UC Irvine

UC Irvine Electronic Theses and Dissertations

Title
Arithmetic Sums of Nearly Affine Cantor Sets

Permalink
https://escholarship.org/uc/item/0dt6j7zd

Author
Northrup, Scott Josef

Publication Date
2015

Peer reviewed|Thesis/dissertation

eScholarship.org

Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/0dt6j7zc
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA,
IRVINE

Arithmetic Sums of Nearly Affine Cantor Sets

DISSERTATION

submitted in partial satisfaction of the requirements
for the degree of

DOCTOR OF PHILOSOPHY

in Mathematics

by

Scott Northrup

Dissertation Committee:

Associate Professor Anton Gorodetski, Chair
Professor Svetlana Jitomirskaya

Associate Professor German A. Enciso

2015



© 2015 Scott Northrup



DEDICATION

To Cynthia and Max.

i



TABLE OF CONTENTS

LIST OF FIGURES

ACKNOWLEDGMENTS

CURRICULUM VITAE

ABSTRACT OF THE DISSERTATION

Introduction

1 Outline

1.1 Statement of the Results . . . . . .. ... ... ... ...
1.2 Organization of the Thesis . . . . . . . ... .. ... ...

2 Cantor Sets

2.1 Dynamically Defined Cantor Sets . . . . . .. .. ... ..
2.2 Dimension Theory . . .. .. ... ... ... .. ... .
2.3 The Palis Conjecture . . . . . . . ... .. .. ... .. ..
2.4 Middle-a Cantor Sets . . . . . . .. ... ... .. .....
2.5  Homogeneous Self-Similar Cantor Sets . . . . . ... ...

2.6 A Positive Answer to the Palis Conjecture

2.7 The dimy Cy +dimy Cy <1 Case . . . ... . ... ...

3 Results for Nearly Affine Cantor Sets

3.1 Absolute Continuity of Convolutions . . . .. ... .. ..
3.2 Theorem 1.1 . . . . . . . . . . .. ... ...
3.3 Construction of Measures for K and Cy . . . . . . ... ..

3.4 Verifying the Conditions of Proposition 3.1

3.5 Corollaries . . . . . . ..

4 Open Questions
Bibliography

A Proof of Proposition 3.1

il

Page

iv

vi

vii

J

11
11
15
18
19
21
22
23

26
26
27
28
32
41

42

44

51



2.1
2.2
2.3
2.4

LIST OF FIGURES

Page
The horseshoe map; ¢ contracts the square horizontally and expands it verti-
cally, before folding it back onto itself. The set of points invariant under this
map will form a hyperbolic set, called Smale’s Horseshoe. . . . . . . . . . .. 4
The Horseshoe map, again . . . . . . . . ... .. .. ... ... ....... 12
A few iterations of the Stable Manifold . . . . . . . .. .. ... ... .. .. 13
The First three steps of construction for the middle-third Cantor set . . . . . 17
Solomyak’s ‘Mysterious Region” R. . . . . . . . . .. ... ... .. ..... 20

v



ACKNOWLEDGMENTS

In every dissertation published, the author has no doubt acknowledged the contribution
from his or her scientific advisor. This paper will be no different. However, I cannot stress
enough how much I owe to my advisor, Anton Gorodetski. He has seemingly unlimited
patience and has kept me working and motivating me through most of my graduate school
career. I would also like to acknowledge and thank the other members of my dissertation
committee, Svetlana Jitomirskaya and Germéan Enciso, as well as the other faculty in the
UCI Mathematics Department who helped shape my mathematical career. I must also
acknowledge the financial support I've received through NSF grants DMS1301515 (PI: A.
Gorodetski) and 11S-1018433 (PI: M. Welling, Co-PI: A. Gorodetski).

Graduate School can be a stressful time in a person’s life- the constant feeling of not belong-
ing or not being good enough is ever present. I have to thank Dennis Eichhorn, Jeremy
Jankans, Rob Campbell, Jason Wilkinson, Jess Boling, Myungjun Yu, Sean O’Rourke,
Timmy Ma, Rufei Ren, and the rest of the Mathletes, for providing an outlet where I could
feel like I was good at something.

I would also like to thank Donna McConnell and the rest of the UCI Mathematics support
staff, for making sure I was on track and always crossed all of my t’s and dotted all of my
i’s.

Lastly, I need to thank my wife, Cynthia Northrup for her constant support and love. Studies
have shown married individuals are more successful in graduate school and I've never had
any reason to doubt it.



CURRICULUM VITAE

Scott Northrup

B.S. in Applied Mathematics, University of California Los Angeles, 2004
M.S. in Mathematics, University of California, Irvine, 2010

Ph.D. in Mathematics, University of California, Irvine, 2015

vi



ABSTRACT OF THE DISSERTATION
Arithmetic Sums of Nearly Affine Cantor Sets
By
Scott Northrup
Doctor of Philosophy in Mathematics
University of California, Irvine, 2015

Associate Professor Anton Gorodetski, Chair

For a compact set K C R and a family {C\},c; of dynamically defined Cantor sets suf-
ficiently close to affine with dimy K + dimy Cy > 1 for all A € J, we prove that the sum
K+C), has positive Lebesgue measure for almost all values of the parameter . As a corollary,
we show that generically the sum of two affine Cantor sets has positive Lebesgue measure

provided the sum of their Hausdorff dimensions is greater than one.

vil



Introduction

A dynamically defined Cantor set is a set which is given by a family of C''*¢ contractions

{¢i}, with the following properties:

1. ¢; : Iy — Iy for a compact interval Iy, and i =1,....,m

2. ¢i(lo) N ¢(Lo) = 0 for i # j

If 1,11 = U™ (1), then C = N2 1, is a dynamically defined Cantor set. This class also
includes the “famous” middle—« Cantor sets; in this case, m = 2, Iy = [0, 1], ¢1(z) = Az

and ¢o(z) = Az + (1 — A), where A = (1 — o).

Questions regarding the structure of arithmetic sums of Cantor sets, that is, sets of the form
{z+y|z € C1,y € Cy} where Cy and Cy are Cantor sets, arise naturally in the study of fields
such as number theory [7, 31, 38], spectral theory [17, 18, 19, 71], and dynamical systems
[42, 43, 44, 48].

In number theory, arithmetic sums of Cantor sets have been used to answer questions about
Lagrange and Markov spectra. By Dirichlet’s theorem, given an irrational number «, the
inequality

<= (1)




has infinitely many rational solutions. If we define the function
k() = sup{k : | — p/q| < 1/kq* has infinitely many rational solutions} (2)
then we can consider the Lagrange spectrum

L={k(a):a € R\Q and k(a) < oo} (3)

Hall was able to prove that L contained the interval [6, c0) by proving that C'+C' contained an

interval, where C' = F(4)N10,1], and F(m) = {[t,ap,a1,...] : t € Z,1 < a; < m for m > 1}.
Here [ag, a1, as, . .. ] denotes the continued fraction expansion
1
ag +
1
a +
1

a2+_

In fact, Hall proved that F'(4) + F'(4) = R, which is equivalent to C' + C' containing [0, 1].
More recently, Astels proved that for m, n integers, F(m)+F(n) =R and F(m) — F(n) =R
provided (m,n) is (2,5) or (3,4), and these equations do not hold if (m,n) is (2,4). Ad-
ditionally, F'(3) + F\(3) # R and F(3) — F'(3) = R (see [23, 21, 35, 1, 2] for more on the

subject).

Regarding spectral theory, consider the Fibonacci Hamiltonian which acts on square-summable

two-sided sequences of complex numbers, (*(Z).
(HA¢)n = ¢n+1 + (bnfl + )\wn(bn (4)
for coupling constant A > 0, and {w, }nez is given by

Wy = lp—a1)(na +wy mod 1) (5)



where 1g is the indicatrix function of F, a = @, the reciprocal of the golden ratio, and
wp is in R/Z. The Fibonnaci Hamiltonian has been used to model the electron transfer
properties of quasicrystals (see [9, 15|, for instance). Its spectrum ¥, is independent of
wp and is a dynamically defined Cantor set (again, see [15]) , whose fractal properties and
structure have implications regarding quantum dynamics (see [16, 28]). While the properties

of these spectra are mostly understood, less is known about the square Fibonacci Hamiltonian

which acts on ¢*(Z?)

<H§¢>n,m = ¢n+1,m + (bnfl,m + ¢n,m+1 + (bn,mfl + )\(wn + wm)¢n,m- (6)

It is easily shown that for such operators, the spectrum X3 = 3, +X,, and so is an arithmetic

sum of dynamically defined Cantor sets.

