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Abstract
Geometry of affine Deligne-Lusztig varieties
by
Dong Gyu Lim
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Sug Woo Shin, Chair

The purpose of this dissertation is to discuss previously known results and prove new criteria /
results on affine Deligne-Lusztig varieties. Our explicit criterion on the nonemptiness pattern
and dimension formula generalizes a previously known result by removing a large restriction.
This new criterion has not been suggested even as a conjecture beforehand. Next, we discuss
the connected components of affine Deligne-Lusztig varieties. In this question, we follow a
novel approach based on the moduli space of mixed-characteristic shtukas which has not been
adapted to conquer the restricted versions of the connected components problem. Finally, we
study Hodge-Newton indecomposability and show an identity which gives a multiplicity-one
result for special types (finite Coxeter type) of affine Deligne-Lusztig varieties.
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Chapter 1

Overview

Affine Deligne-Lusztig varieties show up naturally in the study of Shimura varieties and
the computations of the L-functions, as the conjecture of Langland and Rapoport suggests.
Recently, remarkable progress in p-adic geometry shows that affine Deligne-Lusztig varieties
are closely related to the moduli spaces of p-adic shtukas. In this dissertation, we study the
geometry of affine Deligne-Lusztig varieties, connections towards Shimura varieties and moduli
spaces of p-adic shtukas, and certain affine Deligne-Lusztig varities with simple geometric
structures. We note that affine Deligne-Lusztig varieties could mean mildly different objects
depending on the context, so each chapter has own introduction and definitions to avoid any
confusions.

In Chapter 2, we will discuss the recent progress on the nonemptiness problem of single
affine Deligne-Lusztig varieties at Iwahori level in the basic case. Under a genericity condition
(the shrunken Weyl chambers condition), an explicit criterion has been already known.
However, no explicit criterion has been available without the condition even conjecturally. We
conjecture a new criterion in full generality, and prove it except for a finite number of cases.
As an application, a new conjectural dimension formula will be discussed. The organization
of Chapter 2 will be as follows:

§2.2 is a preliminary section. We recall the setup of [GHN15] and note down some
computations related to critical strips. Following loc.cit., we summarize the proof of GHN
B and collect the lemmas subject to be generalized.

In §2.3, we introduce the set W,. Then, we discuss some properties of closed subsets of a
root system ([DCHO94]). Then we prove Theorem 2.1.2 and Theorem 2.1.2 (2).

In §2.4, we prove Theorem 2.1.2 (1) by handling some possibly exceptional cases. We
study in detail using the exact positive coefficients from [OV90].

In §2.5, we wrap up some tedious computations postponed in §3 and §4 proving Theo-
rem 2.1.2 (3). In the application part, we recall some facts from [MV20] and [He21| and then
prove Theorem 2.1.4.
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In Chapter 3, we will summarize the joint work with Ian Gleason and Yujie Xu on the
set of connected components of affine Deligne-Lusztig varieties at arbitrary parahoric levels,
which finishes the open problem in the mixed characteristic case. We do so by relating them
to the connected components of infinite level moduli spaces of p-adic shtukas, where we use
v-sheaf-theoretic techniques such as the specialization map of kimberlites. As applications,
new results (CM lifting) on the integral models of Shimura varieties at arbitrary parahoric
levels will be mentioned. The organization of Chapter 3 will be as follows:

§3.2 is a preliminary section. We start by collecting general notation and standard
definitions that we omitted in this introduction. We recall the group-theoretic setup of
[GHN19] necessary to discuss the Hodge-Newton decomposition for general reductive groups,
and its relation to the connected components of affine Deligne-Lusztig varieties.

In §3.3 we give a brief intuitive account of the theory of kimberlites. We also review the
geometry of affine Deligne-Lusztig varieties and their relation to moduli spaces of p-adic
shtukas. Moreover, we discuss ad-isomorphisms, z-extensions and compatibility with products
(which will be used in §3.6 to reduce the proofs of Theorem 3.1.1 and Theorem 3.1.9 to the
key cases).

In §3.4 we discuss the Hodge-Newton decomposition and use it to prove the implication
(2) = (3) in Theorem 3.1.9.

In §3.5, we discuss Mumford-Tate groups. We review [Chel4] and discuss the modifications
needed to prove Theorem 3.1.11. We deduce the implication (3) = (4) in Theorem 3.1.9.

In §3.6, we give a new proof of [Hel8, Theorem 7.1] (see Theorem 3.6.8), and complete
proofs of our main results such as Theorem 3.1.1 and Theorem 3.1.9.

The final chapter, Chapter 4, will discuss the multiplicity one identity appearing in
the study of affine Deligne-Lusztig varities with finite Coxeter parts. This certain type is
interesting as it turns out that this type has a simple geometric structure such as A" or GJ.,.
In order to prove that they are “simple”, we need to show that there is only one reduction
path. This can be reduced to the proof of an identity of two g-polynomials.

In §4.2 we discuss a specific and explicit identity of two g-polynomials and introduce our
new probabilistic approach counting integral points on the xy-plane.

In §4.3 we consider the general case and introduce new objects such as envelopes. We
then state some main propositions which lead us to the proof of Theorem 4.3.2 using the
probabilistic approach.

In §4.4 we provide the proofs of the main propositions.



Chapter 2

Nonemptiness of affine Deligne-Lusztig
varieties

2.1 Introduction

In the study of the special fibers of Shimura varieties, affine Deligne-Lusztig varieties show
up naturally. In his seminal expository article [Rap05a], Rapoport introduced affine Deligne-
Lusztig variety over a mixed characteristic local field as an important piece in the description
of F,-points of the special fiber of a certain Shimura variety with hyperspecial level structure
or Iwahori level structure. This was motivated by the Langlands-Rapoport conjecture in
that the p-part of the conjecture is the affine Deligne-Lusztig variety. Since then, affine
Deligne-Lusztig varieties have been exploited in the study of Shimura varieties, Rapoport-Zink
spaces, local Shimura varieties, and moduli spaces of local shtukas.

Many questions arise naturally including the geometric (or scheme) structure, the nonempti-
ness, the dimension formula, and the set of connected components, etc. These basic questions
are not only interesting on their own but useful in the study of the aforementioned objects.
For example, the set of connected components computed in [CKV15] is used to prove the
Langlands-Rapoport conjecture in [Kisl7a]. It (resp. the dimension formula) can also be
used to describe the set of connected components (resp. the dimension) of Rapoport-Zink
spaces ([She20, 3], [Zhul7, 3.2]). In this chapter, we focus on the nonemptiness question and
the dimension formula.

2.1.1 Mazur’s Inequality

Let G be a connected reductive group over Z, with a maximal torus 7" and let Qp be the
fraction field of the ring of Witt vectors W (F,) =: Z,. The Frobenius morphism on F, lifts
uniquely to Zp by the universal property of the ring of Witt vectors and then extend to
a bijective map (denoted by o) on Qp. Now, fix b € G (Qp) and a dominant cocharacter
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€ X,(T)". The affine Deligne-Lusztig variety is defined as
X, (b) = 1{9G(Zy) € G(Q,)/G(Zy) : g~ 'bo(g) € G(Ly)p"G(Z,)},

where p* is the image of p under the cocharacter p.

The very first result on the nonemptiness is due to Rapoport-Richartz ([RR96, Theorem
4.2]). They showed that, when G is unramified, if X, (b) is nonempty then Mazur’s inequality,
that is, [b] € B(G, u) (see definition 2.2.1) holds. Thanks to [Kot03], [Gas10], and [Hel4], it
is now a theorem that X, (b) # 0 if and only if [b] € B(G, p1) for a general reductive group G
(defined over QQ,) and a special maximal parahoric subgroup K in place of G (Zp).

Similarly, using Bruhat-Tits theory, one can consider affine Deligne-Lusztig varieties with
an arbitrary parahoric level structure K as follows.

X (1, b)i = {gK € G(Q,)/K : g 'bo(g) € KiK
for some € Wi\ Adm(u)/ Wk},

where Wy is the group generated by the simple reflections of K and Adm(u) is the p-
admissible set ([KRO00]). Still, Mazur’s inequality is the necessary and sufficient condition for
X(p,0)ic # 0 (see [KRO3], [Win05], and [Hel6]).

Meanwhile, X (1, b) is, from the definition, a disjoint union of several pieces (where z
varies over Wi \Adm(u)/Wy). These pieces, therefore, can be thought of as more refined
objects or building blocks, which we call as single! affine Deligne-Lusztig varieties. One can
study their nonemptiness problem and, to get to the point first, it has a considerably different
flavor.

We remark that, among parahoric level structures, the Iwahori level structure contains the
finest information via the natural projection map from the affine flag variety (Iwahori level)
to the affine partial flag variety (parahoric level) or the affine Grassmannian (hyperspecial
level). From now on, we restrict ourselves to the Iwahori level.

2.1.2 Single affine Deligne-Lusztig variety at Iwahori level

Along with the notations from section 2.1.1, let I be a o-stable Iwahori subgroup of G(Q,)

stabilizing a base alcove, W/lg/e the Iwahori-Weyl group, and Wy be the relative Weyl group
(see section 2.2.1). For x € W and b € G(Q,), the single affine Deligne-Lusztig variety (at
Iwahori level) is defined by

X, (b) :={gI € G(Q,)/I : g 'bo(g) € Iil}

where # is an element in a subgroup of G(Q,) which is a lift of z € w.
The question on the nonemptiness criterion (and the dimension formula) for X, (b)
first appeared in [Rap00, Problem 4.5] and some cases when G = GLy were studied in

!This is the terminology used in the literature occasionally. See [Hel4] for example.
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[Rap0Oba, Example 4.3]. For a more general setting, the first partial conjecture was posed
by Reuman ([Reu04, Conjecture 7.1]) where he detected an element in Wy, now called 7, (x)
(see definition 2.2.9), that gives a good amount of information on the nonemptiness (and
even on the dimension formula). The conjecture was reformulated and proved partially in
[GHKR10] and then completely by [GHN15, Theorem B]| in the basic case. For convenience,
let us name the theorem GHN B.

We note first that there is an obvious obstruction for the nonemptiness. Recall the
Kottwitz map (cf. Definition 2.2.1) defined in [Kot97a, 4.5]. Then,

if X,(b) # 0 then kg(x) = kg(b),

because the Kottwitz map applied to the condition g~ bo(g) € IZ1 results in kg (b)=kg(t)=
ka(x). Geometrically, this means simply ‘x and b are in the same connected component of
the loop group G(@p)’.

We may and will reduce to the case where G is simple, quasi-split, and adjoint (Sec-
tion 2.2.2). Then, GHN B tells us that, under the condition called Shrunken Weyl chambers
(Definition 2.2.4), there is only one interesting obstruction (supp, (7,(x)) = S) other than the
obvious one (kg(x) = kg (b)).

\VAVAV/ " TAVAVAVAD

AVAVAVAVAV/VAVAN

AVAVAVAVALY

Figure 2.1: An apartment of the Bruhat-Tits building of PGL3

GHN B. Let b be basic. If x lies in the shrunken Weyl chambers then

X, (8) # 0 if and only if k() = ka(b) and supp,(1,(z)) = S.

Here, S is the set of simple reflections of W, and supp,, is the map sending w € W to the
minimal o-stable subset of S containing all simple reflections from any reduced expression
of w (Definition 2.2.10). Shrunken Weyl chambers are, intuitively, the complement of the
red strips (called critical strips) in fig. 2.1 and the critical strips are defined to be the strips
passing through the base alcove (the black triangle).
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2.1.2.1 A side remark on explicit criteria

Here, we clarify the term ‘explicit criterion’ mentioned in [GHN15, 1.2] and will be used in
this paper at times. As this is not related to the rest of the paper, one may skip this remark.
In loc.cit., we have the following theorem (name it GHN A).

GHN A. Let b be basic. Then, X.(b) # (0 if and only if, for all pairs (J,w) such that x is a
(J,w, d)-alcove, the following holds:

o, (w3 (w) € g, (610 M(@))

The Levi subgroup of G corresponding to J C S is denoted by M; and kyy, is its Kottwitz
map. We refer to definition 2.2.8 for the term (J, w, §)-alcove.

Practically, GHN B is used often in applications? while GHN A is not. However, they
solve the same problem and, actually, GHN B is more restrictive. Taking that into account,
we can see that GHN B is more applicable and explicit already. Let us now see an example
explaining this more clearly.

For the sake of simplicity, let G be split or residually split for a moment. Let x be a
translation element ¢#. Then, GHN B directly implies that, if t* lies in the shrunken Weyl
chambers then X (b) = () always.> Moreover, our new (explicit) criterion will show that
X (b) # 0 if and only if [t#] = [b] € B(G). This recovers [GHKRI10, Corollary 9.2.1] for b
basic.

On the other hand, it is not easy to find all pairs (J,w) such that x is a (J, w, d)-alcove
(especially definition 2.2.8 (2) is not easily manageable) even when = = t*, which is a
necessary step to apply GHN A. In addition, it is not an easy take to compute the values in
ke, ([b] 0 M4 (Q,)) afterwards.

2.1.3 Main Conjecture

Our goal is to remove the shrunken Weyl chambers condition. We will suggest a general
conjecture on an explicit nonemptiness criterion in the basic case and prove it for all but
finitely many x’s and specify some classes of elements satisfying the conjecture. Let b be
basic.

There is a new assumption in our conjecture that the following example can justify. Let
x = I, the identity element in W, and b = 1. Then, directly from the definition, X, (b) # 0.
However, supp, (1,(x)) = 0 as n,(z) = Iy,. Hence, there are some exceptional z’s not having
the supp,-obstruction.

In the following, we denote by S/UI\)_p/U the o-support function on WA

2See, for example, [He21, Theorem 1.1] and [MV20, Remark 3.18]. Using our new explicit criterion, we
will give more applications.

3This is because 7, () is the identity element Iyy,. See definition 2.2.9 for 1, ().

“We found that it may cause confusion to use the same notations for two o-support functions each defined
on Wy and W and decided to use sfﬁp/g instead of supp,, : W — 25,



CHAPTER 2. NONEMPTINESS OF AFFINE DELIGNE-LUSZTIG VARIETIES 7

Lemma 2.1.1. Assume that kg(z) = ra(b). If Supp,(z) # S then X, (b) # 0.

Proof. Let v, be the image of 2 under the Newton map. The condition supp, (z) # S implies

that v, is central because the group Wgo- () generated by the elements of supp, () is finite
in such a case. However, if v, is central, for a representative &, we have k(t) = x(b) and
v; =0 =1, so that [z] = [b] € B(G). Hence, X, (b) # 0. O

Lemma 2.1.1 shows that we only need to consider the case supp, (r) = S. Our main
conjecture is the following: (we follow the notations from section 2.2)

Conjecture 1. Let G be a simple and quasi- split reductive group of adjoint type. Let x be
an element of Twahori-Weyl group W and b € G be basic. Assume that ka(b) = kg(z) and

supp, () = S. Then,

X, (b) # 0 if and only if supp, (o~ (r)ne(x)r™) =S for all r € W,,
where W, is the subset of Wy defined in definition 2.5.5.

Conjecture 1 claims that, except for the lemma 2.1.1 cases, the critical obstruction for
the nonemptiness is whether or not the o-supports of certain o-conjugates of 7,(z) are all
full. For convenience, we label by < (resp. =) the ‘if” (resp. ‘only if’) direction. Our main
theorem is the following.

Theorem 2.1.2. Conjecture 1 holds for all but finitely many x. More precisely, <= holds for
all x and = holds for all but finitely many cases. In addition, = holds for

1. z lying in exactly one critical strip (see definition 2.2.4),
2. a translation element or vt"-form element (for p dominant), and
3. x in type A, under the condition of proposition 2.5.1.

Note that GHN B takes care of infinitely many x’s, but it does not apply to infinitely many
cases as well. We prove <= in corollary 2.3.8 in full generality and prove = in proposition 2.3.10
for x such that ¢(z) > 0. An efficetive bound for the length can be computed and we do so
for type A, in proposition 2.5.1.

Let us discuss Theorem 2.1.2 (3) in more detail. For simplicity, let G = PGL,,. There
are two assumptions in proposition 2.5.1. The first assumption is that kg(x) =0 € Z/n ~
X*(Z(G)T). Tt means that © can be written as t*w where A = (Ay,---,\,) € Z,__, and
w € S, (symmetric group). And then the second assumption is that ‘max; \; > 1 and
min; /\z < -1 _

On the other hand, any element = = t*w satisfying supp, (z) # S (cf. Lemma 2.1.1) has
the property ‘max; \; = 1 and min; \; = —1’. Hence, there is only a small gap left in the
conjecture under the assumption that kg(z) = 0. This way, we can view Theorem 2.1.2
(3) as an evidence for Conjecture 1 in the sense that elements in lemma 2.1.1 are the only
exceptions.
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Remark 1. It is worth pointing out that GHN B and Theorem 2.1.2 for z lying in the shrunken
Weyl chambers are almost the same, but there is a subtle difference. For example, when
x = wp (the longest element of W}) as an element of W, we apply GHN B to get X, (1) # 0.
However, x does not fit into Theorem 2.1.2 as sﬂﬁp/g(x) #+ §7 so we should apply lemma 2.1.1
to get X, (1) # 0 here.

Remark 2. One might wonder what the condition ‘Supp,(z) = S’ means. Surprisingly, a
simple concrete picture exists for this condition in the sense that “supp, (z) # S if and only
if the action of x o o fixes a point in the closure of the base alcove”. Moreover, under the
obvious obstruction (that is, kg (z) = ke(b)) when b is basic, it is equivalent to that IZ1 C [b].
([GHN19, Proposition 5.6 and Lemma 5.8])

Surprisingly, our result says that the abstract criterion (GHN A) can be made much
stronger as follows. This was observed by Sian Nie.

Theorem 2.1.3 (Stronger GHN A). Let b be basic and suppose that supp, () = S with
l(x) > 0. Then, X,(b) # 0 if and only if x is not a (J,w),-alcove for any proper J C S.

We note that the condition ‘¢(x) > 0’ can be removed once Conjecture 1 is fully proved.
In short, for z not intersecting with the base alcove, X, (b) # 0 if and only if x is not “coming
from a proper Levi subgroup”.

2.1.4 New Ideas and Sketch of Proof

The novelty of our work lies in the introduction of the set W, which arises naturally in the
following sense.

The idea is that a critical strip behaves as if it belongs to the shrunken Weyl chambers
adjacent to the strip. Hence, if x lies in a critical strip, we can “embed” x into each shrunken
Weyl chamber adjacent to the strip. Noting that, when x lies in a shrunken Weyl chamber,
the rule for X, (b) # () is supp, (1, (x)) = S, we can presuppose that, in general, the rule for
X, (b) # 0 would be supp, (7,(z")) =S for each embedding " of  into each shrunken Weyl
chamber adjacent to the strips.

The set W, is defined to be the set of elements in Wy that, intuitively, embed x into
those shrunken Weyl chambers. Practically, for x in the shrunken Weyl chambers, we get
W, = {Iw, } and, for x in one critical strip (cf. Theorem 2.1.2 (1)), we have W, = {Iy,, s}
where s is the simple reflection related to the critical strip containing x.

In order to define W,, we make a new observation on a certain structure of the set of
critical strips containing = (Proposition 2.3.4). More precisely, let ® be the set of (relative)
roots of GG and, for simplicity, x lie in the dominant Weyl chamber. Next, denote by ®, the
set of positive roots whose critical strip contains . Then, &, is “anti-closed” in the sense
that if a + 8 € &, for two positive roots a and 8 then a € ¢, or 5 € &,. Alternatively, it is
equivalent to that the complement of ®, in the set of positive roots is closed.

Using this, we show that the set W, is well-defined (Proposition 2.3.3) and that W,
contains exactly the elements needed for the ‘o-support test’ (cf. Lemma 2.3.7). After that,
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we follow the strategy of [GHN15] as explained in section 2.2.4 with more careful study on
the W, -action on dominant cocharacters. We also use the positivity of the coroot-coefficients
of dominant cocharacters (see Lemma 2.2.18) and work with the exact (positive) coefficients
in the proof of Theorem 2.1.2 (1) and (3).

Remark 3. There has been an interesting coincidence happening while we have been working
on this problem. Felix Schremmer ([Sch22]) recently defined a set called ‘length-positive’
in his work on the generic Newton point. Our work and Schremmer’s work do not overlap,
that is, the results are rather complementary. However, the length-positive set of Schremmer
turns out to be a Wy-conjugate of the set W, of ours.

2.1.5 Applications and future works
2.1.5.1 The set B(G), and cordial elements

The question of whether X, (b) is nonempty is equivalent to the question of whether 121 N [b]
is nonempty. In this perspective, we can denote the set of [b] € B(G) such that 21 N [b] # 0
by B(G), and ask to describe it. This approach first appeared in [Bea09].

Remark 4. For clarification, we remark that the main difference between the approach
using B(G), and ours is which variable is fixed. In our approach, we fix b and study the
nonemptiness, but the study of B(G), fixes z. As we will see in a moment, these two
approaches are complementary.

When z is cordial (see definition 2.5.2), the set B(G), has the property called saturated
(see lemma 2.5.3), which makes the complete description of B(G), easier. Combining this
with Theorem 2.1.2 (3), we obtain a full description of B(G), in some special cases as follows.

Theorem 2.1.4. Let x = vt* for a dominant non-central p and v € Wy, and let Wy(u) be
the stabilizer subgroup of Wy fixing . Then,

W, = {r € Wo(p) : £(or™) = £(v) + £(r)}.
Now, if supp, (o~ (r)n, (z)r=1) =S for all r € W, then B(G), = B(G, p).

2.1.5.2 Future works on new dimension formulas

The following dimension formula ([Hel4]) is known for « lying in the shrunken Weyl chambers:

dim X, (b) = = ({(x) + £(n,(x)) — def (b)) .

N | —

On the contrary, outside of the shrunken Weyl chambers, even a conjectural formula for
dim X, (b) is still mysterious. However, if more nonemptiness results are found, we can

°If p is central, it is obvious that B(GQ), = {[t*]} = B(G, p) via lemma 2.1.1.
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approach this problem with the following recursive formula ([Hel4, Proposition 4.2]): For
s € S satisfying ((sxo(s)) = l(x) —

dim X, (b) = max{dim X, (b), dim X5 (0)} + 1.

Typically, this is a bottom-up formula for the length reason (that is, ¢(z) = l(sz) + 1 =
((sxo(s)) + 2). However, for example, if X () (b) is empty then we can also compute
dim X, (b) from dim X, (), which is top-down.

In future work, using Theorem 2.1.2 (2), we will show the following dimension formula
which is new even in the rank two case:

Theorem 2.1.5. Let G be residually split with rkG,. = 2 and b be basic. For x € W lying in
only one critical strip (associated to ver), if X, (b) # () then

dim X, (b) = = (¢(z) + min{l(n,(x)), (o~ (sa)n0(x)sa) } — defc(b)) — €,

N =

where € = 1 if ny(z) = wo and € = 0 otherwise.

