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Numerical determination of Chern numbers and critical exponents
for Anderson localization in tight-binding and related models
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(Dated: April 1, 2019)

Abstract
Computational modules were developed to numerically determine electronic band structures,

berry curvatures, Chern numbers, localization lengths, and critical exponents for tight-binding and

related models. These modules were applied to a variety tight-binding and related models includ-

ing the Hofstadter Model, Anderson Model, and the Chalker-Coddington model. When analytic

solutions were available, numeric energy bands agreed with analytic solutions to within machine

precision. In addition Chern numbers for well known models were reproduced, and localization

lengths and critical exponents agreed with values in the literature.

∗ stalkington@ucla.edu

1

mailto:stalkington@ucla.edu


I. INTRODUCTION

No present model of solids can predict all microscopic electrical properties of a solid.

Two approaches are used in the quantum mechanical study of the electrical properties of

solids: free electron models, and bound electron models. Models such as the nearly free

electron model, suppose that electrons are free of atoms, and then impose restrictions on

how electrons may move. Models such as the tight binding model suppose that electrons are

bound to atoms, and then provide ways in which electrons may move. Free electron models

are useful for explaining many of the macroscopic properties of solids. Meanwhile, bound

electron models are necessary for explaining the subtle microscopic properties of solids.

A cornerstone the microscopic theory of solids is the Quantum Hall Effect. Within real

solids, there is disorder: wave functions and crystal lattices are not uniform or periodic

throughout space. With disorder, electrons tend to localize, and materials become insu-

lators. However, within two dimensional materials such as graphene, for certain magnetic

fields, even in the presence of disorder, a delocalization of electrons is observed. This con-

duction is the Quantum Hall Effect, which experimentally exhibits conduction values of

exact integer numbers of electrons, or, surprisingly, fractional numbers of electrons known

as quasiparticles. Each phase of conduction, or topological phase, is described by a quantum

number called the Chern Number, which is an integer that uniquely specifies that topological

phase. It is particularly interesting that the transitions between topological phases, known

as Plateau Phase Transitions, may described using exactly the same model as for phase tran-

sitions between states of matter. This model is the Landau Theory of Phase Transitions, in

which a phase transition is quantified through a set of numbers known as critical exponents.

Within quantum mechanics, the two basic states of particles are standing waves and

traveling waves. Particles in the absence of a global potential take the form of traveling

waves and are delocalized. Particles in a global potential take the form of standing waves

and are localized. In the global potential created by a magnetic field, electrons behave as

standing waves that are circles perpendicular to the magnetic field, also known as cyclotron

orbits. In the local, periodic potential created by uniformly spaced atoms, electrons behave

as traveling waves of wavelengths such that they will miss the atoms. The Hofstadter Model

combines a global magnetic field with a linear combination of atomic orbitals. It is a tight

binding model that first assumes that electrons are bound to atoms, and then provides ways
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to conduct electrons to nearby atoms. Within the Hofstadter Model, the degree of locality is

quantified by a distance known as the “localization length.” This length is strongly dependent

on the magnetic field and electron concentration, and at Plateau Transitions, this length

becomes infinite.

In this paper, we proceed by way of an introduction with background given on the theories

of electronic conduction, the Classical Hall Effect, Landau Levels, and the Quantum Hall

Effect. These sections give a semi-classical and experimental motivation for the notions of

localization and topological phase. Next, we introduce the tight-binding model for electronic

motion in one dimension, solve it analytically and numerically using the modules, similar

results are then obtained for the two-dimensional tight-binding model. The Hofstadter

Model is covered, presented as a result of a sum over translation operators, and is then

solved numerically using the modules at a variety of fluxes to find the Hofstadter Butterfly.

Chern numbers are introduced with the experimental motivation of the Quantum Hall Effect.

A method to calculate Chern numbers through the Berry Curvature is presented, as is an

efficient algorithm by Fukui, Hatsugai, and Suzuki. This algorithm forms the basis of the

Chern number module. This is then applied to a simple model of a Topological Insulator

as well as the Hofstadter Model. After that, the concept of localization is introduced and

presented in the form of the Anderson Model. This model is then numerically analyzed using

modules for transfer matrices and results are described. Finally, the Chalker-Coddington

Model is analyzed using the modules and the results are consistent with the literature.

A. Theories of Electronic Conduction

Free electron models are a class of models of electron conduction that work well on metals

or near-metals. Free electron models assume that there is either no, or very little interaction

between an electron and the lattice (of positively charged ions.) If there is no interaction with

the lattice, then the electron behavior is that of a Fermi gas, where momentum is pF which is

given by the Fermi energy εF = p2F/2m. This is a smooth quadratic function in momentum,

and it cannot explain the behavior of insulators which have discontinuities in their energy

dispersion. Nearly free electron models assume that electrons are free except for at the

boundary of the Brillouin zone, where they interact with a potential. As an example, the

Kronig-Penney model assumes that there are a periodic array of delta-function potentials.
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This interaction creates discontinuities and forbidden energies which qualitatively explain

the behavior of insulators. [20]

Another class of theories of electronic conduction are bound electron models. Tight-

binding models are a major class of bound electron models. Following Slater, electronic

conduction in insulators or near-insulators may be quantitatively modeled by an electron

hopping between atomic orbitals to which it is bound.[32] Therefore the energy band struc-

ture is a “Linear Combination of Atomic Orbitals,” and electrons move between neighboring

atoms. Tight binding models offer superior tunablility relative to free electron models, and

may model topological quantum properties such as the Quantum Hall Effect. [4]

B. Classical and Quantum Hall Effect

A fundamental experiment of electromagnetism is the Hall Effect. A strip with a current

running through it under the force of an electric field, in the presence of a normal magnetic

field acquires a transverse voltage. This is expected on the basis of the Lorentz Force Law.

With division it may be shown that the transverse conductivity, or “Hall conductivity” is

linear in magnetic field strength.

