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ABSTRACT OF THE DISSERTATION
Mock-Modular Forms of Weight One
by

Yingkun Li
Doctor of Philosophy in Mathematics
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Professor William Duke, Chair

In this thesis, we will study mock-modular forms of weight one and their Fourier coef-
ficients. In particular, we will concentrate on the mock-modular forms whose shadows are
dihedral newforms arising from ray class group characters of imaginary quadratic fields. We
will show that certain linear combinations of their Fourier coefficients are logarithms of CM
values of the modular j-function We will also make a conjecture about the algebraicity of

the individual Fourier coefficients.
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CHAPTER 1

Introduction

1.1 Introduction and Setup

The main object we are interested in studying, mock-modular forms, started with the last
letter of Ramanujan to Hardy, dated January 1920. In this letter, Ramanujan described a
class of g-series, which he called “Mock ¥ function”, by writing down several examples and
stating interesting combinatorial and asymptotic properties. In contrast to other g¢-series,
such as the generating function of the partition function, these examples cannot be made
holomorphic and modular, hence the name “mock 1 function”. Nevertheless, their properties
were quite similar to those of the modular theta functions. Unfortunately, Ramanujan passed
away before he could give the definition of his mock ¥ function, and left the world 17 such
examples and a big mystery. Over the next eighty years, many people, including G. E.
Andrews, L. Dragonette, A. Selberg and Watson, have studied these special examples in the

absence of a uniform theory of mock-modular forms [1, 20, 47, 55, 56].

In 2003, Dutch mathematician Sander Zwegers gave a defining property of mock-modular
forms in his thesis [63], by realizing them as the holomorphic part of a non-holomorphic
modular form f (z). Furthermore, these non-holomorphic modular forms have poles and are

annihilated by the weight k Laplacian operator

Ay =& 0, & :=2iy*o;,. (1.1.1)

Fittingly, these non-holomorphic modular objects are called harmonic weak Maass forms.
The differential operator & is anti-holomorphic and commutes with the slash operator by

changing the weight from k to 2 — k and conjugating the nebentypus character. So the
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function & f is a holomorphic modular form of weight 2 — k£ and is called the shadow of the

mock-modular form.

The case of weight & = 1 has always been mysterious and important in the theory of
modular forms. One of the mysteries is the number of weight one modular forms. Unlike
in the cases when k£ > 2, the dimension of the space of modular forms over the complex
numbers is unknown as the Riemann-Roch theorem yields trivial information. Using analytic
techniques, various people have obtained asymptotic bounds on the dimensions of these
spaces (see for example [4, 21, 41]). Over finite field, there are more weight one modular

forms, some of which does not even come from reduction of modular forms over Q (see [45]).

Another important features of weight one modular forms is their connection to Galois rep-
resentations. By the Deligne-Serre’s theorem, one could attach to each weight one newform

f an odd, irreducible Artin representation p; of Gal(Q/Q)

py : Gal(@/Q) — GLy(C).

Since p; is continuous, it has finite image and the field fixed by ker p; is an algebraic number
field over Q. Let py be the composition of p; and the surjection GLy(C) — PGLy(C).

Then the image of p;, which is finite, is isomorphic to one of the following groups

e Dihedral, or D,,,
e Tetrahedral, or Ay,
e Octahedral, or Sy,

e Icosahedral, or A;.

We call modular forms with the last three types of projective images ezxotic and use this
classification to denote the types of weight one newforms and mock-modular forms. Fol-
lowing Langlands’ philosophy and works by Deligne-Serre, Langlands, Tunnell and Khare-
Wintenberger (see [34, 35, 39, 54]), this correspondence is functorial and bijective, and pro-

vides a bridge between weight one modular forms, which are a priori complex analytic, with
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algebraic number fields. This correspondence also enables one to check Stark’s conjecture

on L-series attached to weight one modular forms [51].

In this thesis, we will study the Fourier coefficients of weight one mock-modular forms,
whose shadows are newforms. The case where the newform arises from a class group character
of an imaginary quadratic field has been treated in [24, 26, 58]. Here, we will generalize the
techniques in [24] to treat the case when the newform arises from a ray class group character
of an imaginary quadratic field. The main goal is to relate the linear combinations of these

Fourier coefficients to logarithms of CM values of modular functions

To be precise, let D = 1 (mod 4) be an odd, negative fundamental discriminant and
XD = (2) the associated Dirichlet character. Let p be an odd prime with xp(p) = 1. It
splits into pp in the imaginary quadratic field K = Q(v/D). Let ¢ : Gal(K/K) — C* be a

ray class group character with modulus p such that the induced representation
po = Ind%(¢) : Gal(Q/Q) — C*

is odd and irreducible. Then det(p,) = xp¢1 with ¢; a character of conductor p defined by
1 1 (Z/pZ)* —> I,/ Pyy —25 C*.

Denote the weight one newform associated to pg by fs(z). Then it is a newform of level |D|p
and character x_7¢;. For example, suppose D = —7,p = 11 and ¢;(2) = (5. Then there

exists a newform in fy(z) € S1(77, xp$1) with the Fourier expansion

fo2)=q+ (@ -G -1+ (-G -1 "+ 6"+ (E+E+G+1) ¢+ G + Gq"

F(E+D) M+ (1) ¢+ (-E-C 1)+ (-¢ -G - 1) ¢+ 0(¢™).

In general, the dimension of S;(|D|p, xp1) is expected to be the class number of D plus the

number of exotic forms in this space.

For a discriminant D" < 0, let C(D’) be the set of positive definite binary quadratic forms
Q = [A, B, C] with discriminant D’. To each @, one could associate a point 7o € H. The
group SLy(Z) has an action on C(D'), which translates into linear fractional transformation

on 7. We use wg to denote the size of the stabilizer of this action on ) € C(D’). A binary
3



quadratic form is called primitive if gcd(A, B,C') = 1. This property is preserved by the
action of SLy(Z). Let C(D’) be the group of equivalence classes of primitive binary quadratic
forms of discriminant D’. One could evaluate modular functions, such as j(z), at these 7
and obtain algebraic values by the theory of complex multiplication. Furthermore, this value
only depends on the equivalence class of (). We could now state a simple case of the main

result.

Theorem 1.1.1. Suppose D < —5 s a prime, fundamental discriminant such that the space
S1(|D|p, xp®1) is one dimensional. Then there exists a unique mock-modular form f¢(z)

with shadow f,(2) € S1(|D|p, xpP1) and Fourier expansion

f¢(2) = é¢(_1)q71 + Z 6¢(n)q” (112)
XD?”>)L*1
at the cusp infinity. Furthermore, for any fundamental discriminant D' < 0 satisfying
xp(D') = —1, we have
2 / 2
. (p°DD" —k k ‘ | -
2% (T) o1 (5 Sp(k)=—4 Y *(@Q)logli(rg) — j(re) "™, (1.1.3)
kez e
Q'eC(D")

where ¢ : Pic(O,) — C* s the ring class group character associated to ¢ as in Prop.

(3.3.4).

Remark 1.1.2. The case that dim S1(|D|p, xpp1) = 1 happens when the class number of D
is 1, ¢1 has order greater than two and there is no exotic form in Si(|D|p, xp, ¢1). For the

general version of the main result, see Theorem 4.3.4.

This is result is the analogue of Theorem 1.2 in [24]. Its generalization will be helpful for
the future when we study mock-modular forms with shadows arising from ray class group

characters of real quadratic field.

Suppose @ has discriminant D f? with D an odd, negative fundamental discriminant. By
the theory of complex multiplication, the quantity
[T Gre) i)

Q'eC(D")
4



is an algebraic number lying in the ring class field of K of conductor f, denoted by Hy. In
28], Gross and Zagier gave a factorization of the rational norm of this quantity when f =1
and ged(D, D') = 1. They gave two proofs of this factorization, one algebraic, one analytic.
The algebraic proof in fact gives the valuation of this quantity at various primes in the Hilbert
class field of K. Later, people have given various generalizations of this factorization, both
to non-fundamental discriminants (see [19, 40]) and to Hilbert modular functions (see [15]).
These factorizations prompt us to make the following conjecture regarding the individual

coeflicient ¢,(n).

Conjecture 1.1.3. Let D be an odd, negative fundamental discriminant, K = Q(v/D) and
¢ : Gal(K/K) — C* a character modulo p such that ¢ : (Z/pZ)* — C* has order greater
than two. Let fy1(2) € Si(|D|p, xp¢1) be the cusp form associated to f,(2) as in Eq. (3.3.13).
Then there exists k € Z,u(n, A’) € Og, and a mock-modular form for(z) = Y s ng Co(R)"
with shadow f,(2) such that

Bav) = S A loglu(n, )],

A€Pic(0,)

and ocr(u(n, A)) = u(n, A'C'~1), where o € Gal(H,/K) is associated to C' € Pic(O,) via
class field theory.

The structure of the thesis is as follows. In Chapter 1, we will give a brief introduction to
mock-modular forms. In Chapter 2, some preliminary results on existence of mock-modular
forms and modular form transformations are given. In Chapter 3, we give the facts on weight
one newforms, such as their associated Galois representation and Petersson inner products.
In Chapter 4, we will give the proof of Theorem 4.3.4, from which Theorem 1.1.1 can be
deduced.

1.2 Modular Forms

In this section, we will give some basic background on modular forms, following the reference

[36].



1.2.1 Integral Weight Modular Forms

For any commutative ring R, denote the 2 X 2 matrices with entries in R by My(R). The
groups GLy(R), GL] (R) and SLy(Z) are defined by

GLy(R) := {(2}) € Ms(R) : ad — bc € R*},
GL; (R) :={(2%) € My(R) : ad — bc > 0},
SLo(Z) :={(2%) € My(Z) : ad — be = 1} .
When R =Z and M € N, we can define the congruence subgroups I'o(M) by
Lo(M):={(2%) €SLy(Z) : ¢c=0 (mod M)}.

Let H := {z € C: Im(2) > 0} be the upper half plane. The group GLJ (R) acts on H via
linear fractional transformation, i.e. for v € GLy(R) and z € H, we have

az+b
cz+d

vz =

Similarly, T'g(M) also act on H by linear fractional transformation. Modulo this action, the
upper half plane becomes an open Riemann surface possibly with pinched points. It can be
compactified by adding P'(Q) modulo the action of To(M), which is a finite set. We call

points in this set cusps.

Given a function f(z) on ‘H and a integer k, the group GLo(R) acts on f(z) by the weight
k slash operator defined by

(f &) = (det 1)*?(cz + d) ™ f(v2),

where v = (¢%) € GLj (R). For a Dirichlet character x : (Z/MZ)* — C*, one could view
it as a character of I'o(M) via x(v) := x(d). Now, we can define modular forms of integral

weight.

Definition 1.2.1. Let k > 0 be an integer, M a positive integer and x : (Z/MZ)* — C*
a character such that x(—1) = (=1)*. Then a function f(z) on the upper half plane is
called a modular form of level M and nebetypus character x if it satisfies the following three

conditions



(1) f(2) is holomorphic.

(2) The following equation holds for all v = (2 4) € To(M)
(f le M(2) = x(d) f (2).

(8) f(z) does not have poles on H UPY(Q).

We denote the C-vector space of function by M (M, x). Suppose f(z) satisfies the fol-

lowing stronger version of (3)
(3)’ f(2) does not have poles on H and vanishes at all cusps,

then f(z) is called a cuspform and the C-vector space of all such functions is denoted by
1.2.2 Half-Integral Weight Modular Forms

When the weight k above is a half-integer, then the weight k slash operator is not well-defined
for GL; (R). Different branch choices are the reasons for this problem. To overcome it, we

define the group G, which is a four-sheeted cover of GLJ (R), by
G = {(a,¢(z)) o= (%) € GL(R), ¢(z) : H —> C holomorphic , ¢(z)? = iﬁ} .
The group law is defined by
(@, ¢(2)) - (B, 9(2)) = (aB, p(B2)1(2))-
For any element v = (2Y) € I'y(4), define the automorphy factor j(v, z) by
02) = (5) VT

where €; = 1, resp. 4, if d is congruent to 1, resp. 3, modulo 4. Then there is a natural copy
of ['h(4) in Gviay— 7 = (7,4(7, 2)). We will denote the image of any congruence subgroup
[o(4M) in G by To(4M).



Let k be an integer. For a function f(z) defined on H, (a,$(z)) € G acts on it with
weight g by
I lipz (0, 0(2)) = 6(2) 7" f(az).

With the half-integral weight slash operator defined, we can give the definition of modular
forms of half-integral weight.

Definition 1.2.2. Let k > 1 be an integer, M an integer and x : (Z/4Z)* — C* a char-
acter. A function f(z) on H is called a modular form of weight g, level 4M and nebentypus

character x if the following conditions are satisfied.

(1) f(z) is holomorphic.

(2) The following equation holds for all (o, p(z)) € To(4M)
(f Iz (@, 0(2)))(2) = x(a) f(2).
(3) f(z) does not have poles on H UPY(Q).

We denote the C vector space of such functions by My2(4M, x). Similarly, we call f(2) a
cuspform of weight &, level AM and character x if condition (3) is replaced by condition (3)’
above, and denote the space of cuspforms by Sk2(4M, x).

1.2.3 Mock-modular forms

In this section, we will give some background information on mock-modular forms. Let
kelZ, MeZ and x : (Z/MZ)* — C* be as before. Denote by Fi(M, x) the space of

smooth functions f : H — C such that

(f [t V(=) =x(nf(2)

for all v € T'o(M). Recall from Eq. (1.1.1) the differential operator &, and the weight k

hyperbolic Laplacian Ay. If z = x + iy, then Ay can be written as

Ay = y? (88—;2+§—;2> —zky(a%—i—za%)
8



We say that f(z) € Fp(M,x) is a harmonic weak Maass form of weight k, level M and

character x (or more briefly, a weakly harmonic form) if it satisfies the following properties.
(i) f(2) is real-analytic.

(i) Ax(f) =0.
(iii) The function f(z) has at most linear exponential growth at all cusps of T'o(M).

Let Hy(M, x) be the space of weakly harmonic forms of weight k, level M and character
X, whose image under &, is a holomorphic modular form. Denote by M ,L(M ,X) the usual
subspaces of weakly holomorphic modular forms. It also contains My (M, x) and Sk(M, x)
as subspaces as well. A mock-modular form is a formal Laurent series in ¢,
iz)= ) ()",
n>>>—oo
such that there exists g(2) = >, -, c(n)q" € My_(M,X) satisfying

Y. g =) cln)B(n,y)a ™ € Hy(M, ).

n>>—oo n>0

The form g(z) is called the shadow of §(z). The expression ) _,c(n)g" is called the
principal part of §(z). Let My (M, x) be the subspace of mock-modular forms whose shadows
are in My _(M,Y). Since every weakly harmonic form can be written uniquely as the sum
of a holomorphic part and a non-holomorphic part, the spaces Hy(M, x) and M (M, x) are

canonically isomorphic to each other.

With some computations, one could verify that & commutes with the slash operator as

follows

& (f Ik v) = (&) |2k v (1.2.1)
for all v € GLy(R). Property (ii) and Eq. (1.1.1) then gives the following map
§ o Hip(M, x) — My (M, ),

whose kernel is exactly M} (M, x). When k # 1, the map above is surjective as shown in [10]
and [12]. When k = 1, one can still prove surjectivity by analytically continuing the weight
one Poincaré series, the same family as in [10] for £ = 1, via spectral expansion. We will

carry this out in §2.1.



CHAPTER 2

Preliminary Results

2.1 Existence of Mock-Modular Forms of Weight One

Given a cusp form of weight one, we will show the existence of a weight one mock-modular
forms with it as shadow in this section. There are several different approaches to proving this
result, such as a geometric approach in [12], or another approach found by Zwegers using the
holomorphic projection trick. For completeness and since it might have some independent
interest, we prove the existence by analytically continuing weight one Poincaré series via the

spectral expansion.

From now on we fix k£ = 1 and write | for the slash operator |;. The notations H; (M, x),
M} (M, x), My(M,x) and S;(M,x) are the same as in §1.2. Let M; (M, x) be the space of

mock-modular forms, which is canonically isomorphic to Hy (M, x).

To proceed, we will construct two families of Poincaré series P, (z,s), Q. (z,s), where
the first family is similar to the one used in [10]. They are a priori defined for Re(s) > 1
and will be analytically continued to Re(s) > 0 through their spectral expansions. Unlike
the cases k > 2, this will only be a statement about existence, and not a formula that could
be used to calculate the Fourier coefficients of the preimage explicitly. To prove the analytic

continuation, we will refer to results in [42] and [44].

Given any positive integer m, define

& (2, 8) == 62m’m$(47r’m|y)—1/2MSgn2<m) ’s_%(47r|m|y), (2.1.1)
or(z,8) == 62”"”(47r]m|y)s’1/2e’2”‘m‘y. (2.1.2)

10



Here M,,,(y) is the M-Whittaker function defined by

M, (2) = 21222 By G+p+vl+20;—2), (2.1.3)
with 1 Fi(«; B; 2) being the generalized hypergeometric function. Averaging them over the
coset representatives of I'o,\I'g(M), we can define the following Poincaré series

Pu(zs,%) == > x5 [ 1)(z9),

Y€l \FO (M)

Qu(z5x) = > X(N(gh [Nz 9).

V€L \I'o (M)
For convenience, we shall omit y and write P,,(z, s) and Q,,(z, s) instead. Both families are
absolutely convergent for Re(s) > 1 and define a holomorphic function in s. Also, P, (z, s)

is an eigenfunction of —A; with eigenvalue (s —1/2)((1—s) —1/2) and belongs to Fi(M, x).

Let A}, be the differential operator defined by
—A =y (88—;2 - %) +iky L.
It is related to Ay by the following equation
Ap+E(1-%) = Y2 Ay 2.
Define the space Dy (M, x) by
Dy(M, x) = {y?f(2) : f(2) € Fi(M,x) is smooth with compact support on H} (2.1.4)

Let Dy (M, x) be the completion of Dy (M, x) with respect to the Petersson norm

lgll* = {g.9) ::/ (=) P4t
To(M)\H

Satz 3.2 in [44] implies that —A, has a self-adjoint extension —A} from D (M, x) to
Dy (M, x). Also, —A has a countable system of Maass cusp forms {e,(2)}nen C D1(M, )
forming the discrete spectrum. Each Maass cusp form e,(z) has eigenvalue \, and each
eigenvalue has finite multiplicity. For any f € 151(M ,X), the discrete spectrum contributes

the following sum to its spectral expansion

[e.e]

Z<f7 en)en(2),

n=1

11



which converges absolutely and uniformly for all z € H [44, Satz 8.1].

Let ¢ be a cusp of I'g(M), o, € GLa(R) the scaling matrix sending oo to ¢, and I', C T'g(M)
the subgroup fixing ¢. One can define the weight one real analytic Eisenstein series E,(z, s)

by

1/2 _ o
E,(z,5) =% Z CXZ(XZ(Im(UL Lyz))s=1/2,

Selberg showed that the Eisenstein series has meromorphic continuation to the whole complex
plane in s. For ¢ ranging over the cusps of I'o(M), the Eisenstein series {F,(z, s)}, make
up the continuous spectrum of —A’l. So for any f € 151(M ,X), the contribution of the

Eisenstein series to the spectral expansion of f is
1 o0 ‘ .
An Z/ (f), B, % +ir)E,(z, % + ir)dr.