Arithmetic sums of Cantor sets have an important role in hyperbolic dynamics. Suppose
M is a 2-dimensional manifold and ¢ : M — M a smooth diffeomorphism and p a hy-
perbolic fixed point (that is Dg(p) has one eigenvalue with norm smaller than one and
another with norm larger than one). Define W*(p) = {z € M : lim,, - ¢"(x) = p} and
W (p) ={x € M :lim,, - ¢"(z)}, the stable and unstable manifolds, respectively; it is
well known that they are immersed 1-dimensional submanifolds of M. We call points q # p

homoclinic to p if lim,, 4 ¢"(q) = p; these points can be transversal homoclinic points, i.e.
Ty(M) = T,(W*(p)) & T,(W*(p)) (7)
or they can be homoclinic points of tangency.

A set A is hyperbolic if the tangent bundle T (M) splits into stable and unstable Dp-invariant
sub-bundles E* and E* on which Dy is uniformly contracting and expanding, respectively.
For instance, if we consider the horseshoe map, the set of points invariant under the map form
a hyperbolic set (often called Smale’s horseshoe, or just a horseshoe). For a point x in a hyper-

bolic set A, we define the stable manifold of x as W*(z) = {y € M : lim,,_,, d(¢"(z), ¢"(y)) = 0},



and the unstable manifold of x similarly. From these, we can construct the stable foliations
F? by taking the union of stable manifolds over points of A. Likewise, we can also construct
the unstable foliations F* in a similar manner. These foliations can be extended to a neigh-
borhood of A. The non-wandering set, Q(p), is all z € M such that for any neighborhood U
of x, there exists n so that " (U)NU # (), and say that ¢ is hyperbolic if its non-wandering

set is a hyperbolic set.

Hy

Hy

— —» | p(H1) ¢(Ho)

H,

H,y

Figure 1: The horseshoe map; ¢ contracts the square horizontally and expands it vertically,
before folding it back onto itself. The set of points invariant under this map will form a
hyperbolic set, called Smale’s Horseshoe.

In [44] Newhouse considered a C? diffeomorphism ¢ with a homoclinic tangency associated
with a hyperbolic fixed point p. If A is an invariant hyperbolic set associated with p, then we
can consider the dynamically defined Cantor sets C* = W*(p)NA and C* = W?*(p)NA. Let’s
suppose that the products of the thicknesses (see section 2.2 or chapter 4 of [48]) of C* and
C" are greater than one. Now, if we consider the extensions of F* and F" to a neighborhood
of A, we can take ¢ to be the line of their tangent intersections. By intersecting ¢ with C*
and C*, we have dynamically defined Cantor sets on a line, call them C; and C5. By the

Gap Lemma (again, see section 2.2 or chapter 4 of [48]), C} and Cy will have non-empty



intersection, and in fact, the existence of homoclinic tangencies coincides with non-empty

intersection.

If © has these properties, then it is in the closure of an open set U C Diff*(M) which
has persistent tangencies, that is to say, U has a dense subset which exhibit homoclinic
tangencies. Since thicknesses depend continuously on the Cantor sets, Cantor sets C] and
C} that are near C; and Cy will still intersect. Notice that the existence of persistent

tangencies discussed here implies that the difference C} — C5 contains an interval.

In [58] Palis and Takens considered a C? family of diffeomorphisms ¢, 4 € (—1,1), such
that ¢, is persistently hyperbolic (that is, any ¢, which is C"-close to ¢, is also hyperbolic,
for r > 1) and ¢y has a hyperbolic fixed point py with associated homoclinic tangency. They
showed that if Ay is a basic set (see section 2.1) associated with py and if dimg(W?*(py) N
Ao) + dimy (W*(po) N Ag) < 1 then

| Leb(B N[0, u])

p—0t H

~0 8)

where B is the set of parameters p > 0 for which ¢, is not persistently hyperbolic.

A crucial point of this proof is that W#(pg) N Ay and W¥(py) N Ay are dynamically defined
Cantor sets, and when dimg(W?*(po) N Ag) + dimpy(W*(po) N Ap) < 1 (where dimpy denotes
the Hausdorff dimension) then the difference of these two Cantor sets has Lebesgue measure

Zero.

Later in [46, 47], while attempting to find a converse to the above statement, J. Palis con-
jectured that if the sums of the Hausdorff dimensions of two Cantor sets is larger than one,
then their arithmetic sum (generically) has measure zero, or else contains an interval. This
is known as the “Palis Conjecture”. The conjecture was answered in the affirmative— in fact

the sumset will contain an interval, generically— by Moreira and Yoccoz in [39] for dynami-



cally defined Cantor sets. However, the genericity assumptions used by Moreira and Yoccoz
are difficult to check in many examples of one parameter families of Cantor sets that appear

in dynamics. Additionally, the conjecture has not been answered for affine Cantor sets.



Chapter 1

Outline

1.1 Statement of the Results

In this paper we provide a partial answer to the Palis Conjecture. Through dimensional
arguments (see, for instance, [48]), one can show that given two Cantor sets, if the sum of
their Hausdorff dimensions is less than one, then their arithmetic sum must have Lebesgue

measure zZero.

When the sum of the Hausdorff dimensions is greater than one, the answer is less clear. In
[67], Solomyak provided an answer in the case of the middle—a Cantor sets, and then later
he and Peres would answer the question for homogeneous self-similar Cantor sets (when the
contractions outlined in the introduction are all linear with the same contraction coefficient)
in [53]. As mentioned in the introduction, Moreira and Yoccoz would answer the conjecture
for generic dynamically defined Cantor sets in the affirmative in [39]; however, their genericity

assumptions would make it nearly impossible to check for a particular pair of Cantor sets.

Here we provide a partial answer for nearly affine Cantor sets; that is, whose contractions



are almost affine.

Theorem 1.1. Suppose J C R is an interval and {C)} ey is a family of dynamically defined

Cantor sets generated by contracting maps
{fia(z) = ci(N)x +bi(A) + gi(z, A}y
such that the following holds:

ci(\), bi(\) are C'-functions of \;

dc; .
% < —0 <0 for all X\ € J and some uniform ¢ > 0;

gi(z,\) € C*, with small (based on {ci(\)}, {b;(\)}) C*-norm.

Then for any compact K C R with

dimg (K) +dimg(Cy) > 1 forall X € J,

the sumset K + C'\ has positive Lebesque measure for a.e. X\ € J.

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

Theorem 1.1 has implications for affine Cantor sets as well. By affine, we mean dynamically

defined Cantor sets whose generating contractions {¢y}7*, are of the form ¢y (x) = A\px + di,

where Ay € J;, C (—1,0)U(0,1), and dy, = d. (A1 ..., \p) is CF, for k= 1,...,m. If we define

A= (A, ..., \n), let Cy be such a set. Then we have the following corollary.

Corollary 1.1. Suppose K is a compact subset of the real line, and a family {Cr} of affine

Cantor sets as above is given such that

dlmHK+dlmHCA > 1 fO?" all ()\1,...,)\7”) e Ji X x Jp,.

Then for a.e. (A,...,Am) € J1 X -+ X Jp,, the set K + Cy has positive Lebesgue measure.

Thus in this this setting, any affine Cantor set is determined by 2m parameters, namely

Ayevoos Ay and dy, ..., d,,, such that ¢, = A\gx + di satisfies the necessary requirements for

8



k =1,...,m. These parameters form a subset of R*", and as a consequence of Corollary

1.1, we have the following corollary.

Corollary 1.2. Generically (for Lebesque almost all admissible tuples of the parameters)
the sum of two affine Cantor sets has positive Lebesque measure provided the sum of their

Hausdorff dimensions is greater than one.

We remark that this Corollary provides an interesting comparison with Theorem E of [63],
which claims that for any two affine Cantor sets C; and C5 with sum of Hausdorff dimensions

greater than one, dimy{u € R| Leb(Cy + uCs) = 0} = 0.

1.2 Organization of the Thesis

We will now outline the structure of the paper. In chapter 2 we first discuss some preliminary
definitions and ideas. In section 2.1 we define the idea of a dynamically defined Cantor set,
including using the definition put forth by Palis and Takens in [48] which includes some of
the flavor that motivated them to study dynamically defined Cantor sets. In section 2.2 we
discuss ideas in dimensional theory, defining Hausdorff dimension, box counting dimension,
as laid out by Falconer in [20]. We also define the thickness of a Cantor set, and lay out

several theorems which will help us later on.

