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Chapter I
Introdu
tion

Most of the material in xI.A (quantum state evolution) and xI.B (quan-tum measurement) is studied in more depth in Ref. [1℄. Quantum pro
ess to-mography that we review in xI.C is based on Nielsen and Chuang's introdu
torybook on quantum 
omputation and quantum information [2℄. Information that wepresent in xI.D (atomi
 interferometers) is mostly taken from Steven Chu's 
ourseon `atomi
 interferometers' [3℄. For more details and referen
es please 
onsult thesevaluable resour
es. In xI.D.1 (Ramsey interferometer) we review the intera
tionof atomi
 beams with two separated os
illatory �elds based on Ref. [4℄, whi
hdes
ribes the pro
ess in an ex
ellent and intuitive fashion with many referen
es.Ref. [5℄ provides an ex
ellent review of \de
oheren
e" phenomenon in quantumme
hani
s and explains how the transition from quantum in the mi
ros
ale to 
las-si
al in our ma
ros
ale world o

urs. In xI.E (de
oheren
e) we brie
y summarizethis 
on
ept 
riti
al to quantum information pro
essing.I.A Quantum State EvolutionControlled time evolution of quantum states of a physi
al system formsthe basis of quantum logi
 operations. In quantum me
hani
s time is not anobservable (i.e., not an operator) in the sense that it is only a parameter.
1



2Dynami
s of a quantum state j	(t0)i under time displa
ement t0 ! t 
anbe des
ribed by the time evolution operator U(t; t0), in su
h a way thatj	(t)i = U(t; t0)j	(t0)i (I.1)Note that if we 
an engineer the time evolution operator on demandwe 
ould build many useful operations relevant to quantum 
omputation su
h asquantum gates and 
reation of entanglement. The nature of U(t; t0) is determinedby the underlying Hamiltonian operatorH that des
ribes the physi
al system. Therelation between U(t; t0) and H is given by the S
hrodinger equation,i�h ��tU(t; t0) = HU(t; t0): (I.2)Formal solutions to this equation 
an be investigated in three 
ases de-pending on how the Hamiltonian operator H evolves in time. On
e we �nd thesolution for U(t; t0) in Eqn. (I.1), we 
an determine how the state j	i evolvesin time using Eqn. (I.2) and whether or not we manage to build useful quantumoperations for our purpose under given physi
al system design parameters.If the Hamiltonian operator H is independent of time then the solutionto Eqn. (I.2) 
an be written asU(t; t0) = e� i�hH(t�t0): (I.3)In the 
ase that H is time-dependent but the H's at di�erent times 
ommutethen the formal solution to the S
hrodinger equation (I.2) isU(t; t0) = e�( i�h ) R tt0 dt0H(t0) (I.4)For 
onvenien
e we 
an expand the exponential as follows:e�( i�h ) R tt0 dt0H(t0) = 1� i�h Z tt0 dt0H(t0) + [(�i)22 ℄[R tt0 dt0H(t0)�h ℄2 + ::: (I.5)



3The Hamiltonian operator that des
ribes the atom-mi
ro
avity intera
tion inChapters IV and V for the 
reation of atom-atom and atom-
avity entanglementsand the implementation of several quantum logi
 operations falls into this
ategory.The third 
ase is that the H's at di�erent times do not 
ommute. Thistype of Hamiltonian operator is not 
onvenient from the 
omputational perspe
tive,although it might be the 
ase that it presents ri
her possibilities. The formalsolution to Eqn. (I.2) in su
h a situation is given byU(t; t0) = 1 + 1Xn=1(�i�h )n Z tt0 dt1 Z t1t0 dt2::: Z tn�1t0 dtnH(t1)H(t2):::H(tn); (I.6)whi
h is sometimes known as the Dyson series.I.B Quantum MeasurementQuantum measurement is an essential part of quantum 
omputing modelssu
h as 
ir
uit and 
luster state quantum 
omputing. Dira
 says, \A measurementalways 
auses the system to jump into an eigenstate of the dynami
al variablethat is being measured." Before the measurement the quantum state j	i 
anbe assumed to be in a linear superposition of eigenstates of the observable beingmeasured. In mathemati
al terms this 
an be expressed asj	i =Xa0 
a0 ja0i; (I.7)where 
a0 is the 
omplex probability amplitude for the 
orresponding eigenstateja0i. Therefore, the measurement 
ollapses j	i into ja0i with a probability j
a0 j2.This is one of the fundamental postulates of quantum me
hani
s. More pre
iselyquantum measurements are des
ribed by a set fMmg of proje
tion operators,whi
h satis�es the 
ompleteness equation



4Xm M ymMm = I: (I.8)The probability that the result m o

urs is given byp(m) = h	jM ymMmj	i (I.9)and the state of the system after the measurement is thrown intoMmj	iqp(m) (I.10)For example, a two-level atom 
an be prepared in an arbitrary superpo-sition of ground (i.e., j0i) and ex
ited (i.e., j1i) states su
h thatj	i = aj0i+ bj1i; (I.11)and a �eld ionization dete
tor 
an be used to measure j	i. In this 
ase two mea-surement operators M0 = j0ih0j and M1 = j1ih1j are used. Then the probabilitiesof obtaining the measurement out
omes 0 and 1 from Eqns. (I.9) and (I.10) arerespe
tively p(0) = h	jM y0M0j	i = jaj2 (I.12)and p(1) = h	jM y1M1j	i = jbj2: (I.13)Therefore post-measurement results for the two 
ases using Eqn. (I.10) areM0j	ijaj = ajaj j0i; (I.14)and



5M1j	ijaj = bjbj j1i: (I.15)Note that to determine the probabilities empiri
ally we need an ensemble of iden-ti
ally prepared atoms (i.e., pure ensemble).In Chapter V, we will use the above properties of quantum measurementto a
hieve both the teleportation and readout of an unknown or arbitrary quantumstate of a two-level atom.I.C Quantum Pro
ess TomographyClosed quantum systems are immune to unwanted intera
tions with theirenvironment. This leads to no noise showing up in these ideal quantum informationpro
essing systems. In pra
ti
e, however, no su
h perfe
tly 
losed systems areavailable. Therefore it is essential to understand and 
ontrol the noise me
hanismsto build a s
alable quantum 
omputer. The \quantum operations formalism" isa powerful tool to a
hieve this task. It 
an not only be used to des
ribe opensystems but also be employed to study 
losed systems that are opened suddenlyand subje
t to measurement.The quantum operations formalism des
ribes the evolution of quantumsystems under various 
ir
umstan
es in
luding sto
hasti
 pro
esses. Unitary trans-formations and measurements are two simple examples of quantum operations. Ingeneral, we 
an denote a quantum operation as the map " su
h that�0 = "(�); (I.16)where � is the density operator for the quantum state being transformed. For aunitary transformation and measurements�(�) = U�U y (I.17)and



6�m(�) =Mm�M ym; (I.18)respe
tively. For example, 
onsider the measurement as a quantum operation.Remember (see x1.B) that a quantum measurement 
an be des
ribed by a set ofmeasurement operators fMmg that satis�es the 
ompleteness equation (I.8). If thestate of the system immediately before the measurement is given by �, then thequantum operation (I.18) transforms the state immediately after the measurementinto �m(�)tr(�m(�)) ; (I.19)whi
h is equivalent to Eqn. (I.10), sin
ep(m) = tr(�m(�)): (I.20)One appli
ation of quantum operations formalism is \quantum pro
esstomography", a pro
edure to experimentally determine the dynami
s of a quantumsystem. To understand pro
ess tomography, however, we �rst need to understandquantum state tomography, whi
h is another pro
edure to experimentally deter-mine an unknown quantum state. If we have only a single 
opy of the state to bemeasured, it is impossible to 
hara
terize. Therefore we need to repeat the exper-iment many times to produ
e a large number of 
opies of the same state. Thisis similar to the atomi
 state readout pro
ess that we will des
ribe in ChapterV, where we repeat the teleportation proto
ol many times to produ
e identi
allyprepared atoms to be dete
ted.Consider a single qubit density matrix �. We 
an expand � as� = tr(�)I + tr(X�)X + tr(Y �)Y + tr(Z�)Z2 ; (I.21)where I, X, Y , and Z are identity and Pauli matri
es, respe
tively. The set Ip2 ,Xp2 , Yp2 ; Zp2 forms an orthonormal set of matri
es with respe
t to Hilbert-S
himidt



7inner produ
t. Remember that tr(A�) is the average value of the observable A.For example, if we measure Z a large number of times m, we 
an estimate the truevalue of tr(Z�) as Pi zi=m with standard deviation 1=pm. zi is the ith out
ome ofthe measurement. Similarly we 
an estimate tr(X�) and tr(Y �) with a high levelof 
on�den
e in the limit of large sample size.Having des
ribed quantum state tomography, now we 
an use it to dopro
ess tomography. We will show how a useful representation for the dynami
sof a quantum system may be experimentally determined using a systemati
 pro-
edure. Our goal is to �nd a set of operation elements fEig su
h that the map "in Eqn. (I.16) has the form "(�) =Xi Ei�Eyi : (I.22)To determine Ei from measurable parameters, it is more 
onvenient to use a �xedset of operators E 0i, whi
h form a basis for the set of operators in the state spa
e,su
h that Ei =Xm eimE 0m: (I.23)where the eim's are 
omplex numbers. Substituting Eqn. (I.23) into Eqn. (I.22)gives "(�) =Xmn E 0m�E 0yn�mn; (I.24)where �mn is de�ned as �mn �Xi eime�in: (I.25)Expression (I.24) shows that the map " 
an be 
ompletely des
ribed by the �matrix, on
e the set of operators E 0i has been �xed.In the following we give the pro
ess tomography for a single qubit oper-ation as an example. Given the experimental state tomography and preparation



8pro
edures available in the laboratory, the dynami
s of a multiple qubit quantumbla
k box 
an be implemented numeri
ally in a relatively straightforward way.For a single qubit 
ase, for example, it is 
onvenient mathemati
ally to use thefollowing set of �xed operators E 0i E 00 = I; (I.26)E 01 = X; (I.27)E 02 = �iY; (I.28)E 03 = Z: (I.29)Here is the experimental pro
edure to do quantum pro
ess tomography. In a singlequbit 
ase the state spa
e is d = 2 dimensional. Therefore, we 
hoose d2 = 4 purestates so that the 
orresponding density matri
es �1, �2, �3, and �4 form a basis setfor the state spa
e. On
e we determine this basis set, ea
h state is subje
ted to thequantum pro
ess that we wish to 
hara
terize. After it is 
ompleted we obtain thedensity matri
es �0j = "(�j) for ea
h state j	ji using quantum state tomographyas explained above. Knowing the �js and the �0js the � matrix representation ofthe quantum pro
ess follows. The 
onne
tion between these density matri
es andthe � matrix is established through the equations:E 0m�jE 0yn =Xk �mnjk �k; (I.30)�0j =Xk �jk�k; (I.31)Xmn �mnjk �mn = �jk: (I.32)



9�mnjk and �jk 
an be determined from Eqns. (I.30) and (I.31), respe
tively, usingstandard linear algebra, and hen
e the � matrix using Eqn. (I.32). Relation (I.32)gives the 
ondition for the � matrix, whi
h des
ribes the quantum operation ".Coming ba
k to the single qubit 
ase, we 
hoose to prepare the inputstates j0i, j1i, j+i = (j0i + j1i)=p2, j�i = (j0i + ij1i)=p2 and we use the set ofdensity matri
es �1, �2 = �1X, �3 = X�1, and �4 = X�1X, where �1 is de�ned as264 1 00 0 375 : (I.33)The quantum pro
ess that we want to 
hara
terize maps these density matri
esinto �01 = "(j0ih0j) (I.34)�02 = "(j1ih1j) (I.35)�03 = "(j+ih+j)� i"(j�ih�j)� (1� i)(�01 + �04)=2 (I.36)�04 = "(j+ih+j) + i"(j�ih�j)� (1 + i)(�01 + �04)=2 (I.37)and we 
an determine them from quantum state tomography. On
e we know �j and�0js we 
an determine � and � matri
es from Eqns. (I.30) and (I.31), respe
tively,and hen
e the � matrix that des
ribes the two-qubit quantum pro
ess using Eqn.(I.32). After some algebra, due to the parti
ular 
hoi
e of basis, the � matrix inthis 
ase 
an be expressed as � = � 264 �01 �02�03 �04 375� (I.38)in terms of blo
k matri
es and � is given as
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� = 12 264 I XX �I 375 : (I.39)I.D Atomi
 InterferometersThe �rst atom interferometers were demonstrated in the early 1990s.They were based on atomi
 di�ra
tion from periodi
 mi
rofabri
ated stru
tures.Shortly afterwards, another 
lass of atomi
 interferometers was developed by usingopti
al light pulses. Here we will only 
onsider single parti
le interferometry.The physi
al system that we will study in Chapters IV and V operatesin the mi
rowave regime. Therefore, we assume below that internal and externaldegrees of freedom of a two-level atom are de
oupled, be
ause the momentum re
oilof the atom due to the mi
rowave photon is negligible in our analysis.The Hamiltonian for the intera
tion of a two-level atom with an ele
tro-magneti
 �eld 
an be written asH = �h!ejeihej+ �h!gjgihgj � d:E (I.40)or in the matrix form H = 264 �h!e VegV �eg �h!g 375 : (I.41)!e and !g are the ex
ited and ground state energies of the two-level atom, respe
-tively. The ele
tromagneti
 �eld operator E in Eqn. (I.40) is given byE = E0
os(!Lt+ �): (I.42)The last term in the Hamiltonian [Eqn. (I.40)℄,V = �d:E = �er:E; (I.43)



11is the atom-ele
tri
 dipole intera
tion term and its matrix element Veg 
an be foundusing Eqns. (I.42) and (I.43) asVeg = hejVjgi = �h
eg(ei(!Lt+�) + e�i(!Lt+�)2 ); (I.44)where 
eg is 
alled the Rabi frequen
y and is de�ned as
eg = �hejd:E0jgi�h : (I.45)r in Eqn. (I.43) is the position of the ele
tron in the two-level atom with respe
tto the nu
leus.The general solution to the S
hrodinger equation (see Eqn. I.2) using theHamiltonian (I.40) 
an be expressed asj	(t)i = ae(t)jei+ ag(t)jgi: (I.46)The probability amplitudes ae(t) and ag(t) in Eqn. (I.46) 
an be written in theform ae(t) = 
e(t)e�i!et=2; (I.47)ag(t) = 
g(t)e�i!gt=2; (I.48)for mathemati
al 
onvenien
e to separate the slowly varying fun
tions of time 
e(t)and 
g(t). Using Eqns. (I.47) and (I.48) and the rotating wave approximation we
an transform the matrix form of the Hamiltonian in Eqn. (I.41) intoHr = �h2 264 0 
ege�i(Æt+�)
�egei(Æt+�) 0 375 : (I.49)Æ � !L � !eg is the laser-atom detuning, where !eg � !e � !g. Note that thetransformed Hamiltonian in Eqn. (I.49) is time-dependent. Under the followingtransformation of variables it 
an be made time-independent:
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e(t) = de(t)e�iÆt=2; (I.50)
g(t) = dg(t)eiÆt=2: (I.51)Transformations (I.50) and (I.51) physi
ally mean that the quantum state rotatesaround the z-axis with a frequen
y Æ. Similarly, the transformation from theS
hrodinger pi
ture into the intera
tion pi
ture 
an be interpreted as a rotatingframe with a frequen
y !eg: Therefore our time-independent Hamiltonian in
orpo-rates both transformations.The transformation of a quantum state j	i into a rotating frame withfrequen
y Æ around the z-axis is des
ribed by a rotation operator D(z;�Æt) su
hthat D(z;�Æt)j	i = j	iR: (I.52)The representation of the rotation operator in matrix form 
an be written asD(z;�Æt) = ei�zÆt=2 = 264 eiÆt=2 00 e�iÆt=2 375 ; (I.53)where �z is the Pauli matrix.Now, let's �nd the time-independent Hamiltonian by transforming theS
hrodinger equation into the rotating frame. We 
an express the S
hrodingerequation as i�h ddt(Dyj	iR) = H(Dyj	iR): (I.54)Multiplying both sides with D from the left and rearranging the equation givesi�h ddt j	iR = [DHDy � i�hD(dDydt )℄j	iR: (I.55)



13Thus the e�e
tive Hamiltonian in the square bra
kets 
an be de�ned as the Hamil-tonian in the rotating frame. It 
an be represented by the matrixHR = �h2 264 �Æ 
ege�i�
�egei� Æ 375 : (I.56)The eigenvalues of this Hamiltonian are�� = ��h
r2 ; (I.57)where 
r � qj
egj2 + Æ2 is the o�-resonant Rabi frequen
y. The phase � inEqn. (I.56) 
an be in
orporated into 
eg to make it positive and real. Then theeigenstates of HR 
an be 
al
ulated to bej�+i = 
os(�2)jeiRe�i�=2 + sin(�2)jgiRei�=2 (I.58)and j��i = -sin(�2)jeiRe�i�=2 + 
os(�2)jgiRei�=2; (I.59)where sin(�) = 
eg=
r, 
os(�) = �Æ=
r and 0 � � � �: Then the time evolutionof the state j	(t0)iR 
an be written asj	(t0 + �)iR = (e�i�+�=�hj�+ih�+j+ e�i���=�hj��ih��j)j	(t0)iR: (I.60)For Æ = 0 and 
onstant �eld amplitude the evolution operator 
an be expressed inthe matrix form asUR = 264 
os(
r�=2) �ie�i�sin(
r�=2)�iei�sin(
r�=2) 
os(
r�=2) 375 : (I.61)When the initial state is the ground state and it is subje
ted to two pulses of areaR 
r(t)dt = 
r� = �=2, we obtain the ex
ited state if the atomi
 os
illation inbetween the two �=2 pulses is the same as the mi
rowave os
illator (i.e., ÆT = n�,



14where T is time elapsed between two pulses and n is an even integer). If thereis a phase di�eren
e m� (m is odd), the atom is left in the ground state. Thusinterferen
e 
reates an os
illation between the ex
ited and ground states of theatom.I.D.1 Ramsey InterferometerAssume an os
illator frequen
y�0 = (Wq �Wp)=2��h (I.62)at whi
h a resonan
e transition between states of energy Wp and Wq o

urs. Inpra
ti
e not only the resonan
e frequen
y but also the width of the resonan
e isimportant, be
ause the linewidth a�e
ts the transition probabilities, although themaximum transition o

urs at the os
illator frequen
y (I.62).We 
an give a qualitative physi
al des
ription of the resonan
e pro
ess by
onsidering a magneti
 moment asso
iated with a large angular momentum su
hthat the problem 
an be treated 
lassi
ally. Consider that su
h a magneti
 momententers a region with a stati
 magneti
 �eld H0. Then the magneti
 moment willpre
ess around H0 with the Larmor frequen
y!0 = �I�hIH0; (I.63)where �I is the z-
omponent of the nu
lear magneti
 moment and I is the nu
learspin quantum number. When H1, a weak magneti
 �eld perpendi
ular to the axisof H0 and rotating around it, is added, the magneti
 moment also pre
esses aroundH1: This 
hanges the angle � between the nu
lear magneti
 moment and H0. If H1rotates faster than the Larmor frequen
y (I.63), angle � on the average does not
hange. When it rotates at a frequen
y equal to the Larmor frequen
y, however,there is a net angle � a

umulated.Below we will 
al
ulate the transition probability between two states jpi