If f is smooth, then the integral in r converges absolutely and uniformly for z in any fixed
compact subset of H [44, Satz 12.3]. Applying the completeness theorem [44, Satz 7.2 |, we
have the spectral expansion for any smooth f € Dy(M, x) in the form
- L[ . .
f(Z) - Z<f7 €n>€n(2) +ZE/ <f('>7EL<'7%+ZT)>EL(27% —|—ZT’)dT, (215)
n=1 L -
where the sum over n € N and the integral in r both converge uniformly and absolutely for

z in any compact set of H.
By setting f(z) = y"/?Qmn(z,s) and comparing P,,(z,s) to Q.(z,s) as in [42], we can

deduce the following proposition.

Proposition 2.1.1. For any positive integer m, the Poincaré series Q.,(z,s) and P, (z, s)
have analytic continuation to Re(s) > 0. At s = 1/2, P,(z,s) has at most a simple pole.

Furthermore, the residues of Pp(z,s) at s = 1/2 generate Sy(M, x).

Proof. First, we will prove the analytic continuation @,,(z, s). For any m > 0, the function

Qum(2,5) == y"/2Qun(z, s) is square integrable for Re(s) > 1, hence contained in Dy (M, x).

12



So we can write out its spectral expansion

Qm(z,8) = D(z,s)+C(z59), (2.1.6)

oo

D(Z73) = Z(Qm('ws)aen('»GN(z)a
C(z,8) = ﬁZ/OO(Qm(-,S),EL(',%+Z'T’)>EL(Z,%+Z'T)CZT‘,

where D(z,s) and C(z,s) are the contributions from the dicrete and continuous spectrum
of —A/ respectively.

By Satz 5.2 and Satz 5.5 in [44], e,(z) has eigenvalue X, € [1/4,00) under —A}. If
An = 1/4, then y~1/2¢,(2) is in S;(M, x). Since each eigenvalue has finite multiplicity, we
can let Ny > 0 such that {y~'/2¢,(2) : 1 <n < Ny} is an orthonormal basis of S;(M, ).
Note that S;(M, x) could be empty, in which case Ny = 0.

Forn € N, let t, = \/\, — 1/4, s, = 1/2+1it,,. We can use Eq. (66) in [27], the asymptotic

M,,(y) = O,.(e¥) as y — oo and the vanishing property of cusp forms at all cusps to write
€n(2) = Z Cn,qugrAQ(u) 75n_% (47T|’U,‘y> 27r2u$
u=—00,u#0

where W, ,(z) is the W-Whittaker function and ¢, , are constants. Note if t,, = 0, i.e.
y~1/%e,(z) is a holomorphic cusp form, then Wign(u)/2.s,—1/2(4m|uly) = (4r|uly)'/?e2uly
and ¢,, = 0 for u < 0. Now we can use the Rankin-Selberg unfolding trick to calculate

(Qu(-5),en())

(@), en(-)) = /p (M)O\H Y2 Qu(z, s)en(Z)dzdy

. ——dxdy
/ / y1/290m (2,8 en( )7

= (47r|m|)1/2/ e 2’T|m|y(47r|m|y)5_1cmnVVSgnZ(m)
0
(s—1-it,)T(s—1+it,)
T (S . sgnz(m))

The last step uses the Mellin transform of the W-Whittaker function [5, Eq. (8b)] and

dy
1 (4mmly)—
”on 2 y

= (47T|m|)1/2cn,m

(2.1.7)

the substitution s, = 1/2 + it,,. When Re(s) > 1, the sum defining D(z,s) is absolutely
13



convergent [44, Satz 8.1], since /2Q,, (2, 5) € Dy (M, x) for Re(s) > 1. When 0 < Re(s) < 1
we can write D(z, s) as
sgn(m)

3 +1-— i) P (s+1—5 —|— ity —
D(z,s) = (47T\m|)1/220n,m )L )en(z) : 81—222
neN r <S +1- —bgn(m)> (s =32+ 13

Since t2 = A\, —1/4 and Y, _,,; A\, converges [44, Satz 8.1], we can apply Cauchy-Schwarz
inequality to see that the sum on the right hand side above converges absolutely on compact
subsets of {s € C: Re(s) > 0,s # 1/2}. At s = 1/2, the first Ny terms in the sum produce
a simple pole since t, = 0 for all 1 < n < Ny. The rest of the sum still converges absolutely.

So the right hand side above gives the analytic continuation of D(z,s) to Re(s) > 0.

For the continuous spectrum, the contribution from the Eisenstein series on the right
hand side of (2.1.6) can be treated similarly. For any cusp ¢, we can write the Fourier
expansion of E,(z, s) at infinity in the following form (for ¢ = oo, see [27, eq. (76)])

Bu(z8) ="+ 0y 4 3 ()W L (4mlmly)e®™™, - (2.18)

m#0

where 1,(s) and 9, ,(s) are products of gamma factors and Selberg-Kloosterman zeta func-
tions. It is well-known that The Eisenstein series can be analytically continued in s to the
whole complex plane. When Re(s) > 1/2, the poles of E,(z, s) are in the interval s € (1/2, 1]
[44, Satz 10.3]. On the line Re(s) = 1/2, E,(zy, s) is holomorphic in s for any fixed zy € H
[44, Satz 10.4]. So both #,(s) and 1, ,,,(s) admit analytic continuation to Re(s) > 0 and are
holomorphic on Re(s) = 1/2. Using the same unfolding trick above, we can evaluate

F(s—%—z’r)f‘(s—%+ir)

T (S . sgn2(m)>

(@5 9), B, 3+ 1)) = W (5 +ir) (47 |m])/2

Then C(z,s) can be written as

—_

1 oo—- F(S—l_iT)F(S__+ir)
e =g [ T e

2

[\

E/(z, 3 +r)dr

B —_— 12 (s+1 %—zr F(8+1——+z7’)
Z47r/ Vo (3 +ir) (47|m]) <s+1 i ) (2.1.9)
(5 — =)
.(s—%—ir)(s—i-km“) E,(z,5 +ir)dr.

14




When Re(s) > 0, C(z,s+ 1) is absolutely convergent. So when Re(s) # 1/2, we can apply
Cauchy-Schwarz to bound expression (2.1.9) by

L.

When Re(s) > 1/2, let C(2, s) be the expression (2.1.9), which gives the analytic continuation

__ sgn(m)
S 2

——=\dr. 2.1.10
G-t (2.1.10)

of C(z,s) in this region. When Re(s) < 1/2, we can define C(z,s) in a similar fashion as

in §6 of [42]. We start with (2.1.9) and Re(s) € (1/2,1/2 + €) for some small € > 0, then

1/2 s

deform the contour so that it goes above and below *= 1/ 2 In the process, the following

residue is picked up

mlm|) Y2 (2s — —
(w[m[)/*I'(2s — 1) Z%m (2,5) + Yom(L — 8)E,(2,1 — ). (2.1.11)

T (S __sgn m))

Finally we can reduce the real part of s to less than 1/2 and change the contour back to
the real line. So when Re(s) < 1/2, let C(z,s) be the sum of (2.1.11) and (2.1.9), which
are holomorphic. The bound (2.1.10) and m > 1 guarantees the existence of the limits of
C(z,s) as Re(s) approaches 1/2 from the left and from the right. The procedure defining
C(z,s) shows that the limits agree. So we define C(z,s) on Re(s) = 1/2 to be this limit.
Then C(z,s) gives the analytic continuation of C(z,s) to Re(s) > 0. Putting these together
with the analytic continuation of D(z,s), we have the analytic continuation of @,,(z, s) to
Re(s) > 0.

Now to analytically continue P,,(z,s), we can simply compare it to Q,,(z,s). Applying
the power series expansions of 1 F} (a; f;2) and the exponential map to (2.1.1) and (2.1.2),

we see that for y small and 0 < Re(s) < 2,

|(47|mly) = H2(¢7,(2,8) = 91, (2,9))] = Om(y).

So the difference P, (z,s) — Qm(z, s) defined by termwise subtraction is a holomorphic func-
tion in s for Re(s) > 0. That means the analytic continuation of P, (z,s) to Re(s) > 0
follows from that of Q,,(z,s). Furthermore, they have the same poles and residues in the
region Re(s) > 0. Thus, to prove the second half of the proposition, it suffices to analyze

the poles and residues of @,,(z,s) at s = 1/2.
15



Since m > 0, expression (2.1.10) is bounded by an absolute constant for all s € (1/2,2].
So C(z,s) does not contribute to the pole at s = 1/2. For a Maass cusp form e,(z), the
right hand side of (2.1.7) vanishes at s = 1/2 if t,, # 0. Otherwise, y~*/2e,(2) € S1(M, x)

and (Q(+,5), ex()) has a simple pole of residue (4r|m|)'/?¢,,,. Thus, we have

No
Rese—1/9Pm(2,8) = Resem1 2Qum(z, 5) = (dm|m|)'/? Z Crmy Y en(2). (2.1.12)
n=1

Since {y~"2e,(z) :n=1,..., Ny} is a basis of S;(M, x), the matrix

{Cn,m:lgngleSmgK}

has rank equals to M for K sufficiently large. Therefore the residues at s = 1/2 of P,,(z, s)
generate Sy (M, x). O

The following theorem is an immediate consequence of the proposition above.

Theorem 2.1.2. Using the notations above, the following map is a surjection
& - Hi(M,X) = 51(M, ),
i.e. for any cusp form h(z) € Sy(M,x), there exists h(z) € My(M,X) with shadow h(z).
Proof. When k = 1, Eq. (1.1.1) becomes A; = & 0&;. So the Poincaré series Py, (z, s) satisfies
Ay (Pr(z,8)) = (s = 1) Pu(z,5) (2.1.13)

when Re(s) > 1. Since the difference between both sides is holomorphic in s and P,(z, s)
can be analytically continued to Re(s) > 0 as in the proposition, Eq. (2.1.13) is valid for

Re(s) > 0. At s = 1/2, suppose P,,(z, s) has the following Taylor series expansion in s

Po(z8) = g1(2) (s = 1) 4 g0(2) + 91(2) (s — 1) + O, <(s - %)2) , (2.1.14)

with ¢;(z) € Fi(M, x) real-analytic for j = —1,0,1. Since & commutes with the slash
operator and A;(g1(2)) = €2(g1(2)) = g_1(2), we have &(g1(2)) € Fi(M,Y) is real-analytic
and a preimage of g_1(z) under &;.

16



By considering the Fourier expansion of ¢;(z), we know that ¢;(z) has at most linear
exponential growth near the cusps implies & (g1(2)) has the same property. Suppose Q,(z, s)

has the Laurent expansion

g1(2) (s= 1)+ fol2) + fil2) (s = D) + 0. ((s— )°)

near s = 1/2. Then from the spectral expansion of Q,,(z,5), i.e. y~/2(D(z,s) + C(z,s))
as in (2.1.6), it is not hard to see that fi(z) has at most linear exponential growth near the
cusps. The difference P,,(z,s) — Qm(z, s) is a Poincaré series defined for Re(s) > 0. So the
coefficient of (s —1/2) of its Laurent series expansion around s = 1/2, say hq(z), has at most
linear exponential growth near the cusps. That means the sum of f;(z) and hy(z), which is

g1(2) by analytic continuation, also has this property.

Thus, &1(g1(2)) is in Hy(M,X) and a preimage of g_1(z) € S1(M, x) under & . Since the
functions {Ress—1/2Pm(2,s) : m > 1} span the space Si(M, x), the map & : Hi(M,X) —
S1(M, x) is surjective. O

2.2  Principal Part Coefficients of Harmonic Maass Forms

Let M be an odd, square-free positive integer and y : (Z/MZ)* — C* a character. In
this section, we will relate the regularized inner products between g(z) € Si(M,x) and
f(2) € M{(M, x) to linear combinations of coefficients of a mock-modular form §(z), whose
shadow is g(z), via Stokes’ theorem. The regularization technique is standard and has been

used in many places before (see for example [8, 11, 12, 14, 23]).

The usual Petersson inner product (f, g) can be regularized as follows. Since M is square-

free, [o(M) has 2°M) inequivalent cusps
{ta:d | M},

with ¢; equivalent to the cusp infinity. Here, w(M) is the number of distinct prime divisors

of M. The cusp ¢4 is related to the cusp infinity by the matrix o4 = < A‘ﬁ% A d\/ff) in SLy(R).

Take a fundamental domain of I'o(M)\H, cut off the portion with Im(z) > Y for a large
17



Y and intersect it with its translate under o, for all d | M. We will call this the truncated
fundamental domain F(Y'). Now, define the regularized inner product by

(Fehes = Jim [ gy

F(Y) Y
If f(z) € M1(M, ), then this is the usual Petersson inner product. Now let g € Hy(M,X)

(2.2.1)

be a preimage of g(z) under & with the following Fourier expansions at each cusp ¢4

(Glioa)(z) =) _ef(n)g" = elghoa,n)Bi(n,y)g ",

neL n>1

The expression for (g|y04)(z) follows from the commutativity between &; and the slash op-
erator. Note that ), c7(n)g" is a mock-modular forms with shadows (g|104)(2). As a

special case of Prop. 3.5 in [12], we can express (f, g)re in terms of these Fourier coefficients.
Lemma 2.2.1 (See Prop. 3.5 in [12]). Let f(z) € M{(M,x) and g(z) € Si(M,x). In the
notations above, we have

(f.@)res = > _ > ci(n)ea(f,—n). (2.2.2)

neZ d|M

Notice that the right hand side of equation (2.2.2) depends on the choice of g, whereas
the left hand side only depends on g(z). So if we replace § with h(z) € M;j(M,X), then
Lemma 2.2.1 still holds and we obtain

= Z Z ca(h,n)ca(f, —n)
neZ d|M

where h(z) has Fourier expansions ), cq4(h,n)q" at the cusp ¢4. So the right hand side of
Eq. (2.2.2) gives a pairing between f € Mj(M,x) and G € H,(M,x)/M;(M,X) defined by

{£,G} = (f.61(G))reg = Y _ Const((f |1 0a) - (G |1 0a)). (2.2.3)

M

This is in fact a perfect pairing when one restricts to f € S1(M, x) as a consequence of Serre
duality (see [9, §3]). In that case, the first sum is only over n < 0 and we obtain relations
among the principal part coefficients of h(z) at various cusps. We remark that this holds for
other weights as well. So given some Fourier coefficients, we know that they are the principal
part coefficients of a weakly holomorphic modular form in M},(M, x) if and only if its pairing

with cusp forms in Sy (M, Y) vanishes.
18



Proposition 2.2.2. Let {cqs(—n) € C:d | M, 1 < n < ng} be a set of complex numbers.

Then there exists f € M{(M,x) such that
ng

flioa=)_ca(—n)g "+ 0(1)

n=1

for each d | M if and only if

Z Z ca(—n)cg(h,n) =0

d|M n=1

for all h(z) € S1(M,X) with h |y 04 =, -, ca(h,n)q".

2.3 Transformation Calculations

In this section, we will give some results on transformations of modular forms under different
operators. These will be useful in calculating the Fourier expansion of certain modular forms

in Chapter 3.

2.3.1 Commutation Lemmas

First, we will state some general results about the commutations between the U-operator
and different Atkin-Lehner involutions. In this section, M > 0 will be an odd integer and
®(z) will be a real-analytic modular form of level 4M | weight k/2 and character x for some
k € Z and character x : (Z/4M)* — C*. For p | M a prime, let U, be the U-operator
defined by

p

O, i= S [(12) 5] (2.3.1)

For d | 4M a positive integer such that ged(d, M/d) = 1, write x = XaXam/q and let W, be
the Atkin-Lehner involution defined by
Wai= [ (e d), a7 (M) VAMEz + du
= (anfr/d du) [(d ), dA (M%/d> edu} (2.3.2)

——~—

= [( ! d) 7d1/46u] (4]\%?/d Z)

The following lemma shows the effect of the Atkin-Lehner involution on the character.
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Lemma 2.3.1. In the notations above, let
¥'(2) = (@ 12 Wa)(2).
Then ®'(2) is a real-analytic modular form of level 4M, weight k/2 and character X', where

X : (Z/AMZ)* — C*

Q= (g)kmmwd(a).

Proof. 1t is not hard to see that

—_—

Wd_l = [(1 d) 7d1/4 (M%/d) EJJ] (—4i;;t/d _rs>

Suppose v = (4i1c B) € To(4M). Then we have

—_—

O [ije WayWit =@ | (antrjadn) (1), d7] (uite B) [(F o) d"*] (4%/61 7«5>

( )kq) ‘k/2 (4]\/}},/d di)(le%/d %d)<*4§\l};t/d _7’5)

Ol

e~

DI

d
D
(£)" ()P |2,

where 6 = —4MtsA/d + durD (mod 4M). Since dur = 1 (mod 4M/d) and —4Mts/d = 1

(mod d), we have
X(6) = xamya(durD)xq(—4MtsA/d) = xara(D)xa(A).
This implies the lemma as AD =1 (mod 4M). O
Lemma 2.3.2. The following quantity is independent of the choice of r,s,t,u for Wy
€t (é)km(t)M—M/d(U)q) |12 Wy (2.3.3)

Proof. For a different choice

—_—~—

Wc,l = (4]\4i’/d dszi’) |:(d 1) 7d_1/4 (MtT//d) Edu’:| )
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we have the following calculations

o K , k TN du s
@ s WaWa) ™ = (20 ) ((252) (242)) @ lujo Canfiga i) (—aira 7°)
k k
— ()" (5" Xansaldu'r)xa(—4M's/d)

- ( - > k (t/_t)k Xanzja(w)Xa(t) xaneya(u') xa(t') @,

which implies Eq. (2.3.3). ]

For simplicity, we will take the Atkin-Lehner involution witht =u=1and r = a,s = 5.

So from now on,
Wai= | (e 5) d/"VIMz+4d]. (2.3.4)

Lemma 2.3.3. In the notations above, suppose d,d" | M and ged(d,d’) = 1. Then
~ ~ k ~
D |2 WaWa = (%) Xa (d)® |2 Waar- (2.3.5)
Proof. Since ged(d, d’) = 1, some matrix calculations tell us that

(o) () = (e ) Caneflany %) (1)

_ x wy ( dad g
= (! dd) (4M/(dd’) 1) <4M/d’ 1 ) :

. -1 —1 ( M/d M/(dd’ —1 (4Mdo' /d+4M/d’
Since €5 € (T/> ( {i(d, )> =€ <W>, we could set

P
P

~ * * O/ /d , _ e M/d M dd/ B
Wi = (4M/d d) <4M/(dd’) ﬂd’ ) [(dd 1), (dd) VA (%) <T/> < /d(d, )) eddl,} ,

and obtain Eq. (2.3.5) as follows

@ |k‘/2 Wde’ :(D |k;/2 Wéd/
> k ~
= (T95)" xaar (d' + d)® |0 W

= (2) X (D) |j2 Waa.

This also implies that

!’

~ ~ k ~ ~
® 1o WalWar = ()" (£)" xar (d)xa(d)® |52 Wa W, (2.3.6)
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Lemma 2.3.4. In the notations above, if ged(p,d) =1, then
~ ~ k ~ ~

D |2 UWya = (B)" xa(0)® |12 WaU,. (2.3.7)

Proof. This again follows from the straightforward calculation
("2) G ) = (65 as,) (RO,

with daf’ =1 (mod p) and

o\ = 1—%% =1 (mod 4M/d)
forall0 < A <p-—1. Set

Wi = [(dafﬁy)‘ da) A4 <M5Lk/d) VAMpz + do,].

Then by Lemma 2.3.2, we have

- k ~
O |0 U, Wy = (A{i/d> B Jo)s Wi [(1 (5;@\) ’p1/4]

- Z (g)kXd(p>X4M/d((5)\)<I) /2 W, [<1 (B;/d’\> 71)1/4]

2.3.2 Trace Down Lemmas

Now, we will prove two level-lowering lemmas for modular forms.

