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ABSTRACT OF THE DISSERTATION

Arithmetic Sums of Nearly Affine Cantor Sets

By
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University of California, Irvine, 2015

Associate Professor Anton Gorodetski, Chair

For a compact set K ⊂ R1 and a family {Cλ}λ∈J of dynamically defined Cantor sets suf-

ficiently close to affine with dimH K + dimH Cλ > 1 for all λ ∈ J , we prove that the sum

K+Cλ has positive Lebesgue measure for almost all values of the parameter λ. As a corollary,

we show that generically the sum of two affine Cantor sets has positive Lebesgue measure

provided the sum of their Hausdorff dimensions is greater than one.
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Introduction

A dynamically defined Cantor set is a set which is given by a family of C1+ε contractions

{φi}mi=1 with the following properties:

1. φi : I0 → I0 for a compact interval I0, and i = 1, . . . ,m

2. φi(I0) ∩ φj(I0) = ∅ for i 6= j

If In+1 = ∪mi=1φi(In), then C = ∩∞n=0In is a dynamically defined Cantor set. This class also

includes the “famous” middle−α Cantor sets; in this case, m = 2, I0 = [0, 1], φ1(x) = λx

and φ2(x) = λx+ (1− λ), where λ = 1
2
(1− α).

Questions regarding the structure of arithmetic sums of Cantor sets, that is, sets of the form

{x+y |x ∈ C1, y ∈ C2} where C1 and C2 are Cantor sets, arise naturally in the study of fields

such as number theory [7, 31, 38], spectral theory [17, 18, 19, 71], and dynamical systems

[42, 43, 44, 48].

In number theory, arithmetic sums of Cantor sets have been used to answer questions about

Lagrange and Markov spectra. By Dirichlet’s theorem, given an irrational number α, the

inequality ∣∣∣∣α− p

q

∣∣∣∣ < 1

q2
(1)
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has infinitely many rational solutions. If we define the function

k(α) = sup{k : |α− p/q| < 1/kq2 has infinitely many rational solutions} (2)

then we can consider the Lagrange spectrum

L = {k(α) : α ∈ R \Q and k(α) <∞} (3)

Hall was able to prove that L contained the interval [6,∞) by proving that C+C contained an

interval, where C = F (4)∩ [0, 1], and F (m) = {[t, a0, a1, . . . ] : t ∈ Z, 1 ≤ ai ≤ m for m ≥ 1}.

Here [a0, a1, a2, . . . ] denotes the continued fraction expansion

a0 +
1

a1 +
1

a2 +
1

. . .

In fact, Hall proved that F (4) + F (4) = R, which is equivalent to C + C containing [0, 1].

More recently, Astels proved that for m, n integers, F (m)+F (n) = R and F (m)− F (n) = R

provided (m,n) is (2, 5) or (3, 4), and these equations do not hold if (m,n) is (2, 4). Ad-

ditionally, F (3) + F (3) 6= R and F (3) − F (3) = R (see [23, 21, 35, 1, 2] for more on the

subject).

Regarding spectral theory, consider the Fibonacci Hamiltonian which acts on square-summable

two-sided sequences of complex numbers, `2(Z).

(Hλφ)n = φn+1 + φn−1 + λωnφn (4)

for coupling constant λ > 0, and {ωn}n∈Z is given by

ωn = 1[1−α,1)(nα + ω0 mod 1) (5)
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where 1E is the indicatrix function of E, α =
√

5−1
2

, the reciprocal of the golden ratio, and

ω0 is in R/Z. The Fibonnaci Hamiltonian has been used to model the electron transfer

properties of quasicrystals (see [9, 15], for instance). Its spectrum Σλ is independent of

ω0 and is a dynamically defined Cantor set (again, see [15]) , whose fractal properties and

structure have implications regarding quantum dynamics (see [16, 28]). While the properties

of these spectra are mostly understood, less is known about the square Fibonacci Hamiltonian

which acts on `2(Z2)

(H2
λφ)n,m = φn+1,m + φn−1,m + φn,m+1 + φn,m−1 + λ(ωn + ωm)φn,m. (6)

It is easily shown that for such operators, the spectrum Σ2
λ = Σλ+Σλ, and so is an arithmetic

sum of dynamically defined Cantor sets.

Arithmetic sums of Cantor sets have an important role in hyperbolic dynamics. Suppose

M is a 2-dimensional manifold and ϕ : M → M a smooth diffeomorphism and p a hy-

perbolic fixed point (that is Dϕ(p) has one eigenvalue with norm smaller than one and

another with norm larger than one). Define W s(p) = {x ∈M : limn→∞ ϕ
n(x) = p} and

W u(p) = {x ∈M : limn→−∞ ϕ
n(x)}, the stable and unstable manifolds, respectively; it is

well known that they are immersed 1-dimensional submanifolds of M . We call points q 6= p

homoclinic to p if limn→±∞ ϕ
n(q) = p; these points can be transversal homoclinic points, i.e.

Tq(M) = Tq(W
s(p))⊕ Tq(W u(p)) (7)

or they can be homoclinic points of tangency.

A set Λ is hyperbolic if the tangent bundle TΛ(M) splits into stable and unstable Dϕ-invariant

sub-bundles Es and Eu on which Dϕ is uniformly contracting and expanding, respectively.

For instance, if we consider the horseshoe map, the set of points invariant under the map form

a hyperbolic set (often called Smale’s horseshoe, or just a horseshoe). For a point x in a hyper-

bolic set Λ, we define the stable manifold of x asW s(x) = {y ∈M : limn→∞ d(ϕn(x), ϕn(y)) = 0},

3



and the unstable manifold of x similarly. From these, we can construct the stable foliations

F s by taking the union of stable manifolds over points of Λ. Likewise, we can also construct

the unstable foliations Fu in a similar manner. These foliations can be extended to a neigh-

borhood of Λ. The non-wandering set, Ω(ϕ), is all x ∈M such that for any neighborhood U

of x, there exists n so that ϕn(U)∩U 6= ∅, and say that ϕ is hyperbolic if its non-wandering

set is a hyperbolic set.

H0

H1

H0

H1

ϕ(H0)ϕ(H1)
ϕ

Figure 1: The horseshoe map; ϕ contracts the square horizontally and expands it vertically,
before folding it back onto itself. The set of points invariant under this map will form a
hyperbolic set, called Smale’s Horseshoe.

In [44] Newhouse considered a C2 diffeomorphism ϕ with a homoclinic tangency associated

with a hyperbolic fixed point p. If Λ is an invariant hyperbolic set associated with p, then we

can consider the dynamically defined Cantor sets Cs = W s(p)∩Λ and Cu = W s(p)∩Λ. Let’s

suppose that the products of the thicknesses (see section 2.2 or chapter 4 of [48]) of Cs and

Cu are greater than one. Now, if we consider the extensions of F s and Fu to a neighborhood

of Λ, we can take ` to be the line of their tangent intersections. By intersecting ` with Cs

and Cu, we have dynamically defined Cantor sets on a line, call them C1 and C2. By the

Gap Lemma (again, see section 2.2 or chapter 4 of [48]), C1 and C2 will have non-empty
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intersection, and in fact, the existence of homoclinic tangencies coincides with non-empty

intersection.

If ϕ has these properties, then it is in the closure of an open set U ⊂ Diff2(M) which

has persistent tangencies, that is to say, U has a dense subset which exhibit homoclinic

tangencies. Since thicknesses depend continuously on the Cantor sets, Cantor sets C ′1 and

C ′2 that are near C1 and C2 will still intersect. Notice that the existence of persistent

tangencies discussed here implies that the difference C1 − C2 contains an interval.

In [58] Palis and Takens considered a C2 family of diffeomorphisms ϕµ, µ ∈ (−1, 1), such

that ϕµ is persistently hyperbolic (that is, any ϕµ′ which is Cr-close to ϕµ is also hyperbolic,

for r ≥ 1) and ϕ0 has a hyperbolic fixed point p0 with associated homoclinic tangency. They

showed that if Λ0 is a basic set (see section 2.1) associated with p0 and if dimH(W s(p0) ∩

Λ0) + dimH(W u(p0) ∩ Λ0) < 1 then

lim
µ→0+

Leb(B ∩ [0, µ])

µ
= 0 (8)

where B is the set of parameters µ > 0 for which ϕµ is not persistently hyperbolic.

A crucial point of this proof is that W s(p0) ∩ Λ0 and W u(p0) ∩ Λ0 are dynamically defined

Cantor sets, and when dimH(W s(p0) ∩ Λ0) + dimH(W u(p0) ∩ Λ0) < 1 (where dimH denotes

the Hausdorff dimension) then the difference of these two Cantor sets has Lebesgue measure

zero.

Later in [46, 47], while attempting to find a converse to the above statement, J. Palis con-

jectured that if the sums of the Hausdorff dimensions of two Cantor sets is larger than one,

then their arithmetic sum (generically) has measure zero, or else contains an interval. This

is known as the “Palis Conjecture”. The conjecture was answered in the affirmative– in fact

the sumset will contain an interval, generically– by Moreira and Yoccoz in [39] for dynami-
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cally defined Cantor sets. However, the genericity assumptions used by Moreira and Yoccoz

are difficult to check in many examples of one parameter families of Cantor sets that appear

in dynamics. Additionally, the conjecture has not been answered for affine Cantor sets.
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Chapter 1

Outline

1.1 Statement of the Results

In this paper we provide a partial answer to the Palis Conjecture. Through dimensional

arguments (see, for instance, [48]), one can show that given two Cantor sets, if the sum of

their Hausdorff dimensions is less than one, then their arithmetic sum must have Lebesgue

measure zero.

