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Abstract

The importance of Radon tfansform inversion is beginning
to be recognized in several areas of the physical and biological
sciences. Various methods for inversion in two dimensions are
discussed jointly with the interrelationships amoﬁg some lmportant
formulas which naturally arise in the inversion process. These
‘results serve as a foundation for the development of numerical

inversion techniques, and for generalizations to higher dimensions.
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1. INTRODUCTION

The Radon transformvbf a function F defined on Euclidean n-space R
‘establishes a relatidn between F‘and iﬁtegrals ova over'ail hyperplanes
contained in R’. Following the early work by Radon [1] in 1917 the theory
of the Radon transform has been developed by several authors [2-6]; however,
it is only within the past few years tﬂat major apﬁlications.have emerged.

In most of these applications there is an attempt to obtain detailed information
about some aspect of the internal structure of an object by.studying the
'effecﬁ the object has upon some probe, suéh‘as x~-rays when they pass through

0

thevébject.‘ For some specific épplications we refer the reader ﬁo [7-9] and
additional references contained therein. |

| The unification of all of these applicéfions where there is an attempt
to reconstﬁ&ét.ce;tain internal structure from experimentél-knowledge-abéut
projections of the internal strﬁcture information is to be found in the theory
of the Radon transform. The su;cesé of a given application ultimately depends
ﬁpon one's ébility to-invert the Radon traﬁsform relati&e to the specific
objegt and Qpécific probe. It is our purpose here to investigate the Radon
tfansform in two dimensions and its inveréion which yields information about
a plane cfoss section of the object. Specifically, we shall be concerned
with the Radon transform aﬁd its inversion for a function F&D where F represents
the desired information about the internal structuré and D is the space of
c” functions wifh compact support [10].

We shall present many of our results in considérablé detéil for several
reasons. (i) It is important to poiﬁt out certain inferrelétionships among
various formulas whichvnaturaliy appéar in the inversion proéess. (ii) Various
methods for inversion are suggested. (iii) There is a need to correct errors

and simplify certain formulas which have appeared in the literature. (iv) This



approach is especially relevant at this time since some of these results are
of importance in current work on the development of computer codes for Radon

transform inversion.

2, REDUCTION TO TWO DIMENSIONS

The n-dimensional Radon transform of the function F(x) = F(x),%,,***,&,)

may be éxpressed.és [2]
f(p,&) = RIF} = [ F(x) §(p-&x) dx , . (2.1)

- where xEERn and the integral is over all x-space, § is an arbitrary fixed
unit vector, and p is a real number. Observe that since F& D the function
f is also a C* function with compact support [6] and the presence of the Dirac

§ function causes the integration to be performed over all hyperplanes where
p=E&wx=¢gx, +Ex, e +E2,

Note that since £ is a unit vector p represents the distance from the origin to
the hyperplane. Moreover, if F is a function of n independent variables then
f is also a function of n independent variables and f satisfies the symmetry

property
f('p:—E) = f(p: E) . ‘ .

We now assume that FeD is defined on R2 and that the support of F is
bounded by the unit circle. If at this point there is concern about the severe
and perhaps unphysical restrictions which have been placed upon F it is

appropriate to recall the Approximation Theorem [10].
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THEOREM. (Schwartz) For any; €>0, any continuous function f, with a bounded
support K, can be uniformly approximated to within a.distance € by some
funetion ¢=D, and ¢ can be requiiﬁed to have its support contained within an

arbitrary neighbourhood of the support K of f.

The main reason for working with functions from D is to insure that the resplts
will be rigorous, sinCe‘there are numerous changeé in the order of integration
and generalized functions appear all through the development.

With the sfatéd assumptions (2.1) may be written as

‘ﬂ 1

f(ps8) = [ [ F(r,0) 8[p-rcos ($6-0)] Irldrdd , -1<p<1, (2.2)
-1

L

where we have replaced f(p,&) and F(x) by f(p,0) and F(r,$), respectively, in

going over to a modified form of po.l'ar coordinates. Explicitly,

sin 6

&

cos 6 , €,

@y =rcosd, _' xz, rsindﬁ»

and the symmetry condition becomes

F-p,64m) = f(p,0) .

By use of standard Fourier techniqueé [11,12] if is possible to obtain
a deceptiveiy simple expression for 7 which shows a striking resemblance to
(2.2),
il

) 1 o
F(r,$) = [ [ g(p,0) S[p~rcos(¢-6)]dpdd , -1sr<l oggé<m, (2.3)
. oy ‘

where g(p,0) is related to f(p,6) by



1 . .
g(p,0) = {dt FCt,0) [ dy Iyl ™R e

- OO
Note that F satisfies the symmetry condition

F(I’,¢)=F(—2”,¢+'ﬂ') ’ "151'51 s 05¢<'".