15and jqi of an atom with a magneti
 moment subje
t to an os
illatory perturbationV . We 
an write the matrix elements of V asVpq = hpjV jqi = �hbei!t; (I.64)Vqp = V �pq; (I.65)Vpp = Vqq = 0; (I.66)where ! is the rate of rotation of the magneti
 �eld around the axis of quantizationand b is proportional to the magneti
 �eld.The quantum state of the system that makes transitions between jpi andjqi 
an be written at time t asj	(t)i = Cp(t)j	pi+ Cq(t)j	qi; (I.67)and the S
hr�odinger equation for above Hamiltonian 
an be expressed asi�h ��t j	(t)i = H0j	(t)i+ V j	(t)i: (I.68)Multiplying Eqn. (I.68) by h	pj and h	qj givesi�h ��tCp(t) = WpCp(t) + �hbei!tCq(t) (I.69)and i�h ��tCq(t) = �hbe�i!tCp(t) +WqCq(t); (I.70)respe
tively. Assuming the initial 
onditions Cp(0) = 1 and Cq(0) = 0, the solutionat time t 
an be found asCp(t) = [i
os�sin(at2 ) + 
os(at2 )℄ei[!=2�(Wp+Wq)=2�h℄t; (I.71)



16Cq(t) = isin�sin(at2 )ei[�!=2�(Wp+Wq)=2�h℄t; (I.72)where 
os� = (!0 � !)=a; (I.73)sin� = �2b=a; (I.74)a2 = [(!0 � !)2 + (2b)2℄; (I.75)!0 = (Wq �Wp)=�h: (I.76)Then the probability of a transition from state j	pi to state j	qi by time t isjCq(t)j2 or Pp;q = (2b)2(!0 � !)2 + (2b)2 sin2f t2[(!0 � !)2 + (2b)2℄1=2g: (I.77)Note that at resonan
e (i.e., when ! = !0) the �rst fa
tor in Eqn. (I.77) rea
hesunity. One of the approximations in the pre
eding 
al
ulations is the omission ofpossible os
illatory diagonal elements in Eqn. (I.66). The e�e
ts of su
h os
illatorydiagonal elements are negligible near resonan
e.Ramsey pointed out that approximately uniform intensity throughoutthe regions of the apparatus was not the most advantageous method of applyingthe os
illatory �eld. Rather, amplitude and phase of the os
illating �eld 
ould bevaried to obtain more useful resonan
es. A parti
ular arrangement that is moreuseful in many 
ases is separated os
illatory �elds, where two os
illatory �elds are
on�ned tightly in two separate lo
ations.Consider again a magneti
 moment (with a large angular momentum totreat the problem 
lassi
ally) whi
h enters a region with strong uniform magneti




17�eld H0 at the entran
e and exit ends of whi
h there is a weak magneti
 �eldperpendi
ular to H0 and rotating about an axis parallel to it. If the angular mo-mentum is initially aligned with the �eld so that � = 0, we 
an tune it to � = �=2by applying a weak rotating �eld with a 
ertain amplitude and period of time in the�rst os
illating region. In the intermediate region of no rotating �eld the magneti
moment simply pre
esses with the Larmor frequen
y (I.63). When it pro
eeds tothe next os
illatory region, however, � starts to 
hange again. If the frequen
y ofthe se
ond rotating �eld is exa
tly the same as the mean Larmor frequen
y in theintermediate region, no relative phase shift o

urs between the angular momentumand the rotating �eld. Then, with the magnitude of the rotating �eld and the timeof appli
ation equal to those of the �rst os
illatory region, � in
reases by another�=2, making � = �. If the phase shift between the pre
essing angular momentumand the rotating �eld is �, the se
ond os
illating �eld reverses the e�e
t of the �rstos
illatory �eld, returning to � = 0. If the Larmor frequen
y and the frequen
yof the rotating �eld di�ers in su
h a way that the phase shift in the intermedi-ate region is an integral multiple of 2�, then � will be the same as at the exa
tresonan
e, whi
h is �.Below we will �nd the transition probability for a single atom passingthrough two separated os
illating �elds. A more general solution to Eqns. (I.69)and (I.70) 
an be obtained by 
onsidering that the atom enters the os
illatoryregion at time t1 with probability amplitudes Cp(t1) and Cq(t1) and exits at timet1 + T: Under these initial 
onditions the solution to Eqns. (I.69) and (I.70) isCp(t1 + T ) = [(i
os�sinaT2 + 
osaT2 )Cp(t1)+(isin�sinaT2 ei!t1)Cq(t1)℄efi[!=2�(Wp+Wq)=2�h℄Tg; (I.78)Cq(t1 + T ) = [(isin�sinaT2 e�i!t1)Cp(t1)+(�i
os�sinaT2 + 
osaT2 )Cq(t1)℄efi[�!=2�(Wp+Wq)=2�h℄Tg:(I.79)



18For the spe
ial 
ase of b = 0, Eqns. (I.78) and (I.79) redu
e toCp(t1 + T ) = e[�i(Wp=�h)T ℄Cp(t1) (I.80)Cq(t1 + T ) = e[�i(Wq=�h)T ℄Cq(t1): (I.81)Now let's 
onsider a single atom 
rossing two separated os
illatory regionsin whi
h the perturbation of Eqns. (I.64)-(I.66) o

urs. Both regions have widthl and take time � for the atom to traverse. In between the two os
illatory regionsno perturbation exists (i.e., b = 0). We assume, however, that the energies of thestates j	pi and j	qi are di�erent in ea
h sub-region of the intermediate region su
hthat the kth sub-region of duration �tk has the energies Wp;k and Wq;k. Then,using Eqns. (I.78) and (I.79) and the initial 
onditions Cp(0) = 1 and Cq(0) = 0,we obtain at time � when the atoms rea
h the entra
e to the �rst os
illatory region,Cp(�) = (i
os�sina�2 + 
osa�2 )ei[!=2�(Wp+Wq)=2�h℄� ; (I.82)Cq(�) = isin�sina�2 ei[�!=2�(Wp+Wq)=2�h℄� : (I.83)The �rst os
illatory region is followed by the intermediate region (i.e., b = 0) inwhi
h the atom propagates until time � + T . Then, the transition probabilityamplitudes 
an be found asCp(� + T ) =Yk e�iWp;k�t;k=�hCp(�) = e�(i=�h)PkWp;k�t;kCp(�) = e�iWpT=�hCp(�);(I.84)Cq(� + T ) = e�iW qT=�hCq(�); (I.85)On
e the atom exits the intermediate region, it enters the se
ond os
illatory regionwhi
h takes an additional time � . Then, we obtain the �nal probability amplitudesat time 2� + T as
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Cp(2� + T ) = [(i
os�sina�2 + 
osa�2 )Cp(� + T )+isin�sina�2 ei!(�+T )Cq(� + T )℄ei[!=2�(Wp+Wq)=2�h℄� ; (I.86)
Cq(2� + T ) = [isin�sina�2 e�i!(�+T )Cp(� + T ) + (�i
os�sina�2+
osa�2 )Cq(� + T )℄ei[�!=2�(Wp+Wq)=2�h℄� : (I.87)We 
an rewrite Eqn. (I.87) by eliminating Cp and Cq asCq(2� + T ) = �2isin�(
os�sin2a�2 sin�T2 � 12sina�
os�T2 )�e�i[(!=2+(Wp+Wq)=2�h)(2�+T )+[(W p�Wp+W q�Wq)=2�h℄T ℄; (I.88)where � = [(W q �W p)=�h℄� !: (I.89)Using Eqn. (I.88), we 
an write the transition probability of the atomfrom state j	pi to j	qi asPp;q = jCq(2� + T )j2 = 4sin2�sin2a�2 (
os�T2 
osa�2 � 
os�sin�T2 sina�2 )2: (I.90)I.E De
oheren
eThere is no known eviden
e of 
on
i
t between the experiments and thepredi
tions of quantum me
hani
s. There is, however, 
ontinuing debate on therelation of quantum me
hani
s with our familiar physi
al world.The emergen
e of 
lassi
al behavior from quantum dynami
s 
an be un-derstood by studying the quantum apparatus for measurement that was analyzed



20by John von Neumann. Consider a two-level quantum sytem S and a dete
tor D.The Hilbert spa
e HS of the system is spanned by j "i and j #i. jd"i and jd#ispan the Hilbert spa
e HD of the dete
tor. A quantum dete
tor 
an be devised,for example, in su
h a way that the dete
tor 
hanges its state when the system isin state j "i only: j "ijd#i ! j "ijd"i (I.91)Assume a pure state j	Si = �j "i+ �j #i: (I.92)Initially if we express the 
omposite system in the form j	Sijd#i, it evolves into a
orrelated state j�
i, whi
h 
an be expressed asj�
i = �j "ijd"i+ �j #ijd#i: (I.93)Correlation in Eqn. (I.93) implies that if the dete
tor is found in jd"i, then thesystem is thrown into j "i state. When the dete
tor gives jd#i state, the systemis in j #i state. To illustrate environment-indu
ed de
oheren
e, 
onsider also theenvironment as a quantum system E . The environment also intera
ts, and be
omes
orrelated, with j�
i;j�
ijE0i = (�j "ijd"i+ �j #ijd#i)jE0i 7! �j "ijd"ijE"i+ �j #ijd#ijE#i = j	i: (I.94)When the states of the environment 
orresponding to the dete
tor statesjd"i and jd#i are orthogonal, we 
an obtain the redu
ed density matrix for thesystem-dete
tor 
omposite state by tra
ing over the environment in the 
ompletedensity matrix,�DS = TrE j	ih	j =Xi hEij	ih	jEi0i = j�j2j "ih" jjd"ihd"j+ j�j2j #ih# jjd#ihd#j:(I.95)



21When a stone falls into a lake, it 
reates ripples on the surfa
e of thelake, whi
h is otherwise 
at. Similarly when a parti
le exists in the ele
tromag-neti
 sea the �eld ex
itations s
atter o� the parti
le and 
arry information aboutits quantum observables su
h as position, momentum, energy, et
. Surprisingly, inquantum me
hani
s even in a storm the stone thrown into the lake 
reates distur-ban
es that 
an be dete
ted, despite the diÆ
ulty of de
iphering the parti
le dueto the preexisting �elds in su
h a \messy environment".Below we will illustrate the de
oheren
e by giving an example. We will
onsider the intera
tion of a parti
le at position x that is subje
t to a s
alar �eld.The Hamiltonian for su
h a system 
an be des
ribed byHint = "xd�dt ; (I.96)where � is a s
alar �eld and "2=2 is the \vis
osity". We take thermal-ex
itatione�e
ts of the �eld � into a

ount and negle
t the e�e
t of zero point va
uum
u
tuations. Then, in the \high temperature limit" the position representation ofthe density matrix �(x; x0) evolves asd�dt = � i�h [H; �℄� 
(x� x0)( ��x � ��x0 )�� 2m
kBT�h2 (x� x0)2�: (I.97)H is the Hamiltonian for the system. 
, m, kB; and T are the relaxation 
onstant,mass of the parti
le, the Boltzman 
onstant, and temperature, respe
tively. Eqn.(I.97) is obtained by solving the S
hrodinger equation for a parti
le in a �eldand tra
ing over the environment (i.e., �eld) su
h as in Eqn. (I.95). The �rstterm (i.e., von Neumann equation) des
ribes the reversible 
lassi
al evolution ofthe expe
ted value of an observable that has a 
lassi
al 
ounterpart. The se
ondterm is the relaxation or dissipation term. It is responsible for the de
rease of theaverage momentum or energy loss due to the intera
tion with the s
alar �eld. Therelaxation term is proportional to the relaxation 
onstant 
 = �=2m, where � isthe vis
osity. The last term is the \de
oheren
e" term. Below we will explain it



22in more detail by an example.For our purposes the e�e
t of the last term on the 
oheren
e of quantumsuperposition states is the greatest interest. Now we will brie
y des
ribe the e�e
tof this term on a quantum superposition of two spatially separated wavepa
ketsby studying the o�-diagonal elements of the density matrix.Consider a 
oherent quantum superposition of two Gaussian wavefun
-tions separated by �x, �(x) = [�+(x) + ��(x)℄=p2; (I.98)where ��(x) are de�ned as��(x) = hxj�i � e�(x��x)2=(2Æ)2 : (I.99)If the wavepa
kets are widely separated (i.e., �x� Æ), the density matrix�(x; x0) = �(x)��(x0) has four peaks on the xx0plane. Those peaks whi
h are
entered on the line x = x0 form the diagonal elements. O�-diagonal peaks (orelements) lie in the two other quadrants on the line x = �x0 passes. The amplitudesof these o�-diagonal elements des
ribe how 
oherent is the superposition state. Iftheir amplitudes are large enough then the parti
le is in a highly 
oherent quantumsuperposition. If their amplitudes are zero, however, it 
an be regarded as a
lassi
al probability distribution with an equal probability of �nding the parti
lein either of the lo
ations of the Gaussian wavepa
kets.The de
oheren
e term (i.e., last term) in Eqn. (I.97) has little e�e
ton the diagonal peaks, but it largely a�e
ts the o�-diagonal peaks. Note thatde
oheren
e is proportional to (x�x0)2, whi
h is approximately equal to the squareof the separation (�x)2: The time s
ale for the de
oheren
e 
an be given as�D ' 1
  �DB�x !2 = �R  �h�xp2mkBT !2 ; (I.100)where �DB = �h=p2mkBT is the de Broglie wavelength and �R = 1=
 is the re-



23laxation time. For ma
ros
opi
 obje
ts de
oheren
e time is typi
ally mu
h lessthan the relaxation time, �D � �R. For mi
ros
opi
 systems, however, the de
o-heren
e time is relatively long. For an ele
tron (me = 10�27kg), for example, thede
oheren
e time 
an be mu
h larger than other relevant time s
ales.There are two roles of de
oheren
e in quantum information pro
essing. Itinvalidates the quantum superposition prin
iple and therefore negates the potentialpower of quantum 
omputers by turning them into 
lassi
al ones at best. But, onthe other hand, it is also a ne
essary ingredient for quantum information pro
essingto a
hieve quantum measurement.In the last de
ade de
oheren
e was studied experimentally in many phys-i
al systems by several groups and the results 
on�rmed the thoreti
al tenets. Inparti
ular, Brune, Haro
he, Raimond, and their 
oworkers in Fran
e manipulatedele
tromagneti
 �elds in the mi
rowave region into S
hr�odinger 
at-like superpo-sition states using Rb atoms and they investigated the ensuing loss of quantum
oheren
e. Sin
e then the group upgraded their equipment to grow \bigger andbetter" 
ats. They have very re
ently reported the observation of step-by-stepquantum state 
ollapse by non-destru
tively measuring the photon number of a�eld stored in a 
avity using atoms.



Chapter II
Quantum Computation andCommuni
ation

Most of the material in this 
hapter is visited by Nielsen and Chuang inmore depth in Ref. [2℄. Therefore, for more details of the 
on
epts introdu
ed hereand for many helpful referen
es please see this ex
ellent introdu
tion to \quantum
omputation and quantum information".II.A Quantum Logi
 GatesQuantum logi
 gates perform manipulation of quantum information fromone form into another. Imagine a physi
al pro
ess whi
h 
onverts the j0i state intothe j1i state, and vi
e versa. Although this physi
al pro
ess 
an be employed toimplement a 
lassi
al NOT gate (only non-trivial single bit logi
 gate) it is insuÆ
ientas a quantum logi
 gate. The analogous quantum NOT gate has to operate not onlyon 
lassi
al states but also on their quantum superpositions �j0i+ �j1i in a linearmanner. This linear behaviour is the general property of quantum mea
hani
s.The matrix representation of the NOT gate 
an be given as
24
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X = 264 0 11 0 375 : (II.1)If we represent an arbitrary single qubit in the ve
tor form264 �� 375 ; (II.2)with the upper element 
orresponding to the probability amplitude for j0i and thelower one the probability amplitude for j1i; then the operation of the quantum NOTgate 
an be des
ribed as X 264 �� 375 = 264 �� 375 : (II.3)Single qubit quantum gates U , in general, 
an be des
ribed by two by twounitary matri
es, that is UU y = I. Note that the normalization 
ondition requiresj�j2 + j�j2 = j�0j2 + j� 0j2 = 1; (II.4)where �0 and � 0 
orrespond to the output of the quantum logi
 gate. Unitarityguarantees the normalization 
ondition.In 
ontrast to the 
lassi
al gates, there are many non-trivial single qubitgates. Some important ones are Pauli X, Y, Z gates and Hadamard gate. Z gate, forexample, transforms j1i into �j1i (se
ond 
olumn below) while it leaves j0i (�rst
olumn) un
hanged. Two by two Pauli matri
es for these gates areX � 264 0 11 0 375 ; Y � 264 0 �ii 0 375 ; Z � 264 1 00 �1 375 : (II.5)The Hadamard gate 
reates an equal superposition from an input state j0i or j1i.It transforms j0i state into (j0i+ j1i)=p2 and j1i into (j0i � j1i)=p2:H = 1p2 264 1 11 �1 375 : (II.6)



26A single qubit aj0i+ bj1i 
an be represented as a point (�; �) on the unitsphere, 
alled the Blo
h sphere, where a = 
os(�=2) and b = ei� sin(�=2) and theve
tor (
os� sin �; sin� sin �; 
os �) is 
alled the Blo
h ve
tor.An arbitrary single qubit gate 
an be de
omposed into a produ
t of tworotations and a global phase shift, that isei� 264 e�i�=2 00 ei�=2 375 264 
os 
2 � sin 
2sin 
2 
os 
2 375 : (II.7)An important 
lassi
al theoreti
al result is that any fun
tion on multiplebits 
an be 
omputed by using NAND gates alone. Therefore the NAND gate is auniversal gate. In 
ontrast to 
lassi
al 
omputation, any multiple qubit logi
 gatemay be 
omposed from CNOT and single qubit gates. Single qubit gates 
an befurther approximated to arbitrary a

ura
y using the Hadamard, phase, and �=8gates. Matri
es for the phase and �=8 gates, respe
tively, areS = 264 1 00 i 375 ; T = 264 1 00 ei�=4 375 : (II.8)CNOT gate has two inputs: 
ontrol and target qubits. If the 
ontrol qubitis in the j1i state, the target qubit is 
ipped, whereas it is left un
hanged whenthe 
ontrol qubit is in j0i state, that isjA;Bi ! jA;A� Bi; (II.9)where � is addition modulo two, whi
h is exa
tly how XOR gate operates. Similarto single qubit gates, CNOT gate is also a unitary gate to 
onserve probability.II.B Quantum Cir
uitsQuantum 
ir
uits are useful as models of quantum pro
esses su
h as 
om-putation, 
ommuni
ation, and even quantum noise. A simple quantum 
ir
uitwhi
h swaps the states of qubits 
an be 
onstru
ted by integrating three CNOT



27gates properly. In this quantum 
ir
uit the following a
tions take pla
e sequen-tially:ja; bi ! ja; a�bi ! ja�(a�b); a�bi = jb; a�bi ! jb; (a�b)�bi = jb; ai: (II.10)Measurement is an important part of quantum 
ir
uits. It 
onverts theinput qubit j	i = �j0i + �j1i into one of the 
lassi
al bits M probabilisti
ally.M 
an be 0 with probability j�j2 and 1 with probability j�j2. Measurement isrepresented by a \meter" symbol in quantum 
ir
uits.Classi
ally we 
an 
opy a bit using a 
lassi
al CNOT gate su
h thatjx; 0i 7! jx; x� 0i = jx; xi: (II.11)Suppose we try to 
opy an unknown qubit j	i = aj0i + bj1i in the same mannerusing quantum CNOT gate, that is(aj0i+ bj1i)j0i = aj00i+ bj10i ! aj00i+ bj11i: (II.12)A su

essful quantum 
opying 
ir
uit should, however, generatej	ij	i = a2j00i+ abj01i+ abj10i+ b2j11i: (II.13)Therefore, quantum CNOT gate 
annot produ
e the 
opy of an unknown quantumstate unless ab = 0. This is known as the \no-
loning theorem".II.C Quantum EntanglementQuantum entanglement is a new type of resour
e for information theorythat di�ers vastly from the traditional resour
es in 
lassi
al information theory. Ageneral theory of quantum entanglement has still not been 
ompleted, despite someen
ouraging progress in the �eld. Understanding the di�eren
e between quantumme
hani
s and the 
lassi
al world is 
ru
ial for quantum information pro
essing to



28harvest its potential power in 
omputing and 
ommuni
ations. Quantum entan-glement is one 
ompelling example of this di�eren
e.In our 
lassi
al world when we speak of an obje
t we assume that itsphysi
al properties exist independently of observation. Quantum me
hani
ally,however, an unobserved parti
le does not possess physi
al properties that existindependently of observation.Consider, for example, the spin singlet, a two qubit entangled state,j	i = j01i � j10ip2 : (II.14)Suppose we measure the spin along the ~v axis on both qubits. When the measure-ment yields +1 on the �rst qubit, then the measurement on the se
ond qubit willgive �1, and vi
e versa, regardless of the ~v axis we 
hose. It is simple to showwhy this anti-
orrelation is independent of the measurement axis. Suppose thatjai and jbi are the eigenstates of the spin. Then we 
an express j0i and j1i statesin Eqn. (II.13) as j0i = �jai+ �jbi (II.15)j1i = 
jai+ Æjbi; (II.16)where �, �, 
, and Æ are 
omplex numbers. Substituting Eqns. (II.15) and (II.16)into Eqn. (II.14) gives j01i � j10ip2 = (�Æ � �
) jabi � jbaip2 : (II.17)Note that �Æ��
 is nothing more than a global fa
tor whi
h 
annot be observed.So it is 
lear that the anti-
orrelation above is independent of measurement axis.Now by using the singlet state in Eqn. (II.14), we will show below thatquantum me
hani
al analysis is not 
onsistent with the 
ommon sense analysis.