When the sum of the Hausdorff dimensions is greater than one, the answer is less clear. In

[67], Solomyak provided an answer in the case of the middle−α Cantor sets, and then later

he and Peres would answer the question for homogeneous self-similar Cantor sets (when the

contractions outlined in the introduction are all linear with the same contraction coefficient)

in [53]. As mentioned in the introduction, Moreira and Yoccoz would answer the conjecture

for generic dynamically defined Cantor sets in the affirmative in [39]; however, their genericity

assumptions would make it nearly impossible to check for a particular pair of Cantor sets.

Here we provide a partial answer for nearly affine Cantor sets; that is, whose contractions

7



are almost affine.

Theorem 1.1. Suppose J ⊆ R is an interval and {Cλ}λ∈J is a family of dynamically defined

Cantor sets generated by contracting maps

{fi,λ(x) = ci(λ)x+ bi(λ) + gi(x, λ)}mi=1 (1.1)

such that the following holds:

ci(λ), bi(λ) are C1-functions of λ; (1.2)

dci
dλ
≤ −δ < 0 for all λ ∈ J and some uniform δ > 0; (1.3)

gi(x, λ) ∈ C2, with small (based on {ci(λ)}, {bi(λ)}) C2-norm. (1.4)

Then for any compact K ⊂ R with

dimH(K) + dimH(Cλ) > 1 for all λ ∈ J, (1.5)

the sumset K + Cλ has positive Lebesgue measure for a.e. λ ∈ J .

Theorem 1.1 has implications for affine Cantor sets as well. By affine, we mean dynamically

defined Cantor sets whose generating contractions {φk}mk=1 are of the form φk(x) = λkx+dk,

where λk ∈ Jk ⊂ (−1, 0)∪ (0, 1), and dk = dk(λ1 . . . , λm) is C1, for k = 1, . . . ,m. If we define

Λ = (λ1, . . . , λm), let CΛ be such a set. Then we have the following corollary.

Corollary 1.1. Suppose K is a compact subset of the real line, and a family {CΛ} of affine

Cantor sets as above is given such that

dimH K + dimH CΛ > 1 for all (λ1, . . . , λm) ∈ J1 × · · · × Jm.

Then for a.e. (λ1, . . . , λm) ∈ J1 × · · · × Jm the set K + CΛ has positive Lebesgue measure.

Thus in this this setting, any affine Cantor set is determined by 2m parameters, namely

λ1, . . . , λm and d1, . . . , dm, such that φk = λkx + dk satisfies the necessary requirements for

8



k = 1, . . . ,m. These parameters form a subset of R2m, and as a consequence of Corollary

1.1, we have the following corollary.

Corollary 1.2. Generically (for Lebesgue almost all admissible tuples of the parameters)

the sum of two affine Cantor sets has positive Lebesgue measure provided the sum of their

Hausdorff dimensions is greater than one.

We remark that this Corollary provides an interesting comparison with Theorem E of [63],

which claims that for any two affine Cantor sets C1 and C2 with sum of Hausdorff dimensions

greater than one, dimH{u ∈ R |Leb(C1 + uC2) = 0} = 0.

1.2 Organization of the Thesis

We will now outline the structure of the paper. In chapter 2 we first discuss some preliminary

definitions and ideas. In section 2.1 we define the idea of a dynamically defined Cantor set,

including using the definition put forth by Palis and Takens in [48] which includes some of

the flavor that motivated them to study dynamically defined Cantor sets. In section 2.2 we

discuss ideas in dimensional theory, defining Hausdorff dimension, box counting dimension,

as laid out by Falconer in [20]. We also define the thickness of a Cantor set, and lay out

several theorems which will help us later on.

Starting in section 2.3 we discuss a result of Palis and Takens from [57, 58]. An attempt to

provide a converse to these results would inspire the Palis conjecture (see [46, 47]). In section

2.4 we discuss Solomyak’s results from [67] where he provides a partial answer to the Palis

conjecture for middle-α Cantor sets, as well as some results of Mendes and Oliveira related to

the structure of sums of Cantor sets from [37]. In section 2.5 we discuss results of Solomyak

and Peres which generalize Solomyak’s work to homogeneous self-similar Cantor sets from

[53]. In section 2.6 we discuss results of Moreira and Yoccoz in [39] which positively answers

9



the Palis conjecture, though with some hard to verify genericity conditions. In section 2.7

we discuss the known results for when dimH(C1 +C2) = dimH C1 + dimH C2 for dynamically

defined Cantor sets C1 and C2, including results from [51, 24]

In chapter 3 we prove the results outlined in section 1.1, notably the proof of Theorem 1.1.

We start in section 3.1 by stating Proposition 3.1, which appears in [14], and which will we

will use to help us prove Theorem 1.1; the proof of this Proposition can be found in Appendix

A. Then in section 3.3 we start building a setting in which the conditions of Proposition 3.1

can be verified, and then verify those conditions in section 3.4. In section 3.5 we state some

corollaries which will provide a partial answer to the Palis conjecture with respect to affine

Cantor sets.

Finally, in chapter 4 we discuss a few questions which we have not answered but for which

we have some ideas on how to proceed.

10



Chapter 2

Cantor Sets

In this chapter we will review the definition of a dynamically defined Cantor set, and discuss

previous results related to the Palis conjecture.

Recall that a Cantor set in R a non-empty, totally disconnected, perfect (containing no

isolated points), and compact set.

2.1 Dynamically Defined Cantor Sets

First, we restate the definition of a dynamically defined Cantor set.

Definition 2.1. Consider a family of C1+ε contractions {φi : I → I}mi=1, where I is a

compact interval, such that

φi(I) ∩ φj(I) = ∅ for i 6= j. (2.1)

We say C is a dynamically defined Cantor set if

C = ∩∞n=0In, where I0 = I and In+1 = ∪mi=1φi(In) (2.2)

11



Note that we often call a finite family of contractions on Rd an iterated function system, or

IFS, for short.

For new results discussed in this paper, we will use Definition 2.1. However, let us now

discuss a more general definition stemming from hyperbolic dynamics, and used by Palis

and Takens in [48].

Suppose M is a 2-dimensional differentiable manifold, and let ϕ : M →M be a C3 diffeomor-

phism. Suppose that p is a hyperbolic fixed point of ϕ of saddle-type, part of a non-trivial

basic set Λ.

H0

H1

H0

H1

ϕ(H0)ϕ(H1)
ϕ

Figure 2.1: The Horseshoe map, again

By basic set, we mean a compact, hyperbolic, invariant set with a dense orbit and which is

the maxical invariant set in a neighborhood of it. By non-trivial, we mean that it does not

consist of finitely many periodic orbits.

For p ∈ Λ, Λ ∩ W s(p) is what we want to call a dynamically defined Cantor set, where

W s(p) is the stable manifold of p. To be precise, suppose that α : R → W s(p) is a smooth

identification such that α−1 ◦ ϕ|W s(p) ◦ α is a linear contraction. Let C be an open and

12



compact neighborhood of 0 in α−1(W s(p) ∩ Λ). C is called a dynamically defined Cantor

set.

Generally, we assume C is obtained by intersecting α−1(W s(p)∩Λ) with an interval C0 ⊂ R

containing 0 and whose boundary points are not contained in α−1(W s(p) ∩ Λ).

p

Figure 2.2: A few iterations of the Stable Manifold

A dynamically defined Cantor set exhibit the following three properties:

1. Scaling

Since α−1 ◦ ϕ|W s(p) ◦ α is a linear contraction by λ > 0, then λC = C ∩ (λC0). Thus

our choice of C0 is arbitrary.

2. Expanding Structure

Choose an unstable foliation Fu defined on a neighborhood U of Λ. If ϕ is C3, then

the foliation will be C1+ε. If C0 is sufficiently big, we have a projection π along the

leaves of Fu of a neighborhood U ′ of Λ to α(C0). That is, points of U ′ are projected

onto the intersection of its leaf of Fu with α(C0). Then π(Λ) = α(C). Note that π is

not necessarily unique; a leaf of Fu may have more than one intersection with α(C0).

13



Since Λ is totally disconnected, one can still take π on a small neighborhood of Λ to

be continuous and hence C1+ε. The derivative of π|W s(p)∩U ′ is bounded and bounded

away from zero since the components of W s(p) ∩ U ′ are leaves of the stable foliation

which is transverse to Fu.

For N sufficiently large, ψ = α−1 ◦ π ◦ϕ−N ◦ α : C0 → C0 is, where defined, expanding

in the sense that its derivative has norm larger than 1. By construction, it follows that

ψ(C) = C and ψ is C1+ε in a neighborhood of C.

3. Markov Partition

If we have a Cantor Set C with an expanding map ψ, then a Markov Partition is a

finite set of disjoint intervals C1, . . . , Ck ⊂ C0 such that

(a) ψ is defined in a neighborhood of Ci, for i ≥ 1.

(b) C ⊂ ∪ki=1Ci and ∂Ci ⊂ C for each i.

(c) For 1 ≤ i ≤ k, ψ(Ci) is an interval which is the convex hull of a finite collection

of intervals of the Markov Partition.

(d) For 1 ≤ i ≤ k and n sufficiently large, ψn(C ∩ Ci) = C, i.e. ψ|C is topologically

mixing.

Definition 2.2. A dynamically defined Cantor set is a Cantor set C ⊂ R together with

• a scaling factor λ ∈ R, such that 0 < |λ| < 1 and λC is a neighborhood of 0 in C,

• a map ψ : C → C having a C1+ε expansive extension to a neighborhood of C,

• a Markov Partition {C1, . . . , Ck}.

We can actually define C by ψ and a Markov partition C1, . . . , Ck. That is, if ψ is expanding,

then we can take C to be C = ∩∞i=1ψ
−i(C1 ∪ · · · ∪ Ck).

14



This construction of a dynamically defined Cantor set yields a definition more general than

Definition 2.1, but still includes those constructed in the manner of Defintion 2.1. If C is a

dynamically defined Cantor set with expanding map ψ and Markov partition C1, . . . , Ck, then

C will be generated by the contractions φi = (ψ|Ci)−1, for i = 1, . . . , k. It will occasionally

be useful in the proof of Theorem 1.1 to use both definitions.