By consideration of the argument of the ¢ function and the symmetry satisfied

by F (2.3) may be modified to read (for r.# 0)

7 lr|
Fir,d) = [ [ g(@,0) 6[p-rcos(¢p-6)] dpdb ;
0 -lr| :

however, for reasons which will be apparent as we préceed it is very useful
‘to rewrite (2.3) with »r>0. (The r»=0 case is treated éeparately in Sec. 7)
This modification can be made if we agree to calculate F(-r,¢) from the

symmetry céndition with » replaced by -r,
F(-r,9) = F(r,0+m) , 0<r<l , og¢<m

Then, F is calculated from

r

T S :
F(r,9) = [ [ g,0) 6[p-rcos(¢-0)] dpds , 0<rs<si , 0S¢<2m.(2.5)
4 Lp - | _ |

The y integration in (2.4) can be done by considering the integrand as

a generalized function'[l3],

-1 A f(t,0) dt
»0) =

An integration by parts serves to cast this result into the desired form,

1
=L faf,0) dt | -1 f

g,0) = 57?'_1 ot t-p 2m T (2.6)

where H stands for the Hilbert transform [14].



Upon‘éubsfituting (2.6) into (2.5) and making a change in the order of

integration we oBtaiﬁ (0<p<1 , 0<¢<2m)

m 1 r o ' L
Fo,0) = 2 Jao [ar 1{% 24,0 lp-reoso-01. @)

By doing the p integration we 6btain the often publicized but seldom derived

result,

o1 F boape) _ dede | ‘
F(rs‘b) - 2'”2..6{ —{ 3t | t—Y’COS(dJ"e) . . (2-8)

It is useful to observe that this same result follows directly from the

n=2 épecial case of the general Radon inversion formula [6].

3, DECOMPOSITION ‘OF F AND f

Our purpose in the previous segtion was not to obtain (2.8), but to
indiéate‘the steps one may follow in‘going from (2.3) to (2.8). Indeed,
there are very good reasons for using (2;3) as a starting point for the inversion
process [12]; howevef, forimost of the interesting physical_problems F is not |
in b and the convergence is usuallf in the space of distributions D' or in the
space of témpered distributions. Convergence in thesé spaces is known as
weak convergence‘and cannot be compared in a simple way to the usual convergence
of functions. The Approximation Theorem would still apply but it is usually
ighored andibne”might.justifiably ask Why‘many bf the curreﬁt methods work at all.
Although a careful answer ﬁay be élighfly différent for}eéch successful case the
basic reasén can be traced to the fact that from a numerical péint of view all
§-convergent sequences are very similar in gppeafance, and in many situations

~a lack of uniqueness may not be of great concern if the final result "looks'" close. .



The main concern here is with the intermediate result 2.7).
we do not do the p integration which yieldéd (2.8); instead, let us

that f(£,0) may be decomposed into the product

£(£,0) = a,(t) cos 26, & 0,1,2, %0

or

f(t,0) = bz(t) sin 26, L= 1,2,3,00°

where

2 Ry
a,(t) = (-1 a,(-8) , B (1) = <D b(-t) ,

Suppose

assume

(3.1a)

(3.1b)

a condition which follows directly from the symmetry condition satisfied

“by f. This decomposition is the most general one which preserves the

symmetry, and by linearity it is easy to extend this to an expansion of the

form

f(t,0) = f al(t) cos 46 " + f bl(t) sin 26
=0 =1

3.2)

‘Note that the same form is obtained if one assumes that the real function f

can be expanded as

£e,8) = 1 oz &0,
R Pt

where zz(t) is complex, g, =X, +_’Ly2 .

We now substitute the forms (3.1) into (2.7) and pick out the 0 integratién.

