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FREELY INDEPENDENT RANDOM VARIABLES WITH
NON-ATOMIC DISTRIBUTIONS

DIMITRI SHLYAKHTENKO AND PAUL SKOUFRANIS

ABSTRACT. We examine the distributions of non-commutative polynomials of
non-atomic, freely independent random variables. In particular, we obtain
an analogue of the Strong Atiyah Conjecture for free groups thus proving
that the measure of each atom of any m X n matricial polynomial of non-
atomic, freely independent random variables is an integer multiple of n~1.
In addition, we show that the Cauchy transform of the distribution of any
matricial polynomial of freely independent semicircular variables is algebraic
and thus the polynomial has a distribution that is real-analytic except at a
finite number of points.

1. INTRODUCTION

One of the essential themes in the study of free probability [23] and its applica-
tions to random matrix theory is to determine specific properties of the spectral dis-
tribution of a fixed (matricial) polynomial in freely independent random variables.
For example, some of the earliest work in free probability theory concerns free con-
volution, which is the study of the distribution of the polynomial P(X,Y) = X +Y
in two freely independent random variables. In particular, the recent paper [3]
of Belinschi, Mai, and Speicher uses an analytic theory for operator-valued addi-
tive free convolution and Anderson’s self-adjoint linearization trick to provide an
algorithm for determining distributions of arbitrary polynomials. Combining the
previously known results from [12], [7], [1], and [I5] along with the results con-
tained in this paper, we obtain the following summary of the known properties of
distributions of matrices whose entries are polynomials in several free variables (or,
equivalently, polynomials in free variables having matricial coefficients).

Theorem 1.1. Let Xi,...,X, be normal, freely independent random wvariables
and let [p; ;] be an £ x £ matriz whose entries are non-commuting polynomials in n
variables and their adjoints such that [p; j(X1,...,X,)] is normal. Then

(1) if there exists {d;}7_, C N such that the measure of each atom in the prob-
ability distribution of X; is an integer multiple of %, then the measure of
J

each atom in the probability distribution of [p; ;(X1,...,Xy,)] is an integer

multiple of % where d := H?:l d;.

In particular,
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(2) if the probability distribution of each X; is non-atomic, then the measure of
each atom in the probability distribution of [p; ;(X1,...,Xy,)] is an integer
multiple of %.

If, in addition, X1,...,X, are freely independent semicircular variables or freely
independent Haar unitaries and [p; ;(X1,...,Xn)| is self-adjoint, then

(3) the spectrum of [p; ;(X1,..., Xn)] is a union of at most £ disjoint sets each
of which is either a closed interval or a point, and
(4) the measure of each connected subset of the spectrum of [p; j(X1,...,Xn)]
is a multiple of %.
Furthermore, if v is the spectral distribution of [p; ;(X1,...,Xy)], if K is the sup-
port of p, and if G, is the Cauchy transform of u, then

(56) G is an algebraic formal power series and thus

(6) there exists a finite subset A of R such that if I is a connected component of
R\ A and p|5 is the restriction of p to I, then plr = 0 whenever I\ K # ()
and if I C K, then p|r has probability density function Im(g)|r where g is
an analytic function defined on

W:={zeC | [Im(z)] <0} \ U{a—it | t €]0,00)}
acA

for some 6 > 0 such that g agrees with G, on {z € C | 0 < Im(z) < ¢} and
for each a € A there exists an N € N and an € > 0 such that (z — a)™ g(2)
admits an expansion on W N{z € C | |z — a| < €} as a convergent power

series in ry(z — a) where ry(2) is the analytic Nt oot of z defined with
branch C\ {—it | t € [0,00)}.

Finally, if the support of u is contained in [0,00), then
(7) Time_yo [ In(t) du(t) > —oo.

In this theorem, by a polynomial in X,..., X, we mean a fixed element of the
x-algebra generated by Xi,..., X,.

Parts B) and @) of Theorem [l follow directly from [12] Corollary 3.2] which
computes the K-groups of C} (F,), the reduced group C*-algebras of the free
groups. The characterization of the Ky-group immediate implies that the normal-
ized trace of any projection in M,(C* (F,)) is an integer multiple of £~1. Notice
that part (@) of Theorem[TTldoes not imply part (2) of Theorem [[Tlin the setting of
part (@) as atoms may occur inside a closed interval of the spectrum. Alternatively,
these results were obtained using random matrix techniques in [7].

Notice that part 2] of Theorem [[Ilapplies when X, ..., X,, are freely indepen-
dent semicircular variables. Since freely independent semicircular variables describe
the non-commutative law of certain independent large random matrices (see [23])
we obtain the following application to random matrix theory.

For each N € N let X;(N),...,X,(N) be self-adjoint Gaussian random matri-
ces (or, more generally, matrices with independent, identically distributed entries
satisfying certain moment conditions; see [23] or [8] for details) and let p be an
arbitrary non-constant non-commutative polynomial in n variables which is self-
adjoint in the sense that Y(N) = p(X1(N),...,X,(V)) is always a self-adjoint
matrix. Let uxn be the empirical spectral measure of Y (N) (that is, un/[a, ] is the
average proportion of eigenvalues of Y (V) which lie in [a, b]).
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Corollary 1.2. With the notation as above, the measures puy converge to a non-
atomic limiting measure L.

Indeed, by a result of Voiculescu (see [23] or []]), it is known that uy converges
weakly to a measure p that is the law of p(X;, ..., X,,) where X1, ..., X, are freely
independent semicircular variables. Thus part (2] of Theorem [l implies that
has no atoms provided p is non-constant.

The motivation for the proof of Theorem [Tl part () stems from the knowledge
that the statement of the theorem holds by the Strong Atiyah Conjecture for the
free groups in the case when Xi,...,X,, are freely independent Haar unitaries.
The Strong Atiyah Conjecture (motivated by the work in [2] and proved for a class
of groups that includes free groups by Linnell in [9]; also see [I0] and references
therein) states that the kernel projection of an arbitrary matrix with entries taken
from the group ring CF,, of a free group on n generators must have integer von Neu-
mann trace. To prove our theorem, we consider the analogue of the Strong Atiyah
Conjecture for x-subalgebras of a tracial von Neumann algebra. We call this notion
the Strong Atiyah Property (since it is known that the Strong Atiyah Conjecture
does not hold even for arbitrary group algebras; see [6] or [I0] for example). It is
not hard to see that the Strong Atiyah Property holds for %-algebras generated by
a single normal element with non-atomic spectral measure. Our main result states
that the Strong Atiyah Property for x-algebras is stable under taking free products
(in the sense of free probability theory [23]) with the group algebra of a free group.
Our proof closely follows [16] with the main difference of being adapted for free
products of algebras and not groups. Using this result, we are able to conclude
that the Strong Atiyah Property holds for any %-algebra generated by Xi,..., X,
provided that X; are free and each has a non-atomic distribution.

The proof that part (B]) of Theorem [[T]is true in the case Xi,..., X, are freely
independent Haar unitaries is contained in the proof of [I5 Theorem 3.6]. In
Section Bl we will adapt the proof of [I5l Theorem 3.6] to the semicircular case
(see Theorem [54). The main idea of the proof is to use the fact that if a certain
tracial map on formal power series in a single variable with coefficients in a tracial
x-algebra A maps rational formal power series to algebraic formal power series,
then the Cauchy transform of a measure associated to a self-adjoint element of A is
algebraic (see Lemma [B.7)). The proof that the tracial map is as desired in the case
A is generated by semicircular variables follows from demonstrating that a specific
formal power series in non-commuting variables is algebraic via a specific property
of the semicircular variables (see Lemma [5.12]).

It is an interesting question whether the Cauchy transform of any polynomial in
freely independent random variable Xi,..., X, is algebraic provided the Cauchy
transform of each X; is algebraic.

