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" SOME PREDICTIONS OF THE ABFST MULTIPERIPHERAL MODEL "

Don'M. Tow
Lawrence Radiation Laboratory

‘University of California
Berkeley, California 94720

January 6, 1970

v ABSTRACT.

The predictions of the ABFST multiperipheral model
baséd.on pion pole dominance are compared quantitatively
wifh expérimeﬁtal data, by using the Veneziano representa-
tion for the n-g amplitgde, with a cut off at the mass
of the g resonance for the input kernel, and neglecting
off-shell effects. We find 'aP(b) = 0.30, aé(o) = 0.16,
an'éveragé multiplicityvgrowing as 0.7k £n s, an elasticity
fa@tor of 0.69, an average pion-pair transver;e momentum
.eguai to:O.MB GeV/c, and an average invariant mass squared
equai tovO.BM.GeVE. The only ‘serious discrepancies with
experiment are the trajectory‘heights, which correspond to
é kernel strength 2% to 5 times too weak. The inclusionv
of tﬁe high-subenergy contribution and the inclusion of off-
bbshell effeéts by several methods of off-shell cdntinuation
aré;considered, but none is.found to be satisfactory. The
impo?tance of interference terms, due to differenf ways.of
:arrangiﬁg the final-state particles along the‘mulfiperipheral

chain, is discussed.
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-I. INTRODUCTION
Tn the last two years theré has been interest in the multi—Regge
model (MRM) of pfoduction processes (see Fig. 1) and the corresponding

multi-Regge bootstrap by way .of unitarity.l However, the multi-Regge

- amplitude can only be expected to approximate the physicél production

amplitude when all subenergies are large .(>> 1 GeV), whereas experi-
mentally the importanﬂ subenergies are of the order of or less than 1
GeV.2 To justify the MRM then requirés the unreasonable assumption
that duaiityuﬁolds even at such small energies. Furthefmore, in order
to Simplify their equations, some authorsl have made the kinematic
approximafion that

S @ syS,tees - ‘ : (1.1)

This kinematic approximation is good only if all the ”si's are large

compared. with the masses and momentum transfers involved.

For these reasons, there has recently been renewed interest5

in ahothéf mbdel of production processes: the multiperipheral model

vwith\pidn'pole-dominance first proposed by Amati, Bertocchi, Fubini,

Stanghellihi; and Tonin in l962.u This model ié,shown in‘Fig{ 2. The
model aésumes that all final-state particles (with the possible o
exceptipn_df the first and last links)‘ are pioné, since experimentally
at energiés-from tens of GéV to thousands of GeV tﬁe large majority of
the_pfbducéd ?articles are observed to be pions;5 The model furthermore
aséuﬁes tﬁaﬁ_all exchanged pafticles are pions. A possible justification
for thiS'iaét assumption is that the one -pion-exchange (OPE) model works

well wheh one or two pions are produced;6 it is therefore plausible that )
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increasiﬂg the number of final pions juét ipcreasés the‘number of-
exchanged pions. Another way of saying this is‘théf two-body and quasi-
two-body proéesses are peripheral, i.e., the amplitude is large only
when the momeﬁtum transfer is small; it is.therefore plausible that
general pfdductioﬁiprocesses are multipefipheral, i.é., the amplitude
is large only when all the momen tum trahsfers are small. Because of
the small pion mass, this impiies the dominance of pion exchange.
| The ABFST multiﬁeripheral modelpredictsusome features of high
energy scattering which are in qualitati&e'agreeﬁent with'éxperiment.
The model ﬁredicts Regge astptot}c behavior, averagelmultiplicity
growing as /n s, a constant elasticiﬁy (ratio of the average laboratory
energy of the primary outgoing particle to'fhat of the incident
particle),7 and a.transﬁerse momentum distribution of secondary
particles which is independent of the energies of the incident and
secqﬁdafy.ﬁarticles. dewever, befdre we can seriously.accept this
model, ﬁe'Wbuld_iike to:have a quantitati?e cbmpariSpn of thevpredictions
vof:théjméaél with expérimental data. - X

| | This paper carries out such a quantitative.comparison. In
Sec? II;-wevbriefly rederive the relevant equatiqns_iﬁ AFS's papér,
_ withvthe genefalizatigh of AFS's equations to include off-shell pions
in the inpﬁt kernel. We also discuss the approxim?tions that are used
in deriving these equations. 1In Seé.:III, we §?§9fibgvthé n;n@ ;
elastic cfoss secfions uggq in oqr.calculationé; In Sec. IV, we
describeivtherbredictions of the modellanq compare the@.with eXperimental

data. We also show that these predictions are almost independent of

az
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the detailed shape of the input gx-x elastic cross sections. In