Finally, of particular significance to this paper will be the affine Cantor sets. By an affine

Cantor set C, we mean a dynamically defined Cantor set whose generating contractions

{φi}mi=1 are of the form φi(x) = λix+ di.

2.2 Dimension Theory

We have previously discussed results on Cantor sets related to their Hausdorff dimensions,

which we shall define here. We also define the box counting dimension and thickness of a

Cantor set. For Hausdorff and box counting dimensions, we will use the definitions as laid

out by Falconer in [20], and start with box counting dimension.

Suppose E ⊂ Rn, and let Nr(E) be the smallest number of sets of diameter r that can cover

E. The lower and upper box counting dimensions of E are

dimBE = lim inf
r→0

logNr(E)

− log r
(2.3)

and

dimBE = lim sup
r→0

logNr(E)

− log r
, (2.4)

respectively. When the limit in 2.3 and 2.4 exists, then these two values are equal. We define

the box counting dimension of E to be this common value, written

dimB E = lim
r→0

logNr(E)

− log r
. (2.5)

15



Let a countable collection of subsets {Ui} of Rn be a δ-cover of E; that is the diameter of

any Ui is at most δ, and E ⊂ ∪∞i=1Ui. Let s ≥ 0; for all δ > 0, define

Hs
δ(E) = inf

{
∞∑
i=1

diam(Ui)
s : {Ui} is a δ-cover of E

}
. (2.6)

As δ decreases, so will the number of δ-covers of E, and so the infimum increases monoton-

ically as δ decreases to zero. We can define the s-dimensional Hausdorff measure as

Hs(E) = lim
δ→0+

Hs
δ(E) (2.7)

We are now ready to define the Hausdorff dimension, as

dimH E = inf{s : Hs(E) = 0} = sup{s : Hs(E) =∞} (2.8)

which can be shown to exist for all subsets E ⊂ Rn.

The upper and lower box counting dimensions and Hausdorff dimension have the following

relationship (see [20] again):

dimH ≤ dimBE ≤ dimBE

Combined with Theorem 3 from [48] (see also [34]), we have the following helpful result:

Theorem 2.1. If C ⊂ R is a dynamically defined Cantor set, then dimH C = dimB C.

Among other things, this result makes it simple to calculate the Hausdorff dimension of self-

similar Cantor sets. Consider the middle-third Cantor set C1/3, constructed by removing

the open interval comprising the middle third of the interval [0,1], and then removing the

middle-third again of the remaining two intervals, and so on.

At each step of the construction we have 2n intervals of length (1/3)n which will cover C1/3.

Thus,

dimH C1/3 = dimB C1/3 = lim
n→∞

log 2n

log 3n
=

log 2

log 3
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Figure 2.3: The First three steps of construction for the middle-third Cantor set

Now to define the thickness of a Cantor set C. We call a gap of C a connected component

of R \ C. If U is a bounded gap of C and u a boundary point of U , a bridge of B is any

interval in R such that u is also a boundary point of B and doesn’t intersect any gap whose

length is longer than the length of U .

The thickness of C at u is τ(C, u) = |B|/|U |, where |B| and |U | are the lengths of B and U ,

respectively. We define the thickness of C to be the infimum of τ(C, u) over all u which are

boundary points of bounded gaps of C, and write it as τ(C).

If we again consider the middle-third Cantor set, it is straightforward to calculate the thick-

ness. Consider step n in the construction of C1/3. For the endpoint of any interval (which

will be a boundary point of a bounded gap in C1/3), the length of any bridge will be (1/3)n,

as will the length of any bounded gap. Thus, the thickness must be 1.

We have the following useful theorem from [48]

Theorem 2.2. The Hausdorff dimension (and so box counting dimension) and thickness of

a dynamically defined Cantor set C depend continuously on C.

Finally, the Newhouse Gap Lemma (see [42] or [48]) will be used to establish a relationship

between the thicknesses of two Cantor sets and the structure of their arithmetic sum.

Lemma 2.1 (Newhouse Gap Lemma). Let C1, C2 ⊂ R be Cantor sets with thicknesses τ1

and τ2. If τ1 · τ2 > 1 then one of the following is true: C1 is contained in a gap of C2, C2 is

contained in a gap of C1, or C1 ∩ C2 6= ∅.
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The Newhouse Gap Lemma implies that if the product of thicknesses of two Cantor sets is

greater than one, then the sum of the two Cantor sets must contain an interval; since gaps

are open sets, if two such Cantor sets intersect, then small translations of either set will still

have non-empty intersection. This gives us the following corollary.

Corollary 2.1. Let C1, C2 ⊂ R be Cantor sets with thicknesses τ1 and τ2. If τ1 · τ2 > 1,

then C1 + C2 contains an interval.

Proof. Consider the Cantor sets C1 and −C2 = {−x : x ∈ C2}; we have that τ(−C2) = τ2,

trivially. If C1 is contained in a gap of −C2 or vice versa, we can translate −C2 by some t

until C1 ∩ (t− C2) 6= ∅, by the Gap Lemma. Now, gaps are open sets, and so for t in some

interval, we will still have C1 ∩ (t− C2) 6= ∅.

However, C1 + C2 = {t = x1 + x2 : x1 ∈ C1, x2 ∈ C2} = {t : C1 ∩ (t − C2) 6= ∅}, and so

C1 + C2 must contain an interval.

2.3 The Palis Conjecture

While trying to prove a theorem related to smooth dynamics (see the introduction) in [57]

and [58], Palis and Takens proved the following result

Theorem 2.3. If C1 and C2 are dynamically defined Cantor sets such that dimH C1 + dimH C2 < 1

then C1 − C2 has Lebesgue measure zero.

Later while attempting to find a converse (see [46] and [47]), Palis conjectured the following

Conjecture 2.1 (Palis Conjecture). If C1 and C2 are dynamically defined Cantor sets such

that dimH C1 + dimH C2 > 1 then generically C1 − C2 either has Lebesgue measure zero or

else contains an interval.
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It should be noted that the Palis conjecture can only be true generically; in [61], Sannami

constructs an example of a dynamically defined Cantor set C such that C − C has positive

Lebesgue measure but empty interior.

This is addition to a theorem by Marstrand (see [30], or see again [48]).

Theorem 2.4. For C1 and C2 Cantor sets with dimH C1 + dimH C2 > 1, then C1−λC2 has

positive Lebesgue measure for Lebesgue-a.e. λ ∈ R.

Note that C1 − λC2 is simply the projection of C1 × C2 onto the line with slope λ; since

dimH(C1 × C2) = dimH C1 + dimH C2 for dynamically defined Cantor sets C1 and C2 (see

[48] again), we have the following inequality

dimH(C1 + C2) ≤ min{1, dimH C1 + dimH C2} (2.9)

While we know that C1 +C2 will have Lebesgue measure zero if dimH C1 + dimH C2 < 1, in

this case we are also interested in knowing when dimH(C1 + C2) = dimH C1 + dimH C2.

2.4 Middle-α Cantor Sets

The Palis conjecture is non-trivial, even when we restrict our view to one of the simplest

class of Cantor sets, the middle-α Cantor sets. As mentioned in the introduction, a middle-α

Cantor set Cλ is a dynamically defined Cantor set with contractions φ1, φ2 : [0, 1] → [0, 1],

with φ1(x) = λx and φ2(x) = λx+ (1− λ), where λ = 1
2
(1− α) (called the similarity ratio).

As an example, the middle third Cantor set is in this class.

We know via geometric arguments that dimH Cλ = log 2
log 1/λ

, and that τ(Cλ) = λ
1−2λ

; the proof

of either is nearly identical to the middle-third case. If dimH Cλ + dimH Cγ < 1, then Cλ+Cγ

will be a Cantor set. On the other hand, if τ(Cλ)τ(Cγ) > 1, then the Newhouse Gap Lemma
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(see Corollary 2.1) states that Cλ + Cγ will contain an interval.

In [67], Solomyak studied behavior of arithmetic sums of middle-α Cantor sets in what he

called “The Mysterious Region R”, that is the region with

log 2

log 1/λ
+

log 2

log 1/γ
> 1 (2.10)

and

λ

1− 2λ

γ

1− 2γ
< 1 (2.11)

i.e. where the sums of Hausdorff dimensions of Cλ and Cγ are greater than one but the

product of their thicknesses is less than one.

Figure 2.4: Solomyak’s ‘Mysterious Region’ R.

In his paper, Solomyak proved the following theorem, which says that the set Cλ + Cγ has

positive Lebesgue measure for a.e. set of parameters (γ, λ) in R.
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Theorem 2.5 (Theorem 1 from [67]). For any γ ∈ (0, 1/2) there exists a set Eγ ⊂ (0, 1/2)

of zero Lebesgue measure such that(
λ /∈ Eγ,

log 2

log 1/λ
+

log 2

log 1/γ
> 1

)
=⇒ Leb(Cλ + Cγ) > 0 (2.12)

Additionally, in his paper, Solomyak discusses the known exceptional parameters, i.e. the

sets of parameters for which Cλ + Cγ has Lebesgue measure zero. It turns out that these

exceptional sets are of the form λ = γθ, for θ rational. Furthermore, the results related to

the topological structure of Cλ + Cγ are are outlined.

In the region where λ
1−2λ

γ
1−2γ

> 1 (which Solomyak calls the ‘large’ region), Mendes and

Oliveira demonstrated in [37] that Cλ + Cγ = [0, 2]. In R, they also demonstrated that

Cλ + Cγ can have one of three different structures: it can be the interval [0, 2], a Cantor

set, or an M-Cantorval, a perfect set in R, where any gap is accumulated on both sides by

infinitely many intervals and gaps (for instance, by blowing up the right and left endpoints

of a Cantor set). They also gave criterion which can determine when Cλ + Cγ = [0, 2].

