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Abstract

Harmonic Activation and Transport
by
Jacob S. Calvert
Doctor of Philosophy in Statistics
University of California, Berkeley

Professor Alan Hammond, Chair

Harmonic activation and transport (HAT) is a random process which rearranges a set, one element
at a time. More precisely, for integers n > 2 and d > 1, and given an n-element subset U of Z¢,
HAT is a Markov chain with the following dynamics. HAT removes x from U according to the
harmonic measure of z in U, and then adds y according to the probability that a simple random
walk from x, conditioned to hit the remaining set, leaves from y when it first does so. This process
is then repeated for the resulting set, and so on. We are primarily interested in the classification of
HAT as recurrent or transient, as the dimension d and number of elements 7 in the initial set vary.

Chapter [2| concerns HAT in two dimensions. When d = 2, HAT exhibits a phenomenon we
call collapse: Informally, the diameter shrinks to its logarithm over a number of steps which is
comparable to this logarithm. Collapse implies the existence of the stationary distribution of HAT,
where configurations are viewed up to translation, and the exponential tightness of diameter at
stationarity. Additionally, collapse produces a renewal structure with which we establish that the
center of mass process, properly rescaled, converges in distribution to two-dimensional Brownian
motion.

To characterize the phenomenon of collapse, we address fundamental questions about the extremal
behavior of harmonic measure and escape probabilities. Among n-element subsets of Z?, what is
the least positive value of harmonic measure? What is the probability of escape from the set to a
distance of, say, 7?7 Concerning the former, examples abound for which the harmonic measure is
exponentially small in n. We prove that it can be no smaller than exponential in n log n. Regarding
the latter, the escape probability is at most the reciprocal of log r, up to a constant factor. We prove
it is always at least this much, up to an n-dependent factor.

Chapter concerns HAT in higher dimensions. When d > 5 and n > 4, HAT is transient. We prove
that, remarkably, transience occurs in only one “way”: The initial state fragments into clusters of
two or three elements—but no other number—which then grow indefinitely separated. We call
these clusters dimers and trimers. Underlying this characterization of transience is the fact that,



from any state, HAT reaches a state consisting exclusively of dimers and trimers, in a number of
steps and with at least a probability which depend on d and n only.

Together, our results establish that HAT exhibits a phase transition in both d and n, in the sense that
HAT is positive recurrent when d < 2 or n < 3, but transient when d > 5 and n > 4. Specifically,
the phase boundary has a “corner’”: There are d > 3 and n > 4 for which HAT is transient, but
HAT is positive recurrent for any smaller d or n.
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Chapter 1

Introduction

Harmonic activation and transport (HAT) is a random process which rearranges a set, one element
at a time. HAT exhibits a remarkable phase transition, wherein the addition of just one element can
alter its long-term behavior from stationarity to transience. Although HAT is not a growth model, it
is connected to the class of Laplacian growth models, which describe the motion of many physical
interfaces. This chapter defines HAT, describes its phase transition, and details its connection to
Laplacian growth.

1.1 Harmonic activation and transport

More precisely, HAT is a Markov chain (Uy, Uy, ...) with a distribution P, the initial state of
which can be any configuration—an n-element subset of Z¢, for a number of elements n > 2 and
a dimension d > 1. A generic step of the HAT dynamics is defined as

Ui = (U \ {X}) U{Y}, (1.1)

where X is the first site in U, that a simple random walk “from infinity” visits, and Y is the site that
it steps from when it first visits U; \ {X}. In fact, we condition this simple random walk to visit
Uy and then U, \ { X}, to counteract its transience in dimension d > 3. We say that HAT activates
the element at X and then transports it to Y (Figure[I.1).

We define the distribution of X in terms of harmonic measure. To define harmonic measure,
we denote by P, the distribution of simple random walk (.Sy, Sy, ...) from z € 7% For A C 74,
we use 74 to denote the first time that simple random walk returns to A, i.e.,

T4 =inf{t >1:5, € A}.

Definition 1.1.1 (Harmonic measure). Let A be a finite, nonempty subset of Z%. The harmonic
measure (from infinity) of A is the function H : Z¢ — [0, 1] defined by

Hy(z) = ZILTOPZ(STA =2 |74 < 00). (1.2)

This limit exists (see, e.g., [Lawl3, Chapter 2]), so H 4 is well defined.
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Figure 1.1: The HAT dynamics in Z2. (A) An element (indicated by a solid, red circle) in the
configuration U, is activated according to harmonic measure. (B) The activated element (following
the solid, red path) hits another element (indicated by a solid, blue circle); it is then fixed at the site
visited during the previous step (indicated by a solid, red circle), giving U; ;. (C) An element of
U (indicated by a red circle) is activated and (D) if it tries to move into U\ {x}, the element will be
transported back to .

Harmonic measure gets its name from the fact that, for fixed x, the conditional probability in
(T.2)) is a harmonic function, in the following sense. We will write y ~ z if z and y are neighbors
in Z%—that is, if y, 2 € Z? and if ||y — z|| = 1, where ||-|| is the Euclidean norm. The Laplacian of
a function f : Z¢ — R is defined by

1
Af(z) =55 fw) = f(2).
Y~z

The function f is said to be (discrete) harmonic on B C Z% if Af(z) = 0 for each z € B. For
fixed z, the conditional probability in (T.2) is a harmonic function of z, outside of the closure of
A, defined as A = AU 0A, where 0A = {y ¢ A :y ~ x for some x € A} denotes the boundary
of A.

The distributions of X and Y, hence the activation and transport components of the HAT dy-
namics, are harmonic in essentially the same sense as the harmonic measure. For X, this is simply
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because the conditional distribution of X given U, is H;,. For Y, this is because the conditional
distribution of Y given U, and X is

IP)X(ST—lzy ‘ T<OO>7

where 7 abbreviates 7y,\ (x}. For fixed y, when X = z, this conditional probability is a harmonic
function of x, outside of the closure of U;\{z}.

We conclude this section by formally stating the transition probabilities of HAT. According to
(L.1), given U, the probability that activation occurs at z € Z¢ and transport occurs to y € Z< at
time ¢ is

pu,(z,y) = Hy, (2) Pp(Sr—1 =y | T < 00), (1.3)

where 7 again abbreviates 7p,\ (,}. We define HAT in terms of py, in the following way.

Definition 1.1.2 (HAT). Given a configuration Uy C 7%, HAT is the Markov chain (Uy, Uy, . ..)
with transition probabilities

P(UHl:(Ut\{x})u{y}\Ut>={§t“’yjjﬂ A
zezd PUu\2 2) YT =Y,

fort € Z=gand x,y € 7.

Remark 1.1.3. We use the random time 7 — 1 in (1.3)) as opposed to, say, the first hitting time of
the boundary of U\{x}, for the following reason. For the scenario depicted in Figure -D,
wherein x neighbors elements of U,\{x}, this hitting time would be zero and therefore U, 1 would
necessarily equal Uy. This possibility would complicate arguments in Section and is therefore
undesirable.

1.2 Classification of HAT

Having stated the activation and transport dynamics and explained the sense in which they are
harmonic, we turn to the focus of this thesis: the classification of HAT as recurrent or transient,
for different values of d and n (Figure[1.2). We organize our study of HAT’s classification in this
way because d and n are fixed by Uy—if Uy is an n-element subset of Z, then U, will be too. The
work we discuss concerning HAT in Z? comes from a paper with Shirshendu Ganguly and Alan
Hammond [[CGH21]J; work concerning HAT in higher dimensions comes from [Cal21].

To discuss the classification of HAT, we must first identify the sets that HAT can reach (i.e.,
form as U, at some time ¢t > 1). According to (I.1)), the element Y must have a neighbor in U, .
Moreover, it is easy to see that Hy;,,, (Y) must be positive. Hence, it cannot be that every element
of U;,1 with positive harmonic measure is neighborless. This observation implies that HAT cannot
reach sets for which every element with positive harmonic measure is neighborless. In fact, we
will later prove that these are the only sets that HAT cannot reach, and we give them a name.
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Figure 1.2: The phase diagram for HAT in the d—n grid. HAT is positive recurrent on Nonlsodm in
the blue-shaded region and transient in the red-shaded region. The classification of HAT has not
been established in the unshaded region.

Definition 1.2.1 (Exposed elements, isolated and non-isolated sets). We say that an element x of
finite A C 7% is exposed in A if H(z) > 0. We say that an n-element A C 7% is isolated if
every exposed x in A has no neighbor in A, and we denote the collection of such sets by Isog,y,.
We denote the collection of all other n-element subsets of Z¢ by Nonlsog,, and call its members
non-isolated.

We also observe that the HAT dynamics is invariant under the symmetries of Z%. If U, is an n-
element subset of Z? and if G, denotes the symmetry group of Z¢, then the transition probabilities
satisfy

PUir =V | U) = P(gUp1 = gV | gUb),

for every n-element V' C Z% and g € G,. Accordingly, to each such V, we can associate the
equivalence class R
V= {W C Z: W = gV forsome g € gd}.

We denote the collection of equivalence classes of isolated and non-isolated sets by Tsodyn and
NonIsod,n. For brevity, we will often refer to an equivalence class of configurations as a configu-
ration.

The fact that the HAT dynamics is irreducible on the collection of non-isolated sets and invari-
ant under the symmetries of 74 suggests that, if HAT did have a stationary distribution, it would
naturally be supported on Nonlsog,. The main result of Chapter states that HAT in Z? has a

unique stationary distribution, supported on Nonlso, ,,, to which the distribution of U, converges,
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from any n-element configuration in Z?. In particular, HAT is positive recurrent on Nonlsozm.
We will prove this result largely as a consequence of a phenomenon called collapse, which HAT
exhibits in Z2.

Informally, collapse occurs when the diameter of a configuration is reduced to its logarithm
over a number of steps proportional to this logarithm. Our characterization of collapse is essen-
tially a quantitative version of a basic aspect of the HAT dynamics—the asymmetric behavior of
diameter. Specifically, while the diameter of the HAT configuration can increase by at most one
with each step, its diameter can decrease in one step by an amount which is nearly this diameter.
For example, a configuration consisting of two elements separated by a large distance will have an
equally large diameter that is reduced to one after the next step.

Chapter |2| features two other consequences of collapse. The first is a tail bound on the diam-
eter of the HAT configuration under the stationary distribution, which is nearly exponential in the
diameter. The second is the fact that, properly rescaled, the center of mass process converges to
two-dimensional Brownian motion. Chapter [2] also proves a lower bound of harmonic measure,
which is needed for our characterization of collapse and which may be of independent interest.
Indeed, this bound has implications for a model of Laplacian growth, which we discuss in the next
section.

In Chapter[3] our focus turns to HAT in higher dimensions. The main result of the chapter is that
HAT is transient when d > 5 and n > 4. Remarkably, transience occurs in only one “way.” The
initial set fragments into clusters of two or three elements—but no other number—which then grow
indefinitely separated. We call these clusters dimers and trimers. Underlying this characterization
of transience is the fact that, from any set, HAT reaches a set consisting exclusively of dimers and
trimers, in a number of steps and with at least a probability which depend on d and n only.

Taken together, the results of Chapters [2] and [3] establish that HAT exhibits a kind of phase
transition in its long-term behavior, which is mediated not by a continuous parameter but by two
discrete ones—d and n (Figure [1.2). Moreover, although we do not complete the phase diagram,
these results suffice to show that the phase diagram exhibits a “corner”: there are d > 3 and n > 4
for which HAT is transient, but HAT is positive recurrent on NonIsod 1,» and NonIsod nel-

1.3 Connection to Laplacian growth

While HAT is not a growth model (indeed, it conserves the number of elements in a set), it is
related by harmonic measure to a class of interfacial growth models, known as Laplacian growth
models. In this context, “Laplacian” refers to the fact that each point of such an interface advances
with a velocity or probability proportional to the gradient of a harmonic field, i.e., a field that satis-
fies the Laplace equation [BDLPO1]]. For example, Laplacian growth can describe the motion of an
interface in response to gradients in pressure, temperature, or an electric field, which connects it to
diverse natural phenomena such as finger formation between viscous fluids [STS8]], dendritic crys-
tal growth [LMKT7S], branched discharges in dielectric breakdown [NPW84], lung and vascular
morphogenesis [LM95, [FS99]], the formation of river networks [PDSR13]], and many others.
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The connection between HAT and Laplacian growth arises from the fact that the harmonic
measure of a finite set A is proportional to the gradient of a field which is harmonic outside of A,
as we now explain. Letd > 3, A C Z% and f : A — R. The gradient of f at z € A is the function

Vi) =5 >, ()= f@).

y~x, yEOA

We also define the escape probability g4(z) = P,(04 = oo) for x € Z4, where o4 = inf{t > 0 :
S; € A} denotes the first hitting time of A by simple random walk. Note that g4(z) is harmonic,
in the sense that Ag4(z) = 0, for = outside of A. In these terms, if A is finite, then

_ VgA(x)
ZyeA Vga (y)

[Law13| Exercise 2.2.7]. For Z2, there is an analogous expression for harmonic measure, where
g4 is defined differently, but remains harmonic outside of A [[Law13] Proposition 2.3.2].

In this way, models of interfaces which grow in proportion to harmonic measure are Lapla-
cian. Paradigmatic models of Laplacian growth include diffusion-limited aggregation (DLA)
[WIS81, WS83], internal DLA [MD&86, IDE91]], the Hastings-Levitov model [HL98], and the
Abelian sandpile model [BTW&7, [Dha90, BLS91]].

HA(ZE)

Definition 1.3.1 (DLA). Let o denote the origin in 7 and let Dy = {o}. DLA is the Markov chain
(Dy, D1, ...), a generic step of which is defined by

Dt+1 — Dt U {X},
where the distribution of X is Hpp,.

Whereas HAT rearranges a set, DLA grows one. The simplicity of its definition belies the
challenge DLA presents to rigorous analysis. Despite being introduced over 40 years ago, there
are only rwo rigorous results about DLA in Z2, the original setting of its study [WJIS81]. The
potential value of rigorous contributions is underscored by the discrepancies between predictions
about DLA from non-rigorous analytical approximations and simulation studies. In Chapter [2|
we elaborate this point and prove a lower bound of harmonic measure which, although originally
motivated by our analysis of HAT, effectively rules-out a prediction about DLA from the physics
literature.



Chapter 2

HAT in two dimensions

This chapter is based on joint work with Shirshendu Ganguly and Alan Hammond [[CGH21]].

2.1 Main results

In this chapter, because we will exclusively work in Z2, we will repurpose d to denote a diameter
instead of a dimension.

The variable connectivity of HAT configurations and concomitant opportunity for unchecked
diameter growth would seem to jeopardize the positive recurrence of the HAT dynamics. Indeed,
if the diameter were to grow unabatedly, the HAT dynamics could not return to a configuration
or equivalence class thereof, and would therefore be doomed to transience. However, due to the
asymmetric behavior of diameter under the HAT dynamics, this will not be the case. For an arbi-
trary initial configuration of n > 2 particles, we will prove—up to a factor depending on n—sharp
bounds on the “collapse” time which, informally, is the first time the diameter is at most a certain
function of n.

Definition 2.1.1. For a positive real number R, we define the level-R collapse time to be T (R) =
inf{t > 0 : diam(U;) < R}.

For a real number r > 0, we define 6,,, = 0,,,(r) through
0p=r and 0O, = 0,1+’ form > 1. 2.1)
In particular, 6, (r) is approximately the n'™ iterated exponential of 7.

Theorem 2.1.2 (Collapse). Let U be a finite subset of 7> with n > 2 elements and denote the
diameter of U by d. There exists a universal positive constant c such that, if d exceeds 04,(cn),
then

Py (T (0an(en)) < (logd) ™M) > 1 — e

For the sake of concreteness, this is true with n™* in the place of 0, (1).
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In words, for a given n, it typically takes (log d)'+°+(}) steps before the configuration of initial
diameter d reaches a configuration with a diameter of no more than a large function of n.

Recall the definition of non-isolated configurations (Definition [I.2.T). As a consequence of
Theorem [2.1.2and the preceding discussion, it will follow that the HAT dynamics constitutes an
aperiodic, irreducible, and positive recurrent Markov chain on Nonlso, ,,. In particular, this means
that, from any configuration of ﬁonlsozn, the time it takes for the HAT dynamics to return to that
configuration is finite in expectation. Aperiodicity, irreducibility, and positive recurrence imply
the existence and uniqueness of the stationary distribution 7,,, to which HAT converges from any
n-element configuration. Moreover—again, due to Theorem [2.1.2}—the stationary distribution is
exponentially tight.

Theorem 2.1.3 (Existence of the stationary distribution). For every n > 2, from any n-element
subset of 72, HAT converges to a unique probability measure 7, supported on Nonlso, ,,. More-
over, T, satisfies the following tightness estimate. There exists a universal positive constant c such
that, for any r > 20,4, (cn),

) ~ T
7 (diam(U) > r) < exp (‘W) ‘

In particular, this is true with 6n=" in the place of 0,(1).

As a further consequence of Theorem we will find that the HAT dynamics exhibits a
renewal structure which underlies the diffusive behavior of the corresponding center of mass pro-
cess.

Definition 2.1.4. For a sequence of configurations (Uy).cn, define the corresponding center of
mass process (My)i=o by My = U] 7' Y oy .

For the following statement, denote by C([0, 1]) the continuous functions f : [0, 1] — R? with
f(0) = (0,0), equipped with the topology induced by the supremum norm || f||.c = supg<;<; || f(t)]]-

Theorem 2.1.5 (Convergence to two-dimensional Brownian motion). If .#; is linearly interpo-
lated, then the law of the process (t™/* iy, s € [0,1]), viewed as a measure on C([0,1]), con-
verges weakly as t — oo to two-dimensional Brownian motion on [0, 1] with coordinate diffusivity
X2 = x%(n). Moreover, for a universal positive constant c, x* satisfies:

O5n(cn) ™" < X2 < O5,(cn).

We have not tried to optimize the bounds on ?; indeed, they primarily serve to show that y? is
positive and finite.

As we elaborate in Section [2.2] the timescale of diameter collapse in Theorem [2.1.2] arises
from novel estimates of harmonic measure and hitting probabilities, which control the activation
and transport dynamics of HAT. Beyond their relevance to HAT, these results further the charac-
terization of the extremal behavior of harmonic measure.
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Estimates of harmonic measure often apply only to connected sets or depend on the diameter
of the set. The discrete analogues of Beurling’s projection theorem [Kes87]—which was used to
prove the upper bound on the growth rate of DLA in [Kes90]—and Makarov’s theorem [Law93]
are notable examples. Furthermore, estimates of hitting probabilities often approximate sets by
disks which contain them (for example, the estimates in Chapter 2 of [Law13]). Such approxi-
mations work well for connected sets, but not for sets which are “sparse” in the sense that they
have large diameters relative to their cardinality; we provide examples to support this claim in
Section[2.2.2] For the purpose of controlling the HAT dynamics, which adopts such sparse config-
urations, existing estimates of harmonic and hitting measures are either inapplicable or suboptimal.

To highlight the difference in the behavior of harmonic measure for general (i.e., potentially
sparse) and connected sets, consider a finite subset A of 7?2 with n > 2 elements. We ask: What
is the greatest value of H(x)? If we assume no more about A, then we can say no more than
Ha(z) < % (see Section 2.5 of [Law13] for an example). However, if A is connected, then the
discrete analogue of Beurling’s projection theorem [Kes87|] provides a finite constant ¢ such that

Ha(z) < en™ V2.

This upper bound is realized (up to a constant factor) when A is a line segment and x is one of its
endpoints.

Our next result provides lower bounds of harmonic measure to complement the preceding upper
bounds, addressing the question: What is the least positive value of H z(x)?

Theorem 2.1.6 (Lower bound of harmonic measure). There exists a universal positive constant c
such that, if A is a subset of 7> with n > 1 elements, then either H(x) = 0 or

Ha(z) > e~cnloen, (2.2)
If A is connected, then (2.2)) can be replaced by
Hu(z) > e~ (2.3)

The lower bound of (2.3) is optimal in terms of its dependence on n, as we can choose A to
be a narrow, rectangular “tunnel” with a depth of order n, in which case the harmonic measure at
the “bottom” of the tunnel is exponentially small in n; we will shortly discuss a related example in
greater detail. We expect that the bound in (2.2) can be improved to an exponential decay with a
rate of order n instead of n log n.

If one could improve (2.2)) as we anticipate, we believe that the resulting lower bound would
be realized by the harmonic measure of the innermost element of a square spiral (Figure [2.1)). The
virtue of the square spiral is that, essentially, with each additional element, the shortest path to the
innermost element lengthens by two steps. This heuristic suggests that the least positive value of
harmonic measure should decay no faster than 472", as n — oo. Indeed, Example suggests
an asymptotic decay rate of (2 + v/3)~2". We formalize this observation as a conjecture. To state
it, denote the origin by o = (0,0) and let ., be the collection of n-element subsets A of Z* such
that H(0) > 0.



CHAPTER 2. HAT IN TWO DIMENSIONS 10

Conjecture 2.1.7. Asymptotically, the square spiral of Figure realizes the least positive value
of harmonic measure, in the sense that

1
lim ——log inf H,(o) = 2log(2+V3).

n—oo N Aeay,

Example 2.1.8. Figuredepicts the construction of an increasing sequence of sets (Ay, As, . ..)
such that, for alln > 1, A, is an element of 72, and the shortest path ' = (I'1, Ty, ..., Ty from
the exterior boundary of A,, U OA,, to the origin, which satisfies I'; ¢ A, for 1 <i < |I'| — 1, has
a length of 2(1 — 0, (1))n.

Since I'y separates the origin from infinity in AS, we have

Ha,(0) = Ha,ury (1) - Pry (STA” = 0) . (2.4)

Concerning the first factor of (2.4), one can show that there exist positive constants b, c < 0o
such that, for all sufficiently large n,

en™? <Hy,ur,y(T1) < 1
To address the second factor of (2.4), we observe that
Ppl (STA” = O) :Ppl (Sl =1 ’ TA, < 7'1"1) 'PF2 (SUAn =0 } o4, < 0'1"1) . (25)

It is easy to see that the first factor of ([2.5)) satisfies

g]P)Fl (Sl:F2|TAn<TF1) < 1.

DO | —

The second factor of ([2.5)) can be explicitly calculated using a system of difference equations. To
this end, we define

f(i)=Pr, (S,, =o0l|oa, <or,) VI<i<]L],
which satisfies:
1 1
fA) =0, f(rh=1 and f@)=fi+1)+fi-1) V2<i<[I|-1.

The solution of this system yields

2v/3

P = = . 2.6
2 (SUAn 0 } Tan < OFl) (2 + V3)IT=1 — (2 — /3)IT-1 (2.6)
Combining [2.4) through [2.6), we find that, for all sufficiently large n,
lep=? 1
—2 < Hy,(0)  —F——— 2.7)

2+ V3 2+ VE)I
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Figure 2.1: A square spiral. The shortest path I' (red) from I'; to the origin, which first hits A,
(black and gray dots) at the origin, has a length of approximately 2n. Some elements (gray dots)
of A,, could be used to continue the spiral pattern (indicated by the black dots), but are presently
placed to facilitate a calculation in Example

Substituting |I'| = 2(1 — 0,(1))n into .7) and simplifying, we obtain
(2 + \/5)72(1+on(1))n < Hy, (0) < (2+ \/§)72(170n(1))n,

which implies
1

lim ——logHy, (0) = 2log(2 + V/3).
n

n—oo

The problem of estimating H 4 (z) is connected to an extensive literature on the supposed mul-
tifractal nature of DLA aggregates. In this context, the use of “multifractal” is an assertion that
the harmonic measure on the boundaries of DLLA configurations obeys power-law scaling with the
linear size L of the aggregate [Mea87, HIK" 87 (see [Mak98]| for a detailed mathematical formal-
ism). To maintain the notation prevalent in this literature, we respectively denote by pp.x(n) and
Pmin(n) the greatest and least positive values of harmonic measure on the boundary of a typical
DLA configuration at time n. We note that, to make “typical” precise, we could write

Pmax (1) = exp <E [log max Hyy, (a:)D , (2.8)

where the expectation is with respect to the DLA dynamics and where the minimum is over x with
positive Hyy, (2); we could define py,;, in an analogous fashion. Alternative definitions of pax
and pn,;, appear in the literature, but we will conflate them as the distinction is unimportant to the
present discussion.
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Suppose, for example, that there is a § € (0, 1) such that linear size of a DLA configuration at
time n satisfies L = ©(n®) as n — oo, a.s. Then the assumption of multifractality with respect to
L implies the existence of finite exponents iy, < Qumax such that

Pmax(n) = O (n’ﬁ O‘mi“) and ppin(n) = 0O (n’ﬂ ama") ) (2.9)

To test the hypothesis that DLA configurations are multifractal, a number of studies have es-
timated the quantities in (2.9). Virtually every analytical approximation has concluded that 3 is %
[Mea83, Mut85, BBRTSS, [TS85, [HL92], while almost every simulation study suggests a slightly
smaller value of approximately ﬁ [WS83|, HMP86, TM89| Wol91, DHO™99, [DP00, [DLPOQ].
Additionally, there appears to be a consensus that ay,;, 1s approximately % [TS85, HMP86, Wol91,
HIL92| JMPO3]]. Regarding mathematically rigorous constraints on /3 and oy, Kesten’s bound on
the growth rate of DLA guarantees 3 < % [Kes90] and the discrete analogue of Beurling’s projec-
tion theorem [Kes87] concludes that the greatest value of the harmonic measure of any connected
set of linear size L is O(L~'/?). In this case, we must have py.,(n) = O(n~?/?) which, by Z.9),
implies i, = % Thus, the conjectured values for 5 and ayy,;, are permitted by mathematically
rigorous bounds.

In contrast with the apparent consensus on the value of o, the value of oy, and the validity
of the multifractal form for pmin(n) are controversial. Concerning the latter, many studies
have suggested that p,;,(n) may decay more rapidly in n than a power law, ultimately corre-
sponding to the failure of (2.9) [LS88|, BA89, SLB90, ME9Q, EIM91l, Wol91, [Hen92, Man04a,
Man04b]). For example, the authors of [LS88]] found — log pyin(n) to be © (nw ) , while the authors
of [BA89] suggested ©(n?) for an unspecified a > 0. In fact, because DLA configurations are con-
nected, Theorem [2.1.6] shows that a rate of exponential decay exceeding O(n) is impossible. In
particular, as (3 is accepted to be larger than % (i.e., DLA is not a disk), Theorem effectively
rules-out the prediction of [LS88]] concerning p,in(n), as well as the rate in [BA89] for a > 1.

While our results have consequences for py,,(n), they do not undermine the supposed mul-
tifractality of DLA. In fact, a pair of studies [JLMPO02, IASSZ09] claimed to have definitively
established a finite value of o, on the basis of an iterated conformal map approximation of DLA
over roughly 10* steps and off-lattice DLA simulations over 10° steps, respectively. However, this
conclusion may be influenced by insufficient simulation length and inherent biases in the corre-
sponding simulation methods [Loh14, |GB17]. Indeed, a state of the art, on-lattice simulation of
DLA over 108 steps [GB17]] produces a cluster which differs qualitatively from those of [JLMPO2]]
and [ASSZ09], and which appears to exhibit fjords similar to those suggested in [SLB™90] to lead
to a violation of (2.9). If multifractality is ultimately violated, extremal harmonic measure esti-
mates may play an important role in a refined understanding of the scaling of harmonic measure
on DLA configurations.

We conclude the discussion of our main results by stating an estimate of hitting probabilities of
the form P, (794, < 7a), for x € A and where A, is the set of all elements of 7?2 within distance
d of A; we will call these escape probabilities from A. Among n-element subsets A of Z2, when
d is sufficiently large relative to the diameter of A, the greatest escape probability to a distance d
from A is at most the reciprocal of log d, up to a constant factor. We find that, in general, it is at
least this much, up to an n-dependent factor.
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Theorem 2.1.9 (Lower bound of escape probability). There exists a universal positive constant c
such that, if A is a finite subset of 7> with n > 2 elements and if d > 2 diam(A), then, for any
x €A

cHa(z)
P.(7: > ) 2.1
2(Toa, < Ta) nlogd (2.10)
In particular,
c
I;lgjipz (TaAd < TA) = 2 logd' 2.11)

In the context of the HAT dynamics, we will use to control the transport step, ultimately
producing the log d timescale appearing in Theorem In the setting of its application, A and
d will respectively represent a subset of a HAT configuration and the separation of A from the rest
of the configuration. Reflecting the potential sparsity of HAT configurations, d may be arbitrarily
large relative to n.

Organization

HAT motivates the development of new estimates of harmonic measure and escape probabilities.
We attend to these estimates in Section [2.3] after we provide a conceptual overview of the proofs
of Theorems [2.1.2) and [2.1.3]in Section [2.2] To analyze configurations of large diameter, we will
decompose them into well separated “clusters,” using a construction introduced in Section[2.5]and
used throughout Section[2.6] The estimates of Section[2.3|control the activation and transport steps
of the dynamics and serve as the critical inputs to Section [2.6] in which we analyze the “collapse”
of HAT configurations. We then identify the class of configurations to which the HAT dynamics
can return and prove the existence of a stationary distribution supported on this class; this is the
primary focus of Section The final section, Section [2.8] uses an exponential tail bound on
the diameter of configurations under the stationary distribution—a result we obtain at the end of
Section [2.7}—to show that the center of mass process, properly rescaled, converges in distribution
to two-dimensional Brownian motion.

2.2 Conceptual overview

2.2.1 Estimating the collapse time and proving the existence of the
stationary distribution

Before providing precise details, we discuss some of the key steps in the proofs of Theorems [2.1.2]
and Since the initial configuration U of n particles is arbitrary, it will be advantageous to
decompose any such configuration into clusters such that the separation between any two clusters
is at least exponentially large relative to their diameters. For the purpose of illustration, let us
start by assuming that U consists of just two clusters with separation d and hence the individual
diameters of the clusters are no greater than log d (Figure [2.2)).
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Figure 2.2: Exponentially separated clusters.

The first step in our analysis is to show that in time comparable to log d, the diameter of U
will shrink to log d. This is the phenomenon we call collapse. Theorem implies that every
particle with positive harmonic measure has harmonic measure of at least e~“*1°2", In particular,
the particle in each cluster with the greatest escape probability from that cluster has at least this
harmonic measure. Our choice of clustering will ensure that each cluster is separated by a distance
which is at least twice its diameter and has positive harmonic measure. Accordingly, we will
treat each cluster as the entire configuration and Theorem [2.1.9| will imply that the greatest escape
probability from each cluster will be at least (log d) ™!, up to a factor depending upon n.

Together, these results will imply that, in O,,(log d) steps, with a probability depending only
upon n, all the particles from one of the clusters in Figure will move to the other cluster.
Moreover, since the diameter of a cluster grows at most linearly in time, the final configuration
will have diameter which is no greater than the diameter of the surviving cluster plus O,,(log d).
Essentially, we will iterate this estimate—by clustering anew the surviving cluster of Figure [2.2}—
each time obtaining a cluster with a diameter which is the logarithm of the original diameter,
until d becomes smaller than a deterministic function 6,,,, which is approximately the 4n™ iterated
exponential of cn, for a constant c.

Let us denote the corresponding stopping time by 7 (below 64,,). In the setting of the applica-
tion, there may be multiple clusters and we collapse them one by one, reasoning as above. If any
such collapse step fails, we abandon the experiment and repeat it. Of course, with each failure,
the set we attempt to collapse may have a diameter which is additively larger by O,,(log d). Ulti-
mately, our estimates allow us to conclude that the attempt to collapse is successful within the first
(log d)**°»() tries with a high probability.

The preceding discussion roughly implies the following result, uniformly in the initial config-
uration U:

Py (T (below 4,) < (log d)HO”(l)) >1—e "

At this stage, we prove that, given any configuration U and any configuration Ve NOHISOQ’n,
if K is sufficiently large in terms of n and the diameters of U and V/, then

P, (T(hits V) < K5) >1-ekK,

where 7 (hits IA/) is the first time the configuration is V. This estimate is obtained by observing
that the particles of U form a line segment of length n in K3 steps with high probability, and
then showing by induction on n that any other non-isolated configuration V' is reachable from
the line segment in K 5 steps, with high probability. In addition to implying irreducibility of the
HAT dynamics on Nonlsos ,, we use this result to obtain a finite upper bound on the expected



CHAPTER 2. HAT IN TWO DIMENSIONS 15

return time to any non-isolated configuration (i.e., it proves the positive recurrence of HAT on
Nonlsos ,,). Irreducibility and positive recurrence on Nonlso, ,, imply the existence and uniqueness
of the stationary distribution.

2.2.2 Improved estimates of hitting probabilities for sparse sets

HAT configurations may include subsets with large diameters relative to the number of elements
they contain, and in this sense they are sparse. Two such cases are depicted in Figure 2.3] A key
component of the proofs of Theorems [2.1.6/ and [2.1.9]is a method which improves two standard
estimates of hitting probabilities when applied to sparse sets, as summarized by Table

Figure 2.3: Sparse sets like ones which appear in the proofs of Theorems (left) and
(right). The elements of A are represented by dark green dots. On the left, A\{o} is a subset of
D(R)°. On the right, A is a subset of D(r) and the R-fattening of A (shaded green) is a subset of
D(R + r). The figure is not to scale, as R > e" on the left, while R > € on the right.

Table 2.1: Summary of improvements to standard estimates in sparse settings. The origin is de-
noted by o and A denotes the set of all points in Z? within a distance R of A.

’ Setting \ Quantity \ Standard estimate \ New estimate ‘
Fig R.3[(ef), B> ¢ | Po(r, < Taroiye) | (55 Q (L)
Fig. 2.3 (right), R > ¢ | Py(ron, < 74) % (5i5) Q, (L)

For the scenario depicted in Figure [2.3] (left), we estimate the probability that a random walk
from 2 € C(£) hits the origin before any element of A\{o}. Since C(R) separates « from A\{o},
this probability is at least P,(7, < 7¢(r)). We can calculate this lower bound by combining the
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fact that the potential kernel (defined in Section [2.3)) is harmonic away from the origin with the
optional stopping theorem (e.g., Proposition 1.6.7 of [Law13]):
log R —log ||z]| + O(R™1)
log R+ O(R™1)
e)s since z € C(F) and R > e,
We can improve the lower bound to Q(%) by using the sparsity of A. We define the random
variable W =3~ (3 1(7y < 7,) and write

P, (7‘0 < TC(R)) =

This implies Px(To < TAﬂD(R)C) = Q(

E,W
E.[W | W > 0]
We will show that E, [V | W > 0] > E,W + 4 for some § which is uniformly positive in A and n.
We will be able to find such a ¢ because random walk from x hits a given element of A\{o} before

o with a probability of at most 1/2, so conditioning on {W > 0} effectively increases W by 1/2.
Then

P, (7‘0 < TA\{o}) =P, (W: 0) =1

EW n 1
E,W + 0 SR = 2G).

The second inequality follows from the monotonicity of E]E;V% 5 in [, 1/ and the fact that |[A] < n,

so E,W < n. This is a better lower bound than Q(log;R) when R is at least e”.

A variation of this method also improves a standard estimate for the scenario depicted in Fig-
ure (right). In this case, we estimate the probability that a random walk from = € C(2r)
hits AR before A, where A is contained in D(r) and Ay consists of all elements of Z? within a
distance R > " of A. We can bound below this probability using the fact that

P, (7o < Tav(e) > 1

P, (TaAR < TA) > ]Px(TC(R+r) < TC(’I‘))'

A standard calculation using the potential kernel of random walk (e.g., Exercise 1.6.8 of [Law13])
shows that this lower bound is (i, 3), since R > e” and 7 = Q(n'/?).

We can improve the lower bound to Qn(fg:;) by using the sparsity of A. We define W’/ —=
ZyeA 1 (7, < T9a,) and write

E, W’ S 1 no
E, W |W'>0" " 1+(n-1p
where o bounds above P, (7, < 794,) and  bounds below P, (7, < 794, ), uniformly for z €

C(2r) and distinct y, 2z € A. We will show that « < fand < 1 — kfggi}?. The former is
plausible because ||z — y|| is at least as great as ||y — z

]P)x (TQAR < TA) =1

; the latter because dist(z, A) > R while
ly — z|| < 2r, and because of (2.14). We apply these facts to the preceding display to conclude

P, (Toa, < Ta) = n 11 -pB)= Qn(llsgg;).

This is a better lower bound than Qn(@) because 7 can be as large as log R.

In summary, by analyzing certain conditional expectations, we can better estimate hitting prob-
abilities for sparse sets than we can by applying standard results. This approach may be useful in
obtaining other sparse analogues of hitting probability estimates.
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2.3 Harmonic measure estimates

The purpose of this section is to prove Theorem [2.1.6] We will describe the proof strategy in Sec-
tion[2.3.1] before proving several estimates in Section [2.3.2) which will streamline the presentation
of the proof in Section The majority of our effort is devoted to the proof of (2.2)); we will
obtain as a corollary of a geometric lemma in Section[2.3.2]

Consider a subset A of Z? with n > 2 elements, which satisfies H4(0) > 0 (i.e., A € J%).
We frame the proof of Theorem [2.1.6/—in particular, the proof of (2.2)—in terms of “advancing”
a random walk from infinity to the origin in three or four stages, while avoiding all other elements
of A. These stages are defined in terms of a sequence of annuli which partition Z2.

Denote the disk of radius r about x by D,(r) = {y € Z* : ||x — y|| < r}, or D(r) if
x = o, and denote its boundary by C,.(r) = dD,(r), or C(r) if z = o. Additionally, denote by
A(r,R) = D(R)\D(r) the annulus with inner radius r and outer radius R. We will frequently
need to reference the subset of A which lies within or beyond a disk. We denote A, = AN D(r)
and A>, = AN D(r)-.

Define radii Ry, Ry, ... and annuli A;, A,,... through R; = 10°, and R, = R{ and A, =
A(Ry, Ryyq) for £ > 1. We fix 6 = 1072 for use in intermediate scales, like C(dRpy1) C Ay.
Additionally, we denote by ng, ng, my, and n~; the number of elements of A in D(R;), Ay,
Ay U Apyq, and D(R41)¢, respectively.

We will split the proof of (2.2)) into an easy case when ny = n and a difficult case when ng # n.
If ng # n, then A>p, is nonempty and the following indices / = I(A) and J = J(A) are well
defined:

I = min{¢ > 1: A, contains an element of A\{o}}, and
J = min{¢ > I : A, contains no element of A\{o}}.

We explain the roles of / and .J in the following subsection.

2.3.1 Strategy for the proof of Theorem 2.1.6]

This section outlines a proof of (2.2)) by induction on n. The induction step is easy when ng = n;
the following strategy concerns the difficult case when ny # n. The proof of (2.3) is a simple
consequence of an input to the proof of (2.2)), so we address it separately, in Section [2.3.2]

Stage 1: Advancing to C(Ry). Assume ny # n and n > 3. By the induction hypothesis, there
is universal constant ¢; such that the harmonic measure at the origin is at least e~“t*!°8*  for any
set in 777, 1 < k < n. Denote the law of random walk from oo by P (without a subscript) and let
k = n~; + 1. Because a random walk from oo which hits the origin before A- g, also hits C'(R;)
before A, the induction hypothesis applied to A>, U {0} € 7, implies that P(7¢(r,) < 74) is no
smaller than exponential in klog k. Note that k& < n because A_p,,, has at least two elements by
the definition of /.

The reason we advance the random walk to C'(R;) instead of the boundary of a smaller disk
is that an adversarial choice of A could produce a “choke point” which likely dooms the walk to
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be intercepted by A\{o} in the second stage of advancement (Figure . To avoid a choke point
when advancing to the boundary of a disk D, it suffices for the conditional hitting distribution of
0D given {79p < Ta} to be comparable to the uniform hitting distribution on 9D. To prove this
comparison, the annular region immediately beyond D and extending to a radius at least twice that

of D must be empty of A, hence the need for exponentially growing radii and for A ; to be empty
of A.

Figure 2.4: An example of a “choke point” (left) and a strategy for avoiding it (right). The hitting
distribution of a random walk conditioned to reach 0D before A (green dots) may favor the avoid-
ance of A N D¢ in a way which localizes the walk (e.g., as indicated by the dark red arc of 0D)
prohibitively close to A N D. The hitting distribution on C'(R;) will be approximately uniform
if the radii grow exponentially. The random walk can then avoid the choke point by “tunneling”
through it (e.g., by passing through the tan-shaded region).

Stage 2: Advancing into A;_,. For notational convenience, assume I > 2 so that A;_; is
defined; the argument is the same when / = 1. Each annulus A, ¢ € {I,...,.J — 1}, contains
one or more elements of A, which the random walk must avoid on its journey to .4; ;. We build
an overlapping sequence of rectangular and annular funnels, through and between each annulus,
which are empty of A and through which the walk can enter A;_; (Figure[2.5). (In fact, depending
on A, we may not be able to tunnel into A;_, but this case will be easier; we address it at the
end of this subsection.) Specifically, the walk reaches a particular subset Arc;_; in A;_; at the
conclusion of the tunneling process. We will define Arc;_; in Lemma[2.3.2]as an arc of a circle in
A]_l.