Sec. V, we'discuss’some possible modificétions,of the model by the

- relaxation of some of the approximations used in Sec. II. We end with

1

a conclusion in Sec. VI.
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IT. DERIVATION OF RELEVANT EQUATIONS
A. ”Infegral Equation for Absorpﬁi&e_Part‘

Cbnsider_the process where (n + 1) pairs of pions are
produced. .The kinemaﬁici variables are showh in Fig. 2. We first
considervthe incident'particles to be pions with zero isospin; we wili
later consider the general.case of physical‘isospin and particles otﬁér
than pions, 'Our model assumes that.theproductioﬁ.aﬁﬁlitude is giveh'

by the factorized form

k. ,k ,k
0,71

' 1

T (P,P'; X, , R
n | Ol l2

1

ey - ey - D), <))

U R v R
AT (P)q y ko o,k ) T (q 59,5 ko o,k )"“
: X l. ' Ol 02 172 _'ll 12 '

ey e g ok ) e R LK )Y, ()
: ‘ 1 2 . .l 2 .
whéfe the'superscript R deﬁotes elastic scattering and g = mnf The‘
Optiéal Théorem can then be used to relate elastic scattering to
.productiog processes.i This is illustrated in Fig. 3. Following
ABFST;A we cén derive a recursion relation for tﬂe' (en + 2) vparticlé

contribution to the off-shell absorptive part of the‘fbrward elastic .

amplitude, =

o AR (s, -u',-w)as,us s',u's sy)A . (siyur)

A (s,u) = & ds ds'au’ 0 0/%n-1

n"’ - Iy 0 ENE) . b
8 . : (u' +u7)

(11.2)
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where ‘ » ' -

Q(S,ué S'}g!5 ?O)V

i

= 2'_” 5T e(us 2 4 u’82 -ﬁugsog - 88'8, +'hu2uu')@(sz-s'2—s
2(8” + Lpu)2 ; '
(11.3%)
where
S =58 +u - u2 s
S! — S! + u' - H , & v . (II.M)
SO = 84 +u + u'
o )

Therefofe Q(s,u; s',u'; so) determines the limits of integration in

(I1.2). In (I1.2), A%(sy,-u',-u) is the off-shell continuation of
R, 2 2 '
A (SO’uv’“ )) where

R o 2
_A'(SO)U s M )

) .
cmy = el 2.2 ' o
= 2+% |302 0 (SO)“ Su ) ) . (11'5)

with ~1qcm‘ being the center-of-mass momentum. -There is no unique or

.aprioricorrect continuation of (II.5). to obtain AR(SO,—u‘,-u). In-

Sec. V, we will consider several methods of cohtinuing off-shell.

Summing (II.é), we get

;A(s,u)_;-l

' C I ‘R ,57"> | ' t 3 ' "
" L , A (s ,-u',-u)Q(s,u; s',u'; s, )A(s",u").

R 1 . . 0 , 0 . s
= A (s,u) + — fdso jdsv du -

B S+

(11.6)

b
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The physical forward absorptive part éf the eléstic‘amplitude is given
by A(s,u) confinued to u = -pg. The integral equation (II.A) is
SChematicall& illustrated in Fig. k.

If we take the high energy limit and assume s >> HZ’ u, Sb,

then Q(s,u; s',u'; s ~gives the following limits of integration'

O)
for . (II1.6) :

A(s,u)-

S ' R 1 1 1
R l r dS' “ A (Soﬁ_u ,—U)A(S )u )
= A (s,u) + 5 ds, —_ du' N .
- 16xn 12 : s s (w' + p%)
) 0 S

< o
] _1_5; ' ‘ ‘
\ s (11.7)

except that So << s. The

Note that there is no upper limit on 5o
model therefore appears to depend on where we cut off the 55

However, we know experimentally that for general production proéesses,
the invariant mass of two adjacent pions in a multiperipheral chain
(arranged, for example, according to longitudinal momentum) is bounded.

This means there must be a 54 such that the cbntribution from
max '

Sy > 5 ' is negligible.. For asymptotic s, we can therefore let
max
"~ the uppér integration limit for g be either Sq or . AFS
' ' max

conjectured that - s is a few GeVg. of course, we qan.check the

0
_ max
validity of this conjecture only a posteriori. This_point will be
further discussed in Secs. IV and V.

The relatively large multiplicity corresponding to this small

invariant mass allows us to neglect in the high energy limit AR(s,u)

integration.
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compared with A(s,u); since the_former'is'just the elastic contribution

~to the absorptive part, whereas the latter is the total absorptive part.