29Imagine that Charlie sends a parti
le to Ali
e and another to Bob. Ali
e
an measure the physi
al properties PQ and PR of her parti
le, while Bob is allowedto measure PS and PT for his own parti
le. Q and R are the obje
tive values of thephysi
al properties PQ and PR, respe
tively, that Ali
e 
an obtain. Similarly, Sand T 
orrespond to Bob's measurement. Suppose that Ali
e and Bob randomlybut simultaneously perform series of available measurements in their toolbox. Forsimpli
ity, we assume that all of these measurements reveal either +1 or �1.Now 
onsider the quantityQS +RS +RT �QT = (Q+ R)S + (R �Q)T: (II.18)Be
ause R, Q = �1, either (Q+R)S = 0 or (R�Q)T = 0. In both 
asesQS +RS +RT �QT = �2. Assume that initially (i.e., before the measurement)the system is in a state where Q = q, R = r, S = s; and T = t. Then, theexpe
tation valueE(QS +RS +RT +QT ) =Xqrst p(q; r; s; t)(qs+ rs+ rt� qt) �Xqrst 2p(q; r; s; t) = 2:(II.19)We 
an also express this asE(QS +RS +RT �QT ) = Xqrst p(q; r; s; t)qs+Xqrst p(q; r; s; t)rs+Xqrst p(q; r; s; t)rt�Xqrst p(q; r; s; t)qt= E(QS) + E(RS) + E(RT )� E(QT ): (II.20)Comparing Eqns. (II.19) and (II.20) gives the Bell inequalityE(QS) + E(RS) + E(RT )� E(QT ) � 2: (II.21)To �nd the expe
tation value, say QS, Ali
e measures PQ and Bob measures PS.Then they multiply their results. Ali
e and Bob perform this experiment a number



30of times and average over their sample.How about quantum systems? Consider, for example, the singlet state inEqn. (II.14). Charlie prepares this entangled state and passes ea
h of Ali
e andBob one of the two qubits. Having re
eived their qubit, Ali
e and Bob measurethe following observablesQ = Z; R = X; S = �Z �Xp2 ; T = Z �Xp2 : (II.22)The quantum expe
tation values for these obsevables 
an be found ashQSi = hRSi = hRT i = 1p2; hQT i = � 1p2 ; (II.23)hen
e hQSi+ hRSi+ hRT i � hQT i = 2p2: (II.24)Note that Eqn. (II.24) does not satisfy the Bell inequality in Eqn. (II.21). Itseems that at least one of the two assumptions we made does not hold in quantumme
hani
s:1. Physi
al properties PQ, PR; PS, and PT have de�nite values Q, R, S, and Twhi
h exist independent of observation.2. Ali
e performing her measurement does not a�e
t the result of Bob's mea-surement.The �rst assumption is sometimes known as realism, while the se
ond is knownas lo
ality. Bell's inequality tells us that entanglement is a fundamentally newresour
e whi
h may open up a new world of possibilities unimaginable with 
lassi
alinformation. Teleportation, superdense 
oding, quantum 
ommuni
ations may beonly the tip of an i
eberg.



31II.D Quantum TeleportationSuppose that Ali
e and Bob share an Einstein-Podolsky-Rosen (EPR)pair (i.e., an entangled two-qubit Bell state) at two distant lo
ations. Ali
e wouldlike to send Bob a qubit j	i: Neither Ali
e nor Bob knows the state of the qubitand Ali
e 
an only send a 
lassi
al message. How 
an she a
hieve this task?Ali
e intera
ts the qubit j	i with her half of the EPR pair and thenmeasures the resultant qubits in her possession. She obtains one of four possible
lassi
al results: 00, 01, 10, and 11. On
e she sends the out
ome to Bob, here
overs the qubit j	i by doing one of the four operations on the qubit in hispossession.We 
an express the whole state as a tensor produ
t of the unknown statej	i = �j0i+ �j1i and the EPR pair j�00i = (j00i+ j11i)=p2 that Ali
e and Bobuse j	0i = 1p2[�j0i(j00i+ j11i) + �j1i(j00i+ j11i)℄: (II.25)Assume that the �rst two qubits belong to Ali
e and the last qubit belongs to Bob.Ali
e �rst a
ts on her qubits by CNOT gate, obtainingj	1i = 1p2[�j0i(j00i+ j11i) + �j1i(j10i+ j01i)℄: (II.26)Then she performs Hadamard operation on her �rst qubit, obtainingj	2i = 12[�(j0i+ j1i)(j00i+ j11i) + �(j0i � j1i)(j10i+ j01i)℄: (II.27)We 
an reexpress Eqn. (II.27) asj	3i = 12[j00i(�j0i+�j1i)+j01i(�j1i+�j0i)+j10i(�j0i��j1i)+j11i(�j1i��j0i)℄:(II.28)



32Remember that the �rst two qubits are Ali
e's and the third is Bob's. Therefore,given the result of Ali
e's measurements, Bob's qubit 
ollapses into one of thefollowing states: 00 7! j	3(00)i � �j0i+ �j1i (II.29)01 7! j	3(01)i � �j1i+ �j0i (II.30)10 7! j	3(10)i � �j0i � �j1i (II.31)11 7! j	3(11)i � �j1i � �j0i: (II.32)Then, in order for Bob to re
over the state j	i he performs the operationZM1XM2 on his half of the EPR pair, where M1 and M2 are the 
lassi
al bits thatAli
e obtains from her measurements and sends to Bob. For example, if Ali
emeasures M1 = 1 and M2 = 0, then Bob has to apply Z gate to the qubit in hispossession to re
over the original unknown state j	i = �j0i+ �j1i.Quantum teleportation 
an be used to build noise-resistant quantum logi
gates and is intimately 
onne
ted with quantum error-
orre
ting 
odes.II.E Quantum SimulationsA dynami
al system 
an be simulated eÆ
iently, if it 
an be des
ribedeÆ
iently by some di�erential equations su
h as the ele
tromagneti
 ve
tor waveequation, ~r � ~r ~E = �0�0�2 ~E�t2 ; (II.33)or the di�usion equation,



33~r2 = 1a2 � �t ; (II.34)to name a very few. The dynami
al behaviour of many simple quantum systems,however, is des
ribed by S
hr�odinger's equation (�h is absorbed into H),i ddt j i = Hj i; (II.35)whi
h in the position representation 
an be given asi ��t (x) = "� 12m �2�x2 + V (x)# (x): (II.36)Eqn. (II.36) is similar to the di�usion Eqn. (II.34). The diÆ
ulty is not insimulating S
hr�odinger's equation. The key 
hallenge in simulating quantum sys-tems is the exponential number of di�erential equations, whi
h must be solved, asthe number of qubits in
rease. The simulation of n qubits involves 2n equations.Therefore, 
lassi
al simulation of quantum systems is not feasible for many phys-i
ally interesting quantum systems, su
h as the Hubbard and Ising models, andmany others.In most physi
al systems we 
an write the Hamiltonian for a system of nparti
les as a summation over many lo
al Hamiltonians whi
h usually involve onlynearest neighbor intera
tions: H = LXk=1Hk: (II.37)Most intera
tions de
ay rapidly with in
reasing distan
e or energy di�eren
e.Therefore, Hk a
ts on at most a 
onstant 
 number of parti
les and L = poly(n).It is in general diÆ
ult to 
ompute the evolution operator e�iHt, but we 
an ap-proximate e�iHkt using eÆ
ient quantum 
ir
uits, sin
e it only a
ts on a smallsubsystem. The problem, however, is that [Hj; Hk℄ 6= 0 for most intera
tions, andtherefore e�iHt 6= Qk e�iHkt:



34Then, how 
an we simulate those quantum systems? We 
an approxi-mate e�iHt by using one of the following methods with �t su
h that the error isa

eptable: ei(A+B)�t = eiA�teiB�t +O(�t2); (II.38)ei(A+B)�t = eiA�t=2eiB�teiA�t=2 +O(�t3); (II.39)or the Baker-Campbell-Hausdor� formula,e(A+B)�t = eA�teB�te� 12 [A;B℄�t2 +O(�t3): (II.40)Suppose that we have a Hamiltonian of the form in Eqn. (II.37) a
ting onan N -dimensional system and our initial state at time t = 0 is j 0i:We would liketo simulate the system to �nd the state j tf i at time tf with a positive a

ura
yÆ, su
h that jh ~ (tf )je�iHtf j 0ij2 � 1� Æ: (II.41)A simple algorithm that is given below for this simulation requires O[poly(1=Æ)℄steps:1. j ~ 0i; j = 0: (initialization)2. ! j ~ j+1i = U�tj ~ ji (iterative update)3. !j = j + 1; goto 2 until j�t � tf (loop)4. !j ~ (tf )i = j ~ ji. (�nal result)U�t in the above algorithm is the quantum 
ir
uit for ea
h iterative step that 
anbe approximated as one of those given in Eqns. (II.38)-(II.40).



35Although we des
ribed above the quantum simulation pro
edure for Hamil-tonians that are sums of lo
al intera
tions, eÆ
ient quantum simulations are pos-sible even for Hamiltonians that a
t on all or nearly all parts of the total system.One su
h form of a Hamiltonian isH = nOk=1�k
(k); (II.42)where �k
(k) is a Pauli matrix [or identity for 
(k) = 0℄ a
ting on the kth qubit,
(k) 2 f0; 1; 2; 3g spe
ifying one of fI;X; Y; Zg.



Chapter III
Inspiring Te
hnologies

In this 
hapter we review the re
ent a
hievements and 
hallenges in 
av-ity QED and linear opti
al approa
hes to quantum information pro
essing andquantum 
omputing based on \a quantum information s
ien
e and te
hnologyroadmap" developed in 2004 sponsored by ARDA and other government sponsors.A

omplishments in these areas are 
riti
al to photoni
 
rystal based fault-tolerantand s
alable ar
hite
tures for quantum 
omputers and networks. For more infor-mation about the re
ent reports and referen
es please 
onsult Refs. [6-7℄.III.A Cavity Quantum Ele
trodynami
sAtomi
, photoni
, and motional qubits form the three major qubits for
avity quantum ele
trodynami
s (QED). Photoni
 qubits in 
avity QED manifestthemselves as ex
itations of a 
avity or 
ying qubits that es
ape from it. In the
ontext of quantum information pro
essing 
avity QED refers to 
oherent intera
-tion of light with material, su
h as the intera
tion of single photons and movingor trapped atoms and as well as semi
ondu
tor quantum dots in high �nesse 
av-ities. Cavity QED also o�ers nonlinear photon-photon intera
tion in a 
avity. Toa
hieve 
oherent dynami
s between a single photon and an atom, the 
ombinedsystem should operate in the strong 
oupling regime; that is, the spontaneous
36



37emission rate of the atom and the de
ay rate of the 
avity must be smaller thanthe atom-photon intera
tion to start the Rabi os
illations. Strong 
oupling 
anbe a
hieved in a high-Q 
avity with low mode volume. Some experimental groupshave a

omplished this 
hallenging task over the last two de
ades.Using highly ex
ited energy states of Rydberg atoms the strong 
ou-pling regime is a
hieved experimentally in mi
rowave 
avities. These experimentsdemonstrate some of the 
leanest entanglements. The strong 
oupling limit is alsoa
hieved experimentally using neutral atoms in opti
al 
avities.Single-qubit rotations in 
avity QED 
an be a
hieved with high �delity.Several photon-photon and atom-atom gates have been proposed. Atom-atom gateexperiments have been performed in mi
rowave regime. Over 90% su

ess rate iswithin rea
h in 
urrent experiments. In 
avity QED many atom-atom and photon-photon gates 
an be adapted to atom-photon entanglements. Using this idea manytwo-qubit quantum logi
 operations, atom-atom, atom-photon, and photon-photonentanglements are proposed and some proof-of-prin
iple experiments have beenperformed at various labs. These a
hievements suggest that s
alable 
avity QEDar
hite
tures may be possible. Cavity QED systems amount to distributed 
om-puting where individual nodes are inter
onne
ted by opti
al �ber or waveguidebased quantum 
ommuni
ation 
hannels.More uniquely, 
avity QED approa
h is also studied to build single ormultiple photon sour
es as well as to implement simple quantum networks. CavityQED systems are espe
ially interesting for quantum information pro
essing pur-poses to intra-
onvert atomi
 and photoni
 qubits. For a networkable quantum
omputer the ability to intra
onvert stationary and 
ying qubits and transmissionof the latter faithfully between the spe
i�ed nodes through �bers or other meansare needed. There has not been suÆ
ient proof of prin
iple for networkability of
avity QED systems either, despite the potentially viable solutions that have beenproposed. Mapping atomi
 qubits to 
ying photoni
 qubits is one of the strongestpotentials of 
avity QED.



38Qubit spe
i�
 measurement 
apability of 
avity QED te
hnique has alsoa
hieved suÆ
ient proof of prin
iple. Individual neutral atoms have been dete
tedin a state sensitive manner. Additionally, 
avity QED provides ex
ellent singleatom dete
tion.Long-lived hyper�ne states of neutral atoms are available for storing quan-tum information. Cavity QED quantum 
omputing has good ability to initializethe hyper�ne state of qubits by opti
al pumping te
hniques in atomi
 physi
s.Despite promising a
hivements in state initialization and measurement, however,there has not been suÆ
ient proof of prin
iple in s
alability of the system withwell-
hara
terized qubits, de
oheren
e times, and universal set of quantum gates.Creation of an arbitrary qubit, two-qubit operations, and generation and
hara
terization of Bell and three-qubit GHZ states require further experimentalwork. There have been some preliminary experimental demonstrations for prepa-ration and readout of qubits, implementation of 
oherent two-qubit quantum logi
operations, mu
h longer qubit de
oheren
e time than two-qubit gate operationtimes, produ
tion of GHZ entangled states in mi
rowave 
avity QED systems,quantum pro
ess and state tomography for two qubits, two-qubit de
oheren
e freesubspa
e, and two-qubit quantum algorithms.Major types of 
avity QED systems in
lude Rydberg atoms in mi
rowave
avities, neutral atoms in opti
al 
avities, trapped ion 
avity QED, semi
ondu
torquantum dot systems, solid state ion va
an
y systems, super
ondu
ting jun
tionsand 
avity systems, and neutral atom ensemble based 
avity QED systems.In 
avity QED de
oheren
e time is, in general, mu
h longer than the gateoperation time. In 
ontrast to trapped ions, atomi
 
oheren
e for neutral atomsis somewhat less due to the Stark shifts indu
ed by trapping potentials. Qubit
oheren
e during quantum operations, on the other hand, depends on the strong
oupling regime, that is, the geometry of the 
avity and internal states of the atoms.There have been signi�
ant experimental demonstrations of single-qubit rotationsespe
ially Rabi 
op and high-Q transition of a qubit. Qubit 
oheren
e on the



39order of se
onds to minutes has been realized. Single-qubit gates are not limitedby qubit de
oheren
e. They are degraded by external noise in the environment ordriving �eld and di�erential Stark shift due to trapping potentials.The major obsta
le for the Rydberg atoms in mi
rowave 
avities is thatthese systems are not s
alable, be
ause sto
hasti
 atomi
 beams are used and theyhave to interse
t with the 
avities. Moreover, mi
rowave photons leaking from the
avity 
annot be 
oupled to �ber and dete
ted eÆ
iently, although this 
an besu

esfully a
hieved in the opti
al regime.In 
ontrast to Rydberg atoms in mi
rowave 
avities, the main obsta
le forneutral atoms in opti
al 
avities is to in
orporate s
alable trapping geometries withmagneti
 and opti
al potentials, whi
h are in
ompatible with low mode volume ofthe 
avities, while preserving the strong 
oupling regime and 
ompa
t size. Trap-ping and delivering single atoms in one-dimensional arrays has been establishedusing atom 
onveyors. There is, however, trade-o� between small mode volumefor strong 
oupling and in
orporating an array of atoms inside the 
avity. Further-more, long-range dipole-dipole intera
tions 
annot be implemented in a 
ontrolledmanner. There have been no experimental demonstrations on three and more qubitoperations (other than GHZ states) su
h as repetitive error 
orre
tion and fault-tolerant quantum 
ontrol of a single logi
al qubit.To sum up, spe
ial strengths of 
avity QED are its well-known theoryand abilities for inter
onversion between stationary and 
ying qubits, deterministi
single and entangled photon sour
es, and distributed quantum 
omputing. Thereare also some unknowns and weaknesses. The role of atomi
 motion degrees offreedom during gate operations is not well understood. New te
hniques to lo
alizeand 
ontrol Rydberg atoms under strong 
oupling need to be developed. Otheremerging 
avity te
hnologies su
h as photoni
 
rystal and whispering gallery modemay lead to stronger 
oupling regime and hen
e better performan
e.The next important steps in the �eld may be demonstrations of determin-