Starting in section 2.3 we discuss a result of Palis and Takens from [57, 58]. An attempt to
provide a converse to these results would inspire the Palis conjecture (see [46, 47]). In section
2.4 we discuss Solomyak’s results from [67] where he provides a partial answer to the Palis
conjecture for middle-ae Cantor sets, as well as some results of Mendes and Oliveira related to
the structure of sums of Cantor sets from [37]. In section 2.5 we discuss results of Solomyak
and Peres which generalize Solomyak’s work to homogeneous self-similar Cantor sets from

[53]. In section 2.6 we discuss results of Moreira and Yoccoz in [39] which positively answers

9



the Palis conjecture, though with some hard to verify genericity conditions. In section 2.7
we discuss the known results for when dimy (Cy + Cy) = dimy C; + dimgy Cy for dynamically

defined Cantor sets C and Cs, including results from [51, 24]

In chapter 3 we prove the results outlined in section 1.1, notably the proof of Theorem 1.1.
We start in section 3.1 by stating Proposition 3.1, which appears in [14], and which will we
will use to help us prove Theorem 1.1; the proof of this Proposition can be found in Appendix
A. Then in section 3.3 we start building a setting in which the conditions of Proposition 3.1
can be verified, and then verify those conditions in section 3.4. In section 3.5 we state some
corollaries which will provide a partial answer to the Palis conjecture with respect to affine

Cantor sets.

Finally, in chapter 4 we discuss a few questions which we have not answered but for which

we have some ideas on how to proceed.

10



Chapter 2

Cantor Sets

In this chapter we will review the definition of a dynamically defined Cantor set, and discuss

previous results related to the Palis conjecture.

Recall that a Cantor set in R a non-empty, totally disconnected, perfect (containing no

isolated points), and compact set.

2.1 Dynamically Defined Cantor Sets

First, we restate the definition of a dynamically defined Cantor set.

Definition 2.1. Consider a family of C'¢ contractions {¢; : I — I}™,, where I is a

compact interval, such that
éi(I)Np;(I) =0 fori# j. (2.1)

We say C is a dynamically defined Cantor set if

C =02 ol,, where Iy =1 and I,y = U, ¢:(1,) (2.2)

11



Note that we often call a finite family of contractions on R% an iterated function system, or

IF'S, for short.

For new results discussed in this paper, we will use Definition 2.1. However, let us now
discuss a more general definition stemming from hyperbolic dynamics, and used by Palis

and Takens in [48].

Suppose M is a 2-dimensional differentiable manifold, and let ¢ : M — M be a C® diffeomor-
phism. Suppose that p is a hyperbolic fixed point of ¢ of saddle-type, part of a non-trivial

basic set A.

Hy

— —» | o(H) p(Ho)

H,

H,

Figure 2.1: The Horseshoe map, again

By basic set, we mean a compact, hyperbolic, invariant set with a dense orbit and which is
the maxical invariant set in a neighborhood of it. By non-trivial, we mean that it does not

consist of finitely many periodic orbits.

For p € A, AN W?(p) is what we want to call a dynamically defined Cantor set, where

W#(p) is the stable manifold of p. To be precise, suppose that « : R — W#*(p) is a smooth

1

identification such that a™" o ¢|ws(p) o o is a linear contraction. Let C' be an open and

12



compact neighborhood of 0 in a ' (W#(p) N A). C is called a dynamically defined Cantor

set.

Generally, we assume C' is obtained by intersecting o' (W#*(p) N A) with an interval Cy C R

containing 0 and whose boundary points are not contained in o= (W*(p) N A).

~

p =

J

Figure 2.2: A few iterations of the Stable Manifold

A dynamically defined Cantor set exhibit the following three properties:

1. Scaling

Since ! o @|ys(p) © v is a linear contraction by A > 0, then A\C' = C'N (ACp). Thus

our choice of Cj is arbitrary.

2. Expanding Structure

Choose an unstable foliation F* defined on a neighborhood U of A. If ¢ is C®, then
the foliation will be C**¢. If O is sufficiently big, we have a projection 7 along the
leaves of F* of a neighborhood U’ of A to a(Cy). That is, points of U’ are projected
onto the intersection of its leaf of F* with «(Cjy). Then w(A) = «(C). Note that 7 is

not necessarily unique; a leaf of F* may have more than one intersection with a(Cp).

13



Since A is totally disconnected, one can still take 7= on a small neighborhood of A to
be continuous and hence C'*¢. The derivative of | ws(pnor is bounded and bounded
away from zero since the components of W?*(p) N U’ are leaves of the stable foliation
which is transverse to F".

1

For N sufficiently large, ) = a tomrop N oa: Cy — Cy is, where defined, expanding

in the sense that its derivative has norm larger than 1. By construction, it follows that

P(C) = C and v is C'¢ in a neighborhood of C.

3. Markov Partition

If we have a Cantor Set C' with an expanding map v, then a Markov Partition is a

finite set of disjoint intervals C', ..., Cy C Cy such that

(a) v is defined in a neighborhood of Cj, for i > 1.
(b) C c UE_,C; and OC; C C for each i.

(c¢) For 1 <i <k, ¢(C;) is an interval which is the convex hull of a finite collection

of intervals of the Markov Partition.

(d) For 1 <i <k and n sufficiently large, ¥"(C' N C;) = C, i.e. ¥|¢ is topologically

mixing.

Definition 2.2. A dynamically defined Cantor set is a Cantor set C C R together with

e a scaling factor A € R, such that 0 < |A| < 1 and \C is a neighborhood of 0 in C,
e a map ¢ : C — C having a C'* expansive extension to a neighborhood of C,

e o Markov Partition {C4,...,Cy}.

We can actually define C' by ¥ and a Markov partition C', ..., Cy. That is, if ¢ is expanding,

then we can take C' to be C'= N2~ (CLU---UCy).

14



This construction of a dynamically defined Cantor set yields a definition more general than
Definition 2.1, but still includes those constructed in the manner of Defintion 2.1. If C' is a

dynamically defined Cantor set with expanding map v and Markov partition C', ..., Cj, then

C will be generated by the contractions ¢; = (¢|c,)~!, for i = 1,..., k. It will occasionally

be useful in the proof of Theorem 1.1 to use both definitions.

Finally, of particular significance to this paper will be the affine Cantor sets. By an affine
Cantor set ', we mean a dynamically defined Cantor set whose generating contractions

{¢i}, are of the form ¢;(z) = iz + d;.

2.2 Dimension Theory

We have previously discussed results on Cantor sets related to their Hausdorff dimensions,
which we shall define here. We also define the box counting dimension and thickness of a
Cantor set. For Hausdorff and box counting dimensions, we will use the definitions as laid

out by Falconer in [20], and start with box counting dimension.

Suppose E C R", and let N,(F) be the smallest number of sets of diameter r that can cover

E. The lower and upper box counting dimensions of E are

log N,.(E)

dimzE = lim inf 2.3
e = 2%
and
— log N,.(E
dimpFE = limsup og—()’ (2.4)
r—o  —logr

respectively. When the limit in 2.3 and 2.4 exists, then these two values are equal. We define

the box counting dimension of E to be this common value, written

log N,.(E
dimp £ = lim og—r()‘
r—0 —logr

15



Let a countable collection of subsets {U;} of R™ be a d-cover of E; that is the diameter of

any U; is at most 0, and E C U2, U;. Let s > 0; for all § > 0, define

H3(E) = inf {Z diam(U;)* = {U;} is a é-cover of E} : (2.6)
i=1

As ¢ decreases, so will the number of d-covers of E, and so the infimum increases monoton-

ically as 0 decreases to zero. We can define the s-dimensional Hausdorff measure as

H(E) = lim H;(E) (2.7)

§—0t

We are now ready to define the Hausdorff dimension, as
dimg F = inf{s : H*(E) = 0} = sup{s: H*(F) = oo} (2.8)
which can be shown to exist for all subsets £ C R".

The upper and lower box counting dimensions and Hausdorff dimension have the following
relationship (see [20] again):

dimy < dimgF < dimpFE
Combined with Theorem 3 from [48] (see also [34]), we have the following helpful result:

Theorem 2.1. If C' C R is a dynamically defined Cantor set, then dimy C' = dimp C.

Among other things, this result makes it simple to calculate the Hausdorff dimension of self-
similar Cantor sets. Consider the middle-third Cantor set /3, constructed by removing
the open interval comprising the middle third of the interval [0,1], and then removing the

middle-third again of the remaining two intervals, and so on.

At each step of the construction we have 2" intervals of length (1/3)™ which will cover C' 3.

Thus,
log2"  log?2

dimy C4/3 = dimp Cy/3 = i =
mpg Cyy/3 mp Cq/3 nl—{{.lo log3"  log3

16



Figure 2.3: The First three steps of construction for the middle-third Cantor set

Now to define the thickness of a Cantor set C. We call a gap of C' a connected component
of R\ C. If U is a bounded gap of C' and u a boundary point of U, a bridge of B is any
interval in R such that u is also a boundary point of B and doesn’t intersect any gap whose

length is longer than the length of U.