Lemma 2.3.5. Let ®(2) be a real-analytic function on H such that it has at most linear

exponential growth at the cusps and

(® ler2 7)(2) = x(d)@(2)

for all 7 € f‘o(4Np’"+1) with r > 1, ged(N,p) =1 and x : (Z/ANp"Z)* — C* a character.
Define () to be

B(z) =P |2 U,
22



Then ®(z) satisfies
(@12 7) () = x(@) ()" 3(2)
for all 5 € To(4Np").

Proof. This is a purely group theoretic lemma and quite similar to Lemma 7 in [2], its the

integral weight counterpart. For completeness, we will include the argument here.

Let v = (4nre q) € To(4Np"). Suppose r > 1, then

3
L

KA
=
~
(V)

D |jn 7 = [(*3) 2] [(anfyre ) 15 (7, 2)]

T
= o

[
(]

=
=

a+4NpTc) B a 1/4 (Np“c 71\/7~7
[( ANy 5?) (17OT) p (R €' VAN 027”4

T
= o

[
(]

=
=

(02 3 ) 1005 o 8]

T
= o

XG0 [iy2 [(1 705 pM]

I
(]

T
= o

=D x(d) (B) @ Jupa [(1 5™ ] = x(d) ()" .

i
o

]

When r = 0 in the above lemma, one needs both the U-operator and the Atkin-Lehner

involution to lower the level.

Lemma 2.3.6. Let ®(z) be a real-analytic function on H such that it has at most linear

exponential growth at the cusps and

(@ le2 (=) = x(d) ()" @(2)
for all 7 € To(4Np) with ged(N,p) = 1 and x : (Z/4AN)* — C* a character. Define ®(z)
to be

B(2) =@ [5y2 Up + @ [0 W) (2.3.8)
where W, is defined as in Eq. (2.3.4). Then ®(z) satisfies

(®1n2 ) () = x(@)(2)
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for all 5 € Ty(4N).
Remark 2.3.7. For different choices
iy = [(8 1) oo (32) ANz 7 9.
Wy = [ (i ) o277 () AND= ).
Lemma 2.3.2 implies that
pd/ ( L ’k/2 = 6pd”X( )@ ’k/2

(S k— T
$>M®©mﬂ%

So for general W;, one has ® = ® |12 Up + <

Proof. The proof is almost the same as the proof of Lemma 2.3.5. Let v = (,%.5) € ['o(4N).
Notice that the condition satisfied by ®(z) is equivalent to

(@ /2 [, (5) 1(7:2)]) (2) = x(d) @ (2).
By quadratic reciprocity, the character of ® can be written as

K (C22) ()

The only difference now in evaluating ® lkj2 7 is that one of the X in the sum of Up will
switch with Wp. For completeness, we record the calculations here. When p | a +4NcA, we

have by the remark above
® liga [(15) 017 = ea® 2 W,
= () () () v (5 @
= x(d)® [x/2 W,

b+d/\> ,p~ /4 (%) VANpcz + pd] . On the other hand, we have

oo i
@ (a7 = ® Lo [(5,2) 07 V/ANDZ 4 7] (i) 57 2))
=@l [(10) 2T (5 ) Cakre ) [P 1) 7] [(1T°) 04
=@ bo [ () 70222)] [ 73) 0]
= x(@® x> [(* 7<) 2],

where v = (Tﬁ;ﬁﬁg? ﬁf;;?f;l;,) and pd’ = d (mod 4Nc). O
24
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Corollary 2.3.8. In the notation of Lemma 2.3.6, define
2 k(=N T
B(2) = D [ (ep (=) X0, W, + 1) .

Then we have

A ~ ~

O i Uy = @ |2 W
Proof. Applying Wp to the definition of ®(z) in Eq. (2.3.8) gives us

o |1<;/2 Wp = ‘k/2 0pr + @ |k/2 W;

—~—

. k

:(I)‘k/Q Upr+6;k<%> q)|k/2 (4?\[,2)(5]0\6]?)
. k

=@l Uy + 6" () x(p)@

~

= 5" () xw)e.

On the other hand, since ® transforms with level 4N, we can write

—~—

- k.
® |l’f/2 Wy = E;;k (%) s ‘k/2 (4?\/?) [(p1)>P_1/4]

k ~
=e," (%) X0)® les [(71) 0711
- k . R
P \k/2 Wp = €;k (%) ® ‘k/2 (47\/;6)(5]0\[/?)
k ~
= (%) x(p)®

This completes the proof.
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2.4 Weight One Space Decomposition

2.4.1 Projection Operators

Let M be a positive, odd integer and ® be a real-analytic function on H with at most linear

exponential growth at all cusps and k € Z. Suppose it satisfies the transformation property

(@ [k 7)(2) = xm(d)®(2),

for all v € To(M) and x s : (Z/MZ)* —s C* a character satisfying yas(—1) = (—1)*. Recall
that the space of such functions is denoted by Fi(M, xar). Let £ | M be a prime such that
ged(d,M/¢) =1 and ¢ > 0. Write

M =M1l xu=XxwXe

with x, a character having conductor x = M’ /.

Notice that any such ® € Fi(M, xy) has a Fourier expansion at the cusp 1/M’ with
variable ¢. If x, is non-trivial, then we cannot trace ® down to level M’. Fortunately,
it is still possible to obtain results similar to Corollary 2.3.8 when y.(-) = Xz(-) = (3) is

quadratic.

For € = +1, define the operator prs, by

pri (@) =5 (5%‘P lk UeW, + <I>> (2.4.1)

where G(x;) is the Gauss sum and

-1
U@:Z“?)aWz: (7))
A=0

It is not difficult to check that pr$,(®) is in Fi(M, xarXe). The following lemma describes

the kernel of these operators in this case.

Proposition 2.4.1. Let ¢ € {£1}, ®(2) € F(M, xarxe) with x, = (3) and Fourier expan-
sion

O(z) =Y a(®,n,y)¢"

at infinity. Then the followings are equivalent.
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(1) For all n € Z relatively prime to £,

Xe(n)a(®,n,y) = —za(®,n,y). (2.4.2)
(2) pry, (@) =0
(2) pri; (@) =@
(3)
P [ We = — %006 |, U, (2.4.3)

Proof. For any ¥ € Fi,(M, xarXp), write its Fourier expansions at infinity as

U(z) =) a(¥,ny)q"

nel

Some calculations show that

LA UZWZIZ‘I’\ <a+]\]¥AB+M) (“1)
-1

= > () () W)
A=0,fa+M'X

— xar (Oxe(— M) im(u)‘l’ e () 0 L W)

= Xar () xe G(xe) > xe(m)a(W, n,9)q" + xar (0T [, We (*4),
nez

where W, = < (a2 5+“> with ¢ | & + M'\g. That means
YR

. 1 — n o EXe(—M'

pr, (W) = © <Z<w<n> +Da(. )+ 242w 1>> O ay
nez
(1) = (2)

Taking U = & in Eq. (2.4.4) shows that < is clear. For =, we know that there exists
®.(z) such that
O (241) =D.(2),

O |x (F1) = pri, (D).
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Since prs,(®) € Fr(M, xarXxe), the second condition implies that
D, |1 (a8 ) = xar(d)xe(d) P,

for all (,%,%) € SLy(Z) with a,b,c,d € Z. Given any (/, ) € [o(M’) with ged(, d) = 1,

M'c

we can write it as (1 {) (5, %). Thus,
D |k (e a) = Xaar(d) xe(d) Pe.

On the other hand, since x, is non-trivial, one can find ¥, ¢, d, d’ € 7Z such that ged(d, Mc') =
ged(d', Mb') =1 and x,(dd') # xe(M'Vc+ dd'). That means

XM’(dd/)X€<dd,)(I)€ = o, ’k (]\/;"c 2) (1\/7/* 2//)
=D i (M Mbetdd )

= Yar (dd)xe(M'V e + dd') ..

By the choice of V', ¢,d and d’, we know that xp(dd’') # 0. Thus, ®. must vanish and

prf“(cb) = 0.

(2) = (2)

This follows easily from
® = pr,(®) + pry, () = pri; (P). (2.4.5)
(2) = 3)
Notice that (2) and Eq. (2.4.1) is the same as
— 1(Oxe(=M")
O = —g M0 |y UV

The equivalence then from applying W, to both sides and using the relations

@ |x UW7 = xe(=1)xar (O)® | Ue.
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If xa is quadratic and y, is an arbitrary character, then the proposition above can be

modified to yield similar results. In this case, set

M' =N, l=p,xu = xnXp: Xn (") = (57) -
Let x, be an arbitrary character of conductor p. Define the operator pr{ for e = £1 by

pri, () = § (20N |, U, W, + o) (2.4.6)

where ®¢(z) = ®(Z). Since W, sends F(M, xnX,) to F(M,xnX,) and ®¢ € F(M,xnXp),
we use ®¢ instead of ® in defining the projection operator here. The following proposition

is the analogue of Prop. 2.4.1.

Proposition 2.4.2. Let ¢ € {£1}, ®(z) € Fi(Np,xnxp) with xy = (%) quadratic, x,

non-trivial and the Fourier expansion

O(z) =Y a(®,n,y)¢"

nel

at infinity. Then the followings are equivalent

(1) For all n € Z relatively prime to p,

Xp(n)a(®,n,y) = —ca(®,n,y) (2.4.7)
(2) pri, (@) =0
(2) pris (@) = @
(2)" priS(i®) = 0.
(3)
° |y W, = —= 20 |, U, (2.4.8)

Remark 2.4.3. The subspace of Fi,(Np, xnXxp) satisfying any of the four conditions above
is a real vector subspace of Fi.(Np, XnXp)-
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Proof. Let U € Fr(Np, xnxp) with Fourier expansions
U(z) = Za(‘lf, n,y)q"
nez

at infinity. Then V¢(z) = Y _, a(¥,n,y)¢" and the same calculations in Prop. 2.4.1 gives
us the following analogue of Eq. (2.4.4).

pry, (V) = % (%(%(n)a(‘l’, n,y) +a(¥,n,y))q" + %‘P e Wy (P4 )) :

The rest of the proof follows, mutatis mutandis, from that of Prop. 2.4.1. The equivalence

to (2)" follows from substituting i® for ® in condition (1) and replacing ¢ with —e. O

Proposition 2.4.4. For distinct £,0' | M and e,e" € {£1}, the projection operators satisfy
the following properties
pry; ©pry, =0,
Xe’?

prii © prf(gl = pr;gl © prE (249>

pry, o & = & o priyt Y.

Proof. For ® € F(M,xn), let a(®,n,y), a(P, n,y) and by(P, n,y) be the Fourier coefficients
of ¢, ¢ prj(P) and pr} E(CID) respectively. For £ # p in the first equation, the calculations in
Prop. 2.4.1 tells us that whenever ged(¢,n) = 1,

be(P,n,y) = % (axg(n)a(q),n,y) + a(@,n,y)) )

When ¢ = p, we could write

by(®,n,y) = % <5Xp(n)a(<1>c,n,y) + a(@,n,y)) .
Since €2 = 1, we have in both cases.
Xe(n)be(®,m,y) = eby(P, n,y) whenever ged(¢,n) = 1.

By Prop. 2.4.1, the first two equations hold.



For the second equation, notice that we can write
PI"Z © prj,l(q)) = A((&ﬁ), (5/a gl))q) ‘k UWUp Wy + B((€> E)’ (5,7 6/))7

where A(e, e’ ¢, 0') and B(e,e’,(, V") are stable under switching (e, ¢) and (¢’,¢'). By Lemma
2.3.4 and 2.3.3, we have

S |, UWUpWe = xp(O)® | UUp W Wy = @ | UUp Wy,

which is also stable under switching (e, ¢) and (¢’,¢'). So the third equation holds. By the

same procedure, one could verify that the fourth equation holds as well.

The last equation follows from the definitions of the projection operators and the fact
that & commutes with slash operator by changing the weight from k to 2 — k, character

from x,s to Xar, and the coefficients to their complex conjugates. O]

2.4.2 Applications of the Projection Operators

Now, we will apply the projection operator to the space Hy(M, xs), where M = Np is odd,
square-free and xa = xnX, With xy(-) = (%) quadratic and ¥, an arbitrary, non-trivial
character. All the results in §2.4.1 still holds since the subspace Hy(M, xa) C Fi(M, xnr)
is defined by the differential operator &, which commutes with the slash operator. For

e € {£1} and each prime ¢ | M, define the space Hf (M, xa) by

HE (M, xo) 1= { f € Hi (M, xan) < o, (f) = 0} (2:4.10)

The space Hf,(M,xn) is a complex vector space unless £ = p, in which case it is a real

vector space. For each d | M, we could define the real vector space H; 4(M, xn) by

Hya(M, xn) = N Hy (M, xur) N Hy (M, xar)- (2.4.11)

£|d positive prime €|% positive prime

By the definitions of the projeciton operators and Props. 2.4.4, we could write
H1<M7XM) = Hffe(Ma XM) D Hig(Ma XM)
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for all ¢ | M. By Props. 2.4.1 and 2.4.2, we know that fe Hy 4(M, xa) if and only if the

following conditions are satisfied for all ¢ | N

f|1 W, = —S%f I U,
P - X (N) re
f ‘1 Wp——SGp(X_p)f ’1 Up.

Furthermore, Prop. 2.4.4 tells us that projection operators of different ¢ commute with each

other. This implies that
Hi(M, xm) = @Hl,d(Ma X) (2.4.12)

M
as real vector spaces. Remark 2.4.3 also implies that for any d | N, f € Hy 4(M, xu) if and
onlyifif € H 1.ap(M, xar). Since the decomposition 2.4.12 is defined entirely using the slash
operator, it could be naturally defined for subspaces S1(M, xar) C My(M, xa) C Mi(M, x1r)
of Hi(M, x) and My (M, xar) = Hi(M, x ).

For any positive ¢ | M, define ¢* | M to be
0" = xo(—1)L. (2.4.13)
Then we could write M = M, - M_, where

M= ] ¢ (2.4.14)
oM
0*=el

for e € {£1}. Since x,(-) = (;) when ¢ | N is prime, M. contains all the primes dividing N

which are congruent to € modulo 4. Define the quantity d | M by

d = ged(d, M, ) - ged(M/d, M_). (2.4.15)

The next proposition shows that decomposition in Eq. (2.4.12) behaves nicely with respect

to the differential operator &;.

Proposition 2.4.5. The following sequence is exact

M (M, xar) = Hy j(M, xar) =5 S1a(M, Xar). (2.4.16)
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Proof. By the last two equations in (2.4.9), the image of H, ;(M, x) lies in Sy 4(M, Xa1).
For any f € Si4(M,Xu), let f € Hy(M,xy) be its preimage under &, whose existence is
given by Theorem 2.1.2. Define f i by

HerF H prxe A‘

od 0/(M/d)

Then the Egs. (2.4.9) tell us that

Hprxe H erZ f - Her/z Hprm 51

od 2)(M/d) d o4
e [Teed ) F=1
4)d z|%

The last step follows from (2) < (2)" in Props. 2.4.1 and 2.4.2. By the first two equations
in Eq. (2.4.9), we know that

prig(fag) — 0 for all £ | d,

pry,(fi) =

So fd € H, j(M, xu) by definition and & : H, j(M, xar) — S1,a(M, Xar) is surjective. The

kernel is the holomorphic subspace of H, ;(M, x1), which is exactly M (M XM )- O

Combining the proposition above with Lemma 2.2.1, we could deduce the following result

on regularized inner product.
Proposition 2.4.6. Let di,dy | N, h € M; , (M,xa1), f € Si.4,(M,Xa1) with Fourier ez-
Pansions

h:Zc(h,n)q”,f:Zc(f,n

neZ n>1

at infinity. Let f € H1,UZ2(Ma Xm) be any preimage of f under & as in Prop. 2.4.5 with
Fourier expansion

f = Z C(f> n)q" — Z C(f’ n)ﬁl(n7 y)q_n

nez n>1
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at infinity. If dy = ds, then

(g = > (c< f.=m)e(hn) + o(f, —pn)e(h,pn) ) oy (n), (2.4.17)

ne”

where Sy (n) := 2¢EAWNM) js the number of divisors of ged(N,n). Otherwise, the reqularized

inner product is 0.

Proof. By Lemma 2.2.1, we could rewrite (h, f)eg as

(. freg = 3 Const (I |y Wa)(f |+ Wa))

M

Applying Lemmas 2.3.3, 2.3.4 and Props. 2.4.1 and 2.4.2 to the right hand side above gives

(s = 5 222 D const (014 07 1 0+ 20 1 0 (1))
d|N
= Z (c(h, n)e(f, —n) + c(h, pn)e(f, —pn)) H (0dy.0,(€) +1) (2.4.18)
neZ £|ged(n,N) prime

where 84, 4,(¢) is defined by

1, € ’ ng(dl,dg) ng(M/dl,M/dg),
5d1,d2<€) =
—1, €| ged(di, M/ds) - ged(M/dy, do).

and 6d17d2 (d) = Hﬁ|d prime 6d1,d2 (E)
If ¢ | dg, then Prop. 2.4.4 tells us that
Xﬁ(n)c(fv —TL) = _C(f7 —TL),

for all n € Z not divisible by ¢. So if d; # ds, then there exists ¢’ such that

~ ~

xe(n)e(f, —n) = —ec(f, —n), xe(n)e(h, n) = ec(h, n)

with € € {£1} for all n € Z satisfying ¢’ { n by Prop. 2.4.1. That means for these n, we have

~

ol =n)eh,n) = (xe(m)elF, =m) ) (xe(n)e(h, n)) = —e(f, ~n)e(h, )
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and c(f, —n)c(h, n) = 0. Furthermore, dq, 4,(¢') = —1 and the factor [ [;cq(n,n)(0d1.a2(€) +1)
vanishes. Thus, the sum in Eq. (2.4.18) vanishes identically and (h, f)eg = 0.

If dy = dy, then 04, 4,(¢) = 1 for all £ | N and the factor

H (0dy.d,(€) + 1) = ow(ged(n,N))

L|ged(n,N) prime
is the number of divisors of ged(n, N). Substituting this into Eq. (2.4.18) gives us Eq.
(2.4.17). O

For each d | D, let ng,rq € N be the quantities

na = max{ordof : f € S1a(Np, xpXp)}s (2.4.19)

rq := dimg S1.a(Np, XDXp)-
Props. 2.2.2 and 2.4.6 together gives us the following result about the order at infinity of the

preimage in 2.4.5.

Proposition 2.4.7. Foranyd | N and f € S14(Np, xnXp), there exists fe H, ;(Np,XnXp)

such that & (f) = f and

ordeo(f) > —na.

Proof. Let f € H, (Np, xnXp) be a preimage of f under & as in Prop. 2.4.5 with orde (f1) =

—nyg and principal part

Z c(fr,—n)g "

n=1

If ng > ng, then one could find complex numbers {¢(—n) : 1 < n < ny} such that ¢(—ng) # 0

and

for all £ | d, x¢(—n)c(—n) = —c(—n), for all n € Z relatively prime to £,
for all ¢ | %, Xe(—n)c(—n) = ¢(—n), for all n € Z relatively prime to ¢,

Xp(—n)e(—n) = —c(—n), for all n € Z relatively prime to p,

no

Z <c(—n)c(h, n) + c(—pn)c(h,pn)> dn(n) =0, for all h € S14(Np, xpXp)-

n=1

35



By Prop. 2.2.2, there exists f € Mi g(Np, XDXp) With the principal part
nog—1

(—no)a ™ + > c(—n)g™"

~ ~ ~

if p  ng. Since x,(—no)c(f, —no) = —c(f, —no) and c¢(—np) # 0, the ratio c(f, —no)/c(—no)
is a real number and f; — c(f, —no)/c(—no) fa € H, ;(Np,xpXp) is a harmonic Maass form

with image f, 4 under & and smaller order of pole at infinity.