40isti
 high quality single photon and entangled photon pair sour
es, deterministi
entanglement between atoms and photons in opti
al 
avity, distributed entangle-ment over di�erent 
avity QED systems, and system s
alability.III.B Linear Opti
sOpti
al manipulations of qubits led to many su

essful experimental re-alizations in quantum information te
hnology whi
h in
lude quantum 
ryptogra-phy, �rst realization of multiparti
le entanglement, quantum state and pro
esstomography, teleportation, de
oheren
e free subspa
es, and some simple quantumalgorithms.Photon-photon 
oupling in existing materials is extremely small. How-ever, re
ent advan
es in slow light and stopped light may over
ome this diÆ
ulty.It has also been shown in the Knill, La
amme, Milburn (KLM) s
heme that deter-ministi
 single photon sour
es, and highly eÆ
ient single photon dete
tors are suf-�
ient to realize quantum 
omputing using only linear opti
al 
omponents. Someauthors suggested simpli�
ations and modi�
ations to the original s
heme. Themain 
hallenge is the requirement to produ
e entangled an
illa states, be
ausemore than 99% dete
tor eÆ
ien
y is needed. Therefore, generation of entangledstates 
an play a key role in opti
al quantum 
omputing. In addition to KLMs
heme, other s
hemes without single photon sour
es are also proposed.There has been a suÆ
ient proof of prin
iple in opti
al quantum 
omput-ing for de
oheren
e times mu
h longer than gate operation times. Single qubit op-erations typi
ally take less than a pi
ose
ond. Two-qubit gate times depend on theteleportation proto
ol. Gates on demand have not yet been demonstrated. Typi-
ally these gates would operate three order of magnitude slower (i.e., nanose
onds)than single qubit ones. Although the 
oupling of opti
al qubits to the thermal en-vironment is low, photons are lost in the system. The main sour
es of de
oheren
eor error are interferometri
 stability, both spatial and temporal mode mat
hing,



41photon loss, and dete
tor eÆ
ien
y. If gates are realized in the form of opti
al
ouplers or planar integrated 
ir
uits, mode mat
hing and interferometri
 stabilitywould be less problemati
, but then the 
oupling of qubits to these devi
es mustbe optimized.In opti
al quantum 
omputing systems, potentially viable approa
heshave been proposed for s
alability with well-
hara
terized qubits, initializationof the qubits, universal set of quantum gates, and qubit-spe
i�
 measurements.Qubits in the KLM s
heme are represented by the o

upation of one ofthe modes of a pair of opti
al modes (su
h as polarization modes), whi
h is 
alleddual-rail representation. Some other s
hemes use a single mode where qubits areen
oded by 
oherent amplitudes of the same opti
al mode.Initialization of qubits in opti
al quantum 
omputing requires fast, reli-able, and on-demand (periodi
) single photon sour
es. They must generate one andonly one photon and demonstrate interferen
e between two single photon pulsesusing Hong, Ou, Mandel (HOM) interferometer.Single qubit operations are a
hieved by linear opti
al elements su
h asbeam splitters, phase shifters, and polarization rotators. Teleportation gates, how-ever, require very fast ele
tro-opti
 
ontrol or photon storage. This is also relevantto 
onventional ele
tro-opti
al swit
hing te
hnologies. Although no prior entan-glement on demand has been yet demonstrated, it is useful for error-
orre
tion
odes and to redu
e the gate 
omplexity substantialy. In the long term, integratedopti
al devi
es and elementary interferometer modules need to be developed to re-pla
e 
urrent bulky devi
es. For example, planar opti
al waveguides and photoni
bandgap based devi
es integrated with single photon sour
es 
an be used to buildmore 
ompa
t and robust quantum 
ir
uits.Regarding the networkability of linear opti
al quantum 
omputing and
ommuni
ations systems, the ability to transmit 
ying qubits between spe
i�edlo
ations has a
hieved suÆ
ient proof of prin
iple. Good mode-mat
hing is re-quired to 
ouple free-spa
e or opti
al �ber photons to quantum 
ir
uits. Photoni
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rystals 
an also be used as quantum inter
onne
ts to faithfully transmit photoni
qubits inside the 
hip. However, inter
onverting stationary and 
ying qubits havenot been suÆ
iently demonstrated.There have been suÆ
ient experimental demonstrations in single-qubitoperations, quantum state tomography for one and two qubits and pro
ess to-mography for single qubit, two-qubit de
oheren
e free subspa
e, and two-qubitquantum algorithms su
h as Deuts
h-Josza, Grover, and quantum Baker's mapalgorithms. Although they are not s
alable, these systems allow to in
orporateand test various error avoidan
e and 
orre
tion te
hniques. Further improvementrequires good single photon dete
tors and sour
es.Regarding single-qubit operations, Rabi 
ops of a qubit and de
oheren
etimes mu
h longer than Rabi os
illation have been realized experimentally. Singlephoton gates require only a beam splitter with variable amplitude re
e
tivity.Huge numbers of logi
 operations 
an be performed before dephasing or photonloss be
omes a problem. In dual rail polarization en
oding, single qubit rotation
an be easily implemented. Similarly, polarization qubits 
an be transformed withessentially no de
oheren
e. Basi
 photon storage has also been demonstrated inlinear opti
al approa
hes to quantum 
omputing.Creation of a qubit, implementation of 
oherent two-qubit logi
 oper-ations, produ
tion and 
hara
terization of Bell states, de
oheren
e times mu
hlonger than two-qubit gate times, produ
tion of three-qubit GHZ state, and trans-fer of quantum information (su
h as teleportation, entanglement swapping, multi-ple swap operations) do not have suÆ
ient experimental demonstrations.Preparation and readout of single photon states using spontaneous para-metri
 down 
onversion and post-sele
tion have been demonstrated. Pre
ision statetomography has been realized. The �rst ele
tri
ally driven single photon sour
esbased on Coulomb blo
kade in a p-n jun
tion have been demonstrated. Promisingresults using quantum dots have been reported. Independently generated singlephotons from a quantum dot were demonstrated to have HOM interferen
e. How-



43ever, the probability of obtaining more than a single photon in quantum dots isstill high. Single nitrogen va
an
ies in diamond manifest photon antibun
hing,but 
olle
tion eÆ
ien
y and bandwidth make it not appealing for linear opti
alquantum 
omputing. Some 
avity QED te
hniques have also been reported us-ing single atoms in a high-�nesse 
avity, but the out
oupling eÆ
ien
y in thesesystems is very low. Single photon dete
tors with eÆ
ien
ies of 88% have beendemonstrated. They are 
apable of distinguishing in
ident photon number. Su-per
ondu
ting dete
tors are ex
ellent to resolve photon number, but the dete
tioneÆ
ien
y is very low. Suggestions for single photon dete
tors with 99% dete
tioneÆ
ien
y and photon number resolving 
apability have been reported based on
oupling to atomi
 systems. Similar s
hemes for photoni
 quantum memories havebeen proposed.A nonuniversal two-qubit gate based on spontaneous parametri
 down
onversion and post-sele
tion has been partially a
hieved. Independently produ
eddown
onverted photons were demonstrated to violate Bell inequality. Produ
tionand generation of Bell states and GHZ states using spontaneous parametri
 down-
onversion and post-sele
tion have been demonstrated, but the major 
hallengeis to make these pro
ess on demand without post-sele
tion. This requires single-photon sour
es or entanglement-on-demand sour
es.No experimental demonstrations of maximally entangled states, quan-tum state and pro
ess tomography, de
oheren
e free subspa
es, quantum error-
orre
ting 
odes, and quantum logi
 operations with fault-tolerant pre
ision withthree or more qubits have been performed.It is diÆ
ult to mode-mat
h and stabilize many multiply-nested interfer-ometers. Linear opti
al quantum 
omputing is dire
tly 
ompatible with quantum
ommuni
ations and a large s
ale integration may be available using planar inte-grated 
ir
uits or photoni
 bandgap te
hnology, if it is shown to be more robustand stable. This will require a 
onsiderable amount of 
lassi
al ele
tromagneti
modeling. Be
ause the information is en
oded in opti
al modes, there may be no



44need to 
onvert the qubits to 
onne
t the all-opti
al quantum 
ir
uits to 
ommu-ni
ation systems. If the quantum 
ommuni
ation will rely on tele
ommuni
ationswavelength 1:55�m, then photoni
 qubits will either need to be at the same wave-length or will need to be 
onverted to 1:55�m to avoid propagation loss. Whetheror not the quantum pro
essor is realized opti
ally, opti
al qubits seem to be themost attra
tive qubits for inter
onne
ting di�erent parts of the quantum pro
es-sor as well as for distributed quantum 
omputing to 
onne
t distant nodes. HigheÆ
ien
y wavelength 
onverters are needed to mat
h the optimal pro
essing wave-length with the optimal transmission wavelength. We need to develop the designrules for s
aling-up integrated devi
es.



Chapter IV
Gate-Level Design: QuantumEntanglement and Logi
Operations

The superiority of quantum 
omputing over 
lassi
al 
omputation forproblems with solutions based on the quantum Fourier transform, as well as sear
hand (quantum) simulation problems has attra
ted in
reasing attention over the lastde
ade. Despite promising developments in theory, however, progress in physi
alrealization of quantum 
ir
uits, algorithms, and 
ommuni
ation systems to datehas been extremely 
hallenging. Major model physi
al systems in
lude photonsand nonlinear opti
al media, 
avity QED devi
es, ion traps, and nu
lear magneti
resonan
e (NMR) with mole
ules, quantum dots, super
ondu
ting gates, and spinsin semi
ondu
tors [2℄.Quantum logi
 gates and quantum entanglement 
onstitute two buildingblo
ks, among others, of more sophisti
ated quantum 
ir
uits and 
ommuni
ationproto
ols. The latter also allows us to test basi
 postulates of quantum me
hani
s.In this 
hapter we propose an alternative method for 
reating entangle-ment and implementing 
ertain quantum logi
 gates based on single mode PC mi-
ro
avities. Our s
heme requires high-Q PC mi
ro
avities with Q-fa
tor of around45



46108, and where atoms 
an freely propagate through the 
onne
ted void regions.We 
onsider 3D PCs for our purposes, sin
e they are more attra
tive, 
ompared to2D PC slabs, for the realization of su
h high-Q mi
ro
avities. Although the fab-ri
ation of these high-Q 3D PC mi
ro
avities is 
urrently 
hallenging, espe
iallyin the opti
al frequen
ies, mainly due to the redu
ed size of the 
rystals at thosewavelengths; in the mi
rowave or millimeter-wave regime, where our proposed PC
avity operates (� 50GHz), the fabri
ation pro
ess is relatively easier thanks tothe rather ma
ros
opi
 nature of the 
rystals at that s
ale. Thus, simple ma
hin-ing or rapid prototyping methods 
an be exploited to build them [8℄. It is forthis reason that the initial experiments on PCs were performed in the mi
rowaveregion. Subsequently, mu
h of the resear
h 
on
entrated on the infrared or theopti
al regime of the spe
trum be
ause of numerous appli
ations whi
h demandtele
ommuni
ations wavelengths and/or miniaturization. In the less studied butalso less te
hni
ally 
hallenging mi
rowave region the Q-fa
tor is limited by theintrinsi
 loss of the material [9, 10℄. Using an appropriate low-loss diele
tri
 su
has sapphire, for example, it has been predi
ted by Yablonovit
h [9℄ that a Q-fa
torof more than 109 should indeed experimentally be a
hievable. M. Qi, et al. [11℄have furthermore predi
ted that using interferen
e, imprint or X-ray lithography
ombined with s
anning-ele
tron-beam-lithography, their layer-by-layer approa
h
ould allow the manufa
turing of large area (several square 
entimeters) PCs whi
hare low-
ost, opti
al or even visible spe
trum versions of 3D PC 
avities similar toours.IV.A Theory of Photoni
 Crystal Gate Intera
-tionsWe �rst explore the possibility of mutually entangling two Rb atomsby exploiting their intera
tion, mediated by a single defe
t mode 
on�ned to athree-dimensional PC 
avity. We then des
ribe various logi
 gates that 
an be



47implemented using the same intera
tion. We a
hieve this in three steps: analysisof a single mode 
avity (i) in a generi
 3D PC, (ii) in a spe
i�
 2D PC and(iii) ultimately in a 3D version of the 2D PC of (ii). We assume that the defe
tfrequen
y is resonant with the Rb atoms. Be
ause the atoms are moving, thetime-dependent Hamiltonian (Jaynes-Cummings Model) for this intera
tion in thedipole and rotating wave approximations isH(t) = �h$2 Xj �jz + �h$�y� + �hXj [Gj(t)�j+� + h:
:℄ (IV.1)where the summation is over two atoms, A and B, ! is the resonant frequen
y,�z is the z-
omponent of the Pauli spin operator and �� are atomi
 raising andlowering operators. � and �y are photon destru
tion and 
onstru
tion operators,respe
tively. The time-dependent 
oupling parameters 
an be expressed as [12℄Gj(t) = 
0fj(t) 
os(�j) (IV.2)where 
0 is the peak atomi
 Rabi frequen
y over the defe
t mode and fj(t) isthe spatial pro�le of the defe
t state observed by the atom j at time t. �j isthe angle between the atomi
 dipole moment ve
tor, �jeg, for atom j and themode polarization at the atom lo
ation. For the rest of the paper 
os �A = 1, andp = 
os �B will be a parameter that we adjust to e�e
t desired intera
tions betweenatoms A and B.We ignore the resonant dipole-dipole intera
tion (RDDI), be
ause theatoms have their transition frequen
ies 
lose to the 
enter of a wide photoni
 bandgap (PBG) and the distan
e between them is always suÆ
iently large that RDDIe�e
t is not signi�
ant [13, 14℄.Initially we prepare one of the atoms, A, in the ex
ited state and the
avity is left in its va
uum state, soj	(0)i = j100i; (IV.3)where the tensor fa
tors des
ribe the states of atom A, atom B, and the 
avity,su

essively.



48The PC should be designed to allow the atoms to go through the defe
t.This 
an be a
hieved by inje
ting atoms through the void regions of a PC with adefe
t state of a

eptor type. Sin
e the spontaneous emission of a photon from theatoms is suppressed in the periodi
 region of the 
rystal, no signi�
ant intera
tiono

urs outside the 
avity. When the atoms enter the 
avity, the intera
tion be-tween the atoms is enhan
ed by the single mode 
avity. This atom-photon-atomintera
tion allows us to design an entanglement pro
ess between atoms.Given the initial state, Eq. (IV.3), the state of the system at time tshould be in the formj	(t)i = a(t)j100i+ b(t)j010i+ 
(t)j001i (IV.4)to satisfy the probability and energy 
onservation. We will show analyti
ally thatthe amplitudes at time t 
an be expressed in terms of the 
oupling parameters andthe velo
ities of the atoms.We 
an write the S
hr�odinger equation for the time-evolution operator inthe form [1℄ i�h ��tU(t; t0) = H(t)U(t; t0): (IV.5)In the basis fj100i; j010i; j001ig, the matrix elements of the Hamiltonian, Eq.(IV.1), in the rotating wave approximation, areH11 = H12 = H21 = H22 = H33 = 0 (IV.6)H13 = H31 = �hGA(t) (IV.7)H23 = H32 = �hGB(t): (IV.8)The Hamiltonian operators H(t) and H(t0) 
ommute for t0 6= t, if GB(t)is a 
onstant multiple p of GA(t). This 
ondition 
an be satis�ed easily by theappropriate orientation of atomi
 diele
tri
 moment of the in
oming atoms withrespe
t to the ele
tri
 �eld in Eq. (IV.2). Then the formal solution to Eq. (IV.5)be
omes U(t; t0) = exp[� i�h Z tt0 d�H(�)℄ = exp(� i�hI); (IV.9)



49where I is de�ned as the integral of the Hamiltonian operator. By expanding theexponential, Eq. (IV.9), we obtainU(t; t0) = 1 + (�i�h )I + 12!(�i�h )2I2 + � � �+ ( 1n! )(�i�h )nIn + � � � (IV.10)Multiplying Eq. (IV.10) by the initial state j100i from the right and 
omparingwith Eq. (IV.4) givesa(t) = 1 +G2A Xn=1(�1)n 12n! (G2A +G2B)n�1 (IV.11)b(t) = GAGB Xn=1(�1)n 12n! (G2A +G2B)n�1 (IV.12)
(t) = iGA Xn=1(�1)n 1(2n� 1)!(G2A +G2B)n�1; (IV.13)where we have de�ned Gj = Z tt0 Gj(�)d�: (IV.14)Re
ognizing the Taylor series for sine and 
osine allows us to rewrite equations(IV.11){(IV.13) as a(t) = 1 + G2AG2A +G2B [
os(G2A +G2B)1=2 � 1℄ (IV.15)b(t) = GAGBG2A +G2B [
os(G2A +G2B)1=2 � 1℄ (IV.16)
(t) = �i GA(G2A +G2B)1=2 sin(G2A +G2B)1=2: (IV.17)For a single initially ex
ited atom, A, passing a
ross the 
avity we 
an set GB = 0in equations (IV.15){(IV.17), whi
h gives the same result as Eq. (IV.15) of Ref.[13℄. The exa
t solution for the time-independent problem of N identi
al twolevel atoms with a resonant single mode quantized �eld given in Ref. [16℄ 
ould behelpful to generalize our results to the N -atom 
ase, see for example Ref. [13℄.Absent a rigorous 
al
ulation of the defe
t mode in the three-dimensionalPC, whi
h we postpone until xIV.C, let us �rst assume a generi
 spatial pro�le for



50the mode, whi
h os
illates and de
ays exponentially. Thus, fj(t) in Eq. (IV.2) 
anbe expressed as [12℄fj(t) = exp(�jVjt� Lj=Rdef) 
os[�l (Vjt� L)℄; (IV.18)where Vj, L, Rdef , and l are the velo
ity of atom j, the total path length of theatoms, the defe
t radius, and the latti
e 
onstant of the PC, respe
tively.We 
hoose the velo
ities of the atoms to be the same, Vj = V , with150m=s < V < 650m=s, a typi
al velo
ity range appropriate for both experimentsand our 
al
ulations. Setting the atoms to have the same velo
ity has two imme-diate advantages: First, it makes the Hamiltonians at di�erent times 
ommute,sin
e the 
oupling parameters of the atoms di�er by only a 
onstant fa
tor [see Eq.(IV.2)℄, and thus greatly simpli�es the analysis. Se
ond, it syn
hronizes the atoms,providing 
y
li
al readout that 
ould also be syn
hronized with the 
y
le time ofa quantum 
omputer [17℄. These features are not present in previous studies [12,13, 18℄.

Figure IV.1: Probability amplitudes as a fun
tion of the velo
ity and p. Surfa
es(a) a(V; p) and (b) b(V; p) (or a(V; p)) if the initial state is j100i (or j010i). (
)Surfa
e b(V; p), if the system is initially prepared in the j010i state.It was shown by E. Hagley, et al. [19℄ in 1997 that atomi
 velo
ity reso-lution 
ould be as small as 0:4m=s in experiments, whi
h means that our proposedentangler and logi
 gates are rather robust and insensitive to experimental velo
ity
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u
tuations. In fa
t, with our design the velo
ity resolution of the atomi
 pairs
an be further relaxed up to slightly more than �1m=s, in
reasing the eÆ
ien
yof the system at the expense of less than 1% deviation in the output probabilityamplitudes.Using equations (IV.15){(IV.18) we 
an express the asymptoti
 proba-bility amplitudes, a(t) and b(t), as fun
tions of V and p. Fig. IV.1a illustratesa(V; p), when the initial state is j100i. The result for b(V; p) (or a(V; p)), if theinitial state is j100i (or j010i), is displayed in Fig. IV.1b. Note that Fig. IV.1billustrates two probability amplitudes simultaneously. This is a 
onsequen
e ofthe symmetry in Eq. (IV.16). To 
ompute these surfa
es we used the asymptoti
(
onstant) values of the Gj, whi
h des
ribe the a

umulated atom-
avity 
ouplingduring the intera
tion time [(see Eq. (IV.14)℄. On
e this intera
tion 
eases too

ur as the atoms leave the 
avity, those asymptoti
 values of the Gj are rea
hed,and thus must be used in equations (IV.15)-(IV.17).Fig. IV.2a illustrates a sli
e from the surfa
e in Fig. IV.1a where thevelo
ity of the atoms is V = 433m=s. Note that we obtain the maximally entangledstate, j	10i �= j10i+ j01ip2 ; (IV.19)up to an overall phase, �1, when the velo
ity of the atoms, V = 433m=s, and theinitial state is j100i. Similarly if we keep the velo
ities of the atoms the same butset the atom B to be ex
ited initially (i.e., the initial state is j010i), we obtain thesli
e in Fig. IV.2b and thus the maximally entangled state,j	01i �= j10i � j01ip2 ; (IV.20)up to the same overall phase fa
tor as in Eq. (IV.19). [In equations (IV.19) and(IV.20), and in the following, we omit the 
avity state in the kets, sin
e it fa
torsout and does not 
ontribute to the logi
 operations with whi
h we are 
on
erned.℄Fig. IV.3 shows the 
oupling parameters 
al
ulated in the referen
e frameof the atoms as a fun
tion of time, Gj(t), with the 
hosen values of 
0, L, Rdef ,
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Figure IV.2: Sli
es from ea
h surfa
e in Fig. IV.1. (a) Probability amplitudesa(V; p)|red|and b(V; p)|dashed blue|with V = 433m=s. The entangled state,Eq. (IV.19), is obtained at p = 0:414. (b) Probability amplitudes a(V; p)|dashedblue|and b(V; p)|red|with the same velo
ity, V = 433m=s. The entangledstate, Eq. (IV.20), is observed at the same value, p = 0:414.