The thickness of C' at w is 7(C,u) = |B|/|U|, where |B| and |U| are the lengths of B and U,
respectively. We define the thickness of C' to be the infimum of 7(C,u) over all u which are

boundary points of bounded gaps of C, and write it as 7(C').

If we again consider the middle-third Cantor set, it is straightforward to calculate the thick-
ness. Consider step n in the construction of Cy /3. For the endpoint of any interval (which
will be a boundary point of a bounded gap in C'/3), the length of any bridge will be (1/3)",

as will the length of any bounded gap. Thus, the thickness must be 1.

We have the following useful theorem from [48]

Theorem 2.2. The Hausdorff dimension (and so box counting dimension) and thickness of

a dynamically defined Cantor set C' depend continuously on C.

Finally, the Newhouse Gap Lemma (see [42] or [48]) will be used to establish a relationship

between the thicknesses of two Cantor sets and the structure of their arithmetic sum.

Lemma 2.1 (Newhouse Gap Lemma). Let Cy, Co C R be Cantor sets with thicknesses 1
and To. If 11 - 79 > 1 then one of the following is true: C4 is contained in a gap of Csy, Cy is

contained in a gap of Cy, or C1 N Cy # (.

17



The Newhouse Gap Lemma implies that if the product of thicknesses of two Cantor sets is
greater than one, then the sum of the two Cantor sets must contain an interval; since gaps
are open sets, if two such Cantor sets intersect, then small translations of either set will still

have non-empty intersection. This gives us the following corollary.

Corollary 2.1. Let C, Cy C R be Cantor sets with thicknesses 1 and To. If 7 - 79 > 1,

then C + Cy contains an interval.

Proof. Consider the Cantor sets C) and —Cy = {—xz : x € Cy}; we have that 7(—Cy) = 7,
trivially. If C; is contained in a gap of —C' or vice versa, we can translate —Cy by some ¢
until C; N (t — Cy) # 0, by the Gap Lemma. Now, gaps are open sets, and so for ¢ in some

interval, we will still have C; N (t — Cy) # 0.

However, C1 + Co = {t = 21+ 22 : 21 € C1, 19 € Co} = {t : C1 N (t — Cq) # 0}, and so

C1 + (5 must contain an interval. ]

2.3 The Palis Conjecture

While trying to prove a theorem related to smooth dynamics (see the introduction) in [57]

and [58], Palis and Takens proved the following result

Theorem 2.3. IfCy and Cy are dynamically defined Cantor sets such that dimyg C7 + dimg Cy < 1

then C7 — Cy has Lebesque measure zero.

Later while attempting to find a converse (see [46] and [47]), Palis conjectured the following

Conjecture 2.1 (Palis Conjecture). If Cy and Cy are dynamically defined Cantor sets such
that dimy Cy + dimg Cy > 1 then generically C; — Cs either has Lebesgue measure zero or

else contains an interval.

18



It should be noted that the Palis conjecture can only be true generically; in [61], Sannami
constructs an example of a dynamically defined Cantor set C' such that C' — C has positive

Lebesgue measure but empty interior.

This is addition to a theorem by Marstrand (see [30], or see again [48]).

Theorem 2.4. For C; and Cy Cantor sets with dimy C7 + dimy Cy > 1, then C7 — \Cy has

positive Lebesque measure for Lebesque-a.e. A € R.

Note that Cy — AC5 is simply the projection of C'; x C5 onto the line with slope A; since
dimy (C; x Cy) = dimy Cy + dimy Cy for dynamically defined Cantor sets C; and Cy (see

[48] again), we have the following inequality

While we know that C; + Cy will have Lebesgue measure zero if dimyg C; + dimgy Cy < 1, in

this case we are also interested in knowing when dimgy (C; + Cy) = dimy C; + dimgy Cs.

2.4 Middle-a Cantor Sets

The Palis conjecture is non-trivial, even when we restrict our view to one of the simplest
class of Cantor sets, the middle-aw Cantor sets. As mentioned in the introduction, a middle-«
Cantor set C) is a dynamically defined Cantor set with contractions ¢y, ¢» : [0,1] — [0, 1],
with ¢1(z) = Az and ¢o(z) = Az + (1 — A), where A = (1 — «) (called the similarity ratio).

As an example, the middle third Cantor set is in this class.

We know via geometric arguments that dimy C), = lsggl%, and that 7(C)) = ﬁ; the proof
of either is nearly identical to the middle-third case. If dimy Cy + dimy C, < 1, then Cy+C,

will be a Cantor set. On the other hand, if 7(Cy)7(C,) > 1, then the Newhouse Gap Lemma
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(see Corollary 2.1) states that C 4+ C, will contain an interval.

In [67], Solomyak studied behavior of arithmetic sums of middle-a Cantor sets in what he

called “The Mysterious Region R”, that is the region with

log 2 log 2

> 1 2.10
logl//\+log1/fy (2.10)

and
A gl

1—201—2y

<1 (2.11)

i.e. where the sums of Hausdorff dimensions of Cy and C, are greater than one but the

product of their thicknesses is less than one.
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Figure 2.4: Solomyak’s ‘Mysterious Region’ R.

In his paper, Solomyak proved the following theorem, which says that the set C'y 4+ C, has

positive Lebesgue measure for a.e. set of parameters (v, A) in R.
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Theorem 2.5 (Theorem 1 from [67]). For any v € (0,1/2) there exists a set E, C (0,1/2)

of zero Lebesque measure such that

log 2 log 2
AN¢ E
( £ 7’1og1/)\—'—log1/v

> 1) = Leb(C\+C,) >0 (2.12)

Additionally, in his paper, Solomyak discusses the known exceptional parameters, i.e. the
sets of parameters for which C + C., has Lebesgue measure zero. It turns out that these
exceptional sets are of the form A\ = ~Y, for 6 rational. Furthermore, the results related to

the topological structure of C'y + C,, are are outlined.

In the region where ﬁl—v_?y > 1 (which Solomyak calls the ‘large’ region), Mendes and
Oliveira demonstrated in [37] that Cy + C, = [0,2]. In R, they also demonstrated that
C) + C, can have one of three different structures: it can be the interval [0, 2], a Cantor
set, or an M-Cantorval, a perfect set in R, where any gap is accumulated on both sides by

infinitely many intervals and gaps (for instance, by blowing up the right and left endpoints

of a Cantor set). They also gave criterion which can determine when C) + C,, = [0, 2].

1. If 9 = % is irrational, then C\ + C., # [0, 2].

2. f0=norf= "TH, then C + C, will be an interval if and only if A > 1 — 2+.

However, beyond these results, it is unknown whether C) 4 C, will have nonempty interior,

even generically.

2.5 Homogeneous Self-Similar Cantor Sets

By a homogeneous self-similar Cantor set C\ we mean a dynamically defined Cantor set

where the family of generating contractions {¢;}, are affine maps with identical contraction
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constants; that is to say, ¢;(x) = Az + d;(\), such that
{d;(N) + AC 0 {d;(X) + ACy} =0 for i # j (2.13)

which is equivalent to (2.1) in Definition 2.1 and is often called the strong separation con-

dition. As with the middle—a Cantor sets (with similarity ratio A), the strong separation

logm

condition implies that dimy C) = Tog 173"

Theorem 2.6 (Theorem 1.1 in [53]). Suppose that K is a compact set on the real line and

J C (0,1) is an interval such that the family {C\} are homogeneous self-similar Cantor sets

for all N € J. Then

(a) fora.e. X € J withdimy K+dimy C\ < 1 we have dimy (K + C)) = dimy K + dimy Cy;

(b) for a.e. N € J with dimy K + dimy C\ > 1, the set K + C) has positive Lebesque

measure.

The proof of the main result of this paper, Theorem 1.1 is similar to that of part (b) above
(not surprisingly, since the proof of Theorem 1.1 uses a Proposition from [14] for which
Boris Solomyak is a co-author); a Frostman measure for K is convolved with a self-similar
measure for C'y; this convolution is supported on K 4 C. It can be shown that for a.e. A € J
which satisfy some conditions related to the sum of the Hausdorff dimenions of K and C),
this convolution will be absolutely continuous with respect to the Lebesgue measure, and so

K + C, will have positive Lebesgue measure for such \.

2.6 A Positive Answer to the Palis Conjecture

In [36], Moreira established the stable intersection property for a pair of dynamically defined

Cantor sets C] and Cy. We say that the pair (C4, Cy) have the stable intersection property
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if there is a neighborhood V of (C},Cy) in the space of pairs of C'™¢ dynamically defined

Cantor sets such that for any (C},C%) in V' we have C| N C% # 0.

Moreira posed the following question: does there exist an open and dense subset U C Q> =
{(Cy,Cy) : C4,Cy dynamically defined Cantor sets such that dimgy C; + dimgy Cy > 1} so
that if (C},Cy) are in U, then will there exist ¢ € R such that (Cy,Cy — t) has the stable

intersection property?