2.2 Basics on single affine Deligne-Lusztig varieties

Let F' be a nonarchimedean local field with a uniformizer ¢ and G be a connected reductive
group over F'. Denote by [ = ' the completion of maximal unramlﬁed extension of F
and by G the F- points of GG. The Frobenius map on the residue field of F lifts to that of F
which we denote by o again. The induced map on G will be denoted the same. Finally, we
denote the set of o-conjugacy classes of G by B(G).

2.2.1 Iwahori-Weyl group and B(G)

Let S be a maximal F -split torus of G defined over F' and T be the centralizer of S. Note
that T" is a maximal torus of G as G becomes quasi-split over F' by Steinberg’s Theorem.

2.2.1.1 Iwahori-Weyl group w

The Iwahori-Weyl group associated to S is defined as
W i= Ns(G)(£)/T (), (2.1)

where T(ﬁ )1 is the unique parahoric subgroup of T(F ). We can fit W into the following
short exact sequence of groups ([HR08a] Definition 7)

0—>X*(T)FO—>W—>WO—>1
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where I’y is the absolute Galois group of F and Wy, is the relative Weyl group
Wy == Ns(G)(F)/T(F) (2.2)

Now, we fix a o-invariant base alcove a in the apartment of S and let I be the Iwahori
subgroup of G' corresponding to a. By fixing a special vertex in the apartment, we get a section
Wo — W (not necessarily o-equivariant) which allows us to identify W with X, (T')r, x Wo.

The Newton map v : W — X, (T)f, o is defined as follows. The action of o on W is of

finite order so that, given z € W, there exists a positive integer N such that | R oy o'(x)
belongs to X, (T)FO, say p. The Newton map is defined to send = to v, = £. This does not
depend on the choice of V.

Let Gy be the simply connected cover of the derived subgroup of G and T, the inverse
image of T via Gy, — Gger — G. The Iwahori-Weyl group of Gy, is the affine Weyl group
W, and gives rise to the following short exact sequence ([HR08a] Lemma 14):

1= W, » W 2% X*(Z(G)™) = 1. (2.3)

Denoting by © C W the stabilizer of the base alcove, we have an isomorphism X* (Z(G)Fo) ~ Q
which gives a section of &g. This presents W as W, x X*(Z(G)'0). Now, the Bruhat order
on W, extends onto W by making two elements be comparable when their projections to
X*(Z(G)F0) agree.

Note that W, is the affine Weyl group generated by orthogonal reflections with respect
to the hyperplanes in X, (7. )r, ® R. Hence, by [Bou81, Ch.VI, §2.5. Proposition 8], there
exists a reduced root system Y whose affine Weyl group is canonically isomorphic to W,. We
denote by QY the coroot lattice of ¥ and P its coweight lattice. Lastly, let S be the set of
simple reflections of the finite Weyl group of 3 (that is, W) and S the set of affine simple
reflections.

The map o on G induces an action on S which we will denote by o again. We call J C S
a o-stable subset if o(J) = J. For any o-stable subset J, we denote X, (T)r, x W, by W,
where W is the subgroup of W, generated by the simple reflections of J.

A comment on the notation: we will use the notation v - u when considering Wy-action
on X,(T)r,. So, for example, vt* € W can also be written as tV*v.

2.2.1.2 B(G) with Newton map and Kottwitz map

Recall the Newton map and the Kottwitz map from [Kot97a 4.5] that give an injective
homomorphism (7, kg) : B(G) — X, (T)F+ X X*(Z(G)') where T is the absolute Galois
group of F.

Definition 2.2.1 (B(G,u)). Let p € X.(T)" be a dominant cocharacter of G. We define
B(G, i) as the subset of B(G) consisting of [b] € B(G) such that

vy < p° and ra([0]) = ra([t"])
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where pi° is the T-average® of p and t* is the image of t under pu : G,, — T. Mazur’s inequality
mentioned in section 2.1.1 refers to v, < u°.

We note that the map & in eq. (2.3) followed by the projection X*(Z(G)0) — X*(Z(G)")
gives kg : W — X*(Z(G)F) and it is compatible with kg on B(G) via the lifting from W to
Ns(G)(F) C G.

2.2.2 Single affine Deligne-Lusztig variety

The Iwahori-Bruhat decomposition says
G=| | 1ir

where & € Ng(G)(F) is a representative of z € W.

Definition 2.2.2 (affine Deligne-Lusztig “variety”). For z € W and b € B(G), the single
affine Deligne-Lusztig variety associated to x and b is

X,(0) :={g9I € G/I: g bo(g) € Iil}.

A priori, it is an affine Deligne-Lusztig set and we do not have a natural scheme structure
on it. In fact, in the case of an equal characteristic local field F', it is not difficult to identify
X,(b) as the F,-points of a (locally of finite type) locally closed subscheme in the affine flag
variety over E;- It is the mixed characteristic case where we need distinguished works of
[Zhul7] and [BS17] to give a scheme structure on X,(b).

In order to study the nonemptiness pattern, it is more convenient to do some reductions.
By [HZ20b, Corollary 4.4 and Section 4.3], we can reduce the nonemptiness problem to the
case when G is the quasi-split inner form of an adjoint group. Finally, if G = G| x G5 then
B(G) = B(G1) x B(Gs) and Wi = Wg, x We,. Hence, X, (b) = X, (b1) X X,,(b2) where
x;’s are the projections of z onto ng and b;’s are that of b onto B(G;). Now, we may assume
that G is a simple quasi-split reductive group of adjoint type.

Remark 5. In loc.cit., it is assumed that G is tamely ramified over F' and p {m(G*?) in the
equal characteristic case. However, this assumption is not necessary for the nonemptiness
results as a universal homeomorphism preserves the nonemptiness.

2.2.3 Terminologies on positions of alcoves

From now on, we assume that G is a simple quasi-split reductive group of adjoint type. For
simplicity, we abusively use x to denote the alcove za. For example, Ij; denotes the base
alcove.

6To be precise, this is true only when G is quasi-split. In general, it is the average of the dominant
representatives of Galois orbits. For a more detailed explanation, see [HN18, 2.4].
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Let ® be the set ®(G, S) of relative roots and @+ (resp. ®~) be the subset of positive
(resp. negative) roots. Let V := X, (T)r, ® R which is isomorphic to X.(T)r, ® R as G
is semisimple. For o € @, the hyperplane H,, in V is defined by {v € V : (a,v) = 0} and,
more generally, for any integer k, we define H,(k) := {v € V : (a,v) = k}. Note that
H,(k) = H_,(—k).

Definition 2.2.3 ([GHKRI10, Section 2.1}, k-value of an alcove with respect to a root). For

ac€®andzx e W, let us denote by k(a, ) the integer k such that x is located in between the
hyperplanes H, (k) and H,(k + 1).

Definition 2.2.4 (The critical strips and shrunken Weyl chambers). For each positive root
a, we call the set of alcoves between H,(0) and H,(1) the critical strip associated to o and
denote by C,." The set of alcoves which do not lie in any critical strip is called the shrunken
Weyl chambers.

The following computes the k-values explicitly. Here, the expression t#w is an alcove in
the dominant Weyl chamber always and v is an element of Wy. Both a and a mean roots,
but the latter will denote a positive root mostly.

Lemma 2.2.5. For any root a € ®,

w0 ifwta>0,
k(a,t'w) = { (a,puy — 1 otherwise.

Proof. We only need to consider the case where the alcove is represented by a finite Weyl
group element and, in this case, the value 9,,-1, decides whether w is in the a-direction or
—a-direction. O]

In general, k(a, vt*w) = (a,vp) + 0y-1,-1, where 6, = 0 if @ € & or = —1 otherwise.
Corollary 2.2.6. Let a be a root in (1) and a, b, and a + b are roots in (2).

1. k(a,t'w) + k(—a, trw) = —1.

2. k(a+ b, t'w) = k(a, t"w) + k(b, t*w) or k(a,t'w) + k(b, t*w) + 1.

Proof. (1): w™'a > 0 implies w™'(—a) < 0 and vice versa. (2): Apply lemma 2.2.5 noting
that the cases where both w™'a and w™'b are positive (resp. negative) but w='(a + b) is
negative (resp. positive) are not possible. ]

From lemma 2.2.5, vt*w € C,, for some a € &7 if and only if (a, p) + dp-14 — dpa = 0.
Noting that k(«, t*w) > 0 when a € T, we have the following corollary easily:

"One can define the critical strip of a negative root o to be the set of alcoves between H,,(0) and H,(—1)
and also denote by C. This convention will be secretly used.
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Corollary 2.2.7. Let a € ®* and suppose vttw € C,,. Then va € ®t and one of the
following holds:

1. (a,p)y =0 and wa € T,
2. {a,uy =1 and wa € &.
When vttw &€ Cyy, if {a, u) =0 then va € @~ and w'la € O,
Now, we recall the definition of (J,w),-alcove® from [GHN15, 3.3].

Definition 2.2.8 ((J,w),-alcove). Let J be a o-stable subset of S and w be an element of
Wo. We say that x € W is a (J,w),-alcove if

(1) wzo(w) € W, and,
(2) for any a € w(®*\ ®F), k(a,z) > k(a,I).
Next, the “essential” finite part 7,(z) of x observed by Reuman is defined as follows.

Definition 2.2.9 (7,(x), [GHN15, 3.6]). Let v, € Wy be the unique element such that v, 'z
is in the dominant Weyl chamber and v, 'z = t'=w, for p, € X*(T)ffo and w, € Wy. We
define

No(2) = 0~ (wy)v,.

Finally, we recall the following from [Bou81, Ch.IV, §1.8. Proposition 7].

Definition 2.2.10 (support and o-support). Given a Cozxeter system (W, .S) and w € W, the
support of w is defined to be the set of s € S appearing in some (equivalently each) reduced
expression of w and denoted by supp(w). When (W, S) is equipped with an action by &, the
minimal §-stable set containing supp(w) is called the §-support of w and denoted by suppg(w).

Remark 6. There are two Coxeter systems (W, S) and (W,,S) in this paper. We have £ = o
for (Wp,S) and & = wo for (W,,S) where w is an element of € defined in eq. (2.3). For
x € W, x © whose projection to (2 is w,, we use the notation supp, () instead of supp,,,, ()
for simplicity.

8In [GHN15], this is denoted by (J, w, §)-alcove. We choose to use the notation ‘(J,w),-alcove’ in this
paper not just for the sake of simplicity. In fact, the induced action 6 on S by ¢ is a fixed map. It is not
varying, unlike J or w in the notation.
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2.2.4 On the known result GHN B

Now we recall:

Theorem 2.2.11 (GHN B). Let b € B(G) be basic and x € W lie in the shrunken Weyl
chambers with k(b) = k(x). Then,

X, (b) # 0 if and only if the o-support of n,(x) is S.
The proof of theorem 2.2.11 is a combination of the following lemmas.

Lemma 2.2.12 (|[GHN15, Proposition 3.6.4 and Proposition 3.6.5]). Let b be basic. Under
the following two assumptions, we have X, (b) = ().

1. v, # v and

2. supp,(n.(r)) # S,

If we assume that  lies in shrunken Weyl chambers, (2) implies (1).

This proves that if X, (b) # 0 then supp, (1,(z)) =S in theorem 2.2.11.° For the reverse
direction, we need the following theorem:

Proposition 2.2.13 ([GHN15, Theorem 4.4.7]). Let b be basic. If x satisfies NLO, then
X.(0) # 0. NLO means the following: for every pair (J,w) with o-stable J and w € Wy such
that v € W is a (J,w),-alcove, there exists by € wWyo(w)™" such that

1. k(b) = k(by)
2. Vp; =
3. ky(w b o(w)) = ky(wtzo(w))

If = lies in the shrunken Weyl chamber, one can show that supp,(7,(z)) =S and so, by
lemma 2.2.14 below, the only J such that z is a (J, w),-alcove is J = S. For J =S, we can

let b; be any element in the o-straight conjugacy class of W corresponding to [b] € B(G)
([Hel4, 3.3]) so that x satisfies NLO and X, (b) # 0.

Lemma 2.2.14 ([GHN15, Proposition 4.1.1]). Let z € W lic in the shrunken Weyl chambers.
If © is a (J,w),-alcove for o-stable subset J of S, then supp,(n.(z)) C J.

Finally, we have the following lemmas on the properties of dominant cocharacters and the
Weyl group action on roots:

9However, note that the proof of lemma 2.2.12 uses [GHN15, Proposition 3.5.1] (“o-conjugacy classes
never fuse”) which was stated without the assumption that b is basic but in fact needs that assumption. See
[GHN].
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Lemma 2.2.15. Let u be a cocharacter and w € Wy. Then, pp—w - p € QY

Supp

Proof. For any simple reflection s, the formula s-u = u— (o, p)ay tells us that u—s-u € Q?S}.
Note that w is a product of simple reflections and so we can think inductively on ¢(w).
Considering p—ws-p=p—s-p+s-p—w-(s-p) € Q{S} S) Q;/upp , it is straightforward. [J

The following corollary is stated in [GHN15, 3.5 (1)] without a proof. For completeness,
we give a proof for this.

Corollary 2.2.16. Let J be a o-stable subset of S. If x € WJ, then vy, ., — Vs € Q}Q.

Proof. The difference is a Q-multiple of Y".(0"(vy - ptz) — (vzw40)" (Vg - pz)). Noting that
[To<j<in 0’ (vyw,) € Wy, apply lemma 2.2.15 to get the conclusion. O

Lastly, we prove:

Lemma 2.2.17. Suppose that the Dynkin diagram of G is o-connected. Let J be a proper
o-stable subet of S. If p € QY is dominant, then p = 0.

Proof. Qjq C Qg = Py, hence p is a Q-linear combination of fundamental coweights. As
it is dominant, all the coefficients are non-negative. If u # 0, then at least one coefficient
is positive so that it is a positive linear combination of coroots of a connected component
by lemma 2.2.18. Hence, J contains some connected component completely. As the Dynkin
diagram is o-connected, we must have J = S which is contradiction. O

The following Lemma 2.2.18 has been probably known to experts for a long time. However,
to the best of our knowledge, a reference for this lemma is hard to locate. So, following
Michael Rapoport’s suggestion, we record it here. In this paper, this is particularly needed
to remedy some argument in [GHN15] using loc.cit. 3.5. (2) which is not correct. See
Proposition 2.4.5.

Lemma 2.2.18. ' Let C be the closed Weyl chamber defined as {u € V : (u, a) >
0 for all o € A} and CV be the obtuse Weyl chamber defined as {p € V : p =73 . g/, ¢; >
0}. Then C'\{0} is contained in the interior of CV. In other words, a fundamental coweight
s a positive linear combination of simple coroots.

Proof. The fundamental coweights @, form a basis of V' and they satisfy (@, ;) = 0;;.
Hence, C \ {0} = {>iesdiwwy’ : mot all d;’s are 0}. Hence, it is enough to show that
(@, ;) =t my, the coefficient of o in the expression of @/, is positive.

First of all, the coefficients from [Bou81, Ch.VI, §4.5-§4.13, (VI)] prove the dual version.
For our version, recall the Cartan matrix A whose entries are A;; = (o}, ;). Then, 0;, =
(@ ax) = (O, mijaf s o) = 2 mijAjx. Therefore, m;;’s are the entries of the inverse of A,
which we know to be positive by [OV90, Reference Chapter. §2. Table 2] (note that one
should take their transpose). For a more general situation, see [LLT92, 5.]. O

10The letter C' will be used in this lemma to follow the historical notations. The letter C' appearing in this
paper is always referring to the critical strip, except here. We believe there would be no confusion occurring.
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2.3 Proof of main theorems

2.3.1 Closed subsets of a root system
Definition 2.3.1. A subset ¥ of the set of roots ® is called"

1. closed if a, p € VU implies {a + S} NP C U,
2. radical if ¥ N -V = (), and
3. parabolic if YU —-V¥ = &,

Being closed or radical are invariant under any Wy-action. An example of a radical closed
subset is any subset of all positive roots or Wy-conjugate of that. In fact, this is essentially
the only example.

Lemma 2.3.2. For a radical closed subset VU, there exists w € Wy such that ¥ C wd™.
Proof. [Sop02, Proposition 3] (cf. [Bou81, Ch.VI, §1.7. Proposition 22]) O

The following proposition is stronger than lemma 2.3.2 and crucial to generalize our work
to multiple critical strips case. The proof relies on the classification of parabolic subsets.

Proposition 2.3.3. Let ¥, C ¥, be two closed subsets of ® such that U, is radical and ¥,
18 parabolic. Then, there exists w € Wy such that

w¥, C dT C wl,.

Proof. We call a closed subset to be invertible if the complement (in the full ®) is also closed.
A parabolic subset is an invertible subset and all invertible subsets are Wj-conjugate to
QU (P \ @) where J C J' C S and JL(J'\ J) by [DCH94, Lemma 1 and Theorem 4].
Only when J = J', it is parabolic.

Hence, ¥, = wy(®* U ®7) for some wy € Wy and J C S. Now, consider wy ' ¥, N @,
which is radical because it belongs to a radcial subset wy'¥, and closed because it is the
intersection of two closed subsets. Hence, there exists w; € W such that w W, nd, cwy (I>}r
by lemma 2.3.2.

Note that U, C ¥, = wo(®* U P;) so that

wiwy W, = wi N wy T, N @) Uwy Hwg T, N (0T @F))

But from above the first part belongs to W;. The second set belongs to w; ' (®*+\ ®%) which
belongs to ®* as w, € W. Obviously, w; 'w, 'V, = w; ' (dT U ;) D d+. O

"The terms closed and parabolic are from [Bou81, Ch.VI, §1.7. Définition 4.] and the term radical is from
[DCHY94, 1.].
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Now, let @, be the set of positive roots a such that z € C,,,. The following is the most
important observation towards our main theorem.

Proposition 2.3.4. ®"\ &, is a radical closed subset.

Proof. 1t is enough to prove that U, satisfies the following:
for a,3 € ®*,if a + 5 € ¥, then a € ¥, or B € U,

However, for a positive root v, v € ¥, is equivalent to k(vy, t**w,) = k(v,7y,I) = 0. Applied
to vy = a+ 3, we get k(a+ 5, t'*w,) = k(v,a+v,8,I) = 0. Using corollary 2.2.6 (2) and that
t*»w, lies in the dominant Weyl chamber, we get k(a, t**w,) = k(5, t**w,) = 0. Moreover,
by corollary 2.2.6 (2) again, 0 = §,,6 + 0y, + 1 or 0 = 0y, + 0y, 5. Hence, 0, = 0 0r d,,5 =0,
that is, « € ¥, or g € V,. n

2.3.2 The set W,

We define W, mentioned in Conjecture 1.

Definition 2.3.5. Given x € W, the subset W, C Wy is the set of r’s such that
r(®t\ ®,) C o7,
or equivalently, by taking the negation and the complement, r—1d+ C &+ U —d,.

Remark 7. If z lies in a shrunken Weyl chamber then ®, = ), so W, = {Iy, }. For z lying in
exactly one critical strip, we have ®, = {a,} for some unique o, € ®*. In fact, it should be
a simple root by Theorem 2.4.1. Hence,

W,={reW,:r'ot c ®" U{—a,}} = {id, s, }

where s, is the simple reflection corresponding to «,.

We note that W, is not necessarily a subgroup, but the following lemma suggests some
structure on W,.

Lemma 2.3.6. The set W, is left-closed in the sense that if w € W, and {(sw) < {(w) for a
simple reflection s, then sw € W,.

Proof. We know that w can be written as sw’ where {(sw’) = f(w') + 1. Then w'~'1®*T =
wls(®1) = w NPT U{—a,} \{as}) = wdT U{—wa,}\ {was}. However, as w™ts < w™,
—wla, € &1 so that w T U{—wa,}\ {wa,} Cw'@TUIT CdTU—-D, asw e W,. [
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2.3.3 Lemma 2.2.14 in general

As before, b is basic. We will express x as v, t"*w, where v, € Wy is the unique element such
that v 'z is in the dominant Weyl chamber.

Lemma 2.3.7. If x is a (J,w),-alcove for a o-stable subset J of S, then o= (r)n,(x)r—t € W,
for some r € W,.

Similarly as before, we get the following corollary:

Corollary 2.3.8. Let x be an arbitrary element in W and b € G such that k(z) = k(b). If
supp, (072 (r)n,(x)r=t) =S for all r € W,, then X,(b) # 0.

Proof of lemma 2.5.7. Suppose that there exists a € w(®T\ @) such that v, 'a € —(®T\P,).
Then, by definition of ®,, —a satisfies k(—a, z) # k(—a,I), that is, k(a,z) # k(a,I). Hence,
k(v ta,t'=w,) > k(a,I) > —1 and so v, 'a should be a positive root as t'=w, is in the
dominant Weyl chamber. This contradicts to the assumption. Hence, v;'a € &+ U —®,.

This implies that v 'w(®T\ &) C &+ U -, or equivalently, &\ &, C v 'w(®TUD;).
By proposition 2.3.4, ¥, := &\ &, and ¥, := v, 'w(®" U P7) fit into the assumptions in
proposition 2.3.3 so that there exists r € Wy such that

r(®t\ ®,) C O Crv;lw(®@T U ;).

Taking the complement and the negation, we get rv; 'w(®T\®F) C &+ for some r € W, by def-
inition 2.3.5. Therefore, rv, 'w € W; for some r € W, and consequently o(w™)o(v,)o(r™) €
W as J is o-stable. Moreover, w™'v,w,o(w) € W; since x is a (J, w),-alcove. Multiplying
them together, we get rw,o(v,)o(r=*) € Wy so that o~ (r)n, (z)r~t € W,. O

2.3.4 Lemma 2.2.12 under some restriction
For r € W,, let us denote by J,, the o-stable subset supp, (07! (r)n,(x)r=1).
Lemma 2.3.9. z is a (J, ., v,771)-alcove.

Proof. The first condition of definition 2.2.8 can be checked easily because the finite part is
ruy Mo weo (v,r ) € Wy, . For definition 2.2.8 (2), we need to compare k(v,rta, vt w,)
and k(v,r ', I) for all @ € @\ @7 . The first one is k(r o, t"*w,) which is > 0 if
r~la € &+ and 0 > k(v,r o, I) always. Hence, we only need to consider the case r—lov € &~
However, r(®* \ ®,) C & implies (again by the negation complement) r~1®* C &+ U —,.
Therefore, we have r o € —®,. By the definition of ®,, we have the same k-values. ]

Proposition 2.3.10. Let x € W be an element with Ux)>0. If J.p #S for some r € W,,
then X,(b) = 0.
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Proof. By the previous lemma, z is a (J,.., vr~'),-alcove so [GHN15, Proposition 3.6.4] tells
us that

\%
VT.MI E QJ’V‘,I?Q'

Note that, inductively computing, when r =s;_---s;,,

k

Ty = Mg — Z<8i1 T Si o Qg Mi)az\g (24>
j=1

so that
V""/—L:c = V/»Lz - V<0417Nz>aY+"‘+<Sl"'Skflakvuz>al\g.