By the pigeonhole principle applied to the radial coordinate, for each ¢ > [ + 1, there is a
sector of aspect ratio m, = ny + ny_;, from the lower “6™ of A, to that of A,_;, which contains
no element of A (Figure [2.5). To reach the entrance of the analogous tunnel between 4,_; and
Ay_5, the random walk may need to circle the lower 6™ of A,_,. We apply the pigeonhole principle
to the angular coordinate to conclude that there is an annular region contained in the lower 6" of
Ay_1, with an aspect ratio of n,_;, which contains no element of A.

The probability that the random walk reaches the annular tunnel before exiting the rectangular
tunnel from A, to A,_; is no smaller than exponential in m,. Similarly, the random walk reaches
the rectangular tunnel from 4,_; to A, 5 before exiting the annular tunnel in .4,_; with a prob-
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ability no smaller than exponential in n,_;. Overall, we conclude that the random walk reaches
Arc;_; without leaving the union of tunnels—and therefore without hitting an element of A—with
a probability no smaller than exponential in ZZ;; Ny.

A
/ .
/ i
Ar
~ N
. gy,
C(R1) C(6Ry) C(Ry)

Figure 2.5: Tunneling through nonempty annuli. We construct a contiguous series of sectors (tan)
and annuli (blue) which contain no elements of A (green dots) and through which the random walk
may advance from C'(R;_;) to C(0R;_;) (dashed).

Stage 3: Advancing to C(R,). Figure (left) essentially depicts the setting of the random
walk upon reaching x € Arcy_;, except with C'(R;) in the place of C'(R) and the circle containing
Arcy_y in the place of C'(£), and except for the possibility that D(R;) contains other elements of
A. Nevertheless, if the radius of Arc;_; is at least e, then by pretending that A_g, = {0}, the
method highlighted in Section will show that P, (7¢(g,) < 7a) = ©(2). A simple calculation
will give the same lower bound (for a potentially smaller constant) in the case when the radius is
less than e”.

Stage 4: Advancing to the origin. Once the random walk reaches C'(R; ), we are in the setting
of Lemma There can be no more than O(R?) elements of A_p,, so there is a path of length
O(R?) to the origin which avoids all other elements of A, and a corresponding probability of at
least a constant that the random walk follows it.

Conclusion of Stages 1—4. The lower bounds from the four stages imply that there are universal
constants c; through ¢, such that

HA(O) > efc1k log k—c2 227;11 ng—log(csn)—logcy > efclnlogn'
It is easy to show that the second inequality holds if ¢; > 8 max{1, 3, log c3,log ¢4 }, using the fact

thatn — k = Z‘Z:_Il nge > 1 and logn > 1. We are free to adjust c; to satisfy this bound, because
co through ¢4 do not depend on the induction hypothesis. This concludes the induction step.
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A complication in Stage 2. If R, is not sufficiently large relative to m,, then we cannot tunnel
the random walk through .4, into A4,_;. We formalize this through the failure of the condition

(SRK > R1<mg + 1). (212)

The problem is that, if fails, then there are too many elements of A in A, and A,_1, and we
cannot guarantee that there is a tunnel between the annuli which avoids A. We note that, while it
may seem that this problem could be avoided by choosing R; in proportion to n, this choice would
ultimately worsen (2.2) to e =",

Accordingly, we will stop Stage 2 tunneling once the random walk reaches a particular subset
Arcg 1 of a circle in Agx_1, where Ag_; is the outermost annulus which fails to satisfy (2.12).
Specifically, we define K as:

I, if 2.12) holds for ¢ € {I,...,J};
min{k € {/,...,J} : @.I2) holds for ¢ € {k,...,J}}, otherwise.
(2.13)

The failure of (2.12) for / = K — 1 when K # [ will imply that there is a path of length
O(Zf:_ll ne) from Arck_ to the origin which otherwise avoids A. In this case, Stage 3 consists
of random walk from Arcg_; following this path to the origin with a probability no smaller than

.o K—1 .

exponential in ) _,_ ;" n,, and there is no Stage 4.

Overall, if K # I, Stages 2,3 contribute a rate of ZZ:_; ng. This rate is smaller than the one
contributed by Stages 2—4 when K = I, so the preceding conclusion holds.

2.3.2 Preparation for the proof of Theorem 2.1.6]

First, we introduce some conventions, notation, and some objects associated with random walk.

All universal constants will be positive and finite. For subsets B and elements = of Z?2, we will
denote corresponding hitting times by o = inf{t > 0: S; € B} or o,. For r > 0, we will denote
the r-fattening of B by B, = {x € Z? : dist(x, B) < r}. We will use rad(C) to denote the radius
of a circle C (e.g., rad(C(r)) = 7). We will denote the minimum of random times 7; and 7, by
1 N T2.

We will use the potential kernel associated with random walk on Z?. We denote the former by
a. It has the form

2
a(z) = ;longH +f<a+0(||x|]_2) , (2.14)

where x € (1.02,1.03) is an explicit constant. The potential kernel satisfies a(o) = 0 and is
harmonic on Zz\{o}. As shown in [[KS04], the constant hidden in the error term, which we call ),
is less than 0.06882. In some instances, we will want to apply a to an element which belongs to
C'(r). It will be convenient to denote, for r > 0,

a(r) = —=logr + k.
m
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Input to Stage 1

Let A € . Like in Section 2.3.1} we assume that ng # n (i.e., Asg, # () and defer the simpler
complementary case to Section[2.3.3] The annulus .4 is important because of the following result.
To state it, denote the uniform distribution on C'(R ;) by (.

Lemma 2.3.1. There is a constant ¢, such that, for every z € C(R),
P(Srein,, = 2 | Tewmy) < Ta) = (). (2.15)

Under the conditioning in (2.13), the random walk reaches C'(0R ;) before hitting A, and
typically proceeds to hit C(R ) before returning to C'(R;.1). The inequality (2.15)) then follows
from the fact that harmonic measure on C'(R;) is comparable to /1.

Proof of Lemma[2.3.1] Under the conditioning, the random walk must reach C(6R ;) before
C(Ry). It therefore suffices to prove that there exists a positive constant ¢; such that, uniformly
forallz € C(0R;41) and z € C(R,),

Po (S, =z | Tor,) < 7a) = c1pr, (2), (2.16)

where 1 = 7¢(r,) A Ta. Because 0.A; separates « from A, the conditional probability in (2.16) is
at least

P.(Sy = 2 | Towry) < Towry ) Tery) < Ta)Pa(Tory) < Tory))- (2.17)
The first factor of (2.17)) simplifies to
Po(Sreqr,, = 2 | Te(ry) < To(ryan)s (2.18)

which we will bound below using Lemma [2.9.4]

We will verify the hypotheses of Lemma[2.9.4 with ¢ = ¢ and R = R . The first hypothesis
is R > 102, which is satisfied because Ry, > R; = 106 2. The second hypothesis is
which, in our case, can be written as

P, < <9 2.19
xeg%%%}iﬂ) (TC(RJH) TC(RJ)) 10 ( )

Exercise 1.6.8 of [Law13]] states that
log(1l) + O(Rr;")
log(%+) + O(R;"' + Ry,)

Py (TC(RJ+1) < TC(RJ)) = (2.20)

where the implicit constants are at most 2 (i.e., the O(R') term is at most 2R '). For the moment,
ignore the error terms and assume ||z|| = dR 1, in which case (2.20) evaluates to % <

0.73. Because Ry > 10°, even after allowing ||z|| up to 6R;,; + 1 and accounting for the error

terms, is less than ¥, which implies (2.19).
Applymg Lemma [2.9.4]to (2.18), we obtain a constant ¢, such that

P“(STcm) 2 | Tony) < To(R) = Catts(2). (2.21)

By (2:19), the second factor of (2:17) is bounded below by . We conclude the claim of (2.16) by
combining this bound and (2.21) w1th (2.17), and by setting 01 1002. [
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Inputs to Stage 2

We continue to assume that ny # n, so that I, .J, and K are well defined; the ng = n case is easy
and we address it in Section [2.3.3] In this subsection, we will prove an estimate of the probability
that a random walk passes through annuli A;_; to A without hitting A. First, in Lemma[2.3.2] we
will identify a sequence of “tunnels” through the nonempty annuli, which are empty of A. Second,
in Lemma[2.3.3]and Lemma [2.3.4] we will show that random walk traverses these tunnels through
a series of rectangles, with a probability which is no smaller than exponential in the number of
elements in Ay, ..., A;_;. We will combine these estimates in Lemma[2.3.3]

Recall from Section 2.3.1] that A is the last annulus before the random walk encounters an
annulus which fails to satisfy (2.12)). We call the set of such /by I = {K, ..., J}. Foreach ¢ € I,
we define the annulus 5, = A(Ry_1, R, ). The inner radius of By is at least R; because

(el = Ry >0 'Ri(me+1)=210" = (>2.

The first implication is due to (2.12) and (2.13); the second is due to the fact that R, = 10°".
The following lemma identifies subsets of B, which are empty of A (Figure [2.6). Recall that
My = Ny + Nyp_1.

Ry 8 Ry 8" Reqq

Figure 2.6: The regions identified in Lemma

Lemma 2.3.2. Let { € 1. Denote gy = (my + 1)~' and §' = §/10. For every { € 1, there is an
angle ¥, € [0,27) and a radius a;—1 € [10R,_1, ' Ry) such that the following regions contain no
element of A:
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o the sector of B, subtending the angular interval [9,,9, + 27e,) and, in particular, the “mid-
dle third” sub-sector

Sng = [Rg, 5/Rg+1) X [ﬁg + 2%5(, 19@ + 4%8() ) and

o the sub-annulus Ann,_1 = A(ay_1,b,_1) of By, where we define

bg_l = ay_1 + Ag_l fOl’ Ag_l = (YﬁgRg (222)

ag—1+bg_1

5 ) and the “arc”

and, in particular, the circle Circ,_; = C' (

Arcy_; = Circp_q1 N {x €7 argx € [P, 0y + 27r€g)} )

We take a moment to explain the parameters and regions. Aside from B, which overlaps A,
and A,_1, the subscripts of the regions indicate which annulus contains them (e.g., Sec, C A, and
Anny,_; C Ay_1). The proof uses the pigeonhole principle to identify regions which contain none
of the m, elements of A in B, and Ann,_;; this motivates our choice of £,. The key aspect of
Secy is that it is separated from 0B, by a distance of at least R,_;. We also need the inner radius
of Ann,_; to be at least [?,_; greater than that of 3,, hence the lower bound on a,_;. The other
key aspect of Ann,_; is its overlap with Sec,_;. The specific constants (e.g., %’T, 10, and ¢’) are
otherwise unimportant.

Proof of Lemma[2.3.2] Fix ¢ € I. For j € {0,...,m,}, form the intervals
27T€g [j,j + 1) and 10Rg_1 + Ag_l[j,j + 1)

B, contains at most m, elements of A, so the pigeonhole principle implies that there are j; and 7
in this range and such that, if ¥, = j,27e, and if ap_1 = 10R,_1 + joAs_1, then

B, N {:U €7 argx € [194, Do+ 2%55)} NA=0, and A(ar_1,a0 1+, 1)NA=0.

Because B, O Sec, and Ann,_; O Arcy_1, for these choices of 1%, and a,_;, we also have Sec, N
A=0and Arc,_1 N A= 0. O

The next result bounds below the probability that the random walk tunnels “down” from Secy
to Arc,_;. We defer its proof to Section as it 1s a simple consequence of the fact that random
walk exits a rectangle through its far side with a probability which is no smaller than exponential
in the aspect ratio of the rectangle (Lemma[2.9.5)). In this case, the aspect ratio is O(my).

Lemma 2.3.3. There is a constant c such that, for any { € I and every y € Secy,
P, (TAW_I < TA) > M.

The following lemma bounds below the probability that the random walk tunnels “around”
Anny_;, from Arcy_; to Sec,_;. Like Lemma we defer its proof to Section because
it is a simple consequence of Lemma [2.9.5] Indeed, random walk from Arc,_; can reach Sec,_;
without exiting Ann,_; by appropriately exiting each rectangle in a sequence of O(my) rectangles

of aspect ratio O(1). Applying Lemma then implies (2.23).
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Lemma 2.3.4. There is a constant c such that, for any ¢ € 1 and every z € Arcy_q,
P, (Tsee,_, < Ta) = ™. (2.23)

The next result combines Lemma and Lemma to tunnel from A, into A _;. Be-
cause the random walk tunnels from 4, to A,_; with a probability no smaller than exponential
in my = ngy + ny_1, the bound in (2.24)) is no smaller than exponential in Z}C}(q ny (recall that
ny = O)

Lemma 2.3.5. There is a constant c such that
J—1
Py (Tarex_y < Ta) = ci=rx—1m, (2.24)
Proof. Denote by G the event

{TAI‘CJfl < TSeCJ,1 < TArCJ72 < T < TAI‘CK < TSecK < TArCK,1 < TA}‘

Lemma and Lemma imply that there is a constant ¢; such that

J—1
P.(G) > ==5" for 2 € C(Ry) N Secy. (2.25)

The intersection of Sec; and C'(R) subtends an angle of at least n; |, so there is a constant ¢,
such that

py(Secy) = conty. (2.26)
The inequality (2.24) follows from G C {Tarc,, < Ta}, and (2.23) and (2.26):
J—1 n J—1 n
P,, (TArCK_l < TA) >P,,(G)> conyt clze:K’1 ‘> 032‘5:“1 ‘
For the third inequality, we take c3 = (cic2)?. O

Inputs to Stage 3 when K = [

We continue to assume that ny # n, as the alternative case is addressed in Section Addi-
tionally, we assume K = I. We briefly recall some important context. When K = [, at the end of
Stage 2, the random walk has reached Circ;_; C A;_q, where Circ;_; is a circle with a radius in
[Rr_1,6'Ry). Since A is the innermost annulus which contains an element of A, the random walk
from Arc;_; must simply reach the origin before hitting A- g, . In this subsection, we estimate this
probability.

We will need the following standard hitting probability estimate (see, for example, Proposi-
tion 1.6.7 of [Lawl3]]), which we state as a lemma because we will use it in other sections as
well.
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Lemma 2.3.6. Lety € D,(r) forr > 2(||x|| + 1) and assume y # o. Then

"(r) — Nl +1
< -2 00)

r

The implicit constants in the error terms are less than one.
If R; < e, then no further machinery is needed to prove the Stage 3 estimate.

Lemma 2.3.7. There exists a constant c such that, if R; < e*", then
c
P (TC(Rl) < T4 | TCircy_; < TA) = o

The bound holds because the random walk must exit D(R;) to hit A~ g,. By a standard hitting
estimate, the probability that the random walk hits the origin first is inversely proportional to log R
which is O(n) when R; < e'".

Proof of Lemma[2.3.7} Uniformly for y € Circy_;, we have
o (Rp) — ' (6R;_1) — & — ==

1
e ORr 5 . (228
a’(RI) + RLI Cl'(R[) ( )

Py (Tory) < 7a) = Py (o < To(ry) =

The first inequality follows from the observation that C'(R;) and C'(R;) separate y from o and
A. The second inequality is due to Lemma [2.3.6, where we have replaced a(y) by a’'(6 R;) + ﬁ
using of Lemma and the fact that ||y|| < 0R;. The third inequality follows from
dR; > 10°. To conclude, we substitute o’ (R;) = 2log R; + « into (2:28) and use assumption that
R; < edn, O

We will use the rest of this subsection to prove the bound of Lemma but under the
complementary assumption R; > e". This is one of the two estimates we highlighted in Section
2.2.2)

Next is a standard result, which enables us to express certain hitting probabilities in terms of
the potential kernel. We include a short proof for completeness.

Lemma 2.3.8. For any pair of points x,y € 72, define

a(m—z)—a(y—z)_i_l

May(2) = 2a(z — y) 2

Then M, ,(z) =P,(0, < 0,).

Proof. Fix z,y € Z*. Theorem 1.4.8 of [Law13] states that for any proper subset B of Z? (includ-
ing infinite B) and bounded function F' : 0B — R, the unique bounded function f : BUJB — R
which is harmonic in B and equals F on 9B is f(z) = E,[F(S,,,)]. Setting B = Z*\{z, y} and
F(z) = 1(z = y), we have f(z) = P,(0, < 0,). Since M, , is bounded, harmonic on B, and
agrees with f on 0B, the uniqueness of f implies M, ,(z) = f(z). O
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The next two results partly implement the first estimate that we discussed in Section
Lemma 2.3.9. Forany z,z' € Circ;_1 andy € D(Ry)S,

1
log Ry’

P.(ry <) < and |P,(1, <T1,) —P.(r, <7,)| < (2.29)

N | =

The first inequality in (2.29) holds because z is appreciably closer to the origin than it is to y.
The second inequality holds because a Taylor expansion of the numerator of M, ,(0) — M./ ,(0)
shows that it is O(1), while the denominator of 2a(y) is at least log R;.

Proof of Lemma By Lemma[2.3.8]

1, a(z)—aly—2)
P.(r, <T,) == )
The first inequality of (2.29)) holds because a(y—=z) > a(z). Indeed, Circ;_; is a subset of D(dRy),
so ||z]] < 0R;+ 1and |y — z|| > (1 — 0)R; — 1 by assumption. The latter is at least twice the
former and ||z|| > 2, so by (1) of Lemma[2.9.1} a(y — 2) > a(2).
Using Lemma [2.3.8] the difference in (2.29) can be written as

M., (0) — My, (0)] = oy —2) —aly = 2)| (2.30)

2a(y)

Concerning the denominator, ||y| is at least one, so a(y) is at least 2log |ly|| > 2log R; by (2)
of Lemma We apply (3) of Lemma with R = R; and r = rad(Circ;_) < 0R; to
bound the numerator by %. Substituting these bounds into (2.30) gives the second inequality in
(2.29). O

Label the k elements in Asg, by z; for 1 < i < k. ThenletY; = 1(7,, < 7,) and W =
Zle Y;. In words, W counts the number of elements of A-r, which have been visited before the
random walk returns to the origin.

Lemma 2.3.10. If R; > e, then, for all z € Circ;_,,
1
E.[W | W > 0] ZEZW—FZ. (2.31)

The constant i in (2.31) is unimportant, aside from being positive, independently of n. The
inequality holds because random walk from Circ;_; hits a given element of A r, before the origin
with a probability of at most % Consequently, given that some such element is hit, the conditional
expectation of W is essentially larger than its unconditional one by a constant.

Proof of Lemma[2.3.10} Fix z € Circ;_;. When {WW > 0} occurs, some labeled element, z, is
hit first. After 7, ;» the random walk may proceed to hit other z; before returning to Circ;_; at a
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time 1 = min {t Z Ty S; € Circ 1_1} . Let V be the collection of labeled elements that the walk
visits before time 7, {i : 7,, < n}. In terms of V and 7, the conditional expectation of W is

E.[W |W > 0] =E, . (2.32)
{ ]

iV
Let V' be a nonempty subset of the labeled elements and let 2z’ € Circ;_;. We have
1
IOg R[ 4

ngV
The first inequality is due to Lemma [2.3.9 and the fact that there are at most n labeled elements

outside of V. The second inequality follows from the assumption that R; > e*".
We use this bound to replace S, in (2.32)) with z:

} 1 (2.33)

EZ[W\W>0]>EZ[ ;

i¢V
By Lemma[2.3.9] P.(7,, < 7,) < 3. Accordingly, for a nonempty subset V' of labeled elements,
1
E, Y, >2E.W - -|V].
S m
¢V
Substituting this into the inner expectation of (2.33)), we find

E.[W | W > 0] >IEZ[]V\+EZW—%\V] ( W>o] —}l

1 1
>E W+ E, [§\V| ‘ W>0} -7

Since {W > 0} = {|V| > 1}, this lower bound is at least E, TV + 1. O

We use the preceding lemma to prove the analogue of Lemma when R; > e'". The proof
uses the method highlighted in Section [2.2.2] and Figure [2.3] (left).

Lemma 2.3.11. There exists a constant c such that, if Ry > e*™ then
c

P (Te(ry) < Ta | Toie,_, <Ta) = . (2.34)
Proof. Conditionally on {7ci,c,_, < 7a}, let the random walk hit Circ;_; at z. Denote the positions
of the k < n particles in Asg, asz; for 1 <i < k. LetY; = 1(7,, < 7,) and W = Z@ L Y, just
as we did for Lemma[2.3.10} The claimed bound (2.34) follows from
E,W E,W n 1

]P)Z(TC(R1) < TA) P, (W > O)

< <1-——.
EW | W0 SEWI/4Snti/ Bn

The first inequality follows from the fact that C'(R;) separates z from the origin. The second
inequality is due to Lemma which applies because R; > e*". Since the resulting expression
increases with [E, TV, we obtain the third inequality by substituting n for E,WW, as E.WW < n. The
fourth inequality follows from n > 1. [
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Inputs to Stage 4 when K = [ and Stage 3 when K # [

The results in this subsection address the last stage of advancement in the two sub-cases of the
case ng # n: K = I and K # I. In the former sub-case, the random walk has reached C'(R;); in
the latter sub-case, it has reached Circg_;. Both sub-cases will be addressed by corollaries of the
following geometric lemma.

Lemma 2.3.12. Let A € 7, and r > 0. From any v € C(r)\A, there is a path T" in (A\{o})°
from 'y = x to I'\r| = o with a length of at most 10 max{r,n}. Moreover, if A C D(r), then T lies
in D(r +2).

We choose the constant factor of 10 for convenience; it has no special significance. We use a
radius of r + 2 in D(r + 2) to contain D(r) and its *-visible boundary, defined as follows. Let m
be a positive integer and denote by Z™* the graph with vertex set Z™ and with an edge between
distinct z,y € Z™ when x and y differ by at most one in each coordinate. For A C Z™, we define
the x-visible boundary 0,;s A as

Ovis A = {x € Z™ : x is adjacent in Z™" to some y € A
and there is a path from oo to = disjoint from A}. (2.35)

To prove Lemma|2.3.12] we need the following result, due to Kesten [Kes86] (alternatively, Theo-
rem 4 of [Tim13]]).

Lemma 2.3.13 (Lemma 2.23 of [Kes86]). Let m be a positive integer. If A is a finite, *-connected
subset of ™, then O.;s A is connected in 7.

Proof of Lemma2.3.12] Let { By}, be the collection of *-connected components of A\{o}. By
Lemma[2.3.13] because By is finite and *-connected, 0}, B, is connected.

Fix r > 0 and = € C(r)\A. Let I be the shortest path from z to the origin. If I" is disjoint
from A\{o}, then we are done, as |I'| is no greater than 2r. Otherwise, let /; be the label of the
first x-connected component intersected by I'. Let 7 and j be the first and last indices such that I’
intersects 07, By, , respectively. Because 07, By, is connected, there is a path A in 0, By, from I';

to I';. We then edit I" to form I'' as
F, == (Fl, ‘e 7Fi—1aAl7- . ,A|A|,Fj+17. .. 7F\F\) .

If I is disjoint from A\{o}, then we are done, as [ is contained in the union of I' and
\U, 0% Be. Since | J, By has at most n elements, | J, Oy B has at most 8n elements. Accordingly,
the length of I is at most 27 +8n < 10 max{r, n}. Otherwise, if I/ intersects another *-connected
component of A\{o}, we can simply relabel the preceding argument to continue inductively and
obtain the same bound.

Lastly, if A C D(r), then |J, 0% By is contained in D(r + 2). Since I is also contained in
D(r + 2), this implies that I is contained in D(r + 2). O
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We now state three corollaries of Lemma [2.3.12] The first corollary addresses Stage 4 when
K = I. It follows from |A_p,| = O(R?) and A~g, C D(R; + 2)°.

Corollary 2.3.14. There is a constant c such that
P(1o < 7a | Tory) < Ta) 2 c. (2.36)
The second corollary addresses Stage 3 when K # [.

Corollary 2.3.15. Assume that no = 1 and K # 1. There is a constant c such that
P(7o < Ta | Teiroy_y < 7a) = ¢t ™. 2.37)

The bound follows from Lemma because K # I implies that the radius r of
Circg_1 is at most a constant factor times |A_,|. Lemma[2.3.12|then implies that there is a path T
from Circk_; to the origin with a length of O(|A-,|), which remains in D(r + 2) and otherwise
avoids the elements of A_,. In fact, because Circg_; is a subset of Anng_;, which contains no
elements of A, by remaining in D(r + 2), I" avoids A, as well. This implies (2.37).

The third corollary implies of Theorem because any connected set belonging to .77;,
is contained in D(n).

Corollary 2.3.16. Let n > 1. There is a constant c such that, for any connected A € 7,

H,(0) > e~°m.

2.3.3 Proof of Theorem

We only need to prove (2.2)), because Corollary [2.3.16]establishes (2.3). The proof is by induction
on n. Since (2.2)) clearly holds for n = 1 and n = 2, we assume n > 3.

Let A € 7Z,. There are three cases: ng = n, ng # nand K = I, and ny # n and K # I. The
first of these cases is easy: When ny = n, A is contained in D(R;), so Corollary implies that
H (o) is at least a universal constant. Accordingly, in what follows, we assume that ny # n and
address the two sub-cases K = [ and K # 1.

First sub-case: K = I. If K = I, then we write

Ha(o) = P(1, < 7a) 2 P(Te(r)) < Tire; 1 < TOR) < To < TA).
Because C'(R;), Circy_y, and C(R;) respectively separate Circy_y, C(R;), and the origin from

00, we can express the lower bound as the following product:

HA(O) > P(TC(RJ) < TA) X IP)(7'Ci1rc1,1 < T4 ’ TC(Ry) < TA)
X P(TC(Rl) < TA | TCirer_1 < TA) X P(TO < TA ‘ TC(Rl) < TA)' (238)

We address the four factors of (2.38)) in turn. First, by the induction hypothesis, there is a

constant ¢; such that

P(TC(RJ) < TA) 2 e—clklogk7
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where £ = n. ; + 1. Second, by the strong Markov property applied to 7¢(r,) and Lemma
and then by Lemma[2.3.5] there are constants ¢, and ¢ such that

_ J-1
IP)(TCimFl < Ty | TC(Ry) < TA) = clP,, (TArCFl < TA) > e 3 2= ™, (2.39)

Third and fourth, by Lemma and Lemma|2.3.11} and by Corollary [2.3.14] there are constants
¢4 and cs such that

P(7c(r) < Ta ‘ TCivey, < Ta) = (can)™" and P(7, < 74 ’ To(ry) < Ta) 2 6.
Substituting the preceding bounds into (2.38]) completes the induction step for this sub-case:

HA (O) > e—qk log k—cs3 ZeJ:_[l ng—log(can)+log cs > e—cn logn )

The second inequality follows from n — k = ZQZ} ng > 1 and logn > 1, and from potentially
adjusting ¢, to satisfy ¢; > 8 max{1, c3, log ¢4, —log c5 }. We are free to adjust ¢; in this way, since
the other constants do not arise from the use of the induction hypothesis.

Second sub-case: K # [. If K # I, then we write H4(0) = P(To(r,) < TCirex 1 < To < Ta)-
Because C'(R;) and Circy_; separate Circx 1 and the origin from oo, we can express the lower
bound as:

Ha(o) = P(1¢(r,) < TA>X]P(TCirCK_1 < Ta | TC(Ry) < TA) XIP’(TO <74 | TCirep_q < TA). (2.40)

As in the first sub-case, the first factor is addressed by the induction hypothesis and the lower
bound (2.39) applies to the second factor of (2.40) with K in the place of /. Concerning the third
factor, corollary [2.3.14]implies that there is a constant cg such that

K—-1
IP’(TO < T4 ‘ TCirep_; < TA) > ¢ Yer e
Substituting the three bounds into (2.40)) concludes the induction step in this sub-case:

J—1 K—1
HA(O> 2 e—clklogk—c;), D e—C6 D T 2 e—clnlogn.

The second inequality follows from potentially adjusting ¢; to satisfy ¢; > 8 max{1, c3, ¢4 }.
This completes the induction and establishes (2.2)). O

2.4 Escape probability estimates

The purpose of this section is to prove Theorem It suffices to prove the escape probability
lower bound (2.10), as (2.11) follows from (2.10) by the pigeonhole principle. Let A be an n-
element subset of Z? with at least two elements. We assume w.l.o.g. that o € A. Denote b =
diam(A), and suppose d > 2b. We aim to show that there is a constant ¢ such that, if d > 20b, then,
for every x € A,

cHa(z)
nlogd

P, (194, < Ta) =
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In fact, by adjusting ¢, we can reduce to the case when d > kb for k£ = 200 and when b is at least
a large universal constant, &’. We proceed to prove (2.10) when d > 2000, for sufficiently large
b. Since C'(kb) separates A from 0A,, we can write the escape probability as the product of two
factors:

Px(TaAd < TA) = Px<TC(kb) < TA) Px(T{)Ad < Ta } TC (kb) < TA>. (241)
Concerning the first factor of (2.41)), we have the following lemma.

Lemma 2.4.1. Let x € A. Then

HA(CL‘)

Tiog (k0] (2.42)

P (Tows) < Ta) =

The factor of log(kb) arises from evaluating the potential kernel at elements of C'(kb); the factor
of 4 is unimportant. The proof is an application of the optional stopping theorem to the martingale

a(Sj/\To ) *
Proof of Lemma Let x € A. By conditioning on the first step, we have

1
Py (Tows < Ta) = 1 Z Py (Tes) < Ta), (2.43)
yEA Yy~
where y ~ = means ||z — y|| = 1. We apply the optional stopping theorem to the martingale

a(Sjnr,) with the stopping time 74 A 7¢ (k) to find:

1 1 a
1 2 Blew<m=3 > g

y¢ Ay~ yEAy~x TC (kb)

(;g) - Eyu(s‘m) (244)

—a(S:,) | TC(kb) < TA}

We need two facts. First, H4(z) can be expressed as zllzygéA,me (a(y) — Eya(S,,)) [Pop21],
Definition 3.15, Theorem 3.16]. Second, for any z € C(kb), a(z) < 4log(kb) by Lemma
Applying these facts to (2.44)), and the result to (2.43)), we find

Pa(roo <) > g O (60~ Eya(si) = —fff;;((?b).

y¢ Ay~

]

Concerning the second factor of (2.41), given that {7¢ () < T4} occurs, we are essentially in
the setting depicted on the right side of Figure with z = S;_ ., r = b, kb in the place of 2r,
and R = d. The argument highlighted in Section suggests that the second factor of (2.41))
is at least proportional to J?ngbd. We will prove this lower bound and combine it with (2.41)) and

(2.42) to obtain (2.10) of Theorem [2.1.9
Lemma 2.4.2. Lety € C(kb). If d > kb and if b is sufficiently large, then

log b
2nlogd’

Py (Ton, < 7a) = (2.45)
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Proof. Let y € C(kb). We will follow the argument of Section Label the points of A as
1, To, ..., T, and define

Y, =1(r, <7pa,) and W =) Y.
=1

From the definition of W, we see that {/W = 0} = {74, < 7a}. Thus to obtain the lower bound
in (2.43), it suffices to get a complementary upper bound on

E,W
P, (W >0)= Y . 2.46
We will find « and /3 such that, uniformly for y € C'(kb) and z;,z; € A,
Py (74, < Toa,) < and P, (ij < TaAd) > 0. (2.47)
Moreover, o and ( will satisfy

log b
a<f and 1-02> ) (2.48)

2logd

The requirement that & < [ prevents us from choosing 5 = 0. Essentially, we will be able to
satisfy and the first condition of (2.48)) because ||z; — x;|| is smaller than |y — z;||. We will
be able to satisfy the second condition because dist(z;, 0A4) > d while ||z; — x;|| < b, which
implies that P, (7, < 7p4,) is roughly 1 — .

If «, 3 satisfy (2.47), then we can bound as

< noa
S 14+ (n-1)8

Additionally, when o and [ satisfy (2.48)), (2.49) implies

(1—6)+n(6—a)>1—6> log b
1-8)+n8 =~ n = 2nlogd’

P, (W > 0) (2.49)

Py<W = 0) >

which gives the claimed bound (2.45)).
Identifying o.. We now find the o promised in (2:47). Denote F; = C.,(d + b) (Figure 2.7).
Since A, separates y from Fj, we have

Py (o, < Toa,) < Py (1o, < 71) = Pys, (7o < To(ars)) - (2.50)

The hypotheses of Lemma are met because y — x; # oand y — x; € D(d + b). Hence
(2.277) applies as

(d+b) —aly —2:) + O(lly — =)

2.51
(@15 10y — ) (2>

]P)y—xi (7—0 < 7—C'(cler)) =
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Figure 2.7: Escape to 0A,, for n = 3. Each F; is a circle centered on z; € A, separating A, from
infinity. Lemma bounds above the probability that the walk hits x; before F;, uniformly for
y € C(kb).

log(d+b)—log(kb)

Tog(@ip) - /> more careful calcu-

Ignoring the error terms, the expression in (2.51)) is at most
lation gives

log(d + b) — log(kb) 5 (14 ¢)logd — log(kb)
1

0 =:
ogd+b) log d 1=

Py, (To < Towsy) =

where 01 = (% + O(b™"))(logd)™" and ¢ = @. The inequality results from applying the
inequality log(1 + x) < x, which holds for x > —1, to the log(d + b) term in the numerator, and
reducing log(d + b) to log d in the denominator. By (2.50), « satisfies (2.47)).

Identifying 3. We now find a suitable 5. Since C,,(d) separates A from A, we have
P, (ij < T@Ad> > P, (ij < Tcwi(d)) =Py (7’0 < Tc(d)) . (2.52)

The hypotheses of Lemma are met because z; — z; # o and x; — x; € D(d). Hence

applies as

a'(d) — a(wi — ;) + Ol — ;] )
@'(d) + O([|lzi — a5(|7)

log d—log b
logd+k

Poi—a; (To < To@) = (2.53)

Ignoring the error terms, (2.53) is at least . A more careful calculation gives

logd — logb B

Oy =:
logd 2 ﬁu

Pri—a; (To < Tow) =
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where d, = (5 4+ O(b~"))(logd)~". By 2.52), 3 satisfies ([2.47)).
Verifying (2.48). To verify the first condition of (2.48)), we calculate

(B—a)logd=1logk -2 —ax+00b") =1+007").

The inequality is due to k& = 200, 2 < 0.5, and 7x < 3.5. If b is sufficiently large, then 1+ O(b™?)
is nonnegative, which verifies (2.48).
Concerning the second condition of (2.48), if b is sufficiently large, then

logbh+1 < log b

1—-p8= < .
p log d 2logd

We have identified o, # which satisfy (2.47) and (2.48)) for sufficiently large b. By the preceding
discussion, this proves (2.43). l

Proof of Theorem[2.1.9, By [2.41)), Lemma[2.4.1] and Lemma [2.4.2] we have

Ha(z) log b H(z)
P, < P ' > ’
(Toa, < 7a) 4log(kb) 2nlogd ~ 16nlogd

(2.54)

whenever x € A and d > kb, for sufficiently large b. The second inequality is due to the fact that
log(kb) < 2logb for sufficiently large b.

By the reductions discussed at the beginning of this section, (2.54) implies that there is a
constant ¢ such that holds for z € A if A has at least two elements and if d > 2 diam(A).
follows from because, by the pigeonhole principle, some element of A has harmonic
measure of at least n 1. O

2.5 Clustering sets of relatively large diameter

When a HAT configuration has a large diameter relative to the number of particles, we can decom-
pose the configuration into clusters of particles, which are well separated in a sense. This is the
content of Lemma([2.5.2] which will be a key input to the results in Section [2.6]

Definition 2.5.1 (Exponential clustering). For a finite A C Z* with |A| = n, an exponential
clustering of A with parameter v > 0, denoted A +, {A', x;,0D}YE_  is a partition of A into
clusters A', A%, ... A¥ with 1 < k < n, such that each cluster arises as A" = AN D,,(0%) for
x; € 72 with 09 > r, and

dist(A4’, A7) > exp (max {6),09)}) fori # j. (2.55)

We will call x; the center of cluster 1. In some instances, the values of r, x;, or 0% will be irrelevant
and we will omit them from our notation. For example, A — {A'}r_.
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An exponential clustering of A with parameter r always exists because, if A' = A, x; € A, and
0 > max{r, diam(A)}, then A -, {A x,0(} is such a clustering. However, to ensure that
there is an exponential clustering of A (with parameter ) with more than one cluster, we require
that the diameter of A exceeds 26,,_1(r). Recall that we defined 6,,,(r) in (2.1)) through 6y(r) = 0
and 0,,,(r) = 0,,_1(r) + e’=1(") for m > 1.

Lemma 2.5.2. Let |A| = n. If diam(A) > 20,,_1(r), then there exists an exponential clustering of
A with parameter r into k > 1 clusters.

To prove the lemma, we will identify disks with radii of at most 6,,_;(r), which cover A.
Although it is not required of an exponential clustering, the disks will be centered at elements of
A. These disks will give rise to at least two clusters, since diam(A) exceeds 26,,_; (7). The disks
will be surrounded by large annuli which are empty of A, which will imply that the clusters are
exponentially separated.

Proof of Lemma Foreachx € Aandm > 1, consider the annulus A, (6,,) = D(0,,)\ D (6pn—1)-
For each z, identify the smallest m such that A, (6,,) N A is empty and call it m,,. Note that since
|A| = n, m, can be no more than n and hence 0,,, < 6,,. Call the corresponding annulus .A*, and
denote D} = D,(6,,,—1). For convenience, we label the elements of A as 1, zo, ..., Zp.

For z; € A, we collect those disks D~ which contain it as

E(x;) = {D;j rx; €Dy, 1<) < n}.

We observe that £(z;) is always nonempty, as it contains D . Now observe that, for any two
distinct D} , D}, € &(x;), it must be that

D; NACD:,NA or DiNACD;NA. (2.56)

To see why, assume for the purpose of deriving a contradiction that each disk contains an element
of A which the other does not. Without loss of generality, suppose szj = Up,, and let y, €
(D;,\D;,) N A. Because each disk must contain x;, we have ||y, — ;|| < 26,,,,—1 and ||z; —z;|| <
szj _1. The triangle inequality implies

lye — @]l < Oy, —1 + 20m,,-1 < O, = Yo € Dy (O, ) N A.

By assumption, y, is not in D, (lej,l) N A, so y, must be an element of A,, (szj) N A, which
contradicts the construction of m,.

By (2.56), we may totally order the elements of £(z;) by inclusion of intersection with A. For
each x;, we select the element of £(z;) which is greatest in this ordering. If we have not already
established it as a cluster, we do so. After we have identified a cluster for each x;, we discard those
D7 which were not selected for any x;. For the remainder of the proof, we only refer to those D7
which were established as clusters, and we relabel the x; so that the clusters can be expressed as

the collection {D;j }j:1’ for some 1 < k£ < n. We will show that £ is strictly greater than one.
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The collecktion of clusters contains all elements of A, and is associated to the collection of
annuli {A;j }jzl, which contain no elements of A. We observe that, for some distinct z; and x, it

may be that A;j ND; , # (). However, because the annuli contain no elements of A, it must be that

dist(D. N A, D%, N A) > max {em R S }
J J 7j—1 4 -1

Oy —
= max {e ", 69’”1[’1}

= exp (maX {rad(D; )7 rad(D;Z)})7

J
where we use rad to indicate the radius of a disk. As D7 N A C Dy for any z; in question,
we conclude the desired separation of clusters by setting A° = D; N Aforeach 1 < i < k.
Furthermore, since My, <N for all 7, rad(D;j) < 6,4 for all j. Since A is contained in the union

of the clusters, if diam(A) > 20,1, then there must be at least two clusters. Lastly, as my; = 0
for all j, rad(D; ) > r for all j. O

2.6 Estimates of the time of collapse

We proceed to prove the main collapse result, Theorem As the proof requires several steps,
we begin by discussing the organization of the section and introducing some key definitions. We
avoid discussing the proof strategy in detail before making necessary definitions; an in-depth proof
strategy is covered in Section[2.6.2]

Briefly, to estimate the time until the diameter of the configuration falls below a given function
of n, we will perform exponential clustering and consider the more manageable task of (i) esti-
mating the time until some cluster loses all of its particles to the other clusters. By iterating this
estimate, we can (ii) control the time it takes for the clusters to consolidate into a single cluster.
We will find that the surviving cluster has a diameter which is approximately the logarithm of the
original diameter. Then, by repeatedly applying this estimate, we can (iii) control the time it takes
for the diameter of the configuration to collapse.