In 1980, Klaus von Klitzing discovered that in the presence of disorder and a high mag-

netic field ∼ 1−10 T, the transverse conductivity in not linear as is classically expected, but

undergoes plateaus as in the image. [40] These plateaus in resistivity (the inverse of conduc-

tivity) are (1/c) · h/e2, for c and integer, to within one part in one trillion. These plateaus

are used to define the standard for resistivity. The centers of the plateaus correspond the

the Landau Level energy, which is the only energy at which electrons can move at when

disorder is present. Electrons at all other energies are localized. This experimental result

motivated the introduction of topology into condensed matter to describe such quantized

behaviors. [22]

C. Landau Levels

Within a magnetic field, charged particles can only occupy certain energy levels. These

energy levels are the Landau levels, which for a magnetic field perpendicular to a two-

dimensional plane describe the cyclotron orbits of electrons. Here, we follow the discussion
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FIG. 1. The Quantum Hall Effect [40]

given elsewhere [9] [38].

The magnetic field is the curl of the vector potential:

B = ∇×A

The Lagrangian for this vector potential is:

L =
1

2
mẋ2 − eẋ ·A

The canonical momentum is then:

p =
∂L

∂ẋ
= mẋ− eA

From these, the Hamiltonian may be calculated:

H = ẋ · p− L = ẋ · (mẋ− eA)− 1

2
mẋ2 + eẋ ·A =

1

2m
(p+ eA)2

Now, selecting the Landau Gauge A = (0, Bx, 0):

H =
1

2m
(p2x + (py + eBx)2)

Observe that this Hamiltonian is independent of y, so guess the y-translationally-invariant

ansatz:

ψk(x, y) = exp(iky)fk(x)
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FIG. 2. Landau Level energy is linear in magnetic field strength

Acting the Hamiltonian on this ansatz, Hkψk, yields that an operator may be replaced by

its eigenvalue if the Hamiltonian is then parameterized to generate all eigenvalues:

Hk =
1

2m
(p2x + (~k + eBx)2)

Rearranging with ωB = eB/m, and lB =
√

~/eB:

Hk =
p2x
2m

+
mω2

B

2
(x+ kl2B)

2

Now, this is exactly the form of a harmonic oscillator of spring constant ωB, translated by

−kl2B, which has spectrum:

En = ~ωB

(
n+

1

2

)

II. TIGHT-BINDING ENERGY BANDS

Electrons in a tight-binding chain of atoms may be modeled in terms of a linear combina-

tion of the atomic orbitals of each atom in the chain, modified by additional potentials from

the Coulomb interaction of atoms. Here, a model is developed where all orbitals are con-

sidered the same at each site, and that “hopping” is only possible between adjacent sites.[9]

[31] [15]
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Here, numerical and analytical solutions are developed to solve for the spectrum of the

Hamiltonian of this finite one dimensional lattice. First, the lattice is defined, and the model

clarified in terms of base kets corresponding to states (or orbitals) on each site, and this

formalism is presented with the time-evolution of states in the Schrödinger equation. Then

a model for the energies on each lattice site, and corresponding to “hops” is developed.

From this, the Hamiltonian is determined. From the Hamiltonian, the spectrum of ener-

gies may either be determined numerically using a numerical diagonalization algorithm, or

analytically by developing the “translation operator,” and observing that the Hamiltonian

is diagonal in a basis of eigenkets of the translation operator.

A. One Dimension

Now, since we assume that the electron is somewhere in the system, the state ket may

be written as a linear composition of state kets:

|ψ(t)〉 =
N∑

n=1

cn(t)|n〉 with cn(t) = 〈n|ψ(t)〉

Now, the Schrödinger equation for the evolution of the system is:

i~
∂

∂t
|ψ(t)〉 = H|ψ(t)〉

Taking the inner product with 〈n|, and inserting a sum over projection operators (which

is the identity):

i~
∂

∂t
cn(t) = 〈n|H|ψ(t)〉 =

N∑
m=1

〈n|H|m〉cm(t)

Here, the model assumes energies associated with staying on sites A0, and energies asso-

ciated with “hopping” to new sites A1. This is:

〈n|H|n− 1〉 = −A1

〈n|H|n〉 = +A0

〈n|H|n+ 1〉 = −A1
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FIG. 3. Schematic of the one-dimensional tight-binding lattice

For the six-site case, this is:

H =



A0 −A1 0 0 0 −A1

−A1 A0 −A1 0 0 0

0 −A1 A0 −A1 0 0

0 0 −A1 A0 −A1 0

0 0 0 −A1 A0 −A1

−A1 0 0 0 −A1 A0


Now, we may define the “translation operators” (meaning will be clear later):

T =
N∑

n=1

|n+ 1〉〈n| T † =
N∑

n=1

|n〉〈n+ 1|

The Hamiltonian may now be written as:

H = A0I − A1T − A1T
†

Note that the Hamiltonian and the translation operators commute, and that the Hamil-

tonian is hermitian.

1. Analytical Solution

For an analytical solution, first, note that:

T |n〉 = |n+ 1〉 with the periodic condition T |N〉 = |1〉

Now, observe that with the position operator X, with X|n〉 = (an+ x0)|n〉:

T †XT |n〉 = T †X|n+ 1〉

= T †(a(n+ 1) + x0)|n+ 1〉

= (a(n+ 1) + x0)|n〉

= (X + a)|n〉
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which demonstrates that in addition to acting to raise or lower eigenkets, the translation

operators also change the measurable position.

Noting that the translation operator is unitary (T †T = I), with ñ ranging from 0 to

N − 1, and |ñ〉 representing an eigenvector of the the translation operator, the eigenvalues

of the translation operator are:

T |ñ〉 = exp(iϕñ)|ñ〉 for ϕñ =
2π

N
ñ

Now, the eigenvectors of the translation operator may be written as:

|ñ〉 = 1√
N

N∑
n=1

exp(inϕñ)|n〉

Noting that the Hamiltonian and the Translation Operator commute, their eigenkets

may be taken to be simultaneous. The eigenvalue problem for the Hamiltonian may then

be written as:

H|ñ〉 = Eñ|ñ〉

With summation to arrive at the matrix representation of the Hamiltonian in the |ñ〉

basis, and noting that the Hamiltonian is diagonal in the |ñ〉 basis, this corresponds to:

Eñ = A0 − 2A1 cos(ϕñ)

The energy spectrum may then be computed.