Therefore,
A'(S)u)
1 ds! * : A (SO;'U )'u)v A(s',u")
~ ) 5 dSO e dua’ =5 .
1657 S (u' + p%)

<

(11.8)

9
O

on (/Jq
Ve

I_J

] 3]
m|m<o
~_

(11.8) is an integral equation in two variables. This equation has the
special property that it can be reduced to an integral eQuation‘of the

Fredholm type in one variable by assuming a solution of the form

Asu) = % g (u) . o (11.9)

'Equations (I1.8) and (II.9) imply

o _ 1 ‘ 1 u"v . S.ivRS -u',-u
O vl IR NCRY SNV CORED

' | 1
(sg +u+uw - [(sy+u+ u')2 --Auu']2}a+l

X (w + %)
' | (I1.10)
ngm (I1.9), we see that thé model predicts Regge'ésymptétié behavior,
with « being the position of fhe Reége pole. Equatiént}fi:lO) has a
soluﬁion §nly for certain values of «, and a knowledge of AR(SO,—uﬁ,—u)
#llows ué to calculate these values.  For asymptotic s, we are

interested:in the largest value, corresponding to the leading Regge

pole.
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B. Average Multipliecity
Since An(s,-pe) is proportional to the contribution to the
total cross section from the production process where (n + 1) ‘pairs
of pions are produced, it is also proportional to the probability of
producing (n + 1) pairs of pions. This meéns the average number of

produced pions is

.

\2(n v 1) A (s,1°)

jn]
i
O

(n) = . ‘ (IT1.11)

Z 8, (s,-1%)
=0

=

If we represent the variation of the strength of the g-x elastic
cross section by an overall coupling constant g, where g =1

corresponds to the actual coupling strength, one can éasily show

s+ E{g%g' (4n %phys‘icél)] |- Gmas)
o |

. _ v X
(n = 2
) = g 35
N
Thus the model predicts that average multiplicity grows as 4n s as.

S — oo,

C. Elasticity, Transverse Momentum Distribution,

and Average Subenergy

To derive the elasticity, we single out the primary link (one'

closest to the incident particle) in the multiperipheral chain. This

be the average laboratory

is shgwn in Fig. 5. If we let Epion-Pair
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energy of the primary outgoing pair of pions and 'Einc be the laboratory

energy of the incident particle, then one can showg

E . R
pion-pair

inc
. . [o e ' o .- . -
= v 1 du’ ——?9£3—2—~ ds AR(S -u’ “2)
T 3 _ physical S ) 2.2 0 o’ e
16n~ ¢CX' , Jo (u o ) o ¢
. 4
X
"
X ax(1 - x)x* (11.13)
. .
where
1 : !
[(so.- ug +u')" o+ hugu’]a - (so -u"+u')
X = :
H gug

It ﬁefassume this pion pair is the decay product'of'a pure resonance,
e.g., thé”gp, then on the average each pion will cér?y.away:hakf of

the laboratory energy of the resonance. The elasticity i1s -therefore

i

Eoﬁe pion 1 EEion pair | - |
——t e e snte = _ - - L . .
"E, 2 TE, ' g (T1.28)

inc inc
Wé see that the model predicts an elasticity which is independent of <
s.

To,éalculate the transverse mdmentum distribution and the averége

invariant mass squared of the secondary pion pairs, one has to consider

>diagrams of the form of Fig. 6. Calling 'gi the total transverse

‘ momentum’of,a pion pair in the overall center-of-mass frame (or the
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laboratory frame) and neglecting the pions near thé ends of the

multiperipheral chain (so that wé‘can neglect all masses and momentum
transfersvrelétive to s' and s"), one can showLL that the transverse
momentum distribution and the invafiaﬁt'mass squared distributioh are

given by the.expression F dg 2 dkg, where8

_ (2 4 g 2 1%3’[]rdu o AR, -, -u) ¢ .gr) g (u")
(u

u' o+ ) (" + u°)°

| X 2 2 | w2 2 2
X [faxay 5% ntar - 08 <2 x v s wr - 08 7w 08T,

(11.15)
and
: Co(-a® - 1% - ¢© 1 2ab + 2ac + Zbe) |
- T(a,b,c) = 5 5 = L
. -a” - b - ¢ + 2ab + 2ac + 2be)?
(11.16)
sy 1"
X . = T y = 7=
gl 5o

'with'.ﬁlA#.(P + k)g, S, = (P' + k)e. In (II.15), the upper limits of

v integration'for x and y depend on the energy of the secondary, k
1

But as noted by AFS,M when ko << s2,

O’

1\){}—4

and on the total energy, S

then these upper limits are outside the support of the @ function.
— _

For k << s©, F 1is therefore independent of k, and s2, i.e.,

I+

F o= F(kz, k (I1.17)

2
kp )
Thus the model correctly predicts that the transverse momentum

distribution is independent of both'the incident and éecéndary eﬁergies.
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- D. Extension to N-N Scattering