The purpose of Section [2.6.1]1s to wield (i1) in the form of Proposition [2.6.3| and prove The-
orem thus completing (iii). The remaining subsections are dedicated to proving the propo-
sition. An overview of our strategy will be detailed in Section [2.6.2] In particular, we describe
how the key harmonic measure estimate of Theorem [2.1.6and the key escape probability estimate
of Theorem contribute to addressing (i). We then develop basic properties of cluster separa-
tion and explore the geometric consequences of timely cluster collapse in Section Lastly, in
Section [2.6.4, we prove a series of propositions which collectively control the timing of individual
cluster collapse, culminating in the proof of Proposition[2.6.3]

Implicit in this discussion is a notion of “cluster” which persists over several steps of the dy-
namics. We now make this precise in terms of an exponential clustering. Recall that an exponential
clustering Uy + {Ug, ;, 0 }E_| of Uy is defined such that: {U$}¥_, partitions Up; each U} equals
Uy N Dy, (0); and every distinct pair of clusters U, U satisfies dist(U, Ul) > emax{6©09},
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Definition 2.6.1. Let Uy have an exponential clustering Uy — {US x;,0W}r_ . For any time
t > 1, if U, is obtained from t steps of the HAT dynamics from initial configuration Uy, then we
recursively define {U}r_, as

U, =U,n (U, UdU/_,). (2.57)

In principle, after many steps of the dynamics, clusters defined according to (2.57)) may inter-
sect one another. However, in our application, clusters will be disjoint.

Definition 2.6.2 (Cluster collapse times). Suppose Uy has the exponential clustering Uy — {US}F_,.
We define the (-cluster collapse time as

To=inf{t>0:U"'=UF=- - =U/=0, for L <ji <jo<- <je<k}.
We adopt the convention that Ty = 0.

By (2.37), if for some time ¢ the cluster U} is empty, then U}, is empty for all times ¢’ > t.
Consequently, the collapse times are ordered: 7; < 75 < --- < 7g.

2.6.1 Proving Theorem 2.1.2]

We now state the proposition to which most of the effort in this section is devoted and, assuming
it, prove Theorem We will denote by

¢ n, the number of elements of Uy;

* ®(r), the inverse function of 6,,(r) for all » > 0 (6,,(r) is an increasing function of r > 0 for
every n); and

» F;, the sigma algebra generated by the initial configuration Uy, the first ¢ activation sites
Xo, X1,...,X,_1, and the first ¢t random walks S° S',... S*~! which accomplish the
transport component of the dynamics.

We note that ® is defined so that, if r = ®(diam(Up)), then diam(U) > 26,_1(r) and, by
Lemma [2.5.2] exponential clustering of U, with parameter r will produce at least two clusters.

Proposition 2.6.3. There is a constant c such that, if the diameter d of Uy exceeds 04,(cn), then
for any number of clusters k resulting from exponential clustering of Uy with parameter r = ®(d)
and with § = (2n)~%, we have

Py, (Tio1 < (logd)'™™) > 1 — exp (—2nr°) . (2.58)

In words, if U, has a diameter of d, it takes no more than (log d)'*°»(!) steps to observe the
collapse of all but one cluster, with high probability. Because no cluster begins with a diameter
greater than log d (by exponential clustering) and, as the diameter of a cluster increases at most
linearly in time, the remaining cluster at time 7;_; has a diameter of no more than (log d)'*°»(1).
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We will obtain Theorem by repeatedly applying Proposition We prove the theorem
here, assuming the proposition, and then prove the proposition in the following subsections.

Our argument takes the form of Algorithm [I] and an analysis of its outputs. We organize the
proof in this way because it more compact and direct than the alternative. In the context of a
configuration with k, clusters, we will set £, = {77%_1 < (log dg)H_?é}. The variable 7,_; is
the time it takes for the k, clusters to collapse into one cluster. The algorithm takes as input an
initial configuration U with number of elements n and diameter d. It defines variables V}, d;, and
ry, which are the configuration, diameter, and clustering parameter after £ — 1 collapses. We set V;
equal to U; dy equal to d; r; to be ®(d); two counting variables, ¢ and 7T, equal to one and zero;
and an indicator called flag to zero.

During the /" “loop,” the algorithm performs exponential clustering with parameter r, on con-
figuration V} to obtain k, clusters and checks the occurrence of £f. If Ef occurs, the algorithm
sets flag to one and “breaks” out of the current loop, upon which the algorithm terminates. If F
occurs, the algorithm assigns values for the configuration V. 1, diameter d,. 1, and clustering pa-
rameter r,,1, which will be used in the next loop (if another loop is entered). Additionally, the
algorithm updates 7 to account for the 7;,_; steps of the HAT dynamics and updates ¢ to £ 4 1 so
that the next loop uses the new configuration, diameter, and clustering parameter.

The algorithm terminates if, at the beginning of the /™ loop, the current HAT configuration
V; has a diameter d, less than or equal to 04,(cn) or if, at any time, flag = 1, indicating the
occurrence of £7_,. If the algorithm terminates with flag = 0, then it must have terminated because
dy < 04,(cn) and therefore the value of 7 returned by the algorithm is at least 7 (64, (cn)). If the
algorithm terminates with flag = 1, then we are unable to provide a bound on 7 (64, (cn)) in terms

of T.

Proof of Theorem In the context of the preceding discussion, it suffices to show that, with a
probability of at least 1 — e™", the algorithm terminates with flag = 0 and 7 which satisfies

T < (logd)' o). (2.59)

By Proposition letting & = (2n)~*, we have Py, (ES) < e~2"% for any (. Consequently,
if NV is the number of loops (i.e., the number of times the while statement executes) before the
algorithm terminates, then the procedure terminates with flag = 0 unless U}, E§ occurs, which
has a probability no greater than

N

N
Py (Ué\f:rEg) < Ze—2m"g —Qm"?\, Ze 2n TZ—T‘N) (2.60)
(=1 (=1

For all ¢ < N, the event E, occurs which implies (by some algebra) that d,,, is less than
(log dy)'+8. Using this bound and the fact that d, is at least 6, (cn), some simple but cumbersome
algebra shows

P 1l = B(d) — B(den)’ > 1.
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Algorithm
Input : Configuration U, number of elements 7, diameter d = diam(U)
Output: Indicator of failed collapse time estimate flag, total collapse time 7
/* Assign initial values of parameters. */
Vi< U, dy<d, r<+®d), (<+1, T<+0, and flag« 0

/+ While the diameter is large and preceding collapse time estimates

have succeeded ... */
while d; > 04,(cn) and flag = 0 do
/* Perform exponential clustering. */
ike
Ve, {Us )ity
/* Try to observe the collapse of a cluster. */

if &7 occurs then

ﬂag<——1 // If collapse takes too long, indicate this with flag and
terminate.

break

else

Vg+1 — Unrl, dg+1 < diam(VgH), Te41 < q)(dg+1) // Else, prepare
the next loop.

end
7~4—'7-+‘72[—17 C—10+1 // Restart the loop with the new

configuration.

end
return flag, 7

Using (2.60), this implies

N-1

_ § _ _ o _

P (Ug 1E€ \ 2n7"N e 2n€ 2nrN < e "
=0

This establishes that the algorithm terminates with flag = 0 with a probability of at least 1 — e™".
It remains to establish when N, B, occurs.

Again, because d, ; is less than (log d;)*™*° and by the lower bound on dj, the ratio of log dy, 1
to log d, is at most 1/2. In fact, it is much smaller, but this suffices to establish

N N N-1
T=3 Ti1 <Y (logdy)*™ < (logdi)™ >~ 270 < (logdy) ™.
=1 (=1 =0
Because d; = d, we conclude (2.39) with 83 < n~* in the place of 0,,(1). O

For applications in Section we extend Theorem [2.1.2] to a more general tail bound of
T (Oa)-
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Corollary 2.6.4 (Corollary of Theorem[2.1.2)). Let U be an n-element subset of Z* with a diameter
of d. There exists a universal positive constant ¢ such that

Py (T (0an(cn)) > t(log max{t, d})1+0”(1)) <e (2.61)
for all t > 1. For the sake of concreteness, this is true with 2n="* in the place of 0,(1).

In the proof of the corollary, it will be convenient to have notation for the timescale of collapse
after j failed collapses, starting from a diameter of d. Because diameter increases at most linearly
in time, if the initial configuration has a diameter of d and collapse does not occur in the next
(log d)**on() steps, then the diameter after this period of time is at most d + (logd)'*°»(). In

our next attempt to observe collapse, we would wait at most ( log(d + (log d)' (1)) Hon() steps.
This discussion motivates the definition of the functions g; = g;(d, €) by

it 1+e
go = (logd)'™* and g; = (log (d+ Zgz)> Vi> 1.
i=0

We will use t; = t;(d, ¢) to denote the cumulative time $>7_ g;.

Proof of Corollary Lete = n~* and use this as the ¢ parameter for the collapse timescales g;
and cumulative times ¢;. Additionally, denote § = 6y,,(cn) for the constant ¢ from Theorem
(this will also be the constant in the statement of the corollary). The bound clearly holds
when d is at most 6, so we assume d > 0.

Because the diameter of U is d and as diameter grows at most linearly in time, conditionally
on F; = {T(0) > t;}, the diameter of Uy, is at most d + ¢;. Consequently, by the Markov property
applied to time ¢;, and by Theorem (the diameter is at least 8) and the fact that n > 1, the
conditional probability Py (F;1|F;) satisfies

1p,

< e ! forany j > 0. (2.62)
Py (F)) -

Py (FjalF;) = Ev | Py, (T(0) > gj11)

In fact, Theorem implies that the inequality holds with e~ in the place of e~!, but this will
make no difference to us.

If the cumulative time ¢; is at most ¢ for an integer .J, then there are at least J consecutive
collapse attempts which must fail in order for 7 (64,) to exceed ¢. Hence, for any such J, by

(2.62). .
Py(T(0) > t) < [[Pu(Frn|Fy) < e’ (2.63)
=0

We now bound below J to obtain a further upper bound of (2.63)) in terms of . We have

1+e
— — t—2(lo d—{-t
7> tJ 9J 2 t 29J > ( g( ))

gs 91~ (log(d+ 1)

(2.64)
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The first inequality holds because ¢; is at most (J + 1)g;; the second because t; is within g;
of ¢; and the third because, when the cumulative time ?; is at most ¢, the corresponding collapse

timescale g, is at most (log(d + t)) ¢ Applying (2.64) to (2.63), we find

_ t—2(log(d+t)) ¢

Py(T(0) > 1) < e ontainntoe

We obtain (2.61)) by replacing ¢ with t(log max{t, d}) %% in the preceding inequality and noting
that, because d > 0 and € < 1, the resulting bound is at most e . O]

2.6.2 Proof strategy for Proposition [2.6.3]

We turn our attention to the proof of Proposition [2.6.3] which finds a high-probability bound on the
time it takes for all but one cluster to collapse. Heuristically, if there are only two clusters, separated
by a distance p;, then one of the clusters will lose all its particles to the other cluster in log p; steps
(up to factors depending on n), due to the harmonic measure and escape probability lower bounds
of Theorems|2.1.6|and [2.1.9] This heuristic suggests that, among & clusters, we should observe the
collapse of some cluster on a timescale which depends on the smallest separation between any two
of the £ clusters. Similarly, at the time the /M cluster collapses, if the least separation among the
remaining clusters is py 1, then we expect to wait log py; steps for the (¢ + 1)* collapse.

If the timescale of collapse is small relative to the separation between clusters, the pairwise
separation and diameters of clusters cannot appreciably change while collapse occurs. In particular,
the separation between any two clusters will not significantly exceed the initial diameter d of the
configuration, which suggests an overall bound of order (log d)!*°+() steps for all but one cluster
to collapse, where the o0,(1) factor accounts for various n-dependent factors. This is the upper
bound we establish.

We now highlight some key aspects of the proof.

Expiry time

As described above, over the timescale typical of collapse, the diameters and separation of clusters
will not change appreciably. Because these quantities determine the probability with which the
least separated cluster loses a particle, we will be able to obtain estimates of this probability which
hold uniformly from the time 7,_; of the (¢ — 1)* cluster collapse and until the next time 7, that
some cluster collapses, unless 7, — 7,_1 is atypically large. Indeed, if 7, — 7,_; is as large as the
separation p, of the least separated cluster at time 7,_1, then two clusters may intersect. We avoid
this by defining a F7,_,-measurable expiry time t, (which will effectively be (log p¢)?) and restrict-
ing our estimates to the interval from 7,_; to the minimum of 7,_; + t, and 7,. An expiry time of
(log p¢)? is short enough that the relative separation of clusters will not change significantly before
it, but long enough so that some cluster will collapse before it with overwhelming probability.
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Midway point

From time 7,_; to time 7, or until expiry, we will track activated particles which reach a circle
of radius % p¢ surrounding one of the least separated clusters, which we call the watched cluster.
We will use this circle, called the midway point, to organize our argument with the following three
estimates, which will hold uniformly over this interval of time (Figure [2.8)).

1. Activated particles which reach the midway point deposit at the watched cluster with a prob-
ability of at most 0.51.

2. With a probability of at least (log p,) ' ~°»(1), the activated particle reaches the midway point.

3. Conditionally on the activated particle reaching the midway point, the probability that it
originated at the watched cluster is at least (log log p,) 1.

Figure 2.8: Setting of the proof of Proposition m Least separated clusters 7 and j (cluster ¢ is
the watched cluster), each with a diameter of approximately log p,, are separated by a distance p,
at time 7,_;. The diameters of the clusters grow at most linearly in time, so over approximately
(log p¢)? steps, the clusters remain within the dotted circles. Crosses on the timeline indicate times
before collapse and expiry at which an activated particle reaches the midway point (solid circle).
At these times, the number of particles in the watched cluster may remain the same or increase
or decrease by one (indicated by 0, £1 above the crosses). At time ¢, the watched cluster gains a
particle from cluster ;.
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To explain the third estimate, we make two observations. First, consider a cluster j separated
from the watched cluster by a distance of p. In the relevant context, cluster j will essentially be
exponentially separated, so its diameter will be at most log p. Consequently, a particle activated at
cluster j reaches the midway point with a probability of at most %ﬁ. Because this probability

is decreasing in p and because p > py, % further bounds above it. Second, the probability
that a particle activated at the watched cluster reaches the midway point is at least (log p,)~?,
up to a factor depending on n. Combining these two observations with Bayes’s rule, a particle
which reaches the midway point was activated at the watched cluster with a probability of at least

(log log p¢) ™, up to an n-dependent factor.

Coupling with random walk

Each time an activated particle reaches the midway point, there is a chance of at least (log log p,) ™!

up to an n-dependent factor that the particle originated at the watched cluster and will ultimately
deposit at another cluster. When this occurs, the watched cluster loses a particle. Alternatively, the
activated particle may return to its cluster of origin—in which case the watched cluster retains its
particles—or it deposits at the watched cluster, having originated at a different one—in which case
the watched cluster gains a particle (Figure[2.§).

We will couple the number of elements in the watched cluster with a lazy, one-dimensional
random walk, which will never exceed n and never hit zero before the size of the watched cluster
does. It will take no more than (log log p,)™ instances of the activated particle reaching the midway
point, for the random walk to make n consecutive down-steps. This is a coarse estimate; with more
effort, we could improve the n-dependence of this term, but it would not qualitatively change the
result. On a high probability event, p, will be sufficiently large to ensure that (loglog p,)" =
(log p¢)°»(Y). Then, because it will typically take no more than (log p;)!*°(1) steps to observe a
visit to the midway point, we will wait a number of steps on the same order to observe the collapse
of a cluster.

2.6.3 Basic properties of clusters and collapse times
We will work in the following setting.

* For brevity, if we write 6,, with no parenthetical argument, we will mean 6,,(yn) for the
constant y given by
v = 18 max{cy, c; '} + 36, (2.65)

where ¢; and ¢, are the constants in Theorems [2.1.6|and 2.1.9, Any constant larger than ~y
would also work 1n its place.

» Up has n > 2 elements and diam(U)) is at least 0,,.

* The clustering parameter r equals ®(diam(U)), where we continue to denote by ®(-) the
inverse function of 0,,(+). In particular, r satisfies

r > ®(04,) = 03, > €. (2.66)
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* We will assume that the initial configuration is exponentially clustered with parameter r
as Uy +>, {U}, 2;,0D}F_ . In particular, we assume that clustering produces k clusters.
We note that the choice of r guarantees diam(Uy) > 26,_(r) which, by Lemma
guarantees that k£ > 1.

* We denote a generic element of {1,2,... k — 1} by .

Properties of cluster separation and diameter

We will use the following terms to describe the separation of clusters.

Definition 2.6.5. We define pairwise cluster separation and the least separation by

sep (U}) = m;n dist(U7,U?) and sep (U;) = minsep (U}).
JF )

(By convention, the distance to an empty set is 0o, so the separation of a cluster is oo at all times
following its collapse.) If U} satisfies sep(U;) = sep(U,), then we say that U} is least separated.
Whenever there are at least two clusters, at least two clusters will be least separated. The least
separation at a cluster collapse time will be an important quantity; we will denote it by

pe = sep(Ur,_,).

Next, we introduce the expiry time t, and the truncated collapse time T,”. As discussed in
Section if at time 7,_; the least separation is py, then we will obtain a lower bound on the
probability that a least separated cluster loses a particle, which holds uniformly from time 7,_; to
the first of 7,_; + t, and 7; — 1 (i.e., the time immediately preceding the /" collapse), which we
call the truncated collapse time, 7, . Here, t, is an F7,  -measurable random variable which will
effectively be (log p,)?. It will be rare for 7; to exceed T;_1 + t;, 50 7, can be thought of as 7, — 1.

Definition 2.6.6. Given the F7, | data (in particular p, and Ty_1), we define the expiry time t; to
be
t = (log pe)* — 410g (e + Te-1) — Te-1.

We emphasize that t, should be thought of as (log py)?; the other terms will be much smaller and
are included to simplify calculations which follow. Additionally, we define the truncated (" cluster
collapse time to be

T =T +t) A(Te—1).

Cluster diameter and separation have complementary behavior in the sense that diameter in-
creases at most linearly in time but may decrease abruptly, while separation decreases at most
linearly in time but may increase abruptly. We will not need a bound on decrease in diameter; we
express the other properties in the following lemma.

Lemma 2.6.7. Cluster diameter and separation obey the following properties.
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1. Cluster diameter increases by at most one each step:

diam(U;) < diam(U;_,) + 1. (2.67)

2. Cluster separation decreases by at most one each step:
dist(UF, U7 > dist(Uf_,U? ) =1 and sep(Uf) > sep(U;_,) — 1. (2.68)

3. For any two times s and t satisfying T,_1 < s <t < T, and any two clusters i and j:

dist(Uf, U7 < dist(U?, U?) + diam(U?) + diam(U?) + (¢ — s).

Proof. The first two properties are obvious; we prove the third. Let 7, 5 label two clusters which
are nonempty at time 7,_; and let s, satisfy the hypotheses. If there are m; activations at the i
cluster from time s to time ¢, then for any z’ in U}, there is an z in U’ such that ||z — /|| < m,.
The same is true of any ¢’ in the j™ cluster with m; in the place of m;. Since the sum of m; and
m; is at most ¢ — s, two uses of the triangle inequality give

dist(Uf,U})) < max |j2’ —¢/|| < max |z —y|+t—s.
a'eUl,y' Ul xeUl, yeU]

This implies property (3) because, by two more uses of the triangle inequality,

max ||z — y|| < dist(U!, U?) + diam(U!) + diam(U?).
zeU}i, yeU]

Consequences of timely collapse

If clusters collapse before their expiry times—i.e., if the event
Timely(¢) = N1 {Tm — Trn1 <t}

occurs—then we will be able to control the separation (Lemma [2.6.8) and diameters (Lemma
2.6.10) of the clusters by combining the initial exponential separation of the clusters with the

properties of Lemma

The next lemma states that, when cluster collapses are timely, cluster separation decreases little.
To state it, we recall that sep(Uy) is the distance between U and the nearest other cluster, and that
pe is the least of these distances among all pairs of distinct clusters at time 7, ;. In particular,
sep(Uf,_,) = pg for each i.

Lemma 2.6.8. For any cluster i, when Timely(¢ — 1) occurs and when t is at most T,
sep (U}) = (1 —e ") sep(Uy,_ ). (2.69)
Additionally, when Timely(¢ — 1) occurs,

pe =5 = e, (2.70)
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The factor of 1 — e™ in does not have special significance; other factors of 1 — o,,(1)
would work, too. and the first inequality in are consequences of the fact that
separation decreases at most linearly in time and, when Timely(¢ — 1) occurs, 7,_; is small relative
to the separation of the remaining clusters. The second inequality in follows from our choice

of r in (2.66).

Proof Lemma We will prove by induction, using the fact that separation decreases at
most linearly in time and that (by the definition of 7,”) at most t, steps elapse between 7,_;
and 7, .
For the base case, take ¢ = 1. Suppose cluster ¢ is nonempty at time 7,_;. We must show that,
whent < 7,
sep (Uf) = (1 —e ") sep (U;) -

Because separation decreases at most linearly in time (2.68)) and because ¢t < 7,
sep(U;) = sep(Up) —t = sep(Us) — Ty -
This implies (2.69) for ¢ = 1 because
sep(Ug) — T~ > (1 — 2825 sep(U) > (1 — ™" ) sep(Ug) > (1 — ™) sep(Up).

The first inequality is a consequence of the definitions of 7,, t;, and p;, which imply 7,7 < ¢; <
(log p1)? and sep(U}) > p;. Since the ratio of (log p;)? to p; decreases as p; increases, the second
inequality follows from the bound p; > ¢, which is implied by the fact that U, satisfies the
exponential separation property with parameter r > e (2.66). The third inequality is due to
the fact that ™ > 3n whenn > 2.

The argument for ¢ > 1 is similar. Assume (2.69) holds for ¢ — 1. We have

sep(U) = sep(Us. ) — (t — To1) = sep(Uk ) =t > (1 — %)sep(% D). 7D

The first inequality is implied by (2.68). The second inequality follows from the definitions of 7,~
and t,, which imply 7,” — T;_1 < t, < (logps)?, and ¢ < 7,”. The third inequality is due to the
same upper bound on t, and the fact that sep(UZ,_ ) > p, by definition.

We will bound below p, to complete the induction step with (2.71)), because the ratio of (log p,)?
to p, decreases as py increases. Specifically, we will prove (2.70). By definition, when Timely(/—1)
occurs, so too does Timely(¢ — 2). Accordingly, the induction hypothesis applies and we apply it
¢ — 1 times:

pro1 = minsep(Uy,_,) > (1 —e ") minsep(Ug) = (1 — ¢ ") 'pr.
The equalities follow from the definitions of p,_; and p;. We also have

2
pe = pr—1 — 1 = (1 — (1<>gp:+;1))p£_1 > (1—e")pr_1.
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The first inequality is due to (2.68)) and the fact that at most t,_; steps elapse between 7,_o and
771 when Timely(¢ — 1) occurs. The second inequality is due to t,_; < (log p,_1)? and the third
is due to the fact that the ratio of (log pg,1)2 to p,_1 decreases as py_; increases.

Combining the two preceding displays and then using the fact that £ < n and p; > €, and the
inequality (1 + x)” > 1 + rz, which holds for x > —1 and r > 1, we find

pe=(1—e™)pr > (1 —ne™)pr.

Because ne™ < % when n > 2, this proves py > %pl, which is the first inequality of (2.70). To
prove the second inequality in (2.70), we note that p; is at least #3,, by (2.66).
We now apply py > %pl to the ratio in (2.71):

(log pe)? < 2(log p1)? <o

Pe P1

The second inequality uses p; > e°". We complete the induction step, proving (2.69), by substi-
tuting this bound into (2.71). 0

When cluster collapses are timely, 7, is at most (log p¢)?, up to a factor depending on n.

Lemma 2.6.9. When Timely(¢ — 1) occurs,
T, < 2n(log pr)*. (2.72)

The factor of 2 is for brevity; it could be replaced by 1 + 0,,(1). The lower bound on the least
separation p, at time 7,_; in indicates that, while p, may be much larger than py, it is at
least half of p;. Since the expiry time t, is approximately (log p¢)?, the truncated collapse time
7, —which is at most the sum of the first / expiry times—should be of the same order, up to a
factor depending on ¢ (which we will replace with n since ¢ < n).

Proof of Lemma We write

-1 l l
T =T T+ > (To = Tne1) < Ot < Y _(log p)’
m=1 m=1 m=1

The first inequality follows from the fact that, when Timely(¢ — 1) occurs, 7, — Tm-1 < t,, for

m < {—1,and T,” —T;—1 < t,. The second inequality holds because t,,, < (log p,,)? by definition.
Next, assume w.l.o.g. that cluster ¢ is least separated at time 7,_;, meaning p, = sep(U%_l).

Since Timely(¢ — 1) occurs, Lemma 2.6.8| applies and with its repeated use we establish (2.72)):

¢ ¢ ¢ )
Z(log Pm)? Z log sep(U%- ) Z (10g +1 ;n)g_mpg)> < L(log(2p¢))* < 2n(log pe)?.
m=1

=1 m=1
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The first inequality is due to the definition of p,, as the least separation at time 7, ;. This step
is helpful because it replaces each summand with one concerning the ™ cluster. The second
inequality holds because, by Lemma [2.6.§]

i —n\{—m ) ) e~ \{—m
Pe = Sep(UTé—l) > (1 —€ )f Sep(UTm—l) = Sep<UTm—1) < (1 + l—e*”) Pe-

The third inequality follows from ¢ < n and (1 + lf?)” < 2 when n > 2. The fourth inequality
is due to ¢ < n and p; > €% from (2.70). (The factor of 2 could be replaced by 1 + on(1).)
Combining the displays proves (2.72). 0

When cluster collapse is timely, we can bound cluster diameter at time ¢ € [7,_;,7, ] from
above, in terms of its separation at time 7,_; or at time .

Lemma 2.6.10. For any cluster i, when Timely(¢ — 1) occurs and when t is at most T,
diam(Uy) < (log sep(U%_l))Q. (2.73)

Additionally, if x; is the center of the i cluster resulting from the exponential clustering of U,
then when t is at most T,

Ul C D,, <(log sep(U%fl))2> and U\U; C D,,(0.99 sep(U%il))c. (2.74)

Lastly, if i, j label any two clusters which are nonempty at time J;_1, then when t is at most T,”,

log diam(U7) o 2.1loglog
logdist(U7,U7) ~ logp,

(2.75)

We use factors of 0.99 and 2.1 for concreteness; they could be replaced by 1 — 0,(1) and
2+ 0,(1). Lemma implements the diameter and separation bounds we discussed in Section
(there, we used p in the place of sep(Uf)zfl)). Before proving the lemma, we discuss some

euristics which explain through (2.73).

If a cluster is initially separated by a distance p, then it has a diameter of at most 2log p
by ([2.33), which is negligible relative to an expiry time of order (log p)?. Diameter increases at
most linearly in time by (2.67)), so when cluster collapse is timely the diameter of U/ is at most
( log sep(U%j_1 )) ’ In fact, the definition of the expiry time subtracts the lower order terms, so the
bound will be exactly this quantity. Moreover, since (log p)? is negligible relative to the separation
p, and as separation decreases at most linearly in time by (2.68)), the separation of U} should be at
least sep(Us, ), up to a constant which is nearly one.

Combining these bounds on diameter and separation suggests that the ratio of the diameter
of U} to its separation from another cluster Utj should be roughly the ratio of (log sep(U% . )) ’to
sep(U%7Z _,)» up to a constant factor. Because this ratio is decreasing in the separation (for separation

. . . . . 2
exceeding, say, €?) and because the separation at time 7,_; is at least py, the ratio % should
provide a further upper bound, again up to a constant factor. These three observations correspond

to (2.73) through (2.75).
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Proof of Lemma[2.6.10, We first address (2.73)) and use it to prove (2.74). We then combine the
results to prove (2.73). We bound diam(U}) from above in terms of diam(U}) as

diam(U}) < diam(UE) + T,~ < diam(Ug) + To—1 + 4. (2.76)

The first inequality holds because diameter grows at most linearly in time (2.67)) and because ¢ is
at most 7, . The second inequality is due to the definition of 7,”. We then bound diam(U{) from
above in terms of sep(U7, ) as

diam(Uy) < 2logsep(Us) < 2log (sep(Us, ) + Ti-1)- (2.77)

The exponential separation property (2.55) implies the first inequality and (2.68) implies the sec-
ond.
Combining the two preceding displays, we find

diam(U;) < 2log (sep(Ug,_,) 4 To—1) + Te1 + to.
Substituting the definition of t,, the right-hand side becomes
21og (sep(Uy,_,) + Ti-1) + (log p)* — 4log(pe + Ti-1).

By definition, py is the least separation at time 7,_1, so we can further bound diam(U}) from above
by substituting sep(U7. ) for py:

diam(U;) < (log sep(U%H))2 — 2log (sep(Uy,_,) + To-1)- (2.78)
Dropping the negative term gives (2.73).

We turn our attention to (2.74). To obtain the first inclusion of (2.74), we observe that U is
contained in the disk D, (diam(Ué) + To_1 + tg) , the radius of which is the quantity in (2.76) that

we ultimately bounded above by (logsep(U%. ))2

Concerning the second inclusion of (2.74)), we observe that for any y in U;\U/, there is some ¢/
in U7,_,\Uz, | such that [ly — /[ is at most t,, because ¢ is at most 7, . By the triangle inequality
and the bound on ||y — ¢/,

i =yl = v =yl = lly =¥l = [z = ¥l = te.
Next, we observe that the distance between z; and ¢/ is at least
lz: = ¢/l = sep(Uz,_,) — diam(Uy).
The two preceding displays and (2.77]) imply

|z —yl| = Sep(U%{fl) — 2log (sep(U%il) + 72,1) — 1. (2.79)
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We continue (2.79)) with
i i 2 og pr)> i i
|z —y|| > Sep(Un_l)—(logsep(Un_l)) > (1—%) sep(Uz, ) = 0.99sep(Uz,_). (2.80)

The first inequality follows from substituting the definition of t, into (2.79) and from sep(U% ne

pe- The second inequality holds because the ratio of (log sep(Ué—H))2 to sep(U7,_ ) decreases as

sep(Us. ) increases and because sep(UZ._ ) > pg. The fact (2.70) that p, is at least e”» when
Timely(¢ — 1) occurs implies that the ratio in (2.80) is at most 0.01, which justifies the third

inequality. (2.80) proves the second inclusion of (2.74)).
Lastly, to address (2.73)), we observe that any element z in U} is within a distance ( log sep(U%il))Q

of z; by 2.78). So, by (2-80) and simplifying with p, > ¢, the distance between U; and U7 is at
least
i i 2 i
sep(Us, ) — 2(logsep(Us,_ )" > 0.99sep(Us, ).

Combining this with (2.73), and then using the fact that sep(U7,_ ) is at least py, gives

log diam(U7) o 2loglogsep(Us, ) <2.110glogpg
log dist(U, U7) ~ log (0.995ep(U§-H)) = logpe

]

The next lemma concerns two properties of the midway point introduced in Section We
recall that the midway point (for the period beginning at time 7,_; and continuing until 7,7) is a
circle of radius % pe, centered on the center x; (given by the initial exponential clustering of Up) of
a cluster ¢ which is least separated at time 7, ;. The first property is the simple fact that, when
collapse is timely, the midway point separates U} from the rest of U, until time 7,”. This is clear
because the midway point is a distance of % pe from Uz, _, and 7, is no more than (log p;)* steps
away from 7,_; when collapse is timely. The second property is the fact that a random walk from
anywhere in the midway point hits U; before the rest of U; (excluding the site of the activated
particle) with a probability of at most 0.51, which is reasonable because the random walk begins
effectively halfway between U; and the rest of U;. In terms of notation, when activation occurs at
u, the bound applies to the probability of the event

{TUz\{u} < T\ U {u]) ) -

We will stipulate that u belongs to a cluster in U; which is not a singleton as, otherwise, its activa-
tion at time ¢ necessitates t = 7.

Lemma 2.6.11. Suppose cluster i is least separated at time T,_1 and recall that x; denotes the
center of the i™ cluster, determined by the exponential clustering of Uy. When Timely({ — 1)
occurs and when t is at most T, :

1. the midway point C(i; () = Cy, (3p¢) separates U} from U \U}, and

i
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2. for any w in U, which does not belong to a singleton cluster and any y in C(i; (),
Py (T fuy < Tonw;ugup) < 051, (2.81)

Proof. Property (1) is an immediate consequence of of Lemma since % pe 18 at least
(log p¢)* and less than 0.99,.

Now let u and y satisfy the hypotheses, denote the center of the i cluster by x;, and denote
C((log p¢)?) by B. To prove property (2), we will establish

Py_s, (T < To—a;) < 0.51, (2.82)

for some 2 € U;\(U} U {u}). This bound implies (2.81) because, by (2.74)), B separates U} from
the rest of U;.

We can express the probability in (2.82) in terms of hitting probabilities involving only three
points:

Py—z, (7B < Tore,) = ]P)y—xi(To < Tog) + Ey o, []P)STB (Tomay < To)1(7B < Tz—xi)}

<Py_y (7o < Toes,) + nv1€a§< Py (Toes; < To) Py—s,(TB < Toes,)-
Rearranging, we find

-1
Py_o(TB < To—y,) < (1 — nvleaB;{Pv(Tz_xi < To)> Py_oi(To < To—ay)- (2.83)
We will choose z so that the points y — z; and z — x; will be at comparable distances from the
origin and, consequently, P,_, (7, < 7,_,,) will be nearly 1/2. In contrast, every element of B
will be far nearer to the origin than to z — z;, so P, (7,_., < 7,) will be nearly zero for every v in
B. We will write these probabilities in terms of the potential kernel using Lemma [2.3.8] We will
need bounds on the distances ||z — ;|| and ||z — y|| to simplify the potential kernel terms; we take
care of this now.
~Suppose cluster j was nearest to cluster ¢ at time 7,_;. We then choose z to be the element of
U nearest to U;. Note that such an element exists because, when ¢ is at most 7,”, every cluster
surviving until time 7,_; survives until time ¢. By of Lemma[2.6.10]

|z — ;]| = 0.99p,.
Part (2) of Lemma [2.9.1] then gives the lower bound
2
a(z —x;) = —10g(0.99py). (2.84)
0

In the inter-collapse period before 7,”, the separation between z and y (initially % pe) can grow
by at most t; + diam(Uz._ ):

Iz — vyl < %pg +t + diam(U%_l).
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By (2.73), the diameter of cluster j at time 7,_; is at most (log p;)?; this upper bound applies to t,
as well, so

|2 =yl < Lpe+ 2(log pe)* < 0.51pp.

We obtained the second inequality using the fact (2.70) that, when Timely(¢ — 1) occurs, p, is at
least e’2». (In what follows, we will use this fact without restating it.)
Accordingly, the difference between a(z — y) and a(y — x;) satisfies

2 2
a(z —y) —aly —z;) < =log(2-0.51) +4\p,* < =. (2.85)
T T
By Lemma [2.3.8] the first term of (2.83) equals
1 a(z—y)—aly — )
P, . (1, ) = — . 2.86
Substituting (2.84) and (2.85) into (2.86), we find
1
P, (7, <To) <= < 0.501. 2.87
Yy z(T T, z) 2 + log pK ( )

We turn our attention to bounding above the maximum of P,(7._,, < 7,) over v in B. For any
such v, Lemma [2.3.8] gives

(2.88)

1 aw)—a(z—z;,—v)
IP)U z2—x; o) — 3
(722 < 70) 2+ 2a(z — ;)

By Lemma [2.9.2] a(v) is at most a’((log p¢)?) + 2(log p¢) 2. Then, since
llz — x; —v|| = 0.99p, — (log p¢)? = 0.98p,,

we have

2-0.99

2 4
a(z—xz;—v)—a(v) > - log(0.98p,) — = log log py — 4(log pe) ™2 > log(0.99p,). (2.89)

Substituting (2.84) and (2.89)) into (2.88)), we find

0.99
- < 0.005.

This bound holds uniformly over v in B. Applying it and (2.87) to (2.83)), we find

Py (Toes;, < Tp) <

N | —

Py (78 < Toes;) < (1 —0.005)710.501 < 0.51.
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Combined with the separation lower bound of Lemma the inclusions of
Lemma(2.6.10[ensure that, when Timely(¢—1) occurs, nonempty clusters at time ¢ € [T,_y, 7, | are
contained in well separated disks. A natural consequence is that, when Timely(¢ — 1) occurs, every
nonempty cluster has positive harmonic measure in U,. Later, we will use this fact in conjunction
with Theorem [2.1.6|to control the activation step of the HAT dynamics.

Lemma 2.6.12. Let I, be the set of indices of nonempty clusters at time T;_1. When Timely(¢ — 1)
occurs and when t is at most T,”, Hy, (U}) > 0 for every i € I,.

The proof is similar to that of Lemma [2.3.12] Recall the definition of the *-visible boundary
(2.33) and define the disk D’ to be the one from (2.74)

D' = D,,((logsep(Us._))?) foreachi € I. (2.90)

For simplicity, assume 1 € I,. Most of the proof is devoted to showing that there is a path I' from
0. D' to a large circle C about U,, which avoids U;¢ I D? and thus avoids U,. To do so, we will

ext

specify a candidate path from 9’ D" to C, and modify it as follows. If the path encounters a disk

ext
D?, then we will reroute the path around 9 D" (which will be connected and will not intersect

ext

another disk). The modified path encounters one fewer disk. We will iterate this argument until
the path avoids every disk and therefore never returns to U,.

Proof of Lemma[2.6.12} Suppose Timely(¢ — 1) occurs and ¢ € [T;_1,7,” ], and assume w.l.o.g.
that 1 € I,. Lety € U} satisfy Hy (y) > 0. For each i € Iy, let D' be the disk defined in (2.90).
As H; (y) is positive, there is a path from y to 95, D" which does not return to U;". In a moment,
we will show that 97, D' is connected, so it will suffice to prove that there is a subsequent path
from 97, D' to C = C,,(2diam(U;)) which does not return to E = U,c;, D*. This suffices when
Timely(¢ — 1) occurs because then, by Lemmal[2.6.10} U} C D for each i € I, so U; C E.

We make two observations. First, because each D' is finite and *-connected, Lemma [2.3.13
states that each 9 , D' is connected. Second, 97, D* is disjoint from E when Timely(¢ — 1) occurs;
this is an easy consequence of and the separation lower bound (2.70).

We now specify a candidate path from 97, D' to C and, if necessary, modify it to ensure that
it does not return to £. Because Hy (y) is positive, there is a shortest path I' from r D' to C,
which does not return to U Let L be the set of labels of disks encountered by T'. If L is empty,
then we are done. Otherwise, let i be the label of the first disk encountered by I', and let I, and
I, be the first and last elements of I" which intersect 0%, D. By our first observation, 97 D' is

ext ext

connected, so there is a shortest path A in 97, D? from I', to I',. When edit I" to form I as

ext
I"= Ty, Do, Ay oo Apa Togry -, Oy )

* D', T avoids D'. Additionally, by
our second observation, A avoids FE, so if L’ is the set of labels of disks encountered by I", then
|L'| < |L| — 1. If L’ is empty, then we are done. Otherwise, we can relabel I' to I and L to L'
in the preceding argument to continue inductively, obtaining ' and |L”| < |L| — 2, and so on.
Because |L| < n, we need to modify the path at most n times before the resulting path from y to
C does not return to F. O]

Because I', was the last element of I" which intersected 0
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The last result of this section bounds above escape probabilities; we will shortly specialize
it for our setting. Note that JA, denotes the exterior boundary of the p-fattening of A, not the
p-fattening of 0A.

Lemma 2.6.13. If A is a subset of 7> with at least two elements and if p is at least twice the
diameter of A, then, for x in A,

log diam(A) + 2
log p ’

Py (To(a (e, < Ta\(e}) S (2.91)

The added 2 in (2.91)) is unimportant. Note that, if A was a singleton set, then the probability
in question would be proportional to (log p) 1. The log diam(A) term arises from the fact that, if
|A| > 2, then a random walk from  must avoid at least one element in A\{z}, at a distance of at
most diam(A) from z.

Proof of Lemma[2.6.13] We will replace the event in with a more probable but simpler event
and bound above its probability instead.

By hypothesis, A has at least two elements, so for any x in A, there is some y in A\{x} nearest
to . To escape to O(A\{x}), without hitting A\{z} it is necessary to escape to C,(p) without
hitting y. Accordingly, for a random walk from z, the following inclusion holds

{Taa\ia)), < Tavy} € {70y < 7} (2.92)

To prove (2.91) it therefore suffices to obtain the same bound for the larger event.
The hypothesis p > 2 diam(A) ensures that  — y lies in D(p), so we can apply the optional
stopping theorem to the martingale a(S;,) at the stopping time 7¢(,). Doing so, we find

a(z —y)
Px(TCy( ) <T ) = Pm_ (TC( ) < To) = . (293)
g ! ! g Er—y[a(STc(p)> ‘ TC(p) < TO]
We apply Lemma [2.9.2) with » = p and 2 = o to find
_ 2
Eoy[a(Srey,)) | 7o) < 7] 2 0'(p) = p7 = ~logp. (2.94)

By (2.14) and the facts that 1 < ||z — y|| < diam(A) and k + A < 1.1, the numerator of (2.93), is
at most

2 2
a(z —y) < —logllz —yl| + k + A||lx — Z/H*2 < —logdiam(A) + 1.1. (2.95)
T T

Substituting (2.94) and (2.93)) into (2.93)), and simplifying with % < 2, we find

log diam(A) + 2
log p '

Due to the inclusion (2.92), this implies (2.97). O

Po(c, () < 7y) <
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2.6.4 Proof of Proposition 2.6.3

Recall that, for ¢t € [7,_1,7, ], the midway point is a circle which surrounds one of the clusters
which is least separated at time 7,_;. We call this cluster the watched cluster, to distinguish it from
other clusters which are least separated at 7,_;. The results of this section are phrased in these
terms and through the following events.