Assume that the expression of r is reduced, then s;, -+ - s;,_ ay; € ®*. Moreover, rs;, - i, Qu;
®~. Hence, s;, ---s;;,_,a;; € ®T N r~1®- C ®, implying that (s;, - - Si; Qi ) = 0 or 1.
Therefore, the o-average of the sum of coroots on the right hand side is bounded. However, for
x such that £(x) > 0, if p, = > . ¢;w,’, then >, ¢; > 0 and, by lemma 2.2.18, the coefficients

in the linear combination of coroots are large enough so that v, — VZLl(Sil-"sz'j_laij ), has

all positive coefficients. This is a contradiction. O
Combining proposition 2.3.10 and corollary 2.3.8, we get

Theorem 2.3.11. Let b € B(G) be basic and suppose that x € W satisfies k(b) = k(x) and
l(x) > 0. Then

X, (b) # 0 if and only if supp, (o (r)n,(x)r~1) =S for all r € W,.

Proof of Theorem 2.1.2. Note that Supp, () = S condition in theorem 2.1.2 (1) is satisfied
for o such that ¢(z) > 0. As there are only finitely many = with ¢(z) bounded by some
number, conjecture 1 holds. O]

Proof of Theorem 2.1.2 (2). If x = v,t"=w, is a translation element, we have w, = v;'. In

this case, ®, consists of & € ®T such that 0 < («, f1;) + 0p,a = Oy, SO that (o, ) = 0
and v, € @1 for all @ € ®,. For x = v,t'*, we have w, = I so that o € ®, satisfies
(a, fy) + 0o = 0y, SO that {a, p,) =0 and v, € OT as well.

Hence, in both cases, we do not have a € ®, such that (a, p,) = 1. Therefore, in the
proof of proposition 2.3.10, all the terms (s;, - - - 5;,_, v, , fiz)y are zeros. Therefore, v, is

J

dominant still so that J,, # S is a contradiction assuming X, (b) # 0. O

Proof of Theorem 2.1.3. By lemma 2.3.7 and lemma 2.3.9, x is a (J, w),-alcove if and only if
J = Jyz. Theorem 2.3.11 implies that, for ¢(z) > 0, X,(b) # 0 if and only if J,, = S for all
reW,. O]
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2.4 One critical strip

2.4.1 Finding a simple root
We will prove the following:

Theorem 2.4.1. Let b € B(G) be basic and x € W lie in exactly one critical strip C, for
some a € ®. Then v, 'a is a simple root and X, (b) # O if and only if kg(b) = kg(z) and

both supp, (1,(x)) and supp, (0~ (s.)n,(x)s,) are S,

where s, is the simple reflection corresponding to v 'a.

This is slightly stronger than Theorem 2.1.2 (1). More precisely, compared to Theorem 2.1.2
(1), Theorem 2.4.1 has additional claims that v, 'a is a simple root and has no restriction
‘supp, () = S’. In fact, one can easily show that v;'a must be a simple root (lemma 2.4.2)
from proposition 2.3.4. The absence of the restriction supp, (z) = S is the main reason why
Theorem 2.4.1 is stronger. It is explained in lemma 2.4.6.

Lemma 2.4.2. Suppose that x belongs to exactly one critical strip associated to a. Then,
vy ta is a simple root.

Proof. By proposition 2.3.4, ®, is a singleton such that ®* \ &, is closed. As simple roots
generate @, we know ®, should contain a simple root. O

We will denote by «, the unique positive simple root such that x € C,,_,, .

2.4.2 Lemma 2.2.12 for one strip
Here, we prove that if supp, (7, (2)) # S or supp,(s.n.(x)o(s,)) # S, then X, (b) = (.

Proposition 2.4.3. Under the assumption of theorem 2.4.1, if supp,(n,(z)) # S then
X.(b) = 0.

Proof. By Lemma 2.2.12, it is enough to show that v, # . We follow the strategy of
[GHN15, Proposition 3.6.5] here.

Let n be the order of Wy x (0) and suppose that v, is central. Then 0 = (v,,,[) =
Ly + o(pe) + -+ + 0™ (pa), B), but %(p,) are all dominant. Hence, if 3 is positive then
iz, B) = 0. Consider the case 8 being the maximal root, we get p, central. This implies
that w, = I and z = v,t*». Note that n,(x) = v,.

As we assume that there is only one critical strip containing z, it means that the
number of a € ®F such that k(a,v,t"*) = k(a,I) = 0is 1. But, k(a,v.t"*) = ,-1,.
It means that |®T N v, ®*| = || — {(v,) = 1 so that {(v,) = |®F| — 1. However, if
l(vy) < |@F | < |®F| — 1. O

supp,, (vz)

Now we consider the case supp, (0 (s.)7,(7)sz) # S.
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Lemma 2.4.4. Under the assumption of theorem 2.4.1, denote by J, the set supp, (0~ (8:)1,(7)sz).
Then x is a (Jy, V4Sz)o-alcove.

Proof. We have @, = {a,}, so s, € W, because 5,1t = " U {—a,} \ {a.}. Now, the
conclusion follows from lemma 2.3.9. O

Proposition 2.4.5. If J, # S in lemma 2.4.4, then X,(b) = 0.

Proof. x is a (J;,v,:8,),-alcove. Hence, it is enough to prove that

v =7, € Q) ®Q

leads to a contradiction where X' := s, u, following the proof of [GHN15, Proposition 3.6.4].
However, N = s, is either p, — o or u,. The latter case is already proved!'? in loc.cit..
Now, let us consider the case s;p, = p, — a. We have

= Vv
VSzle — c QJz,Q

Let @, be the fundamental coweights and w; be the fundamental weights. For simplicity,
denote by O the o-orbit of s, and by ap (resp. we or wy) the sum of the elements in the
o-orbit of a, (resp. we or wy).

Taking the inner product with we, we get 0 on the right hand side. On the left hand
side, we have (wo, Sypiz). It is (s,wo, ) = (Wo — g, fte) = (@We, tte) — 1. However, if
Uy = > c;w; where ¢; € Zxg.

Let D be the connected component containing . If we restrict to D of the value (we, 1,.),
we have (@, @, + >, ¢;@;). Note that (w;, @) is the (4, j)-entry of the inverse of the
Cartan matrix of D which are all positive. In most cases, this already exceeds 1 by [OV90,
Reference Chapter. §2. Table 2]. Note that (w,,wy) is the corresponding entry on the
diagonal of the inverse matrix.

There are two cases left in large: (w,,w)) =1 or (w,, w,) < 1. The first case is when
x is the unique vertex of degree=1 (with a single edge) in B>2, C>2, D4 or the middle
vertex of A3 = D3. The second case is when z is one of two degree=1 vertices in A,,. As they
contain a little tedious computation, we put it off to section 2.5.1. O

Combining proposition 2.4.3 and proposition 2.4.5, we get

X.(b) # 0 only if supp,(n,(x)) = supp, (0~ (s2)ns(2)s:) = S.

Proof of theorem 2.4.1. Note again that ®, = {«,} so that W, = {Iy,, s, }. Now, combine
corollary 2.3.8 and section 2.4.2. O]

12Note that, as mentioned before, the proof in loc.cit. is incorrect when referring to ‘Section 3.5 (2)’ and
you need to use lemma 2.2.17 instead.
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2.4.3 On the condition supp,(z) =S

Finally, the following lemma explains why the assumption sﬂﬁp/a(x) =S is not necessary in
Theorem 2.1.2 (1). Note that supp, (z) # S implies that v, is central.

Lemma 2.4.6. Let x be in exactly one critical strip and suppose v, is central. Then both
supp, (1, (z)) and supp, (0~ (s;)n,(x)s,) are S.

Proof. Note that v, = vy - V1,4, and v, zo(v,) = trew,o(v,) = 2o (n,(x))". Hence,
Ve o(ng(z)) 15 also central. On the other hand, similarly to corollary 2.2.16, we have
Vig — Vinso(ne(z)) € Q;/uppa(a(%(m)))@ by applying lemma 2.2.15. As pu, is dominant, v,
is dominant. If yu, is non-central, then v, is also non-central and so lemma 2.2.17 enforces
supp, (o(n,(x))) = S. Similarly as above, we have

Vst = Viow o sp0,0(0)(52) € Qouppy (320 (ne (2))0(52)).0°
However, t5= "= s,1w,0(v,)0(8,) = (v48,) ‘2o (v,8,), but v, is central so the second term is
central. We can now repeat the proof of proposition 2.4.5.

When p, is central, we have x = v,t**. We can repeat proposition 2.4.3 to show that
supp, (,(x)) = S. Moreover, the one critical strip assumption tells us that wov,! is a
simple reflection s (corresponding to o € ®T). Then, o, = v, 'a and so v,a, € T, that
is, £(vy8;) = €(vy) +1 = l(wy). Hence, v, = wys, and o7 (s,)n,(x)s, = o7 (s,)wy whose
support is S. n

2.5 Some computations and applications

In this section, we show computations for possibly exceptional cases (mentioned in proposi-
tion 2.4.5) when z belongs to exactly one critical strip. Moreover, we have some remarks on
type A, case and we prove Theorem 2.1.4.

2.5.1 Completion of the proof for the one critical strip case

Proof of proposition 2.4.5 (cont’d). We separate into two cases. (Note that we use [OV90,
Reference Chapter. §2. Table 2] here.)

Case 1-1. x is the vertex of degree 1 (with a single edge) in B, Czo, D>y4.

(w,,w,) is already 1. So, ¢;’s are all zero, that is, u, = w,/. For simplicity, we use the
notation *; instead of x, where * = s, a, " in this paragraph. For any positive root a with
no support at aj, we have = € C,_,, and {(a, @) = 0. So we have v,a € ®~ and w,'a € &+
by lemma 2.2.5. As x € C,,,, and (a1, @) = 1, we have v,ay € ®T and w;'a; € ®~.
Note that saa; = g + g is different from oy and in ®*. Moreover, (sya;, ;) = 1. Due
to the uniqueness assumption of critical strips, either v,(sea;) € @~ or w, (s2aq) € @1 by
lemma 2.2.5.

13Caution. This is not necessarily in the dominant Weyl chamber.
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1. The latter case: w,*(ay 4+ as) € T so that w,'s;a € T for all positive simple roots a.
Hence, w, = s; so that 07! (s1)n,(x)s1 = vs1. As J, =S\ O, v, € Ws\0s1. However,
Pt 3 v, € Weo(—aq) C @~ as 1 € O. Contradiction.

2. The first case: Apply the same argument to wov, instead of w;! and get v, = wys;.

Then o7 (s1)ny(x)s1 = 0~ (s1w, )wy. Consider o (wp)w, 's;a; which is in = by above,
but o(w)w, s € Ws\o so it should be a positive root which is a contradiction.

Case 1-2. x is the middle point in Aj.

{1, = wy . Similarly as before, v,a0 € ®F and w,'ay € ®. It means that w, € syWyy 3y or
w, = S3515352. Hence, syw, € Wy 3y or syw, = 51535 and o7 (82)N5 (7)) 89 = 07 (s2w, ) Uy So.
As it belongs to Ws\ o, we have v, € Ws\ps2 so that v,a, € &~ which is a contradiction or
vy € 55Ws\052. In the latter case, note that v, is supported at s; because v,a; € @~ and so
vz € @7 from v, € 55Ws\052.

Case 1-3. x is the vertex with an outward arrow in By = (.
May assume By and p, = wy. This is same as Case 1-1 as syaq = oy + Qig.

Case 2. x is a vertex of degree 1 in A,.

As the sum is 1, DN O = {x} necessarily and j, = @, 4w, where y is a vertex (possibly
in another connected component) of degree 1 not in O.

For simplicity, we will call D" the connected component containing w, and use @y
instead of @,/ and @,/ ,, instead of w,’. Moreover, o does not shuffle 1 and n in (distinct)
connected components.

1. The case D # D’: The proof is exactly the same as Case 1-1.

2. The case D = D": pu, = wy + w, in the same connected component. The proof is
similar. In a similar way, we have v,a € ®~ and w,'a € ®* for a not supported at
both a; and «,,. For a = a1, we have the opposite situation. For the remaining case, it
should not be the opposite situation.

The method is essentially the same. Note that the goal in the above was to show
that w, = sy or v, = wys;. Here, the goal is to show that w, = s;---s,, for some
m < n or v, = WSy, -5 for some m < n. Using that the roots are of the form
a; + a1 + -+ - + «;, one can prove that. We skip the proof.

]

2.5.2 Sharper bounds for Theorem 2.1.2 (3)

Denote by QY, the set of positive Q-linear sums of all simple coroots. Note that v,, € Q¥,
unless i, is central.
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Suppose that r € W, and s is a simple reflection such that sr € W, and sr > r.
Considering eq. (2.4), we know that sr-p =r-pu— (r~ta, p)a" where « is the simple positive
root corresponding to s. Moreover, as sr € W, (r~'a, u) = 0 or 1. Hence, as long as sr € W,
(assuming sr > 1), we know that sr -y is the same as r- por r-u— V.

Therefore, if v, € QY for some J C S and 7" € W, we can find a minimal 7o € Wy
such that £(r'ry ) + £(ry) = £(r") (so that ro € W, by lemma 2.3.6) and ¢ - u & QY in the
sense that sro - p € QY for any simple reflection s such that sry < ro. Note that it is not
necessarily unique and we make any choice.

The minimality assumption tells us that any reduced expression s;, - - - s;, of 7y has the
same s;, (the first simple reflection should be constant). Moreover, (s;, - -+ $;,_,Q, , ftz) = 1
considering eq. (2.4). Finally, supp(rg) should be connected. Now, the precise statement of
Theorem 2.1.2 (3) is the following.

Proposition 2.5.1. In type A,, suppose that i, € Q¥ and assume (w1, piz) > 1, (@, pz) > 1.
Then Conjecture 1 holds.

Proof. Let ry be a minimal element chosen before and m be the unique number such that
ro;, < 0. Similar to proposition 2.3.10, it is enough to show that rq - u, € Q;&@ is a
contradiction. Note that pu, € Q, so we can assume rq - i, € Q¥s- Due to the minimality of
9, we have that S\ supp(rg - ) = {m}. Moreover, for each i € supp(rg - i), o) -coefficient
of ro - pz is a positive integer. Therefore, if m # 1 or n, we have (ay,, 7o - 1) < —2. However,
o am € —®, so that (ry oy, 1) = —1 which is a contradiction.

When m =1 (resp. n), note that ro - p, € QY (where J =S\ {m}) is weakly dominant
in the sense of [Niel8, Proposition 3.1]. Therefore, ro - 1 and p fits into the setting in [Niel8,
Lemma 5.9] so that g — rg - p is the sum of some positive roots orthogonal to each other.
However, no two positive roots containing oy (resp. «,) can be orthogonal. This implies that
the o (resp. «,)-coefficient of p is either that of ry - u (which is 0) or one larger than that.
So it must be 1. This contradicts to the assumption. ]

We remark that the above proof works for D,, and E,, types but need one more assumption
that (w0, _1, ftz) > 1 where n — 1 is the vertex of degree 1 other than the vertices 1 and n.

2.5.3 Application: Cordial elements and generic o-conjugacy class

We will summarize some related facts first. For more details, we refer to [MV20].
Given x € W, let B(G), be the set of [b] € B(G) such that Izl N[b] # (). Then, B(G),

contains a unique maximal element called generic o-conjugacy class and denoted by [b,].
Definition 2.5.2 (Cordial element). x € W s called cordial if
l(x) = L(n(x)) = (2p, vz) — def (by),

where 2p s the sum of all positive coroots and def (by) is the difference between the rank of G
and Jy,, the o-centralizer of b, in G.
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As an example, x in the antidominant Weyl chamber is cordial by loc.cit. Theorem 1.2.
Lemma 2.5.3. Let x be a cordial element. Then, B(G), is saturated in the following sense:

Suppose that [bi], [ba] € B(G), satisfy [b1] < [ba]. Then, for any [b] € B(G)
satisfying [by] < [b] < [b2], we have [b] € B(G),.

Here, < is the partial ordering defined in B(G).

Hence, if the minimal and maximal elements are known, we have the full description of
B(G), which implies the complete classification of the nonemptiness of X, (b) for a fixed z.

Proof of Theorem 2.1.4. By [He21, Proposition 4.2], x = vt* for a dominant y is cordial and
the generic o-conjugacy class is [t#]. By lemma 2.5.3, we only need to describe the minimal
element in B(G),.

For a central x, we note that [t*] is the minimal among the elements whose image under
the Kottwitz map is kg (t#). As it is minimal and maximal at the same time, B(G), =
{[t"]} = B(G, ).

Let u be non-central. We proved &, = {a € &1 : (a, u) = 0 and va € ¢t} in the last
part of section 2.3.4. Hence, p is fixed by the reflection with respect to H, for a € ®,. Now,
we get

We={r=sm-s1€Wy:ay,s1q9, -, Sp_10m, € P, }
= {r € Wy : supp(r) C Wo(u) and vary, -+ , 081+ Spp_1t, € D1}
={r € Wo(u) : L(vr™) = £(v) + £(r)}

Now, by Theorem 2.1.2 (2), X,(by) # 0 for the basic element by, satisfying kg (z) = ka(bp)
if supp, (671 (r)ny(x)r~t) =S for all r € W,. In such a case, by lemma 2.5.3, B(G), = {[b] €
B(G) = [bo] < [b] < [ba] = [t"]} = {[b] € B(G) : [b] < [t"]} = B(G, ). 0
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Chapter 3

Connected components of affine
Deligne-Lusztig varieties

3.1 Introduction

3.1.1 Background

In [Rap05b], Rapoport introduced certain geometric objects called affine Deligne—Lusztig
varieties (ADLVs), to study mod p reduction of Shimura varieties. Since then, ADLVs
have played a prominent role in the geometric study of: Shimura varieties, Rapoport—Zink
spaces, local Shimura varieties and moduli spaces of local shtukas. Moreover, results on
connected components of affine Deligne-Lusztig varieties have found remarkable applications
to Kottwitz’ conjecture and Langlands—Rapoport conjecture, which describe mod p points
of Shimura varieties in relation to L-functions, as part of the Langlands program (for more
background on this, see for example [Kis17b]).

Although there have been many successful approaches [Vie08, CKV15, Niel8, HZ20a,
Ham?20, Nie21] to computing connected components of ADLVs in the past decade, as far
as the authors know, the current article is the first one that approaches the problem using
p-adic analytic geometry a la Scholze. As it turns out, the p-adic approach proves the most
general case of Conjecture 2 of [Hel8] and gives a new and uniform proof to all previously
known cases. More precisely, we use a combination of Scholze’s theory of diamonds [Sch17],
the theory of kimberlites due to the first author [Gle22b], the connectedness of p-adic period
domains [GL22a], and the normality of the local models [AGLR22, GL22b] to compute the
connected components of ADLVs. Just as diamonds are generalizations of rigid analytic
spaces, kimberlites and prekimberlites are the v-sheaf-theoretic generalizations of formal
schemes. Roughly speaking, they are diamondifications of formal schemes.

As is well-known to experts, affine Deligne-Lusztig varieties parametrize (at-p) isogeny
classes on integral models of Shimura varieties. As an application of our main theorems, we
deduce the isogeny lifting property for integral models for Shimura varieties at parahoric
levels constructed in [KP18]. Moreover, we give a new CM lifting result on integral models for
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Shimura varieties-which is a generalization of the classical Honda-Tate theory—for quasi-split
groups at p at connected parahoric levels. This improves on previous CM lifting results,
which were proved either assuming (1) Gg, residually split, or assuming (2) G unramified, or
assuming that (3) the parahoric level is very special.

As a further application, we prove that the Newton strata of the integral models for
Shimura varieties at parahoric level constructed in [PR21] satisfy p-adic uniformization, and
that the Rapoport—Zink spaces considered loc.cit. agree with the moduli spaces of p-adic
shtukas of [SW20] associated to the same data.

3.1.2 Notations

To not overload the introduction, we use common terms whose rigorous definitions we
postpone till later (§3.2). 5
We denote by ¢ the lift of arithmetic Frobenius to Q,. Let Z and K,, be Z,-parahoric group
schemes with common generic fiber a reductive group G. We let K, = K,(Z,), Z = Z(Z,)
and K, := K,(Z,). We require that Z(Z,) C K, and that Z is an Iwahori subgroup of G.
Fix S C G, a Qp-torus that is maximally split over Qp. Let T'= Z5(S) be the centralizer

of S, by Steinberg’s theorem it is a maximal Q,-torus. Let B C G@p be a Borel containing 7; 3,

which may be defined only over Qp. Let u € X (T) be a B-dominant cocharacter, and let

be G(Q,). Let W be the Iwahori-Weyl group of G over Q,. Let Adm(u) C W= I\G(Q,)/T
denote the p-admissible set of Kottwitz—Rapoport [KR00].

The (closed) affine Deligne-Lusztig variety associated to (G, b, u1), denoted as X, (b), is a
locally perfectly finitely presented [F,-scheme (see [Zhul7]), with F,-valued points given by:

X, (b) ={gZ | g~"bp(g) € T Adm(u)T}. (3.1)

By definition, X, (b) embeds into the Witt vector affine flag variety F¢;, whose F,-valued
points are the cosets G(Q,)/Z. We also consider the K,-version X +7(b) with [F,-points:

X (0) = {95, | 97"bolg) € K Adm(u) K} (3-2)

Let b € B(G) be the p-conjugacy class of b, and let g be the conjugacy class of p. Assume
b lies in the Kottwitz set B(G, u). Let p° € X, (T)§ denote the “twisted Galois average”
of p (see (3.17)), and let vy, € X,(T)§ denote the dominant Newton point. Recall that
b € B(G, p) implies that u® — v, is a non-negative sum of simple positive coroots with
rational coefficients. We say that (b, u) with b € B(G, u) is Hodge-Newton irreducible
(HN-irreducible) if all simple positive coroots have non-zero coefficient in p® — v,
Let I' and I denote the Galois groups of Q, and Qp respectively. Recall that the Kottwitz
map [Kot97b, 7.4] }
kgt G(Qp) = m(G)r (3.3)

induces bijections 7o (Fz) = mo(Fy ) = m1(G);. Moreover, it is known that the map induced
by kg on connected components of ADLV,

wg WO(XLC”(Z))) — m(G)r, (3.4)
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factors surjectively onto ¢, m1(G)¥ C 71 (G); for a unique coset element ¢, € m(G)r/m(G)Y

(see for example [HZ20a, Lemma 6.1]).

3.1.3 Main Results

In his ICM talk [Hel8], X. He underlines the study of connected components as an important
open problem in the study of the geometric properties of ADLVs. Moreover, He suggests the
following conjecture.

Conjecture 2. If (b, u) is HN-irreducible, the following map is bijective
wa ﬂo(Xfp(b)) — ¢, (G)Y
Our main theorem is the following (see Theorem 3.6.2).

Theorem 3.1.1. For all p-adic shtuka datum (G,b, ) and all parahoric subgroups K, C
G(Q,), Conjecture 2 holds.

To state the applications to the geometry of Shimura varieties, we shall also need the
following notations. Let (G, X) be a Shimura datum of Hodge type. Suppose G splits
over a tamely ramified extension'. We shall always assume p > 2 and p { |m(G9)[.2 Let
K, € G(Q,) be a connected parahoric subgroup®. By [KP18]?*, there is a normal integral
model Sk, (G, X), for the Shimura variety Shy, (G, X).