The question of whether the Cauchy transform of a measure is an algebraic
power series as in part (B) of Theorem [Tl has previously been studied in particular
cases. For example [I3] Example 3.8] demonstrates that the Cauchy transform of
the quarter-circular distribution is not algebraic. Furthermore [13, Corollary 9.5]
demonstrates that if y and v are compactly supported probability measures on R
which have algebraic Cauchy transforms and are the weak limits of the empirical
spectral measures of N x N random matrices, then the free additive convolution
wB v (see [19]) is algebraic. Moreover, [13, Corollary 9.6] demonstrates that if,
in addition, g and v have support contained in the positive real axis, then the
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free multiplicative convolution p X v (see [20]) is algebraic. This question was also
considered in [I] for limit laws of certain random matrices. In fact a result much
like ours was hinted at in that paper. Using [I, Theorem 2.9] we see that part (@)
of Theorem [[1] is implied by part () of Theorem [Tl In particular, part (6) of
Theorem [I.] directly provides information about the probability density function
of 1 by the Stietjes inversion formula.

Finally, in Section Bl we will prove part (7) of Theorem [[1] by following the
proof of [I5, Theorem 3.6] which demonstrates that if the Cauchy transform of a
measure is algebraic, then the Novikov-Shubin invariants of the measure are non-
zero. Our interest in part (7) of Theorem [I1] comes from the following question:
if p is an arbitrary, non-constant, self-adjoint polynomial in n free semicircular
variables, must it be the case that the free entropy (as defined in [21]) of p is finite?
Indeed elementary arguments may be used to show that if S is a semicircular
variable and p is a non-constant polynomial such that p(S) is self-adjoint, then
the spectral measure of p(S) has finite free entropy. Further evidence that this
must be true comes from a strengthened version of part (@) of Theorem [I1] for
matrices of the form [p; ;] where each p;; € Alg(Si,...,Sn) ® Alg(S1,...,Sn),
which we prove below. In particular, it follows that the vector of non-commutative
difference quotients JP := [01 P, ..., 0,P] (see [22]) has maximal rank whenever P
is a non-constant, non-commutative polynomial in n free semicircular variables.

Given the success of [3] in providing an algorithm for determining the distri-
butions of (matricial) polynomials in semicircular variables, it would also be of
interest if an alternate proof of Theorem [I.1] could be constructed using the ideas
and techniques from [3].

2. THE ATIYAH PROPERTY FOR TRACIAL #%-ALGEBRAS

In this section we will introduce the notion of the Atiyah Property for tracial
x-algebra. In addition, several examples of tracial x-algebras that satisfy the Atiyah
Property, which will be of use in Section Bl will be provided.

If ¢ € N and 7 is a linear functional on an algebra A, then 7, will denote the
linear functional on My(.A) given by

7o([Aig]) =D 7(Ais)
i=1
for all [A4; ;] € My(A). Notice that if 7 is tracial (that is, 7(AB) = 7(BA) for all
A, B € A), then 7y is tracial.

Definition 2.1. Let A be a *-subalgebra of B(H), let 7 be a vector state that is
tracial on A, and let I be an additive subgroup of R containing Z. We say that
(A, 7) has the Atiyah Property with group I if for any n,m € N and A € M, ,(A)
the kernel of the induced operator L4 : H®™ — HE™ given by L4(£) = A¢ satisfies
Tm/(ker(La)) € T. We say that (A, 7) has the Strong Atiyah Property if (A, 7) has
the Atiyah Property with group Z.

Of course the case that I' = R is of no interest in the above definition. By the fact
that ker(La) = ker(La~4), it suffices to consider n = m in the above definition.
In this case it is easy to see that ker(La) = Im(La~) so we may replace kernels
with images in the above definition. Furthermore, if A is equipped with a C*-norm
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and 7 is faithful on the C*-algebra generated by A, the tracial representation of
A C B(H) clearly does not matter.

It is clear that if G is a group that satisfies the Strong Atiyah Conjecture (e.g. any
free group) and 7¢ is the canonical tracial state on L(G) (the group von Neumann
algebra), then (CG,7¢) has the Strong Atiyah Property. The following provides
examples of a tracial x-algebras that have the Atiyah Property. In particular, the
following result implies that the tracial x-algebra generated by a single semicircular
variable has the Strong Atiyah Property with respect to the canonical tracial state
(see [23] or []]).

Lemma 2.2. Let u be a compactly supported probability measure on C. Let T’ be
the topological closure of the additive subgroup of R generated by 1 and the measures
of the atoms of  and let (A, T) be the tracial x-subalgebra of Loo(p) C B(La2())
generated by multiplication by polynomials with trace

T(Mp) = /C pdu.
Then (A, T) has the Atiyah Property with group T .

Proof. Let §; denote the point-mass measure at ¢t € C. Then we can write
uw=v+ Z 0
t

where v is a non-atomic, compactly supported measure on C and oy € T for all ¢.
Therefore v(C) € T by the construction of T

To see that (A, 7) has the Atiyah Property with group I, fix £ € N and let [4; ;] €
My (A). Viewing each A;; as a polynomial, we can view [A4; ;] as a measureable
function from C to My(C). Moreover, if P is the projection onto the image of
[4; ;] (which is in the von Neumann algebra generated by M;(A) and thus is in
Loo(p)@M,(C)) and P, € M,(C) is the projection onto the image of [A; ;(t)], it is
elementary to see that P(t) = P; p-almost everywhere. Hence

(P) = /C tr(P(1)) dp(t) = /C vank([A; ; (1)) du().

Recall the rank of a matrix M € M,(C) may be obtained by computing the
maximum size of a submatrix with non-zero determinant. However, the pointwise
determinant of submatrices of [4; ;(t)] is a polynomial in ¢ and thus is either zero
everywhere or non-zero except at a finite number of points. Hence we obtain that
t — rank([A4; ;(¢)]) is an integer-valued function that is constant except at a finite
number of points which may or may not be atoms of p. It is then easy to deduce
that 7¢(P) is an integer-valued combination of elements of I and thus lies in I'. [

Extending these integration techniques, we obtain the following result for the
product of measures on C. Notice that the tracial *x-algebra constructed is the
tensor product of tracial x-algebras from Lemma

Lemma 2.3. Let n € N and let {p; };?:1 be non-atomic, compactly supported prob-
ability measures on C. Let u be the product measure of {Hj}?:1 and let (A,7) be
the tracial *-algebra generated by multiplication by the coordinate functions {x;}7_4
with trace

T(Mf):[cnfdﬂ-
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Then (A, T) has the Strong Atiyah Property .

Proof. We claim that if p(z1,...,z,) is a polynomial and V is the zero set of
p(Z1,...,@y), then p(V) € {0,1} and u(V) = 1 only occurs when p(z1,...,2,) is
the zero polynomial. To prove this claim, we proceed by induction on n with
the case n = 1 following from Lemma Suppose the claim holds for n —

1. Let p(z1,...,z,) be any polynomial and let v be the product measure of
{15 ?;11. Clearly the claim is trivial if p(z1,...,x,) is the zero polynomial so
suppose p(z1,...,Zy) is not the zero polynomial. For each ¢t € C let

‘/t = {(Ila' "7:677.71) € c" | p(Ila' s axnflat) = 0}

Therefore the zero set of p(x1,...,x,) is Uee Vi and v(V;) € {0,1} for each t € C
by the induction hypothesis. If v(V;) = 1, then p(z1,...,2,—1,t) must be the zero
polynomial which implies z,, — t divides p(z1,...,z,) since we can write

n—1
@1 @) = D0 D7 Pt (a2

k=114,>0
where p;, .. ;. _, are polynomials and if p;,, . 4, ,(t) # 0 for at least one i1, ..., in_1,
then clearly p(x1,...,2,-1,t) would not be the zero polynomial. By degree ar-
guments there are at most a finite number of ¢ € C such that z,, — t divides
p(x1,...,2y) so ¥(V;) = 0 except for a finite number of ¢t € C. Since u, contains
no atoms, by integrating using Fubini’s Theorem we easily obtain that the zero set
of p(x1,...,x,) has zero y-measure as desired.

To see that (A,7) has the Strong Atiyah Property, fix £ € N and let [4; ;] €
M,(A). Thus each A, ; is a multivariable polynomial. If P is the projection onto
the image of [A; ;], then, as in the proof of Lemma 22 we obtain that

Tg(P) = /n rank([Aiﬁj(tl,.. ,tn)])d,u(tl, .,tn).

Since the rank of a matrix can be determined by computing the largest non-
zero determinant of a submatrix and since the determinant of any submatrix of
[4; j(x1,...,2y,)] is a polynomial in x1, . .., z, whose zero set either has zero or full
p-measure, the result is complete. O

Next we endeavour to extend the above result to include compactly supported
probability measures on R that have atoms. We will only focus on measures with
atoms that lie in certain subgroups of Q since the main result of Section Bl will also
only apply to these groups.