53and l. The solid red 
urve and blue dashed 
urve 
orrespond to atoms A and B,respe
tively. The total intera
tion time is less than 20ns.The probabilities ja(t)j2, jb(t)j2 and j
(t)j2 from equations (IV.15){(IV.17)are graphed in Fig. IV.4. Fig. IV.4a shows the evolution of the probabilities whenthe initial state is j100i. Note that the 
avity is disentangled from the atoms andwe end up with the �nal state, Eq. (IV.19). On the other hand, if the initial stateis j010i, the time evolution of the probabilities is illustrated in Fig. IV.4b. Notethat the �nal state in this setting be
omes Eq. (IV.20), sin
e the 
avity is againdisentangled. From equations (IV.19) and (IV.20) it is 
lear that the quantumsystem we have des
ribed not only entangles the atoms but also operates as adual-rail Hadamard gate [2℄, up to an overall phase.

Figure IV.3: Coupling parameters in the referen
e frame of moving atoms withvelo
ities V = 433m=s at p = 0:414. 
0 = 11�109Hz, ! = 2:4�1015Hz, l = 1:6�
! ,L = 10l, Rdef = l [12℄. Atom A experien
es the 
oupling parameter shown withthe red solid 
urve and atom B the one shown with dashed blue.
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Figure IV.4: Time evolution of the probabilities showing the �nal entanglementwhen the initial state is (a) j100i and (b) j010i.



55

Figure IV.5: Time evolution of the probabilities that leads to a dual-rail NOT(Pauli �x) logi
 operation when the initial state is (a) j100i and (b) j010i.



56Using the same quantum system one 
an also design a dual-rail NOT gateunder 
ertain 
onditions. If we set VA = VB = 565m=s, for example, we obtain thefollowing logi
al transformations, up to an unimportant global phase fa
tor, whi
hde�ne a dual-rail NOT gate (see Fig. IV.5):j10i 7! j01i (IV.21)j01i 7! j10i: (IV.22)Furthermore, using the Hamiltonian, Eq. (IV.1), it 
an be shown that aj00i initial state only gains a deterministi
 phase fa
tor of �1 in the intera
tionpi
ture. On
e the 
onditions, equations (IV.21) and (IV.22), are satis�ed, a j11iinitial state is transformed into itself up to the same global phase as the statesin equations (IV.21) and (IV.22). Thus, in
luding these as possible initial states,our dual-rail NOT gate also operates as a SWAP gate up to the relative phase ofthe j00i state. Similar analysis shows that a dual-rail Z gate is also possible for
ertain parameter 
hoi
es.IV.B Two-dimensional Emulating DesignIn the pre
eding analysis we have assumed the generi
 form, Eq. (IV.18),for the spatial pro�le of the defe
t mode in order to demonstrate that, in prin
i-ple, PC mi
ro
avities 
an be used as entanglers, and more spe
i�
ally, as 
ertainlogi
 gates. In the following we apply these ideas to two- and �nally real three-dimensional photoni
 
rystal mi
ro
avity designs, to show that implementationsof these quantum devi
es are indeed possible in these photoni
 systems. As theauthors of Ref. [13℄ observe, however, \a rigorous 
al
ulation of the ele
tromag-neti
 �eld in the presen
e of a defe
t in a 3D photoni
 
rystal 
an be a diÆ
ulttask". In the following we address this task systemati
ally.First we 
onsider a 2D photoni
 
rystal design with a triangular latti
e ofdiele
tri
 rods with diele
tri
 
onstant of 12 (i.e., sili
on) in Fig. IV.6. The radius
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Figure IV.6: (a) A single-mode mi
ro
avity in a 2D photoni
 
rystal with a trian-gular latti
e (see the text for details). (b) The 
orresponding ele
tri
 �eld spatialpro�le for the transverse-magneti
 (TM) mode allowed in the 
avity.of the rods is 0:175l, where l is the latti
e 
onstant. The symmetry is broken inthe 
enter by introdu
ing a defe
t with redu
ed rod-radius of 0:071l to form themi
ro
avity of our quantum system. We assume that the atoms A and B travelalong the dashed green lines shown in Fig. IV.6a, although any two of the obviouspaths shown by dashed lines (or any void regions with line of sight to the 
avity)work as well.We should note that the 2D 
avity is only designed for preliminary pur-poses. Sin
e it assumes in�nite height, it 
annot be intended for a
tual implemen-tation of our entangler or logi
 operations. However, the real 3D PC, des
ribedin xIV.C, is suÆ
iently 
losely related to the 2D 
avity designed in this se
tionthat the mode pro�les along the 1D atomi
 traje
tories in the 2D 
avity overlapto a great extent with those of the 3D 
avity. Regardless of the la
k of verti
al
on�nement in this preliminary 2D design, designing it �rst redu
es the extensive
omputational resour
es needed in more sophisti
ated 3D logi
 designs.



58In order to �nd the probability amplitudes for the atoms as a fun
tionof time while travelling through the 
rystal, we need to 
al
ulate the 
ouplingparameters in Eq. (IV.14) and substitute them in equations (IV.15){(IV.17). On
ewe obtain the probability amplitudes, we 
an demonstrate entanglement 
reationand design logi
 gates as before. We also note that the quality fa
tor of the 
avityshould be high enough that the intera
tion time (i.e., the logi
 operation time) ismu
h less than the photon lifetime in the 
avity. Below we show that typi
al logi
operations take 50�s for the Hadamard gate and 30�s for the NOT or the SWAPgate. Thus a quality fa
tor of 108 should be suÆ
ient for reliable gate operationsin real 3D PC mi
ro
avities. Sin
e our preliminary 2D PC 
avity is not realisti
,however, only an in-plane Q-fa
tor of the same value is taken into 
onsiderationto mat
h the mode pro�les along the atomi
 traje
tories in both 2D and 3D. Toa
hieve this mat
hing the Q-fa
tor of the 
avity 
ould be in
reased exponentiallywith additional periods of rods [20℄ in Fig. IV.6a. We observe, however, that thespatial pro�le of the mode in Fig. IV.6b does not 
hange signi�
antly (and hen
edegrade the gate) after a 
ertain number of periods. Thus, the exa
t number ofperiods required for a quality fa
tor of 108 is not essential to demonstrate our maingoal in this paper, namely that su
h logi
 operations and entanglement 
reationare indeed possible in these photoni
 
rystal stru
tures.In our generi
 pro�le, Eq. (IV.18), the 
oupling parameter is assumedto be real. For generality, however, we must allow it to be a 
omplex parameter.Thus, the intera
tion part of the Hamiltonian, Eq. (IV.1), for a single-atom 
avityintera
tion 
an be written as [21-24℄HI = �hjg(r)j(�y�� + ��+); (IV.23)by in
orporating a 
omplex 
oupling parameter g(r) into Eq. (IV.1).In a photoni
 
rystal we 
an express the atom-�eld 
oupling parameter[21, 25℄ at the position of atom j, asg(rj) = g0	(rj) 
os(�j) (IV.24)



59where g0 and 	(rj) are de�ned as:g0 � �eg�h ( �h!2"0"mVmode )1=2 (IV.25)	(rj) � E(rj)=jE(rm)j: (IV.26)rm denotes the position in the diele
tri
 where "(r)jE(r)j2 is maximum and "m isde�ned as the diele
tri
 
onstant at that point. The 
avity mode volume, Vmode,is given by Vmode = R R R "(r)jE(r)j2dr"mjE(rm)j2 : (IV.27)

Figure IV.7: Normalized 
oupling parameters (i.e., divided by g0) in the referen
eframe of moving atoms with velo
ities V = 374m=s at p = 0:414, where g0 is foundto be 2:765MHz. Blue and red 
urves 
orrespond to normalized 
oupling strengthsfor atoms A and B, respe
tively.Using the blo
k iterative plane-wave expansion method [26℄ we found thenormalized frequen
y of the 
avity mode shown in Fig. IV.6b to be 0:3733
=l.By setting l = 2:202mm, we tune the resonant wavelength to 5:9mm. At thiswavelength, �eg for the Rb atom is 2 � 10�26Cm [12℄. Sin
e we observe that theenergy density is 
on
entrated in the 
enter of the 
avity, "m in equations (IV.25)



60and (IV.27) be
omes 12. On the other hand, 
os(�j) in Eq. (IV.24) 
an be safelyassumed 
onstant for ea
h atom, be
ause our 
avity mode is a transverse-magneti
(TM) mode and its ele
tri
 �eld polarization dire
tion 
an always be assumed tohave a 
onstant angle with the atomi
 dipole moment ve
tor, �egj. We 
an 
omputethe 
oupling parameters as fun
tions of time in the referen
e frame of the movingatoms, as shown in Fig. IV.7. The tails of the 
oupling parameter fun
tions donot 
ontribute signi�
antly to the results due to exponential de
ay away from the
avity. With these settings Fig. IV.8 demonstrates an entangler whi
h operatesas a dual-rail Hadamard gate. If the initial state is j10i (i.e., atom A is ex
ited),we end up with state j	10i [see Eq. (IV.19) above and Fig. IV.8a℄. If atom B isinitially ex
ited (i.e., the initial state is j01i), however, we obtain the state j	01i,up to an unimportant global phase fa
tor of �1 [see Eq. (IV.20) above and Fig.IV.8b℄ as the output of the logi
 gate.In order to get the system to a
t as a dual-rail NOT gate, we simplyset the velo
ities of the atoms to be VA = VB = 490m=s. The evolution of theprobability amplitudes for the atoms is shown in Fig. IV.9. When the ex
itation isinitially at atom A (or at atom B), it is transferred to atom B (or atom A). Notethat we also get an unimportant phase fa
tor of �1 in the output. Furthermore, asexplained above, the input states j00i (or j11i) are not transformed into di�erentstates, and only j00i gains a di�erent phase fa
tor of +1. If this phase problemwith the j00i state were solved, the system 
ould also be exploited as a SWAPgate.IV.C Three-dimensional DesignAlthough the implementation of logi
 gates in 2D photoni
 
rystals lookspromising, in reality we need 3D devi
es. The 2D analysis is useful, however,for redu
ing the substantial 
omputation required for analyzing more realisti
 3D
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Figure IV.8: Probability amplitudes for entangled atoms 
reated by a dual-railHadamard operation in the 2D photoni
 
rystal (see Fig. IV.6) (a) when atom A isinitially in the ex
ited state and (b) when atom B is initially in the ex
ited state.a(t), b(t) and 
(t) are probability amplitudes for the states j100i, j010i and j001i,respe
tively.
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Figure IV.9: Probability amplitudes for atom A and B under the dual-rail NOToperation in the 2D photoni
 
rystal when initially (a) atom A is ex
ited only and(b) atom B is ex
ited only.



63stru
tures, be
ause there is great similarity between the modes allowed in these2D 
rystals and in their 
arefully 
hosen 3D 
ounterparts (see Fig. IV.10), whi
hwe des
ribe next.To engineer logi
 operations in 3D photoni
 
rystals, we employ the stru
-ture [11, 27, 28℄ shown in Fig. IV.10a. The 3D photoni
 
rystal we have 
hosenhas various advantages over others [29-31℄: emulation of 2D properties in 3D [11,28℄, polarization of the modes, and simpli�ed design and simulation. It 
onsistsof alternating layers of a triangular latti
e of air holes and a triangular latti
e ofdiele
tri
 rods, where the 
enters of the holes are sta
ked along the [111℄ dire
tionof the fa
e-
entered 
ubi
 (f

) latti
e. The parameters for the 
rystal are given inthe 
aption of Fig. IV.10a. Using the blo
k iterative plane-wave expansion method[26℄, we 
al
ulate that the stru
ture exhibits a 3D band gap of over 20%, a
rossthe frequen
y range of 0:507
=l{0:623
=l.As in the 2D geometry, we introdu
e a defe
t by redu
ing the radius of arod inside the 
rystal as shown in Fig. IV.10b. Using the super
ell method we 
an
ompute that this 
avity supports only a single mode with a frequen
y of 0:539
=l.Setting l = 3:18mm tunes the 
avity mode to the atomi
 transition wavelength of5:9mm. Thus we 
an design a 3D single-mode 
avity for our system to operate asthe desired quantum logi
 gates.The spatial pro�le for the ele
tri
 �eld of the mode is shown in Figs.IV.10
 and IV.10d. Note that it has a similar pro�le to its 2D 
ounterpart in Fig.IV.6b, where the energy density is also maximized in the 
enter of the 
avity. Itis this similarity whi
h simpli�es our design and analysis for the 3D 
ase.In our designs, although the maximum �eld intensity is 
on
entrated inhigh-diele
tri
 regions, the resultant atom-
avity intera
tion is suÆ
ient to a
hieveour goals. Cavities maximizing the �eld intensity in low-index regions, whereatoms 
an strongly intera
t with the mode, 
ould lead to higher performan
e.However, from the design and implementation perspe
tive we �nd the former moreappropriate. Some of the drawba
ks of the latter 
an be stated as follows: If we
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Figure IV.10: (a) Top view of the 3D photoni
 
rystal with f

 latti
e. It 
onsistsof alternating layers of a triangular latti
e of air holes and a triangular latti
e ofdiele
tri
 rods (for details of the stru
ture, see Refs. [11, 27, 28℄). The nearest-neighbor spa
ing within either a hole or rod layer is 1p2 l, where l is the f

 latti
e
onstant. The hole and rod radii are 0:293l and 0:124l, respe
tively. The thi
k-nesses of a hole layer and a rod layer are taken to be 0:225l and 0:354l, respe
tively.Sili
on is assumed as the high-index material of diele
tri
 
onstant 12. (b) Hori-zontal 
ross-se
tion of the 
rystal. Dashed lines show the obvious paths atoms 
antravel. In our simulations we assumed the path shown by the dashed yellow line.A defe
t is introdu
ed by redu
ing the radius of the middle rod down to 0:050l tohold a single mode in the 
avity. The (
) real part and (d) imaginary part of theele
tri
-�eld of the TM mode allowed in the 
avity at a parti
ular instant in timewith the frequen
y of 0:539
=l. The imaginary part is half a period later.
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tri
 
ompletely in the 
enter of the defe
t to maximize the �eldintensity in air, then the defe
t frequen
y would be 
lose to the band edge, whi
hwould thus strengthen the otherwise negligible RDDI me
hanism [13℄. If we use aholey latti
e, on the other hand, emulating the 2D PBG inside a 3D 
rystal andsimultaneously allowing the free passage of atoms, without interfering with thediele
tri
 ba
kbone of the 3D 
rystal, would 
ompli
ate the design 
onsiderably.Nevertheless, further optimization of the proposed stru
ture 
ould be possible.We 
an quantify [28℄ the TM-polarization of the mode in a plane as:P � R d2rjEz(!; r)j2R d2rjE(!; r)j2 : (IV.28)We 
ompute that P is almost 0:99 in the defe
t plane shown in Fig. IV.10b forthe spatial pro�le exhibited in Figs. IV.10
 and IV.10d. Thus it is safe to assumea TM polarized mode in the system Hamiltonian, be
ause this doesn't a�e
t theprobability amplitudes signi�
antly in the mi
rowave regime, for the parameterswe have 
hosen.The 
oupling parameters as fun
tion of time in the referen
e frame of theatoms are shown in Fig. IV.11, where the velo
ities of the atoms are both set toV = 353m=s, with p = 0:414.In Fig. IV.12 we demonstrate the 3D version of our 2D dual-rail Hadamardgate, whi
h also a
ts as an atomi
 entangler. Just as in the 2D 
ase, if the initialex
itation is on atom A, the resulting state is j	10i [see Eq. (IV.19) above℄ asshown in Fig. IV.12a, while if it is on atom B the output state is j	01i [see Eq.(IV.20) above℄ as displayed in Fig. IV.12b, up to an unimportant global phase of�1. The intera
tion between atom A and B is mediated by the photoni
 qubitwhen the parameters are set 
orre
tly.We set the velo
ity of both atoms to VA = VB = 459m=s to obtain adual-rail NOT gate in the 3D photoni
 
rystal, up to an unimportant global phasefa
tor, �1. The probability amplitude evolution of the atoms is displayed in Fig.IV.13.
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Figure IV.11: Coupling parameters in the referen
e frame of the moving atoms withboth velo
ities V = 353m=s, and p = 0:414, where g0 is found to be 2:899MHz.Blue and red 
urves 
orrespond to normalized 
oupling strengths for atoms A andB, respe
tively.The ex
itation of the ex
ited atom is transferred to the ground stateatom with the help of the photoni
 qubit allowed in the designed 
avity. Note thatbe
ause of the symmetry of the problem, the b(t)s in Figs. IV.5a, IV.9a and IV.13aare indeed approximately the same as the a(t)s of Figs. IV.5b, IV.9b and IV.13b,respe
tively. Furthermore, for the same reason as in the 2D 
ase, analyzed in theprevious se
tion, our 3D dual-rail NOT gate also operates as a SWAP gate up tosome deterministi
 phase. That is,j00i 7! �j00i (IV.29)j01i 7! j10i (IV.30)j10i 7! j01i (IV.31)j11i 7! j11i: (IV.32)Note also that the values of the velo
ities of the atoms, and g0, for the
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Figure IV.12: Probability amplitudes for the entangled atoms under dual-railHadamard operation in the 3D photoni
 
rystal (see Fig. IV.10) when (a) atomA is initially in the ex
ited state and (b) atom B is initially in the ex
ited state.a(t), b(t) and 
(t) are probability amplitudes for the states j100i, j010i and j001i,respe
tively.
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Figure IV.13: Probability amplitudes for atoms A and B under the dual-rail NOToperation in the 3D photoni
 
rystal when initially (a) only atom A is ex
ited and(b) only atom B is ex
ited.



692D logi
 gates are within 10% of those in the 3D gates. This is a 
onsequen
e ofthe fa
t that the lo
alized modes allowed in 2D and 3D 
avities have more than90% overlap in their spatial pro�les [28℄. Thus our results are also 
onsistent withRef. [28℄ and justify �rst investigating the 2D 
ase.Portions of this 
hapter were presented in the paper: D. �O. G�uney andD. A. Meyer, \Creation of entanglement and implementation of quantum logi
 gateoperations using a three-dimensional photoni
 
rystal single-mode 
avity", J. Opt.So
. Am. B 24, 283 (2007).