If p | ng, then Prop. 2.2.2 also implies that there exist fs, fy € Ml' &(Np, Xp®) with the

following principal parts at infinity respectively

no—1 no—1
¢+ Y e(=n)g g+ Y e(—n)g "
n=1 n=1

By the same idea as before, we could still subtract R multiples of f3 and f; from fl to reduce

no. An induction on the size of ng shows that we could take it to be ng,. O
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CHAPTER 3

Weight One Newforms of Imaginary Dihedral Type

Let D < 0 be an odd, fundamental discriminant and K = Q(\/E) an imaginary quadratic
field with ring of integers Of. The weight one newforms we want to study arise from non-
trivial characters of certain ray class groups of Oy, which becomes the newform associated
to characters of Pic(O) for some order O C O, after suitable twisting. The structure of
the chapter is as follows. In §3.1, we will give some background information on weight one
newforms and Galois representations following [48]. Then in §3.2, we will gather some facts
about Pic(O) and use its characters to construct newforms. In §3.3, we will look at two
dimensional, odd, complex Galois representations arising from ray class group characters of
imaginary quadratic fields, and the weight one newforms associated to them via Theorem
3.1.1. Finally in §3.4.1, we will look at the inner product between newforms constructed in

§3.3.

3.1 Newforms of Weight One

In this section, we will describe the results connecting complex, odd, two-dimensional, irre-

ducible representations of Gp and weight one newforms.

Let Q/Q be an algebraic closure of Q and Gg = Gal(Q/Q) be the absolute Galois group
of Q, with the profinite topology. Because of the difference in topologies, a continuous
representation p : Gg — GLy(C) will have finite image. Its projective image under the
projection GLy(C) — PGLy(C) is a finite subgroup of PGLy(C). The finite subgroups
of GL,(C) is well-known to be classified as either cyclic, dihedral, tetrahedral, octahedral,

or icosahedral, when the projective image is C,,, Da,, A4, Sy or As. If the representation
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is irreducible, then the projective image can only be one of the last four types. We say a
continuous representations p : Gog — GLy(C) is odd if p(c) = —1, where ¢ € G is complex
conjugation. The conductor of p can be defined using the data p|;, with I, C Gg the inertia

subgroup at rational prime p.

In [18], Deligne and Serre attached odd, irreducible Galois representations py : Gg —
GLy(C) to weight one newforms f = > -, a(f,n)q" of level N and nebentypus x such that

the conductor and determinant of p; are N and y respectively, and for all primes p { N

trpg(Froby,) = a(f, p).

In the other direction, Langlands used solvable base change and proved the modularity
of Galois representations with solvable image [39]. In particular, he attached weight one
newforms to odd, continuous, irreducible representation p : Gg — GLo(C) with projective
image A, and Tunnell did the case with projective image Sy [54]. Finally, the A; case,
which is not solvable, was proved as a consequence of the resolution of Serre’s Conjecture
by Khare-Wintenberger [34, 35]. As a result, we have the following bijection between Galois

representations and weight one newforms.

Theorem 3.1.1 (Deligne-Serre, Langlands-Tunnell, Khare-Wintenberger). There is bijec-
tion between the set of odd, irreducible, continuous representations p : Gog — GLo(C) of

conductor N and det(p) = x and weight one newforms of level N and nebentypus x.

From now on, we will say a weight one newform is of dihedral, resp. tetrahedral, octahe-
dral, or icosahedral type if its associated Galois representation has dihedral, resp. tetrahedral,
octahedral, icosahedral projective images. In the dihedral case, the Galois representation is
induced from a Hecke character of either a real or imaginary quadratic field. We will say

that it is of imaginary or real dihedral type depending on the nature of the quadratic field.
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3.2 Structure of Pic(O)

Let O C Ok C K be a subring. Its index in O is f? for some positive integer f. We call

f the conductor of O and denote O by O;. Explicitly, one can write
Op = ("D iy n € Zym = nfD (mod 2)}.

When f > 1, the order Oy is not a Dedekind domain. So we do not expect every fractional
ideal to factor uniquely into prime ideals. On the other hand, every fractional ideal relatively
prime to the conductor f has unique factorization into primes ideals in Oy. Let 1(Oy), resp.
P(Oy), be the group of invertible, resp. principal ideals of O;. Define the Picard group of
Oy to be
Pic(Oy) := 1(Oy)/P(Oy).

When f =1, Pic(Oy) is just the class group of K, which is canonically isomorphic to C(D),
the group of equivalence classes of primitive binary quadratic forms of discriminant D < 0

(see §4.1.1 for details). Via the following map, this relationship holds more generally between

Pic(Oy) and C(Df?) (Theorem 7.7 [17]).

C(Df?) = Pic(Oy)
(3.2.1)
[4,B.C)— (4, =P)0;
In the notation of §4.1.1, we will denote Pico(O;) and Pic*(O;) the kernel and image of

Pic(Oy) under the squaring map.

By Proposition 7.20 in [17], there is an isomorphism between 1(Oy) and I (f), the group
of fractional ideals of O relatively prime to f. So there is another way to describe Pic(Oy)
(Prop 7.22 [17])

Pic(Oy) = Ix(f)/Pxz(f), (3.2.2)
where Prz(f) < Ix(f) is the subgroup of principal ideals («) of K with o = a (mod f)
for some a € Z,ged(a, f) = 1. Let Ix = I(Ok) and Px = P(Ok). By Chebotarev density
theorem, the natural map I (f) — Ix/Px = Pic(Of) is surjective with kernel Ix(f) N Pk
containing Pk z(f). So we have the following exact sequence (Eq. (7.25) in [17])

1 — Ix(f) N Px/Prz(f) — Ix(f)/Pxz(f) — Ix/Px — 1 (3.2.3)
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The kernel is well-understood from the following exact sequence (Eq. (7.27) & Ex. 7.30 in

[17])

1L — {#1} — (Z2/f2)* <Ok — (Ok/[OK)" (3.2.4)
— Ix(f) N Px/Prz(f) — 1. B

From this description, we can determine h(Qy), the size of Pic(Oy). It is given by the
following formula (Theorem 7.24 [17])
hOk)f ( (D> 1)
hWO¢) = ——— I e I I (3.2.5)
O : OF] H p/)p

Here (%) is the Kronecker symbol and O* denotes the units in the ring O. In particular,

h(Oy) is always an integral multiple of h(Ok). When f | f’, we have Oy C Oy and hence a

canonical map

7 : Pic(Oy) — Pic(Oy)

(3.2.6)
ClOf/ — Cl@f.
For a class A € Pic(Oy), define the theta series 9 4(z) by
1
Va(2) = o + Z " = ZTA(n)q". (3.2.7)
I aelk(f) la)=A n>0
Let ¢ : Pic(Of) — C* be a character and define

go(2) = Y W(AWalz) =) cyln)g". (3.2.8)

A€Pic(0y) n>1
By Hecke’s work [31], we know that g, € M;(To(|D|f?),xpls) is an eigenform, where
XD = (2) is the Dirichlet character associated to K and 1 is the trivial character of

conductor f. Furthermore, if 1 is not a genus character of C'(Df?) = Pic(Oy), then g,(z) is

a cuspform.
When f = p is a prime that splits into pp in Ok, the ring O /pOk is isomorphic to
Z|pZ x ZL]pZ via

OK/pOK — Z/pZ X Z/pZ
(3.2.9)

a— (o (mod p), @ (mod p)).
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So the group (Ok/pO)*/(Z/pZ)*, which surjects onto Ix(p) N Px/Pkz(p) with kernel
O% /{£1}, is isomorphic to (Z/pZ)* via

(Z/pZ)* x (Z/pZ)* — (Z/pZ)*

(u,v) = uv™ ",

Then we could restrict ¢ to (Og /pO)* /(Z/pZ)* and view it as a character of (Z/pZ)*.

3.3 Modular Forms of Imaginary Dihedral Type

This section will describe the weight one newforms we are interested in. First, we will
study the structure of the ray class group and its characters. They give rise to holomorphic
modular forms of imaginary dihedral type. Then we will analyze the relationship between
the characters of ray class group and ring class group. Finally, we will discuss mock-modular

forms with imaginary dihedral shadows.

3.3.1 Ray Class Group and Its Characters

Let K = Q(v/D) as before and p > 3 a rational prime ideal that splits into pp in O. Let I,
resp. F,, be the group of fractional, resp. principal fractional, ideals of Ok relatively prime
to p and B, ; be the group of principal fractional ideals a of K such that there exists a € K
satisfying a = (a) and vy(av — 1) > 0. Suppose H, is the ray class field of modulus p with
M /Q the Galois closure over Q, then H,/K is abelian and contains H, the Hilbert class field
of K. Furthermore, Gal(H,/K) is canonically isomorphic to I,/F, 1, which fits into exact

sequences similar to (3.2.3) and (3.2.4)

1 — F,/F,y — I,/F,; — Pic(Og) — 1 (33.1
1 — O — (Z/pZ)* — By/P,qn — 1.
The map (Z/pZ)* — P,/ F, 1 comes from the embedding Z — Ok.
Let ¢ : I,/ P, 1 — C* be a non-trivial character and ¢; the composition

b1 (Z/pL)* O} —> I/ Pyy — C*
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Since —1 € O, ¢; as a character of (Z/pZ)* has even order and there exists ¢y : (Z/pZ)* —
C* satisfying

$1¢5 = 1.
Let ¢4(+) := ¢a() (5> be another character of conductor p. Then it also satisfies ¢;(¢h)? =
1,. For another ¢ : I,/P,; — C* giving rise to the same ¢, we know that ¢¢' factors
through (Z/pZ)*/Oj and is a character of Pic(Ok).

Let py : Gg — GL2(C) be the induced representation from ¢. Then the kernel of py is
contained in Gal(M /M) and the projective image of p(¢) is dihedral. Since ¢ is non-trivial,
pe is irreducible and

det(py) = xpo1,

where yp = (2) Let c € Gg be complex conjugation, then

det(pg(c)) = (xpdn)(—1) = —1.

So one can attach a weight one newform f,(z) € Si(|D|p, xp¢1) of imaginary dihedral type
to pe. It can be written out explicitly as
foz) = > (@)™ = cs(n)q". (3.3.2)
Clelp,aCOK n>1
From this expression, one can express the Fourier coefficients c¢,(n) explicitly in terms of the

Hecke character ¢.

Proposition 3.3.1. The Fourier coefficients cy(n) is multiplicative with respect to n. For {

prime and r € N, we have

( ¢a>;z[;:ig_r“ (0) =l in O
()72 () inert in O and 2 | r
cp(l) = 0 (0) inert in Ok and 24 r (3.3.3)
(r+ 1)p(0)" (0) =12 in Ok
L o(p)" () =p in Og.

Let Ty be the Hecke operator defined by

Tifo)(2) =Y esltn)q" + Y (xpé1)(O)co(n)g™. (3.3.4)

n>1 n>1
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Then Ty(fs) = co(L) fp for all prime £.

Proof. The multiplicativity of ¢,(n) follows from the Euler product of the L-series associated
to fs, which is the same L-series associated to ps. Eq. (3.3.3) and Ty(fs) = c4(¢) f4 are both

direct consequences of Eq. (3.3.2). O

Proposition 3.3.2. In the notation above, suppose f, € Si(|D|p,xp¢1). Then for all

characters ¢ : Pic(Og) — C*,

foel2) = Y d(a)p(a)d"™ € Si(|Dlp, xpé1)-

acly,aCOk

Proof. By Eq. (3.3.1), ¢¢ is a character of I,/P,; and its composition with (Z/pZ)* —
I,/ P, is the same as ¢y : (Z/pZ)* — 1,/ Pyq 5 € since (Z/pZ)* is in the kernel of
Pp. 0

3.3.2 Genus Theory

In this section, we will decompose the form f, into the sum of forms from different genera.
Define the set
Spi={d:d=1(mod4),d| D}, Lp =%/ ~, (3.3.5)

where d ~ d' if dd' = D. For each d € Yp, write dOx = 0% and let 4 be the genus
character of Pic(Ok) determined by d. Notice that this is well-defined with respect to ~.
Since D is an odd, fundamental discriminant, X5 has size 2¢(P)=1 and is isomorphic as sets
to the subgroup of Pic(Of) consisting of elements of order at most 2, which gives it a group

structure.

For an arbitrary class A € Pic(Og), we could define the form f, 4 by

foul2) =:$ S A2 = Y cpaln)g™, (3.3.6)

p:Pic(O )—CX* n>1
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where H(D) is the class number of K = Q(\/ﬁ) By the orthogonality of the characters ¢,

we could write the Fourier coefficient ¢4 4(n) in the following form

Coaln) = = Y AN = Y el (337)
( )aszic(OK)HC>< QISIOE(,)ELEIP

[a]=A€Pic(Ok)

Then we have the following decomposition

fo2) = > faal2), (3.3.8)

A€ePic(Ok)
which follows from the orthogonality of the characters.

Let (£) = Il be a split prime in O and £ = [I] € Pic(Of). As an immediate consequence
of Prop. 3.3.1, we have

Ty(fo) = (A YT fr)

H D) p:Pic(O )—CX

- ﬁ > oA ((90) () + (99) (1)) fo (3.3.9)

= ¢<[)f¢,.A£ + (b([)qu,Aﬁ—l-
Now, define d4 € Xp by
= [ o (3.3.10)

0D, ope (A)=—1
where (* is given in Eq. (2.4.13). The following result tells us about the vanishing of the

coeflicients ¢y 4(n).

Proposition 3.3.3. The Fourier coefficient cs a(n) vanishes whenever (2) # ¢4(A) for

n

some d € Xp. Equivalently, fs 4 € S1,a,(|D|p, xpo1)-

Proof. In the last sum in Eq. (3.3.7), the ideal a C Ok is in the same genus class as A,

which implies that p4(A) = @q(a) = (ﬁ) for all d € X p. Thus, this sum is empty, hence

zero, if (%) # pa(A) for some d € ¥p. This is equivalent to

(4) cpa(n) = @a(A)cg.a(n) whenever ged(n,d) = 1. (3.3.11)
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By taking d = ¢* for ¢ | D a positive prime and applying Prop. 2.4.1, we see that

pry fo.a =0 for all £ | dya,

_ D
pry, fo.a =0 for all £ | %.

Using Prop. 3.3.1, we could deduce that

¢1(n)cs,a(n) = cpa(n)

whenever ged(n,p) = 1 for all A € Pic(Ok). Prop. 2.4.2 then implies that pry (fs.4) = 0.
By Definition 2.4.11, fy 4 € S1,4,(|D|p, xp®1)- O

For each d € Xp, we could now define fs4 € S14(|D|p, xp$1) by
foalz) = > fou(2) =D coaln)q". (3.3.12)
AEPic(Ok ), da=d n>1

Then f, = desp Jo.a With each summand containing the information in different genera of
Pic(Ok). For example, d4 = 1 if and only if A is in the principal genus of Pic(Ok), also
a subgroup of Pic(Ok). Since there are 2¢()~! genera and every genus is represented by
a class in Pic(Og), the size of the principal genus is QWH(](J—Z))L. The principal genus contains
the subgroup Pic?(O) of Pic(O), consisting of squared classes. By Lemma 4.1.5, the size
of Picy(Ok) is the same as the number of genera. Thus, Pic*(Ox) has size % and is

exactly the principal genus. For each d € ¥p, pick any A € Pic(Ok) such that d4 = d, if it

exists. Then we could write

1
foa= Y foac=gmm DL Jfeas (3.3.13)

CEPic?(Ok) BePic(Ok)

Let (¢) = Il be a split prime ideal in Ox and £ = [I] € Pic(Og). Applying Eq. (3.3.9)

produces

1 _
Tyfsa= (D)1 Z (o(0) foa2c + O() fo, a520-1)
BePic(Ok) (3.3.14)

= (6() +¢(1)) fou.

where d' = dar = dp-1.
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3.3.3 Relationship to Characters of Pic(O,)

After understanding the relationship between f; and Pic(Ok), we will now consider its
relationship to Pic(O,). The following result tells us that the twist of fy = > -, cs(n)q" by
¢, defined as

fo @ b2 := 29252 Mol (7 Zcbg , (3.3.15)

n>1

is a newform of the shape (3.2.8) for some character ¢ of Pic(O,).
Proposition 3.3.4. In the notation above, let ¢ : Pic(O,) — C* be a character defined by
¢ : Pic(O,) — C*
a— ¢(a)pe(Nm(a)).

Suppose ¢ : 1,/ Py1 — C* is non-trivial. Then fy, ® ¢o satisfies

(fo@da)(z2) = Y d(A)Wa(z) € Si(IDIP?, xpp2).

A’€Pic(O)
Proof. The level and nebentypus of f3®¢, is given by Prop. 3.1 in [3]. Note that xp,2 = xp1,
since p 1 D. To prove the rest of the proposition, we first need to check that ¢ : Ix(p) — C*
is a well-defined character of Pic(O,) = Ix(p)/Pkz(p). This is clear from the following

calculations

s (52) < (5o
(¢1¢2)< 2/7” ) =
for all a = (“erpf) € Pk z(p).

Now since fy ® ¢2 and gy (2) == 3_ yrepicio,) V(AN (2) = 32,5, cy(n)g" are both eigen-
forms in S1(|D|p?, xpp2), it is enough to compare their £ coefficients, for almost all primes

¢, to show that they are the same. Suppose (¢) = [l splits in O, then

co(n)da(n) = (6(1) + 6(1))¢2(0)
= &(D¢2(Nm(1)) + ¢(1)¢2(Nm(1))

= ¥(1) + (1) = ey (0).
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When £ is inert in O, cy(£)p2(¢) = cy(¢) = 0. Finally the (pn)™ coefficient can be written

as

colpn) = Y W Mralon) = Y (A (n/p)

A/E€Pic(0,) A/€Pic(0,)
= Y WBysln/p) Y WwA).
BePic(Ok) A’€Pic(Op)

A’ eker(7)

Here 7 : Pic(O,) — Pic(Ok) is the projection in Eq. (3.2.6) with f’ = p and f = 1. Since
¢1 is non-trivial, ¢ does not factor through 7 : Pic(O,) — Pic(Ok) and cy(pn) = 0 =
c(pn)da2(pn).

Thus, the difference fs ® ¢ — gy is of the form h(dz) for some d | D and modular form

h(z) € Q[q] of level dividing D. Since this difference has level Dp? and D is square-free, we
must have h(z) = 0. O

Let ¢ be defined as above. Consider m+nv/D € O in the following subgroup of Pic(O,)

ker(r : Pic(0,) — Pic(Ok)) = (Ok /pOx)* | (Z/pZ) x OFJ{£1})
= (Z/pZ)" (O [{=£1}),

which is defined in the exact sequence (3.2.4). If v,(m +nvD —a) > 0 with a € Z, then the
value of 1) on m + nv/D becomes

Y(m+nvVD) = ¢1(m +nVD)gy(m* — n’D) = ¢1(a)p2(2am — a®) = ¢p (22 —1)..

a

2(m+N)
a+A

By changing m +nv/D to m + X +nv/D for A € Z, the quantity — 1 runs through all
residue classes modulo p. Thus, the restriction of ¢ to the kernel of 7 : Pic(O,) — Pic(Ok)

is (bg.
For each A € Pic(Ok), define

Goa = foa @ 2= cyaln), (3.3.16)
n>1
coan) = > w@= > (A)raln), (3.3.17)
aCOk aelk (p), A'€Pic(0,)
Nm(a)=n, (A=A

7 ([a])=A€Pic(Ok)
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where 7 : Pic(O,) — Pic(Ok) is the projection maps as in (3.2.6). Note that if n = pn/,

then 74 (pn') =14 <%) and

D UA) =Y(A) Y $a(B)=0 (3.3.18)
A’€Pic(Op) B’ €ker()
n(A)=A
since ¢ is non-trivial. Here A” € Pic(O,) is any class whose image under 7 is A € Pic(Ok).