The following Corollary 3.1.2 is the parahoric analogue of [Kis17b, Proposition 1.4.4] and
can be obtained by combining our Theorem 3.1.1 with [Zho20, Proposition 6.5]. This is a
generalization of existing results in literature to K, arbitrary connected parahoric. Recall

that to any z € i (G, X)(F,), one can associate a b € G(Q,) as in [Kis17b, Lemma 1.1.12].

Corollary 3.1.2. Let K, be a connected parahoric. For any x € S, (G, X)(F,), there exists

a map of perfect schemes
Lot XN (b) — y,gzj’gp((;, X) (3.5)

preserving crystalline tensors and equivariant with respect to the geometric r-Frobenius.
The following Corollary 3.1.3(1) (resp. Corollary 3.1.3(2)) is a parahoric analogue to
[Kis17b, Proposition 2.1.3] (resp. [Kis17b, Theorem 2.2.3]) when Gg, is quasi-split, and can

be obtained by combining our Theorem 3.1.1 with [Zho20, Proposition 9.1} (resp. [Zho20,
Theorem 9.4]). Notations as loc.cit.

1
2

we expect that this condition can be relaxed using [KZ21].
we expect the same results to hold for p = 2, using similar ideas from [KMP16], which only addressed
the hyperspecial level integral models.

3Following [Zho20], we say that K, is a connected parahoric if it agrees with the stabilizer group scheme
of a facet in the Bruhat-Tits building.

4In [KP18], the authors construct parahoric integral models assuming that G, splits over a tamely
ramified extension. We expect that some of the technical conditions of our corollaries can be relaxed using
the constructions in [KZ21] or in [PR21].
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Corollary 3.1.3. Let G be quasisplit at p. Let G := K, be a connected parahoric. Let k C ]Fp
be a finite field extension of .

1. the map v, in (3.5) induces an injective map
ta t L(Q\XL7 (0)(Fy) x G(A}) = i, (G, X)(F,), (3.6)

where 1, s a subgroup of the automorphism group of the abelian variety (base changed
to F,,) associated to x fizing the Hodge tensors’.

2. The isogeny class Lw(X,pr(b)(Fp)) x G(A%)) contains a point which lifts to a special point
on S, (G, X).

Theorem 3.1.1 together with [Zho20, Theorem 8.1(2)] finish the verification of the He—
Rapoport axioms [HR17] for integral models of Shimura varieties.

Corollary 3.1.4. The He-Rapoport axioms hold for Fi, (G, X).

Moreover, we also obtain the following corollary by combining [HK19, Theorem 2] with
Corollary 3.1.2; which allow us to verify Axiom A loc.cit..

Corollary 3.1.5. Let G be quasisplit at p. Let K, be a connected parahoric. The “almost
product structure” of the Newton strata in S 5, (G, X) holds.

We refer the reader to [HK19, Theorem 2] for the precise formulation of the almost
product structure of Newton strata.

As yet another corollary, we remove a technical assumption from the following theorem
originally due to the third author [Xu21, Main Theorem]|°.

Corollary 3.1.6. Let G be quasisplit at p. Let KC,, be a connected parahoric. The normalization
step in the construction of Sk, (G, X) is unnecessary, and the closure model Y,C_p(G,X) is
already normal. Therefore we obtain closed embeddings S,k (G, X) — Sy e (GSp, S#).
As a further consequence, the analogous statement holds for toroidal compactifications of
integral models, for suitably chosen cone decompositions.

Also, we obtain the following corollary by combining Corollary 3.1.4 with [SYZ21, Theorem
C]. See loc.cit. for the definition of EKOR strata.

Corollary 3.1.7. Every EKOR stratum in Y;CP(G,X)FP is quasi-affine.

5As is standard in the theory of Shimura varieties, a Shimura variety of Hodge type carries a collection of
Hodge tensors that “cut out” the reductive group G. See 5 for more details

6The original version of this theorem is stated assuming G, residually split for integral models at
parahoric levels; at hyperspecial levels, this assumption is not necessary. We are now able to relax “Gq,
residually split” to “Gq, quasi-split” thanks to our main theorem 3.1.1.
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Remark 8. Our main theorem 3.1.1 is independent of the integral models of Shimura varieties
that one works with. For this reason, we expect our main theorems to have similar applications
as the above corollaries to the more general setup considered by Pappas—Rapoport [PR21].

Finally, we deduce that the Newton strata of the integral models of Shimura varieties
considered by Pappas—Rapoport [PR21, Theorem 4.10.6] satisfy p-adic uniformization with
respect to the local Shimura varieties /\/llgntbu of [SW20, Definition 25.1.1]. Let (p, G, X, K)
be a tuple of global Hodge type [PR21, §1.3], let .k denote the integral model of [PR21,
Theorem 1.3.2], let k an algebraically closed field in characteristic p and let zy € Yk (k).
Pappas and Rapoport consider a map of v-sheaves c : Rzg pzo gltbu [PR21, Lemma
4.1.0.2], where the source is a Rapoport—Zink space. Let the notations be as in [PR21,
Theorem 4.10.6, §4.10.2]. We verify Conjecture (U,) in [PR21, §4.10.2] and obtain the
following.

Corollary 3.1.8. (Corollary 3.6.3) The map ¢ : Rzg%xo — g“;w 18 an 1somorphism. Thus,
g]tbu is representable by a formal scheme Mgy, and we obtain a p-adic uniformization
isomorphism of Op-formal schemes

L(Q\ (Mg p, x G(AD)/KP) = (S @0, Of) jz0)- (3.7)

3.1.4 Rough Sketch of the argument

Many cases of Conjecture 2 have been proved in literature under various additional assump-
tions’, see for example [Vie08, Theorem 2], [CKV15, Theorem 1.1], [Niel8, Theorem 1.1],
[HZ20a, Theorem 0.1], [Ham20, Theorem 1.1(3)], [Nie21, Theorem 0.2].

Previous attempts in literature used characteristic p perfect geometry and combinatorial
arguments to construct enough “curves” connecting the components of the ADLV. In our
approach, we use the theory of kimberlites and their specialization maps [Gle22b], and
the general kimberlite-theoretic unibranchness result for the local models considered by
Scholze-Weinstein (see [SW20, § 21.4]) recently established in [GL22b, Theorem 1], to turn
the problem of computing 7o(X,? (b)) into the characteristic-zero question of computing
Wo(Sht(G,b,u,lcp))- We remark that when g is non-minuscule, diamond-theoretic considerations
are necessary, since the spaces Sht(g, . ,) are not rigid-analytic spaces. Moreover, even when
p is minuscule, the theory of kimberlites is necessary here because: although Shtg s ,..x,)
is representable by a rigid-analytic space, its canonical integral model is not known to be
representable by a formal scheme.

Once in characteristic zero, we are now able to exploit Fontaine’s classical p-adic Hodge
theory. In our approach, the role of “connecting curves” is played by “generic crystalline

"When G is split and K, is hyperspecial, [Vie08, Theorem 2] applies. When G is unramified, K, is
hyperspecial and p is minuscule, [CKV15, Theorem 1.1] applies. When G is unramified, K, is hyperspecial
and p is general, [Niel8, Theorem 1.1] applies. When G is residually split or when b is basic [HZ20a, Theorem
0.1] applies. When G is quasi-split and KC,, is very special, [Ham20, Theorem 1.1(3)] applies. When G is
unramified and KC,, is arbitrary, [Nie21, Theorem 0.2] applies.
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representations”, inspired by the ideas in [Chel4] (see §3.5.1). Intuitively speaking, the action
of Galois groups can be interpreted as “analytic paths” in the moduli spaces of p-adic shtukas.

More precisely, the infinite level moduli space Shtq .. Of p-adic shtukas can be realized
as the moduli space of trivializations of the universal crystalline G(Q,)-torsor® over the
b-admissible locus Grz of the affine Grassmannian [SW20]. Then rational points of GrZ give
rise to loops in Grz, which produce “connecting paths” inside any covering space over Grz
(in particular the covering space Shtgp 00). Thus it suffices to prove that the universal
crystalline representation has enough monodromy to “connect” Shtgp .. We can then
deduce our main theorem 3.1.1 at finite level Shtg, ,, , from the analogous result at infinite
level.

3.1.5 More on the arguments

We now dig in a bit deeper into the strategy for our main theorem 3.1.1, and sketch a few
more results that led to our main theorem.

To each (G, b, j1,I(Zy,)), one can associate a diamond Sht(g ., 7(z,)), Which is the moduli
space of p-adic shtukas at level Z(Z,) defined in [SW20]. In [Gle22a], the first author
constructed a specialization map

Sp - |Sht(G,b,u,I(Zp))| — |Xu(b)| (38)

By the unibranchness result of the first author joint with Lourengo [GL22b, Theorem 1.3],
and the construction of certain v-sheaf local model correspondence due to the first author
[Gle22a, Theorem 3], the specialization map induces an isomorphism of sets

sp : mo(Sht (G pu,z(z,)) X SPAC,) = mo(X,(D)). (3.9)

Therefore we have now turned the question on my(X, (b)) into a characteristic zero question
on the connected components 7o (Sht(c,p,,7(z,))) of the diamond Sht g, z(z,)), Wwhich we now
compute.

For this purpose, we make use of the infinite level moduli space Sht(gp u.0c) of p-adic
shtukas. Since Sht (g p...7(z,)) = Sht(cp.u,00)/Z(Zy), We have

mo(Sht(epuz(z,) = To(Sht(c,bpue0)) /[ Z(Zyp). (3.10)

Let G2 denote the adjoint group of G. Our main theorem 3.1.1 follows directly from
the following Theorem 3.1.9 whenever G* does not have anisotropic factors. When G4
is anisotropic, we give a separate argument (see the proof of Theorem 3.6.2). Let G° :=
G(Q,)/ Im(G*(Q,)) denote the maximal abelian quotient of G(Q,).

Theorem 3.1.9. (Theorem 3.6.1) Suppose that b € B(G, p) and that G** does not have
anisotropic factors. The following statements are equivalent:

8For local Shimura varieties coming from Rapoport-Zink spaces, this torsor corresponds to the local
system defined by the p-adic Tate module of the universal p-divisible group.
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1. The map we = mo(X (b)) = ¢, (G)T is bijective.
2. The map we : (X7 (b)) — a1 (G)Y is bijective.
3. The pair (b, p) is HN-irreducible.

4. There exists a field extension K of finite index over @p, and a crystalline representation

¢ : T — G(Q,) with invariants (b, p) for which G (Q,) N&(T'x) C GY(Q,) is open.
5. The action of G(Qyp) on Sht(gp u.00) makes mo(Sht(cp,00) X SPAC,) into a G°-torsor.

Remark 9. The implication (3) = (5) of Theorem 3.1.9 confirms almost all cases (excluding
the anisotropic groups) of a conjecture of Rapoport—Viehmann [RV14, Conjecture 4.30].
Moreover, we generalize the statement to moduli spaces of p-adic shtukas, instead of only for
local Shimura varieties as loc. cit.

Remark 10. The implication (3) = (5) of Theorem 3.1.9 is a more general version of the
main theorem of [Gle22a], where the first author proved the statement for unramified G, and
computed the Weil group and J,(Qp)-actions on mo(Sht(c p,u00) X Spd Cp). One should be
able to combine the methods of our current paper with those loc.cit. to compute the Weil
group and J,(Q,)-actions in the more general setup of Theorem 3.1.9.

3.1.5.1 Loop of the argument for Theorem 3.1.9

We now discuss the proof of Theorem 3.1.9. Using ad-isomorphisms and z-extensions (see
§3.3.7), we reduce all statements of Theorem 3.1.9 to the case where G4"—the derived subgroup
of G-is simply connected (see Proposition 3.6.7). In this case, G° = G**(Q,) and, using that
G has only isotropic factors, we prove the implications

1) = 2) = B) = @) = 6) = (1)

Let us explain the chain of implications. The implication (1) = (2) follows from [Hel6,
Theorem 1.1], which says that the map X,(b) — X,’fp(b) is surjective. We give a new and
simple proof of this result in Theorem 3.6.8, by observing that Sht ,.7(z,)) — Sht(apux,)
is automatically surjective. This again exemplifies the advantage of working on the generic
fiber (of the v-sheaf Shtl’fp(b)). For more details, see § 3.3.4. The implication (2) = (3)
follows from the HN-decomposition (Theorem 3.4.3) and group-theoretic manipulations
(Proposition 3.4.10).

The implication (3) == (4) follows from an explicit construction that goes back to
[Chel4, Théoreme 5.0.6] when G is unramified (Proposition 3.5.8). In §3.5.1, we push the
methods loc.cit. and generalize the result to arbitrary reductive groups G (see also §3.1.5.3
in this introduction).

The implication (5) == (1) follows from (3.9) (see also Proposition 3.3.7) and the
identification mo(Sht (g p,u,z(z,))) = To(Sht(cp,u,))/L(Zy). Indeed, using the map det : G —
G? := G /G, combined with Lang’s theorem, we reduce (5) == (1) to the tori case which
can be handled directly (see §3.6.1). For more details, see §3.6.6.
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3.1.5.2 Proof for (4) = (5) in Theorem 3.1.9

The core of the argument lies in (4) = (5). For simplicity, we only discuss the case where G
is semisimple and simply connected in the introduction (see §3.6.7 for the general argument).
In this (simplified) case, G° is trivial, thus it suffices to show that Sht(g,,,.) x SpdC,, is
connected. The first step is to prove that G(Q,) acts transitively on mo(Sht (g p,u,00) X Spd Cp)
(Proposition 3.3.10). This follows from the main theorem of [GL22a] (see Theorem 3.3.9).°
Let G, denote the stabilizer of & € mo(Sht(g p,u,00) X SpdC,). Since G(Q,) acts transitively,
it suffices to prove G, = G(Q,).

For this, it suffices to show that: (i) G, is open (see Lemma 3.6.11); (ii) the normalizer
N, of G, in G(Q,) is of finite index in G(Q,) (see Lemma 3.6.12). Indeed, since we assumed
that G is semisimple and simply connected with only isotropic factors, a standard fact from
[Mar91, Chapter II, Theorem 5.1] shows that G(Q,) does not have finite index subgroups.
Thus (ii) allows us to conclude that G, is normal in G(Q,). Moreover, the same standard
fact loc.cit. shows that G(Q,) does not have non-trivial open normal subgroups, therefore (i)
implies G, = G(Q,).

To prove that G, C G(Q,) is open, we use the Bialynicki-Birula map (3.37) and the
“admissible=weakly admissible” theorem [CF00]. Now, for (ii) we exploit that the actions
of J,(Q,) and G(Q,) commute. This, together with the key bijection of (3.9), allow us to
translate the general finiteness results of [HV20] into the finiteness of [G, : N,].

3.1.5.3 The Mumford-Tate group of “generic crystalline representations”

Let us give more detail on the construction used to prove the implication (3) = (4)
from §3.1.5.1. Fix a finite extension K/Q, with Galois group I'x := Gal(K/K), and let
¢ : 'k - G(Q,) denote a conjugacy class of p-adic Hodge-Tate representations.

Definition 3.1.10. Let MT, denote the connected component of the Zariski closure of
the image of € in G(Qy). This is the p-adic Mumford-Tate group attached to & which is
well-defined up to conjugation.

It follows from results of Serre [Ser79, Théoreme 1] and Sen [Sen73, §4, Théoreme 1] (see
also [Chel4, Proposition 3.2.1]) that £(I'x )NMT¢(Q,) is open in MT¢(Q,). Let u" : G,,, = G
be a cocharacter conjugate to . Suppose that (b, 1) defines an admissible pair in the sense
of [RZ96, Definition 1.18]. Since b € B(G, ), it induces a conjugacy class of crystalline
representations £, : I'x — G(Q,), and a p-adic Mumford-Tate group MT, ,») attached
to &p,um) (See Definition 3.5.1).

Let Fl, := G/P, denote the generalized flag variety. We say that p” is generic if the map
Spec(K) — Fl, induced by u" lies over the generic point.'® Our third main theorem is the
following generalization of [Chel4, Théoreme 5.0.6] to arbitrary reductive groups.

9Before [GL22a] was available, the argument for Theorem 3.1.9 relied on the results of [Ham20] which
are only available when G is quasi-split.
10this is possible since Q, has infinite transcendence degree over Q.
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Theorem 3.1.11. (Theorem 3.5.7) Let G be a reductive group over Q,. Let b € G(@p) and
u" G, — G as above. Suppose that b is decent, that " is generic and that b € B(G, w).
The following hold:

1. (b, ") is admissible.
2. If (b, p) is HN-irreducible, then MT, n) contains G.

Now, Theorem 3.1.9 has as corollary a converse to Theorem 3.1.11. The following gives a
p-adic Hodge-theoretic characterization of HN-irreducibility.

Corollary 3.1.12. (Proposition 3.5.10) Assume that G has only isotropic factors. If
MT ) contains G, then (b, p) is HN-irreducible.

Remark 11. Our Corollary 3.1.12 confirms the expectation in [Chel4, Remarque 5.0.5] that,
at least when G has only isotropic factors, HN-irreducibility is equivalent to having full
monodromy.

3.2 Group-theoretic setup

Given a group G, let G denote its derived subgroup, G*¢ the simply connected cover of
G and G* := G/G9. Since G2 is a torus, it admits a unique parahoric model denoted
by G2P.

We continue the notation from §3.1.2. Recall that S is a maximal split Q,-torus of G.
Let N = Ng(S) be the normalizer of S in G. Let Wy := N(Q,)/T(Q,) be the relative Weyl
group. Recall that T' = Zg(.5) is the centralizer of S. Let T denote its unique parahoric
model'!. Denote by W the Iwahori-Weyl group A/ (Q,)/T(Z,). There is a gp-equivariant
exact sequence ([HRO8b]):

0= X (T); =W =Wy — 1 (3.11)

Let A denote the apartment in the Bruhat—Tits building of GQp corresponding to S. Let
a C A denote the g-invariant alcove determined by Z(Z,). We choose a special vertex o € a,
and identify A with X,(T)! @ R = X,(T); ® R by sending the origin to o. Let B be the
Borel subgroup attached to a under this identification. Observe that the natural linear action
of o on X,(T)! is the gradient of the affine action of p on A. Let A C &+ C & C X*(T)
denote the set of simple positive roots, positive roots and roots attached to B, respectively.
The choice of o defines a splitting Wy — W, which may not be p-equivariant. Let p
denote the image of u in X,.(T);. For every element A € X,(T);, let ¢\ be its image in
W under (3.11). Let S be the set of reflections along the walls of a. Let W? be the affine
Weyl group generated by S. It is a Coxeter group. There is a g-equivariant exact sequence

([HRO8b, Lemma 14]):
15 W* 5 W = m(G) =0 (3.12)

HThis is the identity component of the locally of finite type Néron model of 7.
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This sequence splits and we can write W =W?x 7 (G)r. We can extend the Bruhat order

< given on W* to the one on W as follows: for elements (wi, ;) € W with i = 1,2, where
w; € W and 7; € m(G), we say

(w1, 1) = (wa, 72) (3.13)

if wy 2wy in W? and 14 = 7 € m(G);. By [Hail8, Theorem 4.2], we can define the
Kottwitz—Rapoport admissible set as

Adm(p) = {@ e W | & < tewitht( =ty forw € W} (3.14)

1. Let W2 denote the Twahori-Weyl group of G*. By [HROS8b, Lemma 15/*?, there exists
an element ufd € W such that w - ¢(0) = 0 and w* - p(a) = a. Conjugation by a lift of
w™ to G*(Q,) gives the quasisplit inner form of G, which we denote by G*. This defines
a second action o on G(Q,) (called the L-action), whose fired points are G*(Q,) and that
satisfies po(A) = A, po(0) =0, ¢o(B) = B.

2. Let i € X, (T)T be a dominant cocharacter. Denote by u* € m(G)r the image of p under
the natural projection X.(T) — m(G)r. As in [Kot97b, (6.1.1)], we define

[ = . ;1r ] Z v(p) € X(T)E, (3.15)
" ~eTr /Ty,

where the Galois action on X.(T) is the one coming from G*. Via the isomorphism X,.(T); ®
Q =~ (X.(T)®Q)! given by [u] — ﬁ > eryr, V1), we may write p° as follows (see [HN18,
A 4)):

1
T V;ﬂuv(u) (3.16)
mz%Z%@ (3.17)

Here N is any integer such that goév(ﬂ) =, and I, is the stabilizer of u associated to the
action by the inertia group. Alternatively,

<o 1 — i dom
e = NZ“’ (). (3.18)
0

Here A4 denotes the unique B-dominant conjugate of X for A € X,.(T) ® Q.

12More precisely, PV loc.cit. acts transitively on the set of special vertices and ¢ sends a special vertex o
to a special vertex. Thus PV and Wy together make it possible to find this element w?q.
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3. Recall that attached to b, there is a slope decomposition map
vp: D= Gy (3.19)

where D is the pro-torus with X*(D) = Q. We let the Newton point, denoted as vy, be the
unique conjugate in X.(T)g of (3.19). Recall that there is a Kottwitz map kg = B(G) —
™ (G)r [Kot97a, Kot97b].

Definition 3.2.1. Let b € B(G).

1. We write b € B(G, p) if i = ka(b) and p° — vy = Y cn Catt” with ¢, € Q and
Co > 0.

2. We say (b, p) is HN-irreducible (Hodge—Newton irreducible) if b € B(G, ) and ¢, # 0
for all a € A.

Definition 3.2.2. [RZ96, Definition 1.8] Let s € N. We say that b € G(Q,) is s-decent
if s - vy factors through a map Gn, — Gg , and the decency equation (bp)® = s - vp(p)p® is

satisfied in G(Qp) X {p). If the context is clear, we say that b is decent if it is s-decent for
some s.

4. If b is s-decent, then b € G(Qp:) and vy, is also defined over Qps, where Qs is the degree
s unramified extension of Q,. Moreover, for all b € B(G), there exists an s € N and an
s-decent representative b € G(Q,s) of b, such that v, = vy. Indeed, by [RZ96, 1.11], every b
has a decent representative. Moreover, we can choose s large enough such that G is quasisplit
over Qps, and then take an arbitrary s-decent element. Now, replacing b by a p-conjugate
in G(Qps) preserves decency and conjugates the map vy, thus we can assume without loss of
generality that vy is dominant.

Remark 12. One can define affine Deligne-Lusztig varieties over any local field F’, and the
statement of Theorem 3.1.1 is conjectured to hold in this generality. Our Theorem 3.1.1
holds when F' is a finite extension of Q,, via a standard restriction of scalars argument
(see for example [DOR10, §5&88]). It is not clear if our method goes through in the equal
characteristic case.

5. To conclude this background section, we briefly recall some notations (see for example
[Kis17b, (1.8.6)], [Zho20, Xu21]) for Corollary 3.1.5. Let k C T, be a finite extension of the
residue field kg of Eqy, where E = E(G, X) is the reflex field. For x € S, (G, X)(k), we
denote by I, C Autg(A, @ F,) (resp. I, C Autg(Ay)) the subgroup fizing the Hodge tensors
Saee for all  # p and the crystalline tensor s .. Let T be the Fp—pomt associated to x.
Recall that the (-adic tensors Sa . € Hi(Az, Q)% cut out a group inside GL(HZ, (Az, Q)
that is identifiable to Gg, via the level structure €f. Since the tensors sq . are fized by the
action of the geometric Frobenius v, on H} (Az, Qy), we can view y, as an element of G(Qy).
We denote by Iy, the centralizer of v¢ in G(Qy) and by I, the centralizer of v} for sufficiently
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large n (recall from [Kis17b, 2.1.2] that the centralizers of v} form and increasing sequence
and stabilizes for large enough n).