Chapter V
Cir
uit-Level Design:Teleportation and Readout

It has been shown theoreti
ally by Bennett [32℄, et al. that quantumteleportation of an unknown state 
an be a
hieved using Bell states. Sin
e thenseveral theoreti
al and experimental s
hemes have been proposed, whi
h in
ludeimplementation in opti
al, NMR, and 
avity QED systems [2, 33-35℄. Inspired bythe re
ent paper of S.-B. Zheng [33℄, in this letter we propose a photoni
 
rystal(PC) based 
avity QED implementation of the s
heme des
ribed therein, as well asthe integration of the devi
e with an atomi
 readout 
ir
uit to dete
t the teleportedstate. Underlying our interest in Zheng's proposal is the vision of more sophis-ti
ated large-s
ale photoni
 
rystal integration for 
ompa
t, robust, and s
alablequantum 
omputation te
hnology. Zheng's teleportation proto
ol is only 
ondi-tional (i.e., the su

ess of the proto
ol is 
onditioned on a spe
i�
 measurementresult 
ontrary to un
onditional teleportation), but the relative simpli
ity of theproposed s
heme from the perspe
tive of design and implementation is attra
tivefor an initial step toward that vision. Compared to other 
avity QED based tele-portation s
hemes, it does not require a two-qubit Bell-state measurement andthus 
an be implemented, in prin
iple, using only two atoms intera
ting with a70



71single mode 
avity. Brie
y, atom B, initially prepared in the ex
ited state, is �rstentangled with an initially empty 
avity. Then atom A, whose state is to be tele-ported, intera
ts with the 
avity. Subsequent dete
tion of atom A in the ex
itedstate 
ollapses atom B to the initial state of atom A.V.A Design Spe
i�
ationsAn illustration of the photoni
 
rystal 
hip that we propose is shown inFig. V.1, where a single mode 
avity is integrated with two parallel waveguides.The distan
es between various 
omponents of the 
ir
uit and the sizes are 
hosenin su
h a way that the possible sour
es of error due to the design of the PC areminimized. To a
hieve suÆ
iently strong and 
oherent atom-
avity intera
tion,negligibly small 
ouplings between the 
avity and the waveguide, and separatedos
illatory waveguide modes we set the following size and distan
e parameters inour design: The a
tual size of the 
hip, whi
h is designed in this 
hapter, is largerthan that of the illustration. The a
tual height (i.e., verti
al) is 17p3a2 and thewidth (i.e., horizontal) is 79a, where a is the latti
e 
onstant. x1, x2, x3, x4 and yare 9a, 43a, 18a, 9a, and 4p3a, respe
tively. Be
ause of its large size, we design the
hip in a 2D latti
e to redu
e the high 
omputational 
ost of 3D 
rystal analysis.This is, however, a good approximation due to the ability of 2D photoni
 
rystaldefe
t modes to emulate those of 3D photoni
 
rystals. This emulation issue is
onsidered in detail in Ref. [28℄ and its advantages for photoni
 
rystal basedquantum logi
 gate design are dis
ussed in Chapter IV (also in Ref. [36℄), wherewe have used exa
tly the same latti
e parameters. Thus, our 2D PC stru
tureis 
hosen to emulate its 3D 
ounterpart and is based on a triangular latti
e ofsili
on rods with diele
tri
 
onstant of 12 and latti
e 
onstant of 2:202mm for theresonant atom-
avity intera
tion at 51GHz. The radii of the rods and the defe
tsare 0:175a and 0:071a, respe
tively. The traje
tories of the atoms through the PCare depi
ted by the di�erently dashed lines in Fig. V.1.
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Figure V.1: Illustration of the proposed photoni
 
rystal quantum 
ir
uit. Thisillustration is not to s
ale.In
orporated with dete
tors, the 
avity part of the 
hip operates as ateleportation 
ir
uit and the parallel waveguides a
t as a readout 
ir
uit to dete
tthe teleported atomi
 state (see Fig. V.1). Below we use the terms teleportation
ir
uit (TC) and readout 
ir
uit (RC), respe
tively, to refer those two integratedphotoni
 
rystal 
ir
uits. We 
hoose the width of the former to be 43a and thelatter to be 36a in order to avoid unwanted 
oupling between the two 
ir
uits. Inthe �rst part of this 
hapter we des
ribe the teleportation me
hanism and in these
ond part we explain how to dete
t the atomi
 state [37-40℄ within our designedPC quantum 
ir
uit (PCQC).V.B Teleportation Cir
uitThe TC involves the intera
tion of two Rb atoms with a resonant high-Q(assumed to be larger than 108 to prevent 
avity de
oheren
e) single mode 
avityand the dete
tion of one of the atoms using a dete
tor. The total Hamiltonian(Jaynes-Cummings Model) for the TC under the dipole and rotating wave approx-imations is given by Chapter IV:Hatom�
avity = �h!2 Xj �jz + �h!�y� + �hXj jg(rj)j(�y�j� + ��j+) (V.1)



73where the summation is 
arried over two atoms, A and B, ! is the resonant fre-quen
y, �z is the z-
omponent of the Pauli spin operator and �� are the atomi
raising and lowering operators. � and �y are the annihilation and 
reation oper-ators, respe
tively. g(rj) is the atom-
avity 
oupling parameter at the position ofatom j and 
an be written asg(rj) = g0E(rj)=jE(rm)j: (V.2)g0 denotes the va
uum Rabi frequen
y and rm is the position in the diele
tri
 wherethe ele
tri
 �eld energy density is maximum. Note that we impli
itly assume inEq. (V.2) that the atomi
 dipole moments, �j10, of the atoms are aligned with thephoton polarization.In the �rst stage of the 
onditional teleportation proto
ol, atom B (whosetraje
tory is horizontal in Fig. V.1), initially in the ex
ited state j1iB, traversesthe 
avity, whi
h is initially in the va
uum state j0i, with velo
ity VB. Sin
e atthis stage atom A, whose state is to be teleported, is not in play, index j only takesvalue B in Eq. (V.1). The 
omposite state for atom B and the 
avity at time tthen 
an be written asj	(t)i = 
osGB(t)j1iBj0i � isinGB(t)j0iBj1i; (V.3)where Gj(t) � Z tt0 jg(rj)jd�: (V.4)The 
avity we have designed in this 
hapter supports a transverse mag-neti
 (TM) polarized monopole mode as illustrated in Fig. V.1. Based on theblo
k-iterative plane wave expansion method [26℄, with 32 grid points per a, we�nd the normalized frequen
y of the 
avity mode to be 0:3733
=a. By settinga = 2:202mm, we tune the resonant wavelength to 5:9mm. At this wavelength,the atomi
 dipole moment for the Rb atom is taken to be 2� 10�26Cm. [36℄Using these parameters, we obtain GB(t) �= 9�=4 at time t1 = 51:6�s at18a from the left edge of the TC, if VB is set to 767:7m=s, and hen
e atom-
avity
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Figure V.2: (a) The time-dependent atom-
avity 
oupling parameter and (b) theevolution of the probability amplitudes of states j1iBj0i (initially at 1; shown inblue online) and �ij0iBj1i (initially at 0; shown in pink online) in Eq. (V.3), asatom B travels a
ross the 
avity.



75entanglement in Eq. (V.3). In other words, this asymptoti
 (
onstant) value ofGB(t) is the ne
essary 
ondition for the 
ompletion of the entanglement pro
ess [seeEq. (V.3)℄ and 
an be satis�ed only under 
ertain 
ir
umstan
es at the end of theatom-
avity intera
tion. As atom B travels a
ross the 
avity, the time-dependentatom-
avity 
oupling parameter and the evolution of the probability amplitudesof states j1iBj0i (initially at 1; shown in blue online) and �ij0iBj1i (initially at 0;shown in pink online) in Eq. (V.3) are displayed in Fig. V.2. In our 
al
ulationswe negle
t the insigni�
ant e�e
t of the mode tail on the probability amplitudesof the entangled state|less than 1% beyond 18a. Another even less signi�
antsour
e of error in our design is the 
oupling of the waveguides in the RC to the
avity [41, 42℄, whi
h is simply 
ir
umvented by keeping x2 in Fig. V.1 suÆ
ientlylarge (i.e., 43a).Having entangled atom B and the 
avity, the se
ond stage of the 
on-ditional teleportation proto
ol is to inje
t atom A (whose traje
tory is diagonalin Fig. V.1), whi
h is initially (i.e., at time t1) in an arbitrary (or an unknown)quantum state, j�iA = 
0j0iA + 
1j1iA: (V.5)Thus at time t1, the state of the whole system is written asj'(t1)i �= 1p2(
0j0iA + 
1j1iA)(j1iBj0i � ij0iBj1i): (V.6)On
e atom A arrives at the dete
tor, right before the dete
tion, say attime t1 + t2, the state of the whole has evolved intoj'(t1 + t2)i �= 1p2f
0j0iAj1iBj0i � i
0j0iB[
osGA(t2)j0iAj1i � isinGA(t2)j1iAj0i℄+
1j1iB[
osGA(t2)j1iAj0i � isinGA(t2)j0iAj1i℄�i
1j0iB[
osp2GA(t2)j1iAj1i � isinp2GA(t2)j0iAj2i℄g; (V.7)whi
h would redu
e to Eq. (V.6) of Ref. [33℄, if jg(rj)j were spatially uniform inEq. (V.1).



76In the derivation of Eq. (V.7), the 
ontribution of jg(rB)j in Eq. (V.1) isnegle
ted, sin
e atom B is suÆ
iently far from the 
avity when atom A is inje
ted.At times 
lose to t1, although jg(rB)j � jg(rA)j, neither atom alone nor 
ombined
an start the Rabi os
illation (see Chapter IV). On the other hand, as atom Apro
eeds its 
oupling to the 
avity mode in
reases, while the 
oupling of atom Bde
reases. This means that the e�e
t of jg(rB)j be
omes even less signi�
ant fortimes greater than t1.The third stage of the 
onditional teleportation proto
ol is the measure-ment of the state of atom A. If the result is j1iA, the 
ombined state of atom Band the 
avity be
omes	(t1 + t2) �= �
0sinGA(t2)j0iBj0i+ 
1
osGA(t2)j1iBj0i � i
1
osp2GA(t2)j0iBj1i[j
0j2sin2GA(t2) + j
1j2
os2GA(t2) + j
1j2
os2p2GA(t2)℄1=2 :(V.8)The denominator in Eq. (V.8) is simply the norm of the unnormalized state in thenumerator. We obtain GA(t2) �= 7�=4 [i.e., the ne
essary 
ondition to be satis�edfor the 
ompletion of the teleportation pro
ess, see Eq. (V.8)℄ in Eq. (V.8) if weset VA = 987m=s, and thus j�iB �= 
0j0iB + 
1j1iB: (V.9)That is, the initial arbitrary (or unknown) state of atom A has been teleportedto atom B, 
onditional on dete
ting atom A in state j1iA, whi
h o

urs withprobability 1=4. The time-dependent 
oupling parameter for atom A and theevolution of the probability amplitudes of states �
0j0iBj0i (initially at 0; shownin pink online), 
1j1iBj0i (dark 
urve initially at 1; shown in blue online), and�i
1j0iBj1i (light 
urve initially at 1; shown in yellow online) for the unnormalizedstate (i.e., the numerator) in Eq. (V.8) are shown in Fig. V.3. Note that as timeelapses Eq. (V.8) transforms into Eq. (V.9). Note also that atom B arrives at 31aat time t1 + t2 (i.e., 88:9�s). After an additional distan
e of 12a, the fourth stageof our 
onditional teleportation and dete
tion proto
ol begins as atom B entersthe RC at time t1 + t2 + t3 (i.e., 123:3�s). Next we study how to dete
t its state.
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Figure V.3: (a) Time-dependent 
oupling parameter for atom A and (b) the evolu-tion of the probability amplitudes of states �
0j0iBj0i (initially at 0; shown in pinkonline), 
1j1iBj0i (dark 
urve initially at 1; shown in blue online), and �i
1j0iBj1i(light 
urve initially at 1; shown in yellow online) for the unnormalized state (i.e.,numerator) in Eq. (V.8).



78V.C Readout Cir
uitWe 
an write the atom-maser Hamiltonian, under the dipole and rotatingwave approximations, as [43℄Hatom�maser = �h!2 �z + �h
(r)2 (ei!mt�� + e�i!mt�+) (V.10)where 
(r) = 2�10jE(r)j�h (V.11)is the Rabi frequen
y and !m is the frequen
y of the maser, whose polarization isalso mat
hed with the atomi
 dipole moment, �10, of the atom. In the following wewill �rst assume a 
onstant 
(r) = 
0 to simplify the explanation of the dete
tionme
hanism, and then we will modify the analysis to apply to our proposed PCQC,where 
(r) is not 
onstant.Assume that atom B in state j�iB [see Eq. (V.9)℄ enters a uniform �eldregion at time t and intera
ts during a time interval t4. Then its probabilityamplitudes at time t+ t4 
an be 
omputed to be [4℄
0(t + t4) = f[i 
os� sin(�t42 ) + 
os(�t42 )℄
0 + i sin� sin(�t42 )ei!mt
1gei!mt4=2;(V.12)
1(t+ t4) = fi sin� sin(�t42 )e�i!mt
0 + [�i 
os� sin(�t42 ) + 
os(�t42 )℄
1ge�i!mt4=2:(V.13)where 
os�, sin�, and � are de�ned as follows.� � q(! � !m)2 + 
20; (V.14)
os� � (! � !m)� ; (V.15)sin� � �
0� : (V.16)After this intera
tion, atom B intera
ts with a se
ond uniform �eld regionfor the same time interval t4 starting at time t + t4. The probability amplitudes,
0(t+2t4) and 
1(t+2t4), in this 
ase 
an be also found from equations (V.12) and(V.13) by repla
ing 
0, 
1, and t with 
0(t+ t4), 
1(t+ t4), and t+ t4, respe
tively.



79Note that one 
an also treat these two uniform �eld regions as a singleuniform �eld region with an intera
tion time of 2t4. In this 
hapter, however, wealso intend to show that our RC has the potential to be an atomi
 interferometer,like a Ramsey interferometer [4℄. In order to hint how this 
ould work, we designtwo separate os
illating �eld regions based on two parallel waveguides as dis
ussedbelow. Implementation of a fully working interferometer, however, requires further
onsideration.After atom B has intera
ted with the two uniform �eld regions, we 
animpli
itly write the �nal state of atom B at time t+ 2t4, before dete
tion asj�(t+ 2t4)iB �= (
0
00 + 
1
10)j0iB + (
0
01 + 
1
11)j1iB (V.17)where 
ij is the probability amplitude of the atom being in state jji at time t+ t4if it is initially prepared in state jii. For example if the atom is initially in statej1i then it evolves into 
10j0i+ 
11j1i at time t + t4.Having intera
ted with both waveguides, atom B is �nally dete
ted byan ionization dete
tor, as shown in Fig. V.1. The probability of �nding it in theex
ited state isP1 = j
0j2j
01j2+j
1j2j
11j2+[
(r)0 
(r)1 +
(i)0 
(i)1 ℄2(
01
?11)(r)+[
(r)0 
(i)1 +
(i)0 
(r)1 ℄2(
01
?11)(i):(V.18)Supers
ripts (r) and (i) represent the real and imaginary part, respe
tively.We 
an simplify Eq. (V.18) by writing Eq. (V.9) in the formj�iB �= 
os(�=2)j0iB + sin(�=2)ei'j1iB (V.19)where we have impli
itly set 
(r)0 = 
os(�=2), 
(i)0 = 0, 
(r)1 = sin(�=2) 
os', and
(i)1 = sin(�=2) sin'.Then, at four di�erent � � !m � ! values we 
al
ulate j
01j2, j
11j2,2(
01
?11)(r), and 2(
01
?11)(i) dire
tly from the system parameters using Eqs. (V.12)and (V.13); and measure only P1 using �eld ionization dete
tor. Thus having ob-tained four equations, we 
an �nd j
0j2, j
1j2, [
(r)0 
(r)1 + 
(i)0 
(i)1 ℄, [
(r)0 
(i)1 � 
(i)0 
(r)1 ℄



80and hen
e j�iB. Note that, although we have only two unknowns in Eq. (V.19),it is 
onvenient to use four equations due to the form of Eq. (V.18). This demon-strates that one 
ould dete
t a teleported (or an arbitrary) unknown state with ourproposed devi
e, provided that P1 is measured by employing an atomi
 beam ofidenti
ally prepared single atoms, sin
e multiple observations are ne
essary to esti-mate the probability. Sin
e the TC only has a 25 per
ent 
onditional su

ess rate,in
oming atoms to the RC will not be identi
al. Thus if atom A of the relevantpair is not dete
ted in the ex
ited state, the 
orresponding atom B measurementis dis
arded from the 
al
ulation of P1.