Definition 2.6.14. For any x € 72, timet > 0, and any 1 < i < k, define the activation events

Act(z,t) = {x is activated at time t} and Act(i,t) = U Act(z,1).
zeU}

Additionally, define the deposition event

Dep(i, t) = U ACt(ZL',t) N {TUZ\{:L‘} < TUt\(UgU{x})} .

zeUs

In words, the deposition event requires that, at time t, the activated particle deposits at the i™
cluster.

When Timely(¢ — 1) occurs, if the i cluster is the watched cluster at time T,_,, then for any
timet € [72,1, ’7;_} define the “midway” event as

Mid(i,t;@ = U Act(m,t) N {TC(i;Z) < TUt\{w}} .

zeU

In words, the midway event specifies that, at time t, the activated particle reaches C(i; () before
deposition.

We will now use the results of the preceding subsection to bound below the probability that
activation occurs at the watched cluster and that the activated particle subsequently reaches the
midway point. Essentially, Theorem [2.1.6] addresses the former probability and Theorem [2.1.9]
addresses the latter. However, it is necessary to first ensure that the watched cluster has positive
harmonic measure, so that at least one of its particles can be activated and the lower bound of
Theorem [2.1.6/can apply. This is handled by Lemma|[2.6.12] the hypotheses of which are satisfied
whenever Timely(¢ — 1) occurs and ¢ € [T;_1,7, ]. The hypotheses of Theorem will be
satisfied in this context so long as we estimate the probability of escape to a distance p which is
at least twice the cluster diameter. The distance from the watched cluster to the midway point is
roughly p,, while the cluster diameter is at most (log p;)? by of Lemma so this will
be the case.

The lower bounds from Theorems [2.1.6| and [2.1.9] will imply that a particle with positive har-
monic measure is activated and reaches the midway point with a probability of at least

exp(—cin log n + log(can™2) - (log pe)

for constants ¢y, co. From our choice of v (2.63), the first factor in the preceding display is at least

o, = ermlosn, (2.96)
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Proposition 2.6.15. Let cluster i be least separated at time T;_1. When Timely(¢ — 1) occurs and
whent € [72_1, 77] we have

P (Mid(i, t; £) N Act(i, t) | F;) = (o log pr) ™" (2.97)

Proof. Fix ¢, suppose the i cluster is least separated at time 7;_; and Timely(¢ — 1) occurs, and
lett € [T;-1,7, ]. Forany « € U;, we have

P(Mid(i,t; ) N Act(i,t) | F) = P (Mid(i, t; €) | Act(z,t), F) P(Act(z,t) | F).  (2.98)

Let B denote the set of all points within distance p, of U. We have the following inclusion when
Act(z,t) occurs:
{7—83 < TUtz'} - {TC(i;Z) < TUt\{x}} = Mld(l,t,@ (299)

From (2.99)), we have

P (Mid(i, £; 0) | Act(z, 1), F;) > P (TaB < Ty

Act(z, 1), ]-"t> — P, (ro < 7y) . (2.100)

Now let  be an element of U; which is exposed and which maximizes (2.100). Such an element
must exist because, by Lemma when Timely(¢ — 1) occurs and when t € [T,—1,7,7],
Hy, (U}) is positive. We aim to apply Theorem [2.1.9to bound below the probability in (2.T00).
The hypotheses of Theorem [2.1.9|require |U;| > 2 and p, > 2 diam(U}). First, the cluster U; must
contain at least two elements as, otherwise, activation at x would necessitate ¢ = 7,. Second, p, is
indeed at least twice the diameter of U} because, when Timely(¢ — 1) occurs, U} is contained in a

disk of radius (log p;)? by ([2.74). Theorem 2.1.9| therefore applies to (2.100), giving
P (Mid(i, t; 0) | Act(z,t), Ft) = ca(n®log p) . (2.101)

The harmonic measure lower bound (2.2) of Theorem applies because x has positive
harmonic measure. According to (2.2), the harmonic measure of z is at least

P (Act(z,t) | F;) = Hy,(z) > e o8, (2.102)

Combining (2.101) and (2.102), we find
P(Mid (i, t; €) N Act(i, t) ’ Fi) = co(n?log po) ™t - e 8™ > (q, log py) "

The second inequality is due to the definition of «, (2.96). O

Next, we will bound below the conditional probability that activation occurs at the watched
cluster, given that the activated particle reaches the midway point.

Proposition 2.6.16. Let cluster i be the watched cluster at time T;_1. When Timely(¢ — 1) occurs
and when t € [72_1, 77}, we have

P (Act(i,t) | Mid(i,;£), F;) > (3cv, loglog pe) ™. (2.103)
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Proof. Suppose t € [T;—1,7,”] and Timely(¢ — 1) occurs. If we obtain a lower bound p; on
P (Mid(i, t; £) N Act(i, t) | F:) and an upper bound p> on P <U#i Mid (i, ¢; £) N Act(j, t) | ]—"t>,

then
b1

D1+ P2
First, the probability P (Mid(i, t;0) N Act(i, t) ! ]-"t) is precisely the one we used to establish
(2.99) in the proof of Proposition py is therefore at least (v, log pg) L.
Second, for any j # i, we use the trivial upper bound P(Act(j,t) | 7;) < 1 and address the
midway component by writing

P (Act(i,t) | Mid(i,¢; 0), F) > (2.104)

P (Mid(i, t;0) | Act(j,t), F) = E [Px (Toue < Toagxy) | Act(d,t), Fi . (2.105)

Use p to denote dist(U%fl, U%_l) and B to denote the set of all points within a distance p of

Utj \{X}. (We use p instead of p, because j is not necessarily the cluster nearest cluster i.) We can
use Lemma to bound the probability in (2.105]) because, for any random walk from X, the
following inclusion holds:

{rcao <Tunixy) € {TB < TUg\{X}}-

Because the cluster U7 has at least two elements and because p is at least twice its diameter, an
application of Lemma[2.6.13|with A = U} and p yields

log diam (U7 ) + 2 o 2.21og log py

]P)x(TB < TU,t]\{x}) <

log p = logp
uniformly for x in U/. The second inequality follows from (Z.75), which bounds the ratio of
log diam(U}) to log p by —2'1}221;?”

Applying the preceding bound to (2.103)), we find

e . 2.2loglog p,
P(Mid(4, t; ¢) | Act(j, t < 2208108 P
( I (Za ) ) | c (]7 )7 ]:t> logpz

Then, substituting p; and p» in (2.104), we conclude
P (Act(z’,t) ‘ Mid(i,t; £), .7-"t) > (14 2.2a,, loglog py) ™ > (3av, loglog pg) "
]

We now use Lemma [2.6.11] to establish that an activated particle, upon reaching the midway
point, deposits at the watched cluster with a probability of no more than 0.51.

Proposition 2.6.17. Let cluster i be the watched cluster at time T;_1. When Timely(¢ — 1) occurs
and when t € [’72,1, ﬁ_},for x in U;, we have

p (Dep(i,t) ‘ Mid(i, ¢; ), Act(z, 1), ]-"t> <0.51. (2.106)
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Proof. Using the definitions of Dep(i, t) and Mid (i, ¢; £), we write
P (Dep(i,t) | Mid(i, t; £), Act(z,t), F)

=P ( U Act(y, ) N {7 1y < oy wioon }

yeU

U Act(y,t) N {TC(i;Z) < TUt\{y}} , Act(x,t), .Ft) .

yeU

Because Act(y,t) only occurs for one particle y in U/ at any given time ¢, the right-hand side
simplifies to

B [Px (TUé\{fv} < TUA\ (U Ua)) ‘ To(ie) < TUt\{z}) ‘ Act(z, t), Ft} :

We then apply the strong Markov property to 7¢ ;) to find that the previous display equals

E [PSTC@;@ (T \ {2y < TU\ (W5 Ufap) ‘ Act(z,1), ft} < 0.51,

where the inequality follows from the estimate (2.81). O

The preceding three propositions realize the strategy of Section[2.6.2] We proceed to implement
the strategy of Section [2.6.2] In brief, we will compare the number of particles in the watched
cluster to a random walk and bound the collapse time using the hitting time of zero of the walk.

Let cluster ¢ be the watched cluster at time 7,_; and denote by (1,(m)),,>0 the consecutive
times at which the midway event Mid (i, -; £) occurs. Set 7,(0) = 7;—; — 1 and for all m > 1 define

ne(m) = inf{t > ny(m — 1) : Mid(4, ¢; ¢) occurs}.

Additionally, we denote the number of midway event occurrences by time ¢ as

Ne(t) =Y 1(m(m) < 1).

m=1

The number of elements in cluster ¢ viewed at these times can be coupled to a lazy random
walk (W) mso on {0, ..., n} from Wy = |U%_ |, which takes down-steps with probability gy =
(T, loglog pg)~' and up-steps with probability 1 — gy, unless it attempts to take a down-step at
W,, = 0 or an up-step at IV,,, = n, in which case it remains where it is.

When Timely(¢ — 1) occurs, at each time 7,(-), the watched cluster has a chance of losing a
particle of at least 0.49(3a, loglog p,)~' > qw (Propositions [2.6.15| and [2.6.16). The standard
coupling of |Uéé(m) 41| and W, will then guarantee |U£Z(m) 41| < W,,. However, this inequality
will only hold when m < N,(7,7).

Lemma 2.6.18. Let cluster i be the watched cluster at time T;_1. There is a coupling of ( } Ué

and (W,,)m>o such that, when Timely(¢ — 1) and {N,(T7,”) > M} occur,
m < M.

g(m)+1 |)m>0

U | < Wi, for all
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Proof. Define

g(m) =P (Act(i, ne(m)) N[ Dep(j, ne(m)) ‘ Fm(m>> :
i#i
In words, the event in the previous display is the occurrence of Mid(i,n,(m); (), preceded by
activation at cluster ¢ and followed by deposition at cluster j # ¢; this is the probability that the
watched cluster loses a particle.

Couple (’U;g(m)Jrl‘)m>0 and (W, )m>o in the standard way. When Timely(¢ — 1) occurs, by
Propositions [2.6.16| and [2.6.17} the estimates (2.103) and (2.106) hold for all ¢ € [T,_1,7,7]. In
particular, these estimates hold at time 7,(m) for any m < M when {N,(7,”) > M} occurs.
Accordingly, for any such m, we have g(m) > 0.49(3a, loglog p) ™' > qw. O

Denote by 75" and 7" the first hitting times of zero for (|U}, .\ 11]),,-o a1d (Win)m=o. Under

the coupling, 73" cannot precede 7¢'. So an upper bound on 7}V of m implies 7/ < m and therefore
it takes no more than m occurrences of the midway event after 7,_; for the collapse of the watched
cluster to occur. In other words, 7, — 7;_; is at most ,(m) + 1.

Lemma 2.6.19. Let cluster i be the watched cluster at time Ty—y. When Timely(¢ — 1) and
{N(T,”) = M} occur,

{r0" <M} C{Te—Teer <me(M) +1}. (2.107)

Proof. From Lemma there is a coupling of (|U T")(m) 41 ‘)

Timely(¢ — 1) and {N,(7,”) > M} occur, U;(m)—&-l‘

o and (W, )m>o such that, when
< W, for all m < M. In particular,

{m¥ < MY C {7 <M},

If {7¥ < M} occurs, cluster i is empty after the time of the M™ occurrence of the midway
event, 17;(M) + 1. That is, we have the inclusion

{7 <MY C{Te — Tooa < ne(M) + 1},

which implies (2.107). U

We now show that 7", the hitting time of zero for W,,, is not more than log(log p;)", up to
a factor depending on n, with high probability. With more effort, we could prove a much better
bound (in terms of dependence on n), but this improvement would not affect the conclusion of
Proposition By Lemma the bound on 7j" will imply a bound on 7; — 7;_; in terms
of 7¢(-). For brevity, denote 3, = (8c,)™.

Lemma 2.6.20. Let cluster i be the watched cluster at time T;—y and let K > 1. If Timely(¢ — 1)
and {N,(T,”) = K - B,(loglog p¢)"} occur, then

P (7o — Teer < no(K - Bu(loglog p)") + 1 | Fr, ) = 1—e X (2.108)
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The factor (loglog p,)™ appears because (W, ).,>0 takes down-steps with a probability which
is the reciprocal of O, (loglog p,), and we will require it to take n consecutive down-steps. Note
that the event involving K cannot occur if K is large enough, because Ny(7,”) cannot exceed
T, — Te—1 < (log pe)? (i.e., there can be no more occurrences of the midway event than there are
HAT steps). The implicit bound on K is (log p;)>~°»()). We will apply the lemma with a K of
approximately (log p;)° foraé € (0,1).

Proof of Lemma[2.6.20, Set M = K - | B,(loglog p,)™] and denote the distribution of (W,,).n>0
by Py. If Timely(¢ — 1) and {N,(7,”) > M} occur, then by Lemma|2.6.19, we have the inclusion

(2.107):
{rsV < M} C{T0— T < ne(M) + 1}.

Since (W,,)m>o is never greater than n, it never takes more than n down-steps for W, to hit
zero. Since W,,,.; = W,,, — 1 with a probability of gy whenever m < M — n, we have

PW(TgV>m+n|T(¥V>m) <1 =gy
Applying this to all m < M — n, we find
Pw (1" > M) < (1 — @M < e K,

For the second inequality, we used the fact that | 5,,(log log p,)" | is at least g;;”* and therefore M is
at least K - ¢q;;/*. Combining this with (2.107) gives (2.108]. [

To conclude Proposition [2.6.3] from Lemma [2.6.20] we will show that if 7, — 7,_; exceeds,
say, (log p)1*%, then with high probability there are many—at least (log p;)°—occurrences of
the midway event (and therefore steps of the walk 1/,,,), with high probability, for an appropriate
choice of §. Reflecting this aim, we define the event

Many; = {n¢((log pr)°) < (log p¢)' ™} .

When Many; occurs, we will find that 7, — 7,_; > (log pg)HQ‘S is unlikely, as the walk IW,,, will
hit zero with high probability after (log p,)° steps.

For convenience, in what follows, we will treat terms of the form (log pg)5 as integers, as the
distinction will be unimportant.

Proposition 2.6.21. Let cluster i be the watched cluster at time T,y and let 6 = (2n)~%. If
Timely(¢ — 1) and {T; — To—1 > (log p¢)*%} occur, then

P (Manyys | Fr,_,) > 1 — e onlosed™, (2.109)

Proof. By Proposition[2.6.15| the estimate (2.97) holds for any ¢ € [7,_1,7,”|. Accordingly, when
{Te — Tz > (log pe)' ™%} occurs, (2:97) applies to every time ¢ up to (log p)'7:

P(Mid(i, t; ) | F) = (v, log pe) . (2.110)
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Define the time

50(0) = 6nay,(log po) .

Suppose that the number of occurrences M of the midway event is such that the time 7,(M ) +5,(9)
is at most (log p,)'*%. We then define, for any m < M the event that the m™ and (m + 1)%
occurrences of the midway event are “close” in time:

Closes(m) = {ne(m + 1) — ne(m) < 5¢(0)}.

In order for Closes(m) to fail to occur, we must fail to observe the occurrence of Mid(, ¢; ¢) in
s¢(d)-many consecutive steps. Using the Markov property and the bound (2.110)), we find that

1 5¢0(9)
P (Closes(m)° | Fy,m)) < (1 - m) < enllogro)”, @.111)

35 _
Denote Closes = ﬂ(logpe) 1

m=0

Closes(m). We claim that Close; is a subset of Many; and that
P(Closes | Fr, ) > 1 — ¢ onllosr)™ (2.112)

which implies (2.109).
To prove the inclusion, we note that when Closes occurs, because p, is at least e’> when

Timely(¢ — 1) occurs (2.70), we have
e ((log pe)*) < 6nay(log p)' ™ < (log pe) .

Specifically, the first bound holds due to the definitions of Close; and s,(0), and the second holds
because 6na,, < (log p,)° when p, > €% and § = (2n)~%. This implies that Close; is a subset of
Many;.

To prove (2.112) we use a union bound over the (log p,)**-many constituent events of Closes

and (2.1T1), finding that

P(Close; | Fr; ) =1 — (log pp) P etnlog i) 5 | _ g=inlog(en®

We now have all the inputs required to complete the proof of Proposition [2.6.3

Proof of Proposition[2.6.3] Let § = (2n)~*. We will show that it is rare for 7, — 7;_; to exceed
(log p¢)'*99 by arguing that, if it does, then with high probability there are many occurrences of
the midway event—and correspondingly many steps of the coupled random walk—over which the
coupled random walk must avoid hitting zero.

In terms of notation, we will call this rare event Fi:

k-1
Fs = ﬂ Fys where Fj;= {72 —To—1 < (log pg)H_Gé} .
=1
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The event which bounds 7, — 7,_; in terms of the number of occurrences of the midway event is

Gos = {Te — Too1 < ne((log po)*) + 1}

The event G5 will be probable because, by Lemma [2.6.20, 7, — 7, typically does not exceed
the time it takes for the midway event to occur 3, (loglog p,)" = (log p¢)°»() times. We will also
use the probable event that there are approximately as many occurrences of the midway event as
Proposition suggests there should be:

Many, s = {n:((log pe)**) < (log po)" "%}

We will be able to bound the probability of Fj; for each £ in terms of the probabilities of the
rare events G ; and Manyj ; because of the following inclusion:

Fr5 C Gy N Many, ;. (2.113)

We will then apply Lemma [2.6.20] and Proposition [2.6.21] to bound the probabilities of G7 ; and
Manyj 5. After bounding the probability of each event F} 5, we will use a union bound to bound the
probability of Fj.

Consider ¢ = 1. (Assumptions of the occurrence of Timely(¢ — 1) are satisfied automatically
when ¢ = 1.) Due to (2.113)),

P (Ffs| Fo) <P (F{sNGisNMany, 5| Fo) + P (Ff ;N Manys 5 | Fo) . (2.114)
We apply Lemma [2.6.20] to bound the first term on the right-hand side of (2.114). It is easy to

check that, because p; is at least efan
(log p1)° > 5n - Bn(loglog pr)". (2.115)
Here, 5, = (8ay,)" is the same quantity which appears in the statement of Lemma By
(2.1T3), the quantity (log p;)3® which appears in the definition of G s satisfies
(log p1)* > 5n - B(loglog p1)" - (log p1)*.
When Ff' 5 N Many, ; occurs, there are at least (log p1)* occurrences of the midway event. In the

terminology of Lemma[2.6.20, N,(7,”) > (log p1)* which, by (2.113), means we can take K as
large as 5n(log p;)*. We apply the bound of Lemma|2.6.20| with K = 5n(log p;)%, finding that

P (Ff;NGS ;N Many, 5 | Fo) < e7onlloerd)™,

Next, we can apply Proposition [2.6.21] directly to the second term on the right-hand side of

E1T4): 5
P (Ffs N Manys s | Fo) < e onlosr)™,

Substituting the bounds for the terms in (2.114), we find

P ({5 | Fo) < 2¢7 ooz,
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Continuing inductively, suppose ﬂ{ F; s occurs. It is easy to show that

ﬂF“s = ﬂ {Te — Tom1 < (log pe)' ™%} C Timely(0).

Accordingly, the hypotheses of Lemma [2.6.20/and Proposition [2.6.21|involving Timely(¢ — 1) are
satisfied.

By Lemma[2.6.8| py1 is at least %27, so (2.115]) holds analogously. Furthermore, by Lemma[2.6.8]
for any ¢ up to ¢ + 1, we have py > p;/2. An argument identical to the ¢ = 1 case establishes

P ( Ffs | fn) 1( n'_, Fz',a) < 2etnlos(per1)* < 9o—tnlog(p1/2)*  ,=3n(logp

)25
By a union bound and the preceding display,

P(F|F) =P ( AL Fy 0 FE) ‘]—"0>

k—1
<ZP(N 1FmF5‘]-"O>

T
—_

k—1
< ZE [673n(logp1)251 ( z 1F P ) f0i| < Zeffin(logpl)ms < 672n(logp1)2‘5.

=1 =1

(2.116)

It remains to bound the time 7;_; when Fj occurs. One can show that, when Fj occurs, py is
never more than twice the diameter d of the initial configuration U,. We write

k—1 k—1
Tier = ) _(Te = Teer) < Y _(log pr) *% < 2n(log )+ < (logd)'*™.
=1 =1
The preceding display and (2.116) establish (2.38). O

2.7 Existence of the stationary distribution

In this section, we will prove Theorem [2.1.3] which has two parts. The first part states the existence
of a unique stationary distribution, 7,,, supported on the equivalence classes of non-isolated con-
figurations, Nonlso, ,,, to which the HAT dynamics converges from any n-element configuration.
The second part provides a tail bound on the diameter of configurations under 7,,. We will prove
these parts separately, as the following two propositions.

Proposition 2.7.1. For all n > 1, from any n-element subset U, HAT converges to a unique
stationary distribution m, on Nonlso, ,, given by

T (U) = for U € Nonlso, p, (2.117)

E. T

i
in terms of the return time Ty = inf{t > 1: U, =U}.
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Proposition 2.7.2. For any d > 20,,,

L d
Wn(dlam(U> > d) < exXp (—W> . (2118)
For the sake of concreteness, this is true with 6n=" in the place of 0,(1).
Proof of Theorem[2.1.3] Combine Propositions [2.7.1]and [2.7.2] O

It will be relatively easy to establish Proposition using the inputs to the proof of Propo-
sition and Corollary [2.6.4] so we focus on presenting the key components of the proof of

Proposition [2.7.1]
By standard theory for countable state space Markov chains, to prove Proposition [2.7.1, we

must prove that the HAT dynamics is positive recurrent, irreducible, and aperiodic. We address
each of these in turn.

Proposition 2.7.3 (Positive recurrent). For any U € Nonlso, ,,, E57p < o0.

To prove Proposition [2.7.3, we will estimate the return time to an arbitrary n-element config-
uration U by separately estimating the time it takes to reach the line segment L,, from U, where
L, ={yey:ye€{0,1,...,n—1}}, and the time it takes to hit U from L,. The first estimate is
the content of the following result.

Proposition 2.7.4. There is a constant c such that, if U is a configuration in Nonlso, ,, with a
diameter of R, then, for all K > max{R, 04,(cn)},

Py (T; <K?)21-¢", (2.119)
The second estimate is provided by the next proposition.

Proposition 2.7.5. There is a constant c such that, if U is a configuration in Nonlso,,, with a
diameter of R, then, for all K > max{e®™" 04,(cn)},

P; (To<K’)21—e", (2.120)

The proof of Proposition applies (2.119) and (2.120) to the tail sum formula for E;75.
Proof of Proposition Let U € Nonlso,,,. We have

BTy => Po(To>) <Y (Pa(Ty, > 4) + Py (Tr > 4)). @12
t=0 t=0

Suppose U has a diameter of at most R and let J = max{eRQ‘1 ,04,(cn)}, where c is the larger of
the constants from Propositions[2.7.4]and [2.7.3] We group the sum (2.121)) over ¢ into blocks:

oo 2(K+1)°

)
EgTy <O+ Y. Y (Po(Ts, > 4) +Pr (Th > 1))

K=J t=2K5
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By (2.119) and (2.120) of Propositions [2.7.4 and [2.7.5] each of the O(K*) summands in the K™
block is at most

P;(Tz, > K°) + P (Tz > K°) <27 X, (2.122)
Substituting (2.122)) into (2.121)), we find

E;T; <O(J°) +0(1) Y K'e ™™ < 0.
K=J

Propositions [2.7.4 and 2.7.5] also imply irreducibility.

Proposition 2.7.6 (Irreducible). For any n > 1, HAT is irreducible on ﬁOHISOZn.

Proof. Let U , Ve Nonlsom. It suffices to show that HAT reaches V from U in a finite number
of steps with positive probability. By Propositions[2.7.4/and[2.7.5] there is a finite number of steps
K = K(U,V) such that

Py(T; <K)>0 and P (T <K)>0.
By the Markov property applied to 77 , the preceding bounds imply that Ps;(Tp <2K)>0. O

Lastly, because aperiodicity is a class property, it follows from irreducibility and the simple
fact that L,, is aperiodic.

Proposition 2.7.7 (Aperiodic). L., is aperiodic.

Proof. We claim that Py, (U; = L,) > 1, which implies that P; (U; = L,) > 1 > 0. Indeed,
every element of L,, neighbors another, so, regardless of which one is activated, we can dictate one
random walk step which results in transport to the site of activation and U; = L,,. [

The preceding results constitute a proof of Proposition[2.7.1

Proof of Proposition Combine Propositions [2.7.3] 2.7.6] and 2.7.7] U

The subsections are organized as follows. In Section [2.7.1] we prove some preliminary results,
including a key lemma which states that it is possible to reach any configuration U € Nonlsoy ,,
from L, in a number of steps depending only on n and diam (U ). These results support the proofs

of Propositions [2.7.4land [2.7.5in Sections and Sections respectively. In Section
we prove Proposition [2.7.2]




CHAPTER 2. HAT IN TWO DIMENSIONS 66

2.7.1 Preliminaries of hitting estimates for configurations

The purpose of this section is to estimate the probability that HAT forms a given configuration 1%
from L,,. We accomplish this primarily through Lemma which guarantees the existence of a
sequence configurations from L,, to V/, which can be realized by HAT in a way which is amenable
to estimates.

In this section, we will say that an element x of a configuration V' is exposed if Hy (z) > 0
and we will denote the exposed elements of a configuration V' by 0.y, V. Additionally, we will
continute to denote the radius of a set A by rad(A) = sup{||z| : z € A}.

First, we have a consequence of Theorems[2.1.6/and [2.1.9

Lemma 2.7.8. There is a constant c such that, if Vy is a subset of Z* with n > 2 elements and a
radius of at most v > 1, and if V} is such that Py, (U, = Vi) > 0, then

Py, (U = V1) > e 8" (logr) . (2.123)

Proof. We will prove (2.123)) by factoring Py, (U; = V) into activation and transport components,
and separately estimating the components with Theorems [2.1.6|and [2.1.9]

Let Vj and V] satisfy the hypotheses. Because Py, (U; = V}) is positive, there are exposed
elements = of Vj and y of 9(Vp\{z}) such that V; = V, U {y}\{z}. Denote W = V;\{z}. We
write

Py, (Uy = Vi) 2 Hy, (2) B (St = y) = € 8 P, (S, 1 = y). (2.124)

Note that, for the first inequality to be an equality, we would need to sum the right-hand side over
all z, y such that V; =V, U {y}\{z}. The second inequality is implied by of Theorem [2.1.6}
because x is exposed in Vj, which has n elements.

In terms of a distance d (which we will specify shortly) and 0, the exterior boundary of the
d-fattening of W, we address the second factor of (2.124)) as

1
Pz (Swal = y) 2 ZP:E(TBWd < Taw) ]Ex [PS

In words, the probability that a random walk from z first steps into ¥ from y is at least the
probability that it does so after first reaching W,;. We choose this lower bound because the factors
of can be addressed by our escape probability and harmonic measure estimates. The factor
of }1 arises from forcing the walk to hit 11/ in the next step, after reaching y at time 7yyy .

To replace the hitting probability with harmonic measure, we recall a standard result. Theorem
2.1.3 of [Law13] states that there are constants ¢, and m such that, if A is a subset of Z? contained
in D(r'),if z € A, and if y € D(mr')¢, then

Ha(z,y) = coHa(y).

We apply this fact with A = OW and r’ = r, where r > 1 is an upper bound on the radius of V.
Note that W and OW are contained in D(r + 1). Hence, if d is at least (m + 1)(r + 1), then OWj
is contained in D(m(r + 1)). This implies

P,(S

Tow

(STaW =) ’ Tow, < Taw} . (2.125)

TOW

=y) = coHaw (y) = e ="'8" for every z € OW,. (2.126)
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The second inequality is implied by of Theorem because y is exposed in a set of
|OW| < 4n elements.

We will now use (2.11)) of Theorem [2.1.9)to bound the escape probability in (2.125). Recall
that if A has at least two elements and if ' > 2 diam(A), then (2.T1]) states

caHA(x)

nlog(d) for every x € A.

P (Toa, < Ta) 2
We apply this fact with A = 0W and d’ = 4d to find

caHay (z
]P)I(Tawd < Taw) > ]P)a;(TaAd/ < TA) > 4—V[/()

> > e~ onlosn(log )7L 2.127
2nlog(4d) c (log d) ( )

The first inequality holds because A has a diameter of at most 2(r+1) and so, if d > (m+1)(r+1),
then d + 2(r + 1) < 4d and hence 0W; separates A from 0A,,;. The second inequality is due to
(2.11), which applies because 4d > 2 diam(A). The third inequality is due to (2.2)), which applies
because x is exposed in Vj, an n-element set.

Substituting (2.126)) and ([2.127) into (2.123)), and replacing d with (m + 1)(r 4+ 1), we find

P, (STW,l = y) > econlogn (Jog )7L,

Lastly, applying this bound to (2.124), we find (2.123):
Py, (Up = V;) = e 8" (logr) .

]

The preceding lemma will help us bound below the probability of realizing a given configura-
tion V' as U, for some time ¢ and from some initial configuration V;,. However, to apply the lemma,
we need an upper bound on the number of HAT steps it takes to form V' from V. Supplying such an
upper bound is the purpose of the next result, which is a key input to the proof of Proposition[2.7.5]

Lemma 2.7.9. For any number of elements n > 2 and configuration V' in Nonlsos ,,, if the radius of
V' is at most an integer r > 10n, then there is a sequence of k < 100nr activation sites x4, . . ., xj
and transport sites V1, . ..,y which can be “realized” by HAT from Vy = L,, to V), = V in the
following sense: if we set V; = V;_y U {y;}\{z;} for each i € {1,... k}, then each transition
probability Py, (U; =V;) is positive. Additionally, each V; is contained in D(r + 10n).

The factors of 10 and 100 in the lemma statement are for convenience and have no further sig-
nificance. We will prove Lemma by induction on n. Informally, we will remove one element
of L,, to facilitate the use of the induction hypothesis, forming most of ' before returning the re-
moved element. There is a complication in this step, as we cannot allow the induction hypothesis
to “interact” with the removed element. We will resolve this problem by proving a slightly stronger
claim than the lemma requires.
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The proof will overcome two main challenges. First, removing an element from a configuration
V in Nonlsos ,, can produce a configuration in Isos ,—1, in which case the induction hypothesis will
not apply. Indeed, there are configurations of Nonlso, ,, for which the removal of any exposed,
non-isolated element produces a configuration of Iso,,_1 (such a V' is depicted in Figure [2.9).
Second, if an isolated element is removed alone, it cannot be returned to form V' by a single step
of the HAT dynamics. To see how these difficulties interact, suppose Ocx,V contains only one
non-isolated element (say, at v), which is part of a two-element connected component of V. We
cannot remove it and still apply the induction hypothesis, as V'\{v} belongs to Isos,,_1. We then
have no choice but to remove an isolated element.

When we are forced to remove an isolated element, we will apply the induction hypothesis to
form a configuration for which the removed element can be “treadmilled” to its proper location,
chaperoned by a element which is non-isolated in the final configuration and so can be returned
once the removed element reaches its destination.

We briefly explain what we mean by treadmilling a pair of elements. Consider elements v; and
v1 + e of a configuration V. If Hy (v;) is positive and if there is a path from v; to v; + 2e5 which
lies outside of V'\{v; }, then we can activate at v; and transport to v; + 2e5. The result is that the
pair {v1,v; + 2es} has shifted by ey. Call the new configuration V’. If v; + ey is exposed in V'
and if there is a path from v; + e to v3 + 3ey in V/\{v; + e2}, we can analogously shift the pair
{v1 + eg,v1 + 2e5} by another es.

Proof of Lemma[2.7.9 The proof is by induction on n > 2. We will actually prove a stronger
claim, because it facilitates the induction step. To state the claim, we denote by W; = V;_1\{z;}
the HAT configuration “in between” V;_; and V; and by F; the event that, during the transition
from V;_; to V;, the transport step takes place inside of B; = D(r + 10n)\W;:

Ei = {{SO"'WSTWZ»} - Bz}

We claim that Lemma is true even if the conclusion Py, (U; = V;) > 0 is replaced by
Py (U, =V, E;) >0.

To prove this claim, we will show that, for any V' satisfying the hypotheses, there are sequences
of at most 100nr activation sites xy, ..., x, transport sites ¥, ..., yx, and random walk paths
I't,...,T% such that the activation and transport sites can be realized by HAT from V, = L,
to V, = V, and such that each I'? is a finite random walk path from z; to y; which lies in B;.
While it is possible to explicitly list these sequences of sites and paths in the proof which follows,
the depictions in upcoming Figures [2.9) and [2.10] are easier to understand and so we omit some
cumbersome details regarding them.

Concerning the base case of n = 2, note that Nonlsos » has the same elements as the equiva-
lence class Zg, SO T1 = €9, Y1 = €9, I't = () works. Suppose the claim holds up to n — 1 forn > 3.
There are two cases:

1. There is a non-isolated v in Jex, V' such that 1\ {v} belongs to Nonlsos ;1.

2. For every non-isolated v in Oy, V, V\{v} belongs to Isoy ,,—1.
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It will be easy to form V' using the induction hypothesis in Case 1. In Case 2, we will need to use
the induction hypothesis to form a set related to V', and subsequently form V' from this related set.
An instance of Case 2 is depicted in Figure [2.9]

Upe ———>©

vV o %

v — >0
sw Vew — €2 — > &

Figure 2.9: An instance of Case 2. If any non-isolated element of O,V is removed, the resulting
set is isolated. We use the induction hypothesis to form V' = (V\{vne, u}) U {vsw — e2}. The
subsequent steps to obtain V' from V" are depicted in Figure [2.10}

Case 1. Let 7 be an integer exceeding 10n and the radius of V' and denote R = r + 10(n — 1).
Recall that Vi = L,,. Our strategy is to place one element of L,, outside of D(R) and then apply the
induction hypothesis to L,,_; to form most of V. This explains the role of the event £,—it ensures
that the element outside of the disk does not interfere with our use of the induction hypothesis.

To remove an element of L, to D(R)¢, we treadmill (see the explanation following the lemma
statement) the pair {(n — 2)eq, (n — 1)ea} to {Req, (R + 1)es}, after which we activate at Re,
and transport to (n — 2)e,. This process requires R — n + 2 steps. It is clear that every transport
step can occur via a finite random walk path which lies in D(r + 10n). Call a = (R + 1)e,. The
resulting configuration is L,,_; U {a}.

We will now apply induction hypothesis. Choose a non-isolated element v of ey, V' such that
V' = V\{v} belongs to Nonlso, ,,;1. Such a v exists because we are in Case 1. By the induction
hypothesis and because the radius of V" is at most r, there are sequences of at most 100(n — 1)r
activation and transport sites, which can be realized by HAT from L,,_; U {a} to V' U {a}, and a
corresponding sequence of finite random walk paths which lie in D(R).

To complete this case, we activate at a and transport to v, which is possible because v was
exposed and non-isolated in V. The existence of a random walk path from a to v which lies
outside of V" is a consequence of Lemma[2.3.12] Recall that Lemma [2.3.12]applies only to sets in
S, (n-element sets which contain an exposed origin). If A = V' U{a}, then A — v belongs to J7,.
By Lemma[2.3.12] there is a finite random walk path from a to v which does not hit ¥/ and which
is contained in D(R + 3) C D(r + 10n).

In summary, there are sequences of at most (R — n + 2) + 100(n — 1)r + 1 < 100nr (the
inequality follows from the assumption that > 10n) activation and transport sites which can be
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realized by HAT from L,, to V/, as well as corresponding finite random walk paths which remain
within D(r + 10n). This proves the claim in Case 1.

® «— activate

— ® +—— JCtive
] H activate

9 ~<——— transport
L Ahd L dkd L Akd
bt o o

. .
S ~——transport +T—— treadmill

Figure 2.10: An instance of Case 2 (continued). On the left, we depict the configuration which
results from the use of the induction hypothesis. The element outside of the disk D (the boundary
of which is the orange circle) is transported to vs, — 2¢5 (unfilled circle). In the middle, we depict
the treadmilling of the pair {vg,, — €2, vsw — 2€2} through the quadrant )y, around D¢, and through
the quadrant (), until one of the treadmilled elements is at v,.. The quadrants are depicted by
dashed lines. On the right, the other element is returned to w (unfilled circle). The resulting
configuration is V' (see Figure .

Case 2. In this case, the removal of any non-isolated element v of Jep, V' results in an isolated
set V\{v}, hence we cannot form such a set using the induction hypothesis. Instead, we will form
a related, non-isolated set.

The first R — n + 2 steps, which produce L,,_; U {a} from L,, are identical to those of Case 1.
We apply the induction hypothesis to form the set

V' = (V\{¥ne, u}) U {vew — €2},

which is depicted in Figure Here, vpe is the easternmost of the northernmost elements of 1/,
vsw 18 the westernmost of the southernmost elements of V', and u is any non-isolated element of
OexpV (€.8., U = Upg 18 allowed if v is non-isolated).

The remaining steps are depicted in Figure 2.10| By the induction hypothesis and because the
radius of V' is at most r + 1, there are sequences of at most 100(n — 1)(r + 1) activation and
transport sites, which can be realized by HAT from L,,_; U {a} to V' U {a}, and a corresponding
sequence of finite random walk paths which lie in D(R + 1).
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Next, we activate at a and transport to vs, — 2e,, Which is possible because vg, — 2e5 is
exposed and non-isolated in V. Like in Case 1, the existence of a finite random walk path from a
to vsw — 22 which lies in D(R + 3)\V’ C D(r + 10n) is implied by Lemma [2.3.12] Denote the
resulting configuration by V",

The choice of vs, ensures that vs, — €5 and vy, — 2e, are the only elements of V" which lie in
the quadrant defined by

Qow = (Vow —€2) F{v €Z? :v-€; <0, v-ey <0},
Additionally, the quadrant defined by
Qne =Une +{vEZ?:v-e120, v-ey =0}

contains no elements of V. As depicted in Figure this enables us to treadmill the pair
{vsw — €2, Vew — 262} from Q,, to D(R + 3)¢ and then to {vpe, Une + €2} in Qpe, Without the pair
encountering the remaining elements of V", Tt is clear that this can be accomplished by fewer than
10(R + 3) activation and transport sites, with corresponding finite random walk paths which lie in
D(R + 6). The resulting configuration is V" = V U {vne + €2} \{u}.

Lastly, we activate at v, + e and transport to u, which is possible because the former is
exposed in V" and the latter is exposed and non-isolated in V. As before, the fact that there is a
finite random walk path in D(r 4+ 10n) which accomplishes the transport step is a consequence of
Lemma|2.3.12] The resulting configuration is V.

In summary, there are sequences of fewer than (R—n+2)+100(n—1)(r+1)+10(R+3)+2 <
100nr (the inequality follows from the assumption that » > 10n) activation and transport sites
which can be realized by HAT from L,, to V/, as well as corresponding finite random walk paths
which remain in D(r + 10n). This proves the claim in Case 2. O

We can combine Lemma and Lemma to bound below the probability of forming a
configuration from a line.

Lemma 2.7.10. There is a constant ¢ such that, if V' is a configuration in Nonlso, , with n > 2
and a diameter of at most R > 10n, then

P; (Tp <200nR) > e~

Proof. The hypotheses of Lemma [2.7.9| require an integer upper bound r on the radius of V' of at
least 10n. We are free to assume that V' contains the origin, in which case a choice of r = | R| + 1
works, due to the assumption R > 10n. We apply Lemma with r to find that there is a
sequence of configurations Vo = L,,Vi,...,Vi_1, Vi = V such that £ < 100nr, and such that
Vi € D(r + 10n) and Py,_, (U; = V;) > 0 for each i.

Because the transition probabilities are positive and because they concern sets V;_; in the disk
of radius 7 4+ 10n, Lemma[2.7.8]implies that each transition probability is at least

e—clnlogn(log(r + 10”))—1 2 €_c2n2R
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for a constant c;. The inequality follows from coarse bounds of nlogn = O(n?) and logr = O(R).
We use this fact in the following string of inequalities:

PLn(E < QOOnR) 2 PLn (TV < k;) 2 PLn (ﬁk — ‘//\') 2 6—100nr~c2n2R 2 e—anSRzl

The first inequality holds because £ < 100nr < 200nR; the second because {(Afk = ‘A/} - {TV <
k}; the third follows from the Markov property, k£ < 100nr, and the preceding bound from Lemma
the fourth from 100nr < 200nR. ]

2.7.2 Proof of Proposition

We now use Lemma to obtain a tail bound on the time it takes for a given configuration to
reach L,. Our strategy is to repeatedly attempt to observe the formation of L, in n consecutive
steps. If the attempt fails then, because the diameter of the resulting set may be larger—worsening
the estimate (2.123)—we will wait until the diameter becomes smaller before the next attempt.