On the other hand, let ¢, be the p-divisible group associated to x. By [KP18], the
Frobenius on D(¥,) is of the form ¢ = d¢ for some § € G(Ky) let I, be the group over
Q, whose R-points are given by I,(R) := {g € G(W(k)[%] ®q, R)|lg'd0(g9) = 6}. The
following Corollary 3.1.3 is a parahoric analogue to [Kis17b, Propositions 2.1.5] when Gg, is
quasi-split.

Corollary 3.2.3. Let H? = [],,, I;x(Qr) N K? and H, = 1,(Q,) N G(W (k)). Then the

map (3.6) induces an injective map

I QN ] ] Zen(Qo)/Hy > H? = (G, X) (), (3.20)

where 1, is the analogue of I, for the abelian variety over k.
In particular, the left hand side of (3.20) is finite.

Proof. 1t follows by combining our Theorem 3.1.1 with [Zho20, Prop 9.1]. O

Corollary 3.2.4. For some prime { # p, I, o, = I, ®g Q¢ contains the connected component
of the identity in I,. In particular, the ranks of I, and G are equal.

Proof. Using Corollary 3.2.3, this follows similarly as [Kis17b, 2.1.7]. O

Corollary 3.2.5. (Corollary 3.1.3(2)) The isogeny class LI(XZLCP(Z)) (F,)) x G(Af)) contains
a point which lifts to a special point on i, (G, X).

Proof. This follows the outline from the proof of [Kis17b, Theorem 2.2.3], and can be
directly obtained by combining our Theorem 3.1.1 with [Zho20, Theorem 9.4]. Note that
Corollary 3.2.4 is the parahoric version of an ingredient crucially used in [Kis17b, Theorem
2.2.3]. O

3.3 (Geometric background

3.3.1 v-sheaf-theoretic setup

We work within Scholze’s framework of diamonds and v-sheaves [Sch17]. More precisely, we
consider geometric objects that are functors

F : Perfp, — Sets, (3.21)

where Perfr, is the site of affinoid perfectoid spaces in characteristic p, endowed with the
v-topology (see [Sch17, Definition 8.1]). Recall that given a topological space T, we can define
a v-sheaf T whose value on (R, R*)-points is the set of continuous maps | Spa(R, RT)| — T
We will mostly use this notation 7' for topological groups 7.
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Example 3.3.1. Z(Z,) and G(Q,) are the v-sheaf group objects attached to the topological

groups I(Z,) and G(Q,).

Conversely, to any diamond or v-sheaf F, by [Sch17, Proposition 12.7], one can attach an
underlying topological space that we denote by |F]|.

6. Recall that in the more classical setup of Rapoport-Zink spaces [RZ96], affine Deligne—
Lusztig varieties arise, via Dieudonne theory, as the perfection of special fibers of Rapoport-Zink
spaces. Moreover, the rigid generic fiber of such a Rapoport-Zink space is a special case of the
so called local Shimura varieties [RV14]. In this way, Rapoport-Zink spaces (formal schemes)
interpolate between local Shimura varieties and their corresponding affine Deligne—Lusztig
varieties. Or in other words, Rapoport-Zink spaces serve as integral models of local Shimura
varieties whose perfected special fibers are ADLVs. Moreover, by [SW20], the diamondification
functor

& - {Adic Spaces/ SpaZ,} — {v-sheaves/ Spd Z,}
X+— X©

applied to a local Shimura variety is a locally spatial diamond that can be identified with a
moduli space of p-adic shtukas (see §3.5.4).

Alternatively, one could consider the diamondification functor applied to the entire formal
schemes (such as Rapoport-Zink spaces), rather than only their rigid generic fibres. The
diamondification functor naturally takes values in v-sheaves, but contrary to the rigid-analytic
case, these v-sheaves are no longer diamonds. Nevertheless, the v-sheaf associated to a formal
scheme still has a lot of structure. Indeed, they are what the first author calls kimberlites
[Gle22a, Definition 4.35], i.e. we have a commutative diagram

{Adic Spaces/ SpaZ,} —° {v-sheaves/ Spd Z,}

I I (3.22)

{Formal Schemes/SptZ,} AN {Kimberlites/ Spd Z, }

Kimberlites share with formal schemes many pleasant properties that general v-sheaves do
not. Let us list the main ones. Let X be a kimberlite.

1. Each kimberlite has an open analytic locus X** (which is a locally spatial diamond by
definition), and a reduced locus X4 (which is by definition a perfect scheme).

2. Fach kimberlite has a continuous “specialization map” whose source is |X**| and whose
target is |X™4| (see 7 for details).

3. Kimberlites have a formal étale site and a formal nearby-cycles functor ([GL22b])

R\I,for . Dét<%an7A) N Dét(%rede).
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Although we expect that every local Shimura variety admits a formal scheme “integral
model” (see [PR22] for the strongest result on this direction), this is not known in full
generality. Nevertheless, as the first author proved, every local Shimura variety (even the more
general moduli spaces of p-adic shtukas) is modeled by a prekimberlite!® whose perfected special
fiber is the corresponding ADLV (see Theorem 3.3.5). We shall return to this discussion in
§3.3.4.

7. Recall that given a formal scheme X, one can attach a specialization triple (X,, X™,sp),
where X, is a rigid analytic space (the Raynaud generic fiber), X4 s a reduced scheme (the
reduced special fiber) and

sp @ | &, | — | (3.23)

1S @ continuous map.
Analogously, to a prekimberlite X [Gle22b, Definition 4.15] over Spd(Z,), one can attach
a specialization triple (X,, X™,sp) where

e X, is the generic fiber (which is an open subset of the analytic locus X* [Gle22b,
Definition 4.15] of X).

o X4 js a perfect scheme over I, (obtained via the reduction functor [Gle22b, §3.2]) and
e sp is a continuous map [Gle22b, Proposition 4.14] analogous to (3.23).

For example, if X = X for a formal scheme X, then X is a kimberlite, and we have X, = Xno,
xred = (xredypert gnd the specialization maps attached to X and X agree, i.e. we have the
following commutative diagram.:

X, | —— | %, |
spl lsp (3.24)

| Xred | = | %red |

8. A smelted kimberlite is a pair (X, X) where X is a prekimberlite and X C X* is an open
subsheaf of the analytic locus, subject to some technical conditions. This is mainly used when
X =X or when X is the generic fiber of a map to SpdZ, that is not p-adic.

Given a smelted kimberlite (X, X) and a closed point x € |X™|, one can define the tubular
neighborhood X¢ ([Gle22b, Definition 4.38]). It is an open subsehaf of X which, roughly

speaking, 1s given as the locus in X of points that specialize to x.

13In fact, we expect moduli spaces of p-adic shtukas to be modeled by kimberlites, but for our purposes
this difference is minor, as the specialization map is defined for both kimberlites and prekimberlites.
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3.3.2 B;R—Grassmannians and local models

Let Grg be the Bj,-Grassmannian attached to G [SW20, §19, 20]. This is an ind-diamond
over Spd @p We omit G from the notation from now on, and denote by Gr, the Schubert
variety [SWZO Definition 20.1.3] attached to G and p. This is a spatial diamond over SpdE
where £ = E - Qp and F is the field of definition of pu. Now, Gr, contains the Schubert cell
attached to i, which we denote by Grj,. This is an open dense subdiamond of Gr,.

Let Gry, be the Beilinson-Drinfeld Grassmannian attached to K,. This is a v-sheaf that

is ind-representable in diamonds over Spd Zp, whose generic fiber is Grg, and whose reduced
special fiber is fé,ép. Let My, ,, be the local models first introduced in [SW20, Definition
25.1.1] for minuscule p and later extended to non-minuscule p in [AGLR22, Definition 4.11].

A priori, these local models are defined only as v-sheaves over Spd Op, but when g
is minuscule, My, , is representable by a normal scheme flat over Spec O by [AGLR22,
Theorem 1.1] and [GL22b, Corollary 1.4]'. Moreover, in the general case, i.e. y not necessarily
minuscule, My, , is a kimberlite by [AGLR22, Proposition 4.14], and it is unibranch by
[GL22Db, Theorem 1.2]. Let A, , denote the y-admissible locus inside FZy. (see for example
[AGLR22, Definition 3.11]). This is a perfect scheme whose F,-valued points agree with
K, Adm(p)K,/K,. The generic fiber of M K, 18 Gr,, and the reduced special fiber is Ay, ,
by [AGLR22, Theorem 1.5].

3.3.3 Functoriality of affine Deligne—Lusztig varieties

The formation of affine Deligne-Lusztig varieties is functorial with respect to morphisms of
tuples (G, by, p1, K1 p) — (Ga, ba, 12, Ko ). More precisely, we have the following lemma.

Lemma 3.3.2. Let [ : Gy — G5 be a group homomorphism such that by = f(by), po = fou
and f(Ki,p) € Kop. Then we have a map X (by) — Xp27(by) that fits in the following
commutative diagram:

X (by) —— X2 (by)

l l (3.25)

Flg, , — Flg,,

Proof. This follows directly from the definitions and from Lemma 3.3.3. m
Lemma 3.3.3. f(lél,p Adm(,ul)léLp) Q Iég,p Adm(/ljg)]ég’p.

Proof. We give a geometric argument. Let My, ., and My, ., denote the v-sheaf local
models in [AGLR22, Definition 4.11]. Since f(K;,) C Ky, we have a morphism of parahoric
group schemes Ky, — Ky,. By the functoriality result of v-sheaf local models [AGLR22,

14Representability is proved in full generality in [AGLR22] and normality is proven when p > 5. In [GL22b]
normality is proved even when p < 5.
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Proposition 4.16], we obtain a morphism My, ., — Mk, 4, of v-sheaves. Moreover,
by [AGLR22, Theorem 6.16], we know that My, . & C Fl; ., consists of Schubert cells

parametrized by Adm(y;). More precisely, My, .5 (F,) = K;p Adm(s1;)K;/Kip. There-
fore, the existence of the map of perfect schemes M,y 5, = Mi,, 5, immediately

implies that f(KCy, Adm(uy)Ky,) € Kap Adm(p9)Ka,. O
Lemma 3.3.2 is most relevant in the following situations:
1. When G; = Gy, f =id, and Ky, C Ky,
2. When Gy = G5 and K, is the only parahoric of the torus G§°.
3. When Gy = G1/Z, where Z a central subgroup of G and Kq ), = f(K1,).
To simplify certain proofs, we will also need the following statement.
Lemma 3.3.4. Suppose G = Gy X G, b= (b1,b2), p = (pt1, p2) and K, = IC; X ICZ. Then
X (b) = X0 (br) x X (ba).

Proof. This follows directly from the definition. m

3.3.4 Moduli spaces of p-adic shtukas

9. Recall from [SW20, §23] that to each (G, b, 1) and a closed subgroup K C G(Q,), one can
attach a locally spatial diamond Sht . k) over Spd E, where E = Qp E and E is the reflex
field of p, i.e. Sht(ap i) 15 the moduli space of p-adic shtukas with level K.

This association is functorial in the tuple (G, b, u, K), i.e. if f : G — H is a morphism of
groups, we let by := f(b), uy := fop and we assume f(K) C Ky, then we have a morphism
of diamonds

Sht(G,b,u,K) — Sht(HJ?H,uH,KH)' (326)

1. When H = G?, f = det : G — G®" is the natural quotient map, and Ky = det(K) =
K®, we let b* := det(b), p® := det ou, and the morphism (3.26) in this case is called
the “determinant map”

det : Sht(G,b,u,K) — Sht(Gab’bab’p‘ab,Kab). (3.27)

2. When H = G, f =1id, and the inclusion K1 C Ky is proper, we have a change-of-level-
structures map:
Sht(G,b,u,Kl) — Sht(G,b%Kg) (3.28)

10. For parahoric levels K, Sht(qs,,k,) s the generic fiber of a canonical’® integral model,

which is a v-sheaf Shtfp(b) over Spd O defined in [SW20, §25]. In [Gle22a, Theorem 2], the

Bcanonical in the sense that Shtf 7 (b) represents a moduli problem.
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first author proved that Shtfp(b) is a prekimberlite (see [Gle22b, Definition 4.15]). Moreover,
by [Gle22a, Proposition 2.30], its reduction (or its reduced special fiber in the sense of [Gle22b,
§3.2]) can be identified with X);*(b). Furthermore, the formalism of kimberlites developed
in [Gle22b] gives a continuous specialization map which turns out to be surjective (on the
underlying topological spaces).

Theorem 3.3.5. [Gle22a, Theorem 2] The pair (Shtl’f”(b),Sht(G,b,#,Kp)) is a rich smelted

kimberlite'®.  Moreover, Sht/’fp(b)red = Xfp(b). In particular, we have a surjective and
continuous specialization map.

Sp * |Sht(g,px,)| — |X,’fp(b)y. (3.29)

11. Now we recall the infinite-dimensional local model diagram of [Gle22a, Theorem S*7. It

has the form
/ \ (3.30)

(Sht?(b) x Spd OF)2 (M, . x Spd Op)?

—

where x € X} (b)(kp), y € Ai, u(kr), and the maps f and g are Ly, G-torsors for a certain
infinite-dimensional connected group v-sheaf L}, G.
Theorem 3.3.6. [GL22b, Theorem 1.3] For any parahoric K, C G(Q,) and any field

extension E C F C C,, the tubular neighborhoods of (My, , < Spd Op, Gr,, x Spd F') are
connected.

Using (3.30) and Theorem 3.5.6, one can show that the specialization map (3.29) induces
a map mo(sp) on connected components.

Proposition 3.3.7. For any parahoric K, C G(Q,) and any field extension ECFC C,,
the map

To(sp) : To(Sht( pu,k,) X SPAd F) = Wo(Xfp(b)) (3.31)
15 bijective.
Proof. Recall that by [Gle22b, Lemma 4.55], whenever (X, X) is a rich smelted kimberlite,

to prove that
To(sp) : mo(X) — mo(X™9) (3.32)

16The term “rich” refers to some technical finiteness assumption that ensures that the specialization map
can be controlled by understanding the preimage of the closed points in the reduced special fiber.

1"We warn the reader that this local model correspondence does not agree with the more classical local
model diagrams considered in the literature.
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is bijective, it suffices to prove that (X, X) is unibranch'® (in the sense of [Gle22b, Definition
4.52]), i.e. tubular neighborhoods are connected. By Theorem 3.3.5, (Sht/’fp(b), Sht (G b, k,)) 18
a rich smelted kimberlite, and thus it suffices to prove that (Shtfp(b) x Spd Op, Sht (G p.u,k,) X
Spd F) is unibranch, i.e. their tubular neighborhoods are connected.

By (3.30), it suffices to prove that the tubular neighborhoods of (M, ,, x Spd O, Gr,, x
Spd F') are connected, which follows from Theorem 3.3.6. O

With a similar argument as in Lemma 3.3.3, one can prove that the formation of Shtfp(b)
is also functorial in tuples (G, b, p1, IC,).

Lemma 3.3.8. Let f : G1 — Gy be a group homomorphism such that by = f(b1), p2 = f o
and f(K1,p) C Kap. Then we have a map

Sht) 1 (by) — Shty 7 (by) (3.33)

of v-sheaves. Moreover, taking the reduction functor [Gle22b, §3.2] of map (3.33) induces the
map X (by) — X2 (by) of Lemma 3.5.2.

Proof. The first statement follows from the definition of Shtl’fll’p(bl) (see for example [Gle22a,
Definition 2.26]) and from Lemma 3.3.3. By [Gle22a, Proposition 2.30], we have the identity
X, ,’f”(bz) = Shtﬁ?vp(bi)red, with ¢ € {1,2}, where the right-hand side is the reduced special

fiber (more precisely, it is the image under the reduction functor defined loc.cit.). O]

As a special case, if we fix a datum (G,b, 1) and two parahorics K1 C Ky of G(Q,), we
have a map

]Cl ’CQ
Sht* (b) — Sht*= (b) (3.34)

of v-sheaves. On the generic fiber, the map (3.34) gives the change-of-level-structures map
of (3.28). After applying the reduction functor to the map (3.34), we recover the map
X/ (b) = X32(b) from Lemma 3.3.2 applied to scenario (1).

3.3.5 The Grothendieck—Messing period map

Recall that given a triple (G, b, i), there is a quasi-pro-étale Grothendieck—Messing period
morphism (see for example [SW20, §23]):

mam : Shtp o) X SpdCp, — Gr, x Spd C,,. (3.35)

Now, the b-admissible locus Grz C Gry, can be defined as the image of mqm. Note that
Gri x SpdC, C Gr, x SpdC, is a dense open subset. Moreover, there is a (universal)
G(Qp)-torsor Ly, over Grf“ such that for each finite extension K over E and z € GIZ(K ),
x*y is a crystalline representation associated to the isocrystal with G-structure defined

18The definition of unibranchness, or alternatively topological normality, for smelted kimberlites is inspired
by a useful criterion for the unibranchness of a scheme (see [AGLR22, Proposition 2.38]).
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by b (for more details see for example [Gle21, §2.2-2.4]). The map in (3.35) can be then
constructed as the geometric G(Q,)-torsor attached to Ly, i.e. Sht(qp ,,0) is the moduli space
of trivializations of IL,. The first author together with Lourenco prove the following theorem
using diamond-theoretic techniques.

Theorem 3.3.9 ([GL22a]). Let (G,b,n) be a p-adic shtuka datum with b € B(G, p). The
b-admissible locus Grz x Spd C, is connected and dense within Gr, x SpdC,.

From this we deduce the following.
Proposition 3.3.10. The G(Q,)-action on mo(Sht(g b0y X SpdC,) is transitive.

Proof. Note that my commutes with colimits. This gives an identification mo(Sht(c p,u,00) ¥
SpdC,)/G(Q,) = WO(GrZ x Spd C,). From which we deduce that G(Q,) acts transitively on
WO(Sht(G,b,,u,oo) X Spd (Cp> ]

We also get the following result which from a different perspective is much harder to
obtain.

Corollary 3.3.11. For any point x € Sht(g,.x,)(C,) the map:
G(Qy)/Ky *5 Shtica i, (Cy) > X7 (b)(F)

induces a surjection G(Q,)/K, — (X7 (D).

Proof. Let & € Sht(gp,u,00)(Cp) be any lift of 2 and consider the following diagram:

9—g-Z

G(Qp) e Sht(G’,b,u,oo)<Cp> E— WO(Sht(G,b,M,oo) X Spd (Cp)

| | |

Kp—g-x
e Sht(G,b,p,ICp<(cp) EE— WO(Sht(G,b,,u,ICp X Spd Cp)

G(Qy)/Ky —

the map G(Qp) — mo(Sht(cpu,00) X SPAC,) is G(Qp)-equivariant and by Proposition 3.3.10
surjective. The right arrow is also surjective since the map of spaces Sht(gp ,00) X Spd C, —
Sht(G buic,) X SpdC, is a Kp-torsor. Finally, by Proposition 3.3.7 the map G(Q,)/K, —

7o (X ff (b)) is surjective since it is the composition of two surjective maps. O

3.3.6 The Bialynicki-Birula map

Recall the Bialynicki-Birula map (see [SW20, Proposition 19.4.2]) from the Schubert cell Gr,
to the generalized flag variety Fl, := G/P,

BB : Gr% — Fl,. (3.36)



CHAPTER 3. CONNECTED COMPONENTS OF AFFINE DELIGNE-LUSZTIG
VARIETIES 46

In general, the map (3.36) is not an isomorphism (it is an isomorphism only when p is
minuscule), but it always induces a bijection on classical points, i.e. finite extensions F' of E
(see for example [Vie21, Theorem 5.2]).

Let Flzdm C F1, denote the weakly admissible (or equivalently, semistable) locus inside

the flag variety [DORI10, §5], and let GrZ’b = Grj, N Grz. By [CF00], we have a bijection

BB : GrZ’b(F) = Flde(F) for all finite extensions F of E. Moreover, (3.36) fits in the
following commutative diagram:

0,b o
Gru —_— GrM

BBl lBB (3.37)

adm
FII —— Fl,.

3.3.7 Ad-isomorphisms and z-extensions

Definition 3.3.12. [Kot97a, §4.8] A morphism f : G — H s called an ad-isomorphism if f
sends the center of G' to the center of H and induces an isomorphism of adjoint groups.

An important example of ad-isomorphisms are z-extensions.

Definition 3.3.13. [Kot82, §1] A map of connected reductive groups f : G' — G is a
z-extension if: f is surjective, Z = Ker(f) is central in G', Z is isomorphic to a product of
tori of the form Resp, g, G, for some finite extensions F; C @p, and G' has simply connected
derived subgroup.

Lemma 3.3.14. Let f : G — G be a z-extension and b € B(G, p).

(1) There exist a conjugacy class of cocharacters fi and an element b € B(G, 1) which, under
the map B(G, 1) — B(G, w), map to p and b, respectively.

(2) ¢;;m(G)7 — c,m(Q)T is surjective.

Proof. (1) Let T C G be a maximal torus and 7' C G its preimage under f. Let Z = Ker(f).
We have an exact sequence .
0=>Z—->T—-T—=0 (3.38)

Since Z is a torus, we have an exact sequence:

0— X.(Z) = X(T) - X.(T) =0 (3.39)

In particular, we can lift g to an arbitrary fi € X,(T). To lift b compatibly, it suffices to
recall from [Kot97b, (6.5.1)] that

B(G, p) = B(G™, u*) = B(G, jx). (3.40)
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(2) Recall that the map G(Q,) — m(G)7 is surjective (see for example [Zho20, Lemma
5.18]). Indeed, this follows from the exact sequence

0— T(Zy) = T(Qp) = m(G); — 0 (3.41)

and the group cohomology vanishing H*(Z, T(Zp)) = 0, where 7T is the unique parahoric of T
and the Z-action on T (Z,) is given by the Frobenius . Consider the following commutative
diagram:

G(Qy) — m(G)f

| | (3.42)

G(Qy) — m(G)f

The horizontal arrows in (3.42) are surjective. Since Z is an induced torus, H}, (SpecQ,, Z) =
0. Thus by the exact sequence of pointed sets that

0—-2Z—G—G—0, (3.43)

induces, the map G(Q,) — G(Q,) is surjective. Therefore m(G)7 — m(G)Y is surjective.

Finally, since b and £z map to b and p, the coset ¢; ;71 (G)T also maps to the coset ¢, ,m1(G)7.
[

Assume that f is an ad-isomorphism for the rest of this subsection. Let by := f(b) and
g = fopu. Let ICf denote the unique parahoric of H that corresponds to the same point
in the Bruhat-Tits building as /C,,.