First consider n-N scattering. The general multiperipheral

<

diagram is shown in Fig. 7. Proceeding in essentially the same manner

as in the -y case, one can show that the total absorptive part is

given by
. o L - . o
AﬂN(S;u)” = AJTN (s,u) + -é;—ﬂj _ dsO ]fds 'du ‘
2 .
(p+m) ‘ |
A R(s. -u',-u) A (s',u') Q(s,u; s, a3 s.)
. . T(N . O: b4 107 > )\ 2 ,. b o , (11018)
X ) 5D : »
(u' + o)
o Physical . . ' 2 .

where m = m. and A N (s) is given by AﬂN(g, m~). Thls

equation is schematically represented in Fig. 8. Making

approximations similar to those in the x~x case, we have

A g(sn) = 7 g (w) o (11.19)
where
| ) o L
g () = : cadu g (u') ds
Y 1657 (a0 + 1)(20)**™ § @ , 0
' (u+m)
F : o ! 1
v AHNR(SO;—u',—u){sO +u +u' - [(so +u + u’)2 - huu']a}a+l
X —52
(u' +p%)

(IT.20)
where « 1is determined by the integral egquation for x-n scattering,

i.e., Eq. (II.10).
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We can easily generalize this to N-N scattering. The general

hultiperipheral diagram is shown in Fig. 9. The total absorptive part

is given by

(o) = Ao+ [ asg f[ds'du'
() J

R ~13' - 't ! P N .
X AjTN (so, u',-u) AﬂN(S ,u') Q(s,u; s',u's so) ) (11.21)
(ur + u%)°
where ANNPhySICal(s) is given by ANN(S,-ma). Making approximations

- as before, we get

Ap(ssu) = s¢ ¢5N (u) 5 ‘ | (11.22)
N
where
() = - du’ (u') ds
¢uNN o 16520 (o + l)(gu)a+l . u ¢6%N u ) o
R | Sy
AnNR(SO’-ﬁ"—u){SO +u +ul - [(SO +u +,u')2 - huu']%}a+l
X ' . | . (u' . ug)g ) '» . b
(11.23)

where d‘ is again determined by (II.10) for x-x scattering.
Similarly, the ratio of the laboratory energy of the outgoing N-x
pair to the laboratory energy of the incident N can be easily shown

to be

Al
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EN-ﬁpair
E. '
inc S
¢& (u')
_ 1 : . N T R , 2
T 3 Physical | L M T 5.2 dsg Ay (sq,-u’,m”)
16n” @ , N (u + %) 5
- NN (p+m)
X . ,
] | L |
X ,j ax(1 - x)x-, . (11.24)
o ‘
where
! : L]
- [(sO - m o+ u’)2 + hmgu’]2 - (so -m o+ u
X . - = g -
:m 2m2

If we now assume that the N-x pair is the decay product of A(1236),

“then on the average N carries away 78% of the laboratory energy of

A(1236). - The elasticity is therefore

i'v_ . . ..EN-nééir, G . ) -
N gqp Mompair —w (1.25).
inc mnece- ’ I

i
H

. would carry away even.a smaller part of the resonance's energy. We .,

" can also easily show that for N-N scattering, the average number of

- produced piéns is

o N .
lndyy =2 Q[g 'z_g]g:l s+ Q{g S o )}
| o ' - o=

(TT.26)
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The transverse-momentum and invariant-mass-squared distributions are

given by (II.15) with the substitution of ¢a (ﬁ')-¢d (u") for
N nN
g () g lum).

E. Extension to Include Isospin |

The generalization to include isospin is trivial once we

realize that a definite isospin in the t channel is carried thfdugh the
multiperipheral chain because of isospin conservation. See Fig. 11.

If we work with an amplitude of definite I inclusion of isospin then

-t)

Just introduces the parameter T in our equations. . Using a subscript

t
and a superscript to denote isospin in the t channel and s channel,

respectivély, we get in place of (II.9) and (II.10),

a

a(s,w) = s g (w), o repn
Co I
where ‘
g, () = - -
I 160 £ 1) (2w)
.,X' s
and
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with CIT being thevappropriate isospin crossing matrix. To obtain
A(s,u) for any physical process, one has to take only the appropriate
linear combination of AI(s,u). For later applications, we here list

the x-n and x-N isospin crossing matrices:

1 5\
300t 5\\
\
T T ~ 101 5
(c;7)__ (c I)mt = \ R g (II.30a)
| BN
.3 2 6 -
/ r 1 . l\\
/(8)2 2(6)2 \
| T) R > (II.30b)
€:) y = i\ 5. o /' ; -5 
‘\_\5 5/
. 2\
ety (6)= - o')
C L= : II.30c¢
I N \ = 1
OB,
o L N

Because the'amplitude is proportional to s I, in the high

E_N or x

E,
inc

a gqbd approximation by considering just the I, = 0 case.