Proof of Proposition To avoid confusion of U and U;, we will use Vj instead of U. We
introduce a sequence of times, with consecutive times separated by at least n steps (which is
enough time to attempt to form L,) and at which the diameter of the configuration is at most
01 = 04,(c1n) (where ¢; is the constant in Corollary . These will be the times at which we
attempt to observe the formation of L,,. Define 1y = inf{t > 0 : diam(U,) < 6,} and, for all
1 > 1, the times

n; = inf{t > n,_y +n: diam(U;) < 6,}.

We use these times to define three events. Two of the events use a parameter X which we
assume is at least the maximum of R and 0,, where 0, equals 04, (cn) with ¢ = ¢; + 2¢9 and ¢ is
the constant guaranteed by Lemma[2.7.8] (The constant c is the one which appears in the statement
of the proposition.) In particular, K is at least the maximum diameter ; + n of a configuration at
time Ni—1 —+ n.

The first is the event that it takes an unusually long time for the diameter to fall below 6, for
the first time:

1+e
Ei(K) = {no > 3K (log(3K)) "}

where ¢ = 2n~* is the 0,,(1) term from Corollary The second is the event that an unusually
long time elapses between 7,1 + n and 7); for some 1 < 7 < m:

By(m, K) = | { = (i1 + ) > 3K (log(3K)) 7}

=1

The third is the event that we do not observe the formation of Zn inm > 1 attempts:

Es(m) = ({Tz, > nic1 +n}.
=1
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Call E(m, K) = Ey(K)UEy(m, K)UEFE3(m). When none of these events occur, we can bound
Tz -

n

Tz, 1Em,K)e < (770 + Z (i1 + n))) 15(m, k) + n(m +1)

< 3K ( log(SK))HE +3mK (log(3K)) " 4+ n(m + 1). (2.128)

We will show that if m is taken to be 3K (log 6,)", then Py, (E(m, K)) is at most e~ . Substi-
tuting this choice of m into (2.128)) and using (log 6,)*"* < 0, < K to simplify, we obtain a further

upper bound of
T: 1pmx < K°. (2.129)

By ([2.129), if we show Py, (E(m, K)) < e, then we are done. We start with a bound
on Py, (E;(K)). Applying Corollary with 3K in the place of ¢, r in the place of d, and
3K = max{3K, R} in the place of max{t, d}, gives

Py, (B (K)) < e 3K, (2.130)

We will use Corollary and a union bound to bound Py, (Ey(m, K)). Because diame-
ter grows at most linearly in time, the diameter of U,, ., € F;,_, is at most ¢ + n < 3K.
Consequently, Corollary [2.6.4]implies

1+4¢

Py, <77¢ - (771’—1 + n) > 3K(10g<3K))

Foren) <7, (2.131)

A union bound over the constituent events of Fy(m, K') and (2.131) give
Py, (Ey(m, K)) < me™3K. (2.132)

To bound the probability of E5(m), we will use Lemma First, we need to identify a
suitable sequence of HAT transitions. For any 0 < j < m — 1, given F,,. ;» set Vg = U S }"77]
There are pairs {(z;,y;) : 1 < i < n} such that, setting V) = V! U{yz}\{xl} forl <i < n, each
transition probability Py, (U; = V) is positive and V, € L,. By Lemma [2.7.8} each transition
probability is at least

Py, (U = V) = e 5" (log(6) +n)) " > (log )", (2.133)

For the first inequality we used the fact that the diameter of V[ is at most 6, so after i < n steps it
is at most 6; + n.
By the strong Markov property and (2.133)),

PVo(En<Uj+n‘fnj>>PVo<n+l . '7U77j+n:Vﬂ{‘f77j)

> [Py, (U= V)) > (log o) ™" (2.134)

=1
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Because F3(j) € F,,, (2.134) implies
Py, (Tz S +n ’ Es(j)) > (log )", (2.135)

Using (2.135)), we calculate

H

Py (Es(m) = ]| Pus (75, > ni+n | Bs(j) < H (1— (loghs) ™) < e (2.136)

7=0
Combining (2.130), (2.132)), and (2.136), and simplifying using the fact that K > 05, we find

Py, (E(m, K)) < (m+2)e™ 38 <™.

2.7.3 Proof of Proposition

To prove this proposition, we will attempt to observe the formation of U from En and wait for the
set to collapse if its diameter becomes too large, as we did in proving Proposition [2. However,
there is an added complication: at the time that the set collapses, it does not necessarlly form Ln,
so we will need to use Proposition [2.7.4| to return to L before another attempt at forming U. For
convenience, we package these steps together in the following lemma.

Lemma 2.7.11. There is a constant c such that, if V| is a configuration in Nonlso, ,, with a diameter
of R, then for any K > max{R, 0,,(cn)},

Py, (T3, <IK*) 21— ¥ (2.137)

Proof. Call § = 04,(cn) where c is the constant guaranteed by Proposition First, we wait
until the diameter falls to 6. By Corollary

Py, (T(6) < 2K (log(2K))*) > 1— 72K, (2.138)

where ¢ = 2n~* is the 0,(1) term from Corollary Second, from Urg), we wait until the
configuration forms a line. By Proposition [2.7.4] for any K > 0,

Py, (T;, <8K°) >1—e?K, (2.139)
Simplifying with K > 0, we have
2K (log(2K))"* + 8K* < 9K®.

Combining this bound with (2.138) and (2.139) gives (2.137). O
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Proof of Proposition We will use V' to denote the target configuration instead of U, to avoid
confusion with U,. Recall that, for any configuration V' in NonIso, ,, with a diameter upper bound
of r > 10n, Lemma [2.7.10] gives a constant ¢; such that

3,2

Pzn(ﬂ; < 200nr) = e .

Since 10nR > 10n is a diameter upper bound on V', we can apply the preceding inequality with
r = 10nR:
P; (T <2000n°R) > e~ " (2.140)

With this result in mind, we denote k& = 2000n2 R and define a sequence of times by
(=0 and GG=inf{t>(1+k: (Z = En} forall i > 1.

Here, the buffer of k steps is the period during which we attempt to observe the formation of
V. After each failed attempt, because the diameter increases by at most one with each step, the
diameter of Uy, ; may be no larger than & + n.

We define two rare events in terms of these times and a parameter K, which we assume to be
at least rnax{eRz'l, 04, (con)}, where ¢y is the greater of ¢; and the constant from Lemma
In particular, under this assumption, K is greater than e*1n'R* and k + n—a fact we will use later.

The first rare event is the event that an unusually long time elapses between (;_1 + k and (;, for
some 1 < m:

Fl(m, K) = U {Q — (Cifl + k‘) > 72K3} .

=1

The second is the event that we do not observe the formation of ‘7 inm > 1 attempts:
Fy(m) :ﬂ{,]%/ > Ci—1+k}'
i=1

Call F(m, K) = Fi(m, K) U F5(m). When F(m, K)¢ occurs, we can bound 7;; as

m—1

Tolrmmiy = Y (G — (Go1 + k)L iy +mk < T2mK* + mk. (2.141)
1=0

We will show that if m is taken to be 2K e/, then P (F(m, K)) is at most e~ Substituting
this value of m into (Z.141) and simplifying with K > k and then K > e*"'E” gives

Tolpmiy < Kt < KO, (2.142)

By (2.142)), if we prove P; (F(m, K)°) < e K, then we are done. We start with a bound on
P; (Fi(m, K)). By the strong Markov property applied to the stopping time ¢;—; + k,

P, (Q ~(Gio1 + k) > T2K? ) fgfﬁ,ﬁ) =Py, (G > T2KF) <K (2.143)
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The inequality is due to Lemma |[2.7.11], which applies to U¢, , 1 and K because U, |1 is a non-
isolated configuration with a diameter of at most k£ + n and because K > max{k + n, 04,(con)}.
From a union bound over the events which comprise F(m, K) and (2.143)), we find

P; (Fi(m, K)) < me". (2.144)
To bound P; (F3(m)), we apply the strong Markov property to ¢; and use (2.140):
Pz, <Tv <Gtk ‘ fgj) >P; (To <k)21-e o, (2.145)

Then, because F5(j) € F¢, and by (2.143),

Pr (Tp <G+k ’ F(j)) 21— e, (2.146)
We use (2.146) to calculate
m—1 m—1
Py (Fa(m) = [T Pz, (7o > G+ & ) R(j)) < ety < o2 (2.147)
Jj=0 ]:O
cin*R?

The second inequality is due to the choice m = 2Ke
Recall that F'(m, K) is the union of F;(m, K) and F5(m). We have

P; (F(m, K)) <Pz (Fi(m, K)) +P; (Fy(m)) < me 2 4 e L e K

The first inequality is a union bound; the second is due to (2.144) and (2.147); the third holds
because m + 1 < e¥. O

2.7.4 Proof of Proposition

We now prove a tightness estimate for the stationary distribution—that is, an upper bound on
T (dlam(U ) > d). By Proposition | the stationary probability 7Tn(U ) of any non-isolated,

n-element coniguration U is the reciprocal of E57T5. When d is large (relative to 6y,), this ex-
pected return time will be at least exponentially large in W. This exponent arises from
the consideration that, for a configuration with a diameter below 6,4, to increase its diameter to d,
it must avoid collapse over the timescale for which it is typical (i.e., (log d)**°»()) approximately
W times consecutively. Because the number of n-element configurations with a diameter
of approximately d is negligible relative to their expected return times, the collective weight under
7, of such configurations will be exponentially small in W.

We note that, while there are abstract results which relate hitting times to the stationary dis-
tribution (e.g., [GLPP17, Lemma 4]), we cannot directly apply results which require bounds on
hitting times which hold uniformly for any initial configuration. This is because hitting times from
1% depend on its diameter. We could apply such results after partitioning NonIsog n by diameter,
but we would then save little effort from their use.
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Proof of Proposition Let d be at least 2604, and take ¢ ~4. We claim that, for any

= 2n
configuration U with a diameter in [2/d, 2/"1d) for an integer j > 0, the expected return time to U
satsfies

27d
E;Ts > —_— | . 2.148

o0 > o () e
We can use (2.148)) to prove (2.118) in the following way. We write {diam(A) > d} as a disjoint
union of events of the form H; = {2/ < diam(U) < 2/*!d} for j > 0. Because a disk with a
diameter of at most 277! d contains fewer than [477!d? | elements of Z2, the number of non-isolated,
n-element configurations with a diameter of at most 2/1d satisfies

L4j+1d2J

n

‘{(7 in Nonlsoy,, with 2/d < diam(U) < 2} < ( ) < (@), (2.149)

We use (2.117) with (2.148)]) and (2.149) to estimate

27d

o (diam(U an Z > w0 i PGP TG - (2.150)
7=0

J=0 eH;

Using the fact that d > 26,,, it is easy to check that the ratio of the (j + 1)* summand to the j®
summand in (2.150) is at most e7~!, for all j > 0. Accordingly, we have

[e.e]
~ o d , o
T, (diam(U) > d) < (4d2)”e (log d)TF2= E e L e Uoed)TF3

J=0

where the second inequality is justified by the fact that d > 264,. This proves (2.118]) when the
claimed bound (2.148) holds.
We will prove (2.148) by making a comparison with a geometric random variable on {0, 1, ... }
d

with a “success” probability of e (s (or with 2/d in place of d). This geometric random
variable will model the number of visits to configurations with diameters below 6,,, before reaching
a diameter of d, and the success probability arises from the fact that, for a configuration to increase
its diameter to d from 6,,, it must avoid collapse over d — 6y, steps. By Corollary this
happens with a probability which is exponentially small in #

Let U be a non-isolated, n- element configuration with a diameter in [2/d, 2"1d). Additionally,
let V minimize Eo 7Ty among V the configurations in Non1802 » With a diameter of at most 0,,.
Denoting by /N the number of visits to configurations in V before T, we claim

E;T; = (log(271'd)) " ExN. (2.151)

By (2.133),
—2n

Py(Tz, < Tp) = (log(27d))
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By this bound and the strong Markov property (applied to 77 ), and due to our choice of ‘7,
EpTy > (log(2/71d)) " By T > (log(21d)) "By Ty (2.152)

The time it takes to reach (7 from ‘A/ is at least the number NV of visits U; makes to 17 before 7}] o)

(2.152)) implies (2.151).
The virtue of the lower bound (2.151)) is that we can bound below E N as

EpN =Py(Ty < Tp) (1+ B [N | T < Tg]) 2 Pp(Ty < Tp) (1+ EpN) .

This bound implies that Eg NV is at least the expected value of a geometric random variable on
{0,1, ...} with success parameter p of Py (75 < Tp):

EcN > (1-pp L. (2.153)

It remains to obtain an upper bound on p.
Because diameter increases at most linearly in time, 7} is at least 2/d — 0, under Py,. Conse-
quently,

Py(Ty < Tp) < Py (T (01n) > 27d — bun). (2.154)
We apply Corollary [2.6.4| with ¢ equal to —(lozgj(g;cgé’fﬁ , finding
29d — Oy,
Po (T (04n) > 27d — 04y, S L
7(T(6an) > ) < exp( (10g(2]d))1+a)

By (2:154), this is also an upper bound on p < 1 and so, by (2.133), ExN is at least (2p)~'.
Substituting these bounds into (2.15T) and simplifying with the fact that d > 26,,, we find that the
expected return time to U satisfies (2.148):

n 2d—0 n 2id
E; 75 > L(log(27'd)) ™" exp ((—4) > exp ( ' > _

log(2id))1+5 (log(ZJal))1+2€

2.8 Motion of the center of mass

As a consequence of the results of Section and standard renewal theory, the center of mass
process (.#;):>o, after linear interpolation and rescaling (¢~'/?.#;)sc(01], and when viewed as a
measure on C([0, 1]), converges weakly to two-dimensional Brownian motion as ¢ — oo. This is
the content of Theorem 2.1.51

We will use the following lemma to bound the coordinate variances of the Brownian motion
limit. To state it, we denote by 7; = inf{t > 7,_; Ut L »} the i'" return time to L
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Lemma 2.8.1. Let ¢ be the constant from Proposition and abbreviate 0y,(cn) by 0. If, for
some 1 > 0, X is one of the random variables

Ti+1 — T4, ||'%Ti+1 - %Ti

, or || A — M,

1(Ti g t g Ti-‘rl)a
then the distribution of X satisfies the following tail bound
P; (X>K°)<e ™, K>0 (2.155)

Consequently,
E; X <20° and Vary X <207 (2.156)

Proof. Because the diameter of L, is at most n, for any K > 6, Proposition implies

P; (> K’ <e ™.
Applying the strong Markov property to 7;, we find (2.153) for X = 7,1 — 7;. Using (2.153) with
the tail sum formulas for the first and second moments gives for this X. The other cases of

X then follow from
H//Tz‘ﬂ B ///Ti

< Tiv1 — Ty-
OJ

Proof of Theorem[2.1.5] Standard arguments (e.g., Section 8 of [Bil99]) combined with the re-
newal theorem show that (t‘l/ 2,///5t) £>1 is a tight sequence of functions. We claim that the finite-
dimensional distributions of the rescaled process converge as ¢ — oo to those of two-dimensional
Brownian motion.

Forany m > 1 and times 0 = sy < 51 < $9 < - -+ < 8, < 1, form the random vector

V2 (M, Mgy — My, .., My — M, 1) - (2.157)

For s in [0, 1], we denote by I(s) the number of returns to L, by time st. Lemma and
Markov’s inequality imply that ||.#;,; — ., ||| — 0 in probability as t — oo, hence, by Slutsky’s
theorem, the distributions of (2.157)) and

~1/2 _ _
Y (Mg Moy = Moy s os Moy = M, ) (2.158)
have the same ¢ — oo limit. By the renewal theorem, I(s;) < I(s2) < --- < I(sp,) for all

sufficiently large ¢, so the strong Markov property implies the independence of the entries in (2.158))
for all such t.

A generic entry in (2.158) is a sum of independent increments of the form .#,,,, — .#.,. As
noted in Section [2.1] the transition probabilities are unchanged when configurations are multiplied

by elements of the symmetry group G of Z?2. This implies

E; (M, — M| =0 and ¥ =171,
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where ¥ is the variance-covariance matrix of .#,, , — .#;, and v is a constant which, by Lemma
is finite. The renewal theorem implies that the scaled variance t'v%(I(s;) — I(s;_1)) of the
i™ entry converges almost surely to (s; — s;_1)x? where x? = 12/ E; [n], hence, by Slutsky’s
theorem, we can replace the scaled variance of each entry in (2.158)) with its almost-sure limit,
without affecting the limiting distribution of the vector.

By the central limit theorem,

(Aesiy —

TI(sj—1)+1

1 ) d
— — N (o, (s; — si-1)1),
XVt
which, by the independence of the entries in (2.158) for all sufficiently large ¢, implies

1

X\/E (%8115’ %Szt - %Slta SR %Smt - %sm,1t>

i> (B(31)7 B(S2 - 31)7 s 7B(Sm - 5m—1)> ) (2159)

ast — oo. Because m and the {s; }*, were arbitrary, the continuous mapping theorem and (2.159)

imply the convergence of the finite-dimensional distributions of (XL\/E///%, 0<s< 1) to those of

(B(s),0 < s < 1). This proves the weak convergence component of Theorem [2.1.5

It remains to bound x*, which we do by estimating E; [r1] and v*. E; [r1] is bounded above
by 26°, due to Lemma and below by 1. Here, § = 0,,(cin) and ¢; is the constant from
Proposition To bound below 1%, denote the e; component of .#;,,, — ., by X and observe
that Pin (X = n_l) is at least the probability that, from L,, the element at o is activated and
subsequently deposited at (0, n) (recall that L,, is the segment from o to (0,n — 1)), resulting in
7 = 1and A, = M+ n~le,. This probability is at least e~“2" for a constant c;. Markov’s
inequality applied to X? then gives

Var; X > P (X2>n"?) >n2e @ > e on

ZTL
By Lemma 2.8.1, /2 is at most 20*°. In summary,
1< E; [11] <20° and e ®" < v <2610,

which implies
95n(cn)’1 < 6763’“(295)71 <x? <201 < 05, (cn),

with ¢ = max{cy, c3}. O

2.9 Proofs deferred from Section 2.3

In this section, we collect some results which support the proof of Theorem [2.1.6)in Section [2.3]
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2.9.1 Potential kernel bounds

The following lemma states several facts about the potential kernel. As each fact is a simple
consequence of (2.14)), we omit its proof.

Lemma 2.9.1. In what follows, x,y, z, 2’ are elements of 7.°.

1. For a(y) to be at least a(x), it suffices to have
Iyl = [lll (L + w2 ]| 72 + (7 2)2 (|| 7).
In particular, if ||x|| = 2, then ||y|| = 1.06||z|| suffices.

2. When ||z|| > 1, a(x) is at least 2 log ||x||. When ||z|| > 2, a(z) is at most 41og |||,

3. Ifz,2 € C(r) and y € D(R)* forr < 155 R and R > 100, then
la(y —2) —aly — )| < &
4. If v and y satisfy |||, ||y|| = 1 and K—! i < K for some K > 2, then
a(y) — a(z) < log K.

5. Let x,y € Z* with ||x|| = 8||y|| and ||y|| = 10. Then
la(z +y) —a(z)| < 0.7

6. Let R > 10r and r > 10. Then, uniformly for x € C(R) and y € C(r), we have
0.56log(R/r) < a(z) — a(y) < log(R/T).

In the next section, we will need the following comparison of a and a’'.
Lemma 2.9.2. Let 1 be any probability measure on C.(r). Suppose r > 2(||z|| + 1). Then
5 ]| + 1
—d < 22— ).
| Y it - o) < () (ML
yeCs(r)

Proof. We recall that, for any x € Z?, the potential kernel has the form specified in (2.14) where
the error term conceals a constant of A, which is no more than 0.07 [KS04]. That is,

2 _
ja(@) — = log al] — | < Al 2
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Fory € C,(r), we have r — ||z|| — 1 < ||y|| < r + ||z|| + 1. Accordingly,

2 _
a(y) < —loglr+ [zl + 1| + £ + O(|r — [lof| — 1| Y

2 2 x| +1 _
= —logr + r+ —log (1+w) +O(r — ||z|| — 1172).
m m r

Using the assumption (||x| 4+ 1)/r € (0,1/2) with Taylor’s remainder theorem gives

aly) < a(r) + 2 (qu g () ) Ol — o) 17,

™ r

Simplifying with r > 2(||z|| 4+ 1) and r > 2 leads to

aly) < d'(r) + % (Z + m) (HJC”T“> — )+ (% + m) (”“”””T“> |

The lower bound is similar. Because this holds for any y € C,(r), for any probability measure
on C,(r), we have

‘ > ulay) —a/(r)‘ < (%JFQA) (||:c||7+1)

yeCy (1)

2.9.2 Comparison between harmonic measure and hitting probabilities

To prove Lemma [2.3.1] we require a comparison (Lemma [2.9.3) between certain values of har-
monic measure and hitting probabilities. In fact, we need additional quantification of an error term
which appears in standard versions of this result (e.g. [Law13, Theorem 2.1.3]). Effectively, this
additional quantification comes from a bound on ), the implicit constant in (2.14). The proof is
similar to that of Theorem 3.17 in [Pop21]].

Lemma 2.9.3. Let © € D(R) for R > 100r and r > 10. Then
0~93HC(T)(y) < HC(T)(:E,y) < 1.O4HC(T) (y) (2160)

Proof. We have

Heey (2, y) — Hewy(y) = —aly — ) + Z P, (STC(T) = z) a(z — x). (2.161)
z€C(r)
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Since C'(10r) separates x from C(r), the optional stopping theorem applied to o¢(10,) A To(r) and
the martingale a (S;s,, — ) gives

aly —x) = Z P, (STCW = z) a(z —x)

zeC(r)
+E, [a <SUC(10r) - 93) —a (5@@) - 93) ‘ oc(ion) < Tcm} Py (ocaon < Tow) - (2.162)

In the second term of (2.162)), we analyze the difference in potentials by observing

SUC(lor) — L= (STC(T) - :L‘) = SﬂcuoT) - STC(T)'

Accordingly, letting u = S S.

row — & andv =5, ot

c@or)

a (Sgc(wr) — :L‘) —a (STC(T) — :L‘) =a(u+v) —a(u).

We observe that |[v|| < 11r + 2 and |ju|| > 997 — 2, so ||lu|| > 8]jv||. Since we also have
lv|l = 9r — 2 > 10, (5) of Lemma|2.9.1|applies to give

a(u+v)—alu) <07 — < —.
We analyze the other factor of (2.162)) as

1
P, (ocaon <7em) =7 Y, P:(0cnom < Tewm)
2¢C(r):zrvy

a(z—29) —E.a (STC(T) — zo>

1
3>
2¢C(r):z~vy ]EZ [Cl (Sﬂc(mr)) - a<STC(r)>

where 2, € A. To obtain an upper bound on the potential difference in the denominator, we apply
(6) of Lemma[2.9.1] which gives

Y

oc@or) < UC(T)]

1
P N < Tom) < ———He (y)-
v (ocaon < 70() < GaioggHon )
Combining this with the other estimate for the second term of (2.162)), we find
2 1
a(y —z) < E;()]P’y (STCM = z) a(z —x) +?_5 . m]}ﬂcm(y)
<0.063

Substituting this into (2.161]), we have
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We again apply (5) and (6) of Lemma to bound the factors in the second term of as
1

a(u+v) —a(u) > —0.0875 and P, (ocor < o)) = oz T Hew (v)-
Substituting these into (2.162)), we find
aly—az)= > P, (STC(T> - z) A= =) = 00875 1o Hoin (y).

zeC(r)

Consequently, (2.161) becomes

< 0.0875
log 10

1
Hew (y) < 5zHer) (v)-

Hey (2, y) — How (y) 25

Rearranging, we find
HC(T)(I',y) < 1~04H0(r)(y>-

2.9.3 Uniform lower bound on a conditional entrance measure

We now use Lemma|[2.9.3]to prove an inequality which is needed for the proof of Lemma[2.3.1] It
1s similar to Lemma 2.1 in [DPRZ06].

Lemma 2.9.4. Let ¢ > 0, denote 1 = T¢(g) N\ To(er), and denote by i the uniform measure on

. . 1 _2 .
C(eR). There is a constant c such that, if ¢ < 155 and R > 107, and if

in P, < > — 2.163
zefgglm (Tee2r) < To(w)) 10 ( )

then, uniformly for v € C(eR) and y € C(e*R),
P, (S,, =Y, ToE2Rr) < TC(R)) P C,u(y) P, (70(523) < TC(R)) .

Proof. Fix e and R which satisfy the hypotheses. Let 2 € C(¢R) and y € C(c?R). We have

P, <STC(52R) =Y, To2R) < TC(R)> = Hee2r)(z,y) — Py <STC(EQR) =Y, TC(2R) > TC(R)) :
(2.164)
By the strong Markov property applied to 7¢(r),

P, <STC(EQR) =Y, To(2R) > TC(R)) =E, [HC(eQR) (STC<R),?J);TC(52R) > TC(R)} : (2.165)

We will now use Lemma [2.9.3| to uniformly bound the terms of the form He(.2p) (-, y) appearing

in (Z.163) and (2.163).
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For any w € C'(R), the hypotheses of Lemma are satisfied with €2 R in the place of 7 and

R as presently defined, because then 7 > 10 and R > 100¢%R. Therefore, by (2.160), uniformly
forw € C(R),

HC(52R) (w, y) < 1.04 HC(EQR) (y) (2166)

Now, for any 2z € C'(¢R), the hypotheses of Lemma are again satisfied with the same r
and with e R in the place of R, as e R > 100?R by assumption. We apply (2.160)) to find

Heemy (2, y) = 0.93Ho2nm (1) (2.167)

Substituting (2.166)) into (2.163]), we find

P, <STC<52R) =Y, TC(s2R) > TC(R)> < 1.04Hee2py (y)Ps (To2r) > Tor)) -

Similarly, substituting into (2.164) and using the previous display, we find

P, (5@523) =y, Toe2m) < TC<R>> > 0.93 Hoezr) (y)Pe (Toer) < Tem)
— (1.04 — 0.93) Hee2p)(y)Ps (To2r) > Tom)) -

Applying hypothesis (2.163)), we find that the right-hand side is at least

¢1 Hegezry (y)Pe (Toe2r) < Tor)) »

for a positive constant c¢;. The result then follows the existence of a positive constant ¢, such that
Hee2ry(y) = cop(y) for any y € C(?R). O

2.9.4 Estimate for the exit distribution of a rectangle

The purpose of this section is to prove an estimate which is needed in the proofs of Lemma [2.3.3|
and Lemma [2.3.4] Informally, this estimate says that the probability that a random walk from one
end of a rectangle (which may not be aligned with the coordinate axes) exits through the opposite
end is no smaller than exponential in the aspect ratio of the rectangle. We believe this estimate is
known but, as we are unable to find a reference for it, we prove it here. In brief, the proof uses an
adaptive algorithm for constructing a sequence of squares which remain inside the rectangle and
the sides of which are aligned with the axes. We then bound below the probability that the walk
follows the path determined by the squares until exiting the opposite end of the rectangle.

Recall that Rec(¢, w, £) denotes the rectangle of width w, centered along the line segment from
—el®w to €i?/, intersected with Z? (see Figure[2.11)).

Lemma 2.9.5. For any 24 < w < { and any ¢, let Rec = Rec(¢, w, £) and Rect = Rec(¢, w, £ +
w). Then,
]P)O (TaRec < T6R6C+> 2 CZ/wJ

for a universal positive constant c < 1.



CHAPTER 2. HAT IN TWO DIMENSIONS 86

A4

Figure 2.11: On the left, we depict the rectangles Rec = Rec(¢, w, () (shaded blue) and Rect =
Rec(¢, w, ! + w) (union of blue- and red-shaded regions) for ¢ = /4, w = 4+/2, and ¢ = 11/2.
7T denotes Rec N O(Rec™\Rec).

We use the hypothesis w > 24 to deal with the effects of discreteness; the constant 24 is
otherwise unimportant, and many choices would work in its place.

Proof of Lemma We will first define a square, centered at the origin and with each corner in
Z2, which lies in Rec™. We will then translate it to form a sequence of squares through which we
will guide the walk to Rec™\Rec without leaving Rec™ (see Figure . We split the proof into
three steps: (1) constructing the squares; (2) proving that they lie in Rec™; and (3) establishing
a lower bound on the probability that the walk hits ORec before hitting the interior boundary of
Rec™.

Step 1: Construction of the squares. Without loss of generality, assume 0 < ¢ < 7/2. For
x € 72, we will denote its first coordinate by 2! and its second coordinate by x2. We will use this
convention only for this proof. Let [ be equal to | ¥ | if it is even and equal to | ¥ ] — 1 otherwise.
With this choice, we define

Q = {r € Z° : max{a’, 2?} < 1}

Since [ is even, the translates of () by integer multiples of %[ are also subsets of Z2.
We construct a sequence of squares (); in the following way, where we make reference to the
line L = €!’R. Let y; = oand Q1 = y1 + Q. Fori > 1, let

i+ 21(0,1) if y; lies on or below LY
Yi+1 = {y 2 ( ) Y ¢ and QH—I = Yip1 T+ Q-

i + %[ (1,0) if y; lies above Ly
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-1 Qit1 B Lo Qiv1| Qiro

Qi

Figure 2.12: Two steps in the construction of squares. Respectively on the left and right, ;.1 € M;
and y;,o € M, (indicated by the x symbols) lie above LS, so M;,, and M, - are situated on
the eastern sides of (), 1 and ();, . However, on the left, as (); was translated north to form (), 1,
the relative orientation of M; and M, is perpendicular. In contrast, as ();, is translated east to
form (); o, the right-hand side has parallel M;.; and M.

In words, if the center of the present square lies on or below the line L;O, then we translate the

center north by %[ to obtain the next square. Otherwise, we translate the center to the east by %[.
We further define, for¢ > 1,

[—1} ify; lies on or below L

. . (2.168)
[— 1} if y; lies above L.

M‘:{{eri::ﬁ—yf—%[ and |y} — ot
' {zeQ:at—yl =1l and |y? — 2?
In words, if y; lies on or below the line L;O, we choose M; to be the northernmost edge of (),
excluding the corners. Otherwise, we choose it to be the easternmost edge, excluding the cor-
ners. These possibilities are depicted in Figure 2.12] In fact, we leave the corners out of the
M;, as indicated, by the bounds of [ — 1 instead of $[in (2.168). We must do so to ensure that
P, (TMZ, 1 K Toing, +1) is harmonic for all w € M;; we will shortly need this to apply the Harnack
inequality. Upcoming Figure 2.13|provides an illustration of M; in this context.

We will guide the walk to ORec without leaving Rect by requiring that it exit each square Q;
through M; for 1 < ¢ < J, where we define

J =min{i > 1: M; C Rec}.

That is, J is the first index for which M/, is fully outside Rec. It is clear that J is finite.

Step 2: Proof that U;_,(); is a subset of Rect. Let v be the northeastern endpoint of L,
where Ly is the segment of L from o to €'?(¢ + w/2) and define k to be the first index for which
Yy satisfies

yp >0t or i >0t
It will also be convenient to denote by Z the interface between Rec and Rec™\ Rec (the dashed line
in Figure 2.T1)), given by
Z = Rec N9 (Rec™\Rec) .
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By construction, we have ||y, — ys—1]| = 3land [y, — v|| < 3[. By the triangle inequality,
|lye—1 — v|| < . As ||v|| = € + w/2 and because dist(o,Z) < ¢ + 1, we must have—again by the
triangle inequality—that dist(v,Z) > w/2 — 1. From a third use of the triangle inequality and the
hypothesized lower bound on w, we conclude

dist(yx—1,Z) > % —1-1>

SIS

wo_ow
l-g>g > (2.169)
To summarize in words, y;._1 is not in Rec and it is separated from Rec by a distance strictly greater
than 2I.

Because the sides of ()1 have length I, implies Q1 C Rec®. Since M}_ is a subset
of Qr_1, we must also have M _; C Rec®, which implies J < k — 1. As k was the first index
for which y; > v! or y? > v?, y; satisfies y} < v! and y? < v%. Then, by construction, for all
1 <7 < J, the centers satisfy

1 1
7

y <y !

<ot oand gy <yl <R (2.170)

From (2.170) and the fact that dist(y;, L) < 31, we have

dist(ys, L) = dist(ys, L) < =1 V1< < J.

N —

As the diagonals of the ); have length v/2[, (2.170)) and the triangle inequality imply
1 1 w !
dist(x, L) < dist(y;, Ly) + 5\/5[ =51+ V2)I < 7 Vwe .
i=1

To summarize, any element of (); for some 1 < ¢ < J is within a distance w/4 of Ls. As Rec™
contains all points x within a distance % of Ly, we conclude

J
U Q; C Rec™.
i—1

Step 3: Lower bound for P, (Tsrec < Type+ ). From the previous step, to obtain a lower bound
on the probability that the walk exits Rec before Rec™, it suffices to obtain an upper bound J* on
J and a lower bound ¢ < 1 on

Pw (7‘MiJrl < TaintQH_l) s

uniformly for w € M;, for 0 < ¢+ < J — 1. This way, if we denote Yy = y and Y; = STBMQV for
1 <7< J —1, we can apply the strong Markov property to each 7, and use the lower bound for

each factor to obtain the lower bound

*

Py (Toree < Toreet) = €7 (2.171)
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Za3 Yi+1
W Yt w
M4 M;

Figure 2.13: The two cases for lower-bounding M, hitting probabilities.

To obtain an upper bound on .J, we first recall that L, has a length of ¢ 4+ w/2, which satisfies

[ (20 w [ 2/ w [ 12
(vw/2=-(—+2) <= < - (48— +24), 2.172
T/ 2<[+[> 2(w/8—1+w/8—1) 2(8w+ ) (2172)

due to the fact that [ > |w/8| — 1 > w/8 — 2 and the hypothesis of w > 24. The number of
steps to reach J is no more than twice the ratio (¢ + w/2)/(l/2). Accordingly, using the bound in
and the hypothesis that //w > 1, we have

J <2 (48£ + 24) <l = g (2.173)
w w

We now turn to the hitting probability lower bounds.

From the construction, there are only two possible orientations of M, relative to M, (Fig-
ure [2.13). Either M; and M, have parallel orientation or they do not. Consider the former
case. The hitting probability P, (TMi o K Toing, +1) is a harmonic function of w for all w in
Qi+1\0™Q;1 and M, in particular. Therefore, by the Harnack inequality [Law13, Theorem
1.7.6], there is a constant a; such that

Py (Tagyy < Tomegey,) = Py, (Tary, < Toimg,,,) YV w € M. (2.174)

The same argument applies to the case when M; and M, do not have parallel orientation and we
find there is a constant a, such that (2.174)) holds with as in place of a;. Setting @ = min{a, as},
we conclude that, forall 0 <7 < J — 1 and any w € M;,

P, (TMI.Jr1 < TaintQi+1) z alPy, (TMH—I < TaiinH) . (2.175)

We have reduced the lower bound for any w € M, and either of the two relative orientations of
M; and M;,; to a lower bound on the hitting probability of one side of ();;; from the center.
By symmetry, the walk hits M;; first with a probability of exactly 1/4. We emphasize that the
probability on the left-hand side of is exactly 1/4 as although M;; does not include the
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adjacent corners of Q; 1, which are elements of 9™ (), ,, the corners are separated from y;,, by
the other elements of 9™ Q) ;.

Calling b = a/4 and combining (2.173) and (2.175)) with (2.171)), we have

_ bl44€/w

L/w

J*
]P)o (TaRec < TBRec+> Z= b =cC

for a positive constant ¢ < 1. [

2.9.5 Proof of Lemma

The lower bound in Lemma is a simple consequence of the fact that random walk exits a
rectangle through its far side with a probability which is no smaller than exponential in the aspect
ratio of the rectangle (Lemma[2.9.5)). In this case, the aspect ratio is O(my).

The proof has two steps. First, after specifying the rectangle, we will confirm that, if the
random walk exits it appropriately, then {7a,., < T4} occurs. Second, we will apply Lemma
to estimate the probability with which the random walk appropriately exits the rectangle.

Proof of Lemma[2.3.3] Fix { € Tand y € Sec,. Denote ¢, = (m, + 1)~ and by Rec(¢, w, () the
rectangle of width w, centered along the line segment from —e!%w to i/, intersected with Z? (see
Figure . We will use the rectangles Rec, = Rec(gy, wy, ly) and Recj = Rec(pg, wy, Ly + wy)
with

pr=m—argy, wy=c¢cRy o, and [, = dist(y, Arcy) + 4wy,.

Additionally denote the “interface” between Rec, and Rec, by Z, = Rec, N d(Rec, \Recy).

We explain these choices as follows. The parameter ¢, ensures that the rectangle is “pointing in
the right direction.” The factor of R,_5 in wy, reflects the need for the rectangle to remain within 5,
the innermost radius of which is R,_5. The factor of ¢, arises from our earlier use of the pigeonhole
principle. [, ensures that the random walk encounters Arc, if it exits Rec, through Z,. Note that
l¢ = wy and wy > 100 by (2.12)), so the hypotheses of Lemma[2.9.5]are satisfied for Rec,.

We have

Po(Torec < Torecr) = Pu(Trity < Toect +) < Py(Taree < Tome) < Py(Tare, < 7). (2.176)

The equality follows from the translation invariance of the law of random walk and the definition
of Z,. The first inequality is due to the fact that Z, + y is a subset of D(%£*) and Rec/ + yisa
subset of B, (Figure [2.T1). The second inequality follows from the fact that 53, is empty of A.

By and Lemma [2.9.5] there are constants ¢; and ¢, such that

Le/we 2Re/eeRe—2 _ my
IP)?J (TAng < TA) = P, (TBRng < TBRecj{) Z ¢ Z =Cy .

The last inequality is due to the fact that, uniformly for y € Secy, dist(y, Arcy) < Ry, so l; <
2R,. O

For convenience, we collect two facts about a, which we will use in the proof of Lemma
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Lemma 2.9.6. Let ( € 1 and denote €y = (my + 1)~'. Then
10° < agep < Ay (2.177)
Additionally, if v,y € D(a,)° satisfy ||x — y|| < 1, then
|argz — argy| < 107 %,_;. (2.178)

The specific constants 10% and 10~® in (2.177) and (2.178)) are unimportant. The factor of £, in

(2.178) reflects the angular width of Sec,_; defined in Lemma Both (2.177) and (2.178)) are
consequences of (2.12)) and the definitions of regions in Lemma[2.3.2]

Proof of Lemma[2.9.6, By Lemma[2.3.2 a, is at least 10R,_» which, by 2.12),, is at least 10%¢;, .
Lemma also states that a, is at most &' R,_;, which equals ;' A, (2.22). This proves 2.177).

Let x, y satisfy the hypotheses. Then | arg x — arg y| is at most the reciprocal of a, and so at
most the reciprocal of 10R,_. implies that Ry_o > 1075€_f1, which implies | arg z —arg y| <
10_863_1. ]

2.9.6 Proof of Lemma 2.3.4

The reason we will use O(m;/ ?) rectangles with aspect ratios of O(mé/ %), instead of, say, O(1)
rectangles with aspect ratios of O(my), is that the rectangles must remain inside Ann,. (We could
also use O(my) rectangles of aspect ratio O(1).) We briefly explain why this choice will work. As
depicted in Figure we will essentially center rectangles of width ﬁAg along chords of Circ;.
The greatest distance between such a chord and Circ, is proportional to rw?, where r = rad(Circ,)

and w is the angle subtended by the chord. Circ, is a distance O(4A,) from Ann,, so we must have
rw? = O(Ay) as well. By (Z.177), r is at most m,A,, so w must be O(m[lﬂ). Consequently,
we will need roughly mé/ 2 rectangles to circle Anny,. This choice of w results in rectangles with
lengths of O(rw) = O(miﬂAZ) and aspect ratios of O(m;ﬂ).

Proof of Lemma[2.34, Fix { € 1. We will use w = 7554, as the width of the rectangles and
take z to be an element of (Circy),, (i.e., z is within w of Circy). We choose z in this way, as
opposed to fixing z in Circ, exclusively, because it will be useful later. As in Lemma[2.3.2] denote
Ep = (mg -+ 1)_1.

The lower bound in implies that there is an element v = v(z) of Circ, such that ¢ =

arg z—arguv € 8;/2[%, £]. We claim that, if ¢ = arg(v—2z), [ = [[v—2z||, and Rec, = Rec(3, w, ),
then Rec, + z is contained in Ann,.

Establishing Rec, + 2z C Ann,. We note that dist(Circy, 0Anny) is at least 0.49A, (the missing
0.01A, > 100 accounts for discreteness). Accordingly, to show that Rec,, + z is contained in Anny,
it suffices to prove an upper bound of 0.49A, on the distance between an arbitrary x € Rec, + 2

and Circy.
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Anny

Figure 2.14: The rectangle Rec, + z (left) and a sequence of rectangles approaching Sec, ; in
Anny (right), which appear in the proof of Lemma [2.3.4] On the left, Rec, + z is a rectangle
centered along the dashed line segment from 2 (dot) to v (cross). A random walk from z exits
the blue-shaded rectangle at Z, (dot). On the right, Rec, + 2z and a sequence of three subsequent
rectangles Recy, + Zs,...,Recy, + Z4. The rectangles are not to scale: their common width is

52y, while the distance from Circ, to Anny is $A,.