Figure V.4: The steady-state 
ross se
tion of the ele
tri
 �eld magnitude, for� = 0, along the path of atom B (see text).Finally, we des
ribe how to apply these ideas to our proposed PCQC.Remember that atom B in state j�iB enters the RC at time t1 + t2 + t3. Thesteady-state mode pro�les of the waveguides are 
al
ulated by the two-dimensional-�nite-di�eren
e-time-domain (2D-FDTD) method with dis
retizations of a13 anda13 p32 in the horizontal and verti
al dire
tions, respe
tively. We have designed thewaveguides as 
oupled-
avity-waveguides [44, 45℄ to allow the atoms suÆ
ientlylarge void regions through whi
h to travel freely without a resonant-dipole-dipole-



81intera
tion or the Casimir-Polder e�e
t (see Fig. V.1). The steady-state 
rossse
tion of the ele
tri
 �eld magnitude, for � = 0, along the path of atom B isshown in Fig. V.4. At the steady state the 
oupling between the two parallelwaveguides [46-49℄ is not signi�
ant.In our 
al
ulations we assume that atom B intera
ts with two separatenonuniform waveguide modes of total width 36a, shown by the part of the 
urvein Fig. V.4 to the right of approximately 95mm (shown in pink online). In otherwords we trun
ated their tails (the part of the 
urve to the left of approximately95mm in Fig. V.4; shown in blue online), whi
h overlap with the 
avity mode. Thee�e
t of this trun
ation in our design is observed to be negligibly small. We haveobserved that the 
oupling of waveguide modes to the 
avity mode is less than the
avity 
oupling to waveguides, whi
h does not a�e
t the probability amplitudes bymore than 0:6%.Sin
e there is no feedba
k me
hanism, as there is in the atom-
avityintera
tion, the atom-waveguide intera
tion 
an be des
ribed by a Marko� ap-proximation. In other words, when an atom emits a photon into the waveguide,the photon leaves the intera
tion region immediately and 
annot a
t ba
k on theatom. Then the waveguides must be designed in su
h a way that total rate of spon-taneous emission into the waveguide and the free-spa
e lossy modes is suÆ
ientlylow as atom B traverses them. In our design 
onsidering the estimated e�e
tivetransverse 
ross se
tion of the 
orresponding three-dimensional waveguide modethe maximum probability of spontaneous emission for a given atom is estimatedto be on the order of 10�4 [50℄. Thus, it is safe to assume that the Blo
h ve
tor ofatom B 
an be manipulated without being 
orrelated with the defe
t mode [51℄ ofthe waveguides.The total intera
tion time with the parallel waveguides is also 2t4, as inthe uniform 
ase above, with t4 (i.e., 51:6�s) for ea
h. Note that, sin
e the Rabifrequen
y, 
(r), is proportional to jE(r)j, the part of the 
urve in Fig. V.4 to theright of approximately 95mm (shown in pink online) also des
ribes the position
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Figure V.5: Cal
ulated values of j
01j2 (solid line; shown in green online), j
11j2(`�'; shown in red online), 2(
01
?11)(r) (dotted line; shown in light blue online),2(
01
?11)(i) (`o'; shown in purple online), and to be measured value of P1 (`+';shown in dark blue online) (see text).dependen
e of the Rabi frequen
y if multiplied by 2�10=�h. Thus the evolution ofthe teleported state, as it intera
ts with the parallel waveguides, 
an be determinednumeri
ally by exploiting equations (V.12) and (V.13) su

essively, with t4 repla
edwith the maximum tolerated time-step, whi
h is 44ns in our 
ase (the time for atomB to travel a=65).Thus, right before the dete
tion, the �nal state is j�(t1+ t2+ t3+2t4)iB,whi
h 
an be written in the form of Eq. (V.17). The probability of dete
ting atomB in the ex
ited state is then given by Eq. (V.18), and following the same methodas in the uniform 
ase above, we 
an easily dete
t j�iB, the state output by TC.As an example, assume that the �nal state of the TC [see Eq. (V.19)℄ isj�iB = 
os(�=8)j0iB + sin(�=8)e�i�=6j1iB (V.20)



83The 
orresponding 
al
ulated values of j
01j2 (solid line; shown in greenonline), j
11j2 (`�'; shown in red online), 2(
01
?11)(r) (dotted line; shown in lightblue online), 2(
01
?11)(i) (`o'; shown in purple online), and the value of P1 (`+';shown in dark blue online), whi
h will be measured, are shown in Fig. V.5. Pi
kingfour di�erent values of �, we 
an easily determine that � = �=4 and ' = ��=6.V.D Dis
ussionOur readout s
heme does not require 100% dete
tion eÆ
ien
y. Finitedete
tion eÆ
ien
y with a relatively larger atomi
 ensemble 
an lead to an arbi-trarily a

urate result. For example, with a dete
tion eÆ
ien
y of 40% (as in Ref.[38℄), our dete
tion s
heme gives about �4% error using the Poisson distribution(
on�den
e level 99%) in P1 out of 104 events. In
reasing the number of eventsto 105 redu
es the error to about �1% with the same 
on�den
e level. Using thelatter number, we have estimated that the maximum error in the probability am-plitudes (i.e., 
(r)0 , 
(r)1 , and 
(i)1 ) is about 0:1; for most states the error is at leastan order of magnitude smaller.The total operation time in our 
ir
uit is 226:5�s 
ompared to the 30mslifetime of the Rb atoms, whi
h are prepared one at a time in a 
ir
ular Rydbergstate with prin
ipal quantum number 50 (ground) or 51 (ex
ited) [52℄.Note that we need a maser (as assumed in xV.C) or a 
oherent mi
rowavesour
e operating around the atomi
 transition frequen
y (i.e., 51GHz), whi
h al-lows measurements at four di�erent detunings of 10s of kHz as shown in Fig. V.5.We 
an a
hieve this task using, for example, 
ontinuously tunable ba
kward waveos
illators (BWO) whi
h 
an generate 
oherent, highly mono
hromati
 and linearlypolarized radiation [53℄. Minimum frequen
y steps of 100Hz and frequen
y stabil-ity of up to 10�11 
an be obtained for BWOs, [54℄ using an external 5MHz signalfrom a rubidium standard. This would be more than suÆ
ient for our purpose.Due to the ele
tromagneti
 s
alability of photoni
 
rystals one 
ould also



84implement this devi
e in more 
ompa
t form in the opti
al regime. In this 
ase,however, the ele
tri
 �eld gradient and the momentum re
oil of the atom wouldalso have to be analyzed. In the mi
rowave regime studied in this 
hapter, the smallmomentum re
oil due to a mi
rowave photon does not 
ause external degrees offreedom (i.e., the position or momentum) of the atom to 
ouple with its internaldegrees of freedom (i.e., the ground or ex
ited state).To implement our PCQC, one should also engineer the surfa
e states,whi
h reside at the air-photoni
 
rystal interfa
es. These surfa
e modes may alsobe
ome 
orrelated with the atoms exiting the 
rystal. These modes 
an be handled,however, by appropriate termination of the 
rystal [55-58℄.Portions of this 
hapter were presented in the paper: D. �O. G�uney andD. A. Meyer, \Integrated 
onditional teleportation and readout 
ir
uit based on aphotoni
 
rystal single 
hip", J. Opt. So
. Am. B 24, 391 (2007).



Chapter VI
Analog Design: Optoele
troni
Quantum Simulation of KleinParadox

In 1968, Veselago [64℄ demonstrated that the refra
tive index (n) of amaterial should be negative when permittivity � and permeability � are simultane-ously negative. In his paper, Veselago 
alled su
h materials left-handed materials(LHMs) and treated them purely formally, sin
e existed no su
h material at thattime. Nonetheless, he gave a number of arguments as to how one should look forsu
h materials. He pointed out how the Doppler e�e
t, the Cerenkov radiation,and even Snell's law are inverted. He also 
onsidered some questions related withthe physi
al realization of materials with � < 0 and � < 0.It has been re
ently demonstrated that an e�e
tive LHM, whi
h 
onsistsof periodi
 array of split ring resonators (SRRs) and 
ontinuous wires manifestsn < 0 for a 
ertain frequen
y region in the mi
rowave regime, whi
h then leads toanomalous ele
tromagneti
 wave propagation [65-66℄. An experimental veri�
ationof a negative index has been established by R. A. Shelby et al [67℄.A treatment of the refra
tion of physi
al ele
tromagneti
 waves in newlydeveloped LHMs has been re
ently put forward by Valanju, et al. while raising85



86obje
tions about the previous interpretations of the wave refra
tion phenomena inthese pe
uliar materials [68℄. However, it has been shown later that in an isotropi
negative index medium (NIM), a modulated beam with �nite width exhibits neg-ative refra
tion, while the modulation interferen
e fronts do not propagate notnormal to the group velo
ity [69℄. Refra
tion of the ele
tromagneti
 waves in me-dia with negative index has also been veri�ed very re
ently by S. Foteinopoulou,et al. They exploited a photoni
 
rystal stru
ture, whi
h almost isotropi
ally ex-hibits negative e�e
tive refra
tive index for 
ertain modes. They also explainedusing the �nite-di�eren
e time-domain (FDTD) method, why 
ausality and speedof light are not violated [70℄.In this 
hapter, we show how the wave propagation and refra
tion in anisotropi
 NIM displays exa
tly the similar phenomena with that of a well knownquantum relativisti
 problem, whi
h is known as the Klein paradox. To a

omplishthis, we will �rst underline some signi�
ant results for the refra
tion at the interfa
ebetween a positive refra
tive index material and e�e
tively LHM. We will defer theKlein paradox till xVI.B.Although one-dimensional (1D) s
attering from a Klein step has been
onsidered in various publi
ations [71{73℄, to best of our knowledge su
h a two-dimensional (2D) s
attering from a semi-in�nite Klein step potential is treated �rsthere inspired by the works about its opti
al 
ounterpart, LHM [64, 68-70℄. It isamazing that extra one-dimension not only veri�es the Klein paradox existing inone dimension but also shows the negative refra
tion of matter waves whi
h neverhas been re
orded before. It is not the �rst time, however, the Klein paradox isshown to exist in Maxwell's equations for the problem of opti
al s
attering fromex
ited targets [74℄.In xVI.C, we will note how the LHMs 
ould be used to simulate theproblems where the Klein paradox exists and vi
e versa. Our work highlightsri
her possibilities of novel opti
al devi
es by 
alling attention to works, whi
h havealready been established in the �eld of relativisti
 quantum me
hani
s as well as
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alling attention for the sear
h of many other useful quantum me
hani
al potentialbarrier problems for various appli
ations in opti
s. The 
onverse is also true.Implemented or demonstrated opti
al devi
es and phenomena 
ould be analogpro
essors and motivating guides for the more abstra
t quantum world, sin
e theopti
al experiments are in general easier and 
heaper to realize physi
ally thanhigh energy physi
s experiments. LHMs and photoni
 band gap (PBG) materials,whi
h are sometimes 
alled arti�
ial semi
ondu
tors for light, are only two kindsof fruits among others harvested from this fertile opti
s-quantum �eld.VI.A Left Handed MaterialsFollowing the suggestions given in Refs. [64, 68-70℄ about wave propa-gation in the LHM, we assume the geometry shown in Fig. VI.1, to study waverefra
tion at the interfa
e between two semi-in�nite layers of opti
al media.Wave ve
tor, KL (L denotes LHM), of the ele
tri
 �eld in
ident on thefrequen
y dependent NIM from va
uum makes an angle, �i, with the normal tothe boundary lo
ated at z = 0. We assume the in
ident ele
tri
 �eld to be aplane wave and linearly polarized along the y-axis. Thus its wave ve
tor lies in thexz-plane. That is E(r; t) = ei(KL�r�!t); (VI.1)with unit amplitude. It 
an be shown by the phase mat
hing 
ondition and 
ausal-ity for the refra
ted wave that the transmitted wave ve
tor QL isQL = jKLjxx̂+ �qn2jKLj2 � jKLj2xẑ: (VI.2)� = +1 for the positive index medium and �1 for the NIM (or LHM) [68℄. Fromthe de�nition of group velo
ity for isotropi
, low loss materials, the refra
ted beamhas the group velo
ity



88Vg = QLjQLj �n
ng ; (VI.3)where 
 is the light speed and ng is the group index, whi
h is by 
ausality alwaysgreater than unity [69℄. Thus the group velo
ity is always antiparallel to the phasevelo
ity of the refra
ted wave for � = �1. Sin
e the time-averaged energy 
uxhSi = huiVg [70℄, where hui is the time-averaged energy density, it is 
lear fromEqns. (VI.2) and (VI.3) and by 
ausality that the in
ident wave should undergonegative refra
tion.

Figure VI.1: Negative refra
tion of a beam of photons at the interfa
e between aPIM (z < 0) and a NIM (z > 0). The white arrows indi
ate the waveve
tor for anarbitrary wave (KL) in the in
ident 
ux and its 
orresponding transmitted (QL)and re
e
ted (K0L) waveve
tor. The angle between the boundary normal and KLis �i. Field transmission (�L) and re
e
tion (�L) 
oeÆ
ients for NIM 
an bedetermined by mat
hing the ele
tri
 and magneti
 �elds at the interfa
e betweenpositive and NIM. That gives,



89�L = 2�jKLjz�jKLjz + jQLjz (VI.4)�L = �jKLjz � jQLjz�jKLjz + jQLjz : (VI.5)where � is the permeability of the NIM assuming that the ele
tromagneti
 wave isin
ident from a non-magneti
 material. Power transmission and re
e
tion 
oeÆ-
ients 
an be obtained from the average energy 
ux hSi = (
=8�)<[E�H�℄. Thuswe have, respe
tively, TL = j�Lj2jQLjz�jKLjz ; (VI.6)RL = j�Lj2: (VI.7)It 
an be shown from Eq. (VI.2) that if the in
ident beam is a superposi-tion of two 
omponent waves with the same dire
tion of propagation but di�erentfrequen
ies, they are refra
ted at di�erent angles. This results in interferen
efronts, whi
h are not normal to the group velo
ity. For example, following thesuggestions of D. R. Smith et al [69℄, if we have two �nite width 
omponent waves,the resultant interferen
e front exhibits sideways motion relative to the beam. Fur-ther from the interfa
e, in the NIM, these two 
omponent waves are suÆ
ientlyseparated that no interferen
e pattern is observed.VI.B Klein ParadoxNow, we turn our attention to the Klein paradox. Although the nonrel-ativisti
 quantum me
hani
s of the s
attering of a quantum parti
le is straight-forward, the quantum relativisti
 
ase displays quite pe
uliar situation 
alled theKlein Paradox [72℄. In the following we dis
uss 2D s
attering of a parti
le from a



90Klein step potential and 
onsider some of these pe
uliarities, whi
h in
lude trans-mission through strong potential barrier, pair produ
tion, negative transmissionand negative refra
tion.We 
onsider a spin-0 parti
le, whi
h is governed by the KG equation,[E� V (r)℄2j	i = (�
2P2 +m2
4)j	i; (VI.8)where m is the mass of the parti
le. The problem is des
ribed in Fig. VI.2. Aparti
le 
on�ned to the xz-plane with energy E = (P 2
2 +m2
4)1=2 is in
ident ona potential barrier, at angle �i with the normal to the interfa
e. The potential,V (r), is assumed to be 0 on the in
ident side and it is des
ribed by a 2D Kleinstep potential, V (r) = V for z > 0.In the position representation, Eqn. (VI.8) be
omesf[i�h�t � V (r)℄2 + 
2�h2r2 �m2
4g	(r; t) = 0: (VI.9)For z < 0, we 
onsider a positive energy in
oming wave of the form�(r; t) = ei(KK �r�Et=�h): (VI.10)Note that Eqn. (VI.10) is similar to Eqn. (VI.1) given for the y-polarized ele
tri
�eld. We look for the solution of the form	(r) = �(�z)[e�iEt=�h(eiKK �r + �KeiK0K �r)℄ + �(z)�Ke�iEt=�heiQK �r: (VI.11)Substitution of Eqn. (VI.11) into Eqn. (VI.9) and satisfying the phase mat
hing
ondition yields E2 = 
2�h2jKKj2 +m2
4; z < 0 (VI.12)
2�h2jQKj2 = (E � V )2 �m2
4; z > 0: (VI.13)



91We 
an analyse Eqn. (VI.13) by 
onsidering three 
ases. If the potential V is weak,su
h that it is less than E �m
2, then jQKj has to be real. For the intermediate
ase, where E �m
2 < V < E +m
2; jQKj is purely imaginary, so the trasmitted�eld is damped.

Figure VI.2: Negative refra
tion of a beam of spin-zero parti
les at the boundaryof a strong potential, V , for z > 0. White arrows indi
ate wave ve
tors for an arbi-trary wave (KK) 
omponent in the in
ident 
ux and its 
orresponding transmitted(QK) and re
e
ted (K0K) 
ounterparts. The wave ve
tor shown with red is notallowed due to the 
ausality and phase mat
hing 
onditions at the interfa
e. Thegreen arrows show the dire
tions of group (Vg) and phase (Vp) velo
ities, whi
hare antiparallel. The angle between KK and the normal to the interfa
e is �i.We 
on
entrate on the strong potential 
ase, that is V > E +m
2. Notethat we again have real jQKj. Even when the energy of the in
ident parti
le isless than the height of the potential, the transmitted parti
le doesn't ne
essarilyundergo any attenuation. This is a 
lassi
ally (also in nonrelativisti
 quantumme
hani
s) forbidden situation.The question thus naturally arises: What is the dire
tion of the momen-



92tum of the transmitted wave, QK, for the strong potential 
ase? Sin
e E(QK) =E(jQKj) in Eqn. (VI.13), for the group velo
ity of the transmitted wave we haveVg = dE(jQKj)djQKj = �h
QKE � V : (VI.14)Regardless of Eqn. (VI.14), to satisfy the phase mat
hing 
ondition at the inter-fa
e, in
oming wave in Eqn. (VI.10) should either follow white-path or red-path.Sin
e the group velo
ity is the velo
ity of the moving wave pa
ket, if we allowwhite path it looks as if the transmitted wave pa
ket 
ame in from positive-z side.This 
ontradi
ts the 
ausality whi
h only allows an in
oming wave pa
ket fromnegative-z side. Thus, it is 
lear that QK in Eqn. (VI.14) should be dire
tedtoward the boundary as shown in Fig. VI.2.Sin
e the momentum, QK , of the transmitted wave is a fun
tion of theenergy of the in
ident parti
le E, we 
an write Eqn. (VI.13) in terms of its 
om-ponents as 
2�h2jQKj2z = 
2�h2jKKj2z � 2EV + V 2: (VI.15)Remember that we found jQK j to be real in the strong potential 
ase, where E < Vand we know that jQKj2x = jKKj2x is real. So we immediately 
on
lude from Eqn.(VI.15) that jQK j2z 
an be real as well as purely imaginary, even though jQKjis real. Now we 
losely examine the 
ondition whi
h makes jQK jz either real orpurely imaginary. To a
hieve that we de�ne the ex
ess potential as�� � V � E �m
2: (VI.16)If we substitute V in Eqn. (VI.16), into Eqn. (VI.15) we obtain
2�h2jQK j2z = 2m
2(��) + (��)2 � 
2�h2jKKj2x: (VI.17)Sin
e �� is arbitrarily 
hosen, for a given in
ident parti
le with massm, it is interesting that the stronger the potential the more momentum transfer



93to the z-
omponent of the transmitted wave o

urs without any damping. Aswe in
rease the height of the potential step, keeping m and jKKjx the same, theangle of refra
tion approa
hes zero. However, for the relatively weaker potentialsu
h that 0 < �� < �m
2 + (
2�h2jKKj2x + m2
4)1=2, the transmitted wave isattenuated as it propagates through the Klein step. This is 
ontrary to 
lassi
alphysi
s. More interestingly it does not o

ur in the 1D s
attering from a strongpotential of the same kind, either. First, this 
ould be easily understood fromEqn. (VI.17) by setting jKKjx = 0, so that jQKjz never be
omes purely imaginary.Se
ond, Eqn. (VI.17) also states that pair produ
tion in 2D s
attering requiresan additional potential of �� = �m
2 + (
2�h2jKKj2x + m2
4)1=2 for given m andjKKjx, 
ompared to 1D s
attering. Besides, in the resonant state of the Klein step,�� = �m
2+(
2�h2jKKj2x+m2
4)1=2, the in
ident wave is totally re
e
ted withoutany damping inside the potential barrier.The expressions for �K and �K in Eqn. (VI.11) are determined by impos-ing the boundary 
onditions on 	(r) and �z	(r) at the interfa
e, z = 0. Thus weobtain �K = 2jKKjzjQK jz + jKKjz (VI.18)�K = jQKjz � jKKjzjQKjz + jKKjz : (VI.19)We �nd the transmission TK and re
e
tion RK 
oeÆ
ients from the probability
urrent, whi
h is given by J = 12im(	?r	� 	r	?): (VI.20)If jQKjz is purely imaginary (i.e. relatively weaker strong potential), we getRK = j�K j2 = 1; TK = 0: (VI.21)



94This is the same result with the intermediate Klein step in 1D. If jQKjz is real,however, the 
oeÆ
ients are TK = jQKjzj�K j2jKKjz (VI.22)RK = j�Kj2: (VI.23)Note that the probability is 
onserved at the expense of a negative transmission
oeÆ
ient and a re
e
tion 
oeÆ
ient ex
eeding unity. This paradox 
an be re-solved by employing the notion of parti
le-antiparti
le pair produ
tion due to thestrong potential. The antiparti
les 
reate a negative 
harged 
urrent moving rightinside the potential barrier, while the parti
les are re
e
ted and 
ombined withthe in
ident beam leading to a positively 
harged 
urrent moving to the left. Thisis the essen
e of the pe
uliarities in Eqn. (VI.22) and Eqn. (VI.23).VI.C Analog Quantum SimulationHaving presented the two problems, we realize that wave propagationand refra
tion in the LHM is exa
tly the same with that of the matter waveintera
ting with the Klein step potential 
onsidered here. They both have reversedgroup and phase velo
ity and manifest negative refra
tion. Moreover, we havemathemati
al expressions above, whi
h 
onne
t these two problems to ea
h other,to help us simulate one with the other. The question we would like to address nowis how to simulate the Klein paradox using LHMs? Although this is possible undermany di�erent transformations, here, we only 
onsider the following transformationto simulate the Klein paradox. To be more pre
ise in some results or to solveother spe
i�
 problems, similar but di�erent transformations based on the sameargument 
ould also be applied.We mat
h the input and output (I/O) in the LHM 
ase to the I/O ofthe Klein 
ase, respe
tively, whi
h basi
ally in
lude mat
hing the in
ident and



95transmitted waveve
tors in one 
ase with the other, as well as the phase velo
ityin both problems. Thus, Eqn. (VI.2) through Eqn. (VI.3) and Eqn. (VI.12)through Eqn. (VI.15) lead to the transformation given byE ! �h! (VI.24)V ! (jnj+ 1)�h! (VI.25)where n is the e�e
tive refra
tive index of LHM. Arrows should be understood inthis way: Left-hand side gives us the physi
al properties in the Klein problem, interms of the physi
al properties of the LHM problem on the right. However, thistransformation is only valid for V � E � m
2 and jVgj ! 
, independent of anygroup index, whi
h is de�ned as ng � d(n!)d! : (VI.26)On the other hand, sin
e jQLjz is assumed to be real negative, �� > �m
2 +(
2�h2jKKj2x +m2
4)1=2 and lossless LHM are 
onsidered.Clearly, given a wave with angular frequen
y ! in
ident on an LHM re-sults in exa
tly the same kind of wave propagation and refra
tion with that of itsequivalent Klein 
ounterpart, whi
h is 
hara
terised by the transformations (VI.24)and (VI.25). Sin
e the 
orresponding parameters (E, V , et
.) are on the order ofthe energy of a typi
al photon, they have to be s
aled up to des
ribe the Kleinsystem with higher energies. Thus, having obtained the power transmission andre
e
tion 
oeÆ
ients for the LHM, it is simple matter to �nd the equivalent pairprodu
tion probabilities regardless of any s
aling fa
tor, sin
e these 
oeÆ
ients areinvariant under su
h s
aling. Comparing Eqn. (VI.6) to Eqn. (VI.22) and Eqn.(VI.7) to Eqn. (VI.23), we observe that the � ! 1 applied to Eqns. (VI.6) and(VI.7) leads to Eqns. (VI.22) and (VI.23), respe
tively. Noti
e that this transfor-mation negates the power transmission 
oeÆ
ient of the LHM thus simulating theparti
le-antiparti
le pair produ
tion.