_energy limit, (n), s ( |§T|>, and (k~) can be calculdted to
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IIT. n-r FBLASTIC CROSS SECTIONS
From the discussion in Sec. II, we see that the basic equation
to solve is (IT.28). To accomplish this we need a knowledge of
ARI(SO,-u',Qu), where, by (II.5) and (II.29),

T
em, 2 2 & T el 2 2
9 (u ;H')I SOa E CI o© (SO’“ o)

T

R 2 2 ,
A I(So)u M ) = 2
(I11.1)
As discussed in Sec. II, there is no unique ora priori correct way'of

continuing AR off the mass shell; in:Sec. V we will consider several

I

methods of continuation. We now discuss what to use for ARI(SO,ME,UQ).

© At present, there is no x-=n scattering experimeht; éo there
is no diréét' r-x data. Our present éxperimental knowledge about 1-x
scattering comes from studying «N — nxxN reactions using an OPE model.
Howevef, we need to know ceET(sO) for all threé T's. ‘At presenﬁ,
we do not:havé sufficient data to reliably extract this information.
Besides, there is no.unique way of using an OPE MOdei_ tg‘e#tract
-1 crossvéectionSQ 'Innfhis‘paéer,vwé'us; tﬁ;TVeneziano;model for
-5t scattering9 to give us ARI(SO,Qg,pg) in the resonance region.

.At low énergy, the gq-5 elastic cross section is approximatély
equal to the x-n total cross section (the »p and f resonances
decay totally or almost totally into 2x), which by the Optiéal Theorem
is equal to the»absorptive pért of the forward elastic amplitﬁde.
We represent -this elastic amplitude by the R Veneziano fgigula.
Therefore, AR(SO,ME,ug) is Just a sum of B functions. In 5ﬁfff1ivA&

calculations, we cut off the 85 integration at the mass of the g
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resonance énd inélude the r, T, and. g coﬁtributidﬁs»(and their :,'
daughters‘);' In Sec. V‘ we wiil discuss the-implicatibns of the 50
cut off. .The_inclusion of the g contribution is somewhat qugstionable,
since its dominant decay mode may be lUx. We includé it as a.éompensa— )

contribution’which'we have neglected. In any

tion for thé:higher SO-

case, including or excluding thé g does not change any essential
features of the model, but only changes somewhat the numbers 6btained.

9

. Folloving Shapiro,” if we use a single Veneziano term, normalized

to I‘pJTJT = 125 MeV and m = 764 MeV, and require the correct I =L =0
n-n phase shifts, then we get the following representation for the n-x

~amplitude with s,t; and u being the usual Mandelstam invariants (we

put a bar over u so as not to confuse this u with the previous u):

1.0 = F(s,t) +3F(s,8) - 3F(EW) , - (mmmza)
Tsl = F(s,t) - F(s,u) , ' (ITI.2b) -
oy R | e
T = F(t,u) , 3 1 (III.2c)
where
oyl - a()]) r- al)] o
F(X:Y) = B l"[l T o(x) - Oi(y)] 2 . (III-5)
where d(x)li>a + bx, with o bwLF.
a - 0.i8, (ITI.ka)
b = 0.90 Gev 2 , : , (III.WD)
10

B o= -l.e2 . o : 0 T (ITL.be)
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Equations (II.29), (II.30a), (III.2), (III.3), and (III.4) together

imply;l

R 2
( )

2
Ay (sgsp Hu

0-

e | : - 2
= 16x t %ﬁ> [0.71 S(SO - mpa) +1.13 b(so - mg ) +1.27 §(so - m, 1,

(111.55)_

R, 2 2
A (sgsn"507)
, . : " o ' 'vg‘
= 165 (E %ﬁ- [Oiu8 6(sO - mpd) + 0.71 €>(s,_o - mf?) + 0.88 5(so - my )],
’ (II1.5b)

R 2 2
A2 (So)i-‘l }U' )

o . 2 2
= 165 C %é) [0.03 S(SO - m } - 0.11 b(sO - me ) + 0.09 5(30 - my )]‘ .

(III.5¢)
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IV. PREDICTIONS Of MODEL AND COMPARISON WITH EXPERIMENT - .