2. Numerical Solution

For a numerical solution, first note that the spectrum En of the Hamiltonian are eigen-

values which solve the eigenvalue problem:

H|n〉 = En|n〉

Now, we know that the kets corresponding to each site are orthogonal, and they span

the solution space of the Hamiltonian. Thence, diagonalizing the Hamiltonian will produce

its spectrum. In Python, using NumPy, it is simple to numerically diagonalize a hermitian

matrix and to extract its eigenvalues. Here, this is implemented for N = 1 to N = Nmax

sites, and the results are saved in one array. The resulting values may be plotted to illustrate

the spectrum.
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Numeric Energy Spectrum of 1D Lattice with N = 1 to N = 40 sites

FIG. 4. Numeric energy spectrum for one-dimensional tight-binding lattice

3. Results

A model of a finite, one dimensional lattice was developed. The spectrum of the Hamil-

tonian for this lattice was then determined both numerically and analytically for number of

sites ranging from 1 to 40, with A0 = 1 the energy to stay on one spot, and −A1 = −0.3

the energy to swap sites to a nearest neighbor. The results were then plotted.

It was determined that the numerical solution differed from the analytic solution by a

factor of 10−13 − 10−14, which is close to the machine precision of 10−15.5. Considering this

accuracy, and the ease of implementing numerical solutions versus exact solutions, numerical

methods to determine energy spectra are practical.
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Analytic Energy Spectrum of 1D Lattice with N = 1 to N = 40 sites

FIG. 5. Analytic energy spectrum for one-dimensional tight-binding lattice

B. Two Dimensions

Electrons may be modeled using the Tight-Binding model. This model assumes a proba-

bility to stay on a lattice site (the atomic orbital wave function), and a probability to hop to

a new site (the transfer integral.) Here, a model is developed where all orbitals are identical,

and the orbitals are arranged in a 2D square lattice with equal spacing between sites. [12]

[39] [30] It is assumed that hopping is only possible between nearest-neighboring sites. An

analytical solution is presented, and an expression for the Hamiltonian is developed and nu-

merically solved. The numerical solution agrees within machine precision to the analytical

solution.

The methods for the two dimensional tight binding model are very similar to methods

for the one dimensional tight binding model. The only differences are that the system is a

two dimensional square lattice, and that a formalism for the representation of the matrix

Hamiltonian is developed which allocates one row per site, and moves through rows and
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then columns.

A finite two dimensional square lattice of spacing a with N×N sites and periodic bound-

ary conditions is considered. The tight binding approximation is used, and so the Hamil-

tonian is a linear combination of the orbitals on each site and the transfer integrals for

“hopping” to a neighboring site. The orbitals ate each site are assumed to be uniformly A0,

and the transfer integrals Ax and −Ay in the x- and y-direction respectively.

The Hamiltonian representing this lattice may be expressed as a sum over the sites r,

here, this is:

H =
∑
r

(
A0|r〉〈r| −

∑
a

Ax/y|r〉〈r + a|

)
Which, when allocating a row of the Hamiltonian per site, corresponds to the matrix

elements:
〈n|H|n+N〉 = −Ay

〈n|H|n− 1〉 = −Ax

〈n|H|n〉 = +A0

〈n|H|n+ 1〉 = −Ax

〈n|H|n+N〉 = −Ay

For the 2× 2 case, this Hamiltonian is a 4× 4 matrix, which is explicitly:

H =


A0 −Ax − Ax −Ay − Ay 0

−Ax − Ax A0 0 −Ay − Ay

−Ay − Ay 0 A0 −Ax − Ax

0 −Ay − Ay −Ax − Ax A0



1. Analytical and Numerical Solution

The analytical solution for the two dimensional tight binding model is nearly a linear

solution of the analytical solution for the one dimensional tight binding model. This is:

Em̃,ñ = A0 − 2Ax cos(ϕm̃)− 2Ay cos(ϕñ)

For a numerical solution, the Hamiltonian is implemented in Python and numerically

diagonalized. The matrix representation may be computed as a sum of the energy for

staying on the site, and the transfer integrals in the x- and y-directions.
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FIG. 6. Periodic boundary conditions in the two-dimensional square lattice

2. Results

The energy spectrum of a finite two-dimensional square lattice with periodic boundary

conditions was determined numerically and analytically. For both cases, A0 = 1 and Ax =

Ay = 1/8 = 0.125. The results obtained for both numeric and analytic solutions are both

bounded within the expected energy ranges. The energy spectra were plotted against size of

lattice N , from N = 2 to N = 25. Within this range, the numeric solution and the analytic

solution agree to within machine precision.

A surprising result was that the distribution of energy bands is neither centered around,

nor symmetric at the energy associated to staying on a site. The average energy is actually

somewhat lower, and the distribution is not symmetric. This result may mean that while

hopping is only possible between neighboring sites, the wave function is delocalized by these

local interactions.

C. Hofstadter Model

Consider a square lattice of lattice constant a, with periodic boundary conditions. For

example, a 15× 15 lattice. For this lattice, strips from 1× 1 to 15× 1 may be formed; call
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these strips “magnetic unit cells.” It so happens that if the flux through one of these strips

(of area a2 · q) is pΦ0 for an integer p < q and magnetic flux quantum Φ0 = ~/e, then the

Bloch electron bands, as found through the tight binding model, split into exactly q energy

bands. [17] [1] [28]

Plotting energy against the flux per unit cell p/q for integers 0 < p < q for a range of p

and q values yields a diagram known as Hofstadter’s Butterfly. The Hofstadter Butterfly is

a fractal which exhibits clusters of bands and gaps between bands.

The Hamiltonian for a two dimensional square lattice is the sum over its translation

operators:

H = T0 + Tx + T−x + Ty + T−y

The translation operators are, with hopping amplitudes (t0, tx, ty) in the absence of a

magnetic field:
T0 = −

∑
m,n

t0|m,n〉〈m,n|

Tx = −
∑
m,n

tx|m+ 1, n〉〈m,n|

T−x = −
∑
m,n

tx|m,n〉〈m+ 1, n|

Ty = −
∑
m,n

ty|m,n+ 1〉〈m,n|

T−y = −
∑
m,n

ty|m,n〉〈m,n+ 1|

The Hamiltonian is then:

H = −
∑
m,n

(
t0|m,n〉〈m,n|+ tx|m+1, n〉〈m,n|+ tx|m,n〉〈m+1, n|+ ty|m,n+1〉〈m,n|+ ty|m,n〉〈m,n+1|

)

Now, the hopping amplitude is actually a “transfer integral,” which is a constant if there

is no magnetic field. The effect of adding a magnetic field with vector potential A is the

addition of the “Peierls Phase”:

t0 =⇒ t0 exp(−ie/~
∫ m,n

m,n

A · dl)

tx =⇒ tx exp(−ie/~
∫ m+1,n

m,n

A · dl)

ty =⇒ ty exp(−ie/~
∫ m,n+1

m,n

A · dl)

14



∫m+1,n
m,n A · dl

∫m+1,n+1
m+1,n A · dl

∫m,n+1
m+1,n+1A · dl

∫m,n
m,n+1A · dl

(m,n) (m+ 1, n)

(m+ 1, n+ 1)(m,n+ 1)

Φ

FIG. 7. Total flux Φ per plaquette is an integral around the loop

Next, define the total flux per plaquette, which is the sum of the transfer integrals around

the smallest closed loop in a lattice.