To discuss such measures, for an additive subgroup I' of Q and a d € N we define

1 1
—I'i=4- r
d {d9|g€ }7

which is clearly an additive subgroup of Q that contains Z if I" contains Z. As such,
the following result is trivial.

Lemma 2.4. Let (A, 7) be a tracial *-algebra that has the Atiyah Property with
group I' and let £ € N. Then (My(A), %Tg) has the Atiyah Property with group %1".
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Theorem 2.5. Letn € N and let {,uj};-lzl be compactly supported probability mea-
sures on C. Let pu be the product measure of {p1;}7_, and let (A,T) be the tracial
x-algebra generated by multiplication by the coordinate functions {z; }?:1 with trace

ry) = [ s

Suppose for each j € {1,...,n} there exists a d;j € N such that the atoms of u; have
measures contained in dLjZ. Ifd .= H?:l d;, then (A, T) has the Atiyah Property
with group éZ.

Proof. By assumptions, for each j € {1,...,n} we can write
a,
Hi = 1+ 35
k J

where §; represents the point-mass probability measure at ¢, the sum is finite,
ap € N, tg, # ty, if k1 # ko, and u}' is an non-atomic measure. Notice u}’((C) € dijZ.
Let p = ;u’;«c)/‘;‘l if pf # 0 and let pu be the Lebesgue measure on [0, 1] if
u;-’ = 0. Therefore the tracial x-algebra generated by polynomials acting on La(u;)
can represented a tracial x-algebra of diagonal matrices in Mg, (B(L2(p})) (with
respect to the canonical normalized matrix trace) where the polynomial z maps to
the matrix with  appearing on the diagonal d;uf(C) times and each t), appearing
on the diagonal oy times.

Let p' be the product measure of {y}7_; and let (A, 7,/) be the tracial x-
algebra generated by multiplication by the coordinate functions {x;}}_; with trace
7u(My) = [o. [ dp/. By taking tensor products of the tracial x-algebras generated
by polynomials acting on Lo(p;), it is easily seen using the above representations
that (A, 7) can be represented in the tracial -algebra (Mg(A.), %(7u/)q). Since
Lemma implies (A, 7,/) has the Strong Atiyah Property, Lemma [2:4] implies
(Ma(Au), 3(74)a) has the Atiyah Property with group 47 completing the proof.

O

3. ATIYAH PROPERTY FOR FREELY INDEPENDENT RANDOM VARIABLES

The goal of this section is to use the Atiyah Property for tracial x-algebras to gain
information about the distributions of matricial polynomials of freely independent
random variables. In particular, Theorem [B.I] will enable the extensions of the
results from Section 2] to the non-commutative setting as seen in Theorem [B.4] thus
completing the proof of part (1) of Theorem [Tl The proof of Theorem B.I], which
is based on the proof of [16, Proposition 3] (or the updated version [I7, Proposition
6.1]), will be postponed until the next section in order to focus on the applications
of Theorem [3.1]

Recall that given unital x-algebras A; C B(H;) with vector states 7; that are
tracial on A;, we can consider the x-subalgebra A; * As inside the reduced free
product C*-algebra (B(H1), 71 )*(B(Hz), 72) generated by A; and A,. The canonical
vector state 71 * 7 is then a tracial state on A * Ay (see [23] or [§]). Similarly we
can consider the x-subalgebra A; ® As inside the C*-algebra B(H; ® Hz) generated
by T ® Iy, and Iy, ® S for all T € A; and S € Ay. With this notation, it is easy
to state the following technical result.
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Theorem 3.1. Let n € N, let F,, be the free group on n generators, let CF,, be
the group *-algebra equipped with the C*-norm defined by the left reqular represen-
tation, and let Ty, be the canonical trace on L(F,). Let A and B be x-subalgebras
of the tracial von Neumann algebras with separable preduals (MM, 7o) and (M, )
respectively. Suppose that (A ® B, on®tn) has the Atiyah Property with group éZ
for some d € N. Then ((AxCF,,)® B, (ton * 75, )®Tm) has the Atiyah Property with
1
group 7.

Clearly Theorem Bl implies the following two results.

Corollary 3.2. If A and B are as in Theorem[3 1l and n,m € N, then ((AxCF,)®
(B CF,), (om * 75, )® (7o * 7%,,)) has the Atiyah Property with group 17.

Proof. This is a simple application of Theorem B.1] twice using A = B and B =
A * CIF,, the second time. O

Corollary 3.3. Let A be a x-subalgebra of a tracial von Neumann algebra with
separable predual (I, Tom). Suppose (A, Tom) has the Atiyah Property with group
éZ for some d € N. Then (A x CF,,, Ton * 75, ) has the Atiyah Property with group
iz,

Proof. Take B = C in Theorem Bl O

Using Theorem 3.1l along with the examples of Section 2] we obtain the following
result which provides important information about the spectral distributions of
matricial polynomials of normal, freely independent random variables.

Theorem 3.4. Letn € N and let X1, ..., X, be normal, freely independent random
variables with probability measures p; as distribution respectively. Suppose for each
j € {1,...,n} there exists a d; € N such that the atoms of p; have measures
contained in dLjZ. If A is the unital x-algebra generated by X1, ..., X, (obtained by
taking a reduced free product of tracial x-algebras), T is the canonical trace on A,
and d := H?:l d;, then (A,7) has the Atiyah Property with group 7.

Furthermore, if [p; ;] is an £ x £ matriz whose entries are non-commutative poly-
nomials in n variables and their adjoints such that [p; ;(X1,...,Xn)] is normal,
then the measure of any atom of the spectral distribution of [p; ;(X1,...,X,)] with
respect to the normalized trace %7’4 s n ﬁZ.

Proof. Let p be the product measure of {y; %, and let (Ao, 7o) be the tracial *-
algebra generated by multiplication by the coordinate functions {z; }}“:1 on Lo(p)
with trace 7o(My) = fccn fdu. Clearly each X; has a representation in Ay as
multiplication by the coordinate function x; so we will view X; € Ap for all j €
{1,...,n}. Let U := A(1) be the canonical generating unitary operator for L(Z).
Then it is easy to see that X7, UXoU*, ..., U"X,,(U")* are freely independent in
Ao x CZ with respect to the trace 7o * 7. However, since (Ag, 79) has the Atiyah
Property with group éZ by Theorem 2] (Ag*CZ, 79 *77) has the Atiyah Property
with group éZ by Theorem Bl Hence (A, 7) has the Atiyah Property with group
éZ by taking the canonical isomorphism of tracial x-algebras.

Next suppose that [p; ;] is an ¢ X ¢ matrix whose entries are non-commutative
polynomials in n variables and their adjoints such that [p; ;(X1,...,X,)] is normal
and the spectral distribution of [p; ;(X1,...,X,)] has an atom. By translation
we may assume that this atom occurs at zero and thus corresponds to the kernel
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projection of [p; ;(X1,...,Xy)]. Since (A, 7) has the Atiyah Property with group
éZ we obtain that the measure of the atom is in ﬁZ. [l

As an application of the above result, we recall that Voiculescu developed in
[19] the notion of the additive free product of measures in which if {X;}7_, are
self-adjoint, freely independent random variables with probability measures p; as
distribution respectively, then the additive free product measure p := u B---Bpu,
is the distribution of X; + - - - 4+ X, in the reduced free product C*-algebra. Hence
Theorem [3.4] implies the following specific case of [4, Theorem 7.4].

Corollary 3.5 (see [4, Theorem 7.4]). If n € N and {u;}7_, are non-atomic,
compactly supported probability measures on R, then py B ---H u, has no atoms.

Proof. Since each p; contains no atoms, we can apply Theorem B4l to conclude
that p := p1 B- - -Hu, may only have atoms in Z. Since pu is a probability measure,
if © has an atom, then p must be a point-mass measure which would imply that
X1 4+ X, = ol for some « € R contradicting the fact that X5, ..., X,, are
freely independent. O

To complete this section, we can extend Theorem [3.4lto tensor products of tracial
x-algebras generated by self-adjoint, freely independent random variables.