When ABFST first proposed this multiperipheral model, they
conjectured that the important contribution to the kernel in (I1.28)
comes from the low eﬁergy (the resonance region) gn-n elastic cross
section and that the dependence of the latter on. the mass>of the virtual
pions is negligible. 1In this séétion, we calculate the predictions in
this model under these ﬁwo approximations. In_(II.28), we put a cut off
for the so‘vintegration at 'mgg and replace ARI(SO,-Q’,—U) by
ARI(so,ug,pe). In Sec. V, we will éonsider several modifications of the
model by the relakation of these approximations, but we will find that
none of thése is satisfactory;

Our calculations show the Regge trajectory intercepts to be.

ar_o = 0.30 5 ‘ : o (IV.1la)

a_, = 0.16, o (Iv.1b)

the average multiplicity to be

“{n) =~ 0.74 fn s,12 (Iv.1lc)
the elasticity to be
Eﬁ ‘ : o
' — = 0.69 , : (Iv.148)
~Tinc . ’ - _ e

the average transverse momentum of the produced pion pairs to be

(|15T|>pion_pair = 0.h3 Gev/e , . _(IV.lé)‘



-20- ' UCRL-19449

and the average invariant mass squared for each pair of butgoing pions

to be
(k%) = 0.8k Gev® . ': _ (IV.1F)

The first three numbers given are the same for all scattering processes.

The last three numbers are for N-N icattering;lB these corresponding

E
numbers for q-x scatteringl are = T = 0.4z,
' inc '
(1), - 0.39.GeV/c, and (k°) = 0.81 GeV°. The pion
~T!’pion-pair ’ ' ‘ _

transverse momentum distribution for N-N scattering is plotted in
Fig. 12. We do not have an explanation for the peak at 0.9 GeV/c.

The corresponding experimental numbers are

A o ~ 1.0, '_ (1v.22)
or_q =~ 0.5, | . (1v.2p)
(n) ~ 1 ns-2 fn s, (1V.2¢)
EEN v 0.5-0.6,lb , : ' (1Iv.24d)
inc v
, _ 1 . .
(Hopldone pron = 0:30-0.35 Gev/e, 7 (IV.2¢)
(k2> ~ 0.7-0.8 GeV2.18 (Iv.2f)

Comparing these two sets of numbers, we see that the model's
predictions for elasticity, average transverse momentum, average
invariant mass, and possibly average multiplicity are close to the

experimental valueé, but the predictions for the Regge trajectory




_ of the detailed shape of ARI(SO,u
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interdepté’are tod-smalI, To generate: the experimental P and o
intercepts, the kernel of our integral equation (II.28) must be multiplied
by a factor of 5 and 2.5, respectively. If we increase the kernel

strength by a factor of 5, then we get -

Or o = '1.00 , - ' o (Iv.3a)
Qg = 0.78 , o | | (Iv.3b)
(n) = 1.0k fn s , | . C(1v.3c)
= Y . o062, (1v.34d)
inc : : o - ‘
<|]§T|>pion-pair v=v 0.48 Gev/c , (Iv.3%e)
' k%) = 0.76 GeV® . | o (1v.3f)

We conclude that with the present approximations, the kernel in our

model is of insufficient strength.

Although we use the Veneziano formula for 'ARI(so,pg,gg)

to get. the above results, these results are actually almost independent
2,u2). Instead of evaluating
(IIT.5a) with 8 functions, we have substituted Breit-Wigner forms,

normalizing to the constants in (III.5a); and got almdst the same

answers.
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V. POSSIBLE'MDDIFICATIONS OF THE  MODEL

A. Inclusion of High 54 Contribution : : _ -

The most obvious way of modifying our calculations is to raise

the 54 cut off, o , in (II.28),.for»this will surely .increase . . i
. max : 3 : |

our kernel strength. This was the approach of Ball and Marchesini.” ;
However, increasing. Sq increases the average subenergy of each ;
max |

pair of outgoing pions and so' decreases the averége multiplicity.
But our multiplicity is already smaller than the experimental value.
' |
In their calculations, Ball and Marchesini can get . aI—O = 0.95, but i
. - 1
t
|

at the expense of getting (n) = 0.2 ¢n s. Furthermore, increasing

s increases the average momentum transfers. -One way to see this ‘ i
max .
is to use-a u' cut off, ul, in (II.28), and observe the change
| v , : . :
. ¢ e . 5 _ om
in o as» u, 1is varied. If we let o, =O(so) s for

t o)

|

|

]

2 ’ . .wl

54 >.mg , then we obtain the result shown in the table below. l
| |
b

[l

i

. . . ’ {
so_'f(Gevg) ©om 2.7 12.7 - 52.7 |
max o . . v | 1

i

{

|

u"CI(GeVQ/ca) w0 2 5 1w | o2 5 o 2 5

0o 0.30 0.275] 0.28 | 0.40 } 0.34 |.0.38) 0.55 { .43 {0.L8

% of total [100% | 94 95% | 100% | 84% | 95% | 100%} 71% | 83%
contribution

The last row represents the ratio of the contribution with a

cut off in u' to that without a cut off in ﬁ’.v These numbers are . j
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obtainedlﬁy_vérying the kernel strength’to get the_apbropriate a's.
This incféaée invaverage momentum transfers undermines the whole baéis
of the ABFST multiperipheral model--small momentum transfefs and
consequentiy"thevdominance of pion exchange. .We thereforevcénclude
that the inclusion of the large subenergy coﬁtribution is not the
solution.to our problem. If there is.a modification which can fix up.