96From the experimental point of view, on
e we obtained the power 
oeÆ-
ients for LHM, their Klein 
ounterparts 
an be found fromjTKjTL � T (!; �i) = 1j�j (�s� a)2(s� a)2 ; (VI.27)RKRL � R(!; �i) = [(s+ a)(�s� a)℄2[(s� a)(�s+ a)℄2 : (VI.28)s and a are de�ned as s � 
os �i (VI.29)a � qjnj2 � sin2 �i; (VI.30)where s 6= a or s 6= �a=m. Note that these ratios are only fun
tions of appliedfrequen
y and in
iden
e angle. This is remarkable for the physi
al realization ofsu
h a simulator.For example, let the in
oming pulse be polarized but not mono
hromati
,su
h that it is represented by individual delta fun
tions in frequen
y domain sepa-rated by �!0 � �!i (i.e., �!i is the bandwidth of individual pulses). Then ea
hfrequen
y 
omponent (!i) simulates a single Klein parti
le with di�erent Ei, Vi;and mi as well as ��i 
orresponding to those delta fun
tions. In other words, it ispossible to simulate all single Klein parti
les simultaneously in the spe
tral band-width of the in
oming pulse. The pi
ture beyond the interfa
e 
an be des
ribedas the superposition of all these solutions. However, sin
e the transmitted wavesinterfere in LHM, to get output for these individual Klein parti
les, we need aspe
tral �lter at the output.The physi
al realization of su
h a pro
essor performing this simulationis possible with 
urrent integrated optoele
troni
s and mi
roele
troni
s ma
hiningte
hnology. It mainly 
onsists of an integration of an analog LHM 
omponent with



97a digital readout 
ir
uit as well as some other optoele
troni
 
omponents, whi
hare 
ontrolled digitally.

Figure VI.3: Blo
k diagram for the simulator whi
h roughly illustrates the 
om-ponents of the simulator. The quantum problem is de�ned and pre-pro
essedin the red blo
k and then sent to green blo
k. Having been solved there, it ispost-pro
essed in the blue blo
k, before obtaining output in Fig. VI.6. The sim-ulator mainly 
onsists of mi
ro
ontrollers (MC), mi
roele
trome
hani
al systems(MEMS) a
tuator, transmitters (T), amplitude (AM) and frequen
y modulators(FM), LHM, photodete
tors, analog to digital 
onverters (A/D) and logi
 
ir
uits(L/C). Hardware implementation of this simulator is roughly illustrated in Fig.VI.3. The more detailed ar
hite
ture design issues are out of the s
ope of this
hapter and we will not 
onsider here. The devi
e mainly 
onsists of three blo
ks.The problem we would like to solve is �rst de�ned and pre-pro
essed in the redblo
k, then it is solved in the green blo
k and post-pro
essed in the blue blo
k.A mi
roele
trome
hani
al systems (MEMS) a
tuator, whi
h is 
ontrolled by ami
ro
ontroller, 
hanges the dire
tion of the laser beam, while the amplitude and



98frequen
y of the signal are tuned by using modulators in a

ordan
e with R(!; �i)and T (!; �i), before it is sent to LHM.

Figure VI.4: To get the same spatial pattern in the LHM with that of the Kleinproblem, the intensity of the input signal is modulated in a square wave manner.In this �gure R(!; �i) is assumed to be larger than T (!; �i) for given ! and �i. Halfthe period Tm input intensity is set to I0R(!; �i) and in the remaining half it is setto I0T (!; �i).Sin
e the re
e
tion 
oeÆ
ient for the Klein problem is bigger than one,normally it is not possible to obtain su
h a re
e
tion 
oeÆ
ient using LHM. How-ever, this problem 
an be over
ome by using an amplitude modulator (AM) in thered blo
k. AM, whi
h is also driven by a MEMS a
tuator modulates the inputsignal between a peak and minimum value in the form of a square wave as shown inFig. VI.4. Thus the intensity of the input signal is modulated between I0R(!; �i)and I0T (!; �i) in a square wave manner where I0 is a 
onstant. If the modula-tion period is Tm, half of the period the transmitter sends signal with intensityI0T (!; �i) whi
h results in exa
tly the same spatial pattern in the LHM with thatof antiparti
les under Klein potential, and half of the period it sends signal whi
hresults in re
e
tion to be bigger than one and exa
tly same spatial pattern with



99that of the re
e
ted parti
les due to the Klein step. Sin
e we have divided Tminto two time slots, the sampling time and response speed for the dete
tors areimportant.

Figure VI.5: Negative refra
tion of a gaussian wavepa
ket with 
enter frequen
yof 5GHz, whi
h is in
ident on a NIM of refra
tive index �2:412. For an in
iden
eangle of �=6, the 
orresponding transmittan
e TL and re
e
tan
e RL are 0:855and 0:145, respe
tively. The 
olors show the relative intensity pattern at a randomtime. An interferen
e fringes o

ur due to the in
ident (bottom left) and re
e
ted(top left) wavepa
kets near the interfa
e.The 
al
ulated net e�e
t of the LHM (i.e. no modulation) in Fig. VI.3is shown in Fig. VI.5. In this 
al
ulation we assumed the form for the refra
tiveindex given by Ref. [66℄n(!) = �0! "(!2 � !2b )(!2 � !2p)!2 � !20 #1=2 ; (VI.31)where �0 is -1 for simultaneously negative permittivity and permeability. The angleof in
iden
e is taken as �=6 and the 
enter frequen
y for the in
ident wavepa
ketis assumed to be 5GHz to have a negative refra
tive index in Eqn. (VI.31). The



100gaussian wavepa
ket is designed by exploiting the method explained by Kong, et al[75℄. The other parameters are the same as in Ref. [66℄, whi
h are !p = 12:0GHz,!b = 6:0GHz, and !0 = 4:0GHz.

Figure VI.6: Solution to the Klein problem 
orresponding to the LHM problem inFig. VI.5., whi
h is obtained simply by setting � = 1. In this equivalent problem,the 
enter energy of the wavepa
ket is 20:7�eV and the height of the potentialbarrier is 70:63�eV. For the same in
iden
e angle of �=6, the 
orresponding trans-mittan
e TK and re
e
tan
e RK are �3:66 and 4:66, respe
tively. Colors show theprobability density at the same random time with Fig. VI.5. Here also interferen
efringes o

ur near the interfa
e between the in
ident (bottom left) and re
e
ted(top left) wavepa
kets.After the modulation the problem is ready to be simulated by the LHM,then its output is dete
ted by the pixel arrays in the blue blo
k and post-pro
essedby means of analog to digital 
onverters (A/D) and logi
 
ir
uit to get the outputshown in Fig. VI.6. Although mathemati
ally it is easy to transform Fig. VI.5 toVI.6, �! 1 transformation, modulation and some additional pro
essing is requiredin its physi
al implementation.



101The essential point to note in this operation is that although some digitaloperations take pla
e, the problem is indeed solved by the LHM.If the in
ident �eld 
ontains in�nitely many modes with the same fre-quen
y but propagating along di�erent dire
tions in the xz-plane, this 
orrespondsto the simulation of the s
attering of in�nitely many non-intera
ting identi
al Kleinparti
les with the same energy (or average energy per parti
le) due to a 
onstantKlein step.More 
ompli
ated s
enarios under these (or other) transformations with(or without) some approximations 
ould also be possible.Above simulations 
ould indeed also be performed by PIMs. However,this would require additional 
ir
uitry and logi
 operations. One drawba
k ofthe NIM, on the other hand, is dynami
 range problem. For more powerful and
omplex problems alternative types of NIMs with higher dynami
 range are desired.Here, we do not 
onsider how to simulate a spe
i�
 problem existing inthe quantum relativisti
 �eld but we present a basi
 approa
h for how to handlesome general and 
ompli
ated problems, whi
h might have/had been risen in this�eld, related with the Klein paradox using LHMs. Su
h a devi
e performing 
ertainoperations based on mathemati
al 
onne
tion 
ould also be helpful in 
ontrollingsome related quantum pro
esses in real time, su
h as 
ontrolling pair produ
tionrate, distribution, and et
.After we showed that the wave propagation in negative index materialsis analogous to that of the Klein paradox, it 
ame to our attention that the Kleinparadox also exists in graphene, whi
h was reported after our work. This made usto think that given our work and Ref. [76℄, there may be a link between negativeindex materials and graphene too, be
ause of the Klein paradox. Shortly after thatanother paper was published in S
ien
e 
onne
ting the negative index materialsand graphene [77℄.Observation of the Klein tunnelling in negative index materials and thegraphene are only two examples, whi
h may open a way to the exploration of this
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ounterintuitive behavior in a relatively simple ben
htop experiment. Otherwise itwould appear su
h as at 
ollisions of ultra-heavy nu
lei or bla
k hole evaporations[77℄. A portion of this 
hapter was presented in a 
onferen
e paper: D. �O.G�uney and D. A. Meyer, \Optoele
troni
 simulation of the Klein paradox usingleft-handed materials", 2004 MRS Spring Meeting, 12-16 Apr. 2004, San Fransis
o,CA, USA.



Chapter VII
Con
lusions and Future Work

Control over ele
tri
al properties of materials led to transistor revolutionin ele
troni
s. PCs may have similar impa
t by 
ontrolling the 
ow of light. Giventhe immense literature produ
ed only in about two de
ades, 
apabilities seem tobe only la
ked by the human imagination. Compatibility with other te
hnologiessu
h as mi
roele
trome
hani
al systems (MEMS), quantum dots, and �bers mayfurther enhan
e their 
apabilities.All of the approa
hes for quantum information pro
essing have their ownadvantages, but unfortunately also their own drawba
ks. Ideally, one would mergethe most attra
tive features of those di�erent approa
hes in a single te
hnology.We envision that large-s
ale photoni
 
rystal (PC) integrated 
ir
uits and �bers
ould be the basis for robust and 
ompa
t quantum 
ir
uits and pro
essors of thenext generation quantum 
omputers and networking devi
es. Cavity QED, solid-state, and (non)linear opti
al models for 
omputing, and opti
al �ber approa
hfor 
ommuni
ations are the most promising 
andidates to be improved throughthis novel te
hnology. In our work, we 
onsider both digital and analog quantum
omputing.The high quality fa
tor and extremely low mode volume a
hieved su

ess-fully in mi
ro
avities have already made photoni
 
rystals an espe
ially attra
tiveparadigm for quantum information pro
essing experiments in 
avity QED [12,
103



10413, 59℄. In our work we have extended this paradigm by solving analyti
ally theJaynes-Cummings Hamiltonian under the dipole and rotating wave approxima-tions for two syn
hronized two-level atoms moving in a photoni
 
rystal and byapplying the solution to produ
e the two maximally entangled states in equations(IV.19) and (IV.20). We have also demonstrated the design of quantum logi
 gates,in
luding dual-rail Hadamard and NOT gates, and SWAP gate operations. Ourproposed system is quite tolerant to 
al
ulation and/or fabri
ation errors, in thesense that most errors remaining after the design 
an be 
orre
ted by simply exper-imentally adjusting the velo
ity or the angle between the atomi
 moment ve
tor ofthe atom and the mode polarization. Our te
hnique 
ould not only be generalizedto N -atom entanglement [13℄ but also has potential for universal quantum logi
gates, atom-photon entanglement pro
esses, as well as the implementation of var-ious, useful 
avity QED based quantum information pro
essing tasks. We shouldalso mention the methodologi
al result that due to the emulation of 2D photoni

rystal 
avity modes in 3D photoni
 
rystals [11, 29℄, one 
an design the moresophisti
ated 
ir
uit �rst in 2D to redu
e the diÆ
ulty of the 3D 
omputations,where typi
ally mu
h more 
omputational power is needed.In the 
ir
uit-level, we have designed an integrated 
onditional telepor-tation 
ir
uit with readout in a single PC 
hip. Our proposed PCQC 
an beimplemented by 
urrent or near future semi
ondu
tor pro
essing te
hnologies andexperimental te
hniques. Even the dete
tors and sour
es illustrated in Fig. V.1
ould also be integrated|the feasibility of single atom dete
tion on a PC 
hip hasalready been demonstrated [60℄, as have PC based lasers [61, 62℄. In Ref. [60℄, forexample, the dete
tion of single atoms by exploiting a highly eÆ
ient integratedopti
al �ber-PC waveguide 
oupling is proposed. It 
ould be envisioned that a
ompatible integrated atomi
 dete
tion devi
e based on su
h an experimental sys-tem might lead to more 
ompa
t and robust PCQCs in general. The RC part ofour devi
e 
an not only be used with the TC but also 
an be used independently,or integrated with other 
ompatible opti
al 
ir
uits to read out atomi
 states. It



105also hints at the potential for implementation of atomi
 interferometers, su
h asthe Ramsey interferometer, in photoni
 
rystals.The teleportation s
heme we have designed 
an also be used for (i) quan-tum swit
hing/routing, (ii) 
hanging the velo
ity and dire
tion of atoms on demandin a large s
ale PC quantum 
ir
uits and networks, among other appli
ations.To the best of our knowledge our work presents the �rst expli
it designsof quantum 
ir
uits in the literature using PCs .A
hieving good mode-mat
hing stability be
omes quite 
umbersome formany multiply nested interferometers in opti
al quantum 
omputing. Photoni

rystals, however, may be an espe
ially promising paradigm as robust quantum
ir
uit boards for deli
ate, next generation, s
alable opti
al quantum 
omputingand networking te
hnologies, as well as s
alable quantum dynami
 random a

essmemory [63℄, where qubits are refreshed using PC based 
y
li
al quantum 
ir
uits.Integrated PC devi
es, su
h as planar waveguides and elementary interferometermodules, 
ould repla
e the 
urrent bulky elements in linear opti
al quantum 
ir-
uits. Furthermore, su
h devi
es 
ould be made quite 
ompa
t using PC integratedwith single photon sour
es [7℄.In the analog domain, we have shown that the Klein paradox for the KGequation of spin-zero parti
le exhibits exa
tly the same kind of wave propagationand refra
tion with those of the TM-polarized ele
tromagneti
 wave in
ident onLHM. Based on this amazing nature of LHMs, we have examined how to simulatethe Klein paradox related problems and pointed out the possible appli
ations ofthis optoele
troni
 simulator. Our work also highlights an opti
al approa
h to theanalog quantum simulations based on the wave-parti
le duality in nature.After we showed that the wave propagation in negative index materialsis analogous to that of the Klein paradox, it 
ame to our attention that the Kleinparadox also exists in graphene, whi
h was reported after our work. This madeus to think that given our work in Chapter VI and Ref. [76℄, there may be a linkbetween negative index materials and graphene too, be
ause of the Klein paradox.



106Shortly after that another paper was published in S
ien
e 
onne
ting the negativeindex materials and graphene [77℄.Observation of the Klein tunnelling in negative index materials and thegraphene are only two examples, whi
h may open a way to the exploration of this
ounterintuitive behavior in a relatively simple ben
htop experiment. Otherwise itwould appear su
h as at 
ollisions of ultra-heavy nu
lei or bla
k hole evaporations[77℄. Our simulation of the Klein paradox using NIMs also opens a way to analogquantum simulation 
ontrary to 
onventional digital quantum simulations, wherethe unitary transformations are approximated by sequen
e of logi
 gates [2℄.Photoni
 
rystal �bers (PCFs), on the other hand, may transform notonly 
onventional opti
al 
ommuni
ations but also may open a way to ultra highdistan
e and data rate, se
ure quantum 
ommuni
ations.Fiber attenuation is 
riti
al for long distan
e and high data rate se
uretransmission. Attenuation of 
onventional tele
om �ber (CTF) is about 0:2dB/kmand to the best of our knowledge the minimum attenuation obtained experimen-tally is about 0:15dB/km [82℄. Regarding PCF, on the other hand, holey �bersappear more promissing. Be
ause the mode is 
on�ned inside the air 
ore, whi
hprevents absorption that exists in solid 
ore opti
al �bers. However, the 
urrentattenuation obtained in these PCFs is still higher than that of CTFs. The re
ordbreaking number is 
urrently 0:28dB/km . This is mainly be
ause of the fabri-
ation imperfe
tions and surfa
e modes residing between air-
ladding interfa
e.Minimum PCF attenuation predi
ted by P. Roberts, et al. is 0:1dB/km [83℄. Un-der this value in our preliminary work (to be publishe elsewhere) we have shownthat the transmission distan
e 
an be extended to about 100km from its originalvalue of about 50km [84℄. This is espe
ially important for quantum 
ommuni
a-tion, be
ause data-rate exponentially de
reases [85℄ with the number of deli
atequantum repeaters.Exploration of photoni
 
rystals in the way of the realization of quantum
omputers may also lead to interesting avenues of fundamental physi
s beyond



107negative index [67℄, ele
tromagneti
 
loak [78℄, and quantum Hall e�e
t [79-81℄.Future 
hallenge is the development of fault-tolerant s
alable quantum
omputer and network ar
hite
tures based on photoni
 bandgap te
hnology. Given
urrent fabri
ation te
hnoloy, opti
al properties of the designed stru
tures agreewell with the experiments. Although we 
onsider a Q-fa
tor of 108 in our work,in
orporation of spontaneous emission rate and 
avity de
ay into equations willde
rease the required Q-fa
tor substantially.
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