1. If θ = log λ
log γ

is irrational, then Cλ + Cγ 6= [0, 2].

2. If θ = n or θ = n+1
n

, then Cλ + Cγ will be an interval if and only if λ ≥ 1− 2γ.

However, beyond these results, it is unknown whether Cλ +Cγ will have nonempty interior,

even generically.

2.5 Homogeneous Self-Similar Cantor Sets

By a homogeneous self-similar Cantor set Cλ we mean a dynamically defined Cantor set

where the family of generating contractions {φi}mi=1 are affine maps with identical contraction
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constants; that is to say, φi(x) = λx+ di(λ), such that

{di(λ) + λCλ} ∩ {dj(λ) + λCλ} = ∅ for i 6= j (2.13)

which is equivalent to (2.1) in Definition 2.1 and is often called the strong separation con-

dition. As with the middle−α Cantor sets (with similarity ratio λ), the strong separation

condition implies that dimH Cλ = logm
log 1/λ

.

Theorem 2.6 (Theorem 1.1 in [53]). Suppose that K is a compact set on the real line and

J ⊂ (0, 1) is an interval such that the family {Cλ} are homogeneous self-similar Cantor sets

for all λ ∈ J . Then

(a) for a.e. λ ∈ J with dimH K+dimH Cλ < 1 we have dimH(K + Cλ) = dimH K + dimH Cλ;

(b) for a.e. λ ∈ J with dimH K + dimH Cλ > 1, the set K + Cλ has positive Lebesgue

measure.

The proof of the main result of this paper, Theorem 1.1 is similar to that of part (b) above

(not surprisingly, since the proof of Theorem 1.1 uses a Proposition from [14] for which

Boris Solomyak is a co-author); a Frostman measure for K is convolved with a self-similar

measure for Cλ; this convolution is supported on K+Cλ. It can be shown that for a.e. λ ∈ J

which satisfy some conditions related to the sum of the Hausdorff dimenions of K and Cλ,

this convolution will be absolutely continuous with respect to the Lebesgue measure, and so

K + Cλ will have positive Lebesgue measure for such λ.

2.6 A Positive Answer to the Palis Conjecture

In [36], Moreira established the stable intersection property for a pair of dynamically defined

Cantor sets C1 and C2. We say that the pair (C1, C2) have the stable intersection property
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if there is a neighborhood V of (C1, C2) in the space of pairs of C1+ε dynamically defined

Cantor sets such that for any (C ′1, C
′
2) in V we have C ′1 ∩ C ′2 6= ∅.

Moreira posed the following question: does there exist an open and dense subset U ⊂ Ω∞ =

{(C1, C2) : C1, C2 dynamically defined Cantor sets such that dimH C1 + dimH C2 > 1} so

that if (C1, C2) are in U , then will there exist t ∈ R such that (C1, C2 − t) has the stable

intersection property?

An affirmative answer to this question implies a strong version of the Palis conjecture; if

dimH C1 + dimH C2 > 1 and (C1, C2 − t) has stable intersection then C1 ∩ (C2 − t) 6= ∅ for

some neighborhood of t and so C1 − C2 must contain an interval.

In [39], Moreira and Yoccoz would provide the affirmative answer to this question and thus

to the Palis conjecture with the following theorem

Theorem 2.7. There is an open and dense subset U ⊂ Ω∞ such that if (C1, C2) ∈ U then

Is(C1, C2) := {t ∈ R : C1 and (C2 + t) have stable intersection} is dense in C1 − C2 and

dimH((C1 − C2) \ Is(C1, C2)) < 1. (2.14)

This proves the strong form of the Palis conjecture. However, the genericity assumptions

are difficult to verify, even for a one parameter family of dynamically defined Cantor sets,

as often arises during applications. Neither does it confirm the Palis conjecture for affine

Cantor sets.

2.7 The dimH C1 + dimH C2 < 1 Case

As we mentioned in section 2.3, when dimH C1 + dimH C2 < 1, we are interested in knowing

precisely when dimH(C1 +C2) = dimH C1 + dimH C2 for dynamically defined Cantor sets C1
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and C2.

We’ve already mentioned the work of Peres and Solomyak regarding homogeneous Cantor

sets in section 2.5. Part (a) of Theorem 2.6 states that for Cλ a homogeneous Cantor set,

then for a compact set K such that dimH K + dimH Cλ < 1 for all λ in an interval J , then

we will have that dimH(K + Cλ) = dimH K + dimH Cλ for almost all choices of parameter.

In [51], Peres and Shmerkin were able to further elaborate on this result, providing a descrip-

tion to the possible exceptions for affine Cantor sets (including middle-α and homogeneous

Cantor sets)

Theorem 2.8 (Theorem 2 in [51]). Suppose {λkx+ dk}mλk=1 and {γkx+ d′k}
mγ
k=1 are finite sets

of affine contractions which generate dynamically defined (affine) Cantor sets Cλ and Cγ,

respectively. If there exist j and j′ such that log |λj|/ log |γj′| is irrational, then

dimH(Cλ + Cγ) = min{1, dimH Cλ + dimH Cγ} (2.15)

We have the homogeneous case when λk = λ and γk = γ for all possible choices of k.

In [24], Hochman and Shmerkin lay out conditions for which a pair of dynamically defined

Cantor sets C1 and C2 will have dimH(C1 + C2) = min{1, dimH C1 + dimH C2}

If a function f is a smooth contraction of [0, 1] then it has a unique fixed point x and we

can define

λ(f) = − log(f ′(x)) (2.16)

If I = {fi}mi=1 is an IFS generating a dynamically defined Cantor set, define

L(I) = {λ(fx1 ◦ · · · ◦ fxn) : n ∈ N, x1, . . . , xn ∈ {1, . . . ,m}} (2.17)

Theorem 2.9 (Theorem 1.4 from [24]). Let I(i) = {f (i)
j }m

(i)

j=1 , i = 1, . . . , d be IFSs generating

dynamically defined Cantor sets Ci. Suppose the following minimality assumption holds: the
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set L(I(1))× · · · ×L(I(d)) is dense in the quotient space (Rd,+)/∆, where ∆ is the diagonal

subgroup of Rd. Then if π(x) =
∑d

i=1 tixi with all ti non-zero,

dimH π(C1 × · · · × Cd) = min{1, dimH C1 + · · ·+ dimH Cd}.
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Chapter 3

Results for Nearly Affine Cantor Sets

3.1 Absolute Continuity of Convolutions

Let A be an alphabet of size m ≥ 2 and let Ω = AZ+ be the standard symbolic space,

equipped with the product topology. Let µ be a Borel probability measure on Ω.

Let J be a compact interval and assume we are given a family of continuous maps Πλ : Ω→ R,

for λ ∈ J , such that Cλ = Πλ(Ω) are the Cantor sets, and let νλ = Πλ(µ) := µ ◦ Π−1
λ .

For a word u ∈ An, n ≥ 0, denote by |u| = n its length and by [u] the cylinder set of elements

of Ω that have u as a prefix. For ω, τ ∈ Ω we write ω∧ τ for the maximum common subword

in the beginning of ω and τ (empty if ω0 6= τ0; we set the length of the empty word to be

zero). For ω, τ ∈ Ω, let φω,τ (λ) := Πλ(ω)− Πλ(τ).

We will need the following statement, which is Proposition 2.3 from [14].

Proposition 3.1. Let η be a compactly supported Borel probability measure on R of exact

local dimension dη. Suppose that for any ε > 0 there exists a subset Ωε ⊂ Ω such that

µ(Ωε) > 1 − ε and the following holds; there exist constants C1, C2, C3, α, β, γ > 0 and
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k0 ∈ Z+ such that

(a) dη +
γ

β
> 1 and dη >

β − γ
α

,

(b) maxλ∈J |φω,τ (λ)| ≤ C1m
−α|ω∧τ | for all ω, τ ∈ Ωε, ω 6= τ,

(c) supv∈R Leb({λ ∈ J : |v+φω,τ (λ)| ≤ r}) ≤ C2m
|ω∧τ |βr for all ω, τ ∈ Ωε, ω 6= τ such that

|ω ∧ τ | ≥ k0, and

(d) maxu∈An,[u]∩Ωε 6=∅ µ([u]) ≤ C3m
−γn for all n ≥ 1.

Then the convolution η ∗ νλ is absolutely continuous with respect to the Lebesgue measure for

a.e. λ ∈ J .

Remark 3.1. In fact, in Proposition 3.1 the condition on exact dimensionality of the mea-

sure η can be replaced by the following condition (and this is the only consequence of exact

dimensionality of η that was used in the proof of Proposition 3.1 in [14]): η is a compactly

supported Borel probability measure on the real line, then there exists D > 0 such that

η[Br(x)] ≤ Drdη , for all x ∈ R and r > 0. (3.1)

Remark 3.2. Condition (c) is the hardest to check in typical applications. It follows from

inf
λ1,λ2∈J, λ1 6=λ2

|φω,τ (λ1)− φω,τ (λ2)|
|λ1 − λ2|

≥ C ′2m
−|ω∧τ |β for all ω, τ ∈ Ωε, ω 6= τ.

An estimate of this kind in turn follows from a suitable lower bound on | d
dλ
φω,τ (λ)|.

For the interested reader, the proof of Proposition 3.1 can be found in Appendix A.

3.2 Theorem 1.1

We are now ready to prove Theorem 1.1. We repeat it here for convenience.
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Theorem 1.1. Suppose J ⊆ R is an interval and {Cλ}λ∈J is a family of dynamically defined

Cantor sets generated by contracting maps

{fi,λ(x) = ci(λ)x+ bi(λ) + gi(x, λ)}mi=1 (3.2)

such that the following holds:

ci(λ), bi(λ) are C1-functions of λ; (3.3)

dci
dλ
≤ −δ < 0 for all λ ∈ J and some uniform δ > 0; (3.4)

gi(x, λ) ∈ C2, with small (based on {ci(λ)}, {bi(λ)}) C2-norm. (3.5)

Then for any compact K ⊂ R with

dimH(K) + dimH(Cλ) > 1 for all λ ∈ J, (3.6)

the sumset K + Cλ has positive Lebesgue measure for a.e. λ ∈ J .