Thus, ¢y a(pn’) = 0.

As immediate consequences of Props. 3.3.3 and 3.3.4, we have
g(x) = > gpal2), (3.3.19)
AEPIC(OK)

(4) cy,a(n) = @a(A)cy a(n) whenever ged(n,d) =1, (3.3.20)

for all d € Xp. When A = Ay € Pic(Ok) is the principal class, the Fourier coefficients
o, A, (n) have the following properties.

D]

Proposition 3.3.5. When n < ‘3, the Fourier coefficient cy 4,(n) has the form

1, whenn==Fk ptk
Cyao(N) = (3.3.21)

0, otherwise.

Proof. Let 1 <n < ‘42' be a positive integer and a C Ok an ideal in the set
Ik, (Ag,n) :={aC O:aclkg(p),Nm(a) =n,n([a]) = Ao}

By the exact sequences (3.2.3) and (3.2.4), we know that ker(7) consists of principal ideals
a=(a), a € K, such that
ord, (o) = ordy(ar) = 0.

When «a € Ok, we could write o = %ﬁ with a,b € Z. Since Nm(a) = Nm(a) =n < %,

we have b = 0. In that case, the ideal a = (a) is in Pxz(p), hence principal in Pic(O,).

So when n < %, the set Ik (Ao, n) is non-empty only for n a square not divisible by p, in

which case it has only one element. So whenever n < 2! is a perfect square not divisible b
Yy 4 p Y

p, Eq. (3.3.17) tells us that

coa(n)= Y (@)=L

aEIK,p (Ao ,n)

48



Corollary 3.3.6. When n < %, the Fourier coefficient c4 4,(n) has the form

;

o1 (k), when n = k? ptk,
Cpao(n) = d(p)cyp-1(m), whenn = pm, (3.3.22)
0, otherwise.

Proof. Using the relation ¢y _a(n) = ¢y a(n)pa(n), it is easy to deduce Eq. (3.3.22) from Prop.
3.3.5 when p { n. Otherwise for n = pm, Prop. 3.3.1 and Eq. (3.3.7) implies that

oty (p) = ﬁ Z oo (pm) = ﬁ S (69 (B)cop(m) = G(F)cy -1 (m).

©

3.4 Mock-Modular Forms with Imaginary Dihedral Shadow

3.4.1 Petersson Inner Product of Newforms

For an integer M, let FEy(z, s) be the non-holomorphic Eisenstein series of weight zero, level

M defined by
Ey(z,s) = ) (Im(y2))’, (3.4.1)
7€l oo \Lo (M)
where Too = {(§¥) € SLy(Z)}. In particular, we can write

S

1 y® 1 Y
E = = S
=) =5 2 ez +d>  2¢(2s) 2 lcz + d|?

c,dEZ c,d€EZ
ged(c,d)=1, (c,d)#(0,0)
(e,d)#(0,0)

For convenience, we denote Ej(z,s) by E(z,s). It has a simple pole at s = 1 and the

well-known expansion
E(z,5) =y" +@(s)y' "+ 0(e™)

as y — 00, where z = x 4 1y and




Kronecker’s first limit formula states that

2(25)E(z,) = — = + 27 (7 — log(2) = log(v/gln(2)|)) + O(s — 1), (3.4.2)

where ~ is the Euler constant. The factor of 2 comes from £ € T

By Eq. (I 2.16) in [29], the Eisenstein series Ey/(z, s) can be expressed in terms of E(z, s)

as

_ wu(d) (M
Ey =M %) E|— 4.
H —/{ R ( 745, (3.4.3)
Y d|M
where pu(d) is the Mébius function. Using (3.4.2) and Rankin-Selberg unfolding trick, we can

relate the inner product between dihedral newforms to values of modular functions.

Proposition 3.4.1. Let ¢,¢' : 1,/P,1 — C* be ray class group characters and ¢y, ¢] :
(Z/pZ)*]OF — C* their associated characters via (3.3.1). Suppose that ¢ = ¢ are not

quadratic. Then inner product (fs, fs) vanishes unless ¢' = ¢, in which cases we have

AH (D)
(for fo) = ~Zox #@x%v
(3.4.4)
L= Y Q) log(valn(mo) ),
QIEC(Dp)

where 1 is the character of Pic(0,) = C(Dp?) associated to ¢ by Prop. 3.5.4 and 1q =

rg +iyg = M is the CM point associated to the binary quadratic form Q = [A, B, C].

Proof. Let ¢y : (Z/pZ)* — C* be a character such that ¢1¢3 = 1,. Since ¢ = ¢}, the

map (¢¢') o Nm is trivial and we could write
¢ =9

for some character ¢ : Pic(Og) — C*. By Prop. 3.3.2, we could associate ring class group

character ¢ and ¢’ to ¢ and ¢’ respectively. Defined a character 1, of Pic(O,) by

a(a) == d(a)p(a) = ¢(a)y'(a). (3.4.5)

When ¢ = ¢/, we have



Since ¢y = ¢ is not quadratic, we have

¢(a) = d1(a) # ¢ (a) = ¢'(a)

for some a € (Z/pZ)* /Oy and 15 is not the trivial character. By class field theory, the
characters (, 1,1, are also characters of Gal(K/K). Denote their induced two-dimensional

representations of Gal(Q/Q) by p,, py and py, respectively.

Let M = Np be a square-free integer. Since the residue of E(z,s) at s = 1 is % and

independent of z, the residue of Ej/(z,s) at s =1 is

Ress—1 Ep(z, 8) = %M—l H(l — 6—2)_1 Z @
dM

oM
_ 3 -1
== [Ja+o™"
oM
This gives us the relationship

3 _ — dxdy
ST+ (fon f) = Resszl/ Fo) T () Ena (2, 8)y 2. (3.4.6)
e To(M)\H Y

Now, we can use the Rankin-Selberg method to unfold the right hand side and obtain

< z Z,8 d:vdy: F(s) s. 0. &
/1“0(M)\Hf¢( Vo (2)En(z,8)y 7 (47r)8L( 6,9,

Lo, 6.3) i Cotmw ()

nS

(3.4.7)

Up to Euler factors at primes dividing M, the function L(s, ¢, ¢') equals to L(s, pyp @ pg),
the L-function of the tensor product of the representations p, and py. Alternatively, we
could explicitly compute the Euler factors at all the places using Prop. 3.3.1. For a prime ¢,

we want to evaluate the sum

Co(L7)cy (1)
; oy (3.4.8)
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If (¢) splits into [[ in Ok and ¢ # p, then Eq. (3.4.8) becomes

(S0 606 ) (Sp 70 90— S o S O )7
Z (gs)r ) - Z ’ (gs)r

r>0 r>0

(=) (1= o070 ) (1= 0mae)
(1- ¢(i)¢f([)es)_l (1- ¢([)¢f(i)£8)_1
= (1= 7)) (1= )7 (1= M) (1= (D) ™ (1= ()

If (¢) is inert in O, then ¢»(¢) =1 and Eq. (3.4.8) becomes

S = (L= T ) = (1 ),

If (¢) = (p) = pp or (£) = I? is ramified in O, then ¥, ([) = 0 or

¥a(1) = 6(0' (N (N (1) = () (D (€) = (D).

respectively and Eq. (3.4.8) becomes

Z¢([)T¢/([)T — (1 . gp([)g_s)_l,

(&)
Multiplying these together, we find that
— _ L(8,py,) L(s, pp) (1 — o(p)p~°) ey
L(s,¢,¢') = 14+ @(e=)~ 3.4.9)
(5,6.9) ot Ha+ e (
By definition, we could write
L(Suglbz) = Z ¢2(A)L(S7A)v
A€Pic(Op)
a 1 Nm(a)\ ~*
L(s, A) := Z Nm(a)™ = ” ( ) :
= #0O azeb Nm(b)
[a]=A [b]=A—1

where b = [A, B++5] C O, be an ideal such that [b] = A~! and Nm(b) = A. Set C' =
(B? — p*D)/4A and we have the following bijections

{(m,n) € Z*} <+ {Nm(a) : a € b}
B+p\/5n)
2

(m,n) <> Nm (Am + = Nm(b)(Am?* + Bmn + Cn?).
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Then we have

1 / —s
L(s, A) :#(’)pX Zm,neZ (Am® + Bmn + Cn?)

_V/IDl/2)* Z’ Yo

#O) mn€Z |m + nrg|*
1+s
= 2B g, )
(pV/D])*#0O5

where Q = [A, B,C] and 7 = zg+1iyg = %ﬁ. By the isomorphism (3.2.1), the function
L(s, 1) becomes

L(s, py,) = 271(2s) D a(rQ)E(rg, ). (3.4.10)

Similarly, we could deduce that

L) = 2O S Bl ) 3.411)
$,Pp) = —=———— o(19)E(79, s). 4.

( ’DD #OK [QleC(D)
From Egs. (3.4.10), (3.4.11), (3.4.9) and the fact that 1 is not trivial, we see that L(s, ¢, ¢')

has a pole at s = 1 when ¢ is trivial. In that case,

Now putting together Eqs. (3.4.2), (3.4.6), (3.4.7), (3.4.10) and (3.4.11), we obtain Eq.
(3.4.4). O

Corollary 3.4.2. Let Ay, Ay € Pic(Ok) and ¢ be a ray class group character such that ¢,

18 non-quadratic. Then we have

4
fry ——] 2 —1
<f¢,A17f¢7-’42> #OIX(#O;; w 7A1(~A2) ?
3.4.12
Lo = 3 0A(Q)loalyaln(r)lP). (8.4.12)
[QleC(Dp?)
7(Q)*=B2

Remark 3.4.3. Notice that if A;(Ay) ™' & Pic*(Ok), then the inner product above vanishes.
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Proof. By Eq. (3.3.6) and Prop. 3.4.1, we have

<f¢>v417f¢.42 - Z@l 1 902 -AQ) )<f¢<ﬂ17f¢s02>

P1,2

Z‘Pl 1 901 A2)<f¢>5017f¢901>

-5 #OX#OXZ% A Y QB os(yigln(zo)P)

[QleC(Dp?)
4
= (@) log (Vialn(zQ)l?) 3 e1((A) " AQ%)
( )#@ #Op [QECZD ) Z 1 1 2
4
= ~yorgor 2. V@levih(=)f).
[QleC(Dp?)

m(Q)?=A;1(A2)7!
O

Corollary 3.4.4. Suppose d € Xp, A € Pic(Ok) and ¢ is a ray class group character such
that ¢1 = ¢ is non-quadratic. Then we have
><4 [wQ, dA — d,

(foar o) = FORFO (3.4.13)
0, Otherwise.

Proof. Since fyq € S14(|D|p, xp¢1) and fy a4 € S1.a,(|D|p, xp¢1), Prop. 2.4.6 implies that
(fod> foa) = 01if dg # d. Otherwise, Eqgs. (3.3.13) and (3.4.12) give us

1
<f¢,daf¢,A>:W Z (fo,a-182, fo.4)-

BePic(Ok)

o OPQW(;“ > Y Qg (Vialn(ro))

BePic(Ok) [Q] GC(DP )
m(Q)?=

4
- .2
#O#0, "

3.4.2 Principal Part Coefficients of Mock-Modular Forms

For each d € Xp, recall that ng and ry are defined in (2.4.19). Let {f; : 1 <t < r4} be a

g-echelon basis of S1 4(|D|p, xp¢1) over R and m; := ordso(f;). Then 1 < my < ny for all
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1 <t < ry Now we could apply Prop. 2.4.7 and Cor. 3.4.2 to fya € S1.4(|D|p, xp¢1) to

obtain the following result about mock-modular forms with special principal part coefficients.

Proposition 3.4.5. There exists a mock-modular form

foa = Coa=m)g™™ + > éa(n)g" € M, 4(IDIp, xpé1)

n>0

with shadow f4 q such that when n <0,
5¢7d(n) = Oéan2 (3414)

for some a,, € Q(¢), where Q(¢) is the number field obtained from Q by adjoining the values
of ¢ and ¢s.

Proof. By Prop. 3.3.3 and Eq. (3.3.12), fs4 € S1.4(|D|p, xp¢1). So the existence of ﬁp,d €
M, ;(ID[p, xpXp) With ordoo(f@d) < ng with such principal part is given by Prop. 2.4.7. This,
along with Prop. 2.4.6 and Cor. 3.4.4, gives us the equation

L _ 4140

> Egal=mi)coa(m)dp(m)+ Y Gpal(—me)coa(me)dip)(me) = (foa, fo.n) = ﬁ

t=1 IS‘tSTd # #
pim¢

for any A € Pic(Ok) satisfying d4 = d.

If there exists any subspace of S 4 orthogonal to fy,q for any character ¢ of Pic(Ok),
then we could obtain equations similar to the one above with the right hand side replaced
by 0. These 74 equations are sufficient to determine ¢4 4(—m;) for all 1 < ¢ < r; by Prop.
2.4.7. Since all the entries in this r4 X ry matrix are in Q(¢) and the right hand side r4 x 1
matrix has entries either 0 or W.@,g we know that each ¢, 4(—my) can be written in

the form of Eq. (3.4.15). Applying the same procedure to the inner product between fy 4

and the Eisenstein series proves Eq. (3.4.15) for n = 0. [

There is also a refined result regarding the principal part coefficients of the mock-modular

form f¢ 4 € M, —~, which we state here. The proof is the same as the one for Prop. 2.4.7.

1d’

Proposition 3.4.6. For every A € Pic(Ok), there exists a mock-modular form

r,iA

fo = Coal=me)g™™ +> & a(n)g" € M, 7= (|Dlp, xp1)
=1

n>0
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with shadow f4 4 such that when n <0,

Coa(n) = Z O, A2 12 32 (3.4.15)
B2€Pic?(Ok)

for some o, a2 € Q).
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CHAPTER 4

Proof of Main Theorem

4.1 Counting Arguments

In this section, we will prove a counting argument crucial to our results.

4.1.1 Background

In this section, we will go over the background on positive definite binary quadratic forms
following the treatments in [6] and [17]. The proofs of the results directly from these sources

are omitted.

Let Dy = Df? < 0 be a discriminant with D < 0 a fundamental discriminant and
f an integer. Denote a positive definite binary quadratic form with discriminant Dy by
[A, B,C], A > 0 and the set of all such forms by C(Dy). If ged(A, B,C) = 1, then the form
is call primitive. From now on, forms [A, B, C] can be taken to be positive definite and
primitive.

The group SLy(Z) has a right action on [A, B, C] via
{A7 B, C] Y= [Alv B, C/]a
where 7 = (2%) € SLy(Z) and

A" = Aa® + Bac+ Cé2,
C' = Ab* + Bbd + Cd?, (4.1.1)

B' =2Aab + 2Ccd + B(ad + be).

It is not hard to see that the action preserves primitivity and positive definiteness. Notice «y
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and —y = (’1 71) - v have the same action. So the group
[':=PSLy(Z) = SLa(Z) /{£ (')}

acts on Q. Two forms [A, B,C| and [A, B, ('] are equivalent ! if there exists v € SLy(Z)
such that Q) -y = @Q'. A form [A, B, C] is called reduced (see Eq. (2.7) in [17]) if

|B| < A<C(C, and B > 0 if either |B| = A or A= C. (4.1.2)
This is a convenient notion due to this theorem.

Theorem 4.1.1 (Theorem 2.8 [17]). Every primitive positve definite form is equivalent to a

unique reduced form.

After Dirichlet, we say two forms [A;, By, C1] and [As, By, C5) of the same discriminants
Dy are united forms if

ng(Al, AQ, @) =1.

As a consequence of some simple calculations, we can find representatives of united forms

that are convenient for defining a composition law.

Proposition 4.1.2 (Proposition 4.5 [6]). If [A1, B1,Ci] and [As, By, Cs) are united forms,
then there exist forms [Ay, B, A3C| and [As, B, A1C] such that

[A17Bla Cl] ~ [AlvB7AQC]7

[A2732702] ~ [AzaByz‘hC]-

We define the composition of two united forms [A;, B, A;C| and [Ay, B, A,C| by
[Al,B,AQC] o} [AQ,B,A:[C] = [AlAQ,B,C]. (413)

The composition law is well-defined with respect to the equivalence relationship (Theorem
4.7 [6]). In fact, it makes the equivalence classes of primitive binary quadratic forms into a

group, which we denote by C'(Dy). As a corollary, we have

IThis is proper equivalence in the work of Gauss. Lagrange used the action of GLo(Z) instead of SLo(Z)
in his notion of equivalence.
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Corollary 4.1.3. Let Q = [A, B, AC] be a binary quadratic form. Then Q? is represented
by the binary quadratic form [A% B, C].

Remark 4.1.4. To be more precise, if [A, B,AC] - (2b) = [A', B', A'C"], then [A?, B,C] -
(£W) =[A% B, C' with
X =a?>—-CcY =2Aac + B
ForT € R, let 7 be the translation defined by
o= (1T). (4.1.4)
If (¢8) =74 for somet € Z, then Eq. (4.1.1) implies (£ ) = 1, where
It is clear from the definition that C'(Dy) is abelian. So the image of C'(Dy) under the

squaring map is again an abelian group, which we denote by C?(Dy). The kernel, denoted

by Cy(Dy), contains forms of order at most 2 and we have the following short exact sequence

0 — Co(Dy) — C(Dy) — C2(Dy) — 0.

The subgroup Cy(Dy) is well-understood. When Dy is odd, let Q,, € C(Dy) be the class
represented by the forms @),,, which is defined as
Qm = [Am7 Bm7 Am]a

A= (= B2) By =} + 22),

m

(4.1.5)

where m | Dy and ged(m, £2) = 1. It is clear that Q,, € Co(Dy) as Q2, - v = [A2,, By, 1] -
Ym = Qo where

-1
= (1 2.

Thus, @, ~ Qp,/m and the set
Cy(Do) :={Qm : m | Do, m* < =Dy, ged(m, £2) =1} C Co(Dy)
has size 24?01 where for any N € Z

w(N) := number of distinct prime divisors of N. (4.1.6)

On the other hand, Prop. 3.11 in [17] tells us that there are exactly 2°(?0)~! elements in

Co(Dy). It is then natural to expect the following lemma to hold.
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Lemma 4.1.5. In the notations above, C{(Dy) = Co(Dy).
Proof. 1t suffices to show that for two m, m’ | Dy satisfying
ged(m, Do/m) = ged(m’, Do/m’) = 1,

the classes Q,,, and Q,, are the same if and only if m = m’ or mm’ = Dy. By Theorem 4.1.1,

it is enough to look at the reduced forms equivalent to the ()p,’s. Since @, ~ @Qpy/m, it is

enough to cnosider m | Dy such that _mDQO > 1. Suppose _mgo >3,then 0 <m < A, and @,

is equivalent to the reduced form [m,m, A,,]. Otherwise if 1 < =20 < 3, then |B,,| < A,

m2

and @, is equivalent to the reduced form [A,,, |B|, An]. Thus, for any given m,m’ | Dqy
such that m? < —Dy, (m/)? < =Dy and Q,, ~ @, we know that A,, = A,,,, which implies

m=m. O
The composition law on Cy(Dy) can now be easily described in terms of Q,,.