This yields integrals J which depend upon » and ¢,

m
fcos 26 S8[p-rcos(6-¢)]do ,-
0

o
[t}

e,
I

T .
b fsin 26 S8[p-rcos(86-¢)Jde .
0

(3.3a)

(3.3b)

-
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These integrals are easier to evaluate after a change of variable, x =cos(b-9¢).
Full details of the calculation for (3.3b) will be shown. The other case is very

similar. After the change of variables,

éos¢ . Y -
Jb _ f 81n(2¢+52,2cc1;s 1) §(p - rw) dx .
-cos ¢ (1-2%) ’

Upon making use of the property &(p -rx) = %-6(§-x) with r>0 it follows

that

-1
Jy = _(r2 -p2) * sin %¢ TR(

s
XIS

=1
) + »r cos ¢ U&—Z( )
where TQ and Uz are Tchebycheff polynomials of the first and second kinds,
respectively. For convenience, some properties of these functions have been

included in the Appendix.

It turns out that only one of the terms in the expression for Jb will
actually contribute to F ; however, that may not be obvious at this point so

we keep both terms and substitute this result into (2.7),
1 r
= -1 4 d_p_ .
Fr,9) = —5 _{ dt b (¢) £ t-p % >
where bé(f) = gé&_. By another change of variables p =rx we obtain
m

1
only

: ! 1 ‘ :
F(r,¢) = _fldt b,{(t)_,lfdx (x—%)-.l {(1-20)7% sin 24 .Tz (x) + cos 2¢ U ().

The term involving cos £¢ may be dropped, since by a change of variables

x+=-x , t>-t it is easy to show that



1 1 .
t\~1 1
[ ] (z-2)"" by (8) U,_; (=) dox dt .
-1 =1
vanishes. This leaves

. 1 1 L .
P(r,¢) = S22 (e bty [dr (x-5)7T (1-22)F 1, (). (3.4
PR 2 / r N ,

The case involving %ﬁ may be worked out in a similar fashion. The result is
: | cos ¢ L ' o ty-1 -4
F(r,$) = s [ dta () [de (z-3)77 (1-22) 2 T, @).  (3.5)
2Mer -1 -1 r
Consequently, we see that the decomposition (3.1) implies that it is

possible to also decompose F(r,¢) in the form

F(r,$) =A2(I’) cos ¢ " £=0,1, 2, *°° : "~ (3.6a)
or

F(r,9) = Bz(r) sin%¢ , £ =1, 2,‘5, oo (3.6b)

with the understanding that both Ag(Fr) and- Bz(—r) are to be calculated

from an equation of the form FZ(-r) = (;1)2 FZ(P)’ " where

B () = — fldt "(t) fldx(x 51 (1-22)" 1, (@) (3.7)
o () = P! fIL g - -x | o (@) .

For brevity we have writtem F, to represent either Al or Bz and

2

fh to represent either a

. or bz.

For future reference it is convenient to select the & integration from

(3.7) and define

! 7 - | |
LG = [e-H7 - i1 (2) di (3.8)

The evaluation of this integral will be discussed in Sec. 5.



4, THE FORWARD INTEGRAL EQUATION

Once we know that F(r,¢) may be decomﬁo'sed into the form (3.6), it
'1s immediately possible Ato obtain another. equatiqn relatving FQ and fz which
in effect solves (3.'7)‘ for fi (t)_. Th.e dgsired result may be qbtained by |
replacing f and F in (2.2) by _their respective décomposvit‘ion_s _(3>.1)‘ and (3.6),
and observing t':hat the presence of the & function allows a modification of the
limits of integration, ./:’T f1 > fTr f1 » 0Sp<1 | Then, by proceeding in

, 0-1 -1 p
a fashion very similar to the approach used in Sec. 3 one obtains

.v 1 1 v
= _(Py2173 . P
£, ® 2Z{ [(1-G°T* fe 1) dr, 0sps1, (4.1)

with the understanding that fJL (-p) = (—Z)ZY fz (). Heré, the p=0 case can

be correctly calculated without _difficulty- from (4.1),

1

fﬁL 0 = 2’cos(2—2“-) 6f Fz(r*) dr . ' : (4.2)

5., THE INVERSION FORMULA

Equation (4.1) has a rather simple appearance while its inversion (3.7)
~ is considerably more ‘compli,cated. It is possible to simplify (3.7) but care
must be taken since the evaluation of Ig (%) defined in (3.8) depends upon
whether [%I <1 or I%I >1. To properly take this into account we write

(0<r<l)

1 ¢ F o £y £ ¢
@ = L[ H® LG)d + _£ @ L) d

1
N EAOREACRS
r
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By making use of the z + -& » t > -t change of variables again, we obtain
1cf oy t I
B @ =gl e () da « pf'f“(t) 1, (2) dt ], (5.1)

where 0<rs<l and F, (-r) = -1* F, ()

It is now possible to evaluate Ii(%) by use of tabulated results [15],
since in the first integral of (5.1) ¢/r» < 1 and in the second integral

t/r > 1 . The result is

'IT

| 1 F t R I % |
e - lne G a - 5 [IE] Lo /iem?-1] ) at |

(5.2)

This inversion formula has been obtained by other authors [16,17] using

. different methods.