Though we have written our family of Cantor sets in Theorem 1.1 using definition 2.1, we

will assume that they are also dynamically defined in the sense of definition 2.2; that is,

there is an expansive map Φλ which is defined on I1,λ ∪ · · · ∪ Im,λ, where Ik,λ = fk,λ([0, 1]),

and fk,λ = (Φλ|Ik,λ)−1. I1,λ, . . . , Im,λ form the Markov partition for Cλ

To prove Theorem 1.1 we will construct particular measures for K and Cλ and apply Propo-

sition 3.1.

3.3 Construction of Measures for K and Cλ

Here we will construct the measure η supported on K and a family of measures {νλ} with

supp νλ = Cλ such that Proposition 3.1 can be applied. Since absolute continuity of the

convolution η ∗ νλ implies that Leb(Cλ +K) > 0, this will prove Theorem 1.1.
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Let us start with construction of the measure η. The compact set K ⊂ R satisfies the condi-

tion (3.6), i.e. dimH(K)+dimH(Cλ) > 1 for all λ ∈ J . Take any constant d ∈ (0, dimH(K))

that is sufficiently close to dimH(K) to guarantee that d+ dimH(Cλ) > 1 for all λ ∈ J . We

will need Frostman’s lemma (see, e.g., [33, Theorem 8.8])

Lemma 3.1 (Frostman’s Lemma). Let E be a Borel subset of Rn, and let s > 0. Then the

following are equivalent:

• Hs(E) > 0 where Hs(E) is the s-dimensional Hausdorff measure

• There is an (unsigned) Borel measure η satisfying η(E) > 0, and such that η(B(x, r)) ≤ rs

for all x ∈ Rn and r > 0.

Since d < dimH K = inf{s : Hs(K) = 0}, we have that Hd(K) > 0. Thus, by Frostman’s

Lemma, there exists a Borel measure η supported on K such that (3.1) holds with dη = d.

To construct measures for {Cλ}, first let us define the Hausdorff dimension of a measure.

For a measure µ, define

dimH(µ) = inf{dimH E : µ(E) = 1} (3.7)

In general, for measures µ supported on a set E we have that dimH µ ≤ dimHE. However,

from Theorem 13.1 from [52] (see also [35, 34]), if Cλ is a dynamically defined Cantor set

with expansive map Φλ, then there exists a Φλ-invariant ergodic measure µλ, supported on

Cλ, such that

dimH Cλ = dimH µλ =
hµλ(Φλ)

Lyapu(µλ)
(3.8)

where hµλ(Φλ) is the measure theoretic entropy of Φλ, and Lyapu(µλ) is the Lyapunov

exponent of Φλ, both with respect to the ergodic measure µλ. We call this the measure of
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maximal dimension.

In the setting of Proposition 3.1, we have one measure on the symbolic space Ω which defines

the family of measures νλ on Cλ. However, we would like to use the particular properties

of the measure of maximal dimension. To construct the measure µ on the symbolic space,

we will pick some λ0 and then consider the measure µ := Π−1
λ (µλ0). Then the measures

νλ = Πλ(µ) will have the desired properties for λ close enough to λ0. Since J is assumed to

be compact, we only need to partition J into finitely many subintervals and apply Proposition

3.1 on each one. We demonstrate how to do this now.

For each ω ∈ Ω let F n
λ (ω) = fω0,λ ◦ · · · ◦ fωn,λ(x), for a fixed x ∈ [0, 1]. Then we can define

the map Πλ : Ω→ R given by

Πλ(ω) = lim
n→∞

F n
λ (ω), (3.9)

The limit does not depend on the initial point x ∈ [0, 1]; this is a result of the Cantor

Intersection Theorem and because the functions fωi,λ are contractions. For any λ1, λ2 ∈ J

the map hλ1,λ2 : Cλ2 → Cλ1 defined by hλ1,λ2 = Πλ1 ◦ Π−1
λ2

is a homeomorphism. It is well

known (e.g. see Section 19 in [27]) that this homeomorphism must be Hölder continuous.

Moreover, due to [49] the following statement holds.

Lemma 3.2. For any λ0 ∈ J and any τ ∈ (0, 1) there exists a neighborhood V ⊆ J , λ0 ∈ V ,

such that for any λ ∈ V the conjugacy hλ,λ0 : Cλ0 → Cλ as well as its inverse hλ0,λ : Cλ → Cλ0

are Hölder continuous with Hölder exponent τ .

We also need the following easy lemma

Lemma 3.3. If f : Rd → Rd is Hölder continuous with Hölder exponent τ then for any

E ⊂ Rd

dimH f(E) ≤ 1

τ
dimH E (3.10)

Proof. If {Ui} is a δ-cover of E, then diam(Ui) < δ and so diam(f(Ui)) ≤ C · diam(Ui)
τ .
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Thus, {f(Ui)} is a Cδτ -cover of f(E) and for any s ≥ 0, we have that

∑
i

diam(f(Ui))
s ≤ Cs

∑
i

diam(Ui)
τs (3.11)

Therefore, we have thatHs
Cδτ (f(E)) ≤ CsHτs

δ (E). Taking δ → 0, we haveHs(f(E)) ≤ CsHτs(E).

Now, 1
τ

dimH E = inf{s : Hτs(E) = 0}. Since Hs(f(E)) ≤ CsHτs(E) for all s, we must have

that

dimH f(E) ≤ 1

τ
dimH E (3.12)

Define the measure µ0 on Ω by µ0 := Π−1
λ0

(µλ0), and set

νλ := Πλ(µ0) = Πλ(Π
−1
λ0

(µλ0)) = hλ,λ0(µλ0) = hλ,λ0(νλ0).

If both hλ,λ0 and hλ0,λ are Hölder continuous with Hölder exponent τ then by Lemma 3.3

τ dimH Cλ0 = τ dimH νλ0 ≤ dimH νλ ≤
1

τ
dimH νλ0 =

1

τ
dimH Cλ0 .

Since in Lemma 3.2 the value of τ can be taken arbitrarily close to one, we get the following

statement.

Lemma 3.4. For any λ0 ∈ J there exists a neighborhood W ⊆ J , λ0 ∈ W , such that for

any λ ∈ W we have

dη + dimH νλ > 1.

It is clear that in order to prove Theorem 1.1 it is enough to prove that for each λ0 ∈ J there

exists a neighborhood W,λ0 ∈ W , such that the sum K +Cλ has positive Lebesgue measure

for a.e. λ from W . Decreasing if needed the neighborhood W given by Lemma 3.4 we can

choose positive ε, α, β, and γ in such a way that for all λ ∈ W the following properties hold:
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dη + dimH νλ > 1 + ε,

α <
Lyapu(νλ)

logm
< β,

γ <
hνλ(Φλ)

logm
,

β − α
γ

< 1,

β

α
< 1 +

ε

2
,

hνλ(Φλ)

Lyapu(νλ)
− γ

α
<
ε

2
.

Therefore

dη > 1 + ε− dimH(νλ) >
β

α
− γ

α

for λ ∈ W , which implies the conditions in part (a) of Proposition 3.1, namely,

dη +
γ

β
> 1 and dη >

β − γ
α

.

3.4 Verifying the Conditions of Proposition 3.1

We are now ready to verify the rest of the conditions of Proposition 3.1, we will try to mimic

the proof of Theorem 3.7 from [14]. The plan will be to fix points p, q ∈ Cλ. We can iterate

p and q by Φλ until their distance apart is of order 1. To simplify notation, it will be helpful

to parameterize Cλ,Φλ(Cλ), . . . ,Φ
n
λ(Cλ) so that Φi

λ(p) is the origin for each iterate of Cλ.

Then we can find a word u ∈ An+1 that represents the “itinerary” of q. That is to say,

if u = u0u1 . . . un, then Φi
λ(q) ∈ Iui,λ where I1,λ, . . . , Im,λ are the elements of the Markov

partition.

Now, take k
(t)
λ = fut,λ, and take a(n) to be the distance between Φn

λ(p) and Φn
λ(q) in Φn

λ(Cλ).
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Define Pn(λ) = Φn
λ(p) and Qn = Φn

λ(q). For m < n Define

P n
m(λ) = k

(m)
λ ◦ k(m+1)

λ ◦ · · · ◦ k(n)
λ (Pn(λ))

Qn
m(λ) = k

(m)
λ ◦ k(m+1)

λ ◦ · · · ◦ k(n)
λ (Qn(λ)),

P n
n (λ) = k

(n)
λ (Pn(λ)) and P n

n+1(λ) = Pn(λ) (similarly for Qn
n and Qn

n+1). Let Kn
m(λ) =

P n
m(λ)−Qn

m(λ).