Lemma 4.1.6. For m,m' | Dy satisfying ged(m, Do/m) = ged(m’, Do/m') = 1, define
M | Do by

mm/

M=————-. 4.1.
ged(m, m’)? 417

Then ged(M, Do/M) =1 and Q,, 0 Qv = Q-

Proof. Since ged(m, Dy/m) = ged(m’, Dy/m’) = 1, it is not hard to see that

M = ged(m, %) -ged(m/ %),
By ged(m,m) - ged (22, B2).

Thus, M | Dy and ged(M, Dy/M) = 1.

For the second part of the claim, we will first prove the case m | m’. Let m’ = mn with
n € Z. We have seen before that Q,, ~ [m,m, A,], Qu ~ [m/,m’, A,]. Using Arndt’s

composition algorithm (Theorem 4.10 [6]), it is easy to compute that
[m,m, A,,] o [mn, mn, Ap,] = [n,mn, x| ~ [n,n, A,].

The equivalence step follows from applying 71—, /2 and m | Dg is odd. Thus, Q,,0Q,, = Q.
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Next, suppose ged(m, m') = 1, then M = mm/, m | Do/m’ and we have
Qm o Qm’ - Qm o QDO/m’
= QDO/(mm’) = Qmm' = Qu-

mm’

- and

Finally, suppose ged(m, m') = n, then M =

Qm o Qm/ - Qm o Qn o Qan’

= Qm/no Qm’/n = Qm_m/ = Q.
n2

When Dy is even, similar results hold and details can be found in §3.B in [17].

4.1.2 Counting Theorem

In this section, we will prove Lemma 4.1.9, which is crucial to the counting result, Theorem
4.1.10. Throughout, Dy = Df? < 0 will be an odd discriminant with D fundamental. For
any primitive, positive definite binary quadratic form P = [A?, B, C] of discriminant Dy,

A >0 and z,y € Z, define the quantity

I(P[z,y]) = 222 € Q. (4.1.8)

If ged(A, B) = 1, then Q = [A, B, AC] is primitive and P = Q? = [A2, B, C] by Corollary
4.1.3. Since @ is primitive, ged(A, Do) = 1 and I,(x,y) is well-defined modulo D.
In general, the function I(Q?, [x,y]) is not well-defined as a function on the class of @ or

Q?. Fortunately, Lemma 4.1.7 below shows that I(Q?, [z,y]) (mod Dy) is well-defined as a

function on the class of () for many choices of z,y € Z.

Lemma 4.1.7. Let Q = [A, B, AC| be primitive and x,y € Z such that

2cd (@), ) = 1.
Suppose Q - (2Y) = Q' = [A, B, A'C'"] and Q* - v = (Q')* with v = (£'}) defined as in
Remark 4.1.4, then

Q% [2,y]) = I((Q)%, [+, y/]) (mod Dy), (4.1.9)
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where [2',y'] == [z,y] - (y71)".
Remark 4.1.8. There will be a negative sign in the congruence if we choose —v instead of
.
Proof. For simplicity, write
IQ = ](Q27 [xv y])v IQ’ = ]((QI)Q’ [l‘/, y/])
First, we have the following important observation from completing the square
4A*Q*(z,y) = (2A%x + By)? + Doy*. (4.1.10)
After unfolding the definitions, it is not hard to see that
Q*(z,y) = (@)=, y),
14 = 4Q%(z,y) + 8y,
13 = 4(Q V() + By
This implies that
I3 = (Ig)* = 4Q*(x,y) (mod Dy). (4.1.11)
Let p | Do be aprime. If r := ord,(Dg) > 2, then p | f and p { Q*(x,y) since ged(f, Q*(z,y)) =
1. That means only one of I + I and I — Iy is divisible by p, hence
Ig = +Iy (mod p") <= Ig = £1y (mod p) (4.1.12)
So to prove Eq. (4.1.9), it suffices to show
]Q = IQ/ (mod D/),

where D’ | Dy is square-free and defined by

D= 1] » (4.1.13)

p|DO’MQ2(I7y)
To simplify the proof, we will consider two cases depending on 7y modulo D’. Bear in mind

that B? = 4A2C (mod Dy) in both cases.
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Case (1) y= (") (mod Dy)
Remark 4.1.4 implies that

a®>—Cc® =X =1 (mod D),
2Aac + B2 =Y =0 (mod D).
Applying the congruences above and equation (4.1.1) to @ ~ Q' gives us
4AA" = 4A(Aa* + Bac + ACc?)
= 4A%a* + 4ABac + B*¢?
=4A%(1 + Cc*) — 2B*c* + B*¢?
= 4A% (mod D')
Since ged(A, Dy) = 1, we conclude that A = A’ (mod D’). Now applying equation (4.1.1) to
Q% -y = (Q')? gives us
B' =2A*XW +2CYZ + B(XZ +WY) = 24°W + B (mod D),
¥ =Zr—Wy=x— Wy (mod D),

y =-Yr+ Xy=y (mod D).
Putting these together, we see that

[/ E(Q(A,)2I,—|— B/y/)

A(24%(z — Wy) + (2A*W + B)y)

I (mod D’)

Case (2) v=(%4o) (mod D)
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Similar to before, we have

(A")? = A%a® + Bap + Cp3?,
7' = az (mod D),
y' = =Pz + ay (mod D),
B'= B+ 2Cpa (mod D),
a* — Cc® = X = a (mod D'),
2Aac + B2 =Y = 3 (mod D),

A" = Aa® + Bac + ACc.
Substituting these into I’ gives

I' = A(2(A%?* + Baf + CB%)(azx) + (B + 2C6a)(— Bz + o))
= 2AA2(4A%x + 2A°BBx + B?By + A?Bay)
=24/ A(2A% + BB)I
= 4A'A(44%(a*> — C®) + 2B(2A4ac + Bc?))I

= 4A'A(2Aa + Be)*I

= (4A2a2 + 4ABac + 4A2Cc?)(2Aa + Be)*I

= [ (mod D’)

Notice the analysis in both cases works fine if D’ is replaced with any of its divisor. Now
in the general case v = ('), let p | D' be a prime. We say that 71,7, € SLy(FF,) are

translation equivalent if there exists t,t" € I, such that

e Ty = 72,

where 7 is translation by 7" as in Eq. (4.1.4). It is not difficult to see that any v € SLy(F),)

is translation equivalent to a matrix 7’ of the shape (*9). 2

!Indeed, pyry = (* ' (XHY)FWHZ) and pt (X + tY) for some .
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Let v = 7_4,v7, such that v/ = (§,) (mod p). Note the choice of t;,ts depends on p.
Set Q1 := Q- Tat,, Q2 := Q" - Tan,. Then Remark 4.1.4 implies

Q1 (T-an (¢5) Tar,) = Q2
(@7 = (Q2)
Then the analysis of the two cases above shows that
Ig = 1o, = 1, = Iy (mod p),
where the I,’s are defined in the same way as Ig, Ig/. Since this congruence holds for all

p | D', which is square-free by definition, we have Iy = I (mod Dy) for any +.

O

From this Lemma, we see that the value I(Q? [z,y]) modulo Dy only depends on the

class of Q if Q*(x,y) is relatively prime to f.

One can now ask whether the congruence in Eq. (4.1.9) could distinguish the classes of @
and @)'. There will be a minus sign in it since replacing v by —v has this effect on Eq. (4.1.9).
If f=1and Dy = D is composite and divides k, then the answer is certainly false since Eq.

(4.1.9) will be true for any form Q" with (Q”)? = @*. On the other hand, if ged(k, Dy) = 1,

then the answer is positive, as we will see.

The discussion in §4.1.1 then tells us that the ambiguity comes from Cy(Dy) and should
be related to ged(Dy, k) intuitively. The following lemma gives a precise statement, which

strengthens and completes Lemma 4.1.7.

Lemma 4.1.9. Let Q = [A, B, AC] be primitive of discriminant Dy and x,y € Z such that
ged(Q?*(z,y), f) = 1. Suppose Q' = [A’, B', A'C"| satisfies (Q')* = Q*-~. Then

1(Q% [2,y]) = £1((Q")?, [z, y)(v™")") (mod Do)

if and only if Q'Q™ ~ Qs for some Qur as in Eq. (4.1.5) such that M | Q*(z,y).

Proof. Notice that Lemma 4.1.7 allows us to choose convenient representatives of @) and @’

here in the proof. We will use the same notation as in Lemma 4.1.7 and consider two cases.
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Case (i): Q* ~ Qo= [1,1, 2]
Choose Q = Q,, and Q' = Q,,» with m,m’ | Dy as in Eq. (4.1.5). Then Q%-v = (Q’)? where
"}/ = ’ym’ym/ g (Bm/Q—Bm 1) .
Substitute these and B2, = 4A2% (mod Dy) into Ip,, gives us
Ig,, = 2A,,B,,(Byx + 2y) (mod D).
Since ged(m, £2) = 1, we know that ged(B,,, Do) = 1. This implies

ng(QQ(xa y)a DO) = ng<IQa DO) = ng((QAEnZ’ + Bmy)7 DO)

= ged((BAx + 2B,y), Do) = ged((Bpnx + 2y), Do).
Now substitute the [2/, 3] = [z,y](7"1)! and B%, —4A2, = 0 (mod Dy) into Iy , yields
m m Qm
Io , = 2A By (Bpr + 2y) (mod Dy).

Let p | Dy be a prime. Suppose p | Q?(x,y), then p | ged(Q?(x,y), Do) = ged((Bnx+2y), Do)

and I, = Ig , =0 (mod p). Otherwise, if pt Q*(x,y) and p | m, then

Ig , (modp) p|m

Ig, = —(Bnr+2y) =

m

—Ig , (modp) ptm'

Similarly, when p { Q*(x,y) and p | %, we have

Io , (mod p P Doy
Ig,, = (Bnr +2y) = @m ( ) | ;”
—Ig,, (modp) pt2.

Let M be defined as in Eq. (4.1.7). We can then summarize the results as follows

+1q,, (mod p), p|Qr(z,y)
lo, =4 Io,, (modp), ptQ%(z,y)andp|Le (4.1.14)
—Ip, (modp), ptQ(z,y)andp| M.

Since ged(Q?(x,y), f) = 1, the same argument in Lemma 4.1.7 implies

Ig = +1y (mod Dy) <= I = £I (mod o(Dy)), (4.1.15)
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where o(N) is the largest square-free integer dividing N € Z and defined by
o(N):= H p.
pIN

Combining this general fact with the analysis above in the specific case Q? ~ Q, we have

Ig,, = £lg,, (mod Dy) <= Ig,, = £1g,_, (mod o(Dy))
= o(M) | @}, (z,y) or o(58) | Qp(.y)

= M| Q2 (z,y) or 20| Q} (z,y).

If o(M) | Q3,(z,y), then ged(M, f) = 1 since ged(Q? (x,y), f) = 1. Since M | Dy = Df?,
we know that M | D is square-free and the third equivalence above follows. Now Lemma
4.1.6, we have Qmen} ~ Qum ~ Qpy/m and finished proving this case. Notice that since
ged(M,20) =1, M | Q2(z,y) and £2 | Q2 (z,y) happen simultaneously only when f = 1
and Dy | Q2 (z,v).

Case (ii): Q* # Qo

Let £ be a prime represented by Qn ~ Q~'Q’ such that ged(¢, Do) = 1. This is equivalent
to finding a prime ideal [ of the ring of integers of the imaginary quadratic field Q(v/Dy)
with norm ¢ and contained in the ideal class corresponding to (),;, which is possible by

Chebotarev density theorem.

For the representative of @), choose [A, B, AC] such that ¢ | A. Since ¢ is prime and

represented by )y, any form representing ¢ is equivalent to )y, or Q]T/[l = @, in particular
2
Q/]\/[ = [gu B7 %] ~ QM
We can then choose @' = [A", B', A'C"], where

A'=4 B =B,C" = (*C.

By the definition of composition in Eq. (4.1.3), it is easy to check that Q' o @), = Q. Also,
we have
Q* = [4%,B,C,(Q) = [(4)*,B,C"].
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Since [(%, B, (A")2C] = (Q),)* ~ Q3% ~ [1,1,1=22], there exist a,c € Z such that
(?a® + Bac + (A")?Cc* = 1,
which also implies ged(a, (A’)%c) = 1 and
A%(a)® 4+ Ba((A')%c) + C((A)%c)* = (A")2.
That means Q% - v = (Q')? with
7= ((Wyea) €SLa(Z).
Set 7 := (‘Z (A'd)%) X = Az, X' .= A'x’. Tt is easy to check that
X'y =X, 9] (Qy)* -7 = [1, B, A°C].

Substituting these into Eq. (4.1.9) gives us

((20°X 4+ By) = (2X’ + By') (mod Dy),
and equivalence (4.1.15) becomes

Io = +1o (mod Dy) <= I = £Iy (mod o(Dy))
= ((20*°X + By) = £(2X’ + By/') (mod ¢(Dy))
= I((Qy)*, [X,y]) = £I([1, B, A*CI, [X", y/]) (mod (D))
= M | ged((Q)y)*(X,y), Do) or 5¢ | ged((Q)y)*(X,y), Do)
< M | ged((20*X + By), Do) or 22 | ged((2(°X + By), Do)
< M | ged((2A%z + By), Do) or 22 | ged((24%z + By), Do)

— M| Q*(x,y) or 20| Q*(x,y).

Here, the fourth “iff” follows from case (i) proved above. The fifth and seventh “iff” both
follows from Eq. (4.1.10)
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Now, we are ready to prove the main counting theorem. For a binary quadratic for
Q = [A, B, C] of discriminant Dy, let 7¢ := B+F € H be the CM point associated to it.
Let d < 0 be another discriminant, ¢ = [a, b, ¢|] a binary quadratic form with discriminant
d, and d(7g,7,) the hyperbolic distance between 7o and 7, Its hyperbolic cosine has the

following convenient expression

cosh(d(rg, 1)) = %\/%Bb (4.1.16)

The group SLy(Z) acts isometrically on H via linear fractional transformation. It is easy to

check that for v € SLy(Z),

TTQ :TQ.<<1_1)771(1 _1))- (4.1.17)

Let Q € C(Dy) and k € Z. Define the sets and their sizes by

Sq(k,d) :=={q = [a,b,c] € Z° : a > 0,disc(q) = d, cosh(d(7q, 7)) = 7=}, (4.1.18)
Ro(n) ={(Q,£(z,y)) : 7,y € Z,[Q] = Q,Q(z,y) = n}/ ~, (4.1.19)
po(k,d) = #Sq(k,d), (4.1.20)

ro(n) = #Ro(n). (4.1.21)

Here (Q,*(x,y)) ~ (Q',£(2',y")) if there exists v € SLy(Z) such that @' = @' -~y and
[, y'] = [z, y](v)"

The set Sg(k,d) counts the number of CM points of a fixed discriminant and at a fixed
hyperbolic distance from a given CM point 7¢. By Eq. (4.1.17), the quantity pg(k, d) depends
only on the class of (). The main counting theorem will tell us that this number is closely

related to rg2(n).

Theorem 4.1.10. Let P € C?(Dy) and k € Z such that ged(k, f) = 1. Then

> polkid) = rp (Bt ) - putued0d), (4.1.22)
QeC(Dy),Q%2=P

Proof. Let Q = [A, B, AC] such that [Q?] = P. By Eq. (4.1.16), a form ¢ € Sg(k,d) is the
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same as a triple [a, b, ¢] satisfying
b — dac = —d,

2Ac+2ACa — Bb=k.

Now there is a map ¢ between Sg(k, d) and Rg2 (’“27#1) defined by

¢q : So(k,d) — Rge <k2;4DLd>

[a,b,c] — (Q* £(c — Ca, Ba — Ab)).

It is more convenient to describe ¢¢ by the linear map

2AC —B 2A a k
B —-A 0 |-|b]l=1|=y
-C 0 1 c +z

Here the + sign in front of x and y are the same. The determinant of the 3 x 3 matrix above

is Dy, so is an injective linear map, and ¢¢ is a function.

Now given (Q?, +(z,y)) € Rg2 (k2_4D°d>, it is in the image of ¢¢ if and only if

—-A B 2A2 k a
1 3
D —B 4AC 2AB |y | =10] €2
0
AC BC B?—-2A%C 4z c

If a = (—Ak+By+2A%x)/Dy € Z, then ¢ = Ca+x € Z and b = (Ba—y)/A = Vd + 4ac € Z.

Thus, we have
(Q% £(z,y)) € im(pg) <= (24%z + By) = £Ak (mod Dy),
<= I(Q? [r,y]) = £k (mod D) (4.1.23)

Now only one of &+ holds unless Dy | k, in which case both signs can occur. That means ¢¢

is an injective map when Dy 1 k and a 2 to 1 map when Dy | k.

By Eq. (4.1.10), we have



That means there exists €(p, @, [x,y]) € {£1} for each p | Dy such that

1(Q% [z,y]) = e(p, Q. [z, y])k (mod p).

So Eq. (4.1.23) is satisfied if and only if €(p, Q, [z, y]) = £1 is independent of p | Dy.
Using the congruence summary (4.1.14), we can find ((Q')% £(2,v)) ~ (Q% £(z,y))
such that
1@, [z, y]) = e(p, Q: [2,y)I((Q)*, [", y/]) (mod p).
So equivalence (4.1.23) implies that ((Q')?, +(2/,9)) € im(¢¢). Furthermore, Lemma 4.1.9

also tell us that

im(¢pg) = im(¢q) <= Q'Q" ~ Qy for some M | k.

Now if Dy t k, then every element in Rge (LW) lies im(pgq,,) for exactly 2«Ecd®:Do)) of

m | Do. If Dy | k, then ¢gq,, is a 2 to 1 surjection for every m | Dy, ged(m, Dy/m) = 1. By
Lemma 4.1.5, the set {Q 0 Q,, : m | Dy, m? < —Dy} contains exactly all the representatives
of the classes Q € C(Dy) satisfying Q* = P. By counting Uy p,m2<—pyim(¢gq,.) with
repetition, we obtain Eq. (4.1.22). ]

When ged(k, f) > 1, the function pg(k,d) is more difficult to evaluate. In the special
case when ged(k, f) = f1 and d is a non-square residue modulo some prime dividing f;, we

have the following result.

Proposition 4.1.11. Write f = f1fy and let k € Z be an integer such that ged(k, f3) = 1.
If d < 0 is a discriminant such that (%) = —1 for some € | f1, then po(fik,d) = 0 for all
Q € C(Dy).

Proof. First, we could choose a representative Q = [A, fB, f2AC] of Q. Then gcd(A, f) =1
since () is primitive. Using this @, we see that if ¢ = [a, b, ] € So(f1k,d), then

2Ac +2f?ACa — fBb = v/ Dod cosh(d(rg, 7,)) = fik.
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Since ged(2A4, f) = 1, there exists ¢ € Z such that ¢ = fi. So the set Sg(fik,d) becomes

So(fik,d) = {q =[a,b, icd] € Z* : a > 0,b* — dafid = d,2Ac +2f, f;ACa — f,Bb = k}

={q=[fia,b,d] € Z : fia > 0,b> — 4(f1a)d = d,2Ac + 2f;AC(f1a) — foBb = k}

= {q =[d,b,d)€Z:d >0, f | d, disc(q) = d,cosh(rg, 7,) = ﬁ} ,
2

where ' = fia, Q' = [4, B', AC’| = [A, f,B, ACf3] € C(Df2). For amy [d',b,¢] € So(fik, d),
define x,y € Z by

24C" B’ 2A a' k
B —-A 0]|-|b|l=ly
-C" 0 1 c T

It is easy to check that 4(A%x? + B'xy + Cy*) = (k* — Df2d). After multiplying on both

sides by the inverses of the two 3 x 3 matrices, we obtain

a’ -A B 2A2 k
1

b | = D_fg2 —B 4AC 2AB |y

d AC" B'C’" (B')?—-2A%C' x

_ ’ 2
Ak+B'y+2A°x c Z and

s /
Since f | a’, we have 12

—Ak + By + 2A%x
Df;

=0 (mod f1).
Some calculations show that

(B'y + 24%x — Ak)(B'y + 2A%r + Ak) = 4A%(A%2* + B'ay + C'y?) + ((B')? — 4A4%C")y? — A%K?
= A*(k* — Df3d) + Df3y* — A%k

= Df2(y? — A2d).

