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Abstract: |
‘A calculation is described Which_contains‘hitherto
neglected terms in'the extraction ofxnuelear'shapes from

scattering data. These'correcfibns;are used in the

comparison -of deformations detefmined by'measﬁfeﬁents

of distributions ef'nuclear poﬁential ﬁith those of -

charge distributiens, and serve .to reduce tﬁe apparent

discrepapéies between'those two typee‘of measurements,

It has‘been well es#ebiished that pérmenently.deformed nuclei often
have shapesvthaﬁ are more demplicated than Simple epheroidal deformations.
These shapes were first accﬁretely,measuredbih'fﬁe nuclear potential by
scattering of alpha particlee with energies wellsabove fhe Coulomb barrier
and for the rare earth nuclei;l. A"sjsteﬁetic.trend of hexedecapole deformation
was discovered._ Since then #hese basiceresults heve been confirmed by a
number of other experiments using.otherbérojecti;es aﬁd eﬁergies,e_a have

been extended to other regions of the pefiodic te,'ble,g’lo and have been

11,12

described'by several theoretical treatments. The experiments can be

classified into two major eategories, these"that measure the shape of the

.1-3,8,9 4-8,10.

" nuclear potential and those thatbmeasure'the eharge deformation.
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A simple and usual way of characterizing these deformations is to

describe an appfopriate nuclear radius in a multipole expansion
R =Ry (1+Bo¥p + ByYyg + Bg¥go + *+°) (1)

where the Y_.'s are spherical harmonics and the BL's are the experimentally

Lo
determined deformatidn parémeters. The experiments all measure transition
probesbilities between states of the rotétional band built on the ground state,
since these probabilities are semsitively predicted by thé nuclear shape in
the rotational ﬁodel. Complicated avenues of excitation are included by means

13 and the Winter-

- of the coupled-channels calculations for nuclear excitation
" de Boer code1h for Coulomb‘excitatibn. Deviations from and additions to the .
simple rotational model can also be included, if foupd to be necessary.

A puzzling'diécrepancy has become apparent between the nucledr and
Coulomb experimental results, in that the Coulomb wofk sysfematically finds
lafger values.of hexadecapole:deformations. Thié'wquld, 6f éourse, be of
basic importanée if verified, since it implies a diffgrence between the
proton dnd neutron distributions at the nuclear‘sufface. A long-standing
difficulty in the comparison has.been’due to the diffefent radii that
characterize thé two types of experiments. The Coulomb radius‘has beeﬁ‘
accurately meésured by electron scattering to be about 1.1 Ai/s fm for a
suitably diffuse radial charge distribution, whereas_tﬁe obtical potential

1/3 fm, where A is the atomic mass of

radius of Ref. 1, for example; was l.4h A
the target nuéleus. Since the transition amplitudes‘depénd sensitively on the

radius, scaling of the measured B's with their corfesponding radii must be

done with care. "Traditionally, this scaling has been accomplished using a
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15

suggestion of Blaif ‘that the product BLRO is a constant, This note will
show, using a very eimple model for the nuclear interaction, the origin of
the:simple scaling law, and also that significant higher order effects occur
which serve to reduce the discrepancy between the nuclear and Coulomb results
for B).

A complete description ef the alpha-nucleus interaction is not
simple., Microscopically in lowest erder, one would sum the realistic inter-
actions between the U nucleons in the alpha eﬁd the A target nucleons, which
might be described in a Hartree-Fock calculetion, for exsmple. This has not
yet been done;l6' Macroscopically, one would fold the alpha
and target mass distributions with a finite range interaction, including the
possibility of.an L dependence in the interaction.l7 Neither has this been

done.l8 For the purpose of the present_work,'a much simpler model has been

chosen. A spherical projectile is assumed to interact with a deformed

nucleus only at their mutual sharply-defined edges. However, from this

_picture we can extract geometric relationships that have immediate application

but still would be common to any more realistic celculation.
From Fig. 1, let R(8) describe the edge of a deformed target nucleus,
and r(6) describe the locus of the center of a projectile of radius A which

Just touches the nuclear surface. We define

r(8)

r, [i + 82120(6) + B&Yho(e) +_B6Y6O(6)'+ ooe] (2)

and

R(6)

30:[1 +‘g(e)] , (3)
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where

e(8) = Bog¥on(8) + B Y)0(8) + B ¥er(6) (4)

We wish to compare the values of Tos 82, Bh’ 86 etc, with the values of RO, 820,
Bluos B60':

From the construction of Fig. 1, we have the angle o defined as the
angular difference between the direction of R(GO) and the normal to the nuclear

surfage at 60. From the differential geometry we obtain

R'(6,)
tan o = - m-e—o—j—
e'(8,)
- o ' (5)
1+ eZeOS
@l
6) = 8 _— cose
We expand R(6) = R( o) * 35 90 AB +
so that o
e(8,) = €(8) - €'(6)(86) + «ov | (6a)
€'(6,) = €'(8) - €"(8)(28) + +-- ‘ (6b)