19

this model, it must damp out the large s contribution. This also

o]

means that our model will be independent of 'sO as long as s
‘ max : max

is above the resonance region.

B. Off-Shell Continuation
As there is no unique dreapriori correct'off-shell continuation
of AR(so,pe,ug), we consider several methods of continuation.

'Since the Mandelstam invariants satisfy thé'usual constrainfs
S+t +u = lia m, 2 | o (v.1)
- 2 ) .

the Veneziano representation (III.2) has a natural off-shell
cbntinuation by requiringv u at fixed s (t = Ok in.our case of
forwardﬂscéttering)-to always satisfy (V.1) when the mi2 are taken
off-sheii;- Assuming the Veneziano coupling conétgnt, B, does not vary

as we go off-shell, instead_of (ITI.5) we now have



"From (V.2a) and-(V.B),'wevSee‘that~this»coﬁfiﬁﬁatiéh”iﬁcréases Ay -

this continuation leavés AR

H

b UORT.-19%49

AOR(SO,-u';-u) = 16x (E %§:> {fo.48 - o.y5 G]s(so - mp

+ [0.72 - 0.40 EQ - 0.88 u] a(so -m

— [0.87 - 0.25 ® - 0.9 % - 1.2 1] S(SO - mg2)} s (V.2a)

. R ’ :
Ay (so,—u ,-u). =

= 16x E%@ (0.48 (s, - mpg) +0.71 B(s, - m.7) + 0.88 (s, -._’mgg)],

(v.2p)
A R(S:v—u' —u)v = 16 | -_ié (lo.48 + 0 §O E]v6< -m 2)
5 0’ ER = 7 b LU . ) SO o

+ [0.81 W +1.76 T + 0.71] 3(s, - n0)

+ »%[55 + 3.6 T 5.0 u + 1.8] 8(so - mgg)} , »- '(y;gc)
where
T o= -2(mu) - s (v.3)

R

However, as is evident from (V.2a) and (V.3), the average momentum
transfers -are also drastically increased and so the basis of a multi-
peripheral model with pion pole dominance is undermined. Furthermore, .

1 unchangeq, because
AlR = Im~Tlt - Im F(s,t=0), which is independent-of U, and it causes

A2R .to be negative when u or u' —w, as is evident from (v.2¢)

and (V.3). This off-shell continuation is therefore unsatisfactory.
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The!difficulty of increasing the average mdmentum.transfers is
again encountered if-in (III.1) we use the off-shell partial cross
sections obtained from the Born approximation (meaning lowest-order
perturbative diagram) and related to the on—éhellvpartiaivcross

seetions'byep

6z(sv u',u) = [ELELAE)]2£-1 UE(SO) ; | (v.4)
where
\3
5o ~ e Y
q = -"jf“‘——// s (V.5a)
énd’

o

S . 502 + 2sg(u +u') + (w —_u)2 
q(u';u) = _ e (v.5p)
Equation (V.4) implies that the partial cross. sections blow up as u
or. ’_f ﬁf_;a@ “forz'z > 1. This same difficulty of increasing

momentﬁm transfers also arises if in (I11.1) we.continue chml off-

- shell.

Wolfévhas'successfully fit single and doublé'pioh production

for . |t|v<'l_'GeV2/c2 and laboratory momentum between 1.6 and 20 GeV/c

by using an OPE model with the Benecke-Durr off-shell continuation -of

s ‘ . 21
pdrtial cross sections:

uz(qu)ﬁ—-az(so), (V.6)

. 'e
g (so,u) = G;raﬁy— 5
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where g is given by (V.5b) with u' = —ug,' R 1is a parameter (one

for each £) determined by fitting data, and

l R l & ) .
O e A (D N W)
A BA 2 g -

where‘ Qz(z) are Legendre functions of the second kind. Using the
)

g (So:u>
Y

o (sg)

£ = 0,1,2,3 and for almost all relevant values of 5o and u.