So A%d = y* (mod f1), which implies that (%) # —1 for all ¢ | f; since ged(A, f) = 1. This
contradicts our condition on d in the statement of the proposition. So the set So(fik,d) is

empty for all @ € C(Dy). O
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4.1.2.1 Character Sum Identities

In this section, we will give some character sum identities necessary for our results.

Let p > 2 be a prime, x, = <5> the Dirichlet character of conductor p and x :
(Z/pZ)* — C*. For X\ € Z/pZ, define the character sum S(A, x) by

SIAX) = g — ZX (r+ D)X + A x(r)xp(r), (4.1.24)

G(xxp)G

where G(¥) = 371 z,m~ ¥(k)ep(k) is the Gauss sum associated to ¢ for any character .
Via a substitution, S; (A, x) is closely related to another character sum defined for a,b € Z/pZ
by

p—1

So(a,b, x) == m Z X (uv) (Xxp) (u + v) ey(au + bv), (4.1.25)

u,v=0

where e,(2) := e?™*/P. The following lemma gives an explicit evaluation of S; (), ).

Lemma 4.1.12. In the notations above, if x # X, then
S x) = 2L+ x(0) - (X0 + VA2 +x(1 = V). (4.1.26)

Remark 4.1.13. When x,(\) # —1, the quantity /A makes sense in F,. Otherwise, the

factor (14 x,(\)) vanishes and it is not necessary to evaluate the second factor.

Proof. When x,(\) = —1, the substitution r — 2 yields

S1(A X) = Xp(A)S1(A, x).-
So S1(A, x) = 0 in this case.

When x,(\) =0, Eq. (4.1.24) becomes

G(XXp Xp Si(\, x) = Zy(r + 1)ey(r)

r,s=0
p—1
= G;x) (xxp)( Z Xp(18)ey(rs)
s=0 rs=0
GOxxp)G(xp)
G(x)



Here in the second step, we used the Gauss sum substitution for

Xr+1DG) = D x(s)ep(s(r +1)).

SEZ /DL

When x,(A) = 1, apply Gauss sum substitution for X((r + 1)(r + X)) gives us

S1(0X) = araidng 2 Xrsxe(rep(s(r+ 1) (r + X))
= aroany 2 () (rs)xp(s)ep(s(r + V) +sr(1 = VA)?).

Define a map (u,v) : (Z/pZ)? — (Z/pZ)? by
u(s,r) = sr,o(s,r) = s(r + V)2

For each (u,v) € (Z/pZ)?, the number of preimages under this map depends on the number

of solutions in (r,s) € (Z/pZ)? to
rs = u,rv = u(r + V)%
When v # 0, this quantity is either 0, 1, or 2 and can be expressed as
8(u,v) = (1+ xp(1 — 4V 2uw)).

Thus, we have

S1M ) =gt 3006w, (—uv/A) e (u(l = VAR)

+ aman 2 00w (e v+ u(l = VA?)3(u,v)
~aio 200 (0 (—uVA) eplut = VAY)
+ Gomiengy 2 (0) [xp(©)ep(v +u(l = VA)%)

+ arian 2o D (06 (Wep(v + u(l — VA)x, (v — 4vAu).

u=0 v=1
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Notice that y,(—4v/Au) = Xp(—uﬁ) for any u € Z/pZ since x,, is a quadratic character. So
the first term and third term combines to change the index of v to v € Z/pZ. The summation
in the second term can also be evaluated easily as the product of two Gauss sums. This gives

us

51000 =gt 3 006) @ — 4V Ru)ey o — 49K+ (1 4+ VA)

u,v=0

+ (06) (1= VA)?
=1+ V)2 +x(1 - VA2

Corollary 4.1.14. Suppose x # Xp, then
Sa(a, b, x) = L (xp(a) + xp(b)) - (y(a +2Vab + b) + x(a — 2Vab + b)) (4.1.27)

Proof. The Gauss sum substitution for (Yx,)(u + v) gives us

p—1
S2(a,b,X) = sroansaron > X(wor)xy(r)ey((r + a)u+ (r+ b))

u,v,r=0

—_

p—

G _ _
= ool "X+ @)X + ()X (7).

T

Il
=)

This is clearly 0 when a = b = 0 since x # Xx,. Otherwise, since it is easy to see that
Sa(a, b, x) = Sa(b,a,x) from its definition, we can suppose a # 0 without loss of generality.
Then

52(a7 b? X) = Y(CL)X;KG)S&(%, X)

So Eq. (4.1.27) follows directly from Eq. (4.1.26). O

4.2 Fourier Expansions

The notation in this section will be consistent with those in §3.3. Let D < 0 be an odd

fundamental discriminant and p f D be an odd prime that splits into pp in Ok, where

K =Q(VD). Let ¢ : I,/ P,; — C* be a ray class group character with ¢, : (Z/pZ)* —
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I,/P,, 2, non-quadratic and ¢y : (Z/pZ)* — C* a character satisfying ¢,¢3 = 1,.
Denote the absolute value of D by
N :=|D|. (4.2.1)

Let fy = > 51 a(¢,n)q" € Si(Np,xp¢1) be the weight one newform of imaginary di-
hedral type associated to ¢ and gy = f, ® ¢ € S1(Np?, xpp2) as in Prop. 3.3.4. We could

write

fo= D foar Gu= D, Gua

A€ePic(Ok) A€ePic(Ok)

as in Eq. (3.3.8) and (3.3.19). Then we could find mock-modular forms with shadow g, 4 by

twisting mock-modular forms f¢7 A, whose shadow is fy 4.

Proposition 4.2.1. Let A € Pic(Ok) be any class and f¢,A € MlaﬂD\p, Xpp1) be any
mock-modular form with shadow fy 4 € S1.4,(|D|p, xp$1) as in Prop. 2.4.5. Then the mock-

modular form
Gu.a(2) = d2(—1)(fs.u ® 62)(2) € My (| D|p*, xp) (4.2.2)

has shadow gy a(z) and the associated harmonic Maass form gy a(z) satisfies

we-(A) (DT/Z)

oA W= — N U
Gy, |1 Woe i Gy.a |1 U (4.2.3)

Gy, |1 Wyz = ¢a(—1) gy 4

[Dlp p P |D|p? p?

for all primes € | D, £ > 0, where (* = (—=1)=Y/20 W, = <p2°‘ ﬁ) W = ( pa f ), W,
and U, are defined as in §2.4.1.

Proof. Let fs4(z) € H, ;- be harmonic Maass form associated to fs.4(2). Then the function
Gy.4(2) is the holomorphic part of the harmonic Maass form ¢,(—1) ( f¢7 AR @), which is

sent to g, 4 under &;.

Write the Fourier expansion of JE¢>, 4 and gy 4 at infinity as

for = eoatny)d",  Gua= Y épalny)q"

ne”L neZ
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Since fy4 € H, 7 ([Dlp, xp®1) and é, 4(n,y) = ¢a(n)és a(n,y), the Fourier coefficients

¢y a(n,y) satisfy
Xe(n)éya(n,y) = e (A)éy,a(n,y) for all n € Z relatively prime to ¢

for all £ | D. The first equation in (4.2.3) is then implied by Prop. 2.4.1.

The second equation in (4.2.3) follows from Eq. (3.3.15) and the calculations below.

1 = .
G2(—1)Gp.a |1 Wy = G o) > bo(i) foa bt (Ph) Wy

- g S el () (+757)

S
Ll

1 ;Li]l. )
_ m 2 G2 (1) X (P) 1 (1 D) foa 1 <p 6<\§|u>>
-1
Z f¢d|1 p):g%d'
Here, (pa+ |D|p)d, =1 (mod |Dlp), | D[ = —1 (mod p) and xp(p) = 1. -

Since gy, 4 is obtained from f¢, A by twisting, its transformation under I'o(Np) can be

described by the following lemma.

Lemma 4.2.2. For any v = (. 5) € Do(Np), we have

S 1)gua 7 = %g(g;@( e )
i - S 4.2.4
¢2< (r+ Nep) >f¢A i ( ”Nc“)““) 20
pfri]\}c,u

Proof. Notice that if p | ¢, Eq. (4.2.4) is just gy.a [1 7 = xn(w)gy.a. So we suppose p 1 c.
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The rest of the proof follows from Eq. (3.3.15) and (4.2.2) and the calculations below.

p

1 .
Oo(—V)ia 7 = Fro 2 ol ol (") (Wpeh
(ot b= Gy 2 o b (78) (e )
— 1 - £ r+Ncp by, T Nepu
= Glow) ; G2(1) fo, 11 < Voo uﬂ) (p( FNey) u)
ptr+Ncp
B ()
- p 2 (p)x v ()1 () foa |1 <pmuu>
G(¢p2) — n" w)le, »
pir+Ncp
do(—rNe)xn(w) 1 (c)dr (N) - ,
i G(p2)G (1) foa i Up (1)
=S ot s N (") (275
Mﬁ;ém
Pa(—=Nre)xn(u) 4 »
GlonGlon Joal U 1)

]

Let fy 4(2) and gy 4(2) be the harmonic Maass forms as in Prop. 4.2.1 with the following

Fourier expansions at infinity

fo(2) = es.a(n)q", Gu.a(2) = éya(n)g™.

nez neL

For each § | N, 6 > 0 and p, let W; and Wp be the Atkin-Lehner involutions as in Eq. (2.3.4)
W5 = [(4(3\?52 ﬁ;) 75_1/4 VANp?z + (5] ) I/T/p = [(31312\70;2 g) ’p_1/4 4Npz +p] )

and Us, U, be the U-operator as in Eq. (2.3.1). For each A € Pic(Ok), define the following

functions

Du(2) = Gua lr (*1)0(2),

~ ~ o ~ (4.2.5)
U a(2) = (Pa(2)) [3/2 I[I @+Wwo | U0 +W,),

£|N,£ prime

78



where 0 = >, q”2 is the weight % theta function. It is easy to check that for any v =

(41\?;72 cbz) € T'o(Np?), we have

(P lse M)(2) = (§) Pal2).

Then by Lemma 2.3.5 and 2.3.6, the function W 4(z) satisfies

(W [372 9)(2) = Wa(z)

for all v € To(4). After subtracting off appropriate poles from ®4(z), we could apply
holomorphic projection to it and obtain an identity between finite linear combinations of
¢,;(n) and an infinite sum from the Fourier expansion of W 4(z). This infinite sum will become
the special values of modular function after applying the appropriate counting argument.

Before calculating the Fourier coefficients of W 4, we need the following lemma.

Lemma 4.2.3. For any 6 | N,0 > 0, we have

w5+ (A)

Dy |30 W5 = 5

Goa L Us(11) -0 |1/2 Us. (4.2.6)

Proof. This lemma follows from an induction on the number of prime divisors of . When

0 = ( is prime, we have

—~—

T ~ Lo o - L
Q32 We=Gyali (*1) <4Nf;2 Bf) 0 Jy2 <4Np[2/€ ﬁez) [(Z 1), 4 i <%> eﬁ]

= Gy.a 1 (1@2 45’@) (41) 012 [(fl),ﬁw <N7/f> q]

B gpali Ue(*y)- <N7/z> 6219 |1/2 [(Z 1) 7671/4}

\/Z gy, A ’1 Uf(41) -0 |1/2 [(€1>7£71/4:|

_ P (A)
12

When § = §'/, we could use Lemma 2.3.3 and 2.3.4 to find that

Goa LU (*1) 0112 U

D |32 Wi = g |32 W Wi
Gua |t UWs = (£) Gy.a 1 WUy,
0 12 UWy = (£) 0 |12 We Uy
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Using this, we could obtain

D |32 W5 =P 4 |32 Ws W,

@) (A) . o i
=2 G |1 Us (41) () -0 1uj2 DWW
SO AL A ~ fe) 1.7
O () g (f 8 Us (1) ()0l Wil

n-(A)pr(A) o
= (&ZW( Gyl UUs (*1) 0 |12 UUs

* A N ~
—%é )gw,A W Us(*1) 0112 Us.

By induction, the proof is complete. O]

Now, we are ready to calculate the Fourier expansion of W 4 at infinity.

Proposition 4.2.4. The m'™ Fourier coefficient of W 4(z) at infinity, ¢(V 4, m,y), has the
form
(Wamy) =205 S 05 (A)(Saslm,y) + Sl ), (42.7)
5|N,6>0

where

Np*m — 6%k 4y
SA,(S(ma y) = éiﬁ,A ( ) ’
% 4 PN

,  /Nm—p22%2 4
Sas(myy) =a(=1) Y éya <—p _y)

4 "N
keZ
P2(—4ANmM)€, /PG () A Nm — 62k2 4y
+ Y. Gal—p %
G(¢1)G(92) v 4 pN
§2k2=Nm (mod p)
Nm — §%k? 4y
27.2 .
+ ¢2(4) %2252(Nm75 k%, $2)Cs.a (T’ W) ;

() =020 (3)
When m = pm/ is divisible by p, the expression S’y 5(pm) above simplifies to

. Npm/ — §%k? 4y
2\ T )

keZ
When (%) = —1, the expression S’y ;(m) vanishes identically.
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Proof. By Lemma 2.3.3 and 2.3.4, we know that for any positive ¢, | N satisfying ged (¢, ) =
1

D |32 UWs = D 4 |30 W5,

D |32 WsWe = D |32 Wi
So we could write

Calse J[ Oe+Wo)= D Pulsp Wsllnss.
£|N,£ prime 0|N,6>0
Applying Lemma 2.3.4 yields

Ui= 3 Bl Willnssly(T, + 17,)
5|N,6>0

= Z (I)A |3/2 WéﬁNpQ/J + (I)A |3/2 WgﬁN/(sUpr

d|N,6>0

Z P4 |3/2 W(SUNp2/5 + d 4 |3/2 WgUprUN/g.

5|N,5>0

The first term in the summand can be handled easily using Lemma 4.2.3. The main
technical complications arise in the calculations of the second term, which we will carry out.

Here, we will choose
o= [(852) Vi)
This is possible since ged(N,p) = 1. It is not essential to the result, but simplifies the

calculations. For each § | N, 0 > 0, we denote
D5 =Dy |30 W
Then we have
D |32 UpWp =P s 372 Wy +Z <d—p) €ay P 372 T - [(”5(‘“\”)) J} ;
A ) p

. 2, -
Wiz = [<4’}Vp2 p@) y 1/2\/4Np22+p2] :

1= (VY € Ty (4Np),

dy =pa+4NX (mod 4p),dy =p (mod 4N).
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Set Cys 1= %*TW, then we can apply Lemma 4.2.3 to substitute Ca5(gy.a |1 Us(* ;) -
0 |1/2 05) for (I)Aﬁ and obtain

D5 |32 UpW, = Cas <§w,A L Us (") 0 l1y2 (75) |3/2 Wy
+ Casey <%> 1 <%> (gw”“ 1 Us (1) 0 lhp2 Ug) 372 Yo - [(p B@) ’1} ' (428)

1

3

>
Il

The first term on the right hand side of Eq. (4.2.8) can be evaluated using Eq. (4.2.2) as

follows.

(fhp,A L Us(*1)-0 |12 ffa) |32 Wp2 = (Gya |1 Us (1) Wp2) - (9 |12 U5sz>

~ ~ 2a 4
gt Us (*1) Wiz = gy.a 1 (ffpz pg) Us(*y)

The sum over A in the second term on the right hand side of Eq. (4.2.8) could be evaluated

as follows.

<§I¢,A W Us (%) 0|12 Us) 32 2 = €5 (G |1 Us (1 1)) - (9 |l1/2 Ua%)

Goa bt Us (4 ) (79089 ) = gy a1 24 (79009 ) U (+1), (4:2.9)
’ pa+4NX 4Y, ;
where 7} = < 5N d,;) € I'y(Np) and d\ = d, (mod Np). By Lemma 4.2.2, we have
A I ¢2(—4N2>\5)XN(19> p
-1 ' [ p BONX) | — c U p
Ga(=1)gua b o (7T ) = FE G m S A 1 U ()
() N
Fhiag 2o el (N A+ 8p))foa |y (P AONO-IRETI ).
Glo) 4 »
pHAX+Ip

Also, we have
0 |1/2 Usa [(pﬁ(‘%”)) ,1] = (%) 0 112 [<p6(4‘;NA)> ,1] Us

- (o1 (-45).1)

where 7§ = (pcfl;\l,]f Zl,il,) and d} = d, (mod 4Np).
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Substituting these terms into Eq. (4.2.8), we have
D4 |32 WsU,W,,Unys = Cas(Pasa + Pasa + Pass) |32 Unys, (4.2.10)
where

Pusi =¢2(=1) (Gya L Us (*1)) (9 e (7). p7] ﬁa) ,

()9 DG())

Paso G(61)G (%) fdch l1 Ups (4p 1) - (0 ®<b_’2) |1/2 ﬁa;
~0) : T
Puss :EPXNC(JP(LQZQ)( ) Agil (%> G2 (W) P3SN (AN + 1)) foa 1 (p NIt )) Us(4,)
PN/

01 [(M@) ,1] 0,
() =) (3)
p =pd.

The m'™ Fourier coefficient of %5*5/4PA75,1 and %5*5/4PA,572 are

. m — pok? 4
VPDa(=1) ey a <5Tp, %) (4.2.11)
keZ
epXn (P)P2(—4)G(¢)) . ( m — ok? 4y>
¢ ) , — ok 4.2.12
p G(¢1)G(¢2) ,CGZZ @A 4 p5 (bl( ) ( )
5k?=m (mod p)
The m'™ Fourier coefficient of 1675/4P 4 is
-1
epXn (p) 2 (—96) S A6 N 42 . m—ok* y
22 ON (4 ! ) =
G(¢2) )\;1 ( P > (]52(/,6 )(bZ( ( + Hu ))C¢>,A 4 ) 5
PN/
keZ

e (BNTIXF @) (m — 0K2) + BEANNK?)

where e,(z) = e>™*/P. Set

u=NAN+ '), v =4NX — N4\ + 1),

then ¢/ = v(N(u+ v)u) and the change of variable (u,v) is injective. So we could rewrite

the m™ Fourier coefficient of Py 53 as

\v(p)6a(—INO) (222) /5> Sa(Bm, B0k, 62,4 (5m L ,g) , (4.2.13)

keZ
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where Sy(a, b, x) is defined in Eq. (4.1.25) and given by

p—1

Sy(Bm, BOK?, o) = “+”> Pa(u + v)pa(uv) - €, (ﬁ(mu + 5k2v)) )

1
Ep\/]_?G(QZh) Z ( P

u,v=1

After Substituting Using the fact that yy(p) = (%) = (%) = 1 and adding together Eq.