Corollary 3.6. Let n,m € N and let Xq,...,X, and Y1,...,Y,, be collections of
normal, freely independent random variables with probability measures p1; and vy, as
distribution respectively. Let (A,74) and (B, 78) be the tracial x-algebras generated
by the reduced free products of {X1,..., Xn} and {Y1,..., Y} respectively. Suppose
for each j € {1,...,n} and k € {1,...,m} there exists a d;,d}, € N such that the
atoms of p; and vy, have measures contained in dijZ and iZ respectively. If

d:= ﬁ d; - ﬁ dy,
j=1 k=1

then (A ® B, 74®7g) has the Atiyah Property with group %Z.

Proof. Let i be the product measure of {Mj};’l:l and let v be the product mea-
sure of {v;}7" ;. Let (Ag,74,0) be the tracial x-algebra generated by multiplication
by the coordinate functions {z;}j_, on La(p) with trace 740(My) = [o. fdp
and let (Bo,78,0) be the tracial x-algebra generated by multiplication by the co-
ordinate functions {yx}}, on Lo(v) with trace 750(My) = [un fdv. Therefore
(Ap ® By, 74,0®78,0) has the Atiyah Property with group éZ by Theorem
The remainder of the proof follows the proof of Theorem [B.4] by an application of
Corollary 3.2 O

Notice that Corollary has the following interesting application. For any
n,m € Nlet Py,...,P, € A:= Alg(5;,...,S,) be polynomials in n free semicir-
cular variables Si,...,S5, and let 0; be the non-commutative difference quotient
derivations (see [22]). Let JP := [0;P;];; which is an n X m matrix with entries
in A® A. The matrix JP is the non-commutative Jacobian of P := (P,..., Py,).
We define the rank of JP to be the (non-normalized) trace of its image projection

in M, (W*(A® A)).

Corollary 3.7. With the above notation, rank(JP)

€ {0,1,...,min(m,n)}. In
particular, if {P;}7, are not all constant, then rank(JP) >

1,.
1.
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4. PROOF OF THEOREM [3.1]

This section is devoted to the proof of Theorem [B.I] which underlies all results
of Section Bl Our proof is essentially the same as the argument of Schick in [16]
adapted for the case of algebras. This proof has themes similar to those used in
[14, Lemma 10.43], which makes use of the notion of a Fredholm module to show
that the free groups satisfy the Strong Atiyah Conjecture. The idea of applying
Fredholm modules has its roots in a proof of the Kadison Conjecture for free groups
on two generators from [5].

Proof of Theorem [31]. Let H := Lo(9M, 7on). Thus 9 has left and right actions on
H. Similarly, let K := Ly(M, 7r). For a right-(9MM@N)®¢ invariant subspace L of
(H @ K)®*, we define

dimaygm (L) = trovgm(Q) = (T @70)¢(Q)
where @ is the orthogonal projection onto £ (which is an element of M,(9MRN)
acting on the left).
For later convenience we desire to construct a certain isomorphism of Hilbert
spaces that commonly appears in the proof that F, satisfies the Strong Atiyah
Conjecture. We desire a bijection

b {6n | heF\{e}} = {on®ei | heFnic{l,...,n}}.

(where {e;}!, are the canonical orthonormal basis for C™) as this will clearly
produce a unitary operator

U2 0y(F) \ (CSe) — Lo(Fn) ® C™.

Let {u;}!, be generators for F,. Consider the Cayley graph of F,, with edges
{g,gu;}. For each h € F,, \ {e} let e(h) be the first edge of the geodesic from h to
e. Thus we may write e(h) = {¢o(h), Yo (h)ur)} for some (k) € {1,...,n}. Thus
if we define
Y(0n) = dypo(n) ® r(n)s

we clearly obtain a bijection.

Let A denote the left regular representation of F,, on ¢2(F,). We claim that ¥
has the property that for each T' € CF,, the set of {0p, } her,\ (e} sSuch that W(A(T)dp)
does not make sense (i.e. (A(T)dn,de) # 0) or

V(AT)on) # (MT) @ Icn )V (0n)

is finite. To see this notice for fixed g,h € F, the only way that \(g)(dn) ¢
05(F,) © (C6,) is if gh = e and the only way that U(A(g)dn) # (Mg) ® Icn)¥(5r)
can occur is if when reducing gh a term from g cancels the second-last letter in h
(which occurs for a finite number of h for a given g). Thus the claim follows by the
linearity of W.

Let {¢;}jez be any orthonormal basis for K with ¢y a trace vector. We claim we
may assume that there exists an orthonormal basis {£;},ez of H such that & is a
trace vector and

{keZ | (T¢, &) # 0}
is finite for each j € Z and T € A. To see this, we first may assume that A is
finitely generated by self-adjoint operators {Ax}}" ; since we need only check the
Atiyah Property for one matrix with entries in (A CF,,) ® B at a time and a finite
number of elements of A will appear. If {{!};cz is any orthonormal basis of H
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with & = & a trace vector, then the desired basis will be produced by applying
the Gram-Schmidt Orthogonalization Process to

{Ai - A0, & | 5 € Z,m e NU{O} {ir}Ly € {1,...,n}}

starting with &).
Recall (A x CF,,) ® B acts on ((H,&) * (£2(F,),d:)) ® K and

(H,&0) * (€2(F,,),8.) = C& @ (@(C(gjl ®8g ® ..)) ® (@C(ggl ®E, ®- ..))

(where & = d.) where all the tensors in the direct sums have finite length (ending
at any point), alternate between basis elements of H and ¢2(F,,), jr € N, i €
Z\ {0}, and gy € F,, \ {e}. Notice that the union of the vectors used in the above
definition of (H, &) * (¢2(Fy,), ) is an orthonormal basis for (H, &) * (¢2(Fr), de).
For convenience of notation, {o ® §g, @ -+ =084, @ -+, -+ - ® Iy, @& =+ ®Ig,,,
and -+ - ®¢&j, @b = ®Ej, .

Define the Hilbert spaces

Ly = ((H,&)* (L2(Fp),0.)) @K and L :=(Ly @C"@H)® (H @ K).

Notice that (A * CF,) ©® B has a canonical left action on £4 and thus induces

a canonical left action on £_ by letting an operator T' € (A x CF,) ® B act via

(T ® Icn ® Iyy) ®0. Thus we may view L4 and £_ as left (A CF,) ® B-modules.

Similarly, 9T®M has a canonical right action on H ® K and thus on £ by
(.'.®6gm ®€.7m ®<)T: '.'®5gm ® ((gjm ®<)T))

for all { € K. Hence £, is also a right 9t®@9-module. It is clear that the right
action of M@N and the left action of (A x CF,) ® B on £, commute.

We desire to construct a bijection ¢ between the canonical basis elements of £
and £_ which will induce a unitary operator ® : £, — L£_. It is clear that if
A := AgUA’ where Ag = {fj ® Cj’}j,j’GZ and

A= {(gjo ®691 @ ®6gm ®§j7n) ®Cj’ "= 17{gk}k:1 o \ {e}, }7

Jogm- " € Z, {jk}i=y € Z\ {0}
then A is an orthonormal basis of £ . Furthermore
©:={00(§ @)z U{ln®e; ®&) @0 | neljeZic{l, ... n}t}
is an orthonormal basis of £_. Define ¢ : A — © by defining ¢|5, via
P& ® G ) =08 (§ @)

for all j,j’ € Z and by defining ¢|s/ via the following rule: for

n= (& ®g @+ ®d, ©E,, )¢ €A
define

¢(77) = (((5]0 ® 591 Q- 5gm—1 @ gjm—l ® 5w0(9)) Y Cj') ® €r(g) ® §jm) ®0

(where if ¥ (g) = e, we reduce the length of the first tensor by removing d.). Since
U is a bijection on the given basis elements, it is elementary to verify that ¢ is a
bijection and thus induces a Hilbert space isomorphism & : £, — L£_.

Define a right 9M®9-module structure on £_ by defining nT := ®((®~1(n))T)
for all T € MN and n € L_. It is easy to see that

(M2ei®@&) D (§RG))T®S)=mIneS) e @&T)d (§T @ (S)
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for all T'e M and S € N. Hence 0@ (H ® K) and (L4 ® C* ® H) ® 0 are a right
MRMN-invariant subspace of L_. It is clear that the right action of @M on L_
commutes with the left action of (A * CF,)® B on L_.