Let 2/, be the elements of R? nearest z, v which lie on the circle Cg2 in R? with the same
radius as Circy, centered at the origin. Additionally, let Lz> C R? be the chord connecting 2" and
v'. For x € Rec, + z, we aim to apply the triangle inequality as:

dist(z, Circy) < dist(x, Lgz) + max dist(q, Lgz) + max dist(y, Cgez). (2.179)
qe

Cyo yeCircy
Concerning the first term, the triangle inequality implies
Rec, + 2 C {z € Z* : dist(z, Lg2) < 2w + 2}, (2.180)
because the width of Rec, is w, because dist(z, Circ,) < w, and because

max dist(y, Cge) < 1, (2.181)
y€eCirey

which also addresses the third term.

We now address the second term. The greatest distance between Lg2 and Cre is the sagitta of
Lg2. An elementary formula expresses the length of the sagitta associated with a chord at a radius
of r and subtending an angle 2w as (1 — cos(w)). Accordingly, when r = % (a, + b) and 2w = ¢,
we have

max dist(q, Lg2) = 7(1 — cos(¢/2)) < tré? < Zire, < 3A,. (2.182)
q€Ch2

The first inequality follows from cosy > 1 — %z/ﬂ, which holds for ¢ € [0, 7]. The second
inequality is the result of substituting the upper bound %52/ ? for ¢. The third inequality follows

from r = a, + A, and @-I77).
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By (2.179)) through (2.182)), and then the fact that A, > 104,

dist(z, Cires) < 3 Ay + t2Ay + 3 < 0.10A,. (2.183)

By the preceding discussion, (2.183)) implies Rec, + z C Ann,.

Checking the hypotheses of Lemma We aim to apply Lemma to Rec, and Rec,” =
Rec(1, w,l + w), so we verify that 24 < w < [. The first inequality holds because (2.12) implies
Ay > 10* which, in turn, implies w > 100. To estimate [ = ||v — z||, we note that arg 2’ — argv’ >
%52/ * and recall the fact that a chord at a radius  and subtending an angle of 2¢ has a length of
2rsin(¢)). Using the same r as before and taking 2¢) = 2”—452/2, we find

o = 2'|| = 2rsin (Z&,) = Lre)* > LA, (2.184)
The second equality is due to sin(w) > 2w, which holds for w € [0, ]. The third inequality

follows from r > a, and (2.177). By the triangle inequality, ||v — z|| > ||v" — 2’| — 2. By (2.184)
and the lower bound on A, we have | = [[v — z|| > 55 A, = w.
An upper bound on . We also note an important upper bound on /. The difference arg 2’ —arg v’
is at most %5;/ ?. The chord length formula gives
1/2

[v' — || < 2rsin (Ze,/?) < Tre,* < 2PN, (2.185)

The second inequality follows from sin(w) < w, which holds for w € [0, 7]. The third inequality
follows from r < a, + 34, and (Z177). By the triangle inequality, ||v — z|| < [[v/ — /|| + 2. By
(2.185) and the lower bound on A, we have | < 3521/ Ay

Applying Lemma Call By = {To(Recst2) < ToRect1-))- Lemma and translation
invariance imply that there is a constant c¢; such that

P.(Ey) > ¢/" > (2.186)

: : 1 —1/2 -1/2 1/2

The second inequality follows from w = 1554, the upper bound 3¢, "“Ayonl, e, '~ < 2m,’",
and ¢y = §%.

Call 71 = To(Recy+2) N To(Rect +2)- When Ey oceurs, Zp = S, belongs to (Circy),,, hence, given
Z5, we could equally well apply the preceding argument to Zs in the place of z. Given Z,, define
Vo = V5(Zs) in analogy with v and obtain Rec‘z, Es, and 7 by replacing v, z with V5, Z, in Rec,),
E, and ;. By the preceding argument, given Z,, when £ occurs,

1/2

Py, (Ey) > cyt . (2.187)

We can continue in this fashion, defining sequences of Z;, Vi, Ej, nx for k > 3 (Figure and
with bounds analogous to (2.187), except with Z, F, in the place of Z, F.

A lower bound on P.(Tse, , < 74). Let N = [20=,"/%] and denote F; = n’_, E;. We claim
that, when Fy = N¥, E; occurs, there is some j € {0,...,ny} such that S; € Secy—_1. Recall that
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Secy_1 overlaps Anny in an angular interval of width %”5@_1. By 2.178), | arg S;+1 — arg S, is

less than %’rsg_l whenever S;, S;;1 belong to D(a,)¢. The preceding argument shows that, when

Fy occurs, S; belongs to Anny C D(ay)¢ forall j € {0,...,nx}. So when Fy occurs, it suffices

for vavzfol(arg Zy, — arg Zy41) = 2w to hold, as this will imply that some S; € Sec,_. This is the
; : m 1/2 .

case, since arg Z — arg Z.1 1s at least 75¢,"” for each k:

=

(arg Zy — arg Zy41) = 20551/2 . f—oaéﬂ > 27.
0

e
Il

We have shown that, if z belongs to (Circ,),,—in particular, if z € Arc,—then
PZ(TSeCE,l < TA) P PZ<FN) (2188)

Denote the o-field generated by (S, Si, . . ., S¢) by .%;. We have

N
1p,_
i=1 A

al 1p a 1p Nm)/?

=\||E. [IP (B ;} > Ez[ nl el =, 2.189

H Zl( )IEDZ(E_]_) H C2 PZ(E_l) 62 ( )
i=1 i=1

The first equality is due to F;_; € .%, | and the second is due to the strong Markov property

applied to 7;_;. The inequality is due to (2.186)), (2.187), and the analogous bounds with Z3, Zy, . . .
and Fs, Ey, ... in the place of Z, and FEs.

Substituting the definition of N into (2.189) implies that there is a constant cs such that
P.(Fy) > c3*. Then, by 2.188), P, (7sec, , < Ta) = c5“. O
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Chapter 3

HAT in higher dimensions

This chapter is based on [Cal21]].

3.1 Main results

We revert to denoting the ambient dimension by d, as we did in Chapter I}

Returning to the question of whether HAT is recurrent or transient, it is easy to see that HAT
is positive recurrent on Nonlso, ,,, for any dimension d, when the number of elements 7 is two or
three. Additionally, according to Theorem [2.1.3] HAT is positive recurrent on the class of non-
isolated configurations, for every n > 2 when d = 2. In the context of Theorem the first of
our main results establishes that HAT exhibits a phase transition, in the sense that HAT is transient
in any dimension d > 5, for every n > 4.

Theorem 3.1.1. HAT is transient for every d > 5 and n > 4.

Note that, because HAT is transient on /I\sodyn for any d and n, there is no need to qualify
Theorem further. At the end of this section, we briefly discuss a heuristic which explains
why we assume d > 5 in Theorem [3.1.1} and which suggests that transience is plausible in four
dimensions as well.

Figure summarizes what is known about the phase diagram of HAT in the d—n grid. We
highlight two of its features:

* Theorems and imply that the phase boundary has a “corner”: There is a dimension
d" > 3 and a number of elements n’ > 4 such that HAT is transient for (d,n) = (d',n’), but
positive recurrent on Nonlso,,, when (d,n) = (d' — 1,n') or (d,n) = (d',n’ — 1).

* The classification of HAT is unknown when d € {3,4} and n > 4. However, a heuristic
argument suggests that HAT is positive recurrent on Nonlsos ,, when n € {4,5}.

Our second main result, Theorem [3.1.5] is a detailed description of the “way” in which tran-
sience occurs when d > 5 and n > 4. To state the result, we need the notion of a clustering and
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some related definitions. Whereas in Chapter[2)we used D and C' to denote a disk and its boundary,
we will henceforth use them to denote clusterings.

Definition 3.1.2 (Clustering). A clustering C' of a configuration U into k clusters is an ordered
partition (C*,...,C*) of U. In other words, C'is a k-tuple of nonempty, disjoint subsets of U, the
union of which is U.

We need additional notation to state the next definition.

« First, observe that, if C = (C',... C*) is a generic k-tuple of nonempty subsets of Z¢ and
if v € U;C", then 2 may belong to multiple subsets in C'. However, if C' is a clustering of a
configuration U, then x € U belongs to exactly one cluster in C', which we call clust(C, x).
For notational convenience, we define clust(C, () = 1.

* Second, in the context of a k-tuple C' = (C',... C*) of nonempty subsets of Z%, a label
i € [k] where [k] denotes {1, ..., k}, and A C Z, we will use the following notation:

CU A= (C',...,.C"7 ,C"UA,C™....CN)
CNA=(C',...,C7 L O\ A, CY L ).

We now introduce a way to associate a sequence of clusterings to a sequence of configurations.
Given a clustering C; of U; and U, 1, there is natural way to obtain a clustering of U;,; from Cj:
Treat every element of U, like a element with a time-dependent location and a label fixed by C;.
The locations of the elements change according to the HAT dynamics, but their labels do not.

We implement this as follows. If U, = Uy, then we set Cyy = Cy. If U\Uyyq and U1 \Uy
are singletons, then we call the corresponding elements X and Y, and set

Cr1 = (G AX} U {Y} 3.1)
where i = clust(C}, X). Otherwise, we set C 1 to be the clustering of U, 1 with one cluster.

Definition 3.1.3 (Natural clustering). Let t > 0 and let C' be a clustering of U;. The natural
clustering of (U, Uyy1, . .. ) with C'is the sequence of clusterings (Cy, Cyy1, ... ) with Cy = C, and
Csy1 determined by Cs, Us, and U1 according to (3.1)) for s > t.

The last definition we need before stating Theorem identifies a special kind of clustering,
for which clusters have size two or three and satisfy bounds on separation, in terms both absolute
and relative to diameter. Denote the set C7% = U;,C". The separation of a clustering C'is

sep(C') = min dist(C*, C7%).

Definition 3.1.4 (Dimer-or-trimer clustering). For positive real numbers a and b, a clustering C'is
an (a, b) separated dimer-or-trimer (DOT) clustering if:

(DOT.1) |C*| € {2, 3} for each i;
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(DOT.2) sep(C') = a; and
(DOT.3) diam(C?) < blogdist(C?, C7%) for each i.

In this sense, a constrains the absolute separation of the clustering, while b constrains cluster
separation relative to diameter. We will refer to each cluster C* with |C"| = 2 as a dimer and each
cluster C7 with |C?| = 3 as a trimer

For an n-element configuration U C 72, we will denote by € (U, a, b) the (possibly empty) set
of (a, b) separated DOT clusterings of U. We will denote the set of n-element configurations in 7
which have at least one (a,b) separated DOT clustering by %y ,(a,b).

Dimers and trimers have a special status relative to other clusters in dimension d > 3 for two
reasons.

* Unlike a cluster consisting of a single element, a constituent element of a dimer or trimer
can be activated without the cluster necessarily being “absorbed” by another; and

* Unlike clusters comprised of four or more elements, the distribution of the time it takes for
a dimer or trimer to return to a given orientation has an exponential tail.

Regarding the second of these reasons, in dimension d > 5, an activated element would likely es-
cape to infinity in the absence of the conditioning in the transport component of the HAT dynamics
(T.3). Consequently, when clusters are well separated, the HAT dynamics favors a element acti-
vated at one cluster to be transported to the same cluster. As d increases, this effect becomes more
pronounced. It is this fact about dimension d > 5 which allows dimers and trimers to persist for
long periods of time without being absorbed by another cluster, despite comprising few elements.

Our discussion of the special status of dimers and trimers suggests that HAT configurations in
dimension d > 5 with at least four elements may fragment until consisting exclusively of dimers
and trimers, which then avoid one another indefinitely. The second of our main results shows that,
remarkably, this is the fate of all HAT configurations.

Theorem 3.1.5. Letd € Z~5 andn € Z~,4, and let Uy be an n-element configuration in 7. There is
a positive real number b = b(n), and a Py, -a.s. finite random time 0 with the following property.
There is a clustering C' of Uy for which the natural clustering (Cy, Cyyi1,...) of (U, Ups1,...)
with C satisfies

Cy € €Uy, a4_9,b) fort >0, (3.2)

where as = sz=or() 1 100n. In particular, (3.2) implies
Ur € Ugn(ai—g,b) fort > 0. (3.3)

The term of 100n in a4 is merely representative of a large multiple of n. For concreteness, (3.2)
and (3.3)) are true with n='% in the place of 0,(1).
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Theorem [3.1.5| identifies, for any initial configuration, an a.s. finite random time 6 at which
there is a clustering of Uy into dimers or trimers and forever after which the same dimers or trimers
become steadily, increasingly separated—in terms both absolute and relative to their diameters. In
particular, there is no exchange of elements between clusters after . We emphasize that (3.2) is
stronger than (3.3]) because it precludes the exchange of elements between the clusters defined by
C, while does not.

Theorem [3.1.5] implies Theorem because HAT is irreducible on non-isolated configura-
tions.

Theorem 3.1.6. HAT is irreducible on Nonlsodm, foreveryd > 5 andn > 4.

Proof of Theorem Let d > 5 and n > 4, and let U be the n-element segment {(7,0,...,0) :
J € [n]} € Z% Tt suffices to show that U is transient, since U € Nonlso,,, and since HAT is
irreducible on Nonlso,,, by Theorem m Theorem implies that there is a P-a.s. finite

A~

time ¢ such that diam(U;) > 100n for ¢t > 6. Because diam(U) < 100n, this implies that there
are P -a.s. finitely many returns to U, hence U is transient. [

Key to the proof of Theorem [3.1.5]is the fact that, if @ is a number which is sufficiently large
in terms of d and n, then, in a number of steps f = f(a,d,n) and with a probability of at least
g = g(a,d,n), HAT reaches a configuration in % ,,(a, 1) from any configuration.

Theorem 3.1.7. Let a € Z=s, d € Z>5, and n € Z~4. If a is sufficiently large in terms of d and n,
then there are f € 7~y and g > 0 such that, for any n-element configuration U C 7,

Py (U € Uin(a,1)) > g. (3.4)

The critical aspect of Theorem is that f and ¢ do not depend on the diameter of U.
The proof takes the form of an analysis of three algorithms, which sequentially: (i) rearrange the
configuration into well separated, connected clusters with at least two elements each; (ii) organize
each cluster into a line segment; and (iii) split the segments into dimers and trimers. Collectively,
the algorithms take as input an arbitrary configuration U and a € Z-, and return a configuration
in %y, (a,1). It does not seem possible to appreciably simplify this process without introducing
into g a dependence on the diameter of initial configuration.

Transience is plausible in four dimensions and provable in at least five
dimensions

We preemptively address the question of “Why must d > 5 in Theorem 7’ with a discussion of
some heuristics. Consider a pair of dimers. Until they begin to exchange elements, the difference
of their centers of mass will behave like a d-dimensional random walk. If they never exchange
elements, then, because random walk is transient in d > 3 dimensions, their separation will grow
steadily and without bound as Theorem predicts.
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This basic picture is complicated by the fact that dimers exchange elements over a number of
steps which depends on their separation. Specifically, if the dimers are separated by a distance a,
then they will typically exchange elements over a?~2 steps. This timescale is related to the fact
that a random walk from the origin in d > 3 dimensions escapes the origin to a distance a with a
probability of roughly a®>~?. If the dimers do not exchange elements during a period of a? steps,
then the separation of the dimers likely doubles over the same period, after which it takes 272
times longer for them to exchange elements. Hence if a®~2 > a? and 2972 > 2 (i.e., if d > 4), then
it is plausible that dimer separation grows quickly enough that elements are never exchanged.

Now, consider replacing at least one of the dimers with a trimer, which can have a diameter as
large as the logarithm of its separation (DOT[3). The larger the diameter of a trimer, the more likely
it is for it to exchange a element with another cluster. Specifically, if an a separated trimer has a
diameter of log(a), then it exchanges a element with another cluster over a?~2log(a)~* steps. This
timescale is related to the fact that a random walk starting at a distance of log(a) from the origin in
d > 3 dimensions escapes the origin to a distance a with a probability of roughly a?>~¢log(a). For
a®=?log(a)~! to be at least a?, d must satisfy d > 5.

In summary, the greater the separation between DOTs, the longer it takes for them to exchange
elements. This effect becomes more pronounced as d increases. Until DOTs exchange elements,
the pairwise differences in their centers of mass behave like d-dimensional random walks, which
inclines them to grow increasingly separated due to the transience of random walk in d > 3
dimensions. In d > 5 dimensions, we will be able to show that DOT separation grows rapidly
enough in the absence of element exchange that it is typical for no element to be exchanged,
leading to Theorem 3.1.

Organization

The machinery underlying the proof of Theorem is an approximation of HAT by another
Markov chain, called intracluster HAT (IHAT), which effectively applies the HAT dynamics to
each cluster in a separate copy of Z?. Under IHAT, we will essentially treat the clusters’ centers of
mass as independent random walks. Section [3.4]explains how we will compare the transition prob-
abilities of HAT and IHAT, and introduces a notion of harmonic measure adapted to clusterings,
which is used to define IHAT. Section@]proves estimates of harmonic measure, which are used to
control the error arising from approximating HAT by IHAT in Section Section [3.7| introduces
a random walk model of the separation between a pair of clusters and Section |3.8|uses this random
walk to obtain key estimates of separation growth. Beginning in Section [3.9] the focus shifts to
the proof of Theorem Section [3.10] presents some supporting results, which are applied in
Section[3.11]to analyze the three algorithms around which the proof of Theorem is organized
in Section The last section, Section [3.12] proves Theorem
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3.2 Proof of Theorem 3.1.5

Theorem states that there is a random time 6 from which the natural clustering of (Up, Ug1, . .. )
grows in separation according to (3.2)), and which is P-a.s. finite for every configuration U. In-
formally, we will define 6 as the time of the first success in a sequence of trials, each of which
attempts to observe the natural clustering with a sufficiently well separated DOT clustering satisfy
(3:2). The fact that 6 is a.s. finite will be a simple consequence of two results. First, Theorem
implies that, if the present trial fails, then we can conduct another, after waiting an a.s. finite
number of steps for U; to have a sufficiently well separated DOT clustering. Second, the following
result states that each trial succeeds with a probability which is bounded away from zero, hence
we need only conduct an a.s. finite number of trials before one succeeds.

Proposition 3.2.1. Let a,b € Roy, Wy € Yyn(a,b) and Ey € €(Wy,a,b) for d € Zss, and
n € Zs4. Let (Cy,Ch,...) be the natural clustering of (Uy, Uy, ...) with Ey and let a; denote
the quantity 277" 4 100n fort € Z=y. Define & to be the first time t that Cy is not an (a,b)
separated DOT clustering of U,:

6 = mf{t 2 0: Ct g_ﬁ %(Ut,at,b)}.
There is a number € > 0 such that, if a, b are sufficiently large in terms of d,n, then
Py, (§ = 0) > ¢. (3.5)

The proof of Proposition [3.2.T| will comprise several sections, and we dedicate the next section
to a discussion of the proof strategy. For now, we assume it and use it to prove Theorem [3.1.5]

Proof of Theorem[3.1.5] Let a € Z>5 and b € R be sufficiently large in terms of d, n to sat-
isfy the hypotheses of Theorem [3.1.7| and Proposition [3.2.1] and let ¢ be the number of the same
name from Proposition Additionally, let v be a function which, given a configuration
U € %n(a,b), determines a clustering in € (U, a,b). (We use 1 to “pick” one of potentially
multiple clusterings; it is otherwise unimportant.)

We define 6 in terms of two sequences of random times, (7;);>1 and (&;);>o. Informally, 7; is
beginning of our 7" attempt to observe the natural clustering satisfy (3.2)), and &; is the time this
attempt fails. More precisely, we define

=0 and & =inf{t >7,:Ciy & €U, a—r,,b)} fori > 1,
where
* a, is the quantity of the same name in the statement of Proposition[3.2.1]
o 7, =inf{t > &1 : € (U, a,b) is nonempty} fori > 1; and

* (Ciryy Cigyga, - - . ) is the natural clustering of (Uy,, Uy, 41, . ..) with (U,,).
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Lastly, define § = 7; for I = inf{i > 1 : 7; < 00,§ = oo}. By the definition of 6, (3.2) is
satisfied, which implies that (3.3) is, too.
We now show that 6 is Py-a.s. finite. Let J = inf{j : {; = oo}, in which case we have

PU(9 < OO) = PU(I < OO) = PU(J < OO) (3.6)

The first equality follows from the definitions of / and 6. The second equality follows from the fact
that Py (7, < oo) = 1 for any n-element configuration W C Z¢, which is a simple consequence
of Theorem

To bound the tail probabilities of .J, we write

Ey [PUTj (&1 < 00);J > j]

Py(J>j+1|J>j)= Po(J > )

<1l-—e (3.7

The equality follows from the strong Markov property applied at time §; and the fact that PUgj (1 <
o0) = 1. The inequality holds because Propositionimplies Py, ({1 =00) 2 e

The bound implies that Py (J > j) is summable, so the Borel-Cantelli lemma implies
that J is P-a.s. finite, which by implies the same of 6. O

3.3 Strategy for the proof of Proposition 3.2.1

The proof of Proposition[3.2.Thas two main steps. First, we prove that, when DOTSs are a separated
in d > 5 dimensions, HAT approximates a related process, called intracluster HAT (IHAT), in
which transport occurs only to the cluster at which activation occurred, over a? steps, up to an error
of O(a"'log(a)). Specifically, we will prove that, if the natural clustering of Wy, ..., W; with a
clustering Cy satisfies separation conditions related to DOT]2] and DOTJ| (e.g., C; is a separated),
then the probability Py, (U; = W, ..., U, = W;) is within a factor of

(1 - O(aQ_d log(a))>t

of the probability of the analogous event under IHAT. In our application, we will have ¢t = O(a?)
and d > 5, in which case this factor is 1 — O(a"! log(a)).

Second, we show that over a® steps of IHAT, the separation between every pair of clusters
effectively doubles, except with a probability of O(a~!). We show this by considering the pairwise
differences between clusters’ centers of mass, viewed at consecutive times of return to given,
“reference” orientations. Viewed in this way, the pairwise differences are d-dimensional random
walks. We then apply the same argument with 2a in the place of a, then 4a in the place of 2a, and so
on. Each time the separation doubles, the approximation and exception errors halve, which implies
that if a is sufficiently large, then the separation grows without bound, with positive probability.

The second step is possible because, under IHAT, we can treat each DOT as if it inhabited a
separate copy of Z?, which simplifies our analysis of separation. We define IHAT by conditioning
the transport component of the HAT dynamics on intracluster transport, i.e., transport can only
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occur to the boundary of the cluster at which activation occurred. Because intercluster transport
over a? steps is atypical when clusters are a separated, IHAT is a good approximation of HAT over
the period during which clusters typically double in separation.

The activation component of the IHAT dynamics is defined in terms of a generalization of
harmonic measure to clusterings of subsets of Z¢. This harmonic measure is proportional to the
escape probability of each element, from the cluster to which the element belongs—not the entire
configuration. In this way, the IHAT dynamics will treat each cluster in isolation, rather than
collectively through the configuration. When clusters are a separated, the harmonic measure of
a configuration and a clustering thereof will agree up to a factor of 1 — O(a?~9). In fact, the
discrepancy between the transport components of HAT and IHAT will give rise to the dominant
error factor; we discuss this in greater detail in the next section.

3.4 Intracluster HAT

The purpose of this section is to motivate the definition of intracluster HAT by examining the
transition probabilities of HAT. We will observe that, when a HAT configuration consists of clusters
which are well separated—in terms both absolute and relative to the diameters of the clusters—
intercluster transport is rare. As a result, clusters evolve as if inhabiting separate copies of Z¢, and
the pairwise differences in their centers of mass can be modeled as random walks.

Although HAT makes no reference to clusters, we can lift HAT (in the sense of, e.g., [DHNOO])
to a process on clusterings, and subsequently recover HAT through the map 7 which takes a tuple
of sets C' to their union:

m(C) = Uc (3.8)

(We will no longer use 7 to denote the stationary distribution of HAT in two dimensions.) To
define the lifted process, we give a name to the collection of pairs of elements of Z¢ at which
activation and to which transport can occur. We use the following notation for modifying a k-tuple
of nonempty subsets of Z?, C:

CvY = (ON A{z}) U {y} for i € [k], x,y € Z°.

Definition 3.4.1 (A lifting of HAT). Let Eyy and E, be clusterings of two configurations in 7. We
define

Pairs(Ey, E1) = {(7,y) : 7,y € Z%, pa(ry(2,y) >0, and E; = Eg™ fori = clust(Ey, z)}.

Given a clustering Cy of a configuration in 7%, we define the Markov chain (Cy,C1,...) with
transition probabilities

P(Ct+1 =F | Ot) = Z pW(Ct)(x’y) (39)
(z,y)€Pairs(Ct,E)
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fort > 0. Note that, if we set Uy = 7(C}) for each t > 0, then (Uy)i>o has the same transition
probabilities as HAT under Py,. It this sense, (Cy)>o is a lifting of HAT. For simplicity, we will
refer to both as HAT.

In the following subsections, we motivate IHAT by examining the transition probabilities of
HAT (Section [3.4.1)) and define IHAT (Section [3.4.2)).

3.4.1 A calculation which motivates the definition of IHAT

Let Cy be a clustering of a configuration Uy in 7% Foreacht > 0, we set U, = 7(Cy), where
(C})¢>0 has the transition probabilities given by (3.9). We will examine the transition probabilities
in the case when transport occurs to the boundary of the cluster at which activation occurred, i.e.,
y € 9(CI\{z}). We additionally assume that:

* pu,(z,y) is positive; and

» (} satisfies the absolute and relative separation conditions, DOT and DOT for some a,b €
R> 1-

Call 7 = T\ (a}> 7' = Toi\(a}> and 77 = = To#
Under the assumptions, if {S;_; = y} occurs, then {7" < 7"} occurs too. Hence we can
express the probability py, (z,y) (I.3) in terms of 7, 7/, and 7" as

pu, (z,y) = Hy, () P (S—1 =y ‘ T < 00)
P.(Sy_1=y,7 <77 <00)
P.(T < o0)
P.(Sy_1=9y,7 <00) =Pu(Sy_1 =y, 7" < 7' < 0)
P.(1 < o)

= HUt (I)

= HUt (33)

Regrouping, we find

pu.(,y) = Hy, (2) Po(Sroy =y | 7/ < 00)

P, (7" < o0) P.(Sy—1 =y, 7" <7 < o0)
S . (3.10
% ]P)I(T < OO) ( ch(ST’fl =y, 7 < OO) ( :

Concerning the factors in (3.10):

¢ The factor of
Hy, (2) Po(Sr—1 =y | 7/ < 00) (3.11)

can be thought of as an analogue of py;, (x, y) for a variant of HAT in which only intracluster
transport occurs. For the moment, denote this Markov chain by (C});~ and denote its law by
P’. We will modify the transition probabilities of this Markov chain in the next subsection
to obtain a useful approximation of HAT.
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* The factor of (( << ))
is at least 1 — O( 21=dp) . The factor of a*'~¢ arises from the asymptotic form of Green’s
function for random walk (3.18), the leading-order term of which is O(a*~¢), and a simple
bound of O(a®!b) on a reciprocal power of the diameters of the clusters, which satisfy DOT

with b by assumption.

is the probability that intracluster transport occurs. This probability

* The ratio in parentheses in (3.10) is small when a is large because, for {7 < 7/ < oo} to
occur, a random walk from z in cluster : must escape to a different cluster, before returning.
This probability is O(a*~2?). In contrast, {S,_; = y, 7" < oo} occurs with a probability
which is at least a reciprocal power of the diameters of the clusters, which is O(a%'b).
Overall, the factor in parentheses will be 1 — O(a*1~24p).

These observations suggest that, if F is a clustering of a configuration in Z¢ and if (Ey, . . . , E})
is a sequence of clusterings arising from transitions which satisfy the preceding assumptions, then

PEO(Cl - El, ey Ct - Et)
> (1 - 0(a*'%) — O(a*'"2)) P}, (C} = B,...,Cl = Ey). (3.12)

The relevant values of d and ¢ for our purposes willbe d > 5 and t = O(aQ), in which case the first
factor on the right-hand side of is roughly (1 — O(a™')).

Even if we proved (3.12)), it would not serve our strategy to model the clusters’ centers of mass
under P’ as random walks in separate copies of Z?. The reason is that still refers to clusters
collectively, through U;. We will resolve this in the next subsection, by replacing Hy, (=) in (3.11])
with a harmonic measure-like quantity that treaters clusters in isolation. The resulting transition
probabilities will define IHAT.

3.4.2 The definition of IHAT

In d > 3 dimensions, there is an alternative definition of harmonic measure, which is equivalent
to (I.2) (see, e.g., Chapter 2 of [Law13]). For finite A C Z¢ and € Z%, we define the escape
probability and capacity of A by

escy(r) =Py (14 =00) 1(x € A) and capy = ZescA(a:)

T€EA
In these terms, the harmonic measure of A can be defined as
Ha(z) = 40 g e a (3.13)
capy

For a positive integer k, we generalize (3.13)) to finite A = (Al,..., A¥) C (Z%)* by defining
cap, = S.r_, cap 4 and

(o) = 4@ fori e (K] and z € A% (3.14)

cap 4
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We are ready to define IHAT, which we will denote by (D,);~o. Recalling (3.11)), we replace
the activation component Hy, (z) with Hp, (¢, ) to obtain ¢p, (7, x, y), the intracluster analogue of

pUt(xay):
qp, (i, z,y) = Hp, (i, 2) P, (S,—1 =y | T < o0), (3.15)

where 7 abbreviates 7p,y (.-

Definition 3.4.2 (Intracluster HAT). Let E and E be clusterings of two configurations in Z°. We
define

Triples(Eo, £y) = {(i,a:,y) i € Zsy, x,y € 2% qg(i,x,y) > 0, and B, = Eé,:v,y}_

Given a clustering Dy of a configuration in 72, we define IHAT as the Markov chain (Dy, D1, . .. )
with transition probabilities

QD =E|D)= > apli,zy) (3.16)

(¢,z,y)€Triples(D¢,E)

fort > 0. Additionally, we set V, = w(D;) fort > 0.

3.5 A lower bound of harmonic measure

The purpose of this section is to prove estimates of harmonic measure. We will use them in
Section [3.6] to compare the activation components of HAT and IHAT and, ultimately, to establish
an inequality of the form for Q in the place of P’.

Throughout this section, we assume d > 3. The first result concerns Green’s function G(z),
which is defined for z € Z? by

G(z) =Y Pu(S, = 0). (3.17)
t=0
Green’s function has the asymptotic form
G(z) = cll=]*~* + O(||[| ™) (3.18)

for an explicit constant ¢ = ¢(d). In some instances, we will emphasize the dependence of Green’s
function on dimension by including a subscript: G4(x).

We need two monotonicity properties of Green’s function. The first is phrased in terms of the
following partial order on Z¢. For z,y € Z%, we write

rry <= |x;] >y foralli e [d],
where z; and y; denote the i components of z and .

Lemma 3.5.1 (Lemma 8 of [CCI6]). Let z,y € Z. If x = y, then G(x) < G(y).
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The second monotonicity property concerns Green’s function at the origin o € Z.
Lemma 3.5.2. G4(0) is a nonincreasing function of d.

Proof. Montroll [Mon56, Eq. (2.10)] expresses G4(0) in terms of Iy, the modified Bessel function

of the first kind, as
Gq(0) = / e 'l <—) dt.
0 d

Using the integral representation of I, [AS64, Eq. 9.6.19], we see that Io(fl)d is the L norm of

e! <% with respect to the probability measure 7~ *df on [0, 7|:

Io(é)d = (% /O7r e%de)d.

For any d’ > d, the L7 norm is no larger than the Li norm, which implies

G > Oo_f[ td/d—G
d(O)/ ; e 0(@) t= d/(O).

The next result is a consequence of Lemma[3.5.2]
Lemma 3.5.3. Ifd € Z-5, then G4(0) < 1.2.

Proof. By Lemma(3.5.2] G4(0) < G5(0) when d > 5. When d = 5, the probability p that random
walk in Z< returns to the origin is less than 0.14 [Mon536]]. Since G5(0) = (1 — p)~', this implies

We use the first monotonicity property to prove the next result.

Lemma 3.5.4. Let U be an n-element configuration in Z%. There is a number ¢ = c(d) such that,
if there is a clustering C' = (C', C?) of U with |CY| < 3, then

3 —2G(o)
G(o)

The first term on the right-hand side of (3.19) is the escape probability of a three-element set,
from an element with two neighbors. The term nsep(C)?~¢ bounds the probability that random

walk from C! hits C? before escaping; it arises from the leading-order term of Green’s function
(3.18) and the fact that |C?| < n.

Proof of Lemma Let U and C satisfy the hypotheses and let € C*. Denote by N the
number of returns made to U by random walk. We write escy () in terms of N as

escy(x) > — cnsep(C)* 4 forx € C. (3.19)

E,[N]

escy(z) =P, (N=0)=1-— E.[NIN >0

(3.20)
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We will bound escy(x) from below by substituting an upper bound for E,[N] and a lower bound
for E,[N|N > 0] into (3.20).
First, we find an upper bound for E,[N]. We separate the contributions to E,[N] from C' and
C?:
E,[N]=> Glz-y)+ > G-y -1 (3.21)

yeCt yeC?

Concerning the first sum in (3.21)), since € C' and |C"| < 3, the difference set z — C! contains
o and at most two other elements. Hence there are u,, uy € Z¢ such that z — C' C {0, u1,us} and
which satisfy u; = e; and uy = ey, for some j, k € [d]. Because Green’s function is nonincreasing

in = (Lemma 3.5.1) and because G(e;) = G(0) — 1 for any j € [d],
> Gz —y) <3G(0) — 2. (3.22)

yeCt
By (B.18), the second sum in (3.21) is at most ¢;sep(C)2~? for a number ¢; = ¢;(d). Applying this
bound and (3.22) to (3.21) gives
E.[N] < 3G(0) — 3 + cinsep(C)* %
Second, we have a lower bound for the conditional expectation in (3.20):
E,[N | N > 0] =1+E,[Es, [N] |7 < oo] = G(o).
Substituting the two preceding bounds into (3.20), we find

_ 3G(o) =3+ cinsep(C)* 4
G(o)

Rearranging and setting ¢ = ¢; /G (o) gives (3.19). O

escy(z) > 1

For the next result, we need to assume d > 5 instead of d > 3, so that we can use the bound
G4(0) < 1.2 from Lemma[3.5.3]

Lemma 3.5.5. Let d > 5 and let U be an n-element configuration in Z°. There is a real number
a = a(d,n) such that, if there is a clustering C = (C',C?) of U with |C*| < 3 and sep(C) > q,
then {

Hy () > 5 forx € C*. (3.23)

Additionally, regardless of the separation of C,
1
He(1,2) > 5 Jorz e cl. (3.24)
n

The proof applies the escape probability lower bound from Lemma|3.5.4]and the fact that
escy(z) < G(0)™! to get two-sided bounds on cap;;, hence harmonic measure by (3.13)). Because
this bound will be in terms of G/(0), to obtain (3.23)—which has no d-dependence—we will apply
Lemma Concerning the fact that (3:24) holds regardless of sep(C), recall that He (1, z) is
proportional to the escape probability of C'!, which is agnostic to cluster separation.
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Proof of Lemma We prove (3.23) first. Let U and C satsify the hypotheses. The capacity
satisfies cap;; < nG(0)~! because U has n elements and because escy(z) < G(o)™! forz € U.
Combining this with the escape probability lower bound from Lemma [3.5.4]to (3.13)), we find

(2) = escy () - 3 —2G(o)

Hy (x — csep(C)*? forz € C*, (3.25)

=
capy n

for a number ¢ = ¢(d). By assumption, d > 5, so Lemma implies G(0) < 1.2. Substituting
this bound into (3.25) gives
Hy (x) = 0.6n~" — csep(C)* 2. (3.26)

When sep(C) is at least a = (IOCn)ﬁ the term csep(C)?~¢ is at most 0.1n "1, leading to the
claimed bound (3:23). Note that, for every number a, the cluster C'* considered in isolation is an
a-separated clustering of C'! with one cluster. Hence the same argument which gave (3.26), but
with C'* in place of U, implies (3:24). O

3.6 Approximation of HAT by intracluster HAT

Throughout this section, we will assume d € Z5 to satisfy a hypothesis of Lemma and
n € Zx4 to ensure that DOT clusterings have at least two clusters. When we refer to a clustering
with no further qualification, we will mean a clustering of an n-element configuration in Z¢.

The main result of this section bounds below the probabilities of certain events under HAT in
terms of their probabilities under IHAT. Specifically, this bound will apply to events that consist of
sequences of clusterings that grow in separation sufficiently quickly, which will include the event
in Proposition[3.2.1] To make “sufficiently quickly” precise, consider an initial separation a € R,
a number § > 0, an increasing sequence of times (tx)r>0 C Z>o with to = 0, and a sequence of
separations (py)r>1 C R-; which satisfies p, > da for every k& > 1. The bound will apply to
events which consist of sequences of DOT clusterings (E4, Es, ... ) such that sep(E,) > py for
tx—1 < s < tx, where t;, and pj, satisfy

Dty > 0asa— oo, (3.27)
k=1

This condition will arise naturally in the proof, where the quantity exp(), tx pz'l’d) will bound
the multiplicative error that we incur from approximating HAT by IHAT. In our application, p;, will
be roughly 2¥a and ¢, will be roughly (2*a)? (i.e., the expected number of steps for random walk
to travel a distance of 2*a) for k > 1. Because d > 5, these choices of ¢;, and pr will satisfy (3.27).

Proposition 3.6.1 (Main approximation result). Let a,b € Ry, and let § € R, let Ey be an
(a,b) separated DOT clustering, let (tx)i>0 C Zq be an increasing sequence with ty = 0, and let
(pr)k=1 C Roy satisfy pr, > da for every k > 1. Additionally, let { € 7=, and let D be the event
D ={(Ei,...,E,) : foreach k € [{], foreach s € {ty_1 +1,... 1},
E is a clustering which satisfies sep(FEy) > pk}. (3.28)
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If (t)k>1 and (pr) k=1 satisfy (3.27), and if € C D, then
PEO(S) > (1 - Oa(l))QEo (5) (3.29)

Proposition is one of three inputs to the proof of Proposition The other two in-
puts state that (i) the event which Proposition 3.2.1| concerns—that the natural clustering grows in
separation as Theorem predicts—is a subset of D and that (ii) its probability under Qg, is
positive. We prove these other inputs in the next two sections. In the remainder of this section, we
prove Proposition 3.6.1]

The key to the proof of Proposition is a comparison of the transition probabilities of HAT
and IHAT, which is the one-step analogue of (3.12)), with Q in the place of P’.

Proposition 3.6.2 (Approximation of transition probabilities). Let a,b € R, and let Ey, F) be
(a,b) separated DOT clusterings. There is a positive real number ¢ = c(b,d,n) such that, if a is
sufficiently large in terms of b and d, then

P, (Cr = E1) > (1 - ca® Qg (D1 = Ey). (3.30)

2
For the sake of concreteness, a > e™>11000.104%} gy ey,
Proposition [3.6.1]is a consequence of a short calculation with Proposition [3.6.2]

Proof of Proposition[3.6.1] We express the probability of £ in terms of transition probabilities and
then apply Proposition [3.6.2}

Pg (&) = Z H H Pgp,,(C1 = Ey)

(E1 ..... Et[ Egk‘ 1s=t_1+1

> ) H H (1= cpf ™) Qe (D1 = Ey)

(El ..... Eté E(‘:k 1s=tr_1+1
tp—t
= Qg (€ H (1 —cppt=)y (3.31)
k=1

where ¢ = ¢(b,d,n) is the number of the same name from Proposition The first equality
holds by the Markov property of C;. The inequality is due to Proposition [3.6.2] which applies in
part because F;_; and E are clusterings with separations of at least py, by virtue of £ C D. For the
proposition to be applicable, £s_; and E; must also be DOT clusterings. We can assume that this
is the case w.l.o.g., as sequences in £ which include non-DOT clusterings have zero probability
under P, hence they do not contribute to the sum. Lastly, to use Proposition [3.6.2] p, must be
sufficiently large in terms of b and d. Since py > da, we can arrange this by assuming that a is
sufficiently large in terms of b, d, and §. The second equality follows from the Markov property of
D;.
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Concerning the product over £ in (3.31)), when a is sufficiently large to make cp2 1=d < 0.5, we
can apply the inequality log(1 — x) > —2x (valid for |z| < 0.5) with z = cp?' % as

¢
Z ty — tr_1) log (1 cpzl d 2thkp2l d = —04(1).
k=1

The equality holds because (x)r>1 and (pg)r>1 satisfy (3.27). By exponentiating both sides, we
find that the product over k in (3.31)) is at least e=%«() =1 — 0,(1). O

We will split the proof of Proposition into three parts. Recall that P, (C, = E) is
a sum of pr(g,) over Pairs(Ey, ), and Qg (D1 = Ei) is a sum of gg, over Triples(Ey, ).
First, we will show that there is a correspondence between the elements of Pairs(Ey, £;) and
Triples(Ey, 1) when Ej and F are sufficiently separated. Hence to show (3.30)) it will suffice to
prove the bound with p. (g, and ¢g, in the place of Py, (Cy = E;) and Qg, (D = Ey). Second,
for any element of Pairs(Ey, £/;), we will bound below the activation component of p,(g,) by
the activation component of qg,. Third, we will do the same for the transport components, and
combine the bounds to give (3.30).