(4.2.11), (4.2.12) and (4.2.13), we could write the m'® Fourier coefficient of (2C 4 56,/p) ' N'4® 4 |3/
WgUprﬁN/(; as follows.
. Nm — p?6%k? y
$2(—1) Z%,A (f, N

kEZ

P2(—4ANmM)€,y /PG () . Nm — 62k Y
T G00)G () D, G <—4 ’pN)

(4.2.14)
keZ
§2k?=Nm (mod p)

+ 62(—N0) (£) D Sa(BNm/S, B3k, 62)¢0,4 (

kEZ

Nm — §%k? gy
4 "N )’
The sum Ss(a, b, ¢) can be evaluated using Eq. (4.1.27). After simplifying the expression,

we get Sg’é(m,y).

When m = pm/, the first two terms in expression (4.2.14) both vanishes since ¢y 4(pn, y) =
0, and the third term becomes

. Npm' — §%k? 4y
2\ )

k€EZ

Thus, the (pm/)™" Fourier coefficient of ® 4 |3/2 W(;UPWPUN/g is

N /I §21.2 4
pm’ = Ok —y). (4.2.15)

) S

kEZ

By Lemma 4.2.3, we could find the (pm/)" Fourier coefficient of ® 4 [3/2 WsUn2/s to be

Np*m/ — 5%k 4y
4 "pEN )

2v/pps (A) Y e

kEZ

(4.2.16)

Summing these together over 6 | N, we find that the (pm’)*™ Fourier coefficient of ¥4 to be
the expression

. Npm! — §%k? 4y . NpP*m/ — 6%k? 4y
2\/p Z s+ (A) (Cw,A (f’ N + Cy.a 1 2N . (4.2.17)

5|N,6>0
kEZ
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When (%) = —1, the second term in (4.2.14) vanishes since the summation is empty.
The third term has contribution only from k = pk’ since Sy(BNm/d, Bok?, o) = 0 by Eq.

(4.1.27) otherwise. So this term becomes

- 2]{:2
da(—N0) (g) Y S2(BNm/S, BOK?, $2),4 (%= L]lv_y)
kEZ

= $2(4N65/9) (‘”NTZ”@ > toa (Nm _Z (k) %) G2 (Nm/4)do(—1)
k'€Z

B R Nm — p?6*(K')? 4y
= —¢2(—1)IE:ZC¢,A< 1 N )

which cancels the first term exactly. So S’ 5(m,y) = 0 in this case. O

A special case of this proposition is when A = B? € Pic*(Ok) and (%) = —1. Here,

@5+ (B?) =1 for all § | N and the m'™® Fourier coefficient of Wz2(2) is simply

5 Np*m — k? k
C¢,62 T ¢1 5 -
2\/]—) Z 2w(gcd(D,k))

k? — Np*m (k* — Np*m) 4y
2T e (Y (e

(4.2.18)

where w(-) is the function defined in Eq. (4.1.6). Summing over such classes A € Pic*(Ok)

gives us the m'™ Fourier coefficient of ¥y := Y AEPic? (O) W 4, which is

w(ged(D,k) [ = Np*m — k? k? — Np*m (k* — Np*m) 4y
2/p Y gDk (%1 (—4 o () A s
kez
(4.2.19)

when (m) = —1.
p

4.3 Fourier Coeflicients and Values of Modular Functions

4.3.1 Borcherds Lift

Let Mi /2 be the space of weakly holomorphic modular forms of weight 1/2 and level 4
satisfying Kohnen’s plus space condition. It has a canonical basis {f_4}a<o with d = 0,1
(mod 4) and Fourier expansions

falz) =q"+ Z c(f-a:m)q".

n>1
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Let f(2) € M} /o be a weakly holomorphic form with integral Fourier coefficients c(f,n). In
7], Borcherds constructed an infinite product W(z) using ¢(f, n) as exponents, and showed
that it is a modular form of weight ¢(f,0) and some character. The divisors of W (z) are
supported on cusps and imaginary quadratic irrationals. In particular, if 7 is a quadratic

irrational of discriminant D < 0, then its multiplicity in W (2) is

ord, (V) = Z c(f, DE?).

k>0
For example, when f(z) = f_4(z) with d < 0, the Borcherds product ¥_4(z) := Wy, (2)

equals to

[T GG =it e, (4.3.1)

qeC(d)/T

where C(d) is the set of all positive definite binary quadratic forms [a, b, c] of discriminant
d satisfying a > 0. Note that when d is fundamental, wy, the number of roots of unity in

Q(V/d), is equal to 2w, for all ¢ € C(d).

4.3.2 Automorphic Green’s Function

In this section, we will follow the construction in [28, §5] to express the automorphic Green’s
function as an infinite sum. For two distinct points z; = x;+1y; € H, the invariant hyperbolic

distance d(z1, 29) between them is defined by

2
coshd(zy, z9) := 21 = 2 +1
2y192 (4.3.2)
_(m—m)?+yit s
2y1y2 '

Note d(z1, z9) = d(yz1,722) for all v € PSLy(R). The Legendre function of the second kind
Qs_1(t) is defined by

Qs-1(t) = / (t + Vt2 — Lcoshu) *du, Re(s) > 1,t> 1,
0 (4.3.3)

Qo(t) = log (1+ 7).
Let I' = PSLy(Z). For two distinct points z1,29 € I'\H, the following convergent series

defines the automorphic Green’s function

Gs(21, 22) == 295(21,722), Re(s) > 1, (4.3.4)

vyel
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where

gs(z1, 22) == —2Q,_1(cosh d(z1, 22)). (4.3.5)

Recall that E(7,s) is defined in (3.4.1) and ¢1(s) is the coefficient of '~ in the Fourier
expansion of E(7,s). Proposition 5.1 in [28] tells us that for distinct zy, zo € T'\H, the values

of the j-function are related to the values of the automorphic Green’s function by
log |7(z1) — j(z)|* = li_Ig(Gs(zl, 29) + 4w E (21, 8) + 47 E (22, 8) — 4mp1(s)) — 24, (4.3.6)

For a fixed z; € H, one could evaluate z, at CM points arising from binary quadratic forms
in C(d). The number of such CM points is give by the Hurwitz class number H(—d). Adding

up these values gives us the following proposition.

Proposition 4.3.1. Let d, Dy < 0 be congruent to 0 or 1 modulo 4 and Q € C(Dy). If
T # T4 for any q € C(d), then

—1

o [0-a(ro)* =ty | ol )(-2)0us
k>+/dDo

k
\/d_DO) + H(—d)4rE(1g,s) + R(d, s) | ,
(4.3.7)
where R(d, s) = 3 cowyr(AmE(Ty, 8) — dmpi(s) — 24) and pq(k,d) is the counting function

defined by Eq. (4.1.20).

Proof. Let Q = [A, B,C] € C(Dy),q = |a,b,c] € C(d), then 7 = 73;2/170,7'(1 = _b;;*/g. Some

computations verify that
k := \/dDg cosh d(tg, 1) = 2Ac+2Ca — Bb € Z.
Thus, the set Sg(k,d) defined by Eq. (4.1.18) can be rewritten as
So(k,d) = {q e C(d) : coshd(r,, 7o) = w%} .

Now let z; = 79,22 = 7, in Eq. (4.3.6) and sum over ¢ € C(d)/I". With the following
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observation

iGS(TQ,Tq) = > Z 2)Qs-1(cosh d(7q,77,))

Wq q
geC(d)/T qeC(d)/T ~el

_ Z (—2)Qs—1(coshd(rg, 1))

qeC(d)

= % relhd-2Q1 ().

k>+/dDo
we have Eq. (4.3.7). The sum is over k > +/dDy since coshd(rg,7,) = 1 precisely when

19 = 74 and T # 7, for any ¢ € C(d). O

4.3.3 Holomorphic Projection

In this section, we will use holomorphic projection to express a finite linear combination of
the Fourier coefficients of a mock-modular form as an infinite sum similar to the right hand

side of Eq. (4.3.7).

Recall that Wy4(z) is defined by Eq. (4.2.5) for each A € Pic(Ok) and has Fourier

expansion

Va(z) =) e(Wa,m,y)q"

meZ

We have calculated the Fourier coefficients ¢(W 4, m, y) explicitly in Prop. 4.2.4. Using the

following facts

Coa(n) = Esa(n) = coa(—n)B1(—4mn, y),
Epa(n) = da(—n)és a(n),

B (@1,0&2:{/) (OélOéz, )7 ay, O > 0

we could write ¢(W 4, m,y)g™ into the sum of a holomorphic part, (2\/]_9) agp 4(m), and non-
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holomorphic part (2,/p) bs a(m,y), where for all m € Z

’m — 6%k m — p252k2
T

8|N, keZ
. P2(—4NmM )€, /PG () Z 2 (Nm — 52k2>
AN T
G(1)G (o) N ¢ 4 (4.3.8)
§2k2=Nm (mod p)
_ Nm — 62k?

+ ¢2(4) Z Sa(Nm, 6°k?, ¢2)¢s (T) :

0|N, keZ

and when (%) =-1
02k — Np2m 5%k* — Np*m
by.a(m,y) = — Z 905*(A)c¢,,4( 1 P >51( Npr ,y). (4.3.9)

8N, kEZ

Because [1(4mn,y)q~" decays exponentially when n > 1, the pole and constant term of W 4

at infinity has the form

2\/52 ap A(—m)g ™.

m>0

To apply holomorphic projection to W4, one needs to first subtract the pole and constant

term.

For an integer n > 1 congruent to 0,3 modulo 4, let

gn(z) =q "+ Z C(gm m)qm

m>1
be the unique weakly holomorphic modular form of level 4, weight 3/2 in the Kohnen plus
space. They have integral Fourier coefficients and could be constructed explicitly (see [60]).
Let F(z) be the weight 3/2 Eisenstein series studied in [33], which has the following Fourier

expansion
o0

o0 B 1 _m2
Flz) = Z H(m)q" +y 12 Z 16753/2(7”279)(] )

m=0 m=—o0

and satisfies Kohnen’s plus space condition. Here H(m) is the Hurwitz class number when

m > 1 and H(0) = —15. Define the function % (z) to be

U (z) == %E’A(z) - CLZ/(\S()))F@) — Za¢7,4(—n)gn(z). (4.3.10)
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Denote its m'™ Fourier coefficient by ¢(¥%,m,y). Then its holomorphic part, denoted by
ay, a(m), is
* _ H( a’¢ .A
g A(m) = ag.a(m) — =Y " ag.a(=n)c(gn,m). (4.3.11)

n>1

The function W*(z) has order O(y~'/?) at the cusp infinity. The same decaying prop-
erty holds at the other two cusps of I'g(4) as well, since W% (2) satisfies the Kohnen plus
space condition. So we can consider its holomorphic projection to the Kohnen plus space

S3)9

similar to the one on the right hand side of Eq. (4.3.7).

(I'o(4)). This will produce the following identities between aj; ,(m) and an infinite sum

Proposition 4.3.2. Let m > 1 be a positive integer such that (%) = —1. Then

52k2 — Np*m Sk
agam) =21 [ 3o (A4) Y (+> 2Q51< \/N_) . (4.3.12)
S|IN k>p\/Nm/5 p m

Proof. To execute the holomorphic projection, we first need to define the weight 3/2 Poincaré

series for m > 1 by

Pz, s) == Z 3 (v, 2) 722 Im (v2)*/2,
'VGFOO\FO(4)
where for v € I'y(4)
. o 0(vz2)

This series converges absolutely for Re(s) > 1 and can be analytically continued to Re(s) > 0.
As s — 0, the inner product (P,,(z, s), ¥%(z)) is the m™ Fourier coefficient of a cusp form

in S

5/2(T'0(4)), since W7 (2) is already in the plus space. Given 5;/2( 0(4)) = {0}, we know

the limit is zero and obtain the following equation after applying Rankin-Selberg unfolding,

F(%) * > —47rmy 1/2+S/2dy
eyt @aAlm) + | boalm, ey R R ) = 0. (4.3.13)

lim
s—0

After some manipulations, we have

r(4)

= ~twmy, 1/2+5/2 Y
/0 Bulm, py)e Ty ATRSE = rmyiarara®s (1),
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where the function g,(u) is defined by

> du
0s(11) ::/ = u>o (4.3.14)
1 (pu+1)=2u

After substituting Eq. (4.3.9) and p =

— 1 into Eq. (4.3.13), we arrive at the following

equation
0 ’ )
[(2) 6%k* — Np*m 62k?
o2 er( ) D ca (f) 2 (szm B 1) |
(4mm) > S|IN k>pVNm/§

(4.3.15)

Since ¢y a(n) = 0 whenever n < 0, the sum changed from k£ € Z to k > pV'N and
produced a factor of 2. Now substituting (4.3.15) into (4.3.13) gives us

5%k? — Np’m 52k
=2l [ Yerd) Y en (T o ()

SN k>p\/Nm/§

With the following comparisons (see [28, §7] for similar arguments).

oo(p) = 2Qo(v/p + 1),
Qua (VI D) = gt onnt ) = 0021,

we could substitute g (Np 57— — 1) with 2Q,_1 <p\/611:77m> in the limit and obtain Eq. (4.3.12).
[l

4.3.4 Proof of Main Theorem

In this section, we will prove Theorem 1.1.1 stated in the introduction by proving a more
general equality. As before, D < 0 is an odd, fundamental discriminant, (p) = pp a prime
that splits in K = Q(\/ﬁ) and ¢ is a non-trivial ray class group character modulo p such
that ¢y : (Z/pZ)* — C* is non-quadratic.
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Theorem 4.3.3. Let m > 1 be a positive integer such that (%) = —1land A =B ¢
Pic(Ok). Then we have

Gam==2 3 0*Q) (log|Wn(ro)f -
[QI€C(Dp?)
m([Q)*=[Q 4—1]

2 log (yaln(r)?) ) . (43.16)

Proof. The right hand of Eq. (4.3.16) can be rewritten as

S Qg = Y (P Y loglUu(rglh  (43.17)
[QleC(Dp?) [PleC?(Dp?) [QleC(Dp?)
7([Q)*=[Q Al m([P])=[Q.A] [Q1*=[P)

Applying Theorem 4.1.10 and Props. 4.1.11 and 4.3.1 with d = —m, Dy = —Np? then gives

us
Do iy, (K ) (-2)0. (k)
Z k>pvV Nm
log [ W (7q) [ = lim
QeC(Dp?) oL+ Z (H(m)4TE(7q,s) + R(—m, s))
Q=[P QeC(Dp?)
[@2)=[P]

Notice that this substitution is valid even when p | k by Prop. 4.1.11. Substituting this into
the right hand side of Eq. (4.3.17) and applying Eqgs. (3.3.17) and (3.3.18) then gives us

> 0HQ)log [ ()| =1im z s, (Y (), , ()

[QleC(Dp?) k>pv/N
m([Q)*=[Qu]

: 2
+arH(m)lim Y 4*(Q)E(rg, ).
QeC(Dp?)
7([Q)*=[Q.A]

The p disappears from ged(Np, k) in the exponent since ¢y 4(n) = 0 whenever p | n. Eq.
(3.3.18) implies that the term R(—m, s) also vanishes since it is independent of [Q] € C(Dp?).
By Kronecker’s first limit formula (Eq. (3.4.2)) and Eq. (3.3.18), we have
. 2
drlim 3 QB0 = oy D Qs (voln(mo))
QEC(Dp?) QeC(Dp?)

m((Q)*=[Q] m([Q)?*=[QuA]
Since A € Pic*(Ok), Eq. (4.3.12) becomes

—_ k? — Np? ok
) = 2tim [ 30 ot (#> 20.. 1( ¢_>
’ S5—
k>pV Nm p
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Putting together the last three equations, we obtain

A =-2 > v3(Q) (log [W(re)F — 2
[QleC(Dp?)
7([Q])*=[Q.A]

log (yaln(ma)?))

Conjugating both sides and using the fact that ¢?(Q) = ¢*(Q™ '), 7g-1 = —T¢ give us Eq.
(4.3.16). O

From Eq. (3.3.13), we know that the shadow of
=D &)= Y foal?)
n>-—ny A€Pic?(Ok)

is fy1. Here ny € Z is defined in Eq. (2.4.19). In the same notations as before, we could now
state the theorem relating finite linear combinations of é,(n) with the values of Borcherds

lift.

Theorem 4.3.4. Let ¢ : I,/ B, 1 — C* be a non-trivial character such that ¢1 : (Z/pZ)* —

C* is non-quadratic and m > 1 be a positive integer such that <%> = —1. Then for any

for = > >y Co1(n)q"™ € My 1 (Np, Xp®1), we have

Zkez 6¢71 (N

) 61 (5) (k) + 4 gec g ¥(Q) og (1 (70))

- cQ(¢). (4.3.18)
w?

Furthermore, if ny < min {%,p}, then we have the equality
_ [ Np*m — k? k 2
St (M Yo (5 oxti =1 T (@ logalenlral).  (43.19)
kez, QeC(Dp?)
Proof. So we could define
ap1(m) = Z a¢,A(m),a;‘;,1(m) = a;A(m).
A€EPic?(Ok) A€Pic?(Ok)
Summing Eq. (4.3.16) over A € Pic*(Ok) gives us
H(m)

Galm)+4 3 HQ)log [ Vn(rg)| = 47 Ly
QeC(Dp?)

93



Combining with Eq. (4.3.11), we could write

oalm) +4 Y Q)0 Wlrg)| = i (41 + 060 + 3 asa (=), m).
e ” (4.3.20)

Since <%> = —1, we could simplify Eq. (4.3.8) and use ¢y 4(n) = ¢2(—n)cy.a(n), p103 =1,

aga(m) =Y & (W) o (g) S (k).

kEZ

to obtain

Now on the right hand side of Eq. (4.3.20), ¢(gn,m) € Z and ag1(—n') is some linear
combination of ¢4 ;(n) with n < 0 with coefficients in Q(¢) by Eq. (4.3.8). Prop. 3.4.5 then
gives us (4.3.18).

If ny < &, then the term ay;(—n’) vanishes for all n’ > 1 since the sums in Eq. (4.3.8)
are all empty. Eq. (4.3.20) then becomes

ap1(m)+4 Z wQ(Q) log |¥,,(19)| = % (412 + ap1(0)) . (4.3.21)
QeC(Dp?)

By Prop. 4.2.4, the term a,1(0) can be written as

a51(0) =2 E51(—k*) g1 (k)on (k) = 4 g o1 (—k) o1 (k)on (k). (4.3.22)
keZ k=1
Combinig Prop. 2.4.6 and Cor. 3.4.4 gives us
Zl: <5¢,1(—n)0¢7A0(”) + Cop1(—pn)ce,a, (pn)> on(n) = (fo1, fo.0) = —m[w-
n=1 K p

If n; < min {%,p}, #Ox = #0; = 2 and the sum above simplifies

ni

Z 5(;5,1(—71)6(757,40 (n)5N(n) = —I¢2.

n=1
Cor. 3.3.6 reduces the equation above further to

RVAD
> Con(—k)i(k)on (k) = —Iye.

k=1
Substituting this into Eq. (4.3.22) yields a41(0) = —4I,2. Then Eq. (4.3.21) becomes Eq.

(4.3.19). 0
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Theorem 1.1.1 is now a consequence of Theorem 4.3.4. Since Si(|D|p, xp¢1) is one
dimensional and |D| > 5, n; = 1 and the condition ny < min {£,p} is satisfied. Since |D|
is prime, we know that fs,; = f, and there are two Eisenstein series in M;(|D|p, xp¢1)-
Because of the vanishing conditions we imposed on the Fourier coefficients é(n), the mock-
modular form f4(z) in Eq. (1.1.2) is unique. When D’ = —m is a fundamental discriminant,
the function ¥,,(z) becomes

Va(z) = [ G —i(e))?ve.
Q'eC(D)

So Eq. (4.3.19) becomes Eq. (1.1.3).
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