6. SIMPLIFICATION OF THE INVERSION FORMULA

The inversion formula (5.2) can be simplified by making use of the
identities in the Appendix. The desired result is obtained by applying

(A-10). This immediately yields

TR, t 1 ! t\2 -5 a1 t
B@ = [ 5® g G - Wr{ [(2) -1177 £/ 1, () dt. (6.1)

We now show that the first integral on the right gives zero. Consider

the integral

1, :
K = Of £, U, (-f—,) at . (6.2)
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An integration by parts y{elds_

7 1 »
=‘;ff(t)U ()dt,
o0
where the prime means derivative with respect to the argument. The integrated
part does not appear since it vanishes by use of symmetry'conbined with the
assumption that fk(l) = 0. Now, by application of (4.1), X becomes
t

B 1 . - '
k=-£fa v fdx[l-(t/x)] F()T(t :

r

and by interchanging the order of integration,

\

N . —2_ . 2 _;5 ' t

= r’of F, (2) Ofdt[z &1y (&) 1, &) .
C(1If there is any question about the limits set up a horizontal x axis and a
vertical t axis and observe that the integration is over a triangular region
in fhe first quadrant of the x? plane.) Next, by changing the ¢ variable

through t=xy,
K=_2 oy o0 (XYY oo
K=-pfde 2@ [dy(1-y°) U1 G @

At this point we focus attention on the y integration which we
designate by L
-1 r

1 ' 1 . 1
=2 (v (%% S Rdy = U () ) (1-42)7F
L= 20f U“‘Z(P.) T, @) (1-4°)7% dy IU,H‘( ) 1, (1-4°)" 4

or from (A-9)
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L =

=0

1 : 1
{T,;'(-”fyr,—) Ty (-4 dy . | (6.3)

Observe that Tg(%?) is a polynomiai-of degree £-2 in the argumentu
xy/r , where x and r are to be considered fixed and y as variable. Hence,

in general we can write
nxYy _ v x\m - : '
& = 1 g Gy o (6.4)

The constants Cﬁ can be determined explicitly, but need not be for our
- current purposes. Upon substitution of (6.4) into (6.3) we see that we
must evaluate integrals of the form

1 =
[ 4T, @ (1-92)Fdy , (m=0,1, 2 «++,2-2) .

-1
But_this integral vanishes for_all. m< 4%, since over the intervél [-1,+1]
Tl(y) is orthogonal to any polynomial of degree less than.ﬁ. This is easy
to verify by expanding ymvin a series of the Tchebycheff polynomials of the.
first kind and making use of the orthogonality relations (A-11).

Consequently, we have the result that L vanishes. Thds, K vanishes and

Fl(r) is given by the deceptively simple result
\ 1 ! ' t .2 =1L .
P, () = .r[fl(t) 7,(2) [(F)"-117%dt, o<rs1 . (6.5)

With the exception of an unfortunate extra factor of » in the numerator

this result was obtained by Cormack [18] by a different line of reasoning.



0o g uUeadlU /S eI

/. THE r =0 CASE

In deriving (6.5) it was necessary to exclude r =0 and work over the
interval (0<r<1. .Here, we consider the r =0 case and work first with
=0 and then with £ #0.

If 2 =0, we obtain Abel transform pairs [19]

Fo(®) -% ff () (£2-72)7% gt | (7.1a)
r .

1 i 1 .
2 fr'Fo(r) (r2 - t2)72 gp . (7.1b)
£ . o

£y (8)

In this case Fo (r) may be evaluated at r=0 with no difficulty.

On the other hand, for 2#0 the symmetry condition FQ (-r) = (—J)ILF2 (r)

immediately‘ yields
FQ(O) =0 , (=1, 3, 5, **°) . (7.2)

This leaves only the even £ values £ = 2, 4, 6, *** . We may proceed
(1) by direct evaluation of (2.3) or (ii) by examining the limiting case

of (6.5). Either way the result is the same,

FJL(?) >0 as r>0 , (L =2, 4, 6, **°) . (7.3)

Method (i) is fairly straightforward but in method (ii) one must make use
H .
of arguments similar to those in Sec. 6. Such a result is perhaps most

easily seen to follow from (6.1) since for arbitrarily small r

-1 - -
E) + (£2 - p2)772 TSL(%) 5 b gt

Ly |
r -1'r

and the two integrals simply add to zero.
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-8, TRANSFORM METHOD

Given (4.1) it is possible to obtain the inversion formula (6.5) by

use of the Mellin transform. By using Sneddon's [14] approach we write

f.0) = £, ® HI-p)

’ Fz(r) 2rl§(r) H(1-r) ,

KEB) = [1-®)* 177 @) a(1-8) ,

where H(x) 1is the Heaviside step function, zero if x<(0 and unity if >0.