Proposition 3.3.15. The following diagram is Cartesian:

o( X7 (b)) —— c,mi(G)f

l l (3.44)

’CH
To(Xu” (b)) —— Cogurm (H)7

Proof. This is a consequence of [PR22, Lemma 5.4.2], which is a generalization of [CKV15,
Corollary 2.4.2] for arbitrary parahorics. O
3.4 Hodge—-Newton decomposition

We can classify elements in B(G, p) into two kinds: Hodge-Newton decomposable or inde-
composable.
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Definition 3.4.1 (Hodge-Newton Decomposability). Assume b € B(G,u). We say b
is Hodge-Newton decomposable (with respect to M) in B(G, ) if there exists a ypg-stable
standard Levi subgroup M containing M, , and

,u° — Vp € QZOAX/[' (345)
If no such M exists, b is said to be Hodge-Newton indecomposable in B(G, ).

Example 3.4.2. A basic element b is always HN-indecomposable in B(G, p) since M,, = G.

For a HN-decomposable b in B(G, u), affine Deligne-Lusztig varieties admit a decompo-
sition theorem (Theorem 3.4.3). More precisely, suppose b is HN-decomposable with respect
to a Levi subgroup M. Let P be the standard parabolic subgroup containing M and B. As
in [GHN19, 4.4], let B¢ be the set of p-stable parabolic subgroups containing the maximal
torus T and conjugate to P. Given P’ € B¥ let N’ be the unipotent radical, and M’ the
Levi subgroup containing 7" such that P’ = M'N’. We let /CZJ,W denote the parahoric group

scheme of M’ such that ICZ]?W(QP) — K, N M'(Q,). Let Wy be the subgroup of W, generated
by the set of simple reflections corresponding to IC,. Let W} be the p-invariant elements of
Wix. We have the following.

Theorem 3.4.3 ([GHN19, Theorem A]). Let b € B(G, u) be HN-decomposable with respect
to M C G. Then there is an isomorphism

’CIM’
XN (b) ~ |_| X7, (bpr), (3.46)
=M'N’
where P’ ranges over the set L /W
Note that the natural embedding
Ky K
¢P’ : XMP/ (bp/) — Xup<b) (347)

is the composite of the closed immersion Fﬁ,qyf — Flx, of affine flag varieties and the map

gK, — hpgK,, where hp € G(Q,) satisfies bpr = hptbo(hp) ([GHN19, 4.5]).
By the following lemma, we may assume-without loss of generality in the proof of
Proposition 3.4.10-that each (bpr, pupr) is HN-indecomposable.

Lemma 3.4.4 ([Zho20, Lemma 5.7]). There ezists a unique po-stable M C G such that, for
each P' appearing in decomposition (3.46), bp: is HN-indecomposable in B(M', pp:).

Example 3.4.5. When G* is simple, b is basic and p is not central, then b is Hodge-Newton
irreducible (Definition 3.2.1) in B(G, p) because if a linear combination of coroots is dominant
then all the coefficients are positive.
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Example 3.4.5 shows that, except for the “central cocharacter” case, HN-indecomposability
is the same as HN-irreducibility whenever b is basic. The general version of this phenomena
is Proposition 3.4.6 below, which asserts that the gap between HN-indecomposable and
HN-irreducible elements consists only of central elements.

Proposition 3.4.6 (cf. [Zho20, Lemma 5.3]). Suppose that G = G and that G is Q,-simple.
Let b € G(Qp) and v a dominant cocharacter, such that b € B(G,pu). Suppose (b, ) is
HN-indecomposable. Then either (b, ) is HN-irreducible or b is p-conjugate to some iﬂ with
i€ X.(T)r central.

Moreover, when b is p-conjugate to tﬁ for a central u, the connected components of affine
Deligne-Lusztig varieties have been computed in Proposition 3.4.7 below. Note that if u
is central, there is a unique b € B(G, u). Moreover, this b is basic and represented by iﬂ,
which is a lift of t; to NV (Qp). We can then apply the following result.

Proposition 3.4.7 ([HZ20a, Theorem 0.1 (1)]). Suppose that G** is Q,-simple. Letb € G(Q,)
be a representative for a basic element b € B(G). If p is central and b € B(G, p), then
I . .
X7 (b) is discrete and
X, (b) = G(Qy)/Ky(Zy). (3.48)

12. Next we show that HN-irreducibility is preserved under ad-isomorphisms and taking
projection onto direct factors. Let f : G — H be an ad-isomorphism. Let by := f(b) and
pug = po f. Let Ty denote a mazimal torus containing f(T). By functoriality, we have

commutative diagrams
f

X (T) —— X, (Ty)
l l (3.49)
7T1(G)F —_— 7T1(H)F
and
B(G) —— B(H) B(G) —— B(H)
l l l (3.50)
m(G)p —— m(H)r X (T)§ — X.(1)§

We have the following.

Proposition 3.4.8. Let b € B(G, ) and let f be an ad-isomorphism. Then (by, py) is
HN-irreducible if and only if (b, ) is HN-irreducible.

Proof. Since b € B(G, ), we have kg(b) = u° (see 2). By (3.49) and (3.50), we have
ki (by) =y Moreover, we can write

p— vy = Z cat”, (3.51)

acdt
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where ¢, > 0. On the other hand, note that f.(u® —wp) = p% — p,,. Since f is an
ad-isomorphism, f.(a") = a. Thus we have py — Vb, = Y cp+ Ca@”, and hence by €
B(H, py). Now, each (by, ppr) is HN-irreducible if and only if (b, p) is, since this is in turn
equivalent to ¢, > 0 for all a € @, O

13. Let G = G1 X Gg, thenT = T1 XTQ, B(G) = B(Gl) X B(GQ), 7T1(G)F = 7T1(G1)F ><7T1(G2)F
and X.(T) = X.(Th) x X.(T3). In this case, the Kottwitz and Newton maps 3 can be computed
coordinatewise.

Proposition 3.4.9. The following hold:
1. b € B(G, ) if and only if each b; € B(G;, p;) fori € {1,2}.
2. (b, u) is HN-irreducible if and only if each (b;, ;) is HN-irreducible for i € {1,2}.

Proof. The condition kg (b) = p* can be checked component-wise. Moreover, since y°® — vy, =
(1S — Vb1, 45 — Vbo), verifying whether it is a non-negative (resp. positive) sum of positive
coroots (see Definition 3.2.1) can also be done component-wise. O

Proposition 3.4.10. Assume G®! has only isotropic factors. If the Kottwitz map w :
o(X (D)) = ¢,m(G)Y is a bijection, then (b, p) is HN-irreducible.

Proof. By Proposition 3.4.8, Proposition 3.4.9, Lemma 3.3.4 and Proposition 3.3.15, we may
assume without loss of generality that G is adjoint and Q,-simple. We prove by contradiction
and assume that (b, p) is not HN-irreducible.

(I) If b is HN-decomposable in B(G, p), then by Theorem 3.4.3, we have

m(X.0) = || m(X.L (be)). (3.52)

Plepe /Wi

Thus by Lemma 3.4.4, we may assume that each bp is HN-indecomposable in B(M’, jupr).
Recall from (3.47) that for each P" € ¥ /W we have an embedding ¢p Xﬁ}{’/ (bpr) — X, (b),
which induces a map
mo(6p)  o( Xy, (b)) = mo(X,u(D)). (3.53)
The disjoint union over P' € ¥ /W in (3.53) gives the bijection (3.52).
Consider ¢ : M'(F) — G(F). Let ¢ : m(M'); — m(G); be the induced map, which then
induces a map 7 : m (M')¥ — m(G)Y. By [Kot97b, 7.4], the following diagram commutes:

%

( p) M 7T1(M/)1
l l” (3.54)
Q
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Denote by +4,, : m(G)r — m1(G)r the addition-by-r¢g(hp/) map. Then (3.54) shows that
+hp 0 tr sends ¢y, 0, (MY to ¢, m (G)T. Moreover, we have the following commutative
diagram

mo(XM (bpr)) =5 chyp i (M')§

wo((ﬁy)j lJth,ou (3.55)

7o (X (D)) w—:> b umi(G)7

Here the surjectivity of wy, follows from [HZ20a, Lemma 6.1]. Now, if the lower horizontal
arrow wg is a bijection, then the upper horizontal arrow wj; should also be a bijection.
Moreover, this implies that +_,0¢7 is injective, which then implies that 7 : m (M')7 — 71 (G)7
is injective. This contradicts Lemma 3.4.11.

(II) If b is HN-indecomposable in B(G, p), by Proposition 3.4.6, we may assume that p
is central and b = t;. We now show that m(X,(b)) — m1(G)Y is not bijective.

By Proposition 3.4.7, there is a bijection mo(X, (b)) ~ G(Q,)/K,(Z,). Since G is not
anisotropic, there exists a non-trivial Q,-split torus .S, and we can consider the composition

of maps

S(Qp) = G(Qp) = G(Qp)/Ky(Zy). (3.56)
Since S(Q,) N KC,(Z,) is compact, we have S(Q,) NK,(Z,) C S(Z,). Therefore, we obtain an
injective homomorphism

Xa(9) = 5(Qp)/5(Zy) = G(Qp)/ Kp(Zp). (3.57)
Since G is adjoint, m (G)Y is finite. However, X, (S) is infinite, thus the map wg : mo(X (b)) —
m(G)¥ cannot be bijective. We have a contradiction. ]

Now we finish the proof of Proposition 3.4.10 by proving the following lemma.

Lemma 3.4.11. Let G be adjoint and Q,-simple. Let P C G be a proper parabolic defined
over Q, with Levi factor M. The natural map 17 : m(M)¥ — 7 (G)7 is not injective.

Proof. Recall that (m1(G)r); ~ m(G)r. We prove by contradiction and assume that the
natural map ¢f : m(M)¥ — 71 (G)Y is injective. In particular, m(M)7 @ Q — m(G)7 @ Q is
also injective. Via the “average map” under p-action, we have

m(=)f ©Q =~ (M (=) ©Q=m(-)reQ=m(-) ®Q. (3.58)
If /¥ is injective, we deduce that the natural map
m(MFeQ— m(G)r ®Q (3.59)
is injective. Let M C P C G be the corresponding parabolic subgroup. Let p = > aV¥ €
aEdDp

X.(T) denote the sum of coroots of P. Now, 6p is I'-stable since P is defined over Q,.
Moreover, its image under the natural projection map qas : X (7)) — m (M) is I'-stable. One
can check that ¢y (0) # 0 in 7 (M)'' ® Q. Since gg(6p) = 0 in m(G), the map in (3.59) is
not injective. We have a contradiction, this proves that ¥ is not injective. O]
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3.5 Generic Mumford—Tate groups

3.5.1 Mumford—Tate groups of crystalline representations

We will use the theory of crystalline representations with G-structures (see for example
[DOR10]). Let Repg be the category of algebraic representations of G in Q,-vector spaces.
Let Isoc be the category of 1socrystals over IF

Fix a finite extension K of Qp Let Rep”ls be the category of crystalline representations
of 'k on finite-dimensional Q,-vector spaces. Let w : RepCrlS — Vecq, be the forgetful fibre
functor. Let IsocFil, 10, be the category of filtered isocrystals whose ob jects are pairs of an

isocrystal N and a decreasing filtration of N ® K. Furthermore, let IsocFil®4 K3, be Fontaine’s
subcategory of weakly admissible filtered isocrystals [Fon94]. This is a Q,-linear Tannakian

category, which is equivalent to Rep‘“”ls through Fontaine’s functor Vs [CFO00].

14. Fiz a pair (b, u") with b € G(@p) and p" : G, = Gg a group homomorphism over K.
This defines a ®-functor
Goumy : Repg — Isockily 5 (3.60)

sending p : G — GL(V) to the filtered isocrystal (V @ Q,, p(b)o, Fil}, V ® K), where the
filtration on V @ K is the one induced by pu". The pair is called admissible [RZ96, Definition

1.18], if the image of G my lies in IsocFﬂ??/Q Moreover, when b € B(G, ), Vais ©

Gwum) defines a conjugacy class of crystalline representations &, my : ' — G(Qp) [DORI0),
Proposition 11.4.3].

Definition 3.5.1. With notation as above, let MT 4, ) denote the identity component of the
Zariski closure of p,um(Ui) in G(Qp). This is the Mumford-Tate group attached to (b, ™).

Theorem 3.5.2. ([Ser79, Théoréme 1],[Sen73, §/, Théoréme 1], [Chel4, Proposition 3.2.1])
The mmage of §u,umy contains an open subgroup of MT 4 ny.

15. As in [Chel4, §3], we let fc“s = G (Repg) and Fpmy = Varis © G my (Repg) be

(ban) *
the images of Repg. Then MT, my is the Tannakian group for the fiber functor w @ Ty my —

Vecg, by [Chels, Proposition 3.2.3).

In [Chell, §3], there is a fiber functor wy : Zgrlfn — Vecg,. for s sufficiently large!?,

with Tannakian group MTEZIZf = Aut®w, as in [Chel), Définition 3.3.1]. When b is s-

decent (see Definition 3.2.2), there is a canonical embedding MT((”rls W € Go,. [Chel{, Lemme

3.3.2]. Moreover, MTEZIS ,f) and MT, my ®q, Qps are pure inner forms of each other [Chel4,
Proposition 8.5.3]. Both claims follow immediately using Tannakian formalism. In particular,

to prove that MT, ,n) contains G, it suffices to prove MT‘E?Z’% contains Gder (since G4
is normal).

CI‘]S S

9Note that our notation w, differs from the notations loc.cit., where the notation Wy, is used instead.
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16. In fact, there is a more concrete description of MT((:Zii’,f) given as follows.

Let (V,p) € Repg. The p'-filtration of Vi induces a degree function
deg,, : V\ {0} = Z, (3.61)

where deg,,,(v) =i if v € F11 2V Fll’HV We shall consider a subset Vi k,, CV®Qp of
elements that satisfy a certam Newton equation” (3.62) and a certam Hodge equation”
(3.63) with respect to k.

Let T3 2V @ Qps — V @ Qps be the operator with formula

T3 = pols- () (3.62)

Consider also the function d, ., : V @ Qps \ {0} — Z where

Bov) = 3 de (o (D)6l (). (369

We consider the following subset of V & Qs given by

VSk?

(b -

(v) =p"v, d; 0 (v) =k} (3.64)

By [Chel4, Proposition 3.5.6], MT‘(:ZiZ,f) consists of those elements g € Gg,. such that: for

any (V,p) € Repg and any k € Z, all of the elements v € V‘Z’kn are eigenvectors of ,0( ). In

particular, to prove Gder C MT?ZIS;? it suffices to prove that Gders acts trivially on Vb oy Jor
all V and k.

3.5.2 Generic filtrations

17. Asin [Chel4, §4], we give a representation-theoretic formula for d;, ., when p" is generic.
In our case, G is not assumed to be neither unramified nor quasisplit.

We first recall some generalities, which we will apply later to Gg,. for s-sufficiently
large such that Go,. is quasisplit. Until further notice, K will denote an arbitrary field of
characteristic 0, G a quasisplit reductive group over K, and pu a conjugacy class of group
homomorphisms p : G,, = Gg. Let E/K be the reflex field of p. Since G is quasisplit, we
can choose a representative p € p defined over E such that it is dominant for a choice of
K -rational Borel B C G. To this data, we can associate a flag variety F1, := Gg/P, over
Spec(E) as in (3.36). It parametrizes filtrations of Repe of type p. Given a field extension
K'/K, x € F1,(K') and (V, p) € Repg, we obtain a filtration Fil} Vi as in [Chel4, Définition
4.1.1].
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Definition 3.5.3 ([Chel4, Définition 4.2.1]). With the setup as above, let

FilLVg:=| () FiliVe (3.65)
z€F1,(E)
FILV:=Vn| () FilVve]|. (3.66)
2€F1, ((E)

We refer to (3.65) (resp. (3.66)) as the generic filtration of Vg (resp. V') attached to
(resp. p).

18. FEach step of WHV s a subrepresentation of V. Moreover,

FILV=vn[ () ploFilVz | . (3.67)

gEG(E)

This filtration WLV gives rise to a degree function d_egu : V\{0} — Z which can be computed
as:

deg,,(v) = infyeq(m) deg, (p(g) - v). (3.68)
Let K' be an arbitrary extension of K.
Definition 3.5.4. We say that a map Spec(K') — Fl, is generic if, at the level of topological

spaces | Spec(K')| — | Fl, |, the image of the unique point on the left is the generic point of
Fl,.

The following statement relates ﬁ;v (see (3.66) or (3.67)) to the generic points of F1,
in the sense of Definition 3.5.4.

Proposition 3.5.5 ([Chel4, Lemme 4.2.2]). Let u” : Spec(K') — Fl, be generic (in the
sense of Definition 3.5.4). Then for all i € Z, we have

Fil,V =V NFil}, Vi, (3.69)
where the inclusion V CV Qg E CV @k K’ is the natural one.

Proof. The following proof is in [Chel4, 4.2.2]. We recall the argument for the convenience
of the reader. Note that we do not assume G split over K, which is the running assumptions
in loc.cit.

Let Y, be the the universal P,-bundle over Fl, = Gg/P, coming from the natural map
to [*/P,]. Consider the vector bundle £ := ;)7“ Xp,, V, with a filtration

. .DFIPEDFIINED---DFI"ED ...
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of locally free locally direct factors of the form JNJM X p, p Fil*V, where Fil*V is the natural
filtration of V' by subrepresentations of P,.
We may regard elements v € V' as global sections of £, and we have that

v € FILV < v € ker (I'(FL,, £/FiI'E) — T'(Spec k(z), E/FI'E)) .

The vanishing locus of such an element is a Zariski closed subset, and it contains the generic
point if and only if it contains all the F-rational points. Thus WNV =VnN Fﬂfw Vir. O

19. We need a more easily computable description ofm;v. In [Chel4, Proposition 4.3.2],
there is such a description assuming that G is split over K. We now prove a generalization
i the quasisplit case.

Let ' denote the Galois group of K. We fix K-rational tori S CT C B C G where
S is maximally split and T is the centralizer of S. Recall that, by combining the theory
of highest weights and Galois theory, one can classify all irreducible representations of a
quasisplit group by the Galois orbits O C X, (T)t of dominant weights. Given X € X, (T)¥,
let Oy =Tk - A\ denote its Galois orbit. We also consider O:\E =Ig-A. Given a I'e-Galois
orbit (resp. Tp-Galois orbit) O C X, (T)* (resp. OF C X, (T)*%), let Vo (resp. Vor) denote
the O-isotypic (resp. OF -isotypic) direct summand of V' (resp. Vg). We have

Vo @x K =P V2. (3.70)
A€O
AeOF

Where V7 is the A-isotypic part of Vg. Let O € (X.(T)H)"™ (resp. (X.(T)§)'*) be given by

O = ﬁ Y>> A When Oy =Tk - A\, we have
€O

Or= e 3 ) (372

s Tl YET /Ty

Analogously, we have O_:\E = myerz/r v(A)). Let W denote the absolute Weyl group of
E A
G. Let wy € W be the longest element, which is Ik -invariant.

Proposition 3.5.6. Let the setup be as above. For any (V,p) € Repg, the generic filtration
attached to p is given by the formula:

—k

FlLV= & Vo, (3.73)
AeXL (T
((’)f()‘),wo.u)Zk
r€Gal(E/K)
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Proof. Since Fil,, V' consists of subrepresentations, it suffices to show that

Vo, CFILLV <= k < (0%, wo.p) V7 € Gal(E/K). (3.74)
Let us first prove “=". Let V.= @ V, be the decomposition of p|r. Over an
o€lrrep(T)
algebraic closure, each V,, decomposes as V, = @@ V), for some x € X*(T).
X' €0y
Observe that ﬁZV - Fil’j(u) Vi for all 7 € Gal(E//K), and by definition we have

Fill Ve = @B Vo (3.75)
(T () 2k,
XEX™(T)

In particular, the anti-dominant weights appearing in Vo, pair with 7(u) to a number greater
than or equal to k. In other words, k < (wq.§, 7(1)) for wg.§ € Oy, .1, but then pairing 7(u)
with their ' g-average wo.Oy will still be greater than or equal to k, i.e. k < (wo.OF 7(p)) =

<Of&)\)a w0M> :
Thus .
Fl,LVvc @ Vo (3.76)
AEXH(T)T
<%,wo-u>2k
r€Gal(E/K)

Let us now prove “<=". Suppose k < (wo.OF, 7(p)) for all 7 € Gal(E/K), this implies

that for at least one wy.£ € OF , we have k < (wo.§,7()). Since (-, ) is I'g-equivariant,

k< (wo.&, 7(w)) for all we.§ € OF . We can view wy.£ as a cocharacter of T and V,,, ¢ C

wo.)\'
Fﬂ]j(u)v. Consider W; := VE( the isotypic part of Vz associated to the highest weight
representation of £ on an algebraic closure of K. If x is a weight appearing in W, then
k< (wo.§, (1)) < (x,7(n)), and thus We C Fil’j(u)Vf(. In particular,

WE::< b Wg)FE (3.77)

wo .56050)\
==k

is a subrepresentation of Fﬂf( ) Vg defined over . Thus Wy C F ilT( u

Then W := @, cqum/x) T(Wr) is contained in

)V for all 7 € Gal(E/K).

==k
(| Fi,)Ve (3.78)
TeGal(E/K)

and the Gal(F/K)-fixed points of W are contained in
=k —k
FiL,V=vn (1 Fil,Ve
r€Cal(E/K)

But WSalE/K) =V, | proving the claim. O
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3.5.3 Mumford—Tate group computations

The goal of this section is to prove Theorem 3.5.7 (or Theorem 3.1.11 in the introduction).

Let G be a reductive group over Q,. Let K be a finite extension of Qp. Letbe G (Qp) be
decent (Definition 3.2.2) and u" : G, — Gk be generic (Definition 3.5.4) with p”7 € p. As
before, let u € X,.(T)" be the unique B-dominant cocharacter of p.

Theorem 3.5.7. Suppose that b is decent, u" is generic and b € B(G,u). The following
hold:

1. (b, ") is admissible.
2. If (b, ) is HN-irreducible, then MT, m) contains G

Proof. We fix s large enough so that b is s-decent, G is quasisplit over Qs and splits over a
totally ramified extension of Qs that we denote by L. Recall that replacing b by g~ *bp(g)
and p by g~'p"g gives isomorphic fiber functors G, my (see (3.60)). Moreover, via this kind
of replacement, we can arrange that v, = 14, as in 4. Note that this replacement preserves
genericity of u".

(1) The argument in [Chel4, Théoréme 5.0.6.(1)] goes through in our setting. Indeed, the
only part in the proof loc.cit. using that GG is unramified is to justify that Flzd # () whenever
b € B(G, p), but this is true by [DORI10, Theorem 9.5.10] in full generality.