Note that since the integral is around a loop, the magnetic flux per unit cell is: α = Φ/2π.

Next, select the vector potential known as the Landau Gauge (in free space, Landau

Levels form), A = (0, Bx̂, 0), which has B = ∇ × A = Bẑ. Now, with substitution and

algebraic simplification:

H = −
∑
m,n

(
t0|m,n〉〈m,n|+tx exp(−iΦm)|m+1, n〉〈m,n|+ tx exp(iΦm)|m,n〉〈m+1, n|+ ty |m,n+1〉〈m,n|+ ty |m,n〉〈m,n+1|

)

Now, consider the Time Independent Schrödinger Equation:

EΨ = HΨ

With substitution for the Hamiltonian, and using ladder operators:

EΨm,n = −(t0Ψm,n + tx exp(−iΦm)Ψm+1,n + tx exp(iΦm)Ψm−1,n + tyΨm,n+1 + tyΨm,n−1)

Now, use the following tight-binding ansatz for the wave function, noting that with this

magnetic field, it is invariant to translations in the y-direction:

Ψ(x, y) = exp(ikyy)ψ(x) ⇐⇒ Ψm,n = exp(ikyna)ψm

With substitution, raising and lowering operators, this becomes:

Eψm = −((t0 + 2tx cos(kya− Φm))ψm + tyψm+1 + tyψm−1)

= −((t0 + 2tx cos(kya− Φm)) + tya+ + tya−)ψm
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The Hamiltonian is then, for the case of q = 4:

H = −



t0 + 2tx cos(kya−1Φ) ty 0 ty

ty t0 + 2tx cos(kya−2Φ) ty 0

0 ty t0 + 2tx cos(kya−3Φ) ty

ty 0 ty t0 + 2tx cos(kya−4Φ)



This Hamiltonian may be numerically diagonalized to yield the spectra for given t0, tx, ty,

p and q. To generate the Hofstadter Butterfly, iterate over values of q for a given qmax, tx,

and ty, with p from 1 to q−1, and find the spectra at each flux p/q, or in a given lattice with

periodic boundary conditions, choose values of q commensurate to the lattice size. Plot the

spectra with their corresponding flux p/q.

Results

The tight binding model was implemented with the energy gauge set so that the transfer

amplitude t0 = 0, and the transfer amplitudes for x and y were tx = ty = 1. The spectrum

was calculated and plotted for fractions p/q with q ranging from 1 to 40, and 1 to 100. The

results obtained are visually in agreement with the accepted figures, exhibiting rotational

symmetry around (0.5, 0), and with a distorted self-similar structure.

III. CHERN NUMBERS

Chern numbers are useful to quantify topological phases of conduction in the quantum

Hall effect. The Chern numbers arise in the experimental realization of the quantum Hall

effect, and must be predicted by any useful theory of the quantum Hall effect. For some

cases the Chern numbers may be determined analytically, i.e. the TKNN formula, but for

more complicated Hamiltonians, analytic solutions may be infeasible. [37]

A numeric solution for Chern numbers is crucial to understanding the behavior of more

complicated systems and new models that have more complicated Hamiltonians. In a 2005

paper by Fukui et. al., a method for numerically calculating Chern numbers is developed.

Here, following Fukui a background on Chern number is presented, then a simple “conven-

tional” algorithm developed, and the Fukui Algorithm presented. [10] [8]
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FIG. 8. Plotting the energy band structure by varying flux produces a fractal pattern

A. Definition of the Chern Number

Consider a two dimensional system, where the Brillouin Zone is defined by:0 ≤ k1 < 2π/q1

0 ≤ k2 < 2π/q2

 for q1, q2 ∈ Z

The Hamiltonian is periodic under translations of magnitude of the dimensions of the Bril-

louin Zone:
H(k1, k2) = H(k1 + 2π/q1, k2)

= H(k1, k2 + 2π/q2)

The Hall conductance, σxy, arises in the two dimensional Hall effect where:

σxy =
Ix
Vy

=
Ichannel
Vhall

Which is experimentally observed, and theoretically justified, to be quantized as the sum

over all bands n below the Fermi energy of the “Chern numbers,” cn, of the n-th Bloch
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Band:

σxy = −e
2

h

∑
n

cn

The Chern Number, is an integer, as proven in the Chern-Gauss-Bonnet Theorem. The

Chern Number may be considered as a sum of “patches” over the Brillouin Zone. For

these patches, by Stokes Theorem, the only significant contribution is the boundary. This

boundary gives a winding number, (θf −θi)/(2π), for a given U(1) transformation (|n(k)〉 →

eiλ(k)|n(k)〉), around the patch. The winding number around a closed loop is necessarily and

integer. Thus, taking the limit where the patches become small, the Chern Number may be

calculated as a momentum-space integral over the Brillouin zone over the “Berry curvature,”

F (k) [10]:

cn =
1

2πi

∫
BZ

d2k F (k)

The Berry curvature, or field strength, may be calculated from the Berry connection A(k):

F (k) =
∂

∂k1
A2(k)−

∂

∂k2
A1(k)

Where the Berry connection, or gauge potential, is found from the wave functions |n(k)〉:

Ai(k) =

〈
n(k)

∣∣∣∣ ∂∂ki
∣∣∣∣n(k)〉

The normalized wave functions of the n-th Bloch band, En(k), are |n(k)〉 such that:

H(k)|n(k)〉 = En(k)|n(k)〉

B. Conventional Algorithm

The numerical analysis of wave functions is based upon the evaluation of the wave func-

tions at finitely many locations in the Brillouin Zone. Now, recall that the derivative is

defined as the limit of finite differences:

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

In this discretized scheme, the wave functions |n(k)〉 are equivalent, but only defined at

finitely many points. Let these points be, for small δk1, and δk2:

k1 = {0, δk1, 2δk1, . . . , 2π/q1 − δk1}

k2 = {0, δk2, 2δk2, . . . , 2π/q2 − δk2}
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It is then possible to compute the Berry connection, with δif(k) ≡ f(k + δki)− f(k):

Ai(k) =

〈
n(k)

∣∣∣∣ δi
||δki||

∣∣∣∣n(k)〉
From there, the Berry curvature may be calculated as:

F (k) =
δ1

||δk1||
A2(k)−

δ2
||δk2||

A1(k)

Next, note that numeric integration in two dimensions may be computed as a sum over

points f(x1,i , x2,j):∫ b1

a1

dx1

∫ b2

a2

dx2 f(x1, x2) = lim
∆x1,2→0

∑
i

∆x1
∑
j

∆x2 f(x1,i , x2,j)

The Chern number may then be calculated as a sum over k1 and k2, in the limit of δk1
and δk2 small:

cn =
1

2πi

∑
k1

δk1
∑
k2

δk2 F (k1, k2)

This algorithm is most accurate when δk1 and δk2 are small.

C. Fukui-Hatsugai-Suzuki Algorithm

Begin by specifying that in the Brillouin zone, k1 may be divided into N1 pieces, and k2

may be divided into N2 pieces. Next, specify the increment lengths δk1 = 2π/q1N1, and

δk2 = 2π/q2N2. Now, if j1 = {0, 1, . . . , N1 − 1}, and j2 = {0, 1, . . . , N2 − 1}, the position of

a discretized point may be specified as [8]:

k = (δk1 j1, δk2 j2) ≡ (j1, j2) where δk1 and δk2 are dropped for notational simplicity

Recall that the Hamiltonian is periodic, so from Bloch’s theorem, the wave functions can

be assumed periodic:
|n (j1, j2)〉 = |n (j1+N1, j2)〉

= |n (j1, j2+N2)〉

Next, define a “link variable” about one point:

U1(j1, j2) ≡
〈n (j1, j2)|n (j1+1, j2)〉
||〈n (j1, j2)|n (j1+1, j2)〉||

and U2(j1, j2) ≡
〈n (j1, j2)|n (j1, j2+1)〉
||〈n (j1, j2)|n (j1, j2+1)〉||
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FIG. 9. Berry Curvature. Left: the Chern number is c = 1, which corresponds to a delocalization

of electrons. Right: the Chern number is c = 0, which corresponds to a localization of electrons.

An analogue to the Berry curvature is defined as:

F̃ (j1, j2) ≡ ln

(
U1(j1, j2) U2(j1+1, j2)

U1(j1, j2+1) U2(j1, j2)

)
The Chern Number is then calculated as a sum over all sites (j1, j2) as:

cn =
1

2πi

∑
j1,j2

F̃ (j1, j2)

If N1 = q2NB and N2 = q1NB, then the unit plaquette is square. This algorithm is most

accurate when NB is large. In particular Fukui reports that Chern Numbers are accurate

when NB ≥ O(
√

2|cn|/(q1q2)) [? ].

D. Results

Chern numbers were presented as quantized integers arising in the Quantum Hall Effect.

The experimental quantization relation was presented, along with the theoretical determi-

nation of Chern numbers through integration of the Berry curvature over the Brillouin Zone.

In addition an algorithm developed from the basics of calculus was presented, as well as the

algorithm from Fukui for calculating Chern Numbers. This method was then tested and

applied to tight-binding models including the Hofstadter Model.
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FIG. 10. Energy band structure. Left: the Chern number is c = 1, and electrons percolate. Right:

the Chern number is c = 0, and electrons localize to energy wells.

IV. ANDERSON LOCALIZATION

Disorder exists in real physical systems. This disorder may lead the robust properties of

some quantum behaviors in two dimensions, e.g. the Quantum Hall Effect. P.W. Anderson

predicted that with sufficiently strong disorder, electrons can become exponentially localized.

[2] [24] In particular, disorder leads to the localization of electrons at all energies but a critical

energy, Ec, or in our case, for a critical level of disorder, Wc, at specific energy E = 0. The

quantification of localization may be achieved through studying transmission coefficients, or

equivalently, by studying localization lengths, ξ. There are a family of Finite Size Scaling

hypotheses which suppose ξ ∝|A−Ac|−ν , where A is some property with a critical point Ac,

and with a critical exponent ν. [25] [29] [24]

Here, we study the Anderson Strip Model which is a two-dimensional tight-binding model

of a strip of width M , and length L >> M , that is periodic in M , and has random onsite

potential energy terms bounded by the disorder parameter W . This model exhibits critical

behavior for a given energy about a critical value, Wc. The goal of this study is to determine

the critical disorder Wc at E = 0 with a high degree of confidence. The critical exponent is

not investigated. In particular, a variety of widths and lengths were studied, M = 8, 16, 32,

and L = 102 − 106. Localization lengths were determined using transfer matrices and
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Lyapunov exponents for disorders within a range of disorder. The critical disorder was

then determined by noting that the localization length is even about the critical point, and

determining the point that has equal areas on each side. This was repeated for each of

several random-number seeds, and the results were averaged. This method differs from the

metric used by previous studies where the mean was identified, and the standard deviation

from this point was found.