Define = to be the union of {{, ® (o} with

m > 1 {gr}i, €Fp\{e}, }
jo € Z, ik} CZ\{0} f°

It is clear that = is a set of orthonormal vectors in £ each of which generates a
one-M@N-dimensional right MRN-submodule of L, that are pairwise orthogonal
and whose union is dense in £ (as & and (y are cyclic vectors for the right actions).
By the definition of ® it is clear that ®(=) is a set of orthonormal vectors in £_ each
of which generates a one-9®91-dimensional right MT®@9-submodule of £_ that are
pairwise orthogonal and whose union is dense in £_.

We claim if T € (A CF,) ® B, then

{£ €2 | (T€,& ® (r)e, #0 for some j,j' € Z or ®(T(€)) # T(2(£))}

is a finite subset (containing &p). By linearity it suffices to prove the claim when
T is a product of elements from AU B U {A(h)}rer,. First we will prove the claim
when T' € AU B. However, it clearly follows that (T'¢,&; ® (j/)c, # 0 for some
J:3 € Zor B(T(€)) # TB(E) only if € = & & Go.

Next we will prove the claim for T' € {A(h)}her,\ (e} Fix h € Fy,, fix T = A(h),
and fix

{(§j0 ®591 ®...®§jm71 ®59m) ®<0

§=¢&jy®0g, @&, ®0g,, ®C €\ {5 ® (o}

If m > 1 or jo # 0, then (T¢,&; ® ¢j-) = 0 for all 4,5 € Z and ®(T'(&)) = T(2(§))
are clear. Otherwise { = 4, ® (o and it clear that (T¢,&; ® ;) # 0 for some
J,j' € Z only if hgy = e and ®(T'(&)) = T(P(&)) unless ¥(T'd,,) # (T & Icn )T (dy, ).
Since the number of such ¢; is finite, the claim holds in this case.

Next notice for any element £ € = and any element T of AU {A(h)}rer, that
T¢ is a finite linear combination of elements of 2 U {{; ® (o};cz by the choice of
the orthonormal basis {{;}cz. Furthermore, for any element £ € ZU {{; ® {o}jez
and any element T" of AU {A(h)}rer, there are only a finite number of elements
n of = such that (T'n,&)s, # 0. Therefore if T1,..., T, € AU {A(h)}neF,, then
the set of all £ € Z such that (T ---T,§,& @ (j)c, # 0 for some j,j € Z,
(Ty-+T0&, & ® i), #0 for some j, 5 € Z, or ®(Ty - Tp€) # Ty®(Ty - - - Tof) is
finite. Thus the claim then follows by recursion and the fact that the B-operator
commute with elements of A x CF,, and with ®.

The above construction show that we have two representations of (A CF,)® B
that differ by a A ® B-finite rank operator. In order to complete the proof, we need
a way to analyze the trace of such operators. Fix £ € N and fix

A= [Ai)j] S M[((.A * (CFn) © B)

The left actions of (A*CF, ) ®B on L allows A to act on £, Let AL be the left
action of A on £ and let Py € B(£LJY) be the projection onto the image of Ax.
Thus we desire to show that ((ron * 75, )®7m)¢(Py) € 3Z. Since the right action of
MRN on L1 commutes with the left action of (A CF,,) ® B, we easily obtain that
all operators under consideration commute with the diagonal right action of 9tR9
on these spaces.
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Notice that there are only finitely many elements of (A * CF,,) ® B that appear
in A. For each of these elements T', we recall that

{£ €2 | (T€,& ® (r)e, #0 for some j,j' € Z or ®(T(€)) # T(2(£))}

is finite. Let L4 ¢ be the finite M@I-dimensional right MRI-submodule of L4
spanned by the vectors that appear in the above set for at least one T' € (AxCF,,)®B
appearing in A. Thus £ .= L, © L4 o is a right MR@IN-submodule of L.

Let £L_ . := ®(L4 ), which is a right M@N-submodule of L£_. Therefore, since
L4 o contained all £ € E where ®(T'(§)) # T(®()) for some T € (A*CF,) © B
appearing in A and since the right 9T®9-actions commutes with the left action of
T and with ®, we clearly obtain that

A+|£+,C =P loA_ O‘I)|£+’C.

By progressively adding the right 9i®@9-submodule of £ generated by a single
element of = we can choose an increasing sequence

LioCLi1CLaC---CLY
of finite M@N-dimensional right MRN-submodules of L such that

Ly =JLy
Jj=20
Let £_ ; := ®(L4 ;) for all j € NU{0}. Hence each £_ ; is a right M®@MN-submodule
of £L_ generated by a finite number of elements of ®(=Z). Notice that Ag C L4 ¢ so
06 (H®K) C L_ . By construction, it is clear that

Ap (29 = J A (£L)).

Jj=20

For each j € NU {0} let Py ; be the orthogonal projections onto Ai(ﬁifj).

Since only finitely many elements of (A% CF,)® B appear in A, by our selection
right MRIt-modules generated by elements of = we see that A, has finite propa-
gation; that is, for every j € N there exists an n; € N such that A+(£f)€j) C E?fnj.
Indeed an element of B does not modify the submodule, {\(h)},er, permutes the
elements of =, and an element of A maps an element of = to at most a finite-2RMN-
dimensional M®-module by the choice of the basis {£;},ez. Similarly, as the left
action of (A*CF,,) ®©B on £_ has the same form and the right M®@MN-modules £_ ;
are generated by elements of ®(Z), A_ also has propagation so we may assume that
A_ (Eef?j) - Eeiénj by choosing n; sufficiently large.

The above allows us to view A4 (ﬁffj) as images of rectangular matrices with
entries in A © B acting on the left from (H ® K)®% to (H ® K)®Pi for some
appropriate choice of ¢; and p;. Indeed an element from CIF,, acting on an element
of E or (=) acts as a scalar matrix since {A(h)}ner, sends the right M@N-basis
vectors = and ®(=) to scalar multiples of other elements of Z and ®(Z) respectively.
Furthermore, each element T' € A acts by the usual left action of A on H C L
(which corresponds to the action of A® Ik on the right M®@MN-module generated by
& ®(p € Z) and otherwise act by sending the other elements of = and every element
of ®(E) to a finite linear combination of elements of = and ®(E) respectively and
thus can be viewed as scalar matrices on these right 9t-modules. Furthermore, it
is clear that an element of B acts via Iy ® B on each of the one-0MM®9-dimensional
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right M@NM-modules spanned by an element of = or ®(=). Thus the claim follows.
Therefore, since A @ B has the Atiyah Property with group éZ, we obtain that

. 1
tropgm(Pt.j) = dimon (A+ (Eilj)) € EZ.

Notice that
AL (£95), AL(£2’,), and each AL((Ls; N Ly )®Y)

are all closed right M&9-modules (note L1 ;NLy .= Ly ;6L o). We claim that

dimoyzn (Ai (£2%) N Az (ci@)

= lim o0 dimggy (A£(LE0) N AL((Lxy N L))

To see this, it suffices by the continuity of von Neumann dimension (see [I0, proof
of Theorem 1.12]) to show that

AL (L) N AL(LE,) = | A= (L2 N AL(Le; N Ly )®D).
>0

To see this, notice one inclusion is trivial. For the other inclusion, recall that AL
has finite propagation so there exists an ny € N such that A4 (Eglo) C Eieno S0
AL (L2 NAL(LE) = AL n L, NnAL(LE)
= Ai(ﬁggo) n ‘Cifno N (Uj21 Ai((ﬁi,j n ﬁi,c)eae)) .

We claim that

L5, 0 | U Ae((LeynLee)®) | = L85, N AL (Lm0 L o))

Jj=z1

for some sufficiently large m € N. Specifically, to choose m, we notice, by the
same arguments that ® almost commutes with the left actions, that there exists
an m € N such that if n € L4 4 © L4, for any k£ > 1, then every entry of A
applied to n is orthogonal to £ ,, (that is, there are a finite number of elements
7 of Z for which there is an entry 7" in A such that T'n has non-zero inner product
with an element of £ ,, NE). To see the above equality for this m € N, we notice
that one inclusion is trivial. For the other inclusion, fix

e, n U As((Le;nLee)®)
i>1
Thus there exists n; € (L1 N Ly ;)@ such that £ = lim;_,oc Axn;. Therefore, if
P is the projection of Eglc onto (L m N ELC)@Z, then

Anj = A(Pnj) + w;

4

where w; € (Egno)J—. Therefore, since

; L — S22
]li)r{.lo Ain] - 5 € E:I;n()?
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we obtain that lim; ,ow; = 0 and § = lim;_,o A(P(;) where P(; € (Lim N
Ei,c)@é as desired. Hence the claim is complete. Thus
AL (L) NAL(LE) = A(LY) N LY, NAL(Lrm N L))
= A:(L2)NAL(Lim N Le o))
szo Ai(ﬁi?o) N Ai((ﬁi,j N Ei,e)w)

N

which completes the claim.