An affirmative answer to this question implies a strong version of the Palis conjecture; if
dimg C} + dimg Cy > 1 and (C, Cy — t) has stable intersection then Cy N (Cy — t) # ) for

some neighborhood of ¢t and so C; — C5 must contain an interval.

In [39], Moreira and Yoccoz would provide the affirmative answer to this question and thus

to the Palis conjecture with the following theorem

Theorem 2.7. There is an open and dense subset U C Q% such that if (Cy,Cy) € U then

I,(Cy,Cy) :={t € R: Cy and (Cy +t) have stable intersection} is dense in Cy — Cy and
dlmH((Cl — Cg) \ Is(Cl, Cg)) < 1. (214)

This proves the strong form of the Palis conjecture. However, the genericity assumptions

are difficult to verify, even for a one parameter family of dynamically defined Cantor sets,

as often arises during applications. Neither does it confirm the Palis conjecture for affine

Cantor sets.

2.7 The dimy C; +dimy Cy; < 1 Case

As we mentioned in section 2.3, when dimy Cy + dimy Cy < 1, we are interested in knowing

precisely when dimgy (Ch + Cy) = dimy C; + dimy Cy for dynamically defined Cantor sets C
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and C.

We've already mentioned the work of Peres and Solomyak regarding homogeneous Cantor
sets in section 2.5. Part (a) of Theorem 2.6 states that for C)\ a homogeneous Cantor set,
then for a compact set K such that dimy K + dimy Cy < 1 for all A in an interval J, then

we will have that dimy (K + C)) = dimy K + dimgy C), for almost all choices of parameter.

In [51], Peres and Shmerkin were able to further elaborate on this result, providing a descrip-
tion to the possible exceptions for affine Cantor sets (including middle-av and homogeneous

Cantor sets)

Theorem 2.8 (Theorem 2 in [51]). Suppose {\px +di} 2, and {yx+d,.}.", are finite sets
of affine contractions which generate dynamically defined (affine) Cantor sets C and C,,

respectively. If there exist j and j' such that log|\;|/log || is irrational, then

dimy (Cy + C,) = min{1,dimy C) + dimy C, } (2.15)

We have the homogeneous case when Ay, = A and 7, = y for all possible choices of k.

In [24], Hochman and Shmerkin lay out conditions for which a pair of dynamically defined

Cantor sets C and Cy will have dimy (C} + Cy) = min{1, dimy C; + dimy Cy}

If a function f is a smooth contraction of [0, 1] then it has a unique fixed point z and we

can define
A(f) = —log(f'(x)) (2.16)

If Z = {f;}}", is an IFS generating a dynamically defined Cantor set, define

LZ)={\fe,0---0fs) neN x,...,z, € {1,...,m}} (2.17)

Theorem 2.9 (Theorem 1.4 from [24]). Let ) = {f;i)}mm i =1,...,d be IFSs generating

j=1>

dynamically defined Cantor sets C;. Suppose the following minimality assumption holds: the
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set L(ZW) x - - - x L(ZY) is dense in the quotient space (R, +)/A, where A is the diagonal

subgroup of RY. Then if n(z) = Zle t;x; with all t; non-zero,

dimg 7(Cy x - -+ x Cy) = min{1,dimy Cy + - - - + dimy Cy}.
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Chapter 3

Results for Nearly Affine Cantor Sets

3.1 Absolute Continuity of Convolutions

Let A be an alphabet of size m > 2 and let Q = A%+ be the standard symbolic space,

equipped with the product topology. Let u be a Borel probability measure on ().

Let J be a compact interval and assume we are given a family of continuous maps II, : Q — R,

for A € J, such that Cy = I1,(2) are the Cantor sets, and let vy = ITy(u) := po II "

For a word u € A™, n > 0, denote by |u| = n its length and by [u] the cylinder set of elements
of €2 that have u as a prefix. For w, 7 € {2 we write w A 7 for the maximum common subword
in the beginning of w and 7 (empty if wy # 7o; we set the length of the empty word to be
zero). For w,7 € Q, let ¢, () := I (w) — IIx(7).

We will need the following statement, which is Proposition 2.3 from [14].

Proposition 3.1. Let n be a compactly supported Borel probability measure on R of exact
local dimension d,. Suppose that for any € > 0 there exists a subset Q). C € such that

w(Qe) > 1 — € and the following holds; there exist constants Cy,Cy,Cs, o0, 5,7 > 0 and
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ko € Z, such that

gl B—x
(a) dn""g > 1 (mddn>T,
(b) maxies |¢W,T()\)| S Clmialw/\ﬂr‘ fO'f’ all w,T € Q87w 7é T,

(¢) supyep Leb({\ € J 1 [+ ¢ (N)] < 1}) < Com"Br for all w, T € Q,w # T such that

lw A T| > ko, and
(d) maxyean na.20 1([u]) < Csm™" for alln > 1.

Then the convolution n* vy is absolutely continuous with respect to the Lebesgue measure for

a.e. N\ € J.

Remark 3.1. In fact, in Proposition 3.1 the condition on exact dimensionality of the mea-
sure 1 can be replaced by the following condition (and this is the only consequence of exact
dimensionality of n that was used in the proof of Proposition 3.1 in [14]): n is a compactly

supported Borel probability measure on the real line, then there exists D > 0 such that
n[B,(z)] < Drin, for allz € R and r > 0. (3.1)
Remark 3.2. Condition (c) is the hardest to check in typical applications. It follows from

’¢w 7'()‘1) - ¢w T()\Q)‘ 1 —|wAT|B
? ’ > WAT '
M 2ol Msthe = | > Coym forall w, 7€ Q. wHT

An estimate of this kind in turn follows from a suitable lower bound on |2 ¢, -(N)].

For the interested reader, the proof of Proposition 3.1 can be found in Appendix A.

3.2 Theorem 1.1

We are now ready to prove Theorem 1.1. We repeat it here for convenience.
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Theorem 1.1. Suppose J C R is an interval and {C)} ey is a family of dynamically defined

Cantor sets generated by contracting maps
{fia(@) = ci(N)z + bi(A) + gi(@, A}y
such that the following holds:

ci(\), bi(\) are C'-functions of \;

dc; .
% < =6 <0 forall X\ € J and some uniform 6 > 0;

gi(z,\) € C*, with small (based on {ci(\)}, {b;(\)}) C*-norm.

Then for any compact K C R with

dimg (K) +dimg(Cy) > 1 for all X € J,

the sumset K + C'\ has positive Lebesque measure for a.e. X\ € J.

(3.3)

(3.4)

(3.5)

(3.6)

Though we have written our family of Cantor sets in Theorem 1.1 using definition 2.1, we

will assume that they are also dynamically defined in the sense of definition 2.2; that is,

there is an expansive map ®, which is defined on I y U --- U I, x, where I x = fi2([0,1]),

and frx = (Paln,,) " Tia,-- -, Imx form the Markov partition for C

To prove Theorem 1.1 we will construct particular measures for K and C'y and apply Propo-

sition 3.1.

3.3 Construction of Measures for K and C)

Here we will construct the measure 1 supported on K and a family of measures {v,} with

suppvy = C) such that Proposition 3.1 can be applied. Since absolute continuity of the

convolution 7 * v, implies that Leb(C\ + K) > 0, this will prove Theorem 1.1.
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Let us start with construction of the measure 7. The compact set K C R satisfies the condi-
tion (3.6), i.e. dimy(K)+dimy(Cy) > 1 for all X € J. Take any constant d € (0, dimy (K))
that is sufficiently close to dimgy (K) to guarantee that d+dimgy(C)) > 1 for all A € J. We

will need Frostman’s lemma (see, e.g., [33, Theorem 8.8])

Lemma 3.1 (Frostman’s Lemma). Let E be a Borel subset of R", and let s > 0. Then the

following are equivalent:

o H*(E) > 0 where H*(E) is the s-dimensional Hausdorff measure

s

o There is an (unsigned) Borel measure n satisfying n(E) > 0, and such that n(B(z,r)) <r

for all x € R™ and r > 0.

Since d < dimy K = inf{s : H*(K) = 0}, we have that H%(K) > 0. Thus, by Frostman’s

Lemma, there exists a Borel measure 7 supported on K such that (3.1) holds with d, = d.

To construct measures for {C)}, first let us define the Hausdorff dimension of a measure.

For a measure pu, define
dimpy(p) = inf{dimy £ : p(E£) = 1} (3.7)

In general, for measures p supported on a set E we have that dimy u < dimgE. However,
from Theorem 13.1 from [52] (see also [35, 34]), if C) is a dynamically defined Cantor set
with expansive map @), then there exists a ®)-invariant ergodic measure uy, supported on

Cl, such that

hm (CI)A)

Lyap®(p») (38)

dimy Cy\ = dimg py) =

where h,, (®,) is the measure theoretic entropy of ®,, and Lyap“(u,) is the Lyapunov

exponent of ®,, both with respect to the ergodic measure u,. We call this the measure of
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maximal dimension.

