The trend is

similar to that observed in Fig. A.2a. A slow increment in Ċ∗v in the linear region as the mean

angle of attack grows and an abrupt parabolic surge when oscillating close to the stall angle

with a sudden decrease to negative values. Nonetheless, after reaching a minimum when

plunging at a mean angle of attack close to the trough, Ċ∗v tends asymptotically towards a

negative value, instead of the zero limit observed for the pitching motion. Even though the

maximum rate of change of the strength of the leading-edge vortex occurs when plunging at

an angle of attack close to the stall angle, the actual α∗ at which this maximum happens
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(a) Pitching airfoil.
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Figure A.3: Effect of the (a) pitching amplitude Aα and (b) plunging amplitude H on the
time-derivative of the vortex strength Ċ∗v for different mean angles of attack α∗ and a reduced
frequency of k = 0.5 in a NACA 0012 airfoil at Re = 500, 000 and M = 0.3.

increases slightly as the plunging amplitude grows. Similarly, the maximum value of Ċ∗v

heightens with H, as well as its minimum value. The minimum rate of change is displaced

towards higher angles of attack as the plunging amplitude increases. Fig. A.2b presents a

diverging Ċ∗v for H = 0.1, which may be attributed to numerical errors.

A.3 Effect of the amplitude of oscillation

Lastly, Fig. A.3a illustrates the effect of the pitching amplitude Aα on the time-derivative

of the vortex strength for different mean angles of attack. At low α∗, Ċ∗v is positive and

increases exponentially with Aα, reaching higher values as the mean angle of attack increases.

Nonetheless, the rate of change of the strength of the leading-edge vortex becomes an order of

magnitude higher and presents a more linear trend when pitching at mean angles of attack

close to the stall angle. The trend is reversed in the post-stall regime. When the airfoil

pitches at a mean angle of attack close to the trough of the steady lift curve (α∗ = 16◦),

Ċ∗v is negative and decreases with the pitching amplitude, until at a given Aα, where the
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time-derivative abruptly becomes positive and keeps increasing as the pitching amplitude

grows. As α∗ is further incremented, Ċ∗v decreases with Aα towards more negative values.

Fig. A.3b shows the effect of the plunging amplitude H on the time-derivative of the vortex

strength for different mean angles of attack. The same trend is observed as for the pitching

airfoil. In this case, however, some of the angles of attack present unintuitive results for a

plunging amplitude of H = 0.1. As mentioned previously, the results at H = 0.1 diverge

for angles of attack in the post-stall regime due to numerical errors. Therefore, those points

may be neglected.

A.4 Summary of the results

As a summary, one can conclude the following about the rate of change of the strength of

the leading-edge vortex:

1. Ċ∗v is an order of magnitude higher when oscillating at mean angles of attack in the

stall or post-stall regime when compared to angles of attack in the linear region of the

steady lift curve.

2. Ċ∗v is almost an order of magnitude higher for a plunging airfoil when compared to a

pitching airfoil.

3. Ċ∗v vs. k: Ċ∗v is positive and increases with the reduced frequency at low mean angles of

attack. When pitching close to the stall angle, Ċ∗v reaches a maximum value at a given

reduced frequency, whereas in plunging airfoils the rate of change keeps increasing.

In both cases, when oscillating in the post-stall regime, Ċ∗v is negative and decreases

further with k. Nonetheless, in the limiting case of plunging at the stall angle, Ċ∗v is

negative and decreasing until an abrupt upsurge at a given k, where it becomes positive

and increasing.
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4. Ċ∗v vs. α∗: In both pitching and plunging motions, Ċ∗v increases with the mean angle

of attack, reaching a maximum value when oscillating close to the stall angle. In the

post-stall regime, Ċ∗v drops, becoming negative and attaining its minimum value when

oscillating at the trough of the steady lift curve.

5. Ċ∗v vs. Aα and H: In the pre-stall regime, Ċ∗v is positive and intensifies with the

amplitude of oscillation. This trend is reversed after the trough, where Ċ∗v becomes

negative and decreasing. Between the peak and the trough of the steady lift curve, Ċ∗v

diminishes until it reaches a minimum value at a given amplitude. An abrupt reversal

in sign leads to a positive contribution of Ċ∗v , which keeps growing with the amplitude.
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