Let Py . to be the orthogonal projections onto A4 (Ef?c) and for each j € NU{0}
let Py ;. be the orthogonal projection onto A4 (L4 ; N Ly )®¢. Notice that Py .
and each Py ;. need not be in the von Neumann algebra generated by M,((A *
CF,) ® B) but do commute with the right 9t®-action on their respective spaces.
Since

A+|£+,c =d oA o (I)|£+,cv
we obtain that Py j.=® toP_ ;. o®forall j e NU{O}and P, .= P 'oP_ . od.
Hence
<P+,c77a 77>L$[ = <P—,C(I)(77)u ‘1’(77»5?’»’ and <P+,j,c77777>£$@ = <P—,j,cq)(77)7 (I)(T/»ﬁeje
for all j € NU{0} and € £L3".
Let Q+ := Py — Py . and for each j € NU {0} define Q4 ; :== Py ; — Py j..

Clearly these are projections onto the complements of smaller projections in larger
projections. We claim that

tropem (Q+) = jlggo trongon (Q+.5)-

To begin, let Ay denote the restriction of A4 to Ef,lo' We claim for each fixed j € N

that

0 —> ker(Qu ;Ag) — L34 “E5° Tm(Qx,) — 0
is a weakly exact sequence (that is, the images are dense in the kernels). To see this,
it suffices to check weak exactness at Im(Qx+ ;). It is clear that Q4 ;(A+ (Liej)) is

dense in Im(Q+ ;). However
AL (L) = Ax (L) + Ax((Laj N Lae)®)

and it is clear that Q= ;(A((Lx; N Li.o)®)) = 0. Thus Q= ;(A+(£3%)) =
Q+;(Ax (ﬁggj)) is dense in Im(Q+ ;). Since each term in the weak exact sequence

is a right M@M-module and weak exact sequence preserve MRN-dimension (see
[10, proof of Theorem 1.12]), we obtain that

dimapzn (L) = dimozn (Im(Qx.5)) + dimapzy (ker(Q+,;Ao))

(which are all finite as dimm@m(ﬁifo) is finite by construction). Furthermore, it is
clear that

ker(Qx.jAo) = {n € LYY | Q= ;Aon = 0}.
Hence the sequence

0 — ker(Ap) — ker(Q4,;Ao) Ao, Ai(ﬁifo) Nker(Qx ;) — 0

is weakly exact. This implies the sequence

0 — ker(Ag) — ker(QujAo) 2% AL(£3%) NAL((Le, N Le,0)®0) — 0
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is a weakly exact sequence since it is elementary to verify that

A (LEG) Nker(Q+ ) = Ax(£25) N AL (L ;N L )®F).
Hence we obtain that

dimoygm (ker(Qx+,;Ao))
= dimaygy (ker(A0)) + dimaygey (A£(L2%) N AL((Lr; N L)) -

By combining the two above dimension equations we obtain that

dimzm@n(lm(Qi,j)) = dimm@m(ﬁ@é ) — dimzm@m(ker(AO))
T — (Ai(ﬁ ) NAL((Lr; N L c)@f))

for each j € N. Similarly, by repeating the same arguments we obtain that
ditog(Im(Q)) = dimss(£25) — dintogn e (Ao)
—dimyygn (Ai(ﬁ 0) N A£((Lx, c)@€)>

Therefore, as all the terms in the above dimension equations are finite (in fact
bounded by dimgyzy (L)),

trogm(Q) = dimygn(Im(Q+)) .
= limj o0 dimopgn (Im(Q=,5)) = limj— o0 trongn (Qx.5)-
We will now use Z and ®(E) to compute traces. Foreachn € Zandi € {1,...,¢}
let
ni = (0,0,...,0,7,0,...,0) € L

where 7 is in the i*" spot and similarly let

o(mi) = (0,...,0,0(),0,...,0) € LZ.

Since = and ®(=Z) are orthonormal MM@N-bases for L and L_ respectively, we
easily obtain that

trm”@m Q+ ZZ Q+77u771 LGBZ

nes i=1
and

tronan(Q-) = ) Z () -

ne= i=1
Furthermore, we notice if n = & ® (o € Z, then
[

Z<P+77iﬂ7i>g§f = ((7om * 7w, )®7m) (P4

i=1

whereas
¢

Z<P ¢(771 L‘ﬁBf :ZO—O

i=1
by the definition of A_ and P_. Finally, we clalm that
I

Z<P+77i=ni>£§fe —(P-¢(n:), ¢(mi)) poe =0

i=1
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for all n € 2\ {& ® (o} To see this, suppose

n= (gjo ®691 ®"'®59m)®40 € E\{&J@CO}
Then, by considering the above expression of ¢(n) and the right action of L(F,)
on (H,&o) * (¢2(Fr),de), there exists a unitary operator U, € L(F,) such that U,
commutes with the left actions of 9, L(F,,), and 91T on £; ® C" ® H such that
Upd(n) = n®e;, @& for some ig € {1,...,n}. Since every element T' € (A*CF,)©B
acts on L via (T'® Icn @ Iyy) @ Oygre, P- is (Py @ Icn @ I3y) © Oygiyee SO

ZleﬁDﬁqﬁ(m), ¢(Wi)>gjﬁ’-’ = Zf:1 <P7U;; (77 ® e, ® 50)7 U:; (77 R ej, @ §0>>5ﬂjf
= Zf:1<P—(77®ei0 ®§0)777®6i0 ®§O>£ﬂjf
Zf:1<P+77ia77i>£$l

as claimed. Hence

Z Z (<P+77i777i>g$f - <P—¢(77i)a¢(77i)>gﬂjf> = (T*7,)e(Py).

neE i=1

Thus the proof will be complete if the left-hand side of the above equation is in éZ.
To begin we notice for all n € Z and i € {1,...,¢} that

<P+77iv77i>gff —(P_¢(n )v(b(nz»g@f
= <P+,c77ia77i>/;§@ - <P—,c¢(771)7¢( )>Lea/z
<Q+77ia77i>5@2 —(Q-d(n:), p(n )>5@f
= 0+ <Q+77u771>£@@ —(Q-d(n:), (. )>£ﬂj@-
Similarly, we obtain for all n € 2, ¢ € {1,...,¢}, and j € N that
(P jtismi) e = (P 0(1mi), (i) poe
= <P+,c,j77i,77i>g§f@ —(P=cj0(ni), o(mi)) poe
Q4,5 Mi) e — (Q— ;0 (mi), 9(1i)) oo
= 0+ <Q+,j77i,77i>£§ff —(Q=;0(n:), d(mi)) poe

Since tropgon(Pt,j) = dimm@m(/li(ﬁf?j)) € 17 for all j € N, and since Q4 ; have
finite M@N-rank (bounded by dimm@m(ﬁfﬁ))), the following computation is valid:
trangm (Q+.5) — trongm (@ .5)
=2 hes Zf:1<Q+,jm,m>£§fz —(Q—,;6(mi), p(n:)) poe
= Dne= Zf:1<P+,jm,m>ng —(P-;0(m:), o)) po
= trggm (Pr.j) — trom(P-.) € 4.
Therefore, since @+ and Q_ have finite MRMN-rank (specifically bounded above by
dimm@m(ﬁffo)), we obtain that

(@) — transm(Q-) = 1 trogn(Q4.) — (@) € g
Hence

((rom 76, )BT)e(Py) = Yem Yy ((Pemm) gz = (P-o(mi). o)) ¢ )

Zne_ Z =1 (Q+1i, 77i>5§’»’ - <Q—¢(77i)u ¢(77i)>gﬂj@)
trongm(Q+) — trongm (Q-) € Z
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which completes the proof. O

5. ALGEBRAIC CAUCHY TRANSFORMS OF POLYNOMIALS IN SEMICIRCULAR
VARIABLES

In this section we will demonstrate that the Cauchy transform of any self-adjoint
matricial polynomial of semicircular variables is algebraic (see Theorem[B5.4]). Know-
ing that the Cauchy transform of a measure is algebraic provides information about
the spectral distribution of operators as seen in Theorem [[LIl To begin, we recall
the notion of a formal power series in commuting variables.