In the setting of Proposition 3.1, we have one measure on the symbolic space 2 which defines
the family of measures vy on C. However, we would like to use the particular properties
of the measure of maximal dimension. To construct the measure p on the symbolic space,
we will pick some g and then consider the measure y := II;'(yy,). Then the measures
vy = I (p) will have the desired properties for A close enough to Ag. Since J is assumed to
be compact, we only need to partition J into finitely many subintervals and apply Proposition

3.1 on each one. We demonstrate how to do this now.

For each w € Q let F{(w) = fuor© -+ 0 fu,a(x), for a fixed x € [0,1]. Then we can define
the map II : 2 — R given by
[I\(w) = lim F{(w), (3.9)

n—oo
The limit does not depend on the initial point = € [0,1]; this is a result of the Cantor
Intersection Theorem and because the functions f,, » are contractions. For any A\, Ay € J
the map hy, x, : Cx, = Ci, defined by hy, 5, = IIy, o Il is a homeomorphism. It is well
known (e.g. see Section 19 in [27]) that this homeomorphism must be Hélder continuous.

Moreover, due to [49] the following statement holds.

Lemma 3.2. For any Ao € J and any T € (0,1) there exists a neighborhood V-C J, A\g € V,
such that for any A € V' the conjugacy hy », : Cx, = Cx as well as its inverse hy, » : Cy — C),

are Holder continuous with Holder exponent T.

We also need the following easy lemma

Lemma 3.3. If f : R? — R? is Hélder continuous with Hélder exponent T then for any
ECR?

1

T

Proof. If {U;} is a d-cover of E, then diam(U;) < 6 and so diam(f(U;)) < C - diam(U;)".
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Thus, {f(U;)} is a Cd™-cover of f(F) and for any s > 0, we have that
> diam(f(U))* < C*Y " diam(U;)"™ (3.11)
Therefore, we have that His- (f(E)) < C*HF*(E). Taking 6 — 0, we have H*(f(E)) < C*H™(E).

Now, L dimy E = inf{s : H™*(E) = 0}. Since H*(f(E)) < C*H™(FE) for all s, we must have
that

1
T

Define the measure 1o on Q by g := II3 ! (11,), and set

V) = HA(HO) = HA(H;;(,UAO)) = h)x,)xo(ﬂko) = hA,Ao(V%)'

If both hj », and hy, » are Holder continuous with Holder exponent 7 then by Lemma 3.3

. . ) 1 . 1 .
Tdimy C), = 7dimy vy, < dimgy vy < —dimpy vy, = —dimy C),.
T T

Since in Lemma 3.2 the value of 7 can be taken arbitrarily close to one, we get the following

statement.

Lemma 3.4. For any \g € J there exists a neighborhood W C J, A\g € W, such that for
any A € W we have

d, +dimg vy > 1.

It is clear that in order to prove Theorem 1.1 it is enough to prove that for each \y € J there
exists a neighborhood W, Ay € W, such that the sum K + C) has positive Lebesgue measure
for a.e. A from W. Decreasing if needed the neighborhood W given by Lemma 3.4 we can

choose positive ¢, a, 3, and ~ in such a way that for all A € W the following properties hold:
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d, +dimg vy > 1+¢,

L U
o = Lyar () <8,
logm

h‘VA (q)k)

v <
logm

Y

Therefore

dn>1—|—5—dimH(uA)>é—1
(0% «

for A € W, which implies the conditions in part (a) of Proposition 3.1, namely,

B—

z>1andal,7>—.
o

dn+5

3.4 Verifying the Conditions of Proposition 3.1

We are now ready to verify the rest of the conditions of Proposition 3.1, we will try to mimic
the proof of Theorem 3.7 from [14]. The plan will be to fix points p,q € C. We can iterate
p and ¢ by ®, until their distance apart is of order 1. To simplify notation, it will be helpful
to parameterize Cy, ®5(C)), ..., P%(C)) so that @4 (p) is the origin for each iterate of C,.
Then we can find a word uv € A™*! that represents the “itinerary” of ¢. That is to say,
if u = uguy ...u,, then ®i(q) € I,, , where I\, ..., I are the elements of the Markov

partition.

Now, take k;g\t) = fu.r, and take a(™ to be the distance between ®%(p) and ®}(q) in ®%(C)).
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Define P,(\) = ®%(p) and Q,, = ®}(q). For m < n Define
i) = 1" e 1 0o 15 ()

QN =K o K" 0+ 0 K (Qn(N),
PN\ = kgn)(Pn()\)) and P’ (\) = P,(\) (similarly for Q7 and Qr,,). Let K] (\) =
Pr(A) = @n ().

In order to verify the first conditions of Proposition 3.1 we need to find a bound on & (q(\) —

p(\) = Gz (KT (V).

d n n —
T(PO) - Q) =

no fi=1 4, (s) (1) )
= ( %’“—;w:ﬂ@))) (PR + (H e 5““))) o

(ﬂﬁl(A)) =1®(X). Then we have that
KO () = KPP (N) +19(@ = PRy (V) + O((x = PRy (V)?)

and
o k‘(t)
é(@

=19+ 0(z = P, (\)
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It’s clear that S3 = O([]._, ). Let’s first consider S;:

s=1

n (il () ) )
5= (H " <P:H<A>>> (%%(A» -2 ?H(A»)

(e PE 0 n
= Hl axaA(VVz—&-l()\))(‘Pz—&-l()\)_ i+1(/\))

i=1 s=

where W/ ()) is between P/, ()\) and Q7 (). We will need the following lemma.

Lemma 3.5 (from [14]). There is a constant C > 0 such that if m,n € Z, and m <n+ 1
then

1 n n

— (s) n (s)

- (Hz ) gKm(A)gc*(Hz )

Moreover, for any € > 0 there is ng € Z such that for all n > ny, there exists A, > 0 such

that for all I € Z, with I <n —ny+ 1 < n, we have

I+1 —A
‘ Hs I+1

The sequence A,, is uniformly bounded above and away from zero.

<e.

Proof.

Pr(N) = QL (N) =
=K, — EPQn,) =
= kKM (PrL) — (R (PL ) + 1™ (KR ) + O(— K2 0)?)

= K:;L@H(l(m) +O(K,,14)

= (Pa(A M) [T + o)

sS=m

_ K:lz_’-l ) (H l(s)) (H 1+ s+1 ))

Since {K(\)} is bounded by a geometric progression, the product

I, 1+ O(Il((%”)) is bounded above and below, and since P,(\) — Q,(A) is bounded above

34



and below, we have the first inequality.

For ny € Z, sufficiently large, and I < n —ng+ 1 < n, we have

Ein() 1 O(KZ (N

o — 1L (55 o -

If we have

Then

n—no+1
K? (A
H (1 + %) 1

s=I1+1

’ 741 (A
Hs I+1

Since { K7 (A} }T{l is bounded by a geometric progression, the choice of ng can guarantee

that its terms are sufficiently small and hence

n—no+1
O(K7D (A
[T (1+ 255 1] <e

s=I+1

Which gives the second estimate and completes the proof. O

Using this lemma,

-y (Hz ) PR K2 ()

i=1 s

n )
. (Hz<s> W ()5 ()

i=n—ng+1
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The second sum is O([]L_, I*)). As for the first sum
- a%“
H axa)\ 'L+1(>\))K’Ln+1(>\)

= a% Kro(\) 1

Since

2,.(s)
88$k§>\ < =9 < 0 for all x and A by assumption.

As far as Sy, note that we’re assuming that each C' is a perturbation of an affine Cantor set,

that is each contraction f \(z) = cx(N)x + br(A) + g (x, A) where the C*-norm of gx(x, \) is

small.

S| =

T 8k(s c Ok
= Z z+1 H (9.7: s+1 - 8:1: 5"’1
i=1 s=1 s=1
Z ak:“ H ("1 akgs 8k S> >‘
z+1 s+1 - s+1
s=1 8$ s=1
Ok S> c Ok
<ZO ( o) - TT 22 zH(A)))
=1 s=1

()

n i—1 i—1 Ok
. [ 5 (@ (V)
~ex (I ) e
i=1 =1 Hszl a; (Psn—H()\))

Lemma 3.6.

i—1 Bk_(f) n >\ n
1_ o1 = (@2 (V) <" Hl(s) max 1g¢llc=
1—1 8k§\s> n =
Hs:1 ox (Ps+1()\))

77777

for some C" > 0.
Proof of Lemma 3.6. Note that if A is near 1 and B is much smaller than 1, we have that

|log A| < B implies |[A —1| < 2B
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for some ¢ > 0. We have

llogA|<B=eP-1<A-1<eP~1
= -B+0(B*)<A—-1<B+0(B?