In order to verify the first conditions of Proposition 3.1 we need to find a bound on d
dλ

(q(λ)−

p(λ)) = d
dλ

(Kn
1 (λ)).

d

dλ
(P n

1 (λ)−Qn
1 (λ)) =

=
n∑
i=1

(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

)
∂k

(i)
λ

∂λ
(P n

i+1(λ)) +

(
n∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

)
∂Pn
∂λ

(λ)

−
n∑
i=1

(
i−1∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)
∂k

(i)
λ

∂λ
(Qn

i+1(λ))−

(
n∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)
∂Qn(λ)

∂λ

=
n∑
i=1

(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

)(
∂k

(i)
λ

∂λ
(P n

i+1(λ))− ∂k
(i)
λ

∂λ
(Qn

i+1(λ))

)

+
n∑
i=1

∂k
(i)
λ

∂λ
(Qn

i+1(λ))

(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))−
i−1∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)

+

((
n∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

)
∂Pn
∂λ

(λ)−

(
n∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)
∂Qn(λ)

∂λ

)

= S1 + S2 + S3

First, define
∂k

(t)
λ

∂x
(P n

t+1(λ)) = l(t)(λ). Then we have that

k
(t)
λ (x) = k

(t)
λ (P n

t+1(λ)) + l(t)(x− P n
t+1(λ)) +O((x− P n

t+1(λ))2)

and

∂k
(t)
λ

∂x
(x) = l(t) +O(x− P n

t+1(λ))
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It’s clear that S3 = O(
∏n

s=1 l
(s)). Let’s first consider S1:

S1 =
n∑
i=1

(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

)(
∂k

(i)
λ

∂λ
(P n

i+1(λ))− ∂k
(i)
λ

∂λ
(Qn

i+1(λ))

)

=
n∑
i=1

(
i−1∏
s=1

l(s)

)
∂2k

(s)
λ

∂x∂λ
(W n

i+1(λ))(P n
i+1(λ)−Qn

i+1(λ))

where W n
i+1(λ) is between P n

i+1(λ) and Qn
i+1(λ). We will need the following lemma.

Lemma 3.5 (from [14]). There is a constant C > 0 such that if m,n ∈ Z+ and m ≤ n + 1

then

1

C

(
n∏

s=m

l(s)

)
≤ Kn

m(λ) ≤ C

(
n∏

s=m

l(s)

)
Moreover, for any ε > 0 there is n0 ∈ Z+ such that for all n > n0, there exists An > 0 such

that for all I ∈ Z+ with I ≤ n− n0 + 1 < n, we have∣∣∣∣ Kn
I+1(λ)∏n
s=I+1 l

(s)
− An

∣∣∣∣ ≤ ε.

The sequence An is uniformly bounded above and away from zero.

Proof.

P n
m(λ)−Qn

m(λ) =

= k
(m)
λ (P n

m+1)− k(m)
λ (Qn

m+1) =

= k
(m)
λ (P n

m+1)− (k
(m)
λ (P n

m+1) + l(m)(−Kn
m+1) +O((−Kn

m+1)2)

= Kn
m+1(l(m) +O(Kn

m+1)

= . . .

= (Pn(λ)−Qn(λ))
n∏

s=m

(l(s) +O(Kn
s+1))

= Kn
n+1(λ)

(
n∏

s=m

l(s)

)(
n∏

s=m

1 +
O(Kn

s+1))

l(s)

)

Since {Kn
m(λ)} is bounded by a geometric progression, the product∏n

s=m 1 +
O(Kn

s+1))

l(s)
is bounded above and below, and since Pn(λ)−Qn(λ) is bounded above
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and below, we have the first inequality.

For n0 ∈ Z+ sufficiently large, and I ≤ n− n0 + 1 < n, we have

Kn
I+1(λ)∏n
s=I+1 l

(s)
=

n∏
s=I+1

(
1 +

O(Kn
s+1(λ)

l(s)

)
(Pn(λ)−Qn(λ))

If we have

An =
n∏

s=n−n0+2

(
1 +

O(Kn
s+1(λ)

l(s)

)
(Pn(λ)−Qn(λ))

Then ∣∣∣∣ Kn
I+1(λ)∏n
s=I+1 l

(s)
− An

∣∣∣∣ = An

∣∣∣∣∣
n−n0+1∏
s=I+1

(
1 +

O(Kn
s+1(λ)

l(s)

)
− 1

∣∣∣∣∣
Since {Kn

s+1(λ)}n−n0+1
s=I+1 is bounded by a geometric progression, the choice of n0 can guarantee

that its terms are sufficiently small and hence∣∣∣∣∣
n−n0+1∏
s=I+1

(
1 +

O(Kn
s+1(λ)

l(s)

)
− 1

∣∣∣∣∣ < ε.

Which gives the second estimate and completes the proof.

Using this lemma,

S1 =

n−n0∑
i=1

(
i−1∏
s=1

l(s)

)
∂2k

(s)
λ

∂x∂λ
(W n

i+1(λ))Kn
i+1(λ)

+
n∑

i=n−n0+1

(
i−1∏
s=1

l(s)

)
∂2k

(s)
λ

∂x∂λ
(W n

i+1(λ))Kn
i+1(λ)
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The second sum is O(
∏n

s=1 l
(s)). As for the first sum

n−n0∑
i=1

(
i−1∏
s=1

l(s)

)
∂2k

(s)
λ

∂x∂λ
(W n

i+1(λ))Kn
i+1(λ) =

=

n−n0∑
i=1

(
n∏
s=1

l(s)

)(
∂2k

(s)
λ

∂x∂λ
(W n

i+1(λ))

)
Kn
i+1(λ)∏n
i+1 l

(s)

1

l(i)

≤
n−n0∑
i=1

(
n∏
s=1

l(s)

)
(−B)(An − ε) = −(n− n0)B

(
n∏
s=1

l(s)

)
(An − ε)

Since
∂2k

(s)
λ

∂x∂λ
≤ −δ < 0 for all x and λ by assumption.

As far as S2, note that we’re assuming that each Cλ is a perturbation of an affine Cantor set,

that is each contraction fk,λ(x) = ck(λ)x+ bk(λ) + gk(x, λ) where the C2-norm of gk(x, λ) is

small.

|S2| =

=

∣∣∣∣∣
n∑
i=1

∂k
(i)
λ

∂λ
(Qn

i+1(λ))

(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))−
i−1∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)∣∣∣∣∣
≤

n∑
i=1

∣∣∣∣∣∂k(i)
λ

∂λ
(Qn

i+1(λ))

∣∣∣∣∣
∣∣∣∣∣
(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))−
i−1∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)∣∣∣∣∣
≤

n∑
i=1

C

∣∣∣∣∣
(
i−1∏
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))−
i−1∏
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))

)∣∣∣∣∣
= C

n∑
i=1

(
i−1∏
s=1

l(s)

)∣∣∣∣∣∣1−
∏i−1

s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))∏i−1
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

∣∣∣∣∣∣
Lemma 3.6. ∣∣∣∣∣∣1−

∏i−1
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))∏i−1
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

∣∣∣∣∣∣ ≤ C ′′′

(
n∏
s=i

l(s)

)
max

t=1,...,m
‖gt‖C2

for some C ′′′ > 0.

Proof of Lemma 3.6. Note that if A is near 1 and B is much smaller than 1, we have that

| logA| < B implies |A− 1| ≤ 2B
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for some c > 0. We have

| logA| < B ⇒ e−B − 1 < A− 1 < eB − 1

⇒ −B +O(B2) < A− 1 < B +O(B2)

⇒ |A− 1| < 2B

for small B.

To prove Lemma 3.6, we will show that

∣∣∣∣∣log
∏i−1
s=1

∂k
(s)
λ
∂x

(Qns+1(λ))∏i−1
s=1

∂k
(s)
λ
∂x

(Pns+1(λ))

∣∣∣∣∣ is small. By the mean value

theorem we get ∣∣∣∣∣∣log

∏i−1
s=1

∂k
(s)
λ

∂x
(Qn

s+1(λ))∏i−1
s=1

∂k
(s)
λ

∂x
(P n

s+1(λ))

∣∣∣∣∣∣ =

=

∣∣∣∣∣
i−1∑
s=1

log
∂k

(s)
λ

∂x
(Qn

s+1(λ))−
i−1∑
s=1

log
∂k

(s)
λ

∂x
(P n

s+1(λ))

∣∣∣∣∣
≤ C

i−1∑
s=1

∣∣∣∣∣∂k(s)
λ

∂x
(Qn

s+1(λ))− ∂k
(s)
λ

∂x
(P n

s+1(λ))

∣∣∣∣∣
= C

i−1∑
s=1

∣∣∣∣∂gs∂x (Qn
s+1(λ))− ∂gs

∂x
(P n

s+1(λ))

∣∣∣∣
= C

i−1∑
s=1

∣∣∣∣∂2gs
∂x2

(Vs+1)

∣∣∣∣ ∣∣Qn
s+1(λ)− P n

s+1(λ)
∣∣

≤ max
t=1,...,m

‖gt‖C2C ′
i−1∑
s=1

(
n∏

j=s+1

l(s)

)

≤ max
t=1,...,m

‖gt‖C2C ′′
n∏
s=i

l(s)

since the terms of the last sum are bounded by a geometric progression. This proves the

estimate Lemma 3.6.

Therefore we have

|S2| ≤ nC̃

(
n∏
i=1

l(s)

)
max

t=1,...,m
‖gt‖C2
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Hence we have

S1 + S2 + S3 ≤

≤− nB

(
n∏
s=1

l(s)

)
(An − ε) + n max

t=1,...,m
‖gt‖C2C ′′′

(
n∏
s=1

l(s)

)
+O

(
n∏
s=1

l(s)

)
<

<− nδ

(
n∏
s=1

l(s)

)

if maxt=1,...,m ‖gt‖C2 is sufficiently small and δ > 0.

Lemma 3.7. Given ε > 0, there exists a set Ωε ⊂ Ω with µ0(Ωε) > 1− ε and N ∈ N so that

α logm < − 1

N

N∑
s=1

log l(s)(λ)

for every λ ∈ J and all p ∈ Πλ(Ωε).

Proof of Lemma 3.7. First we will show that for a fixed λ ∈ J and a given ε′ > 0, there

exists Ω′ with µ0(Ω′) > 1− ε′ and n′ ∈ N such that

α + ξ < − 1

n′

n′∑
s=1

log l(s)(λ),

where 0 < ξ < Lyapu(νλ)− α, for all p ∈ Πλ(Ω
′).