(2) Let (V,p) € Repg and let v € V(wa) as in (3.64). By 16, it suffices to show that
p(g)v =wv for all g € G?ers. Over L, we can write v = > vy where A, C X*(T)*, vy € V*

XEA,
and vy # 0. Since v is defined over Qps, we have y(vy) = v,y for v € T'g,. .
Given O € IrrepGQpS, let v = . (%;A vx. We have vo € Vg,.. By Proposition 3.5.6 and
€OCA,
Proposition 3.5.5, we can write -

dog(v) = Ao, (0) (3.79)
= infyea, deg, (vo, ) (3.80)
< Tog, (vo,) (3.81)
= infreca(e/K) (%, wo - 1) (3.82)
< (O, wo - ) (3.83)
= (wyp - )"H>’ (3.84)

Here (3.79) follows from Proposition 3.5.5. Since each step of ﬁ;‘/ is a subrepresentation of

V', in order for v € ﬁﬁv, each vp, has to be in ﬁ;v, and hence (3.80). Inequality (3.81)
follows from the definition of infimum. (3.82) follows from Proposition 3.5.6, and the fact

that
Vo, = Z vor, - (3.85)

reGal(E/K)
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Since the average is smaller than the infimum, (3.83) follows. Finally, (3.84) follows from
equivariance of the pairing (-, -) with respect to the I'x-action, and invariance of the pairing
under the wy-action.

Write v* = (p(b)g)™v. Therefore, we have the following formula

d5 (v Z deg, ((p(b)¢)'v) (3.86)

s—1

= infrea, deg,, (v),) (3.87)
=0
s—1

< (O (yaom, wo - 1) (3.88)
=0
s—1

=D {wo- "N, p) (3.89)
= (wo - ph(N), 1) (3.90)

= 2w A, 0p(p)) (3.91)
=s-(wy- A\ p°) (3.92)

Equality (3.86) follows from the definition in (3.63). By Proposition 3.5.6, we obtain
(3.87). Inequality (3.88) follows from the inequalites (3.79) through (3.84) above. Since
A € A, we have p!(\)d™ € A,:. Equality (3.89) follows from equivariance of (,) under the
Galois action and wy-action. Equality (3.90) follows from the definition of ¢y in (1). Since
T is pg-stable, (3.91) follows from equivariance of (,) under the gg-action. Equality (3.92)
follows from the definition of u°® (see (3.17)).

Since v € V(zkn by (3.86) through (3.92), we have £ < (wy - A, u°) for all A € A,. On the

other hand, over L, we have a decomposition v = > v,. Since we have arranged that
XEX*(T)
Vp = Up, by (3.62) and (3.64) we have

T3 (v Z Ti(v) = Y poelu (3.93)

XEX*(T XEX*(T)

The assumption v € VZ’ 1) forces x to satisty (x,s - ) = k for all x where v, # 0. In
particular, since wp - A < x when V¥ C V2, we have (wg -\, vp,) < k for all A € A,. Therefore
(wo - A\, pu® — vp) < 0. Since (b, p) is HN-irreducible, we have (wo A oY) =0 for all o € A.
Therefore, the action of G on V* is trivial for all X € A,. Thus we are done with the proof
of (2) in Theorem 3.1.11. O
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Proposition 3.5.8. Let (G, b, 1) be a local shtuka datum over Q, with (b, w) HN-irreducible.

There exists a finite extension K over Qp containing the reflex field of w, and a point
x € GrZ(K) whose induced (conjugacy class of ) crystalline representation(s)

Pz - FK — G<@p)
satisfies that p,(Lx) N G (Q,) is open in GI(Q,).

Proof. Recall from [Gle22a, Proposition 2.12] (see also [Vie2l, Theorem 5.2]) that the
Bialynicki-Birula map BB in (3.36) induces a bijection of classical points. Therefore it suffices
to construct the image BB(z) € F1,, which corresponds to constructing a weakly admissible
filtered isocrystal with G-structure.

By Lemma 3.5.9, we can take BB(x) = u" to be generic (Definition 3.5.4). By Theo-
rem 3.5.7(2), MT, ;) contains G, By Theorem 3.5.2, the image of the generic crystalline
representation &,y contains an open subgroup of MT ), thus containing an open subgroup
of Gder, O

Lemma 3.5.9. There exist a finite extension K over Q, and a map u" : Spec(K) — Fl,
such that [p"| : {*} — | Fl, | maps to the generic point.

Proof. Recall from [Chel4, Proposition 2.0.3] that the transcendence degree of @p over Q,
is infinite. By the structure theorem of smooth morphisms [Stal8, Tag 054L], one can find
an open neighborhood U — F1, that is étale over A&p. On the other hand, one can always

find a map Spec(Qp) — A&p mapping to the generic point by choosing n trascendentally

independent elements of (@p. Its pullback to U is an étale neighborhood of Spec((@p) that
consists of a finite disjoint union of finite extensions K of Q,. Any of these components will
give a map to the generic point of Fl,. O

The following is a partial converse to Theorem 3.1.11, and it follows directly from
Theorem 3.6.1.

Proposition 3.5.10 (Proposition 3.5.10). Assume that G* has only isotropic factors. If
MT ) contains G, then (b, p) is HN-irreducible.

Proof. It G4 C MT;,,n), then by Theorem 3.5.2 there exists a finite field extension K over

Qp, and a crystalline representation £ : 'y — G(Q,,) with invariants (b, ) whose image in
G (Q,) is open. Indeed, we can let K be generic as in Definition 3.5.4. The result follows
from the equivalence (3) <= (4) in Theorem 3.6.1. O

3.6 Proof of main theorems

The first goal in this section is to prove the following main theorem:
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Theorem 3.6.1. Suppose that b € B(G, u) and that G* # {e} does not have anisotropic
factors. The following statements are equivalent:

1. The map we : mo(X, (D)) — ¢, m1(G)Y is bijective.
2. The map we : (X7 (b)) — b, (G)Y is bijective.
3. The pair (b, p) is HN-irreducible.

4. There exists a finite field extension K over @p, and a crystalline representation & :
'k — G(Q,) with invariants (b, p) whose image in G (Q,) is open.

5. The action of G(Q,) on Sht(g o) makes mo(Sht(a pu00) X Spd Cp) into a G°-torsor.
The second goal in this section is to prove the following corollary of Theorem 3.6.1.

Theorem 3.6.2. Let G be arbitrary. Suppose that (b, p) is HN-irreducible, then the Kottwitz
map we : wo(Xn" (b)) — b, (G)T is bijective.

The proof of the above main theorems proceeds as follows and will occupy the rest of
section 3.6. We first prove a modified version of the statement in the case of tori (see
§3.6.1, Proposition 3.6.4, Lemma 3.6.5). We then use z-extensions and ad-isomorphisms to
reduce the proof of Theorem 3.6.1 and Theorem 3.6.2 to the case where G = G*¢ (see
Proposition 3.6.7). We prove the circle of implications of Theorem 3.6.1 in this case. Then,
we deduce Theorem 3.6.2 from Theorem 3.6.1 whenever G has no anisotropic factors. Finally,
we deduce Theorem 3.6.2 in the anisotropic case.

Before we dive into the proofs of Theorem 3.1.1, we deduce Corollary 3.6.3 below. Let
(p, G, X, K) be a tuple of global Hodge type [PR21, §1.3], let .#k denote the integral model
of [PR21, Theorem 1.3.2], let k an algebraically closed field in characteristic p and let
xo € Sk (k). Pappas and Rapoport consider a map of v-sheaves c : RZg pro ./\/lg‘tb# [PR21,
Lemma 4.1.0.2], where the source is a Rapoport—Zink space and the target is another name
for Shtg(b) ie. Mg, = Shtg(b). Let the notations be as in [PR21, Theorem 4.10.6, §4.10.2].

Corollary 3.6.3. The map c : F{Zgw0 — Mg, is an isomorphism. Thus, Mg  is

representable by a formal scheme Mgy, ., and we obtain a p-adic uniformization isomorphism
of Op-formal schemes

L(Q\ (Mg p, x G(AD)/KP) = (S Do, Of) jz0)- (3.94)

Proof. It suffices to verify condition (U,) in [PR21, §4.10.2]. Throughout the argument, we
let the notations be as in [PR21, §4.8]. By [PR21, Proposition 4.10.3 and Lemma 4.10.2.b)],
c: RZg, pro & &%, 15 an open and closed immersion, and it suffices to check that for every
x € mo(Mgh,,) there is y € wo(RngO) with ¢(y) = z. Let & € .7k (Fz,) be a Ej -valued
point of Sk specializing to zo with [Ej, : E] < co. Such a point exists by flatness of .Sk over
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Zyy. By Serre-Tate theory, Ty induces a canonical point in gy € RZ%L(%)(EU}O), which overall

induces a point %, € RZg uxo(Eio)- Recall that to any element of g - G(Z,) € G(Q,)/G(Z,)
we may attach a point in g - 7y € /k(C,) by acting through at-p G-isogenies. Analogously,
for every h - H(Z,) € H(Qp)/H(Z,) we get an element h - §o € RZy,(2,)(Cp), and we get a
commutative diagram:

G(Qp)/g(zp) B RZQ,u,xo(CP) E— yK((Cp)

l | l

H(Qy)/H(Zy) —225 RZp1,00)(C,) —— Ay (C,)

Moreover, we get a further compatibility

G(Q,)/6(Z,) % M,

J» /

RZY

G, 1,0

where GMj, is the map G(Q,)/G(Z,) — Mg, (Cp) = Shtapugz,)(Cp) induced from
choosing an identification of the fibers of the Grothendieck—Messing period morphism
G(Qp) = man(men(20)) € Sht(gppuee)(Cp) (see §3.3.5). It suffices to prove that GMj, :
G(Q,)/G(Zy) — mo(ME,,) is surjective, but this is precisely the content of Corollary 3.3.11.

[

3.6.1 The tori case

When G = T is a torus, there is only one parahoric model that we denote by 7. The tori
analogue of Theorem 3.6.1 is as follows.

Proposition 3.6.4. Suppose that b € B(T, ). The following hold:
1. The map wr : (X (b)) = c,mi(T)Y is bijective.
2. The action of T(Qyp) on Sht(ry ,00) makes mo(Sht (1,000 X Spd Cp) into a T°-torsor.

In this case, both X T(b) and Sht(ry 7y x SpdC, are zero-dimensional. Since we are
working over algebralcally closed fields, they are of the form ]_[ SpecF, and ]_[ Spd C,, for

some index sets [ and J, respectively. Moreover, by Prop051t10n 3.3.7, the spemahzatlon
map (3.8) induces a bijection mo(sp) : 1 = J. Also, T° = T'(Q,) and Sht(py ) X SpdC,
is a T(Q,)-torsor over SpdC, (see for example [Gle22a, Theorem 1.24]). In particular,
7o (Sht (75,000 X SPA Cp) is a T'(Q,)-torsor and Proposition 3.6.4 (5) holds. The content of
Proposition 3.6.4 (1) becomes the following lemma.
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Lemma 3.6.5. Let T be a torus. We have a T(Q,)-equivariant commutative diagram, where
the horizontal arrows are isomorphisms:

mo(Sht(rp,7) X Spd Cp) —— (X (b)) —— i (T)F

| |

7T0(F€7’) L} 7T1(T)[

Proof. Upon fixing an element of Sht(ry, ) x SpdC,, we can identify mo(Sht (1 u00) X
SpdC,) = T(Q,) (see for example [Gle22a, Theorem 1.24]), which then gives an identification
Sht(rp,u,7) xSpd C, = T(Q,) /T (Z,) = T(Q,)#=4/T(Z,)?=". Since H),(Spec Z,, T) vanishes,
we can write

T(Qp)* 7T (Zy)7~ 2 (T(Qy) /T (Zy))77, (3.95)

where the right-hand side is X, (T)7 = mi(T){. Therefore the T(Q,)-action makes mo(X 7 (b))
and 7o (Sht(r,,.,7) X Spd C,) into 71 (T)7-torsors (via the specialization map (3.8)). Thus by
equivariance of 7 (T')7-action, mo(Sht(z,,,,7) X Spd Cp) and (X7 (b)) can be identified with
a unique coset ¢, ,m1(T)7 € m1(T); (by the definition of ¢ ). O

3.6.2 Reduction to the G = G*¢ case

For the rest of this subsection, assume that f is an ad-isomorphism. Let by := f(b) and
g = fou. Let IC;I denote the unique parahoric of H that corresponds to the same point
in the Bruhat-Tits building as .

Proposition 3.6.6. (1) We have a canonical identification of diamonds

St (17 by puar00) = SHt (b 00y X ECLH (Q,). (3.96)

(2) In particular, if mo(Sht(qp ey X SPACp) is a G°-torsor, then
WO(Sht(H,bHWH,oo) X Spd (Cp) (397)
1s a H°-torsor.

Proof. (1) A version of (3.96) was proven in [Gle21, Proposition 4.15], where the result is
phrased in terms of the torsor L; from §3.3.5. 2° We sketch the proof for the reader’s
convenience:

20Although [Gle21, Proposition 4.15] only considers unramified groups G (since this was the ongoing
assumption in loc.cit.), the proof goes through without this assumption.

A more detailed proof of Proposition 3.6.6 (1) can also be found in [PR22, Proposition 5.2.1], which was
obtained independently as loc.cit.
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Step 1. Gr, = Gr,,: there is an obvious proper map Gr, — Gr,, of spatial diamonds.
Therefore, to prove that it is an isomorphism, it suffices to prove bijectivity on points, which
can be done as in the classical Grassmannian case (see [AGLR22, Proposition 4.16] for a
stronger statement).

Step 2. GrZ = Grfg{: the b-admissible and by-admissible loci are open subsets of
Gr,, = Gr,,. To prove that they agree, we can prove it on geometric points. This ultimately
boils down to the fact that an element e € B(G) is basic if and only if f(e) € B(H) is basic,
which holds because centrality of the Newton point v, can be checked after applying an
ad-isomorphism.

Step 3. Sht(mpy pup00) = Sht(cp o) X X LH(Q,): recall that the Grothendieck Messing
period map (3.35) from §3.3.5 realizes Sht (g p u00) (respectively Sht g s, uy.00)) 88 & G(Q,)-

torsor (respectively an H(Q,)-torsor) over GrZ = Grff; . Since the G(Q,)-equivariant map
Sht (b, .00) = SNE(byy i ,00) €Xtends to a map of H(Q,)-torsors

Sht (G p,pu,00) XMH(Qp) — Sht(g by ,00)5 (3.98)

and any map of torsors is an isomorphism, the conclusion follows.
(2) Recall that since G — H is an ad-isomorphism, we have an isomorphism G — H*.
Recall G° := G(Q,)/Im(G**(Q,)) and H° := H(Q,)/Im(G*(Q,)). By (3.96), we have a

canonical isomorphism
T0(Sht (g pupr.00) X SPACp) = o(Sht (b0 X Spd C,)xC @ H(Q,). (3.99)
The right-hand side of (3.99) is by definition

(0 (Sht (G pu,00) X SPACp)x H(Qp)) /G(Qy), (3.100)

where the quotient is via the diagonal action. Since G**(Q,) acts trivially on mo(Sht (g p u,00) ¥
Spd C,), quotienting (3.100) by G**(Q,) first gives

T0(Sht (G p e X Spd Cp)x“ @ H(Q,) (3.101)
> (mo(Sht ) X S0 Cp)x (H(Q,)/ Tm G<(Qy) /G2, (3.102)

which simplifies, via (3.99) and since G*(Q,) = H*(Q,), to
70 (Sht (8 gy ppr.00) X SPAC,) = o(Sht(ap o0y X SpA C,) x&° H. (3.103)
The right-hand side of (3.103) is clearly an H°-torsor. O
Proposition 3.6.7. If Theorem 3.6.1 holds for G = G*¢, then it holds in general as well.

Proof. For each item i € {1,...,5}, we show that if (i) holds for G4 = G*, then (i) also
holds for general G. Consider an arbitrary z-extension G — G (see Definition 3.3.13). By
definition of z-extensions, G4 = G*. By Lemma 3.3.14 (1), we may choose a conjugacy
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class of cocharacters @i and an element beB (é , ) that map to p and b, respectively, under
the map B(G, t) — B(G, ).

We first justify (1) and (2) of Theorem 3.6.1. Recall that by Lemma 3.3.14 (2),
cl;’ﬁm(@)f — ¢, (G)7 is surjective. We apply Proposition 3.3.15 to the ad-isomorphism

G — G. Since the top horizontal arrow in (3.44) is a bijection (of sets), the bottom horizontal
arrow in (3.44) is also a bijection of sets, as it is the pullback of the top horizontal arrow under
a surjective map. Now, (3) of Theorem 3.6.1 is a direct consequence of Proposition 3.4.8.
For (4) recall that the map G — G is surjective with finite kernel. In particular, it is
an open map. Finally for (5) we use Proposition 3.6.6 (2). O

3.6.3 Argument for (1) = (2)
We start by giving a new proof to [Hel8, Theorem 7.1].
Theorem 3.6.8 (He). The map X[ (b) — X5 (b) is surjective.

Proof. By functoriality of the specialization map [Gle22b, Proposition 4.14] applied to
Shtﬁ(b) — Shtf(b) from (3.34), we get a commutative diagram:

| Sht(Gppuzz,) | — | Sht@pux,) |
spl lSP
}CP
| X (b) | ——— [ X" (D) |

The top arrow is given by (3.28). By [SW20, Proposition 23.3.1], it is a K,/Z(Z,)-torsor
and thus surjective. It then suffices to prove that the specialization map is surjective, which
follows directly from [Gle22a, Theorem 2 b)]. O

Now, Theorem 3.6.8 implies the (1) = (2) part of Theorem 3.6.1: by Lemma 3.3.2, we
have the following commutative diagram:

mo(XZ (b)) —— mo(X)" (b))

l l (3.104)

mo(Flz) — mo(Fli))

For the bijection of the lower horizontal arrow, see for example [AGLR22, Lemma 4.17].
The left downward arrow is injective by assumption (1), and the top arrow is surjective by
Theorem 3.6.8. Thus the right downward arrow is also injective.

3.6.4 Argument for (2) = (3)
This is the content of Proposition 3.4.10.
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3.6.5 Argument for (3) = (4)
This is the content of Proposition 3.5.8.

3.6.6 Argument for (5) = (1)
Proposition 3.6.9. (5) = (1) in Theorem 3.6.1.

Proof. Consider the map det : G — G* where G* = G/G9. Let 79 denote the Iwahori
subgroup of G4 attached to our alcove a (see §3.2). Let G** be the unique parahoric group
scheme of G®. We have an exact sequence:

e =T 5T - GP e, (3.105)

which induces maps Shti(b) — Shtg:ﬁ(bab) and X, (b) — X0 (0°") by (3.33) and Lemma 3.3.2,
respectively. Recall that by Proposition 3.6.7, it suffices to assume G4 = G*. When
Gdr = G*, we automatically have G° = G**(Q,) and m(G) = X.(G*"), which induces an
isomorphism 7 (G); = X,.(G?);. In this case, by functoriality of the Kottwitz map &, we
have the following commutative diagram

mo(X,u(0)) — = m(G)r
ﬂo(det)l lg (3106)
X (b)) =2 X, (GP);.

Which fits into the following diagram.

To(Xu(0) —— cp,umi(G)] ——— m(G);

m(de@l lg lg (3.107)

X (B) =25 o X (GP)7 5 X, (G) .

In particular, it suffices to prove that left-hand side arrow is a bijection. By functoriality of
the specialization map [Gle22b, Proposition 4.14] and Proposition 3.3.7, we have
70 (sp)
7o(Sht(Gpuzz,)) % SPAC,) T To(X, (b))
) (det)l lﬂ'g (det) (3 108)

Sht(Gab7bab7Mab7gab) X Spd Cp @) Xuab (bab)

Note that we have the following identification

WO(Sht(G,b,u,I(Zp)) X Spd (Cp> = Ty (Sht(G,b,u,oo) X Spd Cp/ I(Zp))
= o(Sht (G p.u,00) X Spd C,) /Z(Zy)
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Since o (Sht (g pu00) X SPAC,) is a G*P-torsor (i.e. assumption (5) of Theorem 3.6.1), up to
choosing an x € mo(Sht (¢ u,00) X Spd C,,), we have compatible identifications mo(Sht(c p,u,00) X
Spd C,) = G**(Q,) and

WO(Sht(G,b,u,I(Zp)) X Spd Cp) = Gab(Qp)/det(I(Zp)) (3109)

Analogously, taking z?® € To(Sht(gab pab b o) X Spd C,) as 2* = my(det(x)), we obtain a
compatible identification 7o (Sht(gab pav a0 gavy X Spd Cp) = G**(Q,)/G**(Z,) by Lemma 3.6.5.
Moreover, the map det : mo(Sht p .00 X Spd Cp) — 7o (Sht(gab yab ab o0y X Spd C,) is equivariant
with respect to the G(Q,)-action on the left and the G**(Q,)-action on the right. Thus we
have the following commutative diagram:

G**(Q,)/ det(Z(Zy)) —— mo(Sht(cpuz(z,)) * SPAC,) — mo(X,.(b))

mo(sp)

detl ldet ldet

Gab(Qp)/Qab(Zp) i> Sht(Gab7bab7uab7gab) X Spd Cp ﬁ Xuab(bab)

Thus in order to prove that the vertical arrow on the left-hand side is a bijection, it suffices
to show that Z — G* is surjective on the level of Z,-points. But this follows from Lang’s
theorem. ]

3.6.7 Argument for (4) = (5)
Proposition 3.6.10. (4) = (5) in Theorem 3.6.1.
Proof. As seen earlier (for example in §3.6.6), the map
det : mo(Sht p 00 X Spd Cp) — o (Sht gab pav yab o0y X Spd Cp) (3.110)

is equivariant with respect to the G(Q,)-action on the source and the G**(Q,)-action on the
target. By the assumption that G4 = G* (in particular G° = G**(Q,)), it suffices to show
that

7To<det> : 7T0(Sht(g7b7u7oo) X Spd Cp> — Sht(Gab’bab’#ab’oo) X Spd (Cp (3111)

is bijective. Since the map G(Q,) — G?(Q,) is surjective, by equivariance of the respective
group actions, the map (3.111) is always surjective. By Proposition 3.3.10, G(Q,) acts
transitively on mo(Sht (g p,u00) X Spd Cp), thus up to picking an x € mo(Sht(g p,u,00) X Spd C,)
we have an identification of sets m(Sht(gp.00) X SPAC,) = G(Q,)/H, for some subgroup
H, := Stab(z). To prove (4), it suffices to show that H, = G97(Q,). Firstly, it is easy to see
that H, C GY(Q,): take any g € H,, we have g -z = z; thus deg(g) - det(z) = det(g - z) =
det(x); by the tori case (see §3.6.1), det(g) is trivial, thus g € G47(Q,).

We now prove the other inclusion, i.e. that G (Q,) acts trivially on 7o(Sht(qpu,c0) X
Spd C,). We may argue over finite extensions of @p.

Indeed, recall from [Sch17, Lemma 12.17] that, the underlying topological space of a

cofiltered inverse limit of locally spatial diamonds along qcqs®' transitions maps is the
21

i.e. quasi-compact quasi-separated
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limit of the underlying topological spaces. Thus it suffices to prove that G(Q,) acts
trivially on mo(Sht(gpu00) X Spd K) for all finite degree extensions K over @p. For any
fixed z € m(Sht(gpuce) X SPAdK), we denote by G, C G(Qp) the stabilizer of z. Let
Gl = G, N G¥(Q,). It suffices to prove that G = G7(Q,), which is shown in
Lemma 3.6.13. O

Lemma 3.6.11. G is open in GY(Q,).