=|A—-1| < 2B

for small B.

()
i1 Ok
T2 52— (@1, (V)
i1 k5
1 (P ()

To prove Lemma 3.6, we will show that |log is small. By the mean value

theorem we get

i1 0k
[Ti2) 22 Q1 (V)

log i—1 0k -
Hs:l 8_;(P5+1()‘>>

-1 (s) i1 (s)

ok ok
3o (@ ()~ Y tog - (Psm))‘
s=1 s=1

i—1 (s) (s)
o oD
S OZ a; ( s+1(/\)) - a—;(Ps—H()‘))‘
s=1
i—1
ags n ags n
= CZ %( e1(N) — %(Ps—i-l()‘))‘
s=1
i—1 829
= O |55 V)| |QEa ) = P2y (V)
s=1
i—1 n
< max |lglle=C"y ( 11 l<s>>
=1,..., m = =

n

< " (s)

< max lgifle=C" ] ]!
S=1

since the terms of the last sum are bounded by a geometric progression. This proves the

estimate Lemma 3.6. O

Therefore we have

»»»»»
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Hence we have
S1+ S+ 95 <

< —nB (Hﬂs) (A —€) +n max g fle=C" (Hz@) +0 (HM) <
..... s=1 s=1
<—nd <Hz<8>>
s=1

m ||gt]|c2 is sufficiently small and § > 0.

.....

Lemma 3.7. Given € > 0, there ezists a set Q. C Q with po(€2e) > 1 —¢€ and N € N so that
| N
- ()
alogm < I SEI log I'*(\)
for every X\ € J and all p € T15(2).

Proof of Lemma 3.7. First we will show that for a fixed A\ € J and a given ¢ > 0, there

exists Q" with u()) > 1 — € and n’ € N such that

1 &
i (s)
a+&< — leogl (A)
where 0 < £ < Lyap"(vy) — «, for all p € TI(Y).
By the Birkhoff Ergodic Theorem (see [70]),

Lyap“(vy) =

= /log | DP(I1x(w))]] dpio(w)

— lim 3" log | DP,(@3(IL ()|

n—oo 1
s=1

1 n
— lim —— (s)
Jim > logll (M)

s=1
for po-a.e. w € Q. Thus by Egorov’s theorem (see [59], for instance), there exists ' C Q

with po(2) > 1 — € such that the convergence is uniform on €2’. Thus there exists n’ € N
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such that o+ & < —5 S 16)()) for all p € TI,(Y).

Next we will show that N can be chosen for every A € J. Let € > 0 be given. Consider the

family of functions

Ly(A) = =log [ D@A(ITx(w)

We can treat this family as a functions of A with parameter w. Then {L,())}weq is an
equicontinuous family of functions and there exists ¢ > 0 such that if [A\; — Ag| < ¢, then

|Lo (A1) — Ly (A2)| < w5 for any w € Q. Consider a finite t-net {y,...,yn} in J, containing

100

M = M(J,t) points. For each point y; we can find a set ; C Q, uo(€2;) > 1 — 57, and

N; € N such that for every N > N; and every w € €1, we have

=

1
NZLU‘SW y] _N y] >Oé+€

where o :  — Q is the shift map, that is o(wow; ...) = wiwy.... Take Q, = ﬁjj‘ile. We
have

Ho(Q) > 1= M—=1-¢

and for every A € J there exists y; with |y; — A| < t. So for every w € Q. C Q; and every

N > Ny = max{Ny,..., Ny}, we have

1 & 1 &
—— ) logl¥N) == L,
N gl = £ 3 Loy
XN | XN N
> D Losw) () = N D Lo () = = Y Lovwy (M)
s=1 s=1 s=1
£
> >
>a+¢ 100
£
> o+ 5
> o
which concludes the proof of Lemma 3.7. O
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So by Lemma 3.7, for any € > 0 we can find €, with 10(€1) > 1— 5. Thus for all p € II(€2y),

we have that

Lyap* 1 1<
a < yap (V/\) _ lim __Zlogl(s) ,
logm log m n—oo n

and so for sufficiently large n € N, we have that nalogm < —log (anl l(s)). Thus we have

m ATl —an (H l(5)> > O|¢w,7()‘)|
s=1

for n large enough.

Since &g, -(A) < —nd ([Ti_, I¥) and B > = Lyap"(v,), we have

logm
m ATl = B < O ﬁ 1) < igb (\)
po dA w,T )
for n large enough.
Now from the Shannon-McMillan-Breiman theorem (see [6]) we have that

_% log po([w]n) = Ty (0)

for pp-a.e. w € Q. By Egorov’s theorem, there exists a set Q5 C Q with po(22) > 1 —¢€/2

such that this convergence is uniform in w € 25. Thus we have
1
= log pio([w]n) = Py (0) > 7logm
uniformly for w € €. So for n sufficiently large, we have that
po([wln) < m™™
or choosing a sufficient constant C' > 0, then for all n > 1 we have

po([wln) < Cm=".

Now let Q. = Q3 NQy, then () > 1 — € and all conditions of Proposition 3.1 hold on €,
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concluding the proof.

3.5 Corollaries

Theorem 1.1 gives us the following corollaries, which provide partial answers to the Palis

conjecture regarding affine Cantor sets.

Consider a family of affine Cantor sets Cy generated by contractions {¢y}}; such that
or(z) = M + dy, where N\ € Jp C (=1,0) U (0,1), and dp = dp(A1..., \p) is C, for
k=1,...,m. If we define A = (A,...,\n), let Cy be such a set. Then by combining

Fubini’s theorem with Theorem 1.1 we have the following corollary.

Corollary 1.1. Suppose K is a compact subset of the real line, and a family {Cr} of affine

Cantor sets as above is given such that
dimy K +dimy Cy > 1 for all (A,..., \p) € Jy X -+ X Jp,.

Then for a.e. (A1,...,Am) € J1 X -+ X Jy, the set K + Cy has positive Lebesgue measure.

Thus in this setting, any affine Cantor set is determined by 2m parameters, namely Ay, ..., A,
and dy, ..., d,,, such that ¢, = A\yx+dy satisfies the necessary requirements for k =1,... m.
These parameters form a subset of R?™, and as a consequence of Corollary 1.1, we have the

following corollary.

Corollary 1.2. Generically (for Lebesque almost all admissible tuples of the parameters)
the sum of two affine Cantor sets has positive Lebesque measure provided the sum of their

Hausdorff dimensions is greater than one.

Corollary 1.2 continues the work of Peres and Solomyak and provides a partial answer to the

Palis conjecture with respect to arithmetic sums of affine Cantor sets.
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Chapter 4

Open Questions

Our result raises several questions which need to be addressed.

1. The assumption of C? smoothness of the perturbations is is necessary to complete the
proof. We believe this is merely an artifact of the proof and can be improved upon.
Typically for the contractions associated with a dynamically defined Cantor set, we

assume they are C'T for o > 0.

2. Can one prove the result in general for a family of dynamically defined Cantor sets
given by C? (or C''®) contractions? In our result, the near-linearity of our contractions

was crucial to the proof, but we conjecture that this is also an artifact of the proof.

3. Unfortunately, the proof of this result says nothing about the topological structure of
the arithmetic sums of Cantor sets fitting the hypothesis; merely that the sum will
have positive Lebesgue measure. The results of Moreira and Yoccoz [39] and Mendes
and Oliveira ([37]) strongly suggest that the arithmetic sums of Cantor sets generically
contain an interval when the sum of their Hausdorff dimensions is larger than one.

When does positive Lebesgue measure of the sum of Cantor sets (in the setting of this
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paper) imply that that this sum will contain an interval. When will this sum be an

interval or an M-Cantorval?

. The monotonicity of the contraction rate with respect to the parameter seems to be an
important part of the proof. This monotonicity with respect to the parameter is also
important in other similar results, such as in [14]. We would like to formulate another

conjecture in the same spirit.

Conjecture 4.1. Suppose that K is a compact set and J C (0,1) is an interval, and
{C\} a family of dynamically defined Cantor sets such that %(dimy Cy) > 6 >0 for
all X\ € J. Then if dimy(K) + dimy(Cy) > 1 for all X € J, then for a.e. X\ € J, the

set K + C has positive Lebesque measure.

In fact, after this text was finished in principal, we learned that Conjecture 4.1 was

proven by Damanik and Gorodetski, see a recent preprint [13]
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Appendix A

Proof of Proposition 3.1

This material is taken directly from [14], and reproduced here for the convenience of the
reader. Before we can provide the proof of Proposition 3.1, will provide some preliminaries
and the proof of another proposition which is similar, but weaker to Proposition 3.1, which

we will need.