A. The Model in One Dimension

The Anderson Strip Model concerns the localization/delocalization of electrons in thin

tight-binding strips. We shall begin the discussion of this model by considering one-

dimensional chains with the essential features of two dimensional strips. Let the chain have

a length L, and specify a site on the chain by l. Assuming that the tight-binding orbitals

are stationary states, i.e., that they are not linear combinations which evolve periodically

through time, then the Schrödinger Equation for this tight-binding chain will be, for onsite

potential εl chosen randomly from the uniform distribution (−W/2,W/2), for a disorder

parameter W , and hopping amplitudes t−, and t+ [35]:

H|l〉 = εl|l〉+ t+|l+1〉+ t−|l−1〉

Which, assuming that the lattice is uniform so t+ = t−, choosing units of energy such

that t+ = t− = 1, and after multiplying by 〈l|, applying to a state, and rearranging gives,

in matrix form:

Tl

 l

l − 1

 =

l + 1

l

 =⇒

(
L−1∏
l=0

Tl

)1

0

 =

 L

L− 1


Where the “transfer matrix”, Tl, carries a particle from one site to the next. Here, the

transfer matrix is:

Tl =

E − εl −1

1 0


The localization/delocalization may then be evaluated on the basis of a transmission

coefficient, τ : localized states will have transmission close to 0, and delocalized states will

have transmission close to 1, where the transmission coefficient is defined as, with the |l〉 =
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|0〉 state normalized:

τ =
||outgoing||2

||incoming||2
=

〈L|L〉
〈0|0〉

= ||L||2

Another way to encode the information of the transmission coefficient is through the

“localization length,” ξ, a coefficient that provides an envelope for the wave function:

|ψ(l)| ∝ exp(|l − l0|/ξ)

With a delocalized state, the exponential must decay slowly, so ξ must be large. Likewise,

with a localized state, the exponential must decay quickly, so ξ must be small. Both of these

are in keeping with intuition for the length to which a particle is localized.

Now, how is the localization length numerically determined? Numerically, only finitely

long chains may be simulated, but one would expect that as L → ∞, ξ would converge to

a definite value (except at the critical point). This is confirmed by a mathematical result

known as Oseledets theorem. It turns out that the localization length is related to the eigen-

values of transfer matrix Πl Tl. In particular, as L becomes large, these eigenvalues approach

the “Lyapunov exponent”, γ. Now, to avoid the matrix Πl Tl from blowing up, it should

orthogonalized, as may be achieved through Gram-Schmidt, or through QR decomposition

into orthogonal matrix Q, and upper triangular matrix R:

L−1∏
l=0

Tl = TL . . . T3T2T1

= TL . . . T3T2T1I

= TL . . . T3T2T1Q0

= TL . . . T3T2Q1R1

= TL . . . T3Q2R2R1

= . . .

= QLRL . . . R3R2R1

= QL

L∏
l=1

Rl

Which has transformed from a product of general matrices into a product of upper tri-

angular matrices. This is useful because, the information about the eigenvalues is contained

within the diagonal elements of an upper triangular matrix, and R is “symplectic” so only
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the first half of its diagonal elements matter (the 0 in the transfer matrix eliminates the

rest). Thus, the Lyapunov exponent, γ, may be determined as [26] [16]:

γl = ln |Rl(1, 1)| =⇒ γ =
1

L

L∑
l=0

γl

From the Lyapunov exponent, the localization length is:

ξ =
1

|γ|
All of this is so that a relationship between the localization length ξ and the disorder

parameter W may be determined. As will be seen below, ξ exhibits critical behavior (for

strips), about a critical value of W .

B. Extending to Two Dimensions

The extension to a two dimensional M × L strip is simple. Particles gain an additional

degree of freedom: they may now move across the width in m, and along the strands in

l, which has periodic boundary conditions, and is thus topologically a cylinder. The tight-

binding Schrödinger Equation then becomes, for a uniform, square lattice, with random

onsite potentials εl,m [34]:

H|l,m〉 = εl,m|l,m〉+ |l+1,m〉+ |l−1,m〉+ |l,m+1〉+ |l,m−1〉

This corresponds to a different transfer matrix, of size 2M × 2M , which is in two dimen-

sions, acting on vectors of states:

Tl =

Pl −I

I 0


Where I, and −I encode longitudinal motion along l, and Pl includes onsite terms, and

off-diagonal terms for transverse motion across m. As an example for M = 6:

Pl =



E − εl,1 −1 0 0 0 −1

−1 E − εl,2 −1 0 0 0

0 −1 E − εl,3 −1 0 0

0 0 −1 E − εl,4 −1 0

0 0 0 −1 E − εl,5 −1

−1 0 0 0 −1 E − εl,6
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The QR decomposition may be carried out as in the one dimensional case, but in two

dimensions, the fact that Rl are symplectic matrices means that only the first M diagonal

elements of Rl (which is also a 2M × 2M matrix), are non-zero. These M elements are then

encoded as:

γml = ln |Rl(m,m)| =⇒ γm =
1

L

L∑
l=0

γml

Now, the critical exponent is then different for each of the M strands, so each strand has

a different localization length ξm. Define the localization length as the maximum of these

lengths: ξ = ξmax. Thus:

ξ =
1

|γmin|

As a practical aside, these strips are thin because it is only computationally feasible to

consider L >> M , since large matrices T are computationally intensive to QR-decompose.

C. Computational Methods

To determine the critical disorder, Wc, and to gain confidence in its numeric value, the

relevant parameters (M ,L, and W ) should span a representative range. This is achieved

through selecting sets of discrete values, and determining Wc for each of them. This was

implemented in Python with a realization of this pseudo-code:

E = 0

steps = 150+1 #increments of W

distribution = uniform

M = 8, 16 32

L = 500, 5000, 50000

W = 3→9, 4.5→7.5, 5.25→6.75

seeds = 2019,2020,...,2028

(1) compute localization length at each value of W

(2) determine the critical point by equal areas left and right

(3) save this value of W_c to an array

(4) compute the mean and standard deviation of the W values

(5) print(distribution, L, W range, W mean, W stdev)
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The method for computing the localization length will be covered below. Determining the

critical point from a graph of the localization length versus disorder parameter, is achieved

through finding the point with equal areas left and right of it. This is reasonable because

the localization length is even about Wc.

However, it is crucial to make sure that the maximum of the ξ-W curve is in the range

of W , which is W ± steps · ∆W/2. If the maximum is not, then erroneous values will be

arrived at for this method of determining Wc. In this situation, erroneous values will also

be found by other methods such as selecting Wc at the maximum of the ξ-W curve.

The values determined in this manner were significantly less than the values reported in

the literature: 5.6 versus 5.8 − 6.2. It is expected based on Oseledets Theorem that the

localization lengths will converge with increasing L. We then hypothesized that the critical

disorder would also converge with increasing L. MacKinnon and Kramer initially proposed

that it would take L ∼ 105 to get Wc within 1% of its true value, although this accuracy was

questioned by Haydock. [14] A plot of the Wc versus L showing convergence with increasing

L would validate the hypothesis of convergence.