By the Birkhoff Ergodic Theorem (see [70]),

Lyapu(νλ) =

=

∫
log ‖DΦλ(Πλ(ω))‖ dµ0(ω)

= lim
n→∞

1

n

n∑
s=1

log ‖DΦλ(Φ
s
λ(Πλ(ω))‖

= lim
n→∞

− 1

n

n∑
s=1

log l(s)ω (λ)

for µ0-a.e. ω ∈ Ω. Thus by Egorov’s theorem (see [59], for instance), there exists Ω′ ⊂ Ω

with µ0(Ω′) > 1 − ε′ such that the convergence is uniform on Ω′. Thus there exists n′ ∈ N
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such that α + ξ < − 1
n′

∑n′

s=1 l
(s)(λ) for all p ∈ Πλ(Ω

′).

Next we will show that N can be chosen for every λ ∈ J . Let ε > 0 be given. Consider the

family of functions

Lω(λ) = − log ‖DΦλ(Πλ(ω)‖

We can treat this family as a functions of λ with parameter ω. Then {Lω(λ)}ω∈Ω is an

equicontinuous family of functions and there exists t > 0 such that if |λ1 − λ2| ≤ t, then

|Lω(λ1)− Lω(λ2)| < ξ
100

for any ω ∈ Ω. Consider a finite t-net {y1, . . . , yM} in J , containing

M = M(J, t) points. For each point yj we can find a set Ωj ⊂ Ω, µ0(Ωj) > 1 − ε
M

, and

Nj ∈ N such that for every N ≥ Nj and every ω ∈ ΩJ , we have

1

N

N∑
s=1

Lσs(ω)(yj) = − 1

N

N∑
s=1

log l(s)ω (yj) > α + ξ,

where σ : Ω → Ω is the shift map, that is σ(ω0ω1 . . . ) = ω1ω2 . . . . Take Ωε = ∩Mj=1Ωj. We

have

µ0(Ωε) > 1−M ε

M
= 1− ε,

and for every λ ∈ J there exists yj with |yj − λ| ≤ t. So for every ω ∈ Ωε ⊂ Ωj and every

N > N0 = max{N1, . . . , NM}, we have

− 1

N

N∑
s=1

log l(s)ω (λ) =
1

N

N∑
s=1

Lσs(ω)(λ)

≥ 1

N

N∑
s=1

Lσs(ω)(yj)−

∣∣∣∣∣ 1

N

N∑
s=1

Lσs(ω)(yj)−
1

N

N∑
s=1

Lσs(ω)(λ)

∣∣∣∣∣
≥ α + ξ − ξ

100

> α +
ξ

2

> α

which concludes the proof of Lemma 3.7.
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So by Lemma 3.7, for any ε > 0 we can find Ω1 with µ0(Ω1) > 1− ε
2
. Thus for all p ∈ Πλ(Ω1),

we have that

α <
Lyapu(νλ)

logm
=

1

logm
lim
n→∞

(
− 1

n

n∑
s=1

log l(s)

)
,

and so for sufficiently large n ∈ N, we have that nα logm < − log
(∏n

s=1 l
(s)
)
. Thus we have

m−α|ω∧τ | = m−αn >

(
n∏
s=1

l(s)

)
> C|φω,τ (λ)|

for n large enough.

Since d
dλ
φω,τ (λ) < −nδ

(∏n
s=1 l

(s)
)

and β > 1
logm

Lyapu(νλ), we have

m−β|ω∧τ | = m−nβ < C

(
n∏
s=1

l(s)

)
<

∣∣∣∣ ddλφω,τ (λ)

∣∣∣∣ ,
for n large enough.

Now from the Shannon-McMillan-Breiman theorem (see [6]) we have that

− 1

n
log µ0([ω]n)→ hµ0(σ)

for µ0-a.e. ω ∈ Ω. By Egorov’s theorem, there exists a set Ω2 ⊂ Ω with µ0(Ω2) > 1 − ε/2

such that this convergence is uniform in ω ∈ Ω2. Thus we have

− 1

n
log µ0([ω]n)→ hµ0(σ) > γ logm

uniformly for ω ∈ Ωε. So for n sufficiently large, we have that

µ0([ω]n) < m−nγ

or choosing a sufficient constant C > 0, then for all n ≥ 1 we have

µ0([ω]n) < Cm−nγ.

Now let Ωε = Ω1 ∩Ω2, then µ0(Ωε) > 1− ε and all conditions of Proposition 3.1 hold on Ωε,
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concluding the proof.

3.5 Corollaries

Theorem 1.1 gives us the following corollaries, which provide partial answers to the Palis

conjecture regarding affine Cantor sets.

Consider a family of affine Cantor sets CΛ generated by contractions {φk}mk=1 such that

φk(x) = λkx + dk, where λk ∈ Jk ⊂ (−1, 0) ∪ (0, 1), and dk = dk(λ1 . . . , λm) is C1, for

k = 1, . . . ,m. If we define Λ = (λ1, . . . , λm), let CΛ be such a set. Then by combining

Fubini’s theorem with Theorem 1.1 we have the following corollary.

Corollary 1.1. Suppose K is a compact subset of the real line, and a family {CΛ} of affine

Cantor sets as above is given such that

dimH K + dimH CΛ > 1 for all (λ1, . . . , λm) ∈ J1 × · · · × Jm.

Then for a.e. (λ1, . . . , λm) ∈ J1 × · · · × Jm the set K + CΛ has positive Lebesgue measure.

Thus in this setting, any affine Cantor set is determined by 2m parameters, namely λ1, . . . , λm

and d1, . . . , dm, such that φk = λkx+dk satisfies the necessary requirements for k = 1, . . . ,m.

These parameters form a subset of R2m, and as a consequence of Corollary 1.1, we have the

following corollary.

Corollary 1.2. Generically (for Lebesgue almost all admissible tuples of the parameters)

the sum of two affine Cantor sets has positive Lebesgue measure provided the sum of their

Hausdorff dimensions is greater than one.

Corollary 1.2 continues the work of Peres and Solomyak and provides a partial answer to the

Palis conjecture with respect to arithmetic sums of affine Cantor sets.
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Chapter 4

Open Questions

Our result raises several questions which need to be addressed.

1. The assumption of C2 smoothness of the perturbations is is necessary to complete the

proof. We believe this is merely an artifact of the proof and can be improved upon.

Typically for the contractions associated with a dynamically defined Cantor set, we

assume they are C1+α for α > 0.

2. Can one prove the result in general for a family of dynamically defined Cantor sets

given by C2 (or C1+α) contractions? In our result, the near-linearity of our contractions

was crucial to the proof, but we conjecture that this is also an artifact of the proof.

3. Unfortunately, the proof of this result says nothing about the topological structure of

the arithmetic sums of Cantor sets fitting the hypothesis; merely that the sum will

have positive Lebesgue measure. The results of Moreira and Yoccoz [39] and Mendes

and Oliveira ([37]) strongly suggest that the arithmetic sums of Cantor sets generically

contain an interval when the sum of their Hausdorff dimensions is larger than one.

When does positive Lebesgue measure of the sum of Cantor sets (in the setting of this
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paper) imply that that this sum will contain an interval. When will this sum be an

interval or an M-Cantorval?

4. The monotonicity of the contraction rate with respect to the parameter seems to be an

important part of the proof. This monotonicity with respect to the parameter is also

important in other similar results, such as in [14]. We would like to formulate another

conjecture in the same spirit.

Conjecture 4.1. Suppose that K is a compact set and J ⊂ (0, 1) is an interval, and

{Cλ} a family of dynamically defined Cantor sets such that d
dλ

(dimH Cλ) ≥ δ > 0 for

all λ ∈ J . Then if dimH(K) + dimH(Cλ) > 1 for all λ ∈ J , then for a.e. λ ∈ J , the

set K + Cλ has positive Lebesgue measure.

In fact, after this text was finished in principal, we learned that Conjecture 4.1 was

proven by Damanik and Gorodetski, see a recent preprint [13]

43



Bibliography

[1] S. Astels, Cantor sets and numbers with restricted partial quotients, Trans. Amer. Math.

Soc. 352 (2000), 133–170.

[2] S. Astels, Products and quotients of numbers with small partial quotients, Products

and quotients of numbers with small partial quotients, J. Théor. Nombres Bordeaux 14
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Appendix A

Proof of Proposition 3.1

This material is taken directly from [14], and reproduced here for the convenience of the

reader. Before we can provide the proof of Proposition 3.1, will provide some preliminaries

and the proof of another proposition which is similar, but weaker to Proposition 3.1, which

we will need.

Let AZ+ , with |A| = ` ≥ 2 and Z+ = {0, 1, 2, . . .}, be the standard symbolic space, equipped

with the product topology. Let A be a primitive 0–1 matrix of size `× `, and Σ`
A ⊂ AZ+ the

one-sided topological Markov chain associated with A. That is, ω = ω0ω1 . . . ∈ AZ+ belongs

to Σ`
A if and only if Aωmωm+1 = 1 for all m ≥ 0. The shift transformation σA : Σ`

A → Σ`
A acts

as (σAω)n = ωn+1. Let µ be a probability measure on Σ`
A.

Let J = [λ0, λ1] ⊂ R be a parameter interval. We assume that we are given a family of

continuous maps

Πλ : Σ`
A → R, λ ∈ J,

such that Σλ = Πλ(Σ
`
A) are the Cantor sets and

νλ = Πλ(µ) := µ ◦ Π−1
λ
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are the measures of interest.

Let η be another (fixed) compactly supported Borel probability measure on the real line.

We will assume that η is exact-dimensional, having the local dimension equal to dη at η-a.e.

x, that is,

lim
r↓0

log η(Br(x))

log r
= dη for η-a.e. x. (A.1)

Here Br(x) = [x − r, x + r]. In the first proposition below we assume a stronger, uniform

Hölder condition for the measure η; it is subsequently relaxed to (A.1) using a truncation

argument.