Definition 5.1. Let n € N and let X = {z1,...,2,}. For a ring R, a formal power
series in commuting variables X with coefficients in R is a map P : (NU{0})" — R
which we will write as

P:Zn: > Pk, k)2t 2

§=0k;>0
A formal power series P is called a polynomial if P(k1, ..., k,) = 0 except for a finite
number of n-tuples (k1, ..., k,). The set of all formal power series with coefficients

in R will be denoted R[[X]] and the set of all polynomials with coefficients in R
will be denoted R[X].

The set of formal power series over a ring R can be given a ring structure. Indeed,
if addition on R[[X]] is defined coordinate-wise and the product of P,Q € R[[X]] is
defined via the rule

(P+Q)(klaakn)zzzp(glvvén)Q(kl_éla7kn_€n);

it is elementary to verify that R[[X]] is a ring. Clearly R[X] is a subring of R[[X]]
which enables us to construct the quotient field of R[X]. The quotient field of R[X]
will be denoted R(X).

With the above definitions, we have the following definition essential to this
section.

Definition 5.2. Let n € N, let X = {z1,...,2,}, and let R be an integral domain.
A formal power P € R[[X]] is said to be algebraic if there exists an m € N and
{gj}7Lo € R(X) not all zero such that

iquj =0.
j=0

Equivalently, by clearing denominators, we can require {g;}7, € R[X]. The set of
all algebraic elements of R[[X]] is denoted Raig[[X]].

Our main interest lies in demonstrating that certain formal power series relating
to measures are algebraic. Thus we recall the following definition.

Definition 5.3. Let p be a compactly supported probability measure on R. The
Cauchy transform of p, denoted G, is the function defined on {z € C | Im(z) > 0}
by

Gul) = [ = dutt).

z—1
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Notice for large enough z it is clear that G, has a Laurent expansion that
defines a formal power series in C[[{1}]]. Thus it makes sense to ask whether G,
is algebraic.

In order to state the main result of this section, we will need some additional
notation. Let 9 be a finite von Neumann algebra with a faithful normal tracial
state 7. Let A € 9 be a fixed self-adjoint operator. Since A is a self-adjoint
element in a von Neumann algebra, for each t € R let E4(t) € 9 be the spectral
projection of A onto (—o0,t]. The spectral density function of A, denoted Fjy, is
the function on [— ||A||, ||A]|] defined by Fa(t) = 7(E(t)). Clearly F4 is a right
continuous function that is bounded above by 1. In turn, F4 defines the spectral
measure of A, denoted p 4, by the equation

pa((ty, t2]) = Fa(t2) — Fa(ty).

Notice that p4 is a Borel probability measure supported on [— ||A]|, || A]|]. Recall
the spectral measure has the unique property that if f is a continuous function on
the spectrum of A, then

1Al
7(f(4)) = / F(t) dpa(t).

With the above notation, we have the following important result which provides
information about spectral distributions as indicated in Section [l

Theorem 5.4. Letn,l € N, let S1,...,S, be freely independent semicircular vari-
ables, let A be the x-algebra generated by Si,...,S,, and let A € My(A) be a
fixed self-adjoint operator. The Cauchy transform of the spectral measure of A is
algebraic.

In order to prove Theorem [5:4 we will mimic the proof of [I5, Theorem 3.6)
which proves said result when Sy, ..., S, are replaced with freely independent Haar
unitaries. In order to mimic the proof in [I5], we recall another type of formal power
series in commuting variables.

Definition 5.5. Let S be a ring and let R be a subring of S. It is said that R is
rationally closed in S if for every matrix with entries in R which is invertible when
viewed as a matrix with entries in S, the entries of the inverse lies in R.

The rational closure of R in S, denoted R(R C S), is the smallest subring of S
containing R that is rationally closed.

For an arbitrary ring R and finite set X, the rational closure R(R[X] C R[[X]])
is called the ring of rational power series over R and is denoted Ryat[[X]].

It turns out that the key to showing the Cauchy transform G,,, is algebraic for
all positive matrices A with entries in a tracial x-algebra is intrinsically related to
the following map.

Definition 5.6. Let 91 be a finite von Neumann algebra with faithful, normal,
tracial state 7. The tracial map on formal power series in one variable is the map
Tron : M[[{2}]] = C[[{2}]] defined by

Tron Z T,z | = ZT(Tn)z".

n>0 n>0
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In particular, the beginning of the proof of [I5] Theorem 3.6] demonstrates the
following.

Lemma 5.7. Let 9 be a finite von Neumann algebra with faithful, normal, tracial
state 7 and let A be a subalgebra of M. If

Tron(Arat[[{2}]]) € Cagl[{2}1];

then the Cauchy transform G, is algebraic for every positive matriz A € My(A)
and any ¢ € N.

Proof. As in the proof of [I5] Theorem 3.6], for an arbitrary ¢ € N and positive
matrix A € My(A), the entries of z(Ing,(a) — Az)~" (which can be viewed as
an element of M,(A)[[{z}]] by expanding the result when ||A|/|z| < 1) lie in the
rational closure Ay, [[{z}]]. By assumption, the formal power series

14
q(2) = Trag,em) (2, ) — A2) ™) = Tron((z(Ia, ) — A2)71)55)
j=1

is an element of Caig[[{2}]]. Thus ¢(z!) is an element of Cag[[{2}]]. If Taq, (om) is
the canonical trace on M,(9M), it is well-known that

Gua(2) = Taguom) (20, a) — A7 =q(z71)

in the domain {z € C | Im(z) > 0,]z| > ||A|}. Hence G, € Cugl[{1}] as
desired. g

Thus the proof of Theorem [5.4] will be complete provided the assumptions of
Lemma [5.7 can be verified. Following [15], it is necessary to examine formal power
series in non-commuting variables.

Definition 5.8. Let X be a finite set (which will be called an alphabet) and let
W(X) denote the set of all words with letters in X. The empty word will be
denoted by e. For a ring R, a formal power series with non-commuting variables X
with coeflicients in R is a map P : W(X) — R which we will write as

P= > Pwuw

weW (X)

A formal power series P is called a polynomial P(w) = 0 except for a finite number
of words w € W(X). The set of all formal power series with coefficients in R will
be denoted R((X)) and the set of all polynomials with coefficients in R will be
denoted R(X).

The set of formal power series over a ring R can be given a ring structure. Indeed,
if addition on R({(X)) is defined coordinate-wise, and multiplication is defined via
the rule

>, Pww|-| > Quw|= 3 . PR |w
weW (X) weW (X) weW (X) \u,veW(X),uv=w
(notice that for each w € W(X) there are a finite number of pairs u,v € W(X)

such that w = wv), it is elementary to verify that R((X)) is a ring. Thus it makes
sense to consider the rational closure of R(X) inside R{(X)) which will be denoted

Rrat<<X>>-
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As with formal power series in commuting variables, there is a notion of an
algebraic formal power series in non-commuting variables. The definition of such
a formal power series is more technical than in the commutative case and is based
on the following definition.

Definition 5.9 (Schiitzenberger). Let X := {z1,...,z,} be an alphabet and let
Z :={z1,...,zm} be an alphabet disjoint from X. A proper algebraic system over
aring R is a set of equations z; = p;(z1,...,%n, 21,...,2m) fori € {1,...,m} where
each p; is an element of R(X U Z) that has no constant term nor term of the form
az; where o« € R and j € {1,...,n}.

A solution to a proper algebraic system is an m-tuple (Py,...,Py,) € R{(X))™
such that Pj(e) =0 and p;(z1,...,2n, P1,...,Py) = P; forall j € {1,...,m}.

Definition 5.10. A formal power series P € R((X)) is said to be algebraic if
P — P(e)e is a component of the solution of a proper algebraic system. The set all
algebraic formal power series in R((X)) will be denoted by Raig((X)).