1. Localization Length via Lyapunov Exponents

Here, we outline a method for numerically determining Localization Lengths using Lya-

punov exponents, as follows from the discussion above:

(1) initialize the onsite disorder for given W on each of the M x L sites

= np.zeros((M,L))

(2) initialize Q = I

for l in 0,1,...,L

(3) make the pseudo-transfer matrix T_l Q

(4) factor T_l Q = Q' R_l

(5) extract diagonal elements R_l(m,m)

(6) set Q = Q'

(7) compute the Lyapunov exponents from the diagonal elements

(8) find smallest Lyapunov exponent

(9) calculate the localization length
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FIG. 11. In the Anderson model, there is a critical point where the localization length diverges.

As the length becomes large, this critical point converges to a specific value.

D. Results

The localization length diverges at a specific value, Wc, of the disorder parameter. The

value of the localization length is found to be independent of M , and for small L is very

dependent on the random onsite potentials, but asymptotically approaches a fixed value

with increasing L:

Several authors studied the Anderson Strip Model in the 1980s. These papers had dif-

ferent different focuses from an initial development of the transfer matrix method, to off-

diagonal disorder terms, to Gaussian disorder distributions, to three dimensional bars. Yet

the two dimensional strip model is a limiting case of each of these, as off-diagonal disorder

disappears, as the variances coincide, and as planes become decoupled. Thus, there are

multiple values in the literature for the critical point Wc: [21]

Critical Point Width M Length L Citation

5.9± 0.1 4 ∼ 100 Lee (1979)

6± 0.2 3− 12 ∼ 10000 Pichard, and Sarma (1981)

6± 0.25 2− 6 ∼ 100 Soukoulis, Zdetsis, and Economou (1986)

6.03± 0.14 6− 10 ∼ 103 − 105 Bulka, Schrieber, and Kramer (1987)

6.00± 0.17 4− 12 not clear Chang, Bauer, and Skinner (1990)

It is desirable to find the value of Wc with greater accuracy. As L becomes large, Wc
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FIG. 12. Critical disorder approaches a value of Wc ∼ 5.45 for long systems

is expected to converge to a definite value for a given distribution, system width M , and

particle energy E, irrespective of ∆W . This value may be consistent for different widths M .

The values obtained appear to be in disagreement with most values in the literature.

However, it should be noted that: (1) random noise in thinner strips will have a larger

effect, particularly when (2) these are not averaged over multiple seeds, that (3) values

converge at larger L, and that (4) different methods were used to determine and assess Wc.

With these considerations, the disagreement is not severe.

It was observed that the values of Wc seem to decrease with increasing L. While it

was expected that Wc would converge as L becomes large, it was surprising that it does so

monotonically. To further study this convergence, Wc was determined for multiple seeds at

several values of L between 102 and 106. The data were then plotted with two standard

deviation error bars shown, and an arbitrary curve was then fitted:
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It is hypothesized that the critical disorder monotonically decreases because in this real-

ization the ξ-W curve is not perfectly an even function, and slightly more of the area is to

the right of the critical point. Nevertheless, this explanation is incomplete because it does

not explain an observed shift in the maxima.

The two-dimensional Anderson Strip Model exhibits critical behavior and a localiza-

tion/delocalization transition. The strip model was numerically investigated to determine

the critical value of the disorder parameter that leads to the localization/delocalization

transition. The value of this parameter was determined as ∼ 5.45 in contrast to previous

studies which reported 5.8− 6.2. This difference is attributed to increased strip size in this

study compared to previous studies, and the averaging of single values for each of multiple

samples, in this study, rather than looking at the variance of a single sample. Moreover,

it was observed that the critical disorder monotonically and asymptotically decreases with

increasing length. The possibility of round-off-error was investigated, and determined to

have no impact on the value of critical disorder.

V. CRITICAL EXPONENTS

The integer quantum hall effect displays quantized conductivity for integer multiples of

e2/h. This quantization originates from conductive “mobility edge” states at the center

of each Bloch band corresponding to Landau Level energies. At the mobility edge energy,

electrons may percolate, or conduct, but not at any other energies. The integer coefficient

is then the number of filled Bloch bands that conduct.

A method of quantifying conduction is the “localization length” to which an electron

belongs. If an electron has localization length ξ, the wave-function for that electron will

be bounded about its center x0: ||ψ|| ∼ exp(|x − x0|/ξ). The Chalker-Coddington model is

a model that enables a computation of the localization length for various energies. In the

Chalker-Coddington model, the localization length becomes infinite (electrons may perco-

late) at a specific energy, but at no others, and this is then called the Landau Level energy.

[6] [33] [36]

How the localization length diverges at the Landau Level energy may be described with

a critical exponent, ν. This exponent is useful because it predicts specific conductivity

properties. The value of the critical exponent for the Chalker-Coddington model has been
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widely contested. The value is not agreed upon, but it is in the range of 2.3−2.6. Given the

extensive literature debating this critical exponent, we shall simply demonstrate methods of

finding a plausible value. These methods may be used in the future to find plausible values

for different systems. Here, we find ν = 2.36. [18]

The Chalker-Coddington model assumes that electrons move on the Fermi Surface (con-

stant energy), while picking up a phase, and that occasionally they will run into a potential

barrier and tunnel, or scatter depending on the energy θ. At the Landau Level energy θc,

electrons may freely percolate.

The electron transport properties may be studied by means of transfer matrices. In

general, a transfer matrix for a slice of the system perpendicular to the length of the system

acts on the incoming wavefunction, to give the outgoing wavefunction. The amplitudes of

the wavefunction at various lengths may then be analyzed to determine transport properties.

Note that this limits systems to being long and thin: width M and length L.

In particular, the method of Lyapunov Exponents, via QR-decomposition (as detailed in

my report on localization in the Anderson Strip Model), may be used to find a “localization

length.” In the Chalker-Coddington model, there is only one energy for which the loclization

length diverges (for infinite systems), and this energy is called θc. This is a key feature of

the model, as it reproduces the “quantized” behavior of the integer quantum hall effect.

For the Chalker-Coddington model, at the critical point, the localization length is linear in

system width M . This may be intuited by the zig-zag pattern percolating electrons take.

This suggests a renormalization of the localization length by dividing by width.

As width becomes large M → ∞, the localization length diverges at the critical point.