For a word u ∈ An, n ≥ 0, we denote by |u| = n its length and by [u] the cylinder set of

elements of Σ`
A that have u as a prefix. More precisely, [u] = {ω ∈ Σ`

A : ω0 . . . ωn−1 = u}.

For ω, τ ∈ Σ`
A, we write ω ∧ τ for the maximal common prefix of ω and τ (which is empty if

ω0 6= τ0; we set the length of the empty word to be zero). Furthermore, for ω, τ ∈ Σ`
A, let

φω,τ (λ) := Πλ(ω)− Πλ(τ).

We write Leb for the one-dimensional Lebesgue measure.

Proposition A.1. Suppose that there exist constants C1, C2, C3, C4, α, β, γ > 0 and k0 ∈ Z+

such that

(a) maxλ∈J |φω,τ (λ)| ≤ C1`
−α|ω∧τ | for all ω, τ ∈ Σ`

A, ω 6= τ ;

(b) supv∈R Leb
(
{λ ∈ J : |v + φω,τ (λ)| ≤ r}

)
≤ C2`

|ω∧τ |βr for all ω, τ ∈ Σ`
A, ω 6= τ, such

that |ω ∧ τ | ≥ k0, and

(c) maxu∈An µ([u]) ≤ C3`
−γn for all n ≥ 1.

(d) Further, let η be a compactly supported Borel probability measure on R satisfying

η(Br(x)) ≤ C4r
dη for all x ∈ R, r > 0.
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Then

(
dη +

γ

β
> 1 and dη >

β − γ
α

)
=⇒ η ∗ νλ � Leb with density in L2 for a.e.-λ ∈ J.

Remark A.1. Condition (b) is the hardest to check in the applications we envision (in

particular the ones given in this paper). It follows from

inf
λ1,λ2∈J, λ1 6=λ2

|φω,τ (λ1)− φω,τ (λ2)|
|λ1 − λ2|

≥ C ′2`
−|ω∧τ |β for all ω, τ ∈ Σ`

A, ω 6= τ.

An estimate of this kind in turn follows from a suitable lower bound on | d
dλ
φω,τ (λ)|.

Proof of Proposition A.1. We follow closely the argument of [53, Theorem 2.1]. For a word

u ∈ Ak0 , let νuλ = µ|[u] ◦ Π−1
λ . Then νλ =

∑
|u|=k0 ν

u
λ , so it is enough to prove that η ∗ νuλ

is absolutely continuous for all u ∈ Ak0 and a.e. λ. We fix such a u of length k0 for the

remainder of the proof.

Consider the lower density of η ∗ νuλ ,

D(η ∗ νuλ , x) = lim inf
r↓0

(2r)−1(η ∗ νuλ)[Br(x)].

As in [33, 9.7], if

Jλ :=

∫
R
D(η ∗ νuλ , x) d(η ∗ νuλ)(x) <∞,

then D(η ∗ νuλ , x) is finite for (η ∗ νuλ)-a.e. x, and η ∗ νuλ is absolutely continuous, with a

Radon-Nikodym derivative in L2. Thus, it is enough to show that

S :=

∫
J

Jλ dλ <∞ .

By Fatou’s Lemma,

S ≤ S1 := lim inf
r↓0

(2r)−1

∫
J

∫
R
(η ∗ νuλ)[Br(x)] d(η ∗ νuλ)(x) dλ.
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Using the definition of convolution and making a change of variable, we obtain

S1 = lim inf
r↓0

(2r)−1

∫
J

∫
R

∫
[u]

(η ∗ νuλ)[Br(y + Πλ(ω))] dµ(ω) dη(y) dλ. (A.2)

Next we have, denoting by 1S the indicator function of a set S,

(η ∗ νuλ)[Br(y + Πλ(ω))] =

∫
R

1Br(y+Πλ(ω))(w) d(η ∗ νuλ)(w)

=

∫
R

∫
[u]

1{(z,τ): z+Πλ(τ)∈Br(y+Πλ(ω))}(z, τ) dµ(τ) dη(z).

Substituting this into (A.2) and reversing the order of integration yields

S1 = lim inf
r↓0

(2r)−1

∫
R

∫
[u]

∫
R

∫
[u]

Leb(Λr(y, z, ω, τ)) dµ(τ) dη(z) dµ(ω) dη(y), (A.3)

where

Λr(y, z, ω, τ) := {λ ∈ J : |(y + Πλ(ω))− (z + Πλ(τ))| ≤ r}

= {λ ∈ J : |y − z + φω,τ (λ)| ≤ r} .

Note that for ω, τ ∈ [u], we have |ω ∧ τ | ≥ k0. Hence

Leb(Λr(y, z, ω, τ)) ≤ C̃2 min{1, `|ω∧τ |βr} (A.4)

by (b), where C̃2 = max{C2, |J |}. Now we consider the integral in (A.3), use Fubini, and

split it according to the distance between y and z:∫
R

∫
[u]

∫
R

∫
[u]

Leb(Λr(y, z, ω, τ)) dµ(τ) dη(z) dµ(ω) dη(y) (A.5)

=

∫ ∫
{|y−z|<2r}

∫ ∫
[u]×[u]

+

∫ ∫
{|y−z|≥2r}

∫ ∫
[u]×[u]

=: I1 + I2.

To complete the proof, it is sufficient to show that I1 . r and I2 . r (here and below the

symbol . means inequality up to a multiplicative constant independent of r). In view of
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(A.4),

I1 .
∫ ∫

[u]×[u]

∫ ∫
{|y−z|<2r}

min{1, `|ω∧τ |βr} dη(y) dη(z) dµ(ω) dµ(τ). (A.6)

Note that the integrand does not depend on y, z, and we can estimate

(η × η){(y, z) : |y − z| < 2r} ≤
∫
η(B(y, 2r)) dη(y) . rdη ,

by (d). Recalling that |u| = k0 we obtain

I1 . rdη
∞∑

k=k0

min{1, `kβr} · (µ× µ){(ω, τ) : |ω ∧ τ | = k}. (A.7)

Observe that (c) implies

(µ× µ){(ω, τ) : |ω ∧ τ | = k} ≤
∑
|v|=k

µ([v])2 (A.8)

≤ C3`
−γk

∑
|v|=k

µ([v])

= C3`
−γk.

Hence

I1 . rdη
∞∑

k=k0

min{1, `kβr} · `−γk.

Setting kr = log(1/r)
β log `

, we get

I1 . rdη

[∑
k≤kr

r`kβ · `−γk +
∑
k>kr

`−γk

]
.

Summing the geometric series and using `−βkr = r, we obtain

I1 . rdη+ γ
β , (A.9)

which is . r by assumption.

It remains to estimate I2, the second integral in (A.5). If |ω∧τ | = k and C1`
−αk < |y−z|/2,

then by (a), |φω,τ (λ)| < |y − z|/2 for all λ ∈ J , and |y − z + φω,τ (λ)| > |y − z|/2. When
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|y − z| ≥ 2r, this implies that the set Λr(y, z, ω, τ) is empty. Denote

κ(y, z) = −
log |y−z|

2C1

α log `
.

We obtain, using (A.4) and (A.8):

I2 .
∫ ∫

R2

∑
k≤κ(y,z)

r`kβ · `−γk dη(y) dη(z)

. r

∫ ∫
R2

`(β−γ)κ(y,z) dη(y) dη(z)

. r

∫ ∫
R2

|y − z|−
β−γ
α dη(y) dη(z).

But β−γ
α

< dη by assumption, so the last integral converges by (d) and the fact that η is

compactly supported. Thus, I2 . r, and the proof of the proposition is complete.

And now for the proof of Proposition 3.1, which we restate below.

Proposition 3.1. Let η be a compactly supported Borel probability measure on R of exact

local dimension dη. Suppose that for any ε > 0, there exists a subset Ωε ⊂ Σ`
A such that

µ(Ωε) > 1 − ε and the following holds; there exist constants C1, C2, C3, α, β, γ > 0 and

k0 ∈ Z+ such that

(a) dη + γ
β
> 1 and dη >

β−γ
α

;

(b) maxλ∈J |φω,τ (λ)| ≤ C1`
−α|ω∧τ | for all ω, τ ∈ Ωε, ω 6= τ ;

(c) supv∈R Leb
(
{λ ∈ J : |v + φω,τ (λ)| ≤ r}

)
≤ C2`

|ω∧τ |βr for all ω, τ ∈ Ωε, ω 6= τ such

that |ω ∧ τ | ≥ k0, and

(d) maxu∈An,[u]∩Ωε 6=∅ µ([u]) ≤ C3`
−γn for all n ≥ 1.

Then, η ∗ νλ � Leb for a.e.-λ ∈ J .
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Proof. By Egorov’s Theorem, we can find for any ε > 0, a Borel set Sε ⊂ R such that

η(Sε) > 1− ε and ηε := 1
η(Sε)

· η|Sε satisfies

ηε(Br(x)) ≤ C(ε)rdη−ε for all x ∈ R, r > 0,

so that ηε satisfies Proposition A.1 (d), with dη replaced by dη − ε. The verbatim repetition

of the proof of Proposition A.1 shows that if µε is the restriction of the measure µ to the set

Ωε and νλ,ε = Πλ(µε), then ηε ∗ νλ,ε � Leb for a.e.-λ ∈ J , for ε > 0 sufficiently small. Now

Proposition 3.1 follows from the following simple lemma, which we state without proof.

Lemma A.1. Let η, ν be compactly supported probability measures on R. Suppose that for

any ε > 0, there are subsets Ωη,ε,Ων,ε ⊂ R such that η(Ωη,ε) > 1 − ε, ν(Ων,ε) > 1 − ε,

and η|Ωη,ε ∗ ν|Ων,ε is absolutely continuous with respect to Lebesgue measure. Then η ∗ ν is

absolutely continuous with respect to Lebesgue measure.
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