Proof. For any y € GrfL(K), let 7, = Sht(Gpu00) Xt Spd K be the fiber of y under
the Grothendieck-Messing period morphism. Take an arbitrary w € my(7,), by Propo-
sition 3.3.10, we assume without loss of generality that w +— x under the surjection
mo(Ty) — mo(Sht(gp ) X SPAK). Consider G := G, N G¥(Q,), and the inclusion
of groups Gdr C Gder C G9r(Q,). It suffices to find a y € GrZ(K), such that

(%) there exists a w € 7(7,) with G open in G"(Q,).

Recall the G(Q,)-torsor L, over Grz from § 3.3.5. Let y*IL; be the corresponding torsor
over Spd K, which induces a crystalline representation p, : I'x — G(Q,), well-defined up to
conjugacy. We claim that G, is equal to p,(I'x) up to G(Q,)-conjugacy. We now justify
the claim. Consider the pullback 7; of 7, under the geometric point ¢ : SpdC, — Spd K.
Thus 7; is a trivial torsor that gives a section s : Spd C, — 7;. The Galois action of I'x on
7T; defines a representative of the crystalline representation p,. The orbit I'k - s descends to a
unique component w, € m(7,). Therefore, for any g € G(Q,) such that g-s € I'k - s, we have
g - ws = ws. This gives us the desired claim. By Proposition 3.5.8 (which is a consequence of
our Theorem 3.1.11), any generic y satisfies property (k). ]

Lemma 3.6.12. Assuming hypothesis (4) in Theorem 3.6.1. Let N, denote the normalizer
of G in G(Q,). Then N, has finite index in G(Q,). In particular, N, contains G (Q,).

Proof. Let S be the set of orbits of my(Sht(c,z(z,)) X Spd K) under the J,(Q,)-action.
By [HV20, Theorem 1.2], S is finite. For each s € S, we choose a representative s €
7o (Sht (G pu,00) % Spd K') that maps to s under the map

WO(Sht(G,b,u,oo) X Spd K) — WO(Sht(G’,b,u,I(Zp)) X Spd K) — S.

We can always arrange that x is in this set of representatives for some s. By Proposition 3.3.10,
we can find an element h, € G(Q,) such that x,; - hy = z, for each s € S. We construct
a surjection [[, ¢ Z(Zy) - hy - G(Qp,)/N,. We do this in two steps. The first step is to
construct, for any g € G(Q,), a triple (4, j,s) where i € Z(Z,), j € J,(Q,) and s € S such
that

jo(x-g)i=uxs (3.112)

(note that s is uniquely determined by x and g). We do this by choosing j so that j - (z - g)
and x; map to the same element in 7(Sht (g ,4,7(z,)) X Spd K'). Since Z(Z,) acts transitively
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on the fibers of the map my(Sht(c,pu,00) X Spd K) — mo(Sht (g p,.2(z,)) X Spd K), there exists
an i satisfying (3.112). Thus we have

J-x-(gihs) =x (3.113)

The second step is to eliminate j from (3.113). By Proposition 3.3.10, there exists an n €
G(Q,) such that x-n = j-x. We now show that n € N,.. Indeed, n"*Gyn = G, = G = G,
since the actions of J,(Q,) and G(Q,) commute. Thus we have (z - n) - (gihs) = x. Since
G, C N,, in particular n - (gihs) € G, € N,. Thus g-i-hs € N,, and we have a surjection:

[1z®@,) - b~ G(@)/N.. (3.114)
ses
The target of (3.114) is discrete, and the source is compact. Thus the index of N, in G(Q,)
is finite.

Recall that G = G*¢. Since G4 only has Q,-simple isotropic factors, and N, NG (Q,)
has finite index in G97(Q,), we have N, N G4(Q,) = G4 (Q,). Indeed, it is a standard fact
that G9°7(Q,) has no open subgroups of finite index [Mar91, Chapter II, Theorem 5.1], thus
we are done. O

Lemma 3.6.13. G = G41(Q,).

Proof. By Lemma 3.6.11 and Lemma 3.6.12, G C G97(Q,) is open and normal. This
already implies G4 = G9°7(Q,), since G47(Q,) does not have open normal subgroups (recall
that G4 = G*°). O

This finishes the argument for (4) = (5).

Proof of Theorem 3.6.1. We have now justified the circle of implications (1) = (2) =
(3) = (4) = (5) = (1), i.e. Theorem 3.6.1 holds in the case G4 = G*. But by
Proposition 3.6.7 the general case follows. O

Proof of Theorem 3.6.2. (and of Theorem 3.1.1) Using z-extension ad-isomorphisms and
decomposition into products (Proposition 3.4.8, Proposition 3.4.9, Proposition 3.3.15 and
Lemma 3.3.4), we may assume without loss of generality that G4 = G5¢ and that G is
Q,-simple. We split into two cases: (1) when G*! is isotropic, and (2) when G* is anisotropic.
The first case holds from the equivalence (2) <= (3) of Theorem 3.6.1.

We now consider the case where G® is anisotropic. Recall that

G}, x Spd C,, = Shi(g,u,00) X SPA C,/G(Qy). (3.115)

When G is Q,-simple and anisotropic, we have that Z(Z,) is normal in G(Q,), contains
G*(Q,), and G(Q,)/Z(Z,) = G*™(Q,)/G*(Z,) = m(G)7 (see § 3.6.1 for the last identifica-
tion). Since Z(Z,) is normal in G(Q,), Sht(c.,z(z,)) * Spd C, becomes a 71 (G)f-torsor over
Grz x Spd C,. Moreover, the map

det : Sht(G,b,u,I(Zp)) X Spd Cp — Sht(G7bab7“ab7gab(Zp)) X Spd (Cp (3116)
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is 71(G)7-equivariant. Since Sht g ab ab gav(z,)) X Spd C,, is a m1(G)7-torsor over Spd C,,
Shit (G puz(z,)) X SPAC, is the trivial 1 (G){-torsor over Gr, x Spd C,. That is

Sht(cpuz(z,)) X SPAC, = (Gr), x Spd C,) x m (G)F. (3.117)
Taking 7o in (3.117), we have
70(Sht(G,bpuz(z,)) % SPAC,) = mo(Grl x Spd C,) x 71 (G)F. (3.118)
By Theorem 3.3.9, mo(Sht (g p.u.7(z,)) X SpdCp) = 71(G)7 and the map
wa o mo(sp) : mo(Sht(ap,uz(z,))) X SPAC,) = ¢, (G)Y

is an isomorphism as we needed to show. We can finish by recalling that the map of (3.9) is
bijective. O
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Chapter 4

Hodge-Newton indecomposability and
the identity of He-Nie-Yu

4.1 Background

In [HNY?22], He-Nie-Yu studies the affine Deligne-Lusztig varieties with finite Coxeter parts.
They study such types of varieties using the Deligne-Lusztig reduction method from [DL76]
and carefully investigating the reduction path. In the approach, they establish the “multiplicity
one” result which is, roughly speaking, for any o-conjugacy class [b] € B(G), there is at most
one path in the reduction tree that corresponds to [b]. The proof of the “multiplicity one”
result is obtained by showing that a certain combinatorial identity (of two g-polynomials,
or more precisely, of the class polynomials) of the following form holds. Here, q is an

indeterminate.
>, @-D'a’=1
[b]eB(Guu)indec

They first reduce this to the case when G is split and simply-laced and p is a fundamental
coweight ([HNY22, 6.5 and 6.6]). Then, for type A, they check the identity using some
geometric properties of affine Deligne-Lusztig varieties, such as dimension formulae and
injectiveness of the projection map from the affine flag variety to the affine Grassmannian
([HNY22, 5.4]). Also, for example, the type E case is proven by computer. In this chapter,
we prove it all at once in the quasi-split case via a combinatorial proof.

4.2 An essential case

The motivation for our combinatorial approach is originated from the following case from
type A.
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Theorem 4.2.1 ([HNY22, 1.3]). For natural numbers i < n, the following holds:

1<y <iy<k (@ by —a15 b )31 <1<k ged(ag,by) i(n—i)—n
k—1 1—k+=tShi<losk ¥y 7l 7870 <i< . 11
Z (a-1)""q 2 =q .
k>1,1>31>> 78>0
1 k
a1+-+ap=i,by+---+br=n

Our strategy is to use a coordinate plane to understand the (index set of the) identity. A
polygon always means a polygon whose vertices are all lattice points (i.e., the coordinates
are integers) and we count segments as 2-gons. We denote by A(P) the area of P, by i(P)
the number of lattice points interior to P, and by b(P) the number of lattice points on the
boundary of P. Finally, we will use N for the set of natural numbers.

Let Dy be the index set of ((a;, b;))i<x in Theorem 4.2.1 and let j be defined as n — ¢ for
simplicity.

Lemma 4.2.2. Let Cj, be the set of (a;, b)) € N?’s for | < k such that a; + -+ + ay = 1,
b+ -+ by =7, and%<~-»<2—i. Then,

Z (q— 1)k—1q1—k+

k>1
((arb1)) i<k €7%

X<y <lg<k(ary by —ay by )+ 1 <1<k 8ed(ag,by)
2

for?7=C and ? = D are equal.

Proof. The one-to-one correspondence from Cy to Dy is given by (x;,y;) +— (x, 2 + ;). It is
easy to check that the conditions on the sums and the slopes are all equivalent. The one that
needs justification is the exponent part. However, x;, (2, +vi,) — T, (21, +y1,) = 1, Y1, — T, Y,
and ged(zy, 1 + y;) = ged(zy, y;) obviously. O

Next, the idea to interpret this summation is by making a one-to-one correspondence
between an element ((a;,b;))<x € Ck and a convex polygon satisfying some condition. Let
us denote by A the triangle whose vertices are (0,0), (¢,0), and (4, 7). For simplicity, let L
denote the segment(=2-gon) connecting (0,0) and (i, j).

Lemma 4.2.3. There is a one-to-one correspondence between C) and the set of convex
(k + 1)-gons lying in A but not touching the horizontal and vertical edges of A such that L is
an edge. Under this correspondence, we have

% ( Z (allbl2 - alzbh) + Z ng(abbl))

1<ty <l2<k 1<i<k
1
= i(P) +b(P) — 1 - 5 ged(i, j),
where P is the corresponding (k 4 1)-gon.

We will denote the set of such (k 4 1)-gons by C} abusing notation.
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Proof. Given ((z1,y1))i<x € Ck, consider the convex polygon P with vertices (0,0), (x1,y1),

(x1+ 2o, y1 +Y2), -+, (1 +Fxp,y1+- -+ yr) = (4,7). As (%)Z is increasing, the polygon

P is convex. Now, y1,xr > 0 implies that P does not touch the horizontal and vertical edges

of A. The inverse map from the set of polygons to the set of pairs is the obvious one.
Regarding the formula, it is easy to see that, using induction,

1
5 2 (wnw, —znm) = A(P).

1<l <2<k

Noting that ged(a,b) + 1 is the number of lattice points on the segment connecting (m, n)
and (m + a,n + b) for any integers m and n, we get

Z ged(xy, y) = b(P) — ged(i,n — 7).

1<I<k
Applying the following well-known Pick’s Theorem, we get the conclusion.

Pick’s Theorem. Let P be a polygon in a coordinate plane. Then,

A(P) = i(P) + @ -~

The main lemma in our proof is the following:

Lemma 4.2.4. Let C be the set of all convex polygons which lies in A not touching the
horizontal and vertical edges and contains L as an edge. Then, the following identity holds:

Z IU(P)(]_ _ x)U(P)—Q — ]-7

pPcC

where u(P) is the number of lattice points interior to A\ P and v(P) is the number of vertices
of P.

Proof of Lemma 4.2.4. Both sides are polynomials in x, so we only need to prove it for all
0 < x < 1. Let us consider the following probabilistic process:

For each point interior to A, choose it with the probability x and abandon it with the
probability 1 — z. Then, we form the convex hull containing (0,0), (7, ), and the chosen
points. It is easy to see that the resulting convex hull is an element of C. For example, if all
interior points are abandoned, we end up getting L and so the probability of obtaining L is
(1 — z)ud),

For P € C, let prob(P) be the probability of obtaining P as a result of the aforementioned
process. Obviously, > .. prob(P) = 1. So, it is enough to show that prob(P) = (1 —
x)“P) gvP)=2 for all P € C. However, this holds because the case when the resulting convex
hull is P is exactly when
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1) the vertices of P (except (0,0) and (i, j)) are chosen (= z"(")~2) and
2) the vertices outside of P are abandoned (= (1 — x)“(")
with no conditions on the other remaining points. O]

Now, Theorem 4.2.1 is simply the result of the previous lemmas.

Proof of Theorem 4.2.1. By Lemmas 4.2.2 and 4.2.3, it is enough to show that

Z (q— 1>k—1q—(k—1)+i(P)+b(P) _ QMH‘

k?Zl, PECk

Now, we observe that the exponent part on the right-hand side can be written as
i(A) 4+ b(A) — (n — 1) simply using the facts that A(A) =% and b(A) = n + ged(i, j) and
applying Pick’s Theorem.

As C' = Uy>1C}, the index set of the left-hand side summation is C'. Now, observing that
u(P) =i(A) +b(A) — (n—1) — (i(P) + b(P)), we are reduced to show

q-— 1 k—1
> (—) q =1
q

C

This is nothing but the resulting identity of Lemma 4.2.4 by letting x = q~! because, for any
PeCy, wehavev(P)—2=k+1-2=Fk—1. O

Remark 13. We do not know if the identity of Lemma 4.2.4 is well-known. It looks interesting
to us because the left-hand side is not homogeneous in the sense that u(P) + v(P) — 2 is not
constant but this gives a way to generate 1 using polynomials of the form z%(1 — z)°.

We wonder if {(u(P),v(P)—2): P € C'} parametrizes all such pairs {(a;,b;) € N*: i € [}
such that Y, ;2% (1 — z)" = 1. More precisely, let S = {(a;,b;) € N*: 1 < i < k} be a set
satisfying

and (0,1) € S. Then we would like to ask if there exist m,n € N such that S = {(u(P), v(P)—
2): P € Cp,pn} where C,, ,, is the set defined in Lemma 4.2.4 corresponding to the triangle
A, whose vertices are (0,0), (m,0), and (m,n).

4.3 The general case

As in [HNY22, 2.1], let G be a quasi-split reductive group over a local field F' and T be a
maximal torus constructed in loc.cit.. Denote by W the relative Weyl group and by S the set
of simple reflections, equipped with a Frobenius action o.

Moreover, denote by I'y the inertia group of F' and define V' := X, (T)r, o. The subset of
dominant vectors will be denoted by V. Now, for each i € S, we denote the corresponding
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root, coroot, fundamental weight, and fundamental coweight by «;, o), w@;, and w;”. Moreover,
we denote by O; the g-orbit of i and define ay, = ﬁ > ico, &) and @wo, == 0, @j.

Definition 4.3.1. Given v € V, define I(v) as {i € S: (v,a;) = 0} and define
B(G, )indee = {v € (V)7 :v < p and {(u —v,we,) € Zso Vi € S\I(v)}.

Note that I(v) is o-stable for any v € (V1)7. We also note that our B(G, f1)indec is defined
in this way for the sake of simplicity of the proof, but it is the (bijective) image of the original
one via the dominant Newton map (see [HNY22, 6.2]).

Our main theorem is the following.

Theorem 4.3.2. Let p € V. Then, as polynomials of a variable p,
Z (1— p)ZieS/(a)R.U‘_’anoiﬂ_#(S/<U>)p#(S/<‘7>)_#([(U)/<J>) -1

UGB(G#) indec

4.3.1 The setup and the proof

We explain the proof straight, but, in order to see the main idea more clearly, we suggest
seeing Section 4.2.
In (S/(co)) x R<y, consider the following set 1" of points

{([7], (4, wo,) —m) :i € S and m € Zxq such that m < (u, we,)} .

Definition 4.3.3. Fiz a subset C' C T. For each i € S, let us define C([i]) as max{r € Ry :
([¢],r) € C} with the convention that max ) = 0.
We also define the rough envelope of C' by

R-env(C) :={v e (V)7 :v < p and (v,wo,) > C([i]) Vi € S}.
We will denote by env(C), the envelope of C, the set R-env(C) N B(G, it)indec-"
The main proposition of this chapter is as follows.
Proposition 4.3.4. Let v € env(C). TFAE:
1. v is the smallest among the ones in env(C).
2. v is minimal among the ones in env(C').
3. For alli € S\1(v), we have (v,we,) = C([7]).

By taking any minimal element of env(C'), we get the following corollary.

'n particular, we are not assuming that (4 —v,@e,) € Zx¢ for all i € S\I(v) when considering R-env(C).
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Corollary 4.3.5. For any C C T, the smallest element of env(C') exists.
Now, we can prove the main theorem as follows.

Proof of Theorem 4.3.2. We may assume that 0 < p < 1. Now, consider the following
probabilistic process: For each t € T', we select it with the probability p. Then, for the set
of the selected points, say C, we take the smallest element v in env(C') whose existence is
guaranteed by Corollary 4.3.5.

Given v € B(G, [4)indec, let prob(v) be the probability that this process results in v. Then,
it is obvious that 3_ 5 ... Prob(v) = 1 by the definition of env(C'). Now, it is enough to
show that

ndec
prob(v) = (1 — p)Sies/to) (=001 #(5/ () y#(5/ (0)~#(w)/(2)).

By Proposition 4.3.4, the element v is the smallest in env(C') if and only if C([i]) < (v, we,)
for all i € S with the equality holding for each i € S\ I(v). The inequality part is equivalent
to that the points above ([i], (v, @we,)) are not selected. There are [(u — v, @e,)| — 1 number
of such points so that we get the (1 — p)-part. The equality part means that the point
([i], (v, we,)) must be selected for all i € S\I(v), giving p# EV¥©)/{9) which is p#(&/ (o)) -#(©)/(2)
as S and I(v) are o-stable. O

4.3.2 The identity &' of [HNY22, 6.1]
By applying p = qT_l to Theorem 4.3.2, we get

Y

Z (q— 1)#(S/<0>)*#(1(Vb)/(0>)q— 2ies/(o) [ (=0, @0) 1+#(T() /() _ 1
[b}GB(Gn“‘)indec

where B(G, t)indec here is the original one defined in [HNY22, 2.3].

4.4 Proof of the main proposition

4.4.1 Two lemmas

Given a subset J C S, we say that J is connected if the corresponding graph in the Dynkin

diagram is connected. We denote by 0. the set of vertices of S that is adjacent to J but not

in J. For example, when J = S, we have 0J = (). Note that if .J is o-stable, then so is 9.J.
The following is crucial in the proofs of Proposition 4.3.4 and Corollary 4.3.5.

Lemma 4.4.1. Let J C S be connected and j be a vertex of J. Then, there exist ¢; € Qg
for each i € J and dy, € Q¢ for each k € J such that

\% E Vv E \%
i€J kedJ

The dual version also holds (with possibly different ¢;’s and dy,’s).
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Proof. The main idea is that J is a Dynkin diagram again. We now set ¢;’s to be the
coefficients, when expressing fundamental coweights of .J, of the linear combination by coroots
of J. Then, they are all positive (cf. [Lim23, Lemma 2.18]). Now, we need to compute what
w) — Y ey ciay looks like. We do this by computing (—, a;) for each a;. By construction, it
is nonzero if and only if [ € 9J. In that case, it is not just nonzero, but it is always negative

as (o, ;) < 0 when ¢ and [ are adjacent, and ¢; is positive. O

Lemma 4.4.2. For a subset C C T and v € R-env(C'), suppose that there exists ig € S \I(v)
such that (v, @wo, ) # C([io]). Then, one can find v' € R-env(C) such that either (S) or (I°)
holds.

#{i€S: (v, wo,) = C[i])} > #{i € S: (v, m0,) = C([i])} ()

#{i € S\I(v'): (v',@0,) # C([i])} < #{i € S\I(v): (v, m0,) # C([i])} (I)

Proof. Definition of u®: Define A(v) :={i € S: (v,wp,) # C([i])} and J be its connected
component containing ig. It is o-stable. Applying lemma 4.4.1 to those J and iy, we denote
by u the resulting > ._; ¢;a part and by u® its o-average. We want to set v/ = v — eu® for
some € € Q.

Construction of v": Note that (v, we,) — C([i]) > 0 for all i € J by definition of A(v). As
(u®,@0;) = 3 jco, ¢ > 0 for all i € J by lemma 4.4.1, we can find the maximal one €; such
that (v — e;u®, we,) — C([i]) > 0 for all ¢ € J. We take ¢ = max{ey, #0;, (v, ;,)} and let
vi=v — eul.

Verification of v € R-env(C'): Observe that (u®, ;) > 0 only for i € O;, and (u®, a;) < 0
only for i € 9J. Other cases give (u°, ;) = 0. Hence, we only need to consider i € O;,.

1

However, (v — eu®, ;) = (v, o) — z5-€ as v is o-invariant. It is > 0 since € >. As u® is
20

ieJ

o-invariant, so is v'.

Verification of “(S) or (I°)”: As J C A(v) and (u®, we,) =0 Vi € S\ J,

{i€S:(v,mo,) =C([i])} ={i € S\J : (v, w0,) = C([i))}
={ieS\J: {V,wo,) =C([i)}

So, (S) is equivalent to {i € J : (v — eu®,wp,) = C([i])} # @ which is equivalent to that
€ = €. Next, from the previous paragraph, we know that S\7(v") = (S\I(v) \O;,) UdJ if
and only if € = #0;, (v, o, ). However, for i € 9J, we have (v, @wo,) = (v, @o,) = C([i]) but
ip belongs to only the right-hand side set in (I¢). This proves the claim. ]

4.4.2 The proposition

Proof of Proposition 4.3.4. (1)=-(2): Trivial.

(2)=(3): Assume that (3) does not hold. As v € env(C) C R-env(C'), we can apply
lemma 4.4.2. If the new ¢’ satisfies the assumption again, we keep repeating this process.
As the number in (S) is < #S and that in (I°) is > 0, the process terminates in finite

2If €1 = € < #0;, (v, i, ), then S\I(v') = (S\I(v)) UdJ.
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steps. The final vg, then satisfies that (va,, we,) = C([i]) for all i € S\ I(vg,). Noting that
C([7]) = (p, mwo,) — m for some m € Zxq, we get (p — vgn, @o,) € Z>o for all i € S\ I(vgy)
meaning that vg, € env(C). It contradicts to (2).

(3)=(1): Suppose that w € env(C) and let us show that w > v. This is equivalent
to that (w — v, ;) > 0 for all i € S. Now recall that (w,we,) > C([i]) for all i € S as
w € env(C'). Moreover, we have (v, wp,) = C([i]) for all i € S\ I(v) by assumption. Hence,
(w—v,wp,) >0 for all i € S\I(v). We get (w—wv,w;) >0 foralli € S\I(v) as w and v
are o-invariant.

Let j € I(v). The dual version of lemma 4.4.1 applied to the connected component of
I(v) containing j tells us that w; is a nonnegative linear combination of o (¢ € I(v)) and wy,
(k€ S\I(v)). However, (w, ;) > 0 as w € V* and (v, ;) = 0 for all i € I(v), so we have
(w—v,a;) >0 for all ¢ € I(v). Therefore, (w —v,w;) > 0 for all j € I(v). O
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