Let A%+ with |A| = ¢ > 2 and Z, = {0,1,2,...}, be the standard symbolic space, equipped
with the product topology. Let A be a primitive 0-1 matrix of size £ x £, and ¥f C A%+ the
one-sided topological Markov chain associated with A. That is, w = wow; . .. € A%+ belongs

to ¥4 if and only if A = 1 for all m > 0. The shift transformation o4 : ¥4 — ¥4 acts

WmWm41

as (04w), = Wny1. Let p be a probability measure on 4.

Let J = [M\o,A\1] C R be a parameter interval. We assume that we are given a family of

continuous maps

I, : 2 >R, e J,

such that ¥, = IT,(X) are the Cantor sets and

vy =I(p) i= po 1L}
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are the measures of interest.

Let n be another (fixed) compactly supported Borel probability measure on the real line.
We will assume that 7 is exact-dimensional, having the local dimension equal to d, at n-a.e.

x, that is,

i 1087(B(2))

i log =d, for n-a.e. x. (A.1)

Here B,(x) = [x — r,x + r]. In the first proposition below we assume a stronger, uniform
Holder condition for the measure 7; it is subsequently relaxed to (A.1) using a truncation

argument.

For a word u € A", n > 0, we denote by |u| = n its length and by [u] the cylinder set of
elements of Y4 that have u as a prefix. More precisely, [u] = {w € X% : wo...w,1 = u}.
For w, 7 € ¥, we write w A 7 for the maximal common prefix of w and 7 (which is empty if

wo # To; we set the length of the empty word to be zero). Furthermore, for w, 7 € ¥4, let
Gwr(A) =1\ (w) — (7).
We write Leb for the one-dimensional Lebesgue measure.

Proposition A.1. Suppose that there exist constants C,Cs, C3, Cy, 0, B,y > 0 and kg € Z

such that

(a) maxyey |py-(N)| < O for all w,T € XY, w#T;

(b) supyep Leb({X € J 1 [+ ¢ (N)| < 1}) < Coll"Pr for all w, 7 € £, w# 7, such

that |w A 1| > ko, and
(¢) maxyean p([u]) < C3=7™  for alln > 1.
(d) Further, let n be a compactly supported Borel probability measure on R satisfying

n(B.(z)) < Cyrn forallz € R, r > 0.

92



Then

<dn 4 % >1 and d,, > M) = nx*uvy < Leb with density in L? for a.e.-\ € J.
Q

Remark A.1. Condition (b) is the hardest to check in the applications we envision (in

particular the ones given in this paper). It follows from

|¢w,7()‘1) — ¢w77(>‘2)|

ALA2ET, A1£N2 A1 — Ao

> CL B for all w,T e XYy, w#T.

An estimate of this kind in turn follows from a suitable lower bound on \%gbwﬁ()\ﬂ.

Proof of Proposition A.1. We follow closely the argument of [53, Theorem 2.1]. For a word
u € AR let v = fi]fu) © H;l. Then vy = Z\ulzko vy, so it is enough to prove that n * v/}
is absolutely continuous for all v € A* and a.e. A\. We fix such a u of length & for the

remainder of the proof.
Consider the lower density of n * vy,

Dn*xvy,z)= lirg%nf (2r) Y * v¥)[B,(2)].

As in [33, 9.7], if

T = / D(n * 14, 2) d(n * 1) (z) < oo,
R

then D(n * v}, ) is finite for (n * v})-a.e. x, and n * v} is absolutely continuous, with a

Radon-Nikodym derivative in L?. Thus, it is enough to show that

Sz/j)\d)\<00
J

By Fatou’s Lemma,

S§<S = li%(i)nf (2r)7! /J /R(n x V) [Br(2)] d(n * vy)(x) dA.
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Using the definition of convolution and making a change of variable, we obtain

§1 = lmin (2r) / / /[u](n*Vi”)[BT(erHA(w))]du(W)dn(y)dA-

Next we have, denoting by 1g the indicator function of a set .5,

(0 )[B, (y + T (w))] = / Lyt oy () % 12) ()

= /R/[v] 1{(2,7'): z—I—H)\(T)GBr(y—i-H)\(w))}(Z, T) dlu(r) dn(2>

Substituting this into (A.2) and reversing the order of integration yields

§1 = limin (2r)” // // Leb(Ay(y, 2w, 7)) du(r) dn(=) dp(w) dn(y).

where

A(y,zw,m) = {A e J: |(y+ (W) = (z+ (7)) < 7}

={ eJ: ly—z+ ¢, (N)] <r}.
Note that for w, 7 € [u], we have |w A 7| > k. Hence

Leb(A,(y, z,w, 7)) < Cymin{1, 77197}

(A.2)

(A.3)

(A4)

by (b), where Cy = max{Cs, |J|}. Now we consider the integral in (A.3), use Fubini, and

split it according to the distance between y and z:

/R /[u] /R /m LebAr(y, 2w, 7)) du(r) dn(z) du(w) dnly)
- //{|y—z<2r} //[u]x[u] +//{y_z|22r} //Mx[u]

=. Zl + IQ.

(A.5)

To complete the proof, it is sufficient to show that Z; < r and Zy < r (here and below the

symbol < means inequality up to a multiplicative constant independent of r). In view of
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(A4)
min wAT|B ). 2 w 7). .
ns [ ) w0 ) ) ). (a0

Note that the integrand does not depend on ¥, z, and we can estimate

() (:2) s = 2| <20} < [ n(Blo,20))dnfy) S ™
by (d). Recalling that |u| = ko we obtain
T, < rhn g min{1, 661} - (u x @){(w,7) : |wA7| =k} (A7)
Observe that (c) implies
(x (.7 s A=k} < 3 () (A8)

|v|=k

< Cot™™ Y p([o])

v[=k

= Gyt ",

Hence

T, < Z min{1, {*r} . (7",

k=ko

Setting k, = loﬁgl(;g/z), we get

Iy St |y etk Yk

k<kr k>kr

Summing the geometric series and using /=% = r, we obtain
I, <rtits, (A.9)

which is < r by assumption.

It remains to estimate Z,, the second integral in (A.5). If |wAT| = k and C =% < |y —2|/2,

then by (a), |¢w-(A)] < |y — 2[/2 for all A\ € J, and |y — 2 + ¢ -(N)| > |y — 2|/2. When

%)



|y — z| > 2r, this implies that the set A,.(y, z,w, 7) is empty. Denote

ly—=z|
log oTe

alogl

H(?J? Z) -

We obtain, using (A.4) and (A.8):

v )5

k<k(y,z

Sr [ [ @m0 anty) o)
R2

N 'f’//Rz ly — 275" dn(y) dn(2).

r0"% 07 dn(y) dn(z)
)

But % < d, by assumption, so the last integral converges by (d) and the fact that 7 is

compactly supported. Thus, Z, < 7, and the proof of the proposition is complete.

And now for the proof of Proposition 3.1, which we restate below.

Proposition 3.1. Let n be a compactly supported Borel probability measure on R of exact

local dimension d,. Suppose that for any € > 0, there exists a subset Q. C XY such that

w(Q) > 1 — e and the following holds; there exist constants Cy,Cy, Cs,, 5,7 > 0 and

ko € Z such that

(a) dy+3>1 and d,> 22,

(b) maxyes | (N)| < Ce=eATT for all w7 €O, w#T;

(c) supyep Leb({X € J : v+ ¢u (N)| < 7}) < Coll" Py for all w,7 € Q., w# 7 such

that |w A 7| > ko, and

(d) maxyean wna.0 1([u]) < Csl™™  for alln > 1.

Then, n * vy < Leb for a.e.-\ € J.
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Proof. By Egorov’s Theorem, we can find for any ¢ > 0, a Borel set S. C R such that

n(S:) >1—¢ and 7. := @ - 1|s. satisfies

n.(B.(z)) < Ce)r™™= forallz € R, r > 0,

so that 7. satisfies Proposition A.1 (d), with d,, replaced by d,, — e. The verbatim repetition
of the proof of Proposition A.1 shows that if y. is the restriction of the measure u to the set
Q. and vy = \(pe), then n. x vy . < Leb for a.e.-\ € J, for € > 0 sufficiently small. Now

Proposition 3.1 follows from the following simple lemma, which we state without proof. [

Lemma A.1. Let n,v be compactly supported probability measures on R. Suppose that for
any € > 0, there are subsets Q,.,Q,. C R such that n(Q2,.) > 1 —¢, v(Q,) > 1—¢,
and n|q, . * V|q,. s absolutely continuous with respect to Lebesque measure. Then n* v is

absolutely continuous with respect to Lebesque measure.
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