In order to prove the assumptions of Lemma [5.7 hold in the context of Theorem
B4 the proof of [15, Theorem 2.19(ii)] will be mimicked. To do so, it is necessary
to show that a certain formal power series in non-commuting variables is algebraic.
The following formula involving traces of words of semicircular variables plays a
crucial role.

Lemma 5.11 (See [22] Section 3]). Let n € N, let Sy,..., S, be freely independent
semicircular variables (with second moments 1), let A be the *-algebra generated
by Si,...,Sn, let T be the canonical trace on A, and let X := {x1,...,2,} be an
alphabet. For each j € {1,...,n} and w € W(X),

7(Sjw(Sh,...,5,)) = > T(u(Sy,...,8.))T(w(S1,...,Sn))
u,vEW (X),w=ux v
where, for a word wy € W(X), wo(S1,...,S,) is the element of A obtained by
substituting S; for x;.

Lemma 5.12. With the notation as in Lemma [5.11, the formal power series
Psemi € C{X)) defined by
Poorni = Z T(’W(Sl, ceey Sn))w
weW (X)
is algebraic.

Proof. By Lemma [5.11] we easily obtain that

Psemi —€
Z?:l ZwGW(X) T(S’jw(S’l, ey Sn))xjw
= Y Ew)u7vew(x)7w:mjv T(u(S1, ..., 8n))T(v(S1,. .., Sn))Tuzv

Dimt 2owwew(x) T(W(S1s -, Sn))T(0(S1, - .., Sn))xjuzjv

Z;‘lzl Iszemiijsemi-

Hence it is elementary to verify that Pse.,,; — e is a solution to the proper algebraic
system

n
z= Z T;2T;2 + xfz +zzr; + :vf
j=1
Thus Psenm; is algebraic by definition. O
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Using Lemma [5-T2]it is easy to verify the proof of [I5, Theorem 2.19(ii)] general-
izes enough to complete the proof of Theorem 5.4l We will only sketch the changes
to the proof of [I5, Theorem 2.19(ii)] as it nearly follows verbatim.

Proof of Theorem[5.]] Let 9 be the von Neumann algebra generated by S1, ..., Sn.
By Lemma [B.7] it suffices to show that the tracial map on formal power series
Tron : M[[{2}]] = C[[{z}]] has the property that

Tron(Aras[[{2}]) € Carg[[{2}]]-

Let S := {x1,...,2,} be an alphabet. As in the proof of [I5, Theorem 2.19(ii)],
there is a canonical way to view

(C{SNrasl[{2H] € (C(2))rat ((S))-

Consider the injective homomorphisms 7 : W(S) — A uniquely defined by
w(z;) = S; for all j € {1,...,n}. Clearly 7 extends to a homomorphism = :
C(S) — A and thus also extends to a homomorphism 7 : (C(S))[[{z}]] = A[[{#}]]
by applying 7 coordinate-wise.

Let P € Aat[[{#}]] be arbitrary. Using algebraic properties, the proof of [15
Theorem 2.19(ii)] implies that

Pem((CS))ra[{z}]])-
Choose P € (C(S))sat[[{z}]] € (C(2))rat[[S]] such that 7(P) = P. Recall that

Poemi =y T(w(S1,- .., S0))w € Cag{(S)) € (C(2))arg((S))
weW (S)

by Lemma Hence the Haadamard Product

P ©® Psemi = Z ﬁ(w)Psemi (w)w = Z T(w(Sla cey Sn))ﬁ(w)w
weW (S) weW (S)

is an element of (C(z))ag((S)) by a theorem of Schiitzenberger from [I8].
Since P ® Psemi € (C(2))a1g((S)), if we substitute 1 € C for every element of S
we obtain a well-defined power series in C[[{z}]]. Indeed if

P = me(Sl,...,Sn)zm

m>0

for some non-commutative polynomials p,, in n variables, then

P= Z(pm(xl,...,xn) + gm(x1,. .y x0))2"

m>0

for some non-commutative polynomials ¢,, in n variables such that g,, (51, ...,S,) =
0. Hence

ﬁ ®© Psemi - Z T(w(Sla ) Sﬂ)) Z (COEf(pm, U}) + coef(qm, w))zm w

weW (S) m>0
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where coef(p,w) is the element of C that is the coefficient of w in p. Therefore, by
replacing each w with the scalar 1, we obtain

S wews TS+ ) (L uzo(coes (m, w) + coe f(gm, w))=")

= Sz (Suewis) (0ef (ms w) + coe flam, w)w(Si, ... Su)) 2™
ZmZO T (pm(Sla ceey Sn) + Qm(Sh ceey Sn)) 2™
= Y mso T(Pm(S1, ..., 8n))2™ = Tron(P)

as desired. Thus the proof of [I5 Theorem 2.19(ii)] implies that Trop(P) is an
element of Cag[[{z}]] as desired. O

With the proof of Theorem [5.4] complete, we turn our attention to further infor-
mation that Sauer’s results from [I5] imply. The main purpose of [I5] was to show
the rationality and positivity of the Novikov-Shubin invariant for matrices with
entries in the group algebra of a virtually free group. In particular, the Novikov-
Shubin invariants are well-defined for any finite, tracial von Neumann algebra.

Definition 5.13. Let 9t be a finite von Neumann algebra with faithful, normal,
tracial state 7. For a positive operator A € 9t with spectral distribution F4, the
Novikov-Shubin invariant a(A) € [0,00] U {co™} of A is defined as

(®)

a(A) = 4 1minfeor WFAB_FAO) if F,(¢) > Fa(0) for all £ > 0
' oot otherwise

For a positive operator A in a finite von Neumann algebra 90, it is easy to see
that a(A) = co™ implies that zero is isolated in the spectrum of A. Furthermore,
if a(A) = X € [0,00), then F4(t) — F4(0) behaves like t* as ¢ tends to zero.

The Novikov-Shubin invariants are of interest in the context of Theorem [5.4] due
to the following result which is directly implied by the proof of [I5, Theorem 3.6].

Lemma 5.14 (See [15, Theorem 3.6] for a proof). Let 9 be a finite von Neumann
algebra with faithful, normal, tracial state 7. Let A € M be a positive operator and
let pa is the spectral measure of A. If the Cauchy transform G,,, is algebraic, then
the Novikov-Shubin invariant «(A) is a non-zero rational number or co™.

The Novikov-Shubin invariants are of interest in terms of determining the decay
of the spectral density function at zero due to the following result.

Lemma 5.15 (See [10, Theorem 3.14(4)]). Let M be a finite von Neumann algebra
with faithful, normal, tracial state . If A € 9 is a positive operator and F4 is the
spectral density function of A, then
Al 4

lim -

e—0 6 t

(Fa(t) — FA(0))dt < o0

provided a(A) # 0.

Proof. If a(A) = oo™, then F4(t) — Fa(0) is a right continuous function bounded
that is zero on a neighbourhood of zero. Hence the result follows. If «(4) € (0, oo,
then it is trivial to verify from Definition that there exists a 6 > 0 and an
A € (0,a(A)) such that F(t) — F(0) < t* for all 0 < t < §. Hence

§ )
0< / %(FA(t) — Fa(0))dt < / At < cc.
0 0

Thus the result follows as F4(t) — F4(0) is a right continuous function bounded. O
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Furthermore, the following result provides information on how to extract infor-
mation from the conclusion of Lemma[5.15]to obtain information about integrating
logarithms against the spectral measure.

Lemma 5.16 (See [10, Lemma 3.15(1)]). Let M be a finite von Neumann algebra
with faithful, normal, tracial state 7. If A € M is a positive operator, Fa is the
spectral density function of A, and pa is the spectral measure of A, then

Al ¢
lim —(Fa(t) — Fa(0))dt < 0o
e—0 € t
if and only if
1Al
lim In(t) dpa(t) > —oo.
e—=0 /.

Combining the above results, we obtain the following.

Theorem 5.17. Let n,f € N, let X1,...,X, be freely independent semicircular
variables or freely independent Haar unitaries, and let A be the x-algebra generated
by X1,...,X,. Then

Al
lim In(t) dpa(t) > —oo

e—0

for all positive A € My, (A)\ {0}. Furthermore, if ua does not have an atom at
zero (e.g. when £ =1 by Theorem [34)), then

Al
/0 In(t) dpa(t) > —o0.
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