We state the correspondence between Pairs(Fy, F1) and Triples(Ey, E;) first.

Proposition 3.6.3 (Correspondence between Pairs and Triples). Let a,b € R+, and let Ey, Ey be
(a,b) separated DOT clusterings of n-element configurations in Z°. If a > emax{1006,10d2} " gy oy

Pairs(Ey, £1) = {(z,y) : (clust(Ey, ), z,y) € Triples(Ey, E1)} (3.32)

and

Triples(Ey, Ey) = {(clust(Eo, ), z,y) : (z,y) € Pairs(Ey, E1)}. (3.33)
Next, we state the comparison of activation components.

Proposition 3.6.4 (Activation comparison). Let C' be a clustering of an n-element configuration
in Z% which satisfies |C7| < 3 for each j. There is a number ¢ = c(d) such that

Hrcy(z) = (1 — cnsep(C)Q’d)Hc(z',x), (3.34)
with i = clust(C, x) and for x € 7°.
Lastly, we state the comparison of transport components.

Proposition 3.6.5 (Transport comparison). Let C' be a clustering of an n-element configuration in
Z% and let b € R~,. Suppose that C satisfies:

s |C7| < 3 for each j;
e sep(C)% > log(sep(C))?2% and
e diam(CY) < blogdist(C?, C77) for each j.
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Then there is a number ¢ = c(d) such that, for any x € C' and y € 9(C'\{x}) such that
pr(cy(z,y) > 0, we have

P.(Sr—1 =y |7 <00) = (1 —enb® ?sep(C)* P, (Sr1 = y| 7' < 0), (3.35)
where T = Tr(c)\(«} ANd T' = Tgi\ (z}-

Concerning the hypotheses on C, the exponent of 0.1 in the second condition is merely repre-
sentative of a number less than one. For concreteness, C' satisfies this condition if sep(C') > e10d”
Note that the conditions on x and y mean that intracluster transport can occur from z to y.

Let us prove Proposition [3.6.2] assuming the preceding three propositions.

Proof of Proposition Let a, b, Ey, and F; satisfy the hypotheses of Proposition [3.6.3] De-
note
Pairs'(Ey, E1) = {(z,y) : (clust(Eo,z),z,y) € Triples(Ey, E1)}.

By the definition of HAT and by Proposition [3.6.3, we have

P, (Cy = Ey) = > Ho () (2) o (Sr1 =y | 7 < 00). (3.36)

(z,y)€Pairs’ (Eo,E1)

We will bound below each summand. Let i = clust(Ep, ), T = Tu(go)\(«} and 7' = T\ 5y We
claim that

Hﬂ-(Eo)(Z') PI<S7—_1 =y | T < OO)
> (1= end”*a® ) Hg, (i,2) Py (Syo1 =y | 7 < 00), (3.37)

for a real number ¢ = ¢(d). Indeed, this follows from applying Proposition and Proposi-
tion with C' = Ey, and the fact that £y is an (a, b) separated DOT clustering. Note that the
propositions together require C' to satisfy three conditions, but it is easy to see that these are met
because Ej is an (a,b) separated DOT clustering, for a which satisfies a®! > log(a)?~2 because
a > €% The use of Propositionfurther requires pr(gy)(x,y) > 0and y € O(E{\{z}). The
former holds because (z,y) € Pairs(Ey, £1). The latter must hold because, otherwise, y would
belong to OEY for a cluster j # 4, in which case we would have sep(E;) = 1.

Returning to (3.36)), and identifying the factor of ¢g, (7, z,y) on the right hand side of (3.37),
we find

Py, (Cy = Ey) > (1 — enb™?a™' 1) Z qr, (i, 2, y)

(z,y)€Pairs’ (Eo,E1)

— (1 — cnbd’2a2'1’d) Z qr, (i, z,y)

(¢,z,y)ETriples(Eo,E1)

= (1 —enb"?a®>""Qp, (D1 = Ey).
The first equality holds by Proposition [3.6.3} the second holds by the definition of IHAT. O
In the following two subsections, we prove Propositions 3.6.5]
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3.6.1 Proof of Proposition 3.6.3

There are two potential barriers to a correspondence between Pairs(Ey, E) and Triples(Ey, Ey).
The first is that one or more clusters could “surround” another cluster, disconnecting it from in-
finity. In this case, there would be an element (i,z,y) € Triples(Ey, Ey) for which (x,y) ¢
Pairs(Ey, E1). The second barrier is the possibility that an element could move between clusters
under HAT, whereas it could not under IHAT. In this case, there would be an element (z,y) €
Pairs(Eyp, E), but no (i, z,y) in Triples. We resolve both of these barriers by requiring that £, and
E be sufficiently separated.

The following proposition handles a step in the proof of Proposition [3.6.3] In words, it states
that, if a clustering C'is sufficiently separated and if an element is exposed in C", then that element
is also exposed in 7(C).

Proposition 3.6.6. Leta,b € R, and let C be an (a,b) separated DOT clustering of an n-element
configuration in 72. If a > emax{1000,10d%} 1y opy

escoi(z) >0 = escqyoy(r) >0, z€Z%

We will prove Proposition [3.6.6| at the end of this section. For now, we assume it and use it to
prove Proposition [3.6.3]

Proof of Proposition[3.6.3] Let a, b, Ey, and E) satisfy the hypotheses. By the definitions of
Pairs(Ey, £y ) and Triples(Ey, E1), to establish (3.32)) and (3.33)), it suffices to show that

pﬂ'(Eo)<m7y) >0 <~ QEo(ivxay) >0 (338)

for any z,y € Z% such that B, = E;™Y, where i = clust(Ej, z).
It is easy to see that p(g,)(z, y) is positive iff x is exposed in 7(E)y), y is exposed in 7(E),
and y has a neighbor in 7(Ep)\{x}. In other words,

esCr(my) () > 0, (3.39a)
Pr(Eo)(@,y) > 0 <= { escxm)(y) > 0, and (3.39b)
y € 9(m(Eo)\{z}). (3.39¢)
Analogously,
escg (z) > 0, (3.40a)
G, (i,2,y) > 0 <= ¢ escgi(y) >0, and (3.40b)
y € O(E{\{z}). (3.40c)

We claim that, if ¢ > emax{1006,104*} (hep

(3.394) < (3.404), (3.39b) <= (3.40b), and (3.39¢) < (3.40d),
which together imply (3.38]). We address the forward implications first.
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Forward implications. Because = € £}, C m(Fy) andy € F} C 7(E,),
eSCW(Eo)('r) < eSCE(i) (l’) and eSCT((El)(y) < eSCEi (y))

hence (3.39d) — (3.40a) and (3.39b) — (3.40Db). Next, by the definition of 7 and because

sep(Ep) > 1, we have

o(r(E\(«}) = o Ei\a}) = Jo(E5\ ).

Consequently, (3.39¢) implies that y € G(Eé\{x}) for at least one choice of j. In fact, j = i
is the only choice which works as, otherwise, we would have sep(F;) = 1. We conclude that

(3.39¢) = (3.400).

Reverse implications. Because Fy and F) are (a,b) separated for an a which is at least
max{1006,10d%} " proposition applies with Ey or F in the place of C. Using it, we conclude

that (3.39a) <« (3.40a) and (3.39b) <= (3.40D). The argument we used for the last forward
implication applies in reverse to show that (3.39¢c) <= (3.40c). 0

In the remainder of this section, we prove Proposition [3.6.6| using a result of Kesten, which we

stated as Lemma [2.3.13]in Chapter 2|

Proof of Proposition[3.6.6] Let x € Z< satisfy escoi(z) > 0 and let U = 7(C). To establish
escy(x) > 0, it suffices to show that there is a path from x to the boundary of

F={ze€ 7% dist(z,U) < 2diam(U)},

which otherwise lies outside of U.

Because z is exposed in C*, there is a path T from z to OF', which otherwise lies outside of C".
We will modify T" to obtain the path we desire. To this end, let B’ denote the fattening of the ;"
cluster by its diameter, i.e., let

B = {z €z dist(z,(¥) < diam(C¥)}

for each j. We state two facts about the B’.

Fact 1. Each B7 is finite and *-connected, so each O,i 3’ must be connected according to
Lemma[2.3.13|
Fact 2. Each 0, B’ is disjoint from U, B*. To see why, note that any element of OB’ is

within v/d of an element of B’ , while the distance between distinct B’ and B* exceeds Vd:
dist(B?, B*) > dist(C?, C*) — diam(C?) — diam(C*) — 2v/d

2blog dist(C7, C*) 4 2v/d
B dist(C7, OF) ) > V.

> dist(Oj,C’k)(l

The first inequality follows from the triangle inequality; the second from the fact that C' satisfies
DOTR}, the third from the fact that the ratio is decreasing in dist(C7, C*), which is at least sep(C),
and the fact that sep(C') > €09’
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We will keep the part of I' from z until it first encounters O, B?, which otherwise avoids U, B k
by assumption. We denote by L the set of labels of the B’ subsequently hit by . If £ is empty,
then we are done. Otherwise, let ¢ be the label of the first of the 57 that I" hits, and let I',, and T,
be the first and last elements of I which intersect Oy B¢. By Fact 1, 0, B’ is connected, so there
is a shortest path A in 0,3 B¢ from I',, to I',. We then edit I to form I" as

F/ - (Fla"'7Fu—17A17"‘7A|A\7Fv+17"‘7F|F|)'

Because I', ;1 was the last element of ' which intersected Ovis B, T avoids BY. By Fact 2, A avoids
UrB*, so if £’ is the set of labels of B’ encountered by I”, then |£/| < |£] — 1.

If £ is empty, then we are done. Otherwise, we can relabel I to [V and £ to £’ in the preceding
argument to continue inductively, obtaining I and |£”| < |£] — 2, and so on. Because |£| < n,
we need to modify the path at most n times before the resulting path to F does not return to
UpB* after reaching O,is3°. In summary, we edited I' to obtain a path from x to Oy B° and
then from 0, B° to OF, which otherwise avoids U. By the preceding discussion, this proves
escy(x) > 0. O

3.6.2 Proofs of Propositions[3.6.4) and [3.6.5|

We will prove the comparison of the activation components of HAT and IHAT first.

Proof of Proposition Let U = 7(C'). We express the escape probability of U as
escy(x) = escgi(x) — Py(102 < 00,70i = 00), x € U. (3.41)
By (3.18)), there is a number ¢; = ¢;(d) such that, for any y € C7*,

G(r —y)

Go) < csep(C)* 4,

P, (1, < 00) =

By a union bound over the elements of C7* and by the preceding bound,

P.(To# < 00,7ci = 00) < n max P,(7, < 00) < eynsep(C)* . (3.42)
yeC7?

The right-hand side of (3:42) is small relative to the first term in (3.41)) because |C?| < 3 which,
by Lemma|3.5.4] implies

3 —2G(o) < 1
Glo) ~ 2
The second inequality holds because the ratio decreases as (o) increases and G(o) < 1.2 by
Lemma[3.5.3
Substituting (3.42) and (3.43) into (3.41])), we find

escei(2) (1 — ensep(C)* ™) < escy () < escoi () (3.44)

escoi () = (3.43)
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with ¢ = 2¢;. In particular, summing the first inequality of (3.44)) over x and 7 gives
cape (1 — ensep(C)* %) < capy. (3.45)

Combining ((3.44)) and (3.43) gives (3.34):

Hy (z) > (1 - cnsep(C)Z_d)%;(x) = (1 — cnsep(C)* ) He (4, z). (3.46)
c

]

In addition to cluster sizes of at most three, the transport comparison requires that the clusters
satisfy absolute and relative (to diameter) separation conditions, similar to DOT[IFDOT[3] The

proof of (3.35) analyzes each factor of (3.10) in turn.
Proof of Proposition According to (3.10),

IP)$(ST—1 =Y | T < OO) = ]P)x(ST'—l = le, < OO)

]P) / IP) P " /
X x(T <OO) ( _ Q?(ST 1 y’T <7 <OO)>’ (347)
P.(7 < o0) P.(Sy—1=y,7 < 00)
BT E2Th)

where 7" = Tz

We will bound (3.47h) from below. We start with two observations. First, there must be an
element 2 € C" which is distinct from z because, otherwise, there can be no y € 9(C*\{x}).
Second, for such a z, ||# — z|| can be no larger than blog dist(C*, C7?) by the hypothesis on the
diameter of C". Consequently, by (3.18)), there is a positive number ¢; = ¢;(d) such that

—2) > ¢ (blog dist(C?, C7%))?~<. (3.48)

]P)m<7'/ < OO) = ]P)x(Tz < OO) = W

Concerning the denominator of (3.47p), because there are fewer than n elements in C7, a
union bound over the elements of C7* and (3.18)) imply that there is a number ¢y = c,(d) such that
P, (7" < 00) < eandist(C?, C71)*4,

We use this fact with (3.48) in the following way:

P, (7 < 00) < (1 + %) P, (7' < oo)

condist(C?, C71)2~4
< |1+ . —
c1(blog dist(C?, C#7))2—d

) P,(r < o). (3.49)

This bound decreases as dist(C?, C7?) increases, so (3.49) and the hypothesis on sep(C') imply

P, (7 < 00) < (14 ¢znb™ ?sep(C)*' ) P,(7 < 00) (3.50)
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for cz3 = ca/cy.
The inequality implies that (3.47p) satisfies
P, (7" < o0)
P.(T < o0)
We will now bound (3.47p) from below. For {7” < 7/ < oo} to occur, a random walk from x

must escape cluster i to a distance of at least dist(C?, C7*), before returning to cluster 7. Conse-
quently, there is a positive number ¢4 = ¢4(d) such that

P, (Sy_1 =y, 7" <7 < o00) < eyndist(C?, 7172, (3.52)
Indeed, to obtain (3.52]), we can write

> 1 — cgnb® Zsep(C)*1 7 (3.51)

Po(Syo1 =y, 7" <7 < o0) =E,;[Ps, (S =y); 7" < 7]

< max P, (7" < 00) P,(7" < o0)
2€C#?

< eyndist(CF, O,

Concerning the denominator of the ratio in (3.47p), because cluster ¢ has at most three elements,
the probability that {S./_; = y} occurs is at least within a factor ¢; of hitting z (3.48):

P.(S._1 =y, 7 < 00) > cs(blog dist(C?, C7%))*~4. (3.53)
Combining (3.52)) and (3.53), we find that the ratio in (3.47p) satisfies

]P)x(sr’—l _ y,T” <7 < OO) _ C4ndiSt(Ci,C7éi)472d
P,(S._1=y,7 <o0)  cs(blogdist(Ci, C#i))2-d’

This bound increases as dist(C?, C7%) decreases, so the hypothesis on sep(C') implies

) P.(Sr—1 =y, 7" <71 < 0)
P.(Sy—1 =y, 7 < 00)

) > 1 — cgnb® 2sep(C)H1 72 (3.54)

for Ce — C4/C5.
Substituting the lower bounds (3.51)) and (3.54) into (3.47)), we find
P.(Sr1 =y |7 <00) = (1 — cmb® 2sep(C)* Py (Sroy = y |7/ < o0)

with ¢; = 2max{cs, 6} O

3.7 A random walk related to cluster separation

Proposition will allow us to bound the probability in of Proposition with the
corresponding probability under IHAT. The purpose of this section and Section [3.8|is to bound
this IHAT probability away from zero. Our strategy is to argue that, for each pair of clusters, the
difference in their centers of mass, viewed at certain renewal times, is a random walk in Z%. The
purpose of this section is to define this random walk and prove some preliminary results about it.
In Section we will apply random walk estimates to complete the proof of Proposition [3.2.1
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3.7.1 Definitions

We will define several quantities associated with the natural clusterings C; and D, of U; and V;. To
avoid repetition, we will use F; and W, as placeholders for C; and U; and D, and V;, and we will
use F as a placeholder for (Cy,t > 0) and (Dy,t > 0). To ensure that there are at least two clusters
in each clustering, we will assume that I/, has n > 4 elements and that [ satisfies DOT
Center of mass

For a finite, nonempty subset A C Z¢, we define the (scaled) center of mass of A as

6
M(A) = WZ 1. (3.55)

x€A
The factor of six in (3:533) ensures that the center of mass is an element of Z? when A has two or
three elements.
Reference times

In words, the reference times for a pair of clusters are the consecutive times at which both clusters
form line segments parallel to e, where e; = (1,0,...,0) € Z4. Fix clusters i < j in Ey. Their
reference times are &’ (F') = 0 and

€9(E) = inf{t > &7 (E): E! € Ref, E} € Ref}, m € Z,,
where Ref is the collection of reference dimers and trimers
Ref = {{z,x+e} 2 € ZYU{{zx,x +e,x+2e,} : x € Z%.

A random walk

To make the notation easier to read, we will suppress the 7, 5 superscript and the argument £,
writing M/ instead of M (E}) and &, instead of %/ (E).
Consider the increments

\%

A?j = (Mﬁié B Mﬁje) B (Mééfl B M§e-1)7 f 1’

which are i.i.d. and belong to Z?. In principle, the reference times can be arbitrarily large, so to
ensure that the corresponding partial sums result in a finite-range random walk on 74, we truncate
them with a number £ > 0. We define Z;”"" = M} — M_ and

Zi% = Zg7 4 3 TAP1(& — &1 < K), m € Ly (3.56)

/=1
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When E; = Dy, for x € Z%, we refer to the law of the process (Z2/* m € N) under Q,
conditioned on Z;7" = x, by Q%7

For any r, Q%7 is the law of a finite-range and symmetric random walk from z. Additionally,
if K > 3, then Q%" is irreducible on Z?. This is because, for any pair of dimers or trimers, it
is possible to return to Ref in three steps, in such a way that Ai’j = ey, for any k € [d], where
e;. denotes the k" standard unit vector in Z?. Aside from these considerations, the truncation of
reference times by  is unimportant, because the distributions of reference times have exponentially
small tails, as the next subsection shows.

3.7.2 Reference times have exponential tails under Q

The distributions of reference times have exponentially small tails under Q. This result requires no
hypothesis about cluster separation. The key input to the proof of Lemma(3.7.1|1s the lower bound
on harmonic measure from Lemma [3.5.J]

Lemma 3.7.1. Let Dy be a clustering of an n-element configuration in 7. with distinct clusters i
and j. There is a number ¢ = c¢(d,n) such that, for all t € Z,,

Qp, (&7 > t) <27 (3.57)

Proof. We will prove when both clusters are trimers; the resulting bound will hold for the
other cases, which can be argued analogously.

We claim that D}, and D7, belong to Ref with a probability of at least p®, where p =
(2n)7'(2d)~*. Indeed, we can transition D] to D}, € Ref as follows:

1. If there is an isolated element, activate it (w.p. > (2n)_1). Otherwise, “keep” the current
cluster by transporting to wherever activation occurs (w.p. > (2n - 2d)~'). Repeat this step
twice to ensure that the resulting cluster is connected.

2. Once the cluster is connected, if it does not belong to Ref, activate any element with the
least e; component and transport it to x + e;, where x is any element of the cluster with
the greatest e; component (w.p. > (2n)~!(2d)~*). Otherwise, keep the current cluster (w.p.
> (2n - 2d)7'). Repeat this step twice to ensure that the trimer belongs to Ref (i.e., equals
{2,z + e,z + 2e,} for some = € Z%).

The factors of (2n)~! arise from the use of Lemma which is justified because D is a trimer;
factors of (2d)~! arise from dictating random walk steps during the transport component of the
dynamics.
This process can be repeated for the ;" cluster to ensure D{ +s € Ref, while maintaining
D ¢ € Ref. This implies
Qp, (&7 >t+8| &7 > 1) <q

where ¢ = 1 — p®. Continuing inductively, we find

ij t 1 —c
Qn, (&7 > ) < gls) < g le
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for c = —é log q. Since ¢~ < 2, this implies (3.37). [

We mention that Lemma will allow us to essentially ignore the truncation x when we
apply the following results. Proposition 2.4.5 of [LL10] gives a large deviations estimate for the
number of steps it takes a random walk to exit a ball. We define the first hitting time of subset
A C Z% by

T3 = inf{m € Zsq : Z57* € A}.

Denote by B(r) the ball of radius r € R centered at the origin, i.e., B(r) = {z € Z¢ : ||z|| < r}.
There are numbers v; < oo and v, > 0 such that for any k € [3,00), r > 0, and all x € Z¢ and
a >0,

Q(Tfe > ar®) S e (3.58)

Additionally, Proposition 6.4.2 of [LL10] states that, if a number r is sufficiently large then, for
any K € [3,00) and x € B(r)S, there is a constant 3 > 1 such that
o ro\d—2

@ (T35 < o0) < () .59

Bounds (3.58) and (3.59) feature constants which could depend on x through the increment dis-

tribution of the truncated random walk. In fact, due to Lemma the coordinate variances of

the increment Z;7" — Z;7"" are bounded above and below by finite, positive constants for any

K € [3,00). Consequently, we can (and do) assume w.l.0.g. that y; through 3 do not depend on k.

3.7.3 Results relating the separation of two clusters to the distance between
their centers of mass

In Section [3.8] we will need to translate conditions involving the distance between two clusters
to conditions involving the random walk Z , and vice versa. In this subsection, we collect some
simple facts which serve this purpose.

If the diameters of clusters ¢ and j are small, then the triangle inequality implies that E! and
EJ are separated by a distance proportional to || M7 — M|

Lemma 3.7.2. [f max{diam(E}), diam(E})} < r and |M} — M}|| > R, then

o R-8
dist(E}, Ef) > — s (3.60)
Proof. We will prove (3.60) when cluster ¢ is a dimer and cluster j is a trimer; the other cases are
similar. Assign the elements of E! labels 1, ..., |E}|, and denote by E!({) the element with label

(. Assume w.l.o.g. that dist(E}, E}) = ||[Ei(1) — EJ(1)]|. We write
M! — M} = 3Ei(1) + 3E!(2) — 2EJ(1) — 2E/(2) — 2E!(3).

By the triangle inequality and the hypothesis on diameter, the right-hand side is at most 6 dist( E}, Ei )+
8r in absolute value. Combining this observation with the hypothesis that || M} — M| > R gives
(13.60]). O]
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At reference times, clusters are connected and so have small diameters. Diameters increase
at most linearly in time under IHAT. During each step the elements can move by a distance no
larger than the diameter of their cluster. These two facts imply a quadratic bound on the difference
M} — M.

Lemma 3.7.3. For any timet > 0, if m € Nis such that ,, <1 < &,,11, then
(0 M) — (01, — ML) < 6 — &) 361

Proof. Attime ty = &,,, both clusters 7 and j are connected and so have diameters of at most two.
Their diameters can increase by at most one with each step, which implies

max {diam(E}), diam(E])} < (t — o) + 2. (3.62)

We also know that no element can move in one step by a distance exceeding the present diameter
of its cluster. Because at most one element moves in a given step, it must be that

| EF|

Z Z H v (0 K)” < max {diam(Ef), diam(Ef)}. (3.63)

ke{i,j} =1
By the definition of M}, the triangle inequality, and then (3.62)) and (3.63),

|Ef|

(M = M)y — (M, — M) <3 >0 || EF@) — Ef (0)
kedi,j} =1
|EX|

32 P ZMGERAG]

s=to ke{i,j} =1

< 321((3 —t0) +2) < 6(t — o).

s=to
Because ¢ < &1, this implies (3.61). O
Lemma 3.7.4. Ift satsfies &, <t < &, then
dist(E?, E) —HMZ — ML || =3 (&1 — )" (3.64)

Proof. Let t satisfy the hypotheses. By Lemma(3.7.2]
6 dist(E!, EY) > | M — M| — 8 max{diam(E!), diam(E})}.

By Lemma[3.7.3] ‘ ‘ | ’ ,
[0} = M| = [| Mg, = M, || = 6(&msr = &m)
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and, by (3.62),
max{diam(E?), diam(E?)} <t — & + 2 < Emyr — Em + 2.

Combining these inequalities and using the fact that &,,, 11 — &, > 1, we find

6 dist(B], E) > || ML — ML || = 6(&mst — &n)” — 8(Enst — Em +2)
> || ML, — ML || = 16(&mi1 — §m)2,
which implies (3.64). O

The next lemma states that the distance between the centers of mass of two clusters can be
bounded below in terms of the distance between two clusters and their diameters. We omit the
proof, as it follows easily from the definition of )/} and the triangle inequality.

Lemma 3.7.5. At every time t € Z,,

| M7 — M7 || > 6dist(E], EY) — 6 diam(E}) — 6 diam(E}).

3.8 Separation of clusters under HAT and intracluster HAT

The purpose of this section is to prove Proposition which states that there is a positive prob-
ability that the natural clustering of HAT satisfies the separation condition of Theorem
so long as the initial clustering is an (a, b) separated DOT clustering for sufficiently large numbers
a and b. We do so by establishing the same result for IHAT and then invoking Proposition (3.6.1

We establish the result for IHAT by applying the standard estimates (3.58)) and (3.59) to the ran-
dom walk Z,,, associated with the pair of clusters, and then translating these results into analogous
conclusions about the separation of the clusters, using the results of Section

3.8.1 Definitions of key quantities and events

In this subsection and those which follow it, we will assume d € Z~5 and n € Z-,. When we refer
to a clustering, we will mean a clustering of an n-element configuration in Z<.

To state the main results of the section, we need to define several events, which formalize the
following picture. Starting from a clustering £, with separation a > 1, we model the distance
between two clusters, ¢ and j, with the random walk Z,,. Accordingly, we aim to observe the
distance between two clusters, i and j, double to 2a over roughly (2a)? steps of Z,,, without
dropping below, say, 2ad for some § € (0, 1). We then aim to observe the separation double again,
over (4a)? steps of Z,,, without dropping below 4ad, and so on. In fact, we will budget slightly
more time to observe the doubling, and § will become smaller as we observe more doublings.
Additionally, we will lessen the truncation of the reference times which define Z,, (3.56) (by
increasing x) as we observe more doublings.
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We will use ¢ € Z- to count the number of doublings. We introduce sequences of positive real
numbers (d;)s=o and (k¢)e=1, and a sequence of positive integer times (ty),~1. Each x, and ¢, will
depend on a. For positive real numbers c;, ¢o, and c3, which will carry the same names throughout
this section and which we will choose later, we define

dp_1 = 0_1[ to(a) = [ca(nl)* log(a)(2'a)?], and ky(a) = c3log(nlty(a))
n
for each ¢ € Z-,, where [r] denotes the integer part of a real number r. We think of ¢,(a) as (2a)?;
the other factors are convenient in later calculations.

Let E be a placeholder for (C});>¢ or (D;);>0. The events are defined in terms of the reference

times £47(E), the number of reference times by time ¢,

Ny (E) = sup{m € Z, : € (E) < t},

the time N o
S,/ (E) = inf{s > t,y : dist(E%, E?) > 5[12%},

and the random walk Z"/*¢( ). To reduce notational clutter—and because we intend to define the
events for both HAT and THAT—we will suppress the ¢, j superscripts and the argument £. For
example, we will write ¢, instead of £/7(E) and Z"¢ instead of Z/"(E).

We define four events for each ¢ € Z-;, where ¢ counts the number of times the separation
between clusters has doubled, starting from a separation of a. For each ¢, we aim to observe:

1. the reference times after ¢,_; and up to ¢, differ by at most x, (i.e., the truncation has no
effect on the increments of Z7* between these times);

2. the clusters become separated by 0, 12¢a, by time t,;
3. the separation remains above 0,2 'a during {t,_1,...,t,}; and
4. the separation remains above 2°a during {S, ..., .}

More precisely, we define the following events (Figure [3.1)):

P (0) = {&n — Emor < Ky for Ny | <m < Ny, },

500 = {8 <t}

é’j(ﬁ) = {dist(Eg,Eg) > 5,27 a for ty_ 1 < s < tg}, and
P (0) = {dist(EL, E7) > 2%a for S; < s <t}

We also define G/ (¢) = (}_, G.” () and G(£) = N;; G (¢).
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distance between clusters ¢ and j

Figure 3.1: An occurrence of N;_,Gx(1).

3.8.2 Proof of Proposition 3.2.1]

The event N1 G (¢) is significant because, when it occurs, the sequence of clusterings (Eo, E1, . .. )
satisfies the separation condition which appears in Proposition [3.2.1| and Theorem [3.1.5] This is
the content of the first main result of this section.

Proposition 3.8.1 (Separation when N;~1 G(¢) occurs). Let a,b € R.y, let Ey be an (a,b) sepa-
rated DOT clustering, and let E; denote either C, or D; for eacht € Zy. If b is sufficiently large
in terms of n, and if a is sufficiently large in terms of b, d, and n, then, for any { € Z-,, when
N¢._,G(m) occurs,

0

diam(E?) < blog dist(E?, E*) and sep(E,) > sz~ " + 100n, (3.65)

for every cluster i and time s € [t,]. In particular, denoting the separation lower bound in ((3.65))
by as, if € is the first time t that F; is not an (ay, b) separated DOT clustering, i.e.,

5 = mf{t € Z>0 : Et ¢ %(W(Et), ag, b)},

then
N,_1 G(m) C {€ > t,}. (3.66)

The second main result of this section is a bound on the probability under THAT that G(¢)
occurs, for every ¢ > 1.
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Proposition 3.8.2 (N> G(¢) is typical for IHAT when FEj is well separated). Let a,b € R, and
let Eqy be an (a,b) separated DOT clustering. There is a number ¢ > 0 such that, if a is sufficiently
large in terms of b, d, and n, then

Qe (N2, G(0) > e. (3.67)
Together, the two preceding propositions and Proposition [3.6.1]imply Proposition [3.2.1]

Proof of Proposition[3.2.1] Let Wy, E satisfy the hypotheses, let as, b, ¢, and £ be the quantities
with the same names in Proposition [3.8.1] and let D be the event defined in (3.28). Because the
lifting of HAT with the law P g, has the same distribution as the natural clustering of (Uy, Uy, ... )
with £y under Py, it suffices to show that there is an € > 0 such that

PEO(€ - OO) 2 E.

We claim that, for sufficiently large a and b,

P, (€ > te) > Pr,(Mmy G(m)) = Qi (N)my G(m)) /2.

The first inequality holds by of Proposition For k > 1, let p; denote the quantity
62 ta, which bounds below sep(FE,) for t, 1 < s < t; when G(k) occurs. If (t;)r>; and
(k) k=1 satisfy and if p, > da for some ¢ > 0, then Proposition [3.6.1 will imply the second
inequality because N¢,_,G(m) C D. If these two conditions are met, then we can pass to the limit
as { — oo and apply Proposition to conclude that there is an € > 0 such that, when a is
sufficiently large,

Py, (£ =00) = Qg (M= G(m))/2 > ¢
It remains to verify the two conditions on (#3)x>1 and (py,)x>1. First, since (a?log(a)) ™'ty =
O(221) and a~1p, = Q(2%), and since d > 5, the condition (3:27) is satisfied:

o)

th21d a*'~log(a) Z 2U=09k _y () as 4 — o0,
k=

<oo

Second, the fact that there is a & > 0 such that p, > da for k > 1 is implied by a !p, =
Q(20-9%), O

We turn our attention to the proofs of Propositions[3.8.1]and [3.8.2]

3.8.3 Proof of Proposition 3.8.1

Recall that the results of Section[3.7.3relate cluster separation to the distance between their centers
of mass and the differences between consecutive reference times. To prove Proposition |3.8.1 we
will combine these results with the separation growth that the occurrence of N¢,_,G(m) entails.
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Proof of Proposition The inclusion follows directly from the definition of  and (3.65)),
the two bounds of which we prove in turn.

Fix an ¢ € Z>, atime t,_; < s < ty, and a cluster 7 of ;. Consider the first bound of (3.63),
which states that, if b is sufficiently large in terms of n, then

diam(E?) < blogdist(E?, E7?).
This is implied by the claim that, when N¢ _,G(m) occurs,

diam(E?) < 2 = O, (log(2'a)), and

<
log dist(E?, E7") > log (6,2" 'a) = 2, (log(2‘a)).

We verify the claim as follows. Reusing (3.62)), we see that the diameter of E’ is at most
Enop1 —En, +2. When Nf _ G(m) occurs, Ex, 11 — £, is at most k. Since k; > 2, the diameter of
E! is at most 2#,. Next, note that the occurrence of NY,_,G(m) implies dist(E?, E7?) > 6,2 ta.
The equalities involving O,, and €2,, follow from the definitions of x, and J;.

Next, consider the second bound of (3.65]), which states that

sep(E,) = sz " 4+ 100n.

Because the occurrence of N _,G(m) implies that sep(E,) > 0,2 1a, and because we can make
this lower bound arbitrarily large relative to 100n by increasing a, it suffices to show that

1 n—100

62 ta >t (3.68)

for any ¢ (Figure [3.2).
We split into two cases in terms of L = L(n), a positive integer which is sufficiently large to
ensure L~ !log, L < n~1%,
If ¢ < L, then
0—1 1_p-t00 1 —p—100
02" a =0y, (a) and ¢} = O,(a ).
Hence, to satisfy (3.68)), we can simply take a sufficiently large in n. On the other hand, if ¢ > L,
then
—10

5270 = 0, (2%) and 7" =0, (2 2(2a) "),

Because / > L, we have 272" "2 < 1 and, since the first quantity has an extra factor of a®* """,

we can take a sufficiently large to satisfy (3.68). O

3.8.4 Proof of Proposition 3.8.2]

We will devote most of our effort in this subsection to a proof of the next result, from which
Proposition [3.8.2] easily follows. To state it, we denote by .%; the o-field generated by Dy, ..., D,
fort > 0.
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52t 4+ ——=-""

Figure 3.2: When N¢,_,G(m) occurs, cluster separation lies above the blue lines. The red dashed
line is a £1/2-o+() Jower bound on cluster separation.

Proposition 3.8.3. Let a,b € R, let Ey be an (a,b) separated DOT clustering, and let { € 7.
If a is sufficiently large in terms of b, d, and n, then

1
Qr, (GO | F, ,)1(N52 G(m)) < oTeR (3.69)

Proof of Proposition[3.8.2] Let b > 1 and let a be sufficiently large to satisfy the hypotheses of
Proposition [3.8.3] let E,, be an (a, b) separated DOT clustering, and let ¢ € Z-,. By conditioning
on .%,;, , and then applying Proposition we find

Qxz, (gw)c grs (m)) =Ep, [QEO (G(O)° | o, )1( N5 <m>)] < %
Consequently,
Qg ((ﬂg 1 G(0) ) ZQE()( Nt (m))gi%<1_
=1

O

To prove Proposition [3.8.3] we will prove (3.69) with a sequence of events (#(¢))s1, which
satisfy H(¢) C G(¢), in the place of (G(¢))s>1. These events will refer to the random walk 2,

instead of the distance between the pairs of clusters, so that we can use random walk estimates
(3.58) and (3.59) to estimate the probability that they occur.
For each ¢ € Z-1, in terms of the time

Te=inf {m >N, ,: Zi* ¢ B(66,"(2%) + 18x7) },
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we define
My’ (0) = Gy (0),
/Hg (6) - { Ntz}
Hy' (0) = {Z5 ¢ B(66,(2" "a) + 18k7), Ny, , <m < Ny, }, and
Hy (0) = {75 ¢ B(6(2%) + 18k7), T < m < Ny, }.
We also define H*I(£) = (o, Hy' () and H(€) = Ny, 1M (0).

Proposition 3.8.4. For each { € 71, H({) C G(?).
Proof. Fixan ¢ € Z-; and a time t,_; < s < t,. When G(¢) occurs,

Zy = MgiNS - MEN and &n,11 — &N, < Ko
Hence, by Lemma[3.7.4]

dist(EZ, EY) —||Mg — M}

ENs

1
~ 36— ) > g2 - 34

which implies the inclusions. 0

Proposition [3.8.4] and the following four estimates will be the inputs to our proof of Propo-
sition [3.8.3] The first estimate bounds above the probability that 77 (¢)¢ occurs, i.e., some con-
secutive reference times between ¢,_; and ¢, differ by more than x,. Note that we do not need a
hypothesis on the separation of F as the event ’Hllj (¢) only concerns reference times.

Proposition 3.8.5. For ( € 7.,

. 1
Qu, (HY(0)°) < 14(n0)2’
Proof. We calculate
N,
Qu, (M7 (0) =Qu | U {&n—&n1>ne}
m:Ntz71+1
Ney_y+te
<Qu | U {&n—&ma1>nd
m:NtZ—1+1
=Eg, |Qp,, , (U {&n — Em1 > m})]
L m=1

.
<Eg |> B, Qo (&> m)}] < 2t
1
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The first equality is due to the definition of Hzlj (¢). The first inequality holds because the number
of reference times between t,_; and ¢, is never more than ¢,. The second equality is due to the
Markov property applied to time ¢,_; and the fact that (&, — fm,l)m€Z>1 is an i.i.d. sequence.
The second inequality follows from a union bound over m and the strong Markov property applied
sequentially at the times &,,_1, . .., &,—1. The third inequality is due to Lemma 3.7.1]

Recall that ¢, = [co(nf)*log(a)(2°a)?] and k, = c3log(nft,), where ¢, and c; are yet unspeci-
fied positive numbers. By increasing cy, we can assume w.l.0.g. that ¢, > 28 and choose c3 = 2¢™1,
in which case

2 1
2tpe™ M = < .
€ to(n0)?  14(nl)?

Proposition 3.8.6. Let { € 71 and sep(Ey) > a for a € R.y. If a is sufficiently large, then

1
14(nt)?"

Qu, (HY (O NHY (0 | #, ) <

Proof. Recall that, for ng (£)¢ to occur, the random walk Z"* must fail to exit the ball of radius
r = 65, (2%) + 18k2 between steps N, , and N;,. By (3.58), the probability that this occurs is

at most y;e~ 2% when NV;, — V;, , exceeds ar? for a > 0. The occurrence of ’Hiﬂ (¢) implies that
Ny, — Ny, = [kt —tim — 1)].

By taking a sufficiently large, we can ensure that the lower bound is at least (4x,)~'t,, hence to
prove the proposition it suffices to prove that

(4rg) "ty = ar?

where o = 75 " log (71 - 14(nf)?). Some algebra shows that (r?k,)~'t, = Q(log(nl)), which
implies that ¢, can be taken sufficiently large to satisfy the preceding inequality. 0

Proposition 3.8.7. Let { € 7~ and let sep(Ey) > a for a € R.y. If a is sufficiently large, then

1
14(nt)?

Qe (M (0° | Z1,,)1(02 G(m) <

Proof. Denote by X = Z;:ll the location of the random walk Z,;/~* at time ¢,_,. Recall that, for

H% (¢) to occur, Z must avoid the ball of radius r = 66,(2‘a) 4+ 18x7 between steps Ny, , and
N,,. Clearly, it is enough for the random walk from X to escape B(r). By the Markov property
applied at time ¢,_; and by (3.59)), this occurs with a probability of at least

iy y ro\d—2
Qx, (Hs’](@ ‘ ytf—l) =Qp,_, (H:’)’j (6)) 21— (m) . (3.70)
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When N’ 2, G(m) occurs, the separation of D,, | is at least 2~ 'a and the diameters of clusters
i and j are at most 2x,_;, which by Lemma [3.7.5|implies that

’XH - ” te 1 te 1” > 2 1a_24’w L

Call this lower bound R, in which case the preceding inequality and (3.70) imply

Qu (50 | 1, 1z Gm) < ()

Some algebra shows that & = 12¢;(1 + 04(1)) - (nf)~", so the preceding bound and the fact that

d > 5 imply that
1

14(ne)?’

for an appropriate choice of ¢y, for sufficiently large a. 0

QEO (H;J(g)c ’ ngt(i—l (mé l1 g( ))

Proposition 3.8.8. Let { € Z~, and sep(Fy) > a for a € R.y. If a is sufficiently large, then

QE() (’Hé’j(f) N /Hij(g)c | ﬁtf—l) <

Proof. When H3’ (£) occurs, there is a number of steps 7; between Ny, , and V;, such that Y =
Z3* belongs to B(R)<, where R = 66, '(2“a) + 18k{. For H;’({) to occur, Z;¢ must hit B(r),
where 7 = 6(2%a) + 18k2, starting from Y. Hence by the strong Markov property applied at time

&7, and by (3.59),

Qu, (M3 (0) VK (OF | Zu,) = B, | Qo (HE(0): 1 (0)

<Bo, Lol T n(E)"

Some algebra shows that = = ¢1(140,(1))-(nf)~", so the preceding bound is at most (14(n¢)?)™"
when « is sufficiently large. [

We combine the preceding five propositions to prove Proposition [3.8.3]

Proof of Proposition[3.8.3] Let E, satisfy sep(Ey) > a fora > 1 andlet ¢ € Z-,. We aim to show
that, if a is sufficiently large, then

Qi (G007 | 1 )10 GOm) < 55 a7

By Proposition |3.8.4{and a union bound over distinct pairs of clusters, we have

QEO (g(@)c | yteq) < QEO( ( | ‘/tz 1 ZQEO H” ’ yte 1) (3.72)

1<j
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Using the fact that, for events H, and H,, HS is contained in the disjoint union (H; N HS) U Hf,
we find
QEO (Hm'(g)c ‘ yﬁeq) < 3QEO (Hlld(g)c ’ yte—l) + 2QE0 (/Hlld(g) N ,H;j(g)c ’ ‘ggtefl)
+ QEO (,HZZS,J(OC ‘ gtzq) + QEO (7—[;]<€> M HZJ (g)c | 'g.tﬁfl)‘

Applying Propositions [3.8.5|through [3.8.8|to bound the terms on the right hand side, we conclude
that for sufficiently large a,

%, c /—1
QEO (H j(g) | yté—1>1(mm:1 g(m)) g 2(71,6)2
The bound (3.71) then follows from (3.72) and the fact that there are at most n? distinct pairs of
clusters. [

3.9 Strategy for the proof of Theorem

Let us briefly summarize what the preceding sections have accomplished. In Section [3.2] we
proved our main result, Theorem [3.1.5| assuming Proposition [3.2.1| and Theorem In Sec-
tions through we proved Proposition [3.2.1] using an approximation of HAT by IHAT and
a random walk model of cluster separation under IHAT. In this section, our focus shifts to proving
Theorem

We continue to assume that d € Z->; and n € Z-4. Recall that Theorem identifies
a number of steps f = f(a,d,n) and a positive probability ¢ = ¢(a,d,n) such that, if a is
sufficiently large in terms of d and n, then the Py, probability that Uy € %;,,(a, 1) is at least g, for
any n-element configuration U C Z¢.