From the trigonometric relationships, we obtain
r2(0) = B°(6,) + A% + 2A R(8,) cos o (1)

and

sin(A8)/A = sin oa/r(6) o - (8)
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From Egs. (5) and (6) we have, to lowest order in the small parameter €'
o ~tan o ®sino = -€'(8) , cosa~1- 1/2’:-:'(6)2 (9)

and from Egs. (8) and (9) we obtain, also to lowest order in € and €',

8
1+346

A6 ~ sin (28) ~ e'(8) (10)

where § = A/Ry. Combining Egs. (6), (), (9), (10), we obtain

r(8) = R[1 + (8) + 6 + 1/2 o< '(0)°] (11)

and BL, we multiply both sides by Y., and

Finally, to obtain the values of r 10

0

integrate over the sphere

= S 1 v ray2 .
ry = Roll + 8 + 1/2 7o = /YOO e'(68)° an) . (12a)
B. =R /r.[B. . +1/2 —>— fy e'(8)2 an] (120)
L 0'"0""LO 1+ 8 IO \

We define the constants C?

j to yield the following

"8 0
rg = Ryll + 8 + 77 Z Ciy Bio B0l - (13a)
i
_ s L
Br, = Ro/TolBo * 753 Z €15 Bio B30l . (130)
13 |

The leading term in Eq. (13b) gives immediately the scaling rule

linear in R, as ?roposed by Blair. We note élso‘that‘the_origin of the linear

0
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scaling, rather than the RSL scaling that characterizes the electromagnetic
moments, arises from the surface nature of the reaction. The radial corrections
to the calculétion‘of the deformations due to diffuse surface interactions

are correctly handled by the reaction programs. To within the accuracy of

~the second terms included, the angulér corrections to the deformations
calculated here are independent of and in addition to the radial contributions
arising from surface diffuseness..

A tabulation of the C? coefficients is given in Table I. We use

J
these results to scale the results of Ref. 1 (ro =~l.hh Al/3 fm) to an

appropriate Coulomb radius (R, = 1.1 A1/3 fm). This yields the reasonable value
for the alpha particle radius, A, to be 1.87 fm for 166Er. Table II shows the
original measurements, and the results after both first and second order scaling.
Shown for comparison are some corresponding Coulomb excitation results. Except fof
l66Er the comparisons between the Bh's are improved to agree'within experimental

errors, with only slight changes for the 82'5' The 86 values are greatly changed,

but no comparisons are yet available.’ It is still probsbly premature to draw

inferences from comparisons such as this now, however, since the spreads in
published Coulomb excitation velues are far greatér than the'apparent
discrepancies with the particle resulfs. The comparison of theiparticle
results with theoretical predictions of Ref. 11, however, is significantly
improved. Checks on the size of the corrections from third and higher order
terms show that they are not significant for 82 and Bh' This may not be true
for 86, however, as is already indicated by the large corrections froﬁ the
second order terms. Because of the large projectile radii, forthcoming
inelastic scattering experiments using heavy ions should be most sensitive

to the scaling presented here.

v
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FIGURE CAPTION

Fig. 1. An exposition of the geometric quantities as described in the text.

R(0) defines the nuclear edge, and A is the radius of the projectile.




~9- LBL~1692

L

Table I. Cij
N 22 2h 26 by 46 66
0 0.239 0 » 0 0.796 0 1.671
2 0.270 2,418 0 1.393 6.680 3.131
L -0, 484 0.492 3.340 0.685 0.ThT - 2,028
6 0 -1.908 0.963 - 1.267 1.202




Table II,

List of Deformation Parameters
1525, 15k 1584 1665,  1Thy 176y, - 1784, 182, 238
Nuclear Excitation®
r, = 1.bk AY3 o | |
By,  0.205 0.225 0.235 0.230 0,230 0.230  0.205 0.190%  0.190°
Bho 0.0k0 0.0L45 0.030 0 -0.0k0 -0.0L5 ~-0.060 ~-0.060 0.0k45
_ Bgy -0.010 -0.015 -0.015 -0.015 0 -0.005 0 0 -0.015
lSt Order
Ry = 1.1 AY/3 o ,
B, 0.268 0.295 0.308 0.301 0.301 0,301 0.268 0.249 0.2k9
B, 0.052 0.059 0.0%0 0 -0,052 -0.059 -0.079 -0.079 0,059
Bg -0.013 -0.020 -0.020 ~0.020 0 -0.006 0 0 -0.020
ond order
Ry = 1.1 A1/3 m
B, 0.256 0.280 0.295 0.295 0,303 . 0,304 0.27h 0.254 0.237
B), 0.061 0.071 0.053 0.015 -0.0L41 -0.046 ~0.069 -0.,070 0.067
Bg -0.006 -0,010 ~0.013 -0.018 -0,007 -0.01k -0.009 -0,009 -0,012
Coulomb Excitationb . |
R, = 1.1 AY/3 mm .
B, 0.286 . 0.315 0.330 0.350 0.261
B, 0.068 0.066 0.030 ~0.048 0.106
Theory
Ry = 1.1 A1/3 fm°
By, 0.076 0.083 0.063 0.02h -0,021  -0,032 -0.033 —O,QhT 0.071
®Ref. 1. PRef. 6. CRef. 11. “Ref. 3. SRef. 9. IRer. 10.

c69T~1d1
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