With these definitions (4.1) assumes the standard form
= JKE)F ) & (5.1)
L d r '3 r _ (3.

The Mellin transform of both sides of (8.1) yields
* * *
f (8) =K (s) F (o), _ (8.2)
where the star indicates the Mellin transform,

6 (e) = [G@) 7 dx
0

To cast (8.2) into the appropriate form for solution we rewrite it as

* ‘1‘ - (s - 1) f*(s-lz)
FQ,(S_Z) * * L
(s-1) K (s-1)

*
7 T'(s) fz(s -1

= . $

(s-1) K (s-1) I'(s - 1)




~,
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‘where I'(s) is the Gamma function. In this form it is clear that Sneddon's

general'Mellin inversion formula applies, page 279 in [14]. The result is

rp ) H-r) = - 2 [[1-(5) T 1 (B) H(1- ”)j‘%p{ ® B(1-p] 2
: . . 0

and upon simplification,

1 . '
- - _p2)7E 2
F, (r) = f r?) 2 ) T,(5) dp

ﬁlN

‘which is the same as (6.5).

-9, SUMMARY AND CONCLUSIONS

We have demonstrated several techniques and methods for inversion of the

Radon transfprm of a function FED defined on a plane, and have obtained the

5

Tchebycheff transform pair given by (4.1) and (6.5). This lays the foundation

- for work involving the numerical inversion of the Radon transform with (6.5) used

as the starting point rather than (2.3). This is not a trivial problem for

‘although the inversion formula (6.5) is exact it is not in a.good form for

certain numerical calculations since there are large cancellations which may
occur in the integrand for some values of r. Finélly, fhe results here form
the basis for generalizations to a study of the Radon transform of a function
of n variables where n 1is even. Ngw resulfs'in this area making use of 

Gegenbauer functions of the second kind will appear soon [22].
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APPENDIX

In this appendix we collect some formulas involving Tchebycheff
polynomials TQ and Ul of the first and second kinds, respectiﬁely.'
None of these results are new and can be obtained from standard sources

[15,20,21]. They are included here for convenience.

For any nonnégative integer %, the Tchebycheff polynomials of the

first kind are given by

cos{% arc éos x), 0<x<1, (A-1)

Tzv(x) =
TQ (x) = cosh(®f arccoshx) , I<gx<® , ‘ _ (A~2)
or '
7, @ =5z +/2Z 1)+ (2-V22- 1), o<z<e (a-3)
and
- 2’ — - -
TQ,(—x) = (~1) TJL @) TJL(Z) = 1 ,. TZ(O) = cos %W . (A-4)

' The Tchebycheff polynomials of the second kind are given by (221)

Ug-] (z) = % Tz’(x) _ sin(f arc cgs x) , 0<z<1 , (A-5)
. ’ (1 _xz) 2 .
UIL 7 <x) = ‘Sinh(,Q arc 1(:osh x) , 1‘ < (A=6)
) (x2-1)*% |
or
o st LN I et L.
U (z) = (x+/x2-1) (x; x2-1) O<zm<w , z#1, -7y
-1 2(.’1?2 _ 1)/2 .
and

U, (-x) = (-1)“%(3:) , U (D) = a1, UR(O); cos 4T . (A-8)

[
i
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From the above expressions we observe that

' I on ’ S . _
Ul—l(x) =3 Tz(x) , ._ : _ (A-9)
and for x # I
7, @)  (x - vx2- 1 )2 _ (x+vx2-1 )_2'
T L@ = e 5 (4-10)
(x2-1) (x%-1)* =2 -1)* -
The orthogonality reiations hold over thevinterval [-1,41] ,
N _ 0 , L#m
—1 .
[ T, @) T (x) (1-22) *dzx = Ln , R=m#0 - (A-11)
-1 H

L ™ s R=m=0

1 .
J0,@ U @ G-=0%de = %16, . (a-12)
.-1 ~ 9
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