If we permitted g to depend on U, it would be relatively straightforward to identify for any U
a sequence of f’ configurations which can be realized by HAT and which produce a configuration
Uy belonging to %y(a, 1). Indeed, it would take only two “stages”:

(1”) First, we would rearrange U into a line segment emanating in the —e; direction from, say,
the element of U which is least in the lexicographic ordering of Z.

(2’) Second, we would “treadmill” a pair of elements from the “tip” of the segment, in the —e;
direction, until the pair was sufficiently far from the other elements. We would repeat this
process, one pair at a time, until only two or three elements of the initial segment remained.

While stage (2°) could be realized by HAT with at least a probability depending on d and n
only, stage (1°) could introduce a dependence on U into g. Indeed, it might require that we specify
the transport of an activated element over a distance of roughly the diameter of U/. We will avoid
this by adding one preliminary stage; in the resulting, three-stage procedure, stages (1°) and (2’)
are essentially stages (2) and (3).

To specify the stages, we need two definitions.
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Definition 3.9.1 (Lined-up). We say that a clustering C' of a configuration U can be lined-up with
separation 1 if sep(C') = 2r, if each cluster of C' has at least two elements, and if each cluster of
C'is connected. If such a clustering of U exists, we say that U can be lined-up with separation r.

Definition 3.9.2 (Lex). We say that an element x of a finite A C Z% is lex in A, denoted lex(A) = z,
if it is least among the elements of A in the lexicographic order of 7.

Here is the three-stage procedure, which takes as input an initial, n-element configuration U C
7% and a € Z=,, which we will later require to be sufficiently large in terms of d and n. Note that
the output of each algorithm is a clustering—not a configuration.

1. First, we will use Algorithm Ag to construct a clustering C' = Ag(U, a) of a configuration
which can be lined-up with separation dn?a. This algorithm is the most complicated of the
three. In brief, the algorithm repeatedly attempts to create a non-isolated lex element of a
cluster, so that it can be “treadmilled”—along with a neighboring element—to form a new
dimer cluster.

2. In the second stage, we will apply Algorithm 4g to “line-up” the elements of each cluster
(. Specifically, in terms of the line segment

Lk:{—jel:jG{O,l,...,k—l}},

we will rearrange the elements of C” into the set lex(C*) + Ljci|. If C has m clusters, the
resulting clustering will be

3. In the third stage, Algorithm Ag will iteratively treadmill pairs of elements from each seg-
ment in the —e; direction for multiples of a steps until only a dimer or a trimer of the
original segment remains. The resulting clustering A(U,a) = Az(Ag(C),a) will satisfy
DOT/[I}-DOTJ| with @ and b = 1, meaning that the configuration associated with the resulting
clustering will belong to %, ,,(a, 1).

In the next section, we prove some results which will aid our analysis of the algorithms. In
particular, we prove a harmonic measure lower bound for lex elements. After preparing these
inputs, in Section [3.11] we will state and analyze the three algorithms to prove Theorem[3.1.7]

3.10 Some inputs to the proof of Theorem

3.10.1 A geometric lemma

To facilitate the use of the harmonic measure estimate in the next subsection, we need a geometric
lemma and a consequence thereof. We state the following lemma with more generality than is
needed for the immediate application; we will apply it again in a later section. The statement
requires the notion of the *-visible boundary of a set, which we first defined in (2.35).
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Lemma 3.10.1. Let A be a finite subset of Z¢ which contains the origin, and let x and vy be distinct
elements of OyisA. There is a path T from x to y in A of length at most v/d diam(A) 4 3%+1| A|.
Moreover, T' C {z € Z¢ : ||z < diam(A) + v/d}.

Proof. Fix finite A C Z? containing the origin, and fix two elements, = and y, in Oy A. Let {B;};
be the collection of x-connected components of A. Because A is finite, each B; is finite and, as
each B; is also *-connected, each O, B; is connected in Z? by Lemma

Note that 9,5 A is contained in {z € Z¢ : dist(z, A) < 3}, so diam(dy;sA) is at most diam(A)+
6. If ' is a path from z to y of least length, then, by the preceding observation and the Cauchy-
Schwarz inequality, the length of I' is at most \/d (diam(A) + 6). We will edit I to obtain a
potentially longer path which does not intersect A.

If " does not intersect A, then we are done. Otherwise, let i; denote the label of the first
x-connected component of A intersected by I'. Additionally, denote by a and b the first and last
indices of I which intersect d,;,;,. Because 0,5 B;, is connected in Z%, there is a path A in 0y, B;,
from ', to I",. We may therefore edit I to form I":

I = (Fla"'7Fu717A17"'JA|A\7F’U+17"'7F|F|)~

If IV does not intersect A, then we are done, as I is contained in the union of I and U, 0, B;,
and because U;0,;sB; has at most 3d|A| elements. Accordingly,

IT’| < Vd(diam(A) 4 6) + 3%|A| < Vddiam(A) + 34| A]. (3.73)

Otherwise, if I intersects another *-connected component B;, of A, we can argue in an analogous
fashion to obtain a path I'” which neither intersects B;, nor B;,. Like I/, I is contained in
the union of I" and U;0,;s B; and so its length satisfies the same upper bound (3.73)). Continuing
inductively yields a path from z to y with a length of at most the right-hand side of (3.73).

The path is contained in the union of " and U;0,is B;, which is contained in {z € Z% : ||z]| <
diam(A) + v/d} because A contains the origin by assumption. U

A consequence of this result is a simple comparison of harmonic measure at two points.

Lemma 3.10.2. Let d > 5. There is a number ¢ = c(d,n) such that, if AU B is an n-element
subset of 7. such that A is connected and dist(A, B) > 4%n, then, for any distinct x,y € A which
are exposed in AU B,

Haup(x) = cHaup(y). (3.74)

Proof. Let x,y be elements of A which are exposed in AU B. If w is any element of 0y;sA N O{x}
and v is any element of d,;sA N d{y}, then, by Lemma[3.10.1] there is a path I, from u to v in A
of length at most

Viddiam(A) + 37 A] < 1.1- 3% < 4%,

The first inequality is due to the assumption that A is connected, which implies diam(A) < n, and
the fact that v/d < 0.1 - 3%+! when d > 5. The second inequality holds because d > 5.
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Because B is a distance of at least 4%n from A, T, must also lie outside of B. This implies
that there is a constant ¢ = ¢(d, n) such that

escaup(T) = cescaup(y).

Dividing by the capacity of AU B gives (3.74). O

3.10.2 An estimate of harmonic measure for lex elements

We now prove a harmonic measure lower bound for lex elements.

Lemma 3.10.3. Let d > 5. There are constants r = r(n, d) and ¢ = c(d) such that, if AU B is an
n-element subset of 72 satisfying dist(A, B) > r and if x is lex in A, then

escaup(z) > cn~ a2 0al) (3.75)

and, consequently,
d—1
Haup(z) > en~ a2 04, (3.76)

For concreteness, the o,(1) quantity is never larger than 0.8 when d > 5, and the lower bound can
be replaced with cn=22

Proof. Suppose x is lex in A and assume dist(A4, B) > 2*2(, for positive integers k and ¢. With

a probability of at least (2d)~*, a random walk from x reaches x; = x — fe; before returning to

A U B. The random walk can do so, for example, by following the ray {x — e;,x — 2e3,...},
which lies outside A because z is lex in A and B is a distance of 2*+2/ from x.

Center a cube (), of side length 2/ at x1; 1 does not intersect A U B. Denote the face of (),

in the —e; direction by F;. By symmetry,

P, (S

TQ 1

€F) = (2d)7".

Denote STF1 by X,. Given X5, we can center a cube ()5 of side length 4/ at X5; ()2 does not
intersect A U B. By analogously defining F5, we have

Px, (S

TQa

€ ) =(2d)~" (3.77)

We can define X, (;, and Fj in this fashion, and (3.77) will hold with these variables in the place
of Xy, ()2, and F;. The preceding bounds imply,

P, (75, < Taus) = (2d)~*+9. (3.78)

Lety = Sr,, , in which case dist(y, AU B) > 2%¢. Denote by N the number of returns made
by random walk to A U B. By (3.18)), if ¢ is sufficiently large (in a way which does not depend on

n or AU B), then, for any z € AU B,

Gly — z) < 23Dk,
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Using the fact that E,N = > _, 5 G(y — 2), the preceding bound implies
E,N < n2@ 9k,
By Markov’s inequality, this implies
P,(N =0) > 1—n2@ Dk
Together with (3.78)), we find
escaup () = e1(2d)7F (1 — n2@=DF), (3.79)

for a constant ¢; = ¢(d).
If n is at most 2973, then choosing & = 1 in (3.79) results in a lower bound ¢, = cy(d).

Otherwise, if 7 is at least 2273, then we can take k to be the integer part of logz((2n)d%2 ), in which

case (3.79) gives

_1+10g2(d)
escaup(T) = cz3n” a2 | (3.80)

for another constant c3 = c3(d). Because cap(A U B) is at most nG(0) ™!, (3.80) implies

__d—1+logo(d)
Haup(z) = cn =2

for ¢ = min{cy, c3}G(0). We conclude the proof by setting r = 2¥+2¢ and by replacing c3 with ¢
in (3.80). O

We apply the preceding lemma to prove the following conditional hitting estimate.

Lemma 3.10.4. Let d > 5. There are constants p = p(n,d) and ¢ = c(d) such that if x is lex in
A, if AU B is an n-element subset of 7 such that dist(A, B) > p, and if B can be written as a
disjoint union B U B? where |B*| < 3 and dist(B*', B?) > p, then

P, (S

TAUB

e B! } Tau < oo) > cn_ﬁ_od(l)diam(fl U B)*™, (3.81)
For concreteness, the o4(1) quantity is smaller than 1.6 when d > 5.

Proof. Let A, B, B!, and B? satisfy the hypotheses for the p in the statement of Lemma [3.10.3
Additionally, denote by F the set of points within a distance rdiam(A U B) of A U B. Applying
the strong Markov property to 7, we write

P, (S

TAUB

GBl ’ TAuB<OO)

> E, []P’STFC (STAUB € B! | TauB < OO)PSTFC (TAUB < OO);TFc < TAUB:|' (3.82)

A standard result (e.g., [Law13, Theorem 2.1.3]) implies that for all sufficiently large 7, if y

belongs to £, then

1
€ B' | taup < 00) = zHaup(B"). (3.83)

P, (S 5

TAUB
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Because B' U (A U B?) satisfies the hypotheses of Lemma [3.10.3]
Haup(BY) > eyn~ 20, (3.84)
for a constant ¢;. By (3.18)), for any such y, we have
Py (Taup < 00) = codist(y, AU B)*™%, (3.85)

for a constant co = c5(d). Lastly, by Lemma|3.10.3] there is a constant c3 such that

P, (7re < Taup) = escaup(z) = cgn_ﬁ_od(l). (3.86)
Applying (3.83) through (3.86) to (3.82), we find a constant ¢4, = ¢4(d), such that
P, (Sr,., € B! | Taup < 00) = c4n_d%2_°d(1)diam(A U B)*
Here, 04(1) can be taken to be 1.6 when d > 5. O

3.11 Proof of Theorem

In this section, we will analyze three algorithms which, when applied sequentially, dictate a se-
quence of HAT steps to form a configuration in %, (a, 1), from an arbitrary configuration and for
any sufficiently large a. Each subsection will contain the statement of an algorithm and two results:

* informally, the first result will conclude that the algorithm does what it is intended to do; and

* the second will provide bounds on the number of steps and probability with which HAT
realizes the steps dictated by the algorithm.

The final subsection will combine the bounds.

To prove that the configuration produced by the algorithms belongs to %, (a, 1), we must find
an (a, 1) separated DOT clustering of the configuration. For this reason, it is convenient for the
algorithms to return clusterings instead of configurations. Unlike the clusterings in the preceding
sections, the clusterings will not be natural clusterings associated to HAT. Instead, the algorithms
will actively assign and reassign elements to different clusters.

3.11.1 Algorithm 1

Before stating Algorithm .Ag, we give names to special elements that we reference in the algorithm.
Let U be a configuration in Z¢ containing an element z € Z<, let C' denote a clustering of a
configuration, and denote 7 = 71\ (,;. We define

* 1(U, x), an arbitrary maximizer y of P,.(S,_1 =y | 7 < 00) over U\{z};
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* v(U, ), an arbitrary element y € O{x} which is exposed in U, assuming that U N d{z} is
nonempty; and

* near(C, y), the label of an arbitrary cluster which y neighbors or belongs to, i.e., an arbitrary
element of {i : dist(y, C?) < 1}.

Additionally, we will refer to 7, the map which takes a tuple of sets to their union (3.8)).

To realize stage (1) of the strategy of Section[3.9] we must show that Ag produces a configura-
tion which can be lined-up (Definition 3.9.1) and then show that HAT forms this configuration in
a number of steps and with at least a probability which do not depend on the initial configuration.
The following result addresses the former.

Proposition 3.11.1. Given an n-element configuration U C 7% and a € 7o, Ag(U,a) can be
lined-up with separation dn*a.

Proof. Consider the clustering C' in line 27 of algorithm Ag. It is easy to see that each cluster
must have at least two elements and be connected. To prove that C' can be lined-up with separation
r = dn’a, we must additionally show that C' is 2r separated. Ignoring those elements which were
assigned to clusters in lines 10 and 23, due to line 19, clusters ¢ < j are separated by at least

3d(n —i+1)%a —3d(n —j +1)%a.
Because there are at most [n/2] clusters, the preceding expression is at least
3d(n/2 + 1)*a — 3d(n/2)*a > 2dn*a + n.

At most n elements are added to clusters by executing lines 10 and 23. Because the clusters are
connected, the preceding bound implies that the pairwise separation of clusters must be at least
2r = 2dn’a. O

We now verify that HAT realizes 7 (Ag(U, a)) in a number of steps and with at least a proba-
bility which do not depend on U.

Proposition 3.11.2. Let U be an n-element configuration in . and let a € Z~o. There are positive
numbers f; = fi(a,d,n) and g, = g1(a, d,n) such that, if a is sufficiently large, then

PU(Uﬁ = 7 (AU, a))> > g1 (3.87)

Proof. The proof takes the form of an analysis of Algorithm A4g. Denote by u, the configuration
U U n(C) after the k™ time U U 7(C) is changed (i.e., an element is moved) by the algorithm.
Additionally, denote by N the number of times the configuration changes before the outer while
loop terminates.

To establish (3.87), it suffices to show that there is a sequence of times ¢y = 0 < t; < ty <
-+ <ty < frsuchthatug = U, uy = 7(Ag(U, a)), and

P (U =w,Upy, = s, ..., Uy, =un) = g1 (3.88)
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Algorithm A;
Input : n-element configuration U C Z% and a € Z>o
Output: Clustering C' which can be lined-up with separation dn’a
1 C« 0, i+1 // Initialize variables.
2 while U is nonempty do
3 ¢ lex(U)
4 R« dist(¢,U\{¢}), 7+« 3d(n—i+1)%a
/* Form a non-isolated lex element if need be. */
5 while R > 1 andn > 1do
6 z <+ p(Uun(C),0) // £ will be replaced by .
/* x either neighbors U ... */
if z € OU then
U« (Uu{zh)\{¢}
else
/* ...or one of the existing clusters. x/
10 U<+ U\{l}, j< near(C,z)
1 C + CU {x}
12 end
13 ﬁ(—leX(U) // The lex element of U may have changed.
14 R+ dist(¢,U\{¢})
15 end
/+* If the lex element is non-isolated, treadmill it. */
16 if R = 1 then
17 y <« v({UUun(C),0) // y is an exposed neighbor of (.
18 U<+ U\{¢y} // Remove the pair from U.
19 C+ CuU {ﬁ —rep, b — (r— 1)61} // Treadmill the pair r steps.
20 1 1+1 // Prepare to form the next cluster.
21 else
/* Otherwise, U ={{}; add it to an existing cluster. */
22 z <+ pUun(C),?) // ¢ will be replaced by z.
23 U<+ U\{l}, j <« near(C,z)
24 C+ CU {x}
25 end
26 end
27 return C

28
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We will argue that N < n(n + 1), that we can take ¢ty = n(n + 1)r; for r; = 3dn3a, and that
Py, (U =w) = p, (3.89)

for each k£ € [N], for a positive number p = p(a, d,n). The Markov property then implies that
holds with f; = n(n + 1)r; and g; = p""*+V).

Claim 1. We claim that N < n(n+1). Observe that the outer and inner while loops starting on
lines 2 and 5 each repeat at most n times. Indeed, U loses an element every time the outer loop re-
peats, which can happen no more than n times. Concerning the inner loop, no non-isolated element
is made to be isolated, while, each time line 6 is executed, the isolated element ¢ is replaced by
an element x which is non-isolated. This can happen at most n times consecutively. Accordingly,
U U r(C) changes at most n + 1 times every time the outer loop repeats, hence N < n(n + 1).

Claim 2. We now claim that we can take ¢y = n(n + 1)r;. It suffices to argue that, each time
U U m(C) changes, at most 7, steps of HAT are required to realize the change. The configuration
U U m(C) changes due to the execution of lines 8, 10 and 11, 18 and 19, or 23 and 24. In all but
one case—that of lines 18 and 19—the transition requires only one HAT step. For lines 18 and 19,
at most r steps are needed. Because there are at most n(n + 1) changes, ¢y can be taken to be
n(n+ 1)r;.

Claim 3. We now verify (3.89) by considering each way U Un(C') can change and by bounding
below the probability that it is realized by HAT. Assume U U 7(C') has changed k& — 1 times so far.

* Lines 8, 10 and 11, or 23 and 24: Activation at £ and transport to 2. Assume « is sufficiently
large in d and n to exceed the constant r in the statement of Lemma|3.10.3| Then, since ¢ is
the lex element of U and since dist(U, 7(C')) > a, we can apply Lemma[3.10.3|with A = U
and B = 7(C) to find

HUUW(C) (6) > ha

for a positive number h = h(d,n). By the definition of y, z is the most likely destination
of an element activated at ¢. Transport from ¢ occurs to at most 2dn sites and so, by the
pigeonhole principle, the element from ¢ is transported to = with a probability of at least
(2dn)~'. Together, these bounds imply

P, (U, =) = h(2dn)~". (3.90)

* Lines 18 and 19: Treadmilling of {¢,y}. In the first step, we activate at y and transport
to ¢ — e;. While y is not lex in U, by the definition of v, it is an exposed neighbor of /.
Because dist(U, 7(C)) > a, if a is at least 4%n, we can apply Lemma with A = U
and B = 7(C) to find Hyur(c)(y) = c1h, for a positive number ¢; = ¢;(d, n). Additionally,
Lemma|[3.10.1]implies that an element activated at y is transported to £ —e; with a probability
of at least co = ¢3(d, n). Consequently, denoting

vi = (up-1 U{l —er, ) \{C, 5},

we have
Puk,l(Ul == Ul) 2 01C2h. (391)
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Now, consider the configuration v,, resulting from starting at u;_; and treadmilling {/, y} a
total of m > 2 steps in the —e; direction:

Um = (up—1 U{€ —mey, £ — (m —1)es })\{¢,y}.

To obtain v,,, 1, we activate at £ — (m — 1)e; and transport to £ — (m + 1)e;. By the same
reasoning as before,

P,,. (U1 = Upi1) = crooh. (3.92)
By (3.91), (3.92), and the Markov property,
Pu, (U =w) = (c1c2h)™. (3.93)

The bounds (3.90) and (3.93) show that, whenever U U 7(C') changes, the change can be
realized by HAT (in one or more steps) with a probability of at least

p = min {h(2dn)~", (c1c2h)™ }.

This proves (3.89). We complete the proof by combining claims 1-3. O

3.11.2 Algorithm 2

To complete Stage 2 of the strategy of Section [3.9] we show that if C' is a clustering which can
be lined-up with separation dn?a, then HAT forms the clusters into dn?a separated line segments
oriented parallel to e;, in a number of steps and with at least a probability which depend on a, d,
and n only (Proposition [3.1T.4). The clustering to which we refer is

Proposition 3.11.3. Let U be an n-element configuration in 7.* with a clustering C' which can be
lined-up with separation dn?a, for a € Z=o. Then Ag(C) = L(C).

Proof. The only way the algorithm could fail to produce £(C) is if, for some outer for loop i
and inner for loop 7, the assignment in line 5 is impossible. This would mean that no element of
D = C\{¢; + L;} was exposed in 7(C'). While there must be an element of D which is exposed
in C?, the elements of C7* could, in principle, separate D from oo. In fact, as we argue now, this
cannot occur because the clusters remain far enough apart while the algorithm runs.

Each C® remains connected while the algorithm runs, so there is a ball B; of radius n which
contains C°. The B; are finite and x-connected, so each *-visible boundary O, B; is connected
by Lemma Moreover, each 0 B; is disjoint from U;B; because dist(B;, B;) exceeds
v/d. This lower bound holds because the clusters are initially 2dn2a separated and the separation
decreases by at most one with each of the n loops of the algorithm, hence

dist(B?, BY) > dist(C*, C7) — diam(B;) — diam(B;) — n > 2dn*a — 5n > Vd.

The rest of the argument, which constructs an infinite path from D which otherwise avoids C,
is identical to the corresponding step in the proof of Proposition [3.6.6, We conclude that some
element of D is exposed in 7(C'), which completes the proof. [



CHAPTER 3. HAT IN HIGHER DIMENSIONS 140

Proposition 3.11.4. Let U be an n-element configuration in 7. with a clustering C' which can be
lined-up with separation dn’a, for a € Z,. There is a positive number g, = go(d,n) such that, if
a is sufficiently large, then

Py (U = 7(Aa(C)) > gs. (3.94)

Algorithm Ag

Input : Clustering C' of an n-element configuration U C Z?, which can be lined-up with
separation dn?a, for a € Zso.
Output: L(C).
1 m < number of clusters in C
2 fori € [m] do
for j € [|C] — 1] do

w

4 &(—lex(ci) // The segment will grow from /;.

5 zj « lex({z € C\{t; + L;} : Hr o) (2) > 0}) // x; is lex among exposed
elements of C" which have not yet been added to the growing
segment.

6 y;j <+ U; — jer // y; is the next addition to the segment.

7 C+ (CU {yj})\@{mj} // Update the i*" cluster.

8 end

9 end

10 return C

Proof of Proposition[3.11.4) Given a clustering C' which satisfies the hypotheses, algorithm Ag
specifies for each cluster i a sequence of |C?| — 1 pairs (z, y;)—where z; is the site of activation
and y; is the site to which transport occurs—to rearrange C* into lex(C") + Ljci|. We note that
no pair will result in a decrease in cluster separation of more than one, or an increase in cluster
diameter of more than one. Because the clusters are initially 2dn?a separated, the clusters will
remain 2dn%a — n > a separated throughout.

Accordingly, if a is sufficiently large in terms of d and n, the combination of Lemma
and Lemma imply that there is a constant . = h(d, n) such that each z; can be activated
with a probability of at least h. Moreover, Lemma [3.10.1| implies that there is a positive number
¢ = c(d, n) such that an element from z,; can be transported to y,; with a probability of at least c.
Consequently, denoting C’ = (C'U* {y;}) \' {;}, the transition in line 7 occurs with a probability
of at least

P ) (U =7(C")) = ch. (3.95)

By (3.95) and the Markov property, and the fact that there are at most n pairs, we have
PU<Un - W(AB](C))> > (ch)".

Taking go = (ch)™ gives (3.94). O
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3.11.3 Algorithm 3

At the beginning of Stage 3, the elements are neatly arranged into well separated line segments
pointing in the —e; direction. In Stage 3, we iteratively treadmill pairs of elements in the —e;
direction from each of the line segments, until only a dimer or trimer remains of the initial segment.
We will label each treadmilled pair as a new cluster. To reflect this in our notation, when C' has m
clusters and when A C Z%, we will write C'U™ ! A to mean the addition of A to C as the (m + 1)
cluster.

Algorithm Ag
Input : An n?a separated clustering C' of an n-element configuration U = 7(L£(C)) C Z4,
fora € Zxo.
Output: A configuration in %, (a, 2(loga)™1).
1 k <+ 0, m < number of parts of C' // Initialize variables.
2 for i € [m] do
3 forj € [|C!mod2— 1] do
4 (< lex(C?), 71+ 2(n—ja
5 C + (C ymtk { —rei, l—(r— 1)61}) \Z {{,+e1} // Treadmill the pair
r steps, labeling it as cluster m+k.
6 k+—k+1 // Account for the creation of a new cluster.
7 end
8 end
9 return C

Proposition 3.11.5. If U is an n-element configuration in 7% and if C is a clustering of U such
that U = L(C) and C is n*a separated for an integer a > 1, then (Ag(C,a)) belongs to
Uy n(a,2(loga)™).

Proof. Denote by C), the clustering C' once it has been changed by the algorithm for the &™ time
(i.e., the k™ time line 5 is executed). Denote by m the number of clusters of Cy and N the number
of times algorithm Ag changes C.

To prove that 7 (Ag(C, a)) belongs to %, (a, 2log(a)™"), we will verify DOT DOT with
a, and observe that each cluster of C'y is connected; this will imply DOT with b = 2(log a)*l.

Concerning DOT and the claim that each cluster of C}'V is connected, we note that line 5
creates connected clusters of size two and, because it is executed |C?| mod 2 — 1 times for cluster
1, when the inner for loop ends on line 7, only two or three (connected) elements of the original
cluster C* remain. Accordingly, every cluster of C'y has two or three elements and is connected.

Concerning DOT we observe that, for each ¢ € [m]), the separation of cluster C'%; is at least

dist(C%, C7) > dist(CE, CF) — 2(n — 1)a = (n® — 2n+ 2)a > a,

because no element is moved a distance exceeding 2(n — 1)a by the algorithm. The same is
true of dist(CY%, C% ) for each i € [m] and every j, and for clusters ¢ and j resulting from the
treadmilling of different clusters of Cj;. Concerning the pairwise separation of clusters ¢ # j
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formed by treadmilling pairs from the same cluster of C, by line 5, we have
dist(C, C%) > 2(n — 1)a —2(n — 2)a — 1 > a.

We conclude that every cluster ¢ satisfies dist(C}'V, Cﬁl) > a, so Oy satisfies DOT with a.
Because C'y satisfies DOT and because each cluster is connected, the cluster diameters satisfy
diam(CY) < 2. Then, because Cy satisfies DOT2] with a, DOT[3|holds for b = 2(log a) . O

Proposition 3.11.6. Let U be an n-element configuration in 7.¢ with an na separated clustering
C such that U = 7(L(C)), for a € Zss. There are positive numbers f3 = fs3(a,d,n) and
g3 = g3(a,d,n) such that, if a is sufficiently large, then

Py (U, = 7(4a(C.a) ) > gs. (3.96)

Proof. As in the proof of Proposition denote by C the clustering C' once it has been
changed by the algorithm for the £™ time (i.e., the k™ time line 5 is executed). Denote by m the
number of clusters of Cj and N the number of times algorithm Ag changes C. Call uy, = 7(Cy).

To establish (3.96)), it suffices to show that there is a sequence of times ¢y = 0 < t] < ty <
<o <ty < fysuchthatug = U, uy = W(A@(CO, a)), and

Puo(Ut1 :Ul,Ut2 :Ug,...,UtN :UN) 293 (397)

Consider outer for loop 7, inner for loop 7, and suppose that C' has been changed a total of £ —1
times thus far. Let » = 2(n — j)a. We will first bound below the probability that HAT realizes
ug_1 as U,y from uy (i.e., the transition reflected in line 5). HAT can realize this transition by
treadmilling the elements at £ = lex(C}_;) and £ + e; to {{ —rey, £ — (r — 1)es }.

For example, in the first step, we activate at ¢ + e; and transport to £ — e;. As observed in the
proof of Proposition[3.11.5] Cj, is a separated for every 0 < k < N. Therefore, if a is sufficiently
large in terms of d and n, then the hypotheses of Lemma [3.10.2| and Lemma [3.10.3| are satisfied
with A = n(C}) and B = 7r(CZé "), and they together imply the existence of a positive lower bound
h = h(d,n)onH,, ,(¢+e1). Itis clear that the element at £+ ¢; can be transported to ¢ — e; with
a probability of at least ¢ = ¢(d), and so, denoting

vy = (wp—1 U{l = seq, 0 — (s — Ve })\{4, 0 + er },

we have
P, _,(Us=wv) > ch.

We can simply repeat this argument with ¢ and ¢ — e; in the place of £ + e; and /, then ¢ — ¢,
and ¢ — 2e;, and so on. With the choice u; = v,., the Markov property implies

P, (U, =u) > (ch)".

The same bound holds for any k& € [N], so, by another use of the Markov property and the fact
that N < n, we find

Puo (Ur = Uz, UQT‘ = Uz, ..., UNT‘ = uN) P (Ch)rn-
This proves (3.97) with f3 = nr and g3 = (ch)™. O
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3.11.4 Conclusion

We combine the results from the preceding subsections to prove the main result of this section.

Proof of Theorem[3.1.7} Let U be an n-element configuration in Z%. Take a € Zss to be suf-
ficiently large in terms of d and n to satisfy the hypotheses of Propositions |3.11.2} [3.11.4] and

3.11.6, By Proposition [3.11.2} there are positive numbers f; = fi(a,d,n) and g = g1(a,d,n)

such that
PU(Ufl = (AU, a))> > q1. (3.98)

By Proposition :3.11.1|, C, = Ay(U, a) can be lined-up with separation dn?a. Consequently, by
Proposition [3.11.4] there is a positive number g, = g2(d, n) such that

Pricy) (Un = 7r(«4[:31(01))) > go. (3.99)

By Proposition [3.11.3} Cy, = Ag(C,) = L(C}). Since C; is n*a separated, by Proposition|3.11.6,

there are positive numbers f3 = f3(a,d,n) and g3 = gs(a, d,n) such that
Pr(cy) (Uf:s = 7 (Aa(C, a))) > g. (3.100)

Denote C5 = Ag(Cs, a). By the Markov property and (3.98) through (3.100),

Pu(Upisnis, = 7(C5)) = 919293 (3.101)
By Proposition [3.11.5] 7(C3) belongs to %, (a,2(loga)™"). Taking a > €?, Cj is an (a, 1)
separated DOT clustering. Setting f = f1 + n + f3 and g = g19293 concludes the proof. 0

3.12 Proof of Theorem

We continue to assume d € Z-5 and n € Z>4. To prove the irreducibility of HAT on NonIsod,n,
we show that HAT can form a line segment from any configuration and HAT can form any config-
uration from a line segment. This is the content of the next two propositions.

Proposition 3.12.1 (Set to line). Letn € Z-4 and let U be an n-element configuration in Z2. There
are a finite number of steps fy = f4(d,n) and a positive number g4 = g4(d, n,diam(U)) such that

Py (Us, = Ln) > ga. (3.102)
To state the next result, define for finite A C Z its radius rad(A) = sup{||z| : z € A}.

Proposition 3.12.2 (Line to set). Let U € Nonlsodvn have a radius of r. There are a finite number
of steps fs = f5(d,n,r) and a positive probability g5 = gs(d, n,r) such that

P, (U, =U) = gs. (3.103)
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Theorem [3.1.6]is a simple consequence of the preceding propositions.

Proof of Theorem[3.1.6) Let U and V belong to Nonlso,,,. By Propositions [3.12.1| and [3.12.2]
there are finite numbers of steps f and f’, and positive probabilities g and ¢’ such that

PU(ﬁf = En) >¢g and PLn(ﬁf/ = ‘A/) >4
Applying the Markov property at time f, the preceding bounds imply
PU(ﬁf-&-f’ = ‘7) > gg' >0,
which implies that HAT is irreducible on Nonlsodm. OJ

Next, we prove Proposition [3.12.1]

Proof of Proposition[3.12.1] Let a = a(d,n) be an integer which is sufficiently large to satisfy the
hypotheses of Theorem [3.1.7|and those of Lemma|3.10.3|and Lemma in the place of r and
p, respectively.

By Theorem [3.1.7] there is a positive integer f = f(d,n) and a positive number g = g(d, n),
such that Uy belongs to %, (a + n,1) with a probability of at least ¢g. In particular, there is an
a + n separated clustering C' of Uy.

Let ¢ be the lex element of Uy, which we assume w.l.o.g. belongs to C'. Because C'is a + n
separated, we can activate any lex element of any cluster with a probability of at least h; = hy(d, n)
by Lemma|[3.10.3] Then, by Lemma[3.10.4] we can transport to { — e; with a probability of at least
hy = hy(d,n,diam(U)). Reassigning the element at £ — e; to cluster C"?, the resulting clusters are
at least a + n — 1 separated.

Because the resulting clusters are still a separated, we can simply repeat this process, trans-
porting an element to ¢ — 2e;, and so on. Continuing in this fashion for a total of n steps results in
Ufsn = + L,,. The preceding discussion and the Markov property imply

PU([/ijrn = zn) = g(hth)n

Setting fy = f + n and g4 = g(h1ho)" gives (3.102). O

We will prove Proposition [3.12.2] with an argument by induction. To facilitate the induction
step, it is convenient to prove the following, more detailed claim, which assumes n € Z-, instead
of n € Z>4.

Proposition 3.12.3. Let n € Z- and let U € ﬁonIsod,n. In terms of r = [rad(U)]|, there are
positive integers f = 4n’*r and { = f/n, and a sequence ((x;,v;),i € [f]) of pairs in Z¢ such
that, setting

Wo =Ly and W;=(W;:\{z;}) U{y;} forj e [f],

the following conclusions hold:

(i) Wy =U.
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(ii) Foreach j € [f], x; is exposed in W;_;.

(iii) For each j € [f], there is a path I'; from x; to y;, which lies outside of W;_1\{x;} but
inside of B(r + dn), and which has a length of at most .

Before proving the proposition, let us explain how Proposition [3.12.2| follows from it.

Proof of Proposition[3.12.2] By conclusion (iii) of Proposition [3.12.3| for each j € [f], we have
W;_1 € B(r + dn). By this observation and conclusion (ii), the activation component Hyy, , (z;)

of each transition is at least a positive number h; = hy(d, n,r). Again, by (iii), there is a path I';,
with a length of at most ¢, which can realize the transport step from x; to y;. Consequently, in
terms of 7 = 7y, _,\(s,}, the transport component P, (S;_; = y; | 7 < o0) of each transition is
at least hy = (2d)~*~!. By the Markov property and conclusion (i), the probability in is at
least the product of these components, over f steps:

P, (U =0U) = (hih).

Lastly, we prove Proposition|3.12.3

Proof of Proposition[3.12.3} The proof is by induction on n. The base case of n = 2 is trivial
because Nonlso, o has the same elements as the equivalence class Ly. Now suppose the claim
holdsupton — 1 forn > 3.
There are two cases, which we phrase in terms of the “exposed” boundary of U:
8*

ext

U={zeU:Hy(z) >0}
Either:

1. there is a non-isolated = € O*

ext

U such that U\{z} € Nonlsog,_1; or

2. for every non-isolated = € O

ext

U, U\{z} € Isogn-1.
Case 1. Peform the following steps. In what follows, denote r = [rad(U)] + 1.

Step 1: “Treadmill” a pair of elements in the —e; direction for fi = r + dn — 2 steps. Specifically,
activate the element e; and transport it to —e;, then activate the element at the origin and
transport it to —2ey, followed by activation at —e; and transport to —3e;, and so on.

Step 2: Isolate an element outside of B(r + dn — 2). At the end of Step 1, an element lies at — f1e;
and another at —(f; — 1)e;. Activate the latter and transport it to the e;, then activate the
element at (n — 1)e; and transport it to the origin.
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Step 3:

Step 4:

Use the induction hypothesis to form (U\{z}) U {— fie1}, for a particular x. By the end
of Step 2, the configuration is L, _; U {— fie;}. We use the induction hypothesis to form
U\{z} from the L,,_; subset, where x is a non-isolated element of 9%, U such that U\{z} €
Nonlsog,—1.

The use of the induction hypothesis guarantees that there is a sequence of 4¢(n — 1)2r HAT
steps from L,,_1, which: (i) result in (U\{x}) U {— fie1}; (ii) have positive activation com-
ponents; and (iii) have transport steps that are realized by random walk paths with lengths of
at most 4%(n — 1)r, which remain inside B(r + d(n — 1)).

Transport the element at — f1e; to x. We activate the element at — f;e; and transport it to ,
which is possible because x is non-isolated and exposed in U. Because U\{z} lies in B(r),
Lemma 3.10.1]implies that there is a path from — fie; to 2 which avoids U\{z}, has a length
of at most £/ = 4%nr, and lies in B(r + dn — 1).

Note that Steps 1 and 2 require r + dn HAT steps, the activation components of which are
positive and the transport components of which can be realized by paths of length at most r +dn <
¢. Steps 3 and 4 require 4¢(n — 1)?r 4+ 1 HAT steps, again with positive activation components and
transport components realized by paths of length at most /. In total, at most f = 4%n?r HAT steps
are needed and, since all paths lie in B(r + dn — 1), conclusions (i) through (iii) hold.

Case 2. Because we cannot remove a non-isolated element of U without obtaining an isolated
set—a set to which the induction hypothesis does not apply—we must instead use the induction
hypothesis to form a set related to U. In fact, the first two steps are the same as in Case 1, so we
begin with the configuration L,,_; U {—fie;} and specify the third and subsequent steps.

Step 3’:

Step 4’:

Step 5°:

Use the induction hypothesis. Let w and y be the least and greatest elements of U in the
lexicographic order, and let z be any non-isolated element of 07, U. We use the induction
hypothesis to form

U'= (U\{z,y}) U{w — e},
which is possible because U’ € NonIsodvn_l.

The result is a sequence of 4¢(n — 1)?r HAT steps from L,,_; which form U’ U{— f,e; } with
positive activation components and transport components which are realized by random walk
paths with the same properties as in Step 3.

Activate the element at — f,e, and transport it to w — 2ey.

Treadmill the pair {w — e1,w — 2e; }. Since w is the least element of U in the lexicographic
order, w — e; and w — 2e; are the only elements which lie in O = {z € Z%:z-eg < w- er}.
Similarly, due to the choice of y, it is the only element which lies in Oy = {z € 7% z-eq4 >
Y-eqt

Consequently, it is possible to treadmill the pair {w — ey, w — 2e; } to:

— B(r + 3)° without leaving O;; then
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— O, without leaving B(r + 6)\ B(r + 3); and
- {y,y + eq} without leaving Os.

This requires at most fo = 10r HAT steps, each of which has a positive activation component
and a transport component realized by a random walk path of length five.

Step 6°: Activate at {y + e} and transport to x. The configuration at the end of Step 5° is (U\{z})U
{y + eq}, so activating the element at {y + e} and transporting it to z (which is possible
because z is an exposed, non-isolated element of 0% ,U), forms U.

Recall that Steps 1 and 2 require r + dn HAT steps, which can be realized by paths of length
at most r + dn < /. Steps 3’ and 4’ require 4%(n — 1)?r + 1 HAT steps, realized by paths of length
at most /. Steps 5’ and 6’ require 10r + 1 HAT steps, with paths satisfying the same length bound.
All activation components are positive. At most [ HAT steps are needed in total and, since all
paths lie in B(r 4+ dn — 1), conclusions (i) through (iii) hold. ]
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