Now, this critical behavior may be described by a critical exponent, ν. In particular, the

finite size scaling hypothesis posits:

ξ
∣∣θ∼θc

M=∞(θ) ∝ A|θ − θc|−ν

To determine the critical exponent as M → ∞, begin by finding the curvature at the critical

point by interpolation, then repeat for a set of M , and interpolate a line with slope ν.

A. Transfer Matrices
In the Chalker-Coddington model, the transfer matrix through the n-th slice is Tl ≡

AlBClD, where B and D are the same for all slices. A and C represent phase accumulation,
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T1 T2 T3 T4 T5 T6 T7 T8

FIG. 13. Schematic of the Chalker-Coddington Network model. Electrons move along lines, and

scatter or tunnel at nodes depending on their energy. Transfer matrices correspond to alternating

light blue and dark blue.

and B and D represent scattering at nodes. [19] As a concrete example, for M = 8, with

φl
i and ϕl

i random phases in the interval [0 → 2π), where ϑ ≡ arccosh(coth(θ)), and θ is the

independent variable. Note that when θ = ϑ, so θc = ln(1 +
√
2) ≈ 0.881374:

An =



eiϕ
n
1 0 0 0 0 0 0 0

0 eiϕ
n
2 0 0 0 0 0 0

0 0 eiϕ
n
3 0 0 0 0 0

0 0 0 eiϕ
n
4 0 0 0 0

0 0 0 0 eiϕ
n
5 0 0 0

0 0 0 0 0 eiϕ
n
6 0 0

0 0 0 0 0 0 eiϕ
n
7 0

0 0 0 0 0 0 0 eiϕ
n
8
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B =



cosh(ϑ) sinh(ϑ) 0 0 0 0 0 0

sinh(ϑ) cosh(ϑ) 0 0 0 0 0 0

0 0 cosh(ϑ) sinh(ϑ) 0 0 0 0

0 0 sinh(ϑ) cosh(ϑ) 0 0 0 0

0 0 0 0 cosh(ϑ) sinh(ϑ) 0 0

0 0 0 0 sinh(ϑ) cosh(ϑ) 0 0

0 0 0 0 0 0 cosh(ϑ) sinh(ϑ)

0 0 0 0 0 0 sinh(ϑ) cosh(ϑ)



Cn =



eiφ
n
1 0 0 0 0 0 0 0

0 eiφ
n
2 0 0 0 0 0 0

0 0 eiφ
n
3 0 0 0 0 0

0 0 0 eiφ
n
4 0 0 0 0

0 0 0 0 eiφ
n
5 0 0 0

0 0 0 0 0 eiφ
n
6 0 0

0 0 0 0 0 0 eiφ
n
7 0

0 0 0 0 0 0 0 eiφ
n
8



In cylindrical geometry/periodic boundaries, (if not periodic, the outer block of cosh/sinh

becomes 1):

D =



cosh(θ) 0 0 0 0 0 0 sinh(θ)

0 cosh(θ) sinh(θ) 0 0 0 0 0

0 sinh(θ) cosh(θ) 0 0 0 0 0

0 0 0 cosh(θ) sinh(θ) 0 0 0

0 0 0 sinh(θ) cosh(θ) 0 0 0

0 0 0 0 0 cosh(θ) sinh(θ) 0

0 0 0 0 0 sinh(θ) cosh(θ) 0

sinh(θ) 0 0 0 0 0 0 cosh(θ)
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B. Localization Length and Critical Exponent

The localization length may be determined by the method of Lyapunov Exponents, as ex-

panded upon in my report on the Anderson Strip Model. Lyapunov exponents are effectively

the logarithm of the eigenvalues of the transfer matrix along the total length. In particular,

there are a set {γi} of Lyapunov Exponents for each wire i in the strip. Exponents may

be calculated explicitly from the eigenvalues of T †T , but this limits the length to L < 103.

Instead, eigenvalues may be extracted from each Tl and then summed over l.

With the Lyapunov Exponents {γi}, the localization length may be found. In the Chalker-

Coddington model, for {γi} from system width M :

ξM =
2L

|γM/2|
renormalization−−−−−−−−→ ΛM =

2L

M |γM/2|

It is observed that the localization length is linear in M at θc, and that the curvature

around the maximum is increasingly sharp with increasing M . This curvature, C, may be

determined for each width M in a set of widths. This was implemented by fitting with a

sixth-order polynomial to a plot z =Mγ versus x = θ− θc, and extracting the curvature at

x = 0. Then, the curvatures was were plotted, and fitted by the finite-size-scaling hypothesis.

The curvature is defined as:

C ≡ d2z

dx2

∣∣∣∣
x=0

The finite-size scaling relation is given, where the 2 indicates that Mγ is roughly even

about θc:

C = aM2/ν

This is then useful to describe localization since:

ξ
∣∣θ∼θc

M=∞(θ) ∝ A|θ − θc|−ν

C. Results

Results obtained here are in close agreement with those presented in the Chalker-

Coddington paper. This indicates a successful implementation of all numerical methods.

In particular, θc is accurately reproduced, and the critical exponent of 2.36, which is in

agreement with the value reported by Huckestein of 2.35± 0.03. [18]
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FIG. 14. It is observed that the localization length (renormalized by system width) is linear in

system width (converges to a point), at the critical energy θc ≈ 0.88.

The Chalker-Coddington exhibits critical behavior and a localization/delocalization tran-

sition. Using periodic boundaries for a cylindrical geometry, cylinders were studied. In

particular, the localization length was determined for a range of energies, θ, and the critical

point θc ≈ 0.88 was observed. In addition, the critical behavior for a variety of system widths

were studied, and yielded a critical exponent for the phase transition of 2.36. This indicates a

successful implementation of: transfer matrix methods, Lyapunov Exponent determination,

and data analysis for localization length and critical exponent.

VI. CONCLUSION

Computational modules were developed that accurately determine a variety of physical

parameters for electrons in tight-binding and related models. In particular, energy bands and

berry curvatures were determined, Chern numbers calculated, localization lengths measured,

and critical exponents interpolated. Our computational results coincide with analytic results,

and are in agreement with results in the literature. These modules may be used to efficiently

study tight-binding and related models of the microscopic electrical properties of solids.
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FIG. 15. The critical exponent is determined, and found to be in good agreement with the values

in the literature.
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