values of R obtained by Wolf, we find <1 for

Although in OPE only one pion is off-shell, we believe taking.two pions
off-shell by replacing Q, by gq(u',u) .will probably make the off-
shell cross sections even smaller. | | |
Another method of continuation is the Loveléce-Wégner.unitarized
n-x Veneziano formula.22 For some values of sy and u this method
gives off-shell partial cross sections that are lgrgéf;than the on-shell
partial prbss sections, but'fOr'the‘importéht»v;iueslofi souiénd u, ifs
off-shell parfidl cross sections are smaller than fhe on-shell partial
cross éecfioné.4 Therefore, this continuatioﬁ again decreases tﬁe kefﬁel
strength:.' | .
| Thus, the methods of off-shell continuation,£hat we héve studied

either decrease the kernel strength or dfastically increase the momentum

transfers._

K
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C. _Incluéion of Inferférence Terms

’ In'é[gehéral production.process in whicﬁfmany particles are
produced; thore are many ways of arranging the final particles along the
multiperipheral.chain, with all these arrangeménts corresponding to the
same phyéicél procéss. The total amplitudé'is fﬁen actuaily a Super-
position of am@litudes. Thus in calculating oroduofion crossrsectioos
orvn-particle contribofions to the unitarity sum, interference terms
appear. Tﬁése interference terms correspond to‘non—planér diagrams,
as shown in Fig. 15? In all our discussion so far, we haye neglected:
such interference terms, assuming that when the momentum transfers are
smallvfor.OHe arrangement, they must be large for all other arrangements.
It may turn out that this assumpfion is a poor one. . Including inter-
férence terms may increase the kernel strength5‘but:at present no one

has calculated how large a contribution will come from.such terms.
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VI. CONCLUSIONS | |
. A |
The-predictions of the ABFST multiperipheral model for elasticity, l
average tranéverse momentum, average invariant mass, and possibly average
multiplicity are in the neighborhood of the éxperimental values. The
model's predictions of trajectbry heights are, however, much too smailz
corresponding to a kernel strength which is téo weak by a factor of 2% to 5. }

What is the explanation for the inadequate'Strength of our

kernel? We have seen that the explanation is not due to our neglect of

the high-subenergy contribution, since the inclusion of the latter

decreases'the_average multiplicity and increases the average momentum
transfers. A possible explanation lies in the.off—shell coﬁtinuation

of the x=nx cross sections, but we have seen that it is not easy for an
off-shell continuation to increase the kernel strength without simul; i
taneously increésing the average mpméntum trgnsfers.ﬂ Thérinclusion of

K's, 0's, and other particles, as well as 'nié,“wiil définitely add to
ouf kernél-étfengﬁh. Since éxpé?imentaily”thé.iérgé hajority of
producéd'partiéle§ in~higﬂ energy collisions ére 'n}s, tﬁis‘added
strength is ﬁrobaﬁly.not significant. 1Furthermore;.the use of unmodified
ﬁropagators for'mdre massive exchanged particles is probably an over; -
estimate of their effect, since these more massive poles are farther

from the physicai region. ' o B _ ‘ ' -

A promising possibility is the inclusion of interferénce“terms,

but at present we have not calculated the sign aﬁd the strength

of such terms. Another possibility is that the physical Rifel éfogé

sections may be larger than those given by our Veneziano prescription;
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this is especially important if it furns out that there are a strong
threshold_effect and/or é'strong, low mass s-wave résonance. On this
point we shall‘have to walt until wevhavermore information on w-x
SCattering.

| It is interesting to note thaf e?eh when we_inérease ourvkernel
strength_by a factor of 5 to get the outpﬁt Pomerénchﬁk pole af 1.0,
the average multiplicity is only 1.0& fn s [see (IV.3c)]. Our model
seeﬁs to indicate that the averagé multiplicity for ©N-N scattering is

closer to 1 /n s than to 2 4n s (see Ref. 15).
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. Schematic repreéentation of Eq. (II.13).
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'FIGURE CAPTIONS
Diagram for multi-Regge amplitude; Wavy lines correspond ﬁo

Regge poles; s = (P + Pf)E; s F (PO + Pl)2,"',sn = (Pn_l+ P

’Diagram'for ABFST multiperipheral amplitude. Solid lines and.

wavy lines correspond to on-mass-shell and off-mass-shell
pions, respectively; ti = qig, for i = 1,2,+++,n.

Unitarity relates the production amplitudes to the forward

absorptive part of the elastic amplitude.

Diagram used in calculating elasticity; s, = k™.

Diagram used in calculating transverse momentum distribution.

' Diagram for n-N scattering.
~ Schematic representation of Eq. (II.25).
Diagram for N-N .scattering.

,vSéhematicwrepresentation1of Eq. (II.28).

A_definite isospin in . the-t channel is carried1through the .

multiperipheral chain because of isospin conservation.

- Transverse momentum distribution of pion pairs.

Non-planar diagrams corresponding to interference terms.
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person actmg on
behalf of the Commission: :

A. Makes any warranty or representation, expressed or implied, W1th
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission"
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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